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Abstract

An algebraic Riccati equation (ARE) is called a shifted M -matrix algebraic Riccati equation
(MARE) if it can be turned into an MARE after its matrix variable is partially shifted by a
diagonal matrix. Such an ARE can arise from computing the invariant density of a Markov
modulated Brownian motion. Sufficient and necessary conditions for an ARE to be a shifted
MARE are obtained. Based on the conditions, a highly accurate implementation of the alter-
nating directional doubling algorithm (ADDA) is established to compute the extremal solution
of a shifted MARE, as well as a quantity needed for computing the invariant density in the
application, with high entrywise relative accuracy. Numerical examples are presented to
demonstrate the theory and algorithms.
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1 Introduction

In general an algebraic Riccati equation (ARE) takes the form [21]

XDX -AX-XB+C=0, (1.1)
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where A € F"*" B € F"™*™ C ¢ F"™™ and D € F™*" are known coefficient matrices,
and X € F"*™ is to be found. Here F = C (the set of complex numbers) or R (the set of real
numbers), but in what follows, we are interested in F = R only. Let

m B —D
W—n|:_c Aj|’ (1.2)

an (m + n) x (m + n) matrix that defines the ARE (1.1). Following [30], we will call ARE
(1.1) an M-Matrix algebraic Riccati equation (MARE) if W is a nonsingular or an irreducible
singular M-matrix. This kind of AREs arise in applied probability and transportation theory
(see [10,13-15,18,19,26] and the references therein). It is shown in [10,14] that when ARE
(1.1) is an MARE, it has a unique minimal nonnegative solution @, i.e., entrywise

@ < X for any other nonnegative solution X of (1.1).

Thanks to several fundamental researches in the past 20 years or so, such an MARE is very
well understood nowadays both theoretically and numerically. C. Guo and his collaborators
completed much of the studies on the existence and basic properties of the unique minimal
nonnegative solution @ [10,12,13]. The first structure-preserving doubling algorithm (SDA)
was proposed by Guo et al. [15] in 2006, and it was immediately clear at that moment that
SDA is superior to Newton’s method in solving MARE for the unique minimal nonnegative
solution @. Soon after, SDA was improved by two other more efficient doubling algorithms
SDA-ss [7] and ADDA [28]. A highly accurate implementation of ADDA was discovered first
by Nguyen and Poloni [23] for a singular but irreducible W and then by Xue and Li [29] for
nonsingular W as well. An entrywise relative perturbation theory for MARE was established
earlier in [30,31]. More details can be found in the recent books [6, chapter 5], [16, chapter
6].!

In this paper we introduce a class of AREs that can be turned into MARESs after a partial shift
to the diagonal of their matrix variables. Given? 1 < p < min{m, n}, we partition X € R"*"
as

p m—p
= xe ) 0
Perform a change of variable by
p m—p
Xo=X+8 with.@:nfp[g 8 ] (1.4)
and then plug X = X — 2 into ARE (1.1) to yield an ARE in X
XoDXo —ApXo —XeBo+Co=0 (1.5)
whose associated matrix Wy, is
We = [_ng 25] : (1.6)

where
A=A+ 02D, Bo=B+DSR2, Co=02DR2+ A2+ 2B+ C. (1.7)

! In [16], an MARE is more broadly defined for the one with W being an M -matrix.
2 The case p = 01is the usual MARE case which was thoroughly studied; see, e.g., in [6,16].
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Definition 1.1 ARE (1.1) is called a shifted MARE of index p if there exists a diagonal matrix
Ag € RPXP such that ARE (1.5) is an MARE for any diagonal matrix A with

A(i,i) > [AO](i.i) fori = 1, 2, ey D,
i.e., the defining matrix Wy, is a nonsingular M-matrix or an irreducible singular M-matrix.

Later in “Appendix 17, we will explain how a shifted MARE arises from computing the
invariant density of a Markov modulated Brownian motion (MMBM). In that application,
a portion of a particular solution to (1.1), among others, are sought, preferably with high
entrywise relative accuracy. The main goals of this paper are three-fold: (1) to establish
necessary and sufficient conditions for an ARE (1.1) to be a shifted MARE of index p, (2) to
compute the shift £2, and (3) to accurately solve shifted MARE (1.1) so that, when applied to
MMBM, the associated density can be computed with high entrywise relative accuracy.

The rest of this paper is organized as follows. Section 2 collects some of the relevant results

regarding M-matrices and MARE. In Sect. 3, we launch our detailed study on shifted MARE
in terms of coefficient matrix structures, sufficient and necessary conditions for an ARE to be
an MARE, and how to construct the shifting matrix A in (1.4). We explain how to adopt the
idea of highly accurate ADDA [23,29] for solving shifted MARE with high entrywise relative
accuracy in our general setting. In Sect. 5, we return to explain an accurate calculation of a
quantity needed by MMBM. Numerical results are reported in Sect. 6 and finally we draw
our conclusions in Sect. 7.
Notation R"*™ is the set of all m x m real matrices, R” = R"*! and R = R!. I, (or simply
I if its dimension is clear from the context) is the n x n identity matrix. The superscript
«T takes transpose. 1, € R” is the n-dimensional vector of all ones and 1,,,, € R"*"
is the m x n matrix of all ones. For X e R™*", X(; ;) refers to its (i, j)th entry, | X| is
in R"™*" with its (i, j)th entry |X( ;)|. Inequality X < Y means X ;) < Y ;) for all
(i, j), and similarly for X < Y, X > Y, and X > Y. In particular, X > 0 means that X is
entrywise nonnegative. For X € R"*", denote by eig(X) the set of its eigenvalues counted
algebraic multiplicities, by diag(X) € R"*" the diagonal matrix extracted out of X, and by
offdiag(X) = X — diag(X) € R"*".

2 M-Matrix Essentials

A e R"™"is called a Z-matrixif A jy < Oforalli # j [5, p.284]. Any Z-matrix A can be
written as s — B with B > 0, and it is called an M -matrix if s > p(B), a singular M -matrix
if s = p(B), and a nonsingular M-matrix if s > p(B), where p(B) is the spectral radius of
B.

The single most important property of a nonsingular M-matrix A is A~! > 0. We refer
the reader to, e.g., [5,8,22,27], for many other characterizations of M-matrices, but we will
single out two results that we will frequently use during our developments later in this paper.

Proposition 2.1 (a) Let A € R"*" be a nonsingular M-matrix or an irreducible singular
M -matrix, conformally partitioned as

Al An
A= ,
[A21 Azz}
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where A1y and Ay are square matrices. Then A1y and Ay are nonsingular M -matrices,
and their Schur complements

An — AnAjl A, Al — AnAs) Ay

are nonsingular M-matrices if A is a nonsingular M-matrix, or irreducible singular
M -matrices if A is an irreducible singular M -matrix.
(b) Suppose that A is a nonsingular M-matrix. A is irreducible if and only if A~" > 0.

The key ingredient in the recent work [23,29] to achieve high entrywise relative accuracy
is the GTH-like algorithm for inverting a nonsingular M-matrix due to Alfa et al. [2]. The key
idea is to represent a nonsingular M-matrix A by the so-called triplet representation which
can determine A~! entrywise to high relative accuracy. Specifically, a triplet representation
(offdiag(A), u, v) of an M-matrix A € R"*" consists of

offdiag(A) = A — diag(A),0 <u € R*,andv = Au > 0.

Often for convenience, we will not distinguish A from its triplet representation and write
A = (offdiag(A), u, v). It is proved [3] that if all entries of offdiag(A), u, and v are known
to high entrywise relative accuracy, then all entries of A~! are determined to a comparable
high relative accuracy, or equivalently the solution x to Ax = b for any b > 0 is determined
to a comparable high entrywise relative accuracy. Numerically, the GTH-like algorithm of
Alfa et al. [2,3], using the idea in [9], computes the LU decomposition A = LU, via the
Gaussian elimination without pivoting and without any cancellation® and, consequently, L
and U are computed with high entrywise relative accuracy. Moreover, the diagonal entries of
L are all 1 and its off-diagonal entries are non-positive, and U has positive diagonal entries
and non-positive off-diagonal entries. These properties of L and U ensure that the solution
x of Ax = b > 0 can be computed to the claimed accuracy. For more detail, the reader is
referred to [16].

But to serve our purpose later in Sect. 4, we shall introduce an alternative one, which we
will call a left triplet representation, denoted by A = (offdiag(A), u, v),, consisting of

offdiag(A) = A — diag(A),0 <u € R*, andvT =uTA > 0.

Essentially, there is no difference between the two types of triplet representations. In fact,
if A is an M-matrix, then so is AT. It can be seen that A = (offdiag(A), u, v)1, yields AT =
(offdiag(AT), u, v) and A~! = [(AT)~"]T. Therefore, the existing theory of Alfa et al. [2,3]
implies that all entries of A~! are also determined to a comparable high entrywise relative
accuracy to what a left triplet representation A = (offdiag(A), u, v), has. Numerically,
the GTH-like algorithm can be applied to AT = (offdiag(AT), u,v) to obtain AT = LU
with L and U enjoying the same desirable properties as before. Finally, the solution x of
Ax = b > 0 can be computed entrywise accurately. For future reference, we summarize
this alternative GTH-like algorithm as Algorithm 2.1, given a left triplet representation A =
(offdiag(A), u, v)r.. We still credit the algorithm to [2] because it is essentially the same one
there.

An important characterization of the unique minimal nonnegative solution @ of an MARE
will be needed later. Consider ARE (1.1) in general with W in (1.2), and let

In
e[t ]w

3 By cancellation, we mean any subtraction of one number from another of the same sign.
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Algorithm 2.1 GTH-like Algorithm [2]

Require: A nonsingular M-matrix A € R"™" in the form of a left triplet representation A =
(offdiag(A),u,v),and R" b >0

Ensure: Solution x to the linear system Ax = b.

1: fori = 1,2,..T.,n—T1d0

Ay = Vi) = B(igrmAd+ini ] /46

A i+1m) = A (i+1:m)/AG,i)> ' . )

A(itLin,i+1m) = Ai+Ln,i+1m) — Ali+1m,i) A,i+1:m)5 % ignore the diagonal entries

»

Vbt = Vit ~ Yo AGi+m)

: end for

. extract the lower triangular part of A to give U T,

: extract the strict upper triangular part of A to give LT and set all of its diagonal entries to 1;
: solve U Ty = b for y by the forward substitution;

10: solve LTx =y forx by the backward substitution;

11: return x.

XN L AW

The following connection between ARE (1.1) and the eigenvalue problem for 7 is well-
known [16,21]. In fact, it can be verified that (1.1) is equivalent to

Im _ Im
,%”[X:|_|:X](B—DX).

This means that any solution X to ARE (1.1) yields a basis matrix* Z := Im

X

m-dimensional eigenspace of .7 associated with its partial spectrum eig(B — DX).
Proposition 2.2 which is extracted from [16, Theorem 6.2] is due to C. Guo and his

collaborators. Item (c) uniquely characterizes the minimal nonnegative solution @.

of an

Proposition 2.2 Suppose that (1.1) is an MARE, i.e., W in (1.2) is a nonsingular or an irre-
ducible singular M -matrix, and let eig(77) = {r1, ..., Am+n}, where all A; are ordered by
their nonincreasing real parts, i.e., R(L;) < N(A;) fori < j.

(@) A and hy41 are real, R(Aym42) < 0 < N(Ayu—1), and

mO‘m-&—n) <---= m()"m+2) = )Lm+]
<0< Am =ROAm—1) < -+ RO (2.1)

In particular, this implies d+1 < 0 < Ay, if W is nonsingular.
(b) When W is an irreducible singular M -matrix, there are three possibilities:

Am =0, Am+1 <0, case (i),
Am = Amg1 =0, case (i), (2.2)
Am >0, Apt1 =0,  case (iii).
o . . 01
In case (ii), 0 is a double eigenvalue coming from the 2 x 2 Jordan block ool

(¢) A has a unique m-dimensional eigenspace associated with its eigenvalues in Coy =

{zeC : N(z) >0}, and [{;’:I is a basis matrix of the eigenspace.

4 By which we mean that the columns the matrix form a basis of the subspace.
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3 Shifted MARE

The concept of shifted MARE we introduced in Sect. 1 was largely inspired by ARE (1.1) with
(A.13) as explained in “Appendix 1”. In this section, we will present sufficient and necessary
conditions for a general ARE (1.1) to be a shifted MARE and define its extremal solution.

3.1 Sufficient and Necessary Conditions

We start by looking at the simple case where m = n = p for which 2 = A € R"*" in (1.4)
to get some idea. For Wy, in (1.6) to be an M-matrix, necessarily

D>0, 2DQ2+AL2+ 2B+ C >0, and B+ DS2 and A + 2D are M-matrices.

Hence D has to be diagonal; otherwise some off-diagonal entries of B + D£2 would
become positive as the diagonal entries of A tends to infinity, contradicting that B + D$2 is
an M-matrix. Since A + £2D and B + D2 are M-matrices and 2D = D§2 (both D and £2
are diagonal), A and B must be Z-matrices, i.e., their off-diagonal entries are non-positive.
In order for 2DS$2 + AS2 + 2B + C to be nonnegative, A and B have to be diagonal and
—C a Z-matrix. We summarize our findings into the following theorem.

Theorem 3.1 Suppose m = n = p. If ARE (1.1) is a shifted MARE of index p, then A, B, and
D are diagonal, D > 0, and —C is a Z-matrix.

Remark 3.1 The conditions in Theorem 3.1 are not sufficient, however. For example, A = —1
and D = 0. Thenforany 2, Ap = A+ 2D = A = —I and thus Wy, can never become an
M -matrix. Itis also important to note that an MARE may not be a shifted MARE of any p > 1. As
an example, if D has a positive off-diagonal entry in its leading p-by-p principal submatrix,
say D(; j) > Oforsome 1 <i,j < pandi # j,then [Ag]; j) = Au,j) + Au.iDa,j) >0
for sufficiently large A ;) and thus cannot be an M -matrix.

Next we consider the case 1 < p < min{m, n}. Let® A, B, C, and D be partitioned
consistently with X in (1.3):

An A12i| |:Cll C12] [Dn DIZ] [311 Blz]
A= , C= , D= , B= ,
|:A21 Axn Cyy Cx» Dy Dxn By B
i.e, all A1y, C11, D11, B11 € RP*P and the sizes of all other submatrices are determined
conformally according to the partitioning. Then

A_(Z :=A+QD=|:A11+AD11 A12—|—AD12i|,

Any A

Bi1+ DA 312:|

Bo =B+ DS2 =
@ |:Bz1 + DnA  Bn

When the diagonal entries of A are sufficiently large, A, and By, need to be M-matrices
and hence Dq; is diagonal and non-negative, D1y = 0, Dy = 0, and Ay, A2, B11, B
are Z-matrices, and A2, A21, B12, and By are non-positive matrices. Finally,

Co:=02D2+ A2+ R2B+C

5 When p = min{m, n}, some block submatrices are null, i.e., nonexistence, For example, A = A1, C =

[C11,Ci2],and D = [D“

in the case p =n < m.
Dzl] P
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:[AD11A+A11A+ABH+C11 ABlz+C12]>o 3.1)

Cr + A A Cx»

for the diagonal matrix A with sufficiently large diagonal entries yields that B1, = 0, A1 = 0,
Aq1 and Bjq; are diagonal, C1», C21 and Cp are non-negative, and —Cj is a Z-matrix. We
therefore obtain the following necessary conditions for ARE (1.1) to be a shifted MARE of
index p.

Theorem 3.2 Suppose 1 < p < min{m, n}. If ARE (1.1) is a shifted MARE of index p, then
A, B, C, and D admit the following structures:

Al A B Cii Ci2 Dy
A= , B= , C= , D= ,
|: Azz} [le 322} [C21 sz] [ Dzz]
3.2)
where A and B are Z-matrices with A1 and By being diagonal matrices, —C11 is a Z-

matrix, D11 > 0 is diagonal, and all C12, Ca1, Cr2, D2y > 0.

Suppose A, B, C, and D admit the block structures as described in Theorem 3.2, and let

AQ;:A+QD:[A“+AD“ Alz], (3.3a)
A
Bo =B+ Do =|BntPud , (3.3b)
By B
CQ::909+A9+QB+C:[AD11A+A“C"+AB“+C“ g”]. (3.3¢)
21 22

Theorem 3.2 says that Dy is diagonal and nonnegative. Let
Io=1{i : [Dulen =0} Iy ={i : [Dulu,i > 0} (3.4

The next theorem states sufficient and necessary conditions for ARE (1.1) to be a shifted
MARE.

Theorem 3.3 Suppose that A, B, C, and D are as described in Theorem 3.2. ARE (1.1) is a
shifted MARE of index p if and only if

m—p P n—p
m—p| B By Dy —Dx»

Wo:= p | =Ci2 AiB11 —CiiDn1 Az (3.5)
n—p| —Ca —C21 D1y An

is either a nonsingular M-matrix with
[B“](,",') >0 fOVi € H(), (36)

or an irreducible singular M-matrix with lo = (). Moreover, when ARE (1.1) is a shifted
MARE of index p, the corresponding Ay in Definition 1.1 can be given by (3.13) below.

Proof Suppose that ARE (1.1) is a shifted MARE. Then W, defined as in (1.6) can be written
as

p m—p p n—p
p B+ DA 0 —Dyy 0
- Br By 0 —Dn
Wo="7" ., (37
« p | —ADnA—ApA—ABj —Cip —=Ci2 At + ADyp App 3-7)
n—p —Cy —Cx» 0 Ay
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and it is a nonsingular M-matrix, or an irreducible singular M-matrix for all A such that
Ay > [Aolg,iy for 1 < i < p for some Ag (see Definition 1.1). By Proposition 2.1(a),
B11 4+ D11 A M-matrix and thus it must be diagonal with positive diagonal entries. Again by
Proposition 2.1(a), the Schur complement WQ of Bj1 + D11 Ain Wg,

R B Ba1(Bii + D11 4)~' Dy —Dx»
Wo=|-Cin Au—(Cn+AnADBn+DuAN Dy A |, (3.8)
—Co —C21(By1 + D1 A)~!'Dyy A

is a nonsingular M-matrix, or an irreducible singular M-matrix. Notice that (Bj; +
D11 A)~' Dy = Dy1(By1 + D11 A)~! because Dy is also diagonal. Thus

R - 0 0
Wo=Wy| 0 (Bii+Dna! 0 . 3.9
0 0 In—p

Therefore Wy is a nonsingular M-matrix when Wy, is nonsingular, or an irreducible
singular M-matrix when Wy is irreducible and singular. That B1; + D1 A is diagonal with
positive diagonal entries immediately leads to (3.6). When Wy, is irreducible, each diagonal
entry of Dy is positive, i.e., [p = @; otherwise W, would be reducible, a contradiction.

suppose that Wy of (3.5) is either a nonsingular M-matrix with (3.6) or an irreducible
singular M-matrix with Iy = @. By Proposition 2.1(a), A;1B1; — Cy1 Dy is a nonsingular
M -matrix, and thus we have [All](i,i) > ( for i € [p. As a consequence,

[An]gs + Bl >0 foriel.

Now we look for diagonal A such that

[AD11A+ A A+ ABii+Cul; ;) >0, [Bii+Did]; ;> 0. (3.10)
The inequalities in (3.10) are equivalent to
A(i,i)([All](,-’,-) + [311](1-71-)) + [C”](i,i) >0 fori e, (3.11a)
and fori € It
2
APy + A(i’i)<[All](i,i) + [Bll](i,i)> +[Culg, >0, (3.11b)
[Bit]; ;) + [Pun] iy Adi > 0. (3.11c)

Moments ago, we mentioned that Aj; Bj; — C11 Dy is a nonsingular M-matrix and thus
it has positive diagonal entries, i.e.,

[All](i,i)[Bll](i,i) - [Cll](i,i)[D”](i,i) >0,

noting that A1y, By, and Dy are diagonal. By

2 2
[All](i,i) + [Bll](i,i) z 2[A11](i,i)[311](i,i)’

we find fori € I
2
Aj = ([A“](i,i) + [B“](i,i)> - 4[C11](i,i)[D11](i,i) (3.12)
2 2
= [All](i,i) + [B“](i,i) + Z[A“](i,i)[B“](i,i) - 4[C11](i,i)[D“](i,i)
24[‘411](,',,')[311](1',1') - 4[C11](i,i)[D11](i,i)
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= 4<[A11](i,i)[311](i,i) - [Cll](i,i)[Dll](i,i))
> 0.

It can be verified that any A such that A ;) > [Aolg,;) for 1 <i < p satisfies (3.10), where

max 1 — [Bn](i‘,.) , *([A”]<i,i)+[3“](i,i>)+m fori € I,
[AO](i,i) = [on ) Z[D”]('?“ (3.13)
- C“](i,i) fori € ly.

[A”](i‘i)+[8“](i,i)

Note that we still have (3.9). When A ;y > [Aolgq) for 1 <i < p, Wg is a Z-matrix.
Now if Wy is a nonsingular M -matrix, then so is WQ and thus W, too. If Wy is an irreducible
singular M-matrix with [y = ¢, then it can be verified that VV_@ and thus Wy, are singular
M -matrices. It remains to show that W, is irreducible. To this end, define for € > 0,

p m+n—p
Woe=wo+ » |00 Wa.e:=Wo +el (3.14)
R, = W@ man—p| 0 €l , R, = W TE€l. .

It can be seen that Wg,s happens to be the Schur complement of Bj; + Dj1 A in Wo ..
Thus Wg,e is an irreducible and nonsingular M -matrix, which yields W§ ,16 > 0 by Propo-
sition 2.1(b). Noting that Dj; has positive diagonal entries and the nonnegative matrix
AD11 A+ A1 A+ AByy + Cqy (see (3.10) above) also has a positive diagonal, we have

Ug.c := (Bi1 + D1y A) [0, D11, 0]Wg!, >0,

—By
Va.e = Wﬁ,le ADy A+ A A+ ABy +Cyy | (B + DA~ >0,
Cy

Za.e = (Bi1 4+ D11 A~ + (Bi1 + D11 A) 70, Dy1,0]Vg.e > 0,

which yield
Z U
-1 _ 2.,¢ AQ,e
VV_(L€ = |:V91€ WQ’I;| > 0.
By Proposition 2.1(b), W . and thus Wg; by (3.14) are irreducible. O

Corollary 3.1 Suppose that A, B, C, and D are as described in Theorem 3.2, and ARE (1.1)
is a shifted MARE of index p. If Wy is an irreducible M -matrix, then Dy is diagonal and has
positive diagonal entries, and llo = (.

Proof Tt is a consequence of (3.7) in the proof of Theorem 3.3. O

3.2 Extremal Solution

A shifted MARE may admit more than one solution. We now specify the solution that is of
interest to us.

Definition 3.1 Suppose that ARE (1.1) is a shifted MARE of index p with A, B, C, and D
as described in Theorem 3.2, and let §2 be as in (1.4) with diagonal A having sufficiently
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Algorithm 3.1 Compute shift Ag for shifted MARE (1.1)

Require: A, B, C, and D as described in Theorem 3.2 and assume that ARE (1.1) is a shifted MARE of index
p (i.e., satisfying the conditions in Theorem 3.3);

Ensure: Ag € RP*P as described in Definition 1.1.

1: determine I and [ by (3.4);

2: compute A; for i € I according to (3.12);

3: compute Aq according to (3.13);

4: return Ag.

large diagonal entries such that ARE (1.5) is an MARE whose minimal nonnegative solution
is denoted by @. We call @ = @ — §2 the extremal solution to the shifted MARE (1.1).

As this definition stands, @ is a function of the shifting matrix §2, and thus potentially it
may not be well-defined as stated. The next theorem settles the issue.

Theorem 3.4 The extreme solution @ defined in Definition 3.1 is independent of $2.

Proof Recall W defined as in (1.2) and W, defined as in (1.6). Let
H = I W, Ao = I Wg. (3.15)
- In - In

It can be verified that

I ! i
e e ] s

Hence .77 and 775, are similar and thus have the same eigenvalues, and there is one-one cor-
respondence between the eigenspaces of .7 and .#%; as well. According to Proposition 2.2,

[ @m ] is a basis matrix of the unique m-dimensional eigenspace associated with the eigenval-
2

In
]
eigenspace associated with the eigenvalues of 7 in Cy.. Since .77 is independent of £2, so
must be @. O

ues of 7%, in C., and, correspondingly, is a basis matrix of the unique m-dimensional

4 Highly Accurate Doubling Algorithm for ®q

To set the stage, we will assume that, throughout the rest of this section, ARE (1.1) is a shifted
MARE of index p, with A, B, C, and D as described in Theorem 3.2, @ is its extremal
solution defined by Definition 3.1, and 2 is a shifting matrix such that Wy, given by (1.6) is
a nonsingular or an irreducible singular M-matrix.
Partition @ as
p m—p

o= ? D1 P2
n—p| @21 P22 |’

similarly to (1.3). In the context of the applications detailed in “Appendix 17, itis @ py1.m) =

[g;i] and A — @ D that are required to be computed accurately. For A with sufficiently

large diagonal entries,

D +A P
Do =D+ 2 =
° |: Dy 9522}
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is the minimal nonnegative solution to MARE (1.5), and thus it can be computed by the doubling
algorithm ADDA [28] or preferably its highly accurate version accADDA developed in [23,29].
accADDA can compute @, in a cancellation-free manner to high entrywise relative accuracy,
provided a triplet representation of the M-matrix W, is available with high entrywise relative
accuracy.

We outline ADDA as follows [16,28,29]. Choose two parameters « and B satisfying

0<a < = (miax[Ag](i,l.))il, 0<B < Bopt := (miax[Bg](i’i))fl, (4.1a)

max{«, B} # 0. (4.1b)

ADDA converges the fastest with & = ape and B = Bopt [28, Theorem 3.3]. Initially Eg €
R™ ™M Fy € R, X € R and Yy € R™*" are determined by the linear matrix equation

aBo +1 —BD Ey Yo| |I—-PBBg aD 42)
—aCqo BAg+1||X0 Fo| BCqo I —aAg |’ ’

and for k > 0, Ex+t1, Fiy1, Xk41 and Y4 are then iteratively computed by the doubling
iterative formulas:

Eiy1 = Ex(Ly — YiXp) ' Eg, (4.3a)
Fep1 = Fe(In — XiYi) ™' Fr, (4.3b)
Xip1 = Xi + Fe(ly — XeYo) ™' XiEx, (4.3c)
Yig1 = Yi + Ex(Ly — Vi X0)~ VY Fy, (4.3d)

until convergence. A detailed derivation of these formulas can be found in [16, pp. 20-21].

With « and B satisfying (4.1), Xx is monotonically increasing and converges to @
quadratically, except in the case when .7, has a double eigenvalue O coming from a 2 x 2
Jordan block, the convergence is linear with the linear rate 1/2. For more detailed statements
of ADDA’s convergence, the reader is referred to [16, Theorem 6.3].

In general, ADDA can solve any shifted MARE very efficiently, but if implemented as is
written, cancellations can potentially cause some of the tiny entries of @, to be much less
accurate than its largest entries. To avoid those cancellations, we may have to implement it
differently, i.e., use accADDA [23,29] instead, which needs a triplet representation of W, to
begin with. In what follows, we describe an alternative version that is essentially the same as
accADDA there. In this alternative version, we rely on a left triplet representation of Wp. A
major reason for the change is to also have A — @ D computed with high entrywise relative
accuracy at the end. For that purpose, we will need a couple of assumptions as stated in
Assumption 4.1 below.

Assumption 4.1 (i) The diagonal matrices A1y, B11 and D1y are accurately known with
high entrywise relative accuracy;

(i1) A left triplet representation of Wy in (3.5) is known. Specifically, Wy = (offdiag(Wy),
u,v)y, is known with high entrywise relative accuracy.

Assumption 4.1(b) requiring a accurate left triplet representation of Wy reads a bit of
unnatural because the second block column is quadratic in A, B, C, and D. However, for
the ARE arising from the application in “Appendix 17 that motivates this study, it is rather
natural, as explained in Remarks 8.2 and 8.3 there.

With the help of Assumption 4.1, in what follows, we will describe an alternative accADDA.
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Consistently with the partition of Wy in (3.5), we partition # and v as

T,T

u' = [u uyui], o' =[v] vy o]

1 V2 V3

and expand uT Wy = v" as

[u] ul ul] Wo = [v] v v]]. 4.4)
Letugp € R? be given by

[,,T(32])](l_)+[u§CQIEg)+][u§(A11A+A311+C11)](l.) Cifiel,
[uo](‘) _ . R 4.5)
i [An]([.i)+A(z.z)[Dn]u.i) [uZ](i)’ ifi e ly.

Dy @)

For A with sufficiently large diagonal entries, we can make uo > 0 since [D”](i n >0
fori e I, and [All](l. ot [Bll](l. ;) > 0fori €I and —By; > 0. Moreover, catastrophic
cancellations can be completely avoided when calculating Aj; + ADj; and A1 A+ AB1 +

C11 so that ug can be obtained entrywise accurately. Next, we define vy, 99 € R” by

0, ifi €I, o
(], — N [b0], = [“;All](i)’ 1fz e I,
@ [v2] ;) / [P11] . if 0 € L, @ o, ifi ely.
It is straightforward to check that
[ud ul ul ul|Wo = [vf o] 35 v]] =0 (4.6)

which leads to an entrywise relatively accurate left triplet representation for Wy, as needed.

Remark 4.1 According to Theorem 3.3, when W, is an irreducible singular M-matrix, we
have [y = ¥ and v = 0 and, thus, it follows from (4.5) that

uo = Dy (A1) + AD1Dua, vo =0, By =0. (4.7)

Return to (4.2) that determines E, Fy, X¢, and Yy. First, we notice that

aBgo + 1 —-BD | al
|:—an ﬁAQ+1]—I+WQ|: 51] (4.8)

is a nonsingular M-matrix for any «, 8 > 0. Using (4.6), we conclude

7} T up + avg T

u [aBQH —BD ]: ui +av 49)
us —aCo BAg +1 uy + oo |’ '
u3 u3 + pvs

yielding a left triplet representation for the matrix in (4.8).
The results in Lemma 4.1 below are essentially the ones in [29, Theorem 3.2], except for
k = 0, the case for which we will provide a proof.

Lemma4.1 Let Eg € R™*™, Fy € R, Xy € R and Yy € R™*" be as in (4.2) with o
and B satisfying (4.1). Then

[l ul u] u}] [f;" ?‘} < [uf uT ul ul] forailk >o0. (4.10)
sl x, ‘
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In particular, if vT = [vlT vg v3] =0, then
[l ui u) ul] [}E(]; I{i] [ ui u) ul] forallk > 0. @.11)
Proof Only the case for k = 0 needs a proof. It can be verified that

1—[“ al}wg=<1+[“l ,31} ) (@+ B)Wa.

Upon using (4.6), we find

(4.12)
= [ul uT ul ul] (I + [al ﬂl] W.Q) — (@ + ) [v] o] 95 0]

It follows from (4.2) that

Eo Yo (g1 al !
o k=1 ) ([ ] we)

Therefore making use of (4.12), we get

By
T T ,T,T1|50 To
(g ui u3 u3] Xo Fo

- 4.13
= [ug uf uj ui] = @+ p) [vg v} B; v3] <I+[a1 ﬂ]] WQ) o

< [ug uy w3 u3]

because the matrix to be inverted in (4.13) is a nonsingular M-matrix. This gives (4.10) for
k = 0. In particular, if v = 0, plug (4.7) into (4.13) to get (4.11) for k = 0. O

To implement the doubling algorithm in a cancellation-free manner as inspired by [29],
we introduce auxiliary vectors, for k > 0,

0T
"’fki wl' o
(T — | W2 _ |m u Er Yk
w = = — . 4.14
(] wgk) u u |:Xk Fy (414
(k) u3 u3
wy

They are nonnegative in general and exactly zero if v = 0, as ensured by Lemma 4.1. It
can be seen that

[w 1" [I_Jrﬁac? / ;O/;gﬂ] = (@+ B) [vg v} B, v3]. (4.15)

using (4.13). The big matrix in the left-hand side of (4.15) is a nonsingular M-matrix whose
inverse can be computed with high entrywise relative accuracy by the GTH-like algorithm—
Algorithm 2.1, made possible by Lemma 4.2 below.
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Lemma 4.2 Assume (4.1) holds.

(@) Ifa =0but B > 0, then

[ I 0 ]“_[ I 0 ]
—BCo I+ BAg T BU+BAR)ICo (I +BAg)!

and a left triplet representation for I + BAg can be read off from
u T u T uo
_ AT T
[MS] (I +BAg) = Bliy vi]+ [u3] +5 [ul] D.

) If B =0buta > 0, then

[(1 +aBo)! ad +aBg)1D]

I+aBy —aD]|'
- 0 I

0 1

and a left triplet representation for I + o Bg can be read off from
uo T Uy T Uy T
T, T
|:u3] (I +aBp) =« [vo vl] + |:"3i| Co + |:"1i| .

©) Ifa >0and B > 0, then

(1/ayuo " (1oug]" [og]"
(1/a)uy |:I + aBgo —aD ] | A/a)uy n v
(1/B)uz —BCo I+BAg| | (1/Buz ﬁg
(1/B)us (1/B)us v3

Starting from w(®, we can compute w®) recursively as follows. Notice that

-1
Exrr Yipr | _ | Ex Yif _ (l | Ee Yk ) Im  — Yk Ex O
Xi+1 Frt1 Xy F Xr  F - X I 0 F

to get

-1
(k+1)T _ 1, (k)1T 1| — Y E, 0
(W] =[w™] + [w™] [—Xk 1] [0 Fe

—1
()T wr| U=YX0'Ex Y —XpYo) ' Fy
= + ™l [Xk(I—Yka)_lEk I- X0 'r | - 4O

As in [29], we can show that

uy T w(k) ! u T up T w(k) !
I =XeY)=| 3| + Fi + Ex+| | Y)
|:u3] ( [203) wz(;k) |:u3] k u k wgk) k

07"
=: %k) ) (4.173)
U
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Algorithm 4.1 Highly accurate doubling algorithm for shifted MARE (1.1)

Require: A, B, C, and D as described in Theorem 3.2 and a left triplet representation for Wy in (3.5),
1 < p < min{m, n};

Ensure: the extremal solution @ to shifted MARE (1.1) of index p.

: compute Ag by Algorithm 3.1;

clet A =1.01 x Ag, and formally £2 = diag(A, 0) as in (1.4);

: compute A, Bg, and Cg according to (1.7);

: compute a left triplet representation of Wy, according to (4.4) — (4.6);

: compute Eq, F, X¢ and Y according to (4.2) by the GTH-like algorithm — Algorithm 2.1 — using the left
triplet representation yielded by (4.9) for the coefficient matrix;

6: compute w©® according to (4.15) by the GTH-like algorithm;

T k=-—1;

8

9

DB LN =

: repeat

k=k+1;

10:  compute ul(k) forl <i < 4asdefinedin (4.17) and generate the left triplet representations for / — Yy Xj
and I — X Yy asin (4.18);

11:  compute Egy1, Fii1, Xg+1 and Yy according to (4.3) by the GTH-like algorithm using the left
triplet representations (4.18) for I — Y Xy and I — Xy Yg;

12: compute w ™! for 1 < j < 4 according to (4.16) (reuse Ex(I — Y X;)~! and Fe(I = X¢¥j)™!
that appear in implementing line 11 to reduce work);

13: until convergence;

14: return the last X as an approximation to @, and then @ ~ X — £2.

and similarly,

up T w(k) ! Uy T uy T w(k) !
-V X)=|} + Ej + Fo+173 X
|:u1i| ( kXi) wg‘) |:u1i| k us3 k wflk) k
ok
=l - (4.17b)

Finally, we obtain the following left triplet representations for I — X Y and I — Yi Xy,

*)
I — XY = (offdiag(7 — X, Yo, |“*], "1 1) . (4.18a)
us ué) L
Uuo u(k)
I — Yi Xy = | offdiag(7 — YeXp), [ul] A% ) - (4.18b)
4 L

In the same way as in [29], we can implement the doubling algorithm in a cancellation-free
manner which is outlined in Algorithm 4.1. It can compute @, = @ + §2 and, consequently,
the extremal solution @ with high entrywise relative accuracy, except possibly the first p
diagonal entries of @ due to possibly cancellations in @(; ;) = [P i) — A,y forl <i <
p.

To stop the iteration: lines 8—13 of Algorithm 4.1, we can simply use the one proposed in
[29, section 5] (see also [16, p. 90]):

2
Xi—1 — Xr |,
max (Xt — %) <rtol (4.19)
bJ ([Xk*Z - Xk*]](i,j) - [kal - Xk](i,j))[Xk](i,j)
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for the purpose to achieve X &~ @5 with high entrywise relative accuracy, where rtol
is a given relative tolerance. We also employ a safeguard by checking the entrywise relative
residual [29, section 4] as promoted there, whenever (4.19) is satisfied.

In the next section, we will define an auxiliary set of vectors along with the doubling
iteration for the purpose of calculating A — @ D with high entrywise relative accuracy. To
that end, we will employ an additional stopping criterion to go with (4.19) at the same time.

5 Accurate Computation of A — D

The highly accurate accADDA, Algorithm 4.1, can compute @, with high entrywise relative
accuracy. Since
Do = [¢11 +4 ¢12]
Py P ]’

@ is computed entrywise accurately, except possibly its first p diagonal entries. The other
matrix of interest is A — @ D as in the application described in “Appendix 1”. In this section
we will present a way to compute A — @ D without any cancellation.

According to Theorem 3.2,

Al Ap P11 Pi2| | Dn
A—®D = -
[ A22:| |:<1>21 ‘Pzz} [ Dzz]
_|An—®uDn Ap—®nDxn
— @Dy Ay — PpDy |’

5.1

Note that @ and @, share the same off-diagonal entries. By examining the signs of the
entries of A;; and D;; stated in Theorem 3.2, we find that the off-diagonal entries of A — @ D
can be computed without any cancellation. In fact, by (5.1),

— offdiag(®11) D11 A — P1oDoy

offdiag(4 = &D) = [ — 1Dy offdiag(Az — CbzzDzz)} ’ (5:2)

It remains to explain how to compute its diagonal entries also in a cancellation-free way.
We will do so by finding left triplet representations for the diagonal blocks Aj; — @11 Dy
and Ay — @25 D». To this end, we introduce vectors

IT) T ’2 T u T
fo :=ug — Aus, [wj = [u?] —[ui] @, (5.3)

The vectors w j for j =1, 2 are, in fact, nonnegative as guaranteed by Lemma 5.1 below,
and & can be explicitly stated as, upon using (4.5),

[uf(—le)](i)+[u§021](1.)+[u;(1411A+C11)]
[’20](,') = [Bll](l-vi)

[A11]i.i) ) o
Dl #2160 ifi el

O ifi €T,

But in our algorithm, there is no need to compute &g, and also we cannot and won’t compute
bw; as defined in (5.3), either, because it contains cancellations.

Lemma 5.1 The sequence defined by
T T
~ (k) (k) T
'i)%k) = w%k) + |:u0:| E, >0 fork>1 (5.4)
wy w, uj
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Algorithm 5.1 Highly Accurate A — @ D for shifted MARE (1.1)

Require: the same as Algorithm 4.1;
Ensure: @ ,11.,) and a triplet representation for A — @ D.

(k1)

1: call Algorithm 4.1 with a minor addition to include computing w and w

;k_H) as defined by (5.4),

~(k+1) ~
with the stopping criteria (4.19) and (5.8), to return X; | ~ ® 4+ §2 and T%k-H) ~ |:1£li|;
Wy w2

2: evaluate W as in (5.9);
3: return the left triplet representation (5.11) for A — @ D and [Xk+1](: plom) ~ D ptrim)-

converges, and
~ ~ T T
lim "’51: = |2 =" "] &g >o0. (5.5)
k—o00 ﬁ;é) w) 73] us -

Proof The fact that all ' > 0is because all "’ > 0,ug > 0,u; > 0, and all . > 0. By

(4.14), we have
w(k) ! Uuo T Uuo T uy T
1 = — E; — Xk. 5.6
[w;“} ) L] ) 0

Plug (5.6) into (5.4) to get
H® T o T T
l = - Xy. 5.7
o] =[] [T o7

Letting &k — oo in (5.7) and noting limy_,» Xy = @ = @ + £2, we obtain the second
equality in (5.5). O

Remark 5.1 In the case when 7%, has no eigenvalues on the imaginary axis or when it has a
double eigenvalue 0, E; converges to 0 by [16, Theorems 3.26 and 6.3], and thus

w® s©1 T®,
k=00 | wy k—o0 | W, w)

Consequently, there is no need to compute %% to get the limiting vectors @ ;. However,

when Wy, has just a simple eigenvalue O on the imaginary axis, there is no guarantee that Ej
converges to 0.

Equation (5.7) implies that as Xy increasingly converges to @, while ﬁ‘)gk) forj=1,2

decreasingly converge to w; for j = I, 2, respectively. Because &% for j = 1,2 can be
computed in a cancellation-free manner according to (5.4), adding

<[,7,<k> — kD] )2
1255, k—1 k k (Ilc) 1 k+1 = ol 68
<i< ~(k— ~ mn w w
<izm ([w< I m®] )~ [B% - Bt )]())[u,( +D]

i i @)

to the stopping criteria of Algorithm 4.1, we will be able to obtain @ ; for j = 1, 2 with high
entrywise relative accuracy.
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We are ready to construct a left triplet representation for A — @D in terms of W; for
Jj =1, 2. In fact, we have by (5.3)

T
u ~ ~ ~
[ui] (A—@D) = [} u3 A1z +ul Axy —ui Dy ] + [®] D1y W) D],

where E)OT = u;A“ — ﬁgDn, or explicitly,

T . .
~ u,A|,.., ifi elp,
[wo](i) = 2 ](1) o (5.9)
O, ifi € H+.
By the proof of Theorem 3.3, [A11](;.;y > O fori € I, and thus [ugAu](i) > 0 fori € 1.
Using (4.4), we getuj Ajp +u3 Ay —u] Dy = v]. Thus

T
[Zj] (A—®D) =[] D1 + W, Wy Dy +v]]. (5.10)
A left triplet representation for A — @ D immediately follows:

A—oD= (offdiag(A —oD), [Zi] , [g‘;’%‘;'ﬂ‘)’ﬂ) , .11)
S 22 L

and, as a consequence, its diagonal entries can be computed to high entrywise relative accu-
racy.

6 Numerical Examples

In this section, we will experiment three examples to illustrate superior entrywise relative
accuracy in @ and K = —(A — @ D) achieved by Algorithms 4.1 and 5.1 which are
essentially based on accADDA [23,29] in comparison with that delivered by ADDA [28].
For testing purpose, we compute the “exact” @, and K by MATLAB’s variable-precision
arithmetic so that we can calculate entrywise relative errors

(Xe = Paliy o | Keompu = Klii.j)

max —— -~

6.1)
ij [P2]i,)) i K|,

in an approximation X ~ @ and Kcomput ~ K, where 0/0 is treated as 0. We also report
the normalized residual
XeDXe —ApXo — XeBo + Collr

, (6.2)
IXIr(IX2l2lDl2 + [[A2ll2 + | Bell2) + [IC2llF

commonly used in practice because of its availability, where || - |2 and || - || are the matrix
spectral and Frobenius norm, respectively. Except for the calculation of the “exact” @, and
K, all calculations are done in MATLAB with the default IEEE double precision whose unit
roundoff is 2753 ~ 1.11 - 10716,

Example 6.1 This example is the testing problem NP15 in [24], a modification of [23, Exam-
ple 5.1]. In the notation of “Appendix 17, S = {1, 2, 3, 4, 5, 6},S, =S,S, =S; =0,

@ Springer



Journal of Scientific Computing (2020) 84:15 Page 190f27 15

entrywise relative error normalized residual
T T T T T T T T T T T T T

1001
105+

1051

1070 oo b

1015 ¢ ADDA O] 1070 ADDA
—accADDA —{(>) —accADDA

1 1 1 1 1 1 |
0 2 4 6 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16 18

Fig. 1 Example 6.1. ADDA loses about 6 significant decimal digits in the last step, better than the worst case
scenario, whereas Algorithm 4.1 computes all entries of @ ¢ accurately to 16 decimal digits

and
—4 0 0 0 0 4
0 —-15—-10% 5 5 5 1078
0 5 —-15 5 5 0
=1 5 5 —15 5 o |0 V=1le
0 5 5 —15 0
4 1 0 0 0 -5

and ﬁb = diag(1, 1,1, —1.001, —1.001, —1.001). Recall the dimension parameters given
by (A.3). The coefficient matrices A, B, C, and D of ARE (1.1) are given by (A.13):

A=0pn. B=RyV,', C=0wV,". D=1I.

Now Wy is given by (A.17) and we construct its left triplet representation as described in
Remark 8.2(c). For this example, we find

1.2952 - 1071 < [@p]¢, j) < 1.4585,

indicating the plain ADDA [28] could possibly lose up to about 10 significant decimal digits
in the computed smallest entries of @. Figure 1 shows two history plots for ADDA and
Algorithm 4.1: the entrywise relative error as defined by (6.1) (left plot) and the normalized
residual as defined by (6.2) (right plot) against the iteration index. As can be seen from
the left plot, ADDA loses about 6 significant decimal digits in the last step, better than the
worst case scenario of 10 digits, whereas Algorithm 4.1 computes all entries of @, accu-
rately to 16 decimal digits, even though the normalized residuals for both methods match
perfectly.

Example 6.2 This slightly differs from the one in Example 6.1: the same Q and S but with
Sp=A{1, 2, 3, 4, 5}, S, =¥, S = {6}, and

Vo =I5, R,=diag(l, 1,1, —1.001, —1.001, —1.001), Ry = —1.001.
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entrywise relative error normalized residual

10°F 10°F

10-10 b 10-10 b

1015+ ?ADDA OO 1 10715+

— accADDA
L L

ADDA
—{( —accADDA
L L

1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20

Fig.2 Example 6.2. ADDA loses about 6 significant decimal digits in the last step, better than the worst case
scenario, whereas Algorithm 4.1 computes all entries of @, accurately to 16 decimal digits

Again the dimension parameters are given by (A.3). According to (A.13), we get

A= Onxna C= I:Q(lcn;,.lcnh)V;l’ _Q(lzn[,,n-i—l:N)/ﬁd:I,

-1
B:[ RV, . 0 A] D:[I,,h]'
- Q(n+l:N,]:n;,) V[, Q(n+l:N,n+l:N)/Rd O"d><"b

Again Wy is given by (A.17) and we construct its /eft triplet representation as described there.
For this example, we find

3.6946 - 10710 < [@g] ¢ ;) < 1.3957,

indicating the plain ADDA [28] could possibly lose up to about 10 significant decimal digits.
We ran ADDA and Algorithm 4.1 and generated two history plots in Fig. 2. We observed the
same phenomena as we saw in Example 6.1.

For Example 6.1, A — @D = —@, and for Example 6.2, A — ®D = —&. 1.5). Upon
examining numerical results, we find that all diagonal entries of @ and @ are of O(1) and
there is no catastrophic cancellation happened in evaluating @, — §2. Therefore, A — @D =
—® or —®P. 1.5y calculated in the usual way will have high entrywise relative accuracy
without the need of going into the complicated way as we described in Sect. 5.

Example 6.3 This is a random generated example (A. 18) with np = ny =ng = 10 and
s = 0.006, where Q is by MATLAB’s sprandn, Vj, R and Rd by randn. We save the
example after its generation for repeatability. Now W) is given by (A.20). We construct its
left triplet representation as (A.21). For this example, we find

0.1236 - 107° < [@0]¢, ;) < 0.9650,

indicating the plain ADDA [28] could possible lose up to about 15 significant decimal digits.
Numerically, it loses about 11 significant decimal digits in the smallest entries, as demon-
strated in Fig. 3. We also find

4.633 x 10715 < |K | j) < 7.022.

@ Springer



Journal of Scientific Computing (2020) 84:15 Page210f27 15

entrywise relative error
T T T

normalized residual
T

100 1

1057

1070 oo b

10715 ADDA 1 1078 ADDA
—{>) —accADDA —{>) — accADDA

0 2 4 6 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16 18

Fig. 3 Example 6.3. ADDA loses about 11 significant decimal digits in the last step whereas Algorithm 4.1
computes all entries of @ ¢, accurately to 16 decimal digits

Denote by K440 = —(Ao — @ D) the one calculated in the usual way with @, returned
by ADDA, and K, by Algorithm 5.1. The entrywise relative errors in K744 and K. are

K —Kli.j Koo — Kl
a: |Kadda |(z,/) —12 % 10_5’ max [ Kace |(I,J) —54 % 10_]57
i.j K. j) ij IK G,
demonstrating near full entrywise relative accuracy in K, by Algorithm 5.1, while K44,
by ADDA loses up to about 10 significant decimal digits in some of the entries.

7 Conclusions

An algebraic Riccati equation (ARE) X DX — AX — X B+ C = Ois called a shifted M-Matrix
algebraic Riccati equation (MARE) of index p if the resulting ARE (1.5) in X ;; upon substitution
(1.4) is an MARE, i.e., the coefficient matrix Wy, in (1.6) is a nonsingular or an irreducible
singular M-matrix. Such an ARE arises from computing the invariant density of a Markov
modulated Brownian motion (MMBM) [1,4,20], where the solution X = &, the minimal
nonnegative solution of the resulting MARE, is of interest for follow-up computations. In order
for these follow-up computations to have high accuracy, it is imperative to compute @, and

A—®D = Ap — @ D with high entrywise relative accuracy. Three major contributions
of this paper are

1. a complete description of shifted MARE, and sufficient and necessary conditions for an
ARE to be a shifted MARE,

2. an algorithm to compute shifting matrix §2 in (1.4), and
3. algorithms to accurately compute the minimal nonnegative solution @ and A — @D

with high entrywise relative accuracy they deserve, essentially based on accADDA of
[23,29].

Numerical examples are presented to demonstrate our theory and confirm that our numer-
ical methods can deliver numerical results with claimed accuracy.
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Appendix
Markov Modulated Brownian Motion

Consider a general Markov modulated Brownian motion (MMBM) {(F (¢), J(¢)) : t > 0},
where F(¢) is the level of fluid in a container at time ¢ and J(¢) is the state at time ¢ of
a continuous time Markov chain modulating the level process. Let Q be the infinitesimal
generator of the Markov chain which has a finite state space partitioned as

S=S,US,US;USy. (A.1)

With respect to this state space partition, the dynamics of the fluid level can be described as
follows:

1. when the chain is in a state i € Sp, the level evolves according to a Brownian motion
process with drift 7; and diffusion coefficient %v,- > 0, where r; can be positive, negative,
or 0;

2. when the chain is in a state i € S, the level increases at rate |r;| with r; > 0;

3. when the chain is in a state i € Sy, the level decrease at rate |r;| with r; < 0, provided
the container is nonempty;

4. when the chain is in a state i € Sy, the level remains unchanged.

When the Markov chain falls within the subset of states S, US; U Sy, the fluid level changes
very much like a Markov modulated fluid flow model (MMFF).

In what follows, we adopt the convention that v; = 0 fori € S, US; U Sy, and, without
loss of generality, we may assume that Sg = ) because it can be censored out [1]. Therefore,
instead of (A.1), we will have

S=S,US,US,. (A2)

Let N = [S], the cardinality of S, i.e., the number of states in S, and, for future references,

np = |Sb|7 ny, = |Su|a ng = |Sd|» N = |S| =np +n, +nqg, (A.3a)
m=np+ng, n=np+n,. (A.3b)

Besides Q, let .
R =diag(ri)ies, V =diag (vi/2);cs-

We assume the infinitesimal generator Q is irreducible and denote by = € RY its stationary
distribution, i.e.t > 0,7#TQ = 0and #T1 = 1. In the model, v = 7T R1 < 0 which means
the fluid level is positive recurrent and has a steady-state distribution.

We are interested in computing its invariant density vector p : Ro; — R
the following second-order ordinary differential equation

IxN

ot - It satisfies

')V —p' )R+ p(x)Q =0, (A4)
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with suitable boundary conditions. It has been proved [17,20] that p(x) takes the matrix-
exponential form
px) =ce®[1, T], (A.5)

where ¢ € R!*” can be determined by the boundary conditions, K € R"*" and I' € R"*"d,
The pair (K, I') has a probabilistic meaning: ' > 0 is the matrix recording the first-
return probabilities of the time-reversed process, and K is the sub-generator matrix for the
downward-record process with the property that —K is a Z-matrix and K1 < 0, which
implies that —K is an M-matrix.

Substituting (A.5) into (A.4) gives

K*[IT]V-K[IT]R+[IT]Q=0, (A.6)

where unknowns are K and I'. The computation of p is thus reduced to solving the matrix Eq.
(A.6). Nguyen and Poloni [24] proposed to first transform (A.6) into a matrix equation of the
form XA~ XB+C =0with A, C € R)N, B e RV*¥ and B — A — C being a regular
M -matrix and then solve it by the cyclic reductlon (CR) that can produce a solution with high
entrywise relative accuracy. Later K and I' are recovered from the computed solution X. It
is an elegant and effective approach. The only drawback is perhaps the transformed equation
has a larger scale than (A.6).

Remark 8.1 When S = S;, V is nonsingular and (A.6) reduces to K2V — KR + 0 =0,
or equivalently, K> — K RV~ 4+ QV~! = 0. Guo [11] investigated the quadratic matrix
equation of the form X2 + XE + F = 0 with a diagonal matrix E and an M-matrix F and
showed such an equation has a unique M -matrix solution.

Inspired by the idea in Ahn and Ramaswami [1], in what follows, we seek to transform
(A.6) into an n x m ARE which turns out to be a shifted MARE and then propose to solve the
shifted MARE by the highly accurate ADDA detailed in Sects. 4 and 5.

Consistently with (A.2), we partition Q, V and R as

~

Qoo Qbu  Qba Vi | R
Q = Qub Quu Qud , V= 0 , R= Ru . s (A-7)
Qab  Qdau  Quad 0 Rq

where V, = diag(vi)ics, with all v; > 0, R, = diag(ri)ies,» Ry = diag(r)ies, with all
ri > 0, and Ry = diag(r;);es, with all r; < 0. Similarly, corresponding to S, U S,,, we
partition K and I" as

np ny nda
_m | K11 K12 _m| I
K_nu[Kzl K22]’ F_nu[rz]'
Then (A.6) can be expressed as
2 V R
Kin Kp| |1 0 I b 0 (K Ki||1 0 Ty b 7
Ky K| |0 T I 0 Ky Kn||0 I T PN

Ovb  Qbu  Qba
I 0 T 3
|:O I 1—-2:| Qub Quu Qud == 03 (AS)

Oar  Qau Qda
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where the unknowns are all K;; and I';. To reduce the number of unknowns, we claim that

[§12:| can be obtained by some affine transformation on |:£i| In fact, equating the second
22 2

block columns on both sides of (A.8), we arrive at

| K Ko |1 0 Iy I’? " I 0 I gbu _0
Ky Kxpl||0 I Ty " 0 I I ey ="
0 _Qdu

or equivalently,
K| s Obu Iy K12 Owu| 51, [T 51
_ R, + + =0 = = R+ R .
[Kzz} “ [Quu] [Fz} Qa [Kzz} [Quu_ " I QauR,
(A9)
K> L. . K Iy
Thus can be eliminated from (A.8), leaving and as the ones to be
K2 K2 I

determined. Next, we group the unknowns into one®
X = [21 E;] € R (A.10)

and seek to establish an equation in X, based on (A.8). To this end, we extract the first and
the third block columns in (A.8) to yield

~

Ky K1221 0 Iy ‘(/)bg_Kn Kip||I 0 Iy If)b 8
Ky Kxn| |0 T I 0 0 Kyt Kn||0 I T 0 R

01 I Oup Qua | =0. (A.11)

[1 0 Fl] Obp Obpd
Oar  Quad

Using (A.9), we get

K11 K Oy Qbuié\u_l Kin Ty (1
= 4 ~ .1, A.12
[Kzl Kzz] [ 0 QuR,' T |kn )| QR 12)

plugging which into (A.11), we finally obtain an ARE in the form of (1.1) with

A= |:0nb><nb - Qbul:{u_]:| B = |: R\bvb_l ~ i|
0  —QuwR'| — 0wV, = Qaa(—Rp)7']’

_Towv,! de(—gd)_l] _[1 R ]
C_|:Qubvbl Qud(—Rd)_l » D= QduRu_l . (A.13b)

We now take a close look at X in (A.10). The matrices K>, ' and I, are nonnegative,
while K; has nonnegative off-diagonal entries and negative diagonal entries. If we add a
sufficiently large diagonal matrix, say A, to K11, then the resulting matrix

| Kn+A T'y| _ [Kn I A 0]
XQ._[ W rz]—[m F2]+[0 0]_.x+sz (A.14)

(A.132)

can be made nonnegative. Plug X = X — 2 into (1.1) to yield an ARE in X in the form
of (1.5) with p = njp. The associated matrix of ARE (1.5)

6 This idea of conceiving this new matrix X is borrowed from [1, p. 74].
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Bg —D
wo= |18,
np nq np ny
ny A+ RV, 0 —~L, 0
_ M - de‘ﬁ,_l - Qdd(_l:{d)il 0 - Qdug;l (A15)
ny| — beV},_1 — ARV, ' = A2 — Qpa(—R)™' A —QuR;! '
ny - Qubvb_l - Qud(_k\d)_l 0 - Quuk\u_l

is a nonsingular M-matrix (for sufficiently large A), making (1.5) an MARE, and, as a result,
ARE (1.1) with (A.13) is a shifted MARE. The interesting solution X corresponding to the
interesting one of (1.1) for the underlying application turns out to be the unique minimal
nonnegative solution of (1.5). This is because —K is an M-matrix and, by (A.9) and (A.10),

—K=(A-XD)=Ap — XD, (A.16)
following the solution properties of an MARE as summarized in Proposition 2.2.

Remark 8.2 A few comments are in order about ARE (1.1) with (A.13).

(a) It can be verified that A, B, C, and D given by (A.13) admit the forms of those in (3.2)
with the properties specified in Theorem 3.2.

(b) Assumption 4.1(a), i.e., that the diagonal matrices Ay, By; and Dj; are accurately
known with high entrywise relative accuracy, is satisfied by those in (A.13). In particular,
A]] =0and D]] = I here.

(c) To realize Assumption 4.1(b), we notice

Oda Qav  Qau || — Ié[fl
Wo=—1|0ba QOw OQObu Vb’l A ) (A.17)
OQua Qub  Quu R_1

Consistently with (A.2), we partition the stationary distribution r of the infinitesimal
generator Q as w = [, m, wy] € RN which can be computed with high entrywise
relative accuracy by the GTH algorithm [25, Theorem 2]. We have [7r 7, 7, ] Wo = 0,
a very natural thing to have. This leads to a left triplet representation of Wy, as needed for
computing @ and K = —(A — @ D) entrywise accurately by the algorithms in Sects. 4
and 5.

What we have described so far is for a type of shifted MAREs as arising from computing
the invariant density vector p of MMBM as determined by (A.4). It is about a steady-state
analysis. In the time-dependent analysis of MMBM, Ahn and Ramaswami [1] established
AREs of the first passage time distribution. These AREs provide ample examples of shifted
MARES, too. They are in the form of (1.1) with

1

S 1

A=|" Rbe 1ﬁvb 2 Qbu ., B= |:A710 ~ 0 i| ’ (Alsa)
0 — R (Quu — sT) R;'Qw R;'(Qua—sD

C = ﬁbe(be—sl) @Vb_%de . D= @Vy) _ ’
R ' Qup R ' Qua (—R) ™' Quau

(A.18b)
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where s € Co4 in general but we will consider s > 0 only. Now we shift the corresponding
ARE (1.1) as in (1.4) — (1.7) with A = R,(2V;,)~"/% + \/Iég(zv,,)—l +2Ag,, + 2s1 to get

r - _1
Ay — |~ BV + @V VIR +240,, + 251 =2V, T O } |
L 0 _R;l(Quu_SI)
(A.192)
r ~ 1
B | @V R+ (2Vb)_7)\/(2Vb)—1§§ +240,,+21 0 } ’
L Ry Qu R;Y(Qaa —sD
(A.19b)
B _1 _1
Co=| V2V, ZA(Q]bbJrAQb,Z,) x/ZVb] *Opa | | (A.19¢)
L Ru_ Qub Ru_ Qud

where Ag,, = diag(—[Qppl(i,i))ies,- The resulting ARE (1.5) is the same as the one in [,
Theorem 5.1] which provably is an MARE. Ahn and Ramaswami [1] suggested to solve the
MARE, as a nonlinear equation, by Newton’s method.

Remark 8.3 The first two comments in Remark 8.2 still applies to ARE (1.1) with (A.18). To
realize Assumption 4.1(b), we now have

- ﬁd_] sI —Qaqa — Quap — Quau
Wo = Vav R — Qb SI—Q0p  — Qb
u_] — Qud — Oup sI — Quu
I”tl
X QVy)~1/2 ) (A.20)
I”u

Again let w be as in Remark 8.2(c). Then uTWy = o7, where

~ 1 ~
u" = [rg 7y wa]ding (— R, —z V2 Ry). 0" = s[ma, mp@V) 2 m,] (A2D)

N

We commented that & can be computed with high entrywise relative accuracy. Since Ry,
Vb, and R,, are diagonal, u and v as in (A.21) can be computed with high entrywise relative
accuracy, too.
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