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Abstract

Calculation of band structure of three dimensional photonic crystals amounts to
solving large-scale Maxwell eigenvalue problems, which are notoriously challeng-
ing due to high multiplicity of zero eigenvalue. In this paper, we try to address
this problem in such a broad context that band structure of three dimensional
isotropic photonic crystals with all 14 Bravais lattices can be efficiently com-
puted in a unified framework. We uncover the delicate machinery behind several
key results of our work and on the basis of this new understanding we drastically
simplify the derivations, proofs and arguments in our framework. In this work
particular effort is made on reformulating the Bloch boundary condition for all
14 Bravais lattices in the redefined orthogonal coordinate system, and establish-
ing eigen-decomposition of discrete partial derivative operators by systematic
use of commutativity among them, which has been overlooked previously, and
reducing eigen-decomposition of double-curl operator to the canonical form of
a 3 x 3 complex skew-symmetric matrix under unitary congruence. With the
validity of the novel nullspace free method in the broad context, we perform
some calculations on one benchmark system to demonstrate the accuracy and
efficiency of our algorithm.

Keywords: Maxwell’s equation, three-dimensional photonic crystals,
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1. Introduction

The photonic crystal (PhC) is an essential device when light is manipulated
in optoelectronics industry. A PhC is a in one-, two- and three-dimensional
(1D, 2D, 3D) periodic structure which is composed of different optical media
that can purposefully affect electromagnetic wave propagation. This term is
coined after Yablonovitch [39] and John [25]’s milestone work in 1987. In recent
years, the research about PhC is booming due to the emergence of the topolog-
ical PhCs (or photonic topological insulator) [33], especially the 3D topological
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PhCs. To determine whether a PhC is the topological PhC, band structure cal-
culation is indispensable [28]. To practically know the band structure of a 3D
isotropic/anisotropic PhC, we need to first recast the source-free Maxwell equa-
tions in frequency domain [37] as follows, with a specific media whose intrinsic
properties are described by a 3-by-3 permeability matrix p and a permittivity
matrix e, respectively,

VXxE=wuH, V-(uH)=0, (1a)
VxH=—weE, V-(eE)=0, (1b)

where w is the frequency, and E and H are the electric and magnetic field,
respectively. The famous Bloch theorem [27] requires the solution E and H
satisfy the Bloch condition (BC)[34],

E(x+a)=e? ™ "E(x), Hx+a,) =e?™ ™ H(x), {=1,2,3, (2)

where ay is the lattice translation vectors and 27k is the Bloch wave vector
within the first Brillouin zone [23]. For simplicity, 4 is set to the vacuum
permeability g while € is assumed to be diagonal throughout this paper.

Given a specific 3D PhC, only certain nonzero w can satisfy (1a) (1b) simul-
taneously. Our ultimate goal is to find a couple of smallest positive eigenvalues
of the following Maxwell Eigenvalue Problem (MEP)

e LT ] o
V-(cE)=0, V-(uH)=0. (3b)

To discretize MEP (3), plane-wave expansion method [18, 24, 26, 35], multi-
ple scattering method [16, 36], finite-difference frequency-domain method (FDFD)
[9, 10, 15, 20, 21, 38, 40, 41, 42], finite element method [6, 7, 8, 17, 22, 29, 14,
30, 31, 32], to name a few, are available. In the case of diagonal £ matrix, the
Yee’s scheme finite-difference scheme [41], originally proposed for time-domain
simulation, is particularly attractive. In [20, 21], we have used Yee’s scheme
[41] for discretization, which results in a generalized eigenvalue problem (GEP).
For a 3D PhC, due to divergence-free condition (3b), dimension of the nullspace
of the GEP accounts for one third of the total dimension. The presence of the
huge nullspace will pose an extraordinary challenge to the desired solutions of
the GEP. In fact, no frequency-domain method is immune to this challenge.
Besides, even though only smallest few positive eigenvalues are desired, which
can be calculated by the Invert-Lanczos method, to solve the corresponding
linear system of huge size in each step of the Invert-Lanczos process is another
challenge. In [20, 21], we have shown how we resolve these challenges in the
case of face-centered cubic (FCC) lattice and simple cubic (SC) lattice.

In this paper, we will solve the MEP (3) for all 14 Bravais lattices along the
same lines as [20, 21]. Since the triclinic lattice is the most general one, which can
in fact become other 13 Bravais lattices with corresponding constraints imposed,
it suffices to consider triclinic lattice only. Several obstacles stand out. For



example, since the unit cell of the triclinic lattice is a slanted parallelepiped, it
is unclear how to formulate in matrix language the discrete single-curl operator
which is compatible with the BC (2), and then it is uncertain whether the
advanced nullspace free method in [20] can be applicable in this case. Although
it is not uncommon to employ the oblique coordinate system in engineering and
physics community, we are not convinced that all our previous inventions can
still be applicable in the oblique coordinate system, so we decide to work with
the orthogonal coordinate system as before to overcome these obstacles.
This paper is outlined as follows.

e In Sec.2 an orthogonal coordinate system with which we actually work
are built from the oblique coordinate system generated by aj, as, as.

e In Sec.3 we reformulate the BC (2) within the cubic working cell.

e In Sec. 4 we discretize V x E and V x H into matrix-vector products,

0 —03 02 El(l) 0 C§ —C; H1<:)
CE=|Cy 0 =C| |B0)|,.ccH=|-C; 0 O | |H()
—02 01 0 Eg(t) C; —Cf 0 Hg(:)

respectively, where Cy, C3 are quite complicated in most Bravais lattices
due to the reformulated BC. Moreover, we reduce the MEP (3) into a
GEP: AE = \BE, A=C*C, \ = pow?.

e In Sec.5 we prove that Cq,C5, C3 commute with each othe, and ob-
tain eigen-decomposition of them analytically: C{T = TA;, C.T =
TAy, C3T = TA3, where Ay, Ay, A3 are diagonal matrices.

e In Sec.6 we analytically identify the orthonormal basis of nullspace and
range space of C for any given Bravais lattice, and set up eigen-decomposition
of the discrete double-curl operator A i.e., A= Q,A,QF, Q:Q, = Iz,, in
light of the canonical form of a 3x 3 complex skew-symmetric matrix under

S O|TLT = Leee V-

g 0

e In Sec.7 by eliminating the considerable nullspace of A, we transform
the GEP into a nullspace free standard eigenvalue problem (NFSEP):
ATE = )\E, A, = A > 0. For the sake of self-containedness of this
article, fast eigensolver for NFSEP is reviewed.

unitary congruence: L = 1% {

e In Sec. 8, some numerical results are presented to demonstrate the accu-
racy and efficiency of our method.

e Finally, we conclude our present work in Sec. 9.

Here we briefly introduce some notations commonly used in this work. A*, AT
denote conjugate transpose and transpose of matrix A, respectively, and ~ de-
notes complex conjugate. || -||2 denotes the Euclidean norm. A 3D vector is



marked in bold and is equivalent to its Cartesian coordinate representation. ®
denotes the Kronecker product. A & B means the direct sum of matrices A, B.
d¢ ¢ is the Kronecker delta function, i.e., dp o = 1 if ¢/ = £ and ¢y = 0 oth-
erwise. e, = [81.4, 02,0, Ony] " is the standard unit vector in R". We define
£(0) := exp (12w0). OABCD refers to rectangular ABCD. For convenience we
will employ Matlab[3] language with little explanation. For example, ‘floor’ de-
notes the function of rounding to the nearest integer towards —oo. Let vec(X)
denote the vectorization operation of a matrix X of any size, i.e., vec(X) = X ().

2. Lattice translation vectors, physical cell and working cell

A crystal structure can be regarded as a lattice structure plus a basis. At
present, millions of crystals are known, and each crystal has a different nature.
Fortunately, there are only 7 lattice systems and 14 Bravais lattices in 3D Eu-
clidean space [1]. The so-called primitive cell is a fundamental domain under
the translational symmetry, and contains just one lattice point[4]. In fact a 3D
primitive cell is a slanted parallelepiped formed by lattice translation vectors
aj, ap and ag, as illustrated in Figure 1(a). As mentioned above, in triclinic lat-
tice there is no restriction on the length of aj,as, a3 nor on the angle between
any two of them, if we are able to solve the MEP (3) in triclinic lattice, we
can also cope with other lattices in almost the same manner. Therefore we will
focus on the triclinic lattice in the main body of this work. For convenience, we
dub the primitive cell of triclinic lattice as 3D physical cell. In that it is incon-
venient to discretize MEP (3) in the 3D physical cell using finite difference, we
need to redefine a cuboid primitive cell generated by new vectors a, b, c which
are orthogonal basis of a1, as, ag. Specifically, we first sort a;, as, a3 in terms of
length in descending order, resulting in a;, as,asz. Then we require

a=a;, c/a; xas bjcxa, (4)
bxa:égxél, C'aXb:{ig'élXég. (5)
It is easy to see in Figure 1(a) that a, b, ¢ defined in this way are unique. Let

a,b,c be the lengths of a, b, c, respectively. Identifying a/a,b/b,c/c as unit
vectors of the usual z-,y-,z-axis, vectors aj, as,as can be rewritten as

a1 G3COS¢p3 a3 CoS Pa
[a1,8),a83] = | 0 agsings  asly |, (6)
0 0 CL3€3

where a; is the length of a; and ¢; is angle between a; and ay, 4, j,k = 1,2,3,7 #
j # k, and

0> = (c03 1 — c05 b5 O3 63) / sin s, (7a)

(3 = \/sin® ¢y — 03, (7b)



with agsin ¢s > |f|. This result, which can also be found in [2], is illustrated
in Figure 1(b). In passing, we have

a=ai;, b=assings, c=asls. (8)

We tabulate the coordinate representation (6) of a;,as,a;3 of all 7 lattice
systems in Appendix A. We will solve MEP (3) mainly in this cuboid primitive
cell which is dubbed as 3D working cell. To convey the basic techniques and
methods in our framework of modeling of 3D PhCs, we just work on one specific
case where ¢3 < /2, ¢o < /2, 2 > 0 in the main body of this article, and
defer the discussion of other possible combination of ¢3, ¢2, £5 to the Appendix.

a, cos ¢,

(a) triclinic lattice (b) ay = a3 —c,clas

Figure 1: triclinic lattice and its projective view

3. BC (2) within the working cell

Hereafter, for simplicity, we assume aj, as, a3 are just a;,as,as. Viewed in
the associated oblique coordinate system spanned by aj,as,as, BC (2) is very
clear, and is naturally compatible with periodicity of a PhC along a;,as, as.
However, in the working cell or the orthogonal coordinate system with x-,y-,2-
axis, formulation of BC needs some effort.

Given v € R?, the translation operator Ty is defined as Ty (x) := x+v,Vx €
R3. ClearIY7 7:/1+V2 = 7:/17:’2 = 7:/27:/1'

In fact, the 3D working cell is the set D = [0,a) x [0,b) x [0,¢) C R?, i.e.,
a cuboid of lengths a,b,c. Since a; = a, BC along z-axis is just the same.
Specifically, given x = (x,y,2) € D,

E(x) =¢(k- (x = T-a(x))) E(T-a(x)). (9)

However, the relation between E(x) and E(7_p(x)) or E(T_¢(x)) can not re-
semble (9) naively. Fortunately, for derivations in Sec.4, we only need to know
E(T_c((z,y,¢))) with (z,y,c) € D and E(T_p((z,b, 2)))) with (x,b,z) € D.
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Figure 2: illustration of (z,y,0) € D,i.e., the bottom surface, and T_a;((x,y, c))

Given x = (z,y,0) € D, we just think of (z3,y2,0) as image of x + ¢, i.e., a
point of the top surface of I, under 7_,,, then BC along z-direction could be

E(T c((z,y,0))) = E(((x,9,0)) = £ (k- (2, 4,0)) = (2, 92,0)) E((x2,2,0))
=&(k-((#,9,0)) = Toay (x4, 0))) B(T-a3((z, 9, 0))), (10)

with (x,y,0) — T_a,((z,y, c)) being integer multiples of a;, as.

In Figure 2, JOR;R2R3 is the bottom surface of I, while OR4R5RgR7 is
image of the top surface of D under 7_,, and overlaps with patch I of the
former. In short, there should be four patches within JOR;RsRg3, namely,
LILIIL, IV, and each patch, equipped with different linear mapping, namely,
Tos T—ay, T—a,—ay, T—a,, respectively, is mapped to four patches, namely, I, IT, TI1, IV,
respectively, within (OR4R5RgR7. Then we can establish the correct BC within
the bottom surface of D, which specifies 3, y2 in (10). Letting x = (z,y,0) € D,

E(x), if x €1
¢k-a))E(x—aj), ifxell

E(x) = Ek-(a; +a2)E((x—a; —ap)), ifxelll (11)
¢k -an)E(x — az), if x e IV.

In passing, considering that E(7a,(x)) = &(k - az)E(x), we can of course add
agz to the argument of E on the right hand side of (11) with updated prefactor.
We refer the reader to Appendix B to see how Figure 2 as well as the asso-
ciated mapping is obtained. Depending on different combination of ¢3, ¢2, f2,
BC (11) could be different. Results in other cases will be listed in Appendix.
As for E(T_v((x,b,2)))) with (z,b,z) € D, since z-axis is independent of
2-,y-axis, we can just let z = 0 here for simplicity. Letting x = (x,b,0) € D, we
have BC along y-direction for different patches of R3Rg shown in Figure 2:

£(k - a2) E(T a, (X)), if x € RgRo

Bx) = { €k - (ay — a1)) E(Ta,—ay (X)), if x € RyRs. (12)



4. Matrix Representation of the Discretized Single-Curl

As mentioned above, partial derivative of the trivariate function E(x), H (x)
in (1a) and (1b) which satisfies 3D BC (2) will be approximated by finite dif-
ference of this function.

First of all, finite difference approximation needs grid, usually the uniform
grid, in the simulation domain. Given n1,n9,n3 € N, we can have a uniform
grid along x-,y-,z-axis of our 3D working cell D, defined in Sec. 3, respectively,
with constant grid spacing

0z =a/ny, 0y =0b/ny, 0,=c/ns,

respectively. In general, each component of the vector-valued function E(x) =
[F1(x), E2(x), E3(x)]T could be sampled at different points. Hence we assume
that Ep(x) is sampled at

x(i, J, k) = %¢(0,0,0) + (10z, joy, kd2), (13)

where x,(0,0,0) will be specified later in this section and ¢ = 1,2,3, i =
0,1,....,m —1, j =0,1,...,n0o—1, kK =0,1,...,n3 — 1. Unless otherwise
stated, in this section i, j, k always take on these values. In passing, this defini-
tion (13) of x4(4, j, k) holds even when i, j, k € Z.

Given ¢, the three-way array Fy(x(:,:,:)) is arranged in column-major or-
der, i.e., the first index varies fastest while the last index varies slowest. For
convenience we store FEy(xy(:,:,:)) in a column vector

E = [E1(:); E2(:); Es(2)]-

Let’s deal with single-curl Vx in (la) first, without worrying about 9, F;
etc. at the moment. Below we will refer to quantities in (6) and (8) frequently.

Part I. Discrete 9,FE,. Since BC (9) is very similar to 1D case, using
matrix language, we recast

E@(Xz(i +1,7, k)) - Eg(Xz(i,j, k))

=2 14
51‘ b 737 ( )
into C1Ey(:), where
K, -1,

Cl = Ins (024 In2 &® % S (Can’ (15)

0 I, _1
K, = mel) e gmxm, 16
1 {s<k~al> 0 ] (16)

Part II. Discrete 9,E,. BC (12) holds for continuous x, however if we
want to recast
Ey(xe(i,j +1,k)) = Ee(xe(i, J, k)
Oy ’

(=1,3, (17)



into matrix-vector product, we need the discretized version of BC (12).

Although in Figure 3 we have in principle Rg = O mod as, it is very rare
that Rg coincides exactly with any of the grid point in a given uniform grid
in RgRy. As an expediency to resolve this mismatching, we stipulate that the
rightmost grid point within R3Rg is the substitute of Rg. Putting it differently,
when ¢3 < 7/2, since the number of grid points in R3Rg is mq, where

my = floor ((az - a1 /a1)/d,) = floor ((az cos ¢3)/d4) . (18)

then
x¢(my,na, k) = x(0,0,k) mod as,

holds at the discrete level by force.
Ei(x¢(:,n2,k)), a column vector of length nq, is partitioned into 2 blocks,
due to two cases in (12). Then the discretized BC (12) is

E@(Xz(:,ng,k)) Zf(k~a2)J2Eg(Xg(:,0,k‘)), (19)
J2 = |:Inl(im1 f(_k 'Oal)IM1:| . (20)

Finally, (17) is recast into CaEy(:), where

Ky —1
Co=1I,,® 227 Tmane o crxm, (21)
5y
0 1,1 ®1
K, — ng ni ec(mnz)x(nmz)_ 29
2 [§(k~a2)JQ 0 } (22)

In the case where ¢35 > /2, the expression for mq, Jo can be found in Appendix.
Part III. Discrete 0,F,. If we want to recast

Ey(x¢(i, j, k + 1)) — Eo(x(i, j, k))

(=1,2 2
Y =12 (23)

into a matrix-vector product, we need to know how Ep(x(:,:,ng)) is related to
E¢(x4(:,:,0)) from BC (11).
We have the following observations about Figure 3,

e length of RgRg is a; —aj3 cos ¢, while length of R9ﬁ5 is a3 cos ¢o—as CoS ¢3.

e length of R3Ryg is azls, while length of RgO is ag sin ¢35 — azls.
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Figure 3: illustration of uniform grid within top and bottom surface of D.

Again, it is very rare that vertices of any patch in Figure 3 coincide exactly with
any of the grid point for a given uniform mesh in JOR;RyR3. Define

ms = floor((asz - a1 /ay1)/d,) = floor((as cos ¢2)/d,), (24)
mg = floor((as - b/b)/d,) = floor(asls/dy), (25)
myg = Mo — My, (26)

then along z-direction, RgRg contains n1 — mso grid points, Rgf{5 contains ni +
m1 —mes grid points, while along y-direction, R3Rg contains m3 grid points, the
edge RoO contains ny — ms grid points.

Matrices Ey(T—a, (x¢(:,:,n3))) and Ey(x¢(:, :, 0)) are partitioned into 4 blocks,

Em En
Ery By

By By E

6 C’I’Ll XNg ,
By Eqp

Ey(xe(:,1,0)) = [ ] € Cmme By(Toag(xe(y 5 m3))) =

in accordance with Figure 3, size of each block of which becomes transparent in
(27),(28),(29) below. Then the discretized version of BC (11) is as follows:

B _ [ 0 5(k'al)fm2] [EI} Tnp-m (27)
By Un-ms 0 Eyp) e
B ] 0 &(—k-a)l HE ]
o ima IV e (k- ag) T, (28)
E] [Il_m 0 By s
Eyy Bl _p [B1 Ey| [0 Tnomg] (20)
Err Enl M B Bl e O

Actually vec(Ey(x(:,:,0))) can be seen as vertical concatenation of vec ([Ey; Eyp))
and vec ([Epy; Eqypl), while vec(Ey(T—a, (x¢(:,:,n3)))) can be viewed as vertical

concatenation of vec ([EITI’ Eﬁ/]> and vec ([Eﬁ, ET]) It is easy to see that

(ZT ®Y) vee(X) = vec(YX Z), (30)



where XY, Z are matrices with any compatible size.
Finally, with (27),(28),(29),(30), we can recast (23) into C3Ey(:), where

_ KB - In Ko — 0 In3—1 2y Ing & In1
5. 7 [E(k-as)Js 0

|
— 0 In2*m3
Js = (Lﬁm 0 } ®I’“> .

Cs

[ecmn (31)

0 6(_1{ : al)Imz
hoems |, © ;
g(_k . 32)Im3 ® |:I
ny—may
0 —k-a)),
5(_1( . a2)Im3 &® |:I 5( Oal) B
— ni—my
o 0 —k-a;)l,.
Ing—ms; ® [I & Oal) 2}
ny—mso

(32)

Depending on different combination of ¢3, ¢2, £, matrix J3 could be different.
We put the result for J3 in other cases in Appendix D.

Part IV. Discrete 0,H,0yHy,0,H;. In order to preserve the Hermiticity
of the operator on the left hand side of MEP (3) at the discrete level, single-curl
operator in (1b) should be discretized slightly differently. We will not detail the
derivations, but just present the results. Specifically, the discretized version of
BC (9),(12) and (11) can be immediately written down verbatim in terms of
H (x) in place of E(x), then we can recast

Hg(Xg(i,j, k‘)) - Hg(xe(i - 1,j, k‘))

: . =23, (33)
Hy(xe(ir, k) = Ho(xeij = L,K)) (34)
(Sy 5 ]

Hy(xe(i . k) = Ho(xe(i gk =1) -, (35)
52 3 — ey

into —CTHy(:), —C3Hy(:) and —C5 H,(:), respectively.

Part V. Yee’s scheme. To return to the famous Yee’s scheme for E(x),
x¢(0,0,0) in (13) is set to

x1(0,0,0) = (62/2,0,0), x2(0,0,0) = (0,,/2,0), x3(0,0,0) = (0,0,9./2).

In addition, since e(x) is assumed to be diagonal, then we can define the follow-
ing positive diagonal matrix B,

B = diag([vec(e(x1(:,:,1))); vee(e(xa (s, 1 1))); vee(e(x3 (s, 5 1)),

in which x4(¢, j, k) coincide the grid points where E(x) is sampled.

10

0
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To return to the Yee’s scheme for H(x), x¢(0,0,0) in (13) is set to
X[(0,0,0) = ((1 - 51%)(&/2, (1 - 527051//2, (1 — 53,@)52/2)-

With Yee’s scheme xy(i,j, k) for E(x) and H(x) specified above, using
(14),(17),(23) and (33),(34),(35), it can be proved that the divergence free con-
dition (3b) is automatically satisfied. This is where the superiority of Yee’s
scheme lies.

Part VI. Discrete MEP (3). At last, the discretization of (3) is reduced
into the following GEP with size halved,

AE = )\BE, \=pw?, A=CC, (36)
0 —C3 Cy

c=|Cs 0 —Cif. (37)
-Cy, C; 0

5. Eigen-decomposition of partial derivative operators

It is known in Ref. [20, 21] for the FCC lattice without eigen-decomposition of
K1, K, K3, it is unlikely to obtain eigen-decomposition of A in (36) analytically,
let alone the nullspace of A. This is also the case for the triclinic lattice and
other lattices. The derivation in Ref. [20, 21] could be applied to our present
problem with necessary modification, but it turns out the whole process is very
complicated and error-prone. In addition, the derivation there can not explain
why we have Kronecker product decomposition of K5’s and Kj3’s eigenvectors.

It is common sense that partial derivatives of a smooth field along any two of
z-,y- and z-axis can be exchanged. Then it is expected that the discrete partial
derivative operators C1,Cs,C3 discussed in previous section should commute
with each other. This is indeed true in the case of FCC lattice[20]. However,
use of this fact was far from being enough in our opinion.

In this section, we will prove some key results which are equivalent to C,Cyp =
CpCy, £,0' = 1,2,3, for the triclinic lattice. Particularly, this commutativity
and structure of eigenvectors of a (block) companion matrix will play a central
role in deriving important eigen-decompositions of Cy. With these apparatuses,
the whole process of derivation turns out very elegant and reader-friendly.

Lemma 1. Let p(t) = co+cit + -+ cp_1t" "1 +1" be an n-th degree complex
monic polynomial with its companion matrix

o 10 -0 ]
0o 0 1 0
Cr(p)=| : : c S (38)
o 0 o0 . 1
|[—¢c0 —c1 —C2 - —Cpo1]

then p(A) = det(A— Cr(p)), and especially the eigenvector of Cr(p) correspond-

ing to eigenvalue A is [1,A;, A3, - - ,)\?*1]77]' =1,2,-- ,n.

11



Since lemma 1 can be directly verified, we skip its proof. Letting ¢y =--- =
¢n—1 =0 and ¢g = —£(k - a;) in lemma 1, we have the following theorem.

Theorem 1 ([20]). The eigenpairs of K1 in (16) are (§(0a, )€(i/n1), X;), where

X = 126006 () ellm - o (20 B

ni
and 0y, =k -ay/ny, fori=1,...,n;.

Lemma 2 ([13]). Let M(\) = Mo+ My + -+ My \"1 + X" with M; €
Crxn j=0,1,--- ,n—1, then det M(\) = det(A — Cgp(M)) where

0 I, 0 ‘e 0

0 0 Iy, - 0
Cpr(M)=| : : : : . (40)

0 0 0 I,

-My —-My —My -+ —My
Particularly if v € C™ and Ao € C satisfy M(Ao)v = 0, then the eigenvector of
Cpr(M) corresponding to eigenvalue g is [1, Ao, A, - - - ,Ag_l]T ®v.

Similarly, letting M} = My = -+ = M,,_; = 0 and My = —¢(k - a3)Js in

lemma 2, we see that eigenpairs of K5 in (22) are made from those of J5 in (20).
If Ao is an eigenvalue of J then the no-th root of £(k - ag)\g is that of K.

Lemma 3. Given 0 £ 60 € R andn € N, for any q € Ind={1,2,--- ,n— 1},

Gn(qu): N |:€(00)Iq Inoq:|n><n B G”(e’l)q‘ (41)

Proof. When ¢ = 1, (41) is obviously correct. Suppose (41) is correct when
1<g=r<n-=2 ie, Gy(0,r) = G,(0,1)", then by direct multiplication we
have

0 In—r—l
§(0) 41 0

By induction, we know that (41) is correct for all ¢ € Ind. O

Gn(0,7)G,(0,1) = { } =G0, +1)=G,(0,1)"T.  (42)

Corollary 1. Given nonzero numbers 8 € R and n,q € N;n > q, matrices

Gn(0,1) = {5(09) 1”01] M= [Ino_q 6(_09)1(1}

commute. Let ~v; = &(i/n)£(0/n),i = 1,2,...,n, then eigenpairs of M are
(/Y;q7vi); where Uy = [17’7%’71'27' o 77?71]T

Proof. Note that M* = G,(0,q) and that eigenpairs of G,(0,1) are (v;,v;).
Hence by lemma 3 eigenpairs of M* = G,,(6,1)? are (], v;). Yet MM* = I,,
therefore Mv; = v;y; ?. Then it is obvious that G,,(6,1)M = MG, (0,1). O
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Now let 6 = k- a;, ¢ = my, n = ny in corollary 1, then G, (0, 1) becomes
K, in (16) and M becomes J; in (20). By simple manipulation we have the
following result about Ks, according to lemma 2 and corollary 1.

Theorem 2. The eigenpairs of Ko in (22) are (£(6a,,:)§(j/n2),Yi; ®X,), where
X is stated in (39) and

. .
Oy = — (k- (32 - m1a1> - ””1) : (43a)
N9 ny ny

Yi; = {175(952@‘)5 (j> oo &((n2 = 1)0a,.4)8 (M)]T (43b)

n2
fori:lf"anla.jzla"'a’nQ'

In order to deal with K3 in (31) in the same way, we need to establish
commutativity between J3 in (32) and K» in (22).

Lemma 4. Given nonzero numbers 01 # 03 € R and ny,ns,7,q1,q2 € N;1 <
r <ng, 1 < g < gy <ny,the following two matrices

W, — 0 §(=02)1 @ G5, (01,q1)
L Iny—r ® G%1(917QQ) 0 ’
O In —1 & In
Wy = 2 1
? {5(02)6“21(91&2 - q) 0 ]

commute, where G° refers to G and G*, respectively.

Proof. To avoid ambiguity, it is required that once G, (01,q1) = Gn, (01,q1),
then G° must stands for G in all three places in Wy, Ws. So does G*. By
lemma 3, G5, (01,92—q1)G5,, (01,q1) = G5, (01, 42) = G5, (01, 1)G5, (01, 02— q1)-
By direct block matrix multiplication, we can easily have

0 §(=02)1,_1 @G5, (01,q1)

W1W2 - |:In2r+1 & an (917 QQ) 0

} = Wal.

O

Theorem 3. The eigenpairs of K3 in (31) are (§(0ag,i5)6(k/n3), Ziji®Y5;0X,),
with X; and Y;; stated in (39) and (43b), respectively, where

1
eég,ijz{k-ég—’g‘”’ﬁ ("“m?’—m?)z} (44a)

ns 2 ny n2 n
k ns — DE\]"
Zijk = [175(953,m)§ () s 5 8((n3 — 1)0ag,i5)€ (mﬂ , (44b)
ns ns
A 3 <m1 ms3 m2>
az =az — —Aa2 — —— — — | ai,
%) ny N9 ny



Proof. In lemma 4 let 1 = k-a;, 6o =k-as, r =m3, ¢ = mas —mq, ¢ =
mo, G® = G*, then J3 commutes with K. This implies that J3 also has
eigenvectors v;; = Y;; ® X; stated in theorem 2. If p;; is the eigenvalue of
J3 corresponding to v;;, then comparing (msni + me + 1)-th entry of J3v;5
and f1;;v;; we have ;€ (m3ba, ;) E(jms/n2)&(maba, )¢ (ima/n1) = 1. Therefore
corresponding to v;; the eigenvalue of {(k - a3)Js is

Jjms ima

ek a0)¢ (~mafiny )€ (<20 ) € (<ot € (-2 ) = lnatia ).

ni
Then, the nz-th root of £(n30a,,i;) is just (0a,,i;)E(k/n3), k=1, ,ns. O

As before, due to different combination of ¢3, ¢2, o different expressions of
0a, i, a3, 04, i; can be found in the Appendix.

Now we summarize the results obtained in this section.

We put all eigenvectors of K; in a matrix T,

T = [Tla TQa T Tnl]/\/ﬁecnxn, (45&)

Ti = [Tilv Cri?a Tty Enz] S Cnx(n2n3)7 (45b)

T =Zin @Yy © Xi, Zijp®Yi; @ Xy, -+, Zijny, ® Y5 @ X, (45¢)
fori = 1,--- ,n1,j = 1,--- ,ny. This eigenmatrix T is unitary since it is

straightforward to show that Ki, Ko, K3 are normal (in fact unitary) matri-
ces and each vector of T' is normalized.
For the eigenvalues, we set
Ap, = diag (f(em)g([l : nl]T/nl) - 1) [0y A1 =N, ® In, ® I,
Ain, = diag (f(@éw‘)f([l : nQ]T/n2) - 1) /5y7 Ay = @?zll(Ain2 ® Ing),
Aijna = diag (f(eés,ij)ﬁ([l : HS]T/HS) - 1) /5Za Az = @?;1 @;‘li1 Aijng-

Then, from Theorems 1, 2, and 3, it holds that
CiT =TA,, CT =TAy, C3T =TAs. (46)

Recall that in [11, 20], we have derived the eigen-decompositions (46) only
for SC and FCC lattices. Now it is clear that the formalism is the same for all
Bravais lattices, though 05, 04, ; and 0s,,;; depend on a;, az, as.

6. Eigen-decomposition of A

On basis of the results of previous section, we can proceed to derive eigen-
decomposition of A, especially to obtain the range-space of A explicitly. Rather
than find singular value decomposition (SVD) of C as is done in Ref. [20, 21],
we will preserve the complex skew-symmetry which is intrinsic to C.
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From Eq. (46), we know that C in (37) is unitarily similar to a complex
skew-symmetric matrix A

0 —-A3 Ao
A= | A; 0 —A | = (I3 ® T)*C(Ig (9 T) (47)
—Ny Ay 0

Moreover, doing a perfect shuffle of this A, i.e., multiplying

— 3nx3n
P = [61, €n+1y€2n+1,€2,€n4+2,€2n42, " ,En, E2n, 6S’n] S R ) (48)

from the right side and P from the left side, we can transform A to a block
diagonal matrix
PAP=L,®Ly®--- @ Ly,

with L, € C¥3 L] = —Ly,¢ = 1,2,--- ,n. That means we can just deal
with each block L, separately. SVD in this case does not reveal the underlying
structure, therefore is not preferred here. Yet it is well-known that [19] canon-
ical form of a complex skew-symmetric matrix under unitary congruence is a
real quasi-diagonal skew-symmetric matrix, which is certainly rank-revealing.
In particular, we find that for the 3 x 3 complex skew-symmetric matrix, the
canonical form can be done in almost one step, as shown below, which is simpler
than some well-established algorithm to achieve the same goal. Then we can
express analytically the range space of a Ly, which is of rank 2.
The following lemma is a generalization of the scalar triple product in R3.

Lemma 5. Given a nonzero vector ¢ = [c1,c2,c3]' € C?, we define a corre-
sponding skew-symmetric matriz

0 —C3 C2
L=|ecz 0 —c LT =—L.
—C2 C1 0 3%3

Then Le = [0,0,0]" and for any u = [uy, ug, u3) ", v = [v1,v9,v3] T € C3,

U1 Vg U3
v Lu = det c1 ca  c3 = det ([v, ¢, u]) .
up U UuUg
The next lemma follows from one basic algorithm in numerical linear algebra.

Lemma 6. Given a nonzero vector ¢ = [c1,ca,c3]" € C3, the following House-
holder matriz o
H = I3 —7[1,h2,ha]" [1,ho, hs]

satisfies
H*H =I3,H*c=[3,0,0] ",

where

B—a
B

Furthermore, det(H) = (8 — ¢1)/(c1 — B).

Ce

B = —sign(R(c1))|lcl|2, 7= c—p

7hZ:

(=23 (49)
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Proof. Here we only prove the last equality, since the rest is just the basic
algorithm in LAPACK][12] to compute the complex Householder matrix. By
Sylvester’s determinant identity[5], we have

B—c  B—cileaf +]es]?

det(H) =1 —7l|[1, ho, ha]|]2 = 1 — 3 B ler — B2

_a e + Jes|? _ le1? + Jea]® + [es]* = Ber _ B—a
B Blea—p) Bler - B) a-—p
O
Theorem 4. Given a nonzero vector ¢ = [c1,ca,c3]! € C3, L defined in
lemma 5 and H defined in lemma 6, let V = Hdiag(1,1,det(H*)), then
0 0 O
VILV=10 0 -8|, VV=VV*'=I. (50)
0 8 0
That is to say,
L=08V(:3)V(2)" —8V(,2)V(,3)T, (51a)
T
- c2(c1 — B) e C3¢o }
V(:2)=V(2) = 1+ , , 51b
2 =VED = [FO T g 1)
_ T
7 ey C3 C2C3 C1 |Cz|2 }
V:,?) _V:,S = |5y 55 — 5 55 — . 51C
(:3) (:3) { B BB—a) B (B —e1) (51c)

Proof. Let us consider the skew-symmetric matrix H ' LH first. Obviously di-
agonal entries of H' LH vanish. Since H*c = fey, then He; = ¢/f3, there-
fore LHe; = [0,0,0]T and e] HTL = [0,0,0]. That means e; (H' LH)ey =
—eq (HTLH)e3 # 0. In fact, we have
es (H LH)ey = (Hes) " L(Hey)
= det ([Hes, ¢, Hes)) = det(H ) det ([es, H* ¢, e3])
= det(H) det ([es, Be1, e2]) = S det(H).

Since det(H*) det(H) = 1, we have es (VTLV)ey = 8= —e] (VTLV)es.
Here we calculate V (:,3) explicitly, which is somewhat tedious.
= _ B —ci1es(cr — B) 3
V(1,3) = —det(H)Ths = — =—-—,
(1:8) = = detliThs = o5 B —p) ~ 8
T _, — B-aa-p o C2C3
V(2,3) = —det(H)Thghey = — = —,
(2:3) = —deli)Thabe = 5 ™5 (o — 3P ~ B(B- =)
ﬁ—01+5—61a—ﬂ |c3|?
a—-p a-p B |a-8P

V(3,3) = det(H) — det(H)7|hs|* =

_ BB =) —lesl _ealPHleal’ = Ber _er | eaf?
Bler — B) Bler — B) B B -5
V(:,2) can be similarly calculated and is skipped. O
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In fact, letting V = V(:, [2,3]) € C3*2, the canonical form of L in theorem 4
can be reduced to the following, without keeping the nullspace

_ i 0 _ﬁ 17 Y22 VA _TUTT
LV[ﬁ O]V’ VV=5L=V"V,
and similarly for each Ly, =1,2,--- ,n, we have
= 0 — ~ ~ ~_ =
L=Ve|g S| Tl n=TT

Finally the eigenspace of A which is orthogonal to the nullspace of A can be
derived using key results in this and previous section[20, Theorem 3.7].

Theorem 5. Let A, T, P defined in (36),(45a),(48) respectively, and denote

V, : = blkdiag (1717172, - 71771) € 3nx2n

AT‘ L= dlag (ﬂ%?ﬂ%aﬂ%aﬂ%v e 7/87217ﬁ72L) S C2n><2’n7
Qr - (IS ® T) PVT c (C3n><2n7

then
A = QTATQ:, Q: QT - IZn~ (52)

7. Iterative solver FAME for NFSEP (53)

ny,n,,n;,k
Ve 7
FAME
(%,.€))
Inverse Krylov decomposition Compute
-1 T =
Ar Vf+p = ‘/l"+pr+p +ﬁ(‘+pvﬁ‘+p+lei+n A,7B 17H,
Da.’Dﬁn i’DEnij

CG without preconditioner
(O'B™'0,)y = A"y,

_ e-Ta
u=(0,B'0,)q

Figure 4: Flow charts of FAME for NFSEP (53).
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Eventually, all previous derivations show that the nullspace free method
proposed in [20] still works for all Bravais lattice, which transforms the GEP
(36) into the following NFSEP:

AE=M\E, E=B'Q.AY?E, A.=A/?Q'B'Q.AY?=A">0. (53)

Since the nullspace of the GEP (36) has been completely deflated, the first
challenge mentioned in Sec. 1 is resolved.

To solve (53), a fast eigensolver called FAME was proposed in [20] originally
for SC and FCC lattices, and can also be similarly applied to all Bravais lattices.
The flowchart of our fast eigensolver FAME is shown in Figure 4. As shown
in this figure, conjugate gradient (CG) method without preconditioner to solve
the linear system is very efficient, because the condition number of Q*B71Q,.
in (53) is bounded by that of B~!. The second challenge mentioned in Sec. 1 is
resolved in the case of positive diagonal B5.

In CG method, multiplying a column vector q by Q*B~1Q, is essentially
reduced to T'q and T*p besides some diagonal scalings, where q,p are inter-
mediate variables. Fortunately, we discover that the most expensive operations
Tq and T*p can be efficiently computed via Algorithms 1 and 2, respectively,
which are described in Appendix E. In a nutshell, these two algorithms are just
wrappers for backward and forward FFT, respectively, harnessing (30).

8. Numerical Experiments

To demonstrate the accuracy and efficiency of our framework, we call func-
tions eigs, pcg, fit and ifft of Matlab[3] R2017b to implement key operations
in our fast eigensolver FAME and calculate band strucuture of one benchmark
system of the double gyroid PhC|[28] in Body-Centered Cubic (BCC) lattice. In
our calculation, the convergence tolerance of eigs and pcg is set to 1072 and
10713, respectively. All computations are performed on an Intel (R) Xeon (R)
E5-2643 3.30GHz processor with 96 GB RAM in double precision arithmetic.

The lattice translation vectors ap, as, ag of the BCC lattice are

a

ap B

[_1a 1, 1]T , A2 = g [1, _]-a l]T , a3 = 9 [13 17 _1]T )

2 2
where a is the lattice constant. The reciprocal lattice vectors by, bg, bs satisfy
[b1 by bs][a; as 513]—r = 2nl3. The vertexes of the Brillouin zone (see Fig-
ure 5(b)) of BCC lattice can be represented in the oblique coordinate system
spanned by by, by and bz as

T T T
1 11 111 1 111
e & e [ ¥ BL E TR S

27272 4474 2
Let r = (z,y,2z). The double gyroid region in Figure 5(a) can be de-
scribed by the set {r € R3|g(r) > 1.1} U {r € R3|g(—r) > 1.1} where g(r) =

sin(2mz/a) cos(2wy/a) + sin(2my/a) cos(2mwz/a) + sin(27z/a) cos(2wx/a). For

18

|



P
<>

(a) The physical cell of BC lattice and dou-  (b) Brillouin zone and its
ble gyroid structure. vertex of BCC lattice.

Figure 5: Illustration of one PhC in BC lattice and its Brillouin zone

convenience we set @ = 1. Suppose that the double gyroid region is filled
up material whose permittivity is uniformly ¢ = 16 and that the rest part is
just vacuum (e = 1), then we compute ten smallest positive eigenvalues and
associated eigenvectors of the this system.

The band structure shown in Figure 6(a) does not show any discernible
discrepancy with the one in Ref. [28], which partially evidences the accuracy of
our method. Even the dimension of the NFSEP (53) is as large as 3,456,000,
it takes at most 7 x 103 seconds to calculate ten target eigenpairs at each k-
point as shown in Figure 6(b) (1), which is acceptable considering the serials
implementation. More detailedly, in Figure 6(b) (2) the number of iterations
in function eigs versus k is plotted, where we can see that the Invert-Lanczos
process converges in 60 to 170 steps for the ten target eigenpairs given k. In
Figure 6(b) (3), the number of iterations in function pcg without preconditioner
versus k is plotted, where we can see that on average we need 34 to 42 iterations
to solve the linear system in one step of Invert-Lanczos process. The overall
efficiency of our algorithm is impressive.

9. Conclusion

In a word, the major contribution we have made in the present work is the
establishment of a complete and unified framework to solve Maxwells Eigen-
value Problem for 3D isotropic photonic crystals in all 14 Bravais lattices. IT is
highlighted that our method is remarkably efficient. Compared with O(n?) of
other method, the overall computational complexity of our method is O(nlogn),
thanks to the feasibility of FFT algorithm in our framework, which is actu-
ally rooted in the eigen-decomposition of discrete partial derivative operators
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frequency(w / (27 a))

P H N T

Wave Vector . Wave Vector .
(a) Band structure (b) number of iterations and wall clock time

Figure 6: (a) the band structure of double gyroid PhC; (b)(1) the average number of iterations
in pcg without preconditioner, (b)(2) the number of iterations in eigs, (b)(3) wall clock time
spent on ten target eigenvalues.

Oz, 0y, 0, with reformulated Bloch-boundary condition. The commutativity
among discrete partial derivative operators is one of the key machinery that
allows us to derive these eigen-decompositions in a light way. On the other
hand, the fast convergence of our eigensolver FAME is guaranteed by the novel
nullspace free method that thoroughly removes the considerable nullspace of the
discrete double-curl operator A.

Also, our unique way to compute the canonical form of a 3 x 3 complex skew-
symmetric matrix under unitary congruence may be of independent interest.
The significance of the 3D cubic working cell defined in Sec. 2 of this work will
be discussed exhaustively elsewhere. Extension of our present framework to 3D
anisotropic photonic crystals is under investigation and will be reported in near
future.
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Appendix A. Coordinates of lattice vectors of 7 lattice systems

In Table. A.1, we list the Cartesian coordinates of lattice vectors aj, as, as
of all 7 lattice systems.
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Triclinic Monoclinic
Primitive ai as cps ¢3 as Ccos pa ai as C.OS o3 0
(Pr.) 0 aosingg asls 0 agsings 0
’ 0 0 a3€3 0 0 as
2a1 @ COS 3  ag COS P3 Vo)
A-Base-centered 110 agsings agsings|,if a; > a#—i-as
(A-Ba.C.) 0 as —as
a2 COS 3 a2 COSP3 2aq
% azsings assings 0 |, otherwise
as —as 0
Rhombohedral Cubic
aq 0 0
Primitive 0 a1 O
0 0 a1
-1 1 1
Body-centered N
2
(B.C.) 1 1 1
Face-centered ay 1 (1) (1)
(F.C.) 2 01 1
0 a1/2 —a1 /2
Rhombohedrally-
Y —a1/V3 V3a1/6 /3a1/6
centered (R.C.)
L a3/3 a3/3 (13/3 i
Orthorhombic Tetragonal Hexagonal
_111 0 O_ _al 0 0_ _(11 —a1/2 0_
Primitive 0 a O 0 a 0 0 V3a1/2 0
0 0 as 0 0 as 0 0 as
2a7 0 0
A-Base-centered % 0 as a9
0 a3z —as
C-Base-centered 1 Zl _aal 8
) 5 |a2 2
(C-Ba.C.) 0 0 2as
—a1 ay ai ay —ax a1
Body-centered % as —as a9 % ail a1 —aq
as as —as —as as as
a; ay 0
Face-centered % az 0 as
0 a3 as

Table A.1: Lattice vectors [a1, a2, a3] for 7 lattice systems, with notations specified in Sec. 2.
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Appendix B. derivation Figure 2 and BC (11)

It is best to visualize the investigation starting from Figure 7(a), where
we have ¢3 < 7/2, ¢o < 7/2, €5 > 0. Results of other possibilities such as
P3 < )2, o > /2, l3 > 0 will be discussed later.

In Figure 7(a), suppose JOR;RoRg is the bottom surface of D, while OR4R5RgR7
is image of the top surface of D under 7_,,, which contains the origin in this
case. Also, naturally we have the 2D oblique coordinate system with a;-,as-axis.
With slight abuse of notation, I,ILIIL,IV denote four patches of the (OR4R5sR¢R7,
located in the first, second, third, fourth quadrant, respectively, of this oblique
coordinate system. Our goal is to map OR4RsRgR7 to JOR,R2R3, respecting
the periodicity along a;,as. Here we have the 2D physical cell generated by a;
and ag, i.e., the set {aa; + fag : o, B € [0,1)}, and its periodic images under
Tay s Ta, which fill up the whole plane, i.e., the set {ea; + Sas : a, 8 € R}. Due
to the periodicity, it is best to reduce all objects on the plane to their counter-
parts within the 2D physical cell. The rule is that whenever a point is outside
the 2D physical cell, i.e., o, 8 ¢ [0,1), we evaluate its image within the 2D
physical cell under modulo operation. For example, for points in patch III we
have a, 8 € [—1,0), then due to

aa) + fas = (1+ a)a; + (1 + B)ag = Ta, Ta,(@a; + faz) mod aj, ag,

patch IIT is mapped to its counterpart in the 2D physical cell shown in Fig-
ure 7(b). Other patches are similarly relocated.

As shown in Figure 7(c), it is easy to map the 2D physical cell to JOR1R2R3,
which is realized if triangle {25 in the 2D physical cell is mapped to its counter-
part in the second quadrant.

Finally in Figure 7(d), by composition of operations in Figure 7(b) and
Figure 7(c), OR4R5RsR7 is mapped to JOR;R2R;.

In summary, there should be four patches within JOR;RsR3, namely, (ITN
Q)ULIINQ, TNy, (TIINQ3) UIV. Comparing Figure 7(a) with Figure 7(d),
the linear mapping of each patch to OR4R5RsR7 is To, T—a,, T—a,—as, T—ass
respectively.

Furthermore, comparing Figure 7(d), and Figure 2 we identify four patches
Figure 7(d) with four patches within JOR1R2R3 in Figure 2, namely

o IINQ)UI—TI, IINQ —1I,
o TIINQ — I, (IIINQ)UIV — IV.

Appendix C. matrix J; and J3 in triclinic lattice

Appendiz C.1. Two cases of Jo

As mentioned in (12), the BC (12) can be classified by the angle ¢3 as
Define

asz cos ¢3 : <z
my = {ﬂoor(ém ), if 0 <¢3 <3, (1)

floor( 92908 ds)  if T < Gy < .
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a1 (z — axis)

Ry Rs

(a) OR4R5ReR7 is partitioned into 4 patches by a;-,az-axis.

A

y — axis

III

[8)

a1(x — axis)
(b) All 4 patches are relocated to the first quadrant.

A
y-axis
R3 RS RZ

Qy

az
0

(o) Rl
a1 (x-axis)
(c) the 2D physical cell is mapped to DOR1R2Rs3 if triangle Q2 is relocated to
triangle ORgR3.
T y-axis

ai(x-axis) Ra
(d) OR4R5ReR7 is finally mapped to OOR1R2R3 if II N Q2 and III N Qo are
relocated to the second quadrant.

Figure B.7: BC along z-direction.
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Then Js in a triclinic system can be write as following cases

lfo<¢3gg7

: (C.2)
if  <¢3 <.

,] —_ 5(_k'a1)Gn1(k'alan1 _m1)7
2 Gnl(k'ahm *ml),

Appendiz C.2. Sixteen BCs in various lattice structure

Recall that a3 is the projection of az onto z-y plane. We classify the triclinic
lattice into four categories according to the quadrant in which aj is located,
as shown in Figure C.8(1), C.9(2), C.10(3) and C.12(4). And according to the
quadrant in which ay is located and the first coordinate of a;, as agz, each
category is further divided into four subcategories, as shown in Figure C.8(1-i),
(1-ii), (1-iii), (1-iv), C.9(2-1), (2-ii), (2-iii), (2-iv), Figure C.10(3-i), (3-ii), (3-iii),
(3-iv), Figure C.12(4-1), (4-ii), (4-iii) and (4-iv). Notice that the blue and green
dotted vectors in these subfigures are equal to the translation vectors as and
as, respectively.

We first divide the top surface of D into red, green, and blue areas based on
the categories described in Figure C.8(1), C.9(2), C.10(3) and C.12(4) It can
be seen that the blue area has already fallen on the bottom of the working cell
under 7_,,, while the red and green areas want action of T, and/or 7, in order
to fall on the bottom surface of D. The image of the top surface of D under 7_,,
is partitioned into i, I~I, Iﬁ, IA\JI7 while the bottom surface of D is partitioned
into I, IT, III, ITV. We will discuss each subcategory, and reformulate the BC
accordingly.

Let x = (x,y,0) € D be the point in the bottom surface of D.

111

11

Lh

Ry

11

(1) a3 € (Rt x R* x {0}) i

(1-i)ay € (R x RY x {0}), a,(1) > a3(1)

1

R,

|

Ry

R,

(1-ii)a; € R™ X R* x {0}, —a,(1) < a,(1) —az(1) (1-iv)ay € R™ x R* x {0}, —ap(1) > a,(1) —az(1)

Figure C.8: Illustion of the first category in which a§ is located in the first quadrant.
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Case (1-i): a3 € RT x RT x {0}, ay € R* x Rt x {0}, ax(1) < a3(1).

E(x), ifxel

_ {(k-a))E(x —ay), if x eIl
Blx) = €k (a; +ag)E(x —a; —ay), ifxelll (C3)

£(k-az)E(x — ag), ifx €IV

Case (1-ii): a3 € RT x RT x {0}, az € RT x R* x {0}, ax(1) > az(1)

E(x), ifxel

_ Jék-a)E(x —ay), if x € I1
FOO =1 eic a) B(x — ), ixem (O

¢k-(—a;+a2))E(x+a; —ay), ifxelV

Case (1-ii): a3 € Rt x Rt x {0}, ax € R~ x RT x {0}, —ax(1) <
al(l) —83(1).

E(x), ifxel
_Jék-a)E(x —an), if x € 11
E(X) B f(k (al + 32))E(X —a; — az), if x € II1 (05)
E(k-ag)E(x —az), ifx eIV

Case (1-iv): a3 € RT x Rt x {0}, a € R~ x RT x {0}, —ax(1) >
ap (1) —ag(1)

E(x), ifxel
_ Jék-a)E(x—ay), if x € II
Blx) = E(k-(2a; +a2))E(x —2a; —ay), ifxelll (C.6)
¢k (ag +ag))E(x—a; —ay), iftxelV

Case (2-i): a3 € R~ xRT x {0}, as € RT xR* x {0}, az(1) < a;(1)+az(1).

E(-k-a))E(x+ap), ifxel
) E(x), if x € II
Bl = ¢(k-as)E(x —ag), if x € I11 (€7

¢k -(—a;+a2))E(x+a; —ay), ifxelV

Case (2-ii): a3 € R™ xRt x {0}, ag € Rt xR+ x {0}, ag(1) > a;(1)+az(1)

{(—k-a)E(x+ay), ifxel
_ ) E(x), if x € I1
Blx) = ¢k-(—a; +a2))E(x+a; —ay), if x € III (C.8)
(k- (—2a; +az))E(x+2a; —ag), ifxelV
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(2) a3 € (R™ x R* x {0})

nr

TI(IT)

1

ap

v

11

(2-i)a; € R* X R* x {0}, ap(1) < ay(1) + az(1)

1I(IT)

(2-ii)az € R* X R* x {0}, ap(1) > a;(1) + a;;(l)

TI(IT)

11

v

R

111

TI(IT)

v

il v i

Ry

(2-iii)az € R™ X R* x {0}, —a,(1) < —a3(1) (2-iv)ap € R™ X R* x {0}, —a,(1) > —a3(1)

Figure C.9: Illustion of the second category in which a§- is located in the second quadrant.

e Case (2-iii): a3 € R~ xR* x {0}, ag € R~ x Rt x {0}, —ay(1) < —a3(1).

&(-k-a))E(x+ap), ifxel
_ ) Ex), if x e II
BOI =1 e an) B(x — ), txem  (CY
¢k-(—a;+a)E(x+a; —ay), ifxelV

e Case (2-iv): a € R~ xRt x {0}, ay € R~ x R* x {0}, —ay(1) > —a3(1)

&(—k-a))E(x+ay), ifxel
) E(x), if x € II
BOO=) k- (a1 + an) E(x—ay —a), itxern (OO
¢(k-a))E(x — a), if x e IV

e Case (3-i): a3 € R~ x R™ x {0}, ag € Rt x RT x {0}, az(1) < —az(1).

E(-k-(a;+a))E(x+a;+az), ifxel

E(X) _ 5(_1{ . aZ)E(X + ag), if x e II (Cl]_)
E(x), if x € II1
((-k-a))E(x+a), itxelV

26



it 1

R Ry R, a
az — e
1A% TIT(IIT) 1A%
v TII(TIT) v
o, X
1 I
1 11 ar
a a3
a3
(3-) a; € R* x Rt x {0}, a,(1) < —a3(1) (3-ii) a; € R* x R* x {0}, a,(1) > —a3(1)
R * Ry Ry
i} 1 1 1

A TII(ITT) v v TII(TTT) v

(3)a3 € (R™ x R~ x {0})

Ry

ey
1 ‘ 1 1 I
5

a
n
a3 a3y

(3-iii) ap € R* x R™ x {0}, —a,(1) <a;(1) +az(1) (3-iv)ay € R* X R™ x {0}, —a,(1) > a;(1) +az(1)

Figure C.10: Illustration of the third category in which aé— is located on the third quadrant.

e Case (3-ii): a3 € R~ x R™ x {0}, a3 € RT x R* x {0}, as(1) > —a3z(1)

((—k-ax)E(x+ ag), iftxel

B(x) = (k-(a; —ag))E(x—a; +ag), ifxell (C.12)
E(x), if x € II1
E(-k-a))E(x+ ay), ifx eIV

e Case (3-ii): a3 € R~ x R™ x {0}, a» € R~ x Rt x {0}, —ax(1) <
31(1)4‘33(1).

&(-k-(a; +az))E(x+a;+a), ifxel

B(x) - (k- ax)E(x +az), if x € II (C.13)
) Ex), if x € III '
&(-k-a))E(x+ay), if x e IV

e Case (3-iv): a3y € R™ x R~ x {0}, az € R~ x RT x {0}, —ax(1) >
a; (1) +as(1)

£(—k-(2a1 +ap))E(x+2a; +as), ifxel
E(x) = £(—k- (a1 +a2))E(x + a1 + az), ifx eIl

E(x), if x € III

(-k-a) B(x +a), ifx €IV

(C.14)
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Ry

11
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V(IV)
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Ry
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11

-

ap

(4-i) az € R* x R* x {0}, a,(1) <ay(1) —az(1)

(4) a3 € (R* x R™ x {0}) 11

V(IV)

111

11

o

ap !

!

-
=

-

11

TV(IV)

az

it

a

(4-ii) az € R* X R* x {0}, ap(1) > a;(1) —az(1)

R,

Ry

1

11

k5

IV (IV)

jiig

1

ap !

a3 ay

(4-iii) a3 € RY X R™ x {0}, —a,(1) < a3z(1) (4-iv) az € RY x R™ x {0}, —ay(1) > az(1)

Figure C.11: Illustration of the fourth category in which a§- is located in the fourth quadrant.

e Case (4-): ay € RT xR~ x{0}, ay € RT xRT x {0}, az(1) < a;(1)—as(1).

E(—k-az)E(x + ag), ifxel

E(x) = (k- (a; —ag))E(x —a; + ag), %f x eIl (C.15)
Ek-a;)E(x —aj), if x e ITI
E(x), ifx eIV

e Case (4-ii): a3 € Rt xR~ x{0}, ap € RT xR* x{0}, az(1) > a;(1)—az(1)

(k- (a; —a2))E(x —a; + ag), ifxel
_ Jé(k-(2a; —ay))E(x —2a; +ay), ifxell
B = {(k-a)E(x —ap), if x € III (C.16)
E(x), if x e IV

e Case (4-iii): ay € R* x R~ x {0}, ay € R~ x RT x {0}, —ay(1) < a3(1).

&(—k-a))E(x + ay), ifxel
_ ek (a1 —ay))E(x —a; +ay), ifxell
Bl = §(k-a;)E(x —ay), if x € III (C17)
E(x), itxelV
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e Case (4-iv): a3 € R* x R™ x {0}, ag € R~ x Rt x {0}, —as(1) > a3(1)

E(—k- (a1 +az))E(x+a; +ay), ifxel
_ (k- az)E(x +ay), ifxell
Blee) = §(k-a))E(x —ay), if x € TIT (C.18)
E(x), ifx eIV

In summary, the sixteen BCs (C.3-C.18) can be summarized into the following
equation:

E(-k-t1)E(x+ty), ifxel
_ JE(=k-ta)E(x+tz), ifxell
Bl = E(—k-t3)E(x+t3), ifxelll (C.19)
E(—k-t))E(x+ty), ifxeIV

where {ti}le can be substituted by the translation vectors in (C.3-C.18).

Appendiz C.3. General formula of J3
Define

RsR RyR RsR
5 mg = floor(—2—2), my = floor(——2

mgy = floor(

), (C.20)

then the matrix J3 corresponding to BCs (C.3-C.18) can be expressed by the
following formulation

Iy ® [f(k ) Iy,

Js = 0 (k- tg)Imz] 0

In2_m3 ® g(k.tl)Inl_mZ 0
(C.21)

Appendix D. matrix Jz for all Bravais lattices except triclinic lattice

Matrix Js can be represented as the general form

0 I
0 My @ e
_ 773In1—k1 0
Js = (D.1)
n I ® 0 775‘[]62 0
Hinamms 7761—77,17162 0

with unimodular n; for ¢ = 1,...,6 and k1, ks € N. We provide specific expres-
sions of n;,2 = 1,...,6 and kq, ko for all Bravais lattices except triclinic lattice

below. Denote (3 = exp(—27k - a1), (2 = exp(—127k - ag), (3 = exp(:127k - a3).
Note that any 7; that is not specified below is just 1.
e Cubic system
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az

v

111

11

Figure C.12: The bottom surface of working cell in subcategory (1-i).

(1) Primitive: J5 = I n,-

ai

(2) F.C. (Here (]53 < 7T/27 (]52 < 7T/2, lo > 0, my = mo :’1711/27 ms =n2/3):

m =C, M5 =C1, ki =0, ko =ma.

(3) B.C. (Here ¢3 > /2, ¢pg > /2, s < 0, my = mg = 2n1/3, mg = na/2):

m=ne=C =0t ki =mo, ky=n; —ma.

e Hexagonal system

(a) Assuming a1 > a3 (Here ¢35 > 7/2, ¢po = 7/2, ¢p1 = 7/2, m1 = n1/2,

mg =mg =0): J3 = I n,.
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(b) Assuming a1 < ag (Here ¢3 = 7/2, ¢o = 7/2, ¢1 > /2, my = mg = 0,
ms :TLQ/Q)I
m=0", ki=ky=0.

e Rhombohedral system

(a) Assuming v2a3 < v/3a; (Here ¢3 < 7/2, o < 7/2, bo > 0, my = my
?’Ll/?)i

v

m =G, N5 =C1, ki=0, ko =mao.

(b) Assuming v2a3 > v/3a; (Here ¢3 > m/2, ¢pg > 7/2, by < 0, my = my >
ny/2):

ms=16=C ' na=Cy ki =mag, ka =my+mg—n.
e Tetragonal system
(1) Primitive: J5 = I n,-
(2) Body-Centered:
(a) Assuming az < v2a; (Here ¢3 > 7/2, ¢po > 1/2, lo <0, my = my):
ms=ne=C " na=C " ki=ma, kx=my+mo—ny.
(b) Assuming a3z > v/2a; (Here ¢3 > 7/2, ¢ > /2, 2 > 0, my = my):
m=ns=C " ma=CG k= ma, ke =my + mo.
e Orthorhombic system
(1) Primitive: Js = Ip p,-
(2) A-Base-centered (Here ¢3 = 7/2, ¢po = 7/2, ¢1 < 7/2, my = mg = 0):
m=Co, ki=ko=0.
(3) C-Base-centered (Here ¢3 > /2, ¢po = 7/2, 1 = 7/2, m1 = mg = 0):
J3=Inin,-
(4) Face-Centered (Here ¢3 < m/2, ¢po < m/2, o > 0, my > ma):
m=C, =Gt s =Ci,  k=mn1 —my 4+ ma, k= mo.
(5) Body-Centered

(a) Assuming a1 > /a3 + a3 (Here ¢3 > 7/2, ¢ > m/2, b > 0, my <

ma):

m=C, m=C, n6=C " ki =ma—mi, ky=ma.
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(b) Assuming a; < /a2 + a3 (Here ¢3 > 7/2, ¢po > /2, by < 0, my +
mo > Tll)i

ms=ne=C =G ki =ma, ky =my+my—ny.
e Monoclinic system
(1) Primitive

(a) Assuming a1 > a3 (Here ¢o = ¢1 = 7/2, ma =m3 =0): J3 = I n,-

(b) Assuming a1 < ag and ¢3 < 7/2 (Here ¢3 = ¢po = 7/2, ¢1 < /2,
mog — M3 = 0)
m =G, ki =k =0
(¢) Assuming a; < ag and ¢3 > 7/2 (Here ¢35 = 7/2, ¢ = 7/2, $1 > 7/2,
myp = mg = 0):

m=C" ki=ky =0
(2) Base-Centered

(a) Assuminga; > /a3 + a2/2, ¢3 > 7/2, agsin ¢3 > a3 (Here ¢p3 < m/2,
P2 < 7/2, 45 >0, my =my):

n =G, N5 =C1, ki =0, ka =ms.

(b) Assuming a; > /a3 +a3/2, ¢35 > 7/2, azsings < az (Here ¢3 <
7'('/2, ¢2<7T/2, €2<0, m1—|—m2<n1):

m=ns=C, m=0", ki =ma, ke =mi+mo.

(c) Assuming a; > /a3 + a3/2, ¢35 < 7/2, azsin g3 > az (Here 3 > m/2,
@2 > /2, coS p1 > COS P3 COS P2, M1 = Ma):

771:<27 7]6:<1_1a klzoa k2:m2-

(d) Assuming a; > /a3 +a3/2, ¢35 < 7/2, azsings < az (Here ¢3 >
7T/2, o> >7T/2, ly <0, my + mo >TL1)Z

m=n6=C " na=C" ki =ma, ky=mi+my—mny.
(e) Assuming a; > /a3 +a3/2, ¢3 > 7/2, az > a3 (Here ¢3 < m/2,
P2 < 7/2, ly > 0):
If my < mg, then
m=Ca N2 =15=C, ki=ma—mq, ka=ma;

otherwise,

m="C, n3=C s ="C, ki =ni—mi+ma, ky=ma.
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(f) Assuming a1 < /a3 +a3/2, ¢35 > 7/2, ay < a3 (Here ¢3 > 7/2,
¢2 <7T/2, Uy >0)2
If my1 < mo, then
m = (G2, M2 =15 = (1, ki =ma—m1, ky =moa;
otherwise,
m=2C, n2=mn5=C, ki=n1—mi+mz, k=ma.
(g) Assuming a1 < /a3 +a3/2, ¢35 < 7/2, az > a3 (Here ¢p3 < m/2,
P2 > 7/2, by < 0):
If mqy + mo < nq, then
ms=n6=C " na=0", ki=ma, ky=my+my;
otherwise,

=G =" =0, ki=ma, ke =mi+ms—ny.

(h) Assuming a; > /a3 +a3/2, ¢3 < 7/2, ax < a3 (Here ¢35 > m/2,
Q52 > 7T/2, éz < 0)
If mq + mo < nq, then

ms=ns=C Y ma=C"G ki =ma, ky=my +my;
otherwise,

m=ns=C " =0 k=ma, ky=my+ma—ny.

Appendix E. Fast algorithms for Tq and T*p

Tq and T*p are cornerstone of our fast eigensolver in Figure 4, which can
be computed in O(nlogn) flops using Algorithms 1 and 2.
Here are the definitions of some matrices in Algorithms 1 and 2

[Umlij = &((i =1)j/m), i,j =1,2,---,m,
[Dal]w =&((i — 1)931)6ij7 i,j=1,2,--,n,
[Daylji =&((J —1)0ay), i=1,2,--- ,n1, 1 =1,2,--- ,ng,
[Dayilk; = E((k —1)0a,,i5), i =1,2,--- ,n1, j=1,2,--- ;ng, k=1,2,--- ,ng,

and o refers to the Hadamard product, i.e., pointwise product.

[1] Bravais lattice. https://en.wikipedia.org/wiki/Bravais_lattice.

[2] Fractional coordinates. https://en.wikipedia.org/wiki/Fractional_
coordinates.
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Algorithm 1 FFT-based matrix-vector multiplication for T'q

Input: Any vector q = [q1r q;lrl]T € C" with q; = [q;»':l qZM}T
and q;; € C™ fori=1,...,n1,5 =1,...,n0.
Output: The vector g = Tq.
1: Set Qz,i = [qi,l Qi,nz] and Qz = {Qz,l e Qz,nJ?
2: Compute @uz = U,L3C§z by backward FFT;
3: Compute Qz; = Da,,i © Quz(:, (1 — 1)ng + 1 :ing) for i =1,...,nq;
w506 Qy=|QIy o QL] €
5: Compute @uy = [@%} . @g@l)} =U,, C~2y by backward FFT;
6: Compute éyyk = D4, 0 {Nw(;7k) ~£f;,1)(;7k) for k=1,...,ns;
7: Set Qx = [ T ;’ng];
8: Compute @ux = Unléx by backward FFT;
9: Compute g = Dalqu/\/W; g =g(:).
Algorithm 2 FFT-based matrix-vector multiplication for T*p
Input: Any vector p = [p1r p;uT € C" with px = [p?k pLJJT
and pjr € C" for j=1,...,n0, k=1,...,n3.
Output: The vector f = T*p.
1: Set Px,k = [Pl,k t png,k] and P, = [ﬁx,l T ﬁx,n3:|;
2: Compute ﬁex =Dy, ﬁx;
3: Compute P,x = Uy Pex € C"1*"273 by forward FFT;
4: Set P = [f’ux(i, 1:ing)T oo Puli,(ng — ng +1: ngnz)T];
5: Compute ]Sey = [D;2 1]315}() o Dy nlészl)};
6: Compute ﬁuy = [f’%) ‘e ﬁ,ﬁgl)} = Uy, ﬁey € Cm2xmns by forward
FFT;
7. Compute P, = {Dé&l o (PSHT -+ Daym, o (?&;”)T};

8: Compute f = Un*slgez/\/nlngng by forward FFT; f =f(:).
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