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A family of sequences generated by eliminating some prime factors from the sequence of the naturals

ABSTRACT

This paper starts with an interesting property of the sequence of the naturals {A }, i.e.
{A.}={12,3,...}. Considering the generated sequence {L.} by eliminating all the factor 2
in A if it has, we show that the partial sum of the new sequence {L } from 2""th term
to (2" —1) thterm is square number 2°"2.

This property is further extended to the more general case: {H(n)}is the sequence with
each term H(n) generated according to the following transforming rule:

ER({p,p,,- P,}) : Given m primes p,,i=12,...m, for eachie{l,2,..,m}, if A
has factor p,, then substitute A with A / p, until it does not have factor p..

We focus on the partial sum of {H(n)}. In section one, we research on Question 1:
Given one prime P, we eliminate all the factor Pin {A,} according to the transforming

rule ER ({p}). Then the new sequence {L,} obtained has the property as follows:
kil L p 1) k2 2n 1
i=kp"?

The main results in this section are Theorem 1, 2 and the relative corollaries.

In section two, we mainly study Question 2: Given two prime P.d, we eliminate all

factors Pand Qin {A} according to the transforming rule ER({p.q}). Then the new

sequence {H(n)} obtained has the property as follows:

:JZ?H(i)— pg((:))ﬂ)(l()q(fl)—l) ZI:H(I)+ZH(|) ZH(')

& KEpg(p? —D(g* -1)
o 2 R == =D EH('”

We also focus on the number of valued “1” point of {H(n)} from this section, where

the term in {A.} which becomes the number 1 in {H(n)} is called a valued “1” point of
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{H(M}.Let Y(n)={i|H()=LieN,i<n} we have

[Y(kp'a*) =Y (kp") [ +]Y (ka®) | =Y (K) | +rs,
The main results in this section are Theorem 3, 4, 5, 6 and the relative corollaries.
In section three, we extend to the case of given M primes p,,i=12,..,m, i.e.

Question 3, and obtain similar results in Theorem 7,8,9,10 and the relative corollaries.

In section four, we propose Question 4 and obtain several concise inequalities to
estimate the partial sum of the first n terms and the number of valued “1” point in the first n
terms. Furthermore, we derive a new proof for the noted fact that the set of primes is infinite.

For given two primes case, we have (Theorem 11,12)

Pq x2—2x<ZH(i)<¢x2+2x

2(p+1)(q+1) i 2(p+D(q+1)

1onlox 1on on

i [ : J PO Gy o Vg ™D (wherep<a)

og p logq
For given m primes case, we have (Theorem 13,14)
2m‘1x< H(|)< Py omay
1 log™x m-
|Y()|——g— +0(log™* x)..

Hlog P,

Finally, we point out that the multiplicative functions H(n),H'(n) have further

research value.

Key words: sequence of the naturals, multiplicative function, partial sum, valued “1”

point.
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Section 1

The set of naturals is buried with numerous secrets. Among those, | find an interesting

rule. Let { A} be the sequence of the naturals i.e.{A}={L2,3,....n,..}.We obtain a new

sequence {L,} by eliminating all the factor 2 for every term of {A} according to the
following rule:

(DIf A, has factor 2,then we substitute A, with A, /2 until it does not have factor

2;
(2) If A, does not have factor 2,then keep it unchanged.
Thus, we obtain a new sequence {L,} as follows:
1,1,3,1,5,3,7,1,9,5,11,3,13,7,15,1,17,9,19,5,21,11,23,3,25,13,27,7,29,15,31,1,33,17,35,9
,37,19,39,5,41,. .. (D

We can dig out some secrets if we divide it into groups with 1 being the first term of
each group as follows:

(1),(1,3),(1,5,3,7),(1,9,5,11,3,13,7,15),(1,17,9,19,5,21,11,23,3,25,13,27,7,29,15,31),(1,3
3,17,35,9,37,19,39,5,41,......

Summing up each group, we derive that the sum of these groups are 1,4,16,64,...

respectively. Thus we have the following conjecture:

Conjecture 1. The sum of the new sequence {L,} from 2"thtermto (2"-1) th termis

22n—2

Since { L, } contains lots of 3,5,..., we also can divide them by setting 3,5...be the first

term of each group as follows:
(1,1),(3,1,5),(3,7,1,9,5,11),(3,13,7,15,1,17,9,19,5,21,11,23),(3,25,13,27,7,29,15,31,1,33,
17,35,9,37,19,39,5,41,......
(1,1,3,1),(53,7,1,9),(5,11,3,13,7,,15,1,17,9,19),(5,21,11,23,3,25,13,27,7,29,15,31,1,33,1
7,35,9,37,19,39),(5,41,......
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We find that if we divide {L,} by 3, the sums of second, third, fourth,...groups are

9,36,144,... respectively; if we divide it by 5, the sums of second, third, fourth,...groups are
25, 100, 400,... respectively;...

Hence, we put forward the second conjecture.

Conjecture 2. The sum of the new sequence {L,} from kx2"'th term to (kx2"-1) th
termis k?x22"% where keN.

The above transformation is eliminating all the factor 2 for every term of {A.}. But
what property does the new sequence have if we eliminate all the factor 3 for every term of

{A.}? Or even more generally, we consider the following question:
Question 1: Let p be a prime. We obtain a new sequence {L,} by transforming {A.}
according to the rule ER ({p}) as follows:

(DIf A, has factor p, then we substitute A, with A,/ p until it does not have factor

P

(2) If A, does not have factor p, then keep it unchanged.
What properties does { L, } have?
The rule ER ({p}) above can also be written as follows:

If A =p"xX, wherer>0, X >1are integers, (X,p)=1, then L, =X.
For this question, we derive the following theorem.

Theorem 1. Let p be a prime. Let {L,} be the sequence generated by transforming {A}

according to the rule ER ({p}) of Question 1. Then for ke N,ne N the following equality

holds:

kp" -1

Li :(p_l) k2p2n—1 (2)
i=kp"™* 2
kp" -1

Proof. The sum 2 L is from kp"*thtermto (kp"—1)thterm, which means the number
i:kpn—l
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of the terms is kp" —1—-kp" " +1=k(p-1)p"".

Now, we claim that the k(p—-1)p"" terms are different from each other.

Indeed, assume that there are positive integers i and j such that kp"* <i< j<kp"-1,
with L =L;. Then by the definition of sequence{ L}, we have that i=p"xL;, j=p°xL,
where r and s are nonnegative integers. Under the assumption, we have j=ixp*"',s—r>1,
which contradicts with kp"™ <i< j<kp"-1.

Furthermore, those k(p—1)p"" terms are just the positive integers no larger than kp"

except those multiples of p. In fact, the set of positive integers which are no larger than kp"

n-1

contains kp"" multiples of p. Thus, there are k(p—-1)p"" terms left exactly, after these

n-1

kp"™ multiples of p removed.

kpn&
Note that the sum of these kp"™* multiples of p removed is px Z I, SO we have
i=1
kp" -1

z L, _Z|-px2| = (l+kp )kp"—p><%(1+kp”1)kp"1

i=kp"?

— E(kpn)2 _%kpnkpnl — (pz_l) k2 p2n71 O

Theorem 2 is derived from Theorem 1.

Theorem 2. Let p be a prime. Let {L,} be the sequence generated by transforming {A.}

according to the rule ER({p})of Question 1. Then for k,neN the following equality

holds:
kp" k k2 p(pZn _1)
2= 2 00

k n pl

Proof. ZL—ZL,+Z Z L,

i= j=li=kp?t41
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_ < L+ o (p_l)k2p2j—1
=} = 2

k n
=> L+ %(1—1jk2p2j

i1 =1 p

:Zkll_‘i‘l 1_3 k2 pz(l_ pzn)
1 2 p 1_ pZ

N, L Kp(p -
=2 0

For the case k=1, the following corollary holds:

Corollary 1. Let p be a prime. Let {L,} be the sequence generated by transforming {A.}

according to the rule ER ({p}) of Question 1. Then for n e N ,the following equality holds:

pil _
(1) z L|=(p2 1) p2n—l
i=p"t

p"-1 2n
p(p™ -1
(2) L="——=
le 2(p+1)

For the case p=2, both conjecture 1 and conjecture 2 are correct.

Section 2

In first section, we study the properties of the new sequence generated by eliminating
all the factor p in {A.}. Naturally, we wish to generalize it for the case of eliminating more
primes. In this section, we consider the case of given two primes.

Question 2. Let p and g be primes. We obtain a new sequence{H (n)} by transforming

{A.}according to the rule ER ({p,d}) as follows:

(DIf A, has factor p, then we substitute A, with A,/ p until it does not have factor
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p; If A, has factor g, then we substitute A, with A, /q until it does not have factor g
(2) If A, does not have factors p and g, then keep it unchanged.
What properties does {H(n)} have?
The rule ER ({p,qa}) above can also be written as follows:
If A =p'g°xX, wherer>0,5>0, X >1are integers, (X, pg)=1, then H(n)=X.

For instance, let p=2, g=3. Then the generated sequence {H(N)} is:

1,1,1,151,7,1,1,5,11,1,13,7,5,1,17,1,19,5,7,11,23,1,25,13,1,7,29,5,31,1,11,17,35,1,37,1
9,13,5,41,7,43,11,...... (4)

This sequence becomes much more complicated. What can be seen is that more number
1 occurs in this new sequence. In the following part, we study the partial sum of this new

sequence and the frequency of number 1.
Firstly, the number-theoretic function H(n):N —R is a completely multiplicative

function (cf. [1], p77-79) where R is the set of real numbers. And the function has following

properties.
(1) H(p)=H(@=H@) =1L
H(p)=p’,whenp’ isaprime, p'#p,p'#q.
(2> H(mn)=H(mM)H(n),H(pn)=H(n),H(an) =H(n);

(3> H(n)=n,when n does not have factor p or q.

Theorem 3. Let p and g be primes. Let {H(n)} be the sequence generated by transforming

{A.} according to the rule ER ({p,d}) of Question 2. Then for k € N ,the following equality

holds:

SIHO = po(p-0(a-0+ HO + L HO - HO) (5)

Note that this equality can be written as the following briefer forms:
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ZH(')——pq(p ~1)(q- 1)+ZH(')

i=kp

or ZH(')——pqw ~1)(q- 1>+ZH<I> (5)

i=kq

Proof. we divide{H (i),i =1,2,...,kpg}into two groups and sum up for each group.
In the first group, i is neither a multiple of p nor a multiple of g. Then H(i) =i. By

Principle of cross-classification (cf. [2], p123) , the sum of this group is
kpq

S, = ZI— ZI— Z|+pq2|

In the second group, i is a multiple of p or g. By Principle of cross-classification as well,

we derive that this group sums is

S,= 3 H(pi)+ 3 H@) ~ Y H (pai),

Hence

kpg

2 H@)=8+S,
—il— ZI— Z|+pq2|+ZH(p|)+ZH(q|) ZH(pql)
— L g kpa) — = pxkg(l+ka) — = qxkp@+kp) + = pqxk(L+K)
2 2 2 2
+iH(i)+Z_p:H(i)—ZH(i)

:kp7q(l+kpq—l—kq—1—kp+l+k)+§:H(i)+§:H(i)—Zk:H(i)

pa(p-1)(q- 1>+ZH(I>+ZH(|> ZH(u) o

2
?

Theorem 4. Let p and g be primes. Let{H (n)}be the sequence generated by transforming

{A }according to the rule ER({p.q})of Question 2. Then for k,r,seN the following

10
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equality holds:

iH(i)— pg((gﬂ)(l;(fl) ) ZH(|)+ZH(|) ZH(l) (6)

i=1

Similarly, this equality can be written as the following briefer forms:

gH(,) k*pa(p*" -1)(q” -1) ZH(')

i=kp" 2(p+1(g+1) i=k
or 3 H)= pg((g+ o ZH(I) ()

Proof. We prove (6) by induction on r and s. It follows from Theorem 3 that (6) holds if r=1,

s=1.
Assume that the equality hold for all r<u, s<v, then if r=u+1, s<v, by assumption we

have that
kle: ) = (2 5?;22;)(_;1((11)25 e Zl H('H(k.p)j o= %‘H(')
_ (py’ g?éil)(—qll(f) ) ZH(n)+kquH(l) ZH(I)
o =2 S
+[k2p;((§:)z(ﬁ)_l)+§'H(i)+§‘H(i)_gH(i)J_iH(i)

kpq®
(unfold Z H (i) by the induction hypothesis)

i=1

_ k*pa(g* -2

20+0@ 1) x(p*x p*—p°+p —1)+§H(i)+§H(i)—§H(i)

K2pAA@* =1 oy & Ly
2(p+1)(q+1) x(p 1)+;H(I)+§H(I) ;H(I)'

then (6) holds for r=u+1,s<v.

Similarly one can prove that (6) holds if r<u+1, s=v+1.

Hence the conclusion holds.

11
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In the case k=1, the following corollary holds:

Corollary2. Let p and g be primes. Let{H(n)}be the sequence generated by transforming

{A} according to the rule ER ({p,qa}) of Question 2. Then for r,seN the following

equalities hold:

( or iH(I) — pq(p_zl)(q_l)+zp:H(l) )

& pa(p? —D(@* -1 &
@ 2H0=" ey 2HO

p'q® 2r 2s r
n_ pa(p” -D@” -1
C or H(i) = +> H(@) ).
Zq 2(p+1(q+1) Z‘

Now we work on the times that number 1 occurs in{H (n)}. Similar to zero point, we
call the term in {A.} which becomes to the number 1 in the new sequence{H (n)} a valued
“1” point of {H(n)}. We defineY (n) ={i|H(i)=1ieN,i<n}, and the cardinality of Y(n)
is denoted by |Y(n)].

Our idea is to transform calculating number of valued “1” points to the partial sum of a

sequence. Set a number-theoretic function H'(n):N — R as follows:
H'(n)=H(n)=1, whenH(n)=1; H'(n) =0, whenH(n)=1. (7
It is clear that H'(n) is a completely multiplicative function as well. And

H'(p) =H’(q) =1. If n has prime factors other than P.d, then H'(n)=0.
Clearly, |Y(n)|= Z H'(i), that is one can transform the number of valued “1” point of

i=1

{H(n)} to the partial sum of H'(n).

12
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Theorem 5. Let p and q be primes. Let{H (n)}be the sequence generated by transforming

{A }according to the rule ER ({p.d}) of Question 2. Then for k € N, the following equality
holds:

|Y (kpa) [HY (kp) [ +]Y (ka) [ [ Y (k) | +1 (8)
Proof. Let neY(kpqg) satisfy H(n)=1. Then n can be divided by p or q if n does not

equal to 1.

Case 1:if p|n, since H(p)=1, it follows that H(%)=H(%)H(p)=|‘|(n)=1.
Hence %ev(kq), ne pY(ka)

n n
Case 2: If q|n, since H(q)=1, it follows that H(a)=1, aeY(kp),neqY(kp).

So, Y(kpa) = pY(ka)UqaY(kp)U{L}, and Y (kpq) = pY (ka)UaY (kp) UL} is clear.
Hence Y (kpa) = pY (ka) UqY (kp) U{L}.

The above PpY(ka) and QqY(kp) stand for the sets {pn|neY(ka)} and
{an|neY(ka)} respectively. It is clear that

pY (kp) NaY (kp) ={pan|n €Y (k)}= paY (k)

| pY (ka) HY (ka)[, [aY(kp)IHY (kp)|, [paY(k)HY (k).
By Principle of cross-classification, we get that
1Y (kpa) |< pY (ka) | +]qY (kp) | —| pY (ka) NqY (kp) | +1

=Y (ka) [+]Y (kp) | =Y (k) [+1, =

Theorem 6. Let p and g be primes. Let{H (n)}be the sequence generated by transforming

{A.}according to the rule ER ({p.d}) of Question 2. Then for k € N, the following equality

holds:

13



A family of sequences generated by eliminating some prime factors from the sequence of the naturals

1Y (kp'a®) HY (kp") [ +1Y (ka) [=[Y (k) | +rs (9)

Proof. Let number-theoretic function H'(n) be defined by (7) , and we have |Y(n)|=

D H'(i), (9) can be written as follows:
i=1
kp'q® kp" kg® k _
STHG) =Y H()+ Y H(i)- D H'()+rs. (9
i=1 i=1 i=1 i=1
We prove (9') by induction in the following part. It follows from Theorem 5 that (9")
holds if r=1, s=1.

Assume that (9") holds for all r<u, s<v . If r=u+1, s<v, we have

kp"“lg® (kp) p" (kp)g® kp )
> HG) =Y H@)+ > H()- D H0)+us
i-1 i-1 i-1 i=1

kpu+l

= Y HG) +[_kzp:H’(i)+_kiH’(i)—iH’(i)+1st-§:H'(i)+us

(kp)g®

(unfold Z H'(i) by induction hypothesis)
i=1

kpu+l

o H'(i)+§:H'(i)—zk:|‘|'(i)+(u+1)xs.

So, if r=u+1, s<v, (9) holds. Similarly one can prove that if r<u+1, s=v+1, (9") holds as

well. Hence the result follows from induction principle.

For the case k=1, the following corollary holds:

Corollary3. Let p and g be primes. Let{H (n)}be the sequence generated by transforming

{A}according to the rule ER ({p.qa})of Question 2. Then for r,se N the following

equality holds:

Y(P' @) HY (P +1Y(q°) [ +rs-1

For the case p, g equal to 2, 3 respectively, the following interesting corollary holds:

14
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Corollary4. Let p=2, g=3, {H(n)} be the sequence generated by transforming {A.}

according to the rule ER ({p.q})of question two. Then for k,r,se N, the following

equalities hold:

M YL HO= ke 1)(38 1)+ZH(|)+ZH(|) ZH(l)

k23 2(n2r 2s k3®

or > H{H=FECDE D Sy )
i=k2" 4 i=k
k23 2(n2r 2s k2"

Cor ZH(i):k (2 _i)(?’ _1)+ZH(i) )
i=k3° i=k

2'3°

@ SHo=& 1)‘325 1’+2H(l)

i=2"

o SHO=EBED T

i=3°

€) 223 H (i) :3ZS:+1, 322: H (i) = 92+
(4) ZH(I) ZH(I)—Gk2 lZSK:H(I) ZH(|)—6Ok2

5) [Y(k2'F)HY (k2)[+]Y(KS)|-[Y(K)|+rs

IY2'3)HY(2")|+]|Y(3)|+rs-1

Section 3
In this section, we extend the problem to the situation including m arbitrary primes
as follows.

Question 3: Given m primes p;, i=1,2,...m, we obtain a new sequence {H(N)} by

15
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transforming {A,} according to the rule ER ({p,, p,,..., p,,}) as follows:

(1)For each ie{L2,...m}, if A, has factor p,, then we substitute A, with A, /p
until it does not have factor p;

(2) If A, does not have factor p;,i=12,...,m, then keep it unchanged.

What properties does {H(n)} have?

The rule ER {p,, P,,--» P,}) above can also be written as follows:
If A =Xx]]pi, where (X,J]p)=1r20,i=12..,mX=>1 are integers, then
i=1 i=1

H(n)=X.

For instance, let the given primes be 2, 3,5, then the generated sequence {H(n)} is:

1,1,1,1,1,1,71,1,1,11,1,13,7,1,1,17,1,19,1,7,11,23,1,1,13,1,7,29,1,31,1,11,17,7,1,37,19,
13,1,41,7,43,11,1,23,47,1,49, -+ (10)

The new sequence is more complicated. As in the previous section, we know H(n) is

a totally multiplicative function.

Let 0‘=Hpi o =alp , o =alppa; =al pp;p . ﬁ=1_[piri ,
i1 i-1
B=BIp . L=Bpp B =Bppp, . 1<I<ml<l<j<m,... (11

For the sum problem of {H (n)}, we propose the following Theorem 7 and Theorem 8.
Theorem 7. Given m primes p;, P,:--, Py, let {H(N)} be the sequence generated by

transforming{A, }according to the rule ER ({p,, P,,-.. P,}) of Question 3. Let &, &, ;,-.-be

described as (11), then for k € N, the following equality holds:

key

ﬁH(i):%]_m[pi(pi—l)+Zm: SHE- T S HE)+-

= =l 1<i<j<m i=1

16
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kpy

+(=pm? Z > H (i) + (-1 ‘1ZH(|) (12)

1=1 i=1
Proof. Similar to the proof of Theorem 3, we divide{H (i),i =1,2,...,ka} into two groups and
sum up for each group.
In the first group,iis not any multiples of p,i=212,...,m. Then H(i)=i.By

Principle of cross-classification, the sum of this group is:

S, = ZI—Zplil > b, lel ...... +(=D" PPy Py D (13)

I<l<j<m i=1

Now we want to show the following expression by induction
k? o
81:?1_[ pi(p; —1) (14)
i=1

For m<2, (14) can be easily proved by Theorem 2 and Theorem 3. Now assume that

(14) holds for each m<w. Then for m=w+1 we conclude that

w+l koy ke

S, ZI Zp|ZI+ > pp ZI ...... + (=D PPy Py D

1<l< j<w+l i=1

(kpwir) w Koy
= Z |-(Z ple_pWﬂZJ (ka=ke|,,)

i=1

+£ Z P P; ZI‘:H‘ Z plpw+1Z|J_ ------ +(_1)W+lp1p2---pw+1zi

K< j<w I<I< j=w+1 i=1

(ke =ka ., )

(kpya)ar w o (K)o (KPyisa ) en ) (KPut)
= Z H'[_Z Y Z i+ Z P P; Z I N G o 9O Z 'j
i |

-1 i=1 1<l<j<w i=1 i=1

(kp,,..00 =Ko, kpw+1al,j = kall,j )

ka w key k
[pr R, Btk - (1) ﬁ]
i=1 1=1 i=1 -1
(py)e — w (KPy)en (Pya)an,j (KPusg)
:( z i-zpl Z I+ Z P P; Z P+ (=) Py Py Py Z 'j
i=1 I=1 i=1 1<l< j<w i=1 i=1

17
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ka w k05| k
_pw+1( i_z PZ LI a (N 11)) P E j
i i i=1,
(Applying the hypothesis to two parts of the above expression respectively)

K z W k?
= %H Pi(P; —1) —Pyus X ?H pi(p; -1
i=1 i=1

k2 w-+1

__H pl(pl 1)

So, the situation of m=w+1 is proved and (14) holds.
In the second group, i is at least one of the multiples of p,,i=12,.....,m. Also due to

Principle of cross-classification, the sum of this group is:

S, =33 H(Ax)- 3 STH(AR i) ot (DY H(ax)
:i .TIH(i)' 2 Z”H(i)+ """ +(—1)m‘2i __'H(i)+(—1)”“1ZH(i)

Hence,

SHO=5,+5, = n(p-D

key kay kp;

m K

+Z DH@O- Y ZH(I)+ “““ +(-D"* ), H (i) +(-D)™ Y H(). o
1=1 i=1 I<l<j<m i=1 1=1 i=1 i=1

Theorem 8. Given m primes P, P,,.... Py, let {H(N)} be the sequence generated by

transforming{A, } according to the rule ER ({p;, P,,-.-, Pn}) of Question 3. Let 5,3, /3, ;:--be

described as (11), then for k e N ,the following equality holds:

kg o m p(p 1) m kA kB, j )
SHo -SR0S S 5 Sk
NEES kiH(w DY HE (15)

Proof. Similar to the proof of Theorem 4. We prove (15) by induction on the power of p;. It

18
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follows from Theorem 7 that (15) holds with the power of p, being r =1i=12,...m
Assume that the power of p, is no more than r,i=12,...,m, the equality holds.

Without loss of generality, we first consider the power of p, changing from r, to r,+1.

Let B=T]p" xp, B =[P xPi™, B.f e s Bl B ;- b described as (11), then we
i=2 i=2
have
ﬁ,: plﬁ’ﬂl :ﬂl"lglj :lBl,J’IBIJt :ﬁlljt ........

o =4, plﬂ,,j :ﬂl’,j, pl,b’,'j’t :,6’,"],t ........ I<l<j<t<..<m.

From the induction hypothesis we have

(kp) B m  (ke)A (kp) B
ZH(I)_ ZH(I)_(kpl) le(:: 1)+Z Z H(i)- Z Z H(i)+ ......
m  (py)p ()
+H-DmE Y Z H(i)+(—1)m’1z H (i) . (16)
Now we analyze right part of (16) one by one.
moGeA mo GeA Kes
> D HO=Y X HM+ D HG)
m kB m m  KkpByy
=5 SHa+ TR BED S 5 S o)
CkpB =kp')
kB ; KpuAL 1 j k
—(_Z ZH(i)+ Z Z H@)+.....+ (-1 m‘1ZH(i)
m m_ kA kA
Hp-(p D, plfopl (3 SHO+LH() (kB =kA)
m  kpBy kpuBi kpuBL it kp,
£ D HD- Y P H@F Y D HO) et (DT H)
kﬂl‘j kﬂl,j‘t k
+(- Z Z H i)+ ] Z Z H@)—...... (—1)’“‘1ZH(i))

19
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m m kA
Hpu(p 1) pl(pl +z ZH(I)

p,+1 = -1
m  keBy, kpiAiy kpLBLi i Kpy
+ (Z ZH(i)- ) Z HO+ X Z H@)—...... +(—1)’“’ZZH(i))
kﬂlj kﬂl"j,t k
+(- ZH(|)+ Z Z H@)—...... (—1)'"‘1ZH(i)) (17

<kﬂ1,j :kﬂl,,j ’ kﬁl,j,t = kﬂlr,j,t )

(ke) A, ) kpAyj ) koA i )
> 2 HO= X X HO+ X > HG)
I<l<j<m =l 1=l<j<m i=1 l<j<m =1
m kP KA j
=2 2 HO* X > HE (kp B, =kBD (18
j=2 it 1<l<j<m i=1
(kp) A, e kpBy i kA j ¢
> 2 HM= > X HO+ > 3 HEO
I<l<j<t<m =l 1=l<j<t<m i=1 Il<j<t<m =1
kpuBy ¢ ) KA it ]
= > D H®O+ D D H(3) (kp B =kB ;0 (19
I<j<t<m i=1 I<l<j<t<m =1

(kpl) Hp.(p -1 kzﬁp.(p -1 P -1
i=1 +1 i=2 +1 p1+1

= p(p 1) p 2n+2 2 2
1 1 _1
l. 2| - Iol+l(|o —p+p -1

m 2(r1+1)
P+

Connecting (16) with (20), we obtain

kg’ 2(r1+1) m kg

pl+1

m kpiA kpiAiy kpuBuy it kpy
+ (ZZH(i)- Z Z H (i) + Z > H@)—...... +(—1)m’ZZH(i))
kAl KB k
+(_Z ZH(i)+ Z Z H@)—...... (—1)mle(i))j
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—(Z kplzﬂljo(i)+ > kﬁfH(i)]

j=2 i=1 l<j<m i=1
kplﬂl,j t kﬂlr,j,t
+ Z Z H(@i)+ Z ZH(I) Feeeees
l<j<t<m i=1 I<l<j<t<m i=1

m 2(5+1) m kA
-X Hp.(p -1 pp (Z S )

p,+1 =L -l

+[—Z SHO - Y kﬁZ'Hm]

I<j<m =l Il<j<m i=l

KBl i KB i k
J{ > STHGM+ Y ZH(i)J+ ...... +(—1)””ZH(i))j

l<j<t<m  i=l I<l<j<t<m i=1

_ k_2 m p.(p 1) pl(pZ(r1+1) 1)
2 H p,+1
m kA KA )
+Z ZH(l) Z Z H(i)+ ...... +(_1)m—1ZH(i)

So, when the power of p, changing from r, tor,+1, (15) holds. We can use the

same method to prove the conclusion for p,,i=2,3,...,n. Hence the conclusion holds.

O

When k =1, we have the following corollary:

Corollary 5. Given m primes p;, P,,..» P, let {H(N)} be the sequence generated by

transforming{A, } according to the rule ER ({p;, P,,-.-, Pn}) of Question 3. Let 5,8, /3, ;:--be

described as (11), then, the following equality holds:
p.(p A
SHO =125 S 3 S+
i 1<l<j<m i=1
P

NENS i H(Q) + ()™,

1=1 i=1

Now we focus on the times that number 1 occurs in{H (n)}. Similarly, we call the term
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in {A,} which becomes to the number 1 in the new sequence{H(n)} a valued “1” point of
{H(n)}, and defineY(n) ={i|H()=Lie N,i<n}.

Set a number-theoretic function H'(n):N — R as follows:

H'(n)=H(n)=1, whenH(n)=1; H'(n) =0, whenH(n) =1,

It is clear that H'(n)is a completely multiplicative function as well. It follows that

|Y(n)|= D>_H'(i), and we propose the Theorem 9 and Theorem 10.

i=1
Theorem 9. Given m primes p;, P,,.-., Py, let {H(N)} be the sequence generated by
transforming {A,} according to the rule ER ({p,, P,:.... P,}) of Question 3. Let

a,a,q ,q - be described as (11), Then for k € N ,the following equality holds:

Y(ka)l= YIY Kl 3 [¥(ke )t COP D IVGR) DT Y1 @1)

1<i<j<m i=1
Proof. Similar to the proof of Theorem 5, let neY (ka) satisfy H(n)=1, then either
n=1 or n can be divided by p,. If p,|n, then H(ﬂ):H(L)H(pi):H(n):l.lt
follows that

1eY(kai) » nepY(ka),

pY Ko, ) 4 and Y(ka):LmJ p.Y (ke,) UL} is obvious.

i
i=1

So, Y (ke )=

m
i=1

Hence Y(ka)=LmJ p,Y (ke ) UL}

i=1

Noting that pY (key) N p;Y (ke;) = pip,Y (ke ;) 5
piY(kai)ﬂ ij(kaj)m ptY(kat) =p pj ptY(kai,j,t) -------- ’
| BY (key) HY (ker) |> | p, ij(kai’j)|:|Y(ka'i,j) s A<i< j<t<..<m,

we can get the conclusion by Principle of cross-classification. |
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Theorem 10. Given m primes P, P,,-. P, let {H(N)} be the sequence generated by

transforming{A, } according to the rule ER ({Py, P,.---» Pn}) of Question 3. Let 3,5, 5, ;-

be described as (11), then for k e N ,the following equality holds:

1Y (kp) = ZIY(kﬂ)I— 2 IYKB )+ (D™ 2ZIY(1<IO.)|+( -1 ‘1|Y(k)|+Hr

1<i<j<m

(22)

Proof. Similar to the proof of Theorem 6, we introduce the completely multiplicative

function H':N ->R,H'(p))=1i=12,...m;H'(p)=0, p isany other primes.

We also have |Y(n)|= Z H'(i), and (22) can be written as follows:

i=1

m kA kA m ko]
ZH(l) ZZH(l)— Z ZH(|)+ (- 1)'”ZZH(|)+( 1)mle(|)+Hr

(22
We prove (22) by induction. It follows from Theorem 9 that (22) holds if the
powerof p, is r=1i=12,.,m
Assume that the power of p, is no more than r,i=12,...,m, (22') holds. Without

loss of generality, we first consider the power of p, changing from r, to r+1. Let

B = Hp. xpt, p = Hp, x it BB e BB be described as (11), then we
have
ﬁ,:plﬁ’ﬁl:ﬂl"lgl,j:;B]:ja,gl’j't:ﬁl,’j't, ...... f

pl,b’,:ﬂl’,plﬂIJ ﬁ“pl,b’,“_ﬂ,“, ...... A<l<j<t<...<m.

From the hypothesis we have

ZH(n)-(kpﬁﬂH(n) Z (ki):MH’(i)- > (kp_lz):ﬁ”Hr(i)Jr ......

23
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m (ke p/ (kpy) m
FHED"E YOS HMHED™ Y H O+ ] (23)
1=1 i=1 i=1 i=1
Similar to Theorem 8, we analyze right part of (23) one by one.
m_ (ke A . m_ (ke A ] (kpy) By .
2 2 HO=> X H{+ > HG)
1=1 i=1 1=2 i=1 i=1
m kg ) kB, ) m ke, )
= H'G)+ O H )+, D) H'() (kp, s =kB )
1=2 = i=1 1=2 i=1
KBy j ) kpwB ) k ) m
(Y SHG+ Y Y H@)) 4 )" HG) 1 [
1=l<j<m =l <i<jsm =l i1 i=2
m kg kB
=(D, 2 H'[)+2 H'()) (kg =kp)
=2 i=1 i=1
m KAy j ] kp By i ) kpLBLi it ) Kpy )
F N HGE- Y Y HO Y Y H )=+ (DM HG)D
j=2 i=l Il<j<m i=l Il<j<tsm i=l i=1
kP j KBy j e k m
(- H@+ S > H@) = (D" HG)) +1x] [
I<j<m =l I<j<t<m =l i=1 i=2
m kB
=22 H'M)
=1 i=1
m KA, j ] KBy j ) kpLBLi i ) kpy )
F N HGE- Y Y HOY YD H) =+ (DM HG)D
j=2 i=1 <j<m =l <j<t<sm =l i=1
kﬁ{,j kﬂl"j,t k m
+=D DHD+ D D H(@) — e (DT H(G) ) +1x] ], (24)
l<j<m =l I<j<t<m =l i=1 i=2
( kﬂl,j :kﬂlr,j ’ kﬂl,j,t = kﬂl',j,t )
(kp) A j m kB kA i
> X HO=X Y HO+ X X HO
1<i<j<m =1 =2 =l 1<i<j<m =1
m kP ) KA j ]
=3 STH@+ Y D HG) Ckp,B, =KD (25
j=2 i=1 l<j<m i=1
(kpo) A i ¢ m kpufy ¢ koA ¢
> > H®Mm= Y X HGO+ XY > H®O
I<l<j<t<m =1 I=l<j<t<m i=1 Il<j<t<m i=1
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m kpuByj o . KB j ¢ .
= Z Z H'(i)+ Z Z H'(i) (kplﬂ,,jvt:k,b’,"j,t) (26)
I<j<t<m i=1 Il<j<t<m i=1

Connecting (23) with (26), we obtain that

kp' m_ kg
SH0=3 S0
m KpiAj kpuBu i KPuBis i kp,
PO HD Y Y HOF Y Y H @)t (DT H )
kpLj KBijx K m
HEX SHO Y S H Ot (DY H) +1><Hrij
m  kpBij KA m kPuB j o KB,ja
—{Z Z H'@)+ X ZH’(i)J{ 2 Z H'@)+ ZH’(i)J— ------
(kp)
+(- 1)'"le (|)+Hr
m kg )
"2 20

Bli kA j KB i« KB i
J{_Z ZH’(l)— > ZH(.)}[ ZH(|)+ > ZH@)J

I<j<sm =l I<l<j<m i=1 I<l<j<t<m i=1

m

e IO N (R N

i=1

kp; KA j KB it

:Zm: H'(i)- Z ZH'(i)+ Z ZH'(i)_ ......

j=1 =l 1<l<j<m i=1 1<l<j<t<m i=1

K m
(D™ YR +(n+) <] I
i=1 i=2
So, when the power of p, changing from r, to r,+1, (22') holds. We can use the

same method to prove that for the situation of the power of p,,i=2,3,...,n,(22") holds as

well. Hence the theorem is proved by induction. O

When k =1, we have the following corollary:
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Corollary 6. Given m primes p;, P, Py, let {H(n)} be the sequence generated by
transforming{A, }according to the rule ER ({p., P,.-... Pn}) of Question 3. Leta, &, ¢ ;...

BB, B, - be described as (11), then, the following equality holds:

O @YY@ 3 V@)t (DRI (P 1+ ()" 41

1<i<j<m i=1

@A XN - X VB4t O XIVED 1+ )+ ]

Section 4

In previous sections, we studied the properties of the sequences generated by

transforming {A,} according to the rules of Question1,2,3, and established equalities about
the partial sum and the number of valued “1” point, such as the sum from first termto kp'q®

th term, and the number of valued “1” point in the first kp'g® terms, and so on. But it is

usually difficult to establish the equality about the sum of the first n terms and the number of
valued “1” point in the first n terms. So we propose the following question.

Question 4. Given some primes, let{H (n)} be the sequence generated by transforming{A.}
according to the rules of Question 2 and 3, |Y(n)| be denoted as the number of valued “1”

point in the first n terms of {H(n)}. Can we establish some inequalities to estimate the sum

of the first n terms and the number of valued “1” point in the first n terms?

Firstly, we studied the case that the number of given primes is two, and we proposed the
following theorem.

Theorem 11. Let p and g be primes. Let{H (n)}be the sequence generated by transforming

{A }according to the rule ER ({p.qa})of Question 2. Then for any x>0, the following

inequality holds:

P e e T Hi <Pl aa 21
2(p+1)(q+1) i= 2(p+1)(q+1)
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Proof. Let G:[0,+o0) — R be a function defined by
X X X
G(x)=(1+2+...+[x])—p(1+2+...+{—})—q(1+2+...+{—})+ pq(1+2+...+{—}),
p q Pq
and we set p(Ll+2+...... {1})=0for F}:o (similarly, for F}=O and {L}=O).
p p q Pq

According to Principle of cross-classification, for a fixed x>0, G(x) denotes the

sum of the first [x] terms of the sequence of the naturals, with all multiples of p and

multiples of q removed.
We establish a class of sets to classify and analyze every term of Z H(i) . Let

i<x

t= log X ,S= logx , then we have the following results.
log p logq

Denote A1) ={i <x| (i, p'q") =1}, then > H(i)=G(x);

icA(L)

Denote A(p)={i <x|(i, p'q*) = p}, then z H(i)=G(%);
i€A(p)

Denote A(q) ={i <x|(i, p'q®) =}, then Z H(i):G(g);

i€A(q)

Denote A(pq) ={i <x|(i, p'q°) = pq}, then > H(i):G(é);

icA(pq)

Denote A(p*) ={i <x|(i, p'q*) = p’}, then > H(i)=G(%)i

ieA(p?)

Noting that the number of the sets A(p), A(Q),...is finite, the intersection of any two

different sets is empty, and the union of them is the set of the first [x] terms of {A.}.Thus,

SHGl) =S H@+ Y Hi)+ > HO)+ Y HO)+ Y H{)+...

i<x icA(L) icA(p) ieA(q) ieA(pg) ieA(p?)

=G(X)+G(2) +G(2) +G(=) + G(=) +.....
b g pgt p
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+(1+24......+ 1})— pL+2+...... j{—z_)—q(ljL ...... +{L})+ pgd+...... J{LZ})
LP _ p Pq

+(1+2+...... +_§})— pPl+2+...... +{L_)—q(1+ ...... +[12})+ pg+...... 7{ Xz})
Ld Pq | q Pq

Analyzing the above equality, we note that every term of the form(1+2+,__4{iu})
p

only appears in G

(1+2+...+[iu}).
p

Every term of the form (1+2+...+ [

and G(ﬁ) which are —p(1+2+...+|:iu}) and
p

1

are —q(1+2+...+{q—xv}) and (1+2+..+ [qi}

le

}) appears only in G( S 1) G(%),
q p-q

{ X }) ) —p(1+2+...+{ j(v}) )
p'q" pq

—q(1+2+...+{%}) and (1+2+...+[%}),Where u and v are positive integers.
pPq pPq

Every term of the form (1+2+...J{
‘q"

€] Cormy

u~v-1

Then we have that

2 HM = ([X]+l) pz_l{{ﬂ({ﬂ”){%H%}D{%H%}D* ...... }
SRl
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NOEE 1){{ H } 1){ X H%}D{ XZHLZ}HH ...... }
p*q pPq pPq Pq

X(x+1) p-1_x X X X X X
_ SAR \ ARV SLARNY | AR GLATR ) NEANFI
< > > I(p )p+(p2 )p2+(p3 )p3+ }

(28)

X

S X ) S (- S}
q a q q q

—1)(q -1 X X
LPEDOY X (X gy XXy X K )
2 Pa Pq p’q p’q Pg” pq
X(X+1 -1 X X X
(2 ) p2 {Et+ S+ ten) (Gttt}
1 2 x2 ¥
S T )+ Ca b s )
q
-1(q-1 1 1 1 1 1 1 1
Lp-D@-D ){x(—+—2+ ...... YE+S+ )X (St ()}
2 PP qa q p= P q
X(x+1 -1, -x X -1, -x X
:(2)_p2( Py st x>, X
p-1 p°-1 2 g-1 g°-1
+(p_l)(q_l)(xx 1 x L + X% x 21 X 21 )
2 p-1 g-1 p°-1 g°-1

2
_X +4x+—(q+1)—(p+1)+1xx2
2 2(p+1)(g+2)

= P4 yeiox
2(p+1(q+1)

which implies the right side of (27).

In above inequality, we used the inequality y-1< [y] <y foranyy.

Noting that (28) is an equality, similarly, one obtains that by (28)

ZH(l) X(X D _PreX Xy X (X iye X (X ine)
2 "pp p* ' p p* p

_qT_l{ﬁ(l )+ _(_ )+ —(—+1)+ ...... }
qaq q’
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2

AP Xy Xy L Ky
Pq P pq Pq pq Pq

X(x-1 -1_x 2 x2  x?
= (2 )_p2 {E+—S+—=+ )+ (G+—+—=+...)}
1 X X2 2 X2
—qT{(—+—2+$+ ...... )+(?+—4+—6+ ...... )}

iz+ ...... J(F+=S+..)+X

+w{_x(1+
2 P p g q p- p a q

2

_ x(x-1) p-1 x L X q-1, x L X

2 2 (p—l pz—l)_ 2 gq-1 q2—1)
+(p_1)(q_l)(—x>< ! x ! + X% x 21 X 21 )
2 p-1 g-1 p -1 g°-1
—__PA e
2(p+1(q+1)
which means that the left side of (27) holds. O

Following is the analysis of valued “1” point of {H(n)}.
One obtains by H(n)=1 that n=p"q", where u>0,v>0 are integers.

If p"g’ <x,wehave ulogp+vlogqg<logx.

Let u,= log x WV = logx and let v=0,12,...,v,, then we obtain that
log p logq
Iog5 Iogl log X
2 Vo
[Y(X)|= log X + log X + a1, 4| — [+, (29)
log p logq log p log p log p

and we can estimate |Y(x)| by (29).

Following we obtain the estimation of |Y(x)| by using another method (Best to my
knowledge, it is difficult to get the same result by (29)).
Theorem 12. Let p and q be primes such that P <d . Let{H (n)}be the sequence generated
by transforming {A,}according to the rule ER ({p,d}) of Question 2, |Y(X)| be denoted as
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the number of valued “1” point in the first [X] term of {H(n)}. Then for any x>0 large

enough, the following inequality holds:

1Iogx[logx JlY(X)l 1 logx )(Iogx 2. (30)
2log p{ logq Iogp logq

Proof. Since valued “1” point in the first [x] term of {H(n)} satisfies n=p‘q’, one has

ulog p+vlogqg<logx which implies that the point (u,v) is the grid point in the triangle
AOAB (containing three lines) surrounded by U axis, V axis and the line

ulogp+vlogg=Ilogx in the U-V plane. So the number of grid points equals to

|Y (x) | .We use the Pick Theorem (see [4, P41-48] for details) to estimate the number of grid

points.

Firstly, we prove the inequality on the left side of (30). We fix a grid polygon @ which

containing AOAB (Figure 1). And  is formed by the two straight and one fold lines.

One is the segment OW, on U axis, such that the coordinate of W, is H Iogx} +1, Oj
log p

One is the segment OW on V axis, such that the coordinate of W is [0,“09)(}4}.
094

The other is the fold line from W, to W, such that the horizontal coordinate of the

intersection point W, of the fold line and the line v=k is

X
log—

a4 |,q_|logx-klogqg T1K=12,3 0V, = logx ,
log p log p logq

We get the fold line by linking the points W,,W, ,k =1,2,...,v, and W, in turn. Noting
that the fold line has no intersection points with segment AB, it follows that

log?® x
2log plogq

Sa) > SAOAB =
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v
I
B_\ﬁgn{t .
Y grid polygon  w(ow, + W, H,. . W,.. W + HO)
-
R
TSe W
v=k ~
e
Sy
o
T—
-
A
v=2 - \\ W,
v=1 - 154
0 A L
Figure 1

We denote E as the number of grid points inside the polygon @, and F as the
number on the border of . It is easy to see that, F is equal to the sum of the numbers of

grid points on the line OW,, line OW, and the fold line WW minus the number of

repetitive grid points, which means that

F_ log x N log x N log x ey
logp | [logqg] |[logq

By Pick Theorem we have that

2
s —g+F g5 l00°x
2 2log plogq

then it follows that

|'Y (x) | =the number of grid points inside AOAB (including the border)

2
—E+(1+ log x N log x )> log® x +E(1+ Iogx)
log p logq 2logplogg 2 logp
2
S log” x +1Iogx :llogx Iogx+1'
2logplogg 2logp 2logp\logq

and the left side of (30) holds. And it is obvious that we still obtain the inequality when we

exchange pandqg.

Next we prove the inequality on the right side of (30). We fix the biggest grid polygon
o (Figure 2) contained in the triangle AOAB. Similarly, 6 is formed by the two straight

and one fold lines. One is the segment OW, on U axis, such that the coordinate of the

point W, is H:Oﬂ}OJ One is the segment OW' on V axis, such that the coordinate
ogp
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log x
logq

of the point W' is [O,{ D.The other is the fold line from the point W,” to W', such

that the horizontal coordinate of the intersection point W, of the fold line and the line

v=k is
log X
— |
ogx—klo
a |- 991 k=12,3.......v,.
log p log p
v
B
— V=1,
oW
’ > aridnolvaon S(nw' L w'ww' W' W' L W' W' L W\
T
—
e
v=~k
TR
\‘\\
x‘:{\
v=2
v=1
i 4

0 W, U

Figure 2

It is worthy to note that points W, and W’ are both on the line v=v, ={:Oﬂ]
’ 0gq

They may coincide or be different, or there may exist some other grid points between them.

No matter what kind of situation, the number of grid points on the segment Wy W’ is equal

X X

log
+1 (including end points, if the two ends coincide, then g
log p log p

Vo

=0).

One has by p<q that the point W," is not on the V axis and it does not coincide
with W’ when k<v,. Similarly, we get the fold line by linking the points W, ,W,’,

k=12,..,v,and W' inturn.
Since the points A and B cannot be grid points at the same time, we have that

log® x
2log plogq

Sa < SAOAB =

We denote E; as the number of grid points inside the grid polygon ¢, and F; as the
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number on the border of ¢'. It is easy to see that, F; is equal to the sum of the numbers of

grid points on the segment OW,, segment OW', and the fold line W,W' minus the

number of repetitive grid points which means that

F, = ({")gx} 1)+ ({"’9 }+1>+(vo+
log p

X
log—-

_ log x N log x N log x N q
log p logq logq log p

One has by Pick Theorem that

X
Iog—VO ,
85=E5+1 log x N log x N log x N q 1< log” x .
2| | logp logq logq log p 2log plogq

Then it follows that

|'Y (x) | =the number of grid points inside AOAB (including the border)

X

| | | log =
—E,+ 0g X N 0g X N 0g X N q
logp | [logg | [logq log p

X
log
2 Vo
- log” x 1 Iogx Iogx N log x N q 11
2logplogg 2|| log p Iog q logq log p

B 2Iog plogq 2 Iog p logq logq log p

log x
| I I | log x — loag logq
_logx ogx ogx}{ ogx}+ 0gq 1

- 2Iog plogq log p Iogq logq log p

logx | logx
_log®x 1 Iogx Iogx log x logg | logq )Iogq
2l Lo L L :
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1| logq
2| logp

2
log? X +1(Iogx+logx+long+1+

<
2logplogg 2\logp logg logq
1. lo X, lo X lo
(99X (29X gy 1] 1098
2 log p logq 2| logp .

1 .
>——, for large enough X, we obtain that

Since p<q,
logp logq

1 logx log x lo 1 logx log x
2 (29X 520X gy L 00a | 1 JogX gy lo0X o)
2 Iogp logq 2| logp | 2 Iogp logq

(as long as logxx(————)>| 1999 | is satisfied), and the right side of (30) holds.
logp logq” [logp

Now, we study the case that the number of primes is m. We obtain Theorem 13 and
Theorem 14 by extending Theorem 11 and Theorem 12.

Theorem 13. Given m primes p;, P, Py, let {H(N)} be the sequence generated by

transforming {A,}according to the rule ER({p,, P,,..., P,}) of Question 3. Then for any

x> 0 ,the following inequality holds:

m

- m-1 pi 2 m-1
H —2"x< Y H() <= H—p+1x +2™x, (3D

i=1 p| i<x i=1 i

Proof. We use induction to prove the theorem. When m=1,2, we obtain (31) by Theorem

11 and the proof of Theorem 11 (The proof is same as Theorem 11 for m=1).
Assume that (31) holds for m=r. Following is the proof for m=r+1.

Let {H,(n)} be the sequence generated by eliminating all p,(i=12,...,r) factors for
every term in {A} according to ER( p,, p,,.... p,) and {H,,(n)} be the sequence

generated by eliminating all p,(i=12,...,r+1) factors according to ER( p,, Py, Pyuy)-

One has by assumption that

- r-1 : p| 2 r-1
Hp. -2 X<ZX:H(|)< II;[pi+1x +2'x. (32)

It is easy to see that H, ,(i)=H,(i) holds when i<x and i is not the multiple of p,,;.
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Define a function G:[0,+w) - R by

G(X)=> H,.()-p > H,().

i<x <X/ Ppag

That is, G(x) equals to the sum of the first [x] terms of {H, (n)} with the all

multiples of p,,, in {H, (n)} removed.

Similar to the proof of Theorem 11, in order to classify and analyze every term of
ZHm(i) we establish a class of set which satisfies that the intersection of any two

i<x

different sets is empty. Let t { log x } ,S= Poﬂ} , then we have the following results.

log p log g
Denote A(0)={i <x|(i, p;,,) =1=p;,.}. then > H,_ (i) =G(x);
icA(0)
Denote A() ={i <x|(i, pl,.) = p..}. then 3" H,,(i)=G(—);
icA(l) r+l

Denote A(2) ={i <x|(i, p},,) = p’.}. then > Hm(i):G(%):

icA(2) r+l

Denote A3)={i <x|(i, p!,)=p.}.then > H,,()=G(—5): ...

ieA(3) r+l

We notice that the number of the sets A(0), AQ), A(2), A(3),...is t+1, the intersection

of any two different sets is empty, and the union of them is the set of the first [x] terms of

the sequence of naturals. Thus

sz(i): z H,. @)+ z H,..@0)+ z H,..@0)+ Z H,,@)+..+ z H,..®)

i<x icA(0) icA(l) icA(2) icA(3) icA(t)
X X X X

=G(x)+G( ) +G(—)+G(—) +...+G(—)
r+l r+l r+1 r+1

D HAD) =P 2 HO [+ D H =Py X H()

i<x

- -
Pria Pria Pria

+

Hr(i)_pr+1 Z Hr(l) ot Z Hr(i)_pr+1 Z Hr(l)
i I<p§+ 1 igﬁll

)
Pria Pri1
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(Noting that p,,, > H, (i) =0)

i<

t+1
T+l

i<x X

=S H, ()= (pa-D| S HM)+ D H @)+t > H(G) | (33)

Noting that (33) is an equality, then by assumption (32) we obtain that

r

S H, () < (%Hix2 +21y)

i<x i P, +1

—(prﬂ—l){lﬁi(i)%zr*( W)y R L >+...J

2 i=1 p+1 pr+]_ r+1 2 i=1 p +1 p

i i r+l r+l

14 p 1 1 1
== |—=x"| 1-(p,. —1)( + + +J
[21_1[ p+1 ( PP P PR
+ x£2r‘1+2r‘1(pr+1—1)( !, i + % +J
pr+1 pr+1 pr+l

1+ PBi .2 1 r-1 r-1 1
= |—X|1- +X| 2742 -1
2 H ( pr+1 +1J ( (le ) pr+l _1]

ia P+l

r+1
:EH b X2 +2"X,
253 p+1

and the right side of (31) is established for m=r+1. The left side of (31) can be established
by using the same method. Then the proof is complete by induction. m|

By using the notation "O" (see [2, P147]) we have a more concise conclusion of
Theorem 13:

m

S HO =5 TP +009). (34)
i<x i=1 i

We derive a new proof for the noted fact that the set of primes is infinite by Theorem
13 (see [3] for the four kinds of proofs of the proposition). Here is a brief proof.

Suppose that the primes are p,, p,,..., p,,, Where m is a positive integer. Then the
terms of the positive integers series generated from {A} become “1” after eliminating all

the prime factors according to the rule ER {p,p,,...P,} , and one has that
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> H(i)=>1=[x]. It is easy to see that the equality contradicts with (31) when x— oo,

which implies that there cannot be only a finite number of primes.
O

We apply the notation "O™ to Theorem 12, and extend it to the following theorem.

Theorem 14. Given m primes p;, P, Py, let {H(N)} be the sequence generated by
transforming{A, }according to the rule ER({p,, P,,..., P,}) of Question 3, and |Y(X)| be

denoted as the number of valued “1” point in the first [X] term of {H(n)}. Then for any
x> 0,the following inequality holds:
1 log"x
Y () | —

|
™ log p,
i=1

Proof. As the beginning of the proof, we list two useful conclusions:

+0(log™™" x). (35)

0 1 2 m
D S Lo Co LS o 1 (36)
1 m+1 m+l
- - - - Ci i+l
multiplying m+1 on the left side, one obtains by - "‘1><(m+1):Cm+1 that
i+
c? ct c? cr
—n P +(-D)"—)x(m+1
Gt e M
=C.,—C2 +C} —. . +(D)"CM =—1-)"* +1=1,
(36) is established.
Xs+l
(2) Y= +0O(x°), for s>0 (see [2,p49]). (37)

— s+1

We use induction to prove the theorem. It is obvious that (35) holds for m=1,2.

Assume that (35) holds for m=r. Following is the proof for m=r+1.

We denote {H (n)} (resp. {H, ,(n)}) as the sequence generated by eliminating all
p.(i=12,..,r) (resp. p,(i=12,..,r+1)) factors for every term of {A } according to rule
of Question 3and Y, (x) (resp. Y,,,(X)) as set of valued “1” point in the first [x] terms of

{H, (M3} (resp. {H,..(N)3}).
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log x
Let 5{ J } By analyzing elements in Yr(X) we have that

Iog pr+l
Y1 (0 =Y, 00U p Y, (o) U paY, () U PR, (=) U plaYs (—)

Noting that there are s+1 sets on the right side and the intersection of any two
different sets is empty. This equality together with the assumption in the induction implies
that

N 1Y () [+]Y, (=) [+t | Y (=) |

r+1 r+l r+1 r+1

1Y O Y ) +]Y(

| 22 oo ) |+ 2L ELP) 1 ogog (/)

"TTiog p Hlog P,
i=1

r 2
4 2100 KT Pra) | o togr(x/ p2) |+ | L —'09 (x/Py)

|
" TTiogp Hlog .
i=1

+0(log™ (x/ p;.,)

'1||_\

= 2 (log" 10" (x/ p,..) +log" (x/ p.) +...+log" (x/ p}.,))

Hlog p,

+0O(log™™(x) +O(log"*(x/ p,.,) +O(log" *(x/ p?,) +...+O(log"*(x/ p:,,). (38)
By denoting U as part with "O", we have that

log x

U :O(Iog”(x)x({IO

}rl)) =0(log’ (x)) .

r+1

Let W =(Iogr x+log"(x/ p,,,)+log" (x/ p?,)+...+log" (x/ pf+l)). Following is the analysis
of W, we choose the (t+1)th term
log" (x/ pr.,) = (log x—tlog p,.,)"
—Clog" x—C}log" ™ x(tlog p,,,) +C?log"* x(tlog p,.,)* —...+(-1)"C/ (tlog p,,,)"

We set t=0,12,...,s, and sum the corresponding terms up in the expansion. It follows from

(37) that
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2 (-D'Clog™" x(tlog p,.;)' = (-1)'C; log"" xlog' p,., D

t=0 t=0
=(-1/Cllog"' Xlog' p,.,(" 8" +0(s")

- (-1)'C!Tog™ xlog p( 1 (109X s, o logx_ ).)
+1 IOg Pra |Og P,..

r+1

X r
+0O(log" x) . (39)

r+1

Iog
1
=(1'C I+1 log p

Let 1=0,1,2,...,r in (39), and we sum them up. One has by (36) that

r 1 log™*x
W = (-D'C!l x XXy +0O(log" x)j
; ( |+1 g pr+1

r+1
CE 1 Jogx
1= |+1 Iog pr+1

+0O(log" x)

r+1

_log '><—
=Tog p._ ;(( 1)'c )+O(Iog X)

r+l

_ 1 Iog

+O log" x
vl 109 P, . (log" x) . (40)

Substituting (40) into (39), we can obtain that

r+l
|Yr+1(x)|— L ( L, Jog X+O(|ogrx)j+0(log“x)
Hlogp r+1 logp,,
r+l
1 log +O(Iogrx),

= r+1
(r +l) Hlog b
i=1

(35) holds for m=r+1. The proof is complete by induction.

Summary and prospect

1.In this paper, we start from an interesting property of the sequence generated by
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eliminating all the factor 2 for each term of the sequence of the naturals. Eliminating all the

prime factor p, or p,q,or p,(i=12,..,m) according to the relative transforming rules
in the different cases, we obtain the new sequence {H(n)} respectively. We studied the

partial sum and the number of valued “1” points of the new sequence {H(n)}. Furthermore,

we get several concise inequalities which estimate the partial sum of the first n terms and the
numbers of valued “1”points in the first n terms of {H(n)}.

However, these results are still relatively preliminary. The conclusions are complicated
in the case of given m primes. Though the inequality in the fourth section is relatively
concise and beautiful, there exists deficiencies in (32) and (33) that the coefficient "O" is
in connection with the number of the given primes.

2.0n the problem of the sum related to the sequence of the naturals, there are some

known equalities as follows:
N~ 1,
(D lez(n +N);
i=1

+l

(2) Y=

n<x

Compare (34)

+O(xs) , Where s>0

m

Y H@)== H x +0(x)

i<x =1 i

with the equalities above, it’s meaningful to study the sum of the form like Z H*(n), and

n<x

the following equality may be correct:

D H(n)=—

H p, X +0(X°) » where s>0.
nex s+153 P,

When s<0 there are some known equalities about Zns as well, and we can also

n<x

study the partial sum such as ZHs(n) (where s<0), maybe there are some interesting

n<x

connections between them.

3. H(n)is a new sequence generated by transforming the sequence of naturals according

to the eliminating rule. Maybe, we can consider to apply the transforming rule on the
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sequence consisted of integers, the new sequence generated may have some interesting
connection with the sequence. For example, given m primes, we have transforming rule ER

{p, Py P}) - Let p be a prime, {a,} be an arithmetic sequence, a,=pn+I ,
(p,D)=141eN ,Then what properties does the new sequence generated by transforming

{a,} according the eliminating rule ER ({p,, P,,..., P,,}) have?

4.Furthermore, we can consider the more general transforming as follows:
Let Q be a set of some primes, finite or infinite, define a transforming rule ER(Q) as:

For everyne N and every peQ, if some term A of {A} has factor peQ, then
substitute A with A /p, until it does not have factor p. Thus we obtain a new sequence

{H,(n)}. Maybe we can write as

ER(Q){A}) ={Hy(n)},
Also, we can apply ER(Q) on the sequence consisted of integers, for example, on the

arithmetic sequence {a,} above, what properties does the new sequence ER(Q)({a,})

have?

| think these questions are interesting and meaningful, but it’s difficult for me to answer
as I’'m just a high school student now. It is my dream to learn more knowledge about
mathematics and do further research on them in future.

Finally, I would like to express my gratitude to my two foreign tutors, to Mr. Yau for
providing this platform for students who love mathematics, to all teachers for your review
and guidance for this paper.
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