ON THE CENTER OF QUIVER HECKE ALGEBRAS
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Abstract

We compute the equivariant cohomology ring of the moduli space of framed instan-
tons over the affine plane. It is a Rees algebra associated with the center of cyclotomic
degenerate affine Hecke algebras of type A. We also give some related results on the
center of quiver Hecke algebras and the cohomology of quiver varieties.
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1. Introduction

A few years ago, the cohomology ring of the Hilbert scheme of points on C? was
computed in [27] and [38], motivated by some conjectures of Chen and Ruan on
orbifold cohomology rings, which were later proved in [14]. One of the main moti-
vations of the present work is to compute a larger class of cohomology ring of quiver
varieties. More precisely, for each pair of positive integers r, n, one can consider the
moduli space M (r,n) of framed instantons with second Chern class n on P2. This
is a smooth quasiprojective variety (over C) which can be viewed as a quiver variety
attached to the Jordan quiver. An (r + 2)-dimension torus acts naturally on 2%(r, n)
and it contains an (r 4 1)-dimensional subtorus whose action preserves the symplec-
tic form. One of our goals is to compute the equivariant cohomology ring of 9(r, n)
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with respect to this subtorus. Since 9(r,n) is equivariantly formal, one can easily
recover the usual cohomology ring from the equivariant one. For r = 1, that is, the
case of the Hilbert scheme, it can be easily deduced from [38] that the equivariant
cohomology ring we are interested in is the Rees algebra associated with the center
of the group algebra of the symmetric group with respect to the age filtration. Here
we obtain a similar description for arbitrary r with the group algebra of the symmet-
ric group replaced by a level r cyclotomic quotient of the degenerate affine Hecke
algebra of type A.

This result was conjectured soon after [38] was written. However, its proof
requires two new ingredients which were introduced only very recently. An impor-
tant tool used in [38] is Nakajima’s action of a Heisenberg algebra on the cohomol-
ogy spaces of the Hilbert scheme. A similar action on the cohomology of M(r) =
L0 9M(r,n) was introduced by Baranovsky a few years ago, but it is insufficient
to C(_)mpute the cohomology ring. What we need in fact is the action of (a degenerate
version of) a new algebra ‘W which is much bigger than the Heisenberg algebra. This
action was introduced recently in [37] to give a proof of the AGT conjecture of Alday,
Gaiotto, and Tachikawa for pure N = 2 gauge theories for the group U(n). Here, we
define a similar action of ‘W on the center (or the concenter) of cyclotomic quotients
of degenerate affine Hecke algebras. Then we compare it with the representation of
W on the cohomology of () to obtain the desired isomorphism. To do this, we use
categorical representation theory.

Categorical representations of Kac—Moody algebras have captured a lot of inter-
est recently since the work of Khovanov and Lauda [21]-[23] and Rouquier [36]. It
was observed recently by Beliakova, Habiro, Guliyev, Lauda, and Zivkovic [3], [4]
that a categorical representation gives rise to some interesting structures on the center
(or cocenter) of the underlying categories and not only on their Grothendieck group.
More precisely, Khovanov and Lauda define a 2-Kac—-Moody algebra in [23] which is
a 2-category satisfying certain axioms. Their idea is that the trace of this 2-category
has a natural structure of an associative algebra L g which should be some kind of loop
algebra over the underlying Kac—Moody algebra g. The sl,-case was worked out in
[4], and the sl,-case in [3]. Naturally, the center (or cocenter) of 2-representations of
the 2-Kac—Moody algebra gives rise to representations of Lg.

In this paper, we first use a similar idea to investigate the center and cocenter of
cyclotomic quiver Hecke algebras associated with a Kac—Moody algebra g of arbi-
trary type. The category of projective modules over these algebras provides mini-
mal categorical representations of g, in the sense of Rouquier [36]. We compute the
representation of Lg on the center (or cocenter) of these minimal categorical repre-
sentations. When g is symmetric of finite type, we identify these Lg-modules with
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the local and global Weyl modules, which can be realized in the (equivariant) Borel-
Moore homology spaces of quiver varieties by [33].

Then, in order to compute the cohomology ring of 9i(r,n), we consider another
situation where g is replaced by a Heisenberg algebra. On the categorical level this
corresponds to the Heisenberg categorifications which have also been studied recently.
But once again, instead of considering a 2-Heisenberg algebra, we focus on the par-
ticular categorical representation given by the module category of degenerate affine
Hecke algebras of type A. The analogue of Lg in this case is the algebra ‘W men-
tioned above. Probably one can generalize both situations (the Kac—Moody one and
the Heisenberg one) using [17], where categorifications of some generalized
(Borcherds—)Kac—Moody algebras are considered. Here, we do not go further in this
direction.

Another motivation for this work is to check if the center of the module cate-
gory of cyclotomic quiver Hecke algebras is positively graded with a 1-dimensional
degree 0 component. These two conditions are difficult to check for minimal categor-
ical representations. Using the representation of Lg, we prove that the first condition
holds. The second one is more subtle. It is equivalent to the indecomposability of the
weight subcategories of the minimal categorical representations. In other words, each
of these categories should have a single block. This is well known in type A and in
affine type A by the work of Brundan [8] and Lyle and Mathas [29]. We can prove
it in some new cases, using the fact that quiver varieties are connected (proved by
Crawley-Boevey). But the general case is still unknown.

Now, let us describe more precisely the structure and the main results of the paper.
Fix a symmetrizable Kac-Moody algebra g and a dominant integral weight A of g.

In Section 2, we give some generalities on the centers and cocenters of linear
categories. In Section 3, we introduce the cyclotomic quiver Hecke algebra of type
g and level A over a field k (of any characteristic). It is a symmetric algebra which
decomposes as a direct sum R* = @aeQ . R (), where « runs over the positive
part of the root lattice of g. To g we can attach another Lie algebra, Lg, given by
generators and relations. It coincides with the loop algebra of g in finite types A,
D, E. The first result is the following.

THEOREM 1

Assume that g is symmetric and that condition (11) is satisfied. Then we have the

following:

(a) There is a Z-graded representation of Lg on tr(R?).

(b) If g is of finite type and k is of characteristic zero, then tr(R?) is isomorphic,
as a Z-graded Lg-module, to the Weyl module with highest weight A.
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Note that there are two different notions of Weyl modules for loop Lie algebras
used in the literature (the local and the global ones). Both versions can indeed be
recovered (see Theorem 3.37 for more details). Note also that the proof of part (b)
involves the geometrical incarnation, given by Nakajima, of Weyl modules of Lg via
the equivariant cohomology of a quiver variety 9t(A) attached to A.

THEOREM 2

Assume that K is of characteristic 0. For any a € Q 4 the following hold:

(a) The trace and the center of R® (&) are positively graded.

(b) If g is symmetric of finite type, then the dimension of the degree 0 subspace of
Z(RA()) is 1-dimensional.

The proof uses a reduction to sl,. Part (b) relies on the geometrical interpretation
of Weyl modules. It also uses an identification between the center Z(R™ («)) and the
dual of the trace tr(R* («)) of R*(«) given by the symmetrizing form.

Finally, in Section 4 we focus on the Jordan quiver. In this case, instead of the
cyclotomic quiver Hecke algebra, we consider a level r cyclotomic quotient R” ()
of the degenerate affine Hecke algebra of &,, defined over k[%]. Let R"(n); be its
specialization at /s = 1. The center of R (n); has a natural filtration defined in terms
of Jucy—Murphy elements. Let Rees(Z(R"(n)1)) be the corresponding Rees alge-
bra. Set R" = P,y R" (1), and let tr(R")’ be a localization of tr(R"). Consider the
equivariant cohomology H (9(r,n),k) of the quiver variety 2(r,n) relatively to
an (r + 1)-dimensional torus G with coefficient in k.

THEOREM 3

The following hold:

(a) There is a level r representation of W in tr(R")’.

(b)  Assume that k is of characteristic 0; then there is a Z-graded algebra isomor-
phism

Rees(Z(R"(n)1)) >~ H(M(r.n). k).

The proof of this theorem uses the representation of W on a localization
HZ(OM(r), k)" introduced in [37].

After our paper appeared in arXiv, A. Lauda informed us that there is some over-
lap between our results and his ongoing projects with collaborators.

2. Generalities
Let k be a commutative Noetherian ring.
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2.1. The center and the trace of a category

2.1.1. Categories

All categories are assumed to be small. A k-linear category is a category enriched
over the tensor category of k-modules, and a k-category is an additive k-linear cate-
gory. For any k-linear category € and any k-algebra k’, let k' ®j € be the k’-linear
category whose objects are the same as those of € but whose morphism spaces are
given by

Homy g, ¢(a,b) =k’ ® Home(a,b), Va,be€.

We denote the identity of an object a by 1, or by 1 if no confusion is possible. All the
functors F on € are assumed to be additive and/or k-linear. An additive and k-linear
functor is called a k-functor. Let End(F) be the endomorphism ring of F. We may
denote the identity element in End(F) by F, 1, or 1, and the identity functor of €
by le or 1. The center of € is defined as Z(€) = End(1l¢). A composition of functors
E and F is written as EF', while a composition of morphisms of functors y and x is
written as y o x.

An additive category € will be always equipped with its frivial exact structure;
that is, the admissible exact sequences are the split short exact sequences. Therefore,
a Serre subcategory 4 C € is a full additive subcategory which is stable under taking
direct summands, and the quotient additive category 8 = €/d is such that

Homg(a,b) = Homg(a,b)/ZHomg(c,b) oHome(a,c), Va,be€.

ced

A short exact sequence of additive categories is a sequence of functors which is equiv-
alent to a sequence 0 > 4 - € — B — 0 as above.

Fix an integer £. By an ({Z)-graded k-category we will mean a k-category €
equipped with a strict k-automorphism [€], which we call a shift of the grading. Unless
specified otherwise, a functor F of (£Z)-graded k-categories is always assumed to be
graded; that is, it is a k-functor F with an isomorphism F o [{] ~ [{] o F. For each
integer k € N N (£Z) we will abbreviate [k] = [€] o [{] o --- o [{] (|k /€] times) and
[—k]=[k]"".

Let € /47 be the category enriched over the tensor category of (£Z)-graded k-
modules whose objects are the same as those of € but whose morphism spaces are
given by

Home ¢z (a.b) = @ Home (a. b[k]).
kelZ

Note that the center Z(€ /£Z) is a graded ring whose degree k component is equal to
Hom(1, [k]).
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Given a Z-graded k-module M, let M? = {x € M;deg(x) = d} foreach d € Z.
For any integer ¢, the {-twist of M is the (£Z)-graded k-module Ml such that
(M4 = pd/t if ¢ | d and O otherwise. Then, for each Z-graded k-category €
there is a canonical (£Z)-graded k-category €[4 called the £-rwist of € such that
€l = € as a k-category and the shift of the grading [¢] in €1 is the same as the
shift of the grading [1] in €. We have

Homee1/47(a,b) = Homg/Z(a,b)[(], Va,b.

Finally, for any category € we denote by €¢ the idempotent completion.

2.1.2. Trace and center

Let € be a k-linear category, and let HH . (€) be the Hochschild homology of € (see
[20, Section 3.1]). It is a Z-graded k-module. We set tr(€) = HH((€) and CF(€) =
Homy (tr(€), k). We call tr(€) the cocenter or the trace of € and CF(€) the set of
central forms on €. Recall that

tr(‘€)=( @ Endg(a))/Z]k[f,g] forany f:a—>b,g:b—a.

acob(t) f.g

For any morphism f in €, let tr( /) denote its image in tr(€).

Now, let A be any k-algebra. Unless specified otherwise, all algebras are assumed
to be unital. Let Z(A) be the center of A, and let HH «(A) be its Hochschild homology.
Define tr(A) and CF(A) as above; that is, tr(4) = A/[A, A], where [A, A] C A is
the k-submodule spanned by the commutators of elements of A. For any element
a € A, let tr(a) denote its image a + [A, A] in tr(A4). Let A-mod and A-proj be the
categories of finitely generated modules and finitely generated projective modules.
For any commutative k-algebra R and any k-module M we abbreviate RM = R ®
M . The following is well known.

PROPOSITION 2.1

Let A, B be k-algebras, and let B, € be k-linear categories.

(a) If 8 C € is full and any object of € is isomorphic to a direct summand of a
direct sum of objects of B, then the embedding B C € yields an isomorphism

tr(B) — tr(€).
(b) If € = A-mod or A-proj, then Z(A) = Z(€). If € = A-proj, then tr(A) =
tr(€).

(c) For any commutative k-algebra R, we have tr(RA) = Rtr(A).

(d) We have tr(A @i B) = tr(A) Qi tr(B) and Z(A Qi B) = Z(A) Rk Z(B).

(e)  Z(€) acts on tr(€) via the map Z(€) — Endy (tr(€)), a — (tr(a’) — tr(aa’)).

63) A short exact sequence of k-categories 0 — J — € — B — 0 yields an exact
sequence of k-linear maps tr(d) — tr(€) — tr(8B) — 0.
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For a future use, let us give some details on part (). Assume that € = €°. For
any object X, let add(X) C € be the smallest k-subcategory containing X which
is closed under taking direct summands. Then, the functor Home (X, ®) yields an
equivalence add(X) — Ende (X)°P-proj. In particular, if € has a finite number of
indecomposable objects X1, X5,..., X, (up to isomorphisms) and X = @idzo X,
then we have an equivalence € =~ Ende (X )°P-proj.

Now, assume that € = A-proj, where A is a finitely generated k-algebra. Given
a Serre k-subcategory d C €, there is an idempotent e € A such that 4 = e Ae-proj
and the functor 4 — € is given by M > Ae Qeg0 M. Set B =€ /4. Then, we have
B¢ = B-proj, where B = A/AeA and the composed functor € — B — B¢ is given
by M — B ® 4 M. We must prove that taking the trace we get an exact sequence of k-
modules tr(d) — tr(€) — tr(B) — 0. Equivalently, we must check that the following
complex is exact:

ede/fede.cAe] —— AJ[A.A] —— BJ[B.B] — 0.

Note that ker j = (deA + [A4, A])/[A, A] and imi = (eAe + [A, A])/[A, A]. Since
aeb = ebae + [ae,eb] for all a,b € A, we deduce that ker j = imi, proving the
claim.

2.1.3. Operators on the trace

Definition 2.2
Given a functor F : € — €’ between two k-categories and a morphism of functors
x € End(F), the trace of F on x is the linear map

tre (x) : tr(€) — tr(€’), tr(f) > tr(x(a) o F(f)),

where f € End(a) and x(a) o F(f) € End(F(a)).

Note that x(a) o F(f) = F(f) o x(a) by functoriality. Below are some basic
properties of the trace map, whose proofs are standard and are left to the reader.

LEMMA 2.3

(@)  For each Fy, F, : € — €', x € End(F1 & F>), we have trp,gF,(x) =
trr, (X11) + tre, (X22), where x11 € End(F1), x22 € End(F>) are the diago-
nal coordinates of x.

(b) For two morphisms p: F1 — Fp, ¥ : Fy — F1, we have trg, (Y o p) = trg, (po
V). In particular, if p : F1 — F, is an isomorphism of functors, then for any
x € End(Fy) we have trp, (pox o p~ 1) = trp, (x).
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(¢) Foreach F:€—¥€', G:€¢ — €’ x€End(F) and y € End(G), we have
trgr (yx) = trg(y) o trg (x).

2.1.4. Adjunction
Given two k-categories €1, C,, a pair of adjoint functors (E, F) from €; to €, is
the datum (E, F,ng,eg) of functors E : €; — €,, F : €, — €; and morphisms
of functors ng : le, = FE and ¢g : EF — le,, called unit and counit, such that
(egE)o (Eng) = E and (Feg) o (ng F) = F, where we abbreviate £ = 1g and
F=1f.

A pair of biadjoint functors €1 — €, is the datum (E, F,ng,eg,nF,er) of
functors E : €; — €,, F : €, — €; and morphisms of functors ng : le, — FE,
eg 1 EF — le, suchthat (E, F,ng,eg) and (F, E,nF,er) are adjoint pairs.

Example 2.4
Given two pairs of adjoint functors (E, F), (E’, F’) from €; to €,, the direct sum
(E ® E’, F @ F’) is an adjoint pair such that

nEer = (Ng,0,0,ng): le, > FE® FE'®@ F'E® F'E/,
cE@E =€E +ég EF®EF ®E'F O E'F — le,.

If £E:€ — € and E' : €, — €3, then (E'E, FF’) is an adjoint pair such that
NE'E = (FnE/E) ONE and EE'E = EE’ O (E/SEF/).

Suppose that (E, F), (E’, F’) are two pairs of adjoint functors from €; to €,.
For any morphism x : E — E’, the left transpose ¥ x : F’ — F is the composition of
the chain of morphisms

ngF’ FxF’ Feps
F' ——~ FEF' —~ FE'F' ——~ F.

For any morphism y : F' — F, the right transpose yV : E — E' is the composition

Engr EyE’ epE’
F —— EF'Ef ——~ EFE' —— E'.

2.1.5. Operators on the center

Let €, €, be two k-categories, and let (E, F,ng,eg,nF,eF) be a pair of biad-
joint functors €; — €,. The isomorphisms le, E = E = Elg, yield a canonical
(Z(€1),Z(€5))-bimodule structure on End(E). Let Z(€,) — End(E), z — zE and
7Z(€1) — End(E), z — Ez denote the corresponding k-algebra homomorphisms.
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Definition 2.5 (see [5])
For each x € End(E) we define a map

Zg(x):Z2(€) > Z(t)
by sending an element z € Z(€;) to the composed morphism

nE Fzx EF
le, —— Fle,E —— Flg,E —— lg,.

We define Zr(x) : Z(€;) — Z(€,) for each x € End(F) in the same manner but
with the roles of £ and F exchanged.

The proof of the following proposition is standard and is left to the reader.

PROPOSITION 2.6

Let (E,F.,ng.eg.nr.€r), (E',F',ng/,eg/,nF’,eFr) be two pairs of biadjoint func-

tors. Let x € End(E), x’ € End(E’). Then, we have the following:

@  Zg(x):72(6) — 7(€1) is k-linear.

(b) Zpg(xop)=Zgp (X))o Zg(x)and Zggr (x ® x) = Zg(x) + Zg/(X').

(c) The map Z g : End(E) — Homy (Z(€2),Z(€1)) is (Z(€1), Z(€,))-bilinear:

(d)  Let p: E — E' be an isomorphism with p¥ =" p; then Zg/(poxop~!) =
ZE (x)

2.2. Symmetric algebras
Let A, B, C be k-algebras.

2.2.1. Kernels

There is an equivalence of categories between the category of (A4, B)-bimodules and
the categories of functors from B-Mod to A-Mod. It associates an (A, B)-bimodule
K with the functor ®g : B-Mod — A-Mod givenby N — K ® p N. We say that K is
the kernel of ®g. Since Pk (B) = K, the kernel is uniquely determined by the func-
tor ® k. Fortwo (A, B)-bimodules K, K’ we have Hom4 g (K, K') >~ Hom(® g, k)
givenby f — f ®pid.

2.2.2. Induction and restriction
We call a B-algebra a k-algebra A with a k-algebra homomorphism i : B — A. We
consider the restriction and induction functors

Res‘g : A-Mod — B-Mod, Indg =AQ®p—: B-Mod - A-Mod.
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The pair (IndA , Res‘é) is adjoint with the counit ¢ : Indg Resg — 1 represented by
the (A, A)-bimodule homomorphism 1 : A ® p A — A given by the multiplication,
and the unit n: 1 — Resg Ind‘é is represented by the morphism i, which is (B, B)-
bilinear. Let AZ be the centralizer of B in A. For any f € A8 we set

Hr:A®pA— A, a®ad =afad. (1)

2.2.3. Frobenius and symmetrizing forms
We refer to [36] for more details on this section.

Let A be a B-algebra that is projective and finite as a B-module. A morphism of
(B, B)-bimodules ¢ : A — B is called a Frobenius form if the morphism of (4, B)-
bimodules 7 : A — Homp (A, B), a > (a’ + t(a’a)) is an isomorphism. If such a
form exists, then we say that A is a Frobenius B-algebra. If we have t(aa’) = t(a’a)
for each a € A, a’ € A8, then t is called a symmetrizing form and A is a symmetric
B-algebra.

Given f : A — B a Frobenius form, the composition of the isomorphism A ® g
A= Homp(A4,B) ® A givenby a ® a’ — f(a) ® a’ and the canonical isomorphism
Homp (A, B) ® g A — Endpg(A) yields an isomorphism A ® g A — Endp(A). The
preimage of the identity under this map is the Casimir element w € (A @ g A)4. We
have t @ (7)) = (1 ®1)(7) = 1.

There is a bijection between the set of Frobenius forms and the set of adjunctions
(Resg,lndg) given as follows. Given a Frobenius form ¢ : A — B, the counit ¢ :
Resg Indg — 1p is represented by the (B, B)-linear map ¢ : A — B, and the unit
n:lg— Ind‘g Res is represented by the unique (A4, A)-linear map 7j: 4 — A ®p A
such that 7(14) = 7. This yields an adjunction for (Resg,lndg). Conversely, if &
and 7) are counit and unit, respectively, for (Res‘g, , Ind’g), then the (B, B)-linear map
t : A — B which represents ¢ is a Frobenius form.

Recall that tr(A) is a Z(A)-module. We equip CF(A) = tr(4)* with the dual
Z(A)-action. Let us recall a few basic facts.

PROPOSITION 2.7

Let A, B, C be k-algebras which are projective and finite as k-modules.

(a) Ift :A— B andt' : B— C are symmetrizing forms, then t' ot : A — C is
again a symmetrizing form.

(b) A symmetrizing formt : A — k induces a Z(A)-bilinear form

t:7Z(A) x tr(A) — K, (a,b) — t(ab).

It is perfect on Z(A); that is, it induces an isomorphism of Z(A)-modules
f : Z(A) = CF(A) which sends z to t(ze).
(c) Ift : A — Kk is a symmetrizing form, then tr(A) is a faithful 7(A)-module.
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Proof

Part (a) is proved in [36, Lemma 2.10]. To prove part (b), note that the bilinear form
is well defined, since multiplication by an element in Z(A) sends [A4, A] to itself. The
pairing is perfect on Z(A), because the induced map 7 : Z(A4) — tr(A)* = CF(A)
is given by taking (A, A)-invariants for the (A, A)-linear isomorphism 7 : A — A*;
hence the result is again an isomorphism. The compatibility with the Z(A)-module
structure follows from the definition. To prove part (c), we must show that the map
Z(A) — Endg(tr(A)) is injective. Indeed, if there exists z € Z(A) such that za €
[A, A] for all a € A, then t(zA) = 0, and hence z = 0. O

3. The center of quiver Hecke algebras

3.1. Quiver Hecke algebras

Assume that k = @, k" is Noetherian and N-graded and that k° is a field. We may
abbreviate k = k°, and we will identify k with the quotient k/k>° without mentioning
it explicitly.

3.1.1. Cartan datum

A Cartan datum consists of a finite-rank free abelian group P called the weight
lattice whose dual lattice, called the coweight lattice, is denoted PY; a finite set
of vectors ® = {«y,...,a,} C P called simple roots; and a finite set of vectors
OV ={ay,...,ay} C PV called simple coroots. Let Q4 = N® C P be the semi-
group generated by the simple roots, and let P, C P be the subset of dominant
weights, that is, the set of weights A such that A; = (;",A) > 0 forall i € I. We
will call a Bruhat order the partial order on P such that A < u whenever u—A € Q4.

Set I ={1,...,n}, and let (e, @) be the canonical pairing on PY x P. The
(I x I')-matrix A with entries a;; = (®;’, ;) is assumed to be a generalized Car-
tan matrix. We will assume that the Cartan datum is nondegenerate (i.e., the simple
roots are linearly independent) and symmetrizable (i.e., there exist nonzero integers
d; such that d;a;; = dja;; for all i, j). The integers d; are unique up to an overall
common factor. They can be assumed positive and mutually prime.

Let (e]®) be the symmetric bilinear form on h* = Q ®z P given by (o;|a;) =
dia;;. Let g be the symmetrizable Kac-Moody algebra over k associated with the
generalized Cartan matrix A and the lattice of integral weights P. Let h,n™ C g be
the Cartan subalgebra and the maximal nilpotent subalgebra spanned by the positive
root vectors of g. For any dominant weight A € P4, let V(A) be the correspond-
ing integrable simple g-module. For each A € P, let V(A); C V(A) be the weight
subspace of weight A.
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3.1.2. Quiver Hecke algebras

Fix an element ¢; j » 4 € k for each i,j € I, p,q € N such that deg(c; j p.q) =
—2d;i(aij + p) —2d;q and ¢;,j,—q;; 0 is invertible. Fix a matrix Q = (Q;;)i,jer with
entries in k[u, v] such that

Qij(u,v) = Qji(v,u),

Qii(u,v) =0,
Qij(u.v) =Y cijpguv? ifi#j.
p,9>0

Definition 3.1

The quiver Hecke algebra (or QHA) of rank n > 0 associated with A and Q is the
k-algebra R(n; Q,K) generated by e(v), xx, 1y withv e I, k,l € [1,n], [ # n, sat-
isfying the following defining relations:

@  e()e(v) =8 wev), Tye) =1,

(d)  xkxp = xpxk, xpe(v) = e(v)xg,

(©) ‘[le(l))Ze(Sl(U))‘l:],‘Ck‘El =TTk if|k—l| > 1,

)  tfe(v) = Qvvy, (1. x141)e(V),

() (X1 — X5 (yT)e (V) = Svy vy Grp+1 — S p)e(v),

0 k11 — ke Thk+1T)€ (V) = v vi 42 Ok k+2 Qv vp 11 (Xk> Xe+1)e (V)
where 0 ; is the Demazure operator on k[x1, x2, ..., x,] which is defined by

O () = (f = (k.D(f)/(xxe — x1).
The algebra R(n; Q,K) is free as a k-module. It admits a Z-grading given by
deg(e(v)) =0,  deg(xke(v)) =2dy,.  deg(tke(v)) = —dy v vy,
For « € Q4 such that ht(«x) = n, we set
I“={v=(1,....,vn) €My, +- +a, =af.

The idempotent e(x) = ) ;o €(v) is central in R(n; Q,k). Given v € I", V' €
I™ we write vv’ € I"*™ for their concatenation. Set e(a,v") = Y <« €(vV’) and
e(n,v') =) cyne(vv). The quiver Hecke algebra of rank « is the algebra

R(a: Q.k) = e(@)R(n; Q. K)e(a).

3.1.3. Cyclotomic quiver Hecke algebras
Given a dominant weight A € P, we set

In={G.pricl,p=1,.. A}
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For a future use, let
In—1, t iy (2)

denote the canonical map such that (i, p) + i. Fix a family of commuting formal
variables {c;;7 € I5}. Let k® be the N-graded ring given by

kY =kl eln],  degleip) =2pd;.

We will abbreviate k = kA, and we will write c;o = 1.

Now, fix a N-graded k-algebra k. Let ¢; denote both the element in k above and
its image in k by the canonical map k — k (which is homogeneous of degree 0).
Then, set

Aj
alt(u) = Z cipuiTP e Klul. 3)
p=0

The monic polynomial aiA(u) is called the ith cyclotomic polynomial associated
with k.
Foreachw € Q4 and 1 <k <ht(x), we set

af () =Y ab (x)e(v). 4)

velv

Note that aé‘ (xx)e(v) is a homogeneous element of R(«x; Q, k) with degree 2d,, A,

Definition 3.2
The cyclotomic quiver Hecke algebra of rank o and level A is the quotient
R (a; Q,K) of R(a; Q. k) by the two-sided ideal generated by aé‘ (x1)-

To simplify notation, we write R(a) = R(a;k) = R(a; Q.k) and R (o) =
R (a;k) = R (a; Q,k). We may also write R = P, R(a), R(k) = P, R(a; k),
RA = D, R (a), and so on. The following is proved in [16, Corollary 4.4, Theo-
rem 4.5].

PROPOSITION 3.3
The k-algebra R™ (a;K) is free of finite type as a K-module.

Remark 3.4
A morphism of N-graded k-algebras k — h yields canonical graded h-algebra iso-
morphisms h ®y R(a;k) — R(a;h) and h ®, R (a;k) — R (a;h).
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Example 3.5
(a)  Set R(a) = R (a; k). We call R™ () the global (or universal) cyclotomic
quiver Hecke algebra.
(b) If k =k, then aiA(u) = u®i for each i. We call R*(«:k) the local (or
restricted) cyclotomic quiver Hecke algebra.
(© Foreachi € I we fix an element ¢; € k of degree 2d;. We define the following:
i k' =k as a k-algebra with the new k-algebra structure associated with
the elements ¢}, given by ¢/, = ep(yi1 — ¢i, iz — ¢i,...), where the
Yip’s are commuting formal variables such that ¢;, = e, (yi1. yi2,...)
and e, is the pth elementary symmetric polynomial. Then, the ith
cyclotomic polynomial associated with k' is aiA (u—c;) foreachi € 1.
. ;i (u,v) = 0ij(u — ¢i,v —¢;). In particular, we have Q};(u,v) =
Q}i (v,u).
Then, the assignment e(v),xxe(v), r7e(v) = e(v), (xk + ¢y )e(v), re(v)
extends uniquely to a k-algebra isomorphism R (o; Q. k) = R (a; Q. K)).
(d) Under the hypothesis above, assume that i € I and that A = w; is the ith
fundamental weight. Assume also that the polynomial Q;;(u, v) satisfies con-
dition (11) below. If aiA () = u + ¢;, then we have a k-algebra isomorphism

R (a; Q.k) ~k @k R (a; Q. k). (5)

Definition 3.6

For each k € [1,n — 1], the kth intertwiner operator is the element ¢ € R™(n)
defined by ¢re(v) = tre(v) if vg # vip4q and by the following formulas if vy =
Vk+1:

pre(v) = (Xxtk — e Xp)e(V) = (e Xg+1 — Xk+1T)e (V)

= ((k — X417k + 1)e(v) = (t (k41 — xx) — 1)e(v).

We have the following facts (see [18, Section 5.1] for details):

. X (09ke (V) = grxee(v).

. {@x} satisfies the braid relations.

. If w e G, satisfies w(k + 1) = w(k) + 1, then ¢y Tx = Ty (k) Pw -

© gRe(v) =e(v) if v = viey and @Fe(v) = Qv vy, (Xkc Xk 1)e(v) if vy 7
Vk+1-

3.1.4. Induction and restriction
Leti € I and @ € Q4 be of heightn. Set A = A —a and A; = (o, A).
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We have a Z-graded k-algebra embedding ¢; : R(¢) — R(x + «;) given by
e(v),xg,ty—>e(v,i), xg, 7y foreachv e I®* withl <k <pmand1<l<n-1.1t
induces a Z-graded k-algebra homomorphism ¢; : R? (a) = R (a + o).

The restriction and induction functors form an adjoint pair (F/, E]) with

E!: R®(a + a;)-grmod — R? (a)-grmod, N —e(a,i)N,
F}: R®(a)-grmod — R™ (& 4 a;)-grmod,
M — RA(Ol + oj)e(w, i) ®RA((x) M.

The counit & , : F/E{1y — 1, and the unit n} , : 13 — E;F/1, are represented,
respectively, by the multiplication map p and the map ¢;:

gy RM@)e(o — i i) ®pa(g—gy) €(@ — i i) R (&) > R (),

Mt RA () — e(a, i) RA (o + i)e(a, ).

Finally, let O'i/j, 5 F/E% 1) — E’ F/1, be the morphism represented by the linear
map
RA (« —ojta)e(w—aj,i) QRA (a—at) e(o —ocj,j)RA(a)
—e(a—a; +ai, RN + a)e(a,i),
XQYy > XTp).
2

For j =i, the element 7, € R™(a + ;) centralizes the subalgebra e(a — ;i) x
RA (o + o)e(a — 07, i%), so we have 6], , = iz, (see (1)).

THEOREM 3.7 (see [16])
For each o € Q + of height n, we have the following.
(a) If A; > 0, then the following morphism of endofunctors on R® («)-Mod is an

isomorphism:
Ai—1 Ai—1
P = 0tis+ 2 (Eixh) o), FE[ & @k @ L~ E[F1,.
k=0 k=0

(b)  If A <0, then the following morphism of endofunctors on R (a)-Mod is an
isomorphism:

0 —A;—1y) .
i = (075 0.8 5 0 (F{x%),....6} 5 o (F/x™"71)):

—Ai—1
FE1, > E[F/1,e @ k(x"H &1,
k=0
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The theorem can be rephrased as follows.
. Assume that A; > 0: forany z € e(a, i) R™ (o« +a; )e(a, i) there are unique ele-
ments 7(z) € R (@)e(a — i, i) QRA (a—q;) €(0 — o, i)RM () and pr(z) €
R (@) such that

Ai—1
2= e, (T(2)) + D Pr()xhy. 6)
k=0
. Assume that A; < 0: for any z € e(x,i) R (o« + o;)e(e, i) and any z, ...,

Z_y,—1€ R (), there is a unique element y € R (a)e(a —a;,i) @ RA (a—a;)
e(o — o, i) R™ () such that

/'L‘L’n(y):Z’ [,Lxﬁ(y)sz, VkE[O,—)Ll—l] (7)

For a future use, let us introduce the following notation. Assume that A; <0 and
that z € e(ov, i) R (o + o )e(o, i). For each £ € [0, —A; — 1], let

.7t € RM(@)e(@ — ai.1) @ ga(y—a; (@ — ;. ) RA () (®)
be the unique elements such that
po@ =z pg@ =0, o G)=0,  pg(E) =5

THEOREM 3.8 (see [18])
The pair (E}, F) is adjoint with the counit €, , : E{F]/1; — 1, and the unit 7; , :
1, — F/E[1; represented by the morphisms

& 5t e(a,i)R™ (o + aj)e(a,i) — R (a),

ﬁ;’k : RMa) - RA(oz)e(a — @i, i) QRA(@—qa;) (@ —ai,i)RA(a)
such that
. & ,(2) = pa;—1(2) if \i > 0 and M =i (2)ifri <0,
o (D) =—m(xyiy) if ki = 0and 7_;,_y if A; <O0.

We abbreviate &; = 5;,)&» n = ’7;,,1’ & = é;,x’ n = ﬁ;,k, and so on, when A is
clear from the context.

COROLLARY 3.9

The linear maps €, n; are homogeneous of degree 0. The linear maps &}, 9 are
homogeneous of degrees 2d; (1 — A;), 2d; (1 + A;), respectively. The linear map (Fil]-
is homogeneous of degree —d;a;;.
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3.1.5. The symmetrizing form
For each o € Q1 we set

dpa=AIAN)—(A—a|A—a).

We will need the following result from [40].

PROPOSITION 3.10 ([40, Remark 3.19])
The k-algebra R (c) is symmetric and admits a symmetrizing form IA,o Which is
homogeneous of degree —d A .

The definition of 75 4 is given in Definition A.6. We will abbreviate t, = 4 o and
tA =), ta- Since we have not found any proof of the proposition in the literature,
we have given one in Appendix A.

3.2. Categorical representations
Let k be an N-graded commutative ring as in Section 3.1. Write gx = k ® g. Fix an
integer £.

3.2.1. Definition

For each A € P, let €), be an (£Z)-graded k-category. Set € = ), €, and denote by

1,, the obvious functor 1, : € — €,. Foreachi,j € I, A € P, we fix

. a Z-graded k-algebra homomorphism ki) — 7(€/£7Z);

. a functor 1;_o F; = F;jl, with a right adjoint 1, E;[{d;(1 — A;)] =
Eilj—o;[ldi (1 = A1)];

. morphisms of functors x;1; : F;1; — Fj1,[24d;] and t;;1, : F;Fj1; —
Fj Fi 1A[—Ed,~aij].

Thus € /{Z is a k-category, and the functors F;1,, E;1, are K-linear. Let

gily: FiEi1) — 1;[0d;(1+ 1), nily 1y — Ei Fi1;[€d;i(1—1)]

be the counit and the unit of the adjoint pair (1, F;, E; 1) [—£€d; (1 + A;)]). We will
abbreviate

E,-:@E,-u, Fiz@Filx, Faz@Fv, and so on,
A A

veld

where F, = F,,| F,, -+ F,, for v = (v1,v2,...,v,). Next, we define the following

morphisms:

. 0ij = (EjFigj) o (EjtjiEi) o FiEj): FiEj — Ej Fi;

. pily = oiily + Z;ié_l(8ilx) o (x!Eil1y) : FEil;, — EiFl; &
2 e (1420 + 4] if A < 0;
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o pili=ouli+ X (Eix ) o (il FE L @ @)y aed; (1421 —
Ai)] — Ei F;1, if A; > 0.

Definition 3.11
A categorical representation of gy of degree £ in € is a tuple €,, E;, F;, &;, n;, Xi,
7;; as above such that the following hold:

. the assignmente(v) = 1, , xge(v) = xy, 1F,, 17€(V) = 1y 0,4, L F, foreach
v € I* defines a Z-graded kl-algebra homomorphism R(a;k)¥ —
Endeez(Fa);

. the morphisms p;1,, 0;;, i # j, are isomorphisms.

Morphisms of categorical representations are defined in the obvious way.

We will call the map R(c; k)Y — Ende 10z (Fo) the canonical homomorphism
associated with the categorical representation of g in €.

Unless specified otherwise, a categorical representation will be of degree 1.
Degrees £ # 1 are used only in the nonsymmetric case and the reader interested only
in symmetric ones may set £ = 1 everywhere. Note that, given a categorical represen-
tation of gi in €, there is a canonical categorical representation of gy of degree £ in
el called its £-rwist such that the Z-graded k[zl—algebra homomorphism

R(e; %)Y — Endeter 7 (Fa) = Endez(Fa)l

is equal to the homomorphism R(«; k) — Ende /7 (Fy) associated with the gy-action
on €.
We will also use the following definitions:
. € is integrable if E;, F; are locally nilpotent for all i.
. € is bounded above if the set of weights of € is contained in a finite union of
cones of type 4 — Q4 with u € P.
. The highest weight subcategory €™ C € is the full subcategory given by

€™ ={MeC E;(M)=0Viel}.

Remark 3.12
(a) Taking the left transpose of the morphisms of functors

X,‘l,\ . Filk — Filk[zfd,'], ‘[ijl,\ . F,’FJ‘IA — F,-Filk[—(idia,-j]
we get the morphisms of functors
lkvxi : I)LE,' — 1AE5[2€di]7 1,1\/‘[,']‘1,\ . 1AE,'EJ' e IAEjEi[—Ediaij].

We will abbreviate x; = Vx; and 7;; = V1;;.
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(b) Forgetting the grading at each place we define as above a categorical repre-
sentation of gk in a (not graded) k-category €.

(c) For each short exact sequence of Z-graded k-categories 0 — 4 — € —
B — 0 such that 4 — € is a morphism of categorical representations of gy, there
is a unique categorical representation of gx on B such that € — B is a morphism of
categorical representations.

(d) Given a categorical representation of gx on €, there is a unique categorical
representation of gx on €¢ such that the canonical fully faithful functor € — €€ is
a morphism of categorical representations. Recall that the objects of the idempotent
completion €€ are the pairs (M, e), where M is an object of € and e is an idem-
potent of Ende (M), and that Homec (M, e), (N, f)) = f Home(M, N)e. Then, we
have F;(M,e) = (Fi(M), F;(e)), Ei(M,e) = (E;(M), Ei(e)), and x;1,, 7;;1, are
defined in a similar way.

3.2.2. The minimal categorical representation

Fix a dominant weight A € P, and an N-graded k-algebra k. Given « € Q + we write
A = A —a. Recall that we abbreviate R («) = R* (a; k). Let kA2 = R (a)-grmod
be the Z-graded abelian k-category consisting of the finitely generated Z-graded
RA ()-modules, and let kVA = R («)-grproj be the full subcategory formed by
the projective Z-graded modules. When there is no confusion, we will abbreviate
Ai‘ = keA,ﬁ‘ and "V)‘L\ = kai‘. Let A%, VA be the categories

At =Py,  VA=EPV
A A

Fix an integer £. Let VA = (VA) be the (-twist of VA, and let RA ()] be
the £-twist of R2 (). Thus, R (o) is a (£Z)-graded k[f-algebra and 'V/{\’[l] is the
category of finitely generated projective (£Z)-graded modules; that is,

Vf’[e] = R™ (o)¥-grproj.

Definition 3.13

The minimal categorical representation of gy of highest weight A and degree ¢ is the

representation on VA given by the following:

© Eily = E[tdi(1+ A

. Fil, = F/;

. gily=¢, and il =n; ,;

. xi1, € Hom(F;1y, F;1,[24d;]) is represented by the right multiplication by
Xn+1 0n RMa + a)e(a,i);

. 7,71, € Hom(F; Fj1,, Fj Fi1,[—{d;a;;]) is represented by the right multipli-
cation by 7,41 on R (o + o + ajle(a, ji).
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The category Ai\’m is Krull-Schmidt with a finite number of indecomposable

projective objects. The category VA1 /(£Z) is the category of (£Z)-graded finitely
generated projective RM I -modules with morphisms which are not necessarily homo-
geneous. We will call it the category of all (£Z)-gradable projective modules.

Example 3.14

We will abbreviate ¢ = sl,. Assume that g = ¢, A = kw;, and @ = nay withk,n € N,
In this case, we write VK = VA and V,{f_z 0= 'V/{‘. Consider the polynomial ring
ZF =k[cy, ..., cx] with deg(c,) = 2p for all p. Let ﬂ’; be the global cyclotomic
affine nil Hecke algebra of rank n and level k, that is, the Z-graded Z¥-algebra
denoted by H, x in [35, Section 4.3.2]. Note that we have ﬂlg =7k and k = zk.
Given an N-graded Z¥-algebra k, the cyclotomic quiver Hecke algebra R (k) is
isomorphic to k ®« ﬂ’; as a Z-graded k-algebra by [35, Lemma 4.27]. In partic-
ular, we have R (o) = EIZ For each integer £, we abbreviate 75 = (Z¥)[9 and
H’;[e] = (ﬂ’;)[‘z]. We have

VeI = K @, 100 B -grproj, ©)

n>0

and the trace tr(V*I) is given in Proposition 3.30 below. We will also identify
R (a; k) with the local cyclotomic affine nil Hecke algebra of rank n and level k,
which is the quotient HY = k ®,« H* of HX by the ideal (c1. ..., ck).

3.2.3. Factorization

Fix a dominant weight A € P,. Recall the map Iy — I, t > i; introduced in (2).
We will abbreviate w; = w;, and d; = d;,. Consider the N-graded k-algebra h =
k[ys;t € 1], where y; is a formal variable of degree deg(y;) = 2d;. It has a natural
structure of an N-graded k-algebra such that the element c;, € h is given by ¢;, =

ep(¥i1,...,yia;). The corresponding cyclotomic polynomials are
A;
af@)=[]@+yip). Viel (10)
p=1

Let h’ be the fraction field of h. Then we have the algebras R (n,h) and R*(n,h’)
over h and h' such that R (n,h') =1’ On R (n,h). Next, for each t € I, we have

h= &) kly] = Q) k.

telp telp

Therefore, we can view h as a K’ -algebra, and hence the h-algebra R*? (n,h) asso-
ciated with the cyclotomic polynomials a;” (1) = u + y; is well defined. Note that by



ON THE CENTER OF QUIVER HECKE ALGEBRAS 1025

Remark 3.5(d), if condition (11) below is satisfied, then we may as well assume that
a;” (u) = u. Recall that

RA(n,h) = h® R (n),
R® (n,h) = h ® o1 R? (n).

When no confusion is possible, we will abbreviate

VA =P R ()-grproj. V' = D R (n)-grproj.
n n

Finally, we consider the condition

Qij(u,v) =rij(u—v)"* for some ri; in k* such that
rij = (=% r;; foralli # j. (11)
THEOREM 3.15

Let n be a positive integer, and let « € Q1 be of height n. If the condition (11) is
satisfied, then the following hold:

(a) There is an W -algebra isomorphism
RA(”’I_I,) — @Matgn/nt &n, (® Rt (nt’h/)),
(n¢) telp

where (n;) runs over the set of I 5-tuples of nonnegative integers with sum n.

(b)  There is an isomorphism h' @ VA —h' ®p ®),c 1, V" of (nongraded) cate-
gorical gy -representations taking the functor Fy to @(a;) Q) Fu,, where the
sum runs over the set of I p-tuples («t;) of elements of Q4+ with sum «. More
precisely, the canonical homomorphism

&R Rlor:l) — End(® Fat)

telp telp

is the composition of the inclusion @), ¢, A, R h') C R(«; W) underlying (a)
and of the canonical homomorphism R(a;h') — End(Fy,).

Proof
Fix M € R (n;h')-mod and g(u) € h'[u]. From [16, pp. 715-716], we get

g(xa)e(v)M =0

= Ovawar: (XasXa41)8(Xat1)e(sa(V))M =0, Vae[l,n),Vvel™.
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Set Q(u,v) =[];«; Qij(u,v). We deduce that
g(xa)e(W)M = 0= Q(xq,Xa4+1)8(Xatr1)e(sa(V))M =0, Vae[l,n). (12)

Now, assume that the polynomial Q(u,v) € h'[u, v] has the following form,

Q(u,v)zrl_[(u—v—/\), (13)

A€S

for some finite family S of elements of h’ and some element r € h'. Let SPe(vym (Xa) C
h' be the set of A € h’ such that the operator x, — Aid € Endy (e(v) M) is not invert-
ible. Since x, and x,;4; commute with each other, from (12) and (13) we deduce
that

SPe(sq ()M (Xa+1) S SPe(ypr (Xa) U (SPe(sy )11 (¥a) — S).

Thus, switching v and s, (v), we deduce that

SPe(wym (Xa+1) S SPe(s, wyym (¥a) U (SPe(vyar (Xa) — ).

Next, recall that g(x1)(e(v)M) =0if g(u) = af)\l (u). We deduce that

SPeym (X1) S{=Yv;.pip=1,.... Ay }.
Therefore, an easy induction implies that
SPewym (Xa) S{=Yv,.psp=1,...,Ay,,b=1,...,a} —=NS, Vae][l,n].
Assume further that condition (11) holds. Then we have S = {0}, and hence

SPewym (Xa) SA=Yv,.psp=1,....Ay,,b=1,....a}, Vae[l,n] (14)

In the rest of the proof we write I=1Iyto0 simplify the notation. For each n-tuple
vel n set

M5 = {m e M; (x + y5,)°m =0,Vk € [1,n], ¥D > 0}.

Considering the decomposition of the regular module, we deduce from (14) that there
is a complete collection of orthogonal idempotents {e(); ¥ € I"} in R®(n,h’) such
that e(§) M = M. The group &, acts on I” in the obvious way. The following hold:
. e(We(v) =e(v)e(®),

. xre(V) = e(V)xs,

. pre(V) = e(sk (V) @x.

. te(V) = e(V) 1 if Vg = V41,
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where k, [, ¥, and v run over the sets [1,n), [1,n], I", and I", respectively. The
relations above are immediate, except the last one. To prove it, note that if vy = Vg1,
then the operators xg + y5, and xg1 + y5, commute to each other and their sum and
product commute with 7z and act nilpotently on xe (V)M . Therefore x; + y5, and
Xk41+ Vi, also act nilpotently on 7ze(V) M . Note that the first relation above implies
that we may view {e(D); D € I"} as a complete collection of orthogonal idempotents
in R (a,h) for each o € O of height .

LEMMA 3.16
For each M € R™(n;h')-mod, the map gre(@) : e(D)M — e(sp (D)) M is invertible
whenever Vg # Vg 41.

Proof
The lemma is an immediate consequence of the following relations, for each v € 1",

pre() =1 if v =veqy,
p7e(V) = Qu vy (X Xkr1)e(V)  if Ve # Ve,

because (11) implies that Oy, v, | (Xk, Xg+1) is invertible if v # vy and Vg #
Vk+1- O

Set O, = NI. For any element & = D tery e -t in 0, we set ht(@) = D ar.
Assume that ht(&) = n; then we consider the set /% = {J € ["; Dk Vk =a}. We
will say that two n-tuples 7,7’ € I" are equivalent, and we write ¥ ~ 7’ if we have
7,9 € I% for some & € Q. We define the idempotent e(@) in R? (n,h') by e(@) =
2yefae(®). i i i

Next, fix a total order on I, and set I} = {v € I";i < j = v; < V;}. For any
tuple § € I” there is a unique element i € /7' such that § ~ iF. Let @* be the
unique element in /. rn T%. The theorem is an easy consequence of the following
lemma.

LEMMA 3.17

Letav € Q4 and & € Q+ be of height n, with & =) _, ;. - t. The following hold:

(@  e@RMa,W)e(d) =0 unless v ~7';

(b)  e(@RA(a.h)e(@) ~Matjs(e(@T) R (. W)e(@™)) as W-algebras;

©  e@)RMa.h)e@h) ~ P, Q,cj R (2. 1) as W-algebras, where (a;)
runs over the set of all i-tuples of elements in Q4 such that ), o; = o and
ht(ct;) = ny.
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Proof
Part (a) of the lemma follows from the following.

CLAIM 3.18
The W -algebra R™ (n,) is generated by the subset

{e)e(D), the (), pre (D), xre(D); b,k € [1,n),1 € [1,n],

vel" el by =pyr, 0k # k1)

Let us concentrate on part (b). For each tuple v € I% wefix a sequence of simple
reflections sy, 51,, ..., 51, in &, such that
. D =518, 81, @%);
. the /,th entry of s,
foreach h €1, j].
In particular, w = s7,57, -+ 57, is areduced decomposition and w is minimal in its left

Slyyn " "SI, (@*) in I is smaller than the (I, + 1)th one

coset in G, relatively to the stabilizer of @7 . Hence, we have

CLPL Pl = Pus (15)
and the element 775 in e(¥) R® (o, h)e(@™) given by

5 = e(Dpwe@") (16)

depends only on ¥ and not on the choice of /1, /5, ..., /. Itis invertible by Lemma 3.16.
We deduce that there is an h’-algebra isomorphism

Matjs (e(@T) R (e, W)e(@h)) — e(@) R (o, h')e(@), "
E5 5/ (m) — nf,mn?. 4

Here Ej5 j(m) is the elementary matrix with an m at the spot (¥, ") and Os elsewhere.
Part (b) is proved.

Now, we prove part (c). Set {t € I:n, Z0}={t1,t2,...,tm} Witht; <fr <--- <
tm. Fix an I-tuple (o) of elements in Q 4 such that > ;o =« and ht(ey) = n, for
each ¢. There is a canonical inclusion

Q) R b)) = R, .h') ® R(es,.0) ® -+ ® R(aty,,.h') — R(e. h).

tel

Composing it with the multiplication by the idempotent e(@*), we get a map

Q) R(ar.b) > e@")R(a, W)e@") (18)

tel
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such that, for each I -tuple (v;) with v, € 1%, we have
e(vr) ® e(vi,) ® -+ ® e(vy,,) > (v, Vr, -+ vy, e (@ ).

To prove (c) we must check that the direct sum of all maps (18), where («;) runs over
the set of all tuples as above, gives an h’-algebra isomorphism

D Q) R (e, b)) > e@) R (@ W)e@"). (19)

(o) rel

First, we will prove that the h’-algebra homomorphism (19) is well defined. To
do that, it is enough to check that for each tuple (o;) the map (18) factors to an algebra
homomorphism

&) R (e ) > e@") R (o, W)e(@"), (20)

tel

because (20) maps into orthogonal direct summands of e(@)R™ (a,h')e(@™) for
different tuples (c;). To simplify the notation, we will check this in a particular case.
The proof of the general case is very similar. Assume that

A=2w;+w;, I={ttt}, t=(>1).6=(2).5=C(1),
with i # j and #; < t, < t3. Thus, we have
aPtu) =W+ y ) +yy). at@=u+y,  ap) =1, Vk#ij
Wy = w;, Wy, = w;, W, = W;.
Next, fix a positive integer n and an element & € Q+ of height n. We have

&:ntl 't1+nt2't2+nt3't3v

at=(@f.a, .0 = ()" ()" (13)"3),

with n, + ny, + ny, = n. To simplify we will assume that the integers n;,, ny,, 1y,
are positive.

CLAIM 3.19

For any v € I", the following relations hold in e(@T)R™ (n,h)e(@™):

. (x1 + yi)e@hH)e(v) =0if vy =i, and e(@™)e(v) = 0 otherwise;

. (X14n,, + Vi)e@4)e(v) =0 if vign, =i, and e(@)e(v) = 0 otherwise;

y (X14n, +ni, +V13)e(@)e(V) = 0if vitn, +n,, = j, and e(@*)e(v) = 0 oth-

erwise.
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The first relation is obvious, because
. (x1 + y1) (X1 + yr)e(v) =0if vy =i
© (e =0if vy = j;
. e(v)=0if vy #1i,J;
. (x1 + y,)e(@"), (x1 + yry)e(@"h) are invertible in e(@™)RA (n,h)e(@™).
To prove the second relation, note that

Q192 Pns (X14n,, + Y1)e(@)e(v) = (x1 4 yi,)e(D)e(V)@192 - Pn,, »

where v = S182°**Sny, (@T)and y = S182°"*Sny, (v). Since V; =1, and y; = Vigng,
we deduce that

y Q102+ Py, (X14n,, + Vip)e(@He(w) =0if vigy, =1,

* @192+ ¢n, €(@)e(v) = 0 otherwise.

Further, by Lemma 3.16, the operator

0102 Pn, e(@4) 1@ RN @, W)e(@") — e(®) R (@, W)e@")

is invertible. Thus, we have

. (X14n,, + Vr)e(@He(w) =0if vijp, =1,

. e(@h)e(v) = 0 otherwise,

proving the second relation. The third relation is proved in a similar way, using the

product of intertwiners @19 -+ n,, +n,, instead of 195 -+ ¢, . The claim is proved.
The claim implies that the homomorphism (20) is well defined, and so (19) is

also well defined. We must check that it is invertible. To prove the surjectivity, we

must check that the h’-algebra isomorphism (19) yields a surjective map

&) R (n, 1) > e@*) R (n, W)e@").

rel

This is a consequence of the following fact.

CLAIM 3.20
The W -algebra e(@T)R™ (n.W)e(a™) is generated by the subset

{e(v)e(&+),the(&+),xle(&+);h e[l,n),l €[l,n],ve I”,o?; = 5‘h+1}' 21

Let us concentrate on the injectivity. We will construct a left inverse to the map
(19). To do that, recall that parts (a) and (b) yield an h’-algebra isomorphism

@Mati& (e@") R (@, 0)e(@)) > R (a,h), (22)

where the sum is over the set of all elements & € Q 1 of height 7.
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CLAIM 3.21
(a) Fixv €19 and w € &, as in (16). For each h,k,l € [1,n] such that h,k # n,
Uy, = Vpy1, and Vg # Vg1, the map (22) is such that
E55(x,-10ye@")) = xje(D),
Eg w),5(e@")) — gre(d),
Eg,g(tw_l(h)e(ofr)) — e (D).

(b) Consider the assignment

xre(V) = E55(xy,-1(1)),
pre(V) = Eg ),5(1),
the(V) = E55(Ty—1(m))s

for each h.k,l € [1,n] and v € I% such that h,k # n, ¥, = Vp41, and v #
Vk11, where w € &, as in (16). It extends uniquely to an h'-algebra homo-
morphism

RA (@ 1) — D P Mat;, (@ R (a,,h/)). (23)

a (o) tel

Proof
Part (a) follows from (17) and from the following computations:

xe(v) = xlnf,e(dJr)ng_l
= ztgxw_l(l)e(ofr)nﬁ_l,
pre(V) = grmpe(@ )y’
= gre(D)pwe(@ )y
= e(sk (V) prpwe@h)my!
= mgme@ )y,
e(V) = rhnge(&Jr)ng_l
= tpe(D)ppe(@h)m;!
=e(Mupwe@ )y’
=e(V)py wal(h)e(d—i-)][f)_l

=y —1
= 7r,~,rw—1(h)e(ofr)ﬂ]j .
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Here, we used the equality w™!(h + 1) = w™!(h) + 1, which follows from the defini-
tion of w in (15), and the equalities 55 (V) = ¥ and 5,1, (@) = &, which follow
from the identities Dy, = Uy, 41 and D = w(@™).

Now, let us concentrate on (b). Since the elements e(v)e(V), x;e(V), pre(V),
tpe(V) generate RA(n,h’) by Claim 3.18, it is enough to check that the
defining relations of R (e, h’) given in Section 3.1.3 are satisfied. This is obvious.
Note that the element t,-1(, belongs indeed to @,.j R (a;.h’) because
Sw_l(h)(d+) =&+. O

Composing (22) and (23), we get an h’-algebra homomorphism

P Mata (@R (@.0)e@)) — D @) Matzq (® R (at,h')).

a (o) rel

For each @ it restricts to an h’-algebra homomorphism

@ )R (. h)e@") — P Q) R (e, 1),

(o) el

which is a left inverse to (19). O

3.2.4. The isotypic filtration

Recall that e = sl,. A (P x Z)-graded k-category € is a direct sum of categories of
the form € = @, c p €1, where each €, is a Z-graded k-category. We will call A the
P-degree of €.

Given i € I there is an sl,-triple ¢; C g. In this section, we study the restriction
of a categorical gk-representation to such an sl,-triple. To simplify the notation, in
this section we fix an element i € I and identify ¢ = ¢;.

Recall that for each weight A € P we set A; = (&, A). By a (P x Z)-graded
categorical ex-representation on €, we will mean a representation such that for each
A € P the k-subcategory € has the weight A; relative to the e-action. In particular, if
€ is an integrable categorical representation of gy, restricting the g-action on € to ¢;
yields an integrable (P x Z)-graded categorical e-representation on € of degree d;.

Now, fix an integer k € N. Given a (P x Z)-graded k-category M, such that
M,, = 0 whenever p; # k, and a Z-graded k-algebra homomorphism Z5[4i1 —
Z(M/7Z), we equip the tensor product V*[4i] ®,k.1¢;1 M with the (P x Z)-graded
categorical e-representation of degree d; such that
. ¢ acts on the left factor;

. the summand "V,]f’[di] ®k.1d;] M, has the P-degree i —no; for eachn € N.
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The vanishing M, = 0 whenever u; # k is imposed so that the tensor product
yhldil ®,k.14;1 M is a (P X Z)-graded categorical e-representation as defined above.

PROPOSITION 3.22

Fix an integrable categorical representation of gx on € of degree 1 which is bounded

above. For each i € I there is a decreasing filtration --- C €5, € €59 =€ of € by

full (P x Z)-graded integrable categorical e-representations of degree d; which are

closed under taking direct summands and such that

. foreach k € N there is a (P x Z)-graded k-category My such that My, =0
whenever ;i # k, with a Z-graded k-algebra homomorphism K ®y zkldil _,
Z(My/Z) and a K-linear equivalence of (P x 7)-graded categorical e, -
representations (Csy /€y )¢ =~ (Vkldil ®,k.1a;1 My )¢ of degree d;;

. foreach A € P we have € N'€) = 0 for k large enough.

Proof

Since € is bounded above, by a standard argument we may assume that the set
of weights of € is contained in a cone © — Q4+ for some pu € P (see, e.g., [26,
Lemma 2.1.10]). Next, for each coset & € P /Za;, the g-action on € yields a (P X Z)-
graded categorical e-representation on €, = P, o, €a of degree d;. Since € decom-
poses as the direct sum of k-categories € = D, €y, it is enough to define a filtration
of €, satisfying the properties above for each 7. Note that 7 N (x — Q4) is a cone
of the form v — No; for some weight v € u — Q. Thus the claim follows from [35,
Theorem 4.22], applied to the e-representation on €. O

We call (€5x) the ith isotypic filtration of €. For each k e N and A € P, let
Csk.5 C G5 be the weight A subcategory given by €5x 3 = €5 N €. We also
define

€ = (Vhldi] ®k.1a;) Mi)C,

(24)

k.ld;

Cra = @(Vk—[Zn] ®k.td;] M1)€
npu

where the sum runs over all & € P and n € N such that A = y — ne;. Recall that
we have assumed that My, = 0 whenever p; # k. Note also that I‘f}clw = M;, and
that €™ is the full subcategory of (€/€-)¢ consisting of the objects M such that
Ei(M)=0.

3.2.5. The loop operators
Consider a categorical representation of gy of degree £ on a Z-graded k-category €.
Foreachi € I and r € N, we define k-linear operators xiir on the Z-graded k-module
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tr(€/Z) such that the maps
Xt w(€/Z) = tr(Crte; /7). xiy (€3 /Z) — t(Chr_q, | Z)
are given by
=trg, (x]), x;, =trp, (x])

(see Definition 2.2 for the notation). The map xiir is homogeneous of degree 2rfd;.
Let us quote the following fact for future use.

PROPOSITION 3.23

The maps xiir are functorial; that is, a morphism € — €’ of categorical representa-
tions of gx yields a K-linear map tr(€ /Z) — tr(€’ / Z) which intertwines the operators
xE on tr(€/Z) and on (€' | Z).

3.2.6. The loop operators on the trace of the minimal categorical representation

Fix a dominant weight A € Py.Fora € Q4 we write A = A —«. Recall the base ring
k from Section 3.1.3. Let k be an N-graded k-algebra. In this section, we consider the
particular case of the minimal categorical representation V4.

Definition 3.24

Let Lg be the N-graded Lie k-algebra generated by elements x , hip withi eI,
r € N satisfying the following relations:

(a) [Air, hjs] =0;

(b) [xzr’ ]s SUhl r+s,

(©) [hlrsx]s] —iau ]r+s’

d Y _o(=DP(7 )[xlrﬂ,, Fetm—pl = O withi # j and m = —a;;;

© i xH]1=0;

(f) (X7 [)clir2 [x”m x]ro] Jl=0withi # j,rpeNandm =1—ay;.
The grading is given by deg(x”) =deg(hi,) = 2r.

There is a unique Lie k-algebra anti-involution  of Lg such that

@ (hir) = hir, ‘(D'(X )—x:F

We define the £-twist of Lg to be the Lie k-subalgebra Lgll C Lg generated by
the set of elements {x T hire;i € 1,1 € N}. We write Lg[z] k¥ @, Lgll.

THEOREM 3.25
If g is symmetric and (11) is satisfied, then the operators xiizrwith i € I, r e Ndefine

a Z-graded representation of Lg][f] on tr(VAI 7).
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Proof

It is enough to set £ = 1. The proof is similar to a proof in [3] and [4]. However, our
setting differs from that proof and cannot be reduced to it, because, in our case, g may
have any symmetric type and because we do not require that all axioms of a strong

categorical representation be satisfied by V2. We have written an independent proof
in Appendix B.3. O

Remark 3.26
(a) If g is not symmetric or (11) is not satisfied, then a more general version of the
theorem is given in Proposition B.5 below.

(b) Assume that g is symmetric. If g is simply laced, then the relations (d) and
(e) are equivalent to the following : the bracket [xijfr, xjjfs] depends only on i, j and
on the sum 7 + s but not on the integers r or s. If g is of finite type, then Lg is
the current algebra g[t] with deg(z) = 2. In general, Lg is bigger than g[t]. For
instance, if g is of affine type, then Lg is a central extension of g[¢] with an infinite-
dimensional center (see [30, Section 3], [39, Section 13], and [13, Section 1.3] for
more details).

3.2.7. The loop operators on the center
Since the functors E;, F; on V2 are biadjoint, we also have operators

ZEZOVR D) > Z(Viy e /D), Zip : Z(VR ) — Z(Vi,, | 7)
defined by
ZE=Zr (), Zi=Zg(x))

(see Definition 2.5 for the notation).
The proposition below gives a more explicit description of the operators xij; and
Ziir in terms of the algebras R (). Fix vy, v,/ such that

i) = Zv,\g ® vk, v € RM(a)e(o — i, i), vk € e(a — i, i) RM ().
k

PROPOSITION 3.27

For each a € Q4 of height n and each f € R(«a), g € Z(R*(«)), we have the

following:

(@) tr(VA/Z) = (RD), Z(VA/Z) = Z(R™) as a Z-graded k-module and k-
algebra, respectively;

®) X, ((f) = tle(e.i)xyyy f) € w(RMa + o))

© () = Xk &y vk f0)) € (RA (o — a));
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A ZH(9) =8, (nge(@ —aii)) € Z(RM (@ — o)),
©  Zi(g) = (1@ x40 ;. (1) € Z(RM (@ + ).

The proof is standard and left to the reader. We only make a few comments.

First, the element f in (b) is viewed as an element of R ( + «;) via the map
ti : RM(a) > R® (¢ + «;). Hence e(a,i)x; | [ belongs to RA (o + a;) and x;,.(f)
belongs to tr(R™ (o + a;)).

Next, the equality (c) should be interpreted in the following way: f is identi-
fied with the R? (or)-module endomorphism of R* () given by m + mf, and E; is
represented by the bimodule e(o — ozl ,i)R™ () which is a projective R (a0 — «;)-
module by [16, Theorem 4.5]. Then x; (tr(f)) is the class in tr(R® (o — o; )-proj) ~
tr(R? (o — ;) of the endomorphism

¢re(@—ai,i)RMNa) > e(a — o, i) R (), m > x;,mf.

Explicitly, since (8] E;) o (E;7);) = E;, we have m = ) _; &, (mv;)vy. Hence there is
a surjective R (a — a;)-module morphism

p PR Na—a) > e(@—ai,)RM@),  (mk > ) myvg,
k k

with a splitting i given by

i:e(a—ai,i)RA(a)%@RA(Ol—ai)’ mH(ég(va))k;
k

that is, we have p oi = 1. Consider the endomorphism ¢ given by

¢ =iogop: @RA(a a,)e@RA(a o;),

(mk)k'—>( ( Zmlvlka))

Since m; € RM (o — «;), it commutes with x,,. Since & is RA (a0 — o;)-linear, we
deduce that &;(x), Y, myv; fv)) =D mé;(x;v; fv)). So ¢ is the right multiplica-
tion by the matrix (&} (x),v; fv)/)); k. Therefore we have

tr(p) =tr(po poi) =tr(@) = Y _ & (xpve fvy).
k

We obtain x;* (tr(f)) = Y4 & Tenve fu)).
Finally, in parts (d) and (e) we have Z;; (&) = ZF,(x;g) and Z; (g) =
ZF;(x},,,8). Note that e(a — ;i) = 7; ate, (D) and p = & 5

—a; "
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Let r(a,i) be as in (63). The following proposition relates the operator xiir on

tr('V2 /Z) with the transpose of the operator Z fr on Z('V2 /Z) under the pairing given
by the symmetrizing form ¢, in Proposition 3.10:

Z(VA/Z) x (V2 ) 7) — Kk, (a,b) — ta(ab). (25)

PROPOSITION 3.28

Let f € tr(RM (), g € Z(RM(« + ;)), and h € Z(R® (o — «t;)). We have
(a) lo+a; (gx,_r(f)) = r(a,i)ta(Zit(g)f);

()  ta—g; (hx]2(f) =1 — 0, i)) 1 (Z],(h) ).

Proof
Write f = tr(f’) with f/ € R*(a). Write /(1) = Y, v ® vg as above. By (64)
we have
tOH‘Oli (gxz_r(f)) = tOH-Dl,‘ (gE(Ot, i)x;—i-l f/)
=r(o, )ta8] 5 (e(a,i)xp 1 8f)

=r(a,)ta(Z;5(2) f),
tama (1575 (1)) = tamay (2 B} Cepun 107
k

= tama (D & (hxpvic f0)))
k
=r(a—a;,i) gy (Z hx;ka'vZ)
k
=r(a—a;,i) (Z v,\c/hx;ka’)
k

=r(a—a;, i) o (u((1 @ xpB)7; (D) )
=r(a—o;,i) 'ta(Z;;(h) f). a

3.2.8. The loop operators and the isotypic filtration
In this section we consider an integrable categorical representation of gy of degree 1
on a Z-graded k-category € which is bounded above. As a preparation for Section 3.3,
we study the behavior of the loop operators on tr(€/Z) with respect to the isotypic
filtration.

Giveni € I and k > 0, the i th isotypic filtration of € yields (P x Z)-graded inte-
grable e, «-categorical representations Csi, €x of degree d; such that € =
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(€>k/C-k)¢. By Proposition 2.1(f), Theorem 3.25, and Proposition 3.23, it also
[d;]
7k

tr(€sx /Z) = tr(C>p /Z) — tr (€ /Z) — 0. (26)

yields an exact sequence of Z-graded k ®; Le_'*-modules:

Let hy : €5 — € be the canonical inclusion. Consider the Z-graded k ®x Le[z‘fcf]-
submodule tr(€/Z)>y of tr(€/Z) given by tr(€/Z)> = tr(hy)(tr(€>x/Z)). Since
tr(€/Z) s>y S (€/Z)>k, we define tr(€/Z)j as their quotient. In other words, we

have an exact sequence

0= tr(€/Z)sf = tt(€/ZL)sk — t1(€/Z); — O, 27

ldi]
k

S -module homomor-

and the map tr(hy) factors to a surjective Z-graded k ®j Le
phism

tr(Cx/Z) = (VI @ i 4y My ) Z) — (€ ) L)y (28)

Now, assume that M7 0= By ,,,-grproj for some Z-graded k ®y 714l _algebra
By, and set By = EBM By,.- From (9) and (24) we deduce that

€ = PHY ® x.1411 Br)-grproj. (29)
neN
This yields a Z-graded k-vector space isomorphism

tr(Cx/Z) ~ @D tr(HS 1)) ® s 1a1 tr(Bye). (30)

neN

and the Le[Z(fj]—action on tr(€,/Z) is given by explicit formulas as in Section 3.2.9
below.
Finally, for a future use we will write

tr(€x) >k = tr(Cy) N tr(C) 5k,

and we define tr(€, ), in the obvious way.

Remark 3.29

We conjecture that the left arrow in sequence (26) is injective if € = V2. Given an
idempotent e of a finite-dimensional algebra A such that AeA is a stratifying ideal of
A in the sense of Cline, Parshall, and Scott, we have a long exact sequence by [19,
Theorem 3.1],

---—> HH{(B) — HHy(eAe) — HHy(A) — HHy(B) — 0,
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where B = A/AeA. Now, set g = sl3 and let A = 6 = a1 + &, be the highest posi-
tive root. Then A = R (6) has a primitive idempotent e such that €~ = eAe-proj,
€ = A-proj, and €y = B-proj. In this case, the left arrow in (26) is indeed injective,
although the ideal AeA is not a stratifying ideal of A.

3.2.9. The sly-case
We will use the same notation as in Example 3.14. Thus, we have A = kw1, @ = na;,
and di , =2n(k —n). Letk be a Zk’m—algebra. Recall that (9) yields

yhltd — @(k ® k. 101 H];’[Z])—grproj.

n>0

For a future use, let us quote the following.

PROPOSITION 3.30

(a) The k ®x Le[zz,! -module tr(V5IY) is generated by tr('V,f’[[]).

(b) We have tr(H];’[é]) =V @ Z°Y as a Z-graded 7% -module, with V¢ = 0 if
d ¢10,Ldy ) and V' =k,

Proof
Itis enoughtoset{ =1 and k = 7K. Then, we have

k
V= @ (vllcc—Zn ’ (vl]cc—Zn = HI; -grproj.
n=0

Fix formal variables yi,..., yx of degree 2 such that ¢, = e,(y1,...,yx) for p =
1,2,...,k and

ZF =K1, ya...., yel5%.

Recall from [35, Proposition 2.21, Section 4.3.2] that the algebra H]; is Morita-
equivalent to k[y1, ya, ..., yk]5*Sk—n as 7K -algebras if n € [0, k], and it is zero oth-
erwise. We deduce the Z¥-linear isomorphisms

(k) ~ z(Hh) ~

k[y1, y2, .. .,yk]S"XSk—" ifn €[0,k],
otherwise.

This implies part (b).

Moreover, since tr(H]fl) is free over Z¥ in this case and the Z¥-algebra H’; is
symmetric, we have tr(ﬂ’,‘l) ~ CF(ﬂ’;)* ~ Z(ﬂ];)*, where ()* is the dual as a Z¥-
module. By Proposition 3.28, under this isomorphism the operators x;;, X;, on

@, tr(H* ) are identified with the transpose of the operators Z;,, Z;" on @, Z(H*).
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For each p =1,...,k — 1, let d;, be the Demazure operator on K[y1,y2,..., V]
associated with the simple reflection s, = (p, p + 1), which is defined by d;,(f) =
(f =sp(f))/(Yp+1 — yp). The formulas in [36] for the symmetrizing form of ﬂ’;
imply that the Bernstein operators are given by the following explicit formulas for all
fezmh):

k
Zip () =5 000, (vnend TT Gurr=vp) €Z(HE L),
p=n+2

n—1
ZH(f)=0g_, 000, (y;f [Tos— yn)) czZH_,).
p=1

More precisely, the formula for Z; (f) is [36, Lemma 5.13] and the formula for
+ .
Z;(f)is[36, Lemma 5.12].

Now, the Z*-algebra Z(ﬂ’;) is equipped with the symmetrizing form 9, :
Z@’; ) — 7, where w, € Sy is the unique element of minimal length in the longest
cosetin Sy /Sy, x Si_,. It yields a nondegenerate bilinear form r,’f : Z(ﬂ]fl) X Z(Hﬁ) —
ZF such that (a,b) +> 0y, (ab). The bilinear form ¥ identifies Z@ﬁ)* with Z@’;)
as a ZK-module.

Finally, taking the transpose of Z; , Zit with respect to r,f, we get the follow-

ing formulas for the operators x;;, X;,» which are viewed as 7k linear operators on

P, zH*) :

k
xE) =Y (p.m) oy f) eZHE ),
p=n
n+1

X ()= (pon+ Dy /) €ZMHy ).

pr=1

In these formulas the symbols (p,n) and (p,n + 1) hold for the transpositions of p,
n and of p, n + 1, respectively.
We can now prove part (a) of the proposition. For each n > 0, let

AT ={AeN A= =A== 1,))

be the set of dominant weights. We abbreviate x;, = x;; x;, ---x;, .Wemustcheck
iA iATiAy iAn
that

> xp @) =zHY). 31)

AeAt (n)
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This follows from the equality Z(H]f,) =D reAt() Z* - hy(y1.y2.....yn) and the
formula

X ()= f a2, o), VfezZk. 0

3.3. The center and the cocenter of the minimal categorical representation

From now on, and until the end of Section 3, we will assume that k is of character-
istic 0. Let g be the symmetrizable Kac-Moody algebra over k associated with the
Cartan datum (P, PV, ®, ®V). Fix a dominant weight A € P . Let k be an N-graded
k-algebra as in Section 3.1. We equip tr(R), Z(R?) with the Z-gradings such that
for each d € 7Z we have

tr(RA)d = {tr(x);x € RA’d},

Z(RM? = RM nz(RY).

3.3.1. The grading of the cocenter
In this section we setk = k. Fora € Q4 we write A = A —a and R? (o) = R (: k).

THEOREM 3.31

Assume that K = k. Then, for each o« € Q 4 we have the following:
(@)  Iftur(RM()? #0, thend €[0,d 4]

(b)  Iftr(RA (a))¥se =0, then V(A);, = 0.

(¢c) dimtr(R*())? =dim V(A)j.

Proof
For each i € I and k € N the ith isotypic filtration of V2 yields (P x Z)-graded
categorical e-representations "ka and "V,? of degree d; such that
o VA =VA B
. 'VAY"> « = 0if k is large enough (depending on A4);
* Vi = (V3/VE)E
Taking the trace we get Z-graded Le[z‘ii]-submodules tr(RA)Zk C tr(R%) as in (27)
such that
. tr(RY) 50 = tr(RD);
. tr(RA (&))>x = 0 if k is large enough (depending on a).

For each i € I, let ¢; be the Kashiwara function on the set of simple objects
in A®/Z, which is defined as in [21, Section 3.2]. For each indecomposable object
P,Q e VA we have

€ (top(P)) > €; (top(Q)) <= JkeN suchthat P € Vé\k, 0¢ "Vé‘k.
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Now, fix an indecomposable object P € "V/{\ andanelementvp € tr(Endya /7 (P))
which is homogeneous of degree d . Let v be the image of vp in tr(R* (). We must
prove that either d € [0,dp o] or v =0.

Since R2(0) ~ k, we may assume that « # 0. The Grothendieck group of "V/{\ /7
is isomorphic to a Z-lattice in V(A), by [16]. Since a # 0, the weight subspace
V(A), does not contain any highest weight vector for the g-action on V(A). So, we
may choose i € I such that the integer m = ¢; (top(P)) is positive. From now on, let
'V;\k denote the i th isotypic filtration of V2 for this choice of i .

- Now, let £ be maximal such that P € Vﬁk and set m = ¢; (top(P)). We have

ve tr(RA(oe))Zk.

Note that ¢; (top(Q)) is bounded above as Q runs over the set of all indecomposable
objects in 'Vf and that ¢; (top(Q)) > m if and only if Q € 'Vi‘k.

The proof is an increasing induction on « (or, equivalently, on ht(«)) and a
decreasing induction on m (or, equivalently, on k). We will assume that
(d)  deg(tr(RA(B)) € [0,dn g] for each B € O such that B < a;

(e) deg(tr(R™ (a))>x) S [0,dp o]

We must check that deg(tr(R* (a)x) < [0, da o). Then, from (27) and the induc-
tive hypothesis (e), we will deduce that deg(tr(R (&)>x) C [0, d A o], and hence that
d €10,dp o] or v =0, proving the theorem.

By (28) and (30), there is a finitely generated (P x Z)-graded Z*-14il-algebra By
such that By , = 0 if u; # k and a surjective Z-graded Lez‘fj -module homomor-
phism

w(VE/Z) ~ P w(@51)) ® 1) tr(Br) — tr(RY ).

neN

Let My, be the image of tr(ﬂ]g’[dil) ®_k.1a;1 tr(Bg ) in tr(R™). Set My =
&b u Mk, By formula (31) in the proof of Proposition 3.30, we have

tr(gh 1) = 7zl 3o x (w@ ) =w@bel). 32
WEAT (n)

Thus, there is a (unique) surjective Z-graded k-vector space homomorphism

@tr@ﬁ’[d"]) ®,k.1a;1 Mg — tr(R™)x (33)

neN

such that x;, () ® u > fx;, (u) foreach f €k, u € AT (n), u € M. Note that, by
the definition of k, we have

k=X +2m= (o), A +ma;).
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Further, for each n € N the map (33) yields a surjective map
tr(ﬂlfz’[di]) ®k.1¢;) My jtma; —> tr(RA (x4 (n —m)a;)),.
Now, a short computation yields
didim + daa—ma; = dA 0.

Thus by Proposition 3.30, to prove part (a) of the theorem we must check that we
have

deg(Mk,)L+mai) - [0, dA,a—motj]-

Since By 3 4mq, is the endomorphism ring of an object of "V,é\ and since

tr( By 3 4ma; ) maps onto My 3 4mq, » We have

A+ma;

deg(M pma;) € deg(tr(R" (o — mav))).
Since m > 0, the inductive hypothesis (d) implies that
deg(tr(R* (& — ma;))) € [0, d A, q—ma;]-

This finishes the proof of (a).

To prove part (b), note that by Proposition 3.10 the symmetrizing form on R («)
yields a k-linear isomorphism Z(R? ())® ~ Homy (tr(R™ (a))?A-« k). We deduce
that

V(AL #0= RYN@) #0 = Z(RN@)” #0 = w(R @) ™ 0.

Finally, let us prove (c). We identify g with its image in Lg. The operators xij(:)

with i € I define a representation of g on tr(R™)? for each integer d. Now, we spe-
cialize d = 0 and we consider the ¢-action on tr(R)°.

Let V(k) be the (k + 1)-dimensional irreducible representation of ¢. We have
tr@’;)o =k for each n € [0,k] and O if n ¢ [0, k]. Further, the formulas in the proof
of Proposition 3.30 show that there is an e-module isomorphism

P r@h 40 ~ v(k).

neN

Now, the degree O part of 741 is k. Thus, the map (33) yields a surjective e-module
homomorphism

P @)’ @ (Mr)° — r(RY)].

neN
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which can be viewed as a surjective e-module homomorphism
0 A\O
V(k) ® (My)® — tr(R)}.

The e-module V (k) is generated by the highest weight subspace V (k). Hence, the
e-module tr(RA)Z is generated by the subspace V (k) ®x (My)°. We deduce that
the same induction as in (d) above (based on the fact that for each indecomposable
object P € VA_a with o # 0 we may choose i € I such that the integer ¢; (top(P)) is
positive) implies that the representation of g on tr(R*)? is cyclic. Hence tr(R?)° ~
V(A) as a g-module. O

3.3.2. The grading of the center
We use the same notation as in Section 3.3.1. The pairing (25) gives a k-linear iso-
morphism

dA.Dt_d

Z(R™())? > Homy (tr(R™ () k).

From Theorem 3.31 we deduce the following.

COROLLARY 3.32
Ifk =k, then we have Z(R™ («))¢ = 0 for any d ¢ [0, dp al-

We have Z(R? («))° # {0} whenever V(A); # 0.

CONJECTURE 3.33
Ifk =k, then we have Z(R™ («))® ~ tr(R™ (a))¥A-« ~ k whenever V(A); # 0.

If g is symmetric of finite type, then the conjecture holds (see Remark 3.41
below).

3.3.3. The cocenter is a cyclic module

Consider a categorical representation of gk on a Z-graded k-category €. Then, the k-
linear operator xiir on tr(€/7) is well defined for each i € I, r € N. Let h :
tr(€"/Z) — tr(€/Z) be the trace of the canonical embedding €™ /Z C €/Z. Let

tr(€/2)¢ C tr(€/Z) be the k-submodule generated by the image of /4 under the
+

action of all operators x;-.

PROPOSITION 3.34
If € = VA, then we have tr(€ /7) = tr(€/Z)°.
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The i th isotypic filtration of € yields a categorical e« -representation €, for each
k > 0. Let us quote the following consequence of (30) and Proposition 3.30.

LEMMA 3.35
Foralli €I, k>0 we have tr(€ /7)) = tr(Cy /7).

Now, we can prove Proposition 3.34.

Proof
Fix « € Q4, and set A = A — «. Fix an indecomposable object P € ‘C’/{\ and an
element vp € tr(Endya /z(P)). Let v be the image of vp in tr(R® (). We must
prove that v € tr(€; /Z)%°. Since € = V2, we have tr(€;/Z) = tr(R*(x)). Since
tr(R2(0)) € tr(R™)%, we may assume that o # 0. Let i, m, k¢ be as in the proof of
Theorem 3.31. The proof is an induction on « and a descending induction on m.

We have v € tr(R? (@))>k,» and we will assume that
. deg(tr(R™(B))) C tr(R)%* for each B € O such that 8 < a;
. tr(RA(Ol))>kO C tr(RM)ye,

We must check that tr(R? (@))>k, C tr(RA)ee.

Fix f as above and fix an element x € U(Le¢x) of weight o« — . Consider the
following commutative diagram, whose rows are exact sequences of Lex-modules:

0 —— tr(RA(oz))>k0 # tr(RA(Ot))Zk0 _f tr(RA(oe))kO — 0

tr(RA(,B))ZkO _f tr(RA(ﬂ))kO —— 0

(34)

Now, set v = g(v) € tr(RA(oe))ko. By the definition of tr(RA)kO, there is a sur-
jective U(Leg)-module homomorphism tr("V,é}) /7)) — tr(RA)kO. Hence, by
Lemma 3.35, we can choose f8, x such that there is an element % € tr(R® (BNko
with ¥ = x - &. Then, fix u € tr(RA(,B))zko such that g(u) = u. Then, we have
v—x-u= f(v') for some v’ € tr(RA(a))>kO.

Finally, we can apply both recursive hypotheses. We deduce that u € tr(R?(8)) C
tr(R2)%¢ and v’ € tr(RY (@))>k, C tr(RA)®°. Hence, we have v = v —x U + X -u =
f) 4+ x-u etr(RA)e, O
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3.4. The symmetric case
Let k be a commutative N-graded ring as in Section 3.1 with k of characteristic 0. Let

g be the symmetrizable Kac—-Moody algebra over k associated with the Cartan datum
(P, PY,®,dV).

3.4.1. Weyl modules

Assume that g is of finite type, and fix a dominant weight A. The local Weyl module
W(A) (over k) is the Z-graded Lg-module generated by a nonzero element |A) of
degree 0 with the following defining relations:

. nt[t]-|A) = 0;

< (WATLA) =0

. h-|A) = (h,A)|A) for all h € b;

. thlt]- |A) =0.

The global Weyl module W(A) is the Z-graded Lg-module generated by a non-
zero element |A) satisfying the first three relations above. Consider the formal series
Vi(z) =) ;-0 Virz", i €1, given by W;(z) = exp(—)_,. hirz"/r). Then, there
is a unique l_(_—module structure on W(A) such that the reﬁresentation of Lg is k-
linear and we have W;,, - |A) = ¢;p|A) for each (i, p) € I x N. For any k-algebra
homomorphism k — k, we set W(A, k) =k ®x W(A).

The Weyl modules are universal in the following sense. Let M be a Z-graded
integrable Lgg-module containing an element m of weight A which is annihilated
by nt[¢]. Then there is a unique k-algebra structure on k and a unique Z-graded
L gx-module homomorphism W(A,Kk) — M such that |A) > m.

Let A i, be the unique minimal element in the poset {A € Py;A < A}. Leth’ be
as in Section 3.2.3. The following is well known (see [31], [25, Theorem 1.1]).

PROPOSITION 3.36
(a) dimg (W(A)) < oo.
(b)  W(A) is a free k-module of finite rank.
() top(W(A)) =W(A)? ~ V(A) as a Z-graded g-module.
(d) If g is symmetric, then
50¢(W(A)) = W(A)?AAmin = V(A pin)[~d A

min]

as a Z-graded g-module.

e)  W(A,k) = W(A) as a Z-graded Lg-module.

(f) A=w; = W(A) 2k Qkx W(A) as a Z-graded Lgx-module.

(& WAN) =N ®n Q; W(w;)®? as Lgy-modules such that |A) > 1 ®
i (wa, ) BN
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Now, assume that g is symmetric and (11) is satisfied. We consider the Z-graded
representation of Lgy on tr(R™) in Theorem 3.25.

THEOREM 3.37
If g is symmetric of finite type and (11) is satisfied, then there is a unique Z-graded
Lgx-module isomorphism W(A,K) = tr(R?) such that |A) — |A).

Proof
From Proposition 3.34, we deduce that the element |A) = tr(1) of tr(R*(0)) is a
generator of the Lgx-module tr(R?). Thus, it is enough to prove that there is a Z-
graded Lgx-module isomorphism W(A) — tr(R™) such that |A) — |A). To do this,
note that, since W(A) is universal, there is a unique Z-graded L gx-module homomor-
phism

™ W(A) > (RY),  |A)—|A). (35)

By Proposition 3.34, we deduce that d)A is surjective.

First, we consider the map ¢ : W(A) — tr(R™(k)) given by ¢* =1 ® QA.
Since ¢A is surjective, the map ¢* is also surjective. To prove that it is injective,
we must check that ¢ (soc(W(A))) # 0. Since ¢ is surjective and soc(W(A)) ~
V(Amin)[—dA.A,;,] as a Z-graded Lg-module, it is enough to prove that
tr(RA (k))?A-Amin # (0. The weight subspace V(A) A, 18 nonzero. Thus the injectivity
of ¢A follows from Theorem 3.31(b).

Now, we prove that QA is injective. To do so, since W(A) is a free k-module
and since ¢ is invertible, it is enough to check that tr(EA) is free as a k-module.
To do so, note that by Theorem 3.15 and Example 3.5(d), the h'-algebras R (h')
and h' ®; &), R? (k)®Ai are Morita-equivalent. We deduce that there is an h'-linear
isomorphism

w(RAM)) = 0 @ R (R ®)°Y, [A) 10 @) len)®h.  (6)

Further, by Theorem 3.15, the map (36) is Lgy-linear. Next, by Proposition 3.36(g)
we have an Lgy/-module isomorphism

WAD) >0 @ @W@)®. (A 1e@le)®.  (37)

4

Since the maps (36) and (37) are Lgyy-linear, from the unicity of the morphism QA in
(35) we deduce that the following square is commutative:
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37

W(A.I) h' ®x ®; W(w;)®4i

199" l J, 18®; (¢@i)®Ni

G(RA)) — W 5 @, (R (1) O

Since ¢“i is an isomorphism for each i, this implies that the map 1 ® ¢>A is also an
isomorphism. -

Finally, we must check that ¢A is an isomorphism. To do so, note that by con-
struction the map ¢ preserves the weight decomposition of W(A), tr(R™). There-
fore, the claim follows from the following lemma.

LEMMA 3.38

Let v : M — N be a Z-graded k-module homomorphism such that M, N are both
ﬁnite_ly generated. Assume that the maps 1 @ Y 1k @M -k Q@ N and 1 ® ¥ :
b’ kM — h’ ®x N are invertible. Then v is also invertible. _D

3.4.2. Equivariant homology

For any complex algebraic variety X and any commutative ring k, let H. (X, k) be the
Borel-Moore homology with coefficients in k. Given an action of a complex linear
algebraic group G on X, let HY (X,k) be the G-equivariant Borel-Moore homol-
ogy. We will assume that X admits a locally closed G-equivariant embedding into a
smooth projective G -variety. We define it as in [28, Section 2.8], but we assign the
degree as in [12], so that the fundamental class [X] of X has degree 2dim X if X is
pure-dimensional.

Alternatively, let D (X,k) be the equivariant derived category of constructible
complexes on X with coefficients in k (see [6]). Let ky and k? be the constant and
the dualizing sheaf on X, respectively. These are objects of DY (X, k). If M is in
DY (X,k), then the ith equivariant cohomology of ¥ with coefficients in M is by
definition Hé (X, M) = Ext (kx, M). In particular, the G-equivariant cohomology
and Borel-Moore homology of X are defined by

Note that with our conventions, one can have HiG (X,k) # 0 fori < 0. We will abbre-
viate

H (X =H,(X.k., H(Xk=H"Xk.
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The action of the cohomology on the Borel-Moore homology yields a map
N:HG(X.k) @ HY (X.k) > HY (X.k).

If X is smooth and pure-dimensional, then the cap product with [X] yields an isomor-
phism

HE(X, k) — HE y i (X k).

3.4.3. Quiver varieties

Assume that g is symmetric. Following Nakajima, to each A € P and o € Q4 we
associate a quiver variety (A, «). It is a complex quasiprojective variety equipped
with an action of the complex algebraic group Ga = [[;c; GL(A;). Recall the fol-
lowing:

. M(A,«) is nonsingular, symplectic, possibly empty, and is equipped with
a G -equivariant projective morphism to an affine variety p : M(A,a) —
93?() (A , 0 ) .

. The variety 9% (A, ) has a distinguished point denoted by O such that the
closed subvariety £(A, ) = p~1(0) of M(A, ) is Lagrangian.
. If M(A, ) # 9, then its dimension is dp 4.

We put M(A) = ||, M(A, ) and £(A) =] |, £(A,«). We have a canonical k-
algebra isomorphism H éA (e,k) = k. Under this isomorphism, the equivariant Euler
class of the pth fundamental representation of GL(A;) maps to ¢;, for any p > 0. We
define

HE, (M(A).k) = P HE, (M(A). k).

d>0
M(L(A).K) = EP HGM (£(A).K)
d=>0
= @@H J(E(AL @) k).
d>0 «

Assume also that g is of finite type. The following is well known.

PROPOSITION 3.39
We have the following:

(a) @) (E(A).k) =0ifd ¢ (2Z) N[0.dA o]

(b) HGA (£(A), k) is free over k and Hp4(£(A), k) =k ®) H (S(A) k).

(c) There is a perfect K-bilinear pairing HGA (M(A), k) x H[dA.a—d](S(A)’
k) - k.
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(d) There is a Z-graded Lgy-representation on H [i]" (£(A), k) which is isomor-

phic to W(A). Under this isomorphism H[(:]A (L(A, ), k) maps to W(A) p—q-
Proof
Parts (b) and (c) are proved in [32, Theorem 7.3.5] for equivariant K -theory, but the
same proof applies also to equivariant Borel-Moore homology. Part (d) follows from
[33]. O

From Theorem 3.37 we deduce the following.

THEOREM 3.40
If g is symmetric of finite type and (11) is satisfied, then there are Z-graded L g-
module isomorphisms tr(R™) ~ k Rk H[f]’\ (£(A), k).

Remark 3.41
(a) Since £(A, ) is connected, we deduce from Theorem 3.40 that tr(R (o))« ~
k whenever V(A), # 0 if g is symmetric and of finite type.

(b) We equip Z(R?) with the Lg-representation dual to tr(R®) relatively to
the pairing (25) and the anti-involution @ of Lgg. The action of xiir on Z(R%) is
described in Proposition 3.28. Next, we equip Hg, (MM(A).k) with the Lgk-
representation dual to H[f:]A (£(A), k) relatively to the pairing in (c) above and the
anti-involution w. Then, from Theorem 3.40 we deduce that there is a Z-graded Lgy-

module isomorphism

k ® Hg  (M(A). k) > Z(RY). (38)

3.4.4. The multiplicative structure on HéA (OM(A), k)
In this section, we explain how to construct a k-algebra isomorphism Z(R?) ~ k Rk
H E";A (O (A), k) from the Lgg-linear isomorphism (38). To simplify, we will assume
that condition (11) holds.

We first introduce a k-linear map

a:Z(R) —»k® HE, (M(A),K),

which is usually called the Kirwan map. Recall that, foreacha € Q4,i € I,the G-
variety 9(A, ) is equipped with G p-equivariant bundles V;, W; of rank a;, A;,
respectively, defined as in [32, Section 2.9], where a; is the coordinate of o along the
simple root «;. On the other hand, if ht(c) = n, then the center of R(«) is given by

Z(R(oe)) = (@ k[xl,...,xn]e(v))sn,

velv
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where the symmetric group acts on Kk[x1,..., x,] and e(v) in the obvious way. Then,
the Kirwan map is the unique k-algebra homomorphism such that

a(cip) = (=D)Pcp(Wi), V(i,p) €la,

o 32 [0 - z00 ) = [T e (v,

vel® k=1 jel

where ¢, andc; =) p(—2)Pcp are the pth G A -equivariant Chern class and the G4 -
equivariant Chern polynomial, respectively.

Next, let b : Z(R) — Z(R?) be the canonical map induced by the quotient map
R — RA.

Finally, let ¢ be the unique isomorphism as in (38), which takes the unit of the
ring k @k H (M(A,0),k) to the unit of Z(R*(0)).

PROPOSITION 3.42

Assume that the Kirwan map a is surjective.

(a) The element Y (1) € Z(R™ ()) is invertible, and the map ¢ : k ®k HEA (M(A,
), k) — Z(R2 () given by ¢ = (1)~' - ¥ is a k-algebra isomorphism.

(b) The map b is surjective.

Proof

Consider the formal series W; (z) = exp(— ), hirz" /r) introduced in Section 3.4.1.
Set A = A — . Since condition (11) holds, the formal power series B_; 3(z) €
Z(R2 (0))[[z]] in Section B.2 is given by the following formula (see Proposition B.3):

Boia(z)=b(> H (14 zyip) 1‘[(1 — zxe) e(v) ).

vel% p=1

Here, the y;,’s are formal variables as in Section 3.2.3. Further, by Lemma B.4, under
the representation of Lgy on Z(R™), the formal series ¥; (z) acts on Z(R*(«)) by
multiplication by B_; ;(z). Next, by [32, Section 9.2], under the representation of
Lgx onk @y H, E";A (M(A), k), the formal series W; (z) acts by multiplication by

ez (W U Jez (V)=
J

Since, by definition, the map ¥ is Lgg-linear, we deduce that

(2 H (1+ 2yip) H(l —zxe) e (v)) Y (o)

vel% p=1
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=y (e (W) U Tex (¥ Us)

J

=y(a(X [T+ 2 [T~ Zx) “e(v)) U).
k=1

vel® p=1

We deduce that, for each z € Z(R), we have b(z) - ¥ (o) = ¥ (a(z) U o). Thus, we
have b(z) - ¥ (1) = ¥ (a(z)). Since ¥ and a are surjective, there is an element z such
that b(z) - ¥ (1) = 1, from which we deduce that ¥ (1) is invertible. Furthermore, for
each z,z’ € Z(R), we have b(z) - b(z’) - ¥ (1) = Y (a(z) Ua(z’)). Hence, the map ¢
is an algebra isomorphism and the diagram below is commutative:

Z(R(®))

TN
k®k Hg, (M(A, @), k) ’ Z(R™(a))

The lemma is proved. O

4. The Jordan quiver
We expect that the results above could be generalized to quivers with loops using the
generalized quiver Hecke algebras introduced in [17]. In this section, we consider the
particular case of the Jordan quiver. In this particular case, the quiver Hecke algebra
in [17] is the degenerate affine Hecke algebra of the symmetric group.

From now on, let k be a commutative domain, let k = k[#, y1,..., y+], and let K’
be the fraction field of k. The ring k is Z-graded with deg(y,) = deg(h) = 2. For any
k-module M, write

M =K & M.

If M is free Z-graded of finite rank, then let grdim(M) be its graded rank. It is
the unique element in N[¢,#~'] such that grdim(k[d]) = t~¢ and grdim(M & N) =
grdim(M) + grdim(N).

4.1. The quiver Hecke algebra

For any integer n > 0, the quiver Hecke algebra of rank n associated with the Jordan
quiver is the degenerate affine Hecke k-algebra R(n), which is generated by elements
T1,..>Tn—1,X1,..., X, With the defining relations

(@  xpx; = XXk,

(b) gy =1t iflk—1]>1,
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© =1,
(d)  wex; — X5yt = M1 k+1—31.1),
(e) Th+1Thk Th+1 = Tk Th+1Tk-

We write R(0) = k. For any integer r > 0, the cyclotomic quiver Hecke algebra
of rank n and level r is the quotient R” (n) of R(n) by the two-sided ideal generated
by the element ]_[;zl(xl — ¥p). The k-algebras R(n), R"(n) are Z-graded, with
deg(tx) = 0 and deg(xg) = 2.

The canonical map R(n) — R (n) yields a Z-graded k-algebra homomorphism
Z(R(n)) — Z(R" (n)). Let Z(R" (n))™ be its image.

We equip Z(R" (n)), Z(R" (n))'™ with the grading such that

Z(R" ) =R ) nz(R" ().  (Z(R"m)™)* = R"(m)? nz(R" (n))™

The canonical inclusion R(n) — R(n + 1) factors to a (R" (n), R" (n))-bilinear
map ¢ : R"(n) = R" (n + 1). We have the following.

PROPOSITION 4.1

@ Rm=@, ., kxi' - x,"w, wherery + -+ 1y <1 and w € &,,.

)  R'(n+1) =@ @ R"m)(j.n + Dk,

(c) For each z € R"(n + 1), there are unique elements w(z) € R"(n) rr (n—1)
R" (n) and py(z) € R(n) suchthat z = i, (7(2)) + Z,rc_:lo Pk (z)x,’fH, vield-
ing a (R"(n), R" (n))-bimodule isomorphism

r—1
R'(n+1)=R ()R (n) © PR (n)x} ;.
k=0

(d) The canonical map Z(R(n)) — Z(R" (n))’ is surjective and we have
Y dim(ZR () )g*" = [0 —¢*) "

n>0 j>1

(e) Z(R” (n))™M is a free k-module of finite rank such that

Zgrdlm ZRr(n)JM l_[ l_[(l tZ(ri-i-p—l—r))—l‘

n>0 p=1li=1

Proof
Parts (a) and (b) are well known. The proof of part (c) is similar to [24, Lemma 5.6.1],
where the case & = 1 is done. Indeed, by part (b) it is enough to show that

r—=1 n

B P R ()(j.n+ Dxk = R (m)wa R" (n).

k=0j=1



1054 SHAN, VARAGNOLO, and VASSEROT

By (b), we have R” (n) = @ _b =1 R (n— 1)(j,n)xf. Since 1, commutes with
R'(n — 1) and t,(j,n) = (j,n)(j,n + 1), we deduce R"(n)r,R"(n) =
Dz, Tl RI)(jon + l)xf. Part (d) is proved in [8].

Let us concentrate on (e). First, we prove that Z(R" (n))™ is free of finite rank as
a k-module. To do that, set k; =Kk[y1,..., y,] and consider the k;-algebras

R(n)y=R(n)/(h=1),  R'(n)1=R"(n)/(h—1).

Then, the assignment tx = 1%, X = Xk @ b, ¥y, = ¥, ® hyields a k-algebra homo-
morphism

R"(n) — R"(n)1 ®, k= R"(n)1[A].
It restricts to an inclusion
Z(R" ()™ c z(R" (n)) € Z(R" (n)1) (7). (39)
Now, for any n-tuple & = (i1, ..., ity) of nonnegative integers, let

Pu(X1,... x,) = Zx'fl expn € Z(R (n)1),
v

where v runs over the set of all n-tuples which are obtained from p by permuting
its entries. Let J,(r) be the set of all partitions x such that £(u) + Y, [ii/r] <n.
By [8, Theorem 3.2], the canonical map R(n); — R"(n); yields a surjection
Z(R(n)1) = Z(R"(n)1). Further, the elements p, (xi,...,x,), where u runs over
the set &, (r), form a ky-basis of Z(R" (n)). Therefore, under the inclusion (39), the
elements p,,(x1,...,X,) ® i, where u € #,(r) yield a k-basis of Z(R" (n))™. We
deduce that Z(R" (n))"™ is free of finite rank as a k-module and that

Zgrdlm ZR (n) JM 2" Z Z 2‘“‘ 2n,

n>0 n=0 uePy(r)

To compute the right-hand side, note that [8, p. 243] yields a bijection

¢ AS(n) = Pulr),
where A (n) is the set of r-partitions A = AD . 1) of n. Further, if (1) = p
then

r
lul=rlAl = (r + DEQ) + > ptAP).
p=1

We deduce that
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Zgrdlm (Z R (n)) JM " = Z Z (2P =20+ DL +2 Y pmw))qzn

n=0 n20 At ()
,
:1—[ Z (27 A+ 2(p=r=1E@) 2121
P=lyeAfm)
r (o) ( )
— _ 20 2(ri+p—1-r)y—1
=[]]]a-4* )7L -

p=1li=1

4.2. The Lie algebra ' W

Let W be the Lie k’-algebra generated by elements Cx, D_; g, Do k+1, D1 x with
k > 0, modulo the following definition relations:

@  [Doi+1:Dok+1] =0,

®)  [Doi+1:D1k)=hDy 4k and [Do 41, Dy k] = —hD_1 14k,
(¢)  3[Di2,D11] = [D13, D1o] + h?[D11. D1o] =0,

(d)  3[D-12,D-1,1]—[D-1,3, D_1,0] + B*[D_1,1, D_1,0] = 0,

() [Dio.[DP10, D11]] = [D-1,0,[D-1,0. D-1,1]] = 0,

® [D_1k,D11] = Ex41,

(2) Cy, is central,

where the series E(z) =) ;-0 Ez* is given by the following formula

E(z)=Co+ Y _(ya(Dos+1) + y-n(Doj+1) + Ci)z*.

k>1
. (40)

k _
Ye(Dog+1) = Z (p) Doj—ps11? "

p=1
Let W<, W>o, Wy C W be the Lie subalgebras generated by {D x:k > 0},

{D_1x:k >0}, and {Dg k+1, Ck: k > 0}, respectively.
There is a unique Lie k’-algebra anti-involution @ of ‘W such that

@ (Cy) = Cy, w (D) =D_jk. 41)

The Lie k’-algebra ‘W is Z-graded with deg(D; i) = 2/ and deg(Cx) = 0. A rep-
resentation V' is diagonalizable if the operator Dy 1 /h is diagonalizable with integral
eigenvalues. Then V' is Z-graded and its degree 2n component V,, is the eigenspace
associated with the eigenvalue n. We will say that a diagonalizable representation
is quasifinite if the degree 2n component is finite-dimensional for each n. Finally,
we define the character of a quasifinite representation V' to be the formal series in

N[[g,¢~"]] given by
ch(V)(q) =) _¢*" dim(V;).

nez
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Given a linear form A : Wy — Kk’ and a module V', an element v € V is primitive
of weight A if Wy acts on v by A and w (W) by zero. We call A(Cy) the level
of A.

Let M(A) be the Verma module with the lowest weight A. It is the diagonalizable
module induced from the 1-dimensional W (-module spanned by a primitive vector
|A). Let V(A) be the top of M(A). It is an irreducible diagonalizable module. We
call A the lowest weight and A(Cyp) the level of M(A), V(A). We call |A) the highest
weight vectors of M(A), V(A).

4.3. The loop operators on the center and the cocenter
For each r,n € N with r # 0, we set €, = R" (n)-grproj. Write € =, €,. The
restriction and induction functors form an adjoint pair (F, E) with

E :R"(n + 1)-grmod — R” (n)-grmod, NN,
F : R"(n)-grmod — R" (n + 1)-grmod, M—R (n+1)®rrap M.
Lete: FE — land n: 1 — EF be the counit and unit, respectively, of the adjoint
pair (F, E). They are represented by the multiplication map u and the canonical
map t, respectively:
e:R"(n) Qgr(n—1) R"(n) = R"(n),
n:R"(n) > R"(n+1).

PROPOSITION 4.2

(a) The pair (E, F) is adjoint with the counit € : EF — 1 and the unit): 1 — FE
represented by the morphisms &€ : R"(n + 1) — R"(n), n: R"(n) —
R™(n) ®rr(n—1) R"(n) such that &(z) = py—1(z) and hi)(1) = 7 (x; ;).

(b) The k-algebra R (n) is a symmetric algebra. The symmetrizing form t,,
R" (n) — K is the unique K-linear map sending the element x;‘ s xp"w to 1if

rp=--=rp,=r—1and w=1and to 0 otherwise. We have t,, =o0---0&
(n times).

Proof

See [24, Lemma 5.7.2] for (a) and [9, Theorem A.2] for (b). O

We have tr(€”/Z) = @, tr(R"(n)). We equip tr(€"/Z) with the Z?-grading
such that tr(R” (n)) has the weight 2n and the order given by the degree of elements of
R” (n). For each k € N, we define k-linear operators xkjE ontr(€”/Z) = @, tr(R"(n))
of weights £2 and order 2k such that the maps

xf (R (n)) = w(R"(n — 1)), x ttr(R"(n)) = tr(R" (n + 1))
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are given, for each f € Ender(a) and a € €7, by
x,‘: (te(f)) = tr(xk(a) o (E(f))). x (tr(f)) = tr(xk (a) o (F(f))).

Here x € End(F) is represented by the right multiplication by x,4+; on R"(n + 1),
and x € End(F) is the left-transposed endomorphism.

THEOREM 4.3
The assignment Cx — pr(y1,...,¥r), Dx1x x,it defines a representation of level

rof Wontr(€" /7).

Proof

First, we check that the operators x,, x|, x5, x5 satisfy relations (c) and (e) for
D19, D11, D12, D13 in the definition of ‘W. For each k € N and f € R" (n), we have
X (r(f)) =w(f x,’f +1)» where the element f on the right-hand side is identified with
its image by the map

t:R"(n) > R (n+1).
Thus, using the relations t, 41X, 42Tn+1 = Xn+1 + ATh4+1 and t,%H =1, we get
(X7, x0 1(tr(f)) = o0 (fXnt2 — [Xnt1)
= ([ Xn42Tpty — [ Xnt1)
=t(fTh+r1Xn+2Tn+1 — fXn+1)
= htr(fTn+1)-
Similarly, using the relations
Tn-‘rlxn-‘rlx,%.g_zfn-i-l = x3+1xn+2 + AXn41Xn 42Tt 1,
Tn+1xn3+2fn+1 = x2+1 + h(x;%.g-z + Xn+1Xn42 + x5+1)fn+1,
we deduce that
(x5, x71(tr(f)) = htr(f Xn41Xn4+2Tn+1)-
[x;,xg](tr(f)) = htr(f(x5+2 + Xn+1Xn4+2 + X,3+1)Tn+1)-
Relation (e) follows from
[x(; [xo » xl_]](tr(f)) = htr(f(fn-i-z - Tn+1))
= ﬁtr(f(fnﬂf,%ﬂ - Tn+11'3+2))
= htr(f (Ta1Tn+2Tn+1 — Tnd2Tnt1Tn42))

=0.
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To prove relation (c), we introduce the element ¢; = (x; — x;41)7; + h. We have

o =R — (x1 — x141)% QI Xk = X5, (k) DI it = -1
And we deduce that
(3. x71—[x3.x5] + R [x7,xg]) (tr(f))
= htr(f BXn41%n+2 — Xpyp — Xnt1Xn42 — Xy — B2)Tas1)
= htr(f ((Xn41 — Xn42)®> — B7)Tut1)
= —htf(ffl’;%+1fn+1)
= —ht(fOn+1Tnr1Pn+1)
= htr(fQn 41 Tnt1)
=0.

We prove that the operators x;r s xfr, x; s x;r satisfy relations (d) and (e) for D_j o,
D_1,1, D_12, D_; 3 in a similar way.

Next, we prove relations (a), (b), and (f). To do so, for each [ > 0, consider the
element p;(x1,...,x,) € Z(R"(n)) given by p;(x1,...,xn) = Y i, xf if n >0 and
0if n =0. Let x? '+, be the k-linear operator on tr(€" /Z) given by

X () = hte(fpi(x1.....xn)).  Yf € R (n). 42)

Then, under the assignment Dg x4 — x,? 410 the defining relation (a) of ‘W is obvi-
ously satisfied. Let us concentrate on (b). We have

0 xg () = Bue(f (xk pr e X)) — XK pr(es LX)
= e (t(/)).

The relation [x? 410 x,j] = hx;; « 1s proved in a similar way.
Finally, let us prove relation (f) in the definition of the Lie algebra 'W. Let

§:R"(n+1)— R (n), N:R"(n) > R"(n) Qrrn—1) R"(n)
be as above. For each k € N we consider the following elements in Z(R" (n)):

k A —1+k
B+,n = 8(x2+1+ )’

—hzuxn—r—wk () ifk>r+1,
BY = —prk (0, ) if1<k<r
1 ifk=0.
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We may abbreviate Bk = Bk . Consider the formal series B+(z) = ) ;cy Bizk.
For each k,l € N, we define the operator Ey; = [x,j,xl_] on tr(€"/7Z) .

LEMMA 4.4

The following hold:

(@)  &(tpaty) = &(a) for each a € R™ (n);

(b)  Bi(z)B-(2)=1;

(©) Ej+1:= Ex depends only on k +1 and we have E; = Zi:o(" —k)Bﬂ__ka;
(d) E(z)=r —zd/dzlog B_(z);

©  B_()=ITjey (1= 1222/ (1 = zx) ) [Tyey (1= 23p).

Proof
For part (a), note thata = pu,_, (w(a)) + 22;1() Pk (a)x,’f. Thus, a direct computation
yields

r—1 r—1
TndTn = Loyt _1tn (7‘[([1)) - Z pr(a)h Z x;vl‘[nx:l + Z Pk(a)xylfﬂ
k=0 sti=k—1 k=0
k—11t-1
_h Zpk(a)zzxk 1—t+a ;‘l ll a
t=0a=0

We deduce that p,_1(tpat,) = pr—1(a).
Next, a similar computation as in the proof of parts (a) and (c) of Lemma B.1
yields

k—r
n(x,]fH):Z(e(an)@x; ®1® 1)7(xy44), (43)
5=0
r—a—1
paxyi) = ) BYTUBS, (44)
s=0

and the equality in part (b).

The proof of part (c) is similar to Proposition B.5(b), so we briefly indicate the
key steps. First, the isomorphism in Proposition 4.1(c) represents an isomorphism of
functors p : EF1, — G with G = FE1, & 1%". By Lemma 2.3 we have

x,jxl_ =trgr (xlkxf) =trg(p! (xkxl),o,
and it is equal to the sum of the trace of p~!(x¥x?)p restricted to each direct factor

of G. The restriction of p~! (x*x!)p to FE1,, is represented by

R" (n) ®R"(n—1) R"(n) — R"(n) QR"(n—1) R (n), Z= ”(xrlf_}_]/’brn (Z)xrlz+1)'
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We have
k+1—1
(e X 1) = g )+ D g ()i,
a=0

Hence the restriction of p~! (x¥x%)p to FE1, is the endomorphism

k+1-1
xIxk +n Z ﬂ(x,]fﬂ_l_“)e(l ® x5),
a=0
and by (43) its trace is equal to
k+1
xpxl 4 Z (r—s)BY =B,
s=r—+1

The restriction of p~!(x*¥x!)p to the ath copy of 1, is represented by the map
R (n) — R™(n), z v zpa (xkF119). By (44), it is equal to Y j—g @ BXH/=7ps |
We conclude that

k+1 r—1r—1l—a
- — I+k— k41—
x,':xl =X x,j-i— Z (r—s)B+"’:n *B: +Z Z BY + B,
s=r+1 a=0 s=0
k+1
_ I+k—
=X x;—l—Z(r—s)B_:n sBi,n
s=0

To prove (d), note that, using (b), we get

—zd/dzlog B_(z) = —(Z kazk) (Z Bf_zk>

k>0 k>0
[
=YY (=kB*Bi )zl = —r + E(2).
>0 k=0

Finally, we concentrate on (e). We have

r,,x t,,—x —h Z xPr,xl — hZZ(a—I—l)xzx,’fﬁ a,
ptg=k—1

Using (a), we deduce that

k—2
é(x,’f) = é(r,,x,’frn) = é(x,]fﬂ) — h? Z(a + 1)xﬁé(x,’fﬁ_“).
a=0
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Thus, we have

k—2
k—r+1 _ pk—-r+1 2 a pk—2—a—-r+1
B-‘r,n—l - B+,n —h E (a + D)xp, B_,’_,n .

a=0

This yields

Bino1(2) = (1—=12*(1 — zxs) %) By n(2).
Hence by (b) we get

B_y(z) = (1= 1222(1 = 2x0) %) B_ 1 (2)

for n > 1. By induction it remains to compute B_ ¢(z). Since

r

X == Y (D ey )X

a=1
we have
m(x]) =0, B2 o= (=D%qa(y1,...,yr) Vae[l,r], BZy=0 Va>r.
Therefore, we have B_ o(z) = [],_;(1 — zya). O

We can now finish the proof of relation (f) of ‘W. According to Lemma 4.4, the
formal series E(z) = leo E;z% is given by

E(z)=r —Zd/dzlog(l_[(l —Zzyp) l_[(l — z(x — b))
p=1 k=1

x (1—z(xx +R)(1— Zxk)_z).
Comparing this with formula (42) and the identity

Z(Za)k = —z(d/dz)log(1 — za), 45)

k>1
we deduce that
n r
E(z)y=r-— Z Z(Zx'; —(xp— hyk — (xp + h)k)zk + Z Z yllgzk.
k>1p=1 k>1p=1

This implies that
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E@) =r+ Y (yn(Dok+1) + v-n(Dos+1) + pk(y1.-...yr)) 2",

k>1
L (46)
k _
Ye(Dok+1) = Z ( )Do,k—p+1lp L
— \P
p=1
This finishes the proof of the theorem. O

Set Z(€"/Z) = @, Z(R"(n)). The symmetrizing form t, = @, -, on
D,, R" (n)’ yields a k’-bilinear form

Z(€" /7Y x (€ JZ) - K/, (a,b) > tr(ab),

which induces an isomorphism Z(€" /Z) ~ Homy (tr(€" /Z)’,k’). Taking the trans-
pose with respect to this bilinear form and twisting the action by the anti-involution
w in (41), we get a representation of ‘W on Z(€"/Z)’ of level r. Let |r) € Z(€" /Z)
denote the unit of Z(R"(0))’ = k. We define a weight A, of level r of ‘W by the
formula

Ar(Ck) = pi(V1s -2, )r), Ar(Dog+1) =0, Vk=>0. 47)

PROPOSITION 4.5

The following hold:

(a) |r) is a primitive vector of Z(€" /Z) of weight A;

(b)  Z(€"/Z) is quasifinite of character njzl (1—g%)".

Proof
Part (a) follows from formula (42), which implies that x? Jrl(|r)) =0 forall/ > 0.
Part (b) follows from Proposition 4.1(d). U

4.4. The cohomology ring of the moduli space of framed instantons

Let 91(r,n) be the moduli space of framed rank r torsion-free sheaves on P? with
fixed second Chern class n. Set M(r) = |_|, M (r, n). First, let us review a few basic
facts on 2M(r) (see [34, Section 3] for more details).

The group GL(r) x GL(2) acts on 9i(r) in the obvious way : GL(r) acts by
changing the framing and GL(2) via the tautological action on P2 which preserves
the line at infinity. Let 7 C GL(r), A C GL(2) be the maximal tori, and let C* C A
be the hyperbolic torus {diag(¢,t7');t € C*}.Set G =T x C*and G4 = T x A.

We identify the Z-graded k-algebra H;(e,k) with k in the obvious way. Let
h=H EA (e,k), and write I’ for the fraction field of h. From now on, let k be a field
of characteristic 0.
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The G 4-variety 9(r,n) is equivariantly formal and smooth of dimension
drn = 2rn. Thus HG(ON(r),k) is a free Z-graded k-module isomorphic to
H*(M(r),k) ® k. The G 4-action yields an a-partition of 9i(r) into affine spaces
in the sense of De Concini, Lusztig, and Procesi [11]. We deduce that

Z dim H? (M(r,n),k)g*"t?
d,n>0

= Z grdimH g (M(r,n), k)g>"

n>0
r oo . .
— 1_[ 1_[(1 _q21t2(rt+p—l—r))—l. (48)
p=1li=1

In particular, note that the odd cohomology of () vanishes, and hence the k-algebra
HZ(OM(r), k) is commutative. Let |r) be the unit of HJ(M(r,0).k) ~ k. First, we
prove the following.

PROPOSITION 4.6

(a) There is a representation of the Lie K'-algebra 'W on HJ (O (r). k)" which
is isomorphic to V(A,). This representation is quasifinite of character
[Tjo1(1— )",

(b) There is a unique isomorphism yr : Z(€" /Z) — H%(OM(r), k)’ of representa-
tions of ‘W' which takes the element |r) 1o |r).

(c) For each n € N, the element (1) € H(M(r,n),k)" is invertible, and the
map ¢' 1 Z(R" (n)) — HE(ON(r,n), k)’ given by ¢'(8) =y (1)1 Uy (o) isa
K'-algebra isomorphism.

Proof
For each n, k € N, we consider the locus

B(r,n+k,n) CM(r,n + k) x C* x M(r,n)
of triples (&, x,¥) such that & C ¥ and ¥ /& is a length k sheaf supported at x. For
each y € H;(°B(r,n + k,n),k) the correspondence B(r,n + k,n) defines two maps
O4(y): HG(M(r,n). k) — HE(M(r,n + k). k),
O_(y): HE(ON(r,n + k), k) — HE(M(r,n), k) .
The map ®_ uses localized equivariant cohomology, because the projection B(r,n +
k,n) — M(r,n) is not proper.

Let 7, 4%,n, Tn be the tautological bundles on IM(r,n + k) x M(r,n), M(r,n).
Write ¢; for the i th equivariant Chern class. The obvious map
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HE(M(r,n + k) x M(r,n). k) x HE(C? k) — HE(B(r,n + k,n).k)

is denoted by (a,b) —a ® b.
Now, we define the action of Ci, Dix, D_1 %, Dok+1 on an element of
HE(O(r,n),k) by

Do, = hn,
Ce=peO1.---.yr),
Dy = —hz®+(61(fn+1,n)k ® 1),
D_ij=(=1)"""0_(c1(tar1.)* ® 1),

> Dogiazh = —n(d/dz)log(1+ Y cx(ma)(=2)F) U,

k>0 k>1

(49)

The operators D_j x, D1k, Doxr+1 above are equal to the operators hk D_1k,
BK Dy g, *¥1Dg 41 in [37, (3.17)], respectively. The reason for this normalization
by powers of £ is to give the term £ in relations (b), (c), and (d) of ‘W in Section 4.2,
which does not appear in the corresponding relations in [2].

By [37, Corollary 3.3] and [2], the formulas (49) yield a representation of h’ ®
‘W on

HE (M(r).k) =W @y H , (M(r). k).

Note that [37] uses equivariant homology rather than equivariant cohomology, but
since M1(r) is smooth, its equivariant homology and cohomology are isomorphic by
Poincaré duality. We must check that the formulas (49) give indeed a representation
of Won H:(M(r). k).

The representation of h’ ®, W in [37] depends on parameters yi,..., Vr, X,
which are generators of the field extension h’ of k. Note that y, is denoted by the
symbol e, in [37]. The representation of ‘W we consider here is a specialization along
the hyperplane x = —y = h of some integral form of the representation in [37]. See
[7] for more details on this integral form. We must check that the representation in
[37] specializes effectively.

To prove this, note that the main results of [37] are obtained by explicit computa-
tions in the h’'-basis of H éA (M(r), k)’ formed by the fundamental classes of the fixed
points of Mi(7) under the action of the torus G 4. For these computations it is essen-
tial that the fixed points are isolated. Now, it is well known, and easy to prove, that
the fixed-point sets 9t(r)® and M(r)C4 are the same. Indeed, one can easily check
that the explicit formulas for the representation of h’ ®y ‘W in [37, Corollary 3.3] in
the basis of H (*;A (M(r), k)" have no poles along the hyperplane x = y. This follows
from formulas (3.17) and (D.1)—(D.3) in [37].



ON THE CENTER OF QUIVER HECKE ALGEBRAS 1065

Note, however, that the series E(z) in (40) differs from the corresponding one
in [37, (1.70)]. We must check that these formulas are compatible. To do that, let us
review quickly the proof in [37, pp. 326-327]. Our setting differs from [37] because
there we assumed that both parameters x, y are generic, while here we have x = h =
—y with A generic.

Let{a;;i € I} and {b;;j € J} be asin [37, p. 327]. Then, the computation there
implies that the element [D_; ¢, D1 ;] = Ex+; depends only on k + / and yields the
following identity:

E(z)= Z(Za,- — ij)zk.
k>0 iel jeJ

Fix some formal variables x1, x2,...,X;, such that ¢;(z,) = e;(x1,x2,...,x,) for
each i € [1,n]. Then, the same argument as in [37, p. 327] using [37, Lemma D.1]
implies that

E()=r=Y_ > (2xk—(xp—mF = (x, + 0¥) K+ ykk

k>1p=1 k>1p=1

We deduce that (see (46))

E(z)=r+ Z(Vh(Do,kH) + V-n(Dox+1) + pc(y1... -’J’r))Zk,
k>1
k

k _
Ye(Doj+1) = Z (p) Doje—p+1t77 .

p=1

(50)

We have proved that the formulas in (49) define a representation of ‘W on
HZ(OM(r),k)’. Now, we must check that this representation is irreducible and is iso-
morphic to V(A,).

The irreducibility follows from the main result of [37]. More precisely, it is
proved in [37, Theorem 8.33] that the representation of ‘W on HEA (M(r), k) gives

rise to a representation of the W -algebra of the affine Kac—Moody algebra é\[, on
HEA (M(r), k)" (see, e.g., [1] and [15] for some background on W(gl,)). It is also

proved there that the W(gT[,)—module H(*;A (M(r), k)" is isomorphic to the Verma
module with highest weight and level given, respectively, by

a/x—p(1+y/x) and —y/x—r. (51

Here we have seta = (y1, y2,...,yr) and p = (0,—1,...,1 —r) (see also [7]). Then,
the irreducibility of HE;A (Mn(r).k) as a W(é\[r)—module is well known, because a
Verma module with a generic highest weight is irreducible. To prove that it is also
irreducible as a W-module, use [37, Theorem 8.22] as in [37, Corollary 8.29].
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The same argument proves that H, (91(r), k)’ is irreducible as a 'W-module.

Next, we must identify the representation of ‘W on H g (9(r), k)" with V(A;).
To do that, it is enough to prove that the element |r) of HJ(9(r), k)’ is primitive of
weight A,. The equality [37, (3.9)] yields

cx(ty) U|r)=0, Vk=>1.

Thus, from (49) we deduce that D¢ x4 (|r)) = 0 for each k > 0.

Finally, we must check the character formula in (a). It is well known, and follows
easily by counting the (isolated) fixed points in 21(r, 7). This finishes the proof of (a).

Now, let us concentrate on (b). Since the element |r) of Z(€" /Z)’ is primitive of
weight A, and since M(A,) has a simple top isomorphic to V(A,), there is a unique
surjective 'W-module homomorphism from the submodule M C Z(€” /Z)’ generated
by |r) to Hg(O(r). k)" such that |r) = |r). Since H (M (r), k)" and Z(€"/Z)" have
the same character, we deduce that

Z(€"/Z) = M = HE(M(r), k) .
Let ¥ be the unique 'W’'-module isomorphism
Y Z(€T L) — HE(M(). k), |r) > |r).

Finally, let us prove part (c). By restriction, the map v yields a k’-linear isomor-
phism

v Z(R"(n)) — HE(M(r,n), k)’
for each n € N. We must prove that /(1) is invertible in HJ (9(r, n), k)" and the map
¢ Z(R' () — H5(Mrn). k). ¢/ @)=y (1) Uy(e)

is a k’-algebra isomorphism. To do so, we consider the diagram

Z(R(n))/
HE(M(r,n), k)’ Z(R" ()’
The map b’ is the k’-algebra homomorphism induced by the canonical map R(n) —

R" (n). Itis surjective by Proposition 4.1. The map a’ is the k’-algebra homomorphism
given by

a'(ei(x1,....xn)) =ci(ta), Vie[l,n]
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Note that, by the definition of the representation of ‘W on H;(9(r,n),k)’, formula
(49) yields

W 'Dogt1 =a'(pr(x1,....xn))Ue on HE (SJ?(r,n),]k)/. (52)

Next, by the definition of the representation of W on Z(€”" /Z)’, the formula (42) in
the proof of Theorem 4.3 yields

R Dogxs1 =0 (pr(x1,...,x0)) -® on Z(R"(n))". (53)

From (52) and (53), since v is ‘W-linear, we deduce that

V(0 (pr(x1.....xn)) - @) =a'(pr(x1,....Xn)) U (o). (54)
Now, an easy induction using (54) yields
yb'(z) =d' (z) Uy (1), Vzez(Rm)). (55)
We also deduce that
Y(EZYUY() =y () Uy(Z), Vz,2 € Z(R (). (56)

Now, since b’ and y are surjective, equality (55) implies that the element (1) is
invertible in the (commutative) k'-algebra HJ(9(r,n),k)". Thus, the map ¢’ above
is well defined and it is a k’-algebra homomorphism by (56). It is clearly bijective
because it is injective and both sides are finite-dimensional of the same dimension
over Kk’. Further, we have a commutative diagram:

Z(R(n))’
a’ b’
/ \ (57)
* ’ ¢ r !
HE (M (r,n).k) Z(R"(n))
Part (c) of the proposition is proved. O

We can now prove the following, which is one of the main results of this paper.

THEOREM 4.7
The canonical map Z(R(n)) — Hg (M (r,n).k) is a surjective K-algebra homomor-
phism. It factors to a k-algebra isomorphism Z(R" (n))’™ — HE(O(r,n), k).
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Proof

We define the maps a : Z(R(n)) — Hg (MM (r,n),k) and b : Z(R(n)) — Z(R" (n)) as
in the triangle (57) above. Thus, we have ¢’ =K' ® ¢ and b’ = K’ ® b. We claim that
there is a k-linear map ¢ making the following triangle commute:

Z(R(n))

a b
/ \ (58)

HE(M(r,n), k) Z(R" ()™

To prove this, it is enough to check that Ker(b) C Ker(a). Since the triangle (57)
commutes, we have Ker(b’) C Ker(a’). Thus, since Z(R(n)) is free as a k-module,
the map x — 1 ® x yields an inclusion

Ker(b) C (1 ® Z(R(n))) N Ker(a').
Finally, since Z(R(n)) is free as a k-module, the map x — 1 ® x yields an isomor-
phism
Ker(a) ~ 1 ® Ker(a)
~ (1® Z(R(n))) NKer(a').

The claim is proved. Note that, since the map &’ is surjective and the triangles (57)
and (58) commute, we have ¢’ = K’ ® ¢. Thus, since ¢’ is injective, we deduce that
¢ is also injective. Now, recall that Proposition 4.1 and (48) yield

Zgrdlm(Z R’(n))JM = ZgrdimHé (M(r,n). k)g*"

n>0 n>0

We deduce that the map ¢ is an isomorphism Z(R")™ — Hg (M (r). k). O

The theorem above can be reformulated in the following way. Set k; =
k[y1,...,yr] and consider the k;-algebras

R(n)y=R@)/(h—1).  R'(n)y=Rn)/(h-1).

Recall the inclusion Z(R” (n))™ C Z(R" (n)1)[A] in (39). By [8], the canonical map
R(n); — R"(n) yields a surjection Z(R(n),) — Z(R"(n)1). Since Z(R(n)) is N-
graded, this yields an increasing separated and exhaustive N-filtration F, of
Z(R"(n)1). Let Rees(Z(R" (n)1)) be the corresponding Rees algebra; that is,

Rees(Z(R"(1)1)) = Y F>a(Z(R"(n)1)) ® h* C Z(R” (n)1)[A].
d>0
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By construction, the map (39) identifies the k-algebras Z(R"(n))™ and
Rees(Z(R"(n)1)). We deduce the following

COROLLARY 4.8
There is a k-algebra isomorphism Rees(Z(R" (n)1)) ~ HE(OM(r,n),k).

Remark 4.9
In the particular case r = 1, the corollary was already known and follows from [38].

Appendices

Appendix A. The symmetrizing form
Fix a dominant weight A € Py.Leta € Q4 andi,j €l.Set A=A —«a and A; =
(o), A).

A.l. Bubbles
Assume that ¢« has the height n.

Definition A.1
For each k € N the bubble B:kt ia is the element of R () given by the following:
o If A; >0, we set

8 Ai—1+k ) ]
Bk-)L: £ e, i) ifk=—A+1,
+i, 1 ith =1 =0,

w1k (A, (D) ifk =2 + 1,
k ! 4 N

BY 5 = —pa—k(xpie(@.i)) if 1<k <A,
1 if k =0.

. If A; <0, we set

8 i (o)) ifk =2 + 1,
Bk_ = _Hx;)w'(ﬁ—)t,'—k) ifl <k <-A;,
1 ifk =0,

i (0, (D) ik A+ 1,

Bk . =
T k=21 =0

Note that Biu =1 in all cases. We set by convention B:kt,x =0if k <O0.
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LEMMA A.2
The elements Bii, 3, are homogenous central elements in RM () of degree 2k.

Proof

The central and homogenous property follows from the fact that €}, py, n; are homoge-
nous R (c)-bilinear morphisms and that the element x,,; centralizes R™(«) in
R (a + ;). The degree is given by an explicit computation. O

Remark A.3
In Khovanov and Lauda’s diagrammatic categorification, the element B_kH. 5, corre-

sponds to a clockwise bubble with a dot of multiplicity A; — 1 + k, and B¥ i, corre-
sponds to a clockwise bubble with a dot of multiplicity —A; — 1 + k.

A.2. A useful lemma
Assume that o has the height n — 1. Let A’ = A —«a; and A} = (o), 1) = X; —a;;.
Consider the morphisms

!0/ ’ 1y ’
Ein’; F] EGE 3 F;

Xija: E|F/1, ——= E/E|F/F/l; = E/E/F/FI1;, ——~ E,F/1,,

a’

Eix n
Lija:E[F/1; — 1, —— E}F}IA.
The morphism X;; ; ; is represented by the composition

L

e(o,i))R™ (o + aj)e(er, i) ; e(a,ij)RM(a + a; +aj)e(a,ij)

\L n(®)T,

,
Y

e(a, jRM(a +a; +a)e(w, ji) — e(a, )R (@ + a)e(, j),

and I; ; 5 is represented by

A
€ 2 Ui

e(a, i) R (o + a;)e(a.i) L R (@) . e(a,i)RM(a + aj)e(a,i).

In other words, given a € e(a, i) R (o + a;)e(a, i), we have

Xijala) = ég’,v(l'nlj (a)rn),

I; ja(a) = ;€ ; (a).
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Note that, since ¢; : RMB) — RAMB +« 7) is the canonical embedding for any
B € O+, we write (;(b) = be(B,j) or simply ¢;(b) = b for any b € R*(f).
Note also that since BLJt € Z(R™ ()), it can be viewed as an element in End(1}).
Thus x"Bi; , X' defines an endomorphism of E[I3F/ = E]F/ for each
r,s,teN.

LEMMA A .4

The following hold:

(@  Ifi#], thenX; j = ci j—a;;,0lija-

b) X =—liia+ Zg1+gz+g3=—/1;—1 xE! Bi%,x/xg*%'

Note that if 1} > 0 the sum over g1, g2, g3 is empty, and hence X; ; , = =1, ; 5.

Proof
Let us prove part (a). First, assume A; > 0. Then

a = pig, (@) + Z Pr(@)x)

with 7(a) € R (a)e(a — i, i) ®RA (g—a;) €& — o;,i)RA (o) and py(a) € R (a).
We have
Ai—1
Tntj (@) Tn = oyt mpela—ariin) (T(@) + Y pr(@)taxfe(@.ij)ta.
k=0

The relations (d), (e), and (f) in Definition 3.1 yield

Myt the(a—a; ,iji) (Jt(a))

=Mu Qi jGp—1.xXn)—Q; i (Xp41.Xn)
(Tn—1tTth—1+ - —"11—17/"}'1-}.-1

(7 (@),

taxke(o,ij)t, = xk  t2e(, ji) = xF 0 (0, xns1)e(@, ji).

Je(a—a;,iji)

Since A} = A; —a;; = A; >0, we have X; ;;(a) = px;_l(rntj(a)rn), the coeffi-

ii—1 o - Qi jGen—1,X1)— Qi ; (x Xn)
ajj i,j\AWn Xn i.j\X*n41-Xn
1 . Since the degree of x, 4+ in F———

—a;j; — 1, which is less than A — 1 = A; — a;; — 1, and since pi—1 %
(/’L‘fn 1TnTn— I(JT(CZ)))—O we deduce that p)V—l klllS Myt tne(a— azﬂ]’)(n(a))
Next, the degree of x,41 in xn+1Q],(xn,xn+1) = XK1 100 (Xnt1, Xp) s less

cient of x is at most

than or equal to k — a;; with the coefficient of xn +1 ’ given by ¢; j g ;.05 therefore,
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Ai—1
Pa—1 ( > pr(@)axfe(e. ij)fn) = 1j(pa;—1(@)ci,j,~a;;,0
k=0

= Ci j—a;;.0(tj 0 i(a)).

It follows that X; j 3 = ¢i,j,—a;;,0li,j,1-
Now, we consider the case A; < 0. Let @ € R (a)e(a — ;. i) ®RA (g—a;) (0 —
;,i)R™ (@) such that u, (@) =a, Pk (@) =0fork €[0,—A; — 1]. We have

Tnlj (a)fn = Koyt tne(a—a;,iji) (&)

= (@).

Qi j&p—1.Xn)—0Q; j(xXp41.Xn)
Xn—1—"*n+1

(th—1ThTn—1+ e(e—a;,iji)

Assume that A;, A} <0. Then X; ;5 (a) = _y; (tatj(a)t,). We claim that
Xy !

Tl i (@ =1 Th—1 @1 ® 1)(1; ®tj)a. (59)

Denote the right-hand side by b. Concretely write a = ), a, ® a, with a, €
RMa)e(a — a;,i), @ € (@ — a;,i)RM(@); then b =Y dle(a — o;,ij)Ty—1 ®
Th—re(a — a4, ij)ay.

Qi (xXxn—1,Xn)—Qi j Xn+1:Xn)

To prove (59), note that the degree of x,—; in FE— is less
n— n
than or equal to —a;; — 1 < —A; — 1; hence
Ko jGp—1.xn)=0; j(xp41.%n) (@) =0.

1= e(a—a;,iji)

We deduce
M, (b) = /‘Lrnﬂtnrnfle(a—a,‘,iji)(d) = Tnlj (@)Tn,
Hoxk (b) = an—lxilqcfn—le(a_ai:ij)(d) = /Lxﬁ,lQij (xp—1,xn)e(e—a;,ij) @).

Next, using the fact that Mk (@)=0fork €[0,—A; — 1], &, (a) = [y (@), and

the degree of x,_1 in Q;; (Xn—1,x,) is at most —a;; where the coefficient of xn__a’ij

equals ¢; j,—q,; 0, We get Ik _ 0, (xn,],x,,)e(a—a,-,ij)(d) =0ifk € [0,—A; — 1 4+ a;j]
and
Y a)=Cij—a;oli( —2,(@)) =¢ij—a:0ljo& (a).
Mxni{ Qij (xnfl,Xn)e(Ot—Dli,i]')( ) ALY 0 / (llenfi( )) by 0 J l’k( )
Formula (59) follows, and we have X; j 1(a) = u _,/ (b) = ¢i,j,—a;; 0l j,0(@)-
xp !
Now, assume that A; <0 and A} > 0. Then X j 3 (a) = pM_l(tnLj (a)T,). We

have pjr_y(iv,_y7y5,- (@) = 0. Recall that Q; ;(u,v) = > p.g>0Cijp.guP e,
with p < —a;;. We have
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17 P
Ql,] (Xn—1,%n) — Qi ](xn-l-l»xn) n—1"Ynt1 g4
o —x = Ci, j, pqix . n
n—1—Xn+1 gm0 n—1=Xn+1
= Ci xbx2 ) xd
- 1,],P:9 n—1 n+1 n-
p,9=0 ri+ra=p—1

The height of « is n — 1, and hence x,, x,+; centralize R (). We deduce that

(@)

MO jep_1.xn)—0Q; j (xpq1.Xn)
Xn—1"Xn+1

= Z c,-,j,p,q( Z pLxrrll_](d)x;%rl)xZe(a,ji).

p,9=0 ri+ra=p—1

e(a—a;,iji)

Now u.. " (a) 75 0 only if r; > —A; and py_l(,u o (a)anx,,) # 0 only if rp >
Ai—1= )L —a;;j—1.Henceri +rm=p—1< —a,j — 1 implies that

p)L;.—l (/1/ O j (Xp—1.X0)=Q; j (Xp11.%n)
n—1"*n+1

(@) = cijma o, (@ ])

e(a—a;,iji)
— .. . o
=Ci,j,—a;;,0tj ©&; ) (a).

We get X; j1(a) = ¢ij—a;;.0li,j2-
Now, we concentrate on part (b) in the case A; > 0. Since A} = A; — 2, we have
A; > 2. Thus

Ai—1

a= g, (7(a) + Z Pi(@)x;, (60)

with 7(a) € R* (a)e(a — i, i) ®RA (a—a;) € —a;,1)R (o) and py(a) € R (a).
We have

Ai—1

Tnti (@) Th = Mty tne(e—a;,i3) (n(a)) + Z pk(a)fnx,lfrne(oc,iz),
k=0

Xi,i,/l(a) = p)t;.—l (Tnti (a)l'n)-
Since Q;; = 0, the relation (f) in Definition 3.1 yields
’u'fnfn—lfne(a_aisi:”)(n(a)) = /'Lfn—lfnfn—le(a_aiai3)(ﬂ(a))'

Hence it is killed by p . when A} > 0. The relations (d) and (e) in Definition 3.1
imply
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Xk —Xk )
twxkre(a,i?) = xk, tPe(a,i?) - g e(a,i?)
Xn — Xn+1

r )
=— Z X2 Tee(a, i)

ri+rao=k—1

= A 2 81482

== X a(wdl+ ¥ aiai)
ri+ro=k—1 g1tg2=r2—1

_ r T g1,-82

=— Z Xy Ty, — Z (g1 + Dxf'x,2,. (61)
ri+ra=k—1 g1+g2=k—2

If A} > 0, then we deduce that

(ke @) = —pis( Y &+ Dxfad)

g1+g2=k—2
o ifk<ai—1,
=1 ifk=a -1

By consequence, X; ; 1 (a) = —pj,—1(a)e(a,i) = —i; o §i,/{(a) =—I;ia(a).
If A} =0, then we deduce that
Tnti(@)Th = M, tpty—1e(a—a;,i3) (Jf(a)) — pi(@)tpe(e, iz)
= Mz, ((1 ® Tn-1 ® Tn—1 @ (i ® 1;)m(a) —; (pl (a)) ® e(a, iz))‘

Hence

N _ -2

& (tti(@n) = 1 (1 ® Taet ® Two1 @ D @ 1i)7(a) — 1 (p1(@)) ® e(a.i?))

=—1i(p1(a)).

Here in the second equality we used the fact that t2_,e(e —;,i) = 0. Since A; = 2,
we have &’ (a) = pi(a). So we get again X; ; 3 (a) = —I;; 1(a).

Finall}’/, we prove part (b) for A} < 0. By assumption, we have A; = A; —2 <0.
First, if A; = 1, then a = p,,_, (w(a)) + po(a) and §M(a) = po(a) as in (60). The
same computation as in the previous lemma yields

Tuti(@)Th = Koy itntn—ie(a—a;,i3) (ﬂ(a))

Let b = (1 ® th-1 ® -1 ® (i ® y)mw(a). Then t,1;(a)t, = Uy, (b) and
Hx0 (b) =0. Since A; = —1, we deduce b = 1,;(a) 7, and
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& 5 (tnti(@)tn) = px, (b)
= Mo, 1 xnth_re(a—a;,i2) (”(a))
= Ibl"[nfle((x—lxl‘,iz) (ﬂ(a))
=a—;(po(a)).
We conclude that X; ; 3 (a) = —I;; 1(a) +a =—I;; 1(a) + B?H. 4.

It remains to consider the case A; < 0. Let @ € RN (a)e(o — ;1) QRA (a—a;)
e(o — o, i) R™ () such that Wr,_, (@) =a, Mk (a) =0 for k € [0,—A; — 1]. We
have

Tnli (a)fn = Ky, ty— 1 the(a—a;,i3) (d)

= M, rnrn_le(a—ai,i3)(a)'

Letb=(1Q® 11 ® tae1 @ (i ® 1;)(@) € RN« + aj)e(a,i) ®RA(g) €0, 1) X
RA(a + ;). Then i, (b) = tyti(a)t, and Mx,’f(b) = an—lx;lifn—le(a*ai,iz)(&)'
A computation similar to (61) yields

Tn—lxr]ftn—le(a —Q, iz)

= ( Z X817, x52 — Z (g2 + 1)x;‘:1_1x;‘[2)e(a —a;,i%).

g1+g2=k—1 g1t+g2=k—2

Therefore, for 0 < k < —A;, we have

P ®)=" Y xfpue @xP— Y (e2+ Dpgm @

g1t+g2=k—1 g1+g2=k-2
= Z xtlaxt? — Sk=—1 oy (a).
n—1
g1t+g2=k—1

Here we used the fact that p,, ,(d) = a and Ik (a)=0for0<k<-X; —1
in the second equality. Finally, recall from (7) that there are elements 77, € R™ (a +
aj)e(a,i) @pra(y ela, PR+ o) for0 <€ < —A — 1 such that ji, (7¢) = 0 and
ke (TTg) = Bp1- Set

’
—A-1

c=b-— Z( Z x;‘,’lfrkx;fz).

k=0 g1+gr=k—1

Then pq,(c) = pe, (b) = tnti(a)t, and Wk (c) =0 for 0 <k <—A; — 1. Hence

¢ = 1yt (a) Ty, and X; ; 5 (a) is equal to
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’
—A-1

pon@=p g ®) = 3 (3 wan ()

k=0 g1+gr=k—1

:—p,x;:\{(&)e(oc,i)—l— Yo xBlaxp
g1+tga=—A;—1

—)L,

- Yoo xElap L Goyg)xS
Xn

83=lg|+go=—A;—1-¢g3

= —liia(a) + > x§' B3, x5 (a).
g1+e2+g3=—-1;—1

In the second equality, we substituted g3 = —A; — k. In the third equality, we used
the definition of Bf_z v for0<gs< —A7 in Definition A.1. O
Remark A.5

Assume that the Q-cyclicity condition in [10, (2.4), (2.5)] holds for VA that is, the
endomorphisms x; € End(E]), 7;; € End(E]E';) are such that

x) =Vx;, 7 = V1ij.

See the notation in Section 2.1.4. Then, under the adjunction isomorphism
Hom(E] F/, E’ F ) = Hom(F; E;, F; E;), part (a) of the previous lemma gives the
second equahty in the mixed relation [10, (2.16)]. For i = j, under the same adjunc-
tion, part (b) gives the second equalities in [10, (2.22), (2.24), (2.26)]. The other rela-
tions in [10, Section 2.6.3] can be checked similarly. Since the computations are quite
lengthy and will not be needed, we omit the details here. Finally, the fake bubbles
relation [10, (2.20)] is proved in Lemma B.2(a) below. Therefore, assuming the Q-
cyclicity condition, we have proved that V2 carries a representation of Khovanov and
Lauda’s 2-Kac—Moody algebra. The Q-cyclicity condition can probably be proved by

similar computations as in [18]. We have not checked this.

A.3. Proof of Proposition 3.10
Assume that ht(e) = n. For v = (vq,...,v,) € I% and k € [1,n], we set v =
(v1,...,vg). Consider the map

&y =28y, 008y, ce(V)RM (@)e(v) = k.

Recall that &, is a map

n

Euy reWO)RA (a -y avj>e(v(k)) S e(w*D)RA (a -y avj>e(v("‘”).
=k

j=k+1
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Next, we define an invertible element r, € k(’)‘ by

{Ci,.i,—ai_/,o ifj 751‘,
1

62)
if j =i. (

ry = l_[ Tyvew,» Whererj =
k<l

Definition A.6
We define a k-linear map 74 ¢ : RA(a) — Kk by setting, for all v,v’' € %,

0 ifv#£v/,

rvéy(e(v)ee(v)) ifv=y.

tha(e(v)ee(w)) = {
We will abbreviate o, = A o and 15 = Za ty. Forv e I%, we set

n—1
r(av Vn) = l_[ Ty ,vp - (63)

k=1

By Corollary 3.9, the map f, is homogenous of degree —dp o. Note that r, =
r(ct, vp)F,m—1 . Therefore we have

to(a) =r(a—ay,,vp)la—a,, (évn (a)), Ya e e(u)RA(oz)e(v). (64)

We will prove that #, is a symmetric form. First, note that the form #, is Frobe-
nius. Indeed, let E' = @, c;n E|, and F' = @, c;» F,. By Theorem 3.8 we have an
adjoint pair (E’, F') relative to the counit ), &,, where &, : E'F’ — 1 is the mor-
phism E| F) — 1 represented by the linear map &, above and extended by 0. From
the discussion in Section 2.2.3 applied with B =k and A = R? (1), we deduce that
the linear form ), &, : R (n) — k is Frobenius, and hence #, : R* (o) — k is also
Frobenius. We must prove that for each w,z € R (&) we have

to(zw) =ty (wz). (65)
Without loss of generality, we may assume that
zee)RMN@e(w),  wee(RM@e(v), (66)

the other cases being trivial. We will prove (65) by induction on the height of «.
Assuming it holds for all o’s of height n — 1, let us prove it for o of height n. We will
writt v, =i, up =j, f=a—o; —aj,and A = A — (¢ — o).

First, consider the case when z belongs to the image of the map

0ij = le,_,  RM (@ —a)e(B, ) ®pacgy (B, i) R (¢ — ;)

—>e(a—a,~,i)RA(a)e(a—aj,j)
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for = o —o; — o, and w belongs to the image of ¢ ;. Note that this is always the
case ifi # j orifi = j and A; < 0. In this situation, up to taking a linear combina-
tion, we may write

z =;(2) -1t (2"), w=;(W)t—1tW"), (67)
where (5 is the canonical morphism R (a — a5) — e( — oy, s) R (@)e (o — g, 5)
fors =i, j and
Zee" MRYN@—ee.j). " ee.HRMNa—ape(u ),
w e e( RN —aye(n.i),  w’ee(n IR @ —a)e(w™ V)
for some &, 7 € I#. By (64) and R (« — «;)-bilinearity of &;, we have
ta(zw) = ryéy (4 (2" Tao1j (2" W) Tur i (W)
=r(a —ai,)lg—g; (2’8 (ta—1j ("W T0r)W").
Next, Lemma A.4 yields
8i(ta—1tj ("W Tae1) = rijuj 8 (2"W) + 85 Z x5 Bg2 P22 "w'x83 .
g1t+g2tg3=—A;i—1
Therefore t, (zw) = A(z,w) + B(z,w), where
A(z,w) =r(a — o, i) rijlg—q; (2'tj 0 & ("W )W"),
B(z,w):5,-jr(a—a,-,i)ta_ai< Z 2%, L B 2w w )
g1+g2+g3=—1;—1
Thus, the formula (65) follows from the identities
A(z,w) = A(w, z), B(z,w) = B(w, z). (68)
Let us first prove (68) for A(z, w). We have

fa—a; (2'1j 0 i (2" W )W) = tg—a, (1j 0 & (z"W")W"2")

n—2

- (1_[ réps.l')tﬂ (éj( OE,‘l (Z”w )w// /))

p=1
n—2
= (1_[ rgp,j)l‘ﬁ (é‘l (z”w/)éj (w”z/)).
p=1
Here, the first equality is because 74—, is symmetric by induction; the second one is
given by (64) since & (z’w')w"z’ € e(&, j)R™ (@ — a;)e(£, j); and the third one is
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the R (B)-bilinearity of &;. Now, observe that r;; (]_[';;21 e, i) = ]‘[’;_:11 ry,.j- We
deduce that

Az, w) =r(a—oj.i)r(a—aj, j)ig(6(z"w")é;(w"z")).

Exchanging z and w means also exchanging i and j, and v and . So the right-hand
side is symmetric with respect to z and w. We deduce that A(z, w) = A(w, z).

Next, since ty—o; is symmetric by the inductive hypothesis and since B j‘g A
belongs to the center of R (a — ;), we have

= i 82 &1 a2y 83 "n_r
B(z,w)—Sijr(a—a,-,z)ta_al( Z By xa iz w2 w Z).
g1t+ga+gz=—4;-1

Exchanging z and w means also exchanging i and j, and v and . But here B(z, w) #
0 only when i = j. In this situation, r (¢ — o;,i) = r(o — ct5, j). We conclude that
B(z,w) = B(w, z). Hence, we have proved (65) when z and w are both of the form
(67).

If z and w are not of the form (67), then we must have i = j and A; > 0 as dis-
cussed in the paragraph before (67). In this situation, z € e(a — o, i) R (or)e (o —
@i,i) can be uniquely written as z = p;, (7 (2)) + Zi’;ol pi(2)xk (see Theo-
rem 3.7), and similarly for w. By the linearity of 7, the remaining cases to be consid-
ered are
() z=zxkw=wr_w"

2) z=zkx,’f,w=w1xll,
for zx,w; € R o — o), kI € [0,A; — 1], and W’ € RMa — aj)e(B,i),w” €
e(B.i)R™ (a — «;). Note that in both cases we have

to(zw —wz) =ryéy(zw) — réu(wz)
=r(a,i)ly—q; (é,- (zw — wz)).

Here, in the last equality, we used (64) and the fact that i = j. By induction, to prove
that z,, is symmetric, it is enough to prove that &; (zw —wz) belongs to the commutator
of R (a — a;). We do this case by case:

. We have zw = zw'(x¥1,-1)e(B,i?)w”. Now
1o = (o + Y X0 xd)e(Bi?).
p+g=k—1

Hence &; (zw) = p;,—1(zw) = 0. Similarly, & (wz) = 0.

. We have zw — wz = (zzw; — wlzk)x,’fH. Hence &; (zw — wz) = [zx, w;] X
8; (x*+1) Note that &; (x**+) belongs to the center of R* (o — ;). So &; (zw —
wz) belongs to the commutator of R (o — a;).

The proof of Proposition 3.10 is now complete.
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Appendix B. Relations
In this section we prove Theorem 3.25.

B.1. A useful lemma
Let z € e(or, i) R (o + «;)e(er, ). Recall the following:

. If A; > 0, then z can be uniquely written as
Ai—
2= i, (7(2)) + Z ek
k=0
. If A; <0, then there are Z, 7; € R (a)e(o — oy, 1) QRA (g—a;) €@ — i, 1) X

RA (@) such that jir, (2) = 2. jt,p (2) = fug, (7r) = 0 and jup (7x) = ., for
k,pel0,—A; —1].
To prove Theorem 3.25, we will need the following technical result.

LEMMA B.1
For each r € N, we have the following:
(a) If A; >0, then

7 (xppre(ei) = D (B @i @ L@ D(=;(1).

ri—k—1
pr(xle(,i)) = Z BAT9BY . Vke[0.a; —1].

(b) If A; <0, then
r+i;
. . Ai— . .
pyr (2) = Z 82,A(Zx:+1)B:L,A P Vzee(a,i)RM(a+o)e(w,i),
p=0
—A;i—1
Pxr (k) = Z B AB’l‘;, Vk €[0,—A; —1].
a=k

(©) Za OB-rHLiB_l,x—‘SrO

Proof
First, assume that A; > 0. To simplify notation, we write x,,,; = x,,, e(a,i). We
have

Ai—1

x;ﬂ = xn+1(Mrn (7(xp11)) + Z Pk(x2+1)xr]f+1)
k=0
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Ai—1
k
= [y 100 (T p0)) + Z PEConp)Xat1
k=0
Ai—1
= Mr,xy, (JT(X;-H)) + & (JT(X;-H) Z Pk(xn+1)xn+1
k=0

Here, in the last equality, we used (X417 — TnX, — De(e — @;,i?) = 0 and
w1 = ;. It follows that

N(X,Zi}) =(1x, ®1® Dm(x,, )+ px,-_l(x;H)n(x,fﬂrl), (69)
PoCath) = el (x4 1)) + Pas—1 (X4 1) Po (i), (70)
e T = peat () + i (PG, YRE[LA =1L (D)

Now, recall that pki_l(x;i'll’ 1) M(x;if )— +l 10 pk(x,):ﬂrl) = B* Ak and

fp = =7 0)-

If r < A;, then the first equality in part (a) is trivial with both sides being zero. If
r > A;, then it follows recursively from (69).

Next, by applying recursively (71), we obtain

k—1
A A~k Ai—k+
Pk(x;+1 )= pO(xrrH-l )— Z +i, ABﬂ A “
a=0
Substituting po(xn +1 ) using (70) gives
; Hhimk=1y Ai—k+
Pk(xn+1 ) = & (m(x, 4 ZBJnAB—zA ‘.

Apply this to the special case k = A; — 1 and we get

g (m(xhy) = ZBS:[R_”B" (72)
Therefore, we deduce that
+Ai +Aj—k—a +Aj—k—a
P, )—ZBLA Z BT B,
a=A;—k
Ai—1—k

r+A;—k—
Z B-HA ,)V

This proves the second equality in part (a) for r > A;.
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On the other hand, we have

r—Ai r+1

A .
& (r(r40) = ZB—rH/\ g (D)=~ Y BTOBY
a=A;+1

by the first equality in part (a). Combined with (72) it gives part (c) for r > 0. The
case r = 0 is obvious.
Finally, for r < A; — 1 we have pi (x;He(oe, i)) =6k, and
Ai—k—1

Z B+ll —ZA_ZB+1AaBal,1—8rk

by part (c). We deduce the second equality in part (a) for r < A; — 1.
The case A; <0 is proved by a computation of similar style. We only indicate
some key steps. First, one checks by a direct computation that

X1 =(1®x, ® 1® 1)Z =&, (2)A;(1).

Applying it recursively, we get

r—1
2 =01®x, @1 DE-Y &, (zxF, N1 ®x; 77 ®@1® D;(1).
p=0

The first equality in (b) is obtained by applying K 2 to both sides of the above
equality with r replaced by r + A;. To prove the second equality, observe that for
k,pel0,—A; —2] we write A = (1 ® x, ® 1 ® )7k 41, and we have pu,,(4) =0,
Pxp (A) =8k, p, and W a1 (4) = —B:I.Ai_k_l. We deduce that
—Ai—1-k
A=Y BIAFTITPA®xZ @18 D).
p=0
Now, apply s to both sides, and we get the second equality in (b). Finally, to get
(c), observe that the first equality applied to z = 1 yields
r+1

T\ r+1—p
sz(l) - Z B+z AT—i,A
p=—AX;+1

On the other hand, it is easy to check that —1 = (1 @ x, ® 1 ® )77 + B;Alﬁ; (D).

Hence
= i prl+d; +1—
—Hx} )= xntl (70) + B+l ABL A Z B_H A il,)L P

by the second equality in (b). Combining the two equalities gives (c). O
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B.2. The Cartan loop operators
Consider the following formal power series:

Biia(z)=Y B, ,2* e7(R*(@)[[]]-
k>0

The aim of this section is to express the coefficients of the formal series By; 3 (z)
as elements in the image of the canonical map Z(R(«)) — Z(R™ (a)) (see Proposi-
tion B.3 for details). To do that, fix formal variables y; 1,..., y; a; of degree 2 such
that
A
af)=[]@+yip) withcip=ep(yir..... in,)- (73)
p=1

Consider the following formal series in k[[u, v]]:

u i Q,-j(u_l,v)/ci,j,_aij,o ifi 75 Js

74
(1 —uv)=2 else. 7

qij(u,v) = {

LEMMA B.2

For each o € Q 4+ of height n, we have

(@)  Byia(2)B_ipn(z) =1

() (Bia(2) = qij (2, X0) 7' Beipta; (2))e(@ —a;, j) = 0 for each i, j.

Proof

Part (a) will be proved in Lemma B.1(c) below. Now, we concentrate on (b). By (a),

it is enough to prove it for B1; 1(z). Write f =a —ajand A’ = A - =1 + ;.
First, assume that i = j. Recall that

(pne(,B,iZ) = (XpTy — r,,x,,)e(,B,iz) € RA(oz + ;).
We have
Xy ire(B.i?)

= guxkgne(B,i?)

= (XpTy — Tnxn)xy]: (XnTh — Taxn)e(B, iz)

k+2
xn

= (x,,(t,,x,]fﬂt,,) -1, Tn —x,,(r,,x,’ft,,)xn + (rnx,]f+lrn)xn)e(ﬁ,i2).

By Lemma A.4(b), for all £ € N, we have
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& sty me(B.i®) = Xy (e (B.i))
= (—]Ii’i’,y + Z x&1 Bﬁ,/lx“)(xﬁe(ﬁ, i)

g1tg2tg3=—4;-1

a 14 : 12
= -2}/ (xpe(B.1)) + Z xttren BS2  x&3,

g1t82+tg3=—4;-1
If k> —A; +1,then k —2 > —A/ + 1, and we have
A Ai—1+k . i
B-kH,A =& 5 (xu' e(a.i)), Biz v =é /v( “He(Bi)., VIzk-2.

In this situation,

B e (i) = &, (i et )e B 1)
= &, (i e %)
= —2x,,§:. A,(x'l"Jrke(,B,i)) +Sl 2 (x Aitk+lo (g, i)
+xn51,1 ( Ait+k— le(,B l))
= (BY; =2 B}, + x7 BY 3 e (B.i). (75)
In particular, this yields
Biia(z)e(B.i) = (1 —xn2)> By (2)e(B,i) if A; > 0.
If A; <0, then we must also check (75) for k < —A;. Consider the element
A = (1 ® 1yt ® Tt @ DU ® ) (Fopr—k — 20T 31— (k1) + X i —(k—2))

in R (w)e(B.i) ®rapye(B, i)R®(x). Here ﬁ—x;—l e RAB)e(B—ai,i) ®RA(B—a;)
e(B — ai,i)RA(B) is the element defined in (8) for [ € [1,—A7], and we set 7_; =

—e(B,i) and T_p = —xpe(B,i), where e(B,i) and x,e(B,i) are viewed as elements
in e(B,i)R(x)e(B,i). One can check by direct computation that ., (Ax) = 0,
Mxa (Ag) = 8q,—2;—ke(B,i) fora € [0,—A; — 1], and that

i (A) = (BY, 5 = 20 BYT ), + 53 BYT 3 )e(B0).
It follows that Ay = 7_;, _re(B,i) and
Bii,ke(’g’i) = _)L (Ax) = (B+l A 2x"B+t vt X +t A/)e(lg i).

The proof for part (b) in the case i = j is complete.
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Finally, assume that i # j. By relation (d) in Definition 3.1, we have

k .. k 2 .. +k ..
Xy e (B, ji) = x, 1 T,e(B, ji) = E Ci,.i;p,qxrfﬂ xle(B, ji).
P

Applying &} , to both sides of the equality, we get

~ k . A +k . .
Ciojimar; 085 3 (xK)e(B.J) = cijpafip (X e(e.i))xle(B. j)
D.q

by Lemma A .4(a). Hence, if K > —A; + 1, then we get

k—a;; . k+p :
Civjaiy 0By o €(B ) =D cijpaBii fxie(, ).
D.q

. k—a;;
Now, assume that k < —A;. Then k — a;; < —A}. In this case, B+ii’/ =

—H (FT—a;—k) With 7T_, _ € RA(B)e(B — i i) @ga(p—a;) (B — i i) R (B).
n—1

Set
Ak =(1® -1 ® -1 ® 1)(t; ® ;) (T-2,—k)-
Then we have the following equalities in e(c, i) R (o + o )e (e, 7):
Iy (Ak) = By 25,y e(B—ar iji) (T-2,—k)

— _ - N ¢ A
M(Tnfn—lfn_Zp,qCi,j,p,q(zg=éxz_1x5+1l “)xZ)e(ﬂ—ai,ljt)( 2i—k)
p—1
_ . ~ p—l-a s
__ZCI,LP,II(Z /‘Lxg_l(n—/l,'—k)xn.;_] )x:{e(ﬂ,ﬂ),
p.q a=0

because l’l’fn‘ln71‘5n (ﬁ'—/li—k) = Tn/'L‘En71 (ﬁ—ki—k)fn = 0 Since /’sz_l(ﬁ—)ti—k) =
8a,—2;—k fora € [0,—A}; — 1], for any p € [0, —a;;], we have

p—1
~ p—1—a
D ixa (G 0XDE

a=0

_ 2 ci,j,p,qxzxrﬁllﬂﬁke(ﬂvji) if p>—Ai —k+1,
0 otherwise.

Next, for any positive integer /, we have
Fex, (Ai) = an—lxéfn—le(ﬂ—ai,ij)(ﬁ_li_k)
=S gpaxtoxeB—ag.if) TT=hi—k)

=y Cijpabyltp (T-a—i)xie(B. J).
pq
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In particular, since pya (T3, —k) = 8a,—2,—k fora € [0,—A — 1], we get

~ . k—a;; .
I‘Lx*)‘i (Ak) = Ci,j,—a,'_/',()/-'(’xf}tg (n—li—k)e(ﬂ’ ]) = _Ci,j,—a,'j,O B_H"i/j e(,Bs ]) (76)
n —1
and for [ € [0,—A; — 1] we have
Myt (Ag)
X i ri—k-ngxneB,j) ifl € [min{0,—A; —k +a;;}, —A; — k],
0 otherwise.
It follows that
—aj;
—14A;+k ..
A =— Z Zci,fspsqxz(xﬂ# e(B. ji)
p=—Ai—k+1 ¢
—Ai—k
p=0 ¢

in RM(a)e(a—a;, i) QRA (g—a;) €(@ — i, i)R™ (). By applying W =2 tO both sides
of the equation and by (76) and Definition A.1, we get !

k—a ij . k+p .
Ci,j,—a;j ,OB+i,Alfl e(B.j)= Z Ci,j,p.q B+i,)L xpe(B.Jj).
p:q
The proof for part (b) is now complete. U
We can now prove the main result of this section.

PROPOSITION B.3
For each o € Q 4 of height n, we have

n
Biin(z)=z"aPr )T Y [ dive @.xi)Te(w).

vel® k=1

Proof
The relation aiA(xl) = 0 yields xf\i = —Zﬁ;;l ek(yi,l,...,yi,Ai)xf\i_k. There-
fore, for k € [1, A;] we have BEi,A = —pAI._k(xf\") =ex(¥i1,...,Yi,A;), and for
k > A;, since ”;,A = —n(xf\i) = 0, we deduce that BE;’,A = 0. So we have

A

Aj Aj
BLin() =) B2 22" = ep(yir....yin)z? = [ [+ yip2).
p=0 p=0 p=1
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We deduce that B1; 5 (z) = ]_[2;1(1 + yipz)T1. Now, by Lemma B.2, we have

Biin(z) = Bin(2) ) _qij(z.x) el — . j)
J

= B1ia(2) Z 1_[ Qivy (vak):Fle(V)'

vel¥ k=1

B.3. Proof of Theorem 3.25
Consider the operator 4;, € Endy(tr(€/Z)) which acts on tr(R* («)) by multiplica-
tion by the central element

.
hira =Y (i —k)Bi7% B,
k=0

in R®(«). Then, define the following formal series:

Ui =Y iz =exp(= D ki /). HIG) =Y ki ()

r>0 r>1 r=0

The following holds.

LEMMA B .4
The operator V;, acts on tr(R™(a)) by multiplication by B, ;.

Proof
By definition, the operator /4;, acts by multiplication by the element

r
hira =Y (ki —k)B 7K B, .
k=0

Since By (z) = Zkzo B:ktl.’xzk and since B4; 3(z)B_; 1(z) =1 by Lemma B.2,
we deduce that
H;(z) = A; —zd/dzlog B_; 4(2).
Now, from (77) we get
H;(z) = hjo — zd/dz log ¥; (2).

Hence, the formal series W, (z) acts on tr(R* («)) by multiplication by B_;,(z). O
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Finally, let a; j, .4 € K be such that

qij (u,v) = E \ ai,jp.qu?ve.
p,4=0

We can now prove the following.

PROPOSITION B.5

Foreachi,jel, rseN, we have

(a) [hirs hjs] =0y

(b) [X;LX;S] =08ijhiris;

(c) Wirx;s = Zp,qzo ai,j,p,qx;s.;_qu,r—p and xj;l/fir = Zp,qzo ai,j,p,qg X
Vir— pxj_s_;_q;

(d) qu>0clqu[xz r+p js+q] 0ifi #j;

©  [x5.x51=0

lr’ lS
(f) [xlirl [xijfrz,...,[x-jE x]j-fs L =0withi #j,rpeN, m=1—ayj.

L,rm’

Proof

The first relation is obvious. Let us concentrate on part (b). If i # j, then we have an

isomorphism 0; 3 : F; E;1; >~ E; F;1; such that 0; 3 (x* x’)all 0= X] x . Hence,

js] =0.
Now consider the case i = j. First, assume that A; > 0.Let G = F; E; 1, & lfki .

Recall the isomorphism of functors p; 5 : G — E; F;1,. By Lemma 2.3, we have

by Lemma 2.3 we have trr; g; 1A(x X)) =trg; F;1, (X] X5 ) which is [xlr,

xjxiy =g (x] x7) = trg (pj { (X] x7)pi.2)

and it is equal to the sum of the trace of p; (x X;)pi, restricted to each direct factor
of G. The restriction of Pi s (xi X;)pix to F, E;1, is represented by

RA(a)e(a —@i,1) QRA(—qa;) (@ —ai,i)RA(a)
— RMa)e(a —a4,i) QRA (a—a;) €( —oz,-,i)RA(a),
z > 70 (X e, (2) X 41)-
Now, we have
7 (X1 ey ()X 11) = ”(Mx;+1rnx2+l (2))

r+s—1

= n(“xf,tnxf, (2) + Z /Lx;;+s—1 (Z)x5+1)

r=0
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r+s—1
=(1®x;®x, @)@+ Y P tsm1-p ()T (604 )
p=A;
=(1®x,®x, ®1)(2)
r4s—1p—=»A;
p—Ai—a a A
Y3 e (BT @ xE @ 1@ 1) ().
p=l,— a=0

Here we used the relation (e) in Definition 3.1 to get the second equality and

Lemma B.1 for the last equality. It yields that the restriction of o;. (x x§)pi A to
F; E; 1) is the endomorphism

r+s—1p—A;
xl — p—Ai—a a A/ / r+s—1—-p
Xi X Z Z(Bﬂxl Fixi') ofj; o&; o (Fix; ),
p=A; a=0
and its trace is equal to
r+s—1p—A;
ST pla/ r+s—l-p+a ~r
trFiEil)L(xixi)_trlA( Z Z B_HJAZ O(Fl )oni)
p:/\,[ a=0
r+s—1p—A;
p—A; —a r+s—p+a+i;
XisX zr_Z ZB—HA —i,A
p=A; a=0
r+s
r+s—a pa.
xi¥y + ), (w—a)BLBY, (78)
a=Xi;j+1

The restriction of pl_i (x] x7)pi,a to the kth copy of 1, is represented by the map
RMa) —» RMa), z — pk(xn+lzxn+1) = Zpk(xr+s+k

ni1 ). By the second equality in
Lemma B.1(a), it is equal to Zi:ok ! B_flri “ B?, ;. Combined with (78) we obtain

xjhai = 6 (o L x) i)

r4s Ai—1A;—k—1

Xpxin 4 ) —a)BiTi“B“lﬁZ Z B BY
a=A;+1
r+s Ai—1

Xpxh+ Y (i—a@)BLTBY 4 ) (i —a)BYTTOBY
a=A;+1 a=0

= xtsxtr + hi T +s.
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Now, assume that A; <0.Let G = E; F;1; ® 1;?(_)”)

phism p;  : F; E;1, — G. By Lemma 2.3, we have

, and consider the isomor-

- —1
Xpg Xy =t g (X)) = tr6 (pr.a (675707 3)

and it is equal to the sum of the trace of p; 3 (x7x]) pi_i restricted to each direct factor
of G. The restriction of p; 3 (x7x7) pi_i to E; F;1, is represented by

e, YRM@ + ap)e(a, i) — e(a, i) RM (@ + )e(a, 1),
Z = KUxst,xh (2)

By relation (e) in Definition 3.1 and the definition of Z, we have

r+s—1
5\ — 7 s =\ +Hs—1—p
Ko epxtela—a; i2) (Z) = Xp 12X 41 — E /fo(z)xn_,_l .

p=—4;
The restriction of p; 4 (x7x]) pl_i to the kth copy of 1, is represented by
RA (o) > RA (), A ajh ks (7).
Now, relation (b) follows from Lemma B.1(b) and the fact that
;1 ((Bixf) 0 0y 0 85 0 (Bix])) = tra, (8, (Eix™) o1 5)

using similar computation as in the previous case. We leave the details to the reader.
Next, we prove (c). Consider the formal series X (w) = } ;.o X w*. From
Proposition B.3 and Lemma B.4 we deduce that, for each f € R® (), we have

X7 @) (u(f) =te( 3 x5 " fe(@. )

>0

i (2) X5 (@)W (2) 7 () = (g (2xnr) 3 5w fe(@, )
>0
This yields the first equation of (c). The second one is obtained in a similar way.

S-‘L'ji‘[ij on Ei Ej.

Let us now prove relation (d). Consider the endomorphism x] x ]

'ySr.oor.. — 1. xSx"'1::
We have x; x}7;itij = 7jix}x; tij. Therefore,
r.,.s s T S .r
g E; (i X57iTij) = WE B, (TjiX; X; Tij) = UE; B; (X} X] Tij Tji).
Next, by relation (d) in Definition 3.1, we have

ity = Qij(Xi, X)) = ) Cijpaxi X] = Qji(xj, %) = wjTji-
J
p.q
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Put this back into the equation above and we get

+p s+ +
Zci,j,p,q (g g, (x] pxj. ) —trg, g, (xj. Ix[*9)) =0,
P4

which is the relation (d) .

Next, let us prove (e). The functor El2 acting on R () is represented by the
bimodule e(e — 2a;,i?) R* (o). A morphism xI'xf on E? is represented by the left
multiplication by x] _, x5 if o has height 7. It is enough to consider the case n = 2.
The intertwiner ¢ = (x; — x2)71 + 1 is such that ¢; (x]x5)e(i?) = (x5x{)p1e(i?)

and g?e(i?) = e(i?). It follows that trg2(x] xf) = trg2(x}x]). Hence xhxt =
x;;xit. The proof for x™ is similar.

Finally, let us prove relation (f). By (e), it is equivalent to prove the following
relation:

+ + + + _
Z [xi,rw(l)’ [xi,rw(z)’ T [xi’rw(m) ’ XJ'JO] e ]] =0
weESH,
withi # j,rp, e Nandm =1 —a;;.

We will prove it for xT; the proof for x~ is similar. First, recall that the functor E i(”)
is the image of the divided power operator

a—1
€iq=X]  Xa_1Tw, € R(ao;)

by the canonical morphism R(aa;) — End(E}'). The element e; , is an idempotent,
and we have E¢ ~ (Ei(a))@“! (see, e.g., [22] for details).

Given i,j € I with i # j, we write m = 1 — a;;. In [22, Proposition 6], an
isomorphism of functors

2] (]
o @ Ei(2a) Ej Ei(m—2a) = @ Ei(2a+1)Ej Ei(m—2a—1)
a=0 a=0

and a quasi-inverse «” are constructed.

If a;; = 0, then we have o’ = 1;; : E;E; — E;E; and «” = ¢ ;. Since
o o !/ STy — r..s /7
i # j,we have o (ijl-) = (x] xj)a . Hence

+ .+ s .5
Xi X, =UEE; (xjxi

=trg, g, (" (x] x)’)

_ rysy _ 1+ 1t
_trEiEj(xixj)—xi,rxj,s,

yielding relation (f) in this case.
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Assume now that a;; < 0. Then the maps o/, o are given by

(251 [%]
r_ + -
® = Z *2a,m—2a) + Za(Za,m—Za)’
a=0 a=0
[%] (251

1 - —
o = Za(2a+l,m—1—2a)_ Z %(2a+1,m—1-2a)
a=0 a=0
where for a € [0,m] and b = m — a, we have
a:’b = (ia+1Ej€ip-1)0Tat10Tat2 "0 Taqp Ola':
(@) (®) (a+1) ®-1)
EPE;E® » ECTVE,EPTY,
o, p = (eia—1Ejeipr1)0ta0Ta—1--0T1 0l !
(@) ®) (a—1) (b+1)
EQEE® » E“VE,ECTY.

Here ¢, : El.(“)E i El.(b) — EJE; El.b is the canonical embedding, and 7 acts by T on
the kth and (k + 1)th copy of E in the sequence E} E; El.b.
Given any integers 7y, ..., "y, s € N, we define for each a € [0, m] a morphism

[1]

T r r T
.= Z xiw(l) '”xiw(a)x;xiw(a+l) . .xiw(m) e EIld(Elan Elb) (79)

weS,

Note that E, is symmetric in the first a-tuple of x;’s and also in the last b-tuple of
X;’s; hence it commutes with the divided power operator ¢; , E j¢; . By consequence,
&, restricts to a well-defined endomorphism of £ l.(a)E i E l.(b), which we denote again
by E,. Further, since EAE;E} ~ (Ei(a)E_,- Ei(b))@“!b!, we have trEianEib(Ea) =
(ald)) trEi(a)Ej E® (Ea).

CLAIM B.6
We have

(a)
+ + + — b =)
E [xi,rwm’["" X roomy X s L] =m E =1 trEi(a)EjEi(h)(ua),

WEG, a+b=m

Let us show how to deduce relation (f) from this claim. Part (b) implies that the
following diagram commutes:
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m o’
69‘[12:]0 E,-(za)Ej Ei(m—2a) @[ 5 ]E(Za-‘rl)E E(m —2a—1)
Da E2a l l Da E2a+1

69[2] E(Za)E E(m 2a) ¥ GB[ = ]E(za+1)E E(m —2a—1)

Therefore,
[%]
Z trEi(za)Ej Ei(m—Za) (E 2a)
a=0
(254
Z trElf2a+l)Ej Ei(m—2a—l) (EZa-l—l)‘
a=0
Hence by part (a) of the claim we get X" [ x;" xT =0
. WES L)’ Y L rwan) T 84T
as desired.

It remains to prove the claim. Let us introduce some more notation. For a € [0, m]
let T =4k = (ky,....kg) eN? |1 <ky <kp <--- <k, <m}, and for k € T'* we
set k° = (I1,....1p) € I'? such that {k1,...,kqgy U{l1,....Ip} = {r1,...,rm}. Let
G&@b) be the set of minimal representatives of the left cosets &,,/S, x Sp. Then
the map w — w(l,2,...,m) yields a bijection &@?) ~ I'?_Let wy, be the longest
element in Gp. Given any sequence rq, ..., 7, and s € N we have

[lr1 z+rm xj:s]]

[ lr2
m
N1\ + + o+ o+ +
=20 Y0 i  afad, x,
a=0

kera |=k°

m
_ b Z + Lyt + .+ oxt
_Z( 1) xi:ry(l) xi,ry(a)xj,sxi,ry(a-i-l) xi,ry(m)'
a

yeg(a'b)U)b

It follows that

Z [x:_rw(l)’ [xi—t_rw(z)’ R xi—i_rw(m) j_S ]] =

weS,,

m

_E:_b Z Z + ot + ot eyt

- ( 1) xi,rwy(l) xi’rwy(a)xjisxisrwﬂa+l) xi’rwy“")
a=0

yeG(“-h)wb WES,,

— _ p M Z + I o + .+ I, o
Z( ) a'b' xi’rw(l) xiarw(a)xjasxi’rw(a+1) xiarw(m)

weS;,
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b M =
= Z(_l) MtrEi“EjEib(:‘a)

a=0
m
b -
=m! Z(—l) trEl-(‘”Ej El_(b)(da).
a=0

This proves part (a) of the claim.
Part (b) is a direct computation. On each R («), the functor El.(a)E ;i El.(b) is rep-
resented by the (R (¢ — ma; — aj), R («))-bimodule

i(a)ji(m_“)P =(1 ReqsR1Q ei,m_a)e(oz — muo; —O(j,ia,j,im_a)RA(O().

To check the relation in (b), without loss of generality we may assume that o =
ma; + oj. Then E, is represented by the left multiplication on ;) j; @ P by

Tw(1) Tw(a) Tw(a+1) | Tw(m)
E : XX XX “Xmt1 o

weS;,

and o op is represented by (1 ® ej a1 ® 1 ® €5 e i DYy 1 Tagn T
Since B is symmetricin {Xq42, ..., Xm+1}, wehavee(i?ji®) 1 8, = e(i%ji?)E a1k
for any k € [a + 2, m]. Next,

( a+1 b 1)‘[ +1*—‘a
ca b\
=14+1€(?ji")Eq
_ Tw(l) Tw(a) Fw(a+1) Tw(m) -a ::b
= Z X —Xg ‘[a+1(xa+1xa+2 )"'xm+1 e(i%ji?)
weS,,
— Tw(1) rw(a) Tw(a+1) Tw(m)
= E , X1 (x a+2xa+1 )Tat+1 Xy e(i“ji )
wWeES,

= Bat17as1€(? i) = Bay1e(® ji" Nray1.

Finally, since E,41 is symmetric in {x1,...,Xs+1} and in {xXq43,...,Xq+p+1}, the
divided power operator 1 ® €; 441 ® 1 ® ¢; ,—; commutes with E,4 1. To summarize,
we have

Ot:’b g = (1 Reiar1 ® 1® ei,b—l)e(ia+ljib_1)fa+lTa+2"'Ta-i-b Eq
=(1®eiar1®1®eip1)e ™ ji* N tar1BaTata Tatp
=(1®eiar1®1®eip-1)Bat1e ™ ji® Ntar1tata Tatp
= Ea-i—la;:by

which is the first equality in part (b); the proof for the second one is similar. O
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Finally, we have the following.

COROLLARY B.7
Assume that g is symmetric and that (11) holds. Then, Theorem 3.25 holds.

Proof
We can assume that £ = 1. We must prove that the relations in Definition 3.24 follow
from the relations in Proposition B.5. From (74) we deduce that

gij(u,v) = (1 —uv)™, Vi, j.

We must check that relations (c) and (d) in Proposition B.5 can be rewritten as
(C) [hir’x ] _:I:alj r_H,

(d) Z'I';_O( H7 (% )[xl - ]Hm Ll =0withi # j and m = —a;;.
Relation (d) is obvious, because (11) implies that

—aii
Ci,j.pg = 8q,—aij—prij (=17 ( plj) . Vp.q,

and r;; is invertible. Let us prove (c). Given o of height n and A = A — «, by Propo-
sition B.3 we have

B_i(z)= Z l_[(l + Yipz) 1_[(1 —zxp) Yvke(v).
vel® p=1
By Lemma B .4, we have
exp(— Zhir,kzr/") = B_i,A(Z).
r>1
Since the e(v)’s are orthogonal idempotents in R (cr), we have
eXp(—Zhir,xzr/r) =y eXp(—Zhir,ke(v)zr/r)e(v)_
r>1 vel¥ r>1

Therefore, we deduce that

Zh,rle(v)z =z(d/dz) log(l_[ (14 yipz) l_[(l —zxE)” ““’k)e(v)

r>1 p=1

Hence we have that

A n
hirpe(v) = (Z(—yip)’ — Zai,ukxﬁ)e(v), Vr>1.
p=1 k=1
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In particular, we have
Rira—a;e(e, j) = (hira —aijX, e, j).

Hence, for any f € R (a), we have
hirx;s tr(f) = tr(hir,)t—aj x:’+1fe(aﬂ ]))
= tr(hiraxyyy fe(a, j)) —aij (x5 fe(a, j)
= x;shi, — aiij,_H.
The proof of Theorem 3.25 is complete. O

Index of notations

2.1.1 e e ez, e,
le, 1F,
Center Z(€),
Shift [£],
Md, Ml
2.1.2 A, 7(A4),
tr(€), CF(€), HH«(€),
tr(A), CF(A), HH.(A),
Base change RM
2.1.3 Operator trg (x)
2.14 (E,F),ng,eg,  x, "
2.1.5 Operators Zg(x), ZF (x)
222  Resy,Indg, A5,
W AQpA— A
223 Frobenius form ¢ : A — B,
f:A— Homp(A, B),
Casimir element 7 € (A ®p A)4
3.1 k=@, K" k=K
3.1.1 Root datum P, PV, ®, ®V, O, Py,
I, (aij), d;, (e|e),
g, b, n",
Simple module V(A)
312 <ijpg O =(Qijijer, 1%,
R(n; Q,Kk), generators e(v), xg, 1/,
Demazure operator .,
Idempotents e(«), e(c, V'), e(n,v’)
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3.1.3 Ip withmap Ip — 1,
k=k" =K[c;i1 € 1],
ai (),
R™(@), R*(e:K), R (3 Q. k), RY, RM (o),
R(a), R(a:k), R(e; 0.K), R,
Intertwiner @

3.14 Ai = (o) 1),
ti : R(@) = R(a + o),
Ef F €] 5 M 3000 3005 3011530 €
n(z), pk(2),Z,

3.15 dpa

3.2 gk

3.2.1 €,, v

3.2.2 Minimal categorifications AL VA,
e =sly, VK, 7k HE, HE

323  h=Kk[y;relpl

324 ¢i(=e),
Csk, Cokons Ck, Croa
3.2.5 Operators xiﬂ; on the trace

3.2.6 Lg, generators xiir, hir,
Anti-involution @

3.2.7 Operators Ziir on the center

33 Kashiwara operator ¢;

3.33 tr(€/Z)¥¢

34.1 Weyl modules W(A), W(A),
|A), Amin,
Wi, Wi (Z)

342 H.(X.k), HP (X.k), [X],
HL(X.k), DC(X,k), N,
Gp, M(A, ), M(A), L(A,a), £(A),
HE (M(A). k), HIF (L(A). k)

344  a:Z(R)—>k®HE, (M(A) k),

Vi, Wi,
b:7(R) — Z(R%)
4 kK=Kk[h y1,....v:].K
4.1 R(n), R"(n), Z(R" (n))™
42 ‘W, generators Cx, D_; k, Do k+1, D1.k>

E(2), v1(Dok+1)s
Weo, Wso, Wo,
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Anti-involution @,
AWy =K,
M(A), V(A), |A)

4.3 €.,
Operators x,:ct, Exi= [x;,xl_],
BY , € Z(R"(n)), B+(2),
Ir), Ay

44 M(r,n), M(r),
A, G, Gy,
h W, drn ki =Kk[y1,..., 9],
R(n)1, R (n)1, Rees(Z(R" (n)1))

Al BX, , € R (@)
A.2 Xi’j,k, Hl,],k
A3 U(k), &y, Ty, Tij, r(a,vn),

lg =IAq: RA(oz) -k
B.2 qij (u,v)
B3 hir,l’ wir, ‘I‘i(z)7 Hi(Z)
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