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Abstract

By using the method of mixed volumes, we give sharp bounds for inclusion measures of convex bodies in
n-dimensional Euclidean space. In the special cases where the random convex body is the unit ball or when
n = 3, neater and simpler bounds are obtained. All the associated inequalities proved are new isoperimetric-
type inequalities.
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1. Introduction

The setting for this paper is in the n-dimensional Euclidean space R". A convex figure is
a compact convex subset of R”, and a convex body is a convex figure with nonempty interior.
The principal kinematic formula in integral geometry gives the measure of the set of congruent
convex bodies intersecting with a fixed convex body. These formulas can be viewed as integral
formulas for various intersection measures. They are useful for solving problems in geometric
probability and stochastic geometry. Some problems in geometric probability require more tools
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than merely intersection measures. For instance, solutions to the Buffon needle problem of lat-
tices need to compute the measure of the needle that is contained in a fundamental region of the
lattice. The kinematic measure of a moving geometric figure that is contained in a fixed geo-
metric figure is called the inclusion measure. Specifically, let K, L be two convex bodies in R”
and G(n) be the group of special motions in R”. Each element g : R” — R" of G(n) can be
represented by

x> gx)=ex+0b,

where b € R" and e is an orthogonal matrix of determinant 1. Let u be the Haar measure on G (n)
normalized as follows. Let ¢ : R" x SO(n) — G(n) be defined by ¢(t,e)x = ex +1t, x € R",
where SO(n) is the rotation group of R”. If v is the unique invariant probability measure on
SO(n), and n is the Lebesgue measure on R”, then u is chosen as the pull back measure of n ® v
under ¢~ 1.

The inclusion measure of a convex figure L contained in a convex body K is defined by

mg(L)=m(L S K)= / du(g).

{geG(n): gLCK}

It gives the measure of the set of copies congruent to L which are contained in a fixed convex
body K. Ref. [16] is an excellent survey paper on inclusion measures for which one can con-
sult. The first important work on inclusion measures is due to Hadwiger, who gave bounds for
inclusion measures and used the bounds to derive Bonnesen-type isoperimetric inequalities. Had-
wiger’s work was generalized to higher dimensions in [15]. In [7], D. Ren introduced the notion
of generalized support function of a convex body in the plane and used it to establish integral
formulas for the inclusion measure of a line segment inside a convex body. He then applied his
formulas to solving generalized Buffon needle problems of lattices in [8]. In [12], Xiong showed
thatif K;,i=1,...,s,s > 1,s €N, are convex bodies and L is a convex figure in R”, then

Mg, +.+k,(L) >mg, (L) + -+ mg (L).
Specifically, when L is a line segment, then

L L
Ma K 4-+ay K, (L) > afmk, (E) + -t agimg, (—)

Uy

for o; > 1. In particular, the inclusion measure m g (L) is not linear with respect to the convex
body K.

In this paper, we continue to investigate the inclusion measures of convex bodies and ob-
tain upper and lower bounds for inclusion measures by using the theory of mixed volumes. All
the associated inequalities proved are new isoperimetric-type inequalities. For the new progress
of isoperimetric inequalities, see Refs. [3,5,6,9,13,14]. In some sense, this paper illustrates the
powerful and effective applications of the theory of mixed volume to the theory of inclusion
measures.
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2. Notations and preliminaries

Let K be a convex figure in R”. Associated with K is its support function hx defined on R"
by

hg(x) :max{(x,y): y € K}

where (x, y) is the usual inner product of x and y in R”. The function kg is positively homoge-
neous of degree 1. We will usually be concerned with the restriction of the support function to
the unit sphere $"~!.

The Minkowski addition of two convex figures K and L is defined as

K+L={x+y:xeK, yelL}.
The Minkowski difference of two convex figures K and L is defined as
K~L={xeR" x+LCK}

If L is empty, K ~ L is, by convention, equal to R".
The scalar multiplication AK of K, where A > 0, is defined as

AK ={Ax: x € K}.

For convex figure AK + L, the support function satisfies

hag+uL =Mk +phyp.

If the convex body K in R”" is a Minkowski linear combination of m convex bodies, i.e.,
K=MK +MKy+- -4+ AuKp,r1,..., Ay =0, then the volume of K can be expressed as an
nth degree homogeneous polynomial in the A; as follows:

VIK)= > V(Kp. Kpyooos KpDhphpy -,

Here the summation is extended over all p; independently as i varies from 1 to n. The coefficients
V(Kp,, Kp,, ..., Kp,) are called mixed volumes. Specifically, for convex figure AK + L, its
volume is a homogeneous polynomial in A and p given by

n

VOK +ul)=y. (':) Vi(K, L

i=0
The coefficients V; (K, L) are called mixed volumes of K and L. In particular, if B is the unit ball,
then the mixed volumes V(K,..., K, B, ..., B) = V;(K, B) are called the quermassintegrals
\q‘,‘_./ ——

n—i i

of K and denoted by W;(K).
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The quermassintegrals are generalizations of the surface area and the volume. Indeed, it can
be shown that

Wo(K) = V(K),
nWi(K) = S(K),

2
—Wy—1(K) = M(K),

Wn(K) = wy,

where w, is the volume of the unit ball in R"” and M (K) is the mean width of K, i.e.,

M(K) =

/ hi (u)dS@u). (2.0)

sn—1

n

The quermassintegrals arise in many areas of mathematics and have different definitions. If
K has a C? boundary, they are the integrals of elementary symmetric functions of the principal
curvatures over the boundary. In the theory of mixed volumes, the quermassintegrals are called
simple mixed volumes. They are also called projection measures, intrinsic volumes, etc. The
reader should consult [10] and [11] for details.
The following elementary properties of mixed volumes will be used later. For any convex
figures K, L, K; (1<i<n)inR", K DL, and foranya,b >0,
V(Ki,...,Ky,_1,aK,+bL)=aV(Ky,...,K,—1,K;) + bV (Ky,...,K,_1,L), 2.1)

V(Ki,...,Kn-1,K) 2 V(Ky,...,Ky—1,L). (2.2)

The mixed volume V| (K, L) has an integral representation given by

1
VI(K,L)=; / hr(u)dSk (u), (2.3)

sn—1

where Sk is the surface area measure of K (see [4, p. 166]).
The Minkowski inequality states that if K and L are convex bodies in R”, then

Vi(K,L)" > V(K)""'V(L), (2.4)

with equality if and only if K and L are homothetic. The Minkowski inequality has an equivalent
form

V(K +L)7 > V(K)7 + V(L)7, (2.5)

which is called the Brunn—Minkowski inequality.
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If Ky, ..., K, are convex bodies in R"” and m < n is a natural number, then
V(K1 K" 2 [ V(K Ki Kt K. (2.6)
i=1 -
- m

Inequality (2.6) is due to Alexandrov [1].
The inradius r (K, L) of K with respect to L is defined by

r(K,L):sup{A: x eR? andx+AL§K}.

If L is the unit ball B in R", then (K, L) will denote the radius of the maximal inscribable ball
of K.

Let hg and hy be the support functions of K and L, respectively. First, we assume that
L is a convex body. For a fixed A € [0, r], consider the function h; = hg — Ahy on the unit
sphere, where r = r(K, L) is the inradius of K with respect to L. In general, &, is not the
support function of a convex body. Denote by C (K, L, 1) the intersection of halfspaces {x € R":
(x,u) < hy(u)}, u € S*"'. The boundaries dC (K, L, 1) are pairwise disjoint and

U AC(K,L,\) =K.
0<A<r(K,L)

The following formula is known (see [1,4]),

d
av(C(K,L,A)) =-nVi(C(K,L,}),L). (2.7)

By integrating both sides of (2.7), we get

A
V(K)—V(C(K,L,M) =n/v1(C(K,L,a),L)do (2.8)
0
and
r(K,L)
V(C(K,L,\)=n f Vi(C(K,L,0),L)do. (2.9)
A

By a limit process, (2.8) and (2.9) are seen to hold for any convex figure L. The following lemma
asserts that C(K, L,A) = ¢ if A > r(K, L), and thus (2.8) and (2.9) hold for any A > 0.

Lemma 1. (See [15].) The intersection C(K, L, ) of halfspaces {x € R": (x,u) < hy(u)} is
equal to the set {x e R": x + AL C K}, i.e,,

CK,L,)={xeR" x+ALC K}, A1>0.
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According to the definition of Minkowski difference, the set C(K, L, A) is actually equal to
the set K ~ AL, thatis, C(K,L,A)=K ~ \AL.
The following lemma will also be useful in the sequel.

Lemma 2. (See [15].) If K is a convex body and L is a convex figure in R", then the inclusion
measure of L contained in K is

mg (L) = f V(C(K,eL,1))dv(e),
SO(n)

where v is the unique invariant probability measure on SO(n).

3. Main results

For simplicity, if no confusion may arise, we shall abbreviate C(K, L, ) as C(K). In the
following, we obtain the lower and upper bounds of the volume for the set C(K).

Lemma 3. If L is a fixed convex figure and K is any convex body in R", then for any 0 < A <
r(K, L), we have

Vi(C(K), L) < Vi(K, L) = Vi1 (K, L)
n—i—1
- Y V(CK),....C(K),K,....K,L,....L). (3.0)
=1 —_— — — — ———~

k n—k—i—1 i+1

Moreover, if C(K) + AL = K, then equality (3.0) holds.

Proof. From Lemma 1, we have K 2 C(K) + AL, for 0 < A <r(K, L). Using properties (2.1)
and (2.2) of mixed volumes, we have

Vi(K,L)y=V(K,...,K,L,...,L)>V(C(K)+AL,K,....,K,L,...,L)
N’ e e N\ e’
n—i i n—i—1 i
=V(C(K),K,....,.K,L,....,.L)+AV(K,....,K,L,....L)
e\ R
n—i—1 i n—i—1 i+l
=V(CK).K,....K,L,...,L)+AViy1(K,L)
e — N ——
n—i—1 i
>V(C(K),C(K)+AL,K,...,K,L,...,L)+AViy1(K,L)
e, e, e’
n—i—2 i
=V(C(K),C(K),K,....,K,L,...,L)+AV(C(K),K,....,K,L,...,L)
— ———— — —————
n—i—2 i n—i—2 i+1
+AVipi (K, L)
> V(C(K),C(K),C(K),K,....,K,L,...,L)
— !

— e’
n—i—3 i
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+AV(C(K),C(K),K,....,K,L,...,L)
N———

—_——
n—i—3 i+1
+AV(CK), K, ..., K, L,...,L) + Vi1 (K, L)
—_—— —— —
n—i—2 i+1
n—i—1

> Vi(C(K), L)+ AVig (K. L)+ Y V(C(K),....,C(K),K.....K,L,....L).
——— e e e e e’

k=1 k n—k—i—1

Hence the inequality (3.0).

If C(K)+ AL = K, from the property (2.1) of mixed volume, each equality in the above

derivation holds, so equality (3.0) holds too.
This completes the proof. O

Theorem 1. Let L be a convex figure and K a convex body in R". If r(K, L) > 1, then

1
mg (L) < V(K) — 2, SEOIM(L)

n—1

- ZV(C(K,eL, D,...,C(K,eL,1),K,...,K,eL)dv(e).
———

S0 k=1 k n—k—1
Moreover, if C(K,eL, 1)+ eL = K for any e € SO(n), then equality (3.1) holds.

Proof. From Lemma 3, when i = 0 we have

n—1
V(C(K)) < V(K)—AVi(K,L)— AI; V(C(K), k ,C(K), K_k_lK L).

With the condition r(K, L) > 1, from Lemma 2 we have

mg (L) = / V(C(K, eL, 1)) dv(e)
SO(n)

< / |:V(K)—V1(K,€L)
SO(n)

n—1

- Z V(C(K,eL,1),...,C(K,eL,1),K,...,K,eL) | dv(e)
k=1 k k—1

o

—V(K)— / Vi(K,eL)dv(e)
SO(n)

3.
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n—1
- f > V(C(K.eL.1).....C(K.eL.1).K..... K, eL)dv(e). (%)
&\/_/
som) k=1 k n—k—1

From (2.3), (2.0), and Fubini’s theorem, we obtain

/V](K,eL)dv(e)zé/.dSK(u) / her (u)dv(e)

SO(n) sn—1 SO(n)

:l / dSk(u) - ! th(u)dS(u):iS(K)M(L).
n nwy 2

n
sn—1 sn—1

This gives (3.1).

IfC(K,eL,1)+eL = K for any e € SO(n), by Lemma 3, equality () holds. So equality (3.1)
holds too.

This completes the proof. O

Theorem 2. Let L be a convex figure and K a convex body in R". If r (K, L) > 1, then

n

1
mg (L) 2 V(K) = 2S(K)YM (L) + == W2 (K)Wy (L)

1
+n /|: tV(C(K,eL,t),...,C(K,eL,t),K,...,K,eL,eL)dt:|dv(e).
;\/_/
som) “*=1p k n—k—2

n

n—2

(3.2)
Moreover, if C(K,eL, 1)+ eL = K for any e € SO(n), then equality (3.2) holds.
Proof. From Lemma 3, when i = 1 we have

n—2
VI(C(K), L) < Vi(K, L) = AVa(K, L) =Y _V(C(K),...,C(K),K,....,K,L,L)
—_———  ——
k=1 k n—k-2
forall 0 < A <r(K, L). By integrating both sides of this inequality from O to ¢ with respect to A,
and applying (2.8) we have

1
[V(K) - V(C(K,L,1)]

n

2 n—-2 1
1
<tVi(K,L) — —VZ(K,L)—Z/W(C(K),...,C(K),K,...,K,L,L)d)\.
2 Pt —_—  —
-0 k n—k—2

Write t = A. Then
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V(C(K)) > V(K)—nAVi(K, L)

A
22 n—2
+n—Vo(K,L)+n ftV(C(K,L,t),...,C(K,L,t),K,...,K,L,L)dt.
2 —
k=17 k n—k=2
With the condition (K, L) > 1, from Lemma 2 we have
mg (L) = / V(C(K,eL,1))dv(e)
SO(n)
> [V(K) —nVi(K,eL) + §V2(K, eL)
SO(n)
n—2 1
+n /tV(C(K,eL,t),...,C(K,eL,t),K,...,K,eL,eL)dt:|dv(e)
\—\r—/
k=1j k n—k—2

=V(K) - %S(K)M(L) + g / Va(K, eL)dv(e)

SO(n)
+n / [ tV(C(K,eL,1),...,C(K,eL,1),K,...,K,eL,eL) dt} dv(e).
N e’

n—2 1
som) Lk=10 k n—k—2

()

Using the formula

[ V,'(K,eL)dv(e)=—1 Wi (K)W;—i (L),
wp
SO(n)

we have

/ Va(K, eL) dv(e) = —Wa(K)Wp_a(L).
Wy
SO(n)

From this (3.2) follows.

IfC(K,eL,1)+eL =K for any e € SO(n), then by Lemma 3, equality () holds, so equal-
ity (3.2) holds too.

This completes the proof. O

For the case n = 3, we have a comparatively simpler estimate than (3.1) and (3.2). The fol-
lowing lemma is useful to our proof.

Lemma 4. (See [2,15].) If the convex body C(L) = C(K, L, L) is defined as in Lemma 1, then
the functions V,_; (C()), L)}* and V(C()»))nl are concave functions of .



G. Xiong et al. / Advances in Applied Mathematics 41 (2008) 584-598

Corollary 1. Let L be a convex figure and K a convex body in R3. If r(K, L) > 1, then

mK(L)gV(K)—éS(K)M(L)—zv%(L) / V3(C(K,eL, 1)) dv(e)
SO03)

— V(L) f V3(C(K, eL, 1)) dv(e).
50(3)

593

(3.3)

Moreover, if C(K,eL,1)+eL =K and C(K,eL, 1) is homothetic to eL for any e € SO(3),
then equality (3.3) holds. Specifically, if K and L are balls, or L is a point, then equality (3.3)

holds.

Proof. From Theorem 1, with the properties (2.1) and (2.2) of mixed volumes and the fact that

C(K,eL,1)+eL C K, we have
1
mg(L)<V(K)— ES(K)M(L) — / Vi (C(K,eL, l),eL) dv(e)
SO(3)

- f V(C(K,eL,1),K,eL)dv(e)
SO(3)

gV(K)—éS(K)M(L)—z / Vi(C(K,eL,1),eL)dv(e)
SO(3)

- / Va(C(K,eL,1),eL)dv(e).
S0(3)

Using the Minkowski inequality, we have
2 1 2 1
Vi(C(K,eL,1),eL) > V3(C(K,eL,1))V3(eL)=V3(C(K,eL,1))V3(L)

and

2 1 2
Vo(C(K,eL,1),eL) > V3(C(K,eL,1))V3(eL)=V3(C(K,eL,1))V3(L).
Therefore,
myg (L) < V(K) — éS(K)M(L) _2V3i(L) / Vi (C(K,eL,1))dv(e)
SO(3)

— Vi) / V3(C(K, eL, 1)) dv(e).
SO3)



594 G. Xiong et al. / Advances in Applied Mathematics 41 (2008) 584-598

Assume that C(K,eL,1) +eL =K and C(K, eL, 1) is homothetic to eL for any e € SO(3).
According to Theorem 1 and the equality condition of the Minkowski inequality, each equality
in the above arguments has to hold, so equality (3.3) holds too.

Specifically, when L is a point, then mg (L) = V(K). It is easy to compute the right-hand
side of (3.3) directly and it is precisely equal to V (K).

If both K and L are balls with the same radius r, then m g (L) = 0. Computing the right-hand
side of (3.3), we get

1 2
4r3 8nr’ 47\ 3 47\ 3
T T o () x0-r2x () xo0=0.
3 6 3 3

Hence, the equality holds in this case.
Assume that both K and L are balls with radii rx and rp, rg > ry, respectively. From

Lemma 2, we have mg (L) = M. Computing the right-hand side of (3.3), we arrive at

dmry  8mrgre  8mwrp(rg —rp)?  Amwri(rk —rp)

3 6 3 3 '

3
which is precisely w. Hence, the equality holds in this case.

This completes the proof. O

Corollary 2. Let L be a convex figure and K be a convex body in R3. If r(K, L) > 1, then

mi (L) > V(K) — %S(K)M(L) + %M(K)S(L) + V(L) / V3(C(K,eL, 1)) dv(e).
SO@3)
(3.4)

Specifically, if K and L are balls, or L is a point, then equality (3.4) holds.

Proof. From Theorem 2, we have

mi (L) > V(K) ~ 3 SKOM(L) + / Va(K. eL) dv(e)
SO(3)
1
+3 / /th(C(K,eL,t),eL)dtdv(e).
SO@3) 0

Using the formula

/ Vi(K,eL)dv(e) = a)iWi (K)Wy—i (L),
SO(n) !

we have
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é / Vao(K,eL)dv(e) = § . LWZ(K)Wl(L) = lM(K)S(L).
2 w3 4

2
50(3)

For the set V2(C(K,eL,t),eL),0 <t < 1, since it is a concave function of 7, by Lemma 4, we
have

tVo(C(K,eL,t),eL) > t[(1 —1)Va(K,eL) +1tV2(C(K,eL, 1), eL)].

Therefore,

1
3 / /th(C(K,eL,t),eL)dtdv(e)
SO0@3) 0
1
>3 f /[(t—tz)Vz(K,eL)+t2V2(C(K,eL,1),eL)]dtdv(e)
SO(3) 0
_! / Va(K, eL)dv(e) + / Va(C(K,eL,1),eL)dv(e)

2
50(3) S0(3)

:11—2M(K)S(L)+ / Vo(C(K,eL,1),eL)dv(e).
SO(3)

Furthermore, for the set V,(C (K, eL, 1), eL), using the Minkowski inequality, we have

Va(C(K . eL, 1), eL) > V3(C(K,eL,1))V3(eL) = V3 (C(K,eL, 1))V (L),
therefore,
/ Va(C(K. eL, 1), eL)dv(e) > V3 (L) / V3(C(K, eL, 1)) dve).
SO(3) S0(3)
Hence
1 1
mg (L) > V(K)— 5S(K)M(L) + gM(K)S(L) T Vi) / V%(C(K, eL,1))dv(e).
50(3)
When L is a point, or K and L are balls, we can verify directly as in Corollary 1 that equal-

ity (3.4) holds.
This completes the proof. O

Problem 1. Assume that C(K,eL, 1) is homothetic to eL for any e € SO(3). Is it affirmative
that K and L are balls?
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If the answer to the problem is positive, then equalities (3.3) and (3.4) hold, if and only if K
and L are balls.

In the special case where L is the unit ball B in R”, we can obtain beautiful bounds for
inclusion measures of convex bodies. For simplicity, in what follows we will denote (K, L),
i.e., the radius of the maximal inscribable ball of K, by r.

Theorem 3. Let K be a convex body and B the unit ball in R™. If r > 1, then

my(B) < V(K) — %S(K) — (= D" = = D"y (3.5)

Specifically, if K is a ball with radius r, then equality (3.5) holds.

Proof. When L = B, by (3.1) we have

1 n—1
my(B) < V(K)— —S(K) — / Y V(C(K.eB.1)....,C(K.eB.1).K,....K.eB)dv(e).
n —_———
som) k=1 k n—k—1

Since rBC K and (r — 1)B C C(K, B, 1), we have

V(C(K,eB,1),...,C(K,eB,1),K,...,K,eB)
——

k n—k—1
=V(C(K,B,1),...,C(K,B,1),K,...,K,B)
N—— —
k n—k—1
>V((r—1DB,....,(r —1)B,rB,...,rB,B)
k n—k—1

=0 —-D"* 1w, k=1,2,...,n—1.
So,

n—1
mg(B) < V(K) — ’llS(K) — Wy Z(r _ l)krn—k—l
k=1

=V(K) - %S(K) — (=" = = 1)) .

In case K is a ball with radius r, we can compute the right-hand side of (3.5) directly and get
(r — 1)"wy,, which is precisely equal to mg (B).
This completes the proof. O

Theorem 4. Let K be a convex body and B the unit ball in R™. If r > 1, then
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my(B) > V(K) — S(K) + gr"”wn + (f - 1)r”wn

2
n—2
n—k—2 k41 THk+1
- —1 _— 3.6
”“’”];r =D a2 (36

Specifically, if K is a ball with radius r, then equality (3.6) holds.

Proof. When L = B, by (3.2) we have
n
mg(B) =2 V(K) — S(K) + EWz(K)

/[

SO@n)

-2

1
/tV(C(K,eB,t),...,C(K,eB,t),K,...,K,eB,eB)dt:| dv(e).
%,_—1
0 k n—k—2

~

=1
SincerBC K and (r —t)BC C(K, B,t),0<t <1, we have

Wa(K)=V2(K, B) > V(rB.....rB, B.B) > r" *u,
n—2

and

V(C(K,eB,1),...,C(K,eB,1),K,...,K,eB,eB)
N ——’

k n—k—2
=V(C(K,B,1),...,C(K,B,1),K,...,K, B, B)
———
k n—k—2
>V((r—0B,...,(r —0)B,rB,...,rB,B,B) = (r —)"r"*2w,, k=1,2,...,n—2.
k n—k—2
So,
n n—2 1
mg(B) = V(K)— S(K) + Er"_zwn + nw, Z/z‘(r T
k=17
n n—2 1
=V(K)—S(K)+ Er"_za)n + noy Zr”_k_z / t(r —t)kdt
k=1 0

1
n—2 1

=V(K)—-S(K)+ gr”_zwn 4+ nw,r" Z/r(l — ¥ dr
k=1 0

n n
=V(K)—-S(K)+ Er"_za)n + Er”a)n —r'w,
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n—2
n—k—2 k1 Tk
_ -1 0 r-
na),,];r (r ) AR

=V(K)—-S(K)+ %rn_za)n + (% — 1>r"a)n

n—2

n—k—2 k1 FHk+1
— -1 _
nwn;r (r ) T Dk

In case K is a ball with radius r, each equality in the arguments has to hold. So equality (3.6)
holds too.
This completes the proof. O

Problem 2. What is the necessary condition for equalities (3.5) and (3.6) to hold?
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