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Abstract
We compute the equivariant cohomology ring of the moduli space of framed instan-
tons over the affine plane. It is a Rees algebra associated with the center of cyclotomic
degenerate affine Hecke algebras of type A. We also give some related results on the
center of quiver Hecke algebras and the cohomology of quiver varieties.
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1. Introduction
A few years ago, the cohomology ring of the Hilbert scheme of points on C2 was
computed in [27] and [38], motivated by some conjectures of Chen and Ruan on
orbifold cohomology rings, which were later proved in [14]. One of the main moti-
vations of the present work is to compute a larger class of cohomology ring of quiver
varieties. More precisely, for each pair of positive integers r; n, one can consider the
moduli space M.r; n/ of framed instantons with second Chern class n on P2. This
is a smooth quasiprojective variety (over C) which can be viewed as a quiver variety
attached to the Jordan quiver. An .r C 2/-dimension torus acts naturally on M.r; n/

and it contains an .r C 1/-dimensional subtorus whose action preserves the symplec-
tic form. One of our goals is to compute the equivariant cohomology ring of M.r; n/
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with respect to this subtorus. Since M.r; n/ is equivariantly formal, one can easily
recover the usual cohomology ring from the equivariant one. For r D 1, that is, the
case of the Hilbert scheme, it can be easily deduced from [38] that the equivariant
cohomology ring we are interested in is the Rees algebra associated with the center
of the group algebra of the symmetric group with respect to the age filtration. Here
we obtain a similar description for arbitrary r with the group algebra of the symmet-
ric group replaced by a level r cyclotomic quotient of the degenerate affine Hecke
algebra of type A.

This result was conjectured soon after [38] was written. However, its proof
requires two new ingredients which were introduced only very recently. An impor-
tant tool used in [38] is Nakajima’s action of a Heisenberg algebra on the cohomol-
ogy spaces of the Hilbert scheme. A similar action on the cohomology of M.r/ DF
n�0M.r; n/ was introduced by Baranovsky a few years ago, but it is insufficient

to compute the cohomology ring. What we need in fact is the action of (a degenerate
version of) a new algebra W which is much bigger than the Heisenberg algebra. This
action was introduced recently in [37] to give a proof of the AGT conjecture of Alday,
Gaiotto, and Tachikawa for pure N D 2 gauge theories for the group U.n/. Here, we
define a similar action of W on the center (or the concenter) of cyclotomic quotients
of degenerate affine Hecke algebras. Then we compare it with the representation of
W on the cohomology of M.r/ to obtain the desired isomorphism. To do this, we use
categorical representation theory.

Categorical representations of Kac–Moody algebras have captured a lot of inter-
est recently since the work of Khovanov and Lauda [21]–[23] and Rouquier [36]. It
was observed recently by Beliakova, Habiro, Guliyev, Lauda, and Zivkovic [3], [4]
that a categorical representation gives rise to some interesting structures on the center
(or cocenter) of the underlying categories and not only on their Grothendieck group.
More precisely, Khovanov and Lauda define a 2-Kac–Moody algebra in [23] which is
a 2-category satisfying certain axioms. Their idea is that the trace of this 2-category
has a natural structure of an associative algebraLg which should be some kind of loop
algebra over the underlying Kac–Moody algebra g. The sl2-case was worked out in
[4], and the sln-case in [3]. Naturally, the center (or cocenter) of 2-representations of
the 2-Kac–Moody algebra gives rise to representations of Lg.

In this paper, we first use a similar idea to investigate the center and cocenter of
cyclotomic quiver Hecke algebras associated with a Kac–Moody algebra g of arbi-
trary type. The category of projective modules over these algebras provides mini-
mal categorical representations of g, in the sense of Rouquier [36]. We compute the
representation of Lg on the center (or cocenter) of these minimal categorical repre-
sentations. When g is symmetric of finite type, we identify these Lg-modules with
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the local and global Weyl modules, which can be realized in the (equivariant) Borel–
Moore homology spaces of quiver varieties by [33].

Then, in order to compute the cohomology ring of M.r; n/, we consider another
situation where g is replaced by a Heisenberg algebra. On the categorical level this
corresponds to the Heisenberg categorifications which have also been studied recently.
But once again, instead of considering a 2-Heisenberg algebra, we focus on the par-
ticular categorical representation given by the module category of degenerate affine
Hecke algebras of type A. The analogue of Lg in this case is the algebra W men-
tioned above. Probably one can generalize both situations (the Kac–Moody one and
the Heisenberg one) using [17], where categorifications of some generalized
(Borcherds–)Kac–Moody algebras are considered. Here, we do not go further in this
direction.

Another motivation for this work is to check if the center of the module cate-
gory of cyclotomic quiver Hecke algebras is positively graded with a 1-dimensional
degree 0 component. These two conditions are difficult to check for minimal categor-
ical representations. Using the representation of Lg, we prove that the first condition
holds. The second one is more subtle. It is equivalent to the indecomposability of the
weight subcategories of the minimal categorical representations. In other words, each
of these categories should have a single block. This is well known in type A and in
affine type A by the work of Brundan [8] and Lyle and Mathas [29]. We can prove
it in some new cases, using the fact that quiver varieties are connected (proved by
Crawley-Boevey). But the general case is still unknown.

Now, let us describe more precisely the structure and the main results of the paper.
Fix a symmetrizable Kac–Moody algebra g and a dominant integral weight ƒ of g.

In Section 2, we give some generalities on the centers and cocenters of linear
categories. In Section 3, we introduce the cyclotomic quiver Hecke algebra of type
g and level ƒ over a field k (of any characteristic). It is a symmetric algebra which
decomposes as a direct sum Rƒ D

L
˛2QC

Rƒ.˛/, where ˛ runs over the positive
part of the root lattice of g. To g we can attach another Lie algebra, Lg, given by
generators and relations. It coincides with the loop algebra of g in finite types A,
D, E . The first result is the following.

THEOREM 1
Assume that g is symmetric and that condition (11) is satisfied. Then we have the
following:
(a) There is a Z-graded representation of Lg on tr.Rƒ/.
(b) If g is of finite type and k is of characteristic zero, then tr.Rƒ/ is isomorphic,

as a Z-graded Lg-module, to the Weyl module with highest weight ƒ.
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Note that there are two different notions of Weyl modules for loop Lie algebras
used in the literature (the local and the global ones). Both versions can indeed be
recovered (see Theorem 3.37 for more details). Note also that the proof of part (b)
involves the geometrical incarnation, given by Nakajima, of Weyl modules of Lg via
the equivariant cohomology of a quiver variety M.ƒ/ attached to ƒ.

THEOREM 2
Assume that k is of characteristic 0. For any ˛ 2QC the following hold:
(a) The trace and the center of Rƒ.˛/ are positively graded.
(b) If g is symmetric of finite type, then the dimension of the degree 0 subspace of

Z.Rƒ.˛// is 1-dimensional.

The proof uses a reduction to sl2. Part (b) relies on the geometrical interpretation
of Weyl modules. It also uses an identification between the center Z.Rƒ.˛// and the
dual of the trace tr.Rƒ.˛// of Rƒ.˛/ given by the symmetrizing form.

Finally, in Section 4 we focus on the Jordan quiver. In this case, instead of the
cyclotomic quiver Hecke algebra, we consider a level r cyclotomic quotient Rr .n/
of the degenerate affine Hecke algebra of Sn defined over kŒ��. Let Rr.n/1 be its
specialization at �D 1. The center of Rr .n/1 has a natural filtration defined in terms
of Jucy–Murphy elements. Let Rees.Z.Rr.n/1// be the corresponding Rees alge-
bra. Set Rr D

L
n2NR

r .n/, and let tr.Rr/0 be a localization of tr.Rr/. Consider the
equivariant cohomology H�G.M.r; n/;k/ of the quiver variety M.r; n/ relatively to
an .r C 1/-dimensional torus G with coefficient in k.

THEOREM 3
The following hold:
(a) There is a level r representation of W in tr.Rr/0.
(b) Assume that k is of characteristic 0; then there is a Z-graded algebra isomor-

phism

Rees
�
Z
�
Rr.n/1

��
'H�G

�
M.r; n/;k

�
:

The proof of this theorem uses the representation of W on a localization
H�G.M.r/;k/0 introduced in [37].

After our paper appeared in arXiv, A. Lauda informed us that there is some over-
lap between our results and his ongoing projects with collaborators.

2. Generalities
Let k be a commutative Noetherian ring.
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2.1. The center and the trace of a category

2.1.1. Categories
All categories are assumed to be small. A k-linear category is a category enriched
over the tensor category of k-modules, and a k-category is an additive k-linear cate-
gory. For any k-linear category C and any k-algebra k0, let k0 ˝k C be the k0-linear
category whose objects are the same as those of C but whose morphism spaces are
given by

Homk0˝kC .a; b/D k0˝k HomC .a; b/; 8a; b 2 C :

We denote the identity of an object a by 1a or by 1 if no confusion is possible. All the
functors F on C are assumed to be additive and/or k-linear. An additive and k-linear
functor is called a k-functor. Let End.F / be the endomorphism ring of F . We may
denote the identity element in End.F / by F;1F , or 1, and the identity functor of C

by 1C or 1. The center of C is defined as Z.C/D End.1C /. A composition of functors
E and F is written as EF , while a composition of morphisms of functors y and x is
written as y ı x.

An additive category C will be always equipped with its trivial exact structure;
that is, the admissible exact sequences are the split short exact sequences. Therefore,
a Serre subcategory I � C is a full additive subcategory which is stable under taking
direct summands, and the quotient additive category B D C=I is such that

HomB.a; b/DHomC .a; b/=
X
c2I

HomC .c; b/ ıHomC .a; c/; 8a; b 2 C :

A short exact sequence of additive categories is a sequence of functors which is equiv-
alent to a sequence 0! I! C!B! 0 as above.

Fix an integer `. By an .`Z/-graded k-category we will mean a k-category C

equipped with a strict k-automorphism Œ`�, which we call a shift of the grading. Unless
specified otherwise, a functor F of .`Z/-graded k-categories is always assumed to be
graded; that is, it is a k-functor F with an isomorphism F ı Œ`�' Œ`� ı F . For each
integer k 2 N \ .`Z/ we will abbreviate Œk� D Œ`� ı Œ`� ı � � � ı Œ`� (jk=`j times) and
Œ�k�D Œk��1.

Let C=`Z be the category enriched over the tensor category of .`Z/-graded k-
modules whose objects are the same as those of C but whose morphism spaces are
given by

HomC=`Z.a; b/D
M
k2`Z

HomC

�
a; bŒk�

�
:

Note that the center Z.C=`Z/ is a graded ring whose degree k component is equal to
Hom.1; Œk�/.
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Given a Z-graded k-module M , let M d D ¹x 2M Ideg.x/D dº for each d 2 Z.
For any integer `, the `-twist of M is the .`Z/-graded k-module M Œ`� such that
.M Œ`�/d DM d=` if ` j d and 0 otherwise. Then, for each Z-graded k-category C

there is a canonical .`Z/-graded k-category C Œ`� called the `-twist of C such that
C Œ`� D C as a k-category and the shift of the grading Œ`� in C Œ`� is the same as the
shift of the grading Œ1� in C . We have

HomC Œ`�=`Z.a; b/DHomC=Z.a; b/
Œ`�; 8a; b:

Finally, for any category C we denote by Cc the idempotent completion.

2.1.2. Trace and center
Let C be a k-linear category, and let HH�.C/ be the Hochschild homology of C (see
[20, Section 3.1]). It is a Z-graded k-module. We set tr.C/DHH0.C/ and CF.C/D
Homk.tr.C/;k/. We call tr.C/ the cocenter or the trace of C and CF.C/ the set of
central forms on C . Recall that

tr.C/D
� M
a2Ob.C/

EndC .a/
�
=
X
f;g

kŒf; g� for any f W a! b;g W b! a:

For any morphism f in C , let tr.f / denote its image in tr.C/.
Now, letA be any k-algebra. Unless specified otherwise, all algebras are assumed

to be unital. Let Z.A/ be the center ofA, and let HH�.A/ be its Hochschild homology.
Define tr.A/ and CF.A/ as above; that is, tr.A/ D A=ŒA;A�, where ŒA;A� � A is
the k-submodule spanned by the commutators of elements of A. For any element
a 2 A, let tr.a/ denote its image aC ŒA;A� in tr.A/. Let A-mod and A-proj be the
categories of finitely generated modules and finitely generated projective modules.
For any commutative k-algebra R and any k-module M we abbreviate RM D R˝k

M . The following is well known.

PROPOSITION 2.1
Let A;B be k-algebras, and let B;C be k-linear categories.
(a) If B � C is full and any object of C is isomorphic to a direct summand of a

direct sum of objects of B, then the embedding B � C yields an isomorphism
tr.B/! tr.C/.

(b) If C D A-mod or A-proj, then Z.A/ D Z.C/. If C D A-proj, then tr.A/ D
tr.C/.

(c) For any commutative k-algebra R, we have tr.RA/DR tr.A/.
(d) We have tr.A˝k B/D tr.A/˝k tr.B/ and Z.A˝k B/D Z.A/˝k Z.B/.
(e) Z.C/ acts on tr.C/ via the map Z.C/! Endk.tr.C//, a 7! .tr.a0/ 7! tr.aa0//.
(f) A short exact sequence of k-categories 0! I! C!B! 0 yields an exact

sequence of k-linear maps tr.I/! tr.C/! tr.B/! 0.
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For a future use, let us give some details on part .f /. Assume that C D Cc . For
any object X , let add.X/ � C be the smallest k-subcategory containing X which
is closed under taking direct summands. Then, the functor HomC .X;�/ yields an
equivalence add.X/! EndC .X/op-proj. In particular, if C has a finite number of
indecomposable objects X1;X2; : : : ;Xn (up to isomorphisms) and X D

Ld
iD0Xi ,

then we have an equivalence C ' EndC .X/op-proj.
Now, assume that C D A-proj, where A is a finitely generated k-algebra. Given

a Serre k-subcategory I � C , there is an idempotent e 2 A such that I D eAe-proj
and the functor I! C is given by M 7!Ae˝eAeM . Set B D C=I. Then, we have
Bc D B-proj, where B DA=AeA and the composed functor C !B!Bc is given
byM 7!B˝AM . We must prove that taking the trace we get an exact sequence of k-
modules tr.I/! tr.C/! tr.B/! 0. Equivalently, we must check that the following
complex is exact:

eAe=ŒeAe; eAe�
i

A=ŒA;A�
j

B=ŒB;B� 0:

Note that kerj D .AeAC ŒA;A�/=ŒA;A� and im i D .eAe C ŒA;A�/=ŒA;A�. Since
aeb D ebae C Œae; eb� for all a; b 2 A, we deduce that kerj D im i , proving the
claim.

2.1.3. Operators on the trace

Definition 2.2
Given a functor F W C ! C 0 between two k-categories and a morphism of functors
x 2 End.F /, the trace of F on x is the linear map

trF .x/ W tr.C/! tr.C 0/; tr.f / 7! tr
�
x.a/ ıF.f /

�
;

where f 2 End.a/ and x.a/ ıF.f / 2 End.F.a//.

Note that x.a/ ı F.f / D F.f / ı x.a/ by functoriality. Below are some basic
properties of the trace map, whose proofs are standard and are left to the reader.

LEMMA 2.3
(a) For each F1, F2 W C ! C 0, x 2 End.F1 ˚ F2/, we have trF1˚F2.x/ D

trF1.x11/C trF2.x22/, where x11 2 End.F1/, x22 2 End.F2/ are the diago-
nal coordinates of x.

(b) For two morphisms � W F1! F2,  W F2! F1, we have trF1. ı�/D trF2.�ı
 /. In particular, if � W F1! F2 is an isomorphism of functors, then for any
x 2 End.F1/ we have trF2.� ı x ı �

�1/D trF1.x/.
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(c) For each F W C ! C 0, G W C 0! C 00, x 2 End.F / and y 2 End.G/, we have
trGF .yx/D trG.y/ ı trF .x/.

2.1.4. Adjunction
Given two k-categories C1, C2, a pair of adjoint functors .E;F / from C1 to C2 is
the datum .E;F; �E ; "E / of functors E W C1 ! C2, F W C2 ! C1 and morphisms
of functors �E W 1C1 ! FE and "E W EF ! 1C2 , called unit and counit, such that
."EE/ ı .E�E / D E and .F "E / ı .�EF / D F , where we abbreviate E D 1E and
F D 1F .

A pair of biadjoint functors C1 ! C2 is the datum .E;F; �E ; "E ; �F ; "F / of
functors E W C1 ! C2, F W C2 ! C1 and morphisms of functors �E W 1C1 ! FE ,
"E WEF ! 1C2 such that .E;F; �E ; "E / and .F;E;�F ; "F / are adjoint pairs.

Example 2.4
Given two pairs of adjoint functors .E;F /, .E 0;F 0/ from C1 to C2, the direct sum
.E ˚E 0;F ˚F 0/ is an adjoint pair such that

�E˚E 0 D .�E ; 0; 0; �E 0/ W 1C1! FE ˚FE 0˚F 0E ˚F 0E 0;

"E˚E 0 D "E C "E 0 WEF ˚EF
0˚E 0F ˚E 0F 0! 1C2 :

If E W C1 ! C2 and E 0 W C2 ! C3, then .E 0E;FF 0/ is an adjoint pair such that
�E 0E D .F �E 0E/ ı �E and "E 0E D "E 0 ı .E 0"EF 0/.

Suppose that .E;F /, .E 0;F 0/ are two pairs of adjoint functors from C1 to C2.
For any morphism x WE!E 0, the left transpose _x W F 0! F is the composition of
the chain of morphisms

F 0
�EF

0

FEF 0
F xF 0

FE 0F 0
F "E0

F:

For any morphism y W F 0! F , the right transpose y_ WE!E 0 is the composition

E
E�E0

EF 0E 0
EyE 0

EFE 0
"EE

0

E 0:

2.1.5. Operators on the center
Let C1, C2 be two k-categories, and let .E;F; �E ; "E ; �F ; "F / be a pair of biad-
joint functors C1 ! C2. The isomorphisms 1C2E D E D E1C1 yield a canonical
.Z.C1/;Z.C2//-bimodule structure on End.E/. Let Z.C2/! End.E/, z 7! zE and
Z.C1/! End.E/, z 7!Ez denote the corresponding k-algebra homomorphisms.
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Definition 2.5 (see [5])
For each x 2 End.E/ we define a map

ZE .x/ W Z.C2/!Z.C1/

by sending an element z 2 Z.C2/ to the composed morphism

1C1

�E

F1C2E
F zx

F1C2E
"F

1C1 :

We define ZF .x/ W Z.C1/! Z.C2/ for each x 2 End.F / in the same manner but
with the roles of E and F exchanged.

The proof of the following proposition is standard and is left to the reader.

PROPOSITION 2.6
Let .E;F; �E ; "E ; �F ; "F /, .E 0;F 0; �E 0 ; "E 0 ; �F 0 ; "F 0/ be two pairs of biadjoint func-
tors. Let x 2 End.E/, x0 2 End.E 0/. Then, we have the following:
(a) ZE .x/ W Z.C2/! Z.C1/ is k-linear.
(b) ZE 0E .x ı �/DZE 0.x

0/ ıZE .x/ and ZE˚E 0.x˚ x/DZE .x/CZE 0.x0/.
(c) The map ZE W End.E/!Homk.Z.C2/;Z.C1// is .Z.C1/;Z.C2//-bilinear.
(d) Let � W E! E 0 be an isomorphism with �_ D _�; then ZE 0.� ı x ı ��1/D

ZE .x/.

2.2. Symmetric algebras
Let A;B;C be k-algebras.

2.2.1. Kernels
There is an equivalence of categories between the category of .A;B/-bimodules and
the categories of functors from B-Mod to A-Mod. It associates an .A;B/-bimodule
K with the functorˆK WB-Mod!A-Mod given byN 7!K˝BN . We say thatK is
the kernel of ˆK . Since ˆK.B/DK , the kernel is uniquely determined by the func-
torˆK . For two .A;B/-bimodulesK ,K 0we have HomA;B.K;K

0/'Hom.ˆK ;ˆK0/
given by f 7! f ˝B id.

2.2.2. Induction and restriction
We call a B-algebra a k-algebra A with a k-algebra homomorphism i W B! A. We
consider the restriction and induction functors

ResAB WA-Mod!B-Mod; IndAB DA˝B � WB-Mod!A-Mod:



1014 SHAN, VARAGNOLO, and VASSEROT

The pair .IndAB ;ResAB/ is adjoint with the counit " W IndAB ResAB ! 1 represented by
the .A;A/-bimodule homomorphism � W A˝B A! A given by the multiplication,
and the unit � W 1! ResAB IndAB is represented by the morphism i , which is .B;B/-
bilinear. Let AB be the centralizer of B in A. For any f 2AB we set

�f WA˝B A!A; a˝ a0 D afa0: (1)

2.2.3. Frobenius and symmetrizing forms
We refer to [36] for more details on this section.

Let A be a B-algebra that is projective and finite as a B-module. A morphism of
.B;B/-bimodules t W A! B is called a Frobenius form if the morphism of .A;B/-
bimodules Ot W A! HomB.A;B/, a 7! .a0 7! t .a0a// is an isomorphism. If such a
form exists, then we say that A is a Frobenius B-algebra. If we have t .aa0/D t .a0a/
for each a 2 A, a0 2 AB , then t is called a symmetrizing form and A is a symmetric
B-algebra.

Given t W A! B a Frobenius form, the composition of the isomorphism A˝B
A
�
!HomB.A;B/˝A given by a˝ a0 7! Ot .a/˝ a0 and the canonical isomorphism

HomB.A;B/˝B A
�
! EndB.A/ yields an isomorphism A˝B A

�
! EndB.A/. The

preimage of the identity under this map is the Casimir element � 2 .A˝B A/A. We
have .t ˝ 1/.�/D .1˝ t /.�/D 1.

There is a bijection between the set of Frobenius forms and the set of adjunctions
.ResAB ; IndAB/ given as follows. Given a Frobenius form t W A! B , the counit O" W
ResAB IndAB ! 1B is represented by the .B;B/-linear map t W A! B , and the unit
O� W 1A! IndAB ResAB is represented by the unique .A;A/-linear map O� WA!A˝B A

such that O�.1A/ D � . This yields an adjunction for .ResAB ; IndAB/. Conversely, if O"
and O� are counit and unit, respectively, for .ResAB ; IndAB/, then the .B;B/-linear map
t WA!B which represents O" is a Frobenius form.

Recall that tr.A/ is a Z.A/-module. We equip CF.A/ D tr.A/� with the dual
Z.A/-action. Let us recall a few basic facts.

PROPOSITION 2.7
Let A;B;C be k-algebras which are projective and finite as k-modules.
(a) If t W A! B and t 0 W B ! C are symmetrizing forms, then t 0 ı t W A! C is

again a symmetrizing form.
(b) A symmetrizing form t WA! k induces a Z.A/-bilinear form

t W Z.A/� tr.A/! k; .a; b/ 7! t .ab/:

It is perfect on Z.A/; that is, it induces an isomorphism of Z.A/-modules
Ot W Z.A/

�
! CF.A/ which sends z to t .z�/.

(c) If t WA! k is a symmetrizing form, then tr.A/ is a faithful Z.A/-module.
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Proof
Part (a) is proved in [36, Lemma 2.10]. To prove part (b), note that the bilinear form
is well defined, since multiplication by an element in Z.A/ sends ŒA;A� to itself. The
pairing is perfect on Z.A/, because the induced map Ot W Z.A/! tr.A/� D CF.A/
is given by taking .A;A/-invariants for the .A;A/-linear isomorphism Ot W A! A�;
hence the result is again an isomorphism. The compatibility with the Z.A/-module
structure follows from the definition. To prove part (c), we must show that the map
Z.A/! Endk.tr.A// is injective. Indeed, if there exists z 2 Z.A/ such that za 2
ŒA;A� for all a 2A, then t .zA/D 0, and hence z D 0.

3. The center of quiver Hecke algebras

3.1. Quiver Hecke algebras
Assume that kD

L
n2N kn is Noetherian and N-graded and that k0 is a field. We may

abbreviate kD k0, and we will identify k with the quotient k=k>0 without mentioning
it explicitly.

3.1.1. Cartan datum
A Cartan datum consists of a finite-rank free abelian group P called the weight
lattice whose dual lattice, called the coweight lattice, is denoted P_; a finite set
of vectors ˆ D ¹˛1; : : : ; ˛nº � P called simple roots; and a finite set of vectors
ˆ_ D ¹˛_1 ; : : : ; ˛

_
n º � P

_ called simple coroots. Let QC D Nˆ � P be the semi-
group generated by the simple roots, and let PC � P be the subset of dominant
weights, that is, the set of weights ƒ such that ƒi D h˛_i ;ƒi � 0 for all i 2 I . We
will call a Bruhat order the partial order on P such that �� � whenever ��� 2QC.

Set I D ¹1; : : : ; nº, and let h�;�i be the canonical pairing on P_ � P . The
.I � I /-matrix A with entries aij D h˛_i ; ˛j i is assumed to be a generalized Car-
tan matrix. We will assume that the Cartan datum is nondegenerate (i.e., the simple
roots are linearly independent) and symmetrizable (i.e., there exist nonzero integers
di such that diaij D djaj i for all i; j ). The integers di are unique up to an overall
common factor. They can be assumed positive and mutually prime.

Let .�j�/ be the symmetric bilinear form on h� D Q˝Z P given by .˛i j˛j /D
diaij . Let g be the symmetrizable Kac–Moody algebra over k associated with the
generalized Cartan matrix A and the lattice of integral weights P . Let h;nC � g be
the Cartan subalgebra and the maximal nilpotent subalgebra spanned by the positive
root vectors of g. For any dominant weight ƒ 2 PC, let V.ƒ/ be the correspond-
ing integrable simple g-module. For each � 2 P , let V.ƒ/� 	 V.ƒ/ be the weight
subspace of weight �.
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3.1.2. Quiver Hecke algebras
Fix an element ci;j;p;q 2 k for each i; j 2 I , p;q 2 N such that deg.ci;j;p;q/ D
�2di .aij Cp/� 2djq and ci;j;�aij ;0 is invertible. Fix a matrix QD .Qij /i;j2I with
entries in kŒu; v� such that

Qij .u; v/DQj i .v;u/;

Qi i .u; v/D 0;

Qij .u; v/D
X
p;q�0

ci;j;p;qu
pvq if i ¤ j:

Definition 3.1
The quiver Hecke algebra (or QHA) of rank n � 0 associated with A and Q is the
k-algebra R.nIQ;k/ generated by e.	/, xk , 
l with 	 2 I n, k; l 2 Œ1; n�, l ¤ n, sat-
isfying the following defining relations:
(a) e.	/e.	0/D ı�;�0e.	/,

P
� e.	/D 1,

(b) xkxl D xlxk , xke.	/D e.	/xk ,
(c) 
le.	/D e.sl.	//
l , 
k
l D 
l
k if jk � l j> 1,
(d) 
2

l
e.	/DQ�l ;�lC1.xl ; xlC1/e.	/,

(e) .
kxl � xsk.l/
k/e.	/D ı�k ;�kC1.ıl;kC1 � ıl;k/e.	/,
(f) .
kC1
k
kC1 � 
k
kC1
k/e.	/D ı�k ;�kC2@k;kC2Q�k ;�kC1.xk ; xkC1/e.	/,
where @k;l is the Demazure operator on kŒx1; x2; : : : ; xn� which is defined by

@k;l.f /D .f � .k; l/.f /=.xk � xl/:

The algebra R.nIQ;k/ is free as a k-module. It admits a Z-grading given by

deg
�
e.	/

�
D 0; deg

�
xke.	/

�
D 2d�k ; deg

�

ke.	/

�
D�d�ka�k ;�kC1 :

For ˛ 2QC such that ht.˛/D n, we set

I ˛ D
®
	 D .	1; : : : ; 	n/ 2 I

nI˛�1 C � � � C ˛�n D ˛
¯
:

The idempotent e.˛/ D
P
�2I˛ e.	/ is central in R.nIQ;k/. Given 	 2 I n, 	0 2

Im we write 		0 2 I nCm for their concatenation. Set e.˛; 	0/ D
P
�2I˛ e.		

0/ and
e.n; 	0/D

P
�2In e.		

0/. The quiver Hecke algebra of rank ˛ is the algebra

R.˛IQ;k/D e.˛/R.nIQ;k/e.˛/:

3.1.3. Cyclotomic quiver Hecke algebras
Given a dominant weight ƒ 2 PC we set

Iƒ D
®
.i;p/I i 2 I;pD 1; : : : ;ƒi

¯
:
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For a future use, let

Iƒ! I; t 7! it (2)

denote the canonical map such that .i;p/ 7! i . Fix a family of commuting formal
variables ¹ct I t 2 Iƒº. Let kƒ be the N-graded ring given by

kƒ D kŒct I t 2 Iƒ�; deg.cip/D 2pdi :

We will abbreviate kD kƒ, and we will write ci0 D 1.
Now, fix a N-graded k-algebra k. Let ct denote both the element in k above and

its image in k by the canonical map k! k (which is homogeneous of degree 0).
Then, set

aƒi .u/D

ƒiX
pD0

cipu
ƒi�p 2 kŒu�: (3)

The monic polynomial aƒi .u/ is called the i th cyclotomic polynomial associated
with k.

For each ˛ 2QC and 1� k � ht.˛/, we set

aƒ˛ .xk/D
X
�2I˛

aƒ�k .xk/e.	/: (4)

Note that aƒ˛ .xk/e.	/ is a homogeneous element ofR.˛IQ;k/with degree 2d�kƒ�k .

Definition 3.2
The cyclotomic quiver Hecke algebra of rank ˛ and level ƒ is the quotient
Rƒ.˛IQ;k/ of R.˛IQ;k/ by the two-sided ideal generated by aƒ˛ .x1/.

To simplify notation, we write R.˛/ D R.˛Ik/ D R.˛IQ;k/ and Rƒ.˛/ D

Rƒ.˛Ik/ D Rƒ.˛IQ;k/. We may also write R D
L
˛R.˛/, R.k/ D

L
˛R.˛Ik/,

Rƒ D
L
˛R

ƒ.˛/, and so on. The following is proved in [16, Corollary 4.4, Theo-
rem 4.5].

PROPOSITION 3.3
The k-algebra Rƒ.˛Ik/ is free of finite type as a k-module.

Remark 3.4
A morphism of N-graded k-algebras k! h yields canonical graded h-algebra iso-
morphisms h˝k R.˛Ik/!R.˛Ih/ and h˝k R

ƒ.˛Ik/!Rƒ.˛Ih/.
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Example 3.5
(a) Set Rƒ.˛/D Rƒ.˛Ik/. We call Rƒ.˛/ the global (or universal) cyclotomic

quiver Hecke algebra.
(b) If k D k, then aƒi .u/ D uƒi for each i . We call Rƒ.˛Ik/ the local (or

restricted) cyclotomic quiver Hecke algebra.
(c) For each i 2 I we fix an element ci 2 k of degree 2di . We define the following:

� k0 D k as a k-algebra with the new k-algebra structure associated with
the elements c0ip given by c0ip D ep.yi1 � ci ; yi2 � ci ; : : : /, where the
yip’s are commuting formal variables such that cip D ep.yi1; yi2; : : : /
and ep is the pth elementary symmetric polynomial. Then, the i th
cyclotomic polynomial associated with k0 is aƒi .u� ci / for each i 2 I .

� Q0ij .u; v/ DQij .u � ci ; v � cj /. In particular, we have Q0ij .u; v/ D
Q0j i .v;u/.

Then, the assignment e.	/; xke.	/; 
le.	/ 7! e.	/; .xk C c�k /e.	/; 
le.	/

extends uniquely to a k-algebra isomorphism Rƒ.˛IQ;k/
�
!Rƒ.˛IQ0;k0/.

(d) Under the hypothesis above, assume that i 2 I and that ƒ D !i is the i th
fundamental weight. Assume also that the polynomial Qij .u; v/ satisfies con-
dition (11) below. If aƒi .u/D uC ci , then we have a k-algebra isomorphism

R!i .˛IQ;k/' k˝k R
!i .˛IQ;k/: (5)

Definition 3.6
For each k 2 Œ1; n � 1�, the kth intertwiner operator is the element 'k 2 Rƒ.n/
defined by 'ke.	/ D 
ke.	/ if 	k ¤ 	kC1 and by the following formulas if 	k D
	kC1:

'ke.	/D .xk
k � 
kxk/e.	/D .
kxkC1 � xkC1
k/e.	/

D
�
.xk � xkC1/
k C 1

�
e.	/D

�

k.xkC1 � xk/� 1

�
e.	/:

We have the following facts (see [18, Section 5.1] for details):
� xsk.`/'ke.	/D 'kx`e.	/.
� ¹'kº satisfies the braid relations.
� If w 2Sn satisfies w.kC 1/Dw.k/C 1, then 'w
k D 
w.k/'w .
� '2

k
e.	/D e.	/ if 	k D 	kC1 and '2

k
e.	/DQ�k ;�kC1.xk; xkC1/e.	/ if 	k ¤

	kC1.

3.1.4. Induction and restriction
Let i 2 I and ˛ 2QC be of height n. Set �Dƒ� ˛ and �i D h˛_i ; �i.
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We have a Z-graded k-algebra embedding �i W R.˛/ ,! R.˛ C ˛i / given by
e.	/; xk; 
l 7! e.	; i/; xk; 
l for each 	 2 I ˛ with 1 � k � n and 1 � l � n � 1. It
induces a Z-graded k-algebra homomorphism �i WR

ƒ.˛/!Rƒ.˛C ˛i /.
The restriction and induction functors form an adjoint pair .F 0i ;E

0
i / with

E 0i WR
ƒ.˛C ˛i /-grmod!Rƒ.˛/-grmod; N 7! e.˛; i/N;

F 0i WR
ƒ.˛/-grmod!Rƒ.˛C ˛i /-grmod;

M 7!Rƒ.˛C ˛i /e.˛; i/˝Rƒ.˛/M:

The counit "0
i;�
W F 0iE

0
i1� ! 1� and the unit �0

i;�
W 1� ! E 0iF

0
i 1� are represented,

respectively, by the multiplication map � and the map �i :

"0i;� WR
ƒ.˛/e.˛ � ˛i ; i /˝Rƒ.˛�˛i / e.˛ � ˛i ; i /R

ƒ.˛/!Rƒ.˛/;

�0i;� WR
ƒ.˛/! e.˛; i/Rƒ.˛C ˛i /e.˛; i/:

Finally, let � 0
ij;�
W F 0iE

0
j 1�!E 0jF

0
i 1� be the morphism represented by the linear

map

Rƒ.˛ � ˛j C ˛i /e.˛ � ˛j ; i /˝Rƒ.˛�˛j / e.˛ � ˛j ; j /R
ƒ.˛/

! e.˛ � ˛j C ˛i ; j /R
ƒ.˛C ˛i /e.˛; i/;

x˝ y 7! x
ny:

For j D i , the element 
n 2 Rƒ.˛ C ˛i / centralizes the subalgebra e.˛ � ˛i ; i2/�
Rƒ.˛C ˛i /e.˛ � ˛i ; i

2/, so we have � 0
i i;�
D ��n (see (1)).

THEOREM 3.7 (see [16])
For each ˛ 2QC of height n, we have the following.
(a) If �i � 0, then the following morphism of endofunctors on Rƒ.˛/-Mod is an

isomorphism:

�0i;� D �
0
i i;�C

�i�1X
kD0

.E 0ix
k/ ı �0i;� W F

0
iE
0
i1�˚

�i�1M
kD0

kxk ˝ 1�!E 0iF
0
i 1�:

(b) If �i � 0, then the following morphism of endofunctors on Rƒ.˛/-Mod is an
isomorphism:

�0i;� D
�
� 0i i;�; "

0
i;� ı .F

0
i x
0/; : : : ; "0i;� ı .F

0
i x
��i�1/

�
W

F 0iE
0
i1�!E 0iF

0
i 1�˚

��i�1M
kD0

k.x�1/k ˝ 1�:
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The theorem can be rephrased as follows.
� Assume that �i � 0: for any z 2 e.˛; i/Rƒ.˛C˛i /e.˛; i/ there are unique ele-

ments �.z/ 2 Rƒ.˛/e.˛ � ˛i ; i /˝Rƒ.˛�˛i / e.˛ � ˛i ; i /R
ƒ.˛/ and pk.z/ 2

Rƒ.˛/ such that

z D ��n
�
�.z/

�
C

�i�1X
kD0

pk.z/x
k
nC1: (6)

� Assume that �i � 0: for any z 2 e.˛; i/Rƒ.˛ C ˛i /e.˛; i/ and any z0; : : : ;
z��i�1 2R

ƒ.˛/, there is a unique element y 2Rƒ.˛/e.˛�˛i ; i /˝Rƒ.˛�˛i /
e.˛ � ˛i ; i /R

ƒ.˛/ such that

��n.y/D z; �xkn
.y/D zk; 8k 2 Œ0;��i � 1�: (7)

For a future use, let us introduce the following notation. Assume that �i � 0 and
that z 2 e.˛; i/Rƒ.˛C ˛i /e.˛; i/. For each ` 2 Œ0;��i � 1�, let

Qz; Q�` 2R
ƒ.˛/e.˛ � ˛i ; i /˝Rƒ.˛�˛i / e.˛ � ˛i ; i /R

ƒ.˛/ (8)

be the unique elements such that

��n. Qz/D z; �xkn
. Qz/D 0; ��n. Q�`/D 0; �xkn

. Q�`/D ık;`:

THEOREM 3.8 (see [18])
The pair .E 0i ;F

0
i / is adjoint with the counit O"0

i;�
W E 0iF

0
i 1�! 1� and the unit O�0

i;�
W

1�! F 0iE
0
i1� represented by the morphisms

O"0i;� W e.˛; i/R
ƒ.˛C ˛i /e.˛; i/!Rƒ.˛/;

O�0i;� WR
ƒ.˛/!Rƒ.˛/e.˛ � ˛i ; i /˝Rƒ.˛�˛i / e.˛ � ˛i ; i /R

ƒ.˛/

such that
� O"0

i;�
.z/D p�i�1.z/ if �i > 0 and �

x
��i
n

. Qz/ if �i � 0,

� O�0
i;�
.1/D��.x

�i
nC1/ if �i � 0 and Q���i�1 if �i < 0.

We abbreviate "0i D "
0
i;�

, �0i D �
0
i;�

, O"0i D O"
0
i;�

, O�0i D O�
0
i;�

, and so on, when � is
clear from the context.

COROLLARY 3.9
The linear maps "0i , �

0
i are homogeneous of degree 0. The linear maps O"0i , O�

0
i are

homogeneous of degrees 2di .1 � �i /, 2di .1C �i /, respectively. The linear map � 0ij
is homogeneous of degree �diaij .
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3.1.5. The symmetrizing form
For each ˛ 2QC we set

dƒ;˛ D .ƒjƒ/� .ƒ� ˛ jƒ� ˛/:

We will need the following result from [40].

PROPOSITION 3.10 ([40, Remark 3.19])
The k-algebra Rƒ.˛/ is symmetric and admits a symmetrizing form tƒ;˛ which is
homogeneous of degree �dƒ;˛ .

The definition of tƒ;˛ is given in Definition A.6. We will abbreviate t˛ D tƒ;˛ and
tƒ D

P
˛ t˛ . Since we have not found any proof of the proposition in the literature,

we have given one in Appendix A.

3.2. Categorical representations
Let k be an N-graded commutative ring as in Section 3.1. Write gk D k˝k g. Fix an
integer `.

3.2.1. Definition
For each � 2 P , let C� be an .`Z/-graded k-category. Set C D

L
�C� and denote by

1� the obvious functor 1� W C! C�. For each i; j 2 I , � 2 P , we fix
� a Z-graded k-algebra homomorphism kŒ`�! Z.C=`Z/;
� a functor 1��˛iFi D Fi1� with a right adjoint 1�Ei Œ`di .1 � �i /� D

Ei1��˛i Œ`di .1� �i /�;
� morphisms of functors xi1� W Fi1� ! Fi1�Œ2`di � and 
ij 1� W FiFj 1� !

FjFi1�Œ�`diaij �.
Thus C=`Z is a k-category, and the functors Fi1�, Ei1� are k-linear. Let

"i1� W FiEi1�! 1�
�
`di .1C �i /

�
; �i1� W 1�!EiFi1�

�
`di .1� �i /

�
be the counit and the unit of the adjoint pair .1�Fi ;Ei1�Œ�`di .1C �i /�/. We will
abbreviate

Ei D
M
�

Ei1�; Fi D
M
�

Fi1�; F˛ D
M
�2I˛

F� ; and so on;

where F� D F�1F�2 � � �F�n for 	 D .	1; 	2; : : : ; 	n/. Next, we define the following
morphisms:
� �ij D .EjFi"j / ı .Ej 
j iEi / ı .�jFiEj / W FiEj !EjFi ;
� �i1� D �i i1� C

P��i�1
lD0

."i1�/ ı .x
l
iEi1�/ W FiEi1� ! EiFi1� ˚L��i�1

lD0
1�Œ`di .1C 2l C �i /� if �i � 0;
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� �i1� D �i i1�C
P�i�1

lD0
.Eix

l
i 1�/ı .�i1�/ W FiEi1�˚

L�i�1

lD0
1�Œ`di .1C2l �

�i /�!EiFi1� if �i � 0.

Definition 3.11
A categorical representation of gk of degree ` in C is a tuple C�, Ei , Fi , "i , �i , xi ,

ij as above such that the following hold:
� the assignment e.	/ 7! 1F� , xke.	/ 7! x�k1F� , 
le.	/ 7! 
�l ;�lC11F� for each

	 2 I ˛ defines a Z-graded kŒ`�-algebra homomorphism R.˛Ik/Œ`� !
EndC=`Z.F˛/;

� the morphisms �i1�, �ij , i ¤ j , are isomorphisms.
Morphisms of categorical representations are defined in the obvious way.

We will call the map R.˛Ik/Œ`�! EndC=`Z.F˛/ the canonical homomorphism
associated with the categorical representation of gk in C .

Unless specified otherwise, a categorical representation will be of degree 1.
Degrees `¤ 1 are used only in the nonsymmetric case and the reader interested only
in symmetric ones may set `D 1 everywhere. Note that, given a categorical represen-
tation of gk in C , there is a canonical categorical representation of gk of degree ` in
C Œ`� called its `-twist such that the Z-graded kŒ`�-algebra homomorphism

R.˛Ik/Œ`�! EndC Œ`�=`Z.F˛/D EndC=Z.F˛/
Œ`�

is equal to the homomorphism R.˛Ik/! EndC=Z.F˛/ associated with the gk-action
on C .

We will also use the following definitions:
� C is integrable if Ei , Fi are locally nilpotent for all i .
� C is bounded above if the set of weights of C is contained in a finite union of

cones of type ��QC with � 2 P .
� The highest weight subcategory Chw � C is the full subcategory given by

Chw D
®
M 2 C IEi .M/D 0;8i 2 I

¯
:

Remark 3.12
(a) Taking the left transpose of the morphisms of functors

xi1� W Fi1�! Fi1�Œ2`di �; 
ij 1� W FiFj 1�! FjFi1�Œ�`diaij �

we get the morphisms of functors

1�
_xi W 1�Ei ! 1�Ei Œ2`di �; 1�

_
ij 1� W 1�EiEj ! 1�EjEi Œ�`diaij �:

We will abbreviate xi D _xi and 
ij D _
ij .
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(b) Forgetting the grading at each place we define as above a categorical repre-
sentation of gk in a (not graded) k-category C .

(c) For each short exact sequence of Z-graded k-categories 0 ! I ! C !

B ! 0 such that I! C is a morphism of categorical representations of gk, there
is a unique categorical representation of gk on B such that C !B is a morphism of
categorical representations.

(d) Given a categorical representation of gk on C , there is a unique categorical
representation of gk on Cc such that the canonical fully faithful functor C ! Cc is
a morphism of categorical representations. Recall that the objects of the idempotent
completion Cc are the pairs .M; e/, where M is an object of C and e is an idem-
potent of EndC .M/, and that HomCc ..M; e/; .N;f //D f HomC .M;N /e. Then, we
have Fi .M; e/D .Fi .M/;Fi .e//, Ei .M; e/D .Ei .M/;Ei .e//, and xi1�, 
ij 1� are
defined in a similar way.

3.2.2. The minimal categorical representation
Fix a dominant weightƒ 2 PC and an N-graded k-algebra k. Given ˛ 2QC we write
�Dƒ�˛. Recall that we abbreviate Rƒ.˛/DRƒ.˛Ik/. Let kAƒ

�
DRƒ.˛/-grmod

be the Z-graded abelian k-category consisting of the finitely generated Z-graded
Rƒ.˛/-modules, and let kVƒ

�
D Rƒ.˛/-grproj be the full subcategory formed by

the projective Z-graded modules. When there is no confusion, we will abbreviate
Aƒ
�
D kAƒ

�
and Vƒ

�
D kAƒ

�
. Let Aƒ, Vƒ be the categories

Aƒ D
M
�

Aƒ
� ; Vƒ D

M
�

Vƒ
� :

Fix an integer `. Let Vƒ;Œ`� D .Vƒ/Œ`� be the `-twist of Vƒ, and let Rƒ.˛/Œ`� be
the `-twist of Rƒ.˛/. Thus, Rƒ.˛/Œ`� is a .`Z/-graded kŒ`�-algebra and V

ƒ;Œ`�

�
is the

category of finitely generated projective .`Z/-graded modules; that is,

V
ƒ;Œ`�

�
DRƒ.˛/Œ`�-grproj:

Definition 3.13
The minimal categorical representation of gk of highest weight ƒ and degree ` is the
representation on Vƒ;Œ`� given by the following:
� Ei1� DE

0
i Œ�`di .1C �i /�;

� Fi1� D F
0
i ;

� "i1� D "
0
i;�

and �i1� D �0i;�;
� xi1� 2 Hom.Fi1�;Fi1�Œ2`di �/ is represented by the right multiplication by

xnC1 on Rƒ.˛C ˛i /e.˛; i/;
� 
ij 1� 2Hom.FiFj 1�;FjFi1�Œ�`diaij �/ is represented by the right multipli-

cation by 
nC1 on Rƒ.˛C ˛i C ˛j /e.˛; j i/.



1024 SHAN, VARAGNOLO, and VASSEROT

The category A
ƒ;Œ`�

�
is Krull–Schmidt with a finite number of indecomposable

projective objects. The category Vƒ;Œ`�=.`Z/ is the category of .`Z/-graded finitely
generated projectiveRƒ;Œ`�-modules with morphisms which are not necessarily homo-
geneous. We will call it the category of all .`Z/-gradable projective modules.

Example 3.14
We will abbreviate eD sl2. Assume that gD e,ƒD k!1, and ˛D n˛1 with k;n 2N.
In this case, we write Vk D Vƒ and Vk

k�2n
D Vƒ

�
. Consider the polynomial ring

Zk D kŒc1; : : : ; ck� with deg.cp/ D 2p for all p. Let Hkn be the global cyclotomic
affine nil Hecke algebra of rank n and level k, that is, the Z-graded Zk-algebra
denoted by Hn;k in [35, Section 4.3.2]. Note that we have Hk0 D Zk and k D Zk .
Given an N-graded Zk-algebra k, the cyclotomic quiver Hecke algebra Rƒ.˛Ik/ is
isomorphic to k ˝Zk Hkn as a Z-graded k-algebra by [35, Lemma 4.27]. In partic-
ular, we have Rƒ.˛/ D Hkn. For each integer `, we abbreviate Zk;Œ`� D .Zk/Œ`� and
Hk;Œ`�n

D .Hkn/
Œ`�. We have

Vk;Œ`� D
M
n�0

.kŒ`�˝Zk;Œ`� Hk;Œ`�n
/-grproj; (9)

and the trace tr.Vk;Œ`�/ is given in Proposition 3.30 below. We will also identify
Rƒ.˛Ik/ with the local cyclotomic affine nil Hecke algebra of rank n and level k,
which is the quotient Hkn D k˝Zk Hkn of Hkn by the ideal .c1; : : : ; ck/.

3.2.3. Factorization
Fix a dominant weight ƒ 2 PC. Recall the map Iƒ! I , t 7! it introduced in (2).
We will abbreviate !t D !it and dt D dit . Consider the N-graded k-algebra h D
kŒyt I t 2 Iƒ�, where yt is a formal variable of degree deg.yt /D 2dt . It has a natural
structure of an N-graded k-algebra such that the element cip 2 h is given by cip D
ep.yi1; : : : ; yiƒi /. The corresponding cyclotomic polynomials are

aƒi .u/D

ƒiY
pD1

.uC yip/; 8i 2 I: (10)

Let h0 be the fraction field of h. Then we have the algebras Rƒ.n;h/ and Rƒ.n;h0/
over h and h0 such that Rƒ.n;h0/D h0˝h R

ƒ.n;h/. Next, for each t 2 Iƒ, we have

hD
O
t2Iƒ

kŒyt �D
O
t2Iƒ

k!t :

Therefore, we can view h as a k!t -algebra, and hence the h-algebra R!t .n;h/ asso-
ciated with the cyclotomic polynomials a!ti .u/D uCyt is well defined. Note that by
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Remark 3.5(d), if condition (11) below is satisfied, then we may as well assume that
a
!t
i .u/D u. Recall that

Rƒ.n;h/D h˝k R
ƒ.n/;

R!t .n;h/D h˝k!t R
!t .n/:

When no confusion is possible, we will abbreviate

Vƒ D
M
n

Rƒ.n/-grproj; V!t D
M
n

R!t .n/-grproj:

Finally, we consider the condition

Qij .u; v/D rij .u� v/
�aij for some rij in k� such that

rij D .�1/
aij rj i for all i ¤ j: (11)

THEOREM 3.15
Let n be a positive integer, and let ˛ 2QC be of height n. If the condition (11) is
satisfied, then the following hold:
(a) There is an h0-algebra isomorphism

Rƒ.n;h0/!
M
.nt /

MatSn=
Q
t Snt

�O
t2Iƒ

R!t .nt ;h0/
�
;

where .nt / runs over the set of Iƒ-tuples of nonnegative integers with sum n.
(b) There is an isomorphism h0˝k Vƒ! h0˝h

N
t2Iƒ

V!t of (nongraded) cate-
gorical gh0 -representations taking the functor F˛ to

L
.˛t /

N
t F˛t , where the

sum runs over the set of Iƒ-tuples .˛t / of elements of QC with sum ˛. More
precisely, the canonical homomorphismO

t2Iƒ

R.˛t Ih0/! End
�O
t2Iƒ

F˛t

�
is the composition of the inclusion

N
t2Iƒ

R.˛t Ih0/�R.˛Ih0/ underlying (a)
and of the canonical homomorphism R.˛Ih0/! End.F˛/.

Proof
Fix M 2Rƒ.nIh0/-mod and g.u/ 2 h0Œu�. From [16, pp. 715–716], we get

g.xa/e.	/M D 0

)Q�a;�aC1.xa; xaC1/g.xaC1/e
�
sa.	/

�
M D 0; 8a 2 Œ1; n/;8	 2 I n:
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Set Q.u;v/D
Q
i¤j Qij .u; v/. We deduce that

g.xa/e.	/M D 0)Q.xa; xaC1/g.xaC1/e
�
sa.	/

�
M D 0; 8a 2 Œ1; n/: (12)

Now, assume that the polynomial Q.u;v/ 2 h0Œu; v� has the following form,

Q.u;v/D r
Y
�2S

.u� v � �/; (13)

for some finite family S of elements of h0 and some element r 2 h0. Let spe.�/M .xa/�
h0 be the set of � 2 h0 such that the operator xa � � id 2 Endh0.e.	/M/ is not invert-
ible. Since xa and xaC1 commute with each other, from (12) and (13) we deduce
that

spe.sa.�//M .xaC1/	 spe.�/M .xa/t
�
spe.sa.�//M .xa/� S

�
:

Thus, switching 	 and sa.	/, we deduce that

spe.�/M .xaC1/	 spe.sa.�//M .xa/t
�
spe.�/M .xa/� S

�
:

Next, recall that g.x1/.e.	/M/D 0 if g.u/D aƒ�1.u/. We deduce that

spe.�/M .x1/	 ¹�y�1;pIpD 1; : : : ;ƒ�1º:

Therefore, an easy induction implies that

spe.�/M .xa/	 ¹�y�b ;pIpD 1; : : : ;ƒ�b ; b D 1; : : : ; aº �NS; 8a 2 Œ1; n�:

Assume further that condition (11) holds. Then we have S D ¹0º, and hence

spe.�/M .xa/	 ¹�y�b ;pIpD 1; : : : ;ƒ�b ; b D 1; : : : ; aº; 8a 2 Œ1; n�: (14)

In the rest of the proof we write QI D Iƒ to simplify the notation. For each n-tuple
Q	 2 QI n, set

MQ� D
®
m 2M I .xk C yQ�k /

DmD 0;8k 2 Œ1; n�;8D
 0
¯
:

Considering the decomposition of the regular module, we deduce from (14) that there
is a complete collection of orthogonal idempotents ¹e. Q	/I Q	 2 QI nº in Rƒ.n;h0/ such
that e. Q	/M DMQ� . The group Sn acts on QI n in the obvious way. The following hold:
� e. Q	/e.	/D e.	/e. Q	/,
� xle. Q	/D e. Q	/xl ,
� 'ke. Q	/D e.sk. Q	//'k ,
� 
ke. Q	/D e. Q	/
k if Q	k D Q	kC1,
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where k, l , Q	, and 	 run over the sets Œ1; n/, Œ1; n�, QI n, and I n, respectively. The
relations above are immediate, except the last one. To prove it, note that if Q	k D Q	kC1,
then the operators xkCyQ�k and xkC1CyQ�k commute to each other and their sum and
product commute with 
k and act nilpotently on 
ke. Q	/M . Therefore xk C yQ�k and
xkC1CyQ�k also act nilpotently on 
ke. Q	/M . Note that the first relation above implies
that we may view ¹e. Q	/I Q	 2 QI nº as a complete collection of orthogonal idempotents
in Rƒ.˛;h0/ for each ˛ 2QC of height n.

LEMMA 3.16
For each M 2 Rƒ.nIh0/-mod, the map 'ke. Q	/ W e. Q	/M ! e.sk. Q	//M is invertible
whenever Q	k ¤ Q	kC1.

Proof
The lemma is an immediate consequence of the following relations, for each 	 2 I n,

'2ke.	/D 1 if 	k D 	kC1;

'2ke.	/DQ�k ;�kC1.xk; xkC1/e.	/ if 	k ¤ 	kC1;

because (11) implies that Q�k ;�kC1.xk; xkC1/ is invertible if 	k ¤ 	kC1 and Q	k ¤
Q	kC1.

Set QQC D N QI . For any element Q̨ D
P
t2Iƒ

nt � t in QQC we set ht. Q̨ /D
P
t at .

Assume that ht. Q̨ / D n; then we consider the set QI Q̨ D ¹Q	 2 QI nI
P
k Q	k D Q̨º. We

will say that two n-tuples Q	; Q	0 2 QI n are equivalent, and we write Q	 � Q	0 if we have
Q	; Q	0 2 QI Q̨ for some Q̨ 2 QQC. We define the idempotent e. Q̨ / in Rƒ.n;h0/ by e. Q̨ /DP
Q�2 QI Q̨ e. Q	/.

Next, fix a total order on QI , and set QI nC D ¹Q	 2 QI
nI i < j ) Q	i � Q	j º. For any

tuple Q	 2 QI n there is a unique element Q	C 2 QI nC such that Q	 � Q	C. Let Q̨C be the
unique element in QI nC \ QI

Q̨ . The theorem is an easy consequence of the following
lemma.

LEMMA 3.17
Let ˛ 2QC and Q̨ 2 QQC be of height n, with Q̨ D

P
t2 QI nt � t . The following hold:

(a) e. Q	/Rƒ.˛;h0/e. Q	0/D 0 unless Q	 � Q	0;
(b) e. Q̨ /Rƒ.˛;h0/e. Q̨ /'Mat QI Q̨ .e. Q̨

C/Rƒ.˛;h0/e. Q̨C// as h0-algebras;
(c) e. Q̨C/Rƒ.˛;h0/e. Q̨C/'

L
.˛t /

N
t2 QI R

!t .˛t ;h0/ as h0-algebras, where .˛t /

runs over the set of all QI -tuples of elements in QC such that
P
t ˛t D ˛ and

ht.˛t /D nt .
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Proof
Part (a) of the lemma follows from the following.

CLAIM 3.18
The h0-algebra Rƒ.n;h0/ is generated by the subset®

e.	/e. Q	/; 
he. Q	/; 'ke. Q	/; xle. Q	/Ih;k 2 Œ1; n/; l 2 Œ1; n�;

	 2 I n; Q	 2 QI n; Q	h D Q	hC1; Q	k ¤ Q	kC1
¯
:

Let us concentrate on part (b). For each tuple Q	 2 QI Q̨ , we fix a sequence of simple
reflections sl1 ; sl2 ; : : : ; slj in Sn such that
� Q	 D sl1sl2 � � � slj . Q̨

C/;
� the lhth entry of slhC1slhC2 � � � slj . Q̨

C/ in QI is smaller than the .lhC 1/th one
for each h 2 Œ1; j �.

In particular, wD sl1sl2 � � � slj is a reduced decomposition and w is minimal in its left
coset in Sn relatively to the stabilizer of Q̨C. Hence, we have

'l1'l2 � � �'lj D 'w ; (15)

and the element �Q� in e. Q	/Rƒ.˛;h0/e. Q̨C/ given by

�Q� D e. Q	/'we. Q̨
C/ (16)

depends only on Q	 and not on the choice of l1; l2; : : : ; lj . It is invertible by Lemma 3.16.
We deduce that there is an h0-algebra isomorphism

Mat QI Q̨
�
e. Q̨C/Rƒ.˛;h0/e. Q̨C/

�
! e. Q̨ /Rƒ.˛;h0/e. Q̨ /;

EQ�;Q�0.m/ 7! �Q�m�
�1
Q�0 :

(17)

HereEQ�;Q�0.m/ is the elementary matrix with anm at the spot . Q	; Q	0/ and 0s elsewhere.
Part (b) is proved.

Now, we prove part (c). Set ¹t 2 QI Int ¤ 0º D ¹t1; t2; : : : ; tmº with t1 < t2 < � � �<
tm. Fix an QI -tuple .˛t / of elements in QC such that

P
t ˛t D ˛ and ht.˛t /D nt for

each t . There is a canonical inclusionO
t2 QI

R.˛t ;h0/DR.˛t1 ;h
0/˝R.˛t2 ;h

0/˝ � � � ˝R.˛tm ;h
0/!R.˛;h0/:

Composing it with the multiplication by the idempotent e. Q̨C/, we get a mapO
t2 QI

R.˛t ;h0/! e. Q̨C/R.˛;h0/e. Q̨C/ (18)
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such that, for each QI -tuple .	t / with 	t 2 I ˛t , we have

e.	t1/˝ e.	t2/˝ � � � ˝ e.	tm/ 7! e.	t1	t2 � � �	tm/e. Q̨
C/:

To prove (c) we must check that the direct sum of all maps (18), where .˛t / runs over
the set of all tuples as above, gives an h0-algebra isomorphismM

.˛t /

O
t2 QI

R!t .˛t ;h0/
�
! e. Q̨C/Rƒ.˛;h0/e. Q̨C/: (19)

First, we will prove that the h0-algebra homomorphism (19) is well defined. To
do that, it is enough to check that for each tuple .˛t / the map (18) factors to an algebra
homomorphism O

t2 QI

R!t .˛t ;h0/! e. Q̨C/Rƒ.˛;h0/e. Q̨C/; (20)

because (20) maps into orthogonal direct summands of e. Q̨C/Rƒ.˛;h0/e. Q̨C/ for
different tuples .˛t /. To simplify the notation, we will check this in a particular case.
The proof of the general case is very similar. Assume that

ƒD 2!i C!j ; QI D ¹t1; t2; t3º; t1 D .i; 1/; t2 D .i; 2/; t3 D .j; 1/;

with i ¤ j and t1 < t2 < t3. Thus, we have

aƒi .u/D .uC yt1/.uC yt2/; aƒj .u/D uC yt3 ; aƒk .u/D 1; 8k ¤ i; j;

!t1 D !i ; !t2 D !i ; !t3 D !j :

Next, fix a positive integer n and an element Q̨ 2 QQC of height n. We have

Q̨ D nt1 � t1C nt2 � t2C nt3 � t3;

Q̨C D . Q̨C1 ; Q̨
C
2 ; : : : ; Q̨

C
n /D

�
.t1/

nt1 .t2/
nt2 .t3/

nt3
�
;

with nt1 C nt2 C nt3 D n. To simplify we will assume that the integers nt1 ; nt2 ; nt3
are positive.

CLAIM 3.19
For any 	 2 I n, the following relations hold in e. Q̨C/Rƒ.n;h0/e. Q̨C/:
� .x1C yt1/e. Q̨

C/e.	/D 0 if 	1 D i , and e. Q̨C/e.	/D 0 otherwise;
� .x1Cnt1 C yt2/e. Q̨

C/e.	/D 0 if 	1Cnt1 D i , and e. Q̨C/e.	/D 0 otherwise;
� .x1Cnt1Cnt2Cyt3/e. Q̨

C/e.	/D 0 if 	1Cnt1Cnt2 D j , and e. Q̨C/e.	/D 0 oth-
erwise.
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The first relation is obvious, because
� .x1C yt1/.x1C yt2/e.	/D 0 if 	1 D i ;
� .x1C yt3/e.	/D 0 if 	1 D j ;
� e.	/D 0 if 	1 ¤ i; j ;
� .x1C yt2/e. Q̨

C/, .x1C yt3/e. Q̨
C/ are invertible in e. Q̨C/Rƒ.n;h0/e. Q̨C/.

To prove the second relation, note that

'1'2 � � �'nt1 .x1Cnt1 C yt2/e. Q̨
C/e.	/D .x1C yt2/e. Q	/e.
/'1'2 � � �'nt1 ;

where Q	 D s1s2 � � � snt1 . Q̨
C/ and 
 D s1s2 � � � snt1 .	/. Since Q	1 D t2 and 
1 D 	1Cnt1 ,

we deduce that
� '1'2 � � �'nt1 .x1Cnt1 C yt2/e. Q̨

C/e.	/D 0 if 	1Cnt1 D i ,
� '1'2 � � �'nt1 e. Q̨

C/e.	/D 0 otherwise.
Further, by Lemma 3.16, the operator

'1'2 � � �'nt1 e. Q̨
C/ W e. Q̨C/Rƒ.˛;h0/e. Q̨C/! e. Q	/Rƒ.˛;h0/e. Q̨C/

is invertible. Thus, we have
� .x1Cnt1 C yt2/e. Q̨

C/e.	/D 0 if 	1Cnt1 D i ,
� e. Q̨C/e.	/D 0 otherwise,
proving the second relation. The third relation is proved in a similar way, using the
product of intertwiners '1'2 � � �'nt1Cnt2 instead of '1'2 � � �'nt1 . The claim is proved.

The claim implies that the homomorphism (20) is well defined, and so (19) is
also well defined. We must check that it is invertible. To prove the surjectivity, we
must check that the h0-algebra isomorphism (19) yields a surjective mapO

t2 QI

R!t .nt ;h0/
�
! e. Q̨C/Rƒ.n;h0/e. Q̨C/:

This is a consequence of the following fact.

CLAIM 3.20
The h0-algebra e. Q̨C/Rƒ.n;h0/e. Q̨C/ is generated by the subset®

e.	/e. Q̨C/; 
he. Q̨
C/; xle. Q̨

C/Ih 2 Œ1; n/; l 2 Œ1; n�; 	 2 I n; Q̨C
h
D Q̨C

hC1

¯
: (21)

Let us concentrate on the injectivity. We will construct a left inverse to the map
(19). To do that, recall that parts (a) and (b) yield an h0-algebra isomorphismM

Q̨

Mat QI Q̨
�
e. Q̨C/Rƒ.˛;h0/e. Q̨C/

� �
!Rƒ.˛;h0/; (22)

where the sum is over the set of all elements Q̨ 2 QQC of height n.
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CLAIM 3.21
(a) Fix Q	 2 QI Q̨ and w 2Sn as in (16). For each h;k; l 2 Œ1; n� such that h;k ¤ n,

Q	h D Q	hC1, and Q	k ¤ Q	kC1, the map (22) is such that

EQ�;Q�
�
xw�1.l/e. Q̨

C/
�
7! xle. Q	/;

Esk.Q�/;Q�
�
e. Q̨C/

�
7! 'ke. Q	/;

EQ�;Q�
�

w�1.h/e. Q̨

C/
�
7! 
he. Q	/:

(b) Consider the assignment

xle. Q	/ 7!EQ�;Q�.xw�1.l//;

'ke. Q	/ 7!Esk.Q�/;Q�.1/;


he. Q	/ 7!EQ�;Q�.
w�1.h//;

for each h;k; l 2 Œ1; n� and Q	 2 QI Q̨ such that h;k ¤ n, Q	h D Q	hC1, and Q	k ¤
Q	kC1, where w 2 Sn as in (16). It extends uniquely to an h0-algebra homo-
morphism

Rƒ.˛;h0/!
M
Q̨

M
.˛t /

Mat QI Q̨
�O
t2 QI

R!t .˛t ;h0/
�
: (23)

Proof
Part (a) follows from (17) and from the following computations:

xle. Q	/D xl�Q�e. Q̨
C/��1Q�

D �Q�xw�1.l/e. Q̨
C/��1Q� ;

'ke. Q	/D 'k�Q�e. Q̨
C/��1Q�

D 'ke. Q	/'we. Q̨
C/��1Q�

D e
�
sk. Q	/

�
'k'we. Q̨

C/��1Q�

D �sk.Q�/e. Q̨
C/��1Q� ;


he. Q	/D 
h�Q�e. Q̨
C/��1Q�

D 
he. Q	/'we. Q̨
C/��1Q�

D e. Q	/
h'we. Q̨
C/��1Q�

D e. Q	/'w
w�1.h/e. Q̨
C/��1Q�

D �Q�
w�1.h/e. Q̨
C/��1Q� :
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Here, we used the equality w�1.hC1/Dw�1.h/C1, which follows from the defini-
tion of w in (15), and the equalities sh. Q	/D Q	 and sw�1.h/. Q̨

C/D Q̨C, which follow
from the identities Q	h D Q	hC1 and Q	 Dw. Q̨C/.

Now, let us concentrate on (b). Since the elements e.	/e. Q	/, xle. Q	/, 'ke. Q	/,

he. Q	/ generate Rƒ.n;h0/ by Claim 3.18, it is enough to check that the
defining relations of Rƒ.˛;h0/ given in Section 3.1.3 are satisfied. This is obvious.
Note that the element 
w�1.h/ belongs indeed to

N
t2 QI R

!t .˛t ;h0/ because
sw�1.h/. Q̨

C/D Q̨C.

Composing (22) and (23), we get an h0-algebra homomorphismM
Q̨

Mat QI Q̨
�
e. Q̨C/Rƒ.˛;h0/e. Q̨C/

�
!
M
Q̨

M
.˛t /

Mat QI Q̨
�O
t2 QI

R!t .˛t ;h0/
�
:

For each Q̨ it restricts to an h0-algebra homomorphism

e. Q̨C/Rƒ.˛;h0/e. Q̨C/!
M
.˛t /

O
t2 QI

R!t .˛t ;h0/;

which is a left inverse to (19).

3.2.4. The isotypic filtration
Recall that eD sl2. A .P � Z/-graded k-category C is a direct sum of categories of
the form C D

L
�2P C�, where each C� is a Z-graded k-category. We will call � the

P-degree of C�.
Given i 2 I there is an sl2-triple ei � g. In this section, we study the restriction

of a categorical gk-representation to such an sl2-triple. To simplify the notation, in
this section we fix an element i 2 I and identify eD ei .

Recall that for each weight � 2 P we set �i D h˛_i ; �i. By a .P � Z/-graded
categorical ek-representation on C , we will mean a representation such that for each
� 2 P the k-subcategory C� has the weight �i relative to the e-action. In particular, if
C is an integrable categorical representation of gk, restricting the g-action on C to ei

yields an integrable .P �Z/-graded categorical e-representation on C of degree di .
Now, fix an integer k 2 N. Given a .P � Z/-graded k-category M, such that

M� D 0 whenever �i ¤ k, and a Z-graded k-algebra homomorphism Zk;Œdi � !
Z.M=Z/, we equip the tensor product Vk;Œdi � ˝Zk;Œdi � M with the .P � Z/-graded
categorical e-representation of degree di such that
� e acts on the left factor;
� the summand V

k;Œdi �
n ˝Zk;Œdi � M� has the P -degree �� n˛i for each n 2N.
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The vanishing M� D 0 whenever �i ¤ k is imposed so that the tensor product
Vk;Œdi �˝Zk;Œdi � M is a .P �Z/-graded categorical e-representation as defined above.

PROPOSITION 3.22
Fix an integrable categorical representation of gk on C of degree 1 which is bounded
above. For each i 2 I there is a decreasing filtration � � � 	 C�1 	 C�0 D C of C by
full .P � Z/-graded integrable categorical e-representations of degree di which are
closed under taking direct summands and such that
� for each k 2N there is a .P �Z/-graded k-category Mk such that Mk;� D 0

whenever �i ¤ k, with a Z-graded k-algebra homomorphism k˝k Zk;Œdi �!
Z.Mk=Z/ and a k-linear equivalence of .P � Z/-graded categorical eZk -
representations .C�k=C>k/c ' .Vk;Œdi �˝Zk;Œdi � Mk/

c of degree di ;
� for each � 2 P we have C�k \C� D 0 for k large enough.

Proof
Since C is bounded above, by a standard argument we may assume that the set
of weights of C is contained in a cone � � QC for some � 2 P (see, e.g., [26,
Lemma 2.1.10]). Next, for each coset � 2 P=Z˛i , the g-action on C yields a .P �Z/-
graded categorical e-representation on C� D

L
�2� C� of degree di . Since C decom-

poses as the direct sum of k-categories C D
L
� C� , it is enough to define a filtration

of C� satisfying the properties above for each � . Note that � \ .��QC/ is a cone
of the form 	 �N˛i for some weight 	 2 ��QC. Thus the claim follows from [35,
Theorem 4.22], applied to the e-representation on C� .

We call .C�k/ the i th isotypic filtration of C . For each k 2 N and � 2 P , let
C�k;� � C�k be the weight � subcategory given by C�k;� D C�k \ C�. We also
define

Ck D .V
k;Œdi �˝Zk;Œdi � Mk/

c ;
(24)

Ck;� D
M
n;�

.V
k;Œdi �

k�2n
˝Zk;Œdi � Mk;�/

c ;

where the sum runs over all � 2 P and n 2 N such that � D � � n˛i . Recall that
we have assumed that Mk;� D 0 whenever �i ¤ k. Note also that Chw

k
DMc

k
and

that Chw
k

is the full subcategory of .C=C>k/c consisting of the objects M such that
Ei .M/D 0.

3.2.5. The loop operators
Consider a categorical representation of gk of degree ` on a Z-graded k-category C .
For each i 2 I and r 2N, we define k-linear operators x˙ir on the Z-graded k-module
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tr.C=Z/ such that the maps

xCir W tr.C�=Z/! tr.C�C˛i =Z/; x�ir W tr.C�=Z/! tr.C��˛i =Z/

are given by

xCir D trEi .x
r
i /; x�ir D trFi .x

r
i /

(see Definition 2.2 for the notation). The map x˙ir is homogeneous of degree 2r`di .
Let us quote the following fact for future use.

PROPOSITION 3.23
The maps x˙ir are functorial; that is, a morphism C ! C 0 of categorical representa-
tions of gk yields a k-linear map tr.C=Z/! tr.C 0=Z/ which intertwines the operators
x˙ir on tr.C=Z/ and on tr.C 0=Z/.

3.2.6. The loop operators on the trace of the minimal categorical representation
Fix a dominant weightƒ 2 PC. For ˛ 2QC we write �Dƒ�˛. Recall the base ring
k from Section 3.1.3. Let k be an N-graded k-algebra. In this section, we consider the
particular case of the minimal categorical representation Vƒ.

Definition 3.24
Let Lg be the N-graded Lie k-algebra generated by elements x˙ir , hir with i 2 I ,
r 2N satisfying the following relations:
(a) Œhir ; hjs�D 0;
(b) ŒxCir ; x

�
js�D ıijhi;rCs ;

(c) Œhir ; x
˙
js�D˙aijx

˙
j;rCs ;

(d)
Pm
pD0.�1/

p
�
m
p

�
Œx˙i;rCp; x

˙
j;sCm�p�D 0 with i ¤ j and mD�aij ;

(e) Œx˙i;r ; x
˙
i;s�D 0;

(f) Œx˙i;r1 ; Œx
˙
i;r2
; : : : ; Œx˙i;rm ; x

˙
j;r0
� : : : ��D 0 with i ¤ j , rp 2N and mD 1� aij .

The grading is given by deg.x˙ir/D deg.hir/D 2r .

There is a unique Lie k-algebra anti-involution $ of Lg such that

$.hir/D hir ; $.x˙ir/D x
�
ir :

We define the `-twist of Lg to be the Lie k-subalgebra LgŒ`� �Lg generated by
the set of elements ¹x˙

i;r`
; hi;r`I i 2 I; r 2Nº. We write LgŒ`�k D kŒ`�˝k Lg

Œ`�.

THEOREM 3.25
If g is symmetric and (11) is satisfied, then the operators x˙

i;`r
with i 2 I , r 2N define

a Z-graded representation of LgŒ`�k on tr.Vƒ;Œ`�=Z/.
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Proof
It is enough to set `D 1. The proof is similar to a proof in [3] and [4]. However, our
setting differs from that proof and cannot be reduced to it, because, in our case, g may
have any symmetric type and because we do not require that all axioms of a strong
categorical representation be satisfied by Vƒ. We have written an independent proof
in Appendix B.3.

Remark 3.26
(a) If g is not symmetric or (11) is not satisfied, then a more general version of the
theorem is given in Proposition B.5 below.

(b) Assume that g is symmetric. If g is simply laced, then the relations (d) and
(e) are equivalent to the following : the bracket Œx˙i;r ; x

˙
j;s� depends only on i; j and

on the sum r C s but not on the integers r or s. If g is of finite type, then Lg is
the current algebra gŒt � with deg.t/ D 2. In general, Lg is bigger than gŒt �. For
instance, if g is of affine type, then Lg is a central extension of gŒt � with an infinite-
dimensional center (see [30, Section 3], [39, Section 13], and [13, Section 1.3] for
more details).

3.2.7. The loop operators on the center
Since the functors Ei , Fi on Vƒ are biadjoint, we also have operators

ZCir WZ.V
ƒ
� =Z/!Z.Vƒ

�C˛i
=Z/; Z�ir WZ.V

ƒ
� =Z/!Z.Vƒ

��˛i
=Z/

defined by

ZCir DZFi .x
r
i /; Z�ir DZEi .x

r
i /

(see Definition 2.5 for the notation).
The proposition below gives a more explicit description of the operators x˙ir and

Z˙ir in terms of the algebras Rƒ.˛/. Fix vk , v_
k

such that

O�0i;�.1/D
X
k

v_k ˝ vk; v_k 2R
ƒ.˛/e.˛ � ˛i ; i /; vk 2 e.˛ � ˛i ; i /R

ƒ.˛/:

PROPOSITION 3.27
For each ˛ 2 QC of height n and each f 2 Rƒ.˛/, g 2 Z.Rƒ.˛//, we have the
following:
(a) tr.Vƒ=Z/ D tr.Rƒ/, Z.Vƒ=Z/ D Z.Rƒ/ as a Z-graded k-module and k-

algebra, respectively;
(b) x�ir .tr.f //D tr.e.˛; i/xrnC1f / 2 tr.Rƒ.˛C ˛i //;
(c) xCir .tr.f //D

P
k O"
0
i;�C˛i

.xrnvkf v
_
k
/ 2 tr.Rƒ.˛ � ˛i //;
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(d) ZCir .g/D O"
0
i;�C˛i

.xrnge.˛ � ˛i ; i // 2 Z.Rƒ.˛ � ˛i //;

(e) Z�ir .g/D �..1˝ x
r
nC1g/ O�

0
i;��˛i

.1// 2 Z.Rƒ.˛C ˛i //.

The proof is standard and left to the reader. We only make a few comments.
First, the element f in (b) is viewed as an element of Rƒ.˛ C ˛i / via the map

�i WR
ƒ.˛/!Rƒ.˛C ˛i /. Hence e.˛; i/xrnC1f belongs to Rƒ.˛C ˛i / and x�ir.f /

belongs to tr.Rƒ.˛C ˛i //.
Next, the equality (c) should be interpreted in the following way: f is identi-

fied with the Rƒ.˛/-module endomorphism of Rƒ.˛/ given by m 7!mf , and Ei is
represented by the bimodule e.˛ � ˛i ; i /Rƒ.˛/ which is a projective Rƒ.˛ � ˛i /-
module by [16, Theorem 4.5]. Then xCir.tr.f // is the class in tr.Rƒ.˛ � ˛i /-proj/'
tr.Rƒ.˛ � ˛i // of the endomorphism

' W e.˛ � ˛i ; i /R
ƒ.˛/! e.˛ � ˛i ; i /R

ƒ.˛/; m 7! xrnmf:

Explicitly, since .O"0iEi / ı .Ei O�
0
i /DEi , we have mD

P
k O"
0
i .mv

_
k
/vk . Hence there is

a surjective Rƒ.˛ � ˛i /-module morphism

p W
M
k

Rƒ.˛ � ˛i /! e.˛ � ˛i ; i /R
ƒ.˛/; .mk/k 7!

X
k

mkvk;

with a splitting i given by

i W e.˛ � ˛i ; i /R
ƒ.˛/!

M
k

Rƒ.˛ � ˛i /; m 7!
�
O"0i .mv

_
k /
�
k
I

that is, we have p ı i D 1. Consider the endomorphism Q' given by

Q' D i ı ' ı p W
M
k

Rƒ.˛ � ˛i /!
M
k

Rƒ.˛ � ˛i /;

.mk/k 7!
�
O"0i

�
xrn

X
l

mlvlf v
_
k

��
k
:

Since ml 2 Rƒ.˛ � ˛i /, it commutes with xrn. Since O"0i is Rƒ.˛ � ˛i /-linear, we
deduce that O"0i .x

r
n

P
l mlvlf v

_
k
/D

P
l ml O"

0
i .x

r
nvlf v

_
k
/. So Q' is the right multiplica-

tion by the matrix .O"0i .x
r
nvlf v

_
k
//l;k . Therefore we have

tr.'/D tr.' ı p ı i/D tr. Q'/D
X
k

O"0i .x
r
nvkf v

_
k /:

We obtain xCir.tr.f //D
P
k O"
0
i .x

r
nvkf v

_
k
/.

Finally, in parts (d) and (e) we have ZCir.g/ D ZFi .x
r
ng/ and Z�ir.g/ D

ZFi .x
r
nC1g/. Note that e.˛ � ˛i ; i /D �0i;�C˛i .1/ and �D "0

i;��˛i
.
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Let r.˛; i/ be as in (63). The following proposition relates the operator x˙ir on
tr.Vƒ=Z/ with the transpose of the operatorZ�ir on Z.Vƒ=Z/ under the pairing given
by the symmetrizing form tƒ in Proposition 3.10:

Z.Vƒ=Z/� tr.Vƒ=Z/! k; .a; b/ 7! tƒ.ab/: (25)

PROPOSITION 3.28
Let f 2 tr.Rƒ.˛//, g 2 Z.Rƒ.˛C ˛i //, and h 2 Z.Rƒ.˛ � ˛i //. We have
(a) t˛C˛i .gx

�
ir.f //D r.˛; i/t˛.Z

C
ir.g/f /;

(b) t˛�˛i .hx
C
ir.f //D r.˛ � ˛i ; i /

�1t˛.Z
�
ir.h/f /.

Proof
Write f D tr.f 0/ with f 0 2 Rƒ.˛/. Write O�0i .1/D

P
k v
_
k
˝ vk as above. By (64)

we have

t˛C˛i
�
gx�ir.f /

�
D t˛C˛i

�
ge.˛; i/xrnC1f

0
�

D r.˛; i/t˛ O"
0
i;�

�
e.˛; i/xrnC1gf

0
�

D r.˛; i/t˛
�
ZCir .g/f

�
;

t˛�˛i
�
hxCir.f /

�
D t˛�˛i

�X
k

hO"0i .x
r
nvkf

0v_k /
�

D t˛�˛i

�X
k

O"0i .hx
r
nvkf

0v_k /
�

D r.˛ � ˛i ; i /
�1t˛

�X
k

hxrnvkf
0v_k

�
D r.˛ � ˛i ; i /

�1t˛

�X
k

v_k hx
r
nvkf

0
�

D r.˛ � ˛i ; i /
�1t˛

�
�
�
.1˝ xrnh/ O�

0
i;�.1/

�
f 0
�

D r.˛ � ˛i ; i /
�1t˛

�
Z�ir.h/f

�
:

3.2.8. The loop operators and the isotypic filtration
In this section we consider an integrable categorical representation of gk of degree 1
on a Z-graded k-category C which is bounded above. As a preparation for Section 3.3,
we study the behavior of the loop operators on tr.C=Z/ with respect to the isotypic
filtration.

Given i 2 I and k � 0, the i th isotypic filtration of C yields .P �Z/-graded inte-
grable eZk -categorical representations C�k , Ck of degree di such that Ck D
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.C�k=C>k/
c . By Proposition 2.1(f), Theorem 3.25, and Proposition 3.23, it also

yields an exact sequence of Z-graded k˝k Le
Œdi �

Zk
-modules:

tr.C>k=Z/! tr.C�k=Z/! tr.Ck=Z/! 0: (26)

Let hk W C�k ! C be the canonical inclusion. Consider the Z-graded k˝k Le
Œdi �

Zk
-

submodule tr.C=Z/�k of tr.C=Z/ given by tr.C=Z/�k D tr.hk/.tr.C�k=Z//. Since
tr.C=Z/>k 	 tr.C=Z/�k , we define tr.C=Z/k as their quotient. In other words, we
have an exact sequence

0! tr.C=Z/>k! tr.C=Z/�k! tr.C=Z/k! 0; (27)

and the map tr.hk/ factors to a surjective Z-graded k˝k Le
Œdi �

Zk
-module homomor-

phism

tr.Ck=Z/D tr.Vk;Œdi �˝Zk;Œdi � Mk=Z/! tr.C=Z/k: (28)

Now, assume that Mc
k;�
D Bk;�-grproj for some Z-graded k˝k Zk;Œdi �-algebra

Bk;�, and set Bk D
L
�Bk;�. From (9) and (24) we deduce that

Ck D
M
n2N

.Hk;Œdi �n
˝Zk;Œdi �Bk/-grproj: (29)

This yields a Z-graded k-vector space isomorphism

tr.Ck=Z/'
M
n2N

tr.Hk;Œdi �n
/˝Zk;Œdi � tr.Bk/; (30)

and the LeŒdi �
Zk

-action on tr.Ck=Z/ is given by explicit formulas as in Section 3.2.9
below.

Finally, for a future use we will write

tr.C�/�k D tr.C�/\ tr.C/�k;

and we define tr.C�/k in the obvious way.

Remark 3.29
We conjecture that the left arrow in sequence (26) is injective if C D Vƒ. Given an
idempotent e of a finite-dimensional algebra A such that AeA is a stratifying ideal of
A in the sense of Cline, Parshall, and Scott, we have a long exact sequence by [19,
Theorem 3.1],

� � � !HH1.B/!HH0.eAe/!HH0.A/!HH0.B/! 0;
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where B D A=AeA. Now, set gD sl3 and let ƒD � D ˛1 C ˛2 be the highest posi-
tive root. Then AD Rƒ.�/ has a primitive idempotent e such that C>0 D eAe-proj,
C D A-proj, and C0 D B-proj. In this case, the left arrow in (26) is indeed injective,
although the ideal AeA is not a stratifying ideal of A.

3.2.9. The sl2-case
We will use the same notation as in Example 3.14. Thus, we haveƒD k!1, ˛D n˛1,
and dk;n D 2n.k � n/. Let k be a Zk;Œ`�-algebra. Recall that (9) yields

Vk;Œ`� D
M
n�0

.k˝Zk;Œ`� Hk;Œ`�n
/-grproj:

For a future use, let us quote the following.

PROPOSITION 3.30
(a) The k˝k Le

Œ`�

Zk
-module tr.Vk;Œ`�/ is generated by tr.Vk;Œ`�

k
/.

(b) We have tr.Hk;Œ`�n
/D V ˝k Zk;Œ`� as a Z-graded Zk;Œ`�-module, with V d D 0 if

d … Œ0; `dk;n� and V `dk;n D k.

Proof
It is enough to set `D 1 and kD Zk . Then, we have

Vk D

kM
nD0

Vk
k�2n; Vk

k�2n DHkn -grproj:

Fix formal variables y1; : : : ; yk of degree 2 such that cp D ep.y1; : : : ; yk/ for p D
1; 2; : : : ; k and

Zk D kŒy1; y2; : : : ; yk�
Sk :

Recall from [35, Proposition 2.21, Section 4.3.2] that the algebra Hkn is Morita-
equivalent to kŒy1; y2; : : : ; yk�Sn�Sk�n as Zk-algebras if n 2 Œ0; k�, and it is zero oth-
erwise. We deduce the Zk-linear isomorphisms

tr.Hkn/' Z.Hkn/'

´
kŒy1; y2; : : : ; yk�Sn�Sk�n if n 2 Œ0; k�;

0 otherwise:

This implies part (b).
Moreover, since tr.Hkn/ is free over Zk in this case and the Zk-algebra Hkn is

symmetric, we have tr.Hkn/' CF.Hkn/
� ' Z.Hkn/

�, where .�/� is the dual as a Zk-
module. By Proposition 3.28, under this isomorphism the operators xCir , x

�
ir onL

n tr.Hkn/ are identified with the transpose of the operators Z�ir , Z
C
ir on

L
n Z.Hkn/.
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For each p D 1; : : : ; k � 1, let @sp be the Demazure operator on kŒy1; y2; : : : ; yk�
associated with the simple reflection sp D .p;pC 1/, which is defined by @sp .f /D
.f � sp.f //=.ypC1 � yp/. The formulas in [36] for the symmetrizing form of Hkn
imply that the Bernstein operators are given by the following explicit formulas for all
f 2 Z.Hkn/:

Z�ir.f /D @s1 ı � � � ı @sn

�
yrnC1f

kY
pDnC2

.ynC1 � yp/
�
2 Z.HknC1/;

ZCir.f /D @sk�1 ı � � � ı @sn

�
yrnf

n�1Y
pD1

.yp � yn/
�
2 Z.Hkn�1/:

More precisely, the formula for Z�ir.f / is [36, Lemma 5.13] and the formula for
ZCir .f / is [36, Lemma 5.12].

Now, the Zk-algebra Z.Hkn/ is equipped with the symmetrizing form @wn W

Z.Hkn/! Zk , where wn 2 Sk is the unique element of minimal length in the longest
coset in Sk=Sn�Sk�n. It yields a nondegenerate bilinear form 
kn W Z.H

k
n
/�Z.Hkn/!

Zk such that .a; b/ 7! @wn.ab/. The bilinear form 
kn identifies Z.Hkn/
� with Z.Hkn/

as a Zk-module.
Finally, taking the transpose of Z�ir , Z

C
ir with respect to 
kn , we get the follow-

ing formulas for the operators xCir , x
�
ir , which are viewed as Zk-linear operators onL

n Z.Hkn/ :

xCir.f /D

kX
pDn

.p;n/.yrnf / 2 Z.Hkn�1/;

x�ir.f /D

nC1X
pD1

.p;nC 1/.yrnC1f / 2 Z.HknC1/:

In these formulas the symbols .p;n/ and .p;nC 1/ hold for the transpositions of p,
n and of p, nC 1, respectively.

We can now prove part (a) of the proposition. For each n� 0, let

ƒC.n/D
®
� 2NnI�D .�1 � �2 � � � � � �n/

¯
be the set of dominant weights. We abbreviate x�

i�
D x�

i�1
x�
i�2
� � �x�

i�n
. We must check

that X
�2ƒC.n/

x�i�.Z
k/D Z.Hkn/: (31)
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This follows from the equality Z.Hkn/ D
P
�2ƒC.n/ Zk � h�.y1; y2; : : : ; yn/ and the

formula

x�i�.f /D f � h�.y1; y2; : : : ; yn/; 8f 2 Zk :

3.3. The center and the cocenter of the minimal categorical representation
From now on, and until the end of Section 3, we will assume that k is of character-
istic 0. Let g be the symmetrizable Kac–Moody algebra over k associated with the
Cartan datum .P;P_;ˆ;ˆ_/. Fix a dominant weight ƒ 2 PC. Let k be an N-graded
k-algebra as in Section 3.1. We equip tr.Rƒ/, Z.Rƒ/ with the Z-gradings such that
for each d 2 Z we have

tr.Rƒ/d D
®
tr.x/Ix 2Rƒ;d

¯
;

Z.Rƒ/d DRƒ;d \ Z.Rƒ/:

3.3.1. The grading of the cocenter
In this section we set kD k. For ˛ 2QC we write �Dƒ�˛ andRƒ.˛/DRƒ.˛Ik/.

THEOREM 3.31
Assume that kD k. Then, for each ˛ 2QC we have the following:
(a) If tr.Rƒ.˛//d ¤ 0, then d 2 Œ0; dƒ;˛�.
(b) If tr.Rƒ.˛//dƒ;˛ D 0, then V.ƒ/� D 0.
(c) dim tr.Rƒ.˛//0 D dimV.ƒ/�.

Proof
For each i 2 I and k 2 N the i th isotypic filtration of Vƒ yields .P � Z/-graded
categorical e-representations Vƒ

�k
and Vƒ

k
of degree di such that

� Vƒ
�0 D Vƒ;

� Vƒ
�;�k
D 0 if k is large enough (depending on �);

� Vƒ
k
D .Vƒ

�k
=Vƒ

>k
/c .

Taking the trace we get Z-graded LeŒdi �
Zk

-submodules tr.Rƒ/�k � tr.Rƒ/ as in (27)
such that
� tr.Rƒ/�0 D tr.Rƒ/;
� tr.Rƒ.˛//�k D 0 if k is large enough (depending on ˛).

For each i 2 I , let �i be the Kashiwara function on the set of simple objects
in Aƒ=Z, which is defined as in [21, Section 3.2]. For each indecomposable object
P;Q 2 Vƒ, we have

�i
�
top.P /

�
> �i

�
top.Q/

�
() 9k 2N such that P 2 Vƒ

�k;Q … Vƒ
�k :
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Now, fix an indecomposable objectP 2 Vƒ
�

and an element vP 2 tr.EndVƒ=Z.P //
which is homogeneous of degree d . Let v be the image of vP in tr.Rƒ.˛//. We must
prove that either d 2 Œ0; dƒ;˛� or vD 0.

Since Rƒ.0/' k, we may assume that ˛¤ 0. The Grothendieck group of Vƒ
�
=Z

is isomorphic to a Z-lattice in V.ƒ/� by [16]. Since ˛ ¤ 0, the weight subspace
V.ƒ/� does not contain any highest weight vector for the g-action on V.ƒ/. So, we
may choose i 2 I such that the integer mD �i .top.P // is positive. From now on, let
Vƒ
�k

denote the i th isotypic filtration of Vƒ for this choice of i .

Now, let k be maximal such that P 2 Vƒ
�k

and set mD �i .top.P //. We have

v 2 tr
�
Rƒ.˛/

�
�k
:

Note that �i .top.Q// is bounded above as Q runs over the set of all indecomposable
objects in Vƒ

�
and that �i .top.Q// >m if and only if Q 2 Vƒ

>k
.

The proof is an increasing induction on ˛ (or, equivalently, on ht.˛/) and a
decreasing induction on m (or, equivalently, on k). We will assume that
(d) deg.tr.Rƒ.ˇ//	 Œ0; dƒ;ˇ � for each ˇ 2QC such that ˇ < ˛;
(e) deg.tr.Rƒ.˛//>k/	 Œ0; dƒ;˛�.

We must check that deg.tr.Rƒ.˛/k/	 Œ0; dƒ;˛�. Then, from (27) and the induc-
tive hypothesis (e), we will deduce that deg.tr.Rƒ.˛/�k/	 Œ0; dƒ;˛�, and hence that
d 2 Œ0; dƒ;˛� or vD 0, proving the theorem.

By (28) and (30), there is a finitely generated .P �Z/-graded Zk;Œdi �-algebra Bk
such that Bk;� D 0 if �i ¤ k and a surjective Z-graded LeŒdi �

Zk
-module homomor-

phism

tr.Vƒ
k =Z/'

M
n2N

tr.Hk;Œdi �n
/˝Zk;Œdi � tr.Bk/! tr.Rƒ/k :

Let Mk;� be the image of tr.H
k;Œdi �
0 / ˝Zk;Œdi � tr.Bk;�/ in tr.Rƒ/k . Set Mk DL

�Mk;�. By formula (31) in the proof of Proposition 3.30, we have

tr.H
k;Œdi �
0 /D Zk;Œdi �;

X
�2ƒC.n/

x�i�
�
tr.H

k;Œdi �
0 /

�
D tr.Hk;Œdi �n

/: (32)

Thus, there is a (unique) surjective Z-graded k-vector space homomorphismM
n2N

tr.Hk;Œdi �n
/˝Zk;Œdi � Mk! tr.Rƒ/k (33)

such that x�i�.f /˝ u 7! f x�i�.u/ for each f 2 k, � 2ƒC.n/, u 2Mk . Note that, by
the definition of k, we have

k D �i C 2mD h˛
_
i ; �Cm˛i i:
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Further, for each n 2N the map (33) yields a surjective map

tr.Hk;Œdi �n
/˝Zk;Œdi � Mk;�Cm˛i ! tr

�
Rƒ

�
˛C .n�m/˛i

��
k
:

Now, a short computation yields

didk;mC dƒ;˛�m˛i D dƒ;˛:

Thus by Proposition 3.30, to prove part (a) of the theorem we must check that we
have

deg.Mk;�Cm˛i /	 Œ0; dƒ;˛�m˛i �:

Since Bk;�Cm˛i is the endomorphism ring of an object of Vƒ
k;�Cm˛i

and since
tr.Bk;�Cm˛i / maps onto Mk;�Cm˛i , we have

deg.Mk;�Cm˛i /	 deg
�
tr
�
Rƒ.˛ �m˛i /

��
:

Since m> 0, the inductive hypothesis (d) implies that

deg
�
tr
�
Rƒ.˛ �m˛i /

��
	 Œ0; dƒ;˛�m˛i �:

This finishes the proof of (a).
To prove part (b), note that by Proposition 3.10 the symmetrizing form on Rƒ.˛/

yields a k-linear isomorphism Z.Rƒ.˛//0 ' Homk.tr.Rƒ.˛//dƒ;˛ ;k/. We deduce
that

V.ƒ/� ¤ 0)Rƒ.˛/¤ 0) Z
�
Rƒ.˛/

�0
¤ 0) tr

�
Rƒ.˛/

�dƒ;˛ ¤ 0:
Finally, let us prove (c). We identify g with its image in Lg. The operators x˙i0

with i 2 I define a representation of g on tr.Rƒ/d for each integer d . Now, we spe-
cialize d D 0 and we consider the e-action on tr.Rƒ/0.

Let V.k/ be the .k C 1/-dimensional irreducible representation of e. We have
tr.Hkn/

0 D k for each n 2 Œ0; k� and 0 if n … Œ0; k�. Further, the formulas in the proof
of Proposition 3.30 show that there is an e-module isomorphismM

n2N

tr.Hk;Œdi �n
/0 ' V.k/:

Now, the degree 0 part of Zk;Œdi � is k. Thus, the map (33) yields a surjective e-module
homomorphism M

n2N

tr.Hk;Œdi �n
/0˝k .Mk/

0! tr.Rƒ/0k;
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which can be viewed as a surjective e-module homomorphism

V.k/˝k .Mk/
0! tr.Rƒ/0k :

The e-module V.k/ is generated by the highest weight subspace V.k/k . Hence, the
e-module tr.Rƒ/0

k
is generated by the subspace V.k/k ˝k .Mk/

0. We deduce that
the same induction as in (d) above (based on the fact that for each indecomposable
object P 2 Vƒ

ƒ�˛ with ˛¤ 0 we may choose i 2 I such that the integer �i .top.P // is
positive) implies that the representation of g on tr.Rƒ/0 is cyclic. Hence tr.Rƒ/0 '
V.ƒ/ as a g-module.

3.3.2. The grading of the center
We use the same notation as in Section 3.3.1. The pairing (25) gives a k-linear iso-
morphism

Z
�
Rƒ.˛/

�d �
!Homk

�
tr
�
Rƒ.˛/

�dƒ;˛�d ;k�:
From Theorem 3.31 we deduce the following.

COROLLARY 3.32
If kD k, then we have Z.Rƒ.˛//d D 0 for any d … Œ0; dƒ;˛�.

We have Z.Rƒ.˛//0 ¤ ¹0º whenever V.ƒ/� ¤ 0.

CONJECTURE 3.33
If kD k, then we have Z.Rƒ.˛//0 ' tr.Rƒ.˛//dƒ;˛ ' k whenever V.ƒ/� ¤ 0.

If g is symmetric of finite type, then the conjecture holds (see Remark 3.41
below).

3.3.3. The cocenter is a cyclic module
Consider a categorical representation of gk on a Z-graded k-category C . Then, the k-
linear operator x˙ir on tr.C=Z/ is well defined for each i 2 I , r 2 N. Let h W
tr.Chw=Z/! tr.C=Z/ be the trace of the canonical embedding Chw=Z � C=Z. Let
tr.C=Z/cyc � tr.C=Z/ be the k-submodule generated by the image of h under the
action of all operators x˙ir .

PROPOSITION 3.34
If C D Vƒ, then we have tr.C=Z/D tr.C=Z/cyc.
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The i th isotypic filtration of C yields a categorical eZk -representation Ck for each
k � 0. Let us quote the following consequence of (30) and Proposition 3.30.

LEMMA 3.35
For all i 2 I , k � 0 we have tr.Ck=Z/D tr.Ck=Z/cyc.

Now, we can prove Proposition 3.34.

Proof
Fix ˛ 2 QC, and set � D ƒ � ˛. Fix an indecomposable object P 2 Cƒ

�
and an

element vP 2 tr.EndVƒ=Z.P //. Let v be the image of vP in tr.Rƒ.˛//. We must
prove that v 2 tr.C�=Z/cyc. Since C D Vƒ, we have tr.C�=Z/ D tr.Rƒ.˛//. Since
tr.Rƒ.0//	 tr.Rƒ/cyc, we may assume that ˛¤ 0. Let i , m, k0 be as in the proof of
Theorem 3.31. The proof is an induction on ˛ and a descending induction on m.

We have v 2 tr.Rƒ.˛//�k0 , and we will assume that
� deg.tr.Rƒ.ˇ///� tr.Rƒ/cyc for each ˇ 2QC such that ˇ < ˛;
� tr.Rƒ.˛//>k0 � tr.Rƒ/cyc.

We must check that tr.Rƒ.˛//�k0 � tr.Rƒ/cyc.
Fix ˇ as above and fix an element x 2 U.Lek/ of weight ˛ � ˇ. Consider the

following commutative diagram, whose rows are exact sequences of Lek-modules:

0 tr
�
Rƒ.˛/

�
>k0

f

tr
�
Rƒ.˛/

�
�k0

g

tr
�
Rƒ.˛/

�
k0

0

tr
�
Rƒ.ˇ/

�
�k0

g

x

tr
�
Rƒ.ˇ/

�
k0

x

0

(34)

Now, set Nv D g.v/ 2 tr.Rƒ.˛//k0 . By the definition of tr.Rƒ/k0 , there is a sur-
jective U.Lek/-module homomorphism tr.Vƒ

k0
=Z/ ! tr.Rƒ/k0 . Hence, by

Lemma 3.35, we can choose ˇ, x such that there is an element Nu 2 tr.Rƒ.ˇ//k0
with Nv D x � Nu. Then, fix u 2 tr.Rƒ.ˇ//�k0 such that g.u/ D Nu. Then, we have
v � x � uD f .v0/ for some v0 2 tr.Rƒ.˛//>k0 .

Finally, we can apply both recursive hypotheses. We deduce that u 2 tr.Rƒ.ˇ//�
tr.Rƒ/cyc and v0 2 tr.Rƒ.˛//>k0 � tr.Rƒ/cyc. Hence, we have vD v�x �uCx �uD
f .v0/C x � u 2 tr.Rƒ/cyc.
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3.4. The symmetric case
Let k be a commutative N-graded ring as in Section 3.1 with k of characteristic 0. Let
g be the symmetrizable Kac–Moody algebra over k associated with the Cartan datum
.P;P_;ˆ;ˆ_/.

3.4.1. Weyl modules
Assume that g is of finite type, and fix a dominant weight ƒ. The local Weyl module

W.ƒ/ (over k) is the Z-graded Lg-module generated by a nonzero element jƒi of
degree 0 with the following defining relations:
� nCŒt � � jƒi D 0;
� .fi /

ƒiC1 � jƒi D 0;
� h � jƒi D hh;ƒijƒi for all h 2 h;
� thŒt � � jƒi D 0.

The global Weyl module W.ƒ/ is the Z-graded Lg-module generated by a non-
zero element jƒi satisfying the first three relations above. Consider the formal series
‰i .z/ D

P
r�0‰irz

r , i 2 I , given by ‰i .z/ D exp.�
P
r�1 hirz

r=r/. Then, there
is a unique k-module structure on W.ƒ/ such that the representation of Lg is k-
linear and we have ‰ip � jƒi D cipjƒi for each .i;p/ 2 I � N. For any k-algebra
homomorphism k! k, we set W.ƒ;k/D k˝k W.ƒ/.

The Weyl modules are universal in the following sense. Let M be a Z-graded
integrable Lgk-module containing an element m of weight ƒ which is annihilated
by nCŒt �. Then there is a unique k-algebra structure on k and a unique Z-graded
Lgk-module homomorphism W.ƒ;k/!M such that jƒi 7!m.

Let ƒmin be the unique minimal element in the poset ¹� 2 PCI��ƒº. Let h0 be
as in Section 3.2.3. The following is well known (see [31], [25, Theorem 1.1]).

PROPOSITION 3.36
(a) dimk.W.ƒ// <1.
(b) W.ƒ/ is a free k-module of finite rank.
(c) top.W.ƒ//DW.ƒ/0 ' V.ƒ/ as a Z-graded g-module.
(d) If g is symmetric, then

soc
�
W.ƒ/

�
DW.ƒ/dƒ;ƒmin ' V.ƒmin/Œ�dƒ;ƒmin �

as a Z-graded g-module.
(e) W.ƒ;k/

�
!W.ƒ/ as a Z-graded Lg-module.

(f) ƒD !i )W.ƒ/' k˝k W.ƒ/ as a Z-graded Lgk-module.
(g) W.ƒ;h0/ ' h0 ˝h

N
i W.!i /

˝ƒi as Lgh0 -modules such that jƒi 7! 1 ˝N
i .w!i /

˝ƒi .



ON THE CENTER OF QUIVER HECKE ALGEBRAS 1047

Now, assume that g is symmetric and (11) is satisfied. We consider the Z-graded
representation of Lgk on tr.Rƒ/ in Theorem 3.25.

THEOREM 3.37
If g is symmetric of finite type and (11) is satisfied, then there is a unique Z-graded
Lgk-module isomorphism W.ƒ;k/

�
! tr.Rƒ/ such that jƒi 7! jƒi.

Proof
From Proposition 3.34, we deduce that the element jƒi D tr.1/ of tr.Rƒ.0// is a
generator of the Lgk-module tr.Rƒ/. Thus, it is enough to prove that there is a Z-
graded Lgk-module isomorphism W.ƒ/

�
! tr.Rƒ/ such that jƒi 7! jƒi. To do this,

note that, since W.ƒ/ is universal, there is a unique Z-graded Lgk-module homomor-
phism

�ƒ WW.ƒ/! tr.Rƒ/; jƒi 7! jƒi: (35)

By Proposition 3.34, we deduce that �ƒ is surjective.

First, we consider the map �ƒ WW.ƒ/! tr.Rƒ.k// given by �ƒ D 1 ˝ �ƒ.

Since �ƒ is surjective, the map �ƒ is also surjective. To prove that it is injective,
we must check that �ƒ.soc.W.ƒ///¤ 0. Since �ƒ is surjective and soc.W.ƒ//'

V.ƒmin/Œ�dƒ;ƒmin � as a Z-graded Lg-module, it is enough to prove that
tr.Rƒ.k//dƒ;ƒmin ¤ 0. The weight subspace V.ƒ/ƒmin is nonzero. Thus the injectivity
of �ƒ follows from Theorem 3.31(b).

Now, we prove that �ƒ is injective. To do so, since W.ƒ/ is a free k-module

and since �ƒ is invertible, it is enough to check that tr.Rƒ/ is free as a k-module.
To do so, note that by Theorem 3.15 and Example 3.5(d), the h0-algebras Rƒ.h0/
and h0˝k

N
i R

!i .k/˝ƒi are Morita-equivalent. We deduce that there is an h0-linear
isomorphism

tr
�
Rƒ.h0/

�
! h0˝k

O
i

tr
�
R!i .k/

�˝ƒi ; jƒi 7! 1˝
O
i

j!i i
˝ƒi : (36)

Further, by Theorem 3.15, the map (36) is Lgh0 -linear. Next, by Proposition 3.36(g)
we have an Lgh0 -module isomorphism

W.ƒ;h0/! h0˝k

O
i

W.!i /
˝ƒi ; jƒi 7! 1˝

O
i

j!i i
˝ƒi : (37)

Since the maps (36) and (37) are Lgh0 -linear, from the unicity of the morphism �ƒ in
(35) we deduce that the following square is commutative:
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W.ƒ;h0/
(37)

1˝	ƒ

h0˝k

N
i W.!i /

˝ƒi

1˝
N
i .	

!i /˝ƒi

tr
�
Rƒ.h0/

� (36)
h0˝k

N
i tr
�
R!i .k/

�˝ƒi
Since �!i is an isomorphism for each i , this implies that the map 1˝ �ƒ is also an
isomorphism.

Finally, we must check that �ƒ is an isomorphism. To do so, note that by con-

struction the map �ƒ preserves the weight decomposition of W.ƒ/, tr.Rƒ/. There-
fore, the claim follows from the following lemma.

LEMMA 3.38
Let  WM ! N be a Z-graded k-module homomorphism such that M;N are both
finitely generated. Assume that the maps 1˝  W k˝k M ! k˝k N and 1˝  W
h0˝k M ! h0˝k N are invertible. Then  is also invertible.

3.4.2. Equivariant homology
For any complex algebraic varietyX and any commutative ring k, letH�.X;k/ be the
Borel–Moore homology with coefficients in k. Given an action of a complex linear
algebraic group G on X , let HG

� .X;k/ be the G-equivariant Borel–Moore homol-
ogy. We will assume that X admits a locally closed G-equivariant embedding into a
smooth projective G-variety. We define it as in [28, Section 2.8], but we assign the
degree as in [12], so that the fundamental class ŒX� of X has degree 2dimX if X is
pure-dimensional.

Alternatively, let DG.X;k/ be the equivariant derived category of constructible
complexes on X with coefficients in k (see [6]). Let kX and kDX be the constant and
the dualizing sheaf on X , respectively. These are objects of DG.X;k/. If M is in
DG.X;k/, then the i th equivariant cohomology of Y with coefficients in M is by
definition H i

G.X;M/D Exti .kX ;M/. In particular, the G-equivariant cohomology
and Borel–Moore homology of X are defined by

H i
G.X;k/DH

i
G.X;kX /; HG

i .X;k/DH
�i
G .X;kDY /:

Note that with our conventions, one can haveHG
i .X;k/¤ 0 for i < 0. We will abbre-

viate

H i .X;k/DH i
¹1º.X;k/; Hi .X;k/DH

¹1º
i .X;k/:
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The action of the cohomology on the Borel–Moore homology yields a map

\ WH i
G.X;k/˝kH

G
j .X;k/!HG

j�i .X;k/:

If X is smooth and pure-dimensional, then the cap product with ŒX� yields an isomor-
phism

H i
G.X;k/!HG

2dimX�i .X;k/:

3.4.3. Quiver varieties
Assume that g is symmetric. Following Nakajima, to each ƒ 2 PC and ˛ 2QC we
associate a quiver variety M.ƒ;˛/. It is a complex quasiprojective variety equipped
with an action of the complex algebraic group Gƒ D

Q
i2I GL.ƒi /. Recall the fol-

lowing:
� M.ƒ;˛/ is nonsingular, symplectic, possibly empty, and is equipped with

a Gƒ-equivariant projective morphism to an affine variety p WM.ƒ;˛/!

M0.ƒ;˛/.
� The variety M0.ƒ;˛/ has a distinguished point denoted by 0 such that the

closed subvariety L.ƒ;˛/D p�1.0/ of M.ƒ;˛/ is Lagrangian.
� If M.ƒ;˛/¤;, then its dimension is dƒ;˛ .

We put M.ƒ/D
F
˛M.ƒ;˛/ and L.ƒ/D

F
˛ L.ƒ;˛/. We have a canonical k-

algebra isomorphism H�Gƒ.�;k/D k. Under this isomorphism, the equivariant Euler
class of the pth fundamental representation of GL.ƒi /maps to cip for any p � 0. We
define

H�Gƒ

�
M.ƒ/;k

�
D
M
d�0

Hd
Gƒ

�
M.ƒ/;k

�
;

H
Gƒ
Œ��

�
L.ƒ/;k

�
D
M
d�0

H
Gƒ
Œd�

�
L.ƒ/;k

�
D
M
d�0

M
˛

H
Gƒ
dƒ;˛�d

�
L.ƒ;˛/;k

�
:

Assume also that g is of finite type. The following is well known.

PROPOSITION 3.39
We have the following:
(a) H

Œd�
.L.ƒ/;k/D 0 if d … .2Z/\ Œ0; dƒ;˛�.

(b) H
Gƒ
Œ��
.L.ƒ/;k/ is free over k and HŒ��.L.ƒ/;k/D k˝k H

Gƒ
Œ��
.L.ƒ/;k/.

(c) There is a perfect k-bilinear pairing Hd
Gƒ
.M.ƒ/;k/ � HGƒ

Œdƒ;˛�d�
.L.ƒ/;

k/! k.
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(d) There is a Z-graded Lgk-representation on HGƒ
Œ��
.L.ƒ/;k/ which is isomor-

phic to W.ƒ/. Under this isomorphismH
Gƒ
Œ��
.L.ƒ;˛/;k/ maps to W.ƒ/ƒ�˛ .

Proof
Parts (b) and (c) are proved in [32, Theorem 7.3.5] for equivariant K-theory, but the
same proof applies also to equivariant Borel–Moore homology. Part (d) follows from
[33].

From Theorem 3.37 we deduce the following.

THEOREM 3.40
If g is symmetric of finite type and (11) is satisfied, then there are Z-graded Lgk-
module isomorphisms tr.Rƒ/' k˝k H

Gƒ
Œ��
.L.ƒ/;k/.

Remark 3.41
(a) Since L.ƒ;˛/ is connected, we deduce from Theorem 3.40 that tr.Rƒ.˛//dƒ;˛ '
k whenever V.ƒ/� ¤ 0 if g is symmetric and of finite type.

(b) We equip Z.Rƒ/ with the Lgk-representation dual to tr.Rƒ/ relatively to
the pairing (25) and the anti-involution $ of Lgk. The action of x˙ir on Z.Rƒ/ is
described in Proposition 3.28. Next, we equip H�Gƒ.M.ƒ/;k/ with the Lgk-

representation dual to HGƒ
Œ��
.L.ƒ/;k/ relatively to the pairing in (c) above and the

anti-involution$ . Then, from Theorem 3.40 we deduce that there is a Z-graded Lgk-
module isomorphism

k˝k H
�
Gƒ

�
M.ƒ/;k

� �
! Z.Rƒ/: (38)

3.4.4. The multiplicative structure on H�Gƒ.M.ƒ/;k/

In this section, we explain how to construct a k-algebra isomorphism Z.Rƒ/' k˝k

H�Gƒ.M.ƒ/;k/ from the Lgk-linear isomorphism (38). To simplify, we will assume
that condition (11) holds.

We first introduce a k-linear map

a W Z.R/! k˝k H
�
Gƒ

�
M.ƒ/;k

�
;

which is usually called the Kirwan map. Recall that, for each ˛ 2QC, i 2 I , the Gƒ-
variety M.ƒ;˛/ is equipped with Gƒ-equivariant bundles Vi , Wi of rank ai , ƒi ,
respectively, defined as in [32, Section 2.9], where ai is the coordinate of ˛ along the
simple root ˛i . On the other hand, if ht.˛/D n, then the center of R.˛/ is given by

Z
�
R.˛/

�
D
�M
�2I˛

kŒx1; : : : ; xn�e.	/
�Sn

;
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where the symmetric group acts on kŒx1; : : : ; xn� and e.	/ in the obvious way. Then,
the Kirwan map is the unique k-algebra homomorphism such that

a.cip/D .�1/
pcp.Wi /; 8.i;p/ 2 Iƒ;

a
�X
�2I˛

nY
kD1

.1� zxk/
�ai;�k e.	/

�
D
Y
j2I

cz.Vj /
�ai;j ;

where cp and cz D
P
p.�z/

pcp are the pth Gƒ-equivariant Chern class and the Gƒ-
equivariant Chern polynomial, respectively.

Next, let b W Z.R/! Z.Rƒ/ be the canonical map induced by the quotient map
R!Rƒ.

Finally, let  be the unique isomorphism as in (38), which takes the unit of the
ring k˝k H

�
Gƒ
.M.ƒ;0/;k/ to the unit of Z.Rƒ.0//.

PROPOSITION 3.42
Assume that the Kirwan map a is surjective.
(a) The element  .1/ 2 Z.Rƒ.˛// is invertible, and the map � W k˝kH

�
Gƒ
.M.ƒ;

˛/;k/! Z.Rƒ.˛// given by � D .1/�1 � is a k-algebra isomorphism.
(b) The map b is surjective.

Proof
Consider the formal series‰i .z/D exp.�

P
r�1 hirz

r=r/ introduced in Section 3.4.1.
Set � D ƒ � ˛. Since condition (11) holds, the formal power series B�i;�.z/ 2
Z.Rƒ.˛//ŒŒz�� in Section B.2 is given by the following formula (see Proposition B.3):

B�i;�.z/D b
�X
�2I˛

ƒY
pD1

.1C zyip/

nY
kD1

.1� zxk/
�ai;�k e.	/

�
:

Here, the yip’s are formal variables as in Section 3.2.3. Further, by Lemma B.4, under
the representation of Lgk on Z.Rƒ/, the formal series ‰i .z/ acts on Z.Rƒ.˛// by
multiplication by B�i;�.z/. Next, by [32, Section 9.2], under the representation of
Lgk on k˝k H

�
Gƒ
.M.ƒ/;k/, the formal series ‰i .z/ acts by multiplication by

cz.Wi /[
Y
j

cz.Vj /
�ai;j :

Since, by definition, the map  is Lgk-linear, we deduce that

b
�X
�2I˛

ƒY
pD1

.1C zyip/

nY
kD1

.1� zxk/
�ai;�k e.	/

�
� .�/
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D 
�
cz.Wi /[

Y
j

cz.Vj /
�ai;j [ �

�

D 
�
a
�X
�2I˛

ƒY
pD1

.1C zyip/

nY
kD1

.1� zxk/
�ai;�k e.	/

�
[ �

�
:

We deduce that, for each z 2 Z.R/, we have b.z/ �  .�/ D  .a.z/ [ �/. Thus, we
have b.z/ � .1/D .a.z//. Since  and a are surjective, there is an element z such
that b.z/ � .1/D 1, from which we deduce that  .1/ is invertible. Furthermore, for
each z; z0 2 Z.R/, we have b.z/ � b.z0/ � .1/D  .a.z/[ a.z0//. Hence, the map �
is an algebra isomorphism and the diagram below is commutative:

Z
�
R.˛/

�
ba

k˝k H
�
Gƒ

�
M.ƒ;˛/;k

� 	

Z
�
Rƒ.˛/

�
The lemma is proved.

4. The Jordan quiver
We expect that the results above could be generalized to quivers with loops using the
generalized quiver Hecke algebras introduced in [17]. In this section, we consider the
particular case of the Jordan quiver. In this particular case, the quiver Hecke algebra
in [17] is the degenerate affine Hecke algebra of the symmetric group.

From now on, let k be a commutative domain, let kD kŒ�; y1; : : : ; yr �, and let k0

be the fraction field of k. The ring k is Z-graded with deg.yp/D deg.�/D 2. For any
k-module M , write

M 0 D k0˝k M:

If M is free Z-graded of finite rank, then let grdim.M/ be its graded rank. It is
the unique element in NŒt; t�1� such that grdim.kŒd �/D t�d and grdim.M ˚N/D
grdim.M/C grdim.N /.

4.1. The quiver Hecke algebra
For any integer n > 0, the quiver Hecke algebra of rank n associated with the Jordan
quiver is the degenerate affine Hecke k-algebra R.n/, which is generated by elements

1; : : : ; 
n�1; x1; : : : ; xn with the defining relations
(a) xkxl D xlxk ,
(b) 
k
l D 
l
k if jk � l j> 1,
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(c) 
2
l
D 1,

(d) 
kxl � xsk.l/
k D �.ıl;kC1 � ıl;k/,
(e) 
kC1
k
kC1 D 
k
kC1
k .

We write R.0/D k. For any integer r � 0, the cyclotomic quiver Hecke algebra
of rank n and level r is the quotient Rr .n/ of R.n/ by the two-sided ideal generated
by the element

Qr
pD1.x1 � yp/. The k-algebras R.n/, Rr.n/ are Z-graded, with

deg.
k/D 0 and deg.xk/D 2.
The canonical map R.n/! Rr .n/ yields a Z-graded k-algebra homomorphism

Z.R.n//! Z.Rr.n//. Let Z.Rr.n//JM be its image.
We equip Z.Rr.n//, Z.Rr.n//JM with the grading such that

Z
�
Rr .n/

�d
DRr .n/d \ Z

�
Rr .n/

�
;

�
Z
�
Rr .n/

�JM�d
DRr.n/d \ Z

�
Rr.n/

�JM
:

The canonical inclusion R.n/! R.nC 1/ factors to a .Rr.n/;Rr.n//-bilinear
map � WRr.n/!Rr .nC 1/. We have the following.

PROPOSITION 4.1
(a) Rr .n/D

L
ri ;w

kxr11 � � �x
rn
n w, where r1C � � � C rn < r and w 2Sn.

(b) Rr .nC 1/D
Lr�1
kD0

LnC1
jD1R

r.n/.j; nC 1/xkj .
(c) For each z 2 Rr.nC 1/, there are unique elements �.z/ 2 Rr.n/˝Rr .n�1/

Rr.n/ and pk.z/ 2R.n/ such that z D ��n.�.z//C
Pr�1
kD0pk.z/x

k
nC1, yield-

ing a .Rr.n/;Rr.n//-bimodule isomorphism

Rr.nC 1/DRr .n/
nR
r.n/˚

r�1M
kD0

Rr.n/xknC1:

(d) The canonical map Z.R.n//0! Z.Rr.n//0 is surjective and we haveX
n�0

dim
�
ZRr.n/0

�
q2n D

Y
j�1

.1� q2j /�r :

(e) Z.Rr.n//JM is a free k-module of finite rank such that

X
n�0

grdim
�
ZRr .n/JM

�
q2n D

rY
pD1

1Y
iD1

.1� q2i t2.riCp�1�r//�1:

Proof
Parts (a) and (b) are well known. The proof of part (c) is similar to [24, Lemma 5.6.1],
where the case �D 1 is done. Indeed, by part (b) it is enough to show that

r�1M
kD0

nM
jD1

Rr.n/.j; nC 1/xkj DR
r.n/
nR

r .n/:
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By (b), we have Rr .n/D
Lr�1
kD0

Ln
jD1R

r.n� 1/.j; n/xkj . Since 
n commutes with
Rr .n � 1/ and 
n.j; n/ D .j; n/.j; n C 1/, we deduce Rr.n/
nR

r .n/ DLr�1
kD0

Ln
jD1R

r.n/.j; nC 1/xkj . Part (d) is proved in [8].
Let us concentrate on (e). First, we prove that Z.Rr.n//JM is free of finite rank as

a k-module. To do that, set k1 D kŒy1; : : : ; yr � and consider the k1-algebras

R.n/1 DR.n/=.�� 1/; Rr.n/1 DR
r .n/=.�� 1/:

Then, the assignment 
k 7! 
k , xk 7! xk˝�, yp 7! yp˝� yields a k-algebra homo-
morphism

Rr.n/!Rr .n/1˝k1 kDRr.n/1Œ��:

It restricts to an inclusion

Z
�
Rr.n/

�JM
� Z

�
Rr.n/

�
� Z

�
Rr.n/1

�
Œ��: (39)

Now, for any n-tuple �D .�1; : : : ;�n/ of nonnegative integers, let

p�.x1; : : : ; xn/D
X
�

x
�1
1 � � �x

�n
n 2 Z

�
Rr.n/1

�
;

where 	 runs over the set of all n-tuples which are obtained from � by permuting
its entries. Let Pn.r/ be the set of all partitions � such that `.�/C

P
ib�i=rc � n.

By [8, Theorem 3.2], the canonical map R.n/1 ! Rr.n/1 yields a surjection
Z.R.n/1/! Z.Rr.n/1/. Further, the elements p�.x1; : : : ; xn/, where � runs over
the set Pn.r/, form a k1-basis of Z.Rr.n/1/. Therefore, under the inclusion (39), the
elements p�.x1; : : : ; xn/˝�j�j, where � 2Pn.r/ yield a k-basis of Z.Rr.n//JM. We
deduce that Z.Rr.n//JM is free of finite rank as a k-module and thatX

n�0

grdim
�
ZRr.n/

�JM
q2n D

X
n�0

X
�2Pn.r/

t2j�jq2n:

To compute the right-hand side, note that [8, p. 243] yields a bijection

' WƒCr .n/!Pn.r/;

where ƒCr .n/ is the set of r -partitions �D .�.1/; : : : ; �.r// of n. Further, if '.�/D �,
then

j�j D r j�j � .r C 1/`.�/C

rX
pD1

p`.�.p//:

We deduce that
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n�0

grdim
�
ZRr .n/

�JM
q2n D

X
n�0

X
�2ƒ

C
r .n/

t2r j�j�2.rC1/`.�/C2
Pr
pD1p`.�

.p//q2n

D

rY
pD1

X
�2ƒ

C
1
.n/

t2r j�jC2.p�r�1/`.�/q2j�j

D

rY
pD1

1Y
iD1

.1� q2i t2.riCp�1�r//�1:

4.2. The Lie algebra W

Let W be the Lie k0-algebra generated by elements Ck , D�1;k , D0;kC1, D1;k with
k � 0, modulo the following definition relations:
(a) ŒD0;lC1;D0;kC1�D 0,
(b) ŒD0;lC1;D1;k�D �D1;lCk and ŒD0;lC1;D�1;k�D��D�1;lCk ,
(c) 3ŒD12;D11�� ŒD13;D10�C �2ŒD11;D10�D 0,
(d) 3ŒD�1;2;D�1;1�� ŒD�1;3;D�1;0�C �2ŒD�1;1;D�1;0�D 0,
(e) ŒD10; ŒD10;D11��D ŒD�1;0; ŒD�1;0;D�1;1��D 0,
(f) ŒD�1;k;D1;l �DEkCl ,
(g) Ck is central,
where the series E.z/D

P
k�0Ekz

k is given by the following formula

E.z/D C0C
X
k�1

�

�.D0;kC1/C 
��.D0;kC1/CCk

�
zk;

(40)


t .D0;kC1/D

kX
pD1

�
k

p

	
D0;k�pC1t

p�1:

Let W<0;W�0;W0 � W be the Lie subalgebras generated by ¹D1;kIk � 0º,
¹D�1;kIk � 0º, and ¹D0;kC1;CkIk � 0º, respectively.

There is a unique Lie k0-algebra anti-involution $ of W such that

$.Ck/D Ck; $.Dl;k/DD�l;k: (41)

The Lie k0-algebra W is Z-graded with deg.Dl;k/D 2l and deg.Ck/D 0. A rep-
resentation V is diagonalizable if the operator D0;1=� is diagonalizable with integral
eigenvalues. Then V is Z-graded and its degree 2n component Vn is the eigenspace
associated with the eigenvalue n. We will say that a diagonalizable representation
is quasifinite if the degree 2n component is finite-dimensional for each n. Finally,
we define the character of a quasifinite representation V to be the formal series in
NŒŒq; q�1�� given by

ch.V /.q/D
X
n2Z

q2n dim.Vn/:
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Given a linear form ƒ WW0! k0 and a module V , an element v 2 V is primitive
of weight ƒ if W0 acts on v by ƒ and $.W<0/ by zero. We call ƒ.C0/ the level
of ƒ.

LetM.ƒ/ be the Verma module with the lowest weightƒ. It is the diagonalizable
module induced from the 1-dimensional W�0-module spanned by a primitive vector
jƒi. Let V.ƒ/ be the top of M.ƒ/. It is an irreducible diagonalizable module. We
callƒ the lowest weight andƒ.C0/ the level ofM.ƒ/, V.ƒ/. We call jƒi the highest
weight vectors of M.ƒ/, V.ƒ/.

4.3. The loop operators on the center and the cocenter
For each r; n 2 N with r ¤ 0, we set C rn D R

r .n/-grproj. Write C r D
L
nC rn . The

restriction and induction functors form an adjoint pair .F;E/ with

E WRr.nC 1/-grmod!Rr.n/-grmod; N 7!N;

F WRr.n/-grmod!Rr .nC 1/-grmod; M 7!Rr.nC 1/˝Rr .n/M:

Let " W FE! 1 and � W 1!EF be the counit and unit, respectively, of the adjoint
pair .F;E/. They are represented by the multiplication map � and the canonical
map �, respectively:

" WRr .n/˝Rr .n�1/ R
r .n/!Rr.n/;

� WRr.n/!Rr .nC 1/:

PROPOSITION 4.2
(a) The pair .E;F / is adjoint with the counit O" WEF ! 1 and the unit O� W 1! FE

represented by the morphisms O" W Rr .n C 1/ ! Rr .n/, O� W Rr .n/ !
Rr.n/˝Rr .n�1/ R

r.n/ such that O".z/D pr�1.z/ and � O�.1/D �.xrnC1/.
(b) The k-algebra Rr .n/ is a symmetric algebra. The symmetrizing form tr;n W

Rr.n/! k is the unique k-linear map sending the element xr11 � � �x
rn
n w to 1 if

r1 D � � � D rn D r � 1 and wD 1 and to 0 otherwise. We have tr;n D O" ı � � � ı O"
(n times).

Proof
See [24, Lemma 5.7.2] for (a) and [9, Theorem A.2] for (b).

We have tr.C r=Z/ D
L
n tr.Rr.n//. We equip tr.C r=Z/ with the Z2-grading

such that tr.Rr.n// has the weight 2n and the order given by the degree of elements of
Rr .n/. For each k 2N, we define k-linear operators x˙

k
on tr.C r=Z/D

L
n tr.Rr.n//

of weights ˙2 and order 2k such that the maps

xC
k
W tr
�
Rr.n/

�
! tr

�
Rr .n� 1/

�
; x�k W tr

�
Rr .n/

�
! tr

�
Rr.nC 1/

�
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are given, for each f 2 EndCr .a/ and a 2 C r , by

xC
k

�
tr.f /

�
D tr

�
xk.a/ ı

�
E.f /

��
; x�k

�
tr.f /

�
D tr

�
xk.a/ ı

�
F.f /

��
:

Here x 2 End.F / is represented by the right multiplication by xnC1 on Rr.nC 1/,
and x 2 End.E/ is the left-transposed endomorphism.

THEOREM 4.3
The assignment Ck 7! pk.y1; : : : ; yr/, D�1;k 7! x˙

k
defines a representation of level

r of W on tr.C r=Z/0.

Proof
First, we check that the operators x�0 , x�1 , x�2 , x�3 satisfy relations (c) and (e) for
D10, D11, D12, D13 in the definition of W . For each k 2N and f 2Rr.n/, we have
x�
k
.tr.f //D tr.f xknC1/, where the element f on the right-hand side is identified with

its image by the map

� WRr.n/!Rr.nC 1/:

Thus, using the relations 
nC1xnC2
nC1 D xnC1C �
nC1 and 
2nC1 D 1, we get

Œx�1 ; x
�
0 �
�
tr.f /

�
D tr.f xnC2 � f xnC1/

D tr.f xnC2

2
nC1 � f xnC1/

D tr.f 
nC1xnC2
nC1 � f xnC1/

D � tr.f 
nC1/:

Similarly, using the relations


nC1xnC1x
2
nC2
nC1 D x

2
nC1xnC2C �xnC1xnC2
nC1;


nC1x
3
nC2
nC1 D x

3
nC1C �.x2nC2C xnC1xnC2C x

2
nC1/
nC1;

we deduce that

Œx�2 ; x
�
1 �
�
tr.f /

�
D � tr.f xnC1xnC2
nC1/;

Œx�3 ; x
�
0 �
�
tr.f /

�
D � tr

�
f .x2nC2C xnC1xnC2C x

2
nC1/
nC1

�
:

Relation (e) follows from�
x�0 ; Œx

�
0 ; x

�
1 �
��

tr.f /
�
D � tr

�
f .
nC2 � 
nC1/

�
D � tr

�
f .
nC2


2
nC1 � 
nC1


2
nC2/

�
D � tr

�
f .
nC1
nC2
nC1 � 
nC2
nC1
nC2/

�
D 0:
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To prove relation (c), we introduce the element 'l D .xl � xlC1/
l C �. We have

'2l D �2 � .xl � xlC1/
2; 'lxk D xsl .k/'l ; 'l
l D�
l'l :

And we deduce that�
3Œx�2 ; x

�
1 �� Œx

�
3 ; x

�
0 �C �2Œx�1 ; x

�
0 �
��

tr.f /
�

D � tr
�
f .3xnC1xnC2 � x

2
nC2 � xnC1xnC2 � x

2
nC1 � �2/
nC1

�
D � tr

�
f
�
.xnC1 � xnC2/

2 � �2
�

nC1

�
D�� tr.f '2nC1
nC1/

D�� tr.f 'nC1
nC1'nC1/

D � tr.f '2nC1
nC1/

D 0:

We prove that the operators xC0 , xC1 , xC2 , xC3 satisfy relations (d) and (e) for D�1;0,
D�1;1, D�1;2, D�1;3 in a similar way.

Next, we prove relations (a), (b), and (f). To do so, for each l � 0, consider the
element pl.x1; : : : ; xn/ 2 Z.Rr.n// given by pl.x1; : : : ; xn/D

Pn
iD1 x

l
i if n > 0 and

0 if nD 0. Let x0
lC1

be the k-linear operator on tr.C r=Z/ given by

x0lC1
�
tr.f /

�
D � tr

�
fpl.x1; : : : ; xn/

�
; 8f 2Rr .n/: (42)

Then, under the assignment D0;kC1 7! x0
kC1

, the defining relation (a) of W is obvi-
ously satisfied. Let us concentrate on (b). We have

Œx0lC1; x
�
k �
�
tr.f /

�
D � tr

�
f
�
xknC1pl.x1; : : : ; xnC1/� x

k
nC1pl.x1; : : : ; xn/

��
D �x�lCk

�
tr.f /

�
:

The relation Œx0
lC1

; xC
k
�D �xC

lCk
is proved in a similar way.

Finally, let us prove relation (f) in the definition of the Lie algebra W . Let

O" WRr.nC 1/!Rr.n/; O� WRr.n/!Rr .n/˝Rr .n�1/ R
r .n/

be as above. For each k 2N we consider the following elements in Z.Rr.n//:

BkC;n D O".x
r�1Ck
nC1 /;

Bk�;n D

8̂̂<̂
:̂
��2�

x
�r�1Ck
n

. O�.1// if k � r C 1;

�pr�k.x
r
nC1/ if 1� k � r;

1 if k D 0:
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We may abbreviate Bk˙ D B
k
˙;n. Consider the formal series B˙.z/D

P
k2NB

k
˙z

k .

For each k; l 2N, we define the operator Ek;l D Œx
C
k
; x�
l
� on tr.C r=Z/0.

LEMMA 4.4
The following hold:
(a) O".
na
n/D O".a/ for each a 2Rr .n/;
(b) BC.z/B�.z/D 1;
(c) EkCl WDEk;l depends only on kCl and we haveEl D

Pl
kD0.r�k/B

l�k
C Bk�;

(d) E.z/D r � zd=dz logB�.z/;
(e) B�.z/D

Qn
kD1.1� �2z2=.1� zxk/2/

Qr
pD1.1� zyp/.

Proof
For part (a), note that aD ��n�1.�.a//C

Pr�1
kD0pk.a/x

k
n . Thus, a direct computation

yields


na
n D ��n�n�1�n
�
�.a/

�
�

r�1X
kD0

pk.a/�
X

sCtDk�1

xsn
nx
t
nC

r�1X
kD0

pk.a/x
k
nC1

� �2
r�1X
kD0

pk.a/

k�1X
tD0

t�1X
aD0

xk�1�tCan xt�1�anC1 :

We deduce that pr�1.
na
n/D pr�1.a/.
Next, a similar computation as in the proof of parts (a) and (c) of Lemma B.1

yields

�.xknC1/D

k�rX
sD0

�
O".xk�snC1/˝ x

s
n˝ 1˝ 1

�
�.xrnC1/; (43)

pa.x
k
nC1/D

r�a�1X
sD0

Bk�a�sC;n Bs�;n (44)

and the equality in part (b).
The proof of part (c) is similar to Proposition B.5(b), so we briefly indicate the

key steps. First, the isomorphism in Proposition 4.1(c) represents an isomorphism of
functors � WEF1n!G with G D FE1n˚ 1˚rn . By Lemma 2.3 we have

xC
k
x�l D trEF .x

k
i x

l
i /D trG.�

�1.xkxl /�;

and it is equal to the sum of the trace of ��1.xkxl /� restricted to each direct factor
of G. The restriction of ��1.xkxl /� to FE1n is represented by

Rr .n/˝Rr .n�1/ R
r .n/!Rr.n/˝Rr .n�1/ R

r.n/; z 7! �
�
xknC1��n.z/x

l
nC1

�
:
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We have

�
�
xknC1��n.z/x

l
nC1

�
D �xln�nxkn .z/C �

kCl�1X
aD0

�xan .z/�.x
kCl�1�a
nC1 /:

Hence the restriction of ��1.xkxl /� to FE1n is the endomorphism

xlxk C �
kCl�1X
aD0

�.xkCl�1�anC1 /".1˝ xan/;

and by (43) its trace is equal to

x�l x
C
k
C

kClX
sDrC1

.r � s/B lCk�sC;n Bs�;n:

The restriction of ��1.xkxl /� to the ath copy of 1n is represented by the map
Rr .n/! Rr .n/, z 7! zpa.x

kClCa
nC1 /. By (44), it is equal to

Pr�1�a
sD0 BkCl�sC;n Bs�;n.

We conclude that

xC
k
x�l D x

�
l x
C
k
C

kClX
sDrC1

.r � s/B lCk�sC;n Bs�;nC

r�1X
aD0

r�1�aX
sD0

BkCl�sC;n Bs�;n

D x�l x
C
k
C

kClX
sD0

.r � s/B lCk�sC;n Bs�;n:

To prove (d), note that, using (b), we get

�zd=dz logB�.z/D�
�X
k�0

kBk�z
k
��X
k�0

BkCz
k
�

D
X
l�0

lX
kD0

.�kBk�B
l�k
C /zl D�r CE.z/:

Finally, we concentrate on (e). We have


nx
k
n
n D x

k
nC1 � �

X
pCqDk�1

xpn 
nx
q
n � �2

k�2X
aD0

.aC 1/xanx
k�2�a
nC1 :

Using (a), we deduce that

O".xkn /D O".
nx
k
n
n/D O".x

k
nC1/� �2

k�2X
aD0

.aC 1/xan O".x
k�2�a
nC1 /:
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Thus, we have

Bk�rC1C;n�1 DB
k�rC1
C;n � �2

k�2X
aD0

.aC 1/xanB
k�2�a�rC1
C;n :

This yields

BC;n�1.z/D
�
1� �2z2.1� zxn/

�2
�
BC;n.z/:

Hence by (b) we get

B�;n.z/D
�
1� �2z2.1� zxn/

�2
�
B�;n�1.z/

for n� 1. By induction it remains to compute B�;0.z/. Since

xr1 D�

rX
aD1

.�1/aea.y1; : : : ; yr/x
r�a
1 ;

we have

�.xr1/D 0; Ba�;0 D .�1/
aea.y1; : : : ; yr/ 8a 2 Œ1; r�; Ba�;0 D 0 8a > r:

Therefore, we have B�;0.z/D
Qr
aD1.1� zya/.

We can now finish the proof of relation (f) of W . According to Lemma 4.4, the
formal series E.z/D

P
l�0Elz

l is given by

E.z/D r � zd=dz log
� rY
pD1

.1� zyp/

nY
kD1

�
1� z.xk � �/

�
�
�
1� z.xk C �/

�
.1� zxk/

�2
�
:

Comparing this with formula (42) and the identityX
k�1

.za/k D�z.d=dz/ log.1� za/; (45)

we deduce that

E.z/D r �
X
k�1

nX
pD1

�
2xkp � .xp � �/k � .xp C �/k

�
zk C

X
k�1

rX
pD1

ykpz
k :

This implies that
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E.z/D r C
X
k�1

�

�.D0;kC1/C 
��.D0;kC1/C pk.y1; : : : ; yr/

�
zk ;

(46)


t .D0;kC1/D

kX
pD1

�
k

p

	
D0;k�pC1t

p�1:

This finishes the proof of the theorem.

Set Z.C r=Z/ D
L
n Z.Rr.n//. The symmetrizing form tr D

L
n tr;n onL

nR
r .n/0 yields a k0-bilinear form

Z.C r=Z/0 � tr.C r=Z/0! k0; .a; b/ 7! tr.ab/;

which induces an isomorphism Z.C r=Z/0 ' Homk0.tr.C r=Z/0;k0/. Taking the trans-
pose with respect to this bilinear form and twisting the action by the anti-involution
$ in (41), we get a representation of W on Z.C r=Z/0 of level r . Let jri 2 Z.C r=Z/0

denote the unit of Z.Rr.0//0 D k0. We define a weight ƒr of level r of W by the
formula

ƒr.Ck/D pk.y1; : : : ; yr/; ƒr.D0;kC1/D 0; 8k � 0: (47)

PROPOSITION 4.5
The following hold:
(a) jri is a primitive vector of Z.C r=Z/0 of weight ƒr ;
(b) Z.C r=Z/0 is quasifinite of character

Q
j�1.1� q

2j /�r .

Proof
Part (a) follows from formula (42), which implies that x0

lC1
.jri/ D 0 for all l � 0.

Part (b) follows from Proposition 4.1(d).

4.4. The cohomology ring of the moduli space of framed instantons
Let M.r; n/ be the moduli space of framed rank r torsion-free sheaves on P2 with
fixed second Chern class n. Set M.r/D

F
nM.r; n/. First, let us review a few basic

facts on M.r/ (see [34, Section 3] for more details).
The group GL.r/ � GL.2/ acts on M.r/ in the obvious way : GL.r/ acts by

changing the framing and GL.2/ via the tautological action on P2 which preserves
the line at infinity. Let T � GL.r/, A� GL.2/ be the maximal tori, and let C� � A
be the hyperbolic torus ¹diag.t; t�1/I t 2C�º. Set G D T �C� and GA D T �A.

We identify the Z-graded k-algebra H�G.�;k/ with k in the obvious way. Let
hDH�GA.�;k/, and write h0 for the fraction field of h. From now on, let k be a field
of characteristic 0.
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The GA-variety M.r; n/ is equivariantly formal and smooth of dimension
dr;n D 2rn. Thus H�G.M.r/;k/ is a free Z-graded k-module isomorphic to
H�.M.r/;k/˝ k. The GA-action yields an ˛-partition of M.r/ into affine spaces
in the sense of De Concini, Lusztig, and Procesi [11]. We deduce thatX

d;n�0

dimHd
�
M.r; n/;k

�
q2ntd

D
X
n�0

grdimH�G
�
M.r; n/;k

�
q2n

D

rY
pD1

1Y
iD1

.1� q2i t2.riCp�1�r//�1: (48)

In particular, note that the odd cohomology of M.r/ vanishes, and hence the k-algebra
H�G.M.r/;k/ is commutative. Let jri be the unit of H�G.M.r; 0/;k/' k. First, we
prove the following.

PROPOSITION 4.6
(a) There is a representation of the Lie k0-algebra W on H�G.M.r/;k/0 which

is isomorphic to V.ƒr/. This representation is quasifinite of characterQ
j�1.1� q

2j /�r .
(b) There is a unique isomorphism  W Z.C r=Z/0!H�G.M.r/;k/0 of representa-

tions of W 0 which takes the element jri to jri.
(c) For each n 2 N, the element  .1/ 2 H�G.M.r; n/;k/0 is invertible, and the

map �0 W Z.Rr.n//0!H�G.M.r; n/;k/0 given by �0.�/D .1/�1 [ .�/ is a
k0-algebra isomorphism.

Proof
For each n;k 2N, we consider the locus

B.r; nC k;n/�M.r; nC k/�C2 �M.r; n/

of triples .E; x;F / such that E �F and F =E is a length k sheaf supported at x. For
each 
 2H�G.B.r; nC k;n/;k/ the correspondence B.r; nC k;n/ defines two maps

‚C.
/ WH
�
G

�
M.r; n/;k

�
!H�G

�
M.r; nC k/;k

�
;

‚�.
/ WH
�
G

�
M.r; nC k/;k

�
!H�G

�
M.r; n/;k

�0
:

The map‚� uses localized equivariant cohomology, because the projection B.r; nC

k;n/!M.r; n/ is not proper.
Let 
nCk;n, 
n be the tautological bundles on M.r; nC k/ �M.r; n/, M.r; n/.

Write ci for the i th equivariant Chern class. The obvious map
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H�G
�
M.r; nC k/�M.r; n/;k

�
�H�G.C

2;k/!H�G
�
B.r; nC k;n/;k

�
is denoted by .a; b/ 7! a˝ b.

Now, we define the action of Ck , D1;k , D�1;k , D0;kC1 on an element of
H�G.M.r; n/;k/0 by

D0;1 D �n;

Ck D pk.y1; : : : ; yr/;

D1;k D��
2‚C

�
c1.
nC1;n/

k ˝ 1
�
;

D�1;k D .�1/
r�1‚�

�
c1.
nC1;n/

k ˝ 1
�
;X

k�0

D0;kC2z
k D��.d=dz/ log

�
1C

X
k�1

ck.
n/.�z/
k
�
[ �:

(49)

The operators D�1;k , D1;k , D0;kC1 above are equal to the operators �kD�1;k ,
�kD1;k , �kC1D0;kC1 in [37, (3.17)], respectively. The reason for this normalization
by powers of � is to give the term � in relations (b), (c), and (d) of W in Section 4.2,
which does not appear in the corresponding relations in [2].

By [37, Corollary 3.3] and [2], the formulas (49) yield a representation of h0˝k0

W on

H�GA

�
M.r/;k

�0
D h0˝h H

�
GA

�
M.r/;k

�
:

Note that [37] uses equivariant homology rather than equivariant cohomology, but
since M.r/ is smooth, its equivariant homology and cohomology are isomorphic by
Poincaré duality. We must check that the formulas (49) give indeed a representation
of W on H�G.M.r/;k/0.

The representation of h0 ˝k0 W in [37] depends on parameters y1; : : : ; yr ; x; y
which are generators of the field extension h0 of k. Note that yp is denoted by the
symbol ep in [37]. The representation of W we consider here is a specialization along
the hyperplane x D�y D � of some integral form of the representation in [37]. See
[7] for more details on this integral form. We must check that the representation in
[37] specializes effectively.

To prove this, note that the main results of [37] are obtained by explicit computa-
tions in the h0-basis ofH�GA.M.r/;k/0 formed by the fundamental classes of the fixed
points of M.r/ under the action of the torus GA. For these computations it is essen-
tial that the fixed points are isolated. Now, it is well known, and easy to prove, that
the fixed-point sets M.r/G and M.r/GA are the same. Indeed, one can easily check
that the explicit formulas for the representation of h0 ˝k0 W in [37, Corollary 3.3] in
the basis of H�GA.M.r/;k/0 have no poles along the hyperplane x D y. This follows
from formulas (3.17) and (D.1)–(D.3) in [37].



ON THE CENTER OF QUIVER HECKE ALGEBRAS 1065

Note, however, that the series E.z/ in (40) differs from the corresponding one
in [37, (1.70)]. We must check that these formulas are compatible. To do that, let us
review quickly the proof in [37, pp. 326–327]. Our setting differs from [37] because
there we assumed that both parameters x, y are generic, while here we have x D �D
�y with � generic.

Let ¹ai I i 2 I º and ¹bj Ij 2 J º be as in [37, p. 327]. Then, the computation there
implies that the element ŒD�1;k;D1;l �DEkCl depends only on kC l and yields the
following identity:

E.z/D
X
k�0

�X
i2I

ai �
X
j2J

bj

�
zk :

Fix some formal variables x1; x2; : : : ; xn such that ci .
n/ D ei .x1; x2; : : : ; xn/ for
each i 2 Œ1; n�. Then, the same argument as in [37, p. 327] using [37, Lemma D.1]
implies that

E.z/D r �
X
k�1

nX
pD1

�
2xkp � .xp � �/k � .xp C �/k

�
zk C

X
k�1

rX
pD1

ykpz
k :

We deduce that (see (46))

E.z/D r C
X
k�1

�

�.D0;kC1/C 
��.D0;kC1/C pk.y1; : : : ; yr/

�
zk ;

(50)


t .D0;kC1/D

kX
pD1

�
k

p

	
D0;k�pC1t

p�1:

We have proved that the formulas in (49) define a representation of W on
H�G.M.r/;k/0. Now, we must check that this representation is irreducible and is iso-
morphic to V.ƒr/.

The irreducibility follows from the main result of [37]. More precisely, it is
proved in [37, Theorem 8.33] that the representation of W on H�GA.M.r/;k/0 gives

rise to a representation of the W -algebra of the affine Kac–Moody algebra bglr on
H�GA.M.r/;k/0 (see, e.g., [1] and [15] for some background on W.bglr /). It is also

proved there that the W.bglr/-module H�GA.M.r/;k/0 is isomorphic to the Verma
module with highest weight and level given, respectively, by

a=x � �.1C y=x/ and � y=x � r: (51)

Here we have set aD .y1; y2; : : : ; yr/ and �D .0;�1; : : : ; 1� r/ (see also [7]). Then,
the irreducibility of H�GA.M.r/;k/0 as a W.bglr/-module is well known, because a
Verma module with a generic highest weight is irreducible. To prove that it is also
irreducible as a W -module, use [37, Theorem 8.22] as in [37, Corollary 8.29].
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The same argument proves that H�G.M.r/;k/0 is irreducible as a W -module.
Next, we must identify the representation of W on H�G.M.r/;k/0 with V.ƒr/.

To do that, it is enough to prove that the element jri of H�G.M.r/;k/0 is primitive of
weight ƒr . The equality [37, (3.9)] yields

ck.
n/[ jri D 0; 8k � 1:

Thus, from (49) we deduce that D0;kC1.jri/D 0 for each k � 0.
Finally, we must check the character formula in (a). It is well known, and follows

easily by counting the (isolated) fixed points in M.r; n/. This finishes the proof of (a).
Now, let us concentrate on (b). Since the element jri of Z.C r=Z/0 is primitive of

weight ƒr and since M.ƒr/ has a simple top isomorphic to V.ƒr/, there is a unique
surjective W -module homomorphism from the submodule M 	 Z.C r=Z/0 generated
by jri toH�G.M.r/;k/0 such that jri 7! jri. SinceH�G.M.r/;k/0 and Z.C r=Z/0 have
the same character, we deduce that

Z.C r=Z/0 DM DH�G
�
M.r/;k

�0
:

Let  be the unique W 0-module isomorphism

 W Z.C r=Z/0!H�G
�
M.r/;k

�0
; jri 7! jri:

Finally, let us prove part (c). By restriction, the map  yields a k0-linear isomor-
phism

 W Z
�
Rr .n/

�0
!H�G

�
M.r; n/;k

�0
for each n 2N. We must prove that  .1/ is invertible inH�G.M.r; n/;k/0 and the map

�0 W Z
�
Rr.n/

�0
!H�G

�
M.r; n/;k

�0
; �0.�/D .1/�1 [ .�/

is a k0-algebra isomorphism. To do so, we consider the diagram

Z
�
R.n/

�0
b0a0

H�G
�
M.r; n/;k

�0
Z
�
Rr.n/

�0
The map b0 is the k0-algebra homomorphism induced by the canonical map R.n/!
Rr .n/. It is surjective by Proposition 4.1. The map a0 is the k0-algebra homomorphism
given by

a0
�
ei .x1; : : : ; xn/

�
D ci .
n/; 8i 2 Œ1; n�:
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Note that, by the definition of the representation of W on H�G.M.r; n/;k/0, formula
(49) yields

��1D0;kC1 D a
0
�
pk.x1; : : : ; xn/

�
[ � on H�G

�
M.r; n/;k

�0
: (52)

Next, by the definition of the representation of W on Z.C r=Z/0, the formula (42) in
the proof of Theorem 4.3 yields

��1D0;kC1 D b
0
�
pk.x1; : : : ; xn/

�
� � on Z

�
Rr .n/

�0
: (53)

From (52) and (53), since  is W -linear, we deduce that

 
�
b0
�
pk.x1; : : : ; xn/

�
� �
�
D a0

�
pk.x1; : : : ; xn/

�
[ .�/: (54)

Now, an easy induction using (54) yields

 b0.z/D a0.z/[ .1/; 8z 2 Z
�
R.n/

�0
: (55)

We also deduce that

 .zz0/[ .1/D .z/[ .z0/; 8z; z0 2 Z
�
Rr .n/

�0
: (56)

Now, since b0 and  are surjective, equality (55) implies that the element  .1/ is
invertible in the (commutative) k0-algebra H�G.M.r; n/;k/0. Thus, the map �0 above
is well defined and it is a k0-algebra homomorphism by (56). It is clearly bijective
because it is injective and both sides are finite-dimensional of the same dimension
over k0. Further, we have a commutative diagram:

Z
�
R.n/

�0
b0a0

H�G
�
M.r; n/;k

�0
Z
�
Rr.n/

�0	0

(57)

Part (c) of the proposition is proved.

We can now prove the following, which is one of the main results of this paper.

THEOREM 4.7
The canonical map Z.R.n//!H�G.M.r; n/;k/ is a surjective k-algebra homomor-
phism. It factors to a k-algebra isomorphism Z.Rr.n//JM!H�G.M.r; n/;k/.
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Proof
We define the maps a W Z.R.n//!H�G.M.r; n/;k/ and b W Z.R.n//! Z.Rr.n// as
in the triangle (57) above. Thus, we have a0 D k0˝ a and b0 D k0˝ b. We claim that
there is a k-linear map � making the following triangle commute:

Z
�
R.n/

�
ba

H�G
�
M.r; n/;k

�
Z
�
Rr.n/

�JM	

(58)

To prove this, it is enough to check that Ker.b/ � Ker.a/. Since the triangle (57)
commutes, we have Ker.b0/ � Ker.a0/. Thus, since Z.R.n// is free as a k-module,
the map x 7! 1˝ x yields an inclusion

Ker.b/�
�
1˝ Z

�
R.n/

��
\Ker.a0/:

Finally, since Z.R.n// is free as a k-module, the map x 7! 1˝ x yields an isomor-
phism

Ker.a/' 1˝Ker.a/

'
�
1˝ Z

�
R.n/

��
\Ker.a0/:

The claim is proved. Note that, since the map b0 is surjective and the triangles (57)
and (58) commute, we have �0 D k0 ˝ �. Thus, since �0 is injective, we deduce that
� is also injective. Now, recall that Proposition 4.1 and (48) yieldX

n�0

grdim
�
ZRr.n/

�JM
q2n D

X
n�0

grdimH�G
�
M.r; n/;k

�
q2n:

We deduce that the map � is an isomorphism Z.Rr/JM!H�G.M.r/;k/.

The theorem above can be reformulated in the following way. Set k1 D
kŒy1; : : : ; yr � and consider the k1-algebras

R.n/1 DR.n/=.�� 1/; Rr.n/1 DR
r .n/=.�� 1/:

Recall the inclusion Z.Rr.n//JM � Z.Rr.n/1/Œ�� in (39). By [8], the canonical map
R.n/1! Rr.n/1 yields a surjection Z.R.n/1/! Z.Rr.n/1/. Since Z.R.n/1/ is N-
graded, this yields an increasing separated and exhaustive N-filtration F� of
Z.Rr.n/1/. Let Rees.Z.Rr.n/1/) be the corresponding Rees algebra; that is,

Rees
�
Z
�
Rr.n/1

��
D
X
d�0

F2d
�
Z
�
Rr .n/1

��
˝ �d � Z

�
Rr.n/1

�
Œ��:
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By construction, the map (39) identifies the k-algebras Z.Rr.n//JM and
Rees.Z.Rr.n/1//. We deduce the following

COROLLARY 4.8
There is a k-algebra isomorphism Rees.Z.Rr.n/1//'H�G.M.r; n/;k/.

Remark 4.9
In the particular case r D 1, the corollary was already known and follows from [38].

Appendices

Appendix A. The symmetrizing form
Fix a dominant weight ƒ 2 PC. Let ˛ 2QC and i; j 2 I . Set �Dƒ � ˛ and �i D
h˛_i ; �i.

A.1. Bubbles
Assume that ˛ has the height n.

Definition A.1
For each k 2N the bubble Bk

˙i;�
is the element of Rƒ.˛/ given by the following:

� If �i � 0, we set

BkCi;� D

´
O"0
i;�
.x
�i�1Ck
nC1 e.˛; i// if k ���i C 1;

1 if k D �i D 0;

Bk�i;� D

8̂̂<̂
:̂
�
x
��i�1Ck
n

. O�0
i;�
.1// if k � �i C 1;

�p�i�k.x
�i
nC1e.˛; i// if 1� k � �i ;

1 if k D 0:

� If �i � 0, we set

BkCi;� D

8̂̂<̂
:̂
O"0
i;�
.x
�i�1Ck
nC1 e.˛; i// if k ���i C 1;

��
x
��i
n

. Q���i�k/ if 1� k ���i ;

1 if k D 0;

Bk�i;� D

8<:�x��i�1Ckn

. O�0
i;�
.1// if k � �i C 1;

1 if k D �i D 0:

Note that B0
˙i;�
D 1 in all cases. We set by convention Bk

˙;�
D 0 if k < 0.
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LEMMA A.2
The elements Bk

˙i;�
are homogenous central elements in Rƒ.˛/ of degree 2k.

Proof
The central and homogenous property follows from the fact that "0i ,pk , �0i are homoge-
nous Rƒ.˛/-bilinear morphisms and that the element xnC1 centralizes Rƒ.˛/ in
Rƒ.˛C ˛i /. The degree is given by an explicit computation.

Remark A.3
In Khovanov and Lauda’s diagrammatic categorification, the element Bk

Ci;�
corre-

sponds to a clockwise bubble with a dot of multiplicity �i � 1C k, and Bk
�i;�

corre-
sponds to a clockwise bubble with a dot of multiplicity ��i � 1C k.

A.2. A useful lemma
Assume that ˛ has the height n � 1. Let �0 D � � ˛j and �0i D h˛

_
i ; �

0i D �i � aij .
Consider the morphisms

Xi;j;� WE 0iF
0
i 1�

E 0
i
�0
j
F 0
i

E 0iE
0
jF
0
jF
0
i 1�

��

E 0jE
0
iF
0
iF
0
j 1�

E 0
j
O"0
i;�0

F 0
j

E 0jF
0
j 1�;

Ii;j;� WE 0iF
0
i 1�

O"0
i;�

1�

�0
j

E 0jF
0
j 1�:

The morphism Xi;j;� is represented by the composition

e.˛; i/Rƒ.˛C ˛i /e.˛; i/

�j

e.˛; ij /Rƒ.˛C ˛i C ˛j /e.˛; ij /

�n.�/�n

e.˛;j i/Rƒ.˛C ˛i C ˛j /e.˛;j i/

O"0
i;�0

e.˛;j /Rƒ.˛C ˛j /e.˛; j /;

and Ii;j;� is represented by

e.˛; i/Rƒ.˛C ˛i /e.˛; i/
O"0
i;�

Rƒ.˛/

j

e.˛; i/Rƒ.˛C ˛i /e.˛; i/:

In other words, given a 2 e.˛; i/Rƒ.˛C ˛i /e.˛; i/, we have

Xi;j;�.a/D O"
0
i;�0

�

n�j .a/
n

�
;

Ii;j;�.a/D �j O"
0
i;�.a/:
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Note that, since �j W Rƒ.ˇ/! Rƒ.ˇ C ˛j / is the canonical embedding for any
ˇ 2 QC, we write �j .b/ D be.ˇ; j / or simply �j .b/ D b for any b 2 Rƒ.ˇ/.
Note also that since Bk

˙i;�
2 Z.Rƒ.˛//, it can be viewed as an element in End.1�/.

Thus xrBs
˙i;�

xt defines an endomorphism of E 0i1�F
0
i D E 0iF

0
i for each

r , s, t 2N.

LEMMA A.4
The following hold:
(a) If i ¤ j , then Xi;j;� D ci;j;�aij ;0Ii;j;�.
(b) Xi;i;� D�Ii;i;�C

P
g1Cg2Cg3D��

0
i
�1 x

g1B
g2
Ci;�0

xg3 .

Note that if �0i � 0 the sum over g1; g2; g3 is empty, and hence Xi;i;� D�Ii;i;�.

Proof
Let us prove part (a). First, assume �i > 0. Then

aD ��n�1
�
�.a/

�
C

�i�1X
kD0

pk.a/x
k
n

with �.a/ 2 Rƒ.˛/e.˛ � ˛i ; i /˝Rƒ.˛�˛i / e.˛ � ˛i ; i /R
ƒ.˛/ and pk.a/ 2 Rƒ.˛/.

We have


n�j .a/
n D ��n�n�1�ne.˛�˛i ;ij i/
�
�.a/

�
C

�i�1X
kD0

pk.a/
nx
k
ne.˛; ij /
n:

The relations (d), (e), and (f) in Definition 3.1 yield

��n�n�1�ne.˛�˛i ;ij i/
�
�.a/

�
D �

.�n�1�n�n�1C
Qi;j .xn�1;xn/�Qi;j .xnC1;xn/

xn�1�xnC1
/e.˛�˛i ;ij i/

�
�.a/

�
;


nx
k
ne.˛; ij /
n D x

k
nC1


2
ne.˛; j i/D x

k
nC1Qj;i .xn; xnC1/e.˛; j i/:

Since �0i D �i � aij � �i > 0, we have Xi;j;�.a/ D p�0
i
�1.
n�j .a/
n/, the coeffi-

cient of x
�i�aij�1

nC1 . Since the degree of xnC1 in Qi;j .xn�1;xn/�Qi;j .xnC1;xn/

xn�1�xnC1
is at most

�aij � 1, which is less than �0i � 1 D �i � aij � 1, and since p�0
i
�1 �

.��n�1�n�n�1.�.a///D 0, we deduce that p�0
i
�1 kills ��n�n�1�ne.˛�˛i ;ij i/.�.a//.

Next, the degree of xnC1 in xknC1Qj;i .xn; xnC1/D x
k
nC1Qi;j .xnC1; xn/ is less

than or equal to k � aij with the coefficient of x
k�aij
nC1 given by ci;j;�aij ;0; therefore,
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p�0
i
�1

��i�1X
kD0

pk.a/
nx
k
ne.˛; ij /
n

�
D �j

�
p�i�1.a/

�
ci;j;�aij ;0

D ci;j;�aij ;0
�
�j ı O"i .a/

�
:

It follows that Xi;j;� D ci;j;�aij ;0Ii;j;�.
Now, we consider the case �i � 0. Let Qa 2Rƒ.˛/e.˛ � ˛i ; i /˝Rƒ.˛�˛i / e.˛ �

˛i ; i /R
ƒ.˛/ such that ��n�1. Qa/D a, �xk

n�1
. Qa/D 0 for k 2 Œ0;��i � 1�. We have


n�j .a/
n D ��n�n�1�ne.˛�˛i ;ij i/. Qa/

D �
.�n�1�n�n�1C

Qi;j .xn�1;xn/�Qi;j .xnC1;xn/

xn�1�xnC1
/e.˛�˛i ;ij i/

. Qa/:

Assume that �i ; �0i � 0. Then Xi;j;�.a/D �
x
��0
i

n

. ˜
n�j .a/
n/. We claim that

˜
n�j .a/
n D .1˝ 
n�1˝ 
n�1˝ 1/.�j ˝ �j / Qa: (59)

Denote the right-hand side by b. Concretely write Qa D
P
r Qa
0
r ˝ Qa

00
r with Qa0r 2

Rƒ.˛/e.˛ � ˛i ; i /, Qa00r 2 .˛ � ˛i ; i /R
ƒ.˛/; then b D

P
r Qa
0
re.˛ � ˛i ; ij /
n�1 ˝


n�1e.˛ � ˛i ; ij / Qa
00
r .

To prove (59), note that the degree of xn�1 in Qi;j .xn�1;xn/�Qi;j .xnC1;xn/

xn�1�xnC1
is less

than or equal to �aij � 1���i � 1; hence

�Qi;j .xn�1;xn/�Qi;j .xnC1;xn/
xn�1�xnC1

e.˛�˛i ;ij i/
. Qa/D 0:

We deduce

��n.b/D ��n�1�n�n�1e.˛�˛i ;ij i/. Qa/D 
n�j .a/
n;

�xkn
.b/D ��n�1xkn �n�1e.˛�˛i ;ij /. Qa/D �xkn�1Qij .xn�1;xn/e.˛�˛i ;ij /

. Qa/:

Next, using the fact that �xk
n�1
. Qa/D 0 for k 2 Œ0;��i � 1�, O"0i;�.a/D �x��i

n�1

. Qa/, and

the degree of xn�1 in Qij .xn�1; xn/ is at most �aij where the coefficient of x
�aij
n�1

equals ci;j;�aij ;0, we get �xk
n�1

Qij .xn�1;xn/e.˛�˛i ;ij /
. Qa/D 0 if k 2 Œ0;��i � 1C aij �

and

�
x
��0
i

n�1
Qij .xn�1;xn/e.˛�˛i ;ij /

. Qa/D ci;j;�aij ;0�j
�
�
x
��i
n�1

. Qa/
�
D ci;j;�aij ;0�j ı O"

0
i;�.a/:

Formula (59) follows, and we have Xi;j;�.a/D �
x
��0
i

n

.b/D ci;j;�aij ;0Ii;j;�.a/.

Now, assume that �i � 0 and �0i > 0. Then Xi;j;�.a/ D p�0
i
�1.
n�j .a/
n/. We

have p�0
i
�1.��n�1�n�n�1. Qa// D 0. Recall that Qi;j .u; v/ D

P
p;q�0 ci;j;p;qu

pvq ,
with p ��aij . We have
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Qi;j .xn�1; xn/�Qi;j .xnC1; xn/

xn�1 � xnC1
D

X
p;q�0

ci;j;p;q
x
p
n�1 � x

p
nC1

xn�1 � xnC1
xqn

D
X
p;q�0

ci;j;p;q

� X
r1Cr2Dp�1

x
r1
n�1x

r2
nC1

�
xqn :

The height of ˛ is n� 1, and hence xn, xnC1 centralize Rƒ.˛/. We deduce that

�Qi;j .xn�1;xn/�Qi;j .xnC1;xn/
xn�1�xnC1

e.˛�˛i ;ij i/
. Qa/

D
X
p;q�0

ci;j;p;q

� X
r1Cr2Dp�1

�
x
r1
n�1
. Qa/x

r2
nC1

�
xqne.˛; j i/:

Now �
x
r1
n�1
. Qa/¤ 0 only if r1 � ��i and p�0

i
�1.�xr1

n�1
. Qa/x

r2
nC1x

q
n/¤ 0 only if r2 �

�0i � 1D �i � aij � 1. Hence r1C r2 D p � 1��aij � 1 implies that

p�0
i
�1

�
�Qi;j .xn�1;xn/�Qi;j .xnC1;xn/

xn�1�xnC1
e.˛�˛i ;ij i/

. Qa/
�
D ci;j;�aij ;0�x��i

n�1

. Qa/e.˛; j /

D ci;j;�aij ;0�j ı O"
0
i;�.a/:

We get Xi;j;�.a/D ci;j;�aij ;0Ii;j;�.
Now, we concentrate on part (b) in the case �0i � 0. Since �0i D �i � 2, we have

�i � 2. Thus

aD ��n�1
�
�.a/

�
C

�i�1X
kD0

pk.a/x
k
n (60)

with �.a/ 2 Rƒ.˛/e.˛ � ˛i ; i /˝Rƒ.˛�˛i / e.˛ � ˛i ; i /R
ƒ.˛/ and pk.a/ 2 Rƒ.˛/.

We have


n�i .a/
n D ��n�n�1�ne.˛�˛i ;i3/
�
�.a/

�
C

�i�1X
kD0

pk.a/
nx
k
n
ne.˛; i

2/;

Xi;i;�.a/D p�0
i
�1

�

n�i .a/
n

�
:

Since Qi i D 0, the relation (f) in Definition 3.1 yields

��n�n�1�ne.˛�˛i ;i3/
�
�.a/

�
D ��n�1�n�n�1e.˛�˛i ;i3/

�
�.a/

�
:

Hence it is killed by p�0
i
�1 when �0i > 0. The relations (d) and (e) in Definition 3.1

imply
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nx
k
n
ne.˛; i

2/D xknC1

2
ne.˛; i

2/�
xkn � x

k
nC1

xn � xnC1

ne.˛; i

2/

D�
X

r1Cr2Dk�1

xr1n x
r2
nC1
ne.˛; i

2/

D�
X

r1Cr2Dk�1

xr1n

�

nx

r2
n C

X
g1Cg2Dr2�1

xg1n x
g2
nC1

�
D�

X
r1Cr2Dk�1

xr1n 
nx
r2
n �

X
g1Cg2Dk�2

.g1C 1/x
g1
n x

g2
nC1: (61)

If �0i > 0, then we deduce that

p�0
i
�1

�

nx

k
n
ne.˛; i

2/
�
D�p�i�3

� X
g1Cg2Dk�2

.g1C 1/x
g1
n x

g2
nC1

�

D

´
0 if k < �i � 1;

�1 if k D �i � 1:

By consequence, Xi;i;�.a/D�p�i�1.a/e.˛; i/D��i ı O"
0
i;�
.a/D�Ii;i;�.a/.

If �0i D 0, then we deduce that


n�i .a/
n D ��n�1�n�n�1e.˛�˛i ;i3/
�
�.a/

�
� p1.a/
ne.˛; i

2/

D ��n
�
.1˝ 
n�1˝ 
n�1˝ 1/.�i ˝ �i /�.a/� �i

�
p1.a/

�
˝ e.˛; i2/

�
:

Hence

O"0i;�0
�

n�i .a/
n

�
D �1

�
.1˝ 
n�1˝ 
n�1˝ 1/.�i ˝ �i /�.a/� �i

�
p1.a/

�
˝ e.˛; i2/

�
D��i

�
p1.a/

�
:

Here in the second equality we used the fact that 
2n�1e.˛�˛i ; i
3/D 0. Since �i D 2,

we have O"0
i;�
.a/D p1.a/. So we get again Xi;i;�.a/D�Ii;i;�.a/.

Finally, we prove part (b) for �0i < 0. By assumption, we have �0i D �i � 2 < 0.
First, if �i D 1, then aD ��n�1.�.a//C p0.a/ and O"0

i;�
.a/D p0.a/ as in (60). The

same computation as in the previous lemma yields


n�i .a/
n D ��n�1�n�n�1e.˛�˛i ;i3/
�
�.a/

�
:

Let b D .1 ˝ 
n�1 ˝ 
n�1 ˝ 1/.�i ˝ �i /�.a/. Then 
n�i .a/
n D ��n.b/ and

�x0n.b/D 0. Since �0i D�1, we deduce b D ˜
n�i .a/
n and
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O"0i;�0
�

n�i .a/
n

�
D �xn.b/

D ��n�1xn�n�1e.˛�˛i ;i2/
�
�.a/

�
D ��n�1e.˛�˛i ;i2/

�
�.a/

�
D a� �i

�
p0.a/

�
:

We conclude that Xi;i;�.a/D�Ii;i;�.a/C aD�Ii;i;�.a/CB0Ci;�0a.

It remains to consider the case �i � 0. Let Qa 2 Rƒ.˛/e.˛ � ˛i ; i / ˝Rƒ.˛�˛i /
e.˛ � ˛i ; i /R

ƒ.˛/ such that ��n�1. Qa/D a, �xk
n�1
. Qa/D 0 for k 2 Œ0;��i � 1�. We

have


n�i .a/
n D ��n�n�1�ne.˛�˛i ;i3/. Qa/

D ��n�1�n�n�1e.˛�˛i ;i3/. Qa/:

Let b D .1 ˝ 
n�1 ˝ 
n�1 ˝ 1/.�i ˝ �i /. Qa/ 2 Rƒ.˛ C ˛i /e.˛; i/ ˝Rƒ.˛/ e.˛; i/�
Rƒ.˛ C ˛i /. Then ��n.b/ D 
n�i .a/
n and �xkn

.b/ D ��n�1xkn �n�1e.˛�˛i ;i2/
. Qa/.

A computation similar to (61) yields


n�1x
k
n
n�1e.˛ � ˛i ; i

2/

D
� X
g1Cg2Dk�1

xg1n 
n�1x
g2
n �

X
g1Cg2Dk�2

.g2C 1/x
g1
n�1x

g2
n

�
e.˛ � ˛i ; i

2/:

Therefore, for 0� k ���0i , we have

�xkn
.b/D

X
g1Cg2Dk�1

xg1n ��n�1. Qa/x
g2
n �

X
g1Cg2Dk�2

.g2C 1/�xg1
n�1
. Qa/xg2n

D
X

g1Cg2Dk�1

xg1n ax
g2
n � ıkD��0i

�
x
��i
n�1

. Qa/:

Here we used the fact that ��n�1. Qa/ D a and �xk
n�1
. Qa/ D 0 for 0 � k � ��i � 1

in the second equality. Finally, recall from (7) that there are elements Q�` 2 Rƒ.˛ C
˛i /e.˛; i/˝Rƒ.˛/ e.˛; i/R

ƒ.˛C˛i / for 0� `���0i � 1 such that ��n. Q�`/D 0 and
�xkn

. Q�`/D ık;l . Set

c D b �

��0
i
�1X

kD0

� X
g1Cg2Dk�1

xg1n Q�kx
g2
n

�
:

Then ��n.c/ D ��n.b/ D 
n�i .a/
n and �xkn .c/ D 0 for 0 � k � ��0i � 1. Hence

c D ˜
n�i .a/
n, and Xi;i;�.a/ is equal to
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�
x
��0
i

n

.c/D �
x
��0
i

n

.b/�

��0
i
�1X

kD0

� X
g1Cg2Dk�1

xg1n a�
x
��0
i

n

. Q�k/x
g2
n

�
D��

x
��i
n�1

. Qa/e.˛; i/C
X

g1Cg2D��
0
i
�1

xg1n ax
g2
n

�

��0
iX

g3D1

X
g1Cg2D��

0
i
�1�g3

xg1n a�
x
��0
i

n

. Q���0
i
�g3

/xg2n

D�Ii;i;�.a/C
X

g1Cg2Cg3D��
0
i
�1

xg1n B
g3
Ci;�0

xg2n .a/:

In the second equality, we substituted g3 D ��0i � k. In the third equality, we used
the definition of Bg3

Ci;�0
for 0� g3 ���0i in Definition A.1.

Remark A.5
Assume that the Q-cyclicity condition in [10, (2.4), (2.5)] holds for Vƒ; that is, the
endomorphisms xi 2 End.E 0i /, 
ij 2 End.E 0iE

0
j / are such that

x_i D
_xi ; 
_ij D

_
ij :

See the notation in Section 2.1.4. Then, under the adjunction isomorphism
Hom.E 0iF

0
i ;E

0
jF
0
j / D Hom.FjEi ;FjEi /, part (a) of the previous lemma gives the

second equality in the mixed relation [10, (2.16)]. For i D j , under the same adjunc-
tion, part (b) gives the second equalities in [10, (2.22), (2.24), (2.26)]. The other rela-
tions in [10, Section 2.6.3] can be checked similarly. Since the computations are quite
lengthy and will not be needed, we omit the details here. Finally, the fake bubbles
relation [10, (2.20)] is proved in Lemma B.2(a) below. Therefore, assuming the Q-
cyclicity condition, we have proved that Vƒ carries a representation of Khovanov and
Lauda’s 2-Kac–Moody algebra. TheQ-cyclicity condition can probably be proved by
similar computations as in [18]. We have not checked this.

A.3. Proof of Proposition 3.10
Assume that ht.˛/ D n. For 	 D .	1; : : : ; 	n/ 2 I ˛ and k 2 Œ1; n�, we set 	.k/ D
.	1; : : : ; 	k/. Consider the map

O"� D O"�1 ı � � � ı O"�n W e.	/R
ƒ.˛/e.	/! k:

Recall that O"�k is a map

O"�k W e.	
.k//Rƒ

�
˛ �

nX
jDkC1

˛�j

�
e.	.k//! e.	.k�1//Rƒ

�
˛ �

nX
jDk

˛�j

�
e.	.k�1//:
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Next, we define an invertible element r� 2 k�0 by

r� D
Y
k<l

r�k ;�l ; where rij D

´
ci;j;�aij ;0 if j ¤ i;

1 if j D i:
(62)

Definition A.6
We define a k-linear map tƒ;˛ WRƒ.˛/! k by setting, for all 	; 	0 2 I ˛ ,

tƒ;˛
�
e.	/ � e.	0/

�
D

´
0 if 	 ¤ 	0;

r� O"�.e.	/ � e.	
0// if 	 D 	0:

We will abbreviate t˛ D tƒ;˛ and tƒ D
P
˛ t˛ . For 	 2 I ˛ , we set

r.˛; 	n/D

n�1Y
kD1

r�k ;�n : (63)

By Corollary 3.9, the map t˛ is homogenous of degree �dƒ;˛ . Note that r� D
r.˛; 	n/r�.n�1/ . Therefore we have

t˛.a/D r.˛ � ˛�n ; 	n/t˛�˛�n
�
O"�n.a/

�
; 8a 2 e.	/Rƒ.˛/e.	/: (64)

We will prove that t˛ is a symmetric form. First, note that the form t˛ is Frobe-
nius. Indeed, let E 0 D

L
�2In E

0
� and F 0 D

L
�2In F

0
� . By Theorem 3.8 we have an

adjoint pair .E 0;F 0/ relative to the counit
P
� O"� , where O"� W E 0F 0! 1 is the mor-

phism E 0�F
0
� ! 1 represented by the linear map O"� above and extended by 0. From

the discussion in Section 2.2.3 applied with B D k and AD Rƒ.n/, we deduce that
the linear form

P
� O"� W R

ƒ.n/! k is Frobenius, and hence t˛ W Rƒ.˛/! k is also
Frobenius. We must prove that for each w;z 2Rƒ.˛/ we have

t˛.zw/D t˛.wz/: (65)

Without loss of generality, we may assume that

z 2 e.	/Rƒ.˛/e.�/; w 2 e.�/Rƒ.˛/e.	/; (66)

the other cases being trivial. We will prove (65) by induction on the height of ˛.
Assuming it holds for all ˛’s of height n� 1, let us prove it for ˛ of height n. We will
write 	n D i , �n D j , ˇD ˛ � ˛i � ˛j , and �Dƒ� .˛ � ˛i /.

First, consider the case when z belongs to the image of the map

�ij D ��n�1 WR
ƒ.˛ � ˛i /e.ˇ; j /˝Rƒ.ˇ/ e.ˇ; i/R

ƒ.˛ � ˛j /

! e.˛ � ˛i ; i /R
ƒ.˛/e.˛ � ˛j ; j /
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for ˇ D ˛ � ˛i � ˛j , and w belongs to the image of �j i . Note that this is always the
case if i ¤ j or if i D j and �i � 0. In this situation, up to taking a linear combina-
tion, we may write

z D �i .z
0/
n�1�j .z

00/; wD �j .w
0/
n�1�i .w

00/; (67)

where �s is the canonical morphism Rƒ.˛ � ˛s/! e.˛ � ˛s; s/R
ƒ.˛/e.˛ � ˛s; s/

for s D i; j and

z0 2 e.	.n�1//Rƒ.˛ � ˛i /e.�; j /; z00 2 e.�; i/Rƒ.˛ � ˛j /e.�
.n�1//;

w0 2 e.�.n�1//Rƒ.˛ � ˛j /e.�; i/; w00 2 e.�; j /Rƒ.˛ � ˛i /e.	
.n�1//

for some �; � 2 I ˇ . By (64) and Rƒ.˛ � ˛i /-bilinearity of O"i , we have

t˛.zw/D r� O"�
�
�i .z
0/
n�1�j .z

00w0/
n�1�i .w
00/
�

D r.˛ � ˛i ; i /t˛�˛i
�
z0 O"i

�

n�1�j .z

00w0/
n�1
�
w00
�
:

Next, Lemma A.4 yields

O"i
�

n�1�j .z

00w0/
n�1
�
D rij �j O"i .z

00w0/C ıij
X

g1Cg2Cg3D��i�1

x
g1
n�1B

g2
Ci;�

z00w0x
g3
n�1:

Therefore t˛.zw/DA.z;w/CB.z;w/, where

A.z;w/D r.˛ � ˛i ; i /rij t˛�˛i
�
z0�j ı O"i .z

00w0/w00
�
;

B.z;w/D ıij r.˛ � ˛i ; i /t˛�˛i

� X
g1Cg2Cg3D��i�1

z0x
g1
n�1B

g2
Ci;�

z00w0x
g3
n�1w

00
�
:

Thus, the formula (65) follows from the identities

A.z;w/DA.w; z/; B.z;w/DB.w; z/: (68)

Let us first prove (68) for A.z;w/. We have

t˛�˛i
�
z0�j ı O"i .z

00w0/w00
�
D t˛�˛i

�
�j ı O"i .z

00w0/w00z0
�

D
�n�2Y
pD1

r�p ;j

�
tˇ
�
O"j
�
�j ı O"i .z

00w0/w00z0
��

D
�n�2Y
pD1

r�p ;j

�
tˇ
�
O"i .z
00w0/O"j .w

00z0/
�
:

Here, the first equality is because t˛�˛i is symmetric by induction; the second one is
given by (64) since O"i .z00w0/w00z0 2 e.�; j /Rƒ.˛ � ˛i /e.�; j /; and the third one is
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the Rƒ.ˇ/-bilinearity of O"j . Now, observe that rij .
Qn�2
pD1 r�p ;j /D

Qn�1
pD1 r�0p ;j . We

deduce that

A.z;w/D r.˛ � ˛i ; i /r.˛ � ˛j ; j /tˇ
�
O"i .z
00w0/O"j .w

00z0/
�
:

Exchanging z and w means also exchanging i and j , and 	 and �. So the right-hand
side is symmetric with respect to z and w. We deduce that A.z;w/DA.w; z/.

Next, since t˛�˛i is symmetric by the inductive hypothesis and since Bg2
Ci;�

belongs to the center of Rƒ.˛ � ˛i /, we have

B.z;w/D ıij r.˛ � ˛i ; i /t˛�˛i

� X
g1Cg2Cg3D��i�1

B
g2
Ci;�

x
g1
n�1z

00w0x
g3
n�1w

00z0
�
:

Exchanging z andw means also exchanging i and j , and 	 and�. But hereB.z;w/¤
0 only when i D j . In this situation, r.˛ � ˛i ; i /D r.˛ � ˛j ; j /. We conclude that
B.z;w/D B.w; z/. Hence, we have proved (65) when z and w are both of the form
(67).

If z and w are not of the form (67), then we must have i D j and �i > 0 as dis-
cussed in the paragraph before (67). In this situation, z 2 e.˛ � ˛i ; i /Rƒ.˛/e.˛ �
˛i ; i / can be uniquely written as z D ��n�1.�.z// C

P�i�1

kD0
pk.z/x

k
n (see Theo-

rem 3.7), and similarly for w. By the linearity of t˛ the remaining cases to be consid-
ered are
(1) z D zkx

k
n ;wDw

0
n�1w
00,

(2) z D zkx
k
n ;wDwlx

l
n,

for zk ;wl 2 Rƒ.˛ � ˛i /, k; l 2 Œ0; �i � 1�, and w0 2 Rƒ.˛ � ˛i /e.ˇ; i/;w
00 2

e.ˇ; i/Rƒ.˛ � ˛i /. Note that in both cases we have

t˛.zw �wz/D r� O"�.zw/� r� O"�.wz/

D r.˛; i/t˛�˛i
�
O"i .zw �wz/

�
:

Here, in the last equality, we used (64) and the fact that i D j . By induction, to prove
that t˛ is symmetric, it is enough to prove that O"i .zw�wz/ belongs to the commutator
of Rƒ.˛ � ˛i /. We do this case by case:
� We have zwD zkw0.xkn
n�1/e.ˇ; i

2/w00. Now

xkn
n�1e.ˇ; i
2/D

�

n�1xn�1C

X
pCqDk�1

x
p
n�1x

q
n

�
e.ˇ; i2/:

Hence O"i .zw/D p�i�1.zw/D 0. Similarly, O"i .wz/D 0.
� We have zw � wz D .zkwl � wlzk/xkCln . Hence O"i .zw � wz/D Œzk;wl ��

O"i .x
kCl
n /. Note that O"i .xkCln / belongs to the center ofRƒ.˛�˛i /. So O"i .zw�

wz/ belongs to the commutator of Rƒ.˛ � ˛i /.
The proof of Proposition 3.10 is now complete.
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Appendix B. Relations
In this section we prove Theorem 3.25.

B.1. A useful lemma
Let z 2 e.˛; i/Rƒ.˛C ˛i /e.˛; i/. Recall the following:
� If �i � 0, then z can be uniquely written as

z D ��n
�
�.z/

�
C

�i�1X
kD0

pk.z/x
k
nC1:

� If �i � 0, then there are Qz, Q�k 2Rƒ.˛/e.˛ � ˛i ; i /˝Rƒ.˛�˛i / e.˛ � ˛i ; i /�
Rƒ.˛/ such that ��n. Qz/D z, �xpn . Qz/D ��n. Q�k/D 0 and �xpn . Q�k/D ık;p for
k;p 2 Œ0;��i � 1�.

To prove Theorem 3.25, we will need the following technical result.

LEMMA B.1
For each r 2N, we have the following:
(a) If �i > 0, then

�
�
xrnC1e.˛; i/

�
D

r��iX
aD0

.B
r��i�a

Ci;�
˝ xan ˝ 1˝ 1/

�
�O�0i .1/

�
;

pk
�
xrnC1e.˛; i/

�
D

�i�k�1X
aD0

Br�k�aCi;� Ba�i;�; 8k 2 Œ0; �i � 1�:

(b) If �i � 0, then

�xrn. Qz/D

rC�iX
pD0

O"0i;�.zx
p
nC1/B

rC�i�p

�i;�
; 8z 2 e.˛; i/Rƒ.˛C ˛i /e.˛; i/;

�xrn. Q�k/D

��i�1X
aDk

Ba�kCi;�B
r�a
�i;�; 8k 2 Œ0;��i � 1�:

(c)
Pr
aD0B

r�a
Ci;�

Ba
�i;�
D ır;0.

Proof
First, assume that �i > 0. To simplify notation, we write xrnC1 D x

r
nC1e.˛; i/. We

have

xrC1nC1 D xnC1

�
��n

�
�.xrnC1/

�
C

�i�1X
kD0

pk.x
r
nC1/x

k
nC1

�
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D �xnC1�n
�
�.xrnC1/

�
C

�i�1X
kD0

pk.x
r
nC1/x

kC1
nC1

D ��nxn
�
�.xrnC1/

�
C "0i

�
�.xrnC1/

�
C

�i�1X
kD0

pk.x
r
nC1/x

kC1
nC1 :

Here, in the last equality, we used .xnC1
 � 
nxn � 1/e.˛ � ˛i ; i2/ D 0 and
�1 D "

0
i . It follows that

�.xrC1nC1/D .1˝ xn˝ 1˝ 1/�.x
r
nC1/C p�i�1.x

r
nC1/�.x

�i
nC1/; (69)

p0.x
rC1
nC1/D "

0
i

�
�.xrnC1/

�
C p�i�1.x

r
nC1/p0.x

�i
nC1/; (70)

pk.x
rC1
nC1/D pk�1.x

r
nC1/C p�i�1.x

r
nC1/pk.x

�i
nC1/; 8k 2 Œ1; �i � 1�: (71)

Now, recall that p�i�1.x
rC�i�1
nC1 /D O"0

i;�
.x
rC�i�1
nC1 /D Br

Ci;�
, pk.x

�i
nC1/D B

�i�k

�i;�
and

O�0
i;�
D��.x

�i
nC1/.

If r < �i , then the first equality in part (a) is trivial with both sides being zero. If
r � �i , then it follows recursively from (69).

Next, by applying recursively (71), we obtain

pk.x
rC�i
nC1 /D p0.x

rC�i�k
nC1 /�

k�1X
aD0

Br�aCi;�B
�i�kCa

�i;�
:

Substituting p0.x
rC�i�k
nC1 / using (70) gives

pk.x
rC�i
nC1 /D "

0
i

�
�.x

rC�i�k�1
nC1 /

�
�

kX
aD0

Br�aCi;�B
�i�kCa

�i;�
:

Apply this to the special case k D �i � 1 and we get

"0i
�
�.xrnC1/

�
D

�iX
aD0

BrC1�a
Ci;�

Ba�i;�: (72)

Therefore, we deduce that

pk.x
rC�i
nC1 /D

�iX
aD0

B
rC�i�k�a

Ci;�
Ba�i;� �

�iX
aD�i�k

B
rC�i�k�a

Ci;�
Ba�i;�

D

�i�1�kX
aD0

B
rC�i�k�a

Ci;�
Ba�i;�:

This proves the second equality in part (a) for r � �i .
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On the other hand, we have

"0i
�
�.xrnC1/

�
D

r��iX
aD0

B
r��i�a

Ci;�
�xan

�
�O�0i .1/

�
D�

rC1X
aD�iC1

BrC1�a
Ci;�

Ba�i;�

by the first equality in part (a). Combined with (72) it gives part (c) for r > 0. The
case r D 0 is obvious.

Finally, for r � �i � 1 we have pk.xrnC1e.˛; i//D ık;r and

�i�k�1X
aD0

Br�k�aCi;� Ba�i;� D

r�kX
aD0

Br�k�aCi;� Ba�i;� D ır;k

by part (c). We deduce the second equality in part (a) for r � �i � 1.
The case �i � 0 is proved by a computation of similar style. We only indicate

some key steps. First, one checks by a direct computation that

z̃xnC1 D .1˝ xn˝ 1˝ 1/ Qz � O"
0
i;�.z/ O�

0
i .1/:

Applying it recursively, we get

z̃xrnC1 D .1˝ x
r
n˝ 1˝ 1/ Qz �

r�1X
pD0

O"0i;�.zx
p
nC1/.1˝ x

r�1�p
n ˝ 1˝ 1/ O�0i .1/:

The first equality in (b) is obtained by applying �
x
��i
n

to both sides of the above

equality with r replaced by r C �i . To prove the second equality, observe that for
k;p 2 Œ0;��i � 2� we write AD .1˝ xn ˝ 1˝ 1/ Q�kC1, and we have ��n.A/D 0,
�xpn .A/D ık;p , and �

x
��i�1
n

.A/D�B
��i�k�1

�i;�
. We deduce that

Q�k D

��i�1�kX
pD0

B
��i�k�1�p

�i;�
.1˝ xpn ˝ 1˝ 1/ O�

0
i;�.1/:

Now, apply �xrn to both sides, and we get the second equality in (b). Finally, to get
(c), observe that the first equality applied to z D 1 yields

�xrn.
Q1/D

rC1X
pD��iC1

B
p

Ci;�
B
rC1�p

�i;�
:

On the other hand, it is easy to check that �Q1D .1˝ xn˝ 1˝ 1/ Q�0CB
��i
Ci;�
O�0
i;�
.1/.

Hence

��xrn.
Q1/D �

x
rC1
n

. Q�0/CB
��i
Ci;�

B
rC1C�i
�i;�

D

��iX
pD0

B
p

Ci;�
B
rC1�p

�i;�

by the second equality in (b). Combining the two equalities gives (c).
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B.2. The Cartan loop operators
Consider the following formal power series:

B˙i;�.z/D
X
k�0

Bk˙i;�z
k 2 Z

�
Rƒ.˛/

��
Œz�
�
:

The aim of this section is to express the coefficients of the formal series B˙i;�.z/
as elements in the image of the canonical map Z.R.˛//!Z.Rƒ.˛// (see Proposi-
tion B.3 for details). To do that, fix formal variables yi;1; : : : ; yi;ƒi of degree 2 such
that

aƒi .u/D

ƒiY
pD1

.uC yip/ with cip D ep.yi;1; : : : ; yi;ƒi /: (73)

Consider the following formal series in kŒŒu; v��:

qij .u; v/D

´
u�aijQij .u

�1; v/=ci;j;�aij ;0 if i ¤ j;

.1� uv/�2 else.
(74)

LEMMA B.2
For each ˛ 2QC of height n, we have
(a) BCi;�.z/B�i;�.z/D 1;
(b) .B˙i;�.z/� qij .z; xn/

�1B˙i;�C˛j .z//e.˛ � ˛j ; j /D 0 for each i; j .

Proof
Part (a) will be proved in Lemma B.1(c) below. Now, we concentrate on (b). By (a),
it is enough to prove it for BCi;�.z/. Write ˇD ˛ � ˛j and �0 Dƒ� ˇD �C ˛j .

First, assume that i D j . Recall that

'ne.ˇ; i
2/D .xn
n � 
nxn/e.ˇ; i

2/ 2Rƒ.˛C ˛i /:

We have

xknC1e.ˇ; i
2/

D 'nx
k
n'ne.ˇ; i

2/

D .xn
n � 
nxn/x
k
n .xn
n � 
nxn/e.ˇ; i

2/

D
�
xn.
nx

kC1
n 
n/� 
nx

kC2
n 
n � xn.
nx

k
n
n/xnC .
nx

kC1
n 
n/xn

�
e.ˇ; i2/:

By Lemma A.4(b), for all ` 2N, we have
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O"0i;�
�

nx

`
n
ne.ˇ; i

2/
�
DXi;i;�0

�
x`ne.ˇ; i/

�
D
�
�Ii;i;�0 C

X
g1Cg2Cg3D��i�1

xg1B
g2
Ci;�

xg3
��
x`ne.ˇ; i/

�
D�O"0i;�0

�
x`ne.ˇ; i/

�
C

X
g1Cg2Cg3D��i�1

x`Cg1n B
g2
Ci;�

xg3n :

If k ���i C 1, then k � 2���0i C 1, and we have

BkCi;� D O"
0
i;�

�
x
�i�1Ck
nC1 e.˛; i/

�
; B lCi;�0 D O"

0
i;�0

�
x�i�3Cln e.ˇ; i/

�
; 8l � k � 2:

In this situation,

BkCi;�e.ˇ; i/D O"
0
i;�

�
x
�i�1Ck
nC1 e.˛; i/

�
e.ˇ; i/

D O"0i;�
�
x
�i�1Ck
nC1 e.ˇ; i2/

�
D�2xn O"

0
i;�0

�
x�iCkn e.ˇ; i/

�
C O"0i;�0

�
x�iCkC1n e.ˇ; i/

�
C x2n O"

0
i;�0

�
x�iCk�1n e.ˇ; i/

�
D .BkCi;�0 � 2xnB

k�1
Ci;�0 C x

2
nB

k�2
Ci;�0/e.ˇ; i/: (75)

In particular, this yields

BCi;�.z/e.ˇ; i/D .1� xnz/
2BCi;�0.z/e.ˇ; i/ if �i � 0:

If �i < 0, then we must also check (75) for k ���i . Consider the element

Ak D .1˝ 
n�1˝ 
n�1˝ 1/.�i ˝ �i /. Q���0
i
�k � 2xn Q���0

i
�.k�1/C x

2
n Q���0i�.k�2/

/

inRƒ.˛/e.ˇ; i/˝Rƒ.ˇ/ e.ˇ; i/R
ƒ.˛/. Here Q���0

i
�l 2R

ƒ.ˇ/e.ˇ�˛i ; i /˝Rƒ.ˇ�˛i /

e.ˇ � ˛i ; i /R
ƒ.ˇ/ is the element defined in (8) for l 2 Œ1;��0i �, and we set Q��1 D

�ẽ.ˇ; i/ and Q��2 D� ˜xne.ˇ; i/, where e.ˇ; i/ and xne.ˇ; i/ are viewed as elements
in e.ˇ; i/R.˛/e.ˇ; i/. One can check by direct computation that ��n.Ak/ D 0,
�xan .Ak/D ıa;��i�ke.ˇ; i/ for a 2 Œ0;��i � 1�, and that

�
x
��i
n

.Ak/D .B
k
Ci;�0 � 2xnB

k�1
Ci;�0 C x

2
nB

k�2
Ci;�0/e.ˇ; i/:

It follows that Ak D Q���i�ke.ˇ; i/ and

BkCi;�e.ˇ; i/D �x��in

.Ak/D .B
k
Ci;�0 � 2xnB

k�1
Ci;�0 C x

2
nB

k�2
Ci;�0/e.ˇ; i/:

The proof for part (b) in the case i D j is complete.
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Finally, assume that i ¤ j . By relation (d) in Definition 3.1, we have


nx
k
n
ne.ˇ; j i/D x

k
nC1


2
ne.ˇ; j i/D

X
p;q

ci;j Ip;qx
pCk
nC1 x

q
ne.ˇ; j i/:

Applying O"0
i;�

to both sides of the equality, we get

ci;j;�aij ;0 O"
0
i;�0.x

k
n /e.ˇ; j /D

X
p;q

ci;j;p;q O"
0
i;�

�
x
pCk
nC1 e.˛; i/

�
xqne.ˇ; j /

by Lemma A.4(a). Hence, if k ���i C 1, then we get

ci;j;�aij ;0B
k�aij
Ci;�0

e.ˇ; j /D
X
p;q

ci;j;p;qB
kCp

Ci;�
xqne.ˇ; j /:

Now, assume that k � ��i . Then k � aij � ��
0
i . In this case, B

k�aij
Ci;�0

D

��
x
��0
i

n�1

. Q���i�k/ with Q���i�k 2 R
ƒ.ˇ/e.ˇ � ˛i ; i /˝Rƒ.ˇ�˛i / e.ˇ � ˛i ; i /R

ƒ.ˇ/.

Set

Ak D .1˝ 
n�1˝ 
n�1˝ 1/.�j ˝ �j /. Q���i�k/:

Then we have the following equalities in e.˛; i/Rƒ.˛C ˛i /e.˛; i/:

��n.Ak/D ��n�1�n�n�1e.ˇ�˛i ;ij i/. Q���i�k/

D �
.�n�n�1�n�

P
p;q ci;j;p;q.

Pp�1
aD0

xa
n�1

x
p�1�a
nC1

/x
q
n/e.ˇ�˛i ;ij i/

. Q���i�k/

D�
X
p;q

ci;j;p;q

�p�1X
aD0

�xa
n�1
. Q���i�k/x

p�1�a
nC1

�
xqne.ˇ; j i/;

because ��n�n�1�n. Q���i�k/ D 
n��n�1. Q���i�k/
n D 0. Since �xa
n�1
. Q���i�k/ D

ıa;��i�k for a 2 Œ0;��0i � 1�, for any p 2 Œ0;�aij �, we have

p�1X
aD0

�xa
n�1
. Q���i�k/x

p�1�a
nC1

D

´
�
P
q ci;j;p;qx

q
nx

p�1C�iCk
nC1 e.ˇ; j i/ if p >��i � kC 1;

0 otherwise.

Next, for any positive integer l , we have

�xln
.Ak/D ��n�1xln�n�1e.ˇ�˛i ;ij /. Q���i�k/

D �.xl
n�1

P
p;q ci;j;p;qx

p
n�1

x
q
n/e.ˇ�˛i ;ij /

. Q���i�k/

D
X
p;q

ci;j;p;q�xlCp
n�1

. Q���i�k/x
q
ne.ˇ; j /:
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In particular, since �xa
n�1
. Q���i�k/D ıa;��i�k for a 2 Œ0;��0i � 1�, we get

�
x
��i
n

.Ak/D ci;j;�aij ;0�
x
��0
i

n�1

. Q���i�k/e.ˇ; j /D�ci;j;�aij ;0B
k�aij
Ci;�0

e.ˇ; j / (76)

and for l 2 Œ0;��i � 1� we have

�xln
.Ak/

D

´P
q ci;j;.��i�k�l/;qx

q
ne.ˇ; j / if l 2 Œmin¹0;��i � kC aij º;��i � k�;

0 otherwise.

It follows that

Ak D�

�aijX
pD��i�kC1

X
q

ci;j;p;qx
q
n.

˜
x
p�1C�iCk
nC1 /e.ˇ; j i/

C

��i�kX
pD0

X
q

ci;j;p;qx
q
ne.ˇ; j / Q���i�p�k

in Rƒ.˛/e.˛�˛i ; i /˝Rƒ.˛�˛i / e.˛�˛i ; i /R
ƒ.˛/. By applying �

x
��i
n

to both sides

of the equation and by (76) and Definition A.1, we get

ci;j;�aij ;0B
k�aij
Ci;�0

e.ˇ; j /D
X
p;q

ci;j;p;qB
kCp

Ci;�
xqne.ˇ; j /:

The proof for part (b) is now complete.

We can now prove the main result of this section.

PROPOSITION B.3
For each ˛ 2QC of height n, we have

B˙i;�.z/D z
�ƒiaƒi .z

�1/�1
X
�2I˛

nY
kD1

qi�k .z; xk/
�1e.	/:

Proof
The relation aƒi .x1/ D 0 yields xƒi1 D �

Pƒi�1

kD0
ek.yi;1; : : : ; yi;ƒi /x

ƒi�k
1 . There-

fore, for k 2 Œ1;ƒi � we have Bk�i;ƒ D �pƒi�k.x
ƒi
1 / D ek.yi;1; : : : ; yi;ƒi /, and for

k >ƒi , since �0i;ƒ D��.x
ƒi
1 /D 0, we deduce that Bk�i;ƒ D 0. So we have

B�i;ƒ.z/D

ƒiX
pD0

B
p
�i;ƒz

p D

ƒiX
pD0

ep.yi;1; : : : ; yi;ƒi /z
p D

ƒiY
pD1

.1C yipz/:
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We deduce that B˙i;ƒ.z/D
Qƒi
pD1.1C yipz/

�1. Now, by Lemma B.2, we have

B˙i;�.z/D B˙i;�0.z/
X
j

qij .z; xn/
�1e.˛ � ˛j ; j /

D B˙i;ƒ.z/
X
�2I˛

nY
kD1

qi�k .z; xk/
�1e.	/:

B.3. Proof of Theorem 3.25
Consider the operator hir 2 Endk.tr.C=Z// which acts on tr.Rƒ.˛// by multiplica-
tion by the central element

hir;� D

rX
kD0

.�i � k/B
r�k
Ci;�B

k
�i;�

in Rƒ.˛/. Then, define the following formal series:

‰i .z/D
X
r�0

 irz
r D exp

�
�
X
r�1

hirz
r=r

�
; Hi .z/D

X
r�0

hirz
r : (77)

The following holds.

LEMMA B.4
The operator  ir acts on tr.Rƒ.˛// by multiplication by Br

�i;�
.

Proof
By definition, the operator hir acts by multiplication by the element

hir;� D

rX
kD0

.�i � k/B
r�k
Ci;�B

k
�i;�:

Since B˙i;�.z/ D
P
k�0B

k
˙i;�

zk and since BCi;�.z/B�i;�.z/ D 1 by Lemma B.2,
we deduce that

Hi;�.z/D �i � zd=dz logB�i;�.z/:

Now, from (77) we get

Hi .z/D hi0 � zd=dz log‰i .z/:

Hence, the formal series ‰i .z/ acts on tr.Rƒ.˛// by multiplication by B�i;�.z/.
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Finally, let ai;j;p;q 2 k be such that

qij .u; v/D
X
p;q�0

ai;j;p;qu
pvq:

We can now prove the following.

PROPOSITION B.5
For each i; j 2 I , r; s 2N, we have
(a) Œhir ; hjs�D 0;
(b) ŒxCir ; x

�
js�D ıijhi;rCs;

(c)  irx
�
js D

P
p;q�0 ai;j;p;qx

�
j;sCq i;r�p and xCjs ir D

P
p;q�0 ai;j;p;q �

 i;r�px
C
j;sCq;

(d)
P
p;q�0 ci;j;p;qŒx

˙
i;rCp; x

˙
j;sCq�D 0 if i ¤ j ;

(e) Œx˙i;r ; x
˙
i;s�D 0;

(f) Œx˙i;r1 ; Œx
˙
i;r2
; : : : ; Œx˙i;rm ; x

˙
j;s� : : : ��D 0 with i ¤ j , rp 2N, mD 1� aij .

Proof
The first relation is obvious. Let us concentrate on part (b). If i ¤ j , then we have an
isomorphism �j i;� W FjEi1� ' EiFj 1� such that �j i;�.xsjx

r
i /�
�1
ji;�
D xri x

s
j . Hence,

by Lemma 2.3 we have trFjEi1�.x
s
jx
r
i /D trEiFj 1�.x

r
i x
s
j /, which is ŒxCir ; x

�
js�D 0.

Now consider the case i D j . First, assume that �i > 0. LetG D FiEi1�˚1
˚�i
�

.
Recall the isomorphism of functors �i;� WG!EiFi1�. By Lemma 2.3, we have

xCirx
�
is D trEiFi .x

r
i x
s
i /D trG

�
��1i;�.x

r
i x
s
i /�i;�

�
and it is equal to the sum of the trace of ��1

i;�
.xri x

s
i /�i;� restricted to each direct factor

of G. The restriction of ��1
i;�
.xri x

s
i /�i;� to FiEi1� is represented by

Rƒ.˛/e.˛ � ˛i ; i /˝Rƒ.˛�˛i / e.˛ � ˛i ; i /R
ƒ.˛/

!Rƒ.˛/e.˛ � ˛i ; i /˝Rƒ.˛�˛i / e.˛ � ˛i ; i /R
ƒ.˛/;

z 7! �
�
xrnC1��n.z/x

s
nC1

�
:

Now, we have

�
�
xrnC1��n.z/x

s
nC1

�
D �

�
�xr

nC1
�nx

s
nC1

.z/
�

D �
�
�xsn�nxrn.z/C

rCs�1X
pD0

�
x
rCs�1
n

.z/x
p
nC1

�



ON THE CENTER OF QUIVER HECKE ALGEBRAS 1089

D .1˝ xsn˝ x
r
n˝ 1/.z/C

rCs�1X
pD�i

�
x
rCs�1�p
n

.z/�.x
p
nC1/

D .1˝ xsn˝ x
r
n˝ 1/.z/

�

rCs�1X
pD�i

p��iX
aD0

�
x
rCs�1�p
n

.z/.B
p��i�a

Ci;�
˝ xan ˝ 1˝ 1/ O�

0
i .1/:

Here we used the relation (e) in Definition 3.1 to get the second equality and
Lemma B.1 for the last equality. It yields that the restriction of ��1

i;�
.xri x

s
i /�i;� to

FiEi1� is the endomorphism

xsi x
r
i �

rCs�1X
pD�i

p��iX
aD0

.B
p��i�a

Ci;�
Fix

a
i / ı O�

0
i ı "

0
i ı .Fix

rCs�1�p
i /;

and its trace is equal to

trFiEi1�.x
s
i x
r
i /� tr1�

�rCs�1X
pD�i

p��iX
aD0

B
p��i�a

Ci;�
"0i ı .Fix

rCs�1�pCa
i / ı O�0i

�

D x�isx
C
ir �

rCs�1X
pD�i

p��iX
aD0

B
p��i�a

Ci;�
B
rCs�pCaC�i
�i;�

D x�isx
C
ir C

rCsX
aD�iC1

.�i � a/B
rCs�a
Ci;�

Ba�i;�: (78)

The restriction of ��1
i;�
.xri x

s
i /�i;� to the kth copy of 1� is represented by the map

Rƒ.˛/! Rƒ.˛/, z 7! pk.x
r
nC1zx

sCk
nC1/D zpk.x

rCsCk
nC1 /. By the second equality in

Lemma B.1(a), it is equal to
P�i�k�1
aD0 BrCs�a

Ci;�
Ba
�i;�

. Combined with (78) we obtain

xCirx
�
is D trG

�
��1i;�.x

r
i x
s
i /�i;�

�
D x�isx

C
ir C

rCsX
aD�iC1

.�i � a/B
rCs�a
Ci;�

Ba�i;�C

�i�1X
kD0

�i�k�1X
aD0

BrCs�a
Ci;�

Ba�i;�

D x�isx
C
ir C

rCsX
aD�iC1

.�i � a/B
rCs�a
Ci;�

Ba�i;�C

�i�1X
aD0

.�i � a/B
rCs�a
Ci;�

Ba�i;�

D x�isx
C
ir C hi;rCs:
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Now, assume that �i < 0. Let G DEiFi1� ˚ 1
˚.��i /

�
, and consider the isomor-

phism �i;� W FiEi1�!G. By Lemma 2.3, we have

x�isx
C
ir D trFiEi .x

s
i x
r
i /D trG

�
�i;�.x

s
i x
r
i /�
�1
i;�

�
and it is equal to the sum of the trace of �i;�.xsi x

r
i /�
�1
i;�

restricted to each direct factor
of G. The restriction of �i;�.xsi x

r
i /�
�1
i;�

to EiFi1� is represented by

e.˛; i/Rƒ.˛C ˛i /e.˛; i/! e.˛; i/Rƒ.˛C ˛i /e.˛; i/;

z 7! �xsn�nxrn. Qz/:

By relation (e) in Definition 3.1 and the definition of Qz, we have

�xsn�nxrne.˛�˛i ;i2/. Qz/D x
r
nC1zx

s
nC1 �

rCs�1X
pD��i

�xpn . Qz/x
rCs�1�p
nC1 :

The restriction of �i;�.xsi x
r
i /�
�1
i;�

to the kth copy of 1� is represented by

Rƒ.˛/!Rƒ.˛/; a 7! a�
x
rCkCs
n

. Q�k/:

Now, relation (b) follows from Lemma B.1(b) and the fact that

trEiFi1�
�
.Eix

a
i / ı �

0
i;� ı O"

0
i;� ı .Eix

b
i /
�
D tr1�

�
O"0i;�.Eix

aCb
i / ı �0i;�

�
using similar computation as in the previous case. We leave the details to the reader.

Next, we prove (c). Consider the formal series X�j .w/ D
P
s�0 x

�
jsw

s . From
Proposition B.3 and Lemma B.4 we deduce that, for each f 2Rƒ.˛/, we have

X�j .w/
�
tr.f /

�
D tr

�X
s�0

xsnC1w
sfe.˛; j /

�
;

‰i .z/X
�
j .w/‰i .z/

�1
�
tr.f /

�
D tr

�
qij .z; xnC1/

X
s�0

xsnC1w
sfe.˛; j /

�
:

This yields the first equation of (c). The second one is obtained in a similar way.
Let us now prove relation (d). Consider the endomorphism xri x

s
j 
j i
ij on EiEj .

We have xri x
s
j 
j i
ij D 
j ix

s
jx
r
i 
ij . Therefore,

trEiEj .x
r
i x
s
j 
j i
ij /D trEiEj .
j ix

s
jx
r
i 
ij /D trEjEi .x

s
jx
r
i 
ij 
j i /:

Next, by relation (d) in Definition 3.1, we have


j i
ij DQij .xi ; xj /D
X
p;q

ci;j;p;qx
p
i x

q
j DQj i .xj ; xi /D 
ij 
j i :
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Put this back into the equation above and we getX
p;q

ci;j;p;q
�
trEiEj .x

rCp
i x

sCq
j /� trEjEi .x

sCq
j xrCsi /

�
D 0;

which is the relation (d) .
Next, let us prove (e). The functor E2i acting on Rƒ.˛/ is represented by the

bimodule e.˛ � 2˛i ; i2/Rƒ.˛/. A morphism xri x
s
i on E2i is represented by the left

multiplication by xrn�1x
s
n if ˛ has height n. It is enough to consider the case nD 2.

The intertwiner '1 D .x1 � x2/
1 C 1 is such that '1.xr1x
s
2/e.i

2/D .xr2x
s
1/'1e.i

2/

and '21e.i
2/ D e.i2/. It follows that trE2

i
.xri x

s
i / D trE2

i
.xsi x

r
i /. Hence xCirx

C
is D

xCisx
C
ir . The proof for x� is similar.
Finally, let us prove relation (f). By (e), it is equivalent to prove the following

relation: X
w2Sm

�
x˙i;rw.1/ ;

�
x˙i;rw.2/ ; : : : ; Œx

˙
i;rw.m/

; x˙j;r0 � : : :
��
D 0

with i ¤ j; rp 2N and mD 1� aij :

We will prove it for xC; the proof for x� is similar. First, recall that the functor E.a/i
is the image of the divided power operator

ei;a D x
a�1
1 � � �xa�1
w0 2R.a˛i /

by the canonical morphism R.a˛i /! End.Eai /. The element ei;a is an idempotent,

and we have Eai ' .E
.a/
i /˚aŠ (see, e.g., [22] for details).

Given i; j 2 I with i ¤ j , we write m D 1 � aij . In [22, Proposition 6], an
isomorphism of functors

˛0 W

Œm2 �M
aD0

E
.2a/
i EjE

.m�2a/
i

�
!

Œm�12 �M
aD0

E
.2aC1/
i EjE

.m�2a�1/
i

and a quasi-inverse ˛00 are constructed.
If aij D 0, then we have ˛0 D 
j i W EjEi ! EiEj and ˛00 D c�1ij;0;0
ij . Since

i ¤ j , we have ˛0.xsjx
r
i /D .x

r
i x
s
j /˛
0. Hence

xCj;sx
C
i;r D trEjEi .x

s
jx
s
i /

D trEiEj
�
˛00.xri x

s
j /˛
0
�

D trEiEj .x
r
i x
s
j /D x

C
i;rx
C
j;s;

yielding relation (f) in this case.
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Assume now that aij < 0. Then the maps ˛0, ˛00 are given by

˛0 D

Œm�12 �X
aD0

˛C
.2a;m�2a/

C

Œm2 �X
aD0

˛�.2a;m�2a/;

˛00 D

Œm2 �X
aD0

˛�.2aC1;m�1�2a/ �

Œm�12 �X
aD0

˛�.2aC1;m�1�2a/;

where for a 2 Œ0;m� and b Dm� a, we have

˛C
a;b
D .ei;aC1Ej ei;b�1/ ı 
aC1 ı 
aC2 � � � ı 
aCb ı �a W

E
.a/
i EjE

.b/
i ! E

.aC1/
i EjE

.b�1/
i ;

˛�a;b D .ei;a�1Ej ei;bC1/ ı 
a ı 
a�1 � � � ı 
1 ı �a W

E
.a/
i EjE

.b/
i ! E

.a�1/
i EjE

.bC1/
i :

Here �a W E
.a/
i EjE

.b/
i ! Eai EjE

b
i is the canonical embedding, and 
k acts by 
 on

the kth and .kC 1/th copy of E in the sequence Eai EjE
b
i .

Given any integers r1; : : : ; rm; s 2N, we define for each a 2 Œ0;m� a morphism

„a D
X
w2Sm

x
rw.1/
i � � �x

rw.a/
i xsjx

rw.aC1/
i � � �x

rw.m/
i 2 End.Eai EjE

b
i /: (79)

Note that „a is symmetric in the first a-tuple of xi ’s and also in the last b-tuple of
xi ’s; hence it commutes with the divided power operator ei;aEj ei;b . By consequence,

„a restricts to a well-defined endomorphism of E.a/i EjE
.b/
i , which we denote again

by „a. Further, since Eai EjE
b
i ' .E

.a/
i EjE

.b/
i /˚aŠbŠ, we have trEa

i
EjE

b
i
.„a/ D

.aŠbŠ/ tr
E
.a/

i
EjE

.b/

i

.„a/.

CLAIM B.6
We have
(a) X

w2Sm

�
xCi;rw.1/ ;

�
: : : ; ŒxCi;rw.m/ ; x

C
j;s� : : :

��
DmŠ

X
aCbDm

.�1/b tr
E
.a/

i
EjE

.b/

i

.„a/I

(b) ˛C
a;b
„a D„aC1˛

C
a;b

, ˛�
a;b
„a D„a�1˛

�
a;b

.

Let us show how to deduce relation (f) from this claim. Part (b) implies that the
following diagram commutes:
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LŒm2 �

aD0E
.2a/
i EjE

.m�2a/
i

˛0

�

L
a„2a

LŒm�12 �

aD0 E
.2aC1/
i EjE

.m�2a�1/
i

L
a„2aC1LŒm2 �

aD0E
.2a/
i EjE

.m�2a/
i

˛0

�

LŒm�12 �

aD0 E
.2aC1/
i EjE

.m�2a�1/
i

Therefore,

Œm2 �X
aD0

tr
E
.2a/

i
EjE

.m�2a/
i

.„2a/

D

Œm�12 �X
aD0

tr
E
.2aC1/
i

EjE
.m�2a�1/
i

.„2aC1/:

Hence by part (a) of the claim we get
P
w2Sm

ŒxCi;rw.1/ ; Œ: : : ; Œx
C
i;rw.m/

; xCj;s� : : : ��D 0

as desired.
It remains to prove the claim. Let us introduce some more notation. For a 2 Œ0;m�

let �a D ¹k D .k1; : : : ; ka/ 2 Na j 1 � k1 < k2 < � � � < ka �mº, and for k 2 �a we
set kı D .l1; : : : ; lb/ 2 �b such that ¹k1; : : : ; kaº [ ¹l1; : : : ; lbº D ¹r1; : : : ; rmº. Let
S.a;b/ be the set of minimal representatives of the left cosets Sm=Sa �Sb . Then
the map w 7! w.1; 2; : : : ;m/ yields a bijection S.a;b/ ' �a. Let wb be the longest
element in Sb . Given any sequence r1; : : : ; rm and s 2N we have�

xCi;r1 ;
�
xCi;r2 ; : : : ; Œx

C
i;rm

; xCj;s� : : :
��

D

mX
aD0

.�1/b
X

k2�a;lDkı

xCi;rk1
: : : xCi;rka

xCj;sx
C
i;rlb

: : : xCi;rl1

D

mX
aD0

.�1/b
X

y2S.a;b/wb

xCi;ry.1/ � � �x
C
i;ry.a/

xCj;sx
C
i;ry.aC1/

� � �xCi;ry.m/ :

It follows thatX
w2Sm

�
xCi;rw.1/ ;

�
xCi;rw.2/ ; : : : ; Œx

C
i;rw.m/

; xCj;s� : : :
��
D

D

mX
aD0

.�1/b
X

y2S.a;b/wb

X
w2Sm

xCi;rwy.1/ � � �x
C
i;rwy.a/

xCj;sx
C
i;rwy.aC1/

� � �xCi;rwy.m/

D

mX
aD0

.�1/b
mŠ

aŠbŠ

X
w2Sm

xCi;rw.1/ � � �x
C
i;rw.a/

xCj;sx
C
i;rw.aC1/

� � �xCi;rw.m/
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D

mX
aD0

.�1/b
mŠ

aŠbŠ
trEa

i
EjE

b
i
.„a/

DmŠ

mX
aD0

.�1/b tr
E
.a/

i
EjE

.b/

i

.„a/:

This proves part (a) of the claim.
Part (b) is a direct computation. On each Rƒ.˛/, the functor E.a/i EjE

.b/
i is rep-

resented by the .Rƒ.˛ �m˛i � ˛j /;Rƒ.˛//-bimodule

i.a/j i.m�a/P D .1˝ ei;a ˝ 1˝ ei;m�a/e.˛ �m˛i � ˛j ; i
a; j; im�a/Rƒ.˛/:

To check the relation in (b), without loss of generality we may assume that ˛ D
m˛i C ˛j . Then „a is represented by the left multiplication on i.a/j i.b/P byX

w2Sm

x
rw.1/
1 � � �x

rw.a/
a xsaC1x

rw.aC1/
aC2 � � �x

rw.m/
mC1 ;

and ˛C
a;b

is represented by .1˝ ei;aC1 ˝ 1˝ ei;b�1/e.iaC1j ib�1/
aC1
aC2 � � � 
m.

Since„a is symmetric in ¹xaC2; : : : ; xmC1º, we have e.iaj ib/
k„a D e.iaj ib/„a
k
for any k 2 ŒaC 2;m�. Next,

e.iaC1j ib�1/
aC1„a

D 
aC1e.i
aj ib/„a

D
X
w2Sm

x
rw.1/
1 � � �x

rw.a/
a 
aC1.x

s
aC1x

rw.aC1/
aC2 / � � �x

rw.m/
mC1 e.i

aj ib/

D
X
w2Sm

x
rw.1/
1 � � �x

rw.a/
a .xsaC2x

rw.aC1/
aC1 /
aC1 � � �x

rw.m/
mC1 e.i

aj ib/

D„aC1
aC1e.i
aj ib/D„aC1e.i

aC1j ib�1/
aC1:

Finally, since „aC1 is symmetric in ¹x1; : : : ; xaC1º and in ¹xaC3; : : : ; xaCbC1º, the
divided power operator 1˝ ei;aC1˝1˝ ei;b�1 commutes with„aC1. To summarize,
we have

˛C
a;b
„a D .1˝ ei;aC1˝ 1˝ ei;b�1/e.i

aC1j ib�1/
aC1
aC2 � � � 
aCb„a

D .1˝ ei;aC1˝ 1˝ ei;b�1/e.i
aC1j ib�1/
aC1„a
aC2 � � � 
aCb

D .1˝ ei;aC1˝ 1˝ ei;b�1/„aC1e.i
aC1j ib�1/
aC1
aC2 � � � 
aCb

D„aC1˛
C
a;b
;

which is the first equality in part (b); the proof for the second one is similar.
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Finally, we have the following.

COROLLARY B.7
Assume that g is symmetric and that (11) holds. Then, Theorem 3.25 holds.

Proof
We can assume that `D 1. We must prove that the relations in Definition 3.24 follow
from the relations in Proposition B.5. From (74) we deduce that

qij .u; v/D .1� uv/
�aij ; 8i; j:

We must check that relations (c) and (d) in Proposition B.5 can be rewritten as
(c) Œhir ; x

˙
js�D˙aijx

˙
j;rCs ;

(d)
Pm
pD0.�1/

p
�
m
p

�
Œx˙i;rCp; x

˙
j;sCm�p�D 0 with i ¤ j and mD�aij .

Relation (d) is obvious, because (11) implies that

ci;j;p;q D ıq;�aij�prij .�1/
p

�
�aij
p

	
; 8p;q;

and rij is invertible. Let us prove (c). Given ˛ of height n and �Dƒ� ˛, by Propo-
sition B.3 we have

B�i;�.z/D
X
�2I˛

ƒiY
pD1

.1C yipz/

nY
kD1

.1� zxk/
�ai�k e.	/:

By Lemma B.4, we have

exp
�
�
X
r�1

hir;�z
r=r

�
DB�i;�.z/:

Since the e.	/’s are orthogonal idempotents in Rƒ.˛/, we have

exp
�
�
X
r�1

hir;�z
r=r

�
D
X
�2I˛

exp
�
�
X
r�1

hir;�e.	/z
r=r

�
e.	/:

Therefore, we deduce that

X
r�1

hir;�e.	/z
r D z.d=dz/ log

� ƒiY
pD1

.1C yipz/

nY
kD1

.1� zxk/
�ai�k

�
e.	/:

Hence we have that

hir;�e.	/D
� ƒiX
pD1

.�yip/
r �

nX
kD1

ai;�kx
r
k

�
e.	/; 8r � 1:
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In particular, we have

hir;��˛j e.˛; j /D .hir;� � aijx
r
nC1/e.˛; j /:

Hence, for any f 2Rƒ.˛/, we have

hirx
�
js tr.f /D tr

�
hir;��˛j x

s
nC1fe.˛; j /

�
D tr

�
hir;�x

s
nC1fe.˛; j /

�
� aij tr.xrCsnC1fe.˛; j /

D x�jshir � aijx
�
j;rCs:

The proof of Theorem 3.25 is complete.

Index of notations

2.1.1 C , Cc , C=`Z, C Œ`�,
1C , 1F ,
Center Z.C/,
Shift Œ`�,
M d , M Œ`�

2.1.2 A, Z.A/,
tr.C/, CF.C/, HH�.C/,
tr.A/, CF.A/, HH�.A/,
Base change RM

2.1.3 Operator trF .x/
2.1.4 .E;F /, �E , "E , _x, y_

2.1.5 Operators ZE .x/, ZF .x/
2.2.2 ResAB , IndAB , AB ,

�, �f WA˝B A!A

2.2.3 Frobenius form t WA!B ,
Ot WA!HomB.A;B/,
Casimir element � 2 .A˝B A/A

3.1 kD
L
n2N kn, kD k0

3.1.1 Root datum P , P_, ˆ, ˆ_, QC, PC,
I , .aij /, di , .�j�/,
g, h, nC,
Simple module V.ƒ/

3.1.2 ci;j;p;q , QD .Qij /i;j2I , I ˛ ,
R.nIQ;k/, generators e.	/, xk , 
l ,
Demazure operator @k;l ,
Idempotents e.˛/, e.˛; 	0/, e.n; 	0/
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3.1.3 Iƒ with map Iƒ! I ,
kD kƒ D kŒct I t 2 Iƒ�,
aƒi .u/,
Rƒ.˛/, Rƒ.˛Ik/, Rƒ.˛IQ;k/, Rƒ, Rƒ.˛/,
R.˛/, R.˛Ik/, R.˛IQ;k/, R,
Intertwiner 'k

3.1.4 �i D h˛
_
i ; �i,

�i WR.˛/ ,!R.˛C ˛i /,
E 0i ;F

0
i ; "
0
i;�
; �0
i;�
; � 0
ij;�
; �0
i;�
; O�0
i;�
; O"0
i;�

,

�.z/, pk.z/, Qz, Q�
3.1.5 dƒ;˛

3.2 gk

3.2.1 C�, Chw

3.2.2 Minimal categorifications Aƒ, Vƒ,
eD sl2, Vk , Zk , Hkn, Hkn

3.2.3 hD kŒyt I t 2 Iƒ�, h0

3.2.4 ei .D e/,
C�k , C�k;�, Ck , Ck;�

3.2.5 Operators x˙ir on the trace
3.2.6 Lg, generators x˙ir , hir ,

Anti-involution $
3.2.7 Operators Z˙ir on the center
3.3 Kashiwara operator �i
3.3.3 tr.C=Z/cyc

3.4.1 Weyl modules W.ƒ/, W.ƒ/,
jƒi, ƒmin,
‰ir , ‰i .z/

3.4.2 H�.X;k/, HG
i .X;k/, ŒX�,

H i
G.X;k/, D

G.X;k/, \,
Gƒ, M.ƒ;˛/, M.ƒ/, L.ƒ;˛/, L.ƒ/,
H�Gƒ.M.ƒ/;k/, HGƒ

Œ��
.L.ƒ/;k/

3.4.4 a W Z.R/! k˝k H
�
Gƒ
.M.ƒ/;k/,

Vi , Wi ,
b W Z.R/! Z.Rƒ/

4 kD kŒ�; y1; : : : ; yr �, k0

4.1 R.n/, Rr.n/, Z.Rr.n//JM

4.2 W , generators Ck , D�1;k , D0;kC1, D1;k ,
E.z/, 
t .D0;kC1/,
W<0;W�0;W0,
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Anti-involution $ ,
ƒ WW0! k0,
M.ƒ/, V.ƒ/, jƒi

4.3 C rn , C r ,
Operators x˙

k
, Ek;l D Œx

C
k
; x�
l
�,

Bk˙;n 2 Z.Rr.n//, B˙.z/,
jri, ƒr

4.4 M.r; n/, M.r/,
A, G, GA,
h, h0, dr;n, k1 D kŒy1; : : : ; yr �,
R.n/1, Rr .n/1, Rees.Z.Rr.n/1//

A.1 Bk
˙i;�
2Rƒ.˛/

A.2 Xi;j;�, Ii;j;�
A.3 	.k/, O"� , r� , rij , r.˛; 	n/,

t˛ D tƒ;˛ WR
ƒ.˛/! k

B.2 qij .u; v/

B.3 hir;�,  ir , ‰i .z/, Hi .z/
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