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1 Introduction

Beginning with the groundbreaking articles [11,20,21] and the very recent work [9], the classical Brunn-
Minkowski theory of convex bodies (see, e.g., [8,10,28,30]) was extended to the Orlicz stage, which is
known as the Orlicz Brunn-Minkowski theory. Analogous to the way that Orlicz spaces generalize L,
spaces (see [23]), it represents a generalization of the L, Brunn-Minkowski theory, which emerged in the
early 1960s (see [6]), began largely with the initial works [14,15] in the mid 1990s, and expanded rapidly
thereafter (see, e.g., [2-4,7,12,13,16-19,22,25,27,29,31-34]).

A convex body in R", the standard Euclidean n-space, is a compact convex set with non-empty interior.
Associated with a convex body @ in R™ are the quermassintegrals Wo(Q), W1(Q), ..., W, (Q), which are
defined by letting Wy (Q) = vol,(Q), the volume of Q; W,,(Q) = w, = 7™/2/T'(1 4+ n/2), the volume of
the unit ball B in R™; and for j =1,2,...,n—1 by

Wass(@ = [ vol(Q [ dons(6) (11)
Wi JG,
where G, j, 0p,j, vol; and @ | £ denote the Grassmannian manifold of j-dimensional linear subspaces
of R"™, the normalized Haar measure on G, j, the j-dimensional volume and the orthogonal projection
of @ onto &, respectively. Equation (1.1) is the well-known Cauchy-Kubota formula.

That studying the first variation of quermassintegrals is an effective approach to find new geometric

quantities or measures induced by convex bodies. In the late 1930s, Aleksandrov [1] and Fenchel and

*Corresponding author

(© Science China Press and Springer-Verlag Berlin Heidelberg 2014 math.scichina.com  link.springer.com



2550 Xiong G et al. Sci China Math December 2014 Vol. 57 No.12

Jessen [5] independently proved that for a convex body @ in R™ and j = 0,1,...,n — 1, there exists a
regular Borel measure S,,_;_1(Q,-) on S~ !, the unit sphere in R", such that for any convex body P,

1 d
n—jde| _o+

1
Wi(Q,P) = WiQ+eP)= ) [ ho(w)dS, (@),
where hp is the support function of P, and Q +¢P = {x+¢cy: x € Q,y € P}. The quantity W;(Q, P) is
called the j-th mized quermassintegral of QQ and P.
Let K, L be convex bodies in R" with the origin in their interiors, and ¢ > 0. Recall that K+, ¢ -, L,
the L, combination of K and L, is defined by

1
hK"rp epl = (th + 5th)p .
In [14], for j =0,1,...,n — 1, Lutwak considered the L, first variation of the j-th quermassintegral

p d

WpJ(K,L) = n—jdz—: )
e=0

Wj(K +p€p L)
The quantity W, ; (K, L) is called the L, mized quermassintegral of K and L. In particular, W, o(K, L)
is also denoted by V,(K, L), the L, mized volume of K and L.
The aim of this paper is to extend the notion of mixed quermassintegrals to the Orlicz setting. The
above cited works [11,20,21], and especially the work [9], make it apparent that the time is ripe.
Throughout this paper, we consider a Young function ¢ : [0,00) — [0,00), i.e., ¢ is convex, strictly
increasing, with ¢(0) = 0. Let a, 8 > 0. It was shown by Gardner, Weil and Hug [9] that the function
h:R™ — [0,00) given by

h(z) —inf{)\ >0 Ozap(hK)\(x)> +5¢<hLA($)> < <p(1)}, for z € R"

is positive definite, homogeneous of order 1 and subadditive, and therefore is precisely the support function
of a unique convex body, o+, K +, 3+, L, with the origin in its interior. The convex body a-, K 4,5, L
is called the Orlicz combination of K and L. If p(t) = tP, p > 1, then the Orlicz combination reduces to
the L, combination and particularly the classical Minkowski combination for p = 1. For brevity, when
a=landa=p=1,wewritea-, K+,8-, Las K+, 8-, L and K 4, L, respectively.
In Section 3, we compute the Orlicz first variations of quermassintegrals
¢ (1) d

W¢,j(K, L) = N

n— j de Wi(K +pe-,L), j=01,....,n—1,

e=0+

and obtain their integral representation.
Theorem 1.  Suppose K and L are convez bodies in R™ containing the origin in their interiors, and ¢

is a Young function. Then for each j =0,1,...,n—1,

d . . . n—j hL(u) u . Y
de €=O+W](K +<p€ @L) N n(pL(l) /gn,—1<p<hK(u)>hK( )dsnfjfl(Kv )

Naturally, the quantity W, ;(K, L) is called the j-th Orlicz mized quermassintegral of K and L regard-
ing ¢. In particular, W, o(K, L) is the Orlicz mized volume V,(K, L) (see [9]) . Obviously, if p(t) = 7,
p =1, then W, ;(K,L) = W, ;(K, L).

In Section 4, from the viewpoint of integral geometry (see, e.g., [24,26]), we show the probabilistic
essence of Orlicz mixed quermassintegrals. The classical Cauchy-Kubota formula has the following natural
Orlicz extension:

Theorem 2.  Suppose K and L are convex bodies in R™ containing the origin in their interiors, and

is a Young function. Then for 1 < q < j <n,

Wn—q

Wn e
W, (K.L) = /G WD (K | €L | €)donn ().
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where W;Z__qq) (K | & L|¢€) is the Orlicz mized quermassintegral of the (n — q)-dimensional convex bodies

K | € and L | € in the subspace €.

In Section 5, the Minkowski isoperimetric inequality and the Brunn-Minkowski inequality for quer-
massintegrals are generalized to the Orlicz setting.
Theorem 3.  Suppose K and L are convez bodies in R™ containing the origin in their interiors, and ¢

is a Young function. Then for each j =0,1,...,n—1,
We i (K, L) _ w(( W;(L) ) J)
W;(K) W;(K) ’

(i) ) () )

If ¢ is strictly convez, each equality holds if and only if K and L are dilates.

and

If p(t) =17, p > 1, then these inequalities reduce to the L, Minkowski isoperimetric inequality

n—j—p

Wi (K, L) 2 W;(K) = W;(L)n
and the L, Brunn-Minkowski inequality
WK +p L) > Wy (K)o Wi (1),

respectively.

2 Preliminaries

In order to keep the paper self-contained, we list here some basic facts about convex bodies that are
needed in our investigations. The setting is the standard Euclidean n-space, R™. As usual, z - y denotes
the standard inner product of x and y in R".

The support function hg : R™ — R of a convex body K in R" is defined by hx(z) = max{z-y:y € K}
for x € R". The notation K7 denotes the class of convex bodies in R™ which contain the origin in their
interiors. The set K is often equipped with the Hausdorff metric d7, which is defined by

6H(K17K2) = g}?}f |hK1 - hK2|)

for K1, Ky € K7
The classical Aleksandrov-Fenchel-Jessen surface area measure, S,_1(Q,-), of a convex body @, is
defined as the unique Borel measure on S™! such that

/ F)dSn1(Quu) = / Fvo(y)dH" " (y),
gn-1 0Q

for each continuous f : S"~! — R, where v is the unit outer normal of 9Q at z € Q. It is noted that
vg(z) exists for H"!-almost all z € Q.

The n measures So(Q,-), S1(Q,"),...,Sn—1(Q,) appeared in Section 1 are the measures, which are
such that for each ¢ > 0 and for each Borel subset w C S™~ !,

n—1
Snfl(Q +€B,OJ) = Z ( n_ ! )Snlj(Qaw)gj'

=0 J

The measure S,;(Q, ) is called the j-th area measure of Q. The (n—1)-th area measure is just the surface
area measure. The measure So(Q,-) is independent of the body @, and is just the spherical Lebesgue
measure on S™ L,
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Throughout this paper, the notation ¢ and ® denote a Young function and the class of all Young
functions, respectively.
For K, L € K} and «, 8 > 0, the Orlicz combination, oc-, K +, 3+, L, is the convex body with support

function ) {A - (hK)fx)> + o <hLA(x)) < sa(1)}.

It is noted that hq. k15,0 can be defined for all nonzero x € R™ by the equation

hi(x hr(x
a¢(ha~,,Kf¢(ﬁ~iL($)> o < hawaw(BlL(x)) =t
and by he., kx4 ,6.,0(0) = 0. If o(t) =17, 1 < p < oo, then
a-, K+,8 o L=ap,K+,0L.
Associated with each positive continuous function f on S"~1! is its Aleksandrov body, A(f), defined by

Af)= () {zeR":z-u< f(u)})

uesn—1

Obviously, A(hg) = @ for any convex body @ in R".
To obtain the Orlicz first variation of volume, it is crucial to use Aleksandrov’s variational principle
(see [3, Lemma 3.1], [9, Lemma 8.3] or [11, Lemma 1]).

Lemma 2.1.  Let I C R be an interval containing 0 and some positive number and the function
he(u) = h(t,u) : I x S~ — (0, 00)
be continuous and such that the convergence in

R (0,u) = lim

is uniform on S™~'. Then

d
dt

vol, (A(hy)) = / W, (0, u)dSn—1(A(ho), u).

t=0+ sn-1

According to [9, Lemmas 8.2 and 8.4], it gives that

K+y,e o LK as e—07, (2.1)
and 5 ) ()
e E=O+hK+¢6-¢,L(U) - (p/(l)4p<hK(u)>hK(u)v (22)

uniformly for u € S™~!. Note that
he(u) = hicy e, n(u) : [0,00) x S~ — (0, 00)

is continuous. Hence, from Lemma 2.1 as well as the fact that A(h.) = K 4+, ¢ -, L for € > 0, it follows
that

ey, e D= [ oy oS (00 (23)

The above formula allows us to define the Orlicz mized volume, V,(K,L), of K, L€ K} regarding ¢,
by

Vo (K, L) = 711 /S_ S"(Z;L(((Z)) > hic(w)dS,_1 (K, u).

If o(t) =tP, 1 < p < o0, then V,(K,L) = V,(K, L), the L, mixed volume of K and L.
We conclude this section with the next lemma, which will be used in the proof of Theorem 3.1.
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Lemma 2.2. Let K,L € K]' and p € ®. Then for 0 < 1 < g2 < 00, there is the inclusion
K+,e1 o LCK+,e2-, L.
Proof.  Let u € S"! be arbitrary but fixed. For e > 0, define the function 1. : (0,00) — (0,00) by
Ve(N) = (A i (u)) +ep(A hi (u)).
It is easy to check that 1. () is continuous and strictly decreasing in A € (0, o),

/\11%1_*_ Ye(A) = o0, and /\h—>12<> Ye(A) = 0.
These facts allow us to take the function ' : (0,00) — (0, 00), the inverse function of ¢.. Note that
for 0 < e < e < 00,
(1) = e, (hi 4 per-p0(0) < they (PRt ey, (1))
Hence,

hichpen o1 (W) = 031 (0(1)) > U5 (Ve (Mt ey (1)) = hich ey, 1 (w).

Since u is arbitrary, we complete the proof.

3 Orlicz mixed quermassintegrals

Formula (2.3) expresses the Orlicz first variation of the n-dimensional volume. For the completeness of

the study, we consider

d
Wi(K 4pe-,L), j=0,1,....,n—1.

e=0+

The following theorem gives their integral representations.

Theorem 3.1.  Suppose K,L € K and ¢ € ®. Then for each j =0,1,...,n—1,

d
de

n—j hr(u)
Wi(K+,e-, L) = / ( )h w)dSy—;—1(K,u). 3.1
ot J( P < e ) n(PL(l) - ¥ hK(U) K( ) n—7j 1( ) ( )
Letting ¢(t) = ¢ and ¢(t) = t? with p > 1 in (3.1), it gives the integral representations of W;(K, L)
and W, ; (K, L), respectively.
To prove the theorem, Minkowski’s isoperimetric inequality for W, (K, L) is indispensable: For convex
bodies K, L in R™ and j =0,1,...,n—1,

n—j—1 1

Wi, L) > Wy(K) "+ Wy(L) o, (32)

with equality if and only if K and L are homothetic.
Proof.  For brevity, we write K 4+, ¢ -, L as K., and define g : [0,00) — (0, 00) by

g(e) = Wi(K2)n .

The continuity of W, : K — R as well as (2.1) implies that g is continuous at 0. By Lemma 2.2 and the
definition of quermassintegrals, we have W;(K.,) < W;(K_,), for 0 < &1 < e < oo. Thus, g()" 7 and
g(e) are both increasing in ¢. Hence, we get

g0 timint 7~ 9O 5 e 7

e—0+ £ e—0+ €

= lim inf Wj(KE)";J—;l W;(K:)n= — Wi(K)»— .

e—0+ €
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According to (3.2), it immediately yields
Wj(KE) - Wj (Km K)

imint 9 79O S 0 0)= =1 iy g (3.3)
e—0t € e—0t £
Similarly, it has
_ , (K K. — W (K
lim sup 9(e) — 9(0) < g(O)f(”ﬂ*l) lim sup Wi (K K ) = Wi ) (3.4)
e—0+ € e—0+

The weak continuity of surface area measures as well as (2.1) implies that S,,—;_1 (K., -) weakly con-
verges to S,_;—1(K,-) on S"7! as e — 0. This and (2.2) yield that

lim Wi(Ke) = W;(Ke, K) = lim 1 / furc. () = e () dSp—j—1(Ke, u)
e—0t 5 e=0t N Jgn-1 5
_ 1/ T A O F P RNG
gn—1e—07F £
- 1 hr(u) 4
- ns@L(l) /S”1@(hK(u))hK(u)dSn—]—l(K7U’)'
That is,
- W(K) - W(Ke, K) 1 / hi(u) 4
M, e =gt (1) Jons P\ he ) ) P (0B (K ). (3:5)
Similarly, we have
WK K = Wi(K) 1 / hi(u) }
S, c = i (1) Js P\ e () ) 1 (W dSn—ia (K ). (3:6)

Now, combining (3.3), (3.4), (3.5) and (3.6), it implies that g(e), and therefore g(¢)"~7, are differen-
tiable at 0. Moreover,

_ o /Si @(Z;E((Z)))hK(u)dSn_j_l(K, w).

This completes the proof.
Theorem 3.1 allows us to introduce the following:

Definition 3.2.  For convex bodies K,L € K, ¢ € ® and j =0,1,...,n — 1, define the j-th Orlicz
mixed quermassintegral W, ;(K, L) by

W i (K, L) = i/s 1 @(Z}i((z)))hx(u)dSn_j—1(K,u).

Some basic facts are observed:

(1) Wy (K, K) = o(1)W;(K).

(2) Woo(K,L) = V,(K,L).

(3) If p(t) =t?, p > 1, then W, ;(K,L) = W, ;(K,L).
(4) W, ;(gK, gL) W (K, L), for all rotations g.
(5) If I, C L27 then W¢](K Ll) W¢,j(K, LQ)

(6)

6) For all € > 0,

WiK +pe-o L)/o(1) = We (Ko LK)+ eWo j(K -4 L, L).
Let i, € ® and ¢ € N. We say that ¢; — ¢, provided
lim max| (1) — ¢(1)] =0,

i—oo tel

for each compact interval I C [0, c0).
The next lemma shows the continuity of Orlicz mixed quermassintegrals.
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Lemma 3.3. Let K;,L;, K,L € K and i € N.
(1) If K; — K, then W%]‘(Kl‘,L) — W%]‘(K, L)
(2) If L; — L, then W%]‘(K, Ll) — W%]‘(K, L)
(3) Let @i, p € . If o; — @, then W, (K, L) — W, ;(K,L).

Proof.  Note that K; — K implies
Sn—j-1(Ki,-) = Snj1(K, )
weakly on S”~!. In addition, the convergence in

o(hr/hi)hi, — o(hr/hx)hk

is uniform on S™~1. Thus, we derive (1) immediately.
Since the convergence in
p(hr,/hi)hx — o(hr/hi)hi
is uniform on S™71, (2) is obtained directly.

Take

rm = min hp(u)/hx(u) and ry = max hp(u)/hi(u).
ueSn—1 ueSn—1

Note that ¢; — ¢ implies @il(r, 11 = Plrm.rag) Uniformly. Therefore, p;(hr/hx) — w(hr/hx) uni-
formly on S"~!, which implies (3).

4 The generalized Cauchy-Kubota formula

Quermassintegrals are also fundamental and useful in integral geometry. In this section, we show the
probabilistic essence of Orlicz mixed quermassintegrals. The starting point is the Cauchy-Kubota formula.
Recall that for a convex body K in R",

W,(K) = ”"/G vol,_ (K | €)donn_j(€), j=1,...n—1.

Wn—j

n,n—j

We generalize this formula to the Orlicz setting. For this aim, the next lemma is needed, which was
previously proved in [9]. Here we give a direct proof.

Lemma 4.1. Let K,Le K}, o€ ®, andj=1,...n—1. Then for each § € G, ; and e >0,
(K4pe L) [€=K[{+peu L&
Proof.  Let £ € Gy, ; be arbitrary but fixed, and let
Si—l = gn=1ng.

For any u € S7~! and Q € K", it has

hq(u) = hq|¢(u).
Thus, applying the definition of K 4+, ¢ -, L to u, it gives

hK|E(u) hL|§(u) B
¢(h(K+¢€'wL>|E(“)> " 6so<h(1r<+<pe~goL)5(7«‘)) = ().

On the other hand, from the definition of K | +, . L | £ defined in &, it gives

i el) hi g (u) _
séj(hK5va;€'v»L|f(“)) i E¢<hK£+¢6~¢LIE(U)) = ().

Hence, (K +,¢-ox L) | and K | £+, ¢, L | £ is a same convex body in .
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Theorem 4.2 provides a probabilistic approach to define Orlicz mixed quermassintegrals.

Theorem 4.2.  Suppose K,L € K and ¢ € ®. Then for each j =1,...,n—1,

w .
Wos D)= [ VK L] €y (€)
n—j nyn—jg
where Vw(n_j) (K | &, L |€) denotes the Orlicz mized volume of the (n— j)-dimensional convex bodies K | £

and L | € in the subspace &.
Proof.  From Definition 3.2, the Cauchy-Kubota formula and Lemma 4.1, it follows that

(1) w, d
(K,L) =
Wi (K, L) n—j wy_;de

/ vol,—; (K |¢ toep L | f)dgﬂ,n*j (€)-
e=0t Y Gn,n—j

By Theorem 3.1, the above integrand depends smoothly on ¢ (for small €). Hence, it gives

0 (1) wn / d
(K, L) =
W(P,]( ’ ) Gn’nij dE

. vol,_ ;i (K | é+4e- L dop.n—;
e $K | € g2 | €)dann-s(€)

e=0+

' (1 n — 9 —i
_e ) w /G<n VD (K €1 | o0

n—7j Wn—j w_ (1)
Wn .
- / VO DK | 6,1 | €)donns(€),
Wn—j JGunoj

as desired.

Up to a constant, the quantity W, ; (K, L) is the expectation of the random variable
Vgp(nij)(K | '7L | ) : Gn,nfj - (0700)75 = Vgp(nij)(K | faL | 5)7

which is defined on the probability space (Gpnn—j,B,0nn—j) (where B is the Borel sigma-algebra on
Gnon—j)-

Letting o(t) = t? with p > 1 in Theorem 4.2, it yields the formula
L v e 9o, ©.

Wn,

W, i(K,L)=
)=
A general representation [24,26] of the Cauchy-Kubota formula states that for a convex body K in R”

and 1 < ¢ <j<n,
Wn

W;(K) = / WD (K | €)don ny(€),

Wn—gq

n,n—gq

where Wj(f;q) denotes the (j — ¢)-th quermassintegral in the subspace £. Using an argument similar to
that in Theorem 4.2, we can obtain the following theorem.

Theorem 4.3.  Suppose K,L € K} and ¢ € ®. Then for 1 < g < j <n,

Wn, n—
W, (K.L) = /G WD (K | €L | €)donn ().

Wn—q

where W;Ziqq) (K | & L&) denotes the Orlicz mized quermassintegral of the (n — q)-dimensional convex

bodies K | £ and L | £ in the subspace €.

5 Inequalities for Orlicz mixed quermassintegrals

Recall that for convex bodies K, L in R" and j = 0,1,...,n—1, Minkowski’s isoperimetric inequality (3.2)
can be rewritten as )
(K. L (L n—j
Wj( ’ ) 2 <W]( )> ’ (5'1)
W; (K) Wi (K)
with equality if and only if K and L are homothetic. The next result extends this inequality to the Orlicz
setting.
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Theorem 5.1.  Suppose K,L € K and ¢ € ®. Then for each j =0,1,...,n—1,

If v is strictly convex, the equality holds if and only if K and L are dilates.
Proof.  The condition on K guarantees that W;(K) > 0. Thus, the measure

hx

nW;(K) A1 (K )

is a probability measure on S”~!. From the convexity of ¢ combined with Jensen’s inequality, the strict
monotonicity of ¢, together with (5.1), it follows that

W ’j(K, L) = 1 hL(U') u . u

> @(nwj . /S b (S, (K, u)>
(i

)

Now, we verify the equality conditions. The sufficiency is easy to prove. We prove the necessity.
Suppose the equality holds. From the injectivity of ¢, we have the equality in (5.1). So, there exist
x € R™ and r > 0 such that L = rK + x. Hence,

WV

S
N
/N
S

hr(u) =rhg(u) + x - u,

for all u € S"~!. Since ¢ is strictly convex, by the equality condition for Jensen’s inequality, we have

1 hL(U,) ' W) = hL(’U)
nW; (K) /S, hK(u)hK(“)dS”‘J‘l(K’ )= hic(v)’

for S,—;—1(K,-)-almost all v € S"~!. Therefore, for S,,_;_1(K,-)-almost all v € S"~1,

1 T-u z-v
nW;(K) /S,,_1 <r+ hK(u)>hK(u)dSnj1(KaU) =T+ hic(v)’
Note that .
WJ(K) = n/ hK(’U,)dSn_j_l(K, u),
Snfl

and the centroid of S,,_;_1 (K, -) is at the origin. Thus, we have

0=z (nWj(K) /Si wdSy ;1 (K, u)>

1

- udSn_ ;1 (K,
nW; (K) /S_x udSn—j—1 (K, u)
XU

}LK(’U)7

for S,_j_1(K,-)-almost all v € S"~!. By combining the above with the fact that S,_;_1(K,") is not
concentrated on any great subsphere of S, we conclude that z is just the origin, and therefore K
and L are dilates.

Now, we turn to the applications of Theorem 5.1.
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Lemma 5.2.  Suppose ¢ is a strictly conver Young function, and K, L € K.
(1) If K and L are dilates, then for each o, f >0, K and o -, K +, 3 -, L are dilates.
(2) Suppose o, 3 > 0. If K and o -y, K 4+, -, L are dilates, then K and L are dilates.

Proof.  To prove (1), assume L = ¢K for some constant € > 0. Let Cs denote the class

{hk

Sn—1 ! K S K:;L}

The definition of Orlicz combinations implies that the function ha.w K+4yf-,L 18 the unique solution to the

equation
w(h]f() +ﬁs0(djf() =¢(1), f€eCs.

On the other hand, it is obvious to prove that there exists a unique > 0 such that

aso<(15> +6¢(§> =¢(1),
agp<:;;) +6¢<2};§> =¢(1).

Hence, -, K +, -, L = 6K, which concludes (1).
To prove (2), assume a -, K +, -, L = AK for some constant A\ > 0. Then for arbitrary u € S*~1,

o) 235 ) o0

hrgont)

is constant for all w € S"~!. This and the injectivity of ¢ show that a-, K+, 8-, L and L are dilates.

which immediately implies

which implies that

Theorem 5.1 yields an Orlicz extension of the Brunn-Minkowski inequality.

Theorem 5.3.  Suppose K, L € K, p € ®, and o, > 0. Then for each j =0,1,...,n—1,

CEE( VZ«(? von) ) L (CTNE ¥ n) )

If v is strictly convex, the equality holds if and only if K and L are dilates.

Proof.  For brevity, let

K=a-,K+,8,L.
The definition of K necessarily implies for all w € S"~! that
hK(U)) < hi(u) >
o(1) = agp< + By .
W= et ) TP )
Hence, by the definitions of W; and W, ; and Theorem 5.1, we have
P(W;(K) = aWe j(K, K) + W, ;(K, L)

>Wj<f<>(w((gjgg)"*) cao((2) )))

From Theorem 5.1 and Lemma 5.2, the equality conditions can be obtained immediately.
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When ¢(t) = t?, p > 1, and o, > 0, the above inequality reduces to the L, Brunn-Minkowski
inequality ’ ’
Wiy K +p fop L) 25 = aW(K) s + BW;(L) "

The next corollary is a weaker version of Theorem 5.3.
Corollary 5.4.  Suppose K,L € K!', p € ®, and j =0,1,...,n—1. Then for 0 < a <1,
W (g Kt o1 = ) L) > Wy (K)*Wy(L) .
Proof.  For brevity, let
Ko=a,K+,(1—a),L.

Since ¢ is strictly increasing and convex, by Theorem 5.3 and the arithmetic mean-geometric mean
(AM-GM) inequality, we have

ool ()Y (0

W, (K) S W (L) n—
> <p< i (K) y(l ) )
Wi(Kq)n—
Therefore,
Wj(Ka) = Wi(K)*W; (L)'
If p(t) = t, then the above corollary gives that for each 0 < o < 1,
Wi(aK + (1 —a)L) = W;(K)*W; (L)' .

The classical difference body, DK, of a convex body K, is defined by hpx = hx + h_xg. The next
corollary considers the Orlicz version of difference bodies.

Corollary 5.5.  Suppose K € KI', o € ®, and j =0,1,...,n— 1. For the convex bodies

1 1
A K = 2'¢K+¢2'¢(—K) and  DyK = K+,(-K),

there exist the inequalities
Wi(A K) = W;(K)

and '
W;(D,K) = (7" ((1)/2))" Wi (K).

If ¢ is strictly convex, each equality holds if and only if K is origin-symmetric.

Along with Orlicz mixed quermassintegrals, we introduce the following quantity.

Definition 5.6.  For convex bodies K, L € K and ¢ € ®, define

Wy i(K,L)=inf S A >0: h dSn—j—1(K,u) < (1) p.
oty =int (x> 00 L[ 8 Vs, (.0 < o)
It can be checked that if ¢(¢t) =t*, p > 1, then
Wo (K, L) = (W, (K, L) /W, (K))/7.
In fact, W@,j (K, L) is the Orlicz norm (see [23]) of hr, /hx with respect to the Borel probability measure

hk

W) dSp_j_1(K,").
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In light of [11, Lemma 5], we have

L
W, <K, . L)) — P()W;(K). (5.2)

—

The quantity W, ;(K, L) provides an approach to extend Minkowski’s isoperimetric inequality to the
Orlicz setting.

Theorem 5.7.  Suppose K,L € K and ¢ € ®. Then for each j =0,1,...,n—1,
1
o~ W (L n—j
W@,j(KaL)>< j( )> :

If ¢ is strictly convez, the equality holds if and only if K and L are dilates.
Proof.  From (5.2), Theorem 5.1 and the fact that

W;(aL) = o™ 9W;(L), a>0,

it follows that

1

s (5l ) 0) )

_ s0<<Wj<L>/m-<K>>nlj )

W%j (Kv L)
Note that ¢ is strictly increasing. Hence, the desired inequality is obtained.
If ¢ is strictly convex, by Theorem 5.1 again, the equality holds if and only if K and W, ;(K,L)"'L
are dilates.

At the end of this paper, we modify the approach to deal with Orlicz mixed quermassintegrals. Let
K,L€K?and j=0,1,...,n— 1. Define the Borel probability measure V,,_;(K,-) on S"~! by

hk

W) = w0y

dSp_j_1(K,").

It is noted that the measure V,, (K, -) is just the normalized cone-volume measure of K. See [2,3,12,22,33].
Following the idea of normalization [19], we introduce the quantity W, ;(K, L) by

weatien = (M0 ) = (i )7 0).

where ¢~ is the inverse function of ¢ € ®. An advantage of this notion is that, in terms of ¢, the quantity
W, ;(K, L) produces an average of hy/hx with respect to the measure V,,_;(K,-). The inequality in

1
Theorem 5.1 can be rewritten as
Wosi 1) > (

In particular, W, o(K, L) is V (K, L), the normalized Orlicz mixed volume [35] of K and L. That is,

V(K L) =" (/S ¢(Z;((Z)) ) AV, (K, u)> :

Correspondingly, there is the inequality

v > (o)
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If o(t) =tP, t > 1, then V (K, L) is just the normalized L,-mixed volume V', (K, L) (see [19]).
Applying Theorem 5.1 to the strictly convex function (t) = e* — 1, it yields

o [ (1240 v > (10)

with equality if and only if K and L are dilates. Along with the conjectured log-Minkowski inequality
in [2], the following question begs to be asked:

Question. If K and L are both origin-symmetric convex bodies in R™ and j = 0,1,...,n— 1, then is

it the case that )
hu(u) ) ( W;(L) ) "
1 AV,_;j(K,u) > ;
P /S, °8 (hK(u) ) 2

with equality if and only if K and L are dilates?
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