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ABSTRACT. We consider the quantum cluster algebras which are
injective-reachable and introduce a triangular basis in every seed.
We prove that, under some initial conditions, there exists a unique
common triangular basis with respect to all seeds. This basis is
parametrized by tropical points as expected in the Fock-Goncharov
conjecture.

As an application, we prove the existence of the common trian-
gular bases for the quantum cluster algebras arising from represen-
tations of quantum affine algebras and partially for those arising
from quantum unipotent subgroups. This result implies monoidal
categorification conjectures of Hernandez-Leclerc and Fomin-Zelevinsky
in the corresponding cases: all cluster monomials correspond to
simple modules.
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1. INTRODUCTION

1.1. Background. Cluster algebras were invented by Sergey Fomin
and Andrei Zelevinsky around the year 2000 in their seminal work
[1'702]. These are commutative algebras with generators defined re-
cursively called cluster variables. The quantum cluster algebras were

later introduced in [BZ05]. Fomin and Zelevinsky aimed to develop
1
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a combinatorial approach to the canonical bases in quantum groups
(Lusztig | |, Kashiwara | ]) and theory of total positivity in
algebraic groups (by Lusztig | I ]). They conjectured that
the cluster structure should serve as an algebraic framework for the
study of the “dual canonical bases” in various coordinate rings and
their ¢-deformations. In particular, they proposed the following con-
jecture.

Conjecture (Fomin-Zelevinsky). All monomials in the variables of
any given cluster (the cluster monomials) belong to the dual canonical
basts.

This claim inspired the positivity conjecture of the Laurent phenom-
enon of skew-symmetric cluster algebras, which was recently proved by
Lee and Schiffler | | by elementary algebraic computation.

It soon turns out that (quantum) cluster algebras are related to
many other areas. For example, by using cluster algebras, Bernhard
Keller has proved the periodicity conjecture of Y-systems in physics, cf.
[ ]. We refer the reader to B. Keller’s introductory survey | ]
for a review of applications of cluster algebras.

However, despite the success in other areas, the original motivation
to study cluster algebras remains largely open. In literature, the follow-
ing bases have been constructed and shown to contain the (quantum)
cluster monomials.

(i) By using preprojective algebras, cf. | |, Geiss, Leclerc, and
Schréer have shown that, if G is a semi-simple complex algebraic
group and N C G a maximal nilpotent subgroup, then the coor-
dinate algebra C[/N] admits a canonical cluster algebra structure.
They further established the generic basis of this algebra, which
contains the cluster monomials. As an important consequence,
they identified the generic basis with Lusztig’s dual semi-canonical
basis, which is a variant of the dual canonical basis, cf. | ].

(ii) For commutative cluster algebras arising from triangulated sur-
faces, Musiker, Schiffler and Williams constructed various bases,
cf | ]. Their positivity were discussed in | |. Fock
and Goncharov also constructed “canonical bases” in | .

(iii) For (quantum) cluster algebras of rank 2, Kyungyong Lee, Li Li,
A. Zelevinsky introduced greedy bases, cf. | 1 Il

As anew approach to cluster algebras, David Hernandez and Bernard
Leclerc found a cluster algebra structure on the Grothendieck ring of
finite dimensional representations of quantum affine algebras in | .
They proposed the following monoidal categorification conjecture.

Conjecture (Hernandez-Leclerc). All cluster monomials belong to the
basis of the simple modules.
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Remark 1.1.1. If we consider Cartan type ADE, then the Fomin
and Zelevinsky’s original conjecture about dual canonical basis can be
deduced from Hernandez-Leclerc conjecture, because one can view dual
canonical basis elements as simple modules, cf. | ].

In fact, Hernandez and Leclerc has a stronger version of this conjec-
ture in | |: there exists a bijection between the cluster monomials
and the real simple objects (a simple object S is called real if S ® S
remains simple). Its analogue in cluster categories would be that all
rigid objects correspond to cluster monomials.

Partial results in type A and D were due to | ][ ]. In-
spired by the work of Hernandez and Leclerc, Hiraku Nakajima used
graded quiver varieties to study cluster algebras | | and verified

the monoidal categorification conjecture for cluster algebras arising
from bipartite quivers. His work was later generalized to all acyclic

quivers by Yoshiyuki Kimura and the author | | (cf. | ] for a
different and quick proof).
By the work of Khovanov, Lauda | |, and Rouquier | ],

a quantum group U,(n) admits a categorification by the modules of
quiver Hecke algebras, in which the dual canonical basis vectors corre-
spond to the finite dimensional simple modules. Therefore, Fomin and
Zelevinsky’s conjecture can also be viewed as a monoidal categorifica-
tion conjecture of the corresponding (quantum) cluster algebras.

1.2. Construction, results and comments. We shall consider quan-
tum cluster algebras A that are injective-reachable, namely, for any
seed t, we have a similar new seed t[1] whose cluster variables are the
“Injectives” of t (Section 5.1). Notice that this assumption is satisfied
by the cluster algebras appearing both in Fomin-Zelevinsky’s conjec-
ture and Hernandez-Leclerc’s conjecture. Starting from ¢[1], we again
have a similar new seed t[2]. Repeating this process, we obtain a chain
of seeds {t[d]} ;5

Inspired by Kazhdan-Lusztig theory | |, with respect to any
given seed ¢, we define the weakly triangular basis L! to be the unique
bar-invariant basis, such that normalized products of quantum cluster
variables in ¢ and ¢[1] has unitriangular decompositions into L’ with
non leading coefficients in q_%Z[q_%]. L! is parametrized by the set of
tropical points D(t). It is further called the triangular basis w.r.t. ¢ if
we can strengthen its triangularity property by an analog of Leclerc’s
conjecture (Section 5.4 6.1 6.3 Remark 9.4.4).

By a common triangular basis w.r.t. different given seeds we mean a
basis which is triangular w.r.t. each given seed and whose parametriza-
tion is compatible with tropical transformations. Our Existence The-
orem (Theorem 6.1.5) states that if there exists a common triangular
basis w.r.t. the seeds {t[d]}, d € Z, such that it has positive structure
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constants, then this basis lifts to the unique common triangular basis
L w.r.t. all seeds, called the common triangular basis of A.

Furthermore, because the seeds t[d] are similar (Section 4), the ex-
istence of L is guaranteed by Reduced Existence Theorem (Theorem
6.1.6) which only demands the finite criterion that the cluster variables
along the mutation sequence from ¢ to ¢[1] and t[—1] are contained in
the triangular basis L.

By construction, the common triangular basis L contains all the
quantum cluster monomials. Therefore, if we can show that the basis
consisting of the simple modules (or the dual canonical basis) produces
the common triangular basis, the monoidal categorification conjecture
is verified.

As applications, we prove the main results of this paper.

Theorem 1.2.1 (Main results, Theorem 9.4.1 9.4.2 9.4.3). The com-
mon triangular basis exist in the following cases.

(I) Assume that A arises from the quantum unipotent subgroup A,(n(w))
associated with a reduced word w (called type (1)). If the Car-
tan matriz s of Dynkin type ADE, or if the word w is inferior
to an adaptable word under the left or right weak order, then
the dual canonical basis gives the common triangular basis after
normalization and localization at the frozen variables.

(1) Assume that A arises from finite dimensional modules of quan-
tum affine algebras (called type (ii)). Then, after localization at
the frozen wvariables, the basis of the simple modules gives the
common triangular basis.

In particular, all cluster monomials correspond to simples mod-
ules. This type includes those A arising from level N categories
Cy in the sense of | |, thus verifying the Hernandez-Leclerc
congecture at all levels N.

We also find an easy proof of Conjecture 8.3.3 about cluster struc-
tures on all integral quantum unipotent subgroups, c¢f. Theorem 9.1.3.

Remark 1.2.2 (Key points in the proofs). The existence theorem 6.1.5
1s established by elementary algebraic computation and the combina-
torics of cluster algebras. We control the triangular bases by the posi-
tivity of their structure constants as well as their expected compatibility
with the tropical transformations. On the one hand, the expected com-
patibility implies that the new quantum cluster variables obtained from
one-step mutations are contained in the triangular basis of the original
seed, cf. Proposition 6.5.3 Example 6.5.4. On the other hand, if these
new quantum cluster variables are contained in the original triangular
basis, we can construct the triangular bases w.r.t. the new seeds which
are compatible with the original one, cf. Proposition 6.6.5.

When we consider applications of Reduced Existence Theorem (The-
orem 6.1.6) to a quantum cluster algebra A of type (i) or (ii), most
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initial conditions are obtained by induction based on the properties of
the standard basis (or dual PBW basis) and the T-systems. It remains
to verify that finite many quantum cluster variables are contained in
the initial triangular basis L. Some of them are known to be Kirillov-
Reshetikhin modules, cf. | i I |. We compare the rest
with the characters of some variants of Kirillov-Reshetikhin modules in
the language of graded quiver varieties, cf. Section 7.4.

In the proofs, we often simplify our treatment by changing the co-
efficient part of the cluster algebra (this technique was introduced in
[ | and called the correction technique , cf. Theorem J.2.1).

Remark 1.2.3 (Berenstein-Zelevinsky triangular basis). The idea of
constructing the common triangular basis of a quantum cluster algebra
first appeared in the work of Berenstein and Zelevinsky | |, whose
construction was over acyclic seeds. Their definition is very differ-
ent from ours. For general acyclic seeds, it is not clear whether their
construction agrees with the triangular basis in this paper or not.

Remark 1.2.4 (Assumption status). Ezistence Theorem relies on Clus-
ter Expansion Assumption. This assumption is well known for cluster
algebras arising from quivers (from skew-symmetric matrices) thanks to
the categorification by cluster categories. It might be possible to verify
this assumption based on the recent paper | .

Recently, Gross, Hacking, Keel and Kontsevich | | found
another positive basis of commutative cluster algebras parametrized
by tropical points and a more precise form of the Fock-Goncharov dual
basis conjecture was verified. Their work also implied the positivity of
the Laurent phenomenon of commutative cluster algebras.

When the author was preparing the present article, Seok-Jin Kang,
Masaki Kashiwara, Myungho Kim and Se-Jin Oh established an ap-
proach to cluster algebras on quantum unipotent subgroups by study-
ing simple modules of quiver Hecke algebras, which reduced the ver-
ification of the corresponding monoidal categorification conjecture to
one-step mutations in one seed | |. This result allows them to
verify the conjecture for quantum cluster algebras arising from quan-
tum unipotent subgroups in a forthcoming paper, namely, all type
(i) quantum cluster algebras. The approaches in their paper and the
present paper are very different and the results are different too: they
verify all type (i) cluster algebras, while the present paper verify some
type (i) and all type (ii). Also, we will see that our triangular basis is
generated by the basis of simples and, consequently, their result implies
our Conjecture 9.2.1 for all type (i).

1.3. Contents. In the first part of Section 2, we recall basic definitions
and properties of quantum cluster algebras A and its categorification
(including the Calabi-Yau reduction). This part serves as a background
for the construction of the common triangular basis.
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In Section 3, we consider the lattice D(t) of leading degrees for every
seed t of a cluster algebra together with its dominance order <;. We
then define and study pointed elements in the quantum torus 7 (t),
whose name is borrowed from | ]. We recall the tropical transfor-
mation expected by [ ]. We end the section by a natural discussion
of dominant degrees.

In Section 4, we recall and reformulate the correction technique in-

troduced in | ], which is easy but useful to keep track of equa-
tions involving pointed elements when the coefficients and quantization
change.

In Section 5, we construct and study the injective pointed set I' con-
sisting of normalized products of the cluster variables and the injectives
in any given seed t. We are interested in the cluster expansions of clus-
ter variables related to injective and projective modules and impose
Cluster Expansion Assumption.

In section 6, we introduce the (common) triangular bases L' of a
quantum cluster algebra and give theorems guaranteeing their exis-
tence. We present basic properties of m-unitriangular decompositions
and introduce notions such as weakly triangular bases and admissibil-
ity. As a crucial step, we study one step mutations (Section 6.5). We
conclude the section by proving existence theorems for the common
triangular basis.

We devote the rest of the paper to the existence and applications of
the common triangular bases.

In Section 7, we review the theory of graded quiver varieties for
acyclic quivers and the associated Kirillov-Reshetikhin modules. As
the main result, we compute ¢, t-characters of a special class of simple
modules. These slightly generalize Nakajima’s notations and results
[ Il ]. A reader unfamiliar with this topic might skip this
section and refer to Nakajima’s works.

In Section 8, we review the notion of monoidal categorification,
the quantum cluster algebras A(i) associated with a word i, and the
monoidal categorification conjecture in type (i). We then introduce
the quantum cluster structure A(i) on a subring R(i,a) of the graded
Grothendieck ring over graded quiver varieties, where the word i and
grading a are adaptable. We present the corresponding monoidal cat-
egorification conjecture.

In section 9, we show that the basis of the simple modules produces
the initial triangular bases of the corresponding quantum cluster alge-
bra A(i) after localization. In order to show that it lifts to the common
triangular basis, it remains to check that certain cluster variables are
contained in this basis. We mainly work in the case when i is the power
Nt of an acyclic Coxeter word c. Consequences are summarized in
the end.
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2. PRELIMINARIES ON ADDITIVE CATEGORIFICATION

2.1. Quantum cluster algebras. We review the definition of quan-
tum cluster algebras introduced by | ]. Our notations will be sim-
ilar to those in | I ]-

Let m > n be two non-negative integers. Let Bbeanmxn integer
matrix. Its entry in position (7,7) is denoted by b;;. We define the

principal part and the coefficient pattern of the matrix B to be its upper
n X n submatrix B and lower (m — n) x n submatrix respectively. We
shall always assume the matrix B to be of full rank n and its principal
part matrix skew-symmetrizable, namely, there exists a diagonal matrix
D whose diagonal entries are strictly positive integers, such that BD
is skew-symmetric.

The indices 1,2,...,m are called vertices. Let the intervals [1,n],
[1,m] denote their sets {1,2,...,n}, {1,2,...,m} for simplicity.

A quantization matriz A is an m X m skew-symmetric integer matrix.

Definition 2.1.1 (Compatible pair). The pair (A, B) is called com-
patible, if their product satisfies

) B =)

for some n x n diagonal matriz D = Diag(dy,ds,...,d,) whose diag-
onal entries are strictly positive integers.

By | ], the product DB is skew symmetric.

The quantization matrix A gives the bilinear form A( , ) on the
lattice Z™ such that A(g,h) = g"Ah for g,h € Z™. Here we use ( )7
to denote the matrix transposition.
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Let ¢ be an indeterminate. Define q% to be its square root such
that (q%)2 = ¢. The quantization matrix A makes the usual Laurent
polynomial ring into a quantum torus.

Definition 2.1.2. The quantum torus T is the Laurent polynomial
ring Z[g2| (X5, . .. , XZE] endowed with the twisted product * such that

X9 XM = gahloh) xoth
for any g, h € Z™.

We denote the usual product of 7 by -. The notation X9 denotes the
monomial [[,..., X7 of the X-variables X; with respect to the usual
product. Recall that the Y-variables Yy, 1 < k < n, are defined as
X Ber where ey, is the k-th unit vector in the lattice Z™. The monomials
Y?, v e N are similarly defined as [], Y,*.

By | ], the quantum torus 7 is contained in its skew-field of
fractions F.

The bar involution ( ) on 7 is the anti-automorphism of 7~ sending

1 1
qz to ¢ 2 and X9 to X9.

The quantum torus 7 contains the subalgebra Ap = Z[¢*2][Y1,. .., Y,].
The completion of Ap is constructed by using the maximal ideal gen-
erated by {Yx}1<k<n and denoted by .&B, which has a natural bar-
involution such that ¢°Y* = ¢~°Y", v € N”. Following [ ,

Section 1.2] | , Section 2.1], the completion of the quantum torus
T is defined to be
2) T =T &u, bp.

Its bar ir}\volution is induced fr/gm that of 7 and &B.

View 7 as a natural right Ag-module. Let {Z;} be any (possibly
infinite) collection of elements in some finitely generated submodule
D iets X" Ap , where n) € D(t). Assume that for any Laurent
degree 7, there are finitely many Z; with non-zero coefficient (Z;), at
the Laurent monomial X"7. Then we can define the possibly infinite
sum in the submodule

3 S zi= 3 (O (Z)X"

neZ?’n 1

A sign € is an element in {—,+}. For any 1 < k < n and ¢, we
associate to B the m x m matrix E. whose entry at position (i, 7) is

1 ifi=j=k
=< max(0,—eby) ifi#kj=k |
5 itk

61']'



and the n x n matrix F, whose entry at position (i, j) is

1 ifizj—k
fij = max(0,eby;) ifi=k,j#k .
dij if i £k

Definition 2.1.3 (Quantum seed). A quantum seed is a triple (A, B, X)
such that (A, B) is a compatible pair and X = {Xy,...,X,,} the X-
variables in the corresponding quantum torus T .

Let | ]+ denote the function max{ ,0}.

Definition 2.1.4 (Mutation | [ ). Fiz a sign € and an inte-
ger 1 <k <mn. The mutation py on a seed (A, B, X) is the operation
that generates the new seed (N, B, X'):

B =E.BF,,
N =ETAE,,
X =X;,V1<i<m,i#k,

X, :Xk_l'( H Xi[bik]+_’_ H X][fbjk]ﬁt).

1<i<m 1<j<m

The last equation above is called the exchange relation at the vertex
k. By this definition, the quantum torus 7 and the new quantum
torus 7' associated with the new triple share the same skew-field of
fractions. By | , Proposition 6.2], for any element Z € T NT', Z
is bar-invariant in 7" if and only if it is bar-invariant in 7"

Choose an initial quantum seed to = (A, B, X). We consider all
seeds t = (A(t), B(t), X(t)) obtained from ty by iterated mutations at
directions 1 < k < n. be a given quantum seed. The X-variables X;(t),
1 <@ < m, are called quantum cluster variables. The quantum cluster
monomials are the monomials of quantum cluster variables from the
same seed.

Notice that, when j > n, the cluster variables X;(¢) remain the
same for all seeds ¢. Consequently, we call them the frozen variables
or coefficients and simply denote them by X,. Correspondingly, the
vertices {n + 1,...,m} are said to be frozen. The vertices 1,2,...,n
are said to be exchangeable (or unfrozen) and form the set ex. Let
Z]q*2]P denote the coefficient ring Z[¢g*2][X f]nqgm. The frozen vari-

ables commute with any quantum cluster variable up to a power of q%,
which situation is called ¢-commute or quasi-commute.

Definition 2.1.5 (Quantum cluster algebras). The quantum cluster al-
gebra AT is the Z[qi%]—subalgebm of F generated by the quantum cluster
variables X;(t), Vt, V1 < i < m, with respect to the twisted product.

The quantum cluster algebra A is the localization of A" at the frozen
variables X, 11, ..., Xm.
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The specialization A|q%H1 gives us the commutative cluster algebra,

which is denoted by Aj.

For any given seed ¢, we define the corresponding quantum torus 7 ()
using the data provided by ¢ and Definition 2.1.2. Then the quantum
cluster algebra is contained in the quantum torus 7 (), cf. the quantum
Laurent phenomenon | Il ]

Specialize q% to 1 and fix the initial seed ;. For any given cluster
variable X;(t), 1 < i < m, by | ][ ], we define its extended
g-vector g;(t) in Z™ such that the commutative cluster variable takes
the following form:

Xilt)l b, = XPOFY - Ya),
where F'(Y7,...,Y,) is the F-polynomial in | |. The restriction of

g;(t) to the first n components is called the corresponding g-vector,
which is the grading of the cluster variable X;(¢) when the B-matrix is
of principal coefficients type, namely, when

B(to) = B”(t) = ( Bl(i()) ) .

We refer the reader to the survey | | for more details on the
combinatorics of cluster algebras.
Theorem 2.1.6 (| Il Il , Theorem 6.1]). Any quan-

tum cluster variables X;(t) has the following Laurent expansion in the
quantum torus T (ty):

(4) Xi(t) = X ()" - (1+ Y c(q)Y (t)"),

0#veNn

where the coefficients cv(q%) € Z[qi%] are invariant under the bar in-
volution.

2.2. Quivers and cluster categories. We review the necessary no-
tions on the additive categorification of a cluster algebra by cluster
categories, more details could be found in | ][ .

Let B be the m x n matrix introduced before. Assume that its
principal part B is skew-symmetric. o

Then we can construct the quiver Q = Q(B). This is an oriented
graph with the vertices 1,2, ..., m and [b;;]+ arrows from i to j, where
1 <i,5 <m. We call Q an ice quiver, its vertices 1,...,n the ex-
changeable vertices, and its vertices n + 1,...,m the frozen vertices.
Its principal part is defined to be the full subquiver @ = Q(B) on the
vertices 1,2,...,n. B B

Notice that we can deduce the matrix B from its ice quiver (). There-
fore, we say that the corresponding cluster algebra is of quiver type.

For any given arrow h in a quiver, we let s(h) and ¢(h) to denote
its start and terminal respectively. The quiver @) is called acyclic if it
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contains no oriented cycles, and bipartite if any of its vertices is either
a source point or a sink point.

Example 2.2.1. Figure 1 provides an example of an ice quiver, where
we use the diamond nodes to denote the frozen vertices.

0*&
S

FI1GURE 1. The ice quiver associated the adaptable word
(1321321) and Cartan type As

We fix the base field to be the complex field C. Following [ ],
choose a generic potential W for the ice quiver @, namely, a generic
linear combination of oriented cycles of @ which is not included in some
hypersurfaces (| , Corollary 7.4]). Associate the Ginzburg alge-

bra I' = I'(Q, W) to the quiver with potential (@, W) The restriction

of (@, W) to the vertices [1,n] is called the principal part and denoted

by (Q, W).
Claire Amiot introduced the generalized cluster category C in | ]
as the quotient category

C = per'/Dy,l,

where per I is the perfect derived category of dg-modules of I and D 4I"
its full subcategory whose objects have finite dimensional homology.
The natural functor 7 : perI' — C gives us

T, =n(el'), V1<i<m,
T=6T,.

By Pierre-Guy Plamondon’s work | |, the presentable cluster
category D is defined as the full subcategory of C which consists of
objects M such that there exist triangles

M1%M0—>M—>SM1,
M — M' — S™'M — SM°,
with My, My, M°, M in add T, and S is the shift functor in C. Fol-

lowing | ], we define the index and coindex of M as the following
elements in Ky(add T'):

Ind" M = [M,] — [My],
Coind” M = [M°] — [M"].
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It is natural to identify K(add 7) with Z™ by using the indecomposable
summands T;, 1 < i < m, of T" as the natural basis elements. Then we
have

Ind”M = [My : T) — [M; : T,
5) [ =1 ]

Coind” M = [M°: T| — [M" : TY,
where | : T'] denote the multiplicities of the indecomposable summands
of T appearing in an element of Ky(add 7). Notice that Coind” M =
—Ind" ST M.

Let F denote' the functor Exti(T, ) from D to the category of
right modules of EndeT'. Notice that the module FM is supported

on m-vertices the quiver Ende(®1<k<,1;) whose dimension is given by
EXté(@1§i§mTi, S_IM).

If Ext(T1, M) =0,V1 < i <m—mn, by | , Lemma 2.1 2.3],
[ , Lemma 3.6, Notation 3.7], we have
(6) Ind®" "M + Ind" M = —B - dim Ext}(®1<i<, T}, M).

An object M in C is said to be coefficient-free if

(i) it contains no direct summand 7j for j > n, and
(ii) the module F'M is supported at the principal quiver Q.

By | 11 |, we define the cluster characters for coefficient-
free objects M in D as

war = "MD"\ (Gre FM)Y™),
ecNn

where Gr, F'M denotes the variety of the e-dimensional submodules of
FM and x the Euler-Poincaré characteristic.

By | ], there exists a unique way of associating an object T'(t) =
®1<i<mT;(t) in D with each seed ¢ such that
(1) T(to) =T,

(2) if two vertices t and ' are related by an edge labeled k, then the
object T'(t') is obtained from T'(t) by replacing one summand
in a unique way.

Theorem 2.2.2 (| [ [ ). For any seed t and vertex
1 < i < m, the commutative cluster variable Xi(t)|q%#—>1 equals the

cluster character xr,) of the object Ti(t).

2.3. Calabi-Yau reduction. In this subsection, we assume that the
Jacobian algebra of the quiver with potential (@, W) is finite dimen-
sional. Consider the full subcategory of U consisting of the coefficient-
free objects. Take the ideal (I'r) consisting of the morphisms factoring
through some 7}, j > n. Then, by | I |, U=U/TF) is equiv-
alent to the generalized cluster category of (Q, W).

'Our functor F is the composition of S with the functor F in [ ]
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For any coefficient-free object X, denote its image in U by X. Let
denote the shift functor in U /(Tr). Any given 27}, 1 <k <n, d € Z,
has the lift 97}, by | ]. Define Y97 = (@7_,XT}) & (Bnej<mT})-

For any given 1 < k < n, by taking M = X717}, in (6), we get

Ind® TS 71T, 4 Ind”(S7'T}) = —B(T) - dim Extb (11, T3, X' T}).
Lemma 2.3.1. We have Inds_lTE_lTk = —IndE_ITTk.

Proof. Ty fits into a triangle of the following type (] , Lemma
3.15]):

S = Te — T — SY7'T,
where Ty is some direct sum of T}, j > n. Rewrite it as the triangle
ST Tr — ST, — X7, — T
Recall by (5) that Ind® TS!T} (resp.Ind™ 7T},) is defined as the

multiplicities of the summands of S™'7T" (resp. X ~!T') appearing in the
isoclass of 71T}, in Ky(add S™'T') (resp. Ko(X'T)). Also, we have

STIT =(@1<i<nS™'Th) © (BnejcmS ™' T)
ST =(®1<i<n 7' Th) © (BnejemTy)
We deduce that
Inds—szflTk _ [SilTk : SAT] . [SflTF . SflT]
=7 ST = [T : 7T

— _Ind® T

The following equality follows as a consequence
(7) Ind"(S7'T3) + B(T) - dim Exté(@1<i<n Ty 57 Tx) = Ind™ T3

Notice that Extj (T, 7'T}) is the k-th projective right-module of the
Jacobian algebra principal of (Q, ). We will later discuss this equality
in Example 5.3.2 with more details.

3. DOMINANCE ORDER AND POINTED SETS

3.1. Constructions. Let ¢ be any seed. We associate with it a rank m
lattice D(t), called the degree lattice. While D(t) is always isomorphic
to Z™, throughout the paper, we shall distinguish D(¢) for different ¢.

Definition 3.1.1 (Dominance order). For any given §',g € D(t), we
say g < g (or g dominates ¢') if we have ¢ = g + E(t)v for some
0#veN". Wedenoteqd =, g ifgd <igorg =4g.

g

Lemma 3.1.2. For any g* <, §°, there exists finitely many ¢ such

that g* < g% <¢ 9°.
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Proof. Notice that B(t) is of full rank. The claim follows from defini-
tion. 4

Recall that the quantum torus 7 () is the Laurent polynomial ring
generated by X;(t),1 < i < m.

Definition 3.1.3 (Leading term). For any Laurent polynomial Z €
T (t), the leading terms are those Laurent monomials of Z such that,
among all the Laurent monomials of Z with non-zero coefficients, they
have mazximal multidegrees with respect to the order <;.

Definition 3.1.4 (Pointed element). If a Laurent polynomial Z € T (t)
has a unique leading term whose degree is m, we say its leading (or
mazimal) degree is deg’ Z = §. If its leading term has coefficient ¢* for
some o € %Z, we define the normalization of Z in the quantum torus
T(t) to be [Z)' =qZ.

We say Z is pointed at g (or g-pointed) if Z has a unique leading
term, and this term has degree g with coefficient 1.

We remark that the normalized element [Z]" is pointed by construc-
tion. For simplicity, we often denote deg’ Z and [Z]! by deg Z and [Z]
respectively when the context is clear.

By Theorem 2.1.6, the Laurent expansions of quantum cluster vari-
ables in any quantum seed 7 (¢) are pointed elements.

Notation. The set of Laurent polynomials in T (t) pointed in degree
g € D(t) is denoted by PT3(t). The set of all pointed elements in T (t)
is denoted by PT(t).

Apparently, we have PT (t) = UggD(t)PTﬁ(t)-

Definition 3.1.5 (Pointed set). Let W be any given subset of D(t).
A subset I of PT(t) is said to be pointed at W (or W -pointed) if the

degree map induces a bijection
deg’ : L ~ W.

In this case, we use L(g) to denote the preimage of g € W in L.
Namely, we use () to denote the inverse of the degree map.

It immediately follows from the definition that any pointed set is
Z[q2]-linearly independent.

Given any W-pointed subset L of PT (¢) and a pointed element Z €
PT(t), we define the set

(8) 2« L]" ={[Z x L(9)|'lg € W1}.
Then [Z xL]' is a (deg’ Z + W)-pointed set, where deg’ Z + W denote
the degree set {deg’ Z + g|g € W}.

Example 3.1.6. By | |, for any commutative cluster algebra stud-
ied in | |, the dual semicanonical basis, after localization at the
frozen variables, is a D(t)-pointed set for any seed t.
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Let {Z;} be any (possibly infinite) collection of elements in some
finitely generated submodule . 16X "Ap of T. Assume that they
have distinct unique maximal leadlng degrees. Then, by Lemma 3.1.2,
for any Laurent degree 7, only finitely many Z; have leading degree
superior than 7. It follows that the (possibly infinite) sum ), Z; is
well defined by (3).

Definition 3.1.7 (Unitriangularity). Let L be a given W -pointed sub-
set of PT(t) for some W C D(t). Any pointed element Z € PT(t)
is said to be <-unitriangular to 1L, if it has the following (possibly
infinite) expansion into L:

(9) Z=L(degZ)+ > byL(7).by € Zlg*2).
g'<¢deg Z

If the coefficients by are further contained in m = q’%Z[q’%], we say

Z is (<y, m)-unitriangular to L.
A subset of PT(t) is said to be <;-unitriangular (resp. (< m)-
unitriangular) to 1L if all its elements have this property.

We might write the notation <; as < or simply omit it, when this
order is clear from the context.

Remark 3.1.8. It follows from Lemma 3.1.2 that the coefficients by
in (9) are uniquely determined by Z. In fact, denote the coefficient of
the Laurent expansion of Z at any given degree §' <; deg' Z by 2z and
that of L(g") by ag 5. We must have the following equation:

Zgn = 1- Qdegt 7,5 + E bg/aglygn + bg// -1
G <1g' <idegt Z

It follows that the coefficient bys is determined by those by appearing.
By Lemma 3.1.2, this is a finite algorithm for any given g".

In general, there could exist many infinite expansion of Z into I if
we don’t require them to take the unitriangular form (9).

Example 3.1.9. Take a seed t with B = and, for simplicity,

0
—1
q = 1. The quantum torus becomes T = Z[Xli,Xi]. We have Y1 =
X' Ap = Z[Yl] = Z[X;"] and the completion T = T ®ay Ap =
ZIXT, X[ X3 1].

Let us take the Z*-pointed set to be {XPX"|dy, € Z,d, € N} U
{X$(X))4|dy € Z,d, € N}, where X| = X7'Xo + X0 = X7 X0(1 +
Y1). By the algorithm in Remark 3.1.8, we obtain the unique <;-
unitriangular decomposition of the pointed element Z = X;*

Z=X'X] - X5 X+ X500 X - XX
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Lemma 3.1.10 (Expansion properties). Let I be any D(t)-pointed
subset of T (t) and Z be any pointed element in T (t). Then the following
statements are true.

(1) Z is <¢-unitriangular to L.

(i1) If Z and L are bar-invariant and Z is (<;, m)-unitriangular to
L, then Z equals L(deg Z).

(111) If Z is a Z[qi%]—lmear combination of finitely many elements of
L, then such a combination is unique and takes the unitriangular form

(9).

Proof. (i)The statement follows from the algorithm in Remark 3.1.8.
(ii) We have a (=<, m)-unitriangular decomposition:

Z=b+ >V,
deg! b/ <¢deg! b

where b, V' € L, coefficients ¢’ € m. Because Z, b, V" are invariant under
the bar involution, we have all ¢ = 0 and, consequently, Z = b.

(iii) Suppose that some L!(n), n € D(t), appears in the expansion of
7 into L with non-zero coefficient b(n), such that n 4; deg’ Z. Because
the expansion is finite, we can always find a degree n such that it
is maximal among those having this property. Then the coefficient
of X(t)" of Z equals b(n) # 0. But the coefficient of this Laurent
monomial in the pointed element Z must vanish. This contradiction
shows that such 7 cannot exist. O

Let us consider triangular matrices P = (Pyig2)g1 g2en(y) such that

Py € Z[qi%] and P2 = 0 unless g* <; g'. Then the product of two
such such infinite matrices is well defined, because its entries are given
by finite sum by Lemma 3.1.2, and the result remains triangular.

Lemma 3.1.11 (Inverse transition). Let M, L be any two D(t)-pointed
subsets of T(t). If M is (<, m)-unitriangular to L, then L is (<;, m)-
unitriangular to M as well.

Proof. For any g € D(t), let us denote
M(g) = L(Zj) + Z Cg@lL(:(\]/l), Ci gt €1,

gt=tg
L(3) Z by 51 M(3")
gt =<:g
Expand RHS of the second equation by using the first equation. Then

the coefficient of any factor L(g?), §* <: g, appearing in RHS is the
following three terms’ sum

cggz +bgg + E : b g1 cqn g2
g <tgl<zg

which must vanish.
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We verify the claim by induction on the order of the degrees g>
such that ¢ <; g. If §* is maximal among such degrees, the last
term vanishes and we have b;z; € m. Assume bj g2y € m for any
(¢%) such that g* <; (g%)". Then the first and last term belong to m.
Consequently, b; 52 € m belong to m as well. O

3.2. Tropical transformation.

Definition 3.2.1 (Tropical transformation, | i , (7.18)]). For
any 1 < k < n, the tropical transformation ¢, : D(t) — D(ut) s
the piecewise linear map such that, Vg = (g;)1<j<m € D(t), the image
g = (§;>1§j§m = Gu(g) is given by

,g;c - _§k7
(10) §; == @} + bzk(t)[gk]_,_, if 1 S 1 S m, 1 7& k‘, bzk; Z O,

9; =05 +bo(t)[=grly, if 1< <m, j#k, by <0.

Remark 3.2.2. The piecewise linear map (10) is the tropicalization
of the rule | , (13)]. It describes the mutation of the tropical Z-
points X(Z™) = D(t) of the X-variety (the wvariety of the tropical
Y-variables for the cluster algebra defined via B(t)T). Fock and Gon-
charov congjectured that these tropical points parametrize a “canonical”
basis, | I , Section b).

On the cluster algebra side, Fomin and Zelevinsky wrote this trans-
formation in | , (7.18)] and conjectured that it describes the trans-
formation of the g-vectors of cluster variables. When the cluster alge-
bra admits a categorification by a cluster category, this formula (10)
can be interpreted as the transformation rule of the indices of object in
the cluster category, cf. | i il |. We refer the reader to
[ , Remark 7.15] [ , Section 3.5] [ |for more details.

The following observation is obvious.

Lemma 3.2.3 (Sign coherent transformation). Assume that two vec-
tors n', n* in D(t) are sign coherent at the k-th component, namely,
we have simultaneously ni,ni > 0 or ni,ni < 0. Then the tropical

transformation (10) is additive on them:
¢ukt,tn1 + ¢ukt,tn2 - ¢#kt,t(lr]1 + 772)

Given two seeds t1,t2 which are related by a mutation sequence %
from ¢; to to, we define ¢y, to be the composition of tropical trans-
formations given by (10) along .

Theorem 3.2.4 (] , Theorem 1.1 1.3] | ). We have

(i) The transformation ¢y, 4, is independent of the choice of the mu-
tation sequence from tq to ts.

(ii)For any quantum cluster variable X;(t), we have

(11) deg!” X;(t) = ¢y deg X,(t).
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Proof. For cluster algebras arise from quivers, the claims were verified
in terms of the indices of generic objects in the cluster category, cf
[ , Theorem 1.1 1.3]. For an arbitrary cluster algebra, the claims
can be interpreted as properties of the leading degrees of the theta basis
{5}, of. | ] O

Proposition 3.2.5. For any seed t,t’, the quantization matrices satisfy
A(t')(deg” X;(t),deg” X;(t)) = A(t)s;.

Proof. For quantum cluster algebras arising from quivers, the claim was
proved in | , Proposition 2.4.3(bilinear form)| by using bilinear
forms in triangulated categories.

By translating (10) into multiplication by E, in Definition 2.1.4, we
see that the claim can be deduced from the sign coherence of g-vectors,
which was verified in | | for all quantum cluster algebras. [

Let pr,, : Z™ — Z" denote the projection onto the first n-components.
For any g in D(t), we denote the projection pr, g by g.

Notice that ¢y has the inverse ¢, . As the coeflicient-free version
of the piecewise linear map ¢, ;, we have the following restriction map.

Lemma 3.2.6. The restriction pr, ¢pi|zn : Z" — Z" is a bijection of
sets.

Proof. 1t suffices to verify the statement for the case t' = uit, where
we have (pr,, ¢y ) (pr,, drpr) = 1. 0

We are interested in the pointed sets whose leading degree parametriza-
tion is compatible with the tropical transformation rules.

Definition 3.2.7 (Compatible pointed sets). Let t* be a seed and L' a
D(t%)-pointed set, i = 1,2. We say that L' is compatible with I* if, for
any n € D(t'), we have

L2(¢t2,t177) = Ll(n)-
In particular, we have L' = L2 as sets.
By Theorem 3.2.4, this compatibility relation is transitive.

Conjecture 3.2.8 (Fock-Goncharov basis conjecture). A has a basis
L which is in bijection with D(t) for any t such that, for any seeds t,t’,
the following diagram commutes

L ~ D(t)
L b e
L ~ D(t)
Remark 3.2.9. By | |, for general cluster algebras, the above

Fock-Goncharov basis conjecture does not hold and modification is needed.
There could exist different bases verifying this conjecture. Examples
include the generic basis (related to dual semicanonical basis) | il 1,
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the theta basis [ |, and the triangular basis (related to dual
canonical basis) in this paper.

3.3. Dominant degree. We introduce the following cone.

Definition 3.3.1 (Dominant degree cone). For any given seed t, define
the dominant degree cone DY(t) C D(t) to be the cone generated by the
leading degrees deg’(X;(t")) of all cluster variables, for any 1 <i <m
and seed t'. Its elements are called the dominant degrees of the lattice
D(t).

By (11), we have DT(t) = ¢4, D'(to), V ¢, to.
The following observation follows from the definition of DT (#).

Lemma 3.3.2. Let Z be any element in the quantum cluster algebra
A, Then, for any seed t, the <,-mazimal degrees of the Laurent ex-
pansion of Z in T (t) are contained in DI (t).

Definition 3.3.3 (Bounded from below). We say that (<, D'(t)) is
bounded from below if for any g € DI(t), there ewists finitely many

g € DI(t) such that §’ < g.

Remark 3.3.4. For A of type (i) or (ii) (Section 1), let ty denote the
canonical initial seed. In Section 9.1, we shall see that (<4,, DT (to)) is
bounded from below.

The following question arises naturally. While a positive answer
would be a strong and useful property, the question remains open.

Question 3.3.5. If (<y,,D(ty)) is bounded from below, is it true that
(=¢, DT(¢)) is bounded from below for all t?

4. CORRECTION TECHNIQUE

In [ , Section 9], the author introduced the correction technique
which tells us how to modify bases data by adding correction terms
when the quantization and the coefficient pattern of a quantum cluster
algebra change. In this section, we recall and reformulate this correc-
tion technique. It will help us simplify many arguments by coefficient
changes.

4.1. Similarity and variation. Let var* : ex® = ex) be any iso-
morphism of finite n-elements sets. We associate to it an isomor-
phism var : 7Y > 7 quch that we have (Varv)i = Upar+(k)s
Vo = (v) € Z%". The isomorphism var : Z&" xe! = 7e® xex®
is defined similarly.

Let BO = (bglk)) be an J® x ex(®) matrix, i = 1,2, where J® has
m@ elements and ex? C J® has n elements. The matrices B and
B® are called similar, if we have B® = var B for some choice of
var* : ex(® = ex(),



20 FAN QIN

0 1 0
Example 4.1.1. Consider the matrices BY = [ -1 0 1 and
0 -1 0
0 1 -1
B® =1 -1 0 0 |. The index sets are J® = ex® = {1,2,3},
1 0 0
where i = 1,2. Choose var* : ex®?) — ex(N) to be the permutation
( ; ?) ?1) ) Then we have B® = var B,

Definition 4.1.2 (Similar compatible pair). Fori = 1,2, let (B®, A®)
be compatible pairs such that (BD)TA®D = DO &0, where DY is a
diagonal matriz Diag(d,(j))ke(ax(i) with diagonal entries in Z~q. We say
these two compatible pairs are similar, if there exists an isomorphism
var® : ex® — ex) | such that the principal B-matrices B® = var B1)
and, in addition, there exists a positive number § such that D
Svar DU

Il .

Definition 4.1.3 (Similar seeds). Two seedst', t* are said to be similar
if the corresponding compatible pairs (B(t™M), A(tM)) and (B(t®), A(t?)))
are similar.

For i = 1,2, consider the quantum torus 7 = Z[qi%][in]jeJ(i)
associated with similar compatible pairs (B @ A(i)). The sets of pointed

elements are denoted by PT® as before. We denote by pr .77
7" the natural projection onto the coordinates at ex(®.

ex(?)

Definition 4.1.4 (Similar pointed elements). We say the pointed ele-

; i i) I\ () i1 1
ments M© = X1(5 o0 (@) (VD)) «o = 1, &(¢?) € Zlgz),
in PTW, i =1,2, are similar if

Prex2 ?7(2) = var(pre 77(1))7
0(2)(q%) =W (q%(s), Voe N

v var—1lo

Assume that there is an embedding from J® to J@ such that its
restriction is the isomorphism (var*)™! : ex) ~ ex®. Then this em-
bedding induces an embedding Z’ © o 7? by adding 0 on the extra
coordinates, which we still denote by var.

Definition 4.1.5 (variation map). The variation map Var : PTY —
PTD between sets of pointed elements is defined such that, for any
MO e PTW its image M® = Var(M®M) is the unique pointed ele-
ment in PT® similar to MY such that

var(n®) = n®.
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Example 4.1.6. Let us take two quantum seeds t(()l), t(()z) with the fol-
lowing two compatible pairs respectively

0 —2 00 -1 0
2 0 00 0 -1
1 Ay =
0 1 01 -2 0
0 -2 0 0 —1 2
2 0 0 0 0 -1
(2) A@)y =
BEAD = 1 9 |l 100 2 |
0 -1 -2 1 =2 0

These compatible pairs are similar via the identification of vertices
var®(i) =1, i = 1,2. The following quantum cluster variables obtained
by the same mutation sequence are similar:

Xo(uapat) = X2 (14 Yo+ (g7 + ¢ 2)V1Ya + YV72Yy) € T(#D)
Xo(popty)) = X ™51+ Yo + (¢ +q 2)Y1Ya + YYa) € T(1?)
Notice that, we have
Var(Xa(pzpnnt) = X™#(1+ Yo + (g2 +q 2)V1Ya +Y7Y2) € T(¢?),
which differs from Xg(ugult((f)) by a coefficient factor X©.

4.2. Correction. We consider algebraic equations involving the pointed
elements.

Let (B® A®) i = 1,2, be two compatible pairs. We use [ ]® to
denote the normalization in 7 and deg(i)( ) denote the leading degree
of a pointed element in PT.

Theorem 4.2.1 (Correction Technique, | , Thm 9.2]). Let M),
ACE Ml(l), - Ms(l), and (possibly infinitely many) Z](-l) be pointed
elements in PTW . Assume that they satisfy algebraic equations

MO =[MY s M -k MO,
12 1
. 20 =3 eilah)z),

Jj=0
such that ¢ = 1, ¢;(q2) € Zlg*2], and
degV) Zj(l) = degV ZzM) + E(l)uj, where u; € Nex(l),uo =0.
Then, for any M? 73, MZ.(Q), ZJ(?) in PT® similar to MO, ZW), ]\/[Z.(l), Zj(l),

we have the following equations:

M@ =, IMP 5« MP % MP]®
13 1
13 20 =34t 20

J20
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where far, f; are the Laurent monomials in the frozen variables X;,
n<i<m®, given by

Fop = Xdee®@ MO -3, deg® M

fi= Xdeg(2) 2@+ B var(u;)—deg® ngz)‘

In particular, if M® = Var(M®M), Z?) = Var(ZW), Mi(z) = Var(]\/[i(l)), ZJ(-Q) =
Var(ZJ(-l)), we have

Ju =1,
f; = XB® vartup)—varBOw;)

Proof. We consider Laurent expansions of (12) (13) and compare their
coefficients term by term. Details are given in | , Theorem 9.2].
U

The following observations are immediate consequences of the cor-
rection technique (Theorem 4.2.1) and the existence of (quantum) F-
polynomials | , Theorem 6.1][ , Corollary 6.3]] ].

Lemma 4.2.2. Given two seeds t,t' similar via an isomorphism var* :
ex' ~ ex between the sets of unfrozen wvertices. Let ﬁ be any given
sequence of mutations on ex and %’ the corresponding sequence on ex’
induced by var*. Then we have the following results.

(i) The seeds ‘Wt and W't are similar-

(ii) The quantum cluster variable X;(%rt) and X(Var*)—l(i)<<ﬁlt/)7 Vi €
ex, viewed as pointed elements in PT(t) and PT(t') respectively, are
similar.

(11i) Let Z be a pointed element in PT (t) with a <;-unitriangular

eTpansion
Z = E Cij,

320

where Z; are normalized twisted products of quantum cluster variables
of A(t). Then, for any pointed element Z' € PT(t') similar to Z, we
have

Z, = Z ijij,»,
j=0

where Z; are normalized products of the corresponding quantum cluster
variables of A(t'), the coefficients f; are given by Theorem 4.2.1.

5. INJECTIVE POINTED SETS

5.1. Injective-reachable. Recall that a quantum seed ? is a collection
(B(t),A(t), X(t)), cf. Section 2.1.
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Definition 5.1.1 (Injective-reachable). A seed t of a given cluster al-
gebra is said to be injective-reachable via (X, 0), for some sequence of
mutations &2 and a permutation o of {1, ... ,n}, if we have the following
equalities

pr,, deg' (X, (Xt)) = —e;, 1 <i <,
Do (i) (Zt) = by (1), ¥V 1 < i,j < m.

In this situation, we denote the seed 3t by t[1].
A cluster algebra is called injective-reachable if all its seeds are injective-
reachable.

Recall that we always read a mutation sequence ﬁ = [, fhig iy
from right to left. Define a(%) to be the sequence iy, * * * flgiy floiy - FOT
simplicity, we denote (i) and () by i and o' respectively, when
the there is no confusion.

Proposition 5.1.2 (| i |). Different choices of the mu-
tation sequence 3 produce the same seed t[1] up to renumbering of ver-
tices by different o.

Proof. The claim is known to be true for cluster algebras arising from
quivers, thanks to the theory of cluster categories. In general, it follows
from | ]: the leading degrees of the cluster variables in ¢[1] form
the wall of a chamber, which corresponds to a seed. U

Definition 5.1.3. For any 1 < k < n, let us denote Xy (Xt) by Ii(t)
and call it the k-th injective quantum cluster variable for t (or simply
the k-th injective fort).

Similarly, we denote X,-1,(X7) by Pi(t) and call it the k-th pro-
jective quantum cluster variable for t (or simply the k-th projective for

t)

The meaning of “injective” and “projective” will be explained in
Remark 5.3.1.

We extend the action of o to a permutation of {1,...,m} trivially.
Let o act naturally on Z™ by pull back such that oe; = e,-1,.

We always make the following assumption for the cluster algebras
studied in this paper.

Assumption (Injective-reachable). The cluster algebra is injective reach-
able.

Injective-reachable Assumption does not hold for all cluster algebras,
but it holds for many interesting cluster algebras including the type
(i)(ii) introduced in Section 1.2.

Proposition 5.1.4 (] , Theorem 3.2.1)). Ift is injective-reachable
via (X, 0), then for any 1 < k < n, the vertex ut is injective-reachable
vi (1010 D1, 0).
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Proof. Tt is well known that the claim is true for any cluster alge-
bra arising from a quiver, thanks to the cluster categories provided in
[ |. By the mutation of scattering diagrams in the recent work
[ |, we now know that the claim holds for all cluster algebras,
of. [ | for details. O

Lemma 5.1.5. If t is injective-reachable via (X,0), then for any se-
quence of mutations g = [k, .. Pty , 1 < k1,... ks < n, the seed
it is injective-reachable via (MU(E)EME,J), where [y s defined to
be Ho(ks) -+ + Mo (ko) Ho(ky) -
Proposition 5.1.6. Assume that t is injective reachable via (3,0).
Then, for any 1 < k < n, the following claims are equivalent.
(i) pxt is injective reachable via (fio(w) Shte, 0).
(ii) We have
(14)
deg’ Xon(pion2t) = —deg’ Iu(t) + Y [bix(t)]; deg" L)+ D [bosjor(St)] 1 enty-

1<i<n 0<j<m—n

Proof. First assume that (14) holds. Omitting the symbol (), we can
write

pr, deg’ Xor(norSt) =ex+ Y (=bues.
1<i<n:b;p >0

And Claim (i) follows from the following straightforward calculation:
pr,, deg"*" Xoi (11oxSt) = pr,, dpuyer deg’ Xon (1or3t)

=PIy, Gyt Pr, deg’ Xon(110131)

=pr, (Dt iCr + Dt t Z (—bix)ei)

1<i<n:b;p >0

= prn(—ek -+ Z bikei -+ Z (—bzk)el)
1<i<mzbyp >0 1<i<nib; >0

= — €.

Conversely, assume that Claim (i) is true. Because the map pr,, ¢, .
is invertible on Z", the last two steps of above calculation implies

(15)  pr, deg’ Xoi(ptorXt) = pr, (— deg’ I1.(t) + Z [bir]+ deg I;(1)).
1<i<n

On the other hand, consider the exchange rule in the seed >t:

ngzgm Xo_i(zt)[bo'i,ok(zt)]"r _I._ HlSJSm )(o_‘7 (Zt)[bok,oj (Et)]"r

View this equation in 7 (t), by which we mean consider the Laurent
expansions of all terms of the equation in the quantum torus 7 (¢).
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Because X, (usr2t) is a pointed element whose unique leading term
has coefficient 1, its leading degree must be chosen from either

deg’( H XUZ»(Zt)[b“v”’“(Et)“) — deg’ X1 (2t)
1<i<m
or
deg’( H Xy (St) ki) — degh X4 (St).
1<j<m

Their images in Z" under the projection pr, are different except the
trivial case when ok is an isolated point in Q(Xt). (15) implies that
we should choose the former one. This choice gives us (14). O

Remark 5.1.7. Notice that the definition of injective-reachable is not
affected by quantization or frozen variables.
Let us impose the principal coefficients on t, namely

B = ()

cof. | |. We can calculate the leading degrees of the cluster variables
appearing in (14) following the mutation rule of (extended) g-vectors
[ , (6.12)]] , (3.32)]. Then we deduce that (14) and Proposition

5.1.4 are equivalent to the following property of the matriz B(Xt):
bntoi)o()(Bt) = =0y, 1 <i,j <n.

5.2. Injective-reachable chain. Let ¢ be any seed which is injective-
reachable via an associated pair (X, 0y). We denote the seed ¢ by ¢[0].
For all d > 0, we recursively define the seeds t[d + 1] to be ¥4t[d]
where ¥y = 0%%;. Then t[d] is injective reachable via the pair
(St otfa)) = (0934, 04) by Lemma 5.1.5.
Let ordo; denote the order of the permutation o;. So we have

02771 = 57! Then t[ord o, — 1] is injective-reachable via

(Zt[ord ot—1]» Ot[ord Ut—l}) :<0_§rd U_lzh Ut)

:(Ut_th, O't).

Moreover, the principal part of the quiver of the seed t[ord o] is the
same as that of ¢. Since injective-reachable is independent of the coef-
ficient part, the seed (o, '¥;)!t is injective-reachable via (o, '3, 0y).
In general, for any integer d > 1, we recursively define the the seed
t[—d] = (o,%%,) " t[—d+1], which is injective-reachable via (o, 4%, oy).

Notice that we have (o;9%,)"" = 0,4, ') by the action of ¢ on
mutation sequences, which is also denoted by o; 4%,

Definition 5.2.1 (Injective-reachable chain). The chain of seeds (t[d])aez
15 called an injective-reachable chain.
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5.3. Cluster expansions of injective and projectives. We make
the following assumption on the Laurent expansions of I;(¢) and P,;(%t)
for the rest of this paper. Its meaning will be clear in Remark 5.3.1.

Recall that o~ te; = e,;, 1 < i < m. The following assumption holds
for all cluster algebras arising from quivers, c¢f. Remark 5.3.1. We refer
the reader to Example 5.3.2 for an explicit example.

Assumption (Cluster Expansion). Given any seed t and verter 1 <
i <n. When q¢ specializes to 1, the Laurent expansion of ;(t)] 1 _in

qZ—1
T (t) takes the following form:
Oy, = XS04,
(16) — X O+ Y (@) + S aaV (1)),
deNm:d>e;

and the Laurent expansion of H(Zt)|q%._>1 in T (Xt) takes the following
form:
(17)

B0 g, =Xoi)] 5,

:X(Zt)dEgEt Pi(Zt)Y(Et)p(i,Et)
( > BaY (St) ™1+ Y (St) 7% + 1),

deN™:e; <d<p(i,3t)

for some dimension vector p(i, Xt) € N, coefficients aq, B4 € Z.
Moreover, the degrees satisfy

(18) deg™ (P;(Xt)Y (St)P0=0) = o~ deg’ I, 1;(1).

Remark 5.3.1 (Injectives and projectives). Assume that the cluster
algebra arises from a quiver, in other words, the matriz B(t) is skew-
symmetric. We explain the Cluster Fxpansion Assumption by the the-
ory of cluster categories. An example will be given in Example 5.5.2.

We use the cluster category C in Section 2.2 to categorify the cluster
algebra. Then the quantum cluster variable X;(t) correspond to an
indecomposable rigid object T; for any 1 < i < m.

On the one hand, the object X1y, 1 < k < n, corresponds to an
injective module: Exti,/(rF)(Gélgignﬂ,ETk) is the k-th injective right
module of Endy ) (®1<i<nTi), cf. Section 2.3 and | , Section
3.1]. On the other hand, because the object XT}, has index —ey in the
quotient cluster categoryU /(T g), it corresponds to the quantum cluster
variable Ij,(t) = X,k (t[1]). Furthermore, the object ¥Ty corresponds to
the ok-th cluster variable in the seed t[1] for some permutation o.

Similarly, the object T}, corresponds to a projective module: Extl(@iZTi, T)
is the indecomposable projective right module of Endy .y (®1<i<nXT;)
on the vertex corresponding to YTy, which is labeled as ok. Let us
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denote its dimension vector by
p(ok, t[1]) = dim Exty . (5T, Ti) (= dim Extg (ST, 7).

Now (16) and (17) are just the cluster characters of injective and
projective modules respectively (| 1).
To see (18), we rewrite (7) as

Ind*?'T}, + B(ZT) - Exte(ET, Ty,) = Ind"ST;,

where the indices count the multiplicities of the summands of XT and T
on each side. Noticing that YT} corresponds to the oi-th cluster variable
in t[1], T; corresponds to the i-th cluster variable in t, and oe,; = e;,
we rewrite the above equation as

o(deg™ P,y + B(t[1]) - p(ok, t[1])) = deg' I, (t).
This give us (18) by taking k = o~ 14,

Example 5.3.2 (Compare injectives and projectives). Consider a seed
t whose ice quiver Q(t) is given in Figure 2. It is of principal coefficients
with the canonical quantization matrix

000010 0 0
0000 0 -1 0 0
0000 0 0 —1 0
0000 0 0 0 -1

AD=17000 0 1 0 -1
0100 -1 0 1 1
00100 -1 0 0
0001 1 -1 0 0

Take the sequence ¥ = iy jgpiofiafts and the permutation

(1234
T\ 4231 )
The seed t[—1] is obtained from t by applying o 'S = pugpuy proizpy.

Its ice quiver is given in Figure 3. t|—1] is injective-reachable via
(07'%,0) = (Hapsapizpa fia, 0).
In the quantum torus T (t[—1]), we have
)= Xy(t) =X"T9TS(1 4+ Y] 4+ ViYa),
) — XQ(t) :X—62+66+67+68(1 + Y2 + }/2}/;1),
) = X3(t) =X"“TT(1 + Y3 + VY3 4 YaY3Y)),
) = X (t) =Xttt (1 LY, + Y1 Y)).
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It is straightforward to check that the projective right modules of the
Jacobian algebra of (Q(t), W (t)) have dimensions

The Y -variables of the seed t in the quantum torus T (t) are given by

Yl — X e2—€eates
}/’2 — X —ertesteates
Y, — X —exter
Y, —Xe1—extes
The projectives for t, obtained by applying the sequence (oX)~!, take
the following form in the quantum torus T (t):
Pu(t) = Xa(t[-1]) =X (1 + Y + Ya¥5 + V13%3)
:X—€1+65+66+67(Y—€1—62—63 +y e y—a 4 1)7
Py(t) = Xo(t[—1]) =X (1 + Y3 + Y, + Y3V, + Y2 Y3Y))
— X —¢c2testertes (Y—62—63—64 4y e pyemes Ly € 4 1)
Py(t) = Xs(t[-1]) =X=7%(1 4 Y3)
=Xt (Y 4+ 1),
Py(t) = X1 (t[-1)) =X (1 + Y} + V1Y)
:X*64+65+68 (Y*61*€4 + Yy —e4 + 1)
Cluster Expansion Assumption holds for this example. Notice that, this

example is an accidental case where the Laurent expansions of quantum
cluster variables do not involve q-coefficients.

O—O—{D—
OO0
ool

FIGURE 2. An ice quiver Q(t) of principal coefficients
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FIGURE 3. The quiver Q(t[—1]) obtained from Figure 2
after mutations at (4, 1,2,3,4)

5.4. Injective pointed set. For any g € Z", denote g, = ([¢:]+)1<i<n
and g- = ([—¢i]+)1<i<n. We will also view ¢, g+ € Z" as elements of
Z™ by putting 0 at the last m — n components.

For any (f,dx,d;) € Z™" "®N"®N", we define the following pointed
element of 7 ()

(19) U(fdx,dr)=[ [] XJX@O™«10)"],

1<i<m—n

where I(t)" denotes [[ Ty, I(t)*¥]".
Notice that deg’ I, (t) = —ey, + f® for some f*) € Z{nt1lmmm},

Definition 5.4.1 (Injective pointed set). For any g € D(t), put g =
Prog €Z" and gy =G — g — D1 cpanl =9kl - f®) g zirtlhm} - Define
the pointed element I'(q) = I'(gf, 9+, 9-)-

The injective pointed set I is the set {I'(g)|g € D(t)}.

By definition, I' is a D(t)-pointed Z[¢g*2]-linearly independent subset
of T(t). The following lemma suggests that its elements behave well
under one-step mutations.

Lemma 5.4.2 (Neighboring injective pointed set). For any given seed
t and 1 < k < n, denote t' = pt. Then the set I is D(t)-pointed in
T (t) with respect to the order <;. Furthermore, for any g € D(t'), we
have

deg' I () = ¢ (9).-

Proof. The degrees in D(t') change by the piecewise linear formula
(10) which depends on the sign of the k-th components. In our situa-

tion, the degrees of the factors of I (§) are deg? X (#')%, deg® X (')9+,
degt, I(t")9-. They are sign coherent at the k-th component. Therefore,
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we can use Lemma 3.2.3 and deduce that

Gu(§) =G deg! (X ()9 + X (') % I(t')-)
= degtl (X)) + ¢ degt/ (X)) + dr degt/(1<t/)g_)
=deg' (X (t')) + deg" (X (¢')") + deg' (I(#)?~) (Theorem 3.2.4)
=deg' (X ()%  X(t')9+ * I(t')9")
=deg' TV (7).

It remains to check that the coefficient of the leading term remains
to be 1. We have to verify the following equality:

At) (e deg” X ()97, 30 X (¢)9%) =A(t')(deg” X ('), deg” X (¥')7"),
At) (¢ deg” X (#)97, ¢ I(t')9-) =A(') (deg” X ('), deg” I(t')*-),
A(t)(ppp deg” X ()94, rpI(1')9-) =A(t')(deg” X (t')9+, deg’ I(t')-)

Decompose the degrees appearing above into sum of unit vectors by
Lemma 3.2.3. Then it suffices to verify the following equations for any
pair of unit vectors (e;,e;), 1 < i,j < m, sign-coherent at the k-th
component:

A6)(Drpei, orp(Fe;)) =A(E) (i, £e)),

These equations follow from the mutation rule of quantization matrices,
Vi, j # k:
At)i; = M),
A(t) (e, —ex + [=bju(t)]e;) = e (B (t) A ) E_1 () B (t)ex
= el A(t)ey,
A(t)(es e — [=r(t)]1e;) = ef (B ()" A(t) EL(t) Ea(t) (—ex)
= el A(t)(—ep).

Remark 5.4.3. The notion of leading terms depends on the choice of
seed and so does the normalization factor. Different pointed elements
Z; € T(t') might have identical leading degrees in the quantum torus
T (%) of the new seed ty, and a pointed element Z in T (t') might not be
pointed in the T (t*). The normalization factor of the twisted product
Zy * Zy might also change if they are not quantum cluster variables in
the same cluster, cf. Example 5.4.4.

Example 5.4.4 (Injective pointed sets). We consider the initial acyclic
quiver Q@ = Q(to) of type Ag in Figure J. Then E(to) =B= ( (1) _01 ) )
Take the quantization matriz A(ty) to be —B~' = B.
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Then ty is injective-reachable via (X,0) = (pap1,1). We have
Xi(to) = Xi, i =1,2,
Lty) = X'+ X' X = X9(14+Y))
Lt) =X"X, '+ X, '+ X = X 2(1+ Yy, + V1 YR)

The set T consists of the normalized ordered products of X;(ty) and
I;(to) such that X;(to) and I;(ty) do not appear simultaneously. It is
apparently D(to) = Z* pointed.

Consider the neighboring seed uto, its quantization matriz is A(paty) =
—B. In the quantum torus T (u1to), we have the following Laurent ex-
pPansions

Xi(to) = X2 (14 1))
Xo(to) = Xo
Ii(ty) = Xy

Ly(ty) = X721+ Y3).

It is straightforward to check that T is a D(uyto)-pointed set.

If we proceed to the seed popnto = to[l]. The quantization matriz
A(to[l]) = B. In the quantum torus T (to[1]), we have the following
Laurent expansions

Xi(to) = Pi(to[l]) = X2 (1 + Yo + Y1Y3)
Xa(to) = Pa(to[1]) = X9 7%(1 + Y2)
Ii(to) = X1

I(tg) = Xo.

It is straightforward to check that the set of leading degrees of It
in this seed is N x Z. In fact, the different pointed elements [X;(to) *
I(to)]* and 1 in T (ty) will have the same leading degree 0 in T (to[1]).
The normalization factors of X1 x Iy are also different in T (to) and

T (to[1])-

(D

FIGURE 4. A quiver @ of type A,.

6. TRIANGULAR BASES

In this section, we introduce the key tool of this paper: the common
triangular basis of a quantum cluster algebra.
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6.1. Common triangular bases in brief. In this subsection, we de-
fine the common triangular bases and present theorems that guarantee
their existence. We give a brief strategy of how we will treat them for
the rest of this paper.

Definitions. Let A be a given injective-reachable quantum cluster alge-
bras. We will assume that Cluster Expansion Assumption is satisfied,
which is true for cluster algebras arising from quivers.

Let t be any given seed of A. Recall that we have defined the dom-
inance order (partial order) <; on the degree lattice D(¢). Also, we
have the degree map deg’ from the set of pointed elements PT(t) to
D(t). In addition, the normalization operator [ |* gives [¢°Z]" = Z for
any pointed element Z € PT(t), s € 1 Z.

Recall that the injectives Ij(t), 1 < k < n, are the quantum cluster
variables whose leading degrees deg’ I;(t) take the form —e; + f*) for
some f¥) ¢ Z{n+hm}b They are quantum cluster variables of the seed
t[1].

Definition 6.1.1 (Triangular basis). Let t be any seed of a given quan-

tum cluster algebra A. A Z[qi%]-basis of A is called a triangular basis
with respect to t, if it satisfies the following properties.

e [t contains the quantum cluster monomials in the seeds t and
t[1].

o (bar-invariance) All of its elements are invariant under the bar
wnvolution.

o (parameterization) It is D(t)-pointed: it is in bijection with D(t)
via the degree map deg’.

e (triangularity) For any quantum cluster variable X;(t) in the
seed t and any basis element S, the normalized twisted product
[X:(t) x S| is (<¢, m)-unitriangular to the basis:

(Xit) xS =b+ Y b,

deg! b/ <¢deg’ b

where ¢y € m, deg'b = deg’ X;(t) + deg’ S, and b,b' are basis
elements.

We can lessen the triangularity condition in the definition of a tri-
angular basis and obtain the notion of a weakly triangular basis (Def-
inition 6.3.1). A weakly triangular basis w.r.t. a seed t, if exists, is
unique (Lemma 6.3.2(i)), which we denote by L. A triangular basis
is the weakly triangular basis (Lemma 6.3.2(ii)) and, correspondingly,
we still use L! to denote it and indicate that it is the triangular basis.

We will expect the basis to have the following property.

Definition 6.1.2 (Positive basis). A basis of a Z]g*2]-algebra said
to be positive, if its structure constants with respect to multiplication
belong to N[g*2].
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Notice that Definition 6.1.1 depends on the seed t chosen. The
parametrization is demanded by Fock-Goncharov conjecture (Conjec-
ture 3.2.8), and the triangularity is similar to Leclerc’s conjecture (Re-
mark 9.4.4). By the following definition, we expect the parametrization
to be compatible w.r.t. different seeds (Definition 3.2.7).

Definition 6.1.3 (Common triangular basis). Let T' be a set of seeds.
A basis of the quantum cluster algebra A is called the common trian-
gular basis w.r.t. T, if it is the triangular basis L' w.r.t. each t € V
and, moreover, Lt, Lt are compatible for any t,t' € T.

When T consists of all seeds of A, the corresponding common trian-
gular basis is called the common triangular basis of A.

It follows from its definition that the common triangular basis, if
exists, contains all the quantum cluster monomials (Lemma 6.3.2(iii)).

Lemma 6.1.4. If the common triangular basis of A exists, then it
implies the Fock-Goncharov basis conjecture (Conjecture 5.2.8).

Ezistence Theorems. We now present various theorems guaranteeing
the existence of the common triangular basis, whose proofs will be
postponed to the end of this section.

Theorem 6.1.5 (Existence Theorem). Let A be an injective-reachable
quantum cluster algebra which satisfies Cluster Expansion Assumption.
Let (t[d])aez be an injective-reachable chain of seeds. Assume that the
common triangular basis with respect to {t[d]} exists and is positive.
Then, the common triangular basis of A ewists.

The correction technique (Theorem 4.2.1) allows us to reduce the
conditions in Existence theorem to a finite criterion.

Theorem 6.1.6 (Reduced Existence Theorem). Let A be an injective-
reachable quantum cluster algebra which satisfies Cluster Expansion As-
sumption. Let t be a seed injective-reachable via (X,0). Assume that
the triangular basis L ewists, is positive, and contains the quantum
cluster variables obtained along the mutation sequences Y from t to t[1]
and along the sequence o= '¥71 from t to t[—1]. Then the common
triangular basis of A ewists.

As a consequence of the correction technique (Theorem 4.2.1), a
change of the coefficient pattern or quantization will not affect the
existence of the common triangular basis.

Theorem 6.1.7. Let t, t' be two similar seeds in the sense of Section
4 and A(t), A(t') the corresponding quantum cluster algebras respec-
tively. If the common triangular basis of A(t) exists, then the common
triangular basis of A(t') exists as well.
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Strategy. The construction of the (common) triangular basis is not
clear from the definition, because Lusztig’s Lemma does not apply.
This situation is very different from that of Berenstein-Zelevinsky’s
triangular basis | |. In applications (Section 9), we will adopt the
following approach:

(1) Start with some known basis L of A, prove that it is the trian-
gular basis w.r.t. some chosen initial seed.

(2) Show that this basis is the common triangular basis w.r.t. all
seeds t by induction on ¢.

Most arguments in Section 6 are not difficult. When verifying the
m-unitriangularity, we do not rely on sensitive calculation of g-powers,
but use the following basic properties:

(1) m-unitriangularity is preserved under composition and under
taking inverse (Lemma 3.1.11).

(2) By Lemma 6.2.3, if we have a unitriangular decomposition of
pointed Laurent polynomials Z, Z;:

Z =7+ > b;jZ;, bj € m,

j>1:deg Z;<deg Zo=deg Z

then it remains unitriangular after left multiplying X;:
(20) (X Z) = [Xi % Zo] + Y bjq™ [Xi % Z;), 0; <0,.

The right hand side can be further decomposed by the triangularity
property of the triangular basis in Definition 6.1.1.

Finally, we point out the difficult part in the inductive verification
of the common triangular basis: after one step mutation pu, prove
that the new cluster variable Xj(uxt) belongs to the triangular basis
L' (Proposition 6.5.3). Our proof can be sketched as follows.

(1) Assume that L* equals the triangular basis L/=! as sets. We
consider the desired basis element b whose leading degree in
T (t[—1]) equals deg!l™! Xk (prt). It must appear as the leading
term in some product of elements of L~

q by * by = b + (<4-1) —lower terms),
where o € Z, by, b, € L1 = Lt with
degt[_” b1 + degt[_l] by = degt[_” b.

(2) Assume compatibility of degrees: deg'b = ¢y 1] deg!™1 b. Show
that, with respect to t, the above equation becomes

q by * by = b+ (<, —higher terms).

(3) Cluster Expansion Assumption gives the lowest several Laurent
monomials of the product by * by in T (¢). Then, by assuming
the positivity of L, we can determine the Laurent expansion of
the lowest term b, which equals that of Xy (ut) in T (¢).
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This proof is based on good degree parametrization of basis elements
w.r.t. different seeds t, t[—1], which is expected by Fock-Goncharov
conjecture (Conjecture 3.2.8).

6.2. Basic properties.

Lemma 6.2.1. Let L be the triangular basis w.r.t. a given seed t.
Then the following claims hold.

(i) Lt factors through the frozen variables, namely, we have
(21) X x L9 € Lf, VI<i<m—n,g€ D), f € Z

(ii) We have L*(0) = 1.
(iii) The injective pointed set I' is (<, m)-unitriangular to L*.

Proof. Omit the symbol ¢ for simplicity.

(i) First assume f; > 0. By the triangularity of L, the normalized
product [Xf:lH « L(g)] has a (<, m)-unitriangular decomposition into
L. But [Xf:iH « L(q)] itself is bar-invariant. It follows that [Xf:iH *
L(9)] = L(g + fiensi) when f; > 0. Finally, for any f; < 0, since
(X, 1+ LG + fieas)] = L(G), we have [XJ,, + L(@)] = [XJ:,  [X, i +
L(g + fienyi)]] = L(g + fienti).

(ii) Since 1 is trivially a cluster monomial in the seed ¢, the claim
follows from definition of triangular basis.

(iii) The claim follows from the triangularity of the triangular basis.

g

Remark 6.2.2. (21) is an analogue of the factorization property of
the dual canonical bases of quantum unipotent subgroups, cf. |
Section 6.3].

Claim (1ii) is an analog of the transition property between dual PBW
bases and dual canonical bases. If the seed t has acyclic principal part
with appropriate coefficient pattern, up to localization at frozen vari-
ables, I'(f,dx,d;) are dual PBW basis elements, and we can take L
to be the dual canonical basis. | | proved that such L contains all
quantum cluster monomials by. In fact, this phenomenon motivates
our definition of weakly triangular bases (Definition 6.3.1).

)

The following important lemma suggests that the (<;, m)-unitriangularity
of an expansion is preserved under multiplication by X from the left
or by I from the right.

Lemma 6.2.3 (Triangularity Preservation). For any ¢ <; g € D(t),
1<i<m,1<k<n, we have

(22)

A(t)(deg" X;(t), deg’ Yi(t)) = A(t)(deg" Yi(t), deg' Ii(t)) = —dund.,
(23) A(t)(deg’ Xi(t),5') < A(t)(deg" Xi(1), 9),
(24) A(t)(G', deg" I(t)) < A(t)(g, deg" Ii(t))-

~— —
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Proof. The first equation follows from the definition of compatible
pairs, and it implies the remaining equations. Il

The following lemma is a direct consequence of Lemma 6.2.3. Notice
that its assumption is satisfied when the triangular basis L exists.

Lemma 6.2.4 (Substitution). Let t be any given seed. Assume that
I'(f,dx,d;) is unitriangular to I', Vf € Z™ ™, dx,d; € N*. Let Z be
an element in PT(t).

If a pointed element Z € PT(t) is (<¢, m)-unitriangular to I*, then
the normalized products [, Xp4i(6)7 % X (£)X « Z« I (£)]" are (<, m)-
unitriangular to It too.

Proof. Substitute the factor Z by its expansion in I*. The claim follows
from Lemma 6.2.3. U

Lemma 6.2.5 (Positive Laurent expansion). Let t be a given seed and
L any positive basis of the quantum cluster algebra. If I contains the
quantum cluster monomials of t, then the Laurent expansions of its
elements in T (t) have coefficients in N[g*2].

Proof. The expansion coefficients can be interpreted as q%—shifted of
the positive structure constants of L, cf. | , Proposition 2.2]. O

6.3. Weakly triangular bases.

Definition 6.3.1 (weakly triangular basis). A weakly triangular basis
with respect to a seed t is a bar-invariant D(t)-pointed basis of A, such
that it factors through the frozen variables ((21)), and I' is (<;, m)-
unitriangular to it.

By Lemma 6.3.2(i), the weakly triangular basis with respect to a seed
t is unique, which we still denote by L. By Lemma 6.3.2, the triangular
basis and the weakly triangular basis only differ at the triangularity
properties.

Lemma 6.3.2. Let t be any given seed. We have the following:

(1) a weakly triangular basis with respect to t, if exists, is unique;
(11) the triangular basis with respect to t, if exists, equals the weakly
triangular basis;
(ii1) if the weakly triangular basis Lt exists, then it contains the quan-
tum cluster monomials X ()9, I(t)9 - X(t)/, Vg € N f €
ZAr+Ysmt I particular, LE(0) = 1.

Proof. The statements (i)(ii) easily follow from properties of unitrian-
gular transitions:

(i) Let L@, 4 = 1,2, be any two weakly triangular bases w.r.t. t. Be-
cause I* is (<;, m)-unitriangular to L™, conversely, L(V) is also (<, m)-
unitriangular to I (Lemma 3.1.11). Now composed with the unitrian-
gular transition from I to L®), we get that L") is (<,, m)-unitriangular
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to L(®. Because all basis elements in L are bar-invariant, we have
LM (g) = L@ (g) for all § € D(t), ¢f. Lemma 3.1.10(ii).

(ii) The claim follows from definition and Lemma 6.2.1.

(iii) The bar-invariant elements X (¢)? and I(t)? belong to I' and,
consequently, are (<;, m)-unitriangular to L*. Lemma 3.1.10(ii) implies
that they belong to L. O

The following lemma easily follows from properties of unitriangular
transitions. It helps simplify many arguments in later sections.

Lemma 6.3.3. Let L! be the weakly triangular basis with respect to a
seed t and k € [1,n] any vertex.
(i) The pointed set [Xy(t) * L' is (<¢, m)-unitriangular to L if and
only if T is (<, m)-unitriangular to the pointed set [Xy(t) * I']*.
(ii) [Xi(t) * I']" is (<¢, m)-unitriangular to It for all 1 < k < n
if and only if I'(f,dx,d;) is (<4, m)-unitriangular to I, Vf €
Z{n—i—l,...,m}’ dx, d[ e N,
(iii) For any d € N, Xy(upt)? belongs to Lt if and only if Xy, (uxt)? is
(<¢, m)-unitriangular to I*.
(iv) For any d € N, I,(uxt)? belongs to Lt if and only if I;(uxt)? is
(<4, m)-unitriangular to I*.

Proof. We call (<;, m)-unitriangular by unitriangular for simplicity.

(i) Triangularity Preservation Lemma (Lemma 6.2.3) implies that
[ X}, x I']" is unitriangular to [Xj(¢) * L*]" and vice versus.

First, assume that [Xy(¢) x L']" is unitriangular to L'. Because
[ X} * I']" is unitriangular to [Xj(t) * L']*, it is unitriangular to L and,
consequently, unitriangular to I*. Conversely, I' is unitriangular to
[Xk *x It]t.

Similarly, assume that I' is unitriangular to [X} * I']". Because
[ X} * L]" is unitriangular to [X}(¢) * I']", it is unitriangular to I' and,
consequently, unitriangular to L!. Conversely, L’ is unitriangular to
[Xk: * Lt]t.

(ii) Notice that all elements in [ X} (¢)*I']* takes the form I*(f, dx, d;).
Therefore, if all I'(f, dx, d;) are unitriangular to I*, so does the pointed
set I

Conversely, assume [X}(¢)  I*]" is unitriangular to I* V1 < k < n.
Notice that any I*(f,dx,d;) can be obtained from the triangular basis
element I'(f,0,d;) € I by repeatedly left multiplying the X-variables.
It follows from Triangularity Preservation Lemma (Lemma 6.2.3) that
I'(f,dx,dr) remains unitriangular to I'.

(iii)(iv) The claims are obvious by the bar-invariance and Lemma
6.3.2(3). O

The following easy lemma compares weakly triangular bases in sim-
ilar seeds.
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Lemma 6.3.4. Let t and t' be two seeds similar via an isomorphism
between sets of unfrozen vertices var® : ex' ~ ex. Assume we have the
weakly triangular basis Lt of A(t) with respect to t. Let LY denote the
set of the elements in PT (') which are similar to the elements of L.

(i) L is the weakly triangular basis of A(t').

(ii) If Lt is positive, so does LY. If Lt is the triangular basis with
respect to t, then LY is the triangular basis with respect to t'.

(11i) Let (ﬁ be a mutation sequence on ex and ﬂ’ the corresponding
sequence on ex'. Then, for any i € ex, the quantum cluster variable
Xi(%t) belongs to Lt if and only if the corresponding quantum cluster
variable X(Var*)fli(%/t/) belongs to L .

Proof. (i) By construction, L factors through the frozen variables, is
D(t')-pointed and, therefore, linearly independent.

Any given basis element b € L is a polynomial of quantum cluster
variables of A(t) with coefficients in Z[g*2]P, in other words, a finite
sum of products of quantum cluster variables. We can view the fi-
nite sum as <;-unitriangular decomposition by Lemma 3.1.10(iii) and,
by Lemma 4.2.2(iii), deduce that any b € L similar to b is a polyno-
mial of quantum cluster variables of A(#') with coefficients in Z[q*2] P’
Therefore, O is contained in A(t').

We see that LY spans A(t') by Theorem 4.2.1. It is (<, m)-unitriangular
to I by Lemma 4.2.2(iii).

(ii) The claims follow from Theorem 4.2.1 and Lemma 4.2.2(iii) re-
spectively.

(iii) Notice that X;(%t) is similar to X(Var*)—li(%/t/) by Lemma 4.2.2.
The claim follows from the construction of L. U

6.4. admissibility.

Definition 6.4.1 (admissible). Let k € [1,n] be a given vertez. A basis
L of the quantum cluster algebra A is said to be admissible in direction
k with respect to a seed t, if the quantum cluster variables Xy (uxt),
Ii.(prt) belongs to L.

Lemma 6.4.2. Let IL be a positive basis of A, such that it contains
the quantum cluster monomials in t. If I contains the quantum cluster
variable Xy (uit) for some 1 < k < n, then it contains the quantum
cluster monomaials in puyt.

Proof. Denote t' = ugt, Xi(put) = X (1), Yi(put) = Y.(1).
The statement follows from the positive Laurent expansions of L. in
the 7(¢) and the Laurent phenomenon in #'.

For simplicity, we specialize q% to 1 and omit the symbol . Any
quantum cluster monomial M in t' is a product of basis elements in L

M = X%(Xp)% = > b(FLG),

g=deg M
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where b(g) € N, b(deg M) = 1, d, € N,d;; € NI™I={¥ The Laurent
expansion of LHS is X% [T, Xjk[_bﬂ“]*Xk_d’“(l—i—Yk)dk. By Lemma 6.2.5,
the positive Laurent expansion of each basis element IL(g) appearing
must take the form

o T X0 ),

1<j<m

where Fj(Y}) is a polynomial in Yj, whose coefficients are non-negative
but not larger than those of (14 Y;)% at all degrees. It follows that, if
we let F(Y}) denote the polynomial F5(Y, )Y, ™. Then its coefficients
are also non-negative but not larger than those of (1 + Y, )% Y,% =
(1+Y5)%.

Consider the Laurent expansion of IL(g) in 7 (). Using ¥ = Y™,
we obtain

1
WFﬁ(Yk)

v Fe(Y)

L(g3) = X% X% .

— XdEX/dk .
SRS A
This is an Laurent polynomial in 7 (¢') if and only if % is a Laurent
k

polynomial in 7(#'). But F3(Y}) has non-negative coefficients no larger
than those of (14 Yj)%. Tt follows that F2(V}) = (1 + Y{)% and,
consequently, X% (X} )% = L(g). O

6.5. One step mutations. As the most difficult in the verification of
the common triangular basis, we shall show in Proposition 6.5.3 that
the expected transformation rule (10) of the leading degrees of basis
elements provides a crucial step towards the admissibility.

We will control the Laurent expansions of triangular basis elements
with the help of the positivity of the basis L* and Cluster Expansion
Assumption. To warm up, let us start with an unsuccessful but inspir-
ing calculation.

Fix a given vertex k € [1,n], denote uxt = t', Xi(ut) = Xi(t),
Ii.(upt) = I.(t). Recall that deg' I, = —e; + f® for some f*) €

Proposition 6.5.1. Let L! be the weakly triangular basis with respect
to a seed t and assume it to be positive. Then we have the following
Laurent expansion in T (t):

Li(deg' X;(1) = Xi(6) + Y uaX ()% OV (1),

deNT d>ep,

where ug € N[¢*F].
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Proof. Omit the symbol ¢ for simplicity. Denote b= = >_.[—bj]+e;,
X_ = X" . Then we have deg X}, = b~ —¢j, and X|, = X' X _(1+Y3).

We consider the normalized twisted product [X /" « X_ « I]. By
Lemma 6.3.2(iii), all factors belong to the basis L. By Lemma 6.2.5, the
Laurent expansion of I}, has non-negative coefficients. Further applying
Cluster Expansion Assumption, we see that the Laurent expansion of
I, must take the form

[k:X—ek+f<k)(1+a6kYk+ Z aqY' ), adeN[qig]’

deNn:d>ey,

where the bar-invariant g-coefficient o, of I; at the term X —entf (k>Yk
belongs to N[qi%] and satisfies a., (1) = 1 and, consequently, equals 1.
Therefore, the Laurent expansion of [X /" « X_ % I] becomes

(25)
X X w ] =X X XY 14 Y+ Y gty
d>ey,
_ _ LA de _
XX+ XX Y+ Y aggt e X o v
d:d>ey,

On the other hand, by the triangularity of L, we have
(26) XY % X s L) =L —er) + Y. e,L),

1’]-<37—6k

where the coefficients ¢, € N[¢2] Nm.

Compare (25) with the Laurent expansion of (26). They all have
non-negative coefficients in N[qi%]. By analyzing these coefficients, we
easily deduce that the monomial X, ' X_Y}, can only be the contribution
of L(b~ — ey).

Therefore, the Laurent expansion of L(g_ — ey,) takes the form

L —er) = X' X+ XX Y+ ) ugX'X_ Y

dGN",d>€k

The claim follows. O

Remark 6.5.2. In the proof of Proposition 6.5.1, the calculation of
the desired basis element Lt(deg® X} (t)) is based on the following two
steps:

(i) put the desired basis element L(deg’ X}(t)) in the product of clus-
ter variables contained in Lt (cf. (26));

(i1) analyze its Laurent expansion by the positivity and the estimation
from Cluster Ezpansion Assumption.

However, Proposition 6.5.1 can not precisely control L!(deg' X} (t))
because the desired basis element appears as the leading term in (26)

)
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To fix this, in Proposition 6.5.3, we put it as the last term in a similar
but less intuitive equation.

Proposition 6.5.3 (One step mutation). Given any seed t and any
vertexr k € [1,n]. Let Lt and L1~ be the weakly triangular bases with
respect to t, t|—1], respectively and assume them to be positive. Fur-
thermore, assume Lt = LU= as sets such that we have the following
equality of basis elements:

L (deg’ X} (1)) = L')(deg"=") X{(t)).
Then the following quantum cluster variable is contained in Lt:
X4(t) = L(deg’ X}(1)).
This proposition is the crucial step in verifying the admissibility of
a basis.

Proof. We provide a tricky proof, whose idea was sketched in the end
of Section 6.1.
(i) We want to find out the leading degree of the Laurent expansion
of X;(t) in the quantum torus 7T (¢t[—1]).
The quantum cluster variable X, (t) is given by the exchange relation
Xi(t) = Xe() X0 4 X)X (1)
where we denote the multiplicities over the exchangeable vertices by

bt = [at)]ver

1<i<n
o= [=hi(t)] e,
1<j<n
and the multiplicities over the frozen vertices (coefficients) by

ff= 3" bain®lenss,

1<i<m—n
fﬁ = Z [_bj+n,k(t)]+€j+n-
1<j<m—n

Recall that we have a mutation sequence o~ (X) from ¢[—1] to t
together with a permutation o of [1,n]| such that I;(¢[—1]) = X,;(¢) for
any ¢ € [1,n] (Section 5.2). Also, recall that we denote oe; = e,-1;.
Then, in 7 (t[—1]), the above exchange equation becomes

Xi(t) =Lk (=1 X ([=1]) " (e[ -1])7"
+ L (=) 7 X (1) I(=1])7
By (14), the desired leading degree is given by
deg!™! X (1) = — deg' ™ Lo (¢[~1]) + f* + deg "V 1(¢[-1])7""
= o1 = [ 4 [T degT I I (t[-1])7"

(27)
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(ii) Consider the desired basis element L= (deg!=! X7 (¢)) of the tri-
angular basis L!l=Y, which shares the desired leading degree deg’ ™ X (1)
with X} (¢) in the quantum torus 7 (¢[—1]). Notice that the basis
L' = LU is positive. By step (i), this basis element must appear
as the leading term of the following product of elements in L1

(28)
g X (1)) X (1) T -1))7

= LU (deg!=) X1(1) + 3 p L),
n

where 7 <y degfl™ X 1(t), the non-negative coefficients p, belongs
to m by the triangularity of L=, and the normalization factor ¢~
given by

& = SA(-1])(~ deg'™ Ly (1 -1)), £ + deg!™ (t[~1])°"")

(iii) We try to locate the desired basis element as the last term in
the new quantum torus 7 (¢) with respect to the new order <;.
View equation (28) in the quantum torus 7 (¢). It becomes

(29)
q*aPk(t)X(t[—l])fﬂflk) « X (O = LU (deg!t™" X1(1)) + anLtH] ()

= L'(deg’ X;(t)) + > _ py L' (n).

Let us compute the desired basis element’s leading degree:
deg! X;(t) =b~ + f~ — e
— e+ O b = — ) b+ = fOT
=0 deg!™V I, 1 (t[~1]) — deg' Yi(t) +bT + fF— fH)
) deg! P (1)Y (1) ek X (1)0THT=1H

At this moment, we haven’t shown that the remaining basis elements
L1 (n) in (29) have degrees higher than that of X} (¢) in the quan-
tum torus 7 (t). Nevertheless, let us proceed by looking at Laurent
expansions.

(iv) We want to take Laurent expansions of (29) and explicitly de-
termine the desired basis element as the last few terms.

By Lemma 6.2.5, the Laurent expansion of P(t) have coefficients in

N[qi%]- By (17), it must take the form
P(t) = X (0 Oy (p®0 - (3 T By (67 4+ Yi(t) T+ 1),

€k <dSp(k7t)
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where 8, € N[g*%]. Notice that the coefficients X (£)~/ * = X (t[-1])~/ ",
Consequently, the Laurent expansion of LHS of (29) becomes

(30)
OROX @ X (@
—q (X (1) BTy (00 (ST B () 4 Vi) 4 1) x X (1)
er<d<p(k,t)

Crex @Y BYOT RO D)« X

e <d<p(k,t)

We observe that ¢~ is the normalization g¢-factor for the last two
Laurent monomials in (30): by Proposition 3.2.5, we have

o =5 A(H[-1])(— deg" ™ -1, (t[-1]), /7 + deg™" (1))

=— %A(t[—l])(degt[_” L (t[=1]), £ + deg™1 I ([—1])7"")
__ % A(t)(deg Xi(t), deg X (£)7 )
A0 (e deg! X(07 ).

Thus the last Laurent monomial has coefficient 1. The same holds for
the second last Laurent monomial because A(t)(deg’ Yy (¢)™!, fH+b7) =
0. Now the (30) becomes

(31)
GOP(X ()T e X ()
= Z qadﬂdX(t)b++f+_ekY(t)_d + X(t)b++f+_eky(t)_ek + X(t)b++f+—ek

€k <d§p(k’,t)

=T XY () X (1) KO 4 X (1) Y (),

e <d<p(k,t)

where o = $A(t)(deg' Y (1), b™) < 0.

Notice that the last two terms sum to X/, (¢). Similar to the discussion
in Proposition 6.5.1, we compare this Laurent expansion to the Laurent
expansion of the RHS of (29), which has non-negative coefficients by
Lemma 6.2.5.

First, L'(deg X/(t)) contains X9& Xi() because it needs to have
the leading degree deg’ X/ (¢). Notice that the Laurent expansion of
L!(deg X/.(t)) has non-negative coefficients less than those in (31), and
X (t)%e" XiY, () is the only term whose degree is dominated by deg’ X/ (t).
Moreover, if the term X9e&' Xe®Yi(t) is the contribution from some
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other basis elements L1 (n) in (29), this will contradicts to the proper-
ties that p, € m and the bar-invariance of Lf=1(n). Therefore, the de-
sired basis element Lf(deg X/ (t)) equals Xde&" Xi() 4 xdeg" Xi()y] () =
X (t). O

Example 6.5.4 (Control Laurent expansion). We continue Ezample
5.3.2. Take k = 4. We want to control the Laurent expansion of
Lt(deg’ X (t)) by locating it as the last few terms of a Laurent polyno-
mial in T (t) and deduce that it is the cluster variable X, (t).

We have the following quantum cluster variables in T (t):

Xi(t) =X (14 Y,) = Xeeates (YL 4+1),
P4(t) — X —éatestes (Y—61—64 +Y " 4 1)‘

[T =2 nlbin(t)]e; = es. Then ob™ = ey,
The quantization matriz A(t[—1]) is given by

0 0 0 0 1 0 0 0
0 0 0 0 0 —-11 1
0 0 0 0 0 —11 0
0 0 0 0 0 0 1 0
ACEID=1""3 0 0 0o 0 1 0 -1
0 1 1 0 -1 0 1 1
0 -1 -1 -1 0 -1 0 0
0 -1 0 0 1 —-10 0

Assume that Lt = LU= with positive structure constants and L (deg’ X/ (1)) =
L'-U(deg!™ X/ (t)). Compute the degree
deg!™ U X! (t) = e; — eq + €5 + €7
= coora = f P 4 [T deg T I(H-1])"

Then the desired basis element L'(deg’ X}(t)) appears in the (<4_1
,m)-unitriangular expansion of the following normalized product in

T(t[-1)):
(32)
X (=) X (=) (1))
= O PUOX (1) X (1)
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Compute the quantization degree
1 _
a =g A(t[=1])(er — FOTRL LT+ degtT 1(H[—1))77)

= —A(t[—l])(el — €5 — €g, —€4 +e5+ eg+er + 68)

1
2
1
2
1
- §A<t)(—€4, er + eg)
1 _

= S A()(deg’ Pa(t)Y1Ya — £+ 4 b7).
Now, view the twisted product (32) in T (t), we obtain
qfap4(t)Xff(a*1k) *Xf++b+ :q7%Xe1*e4+eszlY2;1 +Xelfe4+eg(yzl—1 4 1)
=g P X+ X4(1).

Recall that the expansion of the normalized product into LU= takes
the form

o1 _ 3
q_aP4(t)X(t)—f< 0 X(t>f++b+ _ Lt[—1]<degt[ 1] X4(t) + Z ant[ 1] (1)

n=—1)deg! =1 X (t)

= L'(deg’ X/(t)) + > py LY ()

n=<s[—1degt =1 X (t)

with non-negative coefficients p, € m.

By using bar-invariance of basis elements (cf. proof(iv) of Proposition
6.5.3), we deduce that the Laurent expansion Lt(deg’ X(t)) in T(t)
consists of the lowest two terms of the Laurent expansion of the left hand
side which is given by Cluster Expansion Assumption. Consequently,
Lf(deg’ X}(t)) equals X (t).

6.6. Triangular bases w.r.t. new seeds. In this subsection, we show
that if the triangular basis L is admissible in direction k, then it lifts to
the common triangular basis w.r.t. {¢,#'}, where t' = pxt (Proposition
6.6.3).

Most arguments in this subsection easily follow from basic properties
of unitriangular transitions, except the nontrivial part (Case ii-b) in the
proof of Proposition 6.6.3, where the unitriangularity comes from the
exchange relation of a quantum cluster variable.

The following easy lemma tells us that unitriangularity remains un-
changed even when the seeds and dominance orders change, if the lead-
ing degrees follow tropical transformations (cf. Definition 3.2.7).

Lemma 6.6.1 (Dominance order change). Let t@ i =1,2, be two
seeds of a given quantum cluster algebra and L% bar-invariant D(t®)-
pointed bases. Assume that LY and L2 are compatible. Let Z be any



46 FAN QIN

element in A such that it has unique leading degrees in both T (1)) and
T(t@)) and degt@) = ¢t(2)7t(1)(degt(l) Z).

If Z belongs to PT(tM) and is (<,ay, m)-unitriangular to LY, then
it belongs to PT (t?) and is (<), m)-unitriangular to L® as well.

Proof. Denote degt(l) Z =nyz and degt@) 7 = gz for simplicity. We have
7 =1LW(ny) + Z ey LY (1), ¢y € m.

n'<,(1)Nz

Because Z € A, RHS is a finite sum. Since L(Y) and L(® are compatible,
we can rewrite RHS and obtain

Z = L(z)(gZ) + Z Cn’L(Q)(th(?),t(l)(n/)), Gy € m.

n'<,(1)Nz

Notice that ¢,e ;00" # ¢y ,0mz = gz. By this equation, Z has
coefficient 1 at the degree gz. Since gz is the leading degree of Z by
our hypothesis, Z is pointed. Moreover, this expansion is a finite sum.
By applying Lemma 3.1.10(iii), we see it must take the form

Z = L(2) (gZ) ‘I— Z Cg/L@) (5,), Cg/ € m.
9'<,2)9z
Il

Lemma 6.6.2 (Weakly triangular basis w.r.t. new seed). Let t,t’ be
two seeds related by a mutation at some vertex k. Let Lt be the weakly
triangular basits with respect to t and assume it to be positive and ad-
missible in direction k. Furthermore, assume that, the injective pointed
set I is (<;, m)-unitriangular to It in the quantum torus T (t). Then
the following claims hold.

(i) The weakly triangular basis LY with respect to t' exists and is

compatible with L.
(i) It is (<y, m)-unitriangular to I¥ in T (t').
Proof. (i) Since the positive basis L’ is admissible in direction &, Lemma
6.4.2 implies that it contains the quantum cluster monomials in ¢ and
t'[1].

It follows from Lemma 5.4.2 that I () is pointed at degree ¢ g in
T(t), Vg € D(t'). By the hypothesis in the Proposition, it is (<, m)-
unitriangular to I' and, consequently, to L'. So we have a (<;, m)-
unitriangular decomposition.

(33)
1'(9) =L'(n) + D, eyl (), n.0 € D(1), §=rs(n), cpy € m.
n'=<en
View (33) in 7 (¢') from now on, in which L consists of positive Laurent

polynomials (Lemma 6.2.5). Since I¥ () belong to A, this linear com-
bination is a finite sum. Furthermore, because Xy (') and I (t') belong
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to L*, and L’ is positive, ¢,y and the Laurent expansions of all terms
appearing are non-negative. Compare both sides: LHS has a unique
leading Laurent monomial of degree g with coefficient 1. Therefore,
RHS has a unique leading Laurent monomial of degree g with coef-
ficient 1, which must be the contribution from Lf(n). Consequently,
L!(n) is pointed at g in T (¢).

Thus we have a D(#')-pointed basis L* defined by L¥(§) = L!(¢;.+9),
Vg € D(#'). The bases L and L are compatible. By Lemma 6.6.1, I*
is (<, m)-unitriangular to L¥. The claim follows.

(ii) T* is (=g, m)-unitriangular to L by Lemma 6.6.1 (use Lemma
5.4.2). L is (=y, m)-unitriangular to I* by its triangularity. The claim
follows as a composition. Il

Proposition 6.6.3 (Triangular basis w.r.t. new seed). Let t, t’' be two
seeds related by a mutation at some given vertex k. Let L' be the
triangular basis with respect to t. If Lt is positive and admissible in
direction k with respect to t, then the triangular basis with respect to t’
exists and is compatible with L.

Proof. Our proof is based on basic properties of unitriangular transi-
tions except the nontrivial last step (Case-iib), where the triangularity
arises from the exchange relation of a mutation. We prove the following
two claims.

Claim (i) If L' is positive and admissible in direction k, then the
weakly triangular basis LY exists and is compatible with
L.
Claim (i) If the weakly triangular basis L exists and is compatible
with the triangular basis L!, then it is the triangular basis
with respect to t'.
For simplicity, we omit the notation (¢) inside X;(¢), X (t) = Xx(t),
IL(t) = I(t), Yi(t), Y/ (t) = Yi(t') in the following.
Proof of claim (i):
By Definition 5.4.1, for any given g € D(t), we have, in T (t),
T () = [X9 Xlowbe s (X])lond g (1)) lmoube s [0
where g; € Z" is obtained from g by imposing g, = 0. By Lemma
5.4.2, it is normalized in T (t) as well:

It’(fgv) — [ngX[gz]Jr * (X]/g)[gkh * ([’/g)[fgkh * IIL_QE]+]t'

Because that the factors (X})9+ or (I)[=9+ belong to L! by Lemma
6.4.2, they are (<;, m)-unitriangular to I' by the triangularity of L.
Then Lemma 6.2.4 implies that I" is (<, m)-unitriangular to I*. Then
we can apply Lemma 6.6.2 and the claim follows.

Proof of claim (ii): We want to show that [X;(t') * S]" is (<y, m)-
unitriangular to LY, for any S € LY, 1 <i < m.
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First, take any i # k. We have X;(t') = X;(t). Then the normalized
twisted product [X;(t') * S|t = [X;(¢) * S]" is (<, m)-unitriangular to
| A

In 7(t'), the twisted product [X;(¢) * S]* has the unique maximal
degree deg' (X;(t)) + deg” S. This maximal degree turns out to be
by deg’ X;(t) + ¢y deg' S = ¢y, deg' (X;(t) x S), thanks to the sign
coherence at the k-th components (Lemma 3.2.3). Therefore, we can
apply Lemma 6.6.1 and deduce that [X;(t')*S]" is pointed and (<, m)-
unitriangular to L* in T(#).

Then, it remains to prove that the normalized twisted product [X}, *
S]" is (<, m)-unitriangular to L.

By Lemma 5.4.2, I' is D(¢')-pointed in 7 (¢') with the expected lead-
ing degree change via tropical transformation. Since L‘ and L are
compatible, it is further (<, m)-unitriangular to L¥ by Lemma 6.6.1.
Conversely, LY is (<, m)-unitriangular to I' as well by Lemma 3.1.11.
Correspondingly, taking the <y-unitriangular decomposition of S in

I' and applying Lemma Triangularity Preservation Lemma (Lemma
6.2.3) in T ('), we obtain

XS =1Xx Y el'm)]”

¢t/7tnjt/degtl S

= > o™X« T ()",

d)t/,tnjt/degt/ S

where ¢, =1, oy, = 0, if ¢y ;1 = degtl S, and ¢, € m, o, < 0 otherwise.
It suffices to show that each term [X] *I*(n)]" is (<, m)-unitriangular
to LY.

We can write

It(n) = [Xf % X ml+ Xl[cnkbr % I}L—nkh N [[_ni]ﬂt

where 7; is obtained from pr,, n by setting the k-th component 7 to 0,

Lemma 5.4.2, namely:
It(’f]) = [an * X[ﬂ§]+ * X}Lnk]+ * I]E;_T]k]+ * I[*T]E}_F]t/.

(Case ii-a) If n < 0, then [n]+ = 0 and I'(n) does not contain any
factor Xj. Consider the following normalized product in 7T ()

[X]/C * It(/]?>]t — [an * X[Tiz]+ * Xllc * ]’]L*nk]-‘r * ]’[*T)E}_F]t.

The leading degrees deg’ X}, and deg’ I'(n) are sign coherent at the k-
th components. The compatibility of degree change follows by Lemma
3.2.3:

deg” (X, * I'(n)) = du, deg' (X}, * I'(n)).
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In addition, X| € L¥ = L is (<, m)-unitriangular to I* and, by Sub-
stitution Lemma (Lemma 6.2.4), [X} * I*(n)]" is (<, m)-unitriangular
to I'. Therefore, we can change the seed from ¢ to ¢’ by applying Lemma
6.6.1 and obtain that [X] * I*(n)]* = [X} * I'(n)]" and that [X} % I'(n)]"
is (<, m)-unitriangular to L.

(Case ii-b) This last case is nontrivial. If n; > 0, we have the follow-

ing normalized product in 7 (¢')
K ()" =[X"1 XPRM s X7 XG5 1]
(34) :[anx[nzh « (X1 % X)) * ngfl * ][*nzh]t"

Our crucial ingredient is the following exchange relation of the mu-
tation at vertex k in the quantum torus 7 (¢'):

[Xf % X! =X g F X0
—X" 4 F XY,
where 7 = 2, (0] 0, B = 2, (b0, ¥ = Vult) = ¥il®)”
Notice that the leading term of the pointed element [X} * X;]! in

T (') is X' and we have deg’ X, = b* — ej.
By the definition of normalization, (3 ) becomes

XG5 T ()]t =[x Xl s (XF7 4 g F XD YY) s Xt s e
=[x Xl xBt ety ol
+ g F g X0 Xl XV Y gl
f 4 + q_TqakB

where oy is given by

o =g A1) ([l deg” ¥7) + SA(F) (deg” Yy, (i — 1) deg’” Xy)

1 / !
+ §A(t’)(degt Yy, deg! I7ml+),

Since (B(t'),A(t')) is a compatible pair, one has A(')(e;, deg’ Y/) =
—didy, V1 < i < m. It follows that

1 / ~
ap =0+ §A(t')(degt Y, (i — 1) (0T —ex)) +0

d
—(Uk—l)gk <0.

It remains to show that A, B are (<y, m)-unitriangular to L*. In 7 (),
the leading degrees of the factors in both terms A, B are sign coherent
at the vertex k-th components respectively. Thus Lemma 3.2.3 implies:

deg! A = dy ¢ deg’ A, deg’ B = ¢y deg’ B.
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Because [A]" and [B]" belong to I, they are (<;, m)-unitriangular
to L*. By Dominance Order Change Lemma (Lemma 6.6.1), we have
[A]' = A, [B] = B and they are (<, m)-unitriangular to L. O

6.7. Proofs of theorems. As a consequence of previous subsections,
we can now prove theorems about the existence of the common trian-
gular basis.

Proof of Theorem 6.1.5. For any injective reachable chain ('[d])gez, if
the common triangular basis w.r.t. {¢'[d]} exists, Proposition 6.5.3 im-
plies that, for any k € [1,n], d € Z, it is admissible in direction o%k
w.r.t. the seed #'[d]. Then, Proposition 6.6.3 implies that the common
triangular basis w.r.t. to {(uxt’)[d]|d € Z} exists and is compatible with
the previous common triangular basis w.r.t. {t[d]}.

We repeatedly apply the above arguments along any mutation se-
quence starting from the initial injective reachable chain (¢[d]). The
claim follows. O

Proposition 6.7.1. Let t be any chosen seed and (t[d])aecz an injective-
reachable chain.

(i) If the triangular basis L' w.r.t. a seed t exists, then the triangular
basis LU w.r.t. the seed t|d] eists, for any d € Z.
(ii) If Lt is further positive, then so does L.
(iii) Let i be any mutation sequence and k any integer in [1,n]. If the
quantum cluster variable Xk(%t) belongs to LY, then the quantum
cluster variable X a,(c%u(t[d])) belongs to LU,

Proof. Notice that any seed t[d], d € Z, is similar to ¢[0] = ¢ via an
permutation o of the unfrozen vertices [1,n] (Section 5.2). The claims
follow from Lemma 6.3.4. U

The following theorem is a possible reduction of the existence theo-
rem 6.1.5, which reduces.

Proof of Theorem 6.1.6. By Proposition 6.7.1, the existence of L’ im-
plies the existence of the triangular basis L%, d € Z, which is also
positive. We want to show that these bases are compatible.

Denote the mutation sequence from ¢ to t[—1] by (read from right to

left)

U(E_l) = Mig o Migfiy, S € N.
Then the mutation sequence from t to t[1] i8 ¥ = fiys, floiy * * * foi,- FOT
any seed t' = p;, -+ pi i t, 1 < u < s, obtained along the mutation
sequence from t to t[—1], Lemma 5.1.5 implies:

t/[l] = Hoiy * " Moht[l] = Hoiyyq * ﬂ'aist-

So, when u < s, we have I, (t') = X,,,(t'[1]). Thus the quantum
cluster variables X; ., (t), I;,,, (') are contained in L' by hypothesis.

u+1(
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In other words, L! is admissible in direction 4, w.r.t. the seed ¢’ when
u < S.

Repeatedly using Proposition 6.6.3 along the mutation sequence from
t to t[—1], we obtain that the triangular bases L! w.r.t. the seeds t'
obtained along the mutation sequence exist and are compatible with
L!. In particular, L‘=" and Lt are compatible. By using Proposition
6.7.1(iii), we deduce the similar result for L%, d € Z.

Finally, the claim follows from Theorem 6.1.5. U

Proof of Theorem 6.1.7. By Lemma 6.3.4, the triangular basis L' ex-
ists and, in addition, it contains the quantum cluster variables obtained
along the mutation sequences from ¢ to ¢[1] and ¢[—1] respectively. The
claim follows from Theorem 6.1.6. U

7. GRADED QUIVER VARIETIES AND MINUSCULE MODULES

In the following, we fix a symmetric generalized Cartan matrix C'. In
this section, we review graded quiver quivers, working in a framework
slightly generalized than that of | ]. Following the arguments of
[ |, we compute the characters of some simple modules (Proposi-
tion 7.4.3(i)(ii)). Such calculation would be useful in Section 8.4 and
the proof of Theorem 9.4.1.

Thanks to this generalized framework, we use graded quiver varieties
to give a universal treatment of simply laced Cartan type, including
the ADE type extensively studied in previous literature. Readers unfa-
miliar with graded quiver varieties, quantum affine algebras, or only in-
terested in type ADFE might admit the construction in | i ]
and skip this section, whose main result will only be used in the proof
of Proposition 9.2.4.

7.1. A review of graded quiver varieties. We start with a review
of the graded quiver varieties used in | I |, whose construc-
tion follows from that of | I ]. We choose its grading as in

[Qin14][KQ14].

Graded quiver varieties. Given any generalized I x I symmetric Cartan
matrix C' = (Cj;), we associate a diagram I' with it such that the set of
vertices is [ and I" has —C}; edges between any two different vertices
i and j. Define r = |I]|. We then choose an orientation 2 and get a
quiver (T',Q2). For any arrow h in {2, we denote its opposite arrow by
h. Let Q denote the set of arrows opposite to the arrows in €. Define
the H to be the union of Q and Q.

Let us choose an acyclic orientation €2, i.e. (I',€2) is acyclic. We
follow the torus grading in | , Section 4.3]] ]. Choose a map
¢ from I to {1,2,...,r}, whose images are denoted by ¢; for i € I, such
that & > & whenever there exists a nontrivial path from 7 to j in the



52 FAN QIN
acyclic quiver (I',Q2). Define ¢;; € {1} to be the sign of §; — ¢; and

(35) b= =8

r

It follows that eypyn) = 1if h € Q and eypyn) = —1if h € Q.

Example 7.1.1. Consider the acyclic quiver (I',Q) in Figure 5. We
have €91 = €23 = €34 = €45 = 1, €10 = €32 = €43 = €54 = — 1.

.
(2)
(2)
(4)
()

FIGURE 5. An acyclic quiver (I', Q) of Cartan type As

Define the set of vertices

W =1 x 27
V=1Ix(1+27).

The g-analog of Cartan matriz C, is defined to be the linear map from
Z'*% to 7%, such that for any n = (n;3), we have

(36) (CyM)ia = Mia—1 + Niar1 + Z CijNjate, -
J#i
For any finitely supported v € NV, w € NV, we say the pair (v, w) is
l-dominant if w — Cyv > 0.
For any finite supported w, define C Lw to be the unique vector
such that (C;'w);, = 0 when b < 0 and Co(C'w) = w. We refer

the reader to Remark 7.3.1 for comparing our notations, including C,,
with those of | .

Example 7.1.2. Consider the acyclic quiver (I',Q)) in Figure 6. Then
we can only choose & = 3,8 = 2,63 = 1. We have €15 = €93 = €13 = 1,
€91 = €39 = €31 = —1, and the following equation

(CiM)2.a = M2.a-1 + M2at1 — Ma1 — M3.a+1-

The component ngq11 contributes to the components of degree (2,a),
(2,a+2), (La+1+e€), (3,a+ 1+ e3) via the map C,.



53

FIGURE 6. An acyclic quiver (I', Q) of Cartan type Aél)

For any d € Z, define the shift operator [d] to be the linear map from

Z*% to Z1*7 such that, for any n € Z'*%, we have
(n[dbi,a = Mi,a+d-

Take any finitely supported dimension vector v, v/, in NV and w
in N". Denote the associated graded C-vector spaces by V = &V,
V' =oV/, and W = ®@W,, respectively. Consider the following vector
spaces

L(w7 U) - @(i,a)ew H0m<Wi,a7 ‘/i,a—1>7
L(v,w) = @ pyev Hom(Vip, Wip_1),
E(Q;v,v") =(Onen perraz Hom (Vi) s, ‘/t/(h),b71+es(h)t(h>)>
=(PBreqpe1+2z Hom(Vs(h),b, Vt/(h),b))
® (Breaper oz Hom(Vig) 4, ‘/Z(E),b_Q))‘
Define the vector space Rep(Q2; v, w) = E(Q;v,v) @ L(w,v) & L(v,w),
whose coordinates will be denoted by
<B7 L j) :((Bh)h6H7 2 ])
=((Bn)neq, (Bplren: (1), (i)
=((D6Bnp)n, (@685 )7 (Batia), (Boin))-
Notice that Rep(€2;v,w) can be naturally viewed as the vector space

of (v, w)-dimensional representations of a quiver with vertices VLI W.

We denote this quiver by I'g can call it the framed repetition quiver
associated with the acyclic orientation ).

Different acyclic orientations produce isomorphic framed repetition
quivers. Choose and fix such a quiver I'g from now on.

The analog of the moment map p is the linear map from Rep(£2; v, w)
to L(v,v[—1]) given by

N(Ba Z, J) = @(i,b)EV ,u(B> 7, ])i,b
=®anev (> buomabpy,— > bpybs +tis-10is).
heQ,t(h)=1 heQ,s(h)=1

s

Example 7.1.3. Let the acyclic quiver (I',Q)) be given by Figure 5.
Part of the framed repetition quiver I'q is shown in Figure 7
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1,a+4 «— 1,a+6

2,a+6

«—| 3,a+6

FI1GURE 7. Part of the framed repetition quiver fg

The variety p~1(0) has the natural action by the reductive algebraic
group G, = [[; ey GL(Vip) such that, for any given g = (g;), the
action is given by

g(2) = g1,
9(2) = 397",
9(br) = gt(h)bhgs_(}l), Vh e H.

Define the character x, of G, by x.(g9) = [[,,(detgis)~". Fix this
character from now on.

Define M*(v,w) to be the geometric invariant quotient of the G-
variety 1 ~1(0) associated with y, in the sense of Mumford, cf. [ ].
Denote the categorical quotient by M*(v, w) and the natural projec-
tive morphism from M*®(v,w) to My*(v,w) by m. Denote the fiber
7=10) by L£L*(v,w). The varieties M*(v,w), My*(v,w) and L*(v,w)
are called graded quiver varieties.

For any v" < v, there is a natural embedding of M;*(v',w) into
M,* (v, w). Moreover, by our construction, My®(v, w) stabilizes when
v is large enough. Denote the union U, M;*(v, w) by My*(w).

Grothendieck ring and characters. We have intersection cohomology
sheaves IC(v, w), where w—C,v > 0, for closed subvarieties M*®(v, w)
of My®(w). Define the operation of Z[t*] on the Grothendieck ring of
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the derived category of constructible sheaves over C-vectors spaces on
M,®(w) such that t acts as the shift functor. Let K, denote the free
abelian group generated by the classes of the sheaves IC(v,w) over
Z[t*] inside the Grothendieck group.
Let R, = Homgyx((K,, Z[t*]) denote the dual of K,,. Define R; to
be the subspace of [], R, which consists of the basis {S(w)}, such
that the value of S(w) on IC(v,w') is ww—c,»- Inspired by | ],
we call S(w) the simple modules.
Define the quantum torus Y to be the Laurent polynomial ring Z[t*] Mi](z’,a)ew
equipped with the twisted product * defined by

le * sz :t—g(ml,mz)ywl+w2

Em',m?) = —w'l]- C;'w* + w?(1] - O 'w',

q
for any w', w? € NV ¢f. | Il , (40)].
As before, we let | | denote the normalization by t-factors in Y:

(37)

(38) Y] €y vw e NV, seZ

There exists a natural multiplication on R;, which is derived from
the geometric restriction functor and the Euler twist £(, ), cf. | ].
Let R; denote the Grothendieck ring equipped with this multiplication.
Furthermore, the structure constants of its natural basis {S(w)} are
given by

S(w') ® S(w?) = > a,(t)S(w' +w? — Cyu),
v>0,wl+w2—Cyv>0

such that a,(t) € N[t*], ap = 1. Let R;=; denote the specialization of
R: by taking t = 1.

Let x4+ denote the t-analog of the g-characters (g,t-character for
short)

(39) Xyt + Ri— Y= Z[Y;i](i,a)elxz-
Xqt 1s an injective ring homomorphism with respect to the twisted
product *, cf. | [ i |. We refer the reader to | ]

for its precise definition in our convention. In particular, define the
Laurent monomial introduced by [ ]

Cij
Aip =Yip1Yipt1 H Yj,biqj'
JF
Then the character of any S(w) is a formal series

XatS(w) =Y (1 4+ by(H)A™),

v#£0
20ur quantum torus is the same as the quantum torus in [ , (3.21)]: identify
our form —& and operator [1] with the form e and the operator ¢ in | . It

differ from that of | | by taking t to t~1, cf. Remark 7.3.1.
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such that b,(t) € N[t*]. Any monomial Y* A" is said to be l-dominant
if the pair (v, w) is. We say the leading term of x,.S(w) is Y. The
simple module S(w) is called minuscule if Y is the only one [-dominant
monomial appearing in its character.

Truncated characters. We consider truncated ¢, t-characters which were
first introduced in | .

Take a multi-degree ¢ = (¢;)ic; € (2Z)F. When ¢; takes a constant
value ¢ € 27 for any ¢ € I, we simply denote ¢ = ¢. We say c is
(Y-adaptable (or adaptable for short), if the full subquiver of the fixed
framed repetition quiver I'q on the vertices (ti,¢; — 1), i € I, is the
acyclic quiver (I',€)). We shall always assume ¢ to be adaptable for
some ' from now on.

Define the truncated character x,.. to be x,; composed by the

projection from Y to its the quotient ring Y. = Z[t*] [}Qi](i7a)efxz’a§ci‘

7.2. A review of Kirillov-Reshetikhin modules. In this section,
we review Kirillov-Reshetikhin modules in the language of graded quiver
varieties, where we use the arguments of | ] in our setting.

For any i € I, k € N, a € 27Z, define the dimension vector

(40) w;(gzzl =€iatCiarat . ..+ €arak-1)

Inspired by | ], we call the simple modules S (w,(f)a) the Kirillov-
Reshetikhin modules and denote it by W,gi). They were introduced in

[ | for quantum affine algebras. ’

Remark 7.2.1. When taking the quiver (I',Q) to be bipartite and
choosing any j € I, we can identify our graded framed quiver with
the corresponding quiver in | | by identifying our vertex (i,s—¢€;;)
with the vertez (i,s) in | |. We can then translate the results of
[ | to Section 7.2.

Let us proceed with some important techniques in calculating the
characters of Kirillov-Reshetikhin modules, following | |. For any
Laurent monomial m # 1 in Y and j € I, define

rj(m) = max {s € Q|m contains the factor Y; ¢, for some i € I} .

Here we use &;; (defined in (35)) to distinguish the grading of the ver-
tices in (I, ©2). It follows that r;(m)+¢&;; = r;(m), for any 14, j, and that
the non-positive criterion in the following definition is independent of
the choice of j.

Definition 7.2.2 (right negative | ). The monomial m is said
to be right negative if there exists some j € I such that the factors
Yiri(my+e;; has non-positive powers for any i € I.
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Example 7.2.3. Let us take the quiver (I',Q)) in Figure 6. Then the

e 2)
monomial Y0 = Y50Ys0--- Yook o is I-dominant with ro(Y ko) =
2%k — 2, 7y (YUh0) = 2k — 2 — L ry(yUho) =2k —24 1.

(2)
Forany1l < s <k, the monomial ms = ka’oAiék—st . 'Aiék—3A5,§k—1
is right negative with ro(ms) = 2k.

Notice that the [-dominant monomials are not right negative. The
product of two right negative monomials is still right negative.

In [ |, Nakajima computed truncated g, t-characters of Kirillov-
Reshetikhin modules by studying right negative monomials and using
combinatorial properties of g, t-characters defined over graded quiver
varieties. His arguments remain effective for our graded quiver varieties
and imply the following results.

Theorem 7.2.4 (][ ). (i) All monomials in Xq,tW,gz are right
(i)
negative except its leading term Y ke,

(ii) Let m be a right negatwe monomial appearing in the truncated
q,t-character Xq7t<2kW,§ ., then we have

(41)
m = HY;G‘F% H Az Ja+2t—1
t=s+1
- H Y:L,aJth H i a+2t H 7 a+2t 1+eZ]
t=s+1 J#i
:}/:i,a e K,a+2(s_1)}/;:1£,-2(5+1) }/; ai_Qk (Y’j,a+2s+1+eij e }/},a+2k71+£¢j>7€ij7
JF
where 0 < s <k —1.
(11i) We have the following equality in the quantum torus Y,
(42)
[Xq,twl(,g-s-% * XQ:thE,Z()I] = Xg, thle ol t71Xq,tS(wl(cz11,a - Z Cingi-s—%—l-yeij)-

i
Recall that [ | denote the normalization (cf. (38)).

() Q) .
Notice that m becomes the leading term Y “*a of XWW,;Z if we take
s = k. The following Lemma was used in the proof of Theorem 7.2.4.

Lemma 7.2.5 (| ). Take two monomials m and m’ from qutW,EZ

and Xq,twl(,i Lor Tespectively. If the product mm' is not right negative,
then the following claims are true.
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(i) The monomials take the form

(43) m' =Y a2k
k
(44) m :Y;,a T Yri,a+2k72 : H (A;(zl+2t—1>7 0<s<k.
t=s+1

(ii) The coefficient of the monomial mm' in [quth2+2}€ * Xqu,SC)L]
is 1 if s =k and t~1 otherwise.

As a consequence of the properties of Kirillov-Reshetikhin modules
in Theorem 7.2.4, we deduce the following T-systems (such formula

appear as | , Proposition 5.6] after the bar involution).

Theorem 7.2.6 (| ). The following equation holds in the quan-

tum torus Y:

(45)

[XqJWIS()erQ * XquthE,l(Z,] = [Xqﬁtwlgz—)17a+2 * Xq,thﬁl,a] + t_l[H(Xq,th a+1+5”)_cij]-
J#i

Moreover, W,g )1 a2 ® W,iﬂ u
(4)

Wy 4 4p0) Up to t-power in Ry.

agrees with the simple module 5(warl ot

7.3. A different deformation. In order to compare Grothendieck
rings with quantum groups, we will need a different ¢-deformation (in-
troduced in | | as an algebraic approach to g¢,¢-characters) and
work with the corresponding extended Grothendieck ring R = R; ®
Z[t*2] as in | ]. To be more precise, as in | , Section 6. 1] we
define the quantum torus EHI as the Laurent polynomlal ring Z[t* ][Y;?E](i,a)ew
equipped with the twisted product x defined by

Yw * Yw :t%/\/’(m ,mz)Yw +w?
(46) N(m',m?) =w'1] - C; 'w?* — w?(1] - O, 'w!

—w'[-1]- C'w? + w?[-1] - C M,

for any wh, w? € NV ¢f. | , Section 6]. Replacing the Euler form
—&(, ) in the construction of the twisted multiplication in Ry =

R, @ Z[t*2] by sN(, ), we obtain the extended Grothendieck ring
R 1, which will be simply denoted by R. Denote the corresponding

q,t character from R to ‘Ag by xq"

Remark 7.3.1. The construction of N( , ) in (46) as a variant of
E(, ) is inspired by | , (6)].
In | |, the g-analog of Cartan matriz is defined to be
CiM(z)=(z+2 NI —A=>_ Cl(m)z

meZ
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where A = C' — 21 is the adjacent matriz and z an indeterminate. Its
wnverse 1s denoted by

5(2):Z(z+z Rl AR = ZC’

k>0 m>1

Fiz any chosen j € I. If we identify our vertices (i,b — €;), Vi €
I,b € Z with the vertices (i,b) in | |, then our Cy and C;' agree
with theirs:

1 ifi=jb=a
(CIYi(b—a) = Ceja - €ip—e,, = (Cobja)ip—e;, =4 Ci ifi#jb=a

0 else
52-]-(6 —a) = C;lej,a “Cibcy;-
For example, the expression
Cou(z) =22 — 22+ 22— 2% 4...
in [ , Example 2.2] corresponds to our expression

(Cq_lel,a)Z,Z = €2,042—e1 — €2,a+8—ex1 T €2,a412—€x1 — €2,a+18—eoy T *°°
Consequently, we have the following translations of bilinear forms:
N(€ip-c;r€j5) = Cij(p—1=5) = Cji(s =1 —p) = Cy(p+ 1 = 5) + Cji(s + 1 = p),
28 (€ip-cy»€js) = —2C5(p — 1 = 5) +2C5(s — 1 —p),

which are the same as the bilinear forms in | , (6)(10)] because the
matriz C' is symmetric.

Lemma 7.3.2. For any c € 2N, d,d' € N, and i € I, we have

_ -1 ifi=jd=d
—5(5/;',c—2d Y aYie Aj7i_1_2d’) = { 0

else
. 2 ifi—jd—=d
N(Yie-2d-+ Yie- Y”’AJC 1- Qd/):{ 0 else '
Proof. With the help of | , Lemma 4.3|, for any (i,a) € W and

(7,b) € V, we make the following computation.

—E (€10, —Cyejp) = —€iall] - O Coesp + Coejp[l] - C, e
= —eia[l] - ejp + e50[1] - C,C, e
(47) = —€ja-1"€jp T €ip-1"€Eiq

1 1=4,b=a+1
=q¢ -1 t=j3b=a-1
0 else
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(48)
N(Gi’a, _quj,b) = —S(em, _qujl’)

—€ial=1] - O (=Caejn) + (—Coesa)[-1] - C; Meia

q )
= —E(€ia, —Cyejp) + €iat1 - €jb — €jpt1 - €ig
2 1=73,b=a+1
— —2 Z = j7 b = a — 1
0 else
The desired claim follows. O

7.4. Computation of characters. We compute ¢, t-characters of some
simple modules, which will be useful in the proof of Theorem 9.4.1.

Recall that the character x,: is a ring homomorphism from the
Grothendieck ring R; to the quantum torus Y = Z[Y;i](i’a)esz, such
that the character of a simple S(w) takes the form

XatS(w) = YU (1+ Y " by(t)A™), b,(t) € N[t].
v#£0
In Section 7.2, we have seen that the character of the Kirillov-Reshetikhin
modules W,fg, ke€N,icl,acZ,are given by

XaiWika = YiaYiars - Yiarono (L + Al + Al s Aid oy
—1  g-1 -1
+oot Ai,a+1Ai,a+2k—3Ai,a+2k—l)7
where the leading term is [-dominant (namely, the multiplicities of all
factors Y, are non-negative), and the others are right negative in the
sense of Definition 7.2.2 (namely, there exists a factor Y;, with highest
b and negative multiplicity) .
Recall that we have calculated the Euler form £ in Lemma 7.3.2.

Inspired by Lemma 7.2.5, we consider the following product. Results
of this type was found in | ).

Lemma 7.4.1. Fiz integers h,k € N such that k > 2, k > h > 1. Take
monomials m and m’ from Xq,tW,gZ and X‘lthfEZc)z—&-Q(k—h-l—l) respectively.
If the product mm' is not right negative, then the following claims are
true.

(i) The monomials take the form

(49) m’ :Y;,a+2(k—h+1) <Y agok
k

(50) m=Yia - Yiawagot) - || (Arayar1), 0< s < k.
t=s+1

In particular, mm’ is l-dominant if and only if (k—h) < s <k
(ii) The coefficient of mm' in [X‘Iatwlgi)z—&-Q(k—h—i-l) * Xq,tW,Ez] is 1 if
(k—h)<s<kandt ' if0<s<(k—h).
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Notice that, when s = £, m is the leading term in quth(i)l.

Example 7.4.2. We consider the vectors w € NV with support on
Figure 8.
Take k = 3,h = 2,9 = 2. Consider the following dimension vectors

(2)
Wy, o =€2,a T €2,a42 T €2,a+44,

w? =e +e
h,a+2(k—h+1) 2,a+4 2,a+6>

2 _
Wiy 4 =€2a T €242 T €244 T €246,

(2 _
Wi _hat+2(k—h+1) — €2,a+4)

w? =e +e
h,a+2(k—h)+1+€21 Lat+4 1,a+65

w(?’) =e +e
h,a+2(k—h)+1+e23 3.a+4 3,a+6-

We compute the truncated q,t-characters of the Kirillov- Reshetikhin
modules

(2 _ -1 -1 -1 —1 -1 -1
Xat<ar6Wha =Y5aY2a12Y2ara(1+ Ay uys + Asui3Asars + A1 Asa345415),

(2) _
XQ7t§a+6Wh,a+2(’€*h+1) —}/2,(1—1—4}/2,(1—&-67

2 _
Xq,t§a+6 Wk+1,a _}é,aYZ,a+21/2,a+4Yé,a+6>

(2 -1
Xq,tga+6wk—h,a+2(k—h+1) =Yaara(l+ Az,a+5)'

For simplicity, specialize t to 1. It is easy to compute the following
difference

(2) (2) (2) (2)
Xq,tga+6Wk,a * X%tga—&—GWh,a—&—Q(k:—h—&—l)_X%tga—s-GWk—i—l,a * Xq,tga+6Wk—h,a+2(k—h+1)

=Y5..Y1,044Y1,046Y3,044Y3,016(1 + A£,11+1)-

We observe that the difference has only one l-dominant monomsial. In
fact, we will show it is the truncated character of the minuscule module

W,gQ_)hﬁ’a wn Proposition 7.4.5.

1,a+2 1,a+4 1,a+6

2,a 2,a+42 2,a+4 2,a+6

3,a+2 3,a+4 3,a+6

4,a+4 4,a46

5,a+6

FIGURE 8. A subset of W.
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For 0 < h < k, we define:

w'? — O’
k—h,h,a — k ha v ha+2(k h)4+1+e€;;

(51) J#i
Wk hha — S(wliZ)hha)

Then Wk(l())a = W,gla

Similar to Theorem 7.2.4, by using Lemma 7.4.1, we have the follow-
ing consequences on the modules Wk@h’h’a. The claim (iv) follows from
an analogous proof of | , Lemma 4.1] or from Proposition 9.1.5.

Proposition 7.4.3. (i) All monomials in Xqﬁth(?hﬁ’a are right nega-

()
tive except its leading term Y “k—hha
(i1) Let m be a right negative monomial appearing in the truncated
q,t-character Xq7t<2le§?h h.as then we have

(52) m ka fofa H Az a+2t—1
t=s+1
where 0 < s < k — h.
(i1i) We have the following equality in the quantum torusY;

(53) [Xq,tW}ET()Hz(k—hH) * anth(,Zr)z]

_ (@) (2) -1 (@)
= [X%thfh,aJrZ(kchrl) * Xq,thH,a] +1 X(IJkah,h,a’

where [ | denote the normalization by t-factors.
(iv) In the Grothendieck ring R, (Section 7.1), we have

(%) () a (4)
Wk—h,a+2(k—h+1) OWpiia=t S(wk+1 o™ wk—h,a+2(k—h+1))'

for some o € Z,

8. FACTS AND CONJECTURES ABOUT MONOIDAL
CATEGORIFICATIONS

8.1. Monoidal categorification.

Definitions. Let ATZ be any given commutative cluster algebra. Recall
that a tensor category (U, ®) is a category U equipped with, up to a
natural isomorphisms, an associative bifunctor ® and its left and right
identity S(0). A simple object S is called real if S ® S remains simple,
and prime if it has a nontrivial factorization S ~ Vi ® V5, for some
Vi, Vo € U. We give the following definition following [ ).

Definition 8.1.1. We say that ATZ admits a monoidal categorification
if there exists an abelian tensor category (U, ®), such that

(1) there exists a ring isomorphism k from the commutative cluster
algebra .ATZ to the Grothendieck ring Ko(U) of U;
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(i1) k sends all cluster variables (resp. all cluster monomials) to
classes of prime real simple objects (resp. classes of real simple
objects).

We shall also denote Ky(U) by Ri—;.

By abuse of notation, we denote an object and its class in the
Grothendieck ring Ko(U) by the same symbol. Denote the multipli-
cation in the Grothendieck ring Ky(U) by ®.

We consider two types of monoidal categories U possessing a graded
Grothendieck ring R;. The reader can refer to | | and [ ]
for examples respectively.

Type(A) The abelian monoidal category (U, ®) is graded and equipped
with a grading shift functor [1], cf. | , (5.4)], such
that:

o Ko(U) = ®,Z[t*]S(w), where S(w) are some simple ob-
jects and w some parameters, t=S(w) = S(w)[£1],

o Ko(U) has a bar involution () : tS(w) — t~1S(w),

e the tensor product in & becomes a t-twisted product
in Ko(U) satisfying, V!, w?

(54) S(w') x S(w?) =Y "at »S(w?), aln . € N[tF].

We define R; to be Ko(U).

Type(B) The abelian monoidal category (U, ®) is ungraded. Consider
the free Z[t*]-module R; = Z[t*] ® Ko(U). Assume that we
can equip it with a t-deformation * of the tensor product of

U satisfying (54), and a bar involution such that tS(w) =
t~1S(w), where {S(w)} is the set of the simple objects.

The bar-invariant Z[t*]-basis {S(w)} is called the simple basis. It is
positive by (54).

Fix an integer d > 1. Let R denote the natural extension R; ®z+]
Z[t*3]. By the convention of this article, we will take d = 2.

Definition 8.1.2. Let U be a monoidal category of type (A)(B). We
say that it provides a monoidal categorification of a quantum cluster
algebra AT if
(i) there exists a ring isomorphism r from AT to the graded Grothendieck
ring R of U such that /i(q%) = ta and it commutes with the bar-
tnvolutions;
(i1) k sends all quantum cluster variables (resp. all quantum cluster
monomials) to classes of prime real simple objects (resp. classes
of real simple objects).

Notice that if we assume U to be a graded monoidal category con-
sidered above (Type(A)), then our Definition 8.1.2 corresponds to the
Grothendieck group level of the monoidal categorification in the sense
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of | , Definition 5.8], but we don’t consider R-matrices and
short exact sequences in the category.

Standard basis and properties. In this article, we shall work with the
case that the set of parameters w is ®._ NS, whose basis vector 3
is called the k-th root vectors. The object S(fj) is called the k-th
fundamental object.

Endow N with the natural lexicographical order <,, such that for
any w = (wg), v = (w}), w <, w' if and only if there exists some
1 < p <, such that wy, = wj, for any k < p and w, < wj, (this is the
convention in | , 4.3.5])

Let M(w) denote the class in R defined as

M (w) = t220S(B1)" % S(Ba)"* % - % S(B)™,

for some normalization factor a,, € Z. Denote m = ¢ 2Z[t"2]. We
shall further assume that the set of classes {M(w)} decomposes (<,
, m)-unitriangularity into the basis {S(w)} in the sense of Definition
3.1.7. Then it is also a Z[t*2]-basis of R, which is called the standard
basis.

Assume k is given and we fix the initial seed to. If the elements
k1S (w) have distinct leading degrees deg S(w) € D(ty) = Z™ in the
quantum torus 7T (tg) (Definition 3.1.3), we define the map #~' sending
w to deg x71S(w). Denote the elements k1S (w) and k1M (w) in A
by S(w) and M(w) respectively.

The following observation states that a monoidal categorification of
Al implies that of AT.

Proposition 8.1.3. Let U be a monoidal category which satisfies (54),
such that its graded Grothendieck ring R s isomorphic to a quantum
cluster algebra Af by identifying some simples with the initial quantum
cluster variables. Assume that U has the commutative Grothendieck
. . . . 1

ring Ri—1 as the specialization of R at t2 = 1 and, moreover, U pro-
vides a monoidal categorification of the commutative cluster algebra
ATZ. Then U provides a monoidal categorification of A’ as well.

Proof. Let t be any seed and {S;(t)} the collection of simples in Ry
identified with the set of commutative cluster variables {z;(¢)}. Then,
for any index k, there exists some simple module Sy (t)* such that we
have the following exchange relation in R;—:

Se(t) ® Su(t)* = Sy + S,

where S, and S_ are monomials in {S;(¢)}. In particular, S, and S_
are simples.

Now, assume that, via the isomorphism between the graded Grothendieck
ring R and the quantum cluster algebra, {S;(¢)} is identified with
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{Xi(t)} the set of the quantum cluster variables in ¢. The twisted
product takes the form

Sk(t) ® Sk(t)" = f+54+ + f-S-,

where the coefficient f,, f. € N [ti%] by (54). It follows that f, and

f— must be powers of #£3 g0 that they specialize to 1.

Next, left multiplying Sy (t)~!, by the bar-invariance of Si(t)*, we
must get

Sk(t)" = [S(t) ™! * S4]" + [Se(t) ™ * 84",

where [ ] denote normalization in the quantum torus Z[t=2][S;(t)%],
cf. Definition 3.1.4. Therefore, Si(t)* is identified with the quantum
cluster variable Xy (put).

Starting from the initial seed ¢y and repeating the above argument,
we obtain the desired claim. O

8.2. Quantum cluster algebras associated with words. We shall
recall quantum cluster algebras arising from quantum unipotent sub-
groups A,(n(w)) (type (i)), or arising from level N categories Cy of fi-
nite dimensional representations of quantum affine algebras (type (ii)).
Their canonical initial seeds will be described in a uniform and combi-
natorial way in terms of a word i. Our conventions will be compatible
with those of | | and | ] respectively, cf. Remark 8.2.3 8.4.2.

Ice quiver of type (i)(ii). Fix an non-empty vertex set I = {1,...,7}
and a generalized Cartan matrix C' = (C;;);jer. For any i € I, let s;
denote the simple reflection at the i-th simple root. By choosing an
acyclic orientation Q on the diagram I' associated with C'. We obtain
an acyclic quiver (T, Q).

Let i = (i;,491,...,42,91) be a non-empty word of length [ with
elements in [.

We say the word i is reduced, if the Weyl group element w; =
Si, -+ SiyS;;, has length [.

We say the word i is Q-adaptable (or adaptable for short), if there
exists an acyclic quiver (T',Q) associated with the Cartan matrix C,

such that (i, ..., 1s,11) is a sink sequence of the quiver when read from
right to left, cf. | , Section 3.7] for more details.
An adaptable word (i, ..., 4,4;) which contains every i € I exactly

once is called an acyclic Cozeter word.
We consider the following types of the pair (C,1):
(i) The generalized Cartan matrix C' is symmetric, and i is reduced.
(ii) The  generalized Cartan matrix C' is of type ADFE, and the word
i is {2-adaptable for some acyclic quiver (I', ) associated C'.

Without loss of generality, we can assume that the diagram I' asso-
ciated with C' is connected.
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By default, we consider words satisfying the following mild assump-
tion, which will not affect the correctness of our results.

Assumption. We assume that every element of I appears in the word
i at least once.

Given a word i, for any 1 < k < [, 7 € I, we define the following
notations (cf. | , Section 9.8] | )

EM* =max {s € [1,1]]is = ik},

™ =min {s € [1,1]]i, = i},
kt =min{l+1,s € [k + 1,1]|is = i},
k™ =max{0,s € [1,k — 1]|is = ix},
Et(@) =min{l +1,s € [k + 1,{]|is = i}
() max {0,s € [1,k — 1]|is = i},

i =max{s € [1,[]|is =i},
MG —min {s € [1,1]|i, =i} .

For any interval [a,b] = {k € Z|a < k < b} in [1,1], define the multi-
plicities

m(i, [a, b]) =[{k[k € [a,b], i, = i},
m(i) =m(i, [1,1]),
my =m(ix, [k,1]) -

m,, =m(ig, [1, k]) — 1.

We define k[0] = k, and for any integer 1 < d < m;, we recursively
define the d-th offset k[d] of k to be k[d—1]T. The integer m (i, [k™", k])
is called the level of the vertex k.

If we define the following subset of [a, b]:

[a,b](2) = {k|k € [a, b], i = i} .

Then the cardinality of [1,](7) is just m(ix). The subset [1,](7) is nat-
urally a sequence (read from right to left) whose elements are ordered
as the following:

(Mi[m (i) — 1], m (i) — 2], ..., a[1],™ 4[0]).
Following” [ , Section 2.4] | ], we associate the quiver I'y
to i as the following:
e The vertices of I'y are 1,2, ..., (.
e For 1 < s,t < [, there are —C;_;, arrows from t to s if t* >
st >t > s. These are called the ordinary arrows of T}.

e For any 1 < s < [, there is an arrow from s to s* if sT < [.
These are called the horizontal arrows of T.

3In our convention, the quiver T'; is opposite to that of | ].
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Example 8.2.1 (type A). The quiver in Figure 9 is the quiver T
associated with the adaptable word i = (1,2,1,3,2,1,4,3,2,1) and the
type Ay Cartan matriz given by

2 -1 0 0

1 2 -1 0

C=1 0 1 2 _1
0 0 -1 2

The pair (C,1) is of type both (i) and (ii).

Oy Oums®
&@@

%

FIGURE 9. A quiver T of type A

Example 8.2.2 (| , Example 13.2] ). The quiver in Figure 10 is

the quiver associated with the non-adaptable wordi = (2,3,2,1,2,1,3,1,2,1)
2 -3 -2

and the Cartan matric C = | =3 2 =2 |. The pair (C,i) is of
-2 =2 2

type (i). Here, we put a number s on an arrow to indicate that there

are s-many arrows drawn here.

Mutation sequences. Following | , Section 13.1], for any 1 < k <
[, we define the following mutation sequence (read from right to left):
(55) Mk = Hpeminfm i o)) —2) ** * Fgminy] * * i

Notice that, when m(iy, [k,1]) — 2 < 0, this sequence is trivial.
Define the mutation sequence (read from right to left)

(56) Si= e e

We also define a permutation o3 of [1,[] such that, for any k € [1,1],
0 <d < mlig,[1,1]) — 2, we have

o1 (k) =k,
o3 (k™ d]) =k™ [ (iy, [1,1]) — 2 — d].

Notice that o3 = (o7) 7.
We always view the quiver I'; as an ice quiver by freezing the vertices
maxg 4 € I. The number of exchangeable vertices is n = [ —r. We
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FiGUrRE 10. The quiver I associated with a non-
adaptable word i.

associate the initial [ X n matrix E(to) to the quiver I'; such that, at
position (,7), its entry b;; equals the difference between the number
of arrows from ¢ to 57 and the number of arrows from j to i. Let
Az(i) = Az(ty) denote the commutative cluster algebra arising from
this initial matrix B (to).

By | , Proposition 13.4], ¢, is injective-reachable via (3;, o) in
the sense of Section 5.1.

We use L(k™™ k) to denote the initial cluster variables Xj(¢o), 1 <
k <1. When %k is nontrivial, applying it to the seed %k_l T Q%Ito,
we obtain the new cluster variables

4

kain[d}((ﬁk e %2%1150)7 0 <d < mig, [k 1]) -2,

which we will denote by L(k™, k[d]™).

Remark 8.2.3. In | , Section 5.4], the initial quantum cluster
variables are denoted by D(0,b), where 0 < b < I, which correspond
to our initial quantum cluster variables L(0™™,b). In addition, their
quantum minor D(b,d), where 0 < b < d <l and i, = 14, correspond to
our quantum cluster variables L(b[1],d). Notice that these include all
dual PBW basis generators, D(b~,b), 0 <b <1, cf. | , Corollary
12.4], which we denote by L(b,b).
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Example 8.2.4. In Example 8.2.1, The cluster variables in the canon-
wcal inatial seed ty are denoted by

The mutation sequence ¥ 1s the composition of the following mutation
sequences (read from m’ght to leﬁf)'

— — —
1 = Mgisfi1 2 = g2 3= U3 1=1 5 = M5ty
%6*#2 ﬁ =1 %8*/11 %9:1 %1021

By applying the mutation sequence u 1 to to, we obtain the new cluster
variables (from right to left):

L(5,10),L(5,8),L(5,5).

We continue with the sequence ‘o to obtain L(6,9),L(6,6). After

applying all factors of X5, we obtain the cluster variables of ¥ty denoted
by

L(1,10),L(5,10),L(8,10),L(10, 10),

L(2,9),L(6,9), L(9,9),

L(3,7),L(7,7),

L(4,4).

In the convention of Section 5.1, the cluster variables will be denoted
as follows:

i
o
—
~
o
N—
~
=
e
~
N—
&
—~
~
(en)
N—

1 2

3 4
8 6 3 4

Tt Ot

The permutation o; = < g

8.3. Monoidal categorification conjecture: type (i).

Quantum cluster algebra structure. When the pair (C, 1) is of type (i),
Al (i) is isomorphic to the coordinate ring of the unipotent subgroup
( i), cf | Il ]. Moreover, the canonical initial seed to has
a natural quantization matrix A(ty) by | ]. We define the rational
quantum cluster algebra to be A(T@( %)(i) = Af(to) ® Q(q2).
q

The quantum unipotent subgroup Ag,)(n(w;)) is an subalgebra of
Ug)(n). It contains its integral form Agp+(n(w;)). It has the dual
PBW basis and the dual canonical basis as the restrictions from that
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of Ugpy+(n). We refer the reader to [ ] for more details. Denote
A g (0(3)) = Agqy(n(ux)) @ Q(vh).
Theorem 8.3.1 (| I ]). Assume (C,1) is of type (i). Then

there is an algebra isomorphism® k from the quantum cluster algebra
Aj@( l)(i) to the quantum unipotent subgroup AQ( %)(n(wi)) such that
q2 v

k(qz) = vz and for any 1 < a < b < [ with i, = iy, kL(a,b) are
v%—shz’ﬁs of the unipotent quantum minors

D(a™,b) = DsilsiQ“'Sia_(wia)75ilsi2"’5ib(wia)'

Moreover, /ﬁ_lAZ[Ui%](n(wi)) is contained in A'(i).

Let B*(w;) = {b(w)lw € N'} denote the dual canonical basis of
the quantum unipotent subgroup Age,)(n(w;)). The map & trans-
ports the bar-involution on 7 () to an induced bar-involution® on
Agewy(n(wy)). By multiplying ve-factors, we modify B*(w;) into a basis
{S(w)|w € N'} invariant under the induced bar involution. Then, the
rational quantum cluster algebra has the bar-invariant basis {S(w)} =

{718 (w)}.

Conjecture 8.3.2 (| I ). Assume (C,1) is of type (i). Then
the quantum cluster monomials of A(i) are contained in {S(w)}.

By the work of Khovanov, Lauda | ] and Rouquier | ], the
quantum group U(n) can be viewed as the Grothendieck ring of mod-
ules of the corresponding quiver Hecke algebra, such that v-shifts of
the dual canonical basis corresponds to the classes of finite dimen-
sional simple modules | i |. It follows that the integral form
Azp=)(n(wy)) is isomorphic to the graded Grothendieck ring R(wj;) of
certain monoidal subcategory U (wj;), and each S(w) represent the class
of a simple module.

The category U (wj) fits into the setting of Section 8.1. In particular,
R has the basis {M(w)} with expected properties, which corresponds
to the normalization of the dual PBW basis. Here, we use Kashiwara’s
bilinear form following the convention of the | ].

Conjecture 8.3.3 (Integral form, | , Conjecture 12.7]). The iso-
morphism k restricts to an isomorphism from A' to AZ[Ui%](n(wi)).

We shall give a proof of Conjecture 8.3.3 in Theorem 9.1.3.

In [ ], the square roots q% and vZ did not appear because the quantum
cluster algebra is rescaled and its bar-involution is defined differently.

5The map chosen in | , Proposition 11.5] sends each initial quantum cluster
variable X; to a dual canonical basis element v1(3#p of homogeneous degree (3.
X, = X, induces the bar involution b = v%(ﬁ’ﬁ)b, which differs from the standard
involution o by a v-power, cf. | , (6.7)] where our v is denoted by gq.
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Lemma 8.3.4. Conjecture 8.3.2 implies Congjecture 8.5.5.

Proof. Notice the algebra A' is generated by the quantum cluster vari-
ables over Z[¢¥2]. Therefore, kA" is generated by elements in {S(w)}
and, consequently, contained in the integral form Az[vi 3 ](n(wi)). But

the integral form is generated by the fundamental modules M () over
Z[v*], which are images of quantum cluster variables. Therefore, kAT

is the integral form. U
Embeddings of Grothendieck rings. Let i—i; denote the word (i;_1, . . ., i2,141)
whose associated root vectors are denoted as 31, fs,. .., f;_1. Similarly,
let i —4; denote the word (i, ... ,1s,42) whose associated root vectors
are denoted as 3y, fs,. .., B, and i—i; —i; the word (4;_1, ..., 13, i2) with
root vectors denoted by fs, O3, ..., f;—1. Then we have the natural em-

bedding of R(wj—;,) into R(w;) sending S(5k) to S(B), V1 < k <[1—1,
and the simple basis into the simple basis.
Moreover, the Lusztig’s braid group symmetry 7}, at vertex ¢; maps
Dy, sy iy ssigoss . 10 (1= 07) P08 D where
(hiy, &) linearly depends on the homogeneous grading &, of Dy, osi, w1y 51y 55, i, -
And it will send the dual canonical basis of AQ (U%)(n(wi,il)) into that

of A o )(n(wi)) modulo such v-functions depending on homogeneous

84y Sig Siy Wiy »Siq Sig " Siy Wiy )

gradings, cf. | |. Consequently, after rescaling, we have the em-
bedding from R(w;_;, ) into R(w;) sending S(Bx) to S(Bx) and the sim-
ple basis into the simple basis. Notice that, if we work with Lusztig’s
bilinear form instead, then the above v-function does not appear, cf.
[Lus93, 38.2.1].

Therefore, there is an natural embedding from R (w;_;,—;,) to R(w;).
Denote the images of the above embeddings by R(ws)7, R(wi)q, R(w;)
respectively.

10

8.4. Monoidal categorification conjecture: adaptable word. When
the pair (C,1) is of type (ii), we refer the reader to | | for the orig-
inal monoidal categorification conjecture of Az(i) in terms of finite
dimensional representation of quantum affine algebras. In this section,
we shall present a quantized and slightly generalized version of this
conjecture in terms of graded quiver varieties, where i is adaptable and

C any generalized symmetric Cartan matrix.

Subring via adaptable embedding. Fix the framed repetition quiver I'q
associated with an acyclic quiver (I, Q).

Let i be any given (-adaptable word for an acyclic quiver (I', Q).
Fix a multidegree a = (ay)1<x<; € (2Z)" such that Ald1] = Qilg) — 2.
Define the corresponding map ¢, which sends the vertices 1 < k <[ of
[ to (ig,ax). It follows that

(57)  1o(™™i[d]) = (3, amm; — 2d), Vi € 1,0 < d < mf(i) — 1.
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We further assume the multidegree a to be Q'-adaptable (or adapt-

able for simplicity) such that the full subquiver of ['q on the vertices
(MR @umin; — 1), where i € I, is isomorphic to (T, €'). Because the word
i is adaptable, an adaptable embedding multidegree a always exists.

The associated map ¢, is called an adaptable embedding.

Example 8.4.1. We take the framed repetition quiver T associated
with (I', Q) in Figure 5. Part of this quiver is drawn in Figure 7.

Take the word i = (2132143215432) (read from right to left). It is
Q-adaptable with respect to the orientation ). The associated ice quiver
[y is drawn in Figure 11. Recall that we have iy = ig = i19 = 113 = 2,
1[0] = 1, 1[1] = 6, 1[2] = 10, 1[3] = 13, 13™in = 1Q™in = gmin = min =
L, mg =1, mg =2.

For any chosen a € 27, we have an Q2-adaptable multidegree a and the
associated adaptable embedding 1, such that a, =a+6 for1 <k <5,
cf. Figure 7.

Let us take another adaptable word i = (21354). It is Q) -adaptable
where the acyclic quiver (T',§Y) is given in Figure 12. A possible adapt-
able grading v, could have the image

{(1,a+4),(2,a+2),3,a+4),(4,a+6),(5,a+6)}

in the set of vertices of the framed repetition quiver L.

FIGURE 11. The ice quiver I'; associated with an adapt-
able word i and A5 Cartan matrix.

Fix an adaptable embedding ¢,. Define R(i,a) to be the subring
of the extended graded Grothendieck ring R generated by the simples
Wl(z(’;]z, 1€ 1,1 <Fk <[ It has the simple basis and standard basis as
expected in Section 8.1.

Remark 8.4.2. Recall that Wl(lfl‘g lies in the dual of the Grothendieck
ring of perverse sheaves over graded quiver varieties, cf. Section 7.1
7.2. By | |, this geometric object corresponds to the fundamental



73

jo
©

FIGURE 12. An acyclic quiver (I, ') of Cartan type As;

module V;, qox in | . Section 3.3]. Notice that their ordered tensor
products give the standard modules of the quantum affine algebra, cf.
[ , Section 5.3], such that the indices k increase from left to right.

If we take the adaptable word i = ¢V*!, where ¢ is an acyclic Coxeter
word and N € N, or i = wy the longest reduced word in the Weyl group,
then R(i,a) is the Z[t=2]-extended t-deformed Grothendieck ring of a
level N category Cy in | ], ¢f. Example 8.4.7, or the category Cg
in | , Section 5.11] respectively.

Quantum cluster algebra structure. We denote by 6, : T (to) — %Jg the
embedding of the Laurent polynomial rings such that

Bu(q?) = t2,

0Q<Xk) = Yik,akYik,akf o .}/;k,akmin7 1<E<ZI
It follows that we have
92<Yk) = ga(XB(to)ek> = Af;:ak—l = A;I:aik omz 1

The twisted multiplication on ‘g}fl% then induces the twisted multipli-

cation on 7 (¢y) via the morphism 6, such that

A(to)(ex, €5) = N(w(i’“) w® ).

my +1,a;”  ms +1,as

By Lemma 7.3.2; it is compatible with the matrix B such that
=~ -21,
M- By = ).

We denote the quantum cluster algebra obtained via this quantization
by A(i).

By comparing T-systems with specific exchange relations, we obtain
the following result, whose proof goes the same as that of | ,
Proposition 12.1].
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Theorem 8.4.3. Assume that the word i and the multidegree a are
adaptable. Then there exists an injective algebra homomorphism k=*
from the Grothendieck ring R(i, a) to the quantum cluster algebra A' (i),
such that /ﬁ_l(t%) = q2 and, for any 1 < b < s < [ such that iy = iy,
H_IWT(r:l(;i)b,[b,s}),as agrees with the quantum cluster variables L(b, s).
Remark 8.4.4. When the word i is reduced adaptable, R(i,a) = Rf‘é (i,a)
is also isomorphic to the quantum unipotent subgroup AQ(U%)(n(wi)), cf.
the proofs of | , Theorem 12.3]] , Theorem 6.1(a)] based on
T-systems. In this case, S(w) represents a simple module of the quiver
Hecke algebra.

If the Cartan matriz C is of Dynkin type ADE, R;(i,a) and R(i,a) =
Rf% (i,a) are t-deformations of the Grothendieck ring of the monoidal

subcategory U(i, a) of finite dimensional representations of the quantum
affine algebras U.(g), where each S(w) represents a simple module as
constructed by | ].

The corresponding monoidal categorification conjecture takes the fol-
lowing form, where the case i = ¢V*! is a conjecture about level N
categories in | ].

Conjecture 8.4.5. Assume that i is adaptable. Then the quantum
cluster monomials of A'(i) are contained in k™ ({S(w)} en)-

Theorem 8.4.6 (| , Theorem 5.1], [ , Theorem 3.1)). The
map k' induces an isomorphism from the extended Grothendieck ring

Ri—1(i,a) ® Q to A(i)z ® Q.

Embeddings of Grothendieck rings. Let aq to be the multidegree ob-
tained from a by deleting the component a;. Similarly, construct a;
and a3y by deleting a; and aq, a; from a respectively. By construction,
we have natural embeddings of R(i—i1, a7), R(i—i;, ap), R(i—i1—ir, a37)
into R(i,a), which send S(Bx) to S(Bx) and the simple bases into the
simple basis. As before, we denote the images by R(i,a);, R(i,a);
R(i, a)q7 respectively.

Example 8.4.7 (Level N category). Assume that the quiver Q is a
Dynkin quiver, we have the corresponding quantum affine algebra U,(g)
with generic q € C*.

For given adaptable word i and adaptable multidegree a, let C(i,a) be
the monoidal category generated by the U,(g)’s fundamental modules
S(Br) = Vipguw, 1 < k < 1. Notice that these fundamental modules

admit geometric realization given by our Wl(lfjlz Then R(i,a) is the
Z[ti%]-e:ﬂtended graded Grothendieck ring of C(i,a).

Further assume Q is bipartite, i = ¢Vt where ¢ is an acyclic word,
N € N. Then for any 1 < k <, the left shifted vertez k|d] = k + 2d,
VO < d < N (c¢f. Example 8.4.1 for an example of k[d]). Choose the
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multidegree a such that for any 1 < k < r, 0 < d < N, we have
agN—q = 2d if iy is a sink point and in Q and ayn_q = 2d + 1 if iy is
a source point. The level N subcategory Cn(a) in | , Proposition
3.2] is” our category C(c™ ', a).

Now we have the natural inclusion Cnx_1(a) C Cy(a) which appeared
in | |. The former Grothendieck ring is the subring of the latter
by successively deleting the fundamental modules S(p1), ..., S(B,) cor-
responding to the first v letters:

R(cY,a35.. ) = R(" T a)i5.. 5
We also have the natural inclusion of a different level N — 1 subcate-
gory C(cN,a+2) C C(cN*TY a). The former Grothendieck ring is the
subring of the latter by successively deleting the fundamental modules
S(Brny)s - - -, S(Biny) corresponding to the last v letters:

N -~ N+l N
R g amimg) = RET 0) . st i

9. MONOIDAL CATEGORIFICATION CONJECTURES

We refer the reader to Section 2, 8 for the necessary notations and
definitions used in this section.

Fix a pair (C,1i) of type (i) or (ii). We want to know if the quantum
cluster algebra A = A(i) has the common triangular basis or not. As
before, we impose the mild assumption that every ¢ € [ appears at
least once in i.

Recall that we have the corresponding extended Grothendieck ring
R(i) which can be taken as an extension of a quantum unipotent sub-
group Agzp+(n(wj)) if i is reduced or a subring R (i, a) for some adapt-
able multidegree a if i is adaptable.

9.1. Initial triangular basis. We work in the canonical initial seed
to associated with (C,1i) in this section.

Define the injective linear map 0~ from N = @®;<,</NjB; to DT(t)
such that, for any ¢ € I, we have

07" Bila) = €ijg) — €ia—1, 1 < d <m(i) —1,

Q_I/Bmini = €Emin;.

Notice that, V1 < k < I, the vector 67! 3, equals deg” L(k, k). Recall
that there exists an injective homomorphism ™! from R (i) to the quan-
tum cluster algebra A' (i), such that x=15(8;,) = L(k, k). Consequently,

k! sends the standard basis element M (w) to a pointed element

K M(w) € T(to) with leading degree 0~'w, Yw = 371 o en WkBk-

6 The module Vi g2ate: In [ , Proposition 3.2] associated with Q°P, j € I, is
noted as our module S(Bx) = Vi 4o, where k satisfies iy, = i, k = k™" [N —d]. We
have &;, = agmas and the category Cn depends on the choice of a.
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Moreover, because M (w) has a (<, m)-unitriangular decomposition
into {S(w’)}, which all become positive Laurent polynomials in seed ¢,
under the map 7!, the leading term of x~!M (w) must be the contri-
bution from =S (w) since it has coefficient 1. So k™ 1S(w) € T (to) is
a pointed element with degree” deg' S(w) = deg” M (w) = 6~ w.

Lemma 9.1.1. 0~ is an isomorphism of cones.

Proof. k~!is an isomorphism when ¢ = 1. Any element Z in Al ;1) ®Q
has the expansion into the simple basis elements x~1S(w) pomted at
6~'w. Consequently, the <;-maximal degrees of Z takes the form
0~1w. Tt follows by definition that the dominant degree lattice DT (#y)
equals 67N, O

The lexicographical order <, on ®Nf; extends to a lexicographi-

cal order <, on ®Zf, and consequently on BZJy "~ D(t). Because
deg 0 Yk(to) = —epn) + ZKk ) Ui kel <w 0, V1 < k < n, we deduce that
g <4 9% in D(tp) implies g* <, g*. The following claim follows.

Lemma 9.1.2. (=<, D'(ty)) is bounded from below.

With the help of Lemma 9.1.1 9.1.2, we obtain the following result,
which verifies Conjecture 8.3.3 for type (i) quantum cluster algebras.
It was already known for type (ii) quantum cluster algebras by | )
Theorem 5.1].

Theorem 9.1.3. The injective homomorphism k=1 from R(i) to A'(i)
is an isomorphism. In particular, {S(w)} is a basis of Af(i).

Proof. Work in the initial quantum torus 7 (tg). Observe that any
element of A'(i) has maximal degrees in D(¢y), because it is a poly-
nomial of cluster variables which have maximal degrees. For any given
element Z of A'(i), we repeat the expansion algorithm in Remark 3.1.8
to deduce its decomposition in DT(¢y)-pointed set {S(w)}:

(a) Let {g;} denote the set of maximal degrees of Z with coefficients
% € Z[g*2]. By Lemma 9.1.1, we can find S(w;) = s 15(w;)
pointed at degree g;, where the parameter w; = 0g;.

(b) Notice that Z — >, 2;S(w;) has its maximal degrees inferior than
those of Z. If it is nonzero, use it to replace Z and go to the
previous step.

The above process must end after finite steps by Lemma 9.1.2. There-
fore, Z is a Z[ti%]—linear combination of S(w;). The claim follows. [

For any 1 < a < b < [ with i, = i, use S(a,b) to denote the
simple module S(8, + Bouy + ... + B). Then we have the quantum
cluster variables X(tg) = S(fex) = S(k™", k) and, for any k # k™
Ix(to) = S(k[1], k™).

TAs an alternative approach to leading degrees, in type (ii), we can explicitly
compare the g-characters of elements in R (i) and Laurent polynomials in 7.
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Remark 9.1.4. When the word i is adaptable, we can construct the
graded Grothendieck ring R(i) = R(i,a) as in Section 7 for some choice
of adaptable multidegree a = (ay) € Z, such that the root vectors By
corresponds to the unit vectors e;, o,. In this situation, the map 0
identify the X -variables Xy, and Y -variables Y, = [ 1<, X2+ it
the monomials Yi, o, Yi, a2 Yigapmn and A;:ak_l respectively in the
convention of Section 7, cf. Section 8./.

For any w, the basis element S(w) = £~15(w) has the leading degree
g = 0~'w in T(ty). Denote the basis {S(w)} by Lt and S(w) by
L1 (g) correspondingly.

Recall that we have another basis formed by the elements

(58) M(w) = [S(B1)™ * S(Ba)™? - -+ S(B) "],

It is (<., m)-unitriangular to the basis L. By Lemma 3.1.10(iii), it
is (<y,, m)-unitriangular to L as well. From now on, by default, we
shall only consider the dominance orders <; associated with a seed ¢
(or denoted by < when there is no confusion). Notice that N! = @, N3,
inherits the order <, via the isomorphism 6.

Proposition 9.1.5 (Factorization property). The bar-invariant simple
basis {S(w)} of R factors through the simples S(fes), for any1 < s <1
such that s = s™* (longest Kirillov-Reshetikhin modules):

[S(w) * S(Bes)] = [S(Bes) * S(w)] = S(w + fey), Yw € N,
where [Z] denote the bar-invariant element of the form t*Z, a € %.

Notice that the longest Kirillov-Reshetikhin modules correspond to
frozen variables as in | |-

In type (i), this property was proved in | ]. With the help of
the standard basis and T-systems, we will give a proof by induction in
the end of this subsection .

Corollary 9.1.6. Localized at the frozen variables S(fes), where s™ =
s, the simple basis {S(w)} generates a basis of A(i):

(59)
Lo ={Sw)- [ SOe)lw=> wip; fi=0if w,>0}.
1<s<]:s=gmax

Its structure constants are contained in N[qi%].

We use to(l~) to denote the seed from ¢ by freezing vertex [~. Be-
cause the only exchangeable vertex connected to [ is [7, the frozen
vertex [ does not connect to any exchangeable vertex in the corre-
sponding ice quiver Q(to(l~)). Consequently, the quantum cluster al-
gebra Al (to(17)) is generated by A'(i — 4;) and the frozen variable X;.
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It follows that A(to(I~)) has the following basis

(60)  Li(toll)) = {X/LOn)[L(n) € L (toli — i), d € N}
As a consequence, we obtain the following Lemma.

Lemma 9.1.7. The restriction of L% on the subalgebra Af(to(l7)) of
A(i) gives its basis Li04),

Proposition 9.1.8. (triangular product) The D(to)-pointed set [ Xy (to)*
L] s (<y,, m)-unitriangular to L', for any 1 < k <.

Proof. Omit the symbol ¢y for simplicity. We prove the claim by in-
duction on the length [ of the word i. The case [ = |I| is trivial.

Now assume the claim has been verified for the words of length [ —1.

The quantum cluster variable X is the basis element L(ey) = S(fey) =
S(Bk + Br—1) + - .. + Bgmin). By Proposition 9.1.5, it suffices to verify
the claim for k # [.

Let S(w) be any basis elements in L% where w € N'. Because
the simple basis is unitriangular to the standard basis, we have the
following (<, m)-unitriangular decomposition

S(w) =Y c(w,w" )M(w')

= c(w, wh)[M(w}) « M(w} 3)],

wl=<w

where w;} 3 is the I-th component of w' and wll = w' —w} B, [ ] is the
normalization.

Now left multiplying the initial cluster variable X}, by Lemma 6.2.3,
we still have a (<, m)-unitriangular decomposition

[ Xk * S(w)] = Z c(w, w')[ X, * M(wll) * M(w} 3)]

= c(w,w")[[Xy * M(w})] * M(w; 8)].

wl=<w

As discussed before, the quantum cluster algebra A'(i—1;) associated
with the length [ — 1 word i—1; is a subalgebra of A'(i) and it contains
the standard basis element M(wll) It also contains X} because k #

[. By induction hypothesis, the normalized product [Xj M(wll)] is

unitriangular to the simple basis of A'(i —;), and, consequently, to its
standard basis. Namely, we have (<, m)-unitriangular decompositions

[XesMwh)] = > dw? ey, + whM(w?).

w2j96k+wl1
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Reusing Lemma 6.2.3, we now obtain the (<, m)-unitriangular de-
composition

(X * S(w)] = > e(w, w', w?)[M(w?) « M(uw; 3)],

wl <w,w?=<0ey, —i—wll

where (w?); = 0, e(w, w', w?) is contained in m if w} +w? # w + ey,

and equals to 1 if w} 8 + w? = w + fey.
Recall that the standard basis of A" is unitriangular to its simple
basis. The claim follows. O

Corollary 9.1.9. (triangular basis) The basis L' given by (59) is the
triangular basis with respect to t.

We finish this subsection by a proof of Proposition 9.1.5.

Lemma 9.1.10. Take any Z in R. If Z is (<, m)-unitriangular to
the standard basis, then for any wi,w; € N, the normalized product
[Z+S(wi3))] and [S(w1p1)*Z] are (<, m)-unitriangular to the standard
bastis.

Proof. Notice that we can replace Z by a unitriangular decomposition
into the standard basis. The claim follows from Lemma 6.2.3. Il

Lemma 9.1.11. Take any Z = 3 a;S(w') in R such that a; € N[t¥2].
If there exists some simple module S(w) such that Z xS(w) or S(w)*Z
18 a simple module up to t%—shift, then Z s a simple module.

Proof. The claim follows by the positivity of the structure constants of
the simple basis. O

Proof of Proposition 9.1.5. We prove the claim by induction on the
length [ of the word.

If the adaptable word has length [ = |I|, the statement is trivial.

Assume that the Proposition has been verified for any adaptable
word of length less than [. For any given word i of length [, w =
Y op_ wifr with w, € N, and any 1 < s < [ such that s = s™,
we want to show the normalized product [S(fe,) * S(w)] is a simple
module. By its bar-invariance, it suffices to show that this product
is (<, m)-unitriangular to the simple basis, or, equivalently, to the
standard basis.

Let wy, wy, wy g denote the dimension vector obtained from w by
subtracting w81, w5, and w, B + w; B respectively.

(i) Assume s # .
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Notice that the module S(w) is (<, m)-unitriangular to the standard
basis:

S(w) =Y e(w,w')M(w')

wl=<w

=" clw, wh)[M(wh) « M(w} ).

wl=<w

Therefore, we have the unitriangular decomposition

(S(0e) + S(@)] = 3 e, w!)[S(Be,)  M(wh) » M(w6)]
wl=<w
=D clw,w")[[S(Be,) x M(wh)] * M (w] )]
wl=<w
Notice that M(wll) is unitriangular to the basis {S(w?)} of R(i);.
The above is written as

[S(es) « S(w)] = > d(w,w',w?)[[S(0e,) * S(w?)] * M(w/B)]

wl<w,w? jwll

= Y d(w,w w?)[S(e, +w?) x M(w} B)],

wl <w,w? jwll

where we used induction hypothesis on Ry = R(i — 4;) in the last
equality. Here, the coefficients are contained in m except the leading
term with w' = w,w? = w} equals to 1.

By Lemma 9.1.10, each factor is (<, m)-unitriangular to the standard
basis.

(ii) Assume s = [. We divide the proof into two cases.

(ii-1) If that 4; # iy, the proof is similar to that of (i).

Consider (<, m)-unitriangular decomposition of S(w):

S(w) =" e(w,w')M(w'")

wl=<w

- Z c(w,w")[M(w; 1) * M(wy)].

wl=<w

Since M (w!f;) commutes with S(fe;) up to a tz-power, we have the
following unitriangular decomposition

[S(0e)) x S(w)] = Z c(w, wh)[M(wi ) * S(0e;) * M(w%)]

wl=<w

=" c(w, w")[M(w}B1) * [S(Ber) + M(wh)]

wl=<w
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Decomposing the terms M (w%) into simple basis elements, the above
is written as

[S(e) x S(w)] = Y d(w,w',w?)[M(wify) * [S(Ber) * S(w?)]

wl jw,w2jw%

= Z d(w, w", w?)[M(wiBr) * S(0e; + w?)],

wl <w,w? jw%

where we have used induction hypothesis Ry = R(i — 1) in the last
equality. Here, the coefficients are contained in m except the leading
term with w' = w, w? = w} equals to 1.

By Lemma 9.1.10, the above expression is (<, m)-unitriangular to
the standard basis.

(ii-2) Assume that i, = i;.

Consider the exchange relation at vertex [[—1] in the seed juyj_o) - - - pt1pjptato
of the quantum cluster algebra A(i) (cf. | ] for its ice quiver).
Via the isomorphism !, it corresponds to the following quantum 7-
system in R:

(61)
[S(Be—) * SALL D] = [S(0er) » SAMLI-1) +¢7' [ [ S(Be) ).
1<t <l t—tmax
Denote the last simple module [T, o,_; ,_gmax S(0e;) "%t by S(q)
Let us take any w' such that w} = w, = 0. Notice that, in the
quantum torus 7T (o), the leading monomials of [S(fey—q;) * S(1[1],1)]
and S(q) differ by Yj_y;...Y;Y7, which commutes with the monomial

X?'" by the definition of compatible pair. If we deal with the type
(ii), this commutativity also follows from (47)(48). Therefore, by using
the above T-system, we obtain

[S(0er) « S(LL], {[=1]) = S(w")] =[[S(Oey—y) * S(L[1], 1) * S(w)']
—t7'[S(g) = S(w')).

By the induction hypothesis on Ry, [S(1[1],{) * S(w)'] is a simple,
which we denote by S(p). By the induction hypothesis on either Rs or
Rs, [S(q) * S(w')] is a simple, which we denote by S(p'). So we have

[S(0er) + S(L, [1], 1[-1]) = S(w)] =[S(Oer-1)) * S(p)] =t S(P)

By Lemma 9.1.10, RHS is unitriangular to the standard basis. By
induction hypothesis, on Ryr = R(i — 41 — i), S(1[1],{[-1]) quasi-
commutes with S(w’). Also, S(fe;) quasi-commutes with S(w') as
it is a frozen variable in the corresponding quantum cluster algebra.
Therefore, the normalized product [S(fe;) * S(1[1],1[—1]) * S(w')] is
bar-invariant. Consequently, it is a simple module. By Lemma 9.1.11,
[S(0e;) * S(w')] is a simple module.
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Consider the (<, m)-unitriangular decompositions of the module S(w)
as

S(w) = Z bw, w")[M(wipr) « M(w} ) M(w} 5)]

= Y c(w,wh )M (wiBy) x S(w') x M(w] )]

wl=<w w’-<leA

It follows that we have the (<, m)-unitriangular decomposition

[S(0er) * S(w)] = d(w, (Qel) « M(wlBy) * S(w') * M(w; 3)]
= Zd (w, w', W) [M(wipy) * [S(0e;) * S(w')] * M(w}3)].

Because [S(0e;) * S(w')] is a simple module, the above expansion of
S(0e;) x S(w) is (<, m)-unitriangular to the standard basis by Lemma
9.1.10. The desired claim follows by its bar-invariance. U

9.2. Compatibility. By Theorem 6.1.6, in order to apply the exis-
tence theorem to the quantum cluster algebra A(i), it remains to check
the following property.

Conjecture 9.2.1. The quantum cluster variables obtained along the
sequence o TN from tg to to[—1] are contained in L.

We shall prove this conjecture for the quantum cluster algebras of
type (ii) or of type (i) with an adaptable reduced word. Given that we
have seen the triangular basis L is generated by the simples, Conjec-
ture 9.2.1 is a weaker form of the monoidal categorification Conjecture
in the introduction.

In Section 9.3, we will give an example as a different quick proof of
this property for type A4 based on the level-rank duality.

In this section, we verify that the triangular bases w.r.t. ¢y and to[—1]
are compatible when i = ¢V*! for some acyclic Coxeter word ¢ and
N eN.

Instead of working with the previously introduced mutation sequence
¥;, we define the following sequences (read from right to left)

Wt = e *** Mmax o) flgmax (1], 1 < B <,
ATl = Hgmin 1) " * " Hmin 1] fhmin, 1 < B <,
P iy oy 1) 1\~
St=(op) (0 o) T

Notice that o is an involution. We have

O,(Zi)fl _ (O_Zi)fl _ <ﬁ1 . <ﬁ2<ﬁl.
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Example 9.2.2. Let us continue Example 8.2.1. The sequences 0 =
pafispis, W0 = pis, and ‘W' is trivial. The sequence X and (0X)) 1 (read
from right to left) are given by

Y =(1,5,8,2,6,1,5,3,2,1)
(ex)™!' = (8,6,3,5,8,2,6,1,5,8).

Let i — 4; denote the word obtained from i by removing the last el-
ement 7; and X% the corresponding sequence. Then we have Y =
(o)1t~ = IS~ This observation inductively implies the fol-
lowing result.

Lemma 9.2.3. For any d € Z, the seed t[d] is injective-reachable via
either (09, o) or (09%1 o). Moreover, the sets of the quantum cluster
variables obtained along both sequences starting from t[d] are the same.

Proof. The statement for d = 0 is obvious by induction, from which we
deduce the general statement by noticing that, up to the permutation
o of vertices, all the seeds involving have the same principal part. [J

Recall that when i is adaptable, we can choose an adaptable mul-
tidegree a = (ax) € (2Z)', and identify the root vector (8 with the
unit vector e;, 4, on graded quiver varieties by the embedding ¢,. The
graded Grothendieck ring R can be realized as R(i,a) cf. Section 2 7.

Proposition 9.2.4. Assume i = cN*'. Then, for any 1 < k < [ such

that ix = iy, the quantum cluster variables Xy (prpn) - - - pato) is the
: —1yx7 (%)

simple module k Wm;’,m;-{-l,ak'

Proof. 1t is easy to compute the Laurent expansions of these quantum

cluster variables. By Proposition 7.4.3(i)(ii), the Laurent expansions

of the simple modules /{le(iQ _ take the same values. U
my ,my +1,ax
For any given mutation sequence <ﬁ and integer 0 < d < N — 1,
let %zd denote the mutation subsequence obtained from <ﬁ by taking
only the mutations on the vertices i[d'| with i € I, d' > d, and T ea
the subsequence by taking only the mutations on the vertices i[d'] with
iel, d<d.

Example 9.2.5. Let the Cartan matriz be of type As, ¢ = (321) and

N = 4. The ice quiver @ associated with the initial seed ty is drawn
in Figure 13. Recall that %15 = U3lellofi12, %14 = ,ug,u5,u8,u11,<ﬁ15 =
Hipbapbr 10, %12 = HeHof12; - - - -

Define the mutation sequence i . = [iizftopeHafia fisisiaiiotty hafi (=
ﬁgﬁfﬁl). Take d = 2, then we obtain the subsequences (Jto)<2 =

pspispisiapiapty and (00)sa = piaplofin fispiofir-
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FIGURE 13. The quiver @ with the word i = (321)°.

Lemma 9.2.6 (Equivalent mutation sequences). (i) Let i = ¢* and
denote o = (parptr) -+ (try2pta) (trpa ). Then the seed i cto is the
same as the seed (puoy + -+ fri1) (fr - - - flapin)to. In other words, the mu-
tation sequences %C and (%0)21(%0)<1 starting from ty are equivalent.

(i) Let i = N, then the mutation sequences r, = Y, oy
and (& e)sa((we)<a starting from ty are equivalent for any 0 < d <
N —1.

(iii) Let i = Nt and ‘w¢ denote the sequence w1 .. @1t
then the mutation sequences %C and %gd%;d starting from ty are
equivalent for any 0 < d < N — 1. -

Proof. (i) This cluster algebra of level N = 2 is not difficult and one
can easily find that the ice quiver associated with both seeds ¥ty and
(3i)>1(X5)<1to are the same. We still have to compare the cluster
variables in the two seeds.

The reader could verify the claim directly by comparing cluster vari-
ables appearing along both sequences. Alternatively, identify this clus-
ter algebra with the Grothendieck ring of representations of quantum
affine algebras, such that the initial quantum cluster variable Xy (to) is
identified with the isoclass of the simple module S(fe;) = S(k™™, k).

we observe that the mutations along both sequences arise from T-
systems and, consequently, the new cluster variables obtained by both
sequences are identified with Kirillov-Reshetikhin modules S(k™"[1], k[1]),
1 < k < 2r. The claim follows.

(ii) Notice that the equivalence between mutation sequences is not
affected by changing the frozen part of the ice quiver. Use “=" to
denote the equivalence. Repeatedly applying (i), we obtain %C =
(e)s1(e)aa =<_(<ﬁc)z2 ((Te)<)sr - (He)ar = (He)s2(We)ea =

%
= (He)ona(fe)an-—r, -
(iii) First observe that ¢ = ;' It is a sequence from Y.ty to

to. By (i), the sequences ¢ and (50¢)<q(%¢)=q starting from .o
are equivalent. Because Ju .ty and t; share the same principal quiver ()



85

and the equivalence between mutation sequences is not affected by the
frozen part of the ice quiver, we deduce that ¢ and () <a()sa
starting from ¢, are equivalent. O

Lemma 9.2.7. Assume i = ¢!, Then all the quantum cluster vari-

ables appearing along the sequence (oX1)~! from to to to|—1] also appear

along the sequence ()N

Proof. The claim follows by tracking the exchange relations involved.
Recall that the quantum cluster variables X;(¢), as well as their spe-
cialization z;(t) = Xi(t)‘q%»—}l’ are in bijection with the object T;(t)
in Section 2.2. By using Calabi-Yau reduction, it suffices to remove
the frozen vertices and verify that the commutative cluster variables
7;(t) appearing on the sequence (o%!)~! starting from quiver Q(t,) are
contained in those appearing on the sequence (%C)N .

For any given 0 < d < N—1, by Lemma 9.2.6(iii), we see that ¢and
<ﬁ Cd p €4 give identical collectlon of cluster Varlables startlng from the
initial principal quiver Q(to). Because (oX1)~' = & Shore a7 $ 73 $o»
it suffices to verify that, starting from the quiver Q(t,), the mutation

sequences
<—c <—c c ¢ c
(Tenamin ) (e me) (T sy

and
<—c c <c <—c <—c <—c
(,U<N—1 #<1#<0)(#2N—1"'M21M20)-

give identical collection of cluster variables.

Let us denote Ad = u>d+1 and By = ,uc<d ,uc<1,u<0 In the
quiver Q' = a1 >0Q(t0) the set of vertices acted by Ay and
that acted by By are separated by the full subquiver on {mm lliel }
of @' (cf. Example 9.2.8). By definition of mutations, this property
is preserved by the quivers appearing along A;B, or BdAd. Therefore,
the mutation sequences AyBy and ByA, give identical set of vertices.
The claim follows by recursively swapping Ay and By for all d. U

Example 9.2.8. Let we continue Fxample 9.2.5. Take d = 2, then the
principal quiver Q' = ‘& $ar p>OQ(t0) is drawn in Figure 1. Take
A =TS = mopaipnz and B = TS0, = pupapiofispispio i iz pts.
The sets {1,2,3,4,5,6} and {10,11,12} are always separated by the full
subquiver on {7,8,9} of the quivers appearing along mutation sequence
AB or BA.

Moreover, any such quiver appearing is a union of small blocks in
Figure 15 for i # 5 € I, 0 < d < N — 2, with at most one diagonal
edge of multiplicity —C;;.

Recall that the set I denote {1,2,...,r}.

Proposition 9.2.9. When i = ¢N*!, the triangular bases in the seeds
to and to|—1] are compatible. Moreover, they contain all the quantum
cluster variables appearing along the sequence (o31)~t from to to to[—1].
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N

FIGURE 14. A quiver ¢’
ild + 1] — i[d]

—Cjj —Cij

jld' + 1] — j[d']
FIGURE 15. small block

Proof. Repeatedly applying Proposition 6.6.3, we have the following
argument:

Let Lt be the triangular basis w.r.t. a seed t and assume it to be
positive. Let ui,us be mutation sequences such that their composition

= uguy 18 a mutation sequence from t to t[1]. If the cluster variables
appearing along the mutation sequences from usuy and from ugl start-
ing from t are contained in the initial triangular basis L' of t, then the
common triangular basis w.r.t. the seeds along the mutation sequence
uy ' starting from t to uy 't emists.

Recall that, for i = (i, -+ ,is,41)V ™!, the vertices of the ice quiver
for the initial seed tq = t¢(i) are given by

(172’... 77"’7"_’_17... 727"’... 7l)
:(minihmin i27 L. ’min Z-T7min 21[1]’ . 7min 27"[1]7 L. ’min ir [N])
:(maxil[_N]’max 7:2 [_N]’ . ’max Z'T[_N]’max Zl[_N _|_ 1]’
. 7I‘Ila,X ZT[_N + 1]’ . ’max 27»)
where [ = (N + 1)r.

We have shown that the triangular basis L% w.r.t. o, exists and
is positive. Now observe that all quantum cluster variables along
the mutation sequence X! from ¢, to ty[1] are known to be Kirillov-
Reshetikhin modules, and, in particular, contained in the initial tri-

angular basis L. Also, the cluster variables obtained along the se-
quence 0! = fimax;, (LN ©* * fmax;, [—9) flmax;, [~ 1] from to to $Tlty are in Lo
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by Proposition 9.2.4. By the previous argument, the common triangu-
lar basis w.r.t. the seeds along the sequence %l from t, to %lto exists.

Notice that the principal quiver Q((ﬁlto) is the same as that of the ice
quiver associated with the word i’ = (i,_1,...,4,4,)V ! for the acyclic
Coxeter word (i,_1,...,11,14,) (cf. Example 9.2.10). Applying Propo-
sition 9.2.4 to the seed to(i') associated with ', we obtain that the quan-
tum cluster variables along the sequence fimax;, _ [~ -« flmax;,_ [—g] * * * fhmaxj, _ [—1]
starting from #y(i’) are contained in the triangular basis L) for this
new seed to(i'). Consequently, we deduce that the quantum cluster vari-
ables obtained along the sequence %l_l = fhmax, _ [—N] ** * fmaxg,_ [—2)maxj, | [—1]
starting from <ﬁlto is contained in the canonical basis L¥#" for the seed
Tlty, because this property is shared by similar seeds to(i') and ¢,
cf. Lemma 6.3.4(iii)). By the previous argument, the common tri-
angular basis w.r.t. the seeds along the sequence %1*1 from %lto to
%l*“ﬁlto exists.

Repeating this process, we conclude that the common triangular ba-
sis w.r.t. the seeds along the sequence (7)Y from to to (7 ¢)Nt, exists.
In particular, the initial triangular basis L' contains all the quantum
cluster variables along this sequence. By Lemma 9.2.7, L already con-
tains the quantum cluster variables along the sequence (o%1)~! starting
from ty. Repeating the previous argument, we obtain that the common
triangular basis w.r.t. the seeds along the mutation sequence (o!)~*
from to and to[—1] exists. O

Example 9.2.10. Let us continue Example 9.2.5. Applying Propo-
sitton 9.2.4 to the initial seed ty, we know that the cluster variables
appearing along the mutation sequence %l = [hmaxg[_N] *  * fhmaxg[—1] =
Wafbelopi1a correspond to Kirillov-Reshetikhin modules and belong in the
triangular basis L. Consequently, by Proposition 6.0.3, we have the
common triangular basis w.r.t. all seeds along this mutation sequence
from ty to %lto.

Next, look at the ice quiver of the %lto drawn n figure 16. It
shares the same principal part with the ice quiver associated with the
word i' = (213)°, ¢f. Figure 17. In other word, the seeds Ul and
to(i") are similar. Applying Proposition 9.2.J to the seed to(i'), we
know that the cluster variables appearing along the mutation sequence
fmaxg[_1] * + * maxg[—N] = M3feflopii2 belong to the triangular basis L)
Therefore, this property holds for the similar seed %lto as well, namely,
the cluster variables appearing along the mutation sequence %1*1 ==
Loltsfistt11 are contained in the triangular basis of L#'to, Consequently,
we have the common triangular basis w.r.t. all seeds along the mutation

sequence W from Wty to Wt

9.3. Compatibility in type A via level-rank duality. In this sec-
tion, we consider the special case when C is of type A, and i =
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FIGURE 17. The ice quiver for the word i’ = (213)°

(1,2,1,3,2,1...,7—1...,2,1,r,...,2,1). Then wj is the longest ele-
ment in the Weyl group. The pair (C,1i) is of both type (i) and (ii).
In the following example, we check Conjecture 9.2.1 for the special
case Ay, which, together with Proposition 6.7.1, will imply the type A4
case in Theorem 9.4.1 9.4.2 9.4.3. This approach seems to be effective
for general r, but we don’t pursue the generalization in this paper.

Example 9.3.1. Consider Figure 9. The exchange relations along the
mutation sequence ¥' = (1,5,8,2,6,1,5,3,2,1) are T-system relations.
Consider the trivial permutation var* of [1,1]. It induces an isomor-
phism from principal quiver Q(t,) (Figure 18) to the principal quiver
Q(to). We have a variation map Var from PT (t) to PT (t'). The muta-
tion sequence (read from right to left) (cX1)~! = (8,6,3,5,8,2,6,1,5,8)
becomes a new sequence on Q(t}). It is straightforward to check that the
quantum cluster variables appearing along this sequence correspond to
Kirillov-Reshetikhin modules for the seed t(, which is again associated
with the longest word. In particular, they are contained in the trian-
gular basis L'. By the correction technique in Lemma /.2.2, similar
quantum cluster variables obtained along (oX')~! are contained in L.
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FIGURE 18. Ice quiver Q(t;) obtained by rotating the
quiver in Figure 9 and changing coefficient pattern.

9.4. Consequences. We summarize the consequences of the previous
discussion.

We have seen that the simple basis {S(w)} provides the initial trian-
gular basis w.r.t. the seed ¢ after localization. By Proposition 9.2.9, we
have verified all the conditions demanded in Reduced Existence Theo-
rem (Theorem 6.1.6) for the word ¢¥*1. Notice that, to any adaptable
word i, we can associate® an initial subword i’ of some ¢V *!, such that
w; = wy and, consequently, A(i) agrees with A(i’). Notice that i’ is
adaptable as well. By working with type (ii) quantum cluster algebras,
we have the embedding from R(i’,a) to R(cV ™, a) and the following
result.

Theorem 9.4.1. Assume that C' is symmetric and i an adaptable word.
Then the simple basis {S(w)}, after localization at the frozen variables,
gives the common triangular basis of the quantum cluster algebra A(i).
In particular, it verifies Fock-Goncharov Conjecture, and it contains
all quantum cluster monomaals.

The following result is a direct consequence.

Theorem 9.4.2. Conjecture 8.4.5 holds true. In particular, the quan-
tum cluster monomials in A of type (ii) are simple modules of quantum
affine algebras.

For quantum cluster algebras arising from quantum unipotent sub-
groups, we have verified Conjecture 8.3.3 in Theorem 9.1.3. Moreover,
Theorem 9.4.1 implies that the quantum cluster monomials of A of type
(i) are contained in the dual canonical basis for the following cases.

8The quiver associated with an Q-adaptable word i is a connected full sub-
quiver @ in the Auslander-Reiten quiver of the bounded derived category of (I, Q)-
representations, such that its intersection with each 7-orbit is connected, where
7 denote the Auslander-Reiten translation. We can thus expand Cj following the
direction of 7 into a quiver associated with ¢V*!, which has an initial adaptable
word i’ producing @ Notice that, for type (i), @ is categorified by a terminal
(T, Q)-representation, cf. | , Section 2.2] for detailed treatment.



90 FAN QIN

Theorem 9.4.3. Conjecture 8.5.2 holds true for any reduced word w
which is inferior than some adaptable word with respect to the left or
right weak order. In particular, it holds true for any reduced word w
when the Cartan type is ADE.

Proof. The first claim follows from Theorem 9.4.1 and compositions of
the embeddings of Grothendieck ring in the end of Section 8.3.

For type ADE, the claim holds for the longest word because it is
adaptable. Any reduced word w is inferior than the longest word with
respect to the left and right weak order, cf. | |. The second claim
follows. U

Remark 9.4.4. When the quantum cluster algebra is of type (i). The
triangularity property of the common triangular basis might be com-
pared with the following weaker form of Leclerc’s conjecture | ,
Section 3.1]:

Let by, by be elements of the dual canonical basis B*. Suppose that by
corresponds to a cluster variable. Then the expansion of by,by on B*
takes the form

(62) b1b2 = qsb// + Z 751b2 (q)c,
c#b!
where s € L, 5, € ¢ ZLlg].
Leclerc’s conjecture was recently proved in | ].

REFERENCES

[Ami09] Claire Amiot, Cluster categories for algebras of global dimension 2 and
quivers with potential, Annales de l'institut Fourier 59 (2009), no. 6,
2525-2590, arXiv:0805.1035.

[BBO5] Anders Bjorner and Francesco Brenti, Combinatorics of coxeter groups,
Springer, 2005.

[BFZ05]  Arkady Berenstein, Sergey Fomin, and Andrei Zelevinsky, Cluster al-
gebras. III. Upper bounds and double Bruhat cells, Duke Math. J. 126
(2005), no. 1, 1-52.

[BZ05] Arkady Berenstein and Andrei Zelevinsky, Quantum cluster algebras,
Adv. Math. 195 (2005), no. 2, 405455, arXiv:math/0404446v2.

[BZ14] , Triangular bases in quantum cluster algebras, International
Mathematics Research Notices 2014 (2014), no. 6, 1651-1688, arXiv:
1206 .3586.

[Dav16] , Positivity for quantum cluster algebras, 2016, arXiv:1601.

07918.

[DKO7] Raika Dehy and Bernhard Keller, On the combinatorics of rigid objects
in 2-Calabi-Yau categories, Int. Math. Res. Not. IMRN, 2008 (2008),
no. 11, arXiv:0709.0882.

[DWZ08] Harm Derksen, Jerzy Weyman, and Andrei Zelevinsky, Quivers with
potentials and their representations I: Mutations, Selecta Mathematica
14 (2008), no. 1, 59-119.

, Quivers with potentials and their representations II: Applica-

tions to cluster algebras, J. Amer. Math. Soc. 23 (2010), no. 3, 749-790,

arXiv:0904.0676v2.

[DWZ10]



http://arxiv.org/abs/0805.1035
http://arxiv.org/abs/math/0404446v2
http://arxiv.org/abs/1206.3586
http://arxiv.org/abs/1206.3586
http://arxiv.org/abs/1601.07918
http://arxiv.org/abs/1601.07918
http://arxiv.org/abs/0709.0882
http://arxiv.org/abs/0904.0676v2

[FGO6]

[FGO9]

[FH14]

[FZ02]

[FZ07]

[FMO1]

[FR99]

[GHKK14]

[GLS07]

[GLS11]
[GLS12]
[GLS13]

[Her04]

[HL10]

[HL13a]

[HL13b)

[HL15]

[IY08]

[Kas90]

91

V. V. Fock and A. B. Goncharov, Moduli spaces of local systems and
higher Teichmdiller theory, Publications Matématiques de I'Institut des
Hautes Etudes Scientifiques 103 (2006), no. 1, 1-211.

, Cluster ensembles, quantization and the dilogarithm, Ann. Sci.
Ecole Norm. Sup. (4) 42 (2009), no. 6, 865930, arXiv:math.AG/
0311245.

Ghislain Fourier and David Hernandez, Schur positivity and Kirillov-
Reshetikhin modules, SIGMA. Symmetry, Integrability and Geometry:
Methods and Applications 10 (2014), 058.

Sergey Fomin and Andrei Zelevinsky, Cluster algebras. I. Foundations,
J. Amer. Math. Soc. 15 (2002), no. 2, 497-529 (electronic), arXiv:
math/0104151v1.

, Cluster algebras IV: Coefficients, Compositio Mathematica
143 (2007), 112-164, arXiv:math/0602259v3.

Edward Frenkel and Evgeny Mukhin, Combinatorics of g-characters of
finite-dimensional representations of quantum affine algebras, Commu-
nications in Mathematical Physics 216 (2001), no. 1, 23-57.

Edward Frenkel and Nicolai Reshetikhin, The g-characters of repre-
sentations of quantum affine algebras and deformations of VWW-algebras,
in Recent developments in quantum affine algebras and related topics
(Raleigh, NC, 1998), Contemp. Math., 248, Amer. Math. Soc., Provi-
dence, RI, (1999), 163-205, arXiv:math/9810055v5.

Mark Gross, Paul Hacking, Sean Keel, and Maxim Kontsevich, Canon-
ical bases for cluster algebras, 2014, arXiv:1411.1394.

Christof Geif}, Bernard Leclerc, and Jan Schroéer, Cluster algebra struc-
tures and semicanonical bases for unipotent groups, 2007, arXiv:math/
0703039.

, Kac-Moody groups and cluster algebras, Advances in Mathe-
matics 228 (2011), no. 1, 329-433, arXiv:1001.3545v2.

, Generic bases for cluster algebras and the Chamber Ansatz, J.
Amer. Math. Soc. 25 (2012), no. 1, 21-76, arXiv:1004.2781.

, Cluster structures on quantum coordinate rings, Selecta Math-
ematica 19 (2013), no. 2, 337-397, arXiv:1104.0531.

David Hernandez, Algebraic approach to q,t-characters, Advances in
Mathematics 187 (2004), no. 1, 1-52, arXiv:math/0212257, doi:10.
1016/j.aim.2003.07.016.

David Hernandez and Bernard Leclerc, Cluster algebras and quantum
affine algebras, Duke Math. J. 154 (2010), no. 2, 265-341, arXiv:
0903.1452.

, A cluster algebra approach to g-characters of Kirillov-
Reshetikhin modules, 2013, arXiv:1303.0744.

, Monoidal categorifications of cluster algebras of type A and D,
Symmetries, Integrable Systems and Representations, Springer, 2013,
pp- 175-193.

, Quantum Grothendieck rings and derived Hall algebras, Jour-
nal fiir die reine und angewandte Mathematik (Crelles Journal), 2015
(2015), no. 701: 77-126, arXiv:1109.0862v1.

Osamu Iyama and Yuji Yoshino, Mutations in triangulated categories
and rigid Cohen-Macaulay modules, Inv. Math. 172 (2008), no. 1, 117-
168.

Masaki Kashiwara, Bases cristallines, C. R. Acad. Sci. Paris Sér. 1
Math. 311 (1990), no. 6, 277-280.



http://arxiv.org/abs/math.AG/0311245
http://arxiv.org/abs/math.AG/0311245
http://arxiv.org/abs/math/0104151v1
http://arxiv.org/abs/math/0104151v1
http://arxiv.org/abs/math/0602259v3
http://arxiv.org/abs/math/9810055
http://arxiv.org/abs/1411.1394
http://arxiv.org/abs/math/0703039
http://arxiv.org/abs/math/0703039
http://arxiv.org/abs/1001.3545v2
http://arxiv.org/abs/1004.2781
http://arxiv.org/abs/1104.0531
http://arxiv.org/abs/math/0212257
http://dx.doi.org/10.1016/j.aim.2003.07.016
http://dx.doi.org/10.1016/j.aim.2003.07.016
http://arxiv.org/abs/0903.1452
http://arxiv.org/abs/0903.1452
http://arxiv.org/abs/1303.0744
http://arxiv.org/abs/1109.0862v1

92

[KL79)]
[Kel08]
[Kel12]
[Kel13]

[Kim12]

[KKKO14]

[KL09]

[KQ14]

[KR90]

[KY11]

[Lec03]
[Leel3]

[LLRZ14a]

[LLRZ14b)]

[LLZ14]
[LS13]

[Lus90]
[Lus93]
[Lus94]
[Lus00]
[Mul15]

[MFK94]

FAN QIN

David Kazhdan and George Lusztig, Representations of Coxeter groups
and Hecke algebras, Invent. Math. 53 (1979), no. 2, 165184.

Bernhard Keller, Cluster algebras, quiver representations and triangu-
lated categories, arXiv:0807.1960v10.

, Cluster algebras and derived categories, 2012, arXiv:1202.

4161.
, The periodicity conjecture for pairs of Dynkin diagrams, Ann.
of Math.(2) 177 (2013), no. 1, 111-170.
Yoshiyuki Kimura, Quantum unipotent subgroup and dual canonical
basis, Kyoto J. Math. 52 (2012), no. 2, 277-331, arXiv:1010.4242,
doi:10.1215/21562261-1550976.
S.-J. Kang, M. Kashiwara, M. Kim, and S.-j. Oh, Monoidal categorifi-
cation of cluster algebras, ArXiv e-prints (2014), arXiv:1412.8106.
Mikhail Khovanov and Aaron D. Lauda, A diagrammatic approach to
categorification of quantum groups I, Represent. Theory 13 (2009), 309—
347, arXiv:0803.4121v2.
Yoshiyuki Kimura and Fan Qin, Graded quiver varieties, quantum clus-
ter algebras and dual canonical basis, Adv. Math. 262 (2014): 261-312,
arXiv:1205.2066.
A.N. Kirillov and N. Reshetikhin, Representations of yangians and mul-
tiplicities of the inclusion of the irreducible components of the tensor
product of representations of simple lie algebras, translation in J. Soviet.
Math. 52 (1990), no. 3, 3156-3164.
Bernhard Keller and Dong Yang, Derived equivalences from mutations
of quivers with potential, Adv. Math. 226 (2011), no. 3, 2118-2168,
arXiv:0906.0761v3.
B. Leclerc, Imaginary vectors in the dual canonical basis of Ug(n),
Transform. Groups 8 (2003), no. 1, 95-104.
Kyungyong Lee, Every finite acyclic quiver is a full subquiver of a quiver
mutation equivalent to a bipartite quiver, 2013, arXiv:1311.0711.
Kyungyong Lee, Li Li, Dylan Rupel, and Andrei Zelevinsky, The
existence of greedy bases in rank 2 quantum cluster algebras, 2014,
arXiv:1405.2414.

, Greedy bases in rank 2 quantum cluster algebras, Proceedings
of the National Academy of Sciences 111 (2014), no. 27: 9712-9716,
arXiv:1405.2311.
Kyungyong Lee, Li Li, and Andrei Zelevinsky, Greedy elements in rank
2 cluster algebras, Selecta Mathematica 20 (2014), no. 1, 57-82.
Kyungyong Lee and Ralf Schiffler, Positivity for cluster algebras, to
appear in Annals of Mathematics, 2013, arXiv:1306.2415.
George Lusztig, Canonical bases arising from quantized enveloping al-
gebras, J. Amer. Math. Soc. 3 (1990), no. 2, 447-498.
,  Introduction to quantum groups, Progr. Math. 110,
Birkhauser, 1993.
, Total positivity in reductive groups, Lie theory and geometry:
in honor of Bertram Kostant, Progr. Math. 123, Birkhauser, 1994.
, Semicanonical bases arising from enveloping algebras, Adv.
Math. 151 (2000), no. 2, 129-139.
Greg Muller, The existence of a maximal green sequence is not invariant
under quiver mutation, 2015, arXiv:1503.04675.
David Mumford, John Fogarty, and Frances Clare Kirwan, Geometric
invariant theory, vol. 34, Springer Science & Business, 1994.



http://arxiv.org/abs/0807.1960v10
http://arxiv.org/abs/1202.4161
http://arxiv.org/abs/1202.4161
http://arxiv.org/abs/1010.4242
http://dx.doi.org/10.1215/21562261-1550976
http://arxiv.org/abs/1412.8106
http://arxiv.org/abs/0803.4121v2
http://arxiv.org/abs/1205.2066
http://arxiv.org/abs/0906.0761v3
http://arxiv.org/abs/1311.0711
http://arxiv.org/abs/1405.2414
http://arxiv.org/abs/1405.2311
http://arxiv.org/abs/1306.2415
http://arxiv.org/abs/1503.04675

[MSW13]

[Nagl3]

[NakO1]

[Nak03]

[Nak04]

[Nak11]

[Pal0g]

[Plalla]

[Plallb)]

[Plal13]

[Qin12]

[Qin14]

[Rou08]

[Roul2]

[Thul4]

[Trall]

[VV03]

[VV11]

93

Gregg Musiker, Ralf Schiffler, and Lauren Williams, Bases for cluster
algebras from surfaces, Compositio Mathematica 149 (2013), no. 02,
217-263.
Kentaro Nagao, Donaldson—Thomas theory and cluster algebras, Duke
Mathematical Journal 162 (2013), no. 7, 1313-1367, arXiv:1002.4884.
Hiraku Nakajima, Quiver varieties and finite-dimensional representa-
tions of quantum affine algebras, J. Amer. Math. Soc. 14 (2001), no. 1,
145-238 (electronic), arXiv:math/9912158.

, t-analogs of q-characters of Kirillov-Reshetikhin modules of
quantum affine algebras, Represent. Theory 7 (2003), no. 2, 259-274.
, Quiver wvarieties and t-analogs of q-characters of quantum
affine algebras, Ann. of Math. (2) 160 (2004), no. 3, 1057-1097,
arXiv:math/0105173v2.
, Quiver wvarieties and cluster algebras, Kyoto J. Math. 51
(2011), no. 1, 71-126, arXiv:0905.0002v5.
Yann Palu, Cluster characters for 2-Calabi- Yau triangulated categories,
Ann. Inst. Fourier (Grenoble) 58 (2008), no. 6, 2221-2248, arXiv:
math/0703540v2.
Pierre-Guy Plamondon, Cluster algebras via cluster categories with in-
finite-dimensional morphism spaces, Compos. Math. 147 (2011), no. 6,
1921-1934, arXiv:1004.0830v1.
, Cluster characters for cluster categories with infinite-dimen-
sional morphism spaces, Adv. in Math. 227 (2011), no. 1, 1-39, arXiv:
1002.4956v2.
, Generic bases for cluster algebras from the cluster category,
International Mathematics Research Notices 2013 (2013), no. 10, 2368
2420.
Fan Qin, Quantum cluster variables via Serre polynomials, J. Reine
Angew. Math. 2012 (2012), no. 668, 149-190, with an appendix by
Bernhard Keller, doi:10.1515/CRELLE.2011.129.
, t-analog of g-characters, bases of quantum cluster algebras,
and a correction technique, International Mathematics Research Notices
2014 (2014), no. 22, 6175-6232, arXiv: 1207 .6604.
Raphaél Rouquier, 2-Kac-Moody algebras, 2008, arXiv:0812.5023.
Raphaél Rouquier, Quiver hecke algebras and 2-Lie algebras, Algebra
colloquium, vol. 19, World Scientific, 2012, pp. 359-410.
Dylan P Thurston, A positive basis for surface skein algebras, Proceed-
ings of the National Academy of Sciences 111 (2014), no. 27: 9725-9732,
arXiv:1310.1959.
Thao Tran, F-polynomials in quantum cluster algebras, Algebr. Repre-
sent. Theory 14 (2011), no. 6, 1025-1061, arXiv:0904.3291v1.
M. Varagnolo and E. Vasserot, Perverse sheaves and quan-
tum  Grothendieck rings, Studies in memory of Issai Schur
(Chevaleret/Rehovot, 2000), Progr. Math., vol. 210, Birkh&user
Boston, Boston, MA, 2003, pp. 345-365, arXiv:math/0103182v3.
MR MR1985732 (2004d:17023)
, Canonical bases and KLR-algebras, J. Reine Angew. Math.
2011 (2011), no. 659, 67-100, arXiv:0901.3992, doi:10.1515/
crelle.2011.068.

E-mail address: qin.fan.math@gmail.com


http://arxiv.org/abs/1002.4884
http://arxiv.org/abs/math/9912158
http://arxiv.org/abs/math/0105173v2
http://arxiv.org/abs/0905.0002v5
http://arxiv.org/abs/math/0703540v2
http://arxiv.org/abs/math/0703540v2
http://arxiv.org/abs/1004.0830v1
http://arxiv.org/abs/1002.4956v2
http://arxiv.org/abs/1002.4956v2
http://dx.doi.org/10.1515/CRELLE.2011.129
http://arxiv.org/abs/1207.6604
http://arxiv.org/abs/0812.5023
http://arxiv.org/abs/1310.1959
http://arxiv.org/abs/0904.3291v1
http://arxiv.org/abs/math/0103182v3
http://arxiv.org/abs/0901.3992
http://dx.doi.org/10.1515/crelle.2011.068
http://dx.doi.org/10.1515/crelle.2011.068

	1. Introduction
	1.1. Background
	1.2. Construction, results and comments
	1.3. Contents

	Acknowledgments
	2. Preliminaries on additive categorification
	2.1. Quantum cluster algebras
	2.2. Quivers and cluster categories
	2.3. Calabi-Yau reduction

	3. Dominance order and pointed sets
	3.1. Constructions
	3.2. Tropical transformation
	3.3. Dominant degree

	4. Correction technique
	4.1. Similarity and variation
	4.2. Correction

	5. Injective pointed sets
	5.1. Injective-reachable
	5.2. Injective-reachable chain
	5.3. Cluster expansions of injective and projectives
	5.4. Injective pointed set

	6. Triangular bases
	6.1. Common triangular bases in brief
	6.2. Basic properties
	6.3. Weakly triangular bases
	6.4. admissibility
	6.5. One step mutations
	6.6. Triangular bases w.r.t. new seeds
	6.7. Proofs of theorems

	7. Graded quiver varieties and minuscule modules
	7.1. A review of graded quiver varieties
	7.2. A review of Kirillov-Reshetikhin modules
	7.3. A different deformation
	7.4. Computation of characters

	8. Facts and conjectures about monoidal categorifications
	8.1. Monoidal categorification
	8.2. Quantum cluster algebras associated with words
	8.3. Monoidal categorification conjecture: type (i)
	8.4. Monoidal categorification conjecture: adaptable word

	9. Monoidal categorification conjectures
	9.1. Initial triangular basis
	9.2. Compatibility
	9.3. Compatibility in type A via level-rank duality
	9.4. Consequences

	References

