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Abstract

In this paper, we associate quantum vertex algebras to a certain family of as-
sociative algebras A(g) which are essentially Ding-Iohara algebras. To do this, we
introduce another closely related family of associative algebras A(h). The associ-
ated quantum vertex algebras are based on the vacuum modules for A(h), whereas
¢-coordinated modules for these quantum vertex algebras are associated to A(g)-
modules. Furthermore, we classify their irreducible ¢-coordinated modules.

1 Introduction

This paper is from a vertex algebra point of view to study a family of associative algebras
A(g) with g(z) a rational function such that g(z)g(1/z) = 1. By definition, A(g) is the
associative unital algebra over C, generated by

E,, F.,, ¥, (n€Z),

subject to relations

where

E(z) = Z E.z7", F(z)= Z F.z7", Y(z) = Z U,z7"

neL nez nez

Note that in the special case with

o= [[ 2=

1—q.z’
j=1,2,3 4
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where ¢, ¢2, g3 are nonzero complex numbers such that ¢;q2q3 = 1, .Z(g) is (essentially)
the algebra € which had appeared in [BEMZZ] (with h(z) = g(z)). On the other hand,
these algebras are essentially Ding-Iohara algebras of level zero (see [DI]).

Ding-Iohara algebras are a family of Hopf algebras, generalizing quantum affine al-
gebras U,(g). In the case g = sly, Ding-Iohara algebras, which are parametrized by a
rational function g(z) such that g(z)g(1/z) = 1, are generated by the modes of fields
e(2), f(2),v*(2), and by invertible central elements y*'/2. In the past, Ding-Iohara al-
gebras had been studied by many people in various directions (see for example [FT],
[AFHKSY]).

In this paper, we study Ding-Iohara algebras .Z(g) from a vertex-algebra point of
view and our main goal is to establish a natural connection of these algebras with vertex
algebras or more generally quantum vertex algebras in some sense. As the main results
of this paper, we associate quantum vertex algebras and their ¢-coordinated modules in
the sense of [L2] and [L4] to the Ding-Iohara algebras A(g).

In literature, there have been several theories of quantum vertex (operator) algebras,
where the better known representatives are the (Edward) Frenkel-Reshetikhin theory
of deformed chiral algebras (see [FR]), the Etingof-Kazhdan theory of quantum vertex
operator algebras (see [EK]), and the Borcherds theory of quantum vertex algebras (see
[Bo2]). Each of these theories, which are different in certain ways, has its own interest.
While these pioneer works provide important foundations in the study on quantum vertex
algebras, the general theory is yet to be fully developed.

For many years, we have been extensively studying quantum vertex algebras (see
L2, L3l L4, [L5], [KL], [LTW]), essentially along the line of Etingof-Kazhdan’s theory. In
nature, Etingof-Kazhdan’s quantum theory is in the sense of formal deformation, where
quantum vertex operator algebras in this sense are formal deformations of vertex algebras.
Note that among the important properties of vertex algebras are (weak) associativity and
commutativity (namely locality). For quantum vertex operator algebras, (weak) associa-
tivity is postulated while locality is replaced with what was called S-locality (see [EK]).
Motivated by Etingof-Kazhdan’s theory, we developed a theory of (weak) quantum vertex
algebras, where weak quantum vertex algebras, instead of being formal deformations of
vertex algebras, are generalizations of vertex algebras and vertex super-algebras. Just as
with vertex algebras, for a general weak quantum vertex algebra one has the notion of
module (and that of twisted module (see [LTW])). A conceptual result (see [L2]) is that
every S-local set of vertex operators (namely fields) on a general vector space W generates
a weak quantum vertex algebra in a certain canonical way, with W as a natural module.

Note that Anguelova and Bergvelt developed a theory of what were called H p-quantum
vertex algebras (see [AB]).

To associate quantum vertex algebras to certain algebras such as quantum affine alge-
bras, a theory of what were called ¢-coordinated (quasi) modules for weak quantum vertex
algebras was developed in [L4]. In this theory, ¢ is what was called therein an associate
of the 1-dimensional additive formal group (law), which is Fa(z,y) = x +y € C|[z,y]].



By definition, an associate of Fj is a formal series ¢(z, z) € C((x))][[z]] such that

¢(2,0) =z, ¢(d(x,9),2)) = d(x,y + 2).

With F, clearly being an associate for itself, it was proved that all associates of F, can
be obtained by
oz, z) = P -z,

where p(z) € C((z)). Note that ¢(x,z) = Fa(x, 2) for p(x) = 1 and ¢(x,2) = ze® for
p(z) = x, another particular associate. The essence is that the usual associativity, which
is governed by the formal group law Fj, is generalized to ¢-associativity, which is governed
by a general associate ¢ of F,. Let ¢(x,z) be an associate of F,. For a weak quantum
vertex algebra V| a ¢-coordinated V-module by definition is a vector space W equipped
with a linear map

Y (-, x) : V — (EndW)[[z,27']]; v+ Yip(v,2),

satisfying the conditions that Yy (v, z)w € W((x)) forv e V, w e W, Yy (1,2) = 1, and
that weak ¢-associativity holds: For any u,v € V, there exists a nonnegative integer k
such that
(I‘l — .Z’g)kYW(u, l’l)Yw(’U, 1’2) c HOI’Il(W, W((I‘l, Ig))),
((b(m% Z) - I2)kYW(Y(u7 Z)U, $2) = (($1 - $2)kYW<u7 ml)YW(Uv $2)> |x1=¢(96272)’

In this paper, we shall associate ¢-coordinated modules with ¢(z,z) = xe® for certain
quantum vertex algebras to the Ding-Iohara algebras A(g).

First, we construct the desired quantum vertex algebras. For this, we introduce certain

counterparts of A(g), another family of associative algebras. Let h(z) € C[[z]] such that
h(z)h(—z) = 1. For example,

W) = ta0(g(e”)) € C((2)),

where g(z) is a rational function as before and ¢, o(g(e*)) denotes the formal Laurent
series expansion of g(e”) at x = 0. We define A(h) to be the associative unital algebra
over C with generators

€n, fna ’an (nEZ)a

subject to relations

e(2)e(w) = hw = 2e(w)e(z),  [(2)f(w) = h(z = w) ()] (2)
De(w) = h(w = 2)e()p(=), B(z)f(w) = hz = w)f (W) (z),
2), fw)) = =70 (S) v() [(e),ew)] =0,

where a(z) =, 7 ane™" ! for a = e, f,1. Let V) be the vacuum A(h)-module in the
sense that V) is the A(h)-module generated by a vector 1, called the vacuum vector,
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such that e, 1 = f,1 = ¢,1 = 0 for all n > 0. Then we show that there exists a weak
quantum vertex algebra structure in the sense of [L2] on V. By making use of an
affine vertex (super)algebra we construct V) and determine a basis of P-B-W type.
We show that the associated weak quantum vertex algebras are non-degenerate in the
sense of Etingof-Kazhdan, proving that they are quantum vertex algebras. On the other
hand, we show that a suitably defined restricted .A(g)-module amounts to a ¢-coordinated
VA(h)—module.

This paper is organized as follows: Section 2 is preliminaries; In this section we recall
basic notions and results about (weak) quantum vertex algebras, their modules, and their
¢-coordinated modules. In Section 3, we introduce the associative algebra A(h) for each
series h(x) € C[[z]] with h(x)h(—x) = 1, and we construct a weak quantum vertex algebra
V- In Section 4, we determine the structure of the weak quantum vertex algebra V).
In particular, we prove that they are non-degenerate in the sense of Etingof-Kazhdan. In
Section 5, for each rational function g(z) with g(z)g(1/z) = 1, we introduce an associative
algebra JZ( g) and we identify suitably defined restricted .Z( g)-modules with ¢-coordinated
modules for the quantum vertex algebra V) with h(z) = g(e®).

2 Preliminaries

In this section, we recall from |[L2] and [L4] some basic notations and results on quan-
tum vertex algebras and their modules, including the conceptual construction of (weak)
quantum vertex algebras and modules.

Throughout this paper, N denotes the set of nonnegative integers, C* denotes the
multiplicative group of nonzero complex numbers (while C denotes the complex number
field), and the symbols x,y, 1, xs,... denote mutually commuting independent formal
variables. All vector spaces in this paper are considered to be over C.

For a vector space U, U((x)) is the vector space of lower truncated integer power series
in z with coefficients in U, Ul[x]] is the vector space of nonnegative integer power series
in x with coefficients in U, and U[[z,2™!]] is the vector space of doubly infinite integer
power series in x with coefficients in U.

We now begin by recalling the definitions of nonlocal vertex algebra and module (see
[L2], [L1]; cf. [Bol], [BK]).

Definition 2.1. A nonlocal vertex algebra is a vector space V equipped with a linear map

Y(,2):  V— Hom(V,V((z))) C (EndV)[[x,z7"]]
v— Y (v,z) = Z v,z "t (where v, € EndV)

ne”L

and equipped with a distinguished vector 1 € V|, called the vacuum vector, satisfying the
conditions that
Y(1,2)v =,
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Y (v,2)1 € V[[z]] and lir%Y(v,:c)l =v forvelV,
T—r
and that for u,v,w € V, there exists a nonnegative integer [ such that
(w0 + 22)'Y (u, 20 + 22)Y (v, m2)w = (w0 + 22)'Y (Y (1, 20)v, 2)w.

Definition 2.2. Let V' be a nonlocal vertex algebra. A V-module is a vector space W
equipped with a linear map

Yw(,z): V — Hom(W, W((x))) C (EndW)|[[z, 2]
vi— Yy (v,z) = Z v,z "t (where v, € EndW),

nez
satisfying the conditions that
Yw(1l,z) = 1y (the identity operator on W)
and that for u,v € V, w € W, there exists a nonnegative integer [ such that
(20 + 22) Yy (w, 2o + 22)Yip (v, 22)w = (20 4 22)' Vi (Y (u, 20)v, 22)w.

The last condition in Definitions 2.1l and is often referred to as weak associativity.
Recall from [L2] the following notion of weak quantum vertex algebra:

Definition 2.3. A weak quantum vertex algebra is a vector space V equipped with a
linear map

Y(-,z): V= Hom(V,V((z))) C (EndV)[[z, 2]
and a vector 1 € V, satisfying the conditions that for v € V|
Y(1,z)v =,
Y(v,2)1 € V[[z]] and lim Y (v,2)1 =,

xz—0

and that for u,v € V, there exists >/ v @ u @ f;(x) € V ® V ® C((z)) such that

Zo

2316 (“’1 — ”) Y (u, )Y (v, 22) — 2310 (‘62 ;‘”1) 3" fil—20)Y (0, 2)Y (u, 2)
-0 i=1

) (9“"1 — IO) Y (Y (u, 20)v, ) (2.1)

X2

(the S-Jacobi identity).



Note that the S-Jacobi identity (2] implies the weak associativity, so that a weak
quantum vertex algebra is automatically a nonlocal vertex algebra. On the other hand, it
is clear that the notion of weak quantum vertex algebra generalizes that of vertex algebra
and vertex super-algebra.

For a weak quantum vertex algebra V', a V-module is defined to be a module for V'
viewed as a nonlocal vertex algebra. The following was proved in [L1]:

Proposition 2.4. Let V' be a weak quantum vertex algebra and let (W, Yy ) be any V-
module. Then, for u,v € V', whenever (21) holds, we have

Zo

T, — T Ty — T ! . .
17515 < ! 2) Yw (u, z1)Yw (v, 29) — 93515 < 2_:50 1) Z fi(—xo)YW(v(’),xg)Y(u(’),:El)
i=1

= 2516 (‘Cl - ‘CO) Yir (Y (u, )0, 2).

T2

Recall that a rational quantum Yang-Bazter operator on a vector space U is a linear
map
Sx): UU - U U ®C((x)),

satisfying
S2(2)S"(x + 2)5%(2) = §%(2)SB(x + 2) S (x)

(the quantum Yang-Baxter equation), where for 1 <i < j < 3,
Si(z): UUeU —-UeU®U®C((x))

denotes the canonical extension of S(x). It is said to be unitary if S(z)S*(-z) = 1,
where S (z) = 0S(x)o with o denoting the flip operator on U ® U.
For a nonlocal vertex algebra V', following [EK], denote by Y (x) the linear map

Y(): VoV = V((z)),

associated to the linear map Y (-, z). The following notion of quantum vertex algebra was
introduced in [L2] (cf. [EK]):

Definition 2.5. A quantum vertex algebra is a weak quantum vertex algebra V' equipped
with a unitary rational quantum Yang-Baxter operator S(x) on V' such that for u,v € V,

1) holds with Y7, v@ @ u® ® fi(z) = S(z)(v ® u) and such that

S)(1ev)=1®v forvelV, (2.2)
D®1,8(x)] = —%S(:c), (2.3)
S(x)(Y(z2) @ 1) = (Y (22) @ 1)8%(21)S™ (21 + 12). (2.4)

The following notion is due to Etingof and Kazhdan (see [EK]):
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Definition 2.6. A nonlocal vertex algebra V' is said to be non-degenerate if for every
positive integer n, the linear map

Zy o C((21)) -+ ((n)) @ VE" = V((21)) -+ ()

defined by

is injective.
The following was proved in [L2]:

Proposition 2.7. Every non-degenerate weak quantum vertex algebra is a quantum vertex
algebra with a uniquely determined rational quantum Yang-Baxter operator.

Remark 2.8. In view of Proposition 2.7l the term “non-degenerate quantum vertex
algebra” without specifying a quantum Yang-Baxter operator is unambiguous. It was
proved in |L2] that if V' is of countable dimension (over C) and if V' as a (left) V-module
is irreducible, then V' is non-degenerate. Then the term “irreducible quantum vertex
algebra” without specifying a quantum Yang-Baxter operator is unambiguous.

Let W be a general vector space. Set
E(W) = Hom(W, W ((x))) C (EndW)[[z,z~"]].
The identity operator on W, denoted by 1y, is a special element of (V).
Definition 2.9. A subset U of £(W) is said to be S-local if for any a(z),b(z) € U, there

exist

a;(x),b;(x) € U, fi(x) e C((x)), i=1,...,r7,
and a nonnegative integer k such that

T

(21 — x9)*a(z))b(zs) = (21 — 29)" Z fi(xe — x1)bi(x2)a;(xy). (2.5)

i=1

Let W be a vector space as before and let U be any S-local subset of £(IV). Assume
a(z),b(z) € U. Notice that the relation (2.5) implies

(Zlfl — xg)ka(xl)b(@) - HOI’Il(VV, W((l’l, ZL’Q))) (26)

Define a(z),b(z) € (End W)[[z,z7!]] for n € Z in terms of generating function

Ye(a(w), 2)b(z) = Y (a()ub(z))z"""! (2.7)

neL



r1 — 2

X

Ye(a(z), 2)b(z) = Res,, 216 ( ) r*((xy — x)*a(z)b(2)), (2.8)

where k is any nonnegative integer such that (2.6]) holds. Assuming the S- locality relation

(2H), we have

Ye(a(z), 2)b(z) = Res,, 2 (9“"1 - I) alz)b(z)
—Res,, 216 (9“" :le) Z by (fi(@ — 21))0D (2)a® (21), (2.9)

or equivalently, for n € Z,

a(z),b(x) = Resy, ((SL’l —z)"a(zy)b(z) — Z(—x + 21)" fi(z — 21)0? (2)a® (xl)) :

i=1
Let U be an S-local subspace of E(W). We say U is Ye-closed if
a(x),b(z) € U for all a(x),b(z) € U, n € Z.
The following result was obtained in [L3]:

Theorem 2.10. Let W be a vector space and let U be any S-local subset of E(W'). Then
there ezists a Ye-closed S-local subspace of E(W'), which contains U and 1y. Denote
by (U) the smallest such subspace. Then ((U),Ye, 1w) carries the structure of a weak
quantum vertezx algebra and W is a faithful (U)-module with Yy (a(x), z) = a(z) fora(x) €
(U).

Next, we recall from [L4] and [L5] some basic results in the theory of ¢-coordinated
modules for weak quantum vertex algebras. In this theory, ¢ stands for the formal series
¢(z, z) = we* € C[[x, z]], which is what was called therein an associate of the 1-dimensional
additive formal group (law) F(x,y) =z + y.

Definition 2.11. Let V be a weak quantum vertex algebra. A ¢-coordinated V -module
is a vector space W equipped with a linear map

Y (-, z): V — Hom(W, W(())) C (EndW)[[z,z "],

satisfying the conditions that Yy (1,z) = 1y and that for any u,v € V, there exists a
nonnegative integer k such that

(ZL’l — l’g)kYW(u, Il)Yw(U, LUQ) € HOIl’l(W, W((I‘l, 1’2)))
and

(ro€® — l’g)kYW(Y(u, 2)v,x9) = ((21 — Z'Q)kYW(U,l’l)Yw(U,I2)|x1:x2ez.
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Let C(x) and C(z1, z3) denote the fields of rational functions. Define

boras + C(21,22) = C((21))((22)) (2.10)

to be the canonical extension of the ring embedding of C|[x1, 5] into the field C((x1))((z2)).
The following result was obtained in [L4]:

Proposition 2.12. Let V' be a weak quantum vertex algebra and let (W,Yw) be a
coordinated V -module. Let u,v € V and suppose that u®, v €V, ¢(x) € C(z) (1
i <r) such that

|/\%*

T

(Il — l’g)kY(u, ZL’l)Y(U, LUQ) = (.flfl — LEQ)k Z lyg,xy (qi(€m2_w1))Y(’U(i), ZL’Q)Y(U(Z), ZL’l) (211)

i=1
on V' for some nonnegative integer k. Then
Yiw (u, 1) Yiw (0, 22) = D b0 (3(w2/71)) Yo (09, 202) Vi (u®, 1)
i=1

a n
Z n'YW Uy, T3) (:L’zazZ) 5 (i—j) . (2.12)

Definition 2.13. Let W be a vector space. A subset U of £(W) is said to be Sy.,-local
if for any a(z),b(z) € U, there exist

wi(z),vi(x) € U, ¢i(z) € C(x), i=1,...,r

such that

T

(21 = @) a(@0)b(w2) = (w1 = 22)* Y by, (@s(1 /2) Jus(2)vs (1) (2.13)

i=1
for some nonnegative integer k.

Let W be a vector space as before. Let U be any Sy.,-local subset of £(WW) and let
a(z),b(z) € U. Notice that the relation (2.13) implies

(z1 — x2)*a(21)b(xs) € Hom(W, W ((21, 15))). (2.14)

Define a(z)¢b(x) € (End W)[[z,27!]] for n € Z in terms of generating function

Yé(a(w), 2)b(x) = Y (a()b(x))z""" (2.15)



by

Ye(a(@), 2)b(x) = 27 (e* = 1)7 (21 — 2)"a(21)b(@)) |2, se+, (2.16)

where k is any nonnegative integer such that ([2.I4) holds and where (e* —1)~* stands for
the inverse of (e — 1)¥ in C((2)).
Let U be an Sy.,-local subspace of E(W). We say U is Y¢-closed if

a(x)sb(z) € U for all a(x),b(z) € U, n € Z.
The following result was obtained in [L4] (Theorem 5.4):

Theorem 2.14. Let W be a vector space and let U be any Syyiq-local subset of E(W). Then
there exists a Y¢-closed Syiq-local subspace of E(W), which contains U and 1y . Denote
by (U). the smallest such subspace. Then ((U).,YE, Iw) carries the structure of a weak
quantum vertex algebra and W is a ¢-coordinated (U).-module with Yy (a(zx),z) = a(z)

for a(z) € (U)..

3 Algebra A(h) and weak quantum vertex algebra
V)

In this section, we first introduce an associative algebra A(h) associated to a formal
power series h(z) satisfying a certain condition, and then associate a weak quantum
vertex algebra V) to this associative algebra and establish an isomorphism between the
category of suitably defined restricted A(h)-modules and that of Vs,)-modules.

Let h(z) € CJ[[z]] such that h(z)h(—z) = 1, which is fixed throughout this section.
Notice that we have h(0)? = 1. That is, h(0) = +1.

Definition 3.1. Define A(h) to be the associative algebra with identity over C with
generators

€n, fna ’an (nEZ)a

subject to relations

e(2)e(w) = hlw = 2)e(we(z),  f(2)f(w) =h(z—w)f()f(z),  (31)
b(2)ew) = h(w = e(w)b(z), B()f(w) = h(z —w) W),  (32)
(), fw)] = 276 (Z) w(2) (3.3)
[$(2), (w)] = 0, (3.4)

where a(z) =, ,a,07 " for a =e, f, 1.
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Remark 3.2. Note that since h(0) = 1, h(z — w) is an invertible element of C|[z, w]].
Then the relations (8.:2)) are equivalent to

e(w)y(2) = h(w — 2) 7 (2)e(w),  fw)(z) = h(z — w) " P(2) f(w). (3.5)

Remark 3.3. Note that the commutation relations in the definition involve infinite sums.
For example, we have

EmEn = Z hy (Z) (_1)i€n+7‘—i€m+i (36)
r,3>0

for m,n € Z, where

h(z) = Z h.z".

r>0

In view of this, A(h) is a topological algebra in nature.

Let U denote a three-dimensional vector space with a designated basis {e, f,1}. For
convenience, set

B={e, f,v} CU.

g 0
<&+%)h(2—w)—0,

by a straightforward argument we have:

Using the fact that

Lemma 3.4. The algebra A(h) admits a derivation d such that
d(a,) = —na,—1 foraeU, n€Z, (3.7)
which amounts to that d(a(z)) = La(x) fora € U.

Definition 3.5. We define a restricted A(h)-module to be an A(h)-module such that for
any a € U, w € W, a,w = 0 for n sufficiently large, and W with the discrete topology is
a continuous module. A nonzero vector v in an A(h)-module is called a vacuum vector if
a,v = 0 for a € U, n > 0. Furthermore, a vacuum A(h)-module is an A(h)-module W
together with a vacuum vector which generates W as an A(h)-module.

We have the following facts about a general vacuum A(h)-module:

Lemma 3.6. Let W be a vacuum A(h)-module with vacuum vector v. Set [y = Cv and
Fy =0 for k < 0. For any positive integer k, define Fy, to be the linear span of vectors

aj(—myq) -+ a.(—m,)v

forr>1,ay,...,a, € B, my,...,m,. > 1 withmqy+---+m, < k. Then the subspaces F},
for k € Z form an ascending filtration of W. Furthermore, we have

a(m)Fy C Fy_, foraeU, m,k €Z. (3.8)
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Proof. We first prove (3.8). By definition, (3.8]) is always true for m < 0. Now we consider
m > 0. If £ <0, itis true as F, = 0 for £ < 0 and Fy = Cv. Assume k£ > 1. Note that
from the defining relations of A(h) and Remark B.2] for a,b € B, m,n € Z, we have

a(m)b(n) = g(0)b(n)a(m) + > ayb(n+ i)a(m + j) + Bib(m + n) (3.9)

1,j20,i+j=>1

for some «;;, 8 € C, depending on a,b. Then (3.8) follows from this and an induction on
k. From (B.8)), we see that Ug>oF} is a submodule of W, which contains the generator v
of W. Consequently, W = Ui>oF). Thus the subspaces Fj, for k € Z form an ascending
filtration of W. O

On the other hand, we have:
Lemma 3.7. Let W be a vacuum A(h)-module with vacuum vector v. Forn € N, set
E, = span{aW(my)---a"(m)v | 0 <r <n, V) € B, m; € Z}.

Then E, for n € N form an ascending filtration of W. Furthermore, if g(0) = —1, then
for every n € N, E,, is linearly spanned by vectors

e(=mu) - -e(—=my) f(=na) - - f(=ng) (k1) - - (—kp)v (3.10)
forr,s, 1 >0, m;,n;, k; > 1 with
r+s+Il<n, m>--->m,, ng>--->ng ki>--->k.
If g(0) = 1, then for every n € N, E,, is linearly spanned by the vectors
e(—ma) - --e(=my) f(=n1) - f(=ns)b(=k) - - (=ki)v, (3.11)
where r,s,1 >0, m;,n;, ke > 1 with
r+s+I0l<n, m>--->m,, ng>--->ng, ki>--->Fk.
Proof. 1t is clear that E, for n € N form an ascending filtration for W. For n € N, set
E, = span{ui(—my) - - -up(—my)v | 0 <7 <n, ug,... up € B, my,...,my > 1}

Now, we prove E/ = E,. From definition, we have E;L CE,forneN. ForueU mecZ
with m < 0, we have u(m)E, C E, +1 by definition. On the other hand, by using induction
on n and (9), we get u(m)E, C E, for u € B, m > 0. Note that Ej, = Cv. It then
follows from an induction that E, C E/, for n € N. Thus E, = E,, for n € N. Now, let
a,b € B, m,n € Z withm,n < —1 and let w € E. N F; with r, s € Z (where Fj is defined
in Lemma [B.6]). Notice that a(m)b(n)w € E, 1o N Fs_p—p. From ([3.9) we have

a(m)b(n)w = g(0)b(n)a(m)w mod (Ko N Fs_ppn1+ E1 N Fs_pyn).  (3.12)
Then (310) and (B.I1)) follow from induction on (r, s) with respect to the lexicographical
order. ]
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Next, we give a tautological construction of a universal vacuum A(h)-module. Set
T = T(U ® C[t,t™']), the tensor algebra over vector space U ® C[t,t™']. Let d be the
derivation of algebra ¥ determined by

du®t") = —nuet" ) foruecB, ncZ

Set T_ =" -, T_,. Furthermore, set J = TC[d|T_, aleft ideal of T. Then set Vg = T/J,
a left T-module. We see that for any w € Vz and u € B, u(n)w = 0 for n sufficiently large
(as for any a € T, u(n)a € T_ C J for n sufficiently large). Then define V) to be the
quotient T-module of Vi modulo the submodule corresponding to the defining relations
of A(h). Let 1 denote the image of 1 in V(). Then (Vawpy, 1) is a vacuum A(h)-module.
Since dJ C J, d acts on V) such that d1 = 0, [d,u(z)] = Lu(z) for u € B. We see
that vacuum module V) is universal in the sense that for any vacuum .A(h)-module
(W, wp) on which d acts such that dwy = 0, [d, u(z)] = Lu(z) for u € B, there exists a
unique A(h)-module homomorphism from V) to W, sending 1 to wy.
Here, we have:

Theorem 3.8. There exists a weak quantum vertez algebra structure on the vacuum A(h)-
module (Vamy, 1), which is uniquely determined by the condition that 1 is the vacuum
vector and

Yie(=D)1,z) =e(x), Y(f(=D1,2)= f(z), Y((=1)1,2)= ()

Furthermore, for every restricted A(h)-module W, there exists a Vn)-module structure
Yw (-, x) on W, which is uniquely determined by

Yi(e(=1)1,2) = e(x), Yw(f(=D1,2) = f(z), Yw((=1)1,2) =(x).

Proof. Let W be any restricted A(h)-module. Then the direct sum V)@ W, denoted by
W, is also a restricted A(h)-module. Set Uy, = {e(z), f(z),¢(z)}U{ly} C E(W). From
the defining relations of A(h), we see that Uy, is an S-local subset of £(W). Then by
[L2] (Theorem 5.8), Uy, generates a weak quantum vertex algebra Vj; under the vertex
operator operation Ye, and W is a faithful Vij-module with Yy (u(z),z¢) = u(zg) for
u(z) € Viyr. From [L2] (Proposition 6.7), we see that Vjy, is a vacuum A(h)-module with
e(z), f(2), ¥(z) acting as Ye(e(x), 2), Ye(f(x),2), Ye(¥(2), 2), respectively. Since V)
is universal, there exists an A(h)-module homomorphism ¢ from V) to Vi, sending
1 to 1. Since Vi is a vacuum A(h)-module, and V() admits an action of d such
that d1 = 0, [d,u(z)] = sLu(x) for u € U. Then by [L2] (Theorem 6.3), there exists a
weak quantum vertex algebra structure on V) with 1 as the vacuum vector such that
Y(e,x) =e(x), Y(f,z) = f(z), Y(¥,z) = 9(z). Furthermore, from Theorem 6.5 in [L2],

W is a Vyp-module with W as a submodule. O

13



4 Non-degeneracy of weak quantum vertex algebra
V)

In this section, we restrict ourselves to the case where h(z) is factorizable in the sense
that h(z) = +q(—2)q(z)~"! for some nonzero ¢(z) € C|[[z]]. In this case, we determine a
P-B-W type basis for the vacuum A(h)-module V) and prove that the weak quantum
vertex algebra V) is a non-degenerate quantum vertex algebra.

Throughout this section, we assume that h(z) = dq(—2)q(z)~! where ¢(z) € C|[[2]]
such that ¢(0) = 1. To obtain a basis of the vacuum A(h)-module V), we shall use
a vertex algebra to obtain a vacuum A(h)-module for h(z) = q(—2)q(z)!, whereas for
h(z) = —q(—2)q(2)~!, we shall use a vertex superalgebra.

First, we consider the case h(z) = q(—2)q(z)™*. Let g = Ce ® Cf ® Ct) be a (Heisen-
berg) Lie algebra with bracket relations

["Eaé] :O:['J]af]? [éaﬂ :'J]' (41)

Then we have the loop Lie algebra L(g) = g ® C[t,t7!].
Follow a common practice alternatively to denote a ® t™ by a(m) for a € g, m € Z.
For u € g, form a generating function

nez

Let g ® CJt] act trivially on C. Form an induced module
Vi = U(L(g)) @ugecry) C

Set 1 =1®1 € V). In view of the P-B-W theorem, V) has a basis consisting of
vectors

e(=m) < e(=m) f(=m) -+ F(n)B(~k) - (k)L
forr,s,01>0,m >--->m,>1,n >--->n,>1,k >--->k >1.

Identify g as a subspace of Vi) through the linear map u € g — u(—1)1. It is known
that there exists a vertex algebra structure on Vi), which is uniquely determined by the
conditions that 1 is the vacuum vector and that Y (u,x) = u(z) for u € g.

Note that L(g) is a Z-graded Lie algebra with

degla®t")=—n foracg, neZ.

Naturally, U(L(g)) is a Z-graded algebra. It follows that V() is a Z-graded L(g)-module
with (VL(g))(n) =0 for n <0, (VL(g))(O) = C1, and (VL(g))(l) = g. Furthermore, we have

a(m)(VL(g))(n) C (VL(g))(n—m) for a € g, m,nc 7.

Next, we are going to define a vacuum .A(h)-module structure on the vertex algebra
Vi(g)- First, we have:
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Lemma 4.1. For any pi(t), p2(t) € C[[t]], there exists
o(t) € Homc(VL Vi ® Cl[t]]) c Hom(VL(g), VL(g)[[tH),

which 1s uniquely determined by

Furthermore, we have

d
9(2)6(t) = 6(1)g(2),  [D,d(t)] = — (1), (4.2)
where D is the linear operator on Vi), defined by Dv = v_s1 for v € Vi ).

Proof. Note that C[[t]] is a vertex algebra with 1 as the vacuum vector and

Y (p(t), 2)q(t) = (e dp(t))q(t) = p(t — x)q(t)

for p(t),q(t) € C[[t]]. Then we have a tensor product vertex algebra Vi) ® C[[t]], whose
vertex operator map, denoted by Y'(-, x), is given by

Y(u®p(t),r) =Y (u,z) @ pt —x)
for u € V, p(t) € C[[t]]. Then we have
Y(e, x1),Y (e x2)] @ pi(t — x1)p1(t — 22) = 0,

Y(f, 1’1), Y(f, 1132)] ®p2(t — l’l)pg(t — 1’2) = 0,
1), Y (&, z2)|@p1 (t—21)p2(t—21)p1 (t—22) = 0,

Y(e®pi(t),z1),Y(e®pi(t), z2)] =

Y(f @pa(t), 1), Y (f @ palt), 22)] =
Y (p@p1(£)pa(t), 1),

S~—
)~<
—
ol
&
=
[y
=
\'\/
s
N
I
=
<
s

Y (¢ @ pr(t)pa(t), 21), Y (f @ pa(t), 22)]
= [Y(h,21), Y (f,22)] @ p1(t — x1)pa(t — 21)pa(t — 22) = 0,

[Y(Qg ® pL(t)p2(t), 1), Y (¥ @ pr(t)p2(t), x2)]
(0

Y (¢, 21), Y (¥, 22)] @ p1(t — 21)pa(t — 21)p1(t — @2)pa(t — 22)
O?

15



[Y(é®p1(t)v?1)7Y(f®p2(t>vx2)]
= [Y(éa xl)’ Y(f> IQ)] ®p1(t - xl)p2(t - 1’2)

= 270 (i—j) Y (), 22) @ pi(t — x1)pa(t — x2)
= 27 <ﬂ) Y (1h, 22) @ pi(t — x2)pa(t — x2)

_ s <_) Y (6 ® pr(t)palt). z2).

1

In view of this, Vi) ® C[[t] is an L(g)-module with &(x), f(z), ¥(z) acting as

Y(é®pl(t)ax)> Y(f@pg(t),l'), Y(QZ} ®p1(t)p2(t),£lf),

respectively. It is clear that 1 ® 1 is a vacuum vector. It follows that there exists a
(unique) L(g)-module homomorphism ¢ from Vi) to Vi) @ C[[t]] with ¢(1) = 1 ® 1.
We have

pe) =e@pi(t), o(f)=Ff@pa(t), oY) =10 @pi(t)pa(2).
Thus
oY (a,z)v) = Y(é(a),r)p(v) foracg, ve Vi)

As g generates Vi (g) as a vertex algebra, it follows that ¢ is a vertex algebra homomorphism
from Vg to Vig) ® Cl[[t]]. Write ¢ as ¢(t) with a visible dependence on ¢. Then

P(t)(1) =1, ¢t)(e) =e@pi(t), o(t)(f)=[f@pa(t), S(t)(¥) =1 @pi(t)pa(t)

and

S (u, x)v) = Y(o(t) (), 2)d(t)(v) = Y ((t — x)u, z)d(t)v

for u,v € V). Then the first three relations in the furthermore assertion follows imme-
diately.

It is clear that ¢(z)p(t) = ¢(t)¢(x) on g. Then it follows that ¢(x)p(t) = ¢(t)p(z) o
Vi(g) as g generates Vi) as a vertex algebra. Noticing that the D-operator of V) @ C[[t
isD®1+1® (—d/dt), as ¢ is a vertex algebra homomorphism, we have ¢D = (D ® 1

1 ® (—d/dt))¢, which implies that [D, ¢(t)] = L¢(¢).

]

U+

Recall that h(z) = q(—2)q(z)~!, where ¢(t) € C[[t]] with ¢(0) = 1. As an immediate
consequence of Lemma [4.1] we have:

Corollary 4.2. There exists an invertible element

¢(t) € Home(Vi(g), Vi ® C[[t]]) C (EndeVig)|[[t]
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such that

s()(1) =1

S(1)a(z) = gt — 2)e@)olr), o) F(x) = ale — O F(2)(1),
H(0)0(x) = alt — v)alz ~ ()¢

[D,6(1)] = 6(0),

P(2)¢(t) = ¢(t)¢(x).

View Vi) ® C[[t]] naturally as a subspace of V4 [[t]]. In this way, we view ¢(t) as a
linear map from Vi) to Vi) [[t]].

Proposition 4.3. Let ¢(t) be the element of (EndcViq))[[t]] obtained in Corollary .2
Then the assignment

uniquely defines a vacuum A(h)-module structure on Vi with 1 as the generator, such
that

d d d
where D is the linear operator on Vi), defined by Dv = v_s1 for v € Vi ).

Proof. By Corollary [4.2] we have

e(zr)e(xz) = e(x1)o(z1)e(w2)d(x2)
= e(w1)e(z)q(w1 — 22)P(1)P(2)
= é(x2)e(z1)9(z2)p(z1)q(21 — 22)
= e(xg)P(xa)e(x1)p(w1)q(wr — w9)q(wg — 1)~
= e(xzp)e(r1)g(xe — 1),
fl@) f(wa) = Fla)o(e)f(a2)d(x2)
= fle)f(x2)g(xa — 21)d(21)(2)
= f(wa) f(21)p(22)p(1) g2 — 1)
= f(z2)p(w2) f(21)d(21)q(z1 — 22) " q(22 — 21)
= [(x2)f(z1)g(z1 — 22)
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This shows that Vi is an A(h)-module. Obviously, 1 is a vacuum vector.



Next, we prove that Vg is generated by 1 as an A(h)-module. Let W be the A(h)-
submodule of V7,4 generated by 1. From Corollary B2, we have

¢ (x1)e(x) = qlzr —2) e(x)p (z1),
o (@) f(z) = qlz — z1) " fz)o ™ (z1),
¢ (z)Y(x) = q(or — 2) " qle — 21) T Hp(x) ™ ().

With ¢(x)~11 = 1, it then follows that ¢(z)™*W C W((x)). Since
é(x) = e(@)d(2)™, flz) = f@)o(2)™", d(x) =()o(x) " o(x)",

it follows that W is an L(g)-submodule of V4. Consequently, W = V). This implies
that Vi) is a vacuum A(h)-module.
On Vi(g), we have

D, e(w)] = -elw), [P 7)) = (@), [D,0()] = ().

x dz
Then ({.3) follows immediately. O
Furthermore, we have:
Proposition 4.4. View Vi) as a vacuum A(h)-module. For n € N, set
E, = span{uM (my) - --u(m,)1 | 0 <r <n, uD € U, m; € Z}.

Then E, has a basis consisting of vectors

e(=mu)---e(=my) f(=ny) - f(=ng)h(=k1) - - (=)L, (4.4)
where r,s,1 >0 withr + s+ 1 <mn, and

my > z2mp 21, m=--2n =21, k> 2k >1

Proof. From Lemma [B.7], we see that E,, is spanned by the vectors in (4], so it remains
to establish the linear independence.

For convenience, simply denote Vi) by V' in this proof. Recall that V =[], .y Vin) is
an N-graded L(g)-module with Vgy = C1 and V{;y = U. For n € Z, set I, = @m<nVim)-
We have F,, =0 for n <0, F, = Vo) = C1, and

a(m)F, C F,_,, forac€{e f,¢}, m,n¢cZ (4.5)
We see that the following vectors form a basis of F),:
e(—ma) - e(=my) f(=nm) - f(=ns)P(—k1) -+ (—k)1 (4.6)
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for r,s,1 > 0 with >~ m; + > n; + > ks <n, and for m;, n;, k; € Z with
mp > 2mp 21, > >2ng>1 k> >k > 1

Write ¢(t) = 3,0 ¢it" (with ¢; € EndcV) and ¢(t) = >, ¢it’ (with ¢; € C). We have

o)=Y 3 ao(() - 1en+ o

r20 j20,r—j<i

¢Zf(m) = Z qr <T> (_1)T+j.f(m + j)¢i—r+j>
ri20r—j<i N

/

sbm) = S g (j) () (1Y G 4+ )iy

7‘77‘,7j7j,2077‘+71/_j_jlgi j

Notice that ¢(t)Fy C Fy as ¢(t)1 = 1. It then follows from induction and ([A3) that
¢;F, CF, forieN, nelZ. (4.7)

On the other hand, using the commutation relations above with i = 0 (and induction) we
get

¢o(w) = w (modF, ;) forw € F,, n€Z, (4.8)

noticing that ¢y = ¢(0) = 1. B )
From the relations e(z) = é(z)p(x), f(x) = f(z)p(x), ¥(x) = p(x)p(x)p(x), we have

Y(m) =) i+ j+m)dio;

4,520

for m € Z. It follows that u(m)FE, C F,_,, for u € B = {e, f,¥}, m,n € Z.
Now, define a linear endomorphism o of V| which sends the basis vector in (48] to
the corresponding vector

e(=ma)---e(=my) f(=n1) - - f(=ns)P(=k1) - - p(=h)1.

We have o(F,) C F, for n € N. and o(w) = w (modF},_;) for w € F,,. Then it follows
that o is bijective. Consequently, those vectors in (4.4]) are linearly independent. O

Recall that V) is universal. As an immediate consequence of Proposition 4.4, we
have:
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Corollary 4.5. Forn € N, set
E, = span{u™(my)---u™(m,)1 | 0<r <n, ) €U, m; e Z} C V-

Then E, for n > 0 form an ascending filtration of Vamy, and for n € N, E,, has a basis
consisting of the vectors

e(=mu)---e(=my) f(=n1) - f(=n (k) - - (=), (4.9)
where r,s,1 > 0 with r + s +1 <n, and m;,n;, k € Zy with
my > zme 21, ng 2 >ng 21 k> 2k > 1
Furthermore, we have:

Theorem 4.6. Weak quantum vertex algebra Vpy is a non-degenerate quantum vertex
algebra.

Proof. Recall that for n € N,
E, = span{u®(my)---u(m,)1 | 0<r <n, u'Y €U, m; € Z}.

From [L3] (Proposition 3.15), { £, },en is an ascending filtration of V) such that 1 € E
and upE, C E,., foru € E,,,k € Z,m,n € N. Consider the associated graded vector
space Grg(Vawm)) = [,en(En/En—1) with £_; = 0. From [L3] (Lemma 3.13), Grg(Vam))
is a Z-graded nonlocal vertex algebra. Notice that e = e(—=1)1 € Ey, f = f(-1)1 €
By, v =y9(-1)1€ . Set é=e+ Ey, f=f+Ey v=1v¢+E € Ei/Ey. Since e, f,9
generate V) as a nonlocal vertex algebra, €, f,1 generate Grg(Vus)) as a nonlocal
vertex algebra, and we have

Y(J; 21)Y (f, 22) = h(z1 — 22)Y(f, 932)Y(f, 1),
Y(l@,LEj)Y(éJ LUQ) = h(l‘g — Il)Y(éixg)Y(lp: LE‘l),
Y (¢, 21)Y (f, 22) = h(x1 — 22)Y (f, 22)Y (¢, 21),

Y(é7 $1)Y(fa 372) = Y(Jga x2>Y(é7 551)7 Y(lﬁaxl)y(@a 372) - Y(lzvlé)Y(lval)'
From Corollary .5 for each n € N, E,,/FE,,_1 has a basis consisting of the vectors

é(—=ma) - é(=my) f(=na) - f(=ns)p(=k1) - (=ki)1,
where r,s,1 > 0 with r + s + 1 = n, and
my>-->2mp>21,ng > >ng>1 k> >k > 1

From [KTJ] (Proposition 4.11), Grg(V4)) is nondegenerate. Then from [L3| (Proposition
3.14), V4(n) is nondegenerate. Therefore, V4, is a nondegenerate quantum vertex algebra.
O
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Remark 4.7. Note that the associated graded vertex algebra of V) is isomorphic to
Vi(e), Which is a graded vertex algebra, but V) itself is not a graded nonlocal vertex
algebra.

Next, we study the case with h(z) = —q(—2)q(z)~!. In this case, we make use of a
concrete vertex superalgebra instead of a vertex algebra. Let gl*) = g((f) &) ggs) be the Lie
superalgebra with even part g§” = Ct) and odd part g = Cé® Cf, and with relations

e éle =0=[f, fles [6F1s =&, [9.8 =0=[, fl (4.10)

(It is straightforward to check that this indeed defines a Lie superalgebra.) We then have
a loop Lie superalgebra L(g®) = g® @ C[t,+71].

Form an induced L(g®)-module V; ) = U(L(g"))) @y ecyg C, where C is con-
sidered as a trivial module for g ® C[t]. Then V) has a basis

é(=ma) - e(=mp) f(=m) - f(=ns)(=ky) - (=k)1

forr,s,l > 0withmy >--->m,>1n > --->ny>1,k >--- >k > 1. Furthermore,
Vi (g+)) has a canonical vertex superalgebra structure. By using this vertex superalgebra,
we obtain our main results which are summarized as follows:

Proposition 4.8. Assume h(z) = —q(—2)q(z)™' with q(z) € C[[z]] such that q(0) = 1.
Forn e N, set

E, = span{u™(my)---u(m)1 |0 <r <n, u? € {e, f,0}, m; € Z}.

Then E,, forn > 0 form an ascending filtration of Vamy, and for each nonnegative integer
n, E, has a basis consisting of the vectors

e(—=mq)---e(=my) f(=n1) -+ f(=ns)b(=k1) - - p(=k)1, (4.11)
where r,s,1 >0 withr +s+1 <n, and
my>->me>1, ng>oo>ng>1, k> >k > 1

Furthermore, the weak quantum vertex algebra Vpy is a nondegenerate quantum vertex
algebra.

5 Associative algebra /Nl(g) and quantum vertex alge-
bras Vg,

In this section, we study the quantum vertex algebra V) with h(z) = g(e?), where g(z)
is a rational function such that g(z)g(1/z) = 1. More specifically, we introduce a new
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associative algebra ~/éi(g) and establish an isomorphism between the category of restricted
./I(g)—modules and the category of ¢-coordinated V4 -modules.

We begin by recalling some basics on formal calculus from [L4]. Let C(z) denote
the field of rational functions. Denote by ¢, (resp. ¢, ) the field embedding of C(z)
into C((2)) (resp. C((z7'))), which is the unique extension of the embedding of C[z]
into C((2)) (resp. C((27'))). That is, for any rational function k(z), ¢, o(k(2)) (resp.
L200(k(2))) is the formal Laurent series expansion of k(z) at z = 0 (resp. z = 00).

Denote by Fgiy) and Fgyp,z)) the fields of fractions of rings C[[z]] and C[[w, 2]], re-
spectively. We extend the domain of the field embedding ¢, from C(x) to Frj). On the
other hand, let ¢,,. denote the field embedding of F(p, . into C((w))((2)), which is the
unique extension of the canonical embedding of the ring Cl[w, z]] into C((w))((z)).

Note that for any polynomial p(z), p(e”) € Cl[z]] and that the assignment p(z) —
p(e®) gives a ring embedding of C[z] into C[[z]]. Furthermore, for k(z) € C(z), we have
k(e®) € Feja and ¢z 0(k(e”)) € C((x)). On the other hand, we have

p(e”?) € Cllz,yl]  for p(z) € C[2].
Furthermore, for any rational function k(z), we have

k(e™™Y) € Frjuy) and . y(k(e™Y)) € C((z))((y)).

In this section, we shall consider rational functions g(z) such that g(z)g(1/z) = 1. In
this respect, we have the following result which might be known somewhere:

Lemma 5.1. Let g(z) be a rational function. Then g(2)g(1/z) =1 if and only if

9(2) = £2'p(2) /B(2),
where | € Z, p(z) € Clz] with p(0) # 0 and p(z) = 2"p(1/z) € Clz] with n = degp(z).

Proof. The “if” part is clearly true. Now, we assume ¢(z)g(1/z) = 1. Write g(2)
2'p(2)/q(2), where | € Z and p(z), q(z) are relatively prime polynomials with p(0), ¢(0)
0. Set m = degp(z) and n = degq(z). As g(z)g(1/z) = 1, we have p(z)p(1/z)
q(2)q(1/z), which gives

2"p(2)(2"p(1/2)) = 2"q(2)(2"q(1/2)). (5.1)

Notice that z™p(1/z) and 2"q(1/z) are polynomials of degrees m and n, respectively. It
follows that m = n. Furthermore, since p(z) and ¢(z) are relatively prime, from (5.1I) we
get q(2)|2"p(1/z). As degq(z) = n = degz2"p(1/z), we have q(z) = az"p(1/z) for some
nonzero complex number «. Thus g(z) = o 'p(2)/p(z). Using g(2)g(1/2) = 1 again, we
get a? = 1. Therefore, we have g(2) = 2'p(2)/p(2), as desired. O

[ N
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Remark 5.2. Taking | = 0 and p(z) = (2 — ¢1)(z — @2)(z — ¢3) with ¢ # 0,%1 for
i =1,2,3 in Lemma 5.1l we get

(z—q)(z— @)z — g)
(I —q2)(1 — q2)(1 —g32)

This gives the rational function h(z) that was used in [BEMZZ].

9(2) =

Using Lemma [5.1] we have:

Lemma 5.3. Let g(z) be any rational function such that g(z)g(1/z) =1 and set h(x) =
tz0(g(e®)). Then there exists q(x) € C[[z]] such that h(z) = +q(x)q(—z)~ .

Proof. From Lemma Bl we have g(2) = £2'p(2)/p(z), where | € Z, p(z) € C[z] such
that p(0) # 0 and where p(z) = 2"p(1/z) with n = degp(z). Furthermore, p(z) and p(z)
are relatively prime from the proof. Notice that we may choose p(z) to be monic. Then
p(z) = (2 —q)(z — q2) -~ (2 = qn) With ¢; # 0 for 1 <i <n, and

p(z) = 2"p(1/2) = (1 = qu2)(1 = q22) - -~ (1 — gn2).

Thus
(z—a)(z—q)-- (2 — )
g(z) = 42! . 5.2
B 0 — e (1= ) 2
As p(z) and p(z) are relatively prime, we have ¢; # qj_1 for 1 <1i,j < n. Setting
a) = 2" - (" —qr)(e” — @) -+ (" = qu)e " € Cl[a]],
we obtain
B 6%1:{: 6x_q em_q 6x_qn %n:c
q(l’>Q(—I) 1_ - (_ 1)( - 2) ( ) — —:l:g( )
e (e —q)(e™ — qo) (677 — gy e
as desired. ]

Remark 5.4. Assume h(z) = 1,0(g(e”)), where g(z) is a rational function such that
g(2)g(1/z) = 1. Combining Lemma with Theorem and Proposition 4.8, we have
that V) is a nondegenerate quantum vertex algebra.

From now on, we fix a rational function g(z) such that g(2)g(1/z) =1 and set

h(z) = ta0(g(e”)) € C((x)). (5.3)

) €
Notice that with g(2)g(1/2) = 1 we have g(1)?> = 1. This especially implies that g(z) is
analytic at z = 1. Thus h(z) € C[[z]] with h(:v)h( x)=1.

24



Definition 5.5. Define ~»i(g) to be the associative unital algebra over C, generated by
E,, F.,, V¥, (n€Z),

subject to relations

E(z)E(w) = ty.(9(w/2)E(w)E(2), F(2)F(w) = ty.(9(z/w))F(w)F(z), (5.4)
U(z)E(w) = tw.(9(w/2)) E(w)¥(2), V(2)F(w) = tw:(g(z/w))F(w)¥(z), (5.5)
w
[B(:), F(w)] =3 () ww), (5.6)
[W(z), ¥(w)] =0, (5.7)
where
E(z) = E.,z™", F(z)= Z F.z7", U(z)= Z U,z "
nezZ nez nel
Write
o(9(2) =D a2, olg(1/2) =D a7,
I>p I>q
where p and ¢ are integers. We have
lw,(g(z/w)) Zglzw y lwe(g(w/2)) Zglzw
I>p I>q
The defining relations of A(g) can be written in terms of components as
EmEn = Z glEn—lEm—i-la Fan = Z gan—lFerl,
>q I>p
\IlmEn == ZglEn—l\Ilm—l—lu \I]an == Zgan—l\Pm—l—la
1>q I>p
(B, Fol = Vo, [V, W] =0 (5.8)
for m,n € Z. From this, we see that ~/éi(g) is a Z-graded algebra with
deg E,, = deg F,, = degV,, = —n  for n € Z. (5.9)

Then we define the notions of (lower truncated) Z-graded A(g)-module and N-graded
A(g)-module in the obvious way.

Definition 5.6. An A(g)-module W is said to be restricted if for every w € W, E,w =
0, F,w =0 and ¥,,w = 0 for n sufficiently large, or namely, if E(z), F(z) and ¥(z) €
E(W).
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Let W be a restricted A(g)-module. Set Uy = {E(z), F(z), ¥(x)}. From relations
(64) (7)), it can be readily seen that Uy is an Sy.4-local subset of £(W). In view of
Theorem 214, Uy generates a weak quantum vertex algebra (Uy ). in E(W).

The following gives a connection between algebras A(g) and A(h):

Proposition 5.7. Let W be a restricted A(g)-module and let (Uy ). be the weak quantum
vertez algebra generated by the subset Uy = {E(z), F(x),¥(x)} of E(W). Then (Uw).
is an A(h)-module with e(z), f(z), and ¥(z) acting as YE(E(x), z), YE(F (), 2), and
YE(U(x), 2), respectively. Moreover, ((Uw)e, Iw) is a vacuum A(h)-module.

Proof. With the relations (5.4))-(5.7), from Proposition 5.3 in [L4] we have

Ye(E(x), 20)Yg (E(1), 22) = 25,20 (9(€777)) Y (E(2), 22) Ye (E(2), 21),
Ye(F(2), 21)Ye (F(2), 22) = L2y, (9(e7 7)) Ye (F (), 22)Ye (F (), 21),
Ye(W(2), 20)Ye (B(2), 22) = 12 (9(e™7 7)) Ye (E(), 22)Ye (Y(2), 21),
Ye(W(), 20)Ye (F(2), 22) = 2.0 (9(7772))Ye (F (1), 22) Ve (V(2), 1),
(22 = 20)Ye (B(2), 210)Ye (F (), 22) = (22 — 21)Y¢ (F(2), 22)Y¢ (E(x), 21), (5.10)

[YE(U(2), 21), YE(U(2), 20)] = 0.

Furthermore, with the S-locality relation (5.10) we have

10 (222 ) VEEE), )Y (). )

) ( Zl) YE(F(2), 2) YE(E(2), 1)

= 25 6( . )Y;(YE(E(Z),zO)F(z),@). (5.11)

With relations (5.4))-(5.7), from Lemma 6.7 of [L4] we have E(2)SF(z) =0 for n > 1 and
E(2)§F(2) = Res,, (27'E(z1)F(z) — 27 'F(2)E(z))

= Res, 271§ <%) U(z)
= U(2).

Then using (5.11]), we get
Ye(E(2), 21)Ys (F(2), 22) — Y (F(2), 22)Ye (E(2), 21)
) (%) YE(E(2)SF(2), 22)
) (j_;) YE(W(2), 2).
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It follows that (Uw ). is an A(h)-module with e(z), f(z), and 1(z) acting as Y(E(z), 2),
YE(F(x), z),and YE(U(x), 2), respectively. Since (U ). is generated by { E(x), F'(z), U(x)}
as a nonlocal vertex algebra, we see that (Upy ). is generated from 1y as an A(h)-
module. As 1y is the vacuum vector of the weak quantum vertex algebra (Uy )., we
have E(z)¢1y = 0, F(z)¢1w = 0, and ¥(z)¢1w = 0 for n > 0. Therefore, ((Uw)e, 1)
is a vacuum A(h)-module. O

Remark 5.8. Recall that V) is a weak quantum vertex algebra with a set of generators
{e, f, ¢} and with Y(e,z) = e(x), Y (f,z) = f(x) and Y (¢, z) = ¢(z), and

Y(e,21)Y(e,22) = gy, (g(€27°1))Y (e, 22)Y (€, 21),

Y(f,20)Y ([, 22) = tan ey (9(€™ 7)Y (f, 22)Y (f, 1),
Y (¢, 21)Y (€,22) = tayar (9(e™7))Y (€, 2) Y (¥, 1),
Y, 20)Y ([, 22) = tan 0, (9(€™ 7)Y (f, 22)Y (¥, 21),

where h(x) = t,0(g9(e”)) € C((z)). From these relations, we have (see [L2])

ene=0, fo,f =0, ¥Y,e=0, ¥,f =0, Y,y =0 forn >0,
eof =9 and e,f =0 forn>1.

Now, we are in a position to present the main result of this section:

Theorem 5.9. Let W be a restricted A(g)-module. Then there exists a ¢-coordinated
Vany-module structure Yy (-, x) on W, which is uniquely determined by Yw (e, x) = E(x),
Yw(f,z) = F(x) and Y (¢,x) = V(z). On the other hand, suppose (W,Yw) is a ¢-
coordinated Vapy-module. Then W is a restricted A(g)-module with E(z) = Yy (e, z),
F(z) =Yw(f,x) and ¥(z) = Yy (¥, x).

Proof. Let W be a restricted .[l(g)-module. From Theorem [5.7, the weak quantum vertex
algebra (Uw ). generated by Uy = {E(x), F(x), ¥(z)} is a vacuum A(h)-module with e,,,
fn, and ¢, for n € Z acting as E(z)¢, F(z)¢, and U(x)¢, respectively. Since the vacuum

A(h)-module (V), 1) is universal, there exists an A(h)-module homomorphism o from
Vamy to (Uw)e, sending 1 to 1y,. We have

ole) =o(e_11) = E(z)® 1y = E(x),



and

o(Y(e, 2)v) = ale(z)v) = Ye (E(x), 2)o(v) =Yg (o(e), 2)a(v)
o(Y(f,2)v) = o(f(2)v) = Yg (F(x), 2)o(v) = Y (o(f), 2)o(v)
o(Y(¥, 2)v) = o(i(2)v) = Y (V(x), 2)o(v) = Y (a(¢), 2)o(v)

for v € Vyp). Since V) is generated by e, f,1) as a nonlocal vertex algebra, it follows
that o is a homomorphism of nonlocal vertex algebras. As W is a canonical ¢-coordinated
module for the weak quantum vertex algebra (Uy )., it follows that W is a ¢-coordinated
Vam-module with Yy (e, 2) = E(z2), Yw(f,2) = F(2) and Y (¢, 2) = ¥(2).

On the other hand, let W be a ¢-coordinated V)-module. From Propositions 5.6
and 5.9 of |[L4], we have

where we use the fact that e, f =0 for n > 1 and egf = ¢ (see Remark [5.8]). This shows
that W is an A(g)-module with E(z) = Yy (e, 2), F(2) = Y (f, 2) and ¥(2) = Yiy (¥, 2).
On the other hand, with W a ¢-coordinated V4¢,)-module we have Yiy (e, 2), Yw(f, 2),
Y (f,2) € E(W). Therefore, W is a restricted A(g)-module. 0O

In view of Theorem (.9, classifying irreducible N-graded ¢-coordinated V4)-modules

amounts to classifying irreducible N-graded A(g)—modules. In the following, we shall
classify irreducible N-graded fl(g)—modules for g of a certain form.

For the rest of this section, we assume such that ¢g(z) is analytic at z = 0 with ¢g(0) # 0.
(This amounts to that [ = 0 in Lemma [5.1l) This implies that g(z) is also analytic at
z = 0o with ¢(0)g(oco) = 1. Then we have

20(9(2),  t20(9(1/2)) € C[[2]],
so that

0(9(2) =) gy eolg(1/2) =) @ (5.12)

Set a = g(0) = go. Then g(c0) = go = a™ .
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Definition 5.10. Define A[a] to be the associative unital algebra over C with generators
E[0], F[0], '[0], subject to relations

E[0)? = o 'E[0)?, F[0]* = aF|0)? (5.13)
U[0]E[0] = o 'E[0]¥[0], W[0]F[0] = «F[0]¥[0], [E[0], F[0]] = ¥[0]. (5.14)

It can be readily seen that A[a] becomes an N-graded algebra by defining deg E[0] =
1 = deg F'[0] and deg ¥[0] = 2. We see that A[a] has a maximal ideal of codimension 1, so
that Ala] has one 1-dimensional irreducible module which is unique up to isomorphism.

Theorem 5.11. Let W = ®,enWn] be an N-graded A(g)-module with W[0] # 0. Then
W10] is an Ala]-module with E|[0], F[0], V[0] acting as Ey, Fo, Vo, respectively. Further-
more, if W is irreducible, W|0] is an irreducible Ala]-module. On the other hand, assume
Wy and Wy are irreducible N-graded A(g)-modules with W1[0], W5[0] # 0. Then W, and
Wy are isomorphic if and only if W1[0] and W5[0] are isomorphic Ala]-modules.

Proof. Suppose that W = @,cyW/n| is an N-graded A(g)-module with W10] # 0. Note
that Ey, Fy, Vo preserve W[0] and that £,V [0] = 0, F,IW[0] = 0, ¥, W[0] = 0 for n > 0.
From commutation relations (5.8), we see that the following relations hold on W/0]:

E=a'E}, F}=aF; UyEy=a 'EW,, Yol =aFW,, [Ey,F)="1Y,.

It follows that W0] is an A[a]-module with E[0], F'[0], ¥[0] acting as Ey, Fy, ¥y, respec-
tively. If U is an A[a]-submodule of W[0], we see that U generates a graded A(g)-
submodule of W with U as the degree zero subspace. Thus W[0] is an irreducible Afa]-
module if W is irreducible.

Let U be an A[a]-module. We now introduce an N-graded module M(U) of Verma
type for A(g) by using a tautological construction. We start with the free (tensor) algebra
T generated by En, F’n, U, for n € Z. Define

deg B, = —n, degF, =—n, deg¥, =—n forneZ,

to make T" a Z-graded algebra. For n € Z, let T,, denote the homogeneous subspace of
degree n. We denote by T° the subalgebra generated by Ey, Fy, Uy. Notice that T° is a
subalgebra of Ty and it is also free. Then there is a homomorphism from 7° onto Ala].
Consequently, U is naturally a T%-module. Set 7 = > ., T,,. We see that T_+T" is a
subalgebra with T as an ideal. Let T_ act on U trivially to make U a (T_ + T°)-module.
Next, form the induced module

Mr(U) =T @110y U,
which is an N-graded T-module with deg U = 0. It follows that for every w € My (U),

E,w =0, Faw=0, U,w=0
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for n € Z sufficiently large. Noticing that there is a canonical homomorphism from 7" onto

A(g), we then define M(U) to be the quotient module of Mz (U) modulo the submodule
generated by the elements corresponding to the defining relations of ./I(g) We see that
M (U) naturally becomes an N-graded A(g)-module. Furthermore, M(U)[0] is an Alal-
module and the map sending u to 1 ® u is an Afa]-module homomorphism.

Assume that there exists an N-graded A(g)-module W with W[0] ~ U as an Alal-
module. Tt follows that there is an A(g)-module homomorphism from M (U) to W. Conse-
quently, M (U)[0] ~ U as an Ala]-module. If U is an irreducible AJa]-module, we see that
M(U) has a unique maximal graded submodule, so that M(U) has a unique irreducible
quotient denoted by L(U). Then the last assertion follows immediately. O

Remark 5.12. Let U be an A[a]-module. In the proof of Theorem [5.11] we constructed
an N-graded A(g)-module M(U) and we have a homomorphism of A[a]-modules from U
to M(U)[0], sending u to 1 ® u for u € U. However, we are unable to prove that this is
an isomorphism.

Consider the case where a # £1. From the defining relations of A[a], we get
E2=0, F} =0, VoEy=EyWy=0, VoFy=FVU,=0, VU2=0.
Furthermore, we have
(EoFp)* =0, (FoEp)* =0, (EoFy)(FoEy) =0 = (FyEy)(EoFy).

It then follows that the linear span of Ey, Fy, Vg, EoFy is a nilpotent ideal of codimension 1.
Consequently, up to isomorphism A[a] has exactly one irreducible module (with Ey, Fo, ¥y
acting trivially).

Lemma 5.13. Assume o« = —1. Let U be a 2-dimensional vector space with a basis
{v1,v2}. Then for any nonzero complex number X\, U has an irreducible A[—1]-module
structure with

Vovr = Avy, Wovg = —Avg, Fyuy = v9, Fyue =0, Eovy =0, Eyvy = Avy. (5-15)

Denote this A[—1]-module by U(X). Furthermore, every finite-dimensional irreducible
A[—1]-module is either 1-dimensional or isomorphic to such a 2-dimensional module.

Proof. In this case, the defining relations of A[a] can be written as
E02 =0= F02a VoEy = —EoWo, WoFy=—FyWVo, [Eo, Fo] = Yo. (5.16)

From this, we see that A[—1] has a basis EiFJWk fori,j =0,1, k=0,1,.... To show the
first assertion, we need to show that there is an algebra homomorphism py from A[—1]
(on)to the matrix algebra M (2,C) such that

Pa(Eo) = A2,  pa(Fo) = B, pa(Wo) = AM(Eh — Eao). (5.17)
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The proof of the latter is straightforward.

Suppose that W is a finite-dimensional irreducible A[—1]-module. It follows that W
is semisimple on W. (This is because there is an eigenvector v of ¥, of some eigenvalue
A and W = A[—1]v.) Suppose that 0 is an eigenvalue of W, i.e., there exists a nonzero
vector w such that Yow = 0. As W = A[—1]w, it follows that ¥y = 0 on W. We show
E[0]W = 0 = F[0]W. Suppose Eqw # 0 for some vector w € W. Then W = A[—1]Fyw.
Note that A[—1]Eyw is linearly spanned by Eyw and FyFEow. As Ez(Eyw) = 0 and
E(](F()Eow) = O, we have EoA[—l]Eow = 0. But w € A[—l]Eow and E(]’UJ §£ O, a
contradiction. Thus EyW = 0. Similarly, we have FoW = 0. Then W must be 1-
dimensional.

Now, assume that 0 is not an eigenvalue of W,. As [Ey, Fy] = ¥y and VoW # 0,
we have FgW # 0. Then there exist nonzero w € W and A € C* such that Eqw = 0
and Yow = Aw. With W is irreducible, we have W = A[—1]Jw = Cw + CFyw, where
Ey(Fyw) = (—1)Yow = —Aw. It follows that W ~ U(\). O

Remark 5.14. Consider the case with @ = 1. We see that A[l] is isomorphic to the
universal enveloping algebra of the 3-dimensional Heisenberg Lie algebra with base vectors
EQ, F(), \IIQ such that

[E0> FO] - \1107 [\1109 EO] = O> [\1109 FO] =0.

There are at least three types of infinite-dimensional irreducible modules, which are high-
est weight modules, lowest weight modules with ¥, acting as nonzero scalars, and inter-
mediate series modules with W, acting trivially. A complete classification of irreducible
A[1]-modules is not known.
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