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the first time. It turns out that they are generalizations of the 
classical John ellipsoid and the evolved Lp John ellipsoids. 
The analog of Ball’s volume-ratio inequality is established for 
the new Orlicz–John ellipsoids. The connection between the 
isotropy of measures and the characterization of Orlicz–John 
ellipsoids is demonstrated.
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1. Introduction

A fundamental tool in convex geometry and Banach space geometry is the well-known 
John ellipsoid, which was originally introduced by Fritz John [26]. For each convex body 
(compact convex subset with nonempty interior) K in the Euclidean n-space Rn, its 
John ellipsoid JK is the unique ellipsoid of maximal volume contained in K. For more 
information about the John ellipsoid, one can refer to [3,19,21,27] and the references 
within.
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The John ellipsoid is within the classical Brunn–Minkowski theory and is extremely 
useful in convex geometry, Banach space geometry and PDEs (see, e.g., [1,2,16,28,47]). 
One important result concerning the John ellipsoid is Ball’s volume-ratio inequality, 
which states that: if K is an origin-symmetric convex body in Rn, then

|K|
|JK| ≤

2n

ωn
, (1.1)

with equality if and only if K is a parallelotope. Here, | · | denotes n-dimensional volume 
and ωn = πn/2/Γ (1 + n

2 ) denotes the volume of the unit ball, B, in Rn. The fact that 
there is equality in (1.1) only for parallelotopes was established by Barthe [4].

In 2005, the classical John ellipsoid had evolved into the Lp John ellipsoids under 
the impetus of Lutwak, Yang and Zhang [38]. In retrospect, it is interesting that it took 
nearly a decade for the Lp John ellipsoids to be discovered, after the emergence of the 
Lp Brunn–Minkowski theory initiated by Lutwak [32,33]. During the last two decades, 
the Lp Brunn–Minkowski theory has achieved great developments and expanded rapidly 
(see, e.g., [7–9,11,12,22–24,29–38,42,49,51–53,55–58]).

Suppose p ∈ (0, ∞] and K is a convex body in Rn with the origin in its interior. 
Amongst all origin-symmetric ellipsoids E, the unique ellipsoid that solves the con-
strained maximization problem

max
E

(
|E|
ωn

) 1
n

subject to V p(K,E) ≤ 1

is called the Lp John ellipsoid [38] of K and denoted by EpK. Here

V p(K,E) =
[ ∫
Sn−1

(
hE

hK

)p

dV K

] 1
p

, 0 < p < ∞,

is the normalized Lp mixed volume of K and E; Sn−1 is the unit sphere in Rn; hK and hE

are the support functions of K and E, respectively; V K is the normalized cone-volume 
measure of K. For p = ∞, we define V ∞(K, E) = sup{hE(u)/hK(u) : u ∈ suppV K}. 
Note that the cone-volume measure has been appeared and investigated widely in various 
contexts recently (see e.g., [5,7,8,18,24,25,30,31,43,45,52,53,57]).

In general, the Lp John ellipsoid EpK is not contained in K (except when p = ∞). 
However, when 1 ≤ p ≤ ∞, it has |EpK| ≤ |K|. If K is an origin-symmetric convex body 
in Rn and 0 < p ≤ ∞, then the Lp version [38] of Ball’s volume-ratio inequality

|K|
|EpK| ≤

2n

ωn

still holds, with equality if and only if K is a parallelotope.
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The Lp John ellipsoids provide a unified treatment for several fundamental objects 
in convex geometry. If the John point of K, i.e., the center of JK, is at the origin, 
then E∞K is precisely the classical John ellipsoid JK. The L2 John ellipsoid E2K is 
the new ellipsoid Γ−2K previously found by Lutwak, Yang and Zhang in [34], which 
is now called the LYZ ellipsoid and is in some sense dual to the Legendre ellipsoid of 
inertia in classical mechanics [41]. The L1 John ellipsoid E1K is the so-called Petty 
ellipsoid. The volume-normalized Petty ellipsoid is obtained by minimizing the surface 
area of K under SL(n) transformations of K. See Petty [46] and also Giannopoulos and 
Papadimitrakis [17].

Beginning with the ground-breaking articles of Lutwak, Yang, Zhang and Harbel 
[22,39,40], a more wide extension of the Lp Brunn–Minkowski theory, called the Orlicz 
Brunn–Minkowski theory, emerged out three years ago. In these articles, the fundamental 
notions of the Lp projection body and the Lp centroid body were extended to an Or-
licz setting (see also [10,59]). It represents a generalization of the Lp Brunn–Minkowski 
theory, analogous to the way that Orlicz spaces generalize Lp spaces [48]. Very recently, 
one essential obstacle in the development of Orlicz Brunn–Minkowski theory, what is the 
lack of a notion corresponding to Lp addition, has been smoothed by Gardner, Hug and 
Weil [14,15].

In view of the fundamental importance of the John ellipsoid in convex geometry, we 
are tempted to consider the naturally posed problem in the booming Orlicz Brunn–
Minkowski theory: what is the Orlicz extension of the Lp John ellipsoid? Our main task 
in this paper is to demonstrate this existence of such an Orlicz analogue.

For this aim, we consider convex ϕ : [0, ∞) → [0, ∞), that is strictly increasing and 
satisfies ϕ(0) = 0. For convex bodies K, L in Rn with the origin in their interiors, the 
normalized Orlicz mixed volume of K and L regarding ϕ, V ϕ(K, L), is defined by

V ϕ(K,L) = ϕ−1
( ∫

Sn−1

ϕ

(
hL

hK

)
dV K

)
.

Inspired by Lutwak, Yang and Zhang’s work on Lp John ellipsoids [38], we focus on

Problem Sϕ. Suppose K is a convex body in Rn with the origin in its interior. Find an el-
lipsoid E, amongst all origin-symmetric ellipsoids, which solves the following constrained 
maximization problem:

max
E

|E| subject to V ϕ(K,E) ≤ 1.

In Section 4, we prove that there exists a unique ellipsoid which solves Problem Sϕ. 
It is called the Orlicz–John ellipsoid of K, and denoted by EϕK. Note that if ϕ(t) = tp, 
1 ≤ p < ∞, then the Orlicz–John ellipsoid EϕK precisely turns out to be the Lp John 
ellipsoid EpK.
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An important feature on the family of Lp John ellipsoids is that EpK is continuous 
in p ∈ (0, ∞]. In Section 5, we show that the Orlicz–John ellipsoid EϕK is jointly con-
tinuous in ϕ and K. In Section 6, we prove that as p → ∞, the Orlicz–John ellipsoid 
EϕpK approaches to E∞K. This insight throws light on a connection between Orlicz–
John ellipsoids and the classical John ellipsoid. The Orlicz version of Ball’s volume-ratio 
inequality is established in Section 7. Finally, we provide a characterization of the Orlicz–
John ellipsoid, which is closely related to the isotropy of measures.

2. Preliminaries

For quick reference we recall some basic results from the Brunn–Minkowski theory. 
Good references are Gardner [13], Gruber [20], Schneider [50], and Thompson [54].

The setting will be Euclidean n-space Rn. As usual, x · y denotes the standard inner 
product of x and y in Rn.

In addition to its denoting absolute value, without confusion we will use | · | to denote 
the standard Euclidean norm on Rn, often to denote n-dimensional volume, and on 
occasion to denote the absolute value of the determinant of an n × n matrix.

For x ∈ R
n, let 〈x〉 = |x|−1x, whenever x �= 0.

Throughout, En is used exclusively to denote the class of origin-symmetric ellipsoids 
in Rn. We write Kn

o for the set of convex bodies in Rn that contain the origin in their 
interiors. The support function of a convex body K ∈ Kn

o , hK , is defined for all x ∈ R
n

by hK(x) = max{x · y : y ∈ K}. If T ∈ GL(n), then for the support function of the 
image TK = {Tx : x ∈ K}, we obviously have

hTK(x) = hK

(
T tx

)
, (2.1)

where T t denotes the transpose of T .
The set Kn

o is often equipped with the Hausdorff metric δH , which is defined for 
K1, K2 ∈ Kn

o by δH(K1, K2) = maxSn−1 |hK1 − hK2 |.
The classical Aleksandrov–Fenchel–Jessen surface area measure, SK , of the convex 

body K can be defined as the unique Borel measure on Sn−1 such that∫
Sn−1

f(u)dSK(u) =
∫
∂K

f
(
γK(y)

)
dHn−1(y)

for each continuous f : Sn−1 → R, where γK(y) is the outer unit normal of ∂K at 
y ∈ ∂K. Recall that γK exists almost everywhere for y ∈ ∂K with respect to the 
(n − 1)-dimensional Hausdorff measure Hn−1 on ∂K.

The cone-volume measure, VK , of the convex body K is a Borel measure on Sn−1

defined for a Borel set ω ⊆ Sn−1 by

VK(ω) = 1
n

∫
hKdSK .
ω
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It is convenient to use the normalized cone-volume measure V K = VK

|K| , of K. Observe 

that V K is a probability measure on Sn−1. Also, V K is GL(n)-invariant, i.e., for T ∈
GL(n) and a Borel subset ω ⊆ Sn−1, it yields

V T tK(ω) = V K

(
〈Tω〉

)
, (2.2)

where 〈Tω〉 = {〈Tu〉 : u ∈ ω}.
The projection body, ΠK, of the convex body K ∈ Kn

o , is a convex body in Kn
o whose 

support function is defined for u ∈ Sn−1 by

hΠK(u) = 1
2

∫
Sn−1

|u · v|dSK(v).

According to the definitions of ΠK, SK and V K , it immediately yields that for u ∈
Sn−1,

2hΠK(u)
n|K| =

∫
Sn−1

|u · v|
hK(v)dV K(v).

A finite positive Borel measure μ on Sn−1 is said to be isotropic if∫
Sn−1

(u · v)2dμ(u) = |μ|
n
,

for all v ∈ Sn−1. Here, |μ| denotes the total mass of μ. For nonzero x ∈ R
n, the notation 

x ⊗x represents the rank 1 linear operator on Rn that takes y to (x ·y)x. It immediately 
gives that

tr(x⊗ x) = |x|2.

Equivalently, μ is isotropic if ∫
Sn−1

u⊗ udμ(u) = |μ|
n
In,

where In denotes the identity operator on Rn. For more information about the impor-
tance of isotropy, one can refer to [6,16,17,41,44].

Let Φ be the class of convex functions ϕ : [0, ∞) → [0, ∞) that are strictly increasing 
and satisfy ϕ(0) = 0. We say that a sequence {ϕi}i∈N ⊂ Φ is such that ϕi → ϕ0 ∈ Φ, 
provided

|ϕi − ϕ0|I := max
t∈I

∣∣ϕi(t) − ϕ0(t)
∣∣ → 0,

for each compact interval I ⊂ [0, ∞).
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Let μ be a finite Borel measure on Sn−1. For a continuous function f : Sn−1 → [0, ∞), 
the Orlicz norm ‖f‖ϕ of f is defined by

‖f‖ϕ = inf
{
λ > 0 : 1

|μ|

∫
Sn−1

ϕ

(
f

λ

)
dμ ≤ ϕ(1)

}
.

The following Lemma 2.1 was previously proved in [22]. Lemma 2.2 is explicitly ap-
peared in the proof of Lemma 2.1, which will be used frequently throughout this paper.

Lemma 2.1. Suppose μ is a finite Borel measure on Sn−1 and the function f : Sn−1 →
[0, ∞) is continuous and such that μ({f �= 0}) > 0. Then the Orlicz norm ‖f‖ϕ is positive 
and

‖f‖ϕ = λ0 ⇐⇒ 1
|μ|

∫
Sn−1

ϕ

(
f

λ0

)
dμ = ϕ(1).

Lemma 2.2. Suppose μ is a finite Borel measure on Sn−1 and the function f : Sn−1 →
[0, ∞) is continuous and such that μ({f �= 0}) > 0. Then the function

ψ(λ) :=
∫

Sn−1

ϕ

(
f

λ

)
dμ, λ ∈ (0,∞),

has the following properties:

(1) ψ is continuous and strictly decreasing in (0, ∞);
(2) limλ→0+ ψ(λ) = ∞;
(3) limλ→∞ ψ(λ) = 0;
(4) 0 < ψ−1(a) < ∞ for each a ∈ (0, ∞).

For K, L ∈ Kn
o and ε ≥ 0, we define the function hϕ,ε : Rn → [0, ∞) as

hϕ,ε(x) = inf
{
λ > 0 : ϕ

(
hK(x)

λ

)
+ εϕ

(
hL(x)
λ

)
≤ ϕ(1)

}
.

Observe that hϕ,ε is both sublinear and positive when x �= 0. Hence, there exists a 
unique convex body K +ϕ,ε L ∈ Kn

o such that whose support function is precisely hϕ,ε. 
According to Lemmas 8.2 and 8.4 in [15], it gives that

K +ϕ,ε L → K, as ε → 0+,

and

lim
+

hK+ϕ,εL(u) − hK(u)
= hK(u)

′ ϕ

(
hL(u)

)
, (2.3)
ε→0 ε ϕ−(1) hK(u)
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uniformly for u ∈ Sn−1, where ϕ′
−(1) denotes the left derivative of ϕ at 1. Note that 

h(ε, u) = hϕ,ε(u) : [0, ∞) ×Sn−1 → [0, ∞) is jointly continuous in ε and u (see Lemma A.1
in Appendix A for details). So, by (2.3) and Aleksandrov’s variational principle (see 
Lemma 3.1 in [8] or Lemma 8.3 in [15]), it yields that

lim
ε→0+

|K+ϕ,εL| − |K|
ε

=
∫

Sn−1

lim
ε→0+

hK+ϕ,εL(u) − hK(u)
ε

dSK(u)

= n

ϕ′
−(1)

∫
Sn−1

ϕ

(
hL

hK

)
dVK .

Now, we are in the position to give the definition of Orlicz mixed volume.

Definition 2.3. Let K, L ∈ Kn
o and ϕ ∈ Φ. The geometric quantity

Vϕ(K,L) =
∫

Sn−1

ϕ

(
hL

hK

)
dVK

is called the Orlicz mixed volume of K and L regarding ϕ. The normalized Orlicz mixed 
volume V ϕ(K, L), of K and L regarding ϕ, is defined by

V ϕ(K,L) = ϕ−1
(
Vϕ(K,L)

|K|

)
= ϕ−1

( ∫
Sn−1

ϕ

(
hL

hK

)
dV K

)
.

If ϕ(t) = tp, 1 ≤ p < ∞, then Vϕ(K, L) and V ϕ(K, L) reduce to the Lp mixed volume 
Vp(K, L) and the normalized Lp mixed volume V p(K, L) used in [38], respectively.

Lemma 2.4. Suppose K, L ∈ Kn
o and ϕ ∈ Φ. Then

(1) V ϕ(K, K) = 1.
(2) Vϕ(K, K) = ϕ(1)|K|.
(3) V ϕ(K, λL) = V ϕ(λ−1K, L), for all λ > 0.
(4) V ϕ(K, TL) = V ϕ(T−1K, L), for all T ∈ GL(n).
(5) Vϕ(K, TL) = |T |Vϕ(T−1K, L), for all T ∈ GL(n).

Proof. From Definition 2.3, it immediately gives (1) and (2).
Combining Definition 2.3 with the facts that

hλL

hK
= hL

hλ−1K
and V K = V λ−1K ,

it yields (3) directly.
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From (2.1), (2.2) and Definition 2.3, it follows that

V ϕ(K,TL) = ϕ−1
( ∫

Sn−1

ϕ

(
hL(T tu)

hK(T−tT tu)

)
dV K(u)

)

= ϕ−1
( ∫

Sn−1

ϕ

(
hL(〈T tu〉)

hT−1K(〈T tu〉)

)
dV T−1K

(〈
T tu

〉))

= V ϕ

(
T−1K,L

)
.

From Definition 2.3 and (4), it follows that

ϕ−1
(
Vϕ(K,TL)

|K|

)
= ϕ−1

(
Vϕ(T−1K,L)

|T−1K|

)
,

which yields (5) directly. �
Following GHW [15], we introduce the important geometric quantity V̂ϕ(K, L).

Definition 2.5. Let K, L ∈ Kn
o and ϕ ∈ Φ. The geometric quantity

V̂ϕ(K,L) = inf
{
λ > 0 :

∫
Sn−1

ϕ

(
hL

λhK

)
dV K ≤ ϕ(1)

}

is called the quasi-Orlicz mixed volume of K and L regarding ϕ.

If ϕ(t) = tp, 1 ≤ p < ∞, then V̂ϕ(K, L) also reduces to the normalized Lp mixed 
volume V p(K, L). Since

V̂ϕ(K,L) =
∥∥∥∥ hL

hK

∥∥∥∥
ϕ

,

where ‖ · ‖ϕ is the Orlicz norm with respect to the measure V K , we obtain the following 
lemma immediately.

Lemma 2.6. Suppose K, L ∈ Kn
o and ϕ ∈ Φ. Then

(1) V̂ϕ(K, K) = 1.
(2) V̂ϕ(K, λL) = V̂ϕ(λ−1K, L) = λV̂ϕ(K, L), for all λ > 0.
(3) V̂ϕ(TK, L) = V̂ϕ(K, T−1L), for all T ∈ GL(n).

In what follows, we provide a simple identity, which will be used frequently.
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Lemma 2.7. Suppose K, L ∈ Kn
o and ϕ ∈ Φ. Then

V ϕ

(
K,

L

V̂ϕ(K,L)

)
= 1.

Proof. From Definition 2.3, Definition 2.5, and then Lemma 2.1, it follows that

ϕ
(
V ϕ

(
K, V̂ϕ(K,L)−1

L
))

=
∫

Sn−1

ϕ

(
hL

V̂ϕ(K,L)hK

)
dV K = ϕ(1).

Thus,

V ϕ

(
K,

L

V̂ϕ(K,L)

)
= 1,

as desired. �
3. The continuity of Orlicz mixed volumes

In this section, we show the continuity of the functionals V ϕ(K, L) and V̂ϕ(K, L) with 
respect to ϕ, K and L, which will be needed in Section 5.

Theorem 3.1. Suppose K, Ki, L, Lj ∈ Kn
o and ϕ, ϕk ∈ Φ, where i, j, k ∈ N. If Ki → K, 

Lj → L and ϕk → ϕ, then

lim
i,j,k→∞

Vϕk
(Ki, Lj) = Vϕ(K,L),

and

lim
i,j,k→∞

V ϕk
(Ki, Lj) = V ϕ(K,L).

Proof. Let

cm =
inf({minSn−1 hL} ∪ {minSn−1 hLj

: j ∈ N})
sup({maxSn−1 hK} ∪ {maxSn−1 hKi

: i ∈ N}) ,

and

cM =
sup({maxSn−1 hL} ∪ {maxSn−1 hLj

: j ∈ N})
inf({minSn−1 hK} ∪ {minSn−1 hKi

: i ∈ N}) .

First, we prove

0 < cm ≤ cM < ∞.
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From the definition of Hausdorff metric, we know that Ki → K and Lj → L are 
equivalent to hKi

→ hK and hLj
→ hL uniformly on Sn−1, respectively. Furthermore, 

since hK , hL, hKi
, and hLj

, i, j ∈ N, are strictly positive on Sn−1, it follows that there 
exists an N0 ∈ N, such that for all i, j > N0 and u ∈ Sn−1,

min
Sn−1

hK
2
≤ hKi

(u) ≤ max
Sn−1

h2K and min
Sn−1

hL
2
≤ hLj

(u) ≤ max
Sn−1

h2L.

Let

bm = min
{

min
Sn−1

hK
2
, min
Sn−1

hL
2
, min
1≤i≤N0

min
Sn−1

hKi
, min
1≤j≤N0

min
Sn−1

hLj

}
,

and

bM = max
{

max
Sn−1

h2K ,max
Sn−1

h2L, max
1≤i≤N0

max
Sn−1

hKi
, max
1≤j≤N0

max
Sn−1

hLj

}
.

Then, 0 < bm < bM < ∞. Meanwhile, we have

bmB ⊆ K ⊆ bMB, bmB ⊆ Ki ⊆ bMB, for i ∈ N,

bmB ⊆ L ⊆ bMB, bmB ⊆ Lj ⊆ bMB, for j ∈ N.

Thus, by the definitions of cm and cM , it yields

0 <
bm
bM

≤ cm ≤ cM ≤ bM
bm

< ∞,

as desired.
Next, we prove

lim
i,j,k→∞

Vϕk
(Ki, Lj) = Vϕ(K,L).

Let ε > 0. Three observations are in order.
Firstly, since {ϕk} converges uniformly to ϕ on [cm, cM ], by cm ≤ hLj

(u)
hKi

(u) ≤ cM for all 
u ∈ Sn−1, there exists an N1 ∈ N, such that for all k ≥ N1,

∣∣∣∣ϕk

(
hLj

(u)
hKi

(u)

)
− ϕ

(
hLj

(u)
hKi

(u)

)∣∣∣∣ < ε

3 (3.1)

holds independently of i and j and uniformly for u ∈ Sn−1.
Secondly, there exists an N2 ∈ N, such that

∣∣∣∣ϕ
(
hLj

(u))
− ϕ

(
hL(u)

)∣∣∣∣ < ε (3.2)

hKi

(u) hK(u) 3



142 D. Zou, G. Xiong / Advances in Mathematics 265 (2014) 132–168
holds uniformly for u ∈ Sn−1 and for all i, j ≥ N2. Indeed, since the convex function ϕ
is Lipschitzian on [cm, cM ], there exists a constant C > 0, such that for all u ∈ Sn−1,

∣∣∣∣ϕ
(
hLj

(u)
hKi

(u)

)
− ϕ

(
hL(u)
hK(u)

)∣∣∣∣ ≤ C

∣∣∣∣hLj
(u)

hKi
(u) − hL(u)

hK(u)

∣∣∣∣
≤ C · δH(Lj , L) maxSn−1 hK + δH(Ki,K) maxSn−1 hL

minSn−1 hKi
· minSn−1 hK

.

Thirdly, since the measure sequence {V Ki
} weakly converges to V K , there exists an 

N3 ∈ N, such that for all i ≥ N3,

∣∣∣∣
∫

Sn−1

ϕ

(
hL

hK

)
dV Ki

−
∫

Sn−1

ϕ

(
hL

hK

)
dV K

∣∣∣∣ < ε

3 . (3.3)

In terms of (3.1), (3.2) and (3.3), it follows that for all i, j, k ≥ max{N1, N2, N3},
∣∣∣∣
∫

Sn−1

ϕk

(
hLj

hKi

)
dV Ki

−
∫

Sn−1

ϕ

(
hL

hK

)
dV K

∣∣∣∣
≤

∫
Sn−1

∣∣∣∣ϕk

(
hLj

hKi

)
− ϕ

(
hLj

hKi

)∣∣∣∣dV Ki

+
∫

Sn−1

∣∣∣∣ϕ
(
hLj

hKi

)
− ϕ

(
hL

hK

)∣∣∣∣dV Ki

+
∣∣∣∣
∫

Sn−1

ϕ

(
hL

hK

)
dV Ki

−
∫

Sn−1

ϕ

(
hL

hK

)
dV K

∣∣∣∣
< ε.

That is,

lim
i,j,k→∞

Vϕk
(Ki, Lj)
|Ki|

= Vϕ(K,L)
|K| .

Combined with the fact |Ki| → |K|, it yields the first conclusion.
Finally, we proceed to prove

lim
i,j,k→∞

V ϕk
(Ki, Lj) = V ϕ(K,L).

Let

am = inf
({

φ(cm)
}
∪
{
φk(cm) : k ∈ N

})
,
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and

aM = sup
({

φ(cM )
}
∪
{
φk(cM ) : k ∈ N

})
.

Then, 0 < am ≤ aM < ∞.
For brevity, let

ai,j,k = Vϕk
(Ki, Lj)
|Ki|

and a = Vϕ(K,L)
|K| .

Thus, to show the desired limit, it suffices to show

lim
i,j,k→∞

ϕk
−1(ai,j,k) = ϕ−1(a).

Since

ϕl → ϕ ⇒ ϕl → ϕ, uniformly on [cm, cM ],

it implies

ϕl
−1 → ϕ−1, uniformly on [am, aM ].

Note that

ai,j,k, a ∈ [am, aM ], for each i, j, k.

So, for any ε′ > 0, there exists an N4 ∈ N, such that for all l ≥ N4,

∣∣ϕl
−1(ai,j,k) − ϕ−1(ai,j,k)

∣∣ < ε′

2 (3.4)

holds independently of i, j and k. By the first conclusion and the continuity of ϕ−1 on 
[am, aM ], there exists an N5 ∈ N, such that for all i, j, k > N5,

∣∣ϕ−1(ai,j,k) − ϕ−1(a)
∣∣ < ε′

2 . (3.5)

In terms of (3.4) and (3.5), it implies that for i, j, k ≥ max{N4, N5},

∣∣ϕk
−1(ai,j,k) − ϕ−1(a)

∣∣ < ε′.

This completes the proof. �
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Theorem 3.2. Suppose K, Ki, L, Lj ∈ Kn
o and ϕ, ϕk ∈ Φ, where i, j, k ∈ N. If Ki → K, 

Lj → L and ϕk → ϕ, then

lim
i,j,k→∞

V̂ϕk
(Ki, Lj) = V̂ϕ(K,L).

Proof. Let cm and cM be the numbers in the proof of Theorem 3.1. For each i, j, k, let

ψ(i,j,k)(λ) =
∫

Sn−1

ϕk

(
hLj

λhKi

)
dV Ki

,

ψ(λ) =
∫

Sn−1

ϕ

(
hL

λhK

)
dV K ,

ψ(k)
m (λ) = ϕk

(
cm
λ

)
,

ψ
(k)
M (λ) = ϕk

(
cM
λ

)
,

where λ ∈ (0, ∞).
For brevity, let

λ0 = V̂ϕ(K,L) and λ(i,j,k) = V̂ϕk
(Ki, Lj).

From

ψ(k)
m ≤ ψ ≤ ψ

(k)
M , ψ(k)

m ≤ ψ(i,j,k) ≤ ψ
(k)
M , for i, j, k ∈ N,

and Lemma 2.2, it yields that

cm =
(
ψ(k)
m

)−1(
ϕk(1)

)
≤ (ψ(i,j,k))−1(ϕk(1)

)
≤

(
ψ

(k)
M

)−1(
ϕk(1)

)
= cM .

That is,

cm ≤ λ(i,j,k) ≤ cM , for i, j, k ∈ N.

Thus, to show that the sequence {λ(i,j,k)}i,j,k converges to λ0 as i, j, k → ∞, it suf-
fices to show each convergent subsequence {λ(ip,jq,kr)}p,q,r∈N converges to λ0 when 
ip, jq, kr → ∞.

Assume that limp,q,r→∞ λ(ip,jq,kr) = λ0
′. From Lemma 2.7 and Theorem 3.1, it follows 

that

1 = lim
p,q,r→∞

V ϕkr

(
Kip ,

Ljq

λ

)
= V ϕ

(
K,

L
′

)
,

(ip,jq,kr) λ0
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which in turn gives ψ(λ0
′) = ϕ(1). Lemma 2.2 guarantees that λ0

′ = ψ−1(ϕ(1)) = λ0. 
This completes the proof. �
4. Orlicz–John ellipsoids

In this section, we focus on the main Problem Sϕ posed in Section 1.

Problem Sϕ. Given a convex body K in Rn that contains the origin in its interior, 
find an ellipsoid E, amongst all origin-symmetric ellipsoids, which solves the following 
constrained maximization problem:

max
E

|E| subject to V ϕ(K,E) ≤ 1.

Lemma 4.1. There exists a solution to Problem Sϕ.

Proof. Given an ellipsoid E ∈ En, we use dE to denote its maximal principal radius. 
There exists a vE ∈ Sn−1 such that dE |vE · u| ≤ hE(u) for all u ∈ Sn−1. From the strict 
monotonicity and convexity of ϕ, together with Jensen’s inequality, it follows that

2dE
n|K| min

Sn−1
hΠK ≤ 2dE

n|K|hΠK(vE)

=
∫

Sn−1

dE |u · vE |
hK(u) dV K(u)

≤ ϕ−1
( ∫

Sn−1

ϕ

(
dE |u · vE |
hK(u)

)
dV K(u)

)

≤ ϕ−1
( ∫

Sn−1

ϕ

(
hE

hK

)
dV K

)

= V ϕ(K,E).

Let Eϕ = {E ∈ En : V ϕ(K, E) ≤ 1}. Then, the above inequalities yield that

dE ≤ n|K|
2minSn−1 hΠK

,

for all E ∈ Eϕ. Thus, the set Eϕ is bounded in the metric space (En, δH). According 
to Theorem 3.1, the functional V ϕ(K, ·) is continuous. So, Eϕ is also closed. By the 
Blaschke selection theorem, each maximizing sequence of ellipsoids for Problem Sϕ has 
a convergent subsequence whose limit is still in Eϕ. Therefore, a solution to Problem Sϕ

exists. �
Theorem 4.2. There exists a unique solution to Problem Sϕ.
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Proof. We argue by contradiction. Assume that there are two different solutions E1
and E2 to Problem Sϕ. Let E1 = T1B and E2 = T2B, where T1, T2 ∈ GL(n). Then, 
det(T1) = det(T2) and ϕ(V ϕ(K, Ei)) ≤ ϕ(1), for i = 1, 2.

Since each T ∈ GL(n) can be represented in the form T = PQ, where P is symmetric, 
positive definite and Q is orthogonal, we may assume that T1 and T2 are symmetric 
and positive definite. Then T1 �= λT2, for all λ > 0. From the Minkowski inequality for 
positive definite matrices, it gives that

det
(
T1

2 + T2

2

) 1
n

>
1
2 det (T1)

1
n + 1

2 det (T2)
1
n .

Let E3 = T1+T2
2 B. Then we have

|E3| > |E1| = |E2|. (4.1)

From (2.1) and the triangle inequality, it yields that for all u ∈ Sn−1,

hE3(u) =
∣∣∣∣T t

1 + T t
2

2 u

∣∣∣∣ ≤ |T t
1u| + |T t

2u|
2 = hE1(u) + hE2(u)

2 . (4.2)

Now, from Definition 2.3, the monotonicity of ϕ together with (4.2), and the convexity 
of ϕ, it follows that

ϕ
(
V ϕ(K,E3)

)
=

∫
Sn−1

ϕ

(
hE3

hK

)
dV K

≤
∫

Sn−1

ϕ

(
hE1 + hE2

2hK

)
dV K

≤ 1
2ϕ

(
V ϕ(K,E1)

)
+ 1

2ϕ
(
V ϕ(K,E2)

)
≤ ϕ(1).

That is, E3 satisfies the constraint V ϕ(K, E3) ≤ 1. Then, it will result in

|E3| ≤ |E1| = |E2|,

which contradicts (4.1). �
Up to now, we proved the existence and uniqueness of the solution to Problem Sϕ. In 

light of the close connection of the functionals V ϕ(K, E) and V̂ϕ(K, E), we can give an 
alternative formulation to Problem Sϕ.

Lemma 4.3. The following propositions hold:
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(1) max{E∈En:V ϕ(K,E)≤1} |E| = max{E∈En:V ϕ(K,E)=1} |E|.
(2) {E ∈ En : V ϕ(K,E) = 1} = {E ∈ En : V̂ϕ(K,E) = 1}.
(3) max{E∈En:V̂ϕ(K,E)=1} |E| = max{E∈En:V̂ϕ(K,E)≤1} |E|.

Proof. To prove (1), it suffices to prove E1 ∈ En cannot be a solution to Problem Sϕ if 
V ϕ(K, E1) < 1. Indeed, Lemmas 2.2 and 2.7 imply

0 < V̂ϕ(K,E1) < 1,

whenever V ϕ(K, E1) < 1. Thus,

∣∣V̂ϕ(K,E1)−1E1
∣∣ > |E1|.

On the other hand, Lemma 2.7 guarantees that

V̂ϕ(K,E1)−1E1 ∈
{
E ∈ En : V ϕ(K,E) ≤ 1

}
.

Therefore, (1) holds.
For an ellipsoid E ∈ En, Lemma 2.7 guarantees that

V ϕ(K,E) = 1 ⇐⇒ V̂ϕ(K,E) = 1,

which immediately yields (2).
Let E2 be an ellipsoid in En, such that V̂ϕ(K, E2) < 1. Lemma 2.6 implies that

V̂ϕ

(
K, V̂ϕ(K,E2)−1E2

)
= 1.

Consequently,

V̂ϕ(K,E2)−1E2 ∈
{
E ∈ En : V̂ϕ(K,E) ≤ 1

}
.

However,

∣∣V̂ϕ(K,E2)−1E2
∣∣ > |E2|.

From propositions (1), (2) and Lemma 4.1, it yields (3). �
At this stage, we can reformulate Problem Sϕ as the following: given a convex body 

K ∈ Kn
o , find an ellipsoid E, amongst all origin-symmetric ellipsoids, which solves the 

constrained maximization problem:

max |E| subject to V̂ϕ(K,E) ≤ 1.

E ωn
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Following the routine of LYZ [38], we can similarly propose Problem Sϕ, which is in 
some sense dual to Problem Sϕ.

Problem Sϕ. Given a convex body K ∈ Kn
o , find an ellipsoid E, amongst all origin-

symmetric ellipsoids, which solves the following constrained minimization problem:

min
E

V̂ϕ(K,E) subject to |E|
ωn

≥ 1.

If ϕ(t) = tp, 1 ≤ p < ∞, then Problem Sϕ turns to Problem Sp, which was originally 
discussed by LYZ in [38]. In what follows, we show an interesting fact that the solutions 
to Problem Sϕ and Problem Sϕ only differ by a scale factor.

Theorem 4.4. Suppose K ∈ Kn
o and ϕ ∈ Φ.

(1) Let EM be the unique solution to Problem Sϕ, then

(
ωn

|EM |

) 1
n

EM

is a solution to Problem Sϕ.
(2) If Em is a solution to Problem Sϕ, then

V̂ϕ(K,Em)−1Em

is a solution to Problem Sϕ.

Consequently, there exists a unique solution to Problem Sϕ.

Proof. (1) For any E ∈ {E ∈ En : |E| ≥ ωn}, it obviously has

V̂ϕ(K,E)−1E ∈
{
E ∈ En : V̂ϕ(K,E) ≤ 1

}
.

So,

|EM | ≥ |V̂ϕ(K,E)−1E|.

According to Lemma 4.3(1), we have V̂ϕ(K, EM ) = 1. Hence,

V̂ϕ(K,E) ≥
(

|E|
|EM |

) 1
n

≥
(

ωn

|EM |

) 1
n

= V̂ϕ

(
K,

(
ωn

|EM |

) 1
n

EM

)
.

Added that ( ωn

|EM | )
1
nEM ∈ {E ∈ En : |E| ≥ ωn}, it implies that the ellipsoid ( ωn

|EM | )
1
nEM

is a solution to Problem Sϕ.
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(2) For any E ∈ {E ∈ En : V̂ϕ(K,E) ≤ 1}, we have

(
ωn

|E|

) 1
n

E ∈
{
E ∈ En : |E| ≥ ωn

}
.

So,

V̂ϕ

(
K,

(
ωn

|E|

) 1
n

E

)
=

(
ωn

|E|

) 1
n

V̂ϕ(K,E) ≥ V̂ϕ(K,Em).

By the positive homogeneity of V̂ϕ(K, λE) in λ, it guarantees that |Em| = ωn. Hence, 
the above inequality can be rewritten as

∣∣V̂ϕ(K,Em)−1Em

∣∣ ≥ ∣∣V̂ϕ(K,E)−1E
∣∣ ≥ |E|.

This completes the proof. �
In light of Theorem 4.2 and Theorem 4.4, we introduce a family of ellipsoids in the 

framework of Orlicz Brunn–Minkowski theory, which is an extension of LYZ’s Lp John 
ellipsoids.

Definition 4.5. Suppose K ∈ Kn
o and ϕ ∈ Φ. Amongst all origin-symmetric ellipsoids, the 

unique ellipsoid that solves the constrained maximization problem

max
E

|E| subject to V ϕ(K,E) ≤ 1

is called the Orlicz–John ellipsoid of K regarding ϕ and is denoted by EϕK. Amongst all 
origin-symmetric ellipsoids, the unique ellipsoid that solves the constrained minimization 
problem

min
E

V̂ϕ(K,E) subject to |E| = ωn

is called the normalized Orlicz–John ellipsoid of K regarding ϕ and is denoted by EϕK.

If ϕ(t) = tp, 1 ≤ p < ∞, then the ellipsoids EϕK and EϕK precisely turn out to be 
the Lp John ellipsoid EpK and the normalized Lp John ellipsoid EpK, respectively.

From Definition 4.5 and Lemma 2.4, we obtain the following result.

Lemma 4.6. Suppose K ∈ Kn
o , ϕ ∈ Φ and T ∈ GL(n). Then

TEϕK = EϕTK.
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Obviously, EϕB = B, and from Lemma 4.6 we see that if E is an origin-symmetric 
ellipsoid, then

EϕE = E.

Observe that for all K, L ∈ Kn
o , ϕ ∈ Φ and s > 0,

V sϕ(K,L) = (sϕ)−1
( ∫

Sn−1

sϕ

(
hL

hK

)
dV K

)
= V ϕ(K,L).

Hence, we immediately obtain the following.

Lemma 4.7. Suppose K ∈ Kn
o and ϕ ∈ Φ. Then for all s > 0,

EsϕK = EϕK.

5. The continuity of Orlicz–John ellipsoids

In this section, we prove the continuity of EϕK with respect to ϕ and K.

Theorem 5.1. Suppose K, Ki ∈ Kn
o and ϕ, ϕj ∈ Φ, where i, j ∈ N. If Ki → K and 

ϕj → ϕ, then

lim
i,j→∞

Eϕj
Ki = EϕK.

If Ki ∈ Kn
o , Ki → K ∈ Kn

o , then there exist rm and rM , 0 < rm ≤ rM < ∞, such that

rmB ⊆ K ⊆ rMB and rmB ⊆ Ki ⊆ rMB,

for all i ∈ N.
Throughout this section, let

c = nrnMωn

2rnmωn−1

and

E =
{
E ∈ En : |E| = ωn and E ⊆ cB

}
.

To prove Theorem 5.1, several lemmas are in order.

Lemma 5.2. All the ellipsoids Eϕj
Ki, EϕK, Eϕj

K and EϕKi are in E.
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Proof. Since four assertions can be proved similarly, we only give the proof on Eϕj
Ki.

According to the definition of normalized Orlicz–John ellipsoids, we have

|Eϕj
Ki| = ωn.

For E ∈ En, let dE denote its maximal principal radius. Recall the fact (appeared in 
the proof of Lemma 4.1) that

dE ≤ n|Ki|
2 minSn−1 hΠKi

, (5.1)

whenever V ϕ(Ki, E) ≤ 1.
For all i ∈ N, the following three facts can be observed.

hΠKi
(u) ≥ hΠ(rmB) = rn−1

m ωn−1, for all u ∈ Sn−1. (5.2)

|Ki| ≤ rnMωn. (5.3)

|E∞Ki| ≥
∣∣E∞(rmB)

∣∣ = rnmωn. (5.4)

From Theorem 4.4(1), (5.1), (5.2) together with (5.3), and (5.4) together with (5.2), 
we have

dEϕj
Ki

= d
( ωn
|Eϕj

Ki|
)

1
n Eϕj

Ki

=
(

ωn

|Eϕj
Ki|

) 1
n

dEϕj
Ki

≤
(

ωn

|Eϕj
Ki|

) 1
n n|Ki|

2 minSn−1 hΠKi

≤
(

ωn

|E∞Ki|

) 1
n nrnMωn

2 min
Sn−1

hΠ(rmB)

≤
(

ωn

rnmωn

) 1
n nrnMωn

2rn−1
m ωn−1

= c.

Hence,

Eϕj
Ki ∈ E .

Note that we used Theorem 7.2 from the first inequality to the second. �
From the compactness of the sets {K ∈ Kn

o : rmB ⊆ K ⊆ rMB} and E , Theorem 3.1, 
and Theorem 3.2, we immediately obtain



152 D. Zou, G. Xiong / Advances in Mathematics 265 (2014) 132–168
Lemma 5.3. The limits

lim
i,j→∞

V̂ϕj
(Ki, E) = V̂ϕ(K,E)

and

lim
i,j→∞

V ϕj
(Ki, E) = V ϕ(K,E)

are both uniform in E ∈ E.

Lemma 5.4. limi,j→∞ V̂ϕj
(Ki, Eϕj

Ki) = V̂ϕ(K, EϕK).

Proof. From Definition 4.5, Lemma 5.2, Lemma 5.3, and Theorem 3.2, we have

lim
i,j→∞

V̂ϕj
(Ki,Eϕj

Ki) = lim
i,j→∞

min
E∈E

V̂ϕj
(Ki, E)

= min
E∈E

lim
i,j→∞

V̂ϕj
(Ki, E)

= min
E∈E

V̂ϕ(K,E)

= V̂ϕ(K,EϕK). �
Lemma 5.5. limi,j→∞ Eϕj

Ki = EϕK.

Proof. We argue by contradiction and assume the conclusion to be false. From the def-
inition and the compactness of E , the Blaschke selection theorem and our assumption, 
there exists a convergent subsequence {Eϕjq

Kip}p,q∈N, such that

lim
p,q→∞

Eϕjq
Kip = E0 �= EϕK, (5.5)

where Kip → K, as p → ∞ and ϕjq → ϕ, as q → ∞.
First, we show that E0 ∈ Kn

o . Indeed, since the volume functional is continuous with 
respect to the Hausdorff metric δH and |Eϕjq

Kip | = ωn for each p, q ∈ N, we have 
|E0| = ωn. So, E0 is a convex body. Since the convergence of {Eϕjq

Kip}p,q is equivalent 
to the uniform convergence of {hEϕjq

Kip
}p,q on Sn−1 and hEϕjqKip

(u) = hEϕjqKip
(−u)

for all u ∈ Sn−1, we have hE0(u) = hE0(−u) for all u ∈ Sn−1. Hence, E0 ∈ Kn
o . Therefore, 

E0 is a non-degenerated origin-symmetric ellipsoid.
Now, from Theorem 3.2 and Lemma 5.4, it follows that

V̂ϕ

(
K, lim

p,q→∞
Eϕjq

Kip

)
= lim

p,q→∞
V̂ϕ(K,Eϕjq

Kip)

= lim lim V̂ϕk
(K,Eϕjq

Kip)

p,q→∞ k→∞
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= lim
p,q,k→∞

V̂ϕk
(Kip ,Eϕjq

Kip)

= lim
p,q→∞

V̂ϕjq
(Kip ,Eϕjq

Kip)

= V̂ϕ(K,EϕK).

Since the solution to Problem Sϕ is unique, we have

lim
p,q→∞

Eϕjq
Kip = EϕK,

which contradicts (5.5). �
Proof of Theorem 5.1. From Lemma 5.4 and Lemma 5.5, together with the identity

EϕK = EϕK

V̂ϕ(K,EϕK)
,

Theorem 5.1 can be derived immediately. �
From Theorem 5.1, we obtain the following two corollaries directly.

Corollary 5.6. Suppose K ∈ Kn
o and ϕ, ϕi ∈ Φ, where i ∈ N. If ϕi → ϕ, then

lim
i→∞

Eϕi
K = EϕK.

Corollary 5.7. Suppose K, Ki ∈ Kn
o and ϕ ∈ Φ, where i ∈ N. If Ki → K, then

lim
i→∞

EϕKi = EϕK.

6. A common limit position

In this section, we show a connection linking the Orlicz–John ellipsoids and the clas-
sical John ellipsoid.

First, from Theorem 5.1, we have

Corollary 6.1. Suppose K ∈ Kn
o and ϕ ∈ Φ. If p0 ∈ [1, ∞), then

lim
p→p0

EϕpK = Eϕp0K.

If ϕ(t) = t, then {EϕpK}1≤p<∞ is precisely the continuous family {EpK}1≤p<∞ of 
LYZ’s Lp John ellipsoids.

In [38], it is proved that limp→∞ EpK = E∞K. In what follows, we establish an Orlicz 
version of this limit. Its thrust is that, in effect, Orlicz–John ellipsoids can approach to 
the classical John ellipsoid.
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Recall that for K, L ∈ Kn
o , the normalized L∞ mixed volume V ∞(K, L) [38] of K and 

L is defined by

V ∞(K,L) = sup
{
hL(u)
hK(u) : u ∈ suppV K

}
.

To prove Theorem 6.3, it is convenient to extend the domain Kn
o of V ∞(K, ·) and 

V ϕ(K, ·) to Kn, the class of compact convex sets in Rn containing the origin.

Lemma 6.2. Suppose K ∈ Kn
o , L ∈ Kn, ϕ ∈ Φ and p ∈ [1, ∞). Then

(1) V ϕp(K, L) is increasing and bounded from above in p.
(2) limp→∞ V ϕp(K, L) = V ∞(K, L).

Proof. From the definition of Orlicz mixed volumes, it follows that

V ϕp(K,L) =
(
ϕp

)−1
( ∫

Sn−1

ϕp

(
hL

hK

)
dV K

)

= ϕ−1
(( ∫

Sn−1

ϕp

(
hL

hK

)
dV K

) 1
p
)
.

Thus,

lim
p→∞

V ϕp(K,L) = ϕ−1
(

sup
supp V K

ϕ

(
hL

hK

))

= ϕ−1
(
ϕ

(
sup

supp V K

hL

hK

))

= V ∞(K,L).

Since ϕ−1(·) is increasing, by Jensen’s inequality, we have

V ϕq (K,L) ≤ V ϕp(K,L) ≤ lim
p→∞

V ϕp(K,L) = V ∞(K,L),

for 1 ≤ q < p < ∞. �
Theorem 6.3. Suppose K ∈ Kn

o , ϕ ∈ Φ and 1 ≤ p < ∞. Then

lim
p→∞

EϕpK = E∞K.

Proof. For brevity, we use Ep, Fp(·) and F∞(·) to denote EϕpK, V ϕp(K, ·) and V ∞(K, ·), 
respectively.
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Write F for the set of origin-symmetric ellipsoids contained in n2 |K|(minSn−1hΠK)−1B. 
Keep in mind that an ellipsoid in F may be degenerate. Thus, (F , δH) is compact. Also, 
from the proof of Lemma 4.1, we know that Ep, E∞K ∈ F .

First, we show

lim
p→∞

Fp(E) = F∞(E), uniformly in E ∈ F . (6.1)

We argue by contradiction and assume (6.1) to be false. From this assumption and 
Lemma 6.2, there exist an ε0 > 0, a sequence {pi}i∈N strictly increasing to ∞, and a 
sequence {Ei}i∈N ⊂ F , such that

Fpi
(Ei) < F∞(Ei) − ε0, for i ∈ N.

Thus, these inequalities together with Lemma 6.2(1) yield that

Fp(Ei) < F∞(Ei) − ε0, for p ≤ pi. (6.2)

Meanwhile, by the compactness of F , there exists a convergent subsequence {Eil}l of 
{Ei}, namely, Eil → E0 ∈ F . Since Fp and F∞ are continuous on F , replacing Ei by 
Eil in (6.2) and letting l → ∞, we have

Fp(E0) ≤ F∞(E0) − ε0, for p ∈ [1,∞),

which contradicts the fact (as shown by Lemma 6.2(2)), that Fp → F∞ pointwise on F
as p → ∞. Hence, the uniform convergence in (6.1) holds.

Now, we are in the position to finish the proof of this theorem. It suffices to prove 
that for each sequence {Epj

}j∈N, where pj → ∞ as j → ∞, we have

lim
j→∞

Epj
= E∞K. (6.3)

We argue by contradiction again and assume (6.3) to be false. From the compactness 
of F and the assumption, there exists a subsequence {Epjk

}k of {Epj
}j∈N such that

lim
k→∞

Epjk
= E′ ∈ F and E′ �= E∞K. (6.4)

But now, the uniform convergence in (6.1), and the continuity of F∞ on F together with 
(6.4), necessarily lead to that

lim
q→∞
k→∞

Fq(Epjk
) = F∞

(
E′). (6.5)

Indeed, by the uniform convergence in (6.1) and the continuity of F∞ on F , for given 
ε > 0, there exist N1, N2 ∈ N, such that
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∣∣Fq(Epjk
) − F∞(Epjk

)
∣∣ ≤ ε

2 , for q ≥ N1 and k ∈ N,

and

∣∣F∞(Epjk
) − F∞

(
E′)∣∣ ≤ ε

2 , for k ≥ N2.

Thus, from the triangle inequality, it yields

∣∣Fq(Epjk
) − F∞

(
E′)∣∣ ≤ ε, for q, k ≥ max{N1, N2}.

Therefore, (6.5) is confirmed.
Now, from (6.5), the definitions of Fpjk

and Epjk
, and the definition of Orlicz–John 

ellipsoids, we have

F∞
(
E′) = lim

q→∞
k→∞

Fq(Epjk
)

= lim
k→∞

Fpjk
(Epjk

)

= lim
k→∞

V ϕ
pjk (K,Eϕ

pjk K)

= 1.

That is, F∞(E′) = 1. Along this passage further, from the definition of F∞ and the 
implication

V ∞(K,L) = 1 =⇒ L ⊆ K, for L ∈ Kn,

we conclude that E′ ⊆ K. Recall that E∞K is the unique origin-symmetric ellipsoid of 
maximal volume contained in K. Thus, the assumption E′ �= E∞K in (6.4) implies that

∣∣E′∣∣ < |E∞K|. (6.6)

On the other hand, by the definition of Epjk
and Theorem 7.2, we have

|Epjk
K| ≥ |E∞K|, for k ∈ N.

Thus, from that Epjk
→ E′ and the continuity of volume functional, we obtain

∣∣E′∣∣ ≥ |E∞K|,

which contradicts (6.6). This completes the proof. �
Note that if the John point of convex body K is at the origin, then the Orlicz–John 

ellipsoid EϕpK converges to the classical John ellipsoid JK as p → ∞.
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7. Volume ratio inequalities

In general, the Orlicz–John ellipsoid EϕK is not contained in K. However, the volume 
functional over the class of Orlicz–John ellipsoids is bounded.

Lemma 7.1. Suppose K, L ∈ Kn
o , ϕ ∈ Φ and 1 ≤ p < q < ∞. Then

V 1(K,L) ≤ V ϕ(K,L) ≤ V ϕp(K,L) ≤ V ϕq (K,L) ≤ V ∞(K,L).

Proof. By Lemma 6.2, we only need to prove the left inequality.
From the convexity of ϕ and Jensen’s inequality, we have

ϕ
(
V 1(K,L)

)
= ϕ

( ∫
Sn−1

hL

hK
dV K

)
≤

∫
Sn−1

ϕ

(
hL

hK

)
dV K = ϕ

(
V ϕ(K,L)

)
.

Since ϕ−1 is increasing, the left inequality is derived. �
Theorem 7.2. Suppose K ∈ Kn

o , ϕ ∈ Φ and 1 ≤ p < q < ∞. Then

|E∞K| ≤ |EϕqK| ≤ |EϕpK| ≤ |EϕK| ≤ |E1K|.

Proof. From Lemma 7.1, it follows that

{
E ∈ En : V ∞(K,E) ≤ 1

}
⊆

{
E ∈ En : V ϕq (K,E) ≤ 1

}
⊆

{
E ∈ En : V ϕp(K,E) ≤ 1

}
⊆

{
E ∈ En : V ϕ(K,E) ≤ 1

}
⊆

{
E ∈ En : V 1(K,E) ≤ 1

}
.

From the above inclusions and the definition of Orlicz–John ellipsoids, it immediately 
yields the desired conclusion. �

Theorem 7.2 shows that |EϕK| is dominated by the volumes of the Petty ellipsoid 
E1K from above and the L∞ John ellipsoid E∞K (or the John ellipsoid JK) from 
below, respectively.

The following lemma was proved in [15], which can be regarded as the Orlicz version 
of Minkowski’s inequality.

Lemma 7.3. Suppose K, L ∈ Kn
o , and ϕ ∈ Φ. Then

V ϕ(K,L) ≥
(
|L|

) 1
n

,
|K|
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and

V̂ϕ(K,L) ≥
(
|L|
|K|

) 1
n

.

If ϕ is strictly convex, each equality holds if and only if K and L are dilates.

Theorem 7.4. Suppose K ∈ Kn
o and ϕ ∈ Φ. Then

|EϕK| ≤ |K|.

If ϕ is strictly convex, the equality holds if and only if K ∈ En.

Proof. From Lemma 7.3, we have

V ϕ(K,EϕK) ≥
(
|EϕK|
|K|

) 1
n

.

If ϕ is strictly convex, the equality holds if and only if K ∈ En. In view of the fact

V ϕ(K,EϕK) = 1,

the desired inequality is obtained. �
It is interesting that Ball’s volume-ratio inequality still holds for Orlicz–John ellip-

soids.

Theorem 7.5. Suppose K ∈ Kn
o is origin-symmetric and ϕ ∈ Φ. Then

|K|
|EϕK| ≤

2n

ωn
,

with equality if and only if K is a parallelotope.

Proof. From Theorem 7.2, Ball’s volume-ratio inequality, and the fact E∞K = JK, we 
have

|K|
|EϕK| ≤

|K|
|JK| ≤

2n

ωn
.

In the rest, we prove the equality condition.
If |K|

|EϕK| = 2n

ωn
, then

|K| = 2n
.
|JK| ωn
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From the equality condition of Ball’s volume-ratio inequality, it implies that K is a 
parallelotope.

Conversely, since |K|
|EϕK| is GL(n)-invariant by Lemma 4.6, we may assume that K =

[−1, 1]n. Then

E1K = B and V ϕ(K,B) = V 1(K,B) = 1.

Let E be an origin-symmetric ellipsoid with volume ωn. From Lemma 7.1, we have

V ϕ(K,E) ≥ V 1(K,E) ≥ V 1(K,E1K) = V 1(K,B) = 1.

That is, V ϕ(K, E) ≥ 1. Then from Lemma 2.2, it follows that

V̂ϕ(K,E) ≥ 1. (7.1)

From Lemma 2.7, V ϕ(K, B) = 1, if and only if

V̂ϕ(K,B) = 1. (7.2)

Combining (7.1) with (7.2), it gives

V̂ϕ(K,E) ≥ V̂ϕ(K,B).

So, according to the definition of EϕK, it follows that

EϕK = B.

Thus,

EϕK = V̂ϕ(K,EϕK)−1EϕK = B.

Consequently,

|K|
|EϕK| = 2n

ωn
. �

8. A characterization of Orlicz–John ellipsoids

In this section, we show the sufficient and necessary conditions, which characterize 
the solution to Problem Sϕ and establish a connection with the isotropy of measures.

Definition 8.1. Given a convex body K ∈ Kn
o and a function ϕ ∈ Φ ∩ C1(0, ∞), define 

the Orlicz surface area measure Sϕ(K, ·) of K regarding ϕ by
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Sϕ(K,ω) = 1
ϕ′(1)

∫
ω

ϕ′(1/hK)dSK

for a Borel subset ω ⊆ Sn−1.

If ϕ(t) = tp, p ≥ 1, then Sϕ(K, ·) reduces to the Lp surface area measure Sp(K, ·). 
That is,

Sp(K,ω) =
∫
ω

h1−p
K dSK .

For the Lp surface area measure Sp(K, ·), we know that Sp(λK, ·) = λn−pSp(K, ·), 
λ > 0. However, this property does not always hold in the Orlicz setting.

The next lemma plays a crucial role to characterize Orlicz–John ellipsoids, since the 
normalized Orlicz–John ellipsoid EϕK solves the following extremal problem for certain 
GL(n)-image of K.

Lemma 8.2. Suppose K ∈ Kn
o and ϕ ∈ Φ ∩ C1(0, ∞). Then modulo orthogonal trans-

formations, there exists a unique solution to the following constrained minimization 
problem:

min
{
Vϕ(K,TB) : T ∈ SL(n)

}
.

Moreover, the identity operator In is the solution, if and only if Sϕ(K, ·) is isotropic on 
Sn−1.

Note that we can prove the existence and uniqueness of the solution by using similar 
arguments in the proof of Lemma 4.1 and Theorem 4.2. But to avoid the redundancy, we 
take Gruber’s techniques, which were originally practiced in [21] and [19]. The advantage 
is that the sufficient condition in the second statement can also be proved along the way. 
In contrast, we prove the necessity by variational method.

Proof. It is known that each A ∈ GL(n) can be represented in the form A = TQ, where 
T is symmetric and positive definite, and Q is orthogonal. As Gruber and Schuster [21]
observed, a symmetric matrix T = (tij)n×n is identified with a point in R

1
2n(n+1), with 

the coordinate

(t11, · · · , t1n, t22, · · · , t2n, · · · , tnn).

Thus the set of all symmetric and positive definite matrices of order n is represented by 
an open convex cone P ⊆ R

1
2n(n+1) with apex at the origin. Moreover, the set

D =
{
T ∈ P : det(T ) ≥ 1

}
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is a closed, strictly convex set with nonempty interior in P and has a smooth boundary.
For T ∈ P, let

F (T ) = Vϕ

(
K,T tB

)
=

∫
Sn−1

ϕ

(
|Tu|
hK(u)

)
dVK(u),

and

Ta =
{
T ∈ P : F (T ) ≤ a

}
,

where a > 0.
Now, we prove the existence and uniqueness of the solution.
Three observations are in order. Firstly, Ta is a convex set with nonempty interior. 

Secondly, Ta1 ⊂ Ta2 , whenever 0 < a1 < a2. Finally, Ta ∩ D = ∅, whenever a > 0
is sufficiently small. In contrast, if a > 0 is sufficiently big, then int(Ta ∩ D) �= ∅. 
Consequently, there exists a unique a0 > 0 such that the convex sets Ta0 and D enjoy 
a unique common boundary point T0. In other words, for any T ∈ ∂D (i.e., symmetric, 
positive definite T ∈ SL(n)),

F (T ) ≥ F (T0), (8.1)

with equality if and only if T = T0. This proves the unique existence of the solution.
Next, we prove the sufficient condition in the second statement.
Suppose that Sϕ(K, ·) is isotropic. It suffices to prove a0 = F (In) and T0 = In.
It is clear that ∂TF (In) is given by the equation F (T ) = F (In), and F (T ) is smooth 

in a neighborhood of In. Then,

∂

∂tij

∣∣∣∣
T=In

F (T ) = ∂

∂tij

∣∣∣∣
T=In

∫
Sn−1

ϕ

(
|Tu|
hK(u)

)
dVK(u)

=
∫

Sn−1

ϕ′
(

1
hK(u)

)
(ei · u)(ej · u)

hK(u) dVK(u)

= ϕ′(1)
n

ei ·
( ∫

Sn−1

u⊗ udSϕ(K,u)
)
ej

= ϕ′(1)|Sϕ(K, ·)|
n2 ei · Inej

= ϕ′(1)|Sϕ(K, ·)|
n2 δij ,

where e1, · · · , en is an orthonormal basis of Rn and δij is the Kronecker symbols. Thus, 
In is an outer normal vector of TF (In) at the boundary point In.
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Since

∂

∂tij

∣∣∣∣
T=In

det(T ) = δij ,

In is also an inner normal vector of D at the boundary point In. In view of the convexity 
of the sets TF (In) and D, it is concluded that the tangent hyperplane of D at In separates 
TF (In) and D. Hence, TF (In) ∩ D = {In}.

So, for each T ∈ ∂D, T �= In, it gives

F (T ) > F (In).

Combining this inequality with (8.1), we conclude that a0 = F (In), and therefore 
T0 = In.

Finally, we prove the necessity.
Let L : Rn → R

n be a linear transformation. Choose ε0 > 0 sufficiently small so that 
for all ε ∈ (−ε0, ε0) the matrix In + εL is invertible. For ε ∈ (−ε0, ε0), define

Lε = In + εL

|In + εL| 1
n

.

Then Lε ∈ SL(n). The condition that In is the unique solution implies that Vϕ(K, Lt
εB) ≥

Vϕ(K, Lt
0B) for all ε.

Note that

Vϕ

(
K,Lt

εB
)

=
∫

Sn−1

ϕ

(
(1 + 2εu · Lu + ε2Lu · Lu)

1
2

|In + εL| 1
nhK(u)

)
dVK(u).

From the smoothness of ϕ and smoothness of |Lεu| in ε, it implies that the integrand 
depends smoothly on ε. So, we have

d

dε

∣∣∣∣
ε=0

Vϕ

(
K,Lt

εB
)

= 0.

Calculating it directly, we have

0 =
∫

Sn−1

∂

∂ε

∣∣∣∣
ε=0

ϕ

(
(1 + 2εu · Lu + ε2Lu · Lu)

1
2

|In + εL| 1
nhK(u)

)
dVK(u)

= 1
n

∫
Sn−1

ϕ′
(

1
hK(u)

)(
− tr L

n
+ u · Lu

)
dSK(u)

= ϕ′(1)
n

∫ (
− tr L

n
+ u · Lu

)
dSϕ(K,u).
Sn−1
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Let L = v ⊗ v for v ∈ Sn−1. Using the facts tr(v ⊗ v) = 1 and u · (v ⊗ v)u = (v · u)2, 
it gives

|Sϕ(K, ·)|
n

=
∫

Sn−1

(u · v)2dSϕ(K,u).

Thus, the measure Sϕ(K, ·) is isotropic. �
Corollary 8.3. Suppose K ∈ Kn

o and ϕ ∈ Φ ∩ C1(0, ∞).

(1) There exists an SL(n) transformation T , such that Sϕ(TK, ·) is isotropic.
(2) If T1, T2 ∈ SL(n) and Sϕ(T1K, ·), Sϕ(T2K, ·) are both isotropic, then there exists an 

orthogonal O such that T2 = OT1.

If ϕ(t) = tp, p ≥ 1, Corollary 8.3 reduces to the isotropy of the Lp surface area 
measures, which was essentially proved in [38] by Lutwak, Yang and Zhang.

Using Lemma 8.2, we provide a characterization of Orlicz–John ellipsoids.

Theorem 8.4. Suppose K ∈ Kn
o and ϕ ∈ Φ ∩ C1(0, ∞). Then

EϕK = V̂ϕ(K,B)−1B,

if and only if Sϕ(V̂ϕ(K, B)K, ·) is isotropic on Sn−1.

If the normalized Orlicz–John ellipsoid is an ellipsoid, say, EϕK = TB, T ∈ SL(n), 
then from Theorem 4.4(2), Lemma 4.6 together with Lemma 2.6(3), and Theorem 8.4, 
we have

EϕK = TB ⇐⇒ EϕK = V̂ϕ(K,TB)−1TB

⇐⇒ Eϕ

(
V̂ϕ

(
T−1K,B

)
T−1K

)
= B

⇐⇒ Sϕ

(
V̂ϕ

(
T−1K,B

)
T−1K, ·

)
is isotropic.

Proof. From Lemma 8.2, the measure Sϕ(λK, ·) is isotropic if and only if

V ϕ(λK,B) = min
{
V ϕ(λK, TB) : T ∈ SL(n)

}
, λ > 0.

Let λ = V̂ϕ(K, B). For T ∈ SL(n), from Lemma 2.4(3) together with Lemma 2.7, 
Lemma 2.7 again, the property that V ϕ(K, λ−1TB) is strictly decreasing in λ ∈ (0, ∞), 
the definition of EϕK, and Theorem 4.4(2), we have

Sϕ

(
V̂ϕ(K,B)K, ·

)
is isotropic ⇐⇒ V ϕ

(
V̂ϕ(K,B)K,B

)
≤ V ϕ

(
V̂ϕ(K,B)K,TB

)
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⇐⇒ 1 ≤ V ϕ

(
K,

TB

V̂ϕ(K,B)

)

⇐⇒ V ϕ

(
K,

TB

V̂ϕ(K,TB)

)
≤ V ϕ

(
K,

TB

V̂ϕ(K,B)

)

⇐⇒ V̂ϕ(K,TB) ≥ V̂ϕ(K,B)

⇐⇒ EϕK = B

⇐⇒ EϕK = V̂ϕ(K,B)−1B.

This completes the proof. �
Let K ∈ Kn

o and ϕ ∈ Φ ∩ C1(0, ∞). The constrained minimization problem posed in 
Lemma 8.2 can be restated as:

min
E∈En

V ϕ(K,E) subject to |E| = ωn. (8.2)

From Lemma 8.2 and Theorem 8.4, this problem and Problem Sϕ for K have the identical 
solution, if and only if there is a T ∈ SL(n) such that Sϕ(TK, ·) and Sϕ(V̂ϕ(TK, B)TK, ·)
are both isotropic on Sn−1.

We point out that for different dilations λ1K and λ2K, λ1, λ2 > 0, problems (8.2)
do not generally have the identical solution. By contrast, the homogeneity of V̂ϕ(λK, L)
in λ ∈ (0, ∞) guarantees that all Problems Sϕ for λK in λ ∈ (0, ∞) have the identical 
solution.
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Appendix A

For K, L ∈ Kn
o and ϕ ∈ Φ, define the function h : [0, ∞) × Sn−1 → [0, ∞) as

h(ε, u) = inf
{
λ > 0 : ϕ

(
hK(u)

λ

)
+ εϕ

(
hL(u)
λ

)
≤ ϕ(1)

}
.

Lemma A.1. The function h(ε, u) is continuous in (ε, u) ∈ [0, ∞) × Sn−1.

Proof. Suppose (ε0, u0), (εj , uj) ∈ [0, ∞) × Sn−1, j ∈ N, and (εj , uj) → (ε0, u0) as 
j → ∞. What follows aim to show limj→∞ h(εj , uj) = h(ε0, u0).



D. Zou, G. Xiong / Advances in Mathematics 265 (2014) 132–168 165
First, we prove the sequence {h(εj , uj)}j∈N is bounded.
Since εj , ε0 ∈ [0, ∞), εj → ε0, there exists a number εM > 0 such that {εj}j ⊂ [0, εM ]. 

From K, L ∈ Kn
o , there exist positive rm and rM , such that

rmB ⊆ K ⊆ rMB and rmB ⊆ L ⊆ rMB.

Since ϕ is strictly increasing in (0, ∞), for λ > 0, u ∈ Sn−1 and ε ∈ [0, εM ], we have

ϕ

(
rm
λ

)
≤ ϕ

(
hK(u)

λ

)
+ εϕ

(
hL(u)
λ

)
≤ ϕ

(
rM
λ

)
+ εMϕ

(
rM
λ

)
.

Recall that ϕ ∈ Φ. So, ϕ( rmλ ), ϕ(hK(u)
λ ) + εϕ(hL(u)

λ ) and ϕ( rMλ ) + εMϕ( rMλ ) satisfy the 
following: 1) they are strictly decreasing and continuous in λ ∈ (0, ∞); 2) they tend to 
∞ as λ → 0+; 3) they converge to 0 as λ → ∞. Combining these properties with the 
above inequalities and the definition of h(ε, u), it yields that

rm ≤ h(ε0, u0) ≤ R and rm ≤ h(εj , uj) ≤ R, ∀j ∈ N,

where R is the unique positive number such that

ϕ

(
rM
R

)
+ εMϕ

(
rM
R

)
= ϕ(1).

With the boundedness of the sequence {h(εj , uj)}j∈N in hand, we proceed to com-
plete the proof. It suffices to prove that any convergent subsequence {h(εjk , ujk)}k of 
{h(εj , uj)} converges to h(ε0, u0). Assume

lim
k→∞

h(εjk , ujk) = h0.

From the facts that εjk → ε0 and ujk → u0, the continuity of ϕ, hK and hL, together 
with our assumption, we have

lim
k→∞

[
ϕ

(
hK(ujk)
h(εjk , ujk)

)
+ εjkϕ

(
hL(ujk)

h(εjk , ujk)

)]

= lim
k→∞

ϕ

(
hK(ujk)
h(εjk , ujk)

)
+ lim

k→∞
εjkϕ

(
hL(ujk)

h(εjk , ujk)

)

= ϕ

(
limk→∞ hK(ujk)

limk→∞ h(εjk , ujk)

)
+ ε0ϕ

(
limk→∞ hL(ujk)

limk→∞ h(εjk , ujk)

)

= ϕ

(
hK(u0)

h0

)
+ ε0ϕ

(
hL(u0)
h0

)
.
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Observe that for each j,

ϕ

(
hK(ujk)
h(εjk , ujk)

)
+ εjkϕ

(
hL(ujk)

h(εjk , ujk)

)
= ϕ(1).

Thus,

ϕ

(
hK(u0)

h0

)
+ ε0ϕ

(
hL(u0)
h0

)
= ϕ(1).

Note that h(ε0, u0) is the unique positive number which solves the equation

ϕ

(
hK(u0)

λ

)
+ ε0ϕ

(
hL(u0)

λ

)
= ϕ(1), λ > 0.

Therefore, we conclude that h0 = h(ε0, u0). This completes the proof. �
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