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This paper focuses on studying the eigenstructure of generalized eigenvalue problems (GEPs) arising in
the three-dimensional source-free Maxwell equations for bi-anisotropic complex media with a 3-by-3
permittivity tensor ¢ > 0, a permeability tensor 4 > 0, and scalar magnetoelectric coupling constants
& = ¢ = 1y. The bi-Lebedev scheme is appealing because it preserves the symmetry inherent to the
Maxwell eigenvalue problem exactly and because full degrees of freedom of electromagnetic fields
at each grid point are taken into account in the discretization. The resulting GEP has eigenvalues
appearing in quadruples {+w, £®}. We consider two main scenarios, where y < y, and y > y, with
¥, as a critical value. In the former case, all the eigenvalues are real. In the latter case, the GEP has
complex eigenvalues, and we particularly focus on the bifurcation of the eigenstructure of the GEPs.
Numerical results demonstrate that the newborn ground state has occurred after y = y > y,, and the
associated eigenvector has an exotic phenomenon of localization. Moreover, the Poynting vectors of
the newborn eigenvector not only are concentrated in the material but also display exciting patterns.
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tively, at position r = (x, y, z) € R>. For the linear nondispersive
media, B and D satisfy the following constitutive relations

B(r) = u(r)H(r) + ¢(r)E(r), D(r)=e(r)E(r)+&§(rH(r), (2)

where ¢(r) and w(r) are the permittivity and permeability, re-
spectively, and &(r), ¢(r) are the magnetoelectric coupling pa-
rameters. Here, &(r), u(r), £(r), and ¢(r) are constants in the

1. Introduction

Mathematically, the propagations of electromagnetic fields in
bi-isotropic and bi-anisotropic media are modeled by the three-
dimensional (3D) source-free Maxwell equations in the frequency
domain with the constitutive relations

V x E(r) = 1wB(r), (1a) bi-isotropic media. They are generalized as 3 x 3 tensors with
Hermitian positive definite (HPD) matrices ¢(r) and u(r) for the

V x H(r) = —10D(r), (1b) bi-anisotropic media.
V.-B(r)=0, V-D(r)=0, (1c) A null-space free method [1,2] is proposed to solve (1) with

reciprocal bi-isotropic chiral media, where &(r) > 0, u(r) = 1,

where o represents the frequency, 1 = ~/—1, E and H € C3 are
the electric and magnetic fields, respectively, and B and D € C3
are the magnetic induction and dielectric displacement, respec-
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and

_ 1y, vy >0, r ¢ air,

5 =¢r)= { 0, otherwise. (3)
For y > y, (a critical value), a novel interesting physical phe-
nomenon indicating that a new ground state is born and the
corresponding electromagnetic field is localized in the chiral
medium was first found in [2]. In this paper, the interest lies in
developing a numerical method to simulate such a new physical
phenomenon for the reciprocal bi-anisotropic chiral media with
HPD &(r) and w(r), and &(r), ¢(r) in (3).
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The combination of (1a), (2) and (1b) leads to the Maxwell
eigenvalue problem (MEP)

[VOX _ZX] m - [E i] [’E’} - (4)

Bloch’s theorem [3] requires that the eigenfields E and H of (4) in
3D periodic media with lattice translation vectors {ﬂz}?zl satisfy
the quasiperiodic condition

E(r+a,) = e *%“E(r), Hir+a,) = é**%“H(r), £ =1,2,3, (5)

for a Bloch wave vector k.

In recent decades, several numerical methods, including plane-
wave expansion methods [4,5], finite element methods [6-9],
and finite difference (FD) methods [10-14], have been developed
to solve the MEP (4); see the references therein for further
details. The plane-wave method is widely used to find numerical
solutions of Maxwell’s equations with periodic or quasiperiodic
boundary conditions. The advantage is that the solution can be
easily expanded as the superposition of a sequence of plane
waves without any preprocessing. The finite element method is
a popular choice for the simulation domain with an irregular
shape and/or a complicated interior interface. To the best of our
knowledge, in this case, the unstructured mesh is indispensable
for this method to attain a desired accuracy, and the solution of
an unstructured large sparse linear system is necessary and is
usually beyond the scope of applications of the commonly used
fast Fourier transform (FFT).

In 1966, a special FD method called Yee's scheme [14] was
developed that is attractive for simulating isotropic photonic
crystals (i.e., without magnetoelectric coupling), owing to its sim-
plicity and preservation of physical properties by which (4) can be
conveniently discretized into a generalized eigenvalue problem
(GEP). For 3D anisotropic photonic crystals, some researchers
have proposed the Lebedev scheme [15-17] by which (1a) and
(1b) are discretized on the Lebedev grid. A Lebedev grid can be
seen as a superposition of the standard Yee grid and three shifted
Yee grids, as illustrated in Fig. 1.

This paper introduces the bi-Lebedev scheme [18,19] to solve
the MEP (4) with 3D reciprocal bi-anisotropic complex media.
The so-called bi-Lebedev scheme artificially introduces another
copy of the Lebedev grid that coincides with the one shown
in Fig. 1(a) but with the color exchanged (red — blue, blue
— red). Consequently, the same Lebedev scheme can be used
to discretize (1a) and (1b) separately on these two replicas of
the Lebedev grid with two different sets of variables, {E(red),
H(blue), D(red), B(blue)} and {E(blue), H(red), D(blue), B(red)},
which are coupled with each other only when the bi-anisotropic
constitutive relations (2) are evaluated [18,19].

In this paper, we make the following contributions to solving
the MEP (4) with 3D bi-anisotropic complex media.

e Using the bi-Lebedev scheme, we provide a detailed FD
discretization of the MEP (4) together with the quasiperi-
odic condition (5) with 3D bi-anisotropic complex media to
produce a GEP. The matrices of the discrete permittivity &
and permeability u preserve the HPD property if ¢ and u
are HPD. With & = ¢ € C in (3), eigenvalues of the resulting
GEP appear as the pair {w, —w} if ® € R U IR, and they
appear the quadruplet {w, —w, ®, —®} if ® € C\(R U IR).
Moreover, by applying singular value decomposition (SVD)
of the discrete single-curl operator, we develop a null-space
free method to solve the resulting GEP.

e We adopt a 3-by-3 permittivity HPD matrix ¢ and the per-
meability @ = I; and take ¢ = ¢ in (3) with y >

e &

s

¥x ~ 1.204 to make the weight matrix indefinite,
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which results in extremely complicated eigenstructures of
the discrete MEP (4). Here, the weight matrix is HPD if
y < v and singular if y = y, (a critical value). With a
similar derivation in Section 3 of [2], the discrete MEP (4)
has real eigenvalues +w for y < y, and abundant 2 x 2
Jordan blocks at w = oo when y = y,. For y > y,, a mass
of eigenvalue tetrads (w, —w, @, —@) with |Re(w)| ~ 0 and
|Im(w)| >> 0 are created, some of which collide rapidly near
the origin and then bifurcate into positive and negative real
eigenvalues, respectively. The newborn positive eigenvalue
pushes the original eigenvalues farther from zero, i.e., the
newborn eigenstate possesses less energy (frequency) than
that of the original ground state. Moreover, the associated
eigenfields are highly confined in the bi-anisotropic chiral
medium with negligible leakage to the outside.

By virtue of the bi-Lebedev scheme, the eigenvectors of the
discrete MEP (4) provide complete components of both E(r)
and H(r) at each grid point; therefore, the Poynting vector
S = %ER(E x H) is instantly accessible at any grid point with-
out any additional approximations once the eigenvector is
given. In this work, we demonstrate that the Poynting vector
associated with the newborn eigenvalue is also concentrated
in the reciprocal bi-anisotropic chiral medium. More inter-
estingly, the spatial distribution of Poynting vectors inside
the chiral medium displays some peculiar patterns.

This paper is outlined as follows. In Section 2, we define the
notations of the discrete E(r), H(r), e(r), u(r), &(r) and ¢(r)
on a Lebedev grid. In Section 3, we provide the detailed matrix
representation of bi-Lebedev scheme from which the MEP (4)
is discretized into a sparse GEP of enormous dimension. The
SVD of the discrete single-curl operator in this scheme and a
null-space free method for the GEP are derived in Section 4.
Numerical results are provided in Section 5 to show the colliding
eigenvalues and localization of eigenfields and Poynting vectors.
Finally, concluding remarks are given in Section 6.

Notations. Bold letters denote vectors; I, = [eq, €5, ..., e,] is
the identity matrix of size n. For matrices A and B, AT and A* are
the transpose and conjugate transpose, respectively; A ® B and
A @® B = diag(A, B) are the Kronecker product and the direct sum
of A and B, respectively; vec(A) is the vectorization function of the
matrix A.

2. Discretization of E, H, ¢, 1, &, ¢ on the Lebedev grid

First, it is worth noting that in this and the next two sections,
&(r) and ¢(r)* can be any 3-by-3 complex matrices.

Crystal structures can be classified as 14 Bravais lattices in
3D Euclidean space [20]. In fact, a primitive cell of a Bravais
lattice, which is a parallelepiped formed by the lattice translation
vectors {a[}f:p can be embedded into a minimally contained
rectangular cuboid called the working cell £2.. Let the working
cell be partitioned evenly by ny, n, and n3 grid points in the
X-, ¥-, and z-direction, respectively, and &, 8§, and §, be the
corresponding mesh lengths. For simplicity, we introduce the
shorthand notations (r, s, t) = (réy, $§,, t6;), where r,s,t € R,
and?zi-}-%,jzj—i—%,l%zk—i—%fori:O,l,...,nl—l, j=
0,1,...,np—1, andk=0,1,...,n3— 1.

As mentioned in Section 1, the components of E(r) and H(r)
attached to the Lebedev grid naturally form four groups shown in
Fig. 1. Specifically, as shown in Fig. 1(b), the components of E(r)
and H(r) on the standard Yee grid can be represented by

Ei(i,j, k), Ex(i,], k), Es(i,j, k), (6a)
Hi(i, ], k), Ha(i,j, k), Hs(i, ], k), (6b)
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(d) Subgrid 3
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(e) Subgrid 4

Fig. 1. (a) Illustration of the Lebedev grid and the collocated E and H components. (b) Standard Yee grid. (c) Yee grid shifted by (i%, i%y, 0). (d) Yee grid shifted
by (:I:%", 0, :I:%Z). (e) Yee grid shifted by (O, :I:%y, :I:%Z). (For interpretation of the references to color in this figure legend, the reader is referred to the web version

of this article.)

respectively. Next, as shown in Fig. 1(c), we shift the components
of E(r) and H(r) in (6) by (i%*, j:%y, 0), yielding

Eq(i, ], k), Ex(i.j. k), Es(i.], k),

Hi(i.j. k). Ha(i.j. k). Ha(i.j. k).

Then, as shown in Fig. 1(d), we shift the components of E(r) and
H(r) in (6) by (£%, 0, £%), yielding

Eq(i.j. k). Ex(i.]. k). Es(i.j. k).

Hi(i,J, k), Ha(i. j. k), Ha(i, ], k).

Last, as shown in Fig. 1(e), we shift the components of E(r) and
H(r)in (6) by (0, £%, +%), yielding

Ei(i,], k), Ex(i,j, k), Es(i, ], k),
Hi(i,j, k), Ha(i, ], k), Hs(i, j, k).

Furthermore, we collect these four groups of the components
of E(r) into four column vectors e.q, €., €.3 and €., and the
four groups of components of H(r) into four column vectors
s, by, hy3 and hyy. By defining F(:, :, :) = vec(F(:, 1, 1)), where
F(:,: :) is a three-way array, these vectors can be defined as
follows:

E1(0:ﬁ1—1,0:n2—1,0:n3—1)
€1=|E0:n—-1,0:f,—1,0:n3—1) |,

E3(0:n1—1,0:n2—1,0:ﬁ3—1)

1:11(0:111—1,6:?12—1,6:153—1)
hf1= H2(02ﬁ1—1,02n2—1,02ﬁ3—1) s (73)
H3(O:ﬁ1—1,0:ﬁ2—1,0:n3—1)

m—1,0:f,—1,0:n;—1)
i —1,0:n,—1,0:n3—1) ],
n 1,0

Ei(
€ = | Ey(
E( Zﬁz—l,oiﬁ:),—l)

[E;(0:ny—1,0
€3 = |E0:7; —1,0
E3(0:ﬁ1—1,0:n2—1,0:

_E1(6:ﬁ1—],6
€oy = Ez(O:nl—l,O:nz—l,O:
_E3(0:n1—l,0

For convenience, we define

—1al ol a7 oT1T
€ = [eel’ ee2’ ee3’ ee4]

Hi(0:f; —1,0:n, —1,0:
hp =|Hy0:ny—1,0:1,—1,0:
H3(O:n1—1,0:n2—1,0:

:n2—1,6:

Iﬁ2—1,61

Hy(0:fy —1,0: 7, — 1,0
hf3= Hz(OZTl]—],Olnz—],OZ
H3(O:n1—1,0:ﬁ2—l,0:

“fy,—1,0:
tf; — 1,0
H1(O:n1—1,0:n2—1,0:

hyy = | F(0:A;—1,0: 0, —1,0:
H3(0:7;—1,0:n, —1,0:

fis — 1)

fis—1) |, (7b)
Tl3—1)

fis — 1)

fis—1)|,

n3—1)

113—1)

n3—1)|, (7¢)
fis — 1)

fis — 1)

fis—1) |,

n3—1)

Tl3—1)

ns—1)|. (7d)
fis — 1)

for E(r) sampled at midpoints of edges and centroids, and

by =[h/;, bl hi b 1"

for H(r) sampled at face centers and vertices.
In the bi-Lebedev scheme, by just interchanging the symbols

e and h in (7), we can define

T T T TqT
e = [eﬂ, €, €3, ef4]

for E(r) sampled at face centers and vertices, and

h, =[h,,h), h5 1"

el

for H(r) sampled at midpoints of edges and centroids.
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Next, we consider the anisotropic permittivity (r), permeabil-
ity u(r) and magnetoelectric coupling tensors £(r) and ¢(r)*. For
convenience, we let s = ¢, u, &, ¢ and write s(r) = [qu(r)]g’q:].
In addition, we define S{°)(s) for c = e or f as the corresponding
assembled weight matrix. The detailed definition can be found in

Appendix A.

Theorem 1. Ifs = [sy,(r)] € C**3 is HPD, for s = ¢ or p, then
Ss) for ¢ = e or fis also HPD.

Proof. See Appendix C.1. O

3. Discretization of MEP with 3D Bi-anisotropic complex me-
dia

In this section, we present the detailed discretization of the
MEP (4) using the bi-Lebedev scheme. To simplify the nota-
tion of the discrete single-curl operator, we define a function
C(Xl,XZ,X3) as

0 —X3 Xo
C(X1, X2, X3)=| X3 0 X,
X Xi 0

where X, X, and X3 are three square matrices of the same size.
Without loss of generality, hereafter, we take the face-centered
cubic (FCC) lattice as an example. The discrete single-curl opera-
tor with the quasiperiodic condition (5) using Yee’s scheme can
be represented by the matrix ¢(Cq, G, C3) [1,12], where

1 . 0 I _
Ci= —lnn, ®KLnl(ezkﬂl ), Knymy(X) = [X ml(n(v)z 1):| — linymy»

8x
(8a)
1 A —ik-a
G = —hoy @ Knpmy(@ ), = O €2l (3p)
dy I, /2 0
1 i O —l’}-ﬂzl ® I
C = —K elku3 s = e ’72/3 nm s
3 82 nlnz,n3( .]2) .]2 |:12n2/3 ®J‘1 0

(8c)

with k = 27k. In passing, the most general expressions of Cq, C;
and C; for any Bravais lattice corresponding to (8) can be found
in [21].

3.1. Matrix representation of V x E = 1wB at face centers

In this subsection, we derive the matrix representations of the
FD discretization of (1a) on subgrids 1, 2, 3 and 4 illustrated in
Figs. 1(b), 1(c), 1(d), and 1(e), respectively. Specifically, we first
write down the central FD approximation of (1a) in the compo-
nentwise form at each grid point and then recast all formulas for
each subgrid into matrix-vector form. The detailed explanation
can be found in Appendix B. Moreover, the details of how to
incorporate the quasiperiodic condition (5) into the FD formula,
which have been thoroughly discussed in [21] for the Yee grid
(i.e., subgrid 1), hold for subgrids 2,3 and 4.

Denote ZI(,S)(-) = S,(,g)(-, ¢) and ME,S)(-) = 3,?.5)(-, ), which are
defined in (A.1) in Appendix A. Using the FD discretization of (1a)
at

~

° (i,f, IAc), (?,], ) and (;] k), respectively, in Subgrid 1
(Fig. 1(b));

° (?,j, IAc), (i,j, IA<) and (i,j, k), respectively, in Subgrid 2
(Fig. 1(0)); .

e (i,j, k), (i,j,k) and (i,], k), respectively, in Subgrid 3
(Fig. 1(d));
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e (i,j, k), (i,7,k) and (i,j, k), respectively, in Subgrid 4
(Fig. 1(e)),
the resulting matrix representations are
C(C1, G, G3)ee

:zw([gg? 2D 20 Zﬁ?] ef
S PV VT VL | V) ©

C(_C;ks _Cikv C3)e€2

- & b b b
—la)([321 2y Zy Zu|¥

S v vl o) (9b)
C(—Cf, G, —C3)ees

2 20 2 2f]e

+ b D D Dlnp (9¢)

31 32 33 34 |0

C(C1, =G5, —C3)ees

—u2) 2 =) 2l]e

IR AT LY (o0

respectively. The detailed derivation of (9a) is introduced in
Appendix B.1; (9b), (9¢) and (9d) can be obtained similarly. From
(9), (1a) is discretized at face centers and vertices into

Ce, = 1w (Z(f)ef + M(f)hf> ) (10a)
where
€ = diag (¢(Cy, G2, G3), C(—C5, —C5, C3), C(—C, G2, —C3),

c(Cr, =G5, —C3)). (10b)

3.2. Matrix representation of V x E = 1wB at midpoints of edges

In this subsection, we discretize (1b) on subgrids 1, 2, 3 and 4
illustrated in Figs. 1(b), 1(c), 1(d), and 1(e), respectively. Similarly,
we recast all formulas for each subgrid into matrix-vector form.

Using the FD discretization for (1a) at

° (?,j, k), (i,}, k), and (i,], IAc), respectively, in Subgrid 1
(Fig. 1(b));

e (i,j, k), (i,j,k) and (i,], k), respectively, in Subgrid 2
(Fig. 1(c)); . .

e (i,j, k), (i,j,k) and (i,j, k), respectively, in Subgrid 3
(Fig. 1(d));

° (2] IA<), (i, ], IA<) and (i,f, k), respectively, in Subgrid 4
(Fig. 1(e)),

the resulting matrix representations are

C(Cy, G, G3) ey

—w(z 2 28 2
Pl MY wE M. e
c(=Cy, —=C5, C3)*epy

—w(z 2 2 2

S M M METR). (11)
C(—C5, G, —C5)¥ey3

() 2 2 e
RGN (10

C(Cy, —C5, —C5 ) epa
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_ © L@ @) (e

=w([zy) 2z, z5 zi]e
© 8 @ (@

+[(MT MY MG MR,

respectively. In summary, from (11), (1a) is discretized at mid-
points of edges into

(11d)

(f*ef = 1w (Z(e)ee + M(e)he) ) (12)
where C is defined in (10b).

3.3. Matrix representation of V. x H = —iwD at midpoints of edges

Discretization of (1b) at the midpoints of edges and face cen-
ters is a verbatim repetition of the derivations in Sections 3.1 and
3.2, except that E(r) and B(r) are replaced with H(r) and D(r),
respectively, and w is replaced with —w. The detailed derivations
of Section 3.3 are located in Appendix B.2 and those of Section 3.4
in Appendix B.3.

From (B.3a), (B.3b), (B.3c) and (B.3d) in Appendix B.2, the
discretization of (1b) at midpoints of edges can be represented
as

é*hf = —lw (E(e)ee + /Y(e)he) . (13)
3.4. Matrix representation of V x H = —iwD at face centers

From (B.4a), (B.4b), (B.4c) and (B.4d) in Appendix B.3, the
discretization of (1b) at face centers can be represented as

¢h, = —10 (g(f)ef + x(f)hf) . (14)

Finally, from (10a), (12), (13) and (14), the MEP (4) is dis-
cretized into the following GEP

0 0|-C o0 e
0 0| 0 —C |]|ef
c o] 0 o hy
0 ¢¢| 0 o0 h,
[ &e O ‘ 0 Xe e,
B (I T e
0 Z(f) M(f) 0 hf
L Zey 0 | 0 Mg JLhe
— ee
_ E X er
=S|, M] by |- (15)
L n,
Assume &(r) = ¢(r)*. In GEP (15), £ and M are Hermi-
tian and X = Z2* Thus, it is easily seen that (15) is a skew-

Hermitian/skew-Hermitian pencil; then, it becomes self-evident
that w and @ are both eigenvalues of the GEP (15). Furthermore,
if (w, [e], e/, h{, h]]T) is an eigenpair of (15), then it is easily
seen that (—w, [—e/, efT, th, —h]17) is also an eigenpair of (15).
In light of these properties, we have the following theorem.

Theorem 2. Eigenvalues of the GEP (15) appear as the pair {w, —w}
if o € RUIR, and they appear as the quadruplet {w, —w, ®, —®}
if o € C\(RUIR).

4. SVD and the fast Eigensolver

Basec} on the exquisite skills developed in [1,2], we derive the
SVD of C in (10b) and propose a fast eigensolver for the GEP (15).

Theorem 3 ([1,11]). Let C,, £ = 1, 2, 3 be defined in (8). Then they
are simultaneously diagonalized by the unitary matrix T € C"™", i.e.,

CGT=TA, €=1,2,3, (16)
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where Ay is the eigenvalue matrix for C,. The detailed expressions
of T and A, can be found in [11,21].

From (16), C¢(C1, G, G3), ¢(—Cy, —=C5, (3), ¢(—C}, &5, —C3) and

C(Cy, =G5, —C3) in (B.2), (9b), (9¢) and (9d), respectively, are

equal to

(5 ® YA ® T*), (17)

where

[0 A 4

A=| 4 0 -4y, (18)
Ay Ay 0

with (41, 4y, 7\3)_ = (A1, Az, A3), (—A1, =43, A3), (—A1, Ay,
—Az)and (A1, — Ay, —A3), respectively. Let A, = diag{A1¢, Ao,
..., Ane}, € = 1,2,3. Doing a perfect shuffle of this A, i.e.,
multiplying

3nx3n
P =[e1, €41, €041, €2, €142, €2n42, . . ., €, €2, €3,] € RS

and PI to A from the right and left, respectively, we can trans-
form A to a block diagonal matrix

PTAP=Li@L & - ®Ly,

with
0 —kn3  Amo

Ln=| Ams 0 —Amil|>-m=12,...,n
_)Lm,Z )Lm,l 0

Theorem 4. Let vy = [E1 12 £3]T be a nonzero vector and
0 —l3 A
L=| ¢ 0 —¢]. (19)
—l 0

Choose o, BEeR such thatvi=[pls — b, 0 —aly aly — ﬂ21]T
is a nonzero vector. Define v, = Vg x V;. Then,

V= [% il \/Z:szl ||2] . U= [% Jrjfvl L |\‘le\2]
are unitary matrices with £, = [€1* + [£2]* + €3/, and

L*L = Vdiag (0, g, £g) V*, LL* = Udiag (0, £, £g) U*.  (20)
Furthermore, L has the following SVD

L=Udiag<0, N \/?q) vE, 1)

Proof. See Appendix C.2. O

Define

(w0 ¥ W] (22)
AoA-Id 35—

= |4 Ag—Zody 47— 45| diag
A3 Ag— AsAF A3 — A%

D=

« (Aq;, (342~ A2,)

(a7,

with

Ap = AAF = (A + Ay + A3)(Ay + Ay + A3,

Ag = A AL+ A3 Ay + A3 As.

From Theorem 4, we have the SVD of A as

A=[0 ¥ -—U]diag0, )% AV [0 v w]". (23)

Denote {Wy, ¥y, ¥y} in (22) by {Wino, Y1, W2}y, for the four
cases of {Az}?zl as in (18). Substituting (23) into (17), we obtain
the SVD of ¢, as shown in Theorem 5 below.
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Theorem 5 (SVD of C).
=BT [Ym Ym Ym.
Prn=0&®T) [_lIImZ "I_/ml lz/m0:| ,

There exist unitary matrices

form=1,...,4, and their first 2n columns
Pn=BOD) [~ ¥ml, Qu=0GBOT) [¥m  ¥n],
m=1,...,4,
such that

C(C1, G, C3) = Py diag (A)%, A)%,0) Q) = P ZrQy.
co(—C5, =G5, C3) = P, diag (A, 1/2 Al/2 0)Q; =P 122:Q%,
Cc(—C}, Gy, —C3)=Ps dlag(Al/z Al/2 0)Q} = P3Z,Q%,
(G, =G5, c3) = Py diag (A, A”2 0)Q; = Pa2:Q},
with

%, = diag (A1, A1?).

Proof. By straightforward verification. O
Let

P, = diag (Pr1, Pr2, Pr3, Pra) , Qr = diag (Qr1, Qra, Qr3, Qra)
> =L®.
Then, we have
C=PZxQ,
with

Pr = diag (P, Q), ©Qr =diag(Qr,Py).

The skew-Hermitian matrix on the left-hand side of (15) has a
null space of large dimensions, which would substantially slow
the convergence of the desired smallest positive eigenvalues ob-
tained via shift-and-invert-type iterative algorithms. The null-
space free technique first developed in [1,11] is used to overcome
this drawback and reduce the GEP (15) to the following null-space
free GEP (NFGEP) of size 32n x 32n:

diag(C, C*) = P (L ® X))Q},

0 L®x!
AYyr = (' |:_12 ® Er—l 2 0 r :|> yr = wByr, (24a)
where
— di * * Milz _12411 CD_I 0
Ar = diag(P;, Q) |: Lan 0 0o M1
1
x| M D giag(p,, 0,), (24b)
—D4n 0

in which

-1
o= |:5(e) 0 i| B [ 0 X(e)i| M(f) 0 |: 0 Z(f):|
O &n] L% O 1] o Mmg|lZe O

-1
_ | &) = XeyMe Ze 0
= -1
0 &b — XHM g 2

= diag(cb(e), (p(f)). (24C)
As a result, the electric and magnetic fields can be restored
efficiently by
-1
T —Z I .
e b W] =7 ] amecn oy

Moreover, combined with the derivations in Appendix D, the
NFGEP (24a) can be rewritten as

A 0 |-~ 0 B|)\- -
0i) — — T
|: 0 A(e)] yr=w (l |:B 0]) yr, yr = 2 yr, (253)
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where IT, = [eq, €3, €4, €3]axa ® Ig, € R32321
-1 -1
. « Fif M Zp® )
Ay = diag (P, Py) |:<;b X( =D | dgiag p,, Py,
f) (f) )
(25b)
: * * ]:(e) Mglz(e e
Ae) = diag (Q", Q [ - - € © diag (Q;, Q)
( ) D) Xie)Mie) D)
(25¢)
0 = M) + M 2P YoM, c=eorf, (25d)
-1
b= [_§ % ] : (25¢)
r

The nonzero eigenvalues of the MEP (4) are the same as
those of the NFGEP (25) and form pairs and quadruplets, as in
Theorem 2.

Theorem 6. Assume &(r) = ¢(r)*. Then the NFGEP (25) has
eigenvalues {w, —w} if o € RUIR and {w, —w, &, —0} if o €
C\(R UIR).

Proof. See Appendix C.3. O

To conclude, the matrix C in this section is singular and one-
third of its eigenvalues are zero; thus, a null-space free technique
is a suitable method to accelerate the procedure of convergence
of eigenvalues of the smallest modulus. If &e), &f), Me), Mf),
De), ch in (24c) are HPD, Z*e) = Xe), and Z*f = Xy then from

(D.1), A

This implies that all eigenvalues of the NFGEP (25) are real.

The iterative eigensolver can now be applied to solve (25).
In the iterative processes, the matrix-vector multiplications Tq
and T*p for given vectors p and q can be performed by a se-
quence of elementwise multiplications, diagonal matrix-vector
multiplications and one-dimensional backward and forward FFTs,
the details of which can be found in Algorithm 3 and 4 in [22],
respectively.

) and Acey in (25b) and (25c¢), respectively, are also HPD.

5. Numerical results

In this section, with the aid of the bi-Lebedev scheme, we
present some numerical results of the MEP (4) with 3D reciprocal
bi-anisotropic chiral media using FD methods.

We take the media shown in Fig. 2(a) with the FCC lattice
as an example. Recall that the cubic working cell in Fig. 2(a)
is constructed from the primitive cell, usually a slanted paral-
lelepiped, of any Bravais lattice by some cutting and pasting [21].
The working cell naturally defines a Cartesian coordinate system
in which the lattice translation vectors of the FCC lattice are a; =
a5~z 51N a2 =dg -5 a = a0, /5 =7
Here, a is the lattice constant and is set to 1. The reciprocal bi-
anisotropic chiral medium occupies the shadow region in the
working cell in Fig. 2(a), consisting of a dielectric sphere and a
cylinder with radii ry = 0.11a and r, = 0.08aq, respectively, while
the background medium is air.

The magnetoelectric coupling &£(r) and ¢(r) are defined in (3),

and the permeability is simply u = I3. We use ¢ = 2.5 @
2.5 240.51 . e
2 051 55 to generate the desired permittivity tensor.

Unless otherwise specified, the results in this section are
obtained given the Bloch wave vector k = %Q[O, 1,01 +

1 1 0
2 2
1 1 T 1 1
L3 1, 1T withQ = V2 zﬁ 55 75 |- Furthermore,
1 1 1
V6 B
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Relative error

o 05 1 15 2

Dimension 10

(a) Working cell of the FC-  (b) Relative error vs. various
1

C lattice dimensions

25 3 35 4 45
o

Frequency

X W K F L U W L KU X
Wave Vector

(c) Band structure

Fig. 2. (a) Working cell of the FCC lattice [2]; (b) Relative errors of eigenvalues A;, i =1, ..., 16, with matrix dimension 48 x (6m)® for m = 5.6, ..., 16; (c) Band

structure of the reciprocal bi-anisotropic chiral media with y = 1.0.

frequency w
© -
T

~
T

ol . . . . . . .
1.22807 1.22808 1.22809  1.2281 1.22811 1.22812 1.22813 1.22814 1.22815
chirality parameter ~

(a) The bifurcation diagram of smallest few
positive eigenvalues.

Fig. 3.

we take ny = ny = n3 = 60; accordingly, the matrix dimensions
of the GEP in (15) and the NFGEP in (24) are 10,368,000 and
6,912,000, respectively. The inexact SIRA [23,24] in conjunction
with the MINRES solver [25] and FFT-based matrix-vector multi-
plication [22] are utilized to solve the NFGEP in (25). The stopping
tolerances of the inexact SIRA and the MINRES are set to 10!
and 1073, respectively.

All numerical results are obtained on a computer with an Intel
Xeon E5-2650 v4 2.20 GHz 24-core CPU, 512 GB DDR4 memory,
Ubuntu 16.04.4 LTS 0S, and an NVIDIA Tesla P100 GPU.

5.1. Results for the bi-anisotropic model with the HPD weight matrix
First, we validate the convergence of the eigenvalues obtained

via the bi-Lebedev scheme when the weight matrix is HPD in
which case (25) has only real eigenvalues. Specifically, we set

y = 1.0, a small random number, and ¢ = Q&Q', and we
compute the 16 smallest positive eigenvalues for (25) for n; =
n, = n3 = 6m with m = 5,6,...,16. The relative errors

defined by |Am+1 — Aml/|Am| are shown in Fig. 2(b), which clearly
demonstrates the nice convergence property of the eigenvalues.

Second, we compute the band structure of the 3D reciprocal
bi-anisotropic chiral media with y = 1.0 and ¢ = QEQT. Now
that @) and P £ in (24c) are HPD, we can relatively easily
compute the smaflest 56 positive eigenvalues of (25). On the
basis of the band structure plotted in Fig. 2(c), it appears that the
bi-anisotropic complex media with the specific parameters does
NOT possess a bandgap.

5.2. Bifurcation of eigenvalues

The smallest eigenvalue of & is approximately 1.4505; thus,
QEQ" vk

ol ] becomes singular if y = y, =

the weight matrix |:

frequency w

5.25 —6—¢

1.2281 1.22812 1.22814

chirality parameter ~
(b) Zooming-in on the upper part of the bi-
furcation diagram.

1.22808

(a) Demonstration of newborn positive eigenvalues when y > 1.228142; (b) Some original eigenvalues are pushed towards +oo.

4/1.4505 =~ 1.20436. According to Theorems 3.2 and 3.3 in [2],
at this moment, the pencil A;(y,) — wiB:(y,) in (25) has a large
number of 2 x 2 Jordan blocks at @ = oo, which are, however,
inaccessible in numerical calculations.

The following situation is more relevant to our calculations.
When y = y,+07, the Jordan blocks suddenly generate an abun-
dance of eigenvalue tetrads {w, —w, @, —@} that are all crowded
around 100 and have very small real parts. As y gradually ex-
tends beyond y,, some of the tetrads {w, —w, ®, —®} collide near
the origin and then move along the real axis in the positive
and negative directions, respectively, which can be numerically
accessible.

In practice, it remains challenging to find the exact y for
the bifurcation described above to occur for the first time. Af-
ter extensive manual intervention, we identify the interval, i.e.,
[1.2307, 1.2309] for this specific case, in which such y lies. Then,
we calculate the smallest few positive eigenvalues for dense and
uniform samplings of y in [1.2307, 1.2309] and plot the results in
Fig. 3(a). Finally, we find that when y ~ 1.228142, a new positive
eigenvalue is born for the first time, with a considerably lower
frequency than the original ground state, as shown in Fig. 3(a).
In addition, from Fig. 3(b), it appears as if the newborn positive
eigenvalues have pushed some of the original ones slightly to-
ward +o0. Conversely, these original eigenfields are rather stable
in the sense that they are resistant to the perturbation of y and
the ensuing change in the nature of the GEP, in striking contrast
to the dramatic change in the eigenfrequency of the newborn
ground state with respect to a tiny perturbation of y.

5.3. Localization property of newborn eigenfields

First, we use a volumetric slice plot to qualitatively explore the
localization property of eigenfields X;, X, X3 and X4 associated
the smallest positive eigenvalues A1 = 5.12924, .; = 4.8385,
A1 = 0.8627, and A; = 0.4787 of four GEPs with (a) ¢ = &,
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02
y X

(a) [H2(0:n1 —1,0: 70 — 1,0 : Ag — 1)| of x1

(c) [H2(0:n1 —1,0: %2 —1,0: n3 — 1) of x3
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(d) |E3(0:n1—1,0:n2 —1,0: iz — 1)| of x4

102

102
= =
107 g
] E]
el E 10°
3 ]
= el =

05 | | | | I o4 | | | I I

[ 05 1 15 2 25 3 [ 05 1 15 2 25 3
Ratio p Ratio p
(e) mp(p) vs. p of x3 (f) me(p) vs. p of x4
Fig. 4. The magnitude of selective components of the eigenvectors x;, i = 1, ..., 4, mu(p) for X3 and m(p) for x4 outside V(p).

y =0.275,(b)e = Q8QT,y = 1.0,(c) ¢ = &, y = 1.23399 and
(d) e = QEQT, y = 1.228142, respectively. Note that X3 and x4
are newborn ground states.

In Fig. 4(a), according to (6), we plot the magnitude of the H,
component of Xy at grid points belonging to subgrid 1. In Fig. 4(b),
we plot the magnitude of the H3 component of X, at the face
centers. Clearly, these eigenfields are distributed throughout £2.
as shown in Fig. 2(a).

The magnitude of the H, component of X3 at grid points
belonging to subgrid 1 and the magnitude of the E3 component
of x4 at the midpoints of edges can be found in Figs. 4(c) and
4(d), respectively. These two figures indicate that the eigenfields
X3 and x4 could be entirely within the bi-anisotropic medium
compared with the shadow region in Fig. 2(a).

To quantitatively measure the localization of X3 and x4, we
introduce a scaling parameter o > 0 and denote by V(o) the
region occupied by spheres and cylinders with radius r; = p x
0.11a and r, = p x 0.084q, respectively. Note that V(p) with p > 1
contains the original region, V(1), and its neighborhood. Let
m = ma

(P i=0,...,n1—1,j=0,...,n)2(—1,k=0 ..... n3—1
{Es(i, i, KNG, J, k) € 2\V (o)1),

m = max
n(p) i=0,...,n1—1,j=0,...,ny—1,k=0,...,n3— 1
{1, , K1, J, k) € 2A\V(p)I).

We plot my(p) for x3 and me(p) for x4 versus p in Figs. 4(e)
and 4(f), respectively. Clearly, my(p) and m,(p) drop substantially
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—e—my.:(p)
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Ratio p

(d) Maximal norms of S of x4 vs. p

Fig. 5. S of x5 and x4 and the maximal norm of S outside V(p).

around p = 1.2, which means that E3 and H, are localized in the
chiral medium. . R )

. In fact, in addition to Hy(0 : ny — 1,0: i, —1,0: 73— 1) and
E3(0:n;—1,0:n,—1,0: fi3— 1), other portions of X3 and x4 are
similarly localized in the chiral medium and its neighborhood.

5.4. Poynting vectors

For a plane-wave electromagnetic field, the Poynting vector
S = l‘R(E x H) represents the flow of energy carried by the
electromagnetlc field along the wave vector direction, and its
magnitude equals the intensity of the field. However, for an
electromagnetic field subject to the quasiperiodic condition (5),
this characteristic is generally invalid.

Now that we have the full components of the collocated
E-field and H-field belonging to the same eigenfield, the Poynting
vector S can be calculated with little additional effort. Here,
we report the numerical behavior of the Poynting vector of the
eigenvectors X3 and X4 in Section 5.3.

To quantitatively measure the localization of x3 and X4, as seen
in Figs. 5(a) and 5(b), we define

me,x(p): max
i=0,...,n1—1,j=0,...,ny—1,k=0,...,n3—1

(ISG, j, 210G, j, k) € 2:\V(p)},

where || - ||, is the Euclidean norm. Similarly, let me ,(p), m. .(p),
me(p), msx(p), mf,y(p) my ,(p) and mv(p) denote the max1mal
norm of § at points (i, j, k), (i, j, k) (1 i, k), (3, ], k) (l i, k) (l J, k),
and (i,j, k) € 2:\V(p),i =0,...,ny —1,j =0,...,n; — 1,
k=0,...,n3—1,respectively. From the curves of these maximal

norms versus p in Figs. 5(c) and 5(d), we can clearly see, similar
to the eigenfield itself, the associated Poynting vector is also
concentrated in the chiral medium. Furthermore, we can reveal
more details of these Poynting vectgrs. From Figs. 5(c) and 5(d),
we see that the maximal norms of $(i, j, k) and S(i, j, k) for x3, and
S(l i, ), (i j, k), S(i, ], k) and S(l j, k) for x4,i = 0, . -1,
j=0,....npb—1,k=0,. 3—1areO(1O)Hencewe
zoom in on only the region of high density to display S(l Lk
and S(i, j, k) for x3, and, S(l j. k), 8@, j, k), S(i, j, k) and S(l j, k)
for x4 in Figs. 6(a) and 6(b), respectively. The results show that all
arrows have exciting patterns. As shown in the left two subfigures
of Fig. 6(c) for X3, the Poynting vectors form symmetric patterns
on the xy-plane for a fixed z-axis. The modes on the top and
bottom have opposite directions. The right subfigure shows that
the modes from top to bottom form an s-shape pattern. The
Poynting vector of the eigenvector x4, shown in Fig. 6(b) has
more diverse shapes. We zoom in on four representative shapes
and display them in Fig. 6(d). The results demonstrate that each
pattern is generated by a different rotation. We find that some of
the patterns in Fig. 6(b) have a similar rotation style, while some
of them are different.

6. Conclusion

In this paper, we have established the FD discretization of (4)
by virtue of the bi-Lebedev scheme and proposed a null-space
free method to compute the band structure of 3D periodic bi-
anisotropic complex media. Although we take only the case with
a scalar magnetoelectric coupling constant and FCC lattice as an
example, it is not difficult to see that the formulas and algorithms



X.-L Lyu, T. Li, T-M. Huang et al.

024 —

o
N
I

e T A | T T T T
027 0275 028 0285 029 0295 03
X

(a) Poynting vectors of S at (z,},fc)
(3,4, k) for x3.

0212

021+
0208 -

0206 L

029402060508 0q’ .7 02
030302, Y
. 0.304

0116
0114 = = =

o112 - =
on

/ [Rp—

03 e — 0 T
0302 304 02 y
3040308 0202020402960298 03 0302008 Y

(¢) Zooming-in on (a)

Computer Physics Communications 261 (2021) 107769

008
0078 —|
0076 —|
0074 —
0072 —
N 007 —
0.068 —|
0.066 —|

0.064 —

(b) Poynting vectors of S at (%,j7 k), (i,j‘7 k),
(7;7.7'7 k)a (/7:357];7) for X4.

T 3040303
T 030603050304
06 03070306
y

0078

00775 0.069
0077

o o

00765 W

0,068

0.067

0,076 |
- 0066
0317 —oa 08 —
0316 0312 0311 031 (gg00
x 5 %

To2

(d) Zooming-in on (b)

Fig. 6. Details of Poynting vector S of X3 and X4 in the localized region.

involved can be readily adapted for 3D bi-anisotropic complex
media with very general magnetoelectric coupling tensors and
other Bravais lattices. Here, a formulation of the discrete single-
curl operator can easily be built from the counterpart in the
standard Yee scheme. Moreover, many apparatuses, notably, the
SVD of the discrete single-curl operator and NFGEP, developed
for Yee’s scheme [1] can readily be generalized to the bi-Lebedev
scheme, as shown in Section 4. The combination of all these
building blocks results in a clean and fast method for the band
structure calculation of 3D bi-anisotropic complex media.

With sound mathematical theory as guidance, we have pre-
dicted and numerically verified the existence of some exotic
eigenfields that are highly concentrated in the 3D reciprocal
bi-isotropic chiral material in [2]. Since there are many more
parameters in the permittivity tensor &, permeability tensor p
and magnetoelectric coupling tensors & and ¢ selected in the
3D bi-anisotropic model, the approach used to make the weight
e &
-

are supposedly more realizable. In this work, we have taken a
solid step forward in this direction. That is, we have found a
smaller critical chirality parameter y, ~ 1.20436, even though
the largest entry of ¢ is 5.5, and have captured possibly the first
newborn ground state at y 1.228142. Moreover, the spatial
distribution of the Poynting vector corresponding to the exotic
eigenfield displays some intriguing patterns. We plan to study
these patterns, especially their physical roots and implications, in
the future. Last, we expect that the physical phenomena observed
in this work will motivate further theoretical and experimental

matrix indefinite is more flexible and the resulting models

10

investigations. It would be exciting to see its application in the
field of metamaterial physics and engineering.
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Appendix A. Definition of matrix S(€)(s) for c = e or f

Define

s©(x, 5) = diag (ipq(() A —1,0:m—1,0: 15 — 1)) . (A1a)
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s©(y, s) = diag (qu(o ny—1,0:f,—1,0:n5 — 1)) . (A1b)
S&)(z,s) = diag <§pq(0 ‘n—1,0:m—1,0: A3 — 1)) . (Alc)
S1O(s) = diag (gpq(ﬁ Ay —1,0:0,—1,0: 75 — 1)) . (A1d)
S(f)(x s) = diag ( Spg(0 1y — 1,0:f, —1,0: A3 — 1)) . (Ale)
Dy, s )_dlag<§pq(6:ﬁ1—1,0:n2—1,6:ﬁ3—1)), (A1f)
Ség (z,s) = diag (qu(O cAp—1,0:7,—1,0:n3 — 1)) . (A1g)
s;£>(s) = diag (5p¢(0:ny —1,0:n, — 1,0:n3— 1)),  (A.1h)

forp, q=1,2,3 and

519s) = [S06)]; ooy

for c = e or f with
(C)(S) = diag (S(C)(x, $), S5y, 5), S5z, s)) :
(590 9.5 9. 589))
st )(s = dia S ©
33 g Z s), S ) S33(%,8))

C12n><12n’

— diag (S0, s

C C
844 = diag S S( )(z ,S), 523)(}1,5)),
and
o ) sx,5) 0] o
812(5): S;?(y,s) 0 0 :'521 (S)*,
Lo 0 0]
. o 0 S9x 9] .
S9s) = 0 0 0 = sy,
|59z,s) 0 0o |
o 0 0
sPe=10 0 sy | =ss)
10 s, o |
0 0 0
Sgg)(s): 0 0 Sg?(x,s) = gg)(s)*,
10 S$s) o |
. T o0 0o s90.9)] .
s$(s) 0 0 0 | =s$sy,
[s9¢s) o 0
. T 0 s9s) o .
557(s) = | 59s) 0 0| =55
L0 0 0]

With

£ = 8{e), ME) =S, &) =

forc=eorf, u,v=1,...,
C)4 C)4 C)4

oy = E0h o1 Moy = IMQTh 1 X = X8 1.

Zic)= [Z

596, 29 = 59

u,v

4, we define

uvuv]

Appendix B. Discretization of MEP with 3D Bi-anisotropic com-
plex media

B.1. Matrix representation of V x E = iwB at face centers

e Subgrid 1 (Fig. 1(b)):

Consider the FD discretization of (1a) by the standard Yee
scheme at face centers (i, j, k), (i, j, k) and (i, j, k), respectively.
Es(i,j+1,k) — Es(i,j, k) Ex(i,j, k+1) — Ex(i, ], k)

8y 8,
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= 10B4(i, ], k), (B.1a)
Ei(i,j, k+1)—Ei(i,j k) Es(i+1,j, k) — Es(i, ], k)
8, 8y
= 10B,(i, ], k), (B.1b)
Ex(i+1.J. k) = Ex(i.j k) Ex(i.j+ 1, k) — Ex(i.]. k)
8x 8y
= 10B5(i, ], k), (B.1¢)
fori=0,...,n1—1,j=0,...,npb—1land k=0,...,n3 — 1.

From (2) and (3), it holds that
Bi(i,J, k) = (¢1iEq + C12Ez + L33 + wiiHr + pioHa
+ pasHs )i, J, k),
(§21E1 + $22Es + $23E3 + patHy + paaHa
+ 1a3Hs )i, J, k),
(&31E1 + {32E2 + §33E3 + pu3iHy + pusaHa
+ pashs)(i, g, k).

By (i, j, k) =
Bs(i,], k) =

Denote zD() = s, £ and MPy = s, ), which are
defined in (A.1), and [hﬂ] ., are defined in (7). Combining the
above results with the matrix form of the discrete single-curl
operator, (B.1) can be recast into

C(Cr, G2, G3)eer
—uz) 2 = 2l]e
p EC VY o] L} (22
B.2. Matrix representation of V x H = —iwD at midpoints of edges

In this subsection, we discretize (1b) on subgrids 1, 2, 3 and 4
illustrated in Figs. 1(b), 1(c), 1(d), and 1(e), respectively. Similarly,
we recast all formulas for each subgrid into matrix-vector form.

Using the FD discretization for (1b) at

, respectively, in Subgrid 1
i,j, k) and (;]A IA<), respectively, in Subgrid 2
, respectively, in Subgrid 3
i, IA<) and (i,j, k), respectively, in Subgrid 4

the resulting matrix representations are

C(Cy, G, G3)*hpy

= —w(e) &) & alle

(€) (€) (€) (€)
+a Ay g A he), (B.3a)
c(—C5, =G5, C3)*hy
—_ (€) (€) (€) (€)
= ~lw ([521 &y &3 & ] e
(€) (€) (€) (€)
+[a) g Xy3' Aoy Jhe). (B.3b)
C(_Cl s C27 _C3) hf3
— (€) (€) (€) (€)
=~ ([531 &' &5 & ] €.
() () (€) ()
+Hay ) g alhe), (B.3¢)
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C(Cq, —C5, —C3)"hyy

— (€)

=~ ([541

g

(€)
Ex

(€)
Xg

(€) (€)
&' Eu ]ee

(€) (€)
X5 Xy he) . (B.3d)

respectively.
B.3. Matrix representation of V x H = —iwD at face centers

In this subsection, we discretize (1b) on subgrids 1, 2, 3 and 4
illustrated in Figs. 1(b), 1(c), 1(d), and 1(e), respectively. Similarly,
we recast all formulas for each subgrid into matrix-vector form.

Using the FD discretization for (1b) at

5

e (i,j,k), (i,j,k) and (i,], k), respectively,
(Fig. 1(b)
o (i.j, k), (
(Fig. 1(c))

o (i.j.k) (
)

(

Subgrid 1

)

1
i,j, k) and (i,j, k),
1

=

respectively, Subgrid 2

5

Jj.k) and (i, ], k),

respectively, Subgrid 3

)
(Fig. 1(d));

e (i,j,k), (i,j,k) and (i,j, k),
(Fig. 1(e)),

the resulting matrix representations are

=

respectively, Subgrid 4

C(Cy, &, Ghey

= —o([h
) A 2D l]m),
c(—Cy, —C, G3)hey
= —wo([8)
) A ) ).

_C;F )he3

CONN()
€13 514]ef

(B.4a)

& o

&3 524]ef

(B.4b)
c(—C7, G,
- _ & o
= Tl ([531 225

i)
X32

I
€33 534]ef

)

Xg3 (B.4c)

+ [xg?
C(C1, —C5, —Ci)hey
= -l

03]
X42

@
Ey3 544]ef

(b Xﬁ?] hf) ;

2 (B.4d)

+ [
respectively.

Appendix C. Proofs for some theorems

C.1. Proof for Theorem 1

Proof. Let IT = [Tyl ,_, € R'*™ " with [Ty, = I, ® 0, @ Oy,
forp=1,...,4 =11 =34 =13 =0, &, 0y, 113 =
I3y = Iy = g = 0,00, B1, [114 = Iy = [Tr3 = I13; = O3y.
Then we have

17 sOs)11 = diag (51(5), 5576s). 5175), 51%69)) (C.1a)
with
S19Us) = IS0 B oy S0(5) = S0 )13 0o (C.1b)

12
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$5s) = 1589z, )2 1.

which implies that S(9)(s) is HPD. O

$3Us) = [SK(s)1?

g1 (C.1¢0)

C.2. Proof of Theorem 4

Proof. From (19), it holds that
aH7

U'L=tds— |6 |[6i & 0],
{3

2
I =5 — [ 6| [6 & 0],
43

It is easy to see that both L*L and LL* have eigenvalues 0, ¢,
and ¢,4. Moreover, vy and Vg are the eigenvectors of L*L and LL*,
respectively, corresponding to zero eigenvalue. Since v; and v,
satisfy [6; €, C3]vi = 0and [¢; & &]va =0, {vi, v5}
and {v;, vy} are the eigenvectors of L*L and LL*, respectively,
corresponding to eigenvalues £4, £4. By the definitions of v;, i =
0, 1,2, we have viv; = 0 for i # j and |vz]l2 = [[Voll2llVill2 =
@llw |l2. This implies that U and V are unitary, and L*L and LL*
have eigendecompositions in (20).
Rewrite vy and v, as

Bls — £ )
Vi = Z] — O{Z3 =L'w=—Iw,
O{Zz - ﬂZ1

(aly — BE1)ly — (€1 — als)ls
(B3 — £2)3 — (aly — BLy)
(€1 — al3)ly — (B3 — £)0;

VZZ\_IQX‘_I]:

= (Lql —vovg)w,
wherew=[a g 1] .Then, we have
(V1) Lvy = —W'L*Lv; = —{;W*v; = 0,
(V2)"Lvy = W*(£gl — Vovg )L(£q] — Vovg)W = 2W*Lw = £2viw
= O7

(1) Lz = (01) LEgl — VoVg)W = £o(¥1)' LW = —L4(V1)*¥y

2
= —{qllvall3.

(V2)"Lvy

This implies the SVD of L in (21). O

W (Lol — VoV )Lvy = LaW*Lvy = £qVivy = £qlvy 5.

C.3. Proof for Theorem 6

Proof. Define y, = [y};, y},]*. From (25), we have

B~ 'Ae)B A g =~

g (I) y;. Then, (25) can be rewritten as

which implies that if w is an eigenvalue of (24a), then —w is also
an eigenvalue. Let §, = :|g

0 —lA(e) N A
_IB_1A(f)B_1 0 Vr = wyr.

The matrix in (C.2) forms a complex skew-Hamiltonian matrix.
It follows that if w is an eigenvalue of (C.2), then @ is also an
eigenvalue of (C.2). Therefore, (25) has eigenvalues w, —w, @ and
—o. O

(C.2)
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Appendix D. Mathematical derivation of (25)

Since
My —1 -1
Mzt = | Mb 0_1 [O Z(f)] Pe 0
0 M(e) Z(e) 0 0 ¢(f)
-1 -1
= 0 B My 2P
| MieyZe)Pe)
- »
oM = q)éf) @0_1 [Xo Xé)e)] My 0_1
@ | LD 0 Me
-1 -1
_| 0 PeteMe
_q)(f) X(f)M(f) 0
and

M T+ M Izo T m!

_ Lo zsll®e 0 |[o x _
= MM 1[2(6) ‘(’f)} 0 ) [X(f) 66)]M 1
= diag (f(f)v f(e>)
with
Ty = Mg + Mg Zo g XM, c=eorf,

the product of matrices in (24b) can be reformulated as

Mz —Ian ! 0 XM loan
Iran 0 0 M| —han 0

_ [(M‘1+M—1z¢—1XM—1) M‘12¢_1]
- o lam! o1
Fify 0 ] 0 1 M(;Z(f)d)(;
_ 0 Fe) M(fe)Z(e)Q(f) 0
Lo Pe)¥e)Me) Pe) o
MORURET 0 0 )

This implies that

M1z —Ioygn @1 0 M1 L4 T
H1|: Lan 0 0 M| —ha 0 m

F, dzeopl
= diag B ) » M if]) @ |
P 6 XM p i
~1 —1
Fe) MeyZe)Pe) (D.1)
-1 -1 -1 ’ ’
Pie)XerMe Pee)
where [T} = [e, €3, €4, €44 @ l1py € REVBN Let [T, =

[e1, €3, €4, €2]4xq ® Ig; € R332 Then
Mydiag (P;, Q;) ) = Mdiag (P, Q. Q-, Py) 1T,
= diag (Pr. Pr. Q. Q) (D.2a)

13

and

o]
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0 Lz | v
L ® X! 0 I
0 0 0o x!
0 o -x' o
o s o o |- (D.2b)
.
-x1 0 0 0

Substituting (D.1) and (D.2) into (24), we obtain (25).
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