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Abstract

Let [E be a quadratic algebra over a number field F. Let £(g, 5) be an Eisenstein series on
GL,(E), and let F be a cuspidal automorphic form on GL,(F). We will consider in this
paper the following automorphic integral:

F(9)E(g, s)dg.
ZyGLy(P\GLa(AF)

This is in some sense the complementary case to the well-known Rankin-Selberg
integral and the triple product formula. We will approach this integral by Waldspurger’s
formula, giving a criterion about when the integral is automatically zero, and otherwise
the L-functions it represents. We will also calculate the local integrals at some ramified
places, where the level of the ramification can be arbitrarily large.

1 Background
In this paper we are interested in the cuspidal part of an Eisenstein series restricted to
an index 2 subfield. More specifically, let E be a quadratic algebra over a number field
F. Let F be a cusp form of a cuspidal automorphic representation 7 on GL3(Ap). Let
E(g s) be an Eisenstein series over [, defined from two characters x; and x2 over E*.
(see (2.4) for more details of the definition) It is well-known that such Eisenstein series is
in the continuous spectrum for L?(GLy(E)\GLy(Ag)). Its integral against a cusp form on
GLy(Ag) will simply be zero.

But we are interested in the spectral decomposition of E(g s) when we restrict it to
GL2(Ay). In particular we consider the following integral:

(E Es) = / F(g)E(g s)dg. (1.1)
ZpGLa(F)\GL2 (AR)

This integral is not necessarily zero. We would like to see when this integral is automati-
cally zero and otherwise how I(E, F, s) depends on s.

In addition to its own interest, this automorphic integral is in some sense the com-
plementary case to the well-known Rankin—Selberg integral and triple product formula.
It’s also a special case of the automorphic integral related to arithmetic height pairing on
certain Shimura varieties according to the main theorem in the work of Bruinier, Kudla
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and Yang in [4]. The work in this paper may shed some light on how to understand that
integral in general.

Let w,; denote the central character of 7. To avoid triviality, we will assume throughout
this paper that

wr - (X1x2)laz = 1. (1.2)

Under this assumption, we will relate I(E, F, s) to certain L-functions and special values
of L-functions. This is not surprising as we have already seen many examples relating

automophic integrals and L-functions.

1.1 Automorphic integrals and L-functions

Integral is an important tool to study L-functions, as in the earliest example of the integral
representation for the Riemann zeta function. It is used to show, for example, the func-
tional equation and the analytic continuation of the L- functions. Tate in his thesis gave
the first adelic version of the story. (see [2] as a reference). Let u be a Hecke character on
Af and f € S(Ay) be a Schwartz function. Tate showed that the integral

/ F@u@ald (L3)
he

represents the L-function of the Hecke character L(u, s). His work provided the basic
idea to relate the automorphic integrals with the L-functions in general: write the auto-
morphic integral as a product of local integrals, then identify the local integrals with the
corresponding local L-factors for unramified places. The local integral at ramified places
could be different from expectation. It depends on, for example, the choice of the Schwartz
functions. Thus the global integral could differ from the L-function by factors at the set
of ramified places, which is finite.
We introduce here two more examples which are similar to (1.1).

1.1.1 Rankin-Selberg integral

Let F; be cusp forms over F, coming from automorphic cupidal representations m; for
i = 1,2. Let E(g s) be the Eisenstein series over [ (not over E) associated to two Hecke
characters x; and x2 of Aj. Then the integral

F1(g)F2(g)E(g s)dg (1.4)
ZpGLy(F)\GLa(AF)

represents (see for example [2])
L(my X 72, X1, 5).

If we specify x; to be the trivial character, then we get the standard Rankin—Selberg
L-function L(mr; x my,s). The Rankin—Selberg method can be applied to more general
reductive groups. For a survey on this subject, see for example [3].

1.1.2 Triple product formula

Let B be a quaternion algebra. Let 7; for i = 1, 2, 3 be three irreducible unitary cuspidal
automorphic representations of B*. Let F; € m; be cusp forms for i = 1, 2, 3. Let 1 denote
1 @ oy ® 73 in this subsection. Consider the integral
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| BeB@REd (15)
ZpB*(F)\B*(A)
This integral gives an element of Hompx(4)(IT, C), which is at most one dimensional.
Prasad in his thesis [20] gave a criterion in terms of local epsilon factors for the local
component of Hompx(4)(I1, C) to be nonzero. Jacquet then conjectured that the central

value
L(m ® 2 @ 13, 1/2) (1.6)

of the triple product L-function does not vanish if and only if there exists a quaternion
algebra B and the corresponding F;’s such that (1.5) does not vanish. This conjecture
was first proved by Harris and Kudla in [10,11] using an integral representation of triple
product L-function (see [6,18]) and the regularized Siegel-Weil formula (see [17]). Later
on, more explicit formulae relating (1.5) and (1.6) were given in [1,8,25] for some special
cases. Ichino then generalized the above results in [14], where he considered IT as an
irreducible unitary cuspidal automorphic representations over an étale cubic algebra K
(this in particular includes the case I1 = 71 ® 72 ® 73 when K is just F @ F @ F). He
showed that a pairing of integral (1.5)

| mereBed [ ReRERe
ZpB*(F)\B*(4) ZpB*(F)\B*(A)
represents
L(I1,1/2)
L(T1, Ad, 1)

1.1.3 Comparison

Now we compare the integrals (1.1), (1.4) and (1.5). For simplicity, let B be the matrix
algebra for (1.5). We first consider the case when E = F @ F for (1.1), so the Eisenstein
series there is a product of two Eisenstein series over F. Then (1.1), (1.4) and (1.5) give
a complete list of integrals of possible products of three automorphic forms, either cusp
form or Eisenstein series, over Z, GLy(IF)\GLy(Ag).

In general for the Rankin—Selberg integral, we can start with a cusp form defined over a
quadratic algebra E, restrict it to the base field and integrate it against an Eisenstein series
over F. When E is a quadratic field extension, the integral represents Asai L-function([16]).
Similarly for the triple product formula, we can start with a cusp form defined over an
étale cubic algebra K, and integrate it over the diagonal Z, GL,(F)\GL2(Ar). So we have

the following table:
Degree of the algebra that Degree of the algebra that L-functions represented
the cusp form is defined over the Eisenstein series is

defined over
3 No Eisenstein series Triple product L-function
2 1 Rankin-Selberg L-function

or Asai L-function
1 2 To be solved in this paper
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Note that we need at least one cusp form to guarantee convergence. So our work on (1.1)
is a complementary case to the Rankin—Selberg integral and the triple product formula.

Despite their similarity, we won’t follow, for example, Ichino’s method directly, as cusp
forms and Eisenstein series are somewhat different in nature. It turns out that our integral
is more closely related to Waldspurger’s period integral (see Sect. 2.4 for its definition and
properties).

1.2 Main results and organization
If we write E = F(v/D), then we can embed E into the matrix algebra by
a b
t:a+ﬁ¢5k>@w ﬂ), 1.7)
Let n be a quadratic character associated to the quadratic extension E/F. Recall that the
Eisenstein series E(g s) is associated to two characters xi1, x2. For t € E*, define the
character Q2 such that

Q1) = x1(@®)xa(0). (1.8)
Define
=X
X2
Let IT be the base change of 7 to E in this subsection.

(1.9

The first goal of this paper is to prove the following theorem:

Theorem 1.1 (1) [fHomAE:(n RRC)=00r LI ®R,1/2) =0, then I(E,F,s) = 0.
(2) Otherwise, we can fix Fy € & such that
c= [ Awe w40
ZAEX\AL
It is independent of s and

C-I(EEs) _ QLM ® 2, 1/2)L(w @ x1lp+ 28+ 1/2) H]P)O
(FL, F) 2L(rw, Ad, 1)L(x, 2s + 1) L

(1.10)

Here local integral IP’? is given as in (4.20).
The second goal of this paper is to work out the local integrals PO at some ramified
places when the global integral is not trivially zero.

Remark 1.2 Using Waldspurger’s result, one can at least determine |C| once we specify
the choices of Fi, F. It may seem that one still cannot get an explicit formula even if we
compute PY explicitly. However one can divide this formula by Waldspurger’s formula
(see Theorem 2.22 and Corollary 2.24) and get

I(E E,s) L ® xales 25 +1/2) H P9
= _0.
/ F(O)Qt)de L(x,2s + 1) P

ZAEF\AL

(1.11)

Here P? is as in (2.32). Now explicit results on the local integrals P0 and P will allow us
to compare our period integrals [(E, F, s) with Waldspurger’s period integral

F(t)2(t)dt

ZAEF\AL
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explicitly. This will be used in our future work on span of restriction of Hecke Eisenstein
series with levels. (1.11) also allows us to see the main L-functions more clearly.

We will mostly discuss the disjoint ramifications, where the test vectors are chosen to
be Gross—Prasad test vectors. But we will also consider a case (Case 5 in Sect. 5) where
there are joint ramifications. As a result, locally Homgx (7 ® ©, C) # 0 in this case and
the local new form is a proper test vector. We shall also compute the archimedean place
for a special situation in Sect. 6. As a very special result from these local calculations, we
have

Corollary 1.3 Let E = Q(v/D) be a real quadratic extension of Q for a square-free integer
D. Let N = prcﬁ > 0 be an integer such that for any p|N, p is inert in E. Let F € w
Fy € 7t be anti-holomorphic cuspidal new forms of weight —2k. Let E be a holomorphic new
Eisenstein series of parallel weight (kk), defined by two characters x1 xo2. Suppose that 7,
its central character wy, x1, x1lq all have finite conductor N and x has finite conductor

1. Then
C-I(E E 2)L(IT® 2,1/2)L w*, 2 1/2
(EEs) _ ¢QLIT® R 1/2)L(m ® X1l 25 + /)IP’OOHIP’O» (1.12)
(F1, F) 2L(m, Ad, 1)L(x, 2s + 1) ot
where
4 1
P = T -
2k — 1 (1 + D)k
0 1

P .
P p+ )Y (VD)

Here x1, is the p-component of the Hecke character x1.

We refer the readers to Case 5 in Sect. 5 for specific choice of local component of the
Eisenstein series in this result. Note that the L-functions here are the standard L-functions
(not completed). We have also used the relation between the Tamagawa measure and the
measure we shall use for local computations (see (2.7)). The condition about the finite
conductor is just to make sure that only Case 5 show up in ramifications. The period
integral C also depends on the choice of D, which decides the embedding of E into the
matrix algebra.

The tools developed in the local calculation of this paper turns out to be useful for
other automorphic integrals. In particular it facilitates the study of the local integral for
triple product formula which has direct arithmetic applications to subconvexity bound
and equidistribution problems. See [12] and [13] for more details.

The arrangement of this paper is as follows: Sect. 2 will cover some basic definitions,
facts and well-known theories. In particular we will review the Weil representations (fol-
lowing [24]), Shimizu’s lifting (see [21]). We will also discuss some special elements
in the Weil representation and their properties. In Sect. 2.4 we will review Gross and
Prasad’s test vector, and also two formulations of Waldspurger’s formula, one in terms
of Shimizu’s lifting which we shall use most of time, the other one in terms of matrix
coefficient.

In Sect. 3, we will use the standard technique of folding and unfolding to rewrite I(E, E, s)

as
®4(700) / Fltg)Qt)d dg (1.13)

AE\GLa(A) ZAEA\AL
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This is actually a weighted integral of Waldspurger’s period integral. As a corollary,

HomAE(n ®RQ2C)=0

= [(E, F,5) =0,
or L(IT®KX,1/2) =0

which is part (1) of Theorem 1.1. When this doesn’t happen, we can pair (1.13) with a
fixed period integral and apply Waldspurger’s formula in Theorem 2.22. The simplifying
observation is that the weighted integral can be combined with the inner integral of
Waldspurger’s formula. This leads us to the main identity of Theorem 1.1. It can be
formulated in terms of Shimizu lifting or matrix coefficient.

In Sect. 4, we will compute the local integral arising from Sect. 3 for unramified places,
i.e. when locally m, is unramified, E,/F, is either inert or split, and ®; is unramified
(which in turn implies that x;,, and xg, are unramified). We will see in Proposition 4.5
and Proposition 4.6 that the local integral gives the expected L-factors and P0 = 1 for
unramified places. The work in Sects. 3 and 4 completes the proof of Theorem 1.1.

In Sect. 5, we will do local computations for other non-archimedean places. We will
specify certain patterns of ramifications, but the levels of the ramification for 7, and ®g,
can be arbitrary. We will also make sure that the local components of F; and F are either
Gross and Prasad’s test vectors or local new forms, and keep the calculations easier at the
possible cost of using somewhat complicated choice of ®;.

In Sect. 6, we compute the local integral at real places for the special setting as in
Corollary 1.3.

In Appendix we will prove Proposition A.1 which gives better description of the Kirillov
model of a supercuspidal representation. This proposition is a key ingredient in the local
calculation in Sect. 5.3. It is also important in the local calculations of the triple product
formula in [12] and [13].

2 Notations and preliminary results
2.1 Definitions and basic facts
Let F denote a number field. Let & be an automorphic cuspidal representation of GL;
over [F with the central character w,. Let B be a quaternion algebra over I, and E/F be
a quadratic algebra which is embedded in B. Let Ay and Ag be the corresponding adelic
rings of F and . Without loss of generality we can write E as F(+/D) for D € [F an algebraic
integer. (If E ~ F @ F, just take D = 1.)

In this paper we will be mostly interested in the case when B is the matrix algebra. In
that case, we fix the embedding E < B as follows:

t=a+bVD (b&ll) z) 2.1)

Note that the quadratic norm is consistent with the determinant of matrices for this

embedding.
Let x1 and x2 be two Hecke characters on E*\ A}, such that
wr - (x1x2)laz =1L (2.2)
Define
y =X (2.3)

X2
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Let @, be a section of the induced representation InafgL2 (X1, x2 8), where B is the Borel
subgroup of GL3. So ®; satisfies

s+1/2

;(g)

4a

D ((’z1 :Z)g) = x1(a1) x2(a2) Z

for all (“1 ”) € B(Ag) and g € GLy(Ag).
0 a)

2 AR

Let
Egs)= > Olyg (2.4)
v €B(E)\GL2(E)
be the associated Eisenstein series.

Let I, be the corresponding local field of F at a place v. Let K, denote the standard
maximal compact subgroup of GLy(F,), and

K = HKV. (2.5)

We will call an element of a local representation spherical if it is invariant under K, . For
unramified representations, there is a unique up to constant spherical element.

When v is a finite place, let @, denote a uniformizer of IF',. Let Of be the ring of integers
of the local field IF,,, and Of be the ring of integers for E,. Let v(x) denote the valuation of
x € F}. Let g~ ! = |@,|,. For an integer ¢ > 0, define:

Ki(w®) = [k ek, k= (Z 1*) mod (mf)]. (2.6)

Similarly denote by Ko(w ) for those congruent to (: *) mod () and I(ll(zzrlf) for
*

1 %
those congruent to 0 1 mod ().

We shall pick the Haar measure dg on Z, GLy(IF)\GL2(Ap) to be the Tamagawa measure.
For simplicity we shall pick the Haar measure dg, at non-archimedean places to be such
that the volume of K, is 1, and the Haar measure at real places to be

1 dadmdo
2 a?
where we write

R*\GL,(R) = H(z ”11) la e R m e R] K

for K = SO(2). Then

dg = || 2) [ ] dev 2.7)

Now we describe the integrals on GLy(IF,) when v is finite. These results are easy and
probably known by experts.

Lemma 2.1 For every positive integer c,

GLy(F,) = [] B(wlvi (1))1<1(w5),

0<i<c
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Normalize the Haar measure on GLy(IF,) such that K, has volume 1. Then we have the
following:

Lemma 2.2 Locally letf be a K\ (w)-invariant function, on which the center acts trivially.

Then
/ f@dg= > A / f(b(;i (1)))db. (2.8)

F{\GLa(F,) 0<iz¢ pr\B(F,)
Here db is the left Haar measure on F5\B(F,), and

q 1 q—

Ag= ——, =——— and Aj=-——
T g+ T g gt T @+

for 0<i<c

Proof For 0 < j < c, let f; be the characteristic function of Ko(w/). fy is just the charac-
teristic function of K. Clearly they are all right-invariant under Kj(z¢). The integral of
these functions just give the volume of these compact subgroups. Suppose that the Haar

measure on GL; are so normalized that the volumes of K and B(Or) = BN K are 1. The

Jy 1
volume of Ko(w/) is qi)g T

by the right hand side of (2.8).
1 0 1, ifbeB(Or)and j<i;
sil b i = .
o' 1 0, otherwise.

1

1 0
arvg = | fed- ZAi/ﬁ(’ﬂ(a—ﬂ' 1))db= 24

g€GLy Osizc  4ep Jsize

for j > 0. On the other hand, we can evaluate the integral

So

for 0 <j < c¢. Whenj = 0, we get

1= ZAL'.

0<i<c
Then it’s easy to see that the values of the coefficients A; in the lemma are the only choice.

O

We also record here some easy results about integrals for additive and multiplicative
characters.

Lemma 2.3 Let v, be an unramified additive character at v. Then

0, ifj <—1;
/ Yy(m)dm = 1 -1, ifj = —1; (2.9)
vim)=j q/(l—q"), ifj=o0.

Lemma 2.4 Suppose that  is a character of level k > 0 on F?. Then
0, ifi<k—1;
/ w1+ o'x)de = § —g71, ifi=k—1; (2.10)

x€0p 1-q7} ifi > k.
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2.2 The Weil representation
The Weil representation can be defined for more general reductive group pairs, but we
will focus on the following setting as in [24]:

Fix ¥ a nontrivial additive character of IF. Let B be a quaternion algebra over F with
¢ : % > % being the main involution. We can define the reduced norm on B via

Qx) = x t(x).

We will focus on the case when B is the matrix algebra M (F) later on. Denote by GO(IB)
the orthogonal similitude group of B, with the similitude character v. An element (g1, g2)
in B* x B* acts on B via (g1, g2) - % = g1x g, 1. This actually give us a short exact sequence

1— F* — (B* x B*) x {1,¢} - GO(B) — 1. (2.11)

Here F* is embedded into the group in the middle by x — (x, x) % 1. ¢ acts on B* x B* by
(g1, &) = ((g2)7L tg1)™h). We will simply write (g1, g2) for (g1, g2) X 1 when considered
as an element of GO(B).

Definition 2.5 The Weil representation for the similitude group pair GL; x GO(B) on
the space of Schwartz functions S(B x F*) is defined as follows: for f(x, ) € S(B x F*),
a,§ elF*, g el g e GO),

@ r (((1) f))f(x, u) = Y, (BQ))f (%, u),

(i) ~ (( 0 1))f<x, W) = y W dl [ w¥ul(< %y >)dy,
B

-1 0
(iii) 7~/ ((g aol))f(x, u) = |a|*f (ax, u),
(i) 7 (((1) g))f(x, W) = 181" f (3 5w,

W) " @)f wu) =f(g ! x uv(g)).

Here y[¥4 q] equal to 1 if B is the matrix algebra and —1 is B is a division algebra.
V) = ¥ (ux). (%) = Qlx +y) — Qx) — Q(y) in (ii).

Remark 2.6 For (g1, 22) € GO(B), we have v(g1, g2) = Q(g1)Q(g2) "%, and

r" (gL @)f (6 u) = f (g7 " xg2, uQ(g1)Q(g2) ™). (2.12)

Also by combining (iii) and (iv), we can get

r ((Z ?))f(x, u) = |a|f (ax, o Lu). (2.13)

We will use these simple facts later.

2.2.1 Special elements in the Weil representation
For a finite place v, now we specify B, = My(F,). We will discuss explicitly some special
elements in the Weil representation S(M(IF,) x IF}) as given above.
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According to (v) of Definition 2.5,

Y'(,g)f (e u)=f (xg, é) .

We will say a Schwartz function is invariant under the right action of (or just right-
invariant), for example, Ky (zf), if (1, g)f (x, u) = f (x, u) for all g € Ky (wf).

0 1
Denote by w the matrix o) Assume that the local additive character ¥, is

unramified. Let x = on ,y = norn € M»(F,). By definition,
X3 X4 Y3 Ya

Q(x) = detx = x1x4 — Xxox3,
and
(% y) = x1ya + xay1 — x2y3 — X3)2.
So
) = [ Wty + 21— a2y — 52920 0y ) (2.14)

Lemma 2.7 Let f = char ((SF gF)) (x) x char(O})(u) € S(Mx(F,) x F}). It is
F F

invariant by K, under both the right action and the Weil representation r'.

Proof One can check directly. ]

Remark 2.8 For the conciseness of notations, later on we will simply write, for example,

Or O
f = char ((OI; Oi)) x char(O%) for functions in S(M>(IF,) x F}).

Of Of
waF OF

Lemma 2.9 Letf = char (( )) x char(O%}), for integer ¢ > 0.

(i) It is invariant by Ky (o) under both the right action and the Weil representation.
(i) ForneF}with0 <v(n)=j <g

/ 1 0 j— C F wl]/ COF —1
— 4 ¢ . —
r ((ﬂ 1))f(x, u) = ¢~ “char (( j )) Yry(—uxoxsn™")

x char(OF). (2.15)
This function is still right Ki(w)-invariant.

Proof We will prove the formula in (ii) directly. The rest are easy to check. Note that

1 1 -
o) - - ")w. Then by definition
n 1 0 1
o) 0
r'(0)f (x, u) = g~ char U IR | B char(O}),
Or Or

r (((1) _1n) w)f (o, u) = q “char ((8§ wV;FOF))%(—un dety)

x char(O}).
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Of ZD';CO

Note that ¥, (—un det y) = ¥, (unyyys) fory € E). For another action of w,

F Or
the integral in y17y4 is very easy. Now we focus on the following integral:

g / /%(uyg(nyz—xz)m(—uxsyz)dygdyz

yo€w, ‘Of ¥3€0F

Let xy be fixed. For the integral in y3 to be non-zero, we need y, € nlxy + zzr,,_j OF as
v(n) = j. Then the integral becomes

q° / Yo (—ux3y2)dyo.

yr€my COpNnLxy+a,’ Op

Note that @, /O C @, ‘Of. The domain of the integral is not empty iff x; € wi_COp.
In that case, the integral becomes

q / Yy (—uxsys)dys = @Y, (—uxgxsn™) if x3 € w)OF.

yoen—lay+w,” Op

1 —=m . Or ZU{/;COF _
So we get | w o) = g Cchar . —uxoxsn~ 1) x
o0 7)) - (5 o

char(O%). Then just note that the action of —1 will not change this function. o

Now we consider a slightly different type of Schwartz functions.

b ‘O (0)
Lemma 2.10 Let by, by € Of and c be an integer. Definef = char L+ @, OF F
by + ZHVCOF Or

x char(OF).

(i) fisK ll(wlf)—invarizmt under the Weil representation r' and the right action.
(i) ForneF;with0 <v(n)=j <g

4 j jc
r 1o f = qz(l—c)char byt w;OF w‘;,COF
n 1 by + w,Or w, Of
Xy (un™ (x1 — b1)xa — x2(x3 — b2)])char(O}). (2.16)

This function is still right K. (w¢)-invariant.
Proof Similar to the proof in the last lemma. ]

b ‘O 0]
Remark 2.11 If f = char 1@y OF g
by+ @O Or

)) x char(B + w{OF) with g €
(Or/@{OF)*, one has a similar result.

2.3 Shimizu’s lifting

Now we review briefly Shimizu’s lifting (see [21] for more details). For the dual group
pair GLy x GO(B), we can use the Theta lifting to give an automorphic representation
of GO(B) corresponding to a given automorphic representation 7’ of GLy. One can lift

this representation further by the exact sequence (2.11) to an automorphic representation
O(rr') for B* x B*.
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In particular, let f € S(B(A) x A}) be an element of the Weil representation defined
above, g1, g € B*(A), ¢ € 7’ be a cusp form, and / € GLy(Ag). The theta kernel is

0fhgng)= D, rr'g,e)fxu). (2.17)

x€B(F),uck*

The global Theta lifting is

0% 00 g1, 92) = / DO 1, g1, g2)dh (2.18)
GLy(F)\GL2(AF)

The integral is absolutely convergent since ¢ is a cusp form. Then ©(x’) is just the
collection of all such 6(f, ¢, g1, g2) for all possible ¢ € 7’ and f € S(B(A) x Af).

Theorem 2.12 (Shimizu’s lifting) Let ' be a cuspidal automorphic representation of
GL;.

(i) Ifm’ doesn’t appear in the image of Jacquet—Langlands correspondence, then ©(n’) =

0.
(ii) Otherwise, let o be an automorphic representation of B* such that JL(o) = n'. Then
Orn)=0Q®6.

Remark 2.13 In particular this theorem applies to the case when B is the matrix algebra.
In this case, B¥ ~ GLy and ¢ ~ n’.

2.4 Period integral, test vectors and Waldspurger's formula

2.4.1 Waldspurger’s period integral

Let F; be an element of o, which is an automorphic representation of B* with the central
characters w,. Let Q2 be a Hecke character over the quadratic algebra [E such that Q| AL =
Wwe. Waldspurger studied in [24] the following period integral

/ F@®)Q  (¢)dt. (2.19)

ZAE*\AL

This period integral actually gives an element in Homx (o ® Q7L C). But it’s not
necessary that this space is non-zero.

Now we discuss the local obstruction for this integral to be nonzero. We first need some
definitions.

The Hasse invariant €(B,) of a local quaternion algebra B, is defined to be 1 if B, ~
M, (F,), and —1 ifit’s a division algebra. Let 7’ be the image of o under Jacquet—Langlands
correspondence. Then one can define the local root number e(%, My, ®@Q, 1) where I,
isthe base change of 7/, to IE, .. In general the local root number would depend on the chosen
additive character v,. The condition | AL = Wo will guarantee that this local root number
is independent of v, and only takes values +1. See [23].

The following theorem is due to Tunnell and Saito ([22,23]).

Theorem 2.14 The space Homg: (0, ® Q2 L C) is at most one-dimensional. It is nonzero
if and only if

€ G My, ® szf) = Q H(~1)e(B,). (2.20)
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Example 2.15 Suppose that Q, is unramified and B, >~ M»(F,). So =, = JL(0y) =~ oy. Let
n(r)) denote the level of r). If E, is split over IF,, then e(%, M, ® 2, 1) is always 1, and
Homp: (m, ® Qv_l, C) is non-zero. If E, is inert over IF,, e(%, My, ® Qv_l) = lifand only
if n(mr)) is even. As a result, Homg; (7, ® Q; 1 C) is non-zero if and only if n(x)) is even

(see [7] Proposition 6.3.).

2.4.2 Gross and Prasad’s test vector
If Homg: (o, ® 1.C) is non-zero for a non-archimedean place, let / be a non-zero
element of it. Gross and Prasad in [9] gave a choice of test vector Fj,, € o, such that
I(F1) # 0, under the hypothesis that either 7} or €, is unramified. This hypothesis
implies that the central character is always unramified.

We first assume that €2, is unramified. On B, we have a Trace map defined to be

Tr(a) = o + t(a),

where ¢ is the main involution on B,. An order R of B, is defined to be a subring of B,
containing Or which is a free Or-module of rank 4 (equivalently, R®o, I, = B,). Its dual
is defined to be

Rt ={B € B,|Tr(aB) € Of foralla € R}.
Recall ¢ = |, |~!. Define the reduced discriminant d(R) of R to be the integer such that
BR/R) = ¢*®.

See [7] for more details.
Let R, be an order of reduced discriminant ¢ = n(x,) which contains O under the
embedding E, — B,. It is unique up to conjugacy by E¥. Let R} denote its units.

Proposition 2.16 Assume that Q, is unramified and B, >~ My(F,). If n(n]) > 2, further
assume that E, /I, is unramified.

When Homg: (77, ® Q, 1, C) # 0, let | be a non-trivial element of it. Let F, € 7, be the
unique (up to constant) element fixed by R;. Then I(F,) # 0.

Remark 2.17 Proposition 2.16 has statements on the other side of the Jacquet—Langlands
correspondence when e(%, My, ®Q,1) = —Qv_l(—l). But we won’t record them here as

we don’t need them.

Example 2.18 Suppose that B, >~ M;(F,). Suppose that E, /F, is inert and can be written
as F,(v/D). Recall that E, can be embedded into M (F,) via

a b
bvD .
@t i (bD a)

By Example 2.15, 7, > o, should be of even level ¢ = 2k. Then we can choose

k b k
Re=1[ AT OF PEmOR) L D e ogl (2.21)
bD +w,0r a+ @, OF

Example 2.19 When E, /F, is split, B, must be the matrix algebra and 7, >~ o,. Suppose
that 2 is a unit for the local field. For a split place, fix an element /D € F, such that
«/52 = D. One can easily check that
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1 - \"(a B\[(1 =2\ [a+bsD 0
(5 ) (o s )07 2 te) e

We can pick

-1
1 —L 1 L
R, = B % O D) . (2.23)
VD 1 wiOr Or J\VD 1
The element fixed by R} is just the image of the new form under the action of

(5 )

Now we assume that 77, is unramified and €, is ramified of level c. This already implies
that B, ~ M, (F,) and =} is an unramified principal series. Let O, = O + w{Of. Let
R be a maximal order in M (F,) which optimally contains the order O,. This just means
that R is maximal and RN E, = O,. Such maximal order is unique up to conjugacy by E¥.
Similarly we have the following result:

Proposition 2.20 Assume that ), is unramified and Q, is ramified of level c.
When Homg; (), ® 2,1, C) # 0, let | be a non-trivial element of it. Let F, € 7, be the
unique (up to constant) element fixed by R*. Then [(F,) # 0.

Example 2.21 Suppose that E, /F,, is inert, v(D) = 0 and B, >~ M>(IF,). Then we can pick

R— Or @ OF
N wv_COp Or '

2.4.3 Waldspurger's formula
Denote by A the modulus function for GLy such that

(5 7))

Theorem 2.22 (Waldspurger’s formula) Let Fy € o, Fy € 6. Let ¢ € 7’ such that
0(f, ¢, g1, &2) = F1(g1)Fa(g2) under the Shimizu lifting. Let Q be a Hecke character of E*
such that Qg = Wo. Then

a |2

az

/ Fi(tig)Q (t)dt / Fo(t2g2)Q2(t2)dt
ZpER\AY ZpER\AY

—10 ) [ [ mam T ) 6 QO RA: dhl s
NpZp\GLy(A) Ag

= LMy ® @7, 1/2) [ [ Po(fir 2, 1/2), (2.24)

veS

where W, is the Whittaker function corresponding to ¢ with respect to ¥~ (x) = ¥ (—x).
n is the quadratic Hecke character associated to E/F. S is the finite set of ramified places.
Py(fy, 2y, w) is defined as
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Lv(’]v: w+ 1/2)
LT, ® QY w/2 4 1/4)

X / / W, () AR 27 () (g1, g2)f (& Q) )(t)dt dh.

NZ\GLy(F,) E}

PO(ﬁ/; QV} W) =

(2.25)

One result of Waldspurger’s formula is the following:
Corollary 2.23 There exists F € o such that
F)Q ' (t)dt # 0,
ZpE*\A%
if and only if Homy: (0 ® QLC)#0and (M, @ Q71,1/2) #0.
Waldspurger further considered the integral

B(f,, s) = / / W, () Ay 17 ()f (o, 5~ wo (x)d*x . (2.26)
NZ\GLay(F,) F}

He found that there exists a bilinear pairing between o, and its dual, such that

B(fy, 1) = (Fiu Fo). (2.27)
And at unramified places,
L(m, Ad, s)
B(f,,s) = ———— 2.28
(firs) [2s) (2.28)
The global pairing can be written as
(Fy, F) = / F1(g)F>(g)dg = / 0 hggw, (@dg  (2.29)
B (F)Z(A)\B*(A) B*(F)Z(A)\B*(A)
For the local pairings defined above, we have the following formula
2L(w, Ad, 1)
(F, Fy) = =T B, 1), (2.30)
(@ L
where BY(f,, 1) = =& B(f,, 1).

Now the point is that when the local integral in Theorem 2.22 is absolutely convergent,
it can be rewritten as

Py Sy w) = / (Frw 6(€)F2) 2 (e)de.
FI\E}

By combining Theorem 2.22 with (2.30), one can get
Corollary 2.24 For notations as in Theorem 2.22, we have

fZAE*\Af‘E Fi(tig)Q~ M (t)dt fZAJE*\Af‘E F(t282)2(t2)dts

(Fl; F2)
¢QL(My ® 271, 1/2) 0
= P, 2.31
2L(w, Ad, 1) HV v ( )
where
0 L(z,Ad, 1)L, (n,, 1) th\E;ﬂ <Uv(<gl,v)F1,v: 6'v(eg2,v)F2,v>Qv(e)de (2.32)
» . .

@)Ly, ® 27,1/2) (F1v, Fyy)
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Note that the local terms on the right-hand side are now independent of the normal-
ization of local pairings. So instead of the local pairing defined by (2.27), one can use
whichever local pairing that facilitates computations. The local integral is essentially an
integral of matrix coefficients.

3 Global analysis
In this paper we are interested in the following automorphic integral:

I(E Es) = / F(g)E(g s)dg (3.1)
ZpGLa(F)\GL2(AR)

where F is an automorphic cusp form over F and E(g, s) is an Eisenstein series defined
over a quadratic algebra E as in (2.4). We write E = F(+/D) for some algebraic integer D.

Lemma 3.1
1 0
I(E F,s) = / D, ((\/5 l)g) F(g)dg. (3.2)
ZNE*\GLy(A)

Proof We first decide the double coset representatives of B(E)\GLy(IE)/GLy(FF). By Bruhat
decomposition,

1 =n 10
GLy(E) = B(E) U (HLE]JEB(E)Q) (0 1)) =BE)U (WQEB(E) (Wl 1) a))

0 1
forw = ( 1 0)' Note that w € GLy(F). The relation

B(E)(1 O)GLz(IF)=B<E)(1 O)GLZ(F)
mp 1 my 1

is equivalent to

(1 o)(a b)(l O)GB(E)
mp 1 ¢ d —my 1

b
for some 4 J € GLy(FF). By equating the lower left element of the product to 0, we
c
get the following condition:

ami + ¢
my = ————.
2T b+ d

From this one can figure out the double coset representatives and the stabilizers of the
right GLy(IF) action for each representative:

(i) Case m = 0, the stabilizer is {¢ = 0} = N([F), the unipotent subgroup. The corre-
sponding orbit is negligible.

0 1
(ii) Case m = +/D, the stabilizer is {d = a,c = bD} = [a[ + b(D 0)], which can

be further identified with E*.
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As a result, we can rewrite (3.1) as

1 O
IEEs) = / > cbs((o l)ag)
aeN(F)\GLy(F)

ZpGLa(F)\GL2(A)

+ Z Dy ((jﬁ (1)) ag) F(g)dg

@ €E*\GLy(F)
= / D(g)F (g)dg + / (0] 1 0 F(g)dg. (3.3)
= s g s\\vp 1 g g (o
ZAN(F)\GL2(A) ZAE*\GLa(A)

One just has to see that the first term is O since F is a cusp form. This is why the corre-

sponding orbit is called negligible. ]

Denote

(1 O
Vo—@l-

b
Fort = “ € A}, one can check that
bD a

-1 _(a—bYD b
WO E 0 a4 bdD

is actually upper triangular. Recall that ®; satisfies

@, ((g z)x) = @@ |

From now on we fix our notation for €2 as follows:

s+1/2
D (x).

AR

Definition 3.2 Define for ¢t € A,

Q) = 11O x2() = x1(a — b¥D) xala + bV'D). (34)

Lemma 3.3 With notations as above, we have ®;(yotg) = ©s(y0g)2(t) foranyg € GLa(A)
andt € A},

Now we can further write (3.2) as

IE Es) = / ®4(00) / F(tg)Q(t)dt dg (3.5)
AL\GLa(A) ZAEF\AY

Note that the interior part of the integral is Waldspurger’s period integral to which one
can apply Theorem 2.22. The whole integral can be thought of as a weighted integral of
Waldspurger’s period integral.

To fit into Theorem 2.22, take the quaternion algebra B there to be M;(F). Pick F, =
Feé=n.ThenF) € 0 >~ #and ¢ € 1’ >~ 7. Pick Q as the one we defined above, and
pick g1 = 1, go = g in (2.25). Then there are two possible situations:

Page 17 of 61
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First,if [ F(tg)Q(¢)dt = O for any g, then I(E, F, s) = 0. In particular we have the
ZpE*\AY
following corollary:

Corollary 3.4 Let Tl be the base change of m to E. If Homy:(r ® ©,C) = 0 or
L(IMT®R,1/2) =0, then I(E, F,s) = 0.

Secondly, if f F(tg)2(t)dt is not identically zero, one can fix F; € # such that the
ZAEA\A%

periodintegral C = [ Fi(t1)271(t1)dt; is not zero.
ZpE*\A%
Note that since €2 does not depend on s, this fixed period integral C is also independent
of s. Then by Theorem 2.22 we have the following relation:

CUEEs) = / 4(v0g) / F)Q (t)d / Flsg)ta)dts dg

AE\GLa(A) ZpE\AY ZpE*\A%
— L(n 1) / 4 (v0g) / / W () A2 (" (1, )
A5\GLa(4) ZANA\GLa(A) A%,
x £ (6 Q)" )Qt)dt dh dglw=1 2. (3.6)

Recall D,(yotg) = Ps(10g)S2(2). By the definition of the Weil representation, in particular
by formula (2.12), we have (1, g)f (t Q(t)~!) = f(tg det(tg)~!). Then we can actually
combine the integrals in ¢ and g. This is why we were applying Waldspurger’s work in a
slightly different way. Using Corollary 2.24, we have

Proposition 3.5 Denote

I(E Es) = / F(g)E(g s)dg (3.7)
ZpGLa(F)\GL2(AF)
where F is an automorphic cusp form over IF and E(g s) is an Eisenstein series defined over

a quadratic algebra E as in (2.4).

(1) If HomAE(n RNLC)=00rL(II QX 1/2) =0, then(E,Fs) = 0.
(2) Otherwise, we can fix Fy € #, such that

C= / Fi(0)Q (t)dn
ZAE*\AL
is not zero, independent of s. Let ¢ € # and f be a Schwarz function such that

0(f, v, g1, 82) = Fi(g1)F(g2) under the Shimizu lifting. Then we have the following
euler products of local integrals:

C-I(E Fs)=L(n1) H / / W(;V(h)A(h)W_l/zr/(h)
Y ZN\GLZUFV) GLy(F,)

X fu(g det(g) ") @5 (vog)dgdhlw=1/2 (3.8)

or equivalently

Page 18 of 61
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C-UEEs) _ ¢(2L(p1) HLv(mAd, D)
(FLF) — 2L(r,Ad 1)1 &(2)
S W (AB 2 () (g det(@) ™) sy (vog)dgdhlu=1/>
% ZN\GLy(F,) GLy(Fy)

I [ W (AR =127 (h)fy (x x=2)ws (x)d*x dhly—1/2
ZN\GLy(F,) F}

f (F1,v, v (@)Fy) @5, (v0g)dg
Ly(7, Ad, 1) F;\GLy(F,)

2L (m, Ad 1) H &(2) (Fiv Fy) 39)

For the following, we shall denote

P(s, w, f; D) = / / W, (AR 27 ()f, (g det(g) ") @5 (yog)dg dh.
ZN\GL3(F,) GLy(F)
(3.10)

When w = %, we also have

1
P (S: E:ﬁ q)s) = / <F1,w 7Tv(g)Fv>q>s,v(V0g) dg' (3~11)

Fy\GLa(Fy)

For most local calculations, in particular for unramified places, we shall use the first
expression. But in some cases we shall also use the second expression when calculations
can be made easier.

Remark 3.6 In general, ¢ is not necessarily a newform to have 6(f, ¢, g1, g2) = F1(g1)F(g2).
But ¢ is always a linear combination of translates of a newform, and we can always make
a change of variable in the global Theta lifting to incorporate the translates. So we can
choose without loss of generality that ¢ is a newform at the cost of f being possibly more
complicated. This explains why we didn’t take ¢ as a variable for the integral P.

One potential shortage for the second formulation is that (Fy, F) could be zero while
CI(E, F, s) is nonzero. We will avoid this problem by making (Fj, F) # 0 for all the local
calculations in the following sections.

4 Local calculations at unramified places

In the rest sections we will mostly focus on the local integrals, so we will suppress the
subscript v to simplify the notations. In this section we will compute the local integral at
unramified places. In particular we shall follow the first formula of (3.9) to do computation.
Recall that the denominator of (3.9) was already computed by Waldspurger and reviewed
in (2.28). So we shall mainly focus on computing P(s, w, f, ®;).

We specify here what we mean by an unramified place: the quadratic extension [E over
F is either inert or split at this place; 7 is unramified and the corresponding Whittaker
function W, (h) is right K -invariant and normalized so that W, (1) = 1; x; is unramified
for i = 1, 2; ®; is right K-invariant and ®4(1) = 1; f is the Schwartz function

f = char ((&i gi)) x char(OF).

We always fix an unramified additive character ¥ for any non-archimedean places.
We will show in Propositions 4.5 and 4.6 that at unramified places,
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L(n, 1L(x, 25 + 1)
where IT is the base change of 7, n is the character associated to the quadratic extension,

P(s, 1/2,f @) = , (4.1)

and yx asin (2.3) is over E (so is the corresponding L-function).

We introduce here a few more notations before we start. When 7 is unramified at v,
let 1 = 7w (w1, w2). Then ¢ € # ~ n(ul_l, ,uz_l) and the central character of # satisfies
Wi = X1,sX2s|F. For any multiplicative character x, we simply write x for x () when
there is no confusion. We will also write

s+1/2 —s—1/2
Xl,s=X1|‘|]E xX2,s=X2|'|E .

Then by the definition of @y,

D ((21 m)g) = xis(a) xo,s(a2) Ps(g).
a

We shall also assume without loss of generality that if E, /I, is unramified, D is a unit
in the local field.

Remark 4.1 First of all, D is a unit for almost all places.
Secondly, suppose everything else are unramified but we use D’ = Da? for some non-
unit a. Recall one formulation of the local integral is

1 /
IP’(S, > <I>s) = / (F1, 7 ()F) ®s(yog)dg (4.2)
FA\GLa(F)

The only influence of a different D is now

()6 96 )

0
Denote (g 1) by m(a). Then we have

1 /
IP’(S, i,ms) _ / (Fy, 7(@)F) Ds(vie)de

F*\GL(F)

- / (Fy, 7 (@)F) @5 (@)~ yom(a)g)dg

F*\GL3(F)

— sl / (% (m(@)Fy, 7 (gm(@) F) 05 (yogm(@)dg.  (43)

F*\GLy(F)

So if we require 7 (m(a))F1, 7w (m(a))F, ®s(-m(a)) to be newforms, we will get exactly the
same integral as the D being a unit case. This argument also applies to the ramified cases.

Since W, and f are both right K -invariant at unramified places,

P(s, w, f, ®5) = / W, ((g (1))) |oe|/2~ 14
]F*
x / r’ ((((); (1)))f (g det(@) ™) Ps(vog)dglal ~'d*a. (4.4)

GLy(F)
By the definition of the Weil representation, in particular by equation (2.13),
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/ r ((g (1))) £ (g det(g) ") Ps(yog)dg

GLy(F)

—lol [ flaga™ dette) eulme)de
GL,(F)
By substituting ag — g, we get
|| / flag o™ det(g)™!)®s(r0g)dg
GL(F)

= lalo@ ™ [ g adete) . ng)de
GLy(F)
To be precise, ®s(cr) here should be understood as 1 x2(«) which is actually independent
of s. Then the local integral becomes

/ Ww_((z (1)))| "2 () / f(@adet(@) ) s(rog)dgd*a.  (4.5)
]F*

GL,(F)

Denote

Hafo)= [ floadete) eunede @6
GL(F)
Atunramified places f and ®; are both right K- invariant, so we just have to do the integral

over

for I(w, f; ®5). Denote

n=v(a), k=vim), [=v(a),
where v(x) means the valuation of x. By the definition of f, , alaz) is in the
support of f if and only if n,/, k > O and " S € Oj.. The latter 1mpl1es l +n=v(a). So

_ 1 0 a m * -1 *
I, f, @5) = / / / D ((@ 1)(0 az))d azlar|” dmd ay.

0<n=<v(a) k>0 Il=v(a)—n

(4.8)
Here we have used that the left Haar measure for the Borel subgroup is

d*d2|tl1|7ldm d*a;.

1 0
Recall yg = ( /b 1). One can easily check that

1 O\far m _ ay m
VD 1 0 a) \aivD ay+mJD)
al m i
Lemma4.2 (1) If v(as + mv/D) > v(ai/D), then ®; ((ﬂl\/ﬁ 612-{—1’}’1\/5)) =
X1 (%) x2,5(@1+/D).
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(2) IfV(ﬂz—FWl\/E) =< V(ﬂl\/ﬁ)l then q)s ((ﬂléil/ﬁ ay +n:n\/5)) = Xl,s (a2+mf) X2,s
(az + mv/D).

Proof (1) When v(ay + m~/D) > v(a1/D),

ai m B % ai 0 -1
aiv/D  ay+m/D 0 avbJ\l 22}

(2) When v(ay + mv/D) < v(a1v/D),

a m ayay m 1 0
1 = ﬂ2+mf VD ,
aiWD ay+mvD) as + mv/D aﬂT\@ 1

Then the statements follow from the definition of ®; and its right K-invariance. ]

Now we have to consider the inert places separately from the split places.

4.1 Inert places
In this subsection we assume that v is an inert place. As a result, v(as + m+/D) = min{l, k}.
Note that for this place +/D is a unit in the local field. Then by the above lemma, we get

Lemma4.3 1. If0<n< V(“) ,thenl =v(a) —n>n.

) ay m _ . _ yV@-n_n
ez m o ((m«/l—) as + m\/ﬁ)) - K (ﬁ) xas@vD) = x5 g

(i) If0 < k @ “ " ( ) (ay +
11 < n = a
= s (l1\/5 612-‘1-}4’1\/5 X1,s az+m«f X2,s\a2
—k
m~/D) = Xi(s"‘) <X§,s'

2. If@ <n<va),thenl =v(a) —n < n

. al m
@) fk =1 @ ((WB o +m¢f>)) = 1 (5;%4275) sastar + mvD) =

v(a)—n
XlsXZS
.. al m
2ii) Ifk < I, ® = ( ) az + my/D
( ) f S((ﬂlx/ﬁ a2+m\/ﬁ)) X1,s dytm \/* XZS( 2 )
v(e)—k Kk
Xl,sa XZ,S'
As [d*a=1, [dn=1- g ' and |a;]~! = ¢", one can rewrite the integral (4.8) as a
OF OF
summation

Haf®) = > | D x5k g1 -q7

05”5@ O<k<n

+ Z X1 v(w)— nxéqsqn k(l_q—l)

n<k<oo
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_k _ _
+ > > Ak a—gh

@ <n<v(e) 0<k<v(a)—n

+ Z xfsx{(sa)fnqnfk(l —-qbH. (4.9)

v(a)—n<k<oo
Then it’s a tedious process of summation and combining terms. We will skip the process
and give the conclusion directly:

Lemma 4.4 Let v be an inert place. When v(a) < 0, I(w, f, ®5) = 0. When v(a) > 0,

b+1
o X2s -1 _ X2s
v(a) 1- qv(a)—i-l 1- q_l v(a) 1 (Xl.s) q (1 Xl,s)

Lo, f; @s5) = Xy = [ T T s e
9 qX1,s X1s qXxi,s
(qz)u,s)b“ _ (qZXI,x)V(a)+1 g! (1 _ &)
—1 V(Ol) X2s X2s Xl,s
+ (g™ x2s) . s e
X2,s qX1,s
ifv(e) = 2b,2b + 1 (4.10)
XLs
_ 104 D% e v
- — 2XLs Als
1 q X2,
1 (1 a2) dhody ifvier =26
_ 2 XLs .
L=a¥5s A+ oxii'ndy  ifvie) =2b+1.

Now we return to the integral (4.5). For a spherical element ¢ € & ~ n(ufl, oy 1), we

-1 -1
1/2 41 (ma)—p, (wa) i >0
_((“ 0)): T T T (4.11)

@
0 1 0, otherwise.

have

By the condition (1.2), we have w112 x1x2 = 1. Denote
§ = q—(%-i'%)_

We again skip tedious calculations and show results directly:

(1467 (1 - q226%) + (w1 + p2) 1181 = 8?)

P(s, w, f, ®;) = .
A - quaxsd) (1 — qraxis8) (1 — 13 x1sx2,582) (1 — 13 X1,5x2,582)

For a character x of F*, define s(x) to be the real number such that |x (x)| = |x***). We
have following proposition for the inert case:

Proposition 4.5 Let v be a non-archimedean inert place for E/F. Suppose that Re(s) >
(s(x2) — s(x1))/4

(i) There exists € > 0 such that, the integral P(s, w, f, ®5) converges uniformly in any
compact subset of D = {w € C;Re(w) > 1/2 — €}. It’s holomorphic in D.
(if) For an unramified place we have:

(1402 (1 - g226%) + (11 + p2) 01,681 — 48)
(1 — qr1x1s8)(1 — qrox1,s8)(1 — w3 x1,sx2582) (1 — w3 x1,5x2,582)

P(s, w, f, ®5) =
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where § = q’(%J“i). If we evaluate at w = 1/2, and write out variable s explicitly, we
get

1+g71
(1= udxix2g DA — udxix2g™)
1— g q7(4s+2)
(1 — u1x1g~ FH2) 1 — pox1q~>+1/2)
LM ® Q,1/2)L(r ® x1|p* 25 + 1/2)
- L, DL(x, 25 + 1) ‘

P(s, 1/2,f ®5) =

Recall y = % L(x,2s + 1) here is a product of L factors over all places of E above v.
In this case there is only one place with the order of the residue field being q>.

Proof For part (1), one can easily imitate Waldspurger’s proof for his local integral in [24].
Part (2) follows directly from the calculation above. O

4.2 Split places
Now we consider the case when v splits into two places v; and vy of E. We will use
superscript (1) (2) to denote the component at each of these two places. For simplicity we
assume that 2 is a unit, or equivalently 2 t v. D is now a square in the local field F. Fix one
of its square roots and denote it by +/D and call the other one —+/D.

We write

o = oM. 0@,

where <I>§i) (((z)1 m) g) = X{Lz(al)xm a2)<I>§i)(g) and q>§”(1) = 1. Here we denote
as

1/2 3 — 1/2
iy = a1 g = ) et

B 1 0
"=\wb-vD) 1)

Similarly

as in the inert case. In this setting we write

Q(t) = x1(a — bv'D)xa(a + bv/D)
= xa - bvD)x?(a + bvD)x{"(a + bVD)xP(a — bv/D)
= x5 @ - VD)V xP(a + bVD). (4.12)

We start with I(o, £, ®5) = [ f(g o det(g) 1) Ps(y0g)dg. Recall
GLy(F)

n=vla), k =vim),l =viay).

1 0 1 0
Note that f is left invariant by ( /b 1). By substituting ( /b 1) g g we get

Lo f @) = / flgadet(@ ol ((25— (1))g) o?(g)dg

GLa(

/ | [ ((zalf o+ ﬂ—)))x{?g(m)

0<n=<v(a) k>0 I=v(x)—n

x x5 Naz)d* azlar| " dmd* ay. (4.13)
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Then we can apply Lemma 4.2 for oV "
PPY N 2a1\/l_) as + 2m/D

One can further expect Lemma 4.3 to hold mostly, with one exception: according to case
(21) of Lemma 4.3, we expect

n v(e)—n
oW a1 m —(,W ( M ‘
§ ((241\/5 as + 2m/D (XLS) XZJS)

But when v(ay) = v(m) in this case, v(ay + 2m+/D) could be larger than v(az) or v(m),
resulting in a diff {u
g in a different value for ®; .

We introduce here a correction term A/ for I(, f, ®s):

“ )), as 2+4/D is still a unit.

Ia,f®5) =1 + AL

Here I’ is the result one would get if we follow Lemma 4.3 completely. As an analogue of
the first expression of (4.10), we have (skipping some tedious steps):

@\ V(@)+1
1— (qXLS)
= (Xu) (2))V(“) 15 1—g!
- 1,s

2,8 (2) (1)
1 _ le,s _ XZ,S
(2) (1)
X2,s qxl,s
@ )\ b+l (1)
1— X1,s X2s -1 1— X2,s
0 @)@ MONe) 1 )
+ Ls A2s Ls
X1s X2, @0 0
1- x},ls)x%;) 1- XZ’(SD
Xl,x XZ.S le.s

2,5 2,8

@)\ b+l @)\ Y@+l 0
(qle,s X1,s ) _ (qle,s X1s ) q—l (1 _ Xas )
12 (1) (2) ()
+ (qfl (I)X (2)) v(er) Xo,s X2,5 Xo,s X2,8 Xl,s

for v(a) = 2b,2b + 1.

1s Xl,s
(1), ()
2,5 A28

2
X
1_q

1) (2 (1)
1 _ XZ,S
(1)
qXi,s

(4.14)

We give here a more detailed description of the correction term. Fix # such that ")

2

n < v(«) and fix m such that k = v(m) = [. Consider the integration in d*ay for (4.13),

that is,
al
oW
/ s 2a17/D
v(ag)=v(x)—n
For a subset of measure 22 in as,

q—1

2mvD) =k and oM ([
v(ay + 2m~ D) an < 2a17/D

-1 .
For a subset of measure —— qT =1ina,,

B

vag + 2mvD) = k + 1

Y a
§ 2(11\/5

and

m _ (X(l)
a) + 2m\/5 Ls

m (2) (2) *
a ar)d*as.
ay + 21’)’1\/5)) X1,s ( l)Xz,s (a2) 2

(4.15)

m _( (1))71( (1))1/(0:)—;1‘
ar+2myD) )] Xs Xas ’

)Vl*l( (1))v(a)fn+1'
X2,s ’
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and etc. But once v(ap + 2m«/l_)) > p, the value of <I>§1) will just remain to be
(Xils))"("‘)_”(xz(’ls))". Then the integral (4.15) becomes

(1) (1)
(1) <2>) ( (1) <2>)V‘°‘> mlq=2  1Xo5 1 (X
X1s X Xog X —+ + — + -
(l,s Ls 2,5 2,5 q_ q (1) q Xfls)
1) 2n—v(a)
+ N S Xﬁ
q2n—v(oz)(q _ 1) Xfl)

Comparing with the supposed value ( X{ s) Xﬁ)) ( X2 5 X2 . )" @=n we get the correction

(1)
Xos

o

1— 1 2n—v(a)
o\ @)@ __ns L Xas
X1,s X1s X2sX2s w1\ 1)
1 _ XZ,(SI) QX15

qX1,s

Integrating this in m and 4; would then give

(1)

-1 Xos

W, @\"q  \1- (1))

_ 1) _(2) vie) [ g X1,s X1,s ( X1,s
Al== > (q X2.5 X2 S) ( 0. o)

@<MSV(Q) 25 X2s 1- qX;}Sl)
(1) 2}’17V(0()
X2s
x(1- ( m) . (4.16)
les
Then one can check that
@\ V@+1 @
qX1,s X1,
1— (2% (1 —
W @\"® ( 15 ) Xé,ls)( 9
e, f, @5) = ( Ls X2,s) @ &)
1 _ le,s 1 Xls
?) qa XD
X25
() +1
Lo (e T (e
. @\"@ aAsy 1 Xt
+ ( Ls 2,5) X(z) (1) (1) : (4'17)
1s X2s X2s
1- 1) () 1- (1)
Ls X2,s le.s

The rest story will be the same as in the inert case, so we will skip some steps
and show the results directly. By the assumption on the central character, we have
n_Q
MIMZXI(S)XZ(S)XI(S)XZS =1.Recall § = g (23 ). Then

P(s, w, f; D)
2 n 2 2 X1(1) {) 2 ‘IXfI)Xl( 2 2
1-34 (Ml""MZ)Xlless( 615)+(1—q)( (13)+X(2S))5 + X(le(Q)sS(l—B)
— 2,8 2,8 A2,s
- 1 2 1) (2
(1- mxﬁs)xls 8)(1 mxls Xos el szé,s)xl(,s)ﬁ)(l - ule(,s)xé,s)é)
1
X

(1- qufs)xfzs)é)(l quzxfs)x(z)S)

Recall in the beginning of this subsection we have rewritten Q = x(l) x(z)(a —
bV X2 (a+5VD). Defines(@) = stxx2)—s2x) = st xP) =505
This is independent of s.
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Then we have the following proposition:

Proposition 4.6 Let v be a non-archimedean split place for E/F and § = q’(%Jr%), Sup-
pose that Re(s) > (s(x3 x5™) — s(xV x2))/4

(i) There exists an €' > 0 such that, the integral P(s, w, f, ®;) converges uniformly in any
compact subset of D' = {w € C;Re(w) > 1/2 + |s(Q)| — €'}. It’s holomorphic in D'.
(ii) For an unramified place we have:

P(s, w, f, ®s)

(1) (2) o @
1— 8% — (w1 + m2)x 01251 — g8%) + (1 - g) (X}; + 5 )52 qj“ﬁ;; 82(1 — %)

25 2,5 X2,5

2 1 2 2
(1- mxzs Xis D5 mx{s)xés)(i)(l szzs Xis D51 — s xls)xés)é)
1

1,2 1))

X .
(1 —qMXy6 X1g 5) (1 = qH2Xy6 X16 5)

When |s(2)| is small enough, we can evaluate at w = 1/2 and write out s explicitly:

P(s, 1/2, £, ®s)
)
- 1) (2 1) (2 1)_ (2 1)_ (@2
(1 — %} )q‘“z) (1 — VxS )q‘l/z) (1 — 121V x} )q‘“z) (1 — 12 x VxS )q‘l/z)

Xil) —(2s+1) X?) —(2s+1)
1- o4 1-— @4
X2 X2
(1 — VP ‘25“/2)) (1 - uzx(l)xfz)q’(z””z’)

LI ®Q1/2)L(r & x1le+ 25+ 1/2)
L(n, 1)L(x,2s + 1)

(4.18)

Recall y = X— . L(x, 2s + 1) here is a product of L factors over all places of E above v.
In the split case there are two places over v, thus two factors.

Remark 4.7 Again the proof of part (1) will be very similar to Waldspurger’s original
proof.

Theorem 4.8 For notations as in Proposition 3.5, we have

C-I(EEs) _ CRILMT® L, 1/2)L(71 ® x1lF+ 28 + 1/2)
(FL,F) 2L(m, Ad, 1)L(x, 2s + 1)

[TP0s 1/2 £, ®s.),
(4.19)

where for non-archimedean places,

L,(7, Ad, 1)Lv(Tl, l)Lv(X7 25 +1) Py(s, 1/21f1/; q)s,v)
&(2)Ly(MT ® 2, 1/2)Ly(w ® x1lp+, 25 + 1/2) (Fv Fy)

Ps(s, 1/2;ﬁ/) cI)S,l/) =

(4.20)

for archimedean places,

]P)V(S) 1/21_ﬁ/) CDS,V)

Pos, 1/2, f,, ®s) =
V(S /fv S’V) <F1,va)

, (4.21)
where Py(s, 1/2, f,, ®y,) is as in (3.10) or alternatively (3.11).

The product in v is a finite product since P%(s, 1/2, f;, ®5,) = 1 for almost all places due
to Propositions 4.5, 4.6 and the local unramified calculations done in [24].
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5 Local calculations for other non-archimedean places

In this section we will compute PO(s, w, £, ®;) for some ramified non-archimedean places.
The additive character v is assumed without loss of generality to be unramified, as the
formulation of the local integral (3.11) is completely independent of the choice of . As
explained in Remark 4.1, we assume v(D) = 0 if E,/F, is unramified, and v(D) = 1
otherwise. Before we start, we first list the ramified cases we are going to consider in this

section.

Case b4 x1 and x2 E/F

1 Unramified Unramified Ramified
2 Unramified special Unramified Split

3 Highly ramified of level ¢ Unramified Split

4 Unramified x1 level ¢ Inert

5 o level ¢ x1 level ¢ Inert

6 Highly ramified of even level ¢ Unramified Inert

The characters not mentioned (that is, ;1 and x2) in Cases 4 and 5 are all unramified.
This implies that x1|p+ is unramified in Case 4 and is of level ¢ in Case 5. Here by 7 highly
ramified, we mean 7 is of level ¢ > 2.

This section will be organized to solve these cases one by one. It may seem that Case 6
should be done earlier. But we are going to use a different approach, so we leave it to the
last.

In Case 1 to Case 5, we will also need to keep track of the denominator of the local
integral using (2.27) that

(F,F) = / /W(;(h)r/(h)f(x, 2 ) ws (x)d*x dh. (5.1)
NZ\GLy(F,) F}

We are going to get the following table of normalized local integral:

Case Choice of F1, F PS(S, 1/2, f, @5)
1 G-P test vector 1
1
2 G-P test vector 20— X(Z)q—(2s+1))
3 G-P test vect l_LAdD
- est vector ;W
P'(1/2
4 G-P test vector 1/ )1 for P’ (w) given in (5.66)
1+q
5 f L
new form
(g + g x1(v'D)
L(mw,Ad, 1)
6 G-P test vector

q°(1 — xq=ts+2)

Recall here that x = %

Remark 5.1 1. When c is odd and the quadratic extension is inert, the local integral is
automatically zero according to Example 2.15. Thus Case 2,3,6 will cover all situations
when only 7 is ramified. When x; and/or x3 are ramified, the situation could be very
complicated. So we restrict ourselves to Case 4 and 5 only.
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2. ¢ is always a newform. G-P test vector above refers to the Gross and Prasad’s test
vectors as discussed in Subsect. 2.4.2. Note that from Case 1 to Case 5 we are going
to use Theta lifting for a Schwartz function f and in this table we claim that we are
using G-P test vector/new form. This is simply because the Schwartz function f we
will choose has corresponding left/right invariance, and G-P test vector/new form is
unique up to constant by such invariance. For the specific choices of f and @, we
refer the readers to each subsections. We are going to keep F; F and calculations as
simple as possible, at the cost of sometimes complicated choices of ®;.

3. L(m, Ad, 1) is not given explicitly in Cases 3 and 6 as it could be different for highly
ramified principal series and supercuspidal representations, while we wish to keep

the formula uniform.

One corollary for Case 5 above is the following new result after Gross and Prasad’s work:
Corollary 5.2 Suppose that the local field extension E/T is inert and that w, wy, Q, Q|p
have same levels. Then

Hom]E* (7T & Q; (C) 5’é 0,

and the local new form for i is a test vector for any nonzero element from this space.

5.1 E/F ramified

Here we consider the case when 7 and @ are both unramified, but E/TF is a ramified local
field extension. Let @ be a uniformizer of E such that w]% = . For simplicity, we still
let v(zo) = 1 and write u or x in short for u(w@) or x (). We suppose that v(v/D) = %
We will prove in this subsection the following result

Proposition 5.3 Suppose that & and ®; are both unramified at v, E/F is ramified with
v(v/D) = 1/2. We pick f and ® as in the unramified case. Then

[+ (13 X1 X2.5)(@E)S + (U3 x1,5x25)(@E)S + 8°1(1 — ¢8> 0= (wp))

P(s, w, f, @5) =
’ (1 — grix1,s8)(1 — quax1,s8) (1 — w3 x1,sx2,582) (1 — w3 x1,5X2,58%)
(5.2)
foré = q_(%‘%). When w = %,
1 1
P(S; E:ﬁ q)s) = 5 1 9 _1
(1= (uixix2)(@e)g 2)(1 — (uzx1x2)(@E)g™2)
1— ﬁ(wE)qf(ZsH)
X2 (5.3)

x (1 — pix1g=FT/2D)(A — pox1g~@+1/2)

is just as expected. Thus P°(s, 1/2, f, ;) = 1.

1
To compare with the unramified case, we write x,% to mean x;s(wg). Asin the inert case,

we can start with Egs. (4.5) and (4.8). Lemma 4.2 still holds. Then we have the following
lemma as an analogue of Lemma 4.3:

Lemma5.4 (1) If0<n< @, thenl > n.
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N._.

. al m a v(ia)—n—5
(1) Ifk > n, O ((ﬂl\/ﬁ a —{—Wl«/l_))) = Xls («/_5) XZs(ﬂl\/_) = Xi,s

1
n+3
X2,s

. a m _ ama )
) o =k <n CDS((&H\/B a2+m\/5)) - K (a2+m«/15 Xos(@2 +
(@)—k—3 k+3
mVD) = x1o Ay >

(2) If@ <n<va),thenl <n.

. al m _
(21) Ifk > CDS((JH\/B 612—‘1-7}1\/5)) = Xls (a +mf) X2s az + m\/_

v(w)—

Xl sX2s

.. al m
(2ii) Ifk < 1, d%((dl@ a2+m@)) = Xls (a2+mf) x25(az + myD) =

v(a)—k—% k+%

Xl,s X2,s

Proof One just need to use Lemma 4.2, and note that v(ay + m«/l—)) = Min{l, k + %},
va1v/D) = n + % Then the result is clear. O

Now to compute I(e, f; ®;) for this case, we compare Lemma 5.4 to Lemma 4.3. We see
that the values of ®; differ by (%)% except the case (2i). Denote by I the formula (4.10)
for the inert case, and we get the relation

I(alﬁ q)s)
% _
_ (X2,S) I+ (XZ,S)
Xl,s X1,s

As a result,

Nl

_l) 2 DD G A R

(Tfngv(a) v(a)—n<k<oo

(5.4)

2 Als )V(a)_b ( 2 Als )V(“)H

1 1 5 5
X2\ 2 X2s Y2 . vl@) —w( )(q Xs —\1 %
I(a,,d>)=( ) I+ 1—(—) X o
b s X1 X1s 25 4 1— 22

X2,
(5.5)
for v(a) = 2b,2b + 1.
Then one can follow the same steps to get:
1
1 1 2
(14 1100502078 + w215 x29) 28 + 82) (1 — 8% (%) 2)
P(s, w, f, @) = ,
YT a- 13 x1,sx2,582) (1 — w3 x1,sx2,582) (1 — g1 x1,:8)(1 — quaxi,sd)
(5.6)
where § = q_(%*'%). Recall that pypuax1x2 = 1. When w = %, § = q_%, SO
P(s de - 1+ (M1X1X2)(Uff)q 1)1+ (M2X1X2)(w5)q 1)
(1= wdxixeqg (A — u3x1x2q7)
1 - L (wr)g >+
x X2 ) (5.7)

(1 — p1x1g=ETUD)(A — g x1q—@s+1/2))
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This is exactly the expected L-factor

L(M®R1/2)L,(r ® x1lp 25+ 1/2)
Lv(n’ l)LV(XI 25 +1)

The local pairing (Fy, F) is the same as in the unramified case, as we choose same Schwartz

function f, and the quadratic extension is not related to this calculation.

5.2 Unramified special representation

In this subsection we consider the case when w = o(uy, (o) is an unramified special
representation. Then ¢ and its corresponding Whittaker function W~ belong to # =
a(ufl, Mgl). Since o(,u.fl, ugl) is equivalent to a(ugl, ufl), we can assume without loss
of generality that a(,ul_l, My 1Y is an irreducible subrepresentation of n(ul_l, 7%y ). This

implies that ul_l,uz = |- |. We shall do the computation in the split case, as the inert case
would fail the Tunnell-Saito criterion as seen in Example 2.15. Write &5 = <I>§1)<D§2) as in
Sect. 4.2.

Pick

f = char ((\/15 (1)) (wo(l):p gi)) x char(OF).

Pick d>§2) to be the unique right K; (o )-invariant function supported on BKj (o) such that
CI>§2)(1) =1,and @gl) just to be the standard right K-invariant function. The property of
f implies that F; is the Gross—Prasad test vector while F is the local newform, which is
different from what we claimed in the beginning of this section. We shall now do a simple
trick. Let

- 1 0 Or Or 1 0 "
f' = char ((\/5 1) (wOF OF) (_\/5 1)) x char(Op), (5.8)
and
oo 1 0
i(g) = D5 (g(_ /b 1)) (5.9)

for @, defined above. The matrix here should be thought of as an element of GL,(F)
diagonally embedded in GLy(E).
By a simple change of variable, we have

P(s, w, f, ®5) = P(s, w, f, D)), (5.10)
and the Theta lifting of f’ will be Gross—Prasad test vectors for both F; and F.

Proposition 5.5 Suppose that x1 and xy are unramified, and E/F is split. Suppose that
7w = o(u1, n2) is an unramified special representation such that /LII/LZ = |-|. Further
assume that 2 is a unit. Then

P(S) W;f’; CD;) = IP(S) W;f; CDS)
X(l)
1 _ 2Ls

-1 MO
_ 1- q Xos

- 2 1 2 1 2 1 2 :
@+ 1% 1 =52 P o)1 = 8 %21 — g8 1D o)
(5.11)
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Atw = 1/2, we have

P(s, 1/2,f', @)

(1)
1— —1 1— X1 —(2S+1))
B 1 ( q ) ( X2(1)q

= 5 .

@+ 17 1—paxf" 672 0= pa () xsVq 2 A= o x{V Vg~ C+12)
(5.12)

The denominator of the expression is as expected, and
1
PO(s, 1/2,f/, @) = (5.13)
q

(1 — x@g=CstD)y’

We first work out the Whittaker function W~ for a new form ¢ in 7. It’s a classical
result that such ¢ should be K (z)-invariant, and up to a constant multiple

¢lx = char(B(Op)K\(w)) — g~ ' char (B(Op) (1 ?)I(l(w)). (5.14)

The corresponding W, is also Ki ()-invariant. According to Lemma 2.1, we just need

0 0\f1 O
to figure out W~ “ andw [ (© . Itis possible to obtain these
\\o 1 \\o 1J\1 1

values directly from classical theories, but we will start with a more general setting, as it
will be helpful for later cases. Recall that W;" is the Whittaker funciton associated to v/ .
So

@ = [ w(w((l) ”f)g)vf(mwm.

melF

In general we want to write

oo D)6 Do DT )

1 0 1 0
in form of B F 1 Ky(w€) for 0 < i,j < c. Note that if i = ¢, then ( ; ) is
o

w.l
absorbed into Kj (e €). Same for j.

Lemma 5.6 (1) Suppose thati = 0.

j 1
(i) If j = 0, we need m ¢ oa(—1 + @wOf) for ( @ ) ) €
—a —mw/ —m
1 0
B{ . Ki(w°);

o' 1

(Lii) Ifj > 0, we need v(m) > v(x).
L. . w/ 1
Under the above conditions we can write . as
—a —mw’! —m

N 1 j o — _m
a+mw/ o’ + a+mwj 1 0 1 1+ at+mw/ .
0 —a — mw’ 1 1/J\o0 1

(2) Suppose that i = c.

(2i) Ifj < c, weneed m € aw /(=1 + w7 OF);
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(2ii) Ifj = ¢, we need v(m) < v(a) —c.

w/ 1
Under the above conditions, we can write ( ) as

-0 — mw/ —m
o
0 —m m —+ w’ 1

(3) Suppose that0 <i <c.
(3i) Ifj < i, weneedm € amw 7/ (—1+ wi_iOl’E);
(3ii) Ifj > i, we need v(m) = v(a) — i;
(3iii) Ifj = i, we need v(m) < v(a) — i but m ¢ aw (=1 + @ Of).

L. , o/ 1
Under the above conditions we can write . as
—a —mw’! —m

_ _ao! atmao/
a+mw/ 1 14 0 am’:fziﬂ 0 .
0 —mJ\ow’? 1 0 1

This lemma is straightforward to check. We will leave the proof to the reader.

Corollary 5.7 Assume that 1 and |1y are unramified and ¢ € a(ul_l, uz_l) is given by
(5.14). Let W, be the normalized Whittaker function associated to ¢. Then

(@) —v(a)/2 ifvia) > 0;
Ww_ o O _ /le q > f ( )_ ) (515)
0 1 0, ifv(ie) <0,

and

=1, V(@) (@) /2. : _1.
W a OV(1 OYY -4 wm q V(—a), ifvie) = -1 (5.16)
0 1 1 1 0, ifv(e) < —1.

Proof Put ¢ = 1, and consider j = 1. By formula (5.14) and (1ii) (2ii) of the above lemma:

(6 )= Lo D) ) e
- it (< 2) 3 em | 2| s —
v(m)<v(a)—1

1/2

1 Y (m)dm

x (/ (= Dy (=) |~

v(m)=v(a)

(_q_l _ q—Z)MIV(O‘)q—V((X)/Q, if v(ia) > 0; (5.17)
0, if v(x) < 0. '

In the last equation, one need to use Lemma 2.3 and that ;Ll_luz =]

1 0
If we normalize Ww_ ((0 1)) to be 1, then

—v(a) —v(x)/2 : .
0 v ,  ifv(e) > 0;

W, * A @ (5.18)
0 1 0, if v(ia) < 0.
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Similarly, we consider the case when j = 0. From (1i) and (2i):

(6D LACEDE e

meF
_ 1 o -1 o |1/2
= [ (L) utem ] ] vonan
mea(—1+w Of)
-1 -1 o -1
—-q / My (_a+m)“2 (—o —m)
mé¢a(—1+w Of)

1/2
Y (m)dm

(07
X —_—
(a + m)?

T g 4+ gD g @R, i) > 0;
=170+ Vg Py (—a),  ifvie) = -1
0, ifv(e) < —1

(5.19)

After normalization, we get

wo (= ) °))- —q 1 MOy (—), (@) = —1; 5.20)
0 1J\1 1 , ifv(e) < —1

O

(=)

Suppose that the chosen Schwartz function f is also Kj(z)-invariant under the Weil
representation r’. Then by Lemma 2.2 and Corollary 5.7, we have:

1 _
Powf®)=——= [ m Y gAY ) (o) U o, f D) e
v(a)>0
+ q / _q—IMI—V(Ol)w(_a)q—(w/2+1/4)v(a)q)s(a)—l
qg+1
v(a)>—1

({1 o .
X I(a, r ((1 l))ﬁ Cbs)d o. (5.21)

Now we verify the Kj(w)-invariance of f and calculate I(o,f ®s) and

1
1 (a, v’ ((1 (1))) /; @S). Recall that we picked
1 0 Of Or «
f = char ((\/5 1) (wOp OF)) x char(Op).

It’s clearly right K (e )-invariant. This choice of Schwartz function is motivated by Exam-
ple 2.19. It can also be written as

f= Z char ((ao%fz(v)gp 8§)) x char(OF). (5.22)

ao€Of /w Of
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Using Lemmas (2.10) and (2.13) one can easily check that f is K (e)-invariant under the

Weil representation, and

r’ ((i (;))f =q > D, Yulx —a)xs —xa(xs — aov/D)))

apeOr /w Of
Or w‘lOp
X char x char(O%). 5.23

This sum is also right Kj (z')-invariant.
Recall that <I>§2) is the unique right K; (= )-invariant function supported on BKj (& ), and
<1>§“ is the standard right K-invariant function.

1 0 1 0 1 0
WewillwriteGLﬂF):(w I)Bl(l(w)u(ﬁ 1)B(1 1)1(1(a7).Thematrix

1
vD

on the left amounts to a change of variable. Then by our choice of <D§2), in

1 0
particular its support, we only need to integrate over Jb 1)Bl(l(zzr) for I(w, f, ®s)

1 0
and (a, r ((1 1)) |/ d>s). By the right Kj (o)-invariance of @, we can write

_ 1 (05 SN
lef @)= / b ((Nl—) 1)(0 “2))

ay,az,meOF
v(a1)+v(az)=v(a)

X CI>§2) ((6;1 Z)) dmd*az|ar| " d*ay. (5.24)

Note that the domain and the integrand of this integral is exactly the same as (4.13) in
Sect. 4.2. Denote by I the result we got in (4.17). Then

1
(o, f, ;) = m1, (5.25)

1 1
Now we consider I{ o, r’ 0 |/, & ). For the matrix o | =
11 vD 1J\0 a

al m
ﬂlx/ﬁ ar +Wl\/5 ’

W (ul(x1 — ao)xa — x2(x3 — apV/D)]) = (a (1 - ”—0)) (5.26)

ai

1 0
Here we have used u = 3% in/ (a, r ((1 1))ﬁ CDS). Then by (5.23),
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(oG )iz, ] e t)

az,mew‘lop
v(araz)=v(a)

% q)(l) al m
5 201D ay + 2mD

X @52) ((t/:)1 Z)) dmd*as|a| " d*a;. (5.27)

Compare the domain of each integral in this expression with the domain of (4.13), we note
that we have two additional parts:

{v(a1), v(az) = 0,v(m) = —1} and {v(a1) =v(a)+ L v(az) = —1,v(m) = —1}.
Also note ¥ (x(1 — Z—‘l’)) = 1lifv(e) > 0 and v(a;) < v(x). So over the common domain

{a1, m, as € Or}, the integral gives I as in (4.17). It’s not difficult to work out the integral
over the two additional parts. Then one can get

1 0
I (a, r ((1 1))ﬁ ¢S)
1_(‘”&) )V(a)+1
(2)
(1) @)V(ML if v(ia) > 0;

L w
q Xis
N B2 I+(q-1) th (X1, Xais

% L ’ (5.28)
)
X2,s
0, otherwise.
By combining (5.25) (5.28) with (5.21), we get
&)
X1,
1 _ )
1-g! ,
P(s, w, f, ®s) = 5 - .
2 2 2
@+1%aq- Sxé}s)xf,s)uz)(l - 8xf,15)x§,5)u«z)(1 - qéx&)xf,s)uz)
(5.29)
Atw = 1/2, we have
]P)(S) 1/2Jf; qDS)
)
) (1—g (1 = H5q~*tD)
— X2
= 5 .
@+ 12 (—po s 1P 2021 1P V2 A= paxf? 6P g~ 5+112)
(5.30)

Now we evaluate local pairing (Fy, F) for f” by (2.27).
Let

f" = char ((wOSF gi)) x char(OF).

It differs from f’ by conjugation, but conjugation acts trivially on the center. So
(Fy, F) = / / W, () (0 (o 52w () x
NZ\GLy(F,) F}

= / / W, (h)r' (h)f" (%, x 2w (x)d*x dh. (5.31)

NZ\GLy(F,) Fy
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The latter is easier to compute, and one can easily check that

1 Con ! o~
(Fi, F) = ) Do g ()" — 1 Do ()

n>0 q +1 n>0
q
T g+ 32
Here we have used that /Ll_lpLz =
The expected L-factors in this case is
@2 LIM® Q12L& xilr 25 + 1/2)
L(r, Ad, 1) L(n, 1)L(x,2s + 1)
_ (1—g )1 = xWg= )1 — @ g=+) (533)
(1= k2" 0P )1 = pax M P g (A — pax Ny P ges1/2)
Thus
1
PO(s, 1/2,f/, @) = (5.34)

q(l _ X(Z)q—(25+1))'

5.3 = of higher level and E/F split
Definition 5.8 Let

f = char ((jﬁ 2) (w?g . 8§)) x char(O}), (5.35)
f' = char ((jﬁ (1)) (w?g . gi)(—«l/ﬁ (1))) x char(O%). (5.36)

Pick <1>§2’ to be the unique right Kj (@ °)-invariant function supported on BKj(w€) such
that <I>§2) (1) =1,and CDgl) to be the standard right K -invariant function. For &; = d>§1) <I>§2),
let

Py(g) = D5 (g (_j/ﬁ (1))) (5.37)

In this subsection we will prove:

Proposition 5.9 Suppose that 1 is a representation of level ¢ > 1 with unramified central
character. Suppose that x1 and xa are unramified and E/F is split. Further suppose that 2

is a unit.
Then
- (1)
’ 1-g¢g ! X1 —(2s+1
P(s, w,f, @) = P(s, w, f, ) = ————— 1——q(s+) . (5.38)

Apart from the constant term, the denominator is the same as L,(I1 @ 2,1/2)L,(7 ®
X1lm+ 28 + 1/2), which is 1 in this case. Then

1  L(w,Ad 1)
0 I @) — )
P°(s, 1/2,f/, @;) = P g (5.39)
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5.3.1 Supercuspidal representations
We first assume that 7 and 7 are supercuspidal representations. Then it is easier to
describe the group actions using the Kirillov model.

For basic properties of the Kirillov model, one can read [15]. For the level and the new
form of the Kirillov model of a supercuspidal representation, we mainly follow [5]. Here
we just recount part of the facts necessary for our computations.

For a fixed additive character 1 ~, the Kirillov model of 7 is a unique realization on the
space of Schwartz functions S(F*) such that

# ((“1 m))w(x) = w (a) ¥ (—may 'x)p(ara; "), (5.40)
0 a

where wy is the central character for 7. By Bruhat decomposition, one just has to know

0 1
the action of w = ( 0) to understand the whole group action.

Define

v(u), ifx =uw” foru e OF;
lv,n(x) =
0, otherwise.

Roughly speaking, it’s the character v supported at v(x) = n. Such functions provide a

0 1 .
) on 1, , explicitly

basis for S(F*). We can then describe the action of w = ( Lo

according to [15]:
#F(w)l,,, = vaalzo_"lvflw(),,wrnu_l‘ (5.41)

Here zp = w;(w) and wy = Wﬁ|o;§. n, is an integer. C, and n, are decided by the
representation /i and the character v (and independent of »).

1 0
The relation w? = — (0 1) implies that

ny, = }’lv_lwo—l, CVC\)_IW

_1 = wo(—1)zp". (5.42)
0
It’s well-known that

n, < -2

for any v. According to Proposition A.1, when the supercuspidal representation is fixed
with the central character unramified, 7, only depends on the level of v. When we pick
v to be the trivial character, the number —n; is actually the level of this supercuspidal
representation, that is

c = —nj.

The argument in [5] with slight modification can show that there is a unique up to
constant element ¢ in the supercupidal representation which is invariant under K (@ °).
One can easily check that ¢ = 11 is such an element.

From now on, we assume that the central character w; is unramified, so wo = wy IO; =
1. For the newform ¢ = 1j, its associated Whittaker function Wso_ is also right K (e €)-
invariant. We can calculate W, according to the relation between the Kirillov model and
the Whittaker model:

o (G (O
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It's difficult to describe W~ explicitly. But it will suffice to know only some specific

. ffa O 1 0
integrals for W, 0 1 i 1))
w

Lemma 5.10 Suppose that 7t is a supercuspidal representation with unramified central
character. Let W, be the Whittaker function associated to ¢ = 11,0 € 7.

1
(1) W, ((g (1))) = I1o(a). For0 <i <g W, ((g (1)) (wi ?)) is supported

only at v(a) = min{0, 2i — c}.

1, ifi > ¢
_ffo O 1 0 _— 1 oy
@ / Ve ((0 1)(wt‘ 1))d *=1-zv Yi=c-L
v(@)=min{0,2i—c} 0, otherwise.
Cl, ifi = 0;
a 0 1 0 ;
— — _ 1 s
@ / Ve ((0 1)(wi 1))1/% ad’e =1 -5 Cws, ifi=1;
v(a)=min{0,2i—c} 0, otherwise.

Proof The first statement of (1) is clear. Now let 0 < i < ¢. According to Proposition A.1,
if v is a character of level i, then n, = min{n;, —2i}. Note that

1 0 1 —w!
. = —w w,
wl 1 0 1

#(w)lyo = CWSI Lo, = Cily,y,.

i

1 —-o .
The action of 0 1 for i < ¢ will give a non-trivial factor ¥ (w'x) at v(x) = n;. By
, (T = o .
the classical result about Gauss sum, 7 0 L) 1,0 is a linear combination of

all characters of level —n; — i = ¢ — i, supported at v(x) = n;. (It should be understood
that if ¢ — i = 1, then this is a linear combination of all characters of level 1 and 0.) After
another action of w their levels will not be changed, but supported at

v(x) = —n1 + min{ny, —2(c — i)} = min{0, 2i — c}.
This finishes the proof of part (1).

0 1)\w* 1
component of it. By the discussion above, this is only possible when i = ¢ or ¢ — 1. The

0 1 0
When we integrate W~ * )( . in «, we are just finding the level 0

integral in the case i = c is obvious. When i = ¢ — 1, one can compute that the level 0

(1 o' .
component of & o |11,0is
0 1
1

Cily,u,,

q—1
as [ Y@d*x = —ﬁ. Then the action of w will map it to _q+111,0’ using (5.42).

xew 10}
Thus
1 0 1
-1 )) Ao =——. (5.44)
1 qg—1
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Part (2) is proved.

0 1 0 .
Now to integrate W~ ((g 1)( ; 1)) against ¥ (w ~‘), the idea is to interpret
w

V(e ~‘a) asa factor one can get by the group action in the Kirillov model. More specifically,

A P
(6 )G e
=& (—a) (wO’ wl_i))w(oz).

1 ,
The integral of W, ((z (1))( ; (1))) ¥ (@ ') is then the same as to find level 0
()

component of the expression above. One can do this similarly as in the proof of part (2).
We will leave the rest to the reader. o

Now we will give the formula for P(s, w, f; ). We will basically follow the technique used
for the unramified special representation case in the last subsection, so we will skip some

details and give results directly. Recall that we have chosen

f = char ((\/15 ?) (wOCgF gi)) x char(OF).

It is K (o €)-invariant under the right action and the Weil representation. One can calcu-
late for 0 < i < ¢ that

r (( li (1)))f =2 > Yluwm [ — ao)xs — xa(x3 — agV'D)))

w
aoEOp/ZD'COF

i i—c
x char 4t QF w‘_ OF x char(OF). (5.45)
ﬂO\/B—i—ZD'lOF o' “Of

The sum is right K; (o ¢)-invariant for any i.
The local integral can be written as

0 1 0 w1
P(s, w,f, o) = A; W, ((05 )( i )) |a|7_1¢s(a)_1
Oéc / ¢ 0 1J)\w’ 1

v(o)=min{0,2i—c}

xI(a, 1’ (( 14 0))ﬁ D,)d*a, (5.46)
o' 1

where A;’s were given in Lemma 2.2.

(1) g (2) 1 0}y .
Recall that &, = &’ P, and yp should be understood as . D7 is
s s s Y0 ((\/5’ —\/l_)) 1) s

the unique right K; (o €)-invariant function supported on BKj (@ €) such that <I>§2)(1) =1,
and CIJED is the standard right K-invariant function. Then
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= @ 1 0 (a m offa m
= AC/ o ((2\/5 1) ( 0 ﬂz)) 0N (( 0 tlz))
! ! 0 a m o * —1 g%
Xr ((wi 1))f((m\/B a) + m@)' ﬁ)dmd az|ay|” day,

(5.47)

. 1 0 Y a m o
wl 1 alx/ﬁ 6l2+14’1\/5 " aray

i i—c
_ 20 iy (1 @)) ” ap+ w QF ! Or
1 Z v (w * ( ai ar aoN'D + @O @' ~°Of

ﬂ()EOF/lD'COF

al m
x ((mx/l_) as + m\/l_))) (5.48)

For each a4y, the corresponding term in the above expression is not zero if and only if

a1 =ay mod (w'OF), m as € o' 0. (5.49)

1 0
Lemma 5.11 For any fixed 0 < i < ¢ and fixed v(a), I| o, 7’ ) f ®g ) as
y i
w

a function of « is a linear combination of the constant function independent of o and

V(o).

1 0
Proof For fixed ag, the corresponding term in / (a, r (( ; 1)) £, dbs) is
o

A 20 / oW ai m @41, (4
cq s 2611\/5 612—{—271/1«/1—) Xl,s( 1)X2,5( 2)

a=ag mod (w?)
v(ayaz)=v(a)
v(az),v(m)=i—c

X (w—"a (1 - @)) dmd*aslar|"  d*a,. (5.50)
a

1

There are two cases. If ag € @!Of, the domain for a; is @!Of. We fix ay and m and inte-
. al m
rate in a for fixed v(a;) first. Note that ®{" only depends
gratein (@) “\\2avD ay+2myp) )oY P
on v(a;) instead of the specific value of aj, as one can see from Lemma 4.2. So we are

essentially integrating

v (w_ia (1 — @)) = Y (w o)y (—w_iotﬂ—o).
ay al

Then we get either 0 or a multiple of (= ).
If ay ¢ w'OF, we consider the sum in a for fixed v(ap) < i. Note that v(a;) = v(ao)
would also be fixed. As the value of ®; and the domains for the integrals in m and a3
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are actually independent of 4y, we can change the order of the integral in ap, m and the
summation in 4. Then the sum in a is essentially

Z / v (w_"aala;lao) d*a,

a .
0 a1=ag mod (o)

_ / > v (w—"a“la;lao) d*ay. (5.51)

a; ao=ai mod (E)'L)
One can now easily see that the inner sum is either 0 or a constant independent of . O

As a result of this Lemma and Lemma 5.10, we only have to care about the constant part
when i = ¢, ¢ — 1 and the /(@ ~‘a) part when i = 0, 1.

Lemma 5.12 Suppose that v(e) = min{0, 2i — c}.

(1) Ie f &5) = Ac.

The constant part of (oz, r’ (( 1_1 (1)))]5 <I>S) isAc [q +1-q X“)]
w Xas
/ 1 0 —
)
s (v ()
The y(w ) part of [ o, r |/, s ) isO.
o 1

We will however not provide proof here. Basically one can use (5.50) to do the calcula-

tions, and at some steps switch the order of the integral and the summation in ag as in the
proof of the previous lemma. It’s complicated, but not difficult.

Now we combine Lemmas 5.10 and 5.12 to compute (5.46). Note that only i = 0, 1 terms
are non-zero, and v(a) = 0 for these terms. Then

P(s, w,f ®;) = Ac / W, ((g (1)))1(01, £ ®y)d

v(a)=0

ac [ (595 Y)

v(a)=0

R

0
q Xs

(q+1)z %3 (1 ‘23“)). (5.52)

Note that this result is independent of w.

5.3.2 Highly ramified principal series
Now we consider the case when 7w >~ 7 (u1, (o) is highly ramified. In the case when 7 is
a highly ramified special representation, we will get the same result as we can choose the

same new form.
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We still assume that x; and x» are unramified and E/F is split. This implies that p;
and o should be ramified of the same level k. Let ¢ = 2k > 2 be the level of 7 and #.
It’s a classical result (refer to [5]) that the K;(w €)-invariant new form ¢ is supported on

1 0
B(w . l)Kl(zer).

The idea is to compare the Whittaker function for ¢ with Lemma 5.10. If we can get
similar properties, then we can choose the same f and ®; as in the previous situation and
get the results directly.

0 1 0
Lemma5.13 (1) Ifk <i < ¢ then W, ((g 1)( ; 1)) is not zero only when
o

v(er) = 0. In that case, its integral against ¥ (w ~'a) is always 0.

1 ifi=c
a 0 1 0
. _ 1 iy
/ Ww ((0 1) (wi 1)) d*a = T ifi=c—1>k (5.53)
V=0 0, otherwise .

0 1 0
(2) Ifi <k, then W, * . is not zero only when v(a) = 2i — c. In that
Y\\o 1)\#z' 1

case, its integral against 1 is always O.

T (S [

v(a)=2i—c
1, ifi =0;
=wr@ D -y fi=l<k (5.54)
0, otherwise .
. , ffo O 1 0 . ko
(3) Ifi =k, the integral of W, p against 1 or Y (oo " a) is always
¢ 0 1\ 1

zero if either k > 1 or v(r) # 0. When k = 1 and v(a) = 0, its integral against 1 is
the same as expected from (1) as the limit case, and its integral against  (w " a) is
the same as expected from (2).

Proof According to part (3) of Lemma 5.6, we can always write

ffo O 1 0}) 1 awk 1,
(O C R e

k 1/2
il v (m)dm. (5.55)

x m(a + mowi)
The difference is the domain for m, which was given in Lemma 5.6. For the sake of
conciseness, we will only prove part (1) here.

When k < i < ¢, the domain for m is v(m) = v(a) — k. Write m = @ ¥au foru € Of.

The integral becomes

(e O\[1 o0 _ wk N _
W ((0 1)(wi 1))=/“11(_1+MW)“21(_Gr fau)

xq_"(“)/zlﬂ(w_kau)du. (5.56)
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k
_—1+Zywi*k) is at most of level 2k — i < k&, ’uz—l(_w—kau) is

multiplicative of level k and ¥ (—@ ~Kau) is additive of level k — v(r). So if v(a) # 0, the
integral will be zero for level reason.

As functions in u, ] (

When v(e) =0andi =c, ufl(—%) = Mfl(—wk) as u is level k. Then

W, ((; (;)):ufl(—wk) / uz_l(—wfkotu)lﬁ(wfkau)du

MGO}
=y (@) / oy N K uyy (@ *uyd*u - (1 —q71). (5.57)
uEO;‘;

We have used 11 42(—1) = 1 here.
We first consider the integral

[ () )

v(a)=0
One can switch the order and integrate in « first. Note that
/ w(wfkau))/xz_l(—wfkom)d*a = / w(wfka))uz_l(—wfka)d*a (5.58)
v(a) v(a)

is independent of u. g~V = 1. So

L6 )

= / it —w—k du/w(wfka))u_l(—wfka)d*a
1 1+ uwi~* 2
v(a)

1—q7, ifi=c
= 17 (@) / Wty @ ada - | —g,  ifizc—1>k (559

() 0, otherwise.

In the last equation we have used Lemma 2.4.

0 1 0 )
Now we integrate W ((g 1)( ; 1)) against ¥ (@ ~‘«) when v(a) = 0 and
w

k < i < c. Again we shall switch the order of the integrals and get

Lo

v(a)=0

k
= / Mll(—L) / u;l(—w*kau)l//(w*kau)w(wfia)d*ozdu.

14+ uwi~k
ueO} v()=0

(5.60)

As functions in «, uz_l(—w_kau) is of level k, and ¥ (w ‘(1 4+ uww X)) is of level i > k.
Thus the integral in o would be zero.

1 0
Lastly when we normalize W~ ((0 1)) to be 1, we will get the formulae as claimed.
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5.3.3 Normalization
If we use f’ to do Theta lifting, we will get Gross—Prasad test vectors for both F; and F.
Let

f" = char ((w?gp 8§)) x char(O})

We can compute (Fy, F) using f” just as in (5.31):

o= () DA )

X f(ax a a2y (x)d*x d*a (5.61)

Only i = c or ¢ — 1 has non-zero contribution because of Lemmas 5.10, 5.13 and the fact
that f” is invariant under the action of center. Then one can easily compute that
1 g—11
FLE)=A+Ac|(——— g ' =——=. 5.62
(F1, F) c cl( q_l)q g+ 1q ( )
The expected L-factors in this case is

(2) LM ®R1/2)L(w @ x1lr 25+ 1/2)
L(w, Ad, 1) L(n, 1)L(x,2s + 1)

1 — — —
= = in)L(n YPRY (1-—q 1)(1 _ X(l)q (23+1))(1 _ X(Z)q (2s+1))‘ (5.63)

Then

1  L(w, Ad 1)

0 d) — ) 4
]P (S; 1/21f > CDS) - qc 1 _ X(Z)q7(25+1)‘ (5'64')
5.4 Ramification in ®g
In this subsection, we consider the case when ®; is ramified while 7 is unramified. To
make things simple, we assume that x; is ramified of level ¢ and 7 is unramified. Note

wi2(x1x2)lr+ = 1 implies that xi|p+ is still unramified.

Proposition 5.14 Suppose that w is unramified and E/F is inert. Suppose that x1 is
ramified of level c, but x1|r+ and xo are unramified. Pick

f = char ((w?fOF ?UOSF)) x char(OF).

Pick ®; to be the new form, that is, the Ki(@w€)-invariant function supported on

1
B (1 (1)) Ki(w®). Then

P(s, w, f, ®5) = P'(w)

(1 =81 x1,s(@)q)(1 — Spaxis(@)q)’

(5.65)

where I’ (w) denotes the expression

—C
() (1= (Bpaxas)™) = £2-(1 = (Buaxzs)’)
K2 : (1 —qdpixs)

M2 — U1 1—38uaxas
(1= Burixzs)th) — ﬁ(l — (Bu1x2s)°)
1—68um1x2s

—H1 (1- q(SMZXLs):| . (5.66)

Page 45 of 61



Hu Res. Number Theory®

Here 8 = g~ /2%, When w = 1/2,

P'(1/2)

0 _
P (S, 1/2,f;q>s) = Tq_l

(5.67)

Recall the local integral

P(s, w,f; @) = / W, () A"~ / ' ()f (g det(g) ") ®(vog)dg dh
ZN\GL;(F) GL(F)
(5.68)

We've already known well the K -invariant Whittaker function W;". The choice

f = char (( ?CFO wOOF)) x char(OF) (5.69)
@ “Of r

is motivated by Example 2.21. This Schwartz function is K-invariant under the Weil
representation. Thus as in the unramified case,

P(s, w, f, d5) = / W, ((g (1))) a2V (o) "L (a0, f D5)d* . (5.70)
]F*

The key point in this subsection is to work out

o
o, f, 5) = / S (g, @) D5(v0g)dg. (5.71)
g€GLy,v(det g)=v(«)

Note that when the extension E/F is inert,
GLy = O - B. (5.72)

Recall that ®;(yotg) = x1,5(£) x2,s(£) Ps(yog) for t = a + b/D. By our assumption on
and xa,5, Ps(yog) as a function of g is left invariant under OF 4+ @ “Ok. f is also left invariant

b
under [([;;) )Ia e OLbe wCOp] ~ Of + @°Og. As aresult,
a

1 -
I, f, @5) = W Z /Xl,s(t)cbs(VOb)f (tb’ de(:tb) db

te(Of+w Op\O; 3

1 -
G, o / 0

te(OF +a O\ O v(a)+v(a)=v(@)

: al m c OF ZD'COF
0 ay) \w“Of Or

x Dy (Vo (ﬂl m)) |az| " dm d*ay d* as. (5.73)
0 an

We have used that the right Haar measure for the Borel subgroup is
lag| Ydmd* a1d* as.
The coset representatives (Of + @ “Og)\ O} can be chosen as
{1+ b1v/D|b1 € O/ OF} U {by + v/Dlby € wOF /w OF).
One can easily see that this set has (g + 1)g°~! elements. That’s why we have ( — in

1
q+1)q
front of the integral above.
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a1v/D
Lemma 5.15 We need v(—ﬂﬁm\@) <0 for

al m 1 0 c
(ﬂn/ﬁ a2+m\/5)63(1 1)1(1(w ).

a m
Under the above condition we can write 1 as
aivD  ay +mND

ay _ ay +m+/D
% a-E\(1 o\(1 -1+ “meﬁ '
0 av/D J\1 1)\o 1

Corollary 5.16 Assume that xos is unramified and x5 is ramified of level c, such
that x|+ is still unramified. Suppose that ®; is the unique Ki(w°€)-invariant func-

1 0 1 O\[far m
tion supported on B Ki(w®). Then ® is non-zero when

v(a1) < v(ag + m~/D). In that case, it’s equal to

@ X{’(ﬂz)X;(ﬂl)
X1s (—) X2s (ﬂl\/ﬁ) ==
\/l—) Xl,s(\/ﬁ)
For each representative t € (Of +@“Og)\ O}, we decide now the domain of the integral
which is given by the condition

P al m c OF wCOF
0 a w ‘Of Of '

Ift = 1+ b1+/D, then by

1 by a m c Ofr @ OF
hD 1 0 a @ “Of Of

we get v(ay), v(az) = 0, m = —byay mod (). Similarly for t = /D + by,

by 1 a m c Or @ “OF
D [92 0 a ZU_COF OF '

The domain will be v(a1) > —v(by), v(m) > 0,a, = —mb,; mod (w©).

The key observation here is that although the domain depends on the specific choice
of by or by, the integral of @ over the domain only depends on v(b;) and v(b3). Indeed
in Corollary 5.16, the requirement that v(a;) < v(az + m+/D) and the value of ® both
depend only on the valuations of 3, ap and m. The domains differ slightly but the different
parts have the same volume.

More specifically for fixed v(b1) or v(by), let ¢y be a fixed representative for 1 + bi~vD
or by + ~/D. Then we have

] o ; o
JE T e L R (P I
B B

So when we sum over ¢ for fixed v(b1) or v(by), we are essentially just summing x1s().

Then we need a lemma similar to Lemma 2.4«

Lemma 5.17 Let x be a character of level ¢ on E* which is unramified when restricted to
F*,
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(1) Ifc > 2, we have

1, ifi=c¢
> XA +biVD)={ -1, ifi=c—1; (5.74)

c =’ .
br€0 /m Opv(b1)=i 0, otherwise.

1, ifi=c
> X(WD+by) = x(WD) | -1, ifi=c—1; (5.75)

br€0p [ Opv(ba)=i 0, otherwise
, :

(2) Ifc =1, we have

> x(+b¥D)+ x(¥D)=0. (5.76)

bleOp/wOp

This lemma enable us to greatly simplify (5.73) as

1 o
(o, f; @) = PES /(Ds(yog)f (g, detg)dg
B
1 c—1

_/qDS(J/og)f((wc_lD wl )g, d:_tg)dg

B
+X1,s(\/5) /q)s(VOg)f((g (1))g’d:_tg dg

B
we ! 1 o

—/fbs(yog)f(( D wc_l)g m)dg . (5.77)

B

1 c—1
Here we have chosen ( -1p wl ) as a representative for 1 4+ b~/ D with v(b;) =
w

c—1

¢—1,and
ZD.c—1

) as a representative for ~/D + by with v(by) = ¢ — 1. This
formula is true even if ¢ = 1.
To integrate (5.77), it’s easier to compare the domains of the integrals, as the common

part can be cancelled when we do subtraction. We will only give the result here:

Lemma 5.18
1(051]5 (I)S) — ;
(q+1)g!
_X2s

(gx0,)" @ (22 )~ — (Lo yre-etl) _Lis ifo<v@)<c—1;
X 1 J2s s x2s

(@0, (L2) 7 s — (1= g V(g @ i, ifv@) 2 ¢

qx1,s qX1,s

From this one can get
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P'(w)

P(s, w, f, &5) = , (5.78)
PP = U s @)) 1 = s (@))
where P’ denotes the expression
x2s )€ 1 X2
(25) T (0= Grax)™) = 21— Graxs))
W2 : (1 —qdpixus)
M2 — p1 1 —38uax2s
(1 — Buixas)th — ﬁ(l — (Bp1x2,5)°)
—p1 : (1 —gdpaxus) |- (5.79)
1—é8pixas

Now we compute (Fj, F). Since the Schwartz function is K-invariant under the Weil

representation, we have

(F), F) = / / W, ((‘(’; (;))f(ocx,a_lx_z)(ul,ug)_l(x)d*xd*o(, (5.80)

This turns out to be the same as in the unramified case, that is,

L(m,Ad, 1)
(F,Fy = =2~ (5.81)
' )
The expected L-factors in this case is
72 LI ®Q1/2)L(r @ xiles 25+ 1/2)
L(m, Ad, 1) L(n, 1)L(x, 25 + 1)
) 1+q" (5.82)
L, Ad 1) (1 — paxa(o)g~TYD)(L — paxa (w)g~@s+172) '
Thus
P'(1/2)
POs, 1/2, f, ®) = ———=. 5.83
(5, 1/2,f, @5) T (5.83)

5.5 Joint ramification
In this section we consider a very special case of the local integral when both 7 (1, )

and ®; are ramified.

Proposition 5.19 Suppose that |v, is unramified and 1, is of level ¢ > 0 for the principal
series 7w (41, n2). Suppose that x» is unramified and x1, x1|p+ are both ramified of level c.
Assume that E/F is inert. Pick

1 o) (@)
f = char (( -;?O F OF)) x char(l + @°OF),
r r

-1 c
fl= Z ' char ((ﬂ ;ZF Or gi)) x char(a + @°OF)

ae(Ofp /m OF)*

ae(Of/wOF)* 0 1

where > means the average. Pick ® to be the unique up to constant Ki(w°)-invariant

1 0 10
function supported on B (1 1)1(1(wc) such that ®; (( 11 )) = 1. Then

1 1

P(s, w, f; @5) = P(s, w, [/, @) = .
S S s (g% — 1)2q% 4 x15(v/D) 1 — @812 x1,s

(5.84)
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Here § = g~ /2t When w = 1/2, we have
1 1

P(s, 1/2,f, @) = . (5.85)
/ f s (q2 _ 1)2614“4)(1(«/1_)) 1— szlq—(2s+1/2)
The denominator is as expected since
1

LV(H ® Q) 1/2)LV(7T ® thF*l 25 + 1/2) = 1 _ M2X1q_(25+1/2)

in this case, and
1
PO(s, 1/2,f/, ®5) = (5.86)

(g + g1 x1(vD)

First note that our choice for f is only K} (z0¢)-invariant under the Weil representation,
1 %
where K 11 (w€) is the subgroup of K whose elements are congruent to o 1 mod ().

On the other hand, f” is K (@ ¢)-invariant under left, right, and Weil representation. For
the following we will only compute P(s, w, f; ®;). But all pieces in f’ can be computed very
similarly, and the result doesn’t depend on a. Thus an average will give the same result.

Lemma 5.20
1 0\(B 0} ;
Gt = L o B(wl’ 1)(0 1)K1 @) (5.87)
Ofifc,ﬂG(OF/wm‘““’C*”OF)*
Proof First of all,

K (w€) = 11 (’g ?)K}(W).

BE(Ofp /w OF)*
We know by Lemma (2.1)

GLy= [] B( ll. 2)1(1@6),

- w
0<i<c

1 1 0 !
We just need to check when B| . O) P © Kl(@°) = B[ . 0
o' 1 0 1 o' 1 0 1

KL (w°).
This is equvalent to that when modulo ¢,

(o D ) )

is upper triangular. That is
w'B/B —w' —w¥x=0 mod ().
Then the conclusion is clear. |

We pick ¢ € n(,ufl, My 1) to be the unique K;(w®)-invariant function supported on
BK;i(w€). Then by the above lemma, the local integral P(s, w, f, ®5) should be

> o fw (5 )(o 5))t e
0<i<cfB
o o (O T () T 559
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where
A;

ﬁ(OF/w-min{i,cfi} OF)* :

We shall work out the integral / (oz, r (( 1i 0) (/3 0)) f; CDS) first. By (2.13),
o' 1J\0 1
-1 c
v ((ﬁ (1))) f = char ((’3 Z:C(Z;; Or gﬁ )) x char(B + @ OF). (5.89)

Then by Lemma 2.10 and the remark after it,

r (( li O)(ﬁ O))f = 2y (uw " (%1 — BN — x243])
w 1 0 1

,3_1 +inF wi_COF
xchar ) )
w'OF o' °Of

Ajg =

x char(B + @ OF). (5.90)
Lemma 5.21
1 oy V() i
T e X5 ) 20 (5.91)

)

({1 o 0 .
/Qs(yog)r ((wi 1)(23 1))f (g, d:_tg) dg=0 foranyi < cand B.

1 0 0
Proof Recall that we can write GL, = O}B. ®4(yog) and r’ (( ; 1) (ﬁ 1)) are
o

both left invariant under 1 + @“Of. Note that Of/1 + @O ~ (Op/w‘Of)* is of
cardinality (g> — 1)g*~2. Then

(o (o DE D))
= o L G ) o ([ )

te(Op /@ Og)*

o
D5(og)f (& w——)dg =
/ ’ detg 0 otherwise.

(5.92)

ay m (o4 -1 * *
t , ——— dmd*ad*ay. 5.93
Xf( (0 az) N(t)alaz)mz' md*ad*a; (5.93)
. bl b2 2 2
If we write t = by + byn/D = , then N(¢) = by — b5D, and
byD by

Q(t) = x1E)x2(t) = x1(b1 — b/ D)

as xp is unramified.
Firstlet i = c and B = 1. To satisfy

; a m c 1+@“Or Of
0 a @ “OF Or )’



Hu Res. Number Theory® Page 52 of 61

we need ajb; € 1+ @ OF, a1byD € w°Of, and ay, m € Of. If by ¢ w O, then it’s
impossible for a; to satisfy the first two conditions. Thus we only need to consider those
t with by € w°Of, by € (Op/w Of)*. Then the domain for the integral is
o
a1 =b' +@°Op,m e Op and ay € b—(1 + @OF), (5.94)
1

as we also need €l+ @¢Of.

@
N(t)ayay

By Lemma 5.15,

1 0O\far m a
Dy ((\/5 1)(0 (12)) = Xls (E) X2,s(ﬂ1\/5);

when the condition v(a1) < v(ay + m+/D) is satisfied. In particular over the domain in
(5.94),

o M .
b — X1,s (bh/B) ) if V(O{) > O;
0, otherwise,

as xg,s is unramified and v(a1v/D) = 0. Also Q(t) = x1,s(b1 — by/D) = x1s(b1). Then for
v(a) > 0 the integral is easily computed to be

1 o
7 )22 sV xs | —= ) lazl tdmd*ay d*a
(q% — 1)g%—2 > / x1,s(b1)x1, (b1@)| 2| 1d%ay

(4 *
b1€(Of /@ “OF) alzbl’lJrzerOF

mEOF
Hzeﬁ(l-&-wCOF)
1 o v(a)
= — . 5.95
(@ - D@ — Dg>3"" («/D) 1 (599)

Now suppose 0 < i < c. For any fixed t = by + by+/D and f8, we can do the integral
similarly. In particular one would need v(a;) < v(aa + m~/D), by € Of and by € w'OF
for the integral to be nonzero. And when that’s the case, the domain of the integral is

Bl

bl()[

>0, e ———(1+ ‘0 d € ————(1+@0Op).
v(m) > as (b%—b%D)( @'Of) and @ (b%—bgD)az( @ “OF)
Over this domain, we have
Y11 — 5 s — xa3]) = W@ @y [ ——L ST (ayby + mbyD)
w — — =vY(o '« —_——
1 4 — X2X3 (b%—b%D)alaz 2b1 2
. braw !
= y(w ‘)Y (_—bfl— b%D)’ (5.96)

which turns out to be constant over the domain.

Now we do the integral of x, S(%) x2,s(a1 \/5) over the above domain. When integrating
in a; first, we are essentially integrating a constant as x5 is unramified. Then the integral
in ay is essentially

/ x1s(az2)d” ay, (5.97)

aye (1+@OF)

bia
)
which is zero according to Lemma 2.4.

When i = 0, the proof is similar. We will leave this case to the reader. O
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According to this Lemma, we only need to compute one integral for (5.88) and we only

_ a 0
care about W .

Lemma 5.22 Assume that 1 is unramified and |y is of level ¢ > 0. Suppose that ¢ €
n(le_l, /Lz_l) is the unique Ky (w°)— invariant function supported on BK1(w ). Then

0 —v(a)/2 —v(oz)’ ifv(a) > 0;
Ww_ o _ q 131 if via) > (5.98)
0 1 0, ifv(a) < 0.

Proof By Lemma 5.6, in particular by part (2ii), we have

os G ) Coemlsl”

when v(m) < v(a) — c. Recall that W, is the Whittaker function for ¢ associated to .
Then

() A e

v(im)<v(a)—c

C/q—V(Ol)/2M1_V(a)’ lf V(ot) > 0;

= (5.99)
0, if v(a) < 0.
where
= [ e
qC,Uq
v(m)=—c
is a non-zero constant and will be cancelled after normalization. O
Now we combine Lemma 5.21 and 5.22 into (5.88). One can easily see that
P(s, w, f; ®5) = A / qfv(a)/ZMIv(a)|a|%*%q)s(a)fl
v(a)>0
1 o via) g%
X X1s | —= d*a
(@ — (g — D377 (ﬁ) 7
1 1
(5.100)

T (g% — 1)2g% 4y (vD) 1 — gdpax1s

Here § = q‘<w/2+1/4). We have used that pwipax1sx2s = 1 and o)1 is unramified.
When w = 1/2, we have

1 1
(q2 — 1)2q4c=4x1 (VD) 1 — pay1qg=®+1/2

To compute (Fy, F), we shall compute the corresponding integral using f”.

mo= 2l [ () DA )

X f'(ox, L ™2) (g o) “Hx)d* xd* e, (5.102)

P(s, 1/2, £, @) = (5.101)

Page 53 of 61



Hu Res. Number Theory®

By Formula (5.90), we have for any i,

r (( li O))f/ = Z 'Y (e (1 — a Vg — xp3))
() 1 act

Of /@ OF)*

-1 i i—c
xchar ((d +‘ @O @ OF)) x char(a + @ OF)

w'OF ZD‘i_COF
(5.103)
(ax, @ 1x72) is in the support if and only if x € 1 + @ Op. On the support, it’s a constant
function in x. Then integral against (141 42)(x) is nonzero if and only if i = ¢. Thus

(FL F) = A, / / W;((ﬁ ‘;))f’(ax,a-lx—z)wmrl(x)d*xd*a
_ a 0 1 N
=4 [ w, ((o 1)) - D"

v(a)=0
= ! (5.104)
(g = D(g® = D(g>3) '
The expected L-factors in this case is
{(2) LI ® R, 1/2)L(7T ® x1lp, 25 + 1/2) _ 1 (5.105)
L(w, Ad, 1) L(n, 1)L(x, 2s + 1) T 1 — poyg— 2 ‘
Thus
1
PO(s, 1/2, f, ®5) = (5.106)

(q + g x1(vD)

5.6 The last case when only x is ramified
In this section, we consider a finite place where 7 is highly ramified, x; and xo are
unramified and E/F is inert. As mentioned in the end of Section 3, the local integral of

our problem can also be formulated in terms of matrix coefficients:

/ by(yog)(F1, m(g)F)dg (5.107)
F*\GLy(F)

where F1 € #, F € w and (;, -) is a bilinear and GLy(IF)— invariant pairing between 7 and
7.
If the level ¢ of the representation 7 is odd, then the local integral is automatically zero
according to Theorem 2.14 and Example 2.15. Assume from now on that ¢ = 2k.
_ 1 O
Define K to be the subgroup of GLy(Of) whose elements are congruent to (O 1)

mod (@XOF). Define ®; to be the unique up to constant function from the induced

. 0 1 .
representation such that it’s right K-invariant and supported on B( ) @)1< LIt

D
will be normalized such that

()
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As motivated by Example 2.18, we will pick F; and F to be the unique up to constant
elements from respective representations which are invariant under

ko b ko
[(“+w EoOrm O bVDe Ok

bD+ w*Or a+ w*Of
Let F; and F be so normalized that
(F1,F) = 1.

Proposition 5.23 Suppose that v is highly ramified of level ¢ = 2k, x1 and xa are both
unramified, and E/F is inert. Then for the choice of F1 € #, F € w and Oy as given above,

we have
1
| e r@nd = — (5.108)
(g —1)q

F*\GL; (F)

and
L(w, Ad, 1
P’ = b ) (5.109)

q°(1 — xq~®+2)’
We first give the property for &;.

Lemma 5.24 Let & be the unique normalized element from the induced representation

L 0 1 _
which is supported on B (_1 _@)I(. Then

D
o, o ar m\\ _ 1, ifvim)>kanda; =1 mod (w*OF); (5.110)
0 1 0, otherwise.

1 0
Proof Let’s consider when the matrix ( Jb 1) (6;1 T) can be in the support

0 1 . .
B( ) JB) K. This is equivalent to say if there exists k € K such that

D

I/
al m k D
((ll\/B 1+Wl\/ﬁ) ( 1 0 )

is upper triangular. This in turn is equivalent to that

—a1 +1+mvV/D=0 mod (@"Op).

Thus one get the conditions for ®; (yo (6;1 T)) to be non-zero as in the lemma. When

these conditions are satisfied, the rest are easy to check. o

Now we can prove Proposition 5.23 easily. As x; and yx» are unramified, ®s(yptg) =

ai

®y(yog) for t € OF. Note that F*\GL, = O} [(0

rf)} Then the local integral

(5.107) becomes
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/ ®,(y0g) (F1, 7 (¢)F)dg

F*\GLy(F)

— / / Q(t)@s(yo(‘g T))<ﬁ(t1)lﬁ,n((6g T))F>d*a1 dm d*t

teOy aum

T e e
_ / <F1, y'r ((‘;1 T))F> d*ay dm. (5.111)

v(m)>k and a;=1 mod(w k)

Here we have used the fact that F; is invariant under O} for the second equality, and
Lemma 5.24 for the last equality.
Note that when v(m) > k and a; = 1 mod(w*),

k k
(o) b (o)
a m c a+wk1-" +ka |a—|—h/_DeOE,
0 1 bD+ @w"Ofr a+ @*Of
under the action of which F is invariant.
Thus

D (yog)(F1, m(g)F)dg
F*\GLa(F)

= / (Fl, F)d*aldm =

v(m)>k and a; =1mod(z*)

1

. 5112
(g — g ! ( )

The expected L-factors in this case is

(2 LMM®K1/2Lr @ x1lr 25+ 1/2)
L(r, Ad, 1) L, DL(x, 25 + 1)
1

T (1-q2)L(n Ad 1)

1+q N1 — xg~**). (5.113)

So
L(m,Ad, 1)
qC(l _ Xq—(4s+2))'

PO(s, 1/2, f, @) = (5.114)

6 Archimedean places

The local integral at archimedean places in general can be very complicated to compute.
In this section we shall restrict ourselves to the following setting. Suppose that E is totally
real. In particular all infinity places of IF are real and they split in E. Suppose that the
cusp form F is anti-holomorphic and is of parallel weight —2#, and the Eisenstein series

is holomorphic and is of parallel weight 7.
2n—1

2n—1
In terms of local components, we assume that 7 is of formo (|- |72 , |- |7 2 ). Pick F;
and F to be weight —2# elements. It is well-known that in general the matrix coefficient
associated to holomorphic weight 27 > 0 elements is

a mY\\ _ a(2i)*n
w((o 1))—m (6.1)
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Note that it is normalized so that ¢(1) = 1. Then the matrix coefficient associated to
weight —2# elements is

a m\\ _ a"(2i)*n
¢ ((0 1 ))  (—m+(a+ 1)i)?n (62)

-1 0
Here we have conjugated the formula by( 0 1) to get the matrix coefficient for weight

—2n elements.

Since this real place splits in [E, we shall write ®; = d>§1)cl>§2), where we pick CD?) to be
the weight # element from Indng (sgn‘s(-)| . |%, | - |*%). Here § is 0 if n is even and 1 if
n is odd. We shall think /D = (v/D, —+/D) in this case. Recall that the local integral is

P / (F 7 (@)F) @ (y0g)dg = / (@) (v0g)de 6.3)
F*\GL3(F) F*\GL;(F)

Here we shall use the decomposition

F*¥\GLy(F) = [(g ’f) la e R, m e R] K

for K = SO(2), and the Haar measure is

1 dadm d@ 6.4)
2t a2 ’
Note that
a +a?/D+mEm?/D
( a m ) — «/azD—',-(kI:m\/B)2 \/a2D+(1j:m«/5)2
+av/D 1+ mvD 0 \/a2D+(1:|:m\/5)2
1+m/D Fa/D
« | Va2p+(1£mD) N a2D+(1£m~/D)2 6.5)
+av/D 1+mv/D ’
N a?D+(1+m/D)? A/ a’D+(1+m~/D)?
So by definition,

n

// a2 ( a )2 1+ m~/D — ia/D
—m+(a+1))* \a?D + (1+ mv/D)> \/azp +(1+ mvD)?

a>0 m
( a )’; 1 — m~/D + ia/D
a?D + (1 — my/D)? \/aZD + (1 — mv/D)?

n

a *dadm. (6.6)

We have used that ¢ is only supported on det(g) > 0. It can be easily simplified as

22” l)n 222 o
N e e R

(6.7)

As an analytic function in m, the integrand has a pole of order 2n at m = (a + 1)i in the
upper half plane, and two poles of order #n at m = i% — ia in the lower half plane. To
fully make use of the symmetry, we shall shift the contour integral upward and use basic
complex analysis.

_ 27 22n(_1)n /a2n72 (i)Zﬂ_l 1
~ (2n-1)! D dm (0m + ia>—1)"

a>0

da. (6.8)
m=(a+1)i
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Now we make use of the linear relation between m and 4 in the expression, and do the
following change of variable:

i
po et (6.9)
2i

d 2n—1 1
(%) ((Wl+m - 1%) =@+
1 2n— 1 2n 1
N (Z) ( 2u + 1)2 )" (_1)n) lu=a:

(6.10)

—_ —— il 2n—2 d 2l 1
r= (2n — 1)\D" /“ (Z) (m)‘uzad& (6.11)

a>0

So

Now we can use integration by parts multiple times to get

e¢]

B 47 a2n_2(i)2n 2
(2n — 1)!D" da ((Za F12 4 l;))

— (21 —2)a*" 3 (i)zn_3 ! 4o
da (Ca+1?+3)

+(2n —2)! ;ﬂ
(2a+1)*+ 3)

4 1 %4 1
= —,n(Zn —2)! T = — (6.12)
2n —1)'D 1+4) 2n—1(1+ D)

o

a=0

1 yjoo . _ .
Here we have used that a ( 2 (((2 +1)2+ )n)l °o =0for0 < i <2n—2 We will not

normalize the local integral by L-factors for archimedean places.
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Appendix A: Kirillov model for the supercuspidal representation and its
newform

Let IF, be alocal field and p be the characteristic of its residue field. Let ¥ be an unramified
additive character. Let  be a supercuspidal representation over I, with central character
wy. Its Kirillov model can be realized on S(F*) such that

™ ((“1 m))w(x) = e (@) ¥ (may x)p(aray %), (A1)
0 a
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A basis of this representation can be given by

v(u), ifx =uw” foru e OF;
lv,n(x) =
0, otherwise.

0 1
The action of w = ( 0) on this basis is given by

7(w)l,, = vao_lzay‘l (A.2)

v lwo,—ntn, 17

where zg = w; (w) and wg = w,,|o;. Recall that n, < —2and ¢ = —n;.
For simplicity, we focus on the case when w;, is unramified or level 1. Correspondingly

Wo = Wy |O;§ is trivial or level 1.

Proposition A.1 Suppose p # 2. Let ¢ > 2 be the level of a supercuspidal representation
7 whose central character is unramified or level 1. If v is a level i character of OF, then we
have

ny, = min{—c¢, —2i}.

Proof Note that

w(l —1)@2(1 1)w(1 1)‘ (A.3)
0 1 0 1 0 1

We will just apply this equation to different test functions and compare levels or supports
of each side. First of all, consider 13, for n > 0. By the classical result of Gauss sum, the
right hand side of (A.3) will give a linear combination of 1, _;4,, for all v of level —n; +n.
The left hand side has an additional action of w, which has to maintain the right hand
side. In particular,

ny, =2n; —2n

for all v of level —n; + n.

Then we consider those v of level from 1 to —#; — 1. Suppose 1 < i < ¢/2.

First we test 1;,_;. The situation for the left hand side is similar. The action of w will
change 1;,_; into a multiple of 1,,,;—. Then v/ (—x)1,,,;— will be a linear combination of
1ygv,i—c for all v of level ¢ — i. After another action of w, what we get just consists of all
level ¢ — i characters.

On the right hand side, ¥ 1;,—; consists of all 1,, _; for p of level i. If i = 1, it should be
understood that u is of level 1 or 0. If n,, > —c for some w of level i, then the action of

o will change 1,1 _; into IMWO—I,i+n

, so we know 7 (w L )1;,_; haslevel i < ¢ — i
H 0 1
components at v(x) = i + n, > i — c. Note that u and ¥ (») at v(x) = i + n, are both
of level < ¢ — i. Then multiplying another v (x) will never give level ¢ — i components at
v(x) = i + ny, contradiction. So n, < —c.

As a direct result of this, we also get n, < —2(c — i) for all v of level ¢ — i. This is because
in our argument for 1, < —c, the right hand side will be supported at v(x) < i — c. Then
on the left hand side, the action of w has to change all level ¢ — i components at v(x) = i —c¢
backtov(x) <i—c.

Now if ny = n,,1,1 < —c for some character 41" of level i, then we can test on

" 0

1,1 _;. The left hand side will give purely level —n,/ — i > ¢ — i components, supported
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at v(x) < i+ n, by what we just showed above. On the right hand side we still have level 0

1 1
I component. The action of 0 1 1)

on this level 0 component will give a nonzero part at v(x) = i+#n; = i —c. This contradicts

componentin ¢ 1, _;as ¥ (x) at v(x) = —ihas '~

the support of the left hand side. So n,, > —c for all 1 of level i.
Combine the two arguments above, we can conclude that when 1 <i < ¢/2,

ny = —c
for all u of level i, and
n, = —2(c — i)
for all v of level ¢ — i.
Now we only have to consider the middle level characters. Suppose that c is even and v is

a character of level ¢/2. The expected value of n, is still —c, as suggested by the statement
of the lemma. While the argument above to prove n, > —c still works, the argument

1 1
about 7, < —c will fail. Indeed 7 (e (0 1))11,_i has level i = ¢ — i components. Note

that for ¢ = 2, n, < —2 is automatic, so we can assume ¢ > 4. We need a more accurate
description of each side and try to compare the support in addition to the levels.

We know n, > —c for all v of level ¢/2 > 2. Suppose that n,, > —c is the largest
among all characters of level ¢/2. (Recall that n, < —2 for any v.) Choose the test func-
tion to be 1,-1 _, /5. The action of @ will change it into a multiple of 1,/,¢/2+n,,. Then
Y (—=%)Lywg,c/24n, consists of level ¢/2 characters that differ from v'wp by smaller level
characters which are components of y(—x) for v(x) = ¢/2+n,y > —c/2. Thatis, it'salin-
ear combination of 1,/ygy,c/2+n, for v of level less than ¢/2 introduced by ¥ (—x). When
changed back by another w action, what we get is a linear combination of characters
v'~1y~L, They are supported on v(x) < —c/2, as we have assumed 7,/ is the largest.

On the right hand side, ¥ (x)1,/-1 _, consists of all characters of level less than or equal
to ¢/2, except those differ from v'~! by a lower level characters. After the action of w, they
will be supported on v(x) > —c/2, as we already know. Multiplying with another ¢ won’t
change the support. By comparing the supports on both sides, we can get n,/, = n,, for
all v for left hand side introduced by v/ (—x) at v(x) = ¢/2 + n,/. On the right hand side, we
get n, = —c for all u of level ¢/2 not differing from v’ by lower level characters. But we

known,, =n -1 > —c. To avoid contradiction, v’_lwo_ ! has to differ from v’ by lower

vl
level characters. This implies v'? itself is of lower level. But we will show this is impossible

if p # 2 in the following lemma. Thus the proposition is proved. O

Lemma A.2 Suppose that p # 2, and v is a character of O} of level n > 1. Then v2 is still
level n.

Proof Let @ be alocal uniformizer. v being of level # implies that there exist b € O} such
that v(1 + @ " 1b) # 1. If p # 2, then 2 is a unit. So

VA + " b2 = vl + " b+ o 2% /4) = vl + o) # 1L
This means v? is still level 7. |
Remark A.3 When p = 2 or/and wy is highly ramified, n, = min{—c, —2i} is still true for

most cases, except when c is even and i = 5. Then we only expect n, > —c. This result
however is enough for some applications, see [12].
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One can prove this result similarly as above, but one also need the observation that

c(wr) <c¢/2

when wy is highly ramified.

Received: 28 September 2016 Accepted: 3 October 2016
Published online: 25 November 2016

References

1.

2.

® N W;

10.
11.

12.
13.

14.
15.

16.
17.
18.
19.
20.
21.

22.
23.
24.

25.
26.
27.

28.

Bocherer, S., Schulze-Pillot, R.: On the central critical value of the triple product L-function in number theory (Paris,
1993-1994), London Math. Soc. Lecture Note Ser. 235, pp. 1-46, Cambridge Univ. Press, Cambridge (1996)

Bump, D.: Automorphic Forms and Representations. Cambridge Studies in Advanced Mathematics, vol. 55, Cambridge
University Press, Cambridge (1997)

Bump, D.: The Rankin-Selberg method: an introduction and survey, automorphic representations, L-functions and
applications: progress and prospects, pp. 41-73, Ohio State Univ. Math. Res. Inst. Publ,, 11, de Gruyter, Berlin (2005)
Bruinier, J, Kudla, S.S,, Yang, T.: Special values of Green functions at big CM points. Int. Math. Res. Not. IMRN 2012, no.
9,1917-1967

Casselman, W.: On some results of Atkin and Lehner. Math. Ann. 201,301-314 (1973)

Garrett, P.B.. Docomposition of Eisenstein series: Rankin triple products. Ann. Math. 2(125), 209-235 (1987)

Gross, B.H.: Local orders, root numbers, and modular curves. Am. J. Math. 110(6), 1153-1182 (1988)

Gross, B.H., Kudla, S.5.: Heights and the central critical values of triple product L-functions. Compos. Math. 81, 143-209
(1992)

Gross, B.H., Prasad, D.: Test vectors for linear forms. Math. Ann. 291(2), 343-355 (1991)

Harris, M., Kudla, S.S.: The central critical value of a triple product L-function. Ann. Math. 133, 605-672 (1991)

Harris, M., Kudla, S.5.: On a conjecture of Jacquet. Contributions to automorphic forms, geometry, and number theory,
pp. 355-371, Johns Hopkins Univ. Press, Baltimore (2004)

Hu, Y.: The subconvexity bound for triple product L-function in level aspect, submitted. arXiv:1404.1636

Hu, Y. Triple product formula and quantum unique ergodicity for modular curves of level N, submitted.
arXiv:1409.8173

Ichino, A.: Trilinear forms and the central values of triple product L-functions. Duke Math. J. 145(2), 281-307 (2008)
Jacquet, H,, Langlands, R.P.: Automorphic forms on GL(2). Lecture Notes in Mathematics, vol. 114. Springer-Verlag,
Berlin (1970)

Kable, A.C.: Asai L-functions and Jacquet's conjecture. Am. J. Math. 126(4), 789-820 (2004)

Kudla, S.S., Rallis, S.: A regularized Siegel-Weil formula: the first term identity. Ann. Math. 2(140), 1-80 (1994)
Piatetski-Shapiro, I, Rallis, S.: Rankin triple L functions. Compos. Math. 64, 31-115 (1987)

Popa, A--A.: Central values of Rankin L-series over real quadratic fields. Compos. Math. 142(4), 811-866 (2006)
Prasad, D.: Trilinear forms for representations of GL(2) and local e-factors. Compos. Math. 75, 1-46 (1990)

Shimizu, H.: Theta series and automorphic forms on GL(2). Seminar on Modern Methods in Number Theory (Inst.
Statist. Math., Tokyo, 1971), Paper No. 28, pp. 6, Inst. Statist. Math., Tokyo(1971)

Saito, H.: On Tunnell’s formula for characters of GL(2). Compos. Math. 85(1), 99-108 (1993)

Tunnell, J.B.: Local epsilon-factors and characters of GL(2). Am. J. Math. 105(6), 1277-1307 (1983)

Waldspurger, J.L.: Sur les valeurs de certaines fonctions L automorphes en leur centre de symétrie. Compos. Math.
54,173-242 (1985)

Watson, T.C.: Rankin triple products and quantum chaos. Thesis (Ph. D.). Princeton University, pp. 81 (2002)

Xue, H.: Central values of Rankin L-functions. Int. Math. Res. Not. Art. ID 26150, pp. 41 (2006)

Yuan, XY, Zhang, S.W.,, Zhang, W.: The Gross—Zagier formula on Shimura curves. Ann. Math. Studies No. 184, Princeton
University Press, Princeton and Oxford (2013)

Zhang, S.W.: Gross—Zagier formula for GL,. Asian. J. Math. 5(2), 183-290 (2001)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com

Page 61 of 61


http://arxiv.org/abs/1404.1636
http://arxiv.org/abs/1409.8173

	Cuspidal part of an Eisenstein series restricted to an index 2 subfield
	Abstract
	1 Background
	1.1 Automorphic integrals and L-functions
	1.1.1 Rankin--Selberg integral
	1.1.2 Triple product formula
	1.1.3 Comparison

	1.2 Main results and organization

	2 Notations and preliminary results
	2.1 Definitions and basic facts
	2.2 The Weil representation
	2.2.1 Special elements in the Weil representation

	2.3 Shimizu's lifting
	2.4 Period integral, test vectors and Waldspurger's formula
	2.4.1 Waldspurger's period integral
	2.4.2 Gross and Prasad's test vector
	2.4.3 Waldspurger's formula


	3 Global analysis
	4 Local calculations at unramified places
	4.1 Inert places
	4.2 Split places

	5 Local calculations for other non-archimedean places
	5.1 mathbbE/mathbbF ramified
	5.2 Unramified special representation
	5.3 π of higher level and mathbbE/mathbbF split
	5.3.1 Supercuspidal representations
	5.3.2 Highly ramified principal series
	5.3.3 Normalization

	5.4 Ramification in Φs
	5.5 Joint ramification
	5.6 The last case when only π is ramified

	6 Archimedean places
	Acknowledgements
	Appendix A: Kirillov model for the supercuspidal representation and its newform
	References




