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Abstract. In this paper, we will develop a fast iterative solver for the system of linear
equations arising from the local discontinuous Galerkin (LDG) spatial discretization
and additive Runge-Kutta (ARK) time marching method for the KdV type equations.
Being implicit in time, the severe time step (At = O(Ax¥), with the k-th order of the
partial differential equations (PDEs)) restriction for explicit methods will be removed.
The equations at the implicit time level are linear and we demonstrate an efficient,
practical multigrid (MG) method for solving the equations. In particular, we numer-
ically show the optimal or sub-optimal complexity of the MG solver and a two-level
local mode analysis is used to analyze the convergence behavior of the MG method.
Numerical results for one-dimensional, two-dimensional and three-dimensional cases
are given to illustrate the efficiency and capability of the LDG method coupled with
the multigrid method for solving the KdV type equations.

AMS subject classifications: 65M60, 35Q53

Key words: KdV type equations, local discontinuous Galerkin methods, multigrid algorithm,
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1 Introduction

In this paper, we apply the multigrid (MG) solver to solve the system of algebraic equa-
tions arising from the local discontinuous Galerkin (LDG) spatial discretization and ad-
ditive Runge-Kutta (ARK) time marching method for the KdV type equations containing
third derivatives terms

ut+f(”)x+uxxx:0/ (1.1)
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and the fifth-order KdV type equations

up f () +8 (1) vx +Uxrxre =0, (1.2)

in Q €R¥(d <3), where f(u) >0 and g(p) are arbitrary (smooth) functions.

The LDG methods for these two types of equations were derived by Yan and Shu [18,
19], which were high order accurate, stable and flexible for arbitrary h and p adaptivity.
In these two papers, time discretization was by the explicit Runge-Kutta method with a
suitably small At for stability (At=O(Ax?) for Eq. (1.1) and At=O(Ax°) for Eq. (1.2)).
Usually, it is not necessary to choose such a small time step for the purpose of accuracy
and is purely an artifact of the explicit time discretization technique. Therefore, implicit
methods should be used to improve the computational efficiency.

The discontinuous Galerkin (DG) method is a class of finite element methods using
completely discontinuous basis functions, which are usually chosen as piecewise poly-
nomials. Reed and Hill [10] first introduced the DG method in 1973, in the framework of
neutron linear transport. For PDEs containing higher order spatial derivatives, the DG
method can also be applied directly, Liu and Yan [9] developed direct DG methods for
diffusion problems. Then, Bona et al. constructed conservative DG methods for the gen-
eral KdV equation in [3]. The first LDG method was constructed by Cockburn and Shu
in [4] as an extension of the Runge-Kutta DG method to general convection-diffusion
problems. The idea of the LDG method is to rewrite the equations with higher order
derivatives as a first order system, then apply the DG method to the system. The LDG
techniques have been developed for various high order PDEs including the convection
diffusion equations [4], nonlinear one-dimensional and two-dimensional KdV type equa-
tions [16,18]. More details about the LDG methods for high-order time dependent PDEs
can be found in the review paper [17].

Xia et al. [14] explored the ARK method to solve the stiff ordinary differential equa-
tions (ODEs) resulting from an LDG spatial discretization to PDEs with higher order spa-
tial derivatives and found that it was an efficient time discretization method. The implicit
method requires to solve system of linear equations at each time step. The efficiency of
the method highly depends on the efficiency of the solver for the linear systems. In [14],
the resulting linear system of algebraic equations were solved by direct linear solver in
LAPACK, which was not efficient for high-dimensional problems. Other traditional iter-
ative methods such as Gauss-Seidel method suffer from slow convergence rates for large
scale problems. Thus, we devote to developing an iterative fast solver for the system of
linear equations.

The multigrid (MG) method was originally applied to simple boundary value prob-
lems, e.g. second-order boundary value problem. Then, the MG method was extended
to solve time-dependent PDEs with even-order spatial derivatives and found that it was
an efficient method. Recently, the MG method coupled with the DG spatial discretization
for the compressible Naiver-Stokes equation [7,11] and the Euler equation [1,2] had been
studied. In [12,13], the MG method was introduced to solve the system of algebraic equa-
tions arising from the higher order DG discretization of advection dominated flows. Guo
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and Xu studied the multigrid solver coupled with the LDG method for the Cahn-Hilliard
equation in [5].

The KdV type equations (1.1) and (1.2) are time-dependent PDEs with odd-order spa-
tial derivatives. The use of LDG spatial discretization and implicit time marching method
for Egs. (1.1) and (1.2) will typically result in linear system of algebraic equations at each
time step, which are non-symmetric systems. In this paper, we will apply the MG method
to solve the systems and we numerically show the optimal or sub-optimal complexity of
the MG solver. Thus, we have a conclusion that the MG method is efficient for algebraic
equations arising by implicit time integration methods and LDG spatial discretizations
for PDEs with odd-order spatial derivatives.

In order to predict the MG behavior, a two-level local mode analysis is used to study
the convergence of the MG method. Although we restrict ourselves to one-dimensional
problems, with considerably extra complexity, a similar analysis can be made for two- or
three- dimensional problems by the tensor product principle.

The paper is organized as follows. In Section 2, we present an example to indicate
that the MG method is efficient for the KdV type equations. The LDG method and the
two-level local mode analysis for Eq. (1.1) are presented in Section 3, while for Eq. (1.2),
the same information is shown in Section 4. In Section 5, we extend the LDG method and
MG solver to the general odd-order linear PDEs. Section 6 contains numerical results for
the KdV type equations for one-dimensional, two-dimensional and three-dimensional
cases. Finally we give concluding remarks in Section 7.

2 Motivation

The MG method is mainly used to solve PDEs with even-order spatial derivatives. There
is little work for PDEs with odd-order spatial derivatives and what we want to know is
that, does the MG method work for this type of equations? To answer the question, we
will first give an example to illustrate the efficiency of the MG method for the KdV type
equations containing third derivatives terms.

Example 2.1. Consider one-dimensional linear KdV equation
Up+ Uy =0, (2.1)

with periodic boundary conditions in Q=(0,277). We apply the LDG spatial discretization
(for a detailed description of the LDG method for Eq. (2.1), we refer the readers to [18])
and backward Euler time marching method to Eq. (2.1) with At=0.1Ax, then it requires
to solve a system of linear equations at each time step. The damped Jacobi (damping
parameter a =0.7) method and the two-grid correction method (for a detailed description
of the method, we refer the readers to [5]) are applied to solve the linear system, on a grid
with N =64 points, respectively. We use an initial guess

-3 on (5 e ()]
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consisting of the k=16 and k=40 modes.

The results of this calculation are given in Fig. 1. In the top left, The approximation u
after one relaxation sweep on the fine grid is superimposed on the initial guess (the dot-
ted line). The top right, middle left and middle right plots show the approximation after
three, four and five relaxation sweeps, respectively on the fine grid, superimposed on
the initial guess. Much of the oscillatory component of the initial guess has already been
moved. Further relaxations on the fine grid would provide only a slow improvement at
this point. Thus, it is time to move to the coarse grid.

The bottom left shows the fine-grid error after three relaxation sweeps on the coarse-
grid residual equation, superimposed on the initial guess. The error is reduced by mov-
ing to the coarse grid. After three additional fine-grid relaxations, the error is reduced
again and the result is plotted in the bottom right figure.

From Fig. 1, we can see that the MG method is efficient to solve the linear system of
equations arising from the LDG spatial discretization and backward Euler time marching
method for the KdV type equations. Thus, we will develop a high order time integration
method and apply the MG method to solve the equations arising by the KdV type equa-
tions (1.1) and (1.2) in the next sections.

h

3 The KdV type equations

3.1 Notations

Let 7;, denote a tessellation of () with shape-regular element K. Let I' denote the union of
the boundary faces of elements K€ 7, i.e. =J KeT; oK, and Ty =T\0Q.

In order to describe the flux functions, we need to introduce some notations. Let ¢
be a face shared by the “left” and “right” elements K; and Kr (we refer to [17] for more
details of the definition). Define the normal vectors v and v on e pointing exterior to K|,
and Kg, respectively. If ¢ is a function on K, and Kg, but possibly discontinuous across
e, let iy denote (|, )| and ¢r denote (1|k, )|e, the left and right trace, respectively.

Let P¥(K) be the space of polynomials of degree at most k>0 on K. The finite element
spaces associated with the mesh are of the form

VE={vel?(Q):v|x e P¥(K),VKET;},
YK ={w=(wy, - ,wy)T €L2(Q)*: wi|x eP¥(K),I=1,---,d,YVKE Ty}

Further, we define the inner product notations as

(w,v)K:/wvdK, (w,v)aK:/ wods, (3.1)
K 9K

(q.p)x= /K q-pdK, (q,p)ox= /a Kq-pds, (3.2)
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Figure 1: Coarse-grid correction for Eq. (2.1) on a grid with N =64.
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for the scalar variables w, v and vector variables g, p respectively. The inner products on
() are defined as

(wv)a=) (wo)x, (4.r)a=)_(4.p)k (3.3)

K K

Here we only consider periodic boundary conditions. Notice that the assumption of
periodic boundary conditions is for simplicity and not essential: the method can be easily
designed for non-periodic boundary conditions. The development of the LDG method
for the non-periodic boundary conditions can be found in [8].

3.2 The LDG scheme for the KdV type equations

In this section, we apply the LDG spatial discretization to the KdV type equations (1.1).
To ease the presentation, we consider the simpler one-dimensional linear problems

I/lt"—uxxxzo. (3.4)
To define the LDG method to Eq. (3.4), we rewrite it as a first order system:
ur+py=0, p—qx=0, g—u,=0. (3.5)

To simplify the notation, we still use u, p and g to denote the numerical solution. Apply-
ing the DG method to the system (3.5), we have the scheme: Find u,p,q € V¥, such that,
for all test functions ¢,0,1 € V}’f, we have

(ut, )k — (p,px )k + (P, )aK—O (3.6a)
(P.0)k+(9,0x)k—(4,0)ax = (3.6b)
(q.m)x+ (w0 — (A,7)ax (3.6¢)

The “hat” terms in (3.6) at the cell boundary from integration by parts are the so-called
“numerical fluxes”, which are functions defined on the edges and should be designed
based on different guiding principles for different PDEs to ensure stability. Following the
discussion in [16,18,19], we can take the simple choices such that

ple=pr, 4le=qr, #le=ur. (3.7)

Considering the scheme (3.6), we aim to eliminate the auxiliary variables, obtain an
ODE and apply the backward Euler time marching method. The energy stability for this
fully discretized scheme was proved in [18]. In the following, we restrict ourselves to
the one-dimensional equation because this is the building block for the high-dimensional
case. For space discretization, we assume uniform meshes. In one-dimension space,

the computational domain can be written as () = U]-I\Ll Ijand I; =[x i1 ]. We take P!
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approximation for example and take the basis function {¢;}}_,, the approximate solution
reads

](rbl( (x_xj)/Ax)/

WMZ
i MH

and at each cell [;, according to the scheme (3.6a), (3.6b) and (3.6¢), with the choice of flux
(3.7), the coefficients u; = [u?,u}]T, pi= [p?, p}]T and q,= [q?,q}]T satisfy

1 1
A = T =M Mep (3.8a)
pi T =Migi !+ Megl, (3.8b)
g7 = Mo - Mt (3.8¢)

respectively, where

1[-1 1 171 -1
Ml_ﬂ[—3 —3}’ MR_B[B) —3}’

1 1 1 1| -1 -1
MZ_A_x[—3 3}’ ML_B{ 3 3 ]
There are two methods to eliminate the auxiliary variables, i.e. we have two methods to

obtain #" ! from the known u".

e Method 3X

We eliminate q}”l and p}”l from Egs. (3.8¢c) and (3.8b), respectively. Then we get a
linear equation

Ku""'=f, (3.9)
where K is described by the repetition of stencil

[—AtMZ M| —I—At(M3 My + My Mg M +MgM;Mp)|
—At(MyMgMo+MrMiMo+M%Mp)| — AtM% M),

f is the corresponding right hand side vector consisting of #” and [ is the identical
matrix.

e Method X-2X
We only eliminate q]’.““l from Eq. (3.8c), then we get a linear equation with double
degree of freedom comparing to Eq. (3.9) and it takes the form

GU=F, (3.10)
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where U = [[u(l),u%,p(l),p%,---,u?,u},p?,p},---,u?\,,u}\,,p?\,,p}\,]”“]T and G is described

by the repetition of stencil

0 0 | —1 —AtM; | 0 —AtMpg
—MiM> 0 —(M1M2+MRML) I —MgrM; 0

and F is the corresponding right hand side vector consisting of #” and p".

Remark 3.1. We will show the convergence behavior of the two methods, which indicate
Method X-2X has better convergence behavior than Method 3X. The main reason is that
the condition number of the discretization matrix G is smaller than the discretization
matrix K. But Method X-2X will require more computational memory cost than Method
3X.

Remark 3.2. The LDG scheme for more general KdV type equations in multi-dimensional
case can be found in [16,18,19]. The treatment for the linear system is similar. We will also
show the numerical results for more general KdV type equations in multi-dimensional
case in Section 6.

3.3 Numerical investigation of the convergence behavior for the multigrid
method

Now the linear system is obtained by the LDG spatial discretization and backward Euler
time marching method and we are ready to introduce an efficient solver to solve the
linear system of algebraic equations (3.9) and (3.10). Traditional iterative methods such as
Gauss-Seidel method suffer from slow convergence rates for large scale problems. From
Section 2, we find that the MG method is efficient to solve the linear system of equations
derived by the LDG spatial discretization and backward Euler time marching method
for the KdV type equations. Thus, we will apply the MG method to solve Egs. (3.9) and
(3.10).

At the core of any MG method is the two-grid cycle, which we consider first. A
fairly complete description of the two-grid cycle algorithm that is used to solve the linear
equations at the implicit time level is given in [5]. As to the convergence behavior of the
two-grid algorithm, we apply the local mode analysis to the error amplification operator
Eignd to compute the eigenvalue spectra of the operator. For a detailed description of the
local mode analysis, we refer the readers to [5].

We take Method 3X for example, the amplification operator Ej, is defined as

E,=I1-S,A;, (3.11)

where Aj, = K has been defined, S, is the smoother and I is the identity operator in V).
The amplification operator of the two-grid algorithm is given by

2¢rid _
E " =E*[I- Py Ay'Rup AE), (3.12)
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where v; and v, are the number of pre-(post-) relaxation sweeps, respectively, and Ap,
Py, Ry, are defined in [5]. While for Method X-2X, Ay, is G and we can get E;, and Eignd.
The spectral radius, or some norm (some norm) of this operator allows to quantify how
the error is reduced at each iteration. If it is less than 1, we will get a convergent iteration.
The smaller it is, the faster is the iteration.

The eigenvalue spectra of E; and Eignd for Method 3X and Method X-2X are shown
in Figs. 2-5. The damping parameter « is chosen by the figures which present asymptotic

convergence factor A changes with a. From these figures, we have

e The eigenvalue spectra of Ej, is near or larger than 1 and the eigenvalue spectra
of Eig”d is strictly less than 1, i.e. the damped Gauss-Seidel and Jacobi iteration
methods are not convergent, while the two-grid algorithm with damped Gauss-
Seidel or Jacobi smoother is convergent.

e The convergence behavior for damped Gauss-Seidel smoother is similar to damped
Jacobi smoother.

e Method X-2X has better convergence behavior than Method 3X.

3.4 The additive Runge-Kutta method

Xia et al. [14] explored the ARK method and found that it was an efficient high order time
marching method when it was coupled with the LDG spatial discretization. In this paper,
we are devoted to obtaining a high order scheme both in time and space. Thus the ARK
method is applied to solve the ODEs, which is obtained by the LDG spatial discretization
operator. Take Method 3X for example, we choose a local basis in cell K, then p and g can
be eliminated from Egs. (3.6b) and (3.6¢), respectively, by simply inverting a small mass
matrix in each case, and it yields an ODE

ur="L(u). (3.13)

Thus, the ARK scheme, which is used to solve the ODE (3.13), is given in the following
form

u =u' ALY ayL(t" +ciatu), i=1,-s (3.14a)
j=0
S .
Lt :un—}—Ath]’L(fn +cht,u(])), (3.14b)
j=0
where u#(?) = 4" and u')) approximates u(#"+c;At). The Butcher coefficients ajj, b; and

¢ are constrained by order of accuracy and stability considerations. In [6], the implicit-
explicit ARK methods from third- to fifth-order are presented in which the stiff terms
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Figure 2: Method 3X, cell number N =128, At=0.1Ax, damped Jacobi smoother, Pl and P? approximation.
Figs. 2(a)-2(b) show the asymptotic convergence factor A changes with the damping parameter a. Figs. 2(c)-

2(f) show the eigenvalue spectra of Ej, and E
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Figure 3: Method 3X, cell number N=128, At=0.1Ax, damped Gauss-Seidel smoother, Pl and P? approx-
imation. Figs. 3(a)-3(b) show the asymptotic convergence factor A changes with the damping parameter a.
Figs. 3(c)-3(f) show the eigenvalue spectra of Ej and Eig”d.
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Figure 4: Method X-2X, cell number N=128, At=0.1Ax, damped Jacobi smoother, Pl and P? approximation.
Figs. 4(a)-4(b) show the asymptotic convergence factor A changes with the damping parameter a. Figs. 4(c)-

4(f) show the eigenvalue spectra of Ej, and E
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Figure 5: Method X-2X, cell number N=128, At=0.1Ax, damped Gauss-Seidel smoother, Pl and P? approx-
imation. Figs. 5(a)-5(b) show the asymptotic convergence factor A changes with the damping parameter a.
Figs. 5(c)-5(f) show the eigenvalue spectra of Ej, and Eig”d.
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are integrated by an L-stable, stiffly-accurate, singly diagonally implicit Runge-Kutta
method while the non-stiff terms are integrated with a traditional explicit Runge-Kutta
method. For a detailed description of the methods as well as their implementation and
applications, we refer the readers to [6].

We adopt the third order ARK method in this paper and from Eq. (3.14a), it is neces-
sary to solve three system of linear equations at each time step. In order to solve these
linear equations efficiently, we apply the MG method to solve them. Then by Eq. (3.14b),
we can get u" 1.

4 The fifth-order KdV type equations

In this section, we apply the LDG spatial discretization to the fifth-order KdV type equa-
tion (1.2). To ease the presentation, we consider the simpler one-dimensional linear prob-
lems

Ut +tyxxxx =0. 4.1)

We refer the readers to [15,19] for high-dimensional and nonlinear problems. To define
the LDG method to Eq. (4.1), we rewrite it as a first order system:

ur+px=0, p—gx=0, g—sy=0, s—ry=0, r—u,=0. 4.2)

To simplify the notation, we still use u, p, g, s and r to denote the numerical solution.
Applying the DG method to the system (4.2), we have the scheme: Find u,p,q,s,r € vk,
such that, for all test functions ¢,0,,¢,¢ € V,f, we have

(ut, )k — (PP )k + (P, 9)ax =0, (4.3a)
(P,0)k+(q,0x)k—(4,0)ax =0, (4.3b)
(a.m)x+ (s, )x—(8,1)ax =0, (4.3¢)
(5,8 + (1,8 )k — (7,8)ak =0, (4.3d)
(r, @)+ (1, 9x)k — (1, ¢)ax =0. (4.3¢)

Following the discussion in [15,19], we can take the simple choices for the numerical
fluxes such that

ﬁ|e:pL/ Cﬂe:m{/ é\’eZSL/ f’|e:7’Rz ﬁ|e:uL~ (44)

Following the same method as described in Section 3, we have three methods to obtain
1" from the known u".

e Method 5X
We choose a local basis in cell K, then, s, g and p can be eliminated from Egs. (4.3e),
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(4.3d), (4.3c) and (4.3b), respectively, by simply inverting a small mass matrix in
each case. Then we get an ODE

ur="L(u). (4.5)

The backward Euler time marching method is applied to Eq. (4.5) and we obtain a
linear system

Ku"™ =, (4.6)

where f is the corresponding right hand side vector consisting of #" and K can be
obtained as in Section 3.

Method 3X-2X
In this method, we eliminate g, p and r from Egs. (4.3c), (4.3b) and (4.3e), respec-

tively, then we get
ur="Lq(s), 47)
s=Ly(u). '

We apply the backward Euler time marching method to Eq. (4.7) and obtain a sys-
tem of two coupled equations for [u""1,s" ]

GU=F, (4.8)

where U=[u"*1,s""1]T and F is the corresponding right hand side vector consisting
of u" and s".
Method X-2X-2X

We eliminate g and r from Egs. (4.3¢c) and (4.3e), respectively. After the elimination
of the auxiliary variables, we get

u="La(p),
p=La(s), (4.9)
s=Ls(u).

The backward Euler time marching method is applied to Eq. (4.9) and we obtain a
system of three coupled equations for [u"*1,p"*1,s" 1]

GU=F, (4.10)

where U = [u""!,p"*1,s"1]T and F is the corresponding right hand side vector
consisting of ", p" and s".

We apply the MG method to solve the linear systems (4.6), (4.8) and (4.10). The con-

vergence of the two-grid algorithm is analyzed by the local mode analysis. From Figs. 6-
10, we have
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Figure 6: Method 5X, cell number N =128, Af=0.1Ax, damped Jacobi and Gauss-Seidel smoother, pl

approximation. Figs. 6(a)-6(b) show the asymptotic convergence factor A changes with the damping parameter
. Figs. 6(c)-6(d) show the eigenvalue spectra of Eig”d.

e The eigenvalue spectra of Eig”d for Method 5X is larger than 1 and the two-grid
algorithm is not convergent. The reason is the high stiffness of the LDG spatial
discretization operator and the condition number of the discretization matrix K is
extremely large when we choose the large time step At=0.1Ax.

e The eigenvalue spectra of Ej, is near 1 and the eigenvalue spectra of Eigrid is strictly
less than 1, i.e. the two-grid algorithm is convergent for Method 3X-2X.

e Method X-2X-2X shows better convergence behavior than method 3X-2X with damped
Gauss-Seidel smoother, while with damped Jacobi smoother, the convergence be-
havior for Method 3X-2X is better.
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5 The general odd-order linear PDEs

In this section, we consider the general odd-order linear PDEs

w+ulFm =, (5.1)

and give the generalization of the LDG scheme. We first rewrite (5.1) as a first order
system:

ur+(pam)x=0, pom=(Pam—-1)x,,P2=(P1)x, P1=1ls. (5.2)

The LDG method to solve the system (5.2) is as follows: Find u,poy, -, p2,p1 € V,f, such
that, for all test functions ¢,6,---,1,¢ € VK, we have

(ut,P)k — (P2m,Px )k + (P2m,P)ax =0, (5.3a)
(P2m,0)k+ (P2m—1,0¢ )k — (P2m—1,0)ax =0, (5.3b)
(P2, 1)+ (Pr11x)k— (P1.1)ax =0, (5.3¢)
(p1, &)k + (u,6x )k — (1,8)ax =0. (5.3d)

Following the same method as for the third-order KdV equation described in Section 3.
We have the following two methods to obtain #"*! from the known u":

e Method 3X-2X-2X----2X

We choose a local basis in cell K, then p,,, p»,._1, Poyu_3**» P can be eliminated
by simply inverting a small mass matrix in each case. Then we get

”t:Ll(szfz)/

Py=Lm(u).

The backward Euler time marching method is applied to Eq. (5.4) and we obtain a

system of m coupled equations for [u"*1,pitl, ... pi+l]

GU=F, (5.5)

where U= [u"*1,pit1, ... pi*™1T and F is the corresponding right hand side vector

. . n n n
consisting of u", p5_5,--, p5.

e Method X-2X-2X:---2X
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In this method, we eliminate p,,, 1, Py,,_3, "+, p1, then we get

ur=>Ly (p2m)/

—L ,

Pr= Lyt (u).

We apply the backward Euler time marching method to Eq. (5.6) and obtain a sys-

tem of m+1 coupled equations for [u”H,Pg;;l/P;ntlzf " /Pgﬂ]

GU=F, (5.7)

where U = [u"*1,pit1 p2i1 ... p*+1)T and F is the corresponding right hand side
vector consisting of u”", p5, ph. -+, P5.

The MG method is applied to solve the linear systems (5.5) and (5.7). What we should
notice is that the notation K, f, L, L;, G, U and F are not the same in each occurrence.

Remark 5.1. To obtain a high order accuracy in time for the fifth-order KdV type equa-
tions and general odd-order linear PDEs, we can adopt the ARK method and numerical
experiments show that it is efficient. As to the resulting linear systems, we apply the MG
method to solve them.

6 Numerical results

In this section, we perform numerical experiments of the LDG scheme coupled with the
third order ARK method to linear and nonlinear KdV type PDEs in one, two and three
space dimensions, then we extend these methods to the seventh-order linear PDE. The
resulting linear systems are solved by the MG method. For spatial discretization we
use uniform meshes. In our numerical experiments, we choose the numbers of pre- and
post- relaxations are equal, and set to be v; =1, =3. As for the damping parameter « for
damped Jacobi and damped Gauss-Seidel smoother, we just choose the optimal value by
the Figures which show the asymptotic convergence factor A changes with the damping
parameter «. The accuracy and order are listed in Tables to confirm that the ARK time
integration method is high order in time and the multigrid solver maintains the accuracy
and order.

6.1 One space dimension

We show the accuracy and order for the KdV type equations containing third- and fifth-
order spatial derivative in Examples 6.1-6.4. To demonstrate the convergence and optimal
or sub-optimal complexity of the MG solver, we plot figures on the reduction in the norm
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of the residual per V-cycle iteration with damped Jacobi smoother and damped Gauss-

Seidel smoother, respectively. Then, we extend the MG solver to the seventh-order linear
PDE in Example 6.5.

Example 6.1. We compute the linear KdV equation
Up+uyyy =0, (61)

with an initial condition u(x,0) =sin(x)+sin(2x) and a periodic boundary condition in
Q= (0,27t). The exact solution is given by u(x,t) =sin(x+#)+sin(2x+8t). The L? and L*
errors, and the numerical order of accuracy at time t = 0.5 are presented in Table 1. We
can see that the method with P¥ elements gives a (k+1)-th order of accuracy.

Fig. 11 shows the convergence of the MG solver and we can see optimal or sub-
optimal complexity for Method X-2X and Method 3X has worse convergence behavior
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Figure 11: Convergence rates for the MG solver for P! and P2 approximation for Example 6.1.
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Table 1: Accuracy test for the equation u;+uyyxy=0 at t=0.5, At=0.1Ax.

Method 3X Method X-2X
N | L?error order | L® error order | L?error order | L® error order
16 | 3.41E-02 - 6.59E-02 - 3.41E-02 - 6.60E-02 -
Pl | 32 | 731E-03 222 | 2.08E-02 1.66 | 7.31E-03 222 | 2.08E-02 1.66
64 | 1.74E-03 2.07 | 5.77E-03 1.85 | 1.74E-03 2.07 | 5.77E-03 1.85
128 | 4.29E-04 2.01 | 1.50E-03 194 | 429E-04 2.01 | 1.50E-03 194
16 | 2.78E-03 - 5.94E-03 - 2.78E-03 - 5.94E-03 -
P2 | 32 | 350E-04 299 | 790E-04 291 | 350E-04 299 | 7.90E-04 291
64 | 441E-05 299 | 1.00E-04 298 | 441E-05 299 | 1.00E-04 298
128 | 5.,51E-06 3.00 | 1.26E-05 299 | 5,51E-06 3.00 | 1.26E-05 2.99

Table 2: The percentage of CPU time for third order ARK method and explicit RK method.

N

16 32

64

128

CPU time (ARK)/CPU time (RK)

22.18% | 6.47%

1.92%

0.51%

i
a
=)

CPU time(s)
=
8

200

50

——a—— Method 3X
— —o— - Method X-2X

447

Figure 12: The CPU time changes with the cell number N of Method 3X and Method X-2X with P2 approxi-
mation for Example 6.1.

than Method X-2X. Thus, Method X-2X costs less CPU time, which agrees with the re-
sults in Fig. 12. What we should notice is that Method X-2X will require more memory
for high-dimensional problems. Table 2 shows the percentage of CPU time for third order
ARK method and explicit Runge-Kutta (RK) method and we have a conclusion that the
ARK method is more efficient than explicit methods.

Example 6.2. We show an accuracy test for the KdV equation

ut_3(u2)x+uxxx :0/

(6.2)
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Table 3: Accuracy test for the KdV equation ut—3(u2)x+uxxx:O at t=0.5 with Method 3X.

N | L?error order | L*® error order
64 | 2.86E-01 - 5.71E-01 -

Pl | 128 | 8.99E-02 1.67 | 1.99E-01 1.52
256 | 2.52E-02 1.83 | 6.06E-02 1.72
512 | 6.64E-03 1.92 | 1.61E-02 1.91
64 | 1.37E-01 - 3.21E-01 -

P2 | 128 | 2.07E-02 2.73 | 5.09E-02 2.66
256 | 2.66E-03 2.96 | 6.67E-03 2.93
512 | 3.35E-04 299 | 8.40E-04 299
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Figure 13: Convergence rates for the MG solver for Pl and P2 approximation for Example 6.2 with Method
3X.

with the initial condition u(x,0) = —2sech?(x). The exact solution is given by
u(x,t) = —2sech?(x —4t). (6.3)

The computational domain is given by [—20,22], and we use a periodic boundary con-
dition. The time step is taken as At =C m, where C is the CFL number of the
convection term associated with the stability of DG discretization. As to time discretiza-
tion, we apply the third order implicit-explicit ARK methods and the resulting systems
are solved by the MG method. We can see in Table 3 that the method with P* elements
gives (k+1)-th order of accuracy. To illustrate the sub-optimal complexity of the MG

solver, we present the convergence rates of the method in Fig. 13.

Example 6.3. We consider the linear equation

Utt+Urrxxx =0, (64)
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Table 4: Accuracy test for the equation u;+Uyyxxx=0 at t=0.5, At=0.1Ax.

Method 3X-2X Method X-2X-2X
N L2 error order | L® error order | L2 error order | L® error order
16 | 3.53E-01 - 4.99E-01 - 3.53E-01 - 4.99E-01 -

Pl | 32 | 7.02EB-02 232 | 1.07E-01 221 | 7.02E-02 232 | 1.07E-01 2.21
64 | 1.00E-02 280 | 1.63E-02 2.71 | 1.00E-02 280 | 1.63E-02 271
128 | 1.34E-03 290 | 2.38E-03 2.77 | 1.34E-03 290 | 2.38E-03 2.77
16 | 3.19E-01 - 4.54E-01 - 3.19E-01 - 4.54E-01 -

P2 | 32 | 6.18E-02 236 | 8.77E-02 237 | 6.18E-02 236 | 8.77E-02  2.37
64 | 8.73E-03 282 | 1.24E-02 282 | 873E-03 282 | 1.24E-02 282
128 | 1.12E-03 296 | 1.59E-03 296 | 1.12E-03 296 | 1.59E-03 2.96
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Figure 14: The CPU time changes with the cell number N of Method 3X-2X and Method X-2X-2X with P2
approximation for Example 6.3.

with an initial condition u(x,0) = sin(x)+sin(2x) and a periodic boundary condition in
=(0,27). The exact solution is given by u(x,t) =sin(x—t)+sin(2x—32t). The numerical
errors and orders of accuracy at time t=0.5 can be found in Table 4. We can see that the
method with P¥ elements gives a (k+1)-th order of accuracy. Method 5X is not conver-
gent, thus we consider Method 3X-2X and Method X-2X-2X. The convergence behavior of
the MG solver is shown in Fig. 15, which suggests that Method X-2X-2X converges faster
than Method 3X-2X. Thus, Method X-2X-2X costs less CPU time, which agrees with the
results in Fig. 14. What we should notice is that Method X-2X-2X will require more mem-
ory for high-dimensional problems.

Example 6.4. We show an accuracy test for the Kawahara equation

ut+uux+uxxx_uxxxxx:0/ (65)
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Figure 15: Convergence rates for the MG solver for P! and P2 approximation for Example 6.3.

with the exact solution

105 [ 1 36t
t)=—sech” | —=(x—— ) |. :
u(x,t) 169 5€¢ [Zm <x 169)] (6.6)

The computational domain is given by [—35,35], and we use a periodic boundary con-
dition. The time step is taken as At =C ﬁ’leo)‘, where C is the CFL number of the
convection term associated with the stability of DG discretization. We can see in Table
5 that the method with P* elements gives (k+1)-th order of accuracy. The convergence
rates of the MG solver for P! and P? approximation are shown in Fig. 16, which suggests

that the solver is of sub-optimal complexity.

Example 6.5. We consider the linear seventh-order equation

U+ Uyxxxxxx =0, (67)
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Table 5: Accuracy test for the Kawahara equation s+ utiy+Uyyx — Uxxxxx =0 at £ =1.0 with Method 3X-2X.

N | L?error order | L® error order
16 | 4.26E-01 - 3.49E-01 -

Pl | 32 | 1.30E-01 1.71 | 1.20E-01 1.54
64 | 343E-02 192 | 3.37E-02 1.83
128 | 8.69E-03 1.98 | 8.82E-03 1.93
16 | 2.52E-01 - 2.30E-01 -

P2 | 32 | 329E-02 294 | 3.19E-02 2.85
64 | 424E-03 296 | 442E-03 2.85
128 | 5.35E-04 299 | 5.73E-04 295
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Figure 16: Convergence rates for the MG solver for P! and P2 approximation for Example 6.4 with Method
3X-2X.

with an initial condition #(x,0) =sin(x) and a periodic boundary condition in Q= (0,27).
The exact solution is given by u(x,t) =sin(x+t). The L? and L* errors, and the numerical
order of accuracy at time t = 0.5 are presented in Table 6. We can see that the method
with Pk elements gives a (k+1)-th order of accuracy. The errors are comparable between
Method 3X-2X-2X and Method X-2X-2X-2X.

6.2 Two space dimension

We show the same information for two-dimensional problems as for one-dimensional
PDEs in Examples 6.6-6.8, to conclude that the MG solver is also efficient for two-
dimensional linear and nonlinear PDEs. But the MG solver shows poor convergence be-
havior, the reason is that the condition number of the discretization matrix is extremely
large because of the high stiffness of the LDG spatial discretization operator for high-
dimensional problems.
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Table 6: Accuracy test for the equation u;+Uyxxxrxx=0 at t=0.5, At=0.1Ax.

Method 3X-2X-2X Method X-2X-2X-2X
N L2 error order | L® error order | L2 error order | L® error order
16 | 3.18E-02 - 4.41E-02 - 3.18E-02 - 4.41E-02 -

Pl | 32 | 8.02E-03 199 | 1.11E-02 1.99 | 8.02E-03 1.99 | 1.11E-02 1.99
64 | 2.01E-03 2.00 | 2.80E-03 199 | 2.01E-03 200 | 2.80E-03 1.99
128 | 5.03E-04 2.00 | 7.01E-04 198 | 5.03E-04 2.00 | 7.01E-04 1.98
16 | 3.64E-03 - 5.77E-03 - 3.64E-03 - 5.77E-03 -
P2 | 32 | 457E-04 299 | 7.22E-04 3.00 | 457E-04 299 | 7.22E-04 3.00
64 | 5.72E-05 3.00 | 9.06E-05 299 | 5.72E-05 3.00 | 9.06E-05 299
128 | 7.18E-06 299 | 1.22E-05 2.89 | 7.15E-06 3.00 | 1.13E-05 3.00

Example 6.6. We consider the linear KdV equation
ut+uxxx+uyyy =0, (68)

with an initial condition u(x,y,0) =sin(x+y)+sin(2x+2y) and periodic boundary con-
ditions in Q)= (0,27t) x (0,277). The exact solution is given by u(x,y,t) =sin(x+y+2t)+
sin(2x+2y+16t). The L? and L™ errors, and the numerical order of accuracy at time t=0.5
are presented in Table 7. We can see that the method with P* elements gives a (k+1)-th
order of accuracy. The reduction in the norm of the residual per V-cycle iteration is shown
in Fig. 17, which suggests that the MG solver has sub-optimal complexity. Table 8 shows
the percentage of CPU time for third order ARK method and explicit Runge-Kutta (RK)
method and we can see that the ARK method is more efficient than explicit methods.

Table 7: Accuracy test for the equation ut+uxyx+uyyy =0 at t=0.5 with Method 3X, At=0.1Ax.

N | L?error order | L® error order
8 | 5.57E-01 - 8.55E-01 -

Pl | 16 | 1.56E-01 1.83 | 2.62E-01 1.70
32 | 261E-02 258 | 5.31E-02 2.30
64 | 4.44E-03 255 | 1.78E-02 1.57
8 | 2.27E-01 - 3.81E-01 -

P2 | 16 | 3.46E-02 2.71 | 6.40E-02 2.57
32 | 453E-03 294 | 9.16E-03 2.81
64 | 5.76E-04 297 | 1.20E-03 2.93

Table 8: The percentage of CPU time for third order ARK method and explicit RK method.

N 8 16 32 64
CPU time (ARK)/CPU time (RK) || 43.38% | 15.61% | 9.45% | 4.01%
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Figure 17: Convergence rates of MG solver for P! and P2 approximation for Example 6.6 with Method 3X.

Example 6.7. We show an accuracy test for the Zakharov-Kuznetsov (ZK) equation. The
steady progressive wave solutions of the ZK equation

Mt—|—1/l1/tx +8(uxxx+uyyx) :0, (6.9)
is of the form
u(x,y,t) =3csech? <O.5 \/g((x—ct)cosﬁ —|—ysin9)> , (6.10)

where 6 is an inclined angle with respect to the x-axis, ¢ =0.01, e =0.01, 6 =0. The
computational domain is given by [—25,25] x [—25,25|, and we use periodic boundary
conditions. We can see in Table 9 that the method with P¥ elements gives (k+1)-th order
of accuracy. The convergence rates of the MG solver is shown in Fig. 18, which suggests
the sub-optimal complexity.

Table 9: Accuracy test for the equation u;+4u11x+0.01(uyxx+uyyx) =0 at t=1.0 with Method 3X, At=0.1Ax.

N | L?error order | L® error order
32 | 1.84E-03 - 1.69E-03 -

Pl | 64 | 7.62E-04 1.28 | 1.08E-03 0.65
128 | 1.92E-04 198 | 3.01E-04 1.85
256 | 4.82E-05 1.99 | 7.73E-05 1.96
32 | 4.42E-04 - 4.99E-04 -

P2 | 64 | 5.87E-05 291 | 6.81E-05 2.87
128 | 7.08E-06 3.05 | 9.08E-06 291
256 | 8.92E-07 299 | 1.16E-06 2.96
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Figure 18: Convergence rates of MG solver for P! and P2 approximation for Example 6.7 with Method 3X.

Example 6.8. We consider the linear equation
Up+ Unxxxx T Uyyyyy =0, (6.11)

with an initial condition u(x,y,0) =sin(x+y) and periodic boundary conditions in Q)=
(0,277) x (0,271). The exact solution is given by u(x,y,t)=sin(x+y—2t). The L? and L er-
rors, and the numerical order of accuracy at time ¢ =0.5 are presented in Table 10. We can
see that the method with P¥ elements gives a (k+1)-th order of accuracy. From Fig. 19,
we can see the optimal or sub-optimal complexity of the MG solver for P! approxima-
tion. For P? approximation, the convergence of the method is worse, the reason is that
the condition number of the discretization matrix is extremely large because of the high
stiffness of the LDG spatial discretization operator.

Table 10: Accuracy test for the equation us+Uxxxxx+uyyyyy =0 at £=0.5 with Method 3X-2X, At=0.03Ax.

N | L?error order | L® error order
8 | 8.72E-02 - 1.23E-01 -

Pl | 16 | 2.47E-02 1.82 | 3.48E-02 1.82
32 | 6.50E-03 193 | 9.19E-03 192
64 | 1.66E-03 197 | 2.36E-03 1.96
8 | 1.32E-02 - 1.84E-02 -

P2 | 16 | 1.75E-03 2.92 | 2.47E-03  2.90
32 | 2.22E-04 298 | 3.16E-04 297
64 | 2.68E-05 3.05 | 3.95E-05 3.00
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Figure 19: Convergence rates of MG solver with damped Gauss-Seidel smoother for P! and P2 approximation
for Example 6.8 with Method 3X-2X.

6.3 Three space dimension

Example 6.9. We consider the linear KdV equation
ut+uxxx+uyyy+uzzz =0, (6.12)

with an initial condition u(x,y,z,0) =sin(x+y-+z)+sin(2x+2y+2z) and periodic bound-
ary conditions in Q= (0,277) x (0,277) x (0,277). The exact solution is given by u(x,y,z,t) =
sin(x+y+z+3t)+sin(2x+2y+2z+24t). The L? and L™ errors, and the numerical order
of accuracy at time t = 0.5 are presented in Table 11. We can see that the method with P*
elements gives a (k+1)-th order of accuracy. The convergence rates of the MG solver is
shown in Fig. 20, which shows sub-optimal complexity for 2 approximation. The con-
vergence behavior for P2 approximation is poor because of the high stiffness of the LDG
spatial discretization operator for high-dimensional problems.

Table 11: Accuracy test for the equation us+uxyx+uyyy+Uzzz=0 at t=0.5 with Method 3X, At=0.03Ax.

N | L?error order | L® error order
8 | 9.81E-01 - 1.68E+00 -

Pl | 16 | 3.81E-01 136 | 6.79E-01 1.31
32 | 9.60E-02 198 | 1.69E-01  2.00
64 | 2.89E-02 1.73 | 494E-02 1.77
8 | 6.00E-01 - 1.02E+00 -

P2 | 16 | 1.51E-01 1.99 | 2.43E-01 2.07
32 | 2.25E-02 275 | 3.54E-02 2.78
64 | 292E-03 295 | 461E-03 294
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Figure 20: Convergence rates of MG solver for P! and P2 approximation for Example 6.9 with Method 3X.

7 Concluding remarks

In this paper, we have applied the MG solver to the system of algebraic equations arising
from the LDG spatial discretization and ARK time marching method for the KdV type
equations containing third- and fifth-order derivatives. The MG method and the ARK
time marching method are also efficient for the general odd-order linear PDEs. Numeri-
cal examples are performed to verify that the ARK method is efficient in discretizing the
LDG schemes in time, allowing time steps At=0O(Ax) rather than the much more restric-
tive At = O(AxF) of explicit time discretizations for k-th order PDEs. The convergence
of the MG algorithm is studied numerically by the local mode analysis. Numerical ex-
periments for one-dimensional, two-dimensional and three-dimensional cases are given
to illustrate the accuracy and capability of the LDG method coupled with the multigrid
method.

The optimal or sub-optimal complexity of the MG solver for P! and P? approxima-
tion are numerically shown. For P? approximation, we see the convergence of the MG
solver is not always good. The main possible reason is that the condition number of the
discretization matrix is extremely large for high order spatial discretization. Therefore,
it is necessary to introduce a preconditioner such that the discretization matrix is well
conditioned. We leave this topic to our future work. Also, in this paper, we mainly focus
on the numerical investigation, theoretical analysis is left to our future work.
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