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Abstract5
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1 Introduction29

Principal component analysis (PCA) introduced in [8, 17] is one of the most well-known and30

popular methods for dimensional reduction in high-dimensional data analysis.31

Let X ∈ Rd be a random vector with mean E{X} and covariance matrix32

Σ = E
{

(X − E{X})(X − E{X})T
}
.33

To reduce the dimension of X from d to p, PCA looks for a p-dimensional linear subspace that is34

closest to the centered random vector X−E{X} in a mean squared sense, through the independent35

and identically distributed samples X(1), . . . , X(n).36

Denote by Gp(Rd) the Grassmann manifold of p-planes in Rd, or equivalently, the set of all37

p-dimensional subspaces of Rd. Without loss of generality, we assume E{X} = 0. Then PCA38

corresponds to a stochastic optimization problem39

min
U∈Gp(Rd)

E
{
‖(Id −ΠU )X‖22

}
, (1.1)40

where Id is the d×d identity matrix, and ΠU is the orthogonal projector onto the subspace U . Let41

Σ = UΛUT be the spectral decomposition of Σ, where42

Λ = diag(λ1, . . . , λd) with λ1 ≥ · · · ≥ λd ≥ 0, and orthogonal U = [u1, . . . , ud]. (1.2)43

If λp > λp+1, then the unique solution to the optimization problem (1.1), namely the p-dimensional44

principal subspace of Σ, is U∗ = R([u1, . . . , up]), the subspace spanned by u1, . . . , up.45

In practice, Σ is unknown, and we must use sample data to estimate U∗. The classical PCA46

does it by the spectral decomposition of the empirical covariance matrix Σ̂ = 1
n

∑n
i=1X

(i)(X(i))T.47

Specifically, the classical PCA uses Û∗ = R([û1, . . . , ûp]) to estimate U∗, where ûi is the corre-48

sponding eigenvectors of Σ̂. The important quantity is the distance between U∗ and Û∗. Vu and49

Lei [23, Theorem 3.1] proved that if p(d− p)σ
2
∗
n is bounded, then50

inf
Ũ∗∈Gp(Rd)

sup
X∈P0(σ2

∗,d)

E
{
‖sinΘ(Û∗,U∗)‖2F

}
≥ cp(d− p)σ

2
∗
n
, (1.3)51

where c > 0 is an absolute constant, and P0(σ2
∗, d) is the set of all d-dimensional sub-Gaussian52

distributions for which the eigenvalues of the covariance matrix satisfy53

λ1λp+1

(λp − λp+1)2
≤ σ2

∗. (1.4)54

Note that its left-hand side is the effective noise variance. In the classical PCA, obtaining the55

empirical covariance matrix has time complexity O(nd2) and space complexity O(d2). So storing56

and calculating a large empirical covariance matrix are very expensive when the data are of high57

dimension, not to mention the cost of computing its eigenvalues and eigenvectors.58

To reduce both the time and space complexities, Oja [15] proposed an online PCA iteration59

ũ(n) = u(n−1) + β(n−1)X(n)(X(n))Tu(n−1), u(n) = ũ(n)‖ũ(n)‖−12 , (1.5)60

to approximate the most significant principal component, where β(n) > 0 is a stepsize. Later Oja61

and Karhunen [16] proposed a subspace online PCA iteration62

Ũ (n) = U (n−1) +X(n)(X(n))TU (n−1) diag(β
(n−1)
1 , . . . , β(n−1)

p ), U (n) = Ũ (n)R(n), (1.6)63

to approximate the principal subspace U∗, where β
(n)
i > 0 for 1 ≤ i ≤ p are stepsizes, and R(n) is64

a normalization matrix to make U (n) have orthonormal columns. One such an R(n) is65

R(n) = [(Ũ (n))TŨ (n)]−1/2. (1.7)66
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Usually, we can use a fixed stepsize β. It can be seen that these methods update the approximations67

incrementally by processing data one at a time as soon as it comes in, and calculating the empirical68

covariance matrix explicitly is completely avoided. In the online PCA, obtaining the principal69

subspace has time complexity O(p2nd) and space complexity O(pd), which is much less than those70

required by the classical PCA.71

Although the online PCA iteration (1.5) was proposed over 30 years ago, its convergence analysis72

is rather scarce. Some recent works [2, 9, 18] studied the convergence of the online PCA for the73

most significant principal component, i.e., u1, from different points of view and obtained some74

results for the case where the samples are almost surely uniformly bounded. For such a case, De75

Sa, Olukotun, and Ré [4] studied a different but closely related problem, in which the angular76

part is equivalent to the online PCA, and obtained some convergence results. In contrast, for77

the distributions with sub-Gaussian tails (note that the samples of this kind of distributions may78

be unbounded), Li, Wang, Liu, and Zhang [11] proved a nearly optimal convergence rate for the79

iteration (1.5): if the initial guess u(0) is randomly chosen according to a uniform distribution and80

the stepsize β is chosen in accordance with the sample size n, then there exists a high-probability81

event A∗ with P{A∗} ≥ 1− δ such that82

E
{
|tanΘ(u(n), u∗)|2

∣∣∣ A∗} ≤ C(d, n, δ)
lnn

n

1

λ1 − λ2

d∑
i=2

λ1λi
λ1 − λi

(1.8a)83

≤ C(d, n, δ)
λ1λ2

(λ1 − λ2)2
(d− 1) lnn

n
, (1.8b)84

85

where δ ∈ [0, 1), u∗ = u1 in (1.2), and C(d, n, δ) can be approximately treated as a constant. It86

can be seen that this bound matches the minimax low bound (1.3) up to a logarithmic factor of n,87

hence, nearly optimal. Also, the convergence rate holds true as long as the initial approximation88

satisfies89

|tanΘ(u(0), u∗)| ≤ cd, (1.9)90

for some constant c > 0, which means nearly global. It is significant because a uniformly distributed91

initial value is nearly orthogonal to the principal component with high probability when d is large.92

This result is more general than previous ones in [2, 9, 18], because it is for distributions that can93

possibly be unbounded, and the convergence rate is nearly optimal and nearly global. For more94

details of comparison, the reader is referred to [11].95

However, there is still no convergence result for the subspace online PCA, namely the subspace96

iteration (1.6). Garber et al. [6] use shift-and-invert technique to deal with the convergence of97

a faster variant of subspace PCA, but only the result on the top eigenvector is analyzed. Our98

main purpose in this paper is to analyze the convergence of the subspace online PCA iteration99

(1.6), similarly to the effort in [11] which is for the special case p = 1. One of our results for the100

convergence rate states that: if the initial guess U (0) is randomly chosen to satisfy that R(U (0))101

is uniformly sampled from Gp(Rd), and the stepsize β
(n)
i is chosen the same for 1 ≤ i ≤ p and in102

accordance with the sample size n, then there exists a high-probability event H∗ with P{H∗} ≥103

1− 2δp
2

, such that104

E
{
‖tanΘ(U (n), U∗)‖2F

∣∣∣H∗} ≤ C(d, n, δ)
lnn

n

1

λp − λp+1

p∑
j=1

d∑
i=p+1

λjλi
λj − λi

(1.10a)105

≤ C(d, n, δ)
λpλp+1

(λp − λp+1)2
p(d− p) lnn

n
, (1.10b)106

107

where the constant C(d, n, δ)→ 24ψ4/(1− δp2) as d→∞ and n→∞, and ψ is X’s Orlicz norm.108

This is also nearly optimal, nearly global, and valid for any sub-Gaussian distribution. When p = 1,109

it degenerates to (1.8), as it should be. Although this result of ours look like a straightforward110

generalization, its proof, however, turns out to be nontrivially much more complicated. Also note111

that the factor in our result is112

λpλp+1

(λp − λp+1)2
vs.

λ1λp+1

(λp − λp+1)2
.113
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The second quantity appeared in (1.8b). The first quantity is always smaller but both are of similar114

order if λ1 and λp are of similar order. However, their magnitude can differ greatly when λp � λ1.115

The rest of this paper is organized as follows. Section 2 reviews the basics about the canonical116

angles and the canonical angle matrix between two k-dimensional subspaces, the metrics on Gp(Rd),117

and proves a lemma on the tangent of the canonical angle matrix, which will be used in later proofs.118

In section 3, we reformulate the subspace online PCA iteration (1.6) for the case β
(n)
i = β for all119

1 ≤ i ≤ p, which will be the version to be analyzed. Our main results, one of which leads to120

(1.10), are stated in section 4. We compare our results for p = 1 with the recent results in [11]121

and outline the technical differences in proof between ours and those from [11] in section 5. Due122

to their complexities, the proofs of these results are deferred to sections 6 and 7. Finally, section 8123

summarizes the results of the paper.124

We point out in passing that this paper improves its earlier version available online [12] in that125

an assumption, namely Assumption 4.2 in [12] is no longer necessary and thus removed, which is126

made possible by the new quasi-bounded event (6.5).127

Notations. Rn×m is the set of all n×m real matrices, Rn = Rn×1, and R = R1. In (or simply128

I if its dimension is clear from the context) is the n × n identity matrix and ej is its jth column129

(usually with dimension determined by the context). For a matrix X, σ(X), ‖X‖∞, ‖X‖2 and130

‖X‖F are the multiset of the singular values, the `∞-operator norm, the spectral norm, and the131

Frobenius norm of X, respectively. R(X) is the column space spanned by the columns of X, X(i,j)132

is the (i, j)th entry of X, and X(k:`,:) and X(:,i:j) are two submatrices of X consisting of its row k133

to row ` and column i to column j, respectively. X ◦ Y is the Hadamard, i.e., entrywise, product134

of matrices (vector) X and Y of the same size.135

For any vector or matrix X, Y , X ≤ Y (X < Y ) means X(i,j) ≤ Y(i,j) (X(i,j) < Y(i,j)) for any136

i, j. X ≥ Y (X > Y ) if −X ≤ −Y (−X < −Y ); X ≤ α (X < α) for a scalar α means X(i,j) ≤ α137

(X(i,j) < α) for any i, j; similarly X ≥ α and X > α.138

For a subset or an event A, Ac is the complement set of A. By σ{A1, . . . ,Ap} we denote the139

σ-algebra generated by the events A1, . . . ,Ap. N = {1, 2, 3, . . .}. E{X; A} := E{X1A} denotes140

the expectation of a random variable X over event A. Note that141

E{X; A} = E{X | A}P{A}. (1.11)142

For a random vector or matrix X, E{X} :=
[
E
{
X(i,j)

}]
. Note that ‖E{X}‖ui ≤ E{‖X‖ui} for143

ui = 2, F. Write cov◦(X,Y ) := E{[X − E{X}] ◦ [Y − E{Y }]} and var◦(X) := cov◦(X,X).144

2 Canonical Angles145

For two subspaces X , Y ∈ Gp(Rd), let X, Y ∈ Cd×p be the basis matrices of X and Y, respectively,146

i.e., X = R(X) and Y = R(Y ), and denote by σj for 1 ≤ j ≤ k in nondecreasing order, i.e.,147

σ1 ≤ · · · ≤ σp, the singular values of148

(XTX)−1/2XTY (Y TY )−1/2.149

The k canonical angles θj(X ,Y) between X to Y are defined by150

0 ≤ θj(X ,Y) := arccosσj ≤
π

2
for 1 ≤ j ≤ p. (2.1)151

They are in non-increasing order, i.e., θ1(X ,Y) ≥ · · · ≥ θp(X ,Y). Set152

Θ(X ,Y) = diag(θ1(X ,Y), . . . , θp(X ,Y)). (2.2)153

It can be seen that angles so defined are independent of the basis matrices X and Y , which are154

not unique. With the definition of canonical angles,155

‖sinΘ(X ,Y)‖ui for ui = 2, F156
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are metrics on Gp(Rd) [19, Section II.4].157

In what follows, we sometimes place a vector or matrix in one or both arguments of θj( · , · )158

and Θ( · , · ) with the understanding that it is about the subspace spanned by the vector or the159

columns of the matrix argument.160

For any X ∈ Rd×p, if X(1:p,:) is nonsingular, then we can define161

T (X) := X(p+1:d,:)X
−1
(1:p,:). (2.3)162

Lemma 2.1. For X ∈ Rd×p with nonsingular X(1:p,:), we have for ui = 2, F163 ∥∥∥∥tanΘ(X,

[
Ip
0

]
)

∥∥∥∥
ui

= ‖T (X)‖ui. (2.4)164

Proof. Let Y =

[
Ip
0

]
∈ Rd×p. By definition, σj = cos θj(X,Y ) for 1 ≤ j ≤ p are the singular165

values of166 [
I + T (X)TT (X)

]−1/2 [ I
T (X)

]T [
I
0

]
=
[
I + T (X)TT (X)

]−1/2
.167

So if τ1 ≥ τ2 ≥ · · · ≥ τp are the singular values of T (X), then168

σj = (1 + τ2j )−1/2 ⇒ τj =

√
1− σ2

j

σj
= tan θj(X,Y ),169

and hence the identity (2.4).170

3 Online PCA for Principal Subspace171

Let X = [X1,X2, . . . ,Xd]
T be a random vector in Rd. Assume E{X} = 0. Its covariance matrix172

Σ := E
{
XXT

}
has the spectral decomposition173

Σ = UΛUT with U = [u1, u2, . . . , ud], Λ = diag(λ1, . . . , λd), (3.1)174

where U ∈ Rd×d is orthogonal, and λi for 1 ≤ i ≤ d are the eigenvalues of Σ, arranged for175

convenience in non-increasing order. Assume176

λ1 ≥ · · · ≥ λp > λp+1 ≥ · · · ≥ λd > 0. (3.2)177

In section 1, we mention the subspace online PCA iteration (1.6) of Oja and Karhunen [16] for178

computing the principal subspace of dimension p179

U∗ = R(U(:,1:p)) = R([u1, u2, . . . , up]). (3.3)180

In this paper, we will use a fixed stepsize β for all β
(n)
i there. Then U (n) can be stated in a more181

explicit manner with the help of the following lemma.182

Lemma 3.1. Let V ∈ Rd×p with V TV = Ip, y ∈ Rd with yTy = 1, and 0 < β ∈ R, and let183

W := V + βyyTV = (Id + βyyT)V, V+ := W (WTW )−1/2.184

If V Ty 6= 0, then185

V+ = V + βyyTV − [1− (1 + α)−1/2](V + βyyTV )zzT,186

where γ = ‖V Ty‖2, z = V Ty/γ, and α = β(2 + β)γ2. In particular, V T
+ V+ = Ip.187
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Algorithm 3.1 Subspace Online PCA

1: Choose U (0) ∈ Rd×p with (U (0))TU (0) = I, and choose stepsize β > 0.
2: for n = 1, 2, . . . until convergence do
3: Take an X’s sample X(n);
4: Z(n) = (U (n−1))TX(n), α(n) = β

[
2 + β(X(n))TX(n)

]
(Z(n))TZ(n), α̃(n) = (1 + α(n))−1/2;

5: U (n) = U (n−1) + βα̃(n)X(n)(Z(n))T − 1−α̃(n)

(Z(n))TZ(n)U
(n−1)Z(n)(Z(n))T.

6: end for

Proof. Let z = V Ty ∈ Rp. We have188

WTW = V T[Id + βyyT]2V = V T[Id + β(2 + β)yyT]2V = Ip + αzzT.189

Let Z⊥ ∈ Rp×(p−1) such that [z, Z⊥]T[z, Z⊥] = Ip. The eigen-decomposition of WTW is190

WTW = [z, Z⊥]

[
1 + α

Ip−1

]
[z, Z⊥]T191

which yields192

(WTW )−1/2 = [z, Z⊥]

[
(1 + α)−1/2

Ip−1

]
[z, Z⊥]T193

= (1 + α)−1/2zzT + Z⊥Z
T
⊥194

= (1 + α)−1/2zzT + Ip − zzT195

= Ip − [1− (1 + α)−1/2]zzT.196
197

Therefore,198

V+ = (V + βyyTV ){Ip − [1− (1 + α)−1/2]zzT}199

= V + βyyTV − [1− (1 + α)−1/2](V + βyyTV )zzT,200
201

as expected.202

With the help of this lemma, for a fixed stepsize β
(n)
i = β for all 1 ≤ i ≤ p, we outline in203

Algorithm 3.1 a subspace online PCA algorithm based on (1.6) and (1.7). The iteration at its204

line 5 combines (1.6) and (1.7) as one. This seems like a minor reformulation, but it turns out to205

be one of the keys that make our analysis go through. The rest of this paper is devoted to analyze206

its convergence.207

Remark 3.1. A couple of comments are in order for Algorithm 3.1.208

1. Vectors X(n) ∈ Rd for n = 1, 2, . . . are independent and identically distributed samples of209

X.210

2. If the algorithm converges, it is expected that211

U (n) → U∗ := U

[
Ip
0

]
= [u1, u2, . . . , up]212

in the sense that ‖sinΘ(U (n), U∗)‖ui → 0 as n→∞.213

Notations introduced in this section, except those in Lemma 3.1 will be adopted throughout214

the rest of this paper.215
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4 Main Results216

We point out that any statement we will make is meant to hold almost surely.217

We are concerned with random variables/vectors that have a sub-Gaussian distribution which218

we will define next. To that end, we need to introduce the Orlicz ψα-norm of a random vari-219

able/vector. More details can be found in [21].220

Definition 4.1. The Orlicz ψα-norm of a random variable X ∈ R is defined as221

‖X‖ψα := inf

{
ξ > 0 : E

{
exp

(∣∣∣∣Xξ
∣∣∣∣α)} ≤ 2

}
,222

and the Orlicz ψα-norm of a random vector X ∈ Rd is defined as223

‖X‖ψα := sup
‖v‖2=1

‖vTX‖ψα .224

We say that random variable/vector X follows a sub-Gaussian distribution if ‖X‖ψ2 <∞.225

By the definition, we conclude that any bounded random variable/vector follows a sub-Gaussian226

distribution. To prepare our convergence analysis, we make a few assumptions.227

Assumption 4.1. X = [X1,X2, . . . ,Xd]
T ∈ Rd is a random vector.228

(A-1) E{X} = 0, and Σ := E
{
XXT

}
has the spectral decomposition (3.1) satisfying (3.2);229

(A-2) ψ := ‖Σ−1/2X‖ψ2 <∞.230

The principal subspace U∗ in (3.3) is uniquely determined under (A-1) of Assumption 4.1. On231

the other hand, (A-2) of Assumption 4.1 ensures that all 1-dimensional marginals of X have sub-232

Gaussian tails, or equivalently, X follows a sub-Gaussian distribution. This is also an assumption233

that is used in [11].234

In what follows, we will state our main results under the assumption and leave their proofs to235

later sections because of their high complexity. To that end, first we introduce some quantities.236

The eigenvalue gap is237

γ := λp − λp+1.238

The sum of top i eigenvalues is239

ηi := λ1 + · · ·+ λi, i = 1, . . . , d.240

The dominance of the top i eigenvalues is defined as241

µi :=
ηi
ηd
∈
[
i

d
, 1

]
,242

For s > 0 and the stepsize β < 1 such that βγ < 1, define243

Ns(β) := min
{
n ∈ N : (1− βγ)n ≤ βs

}
=

⌈
s lnβ

ln(1− βγ)

⌉
, (4.1)244

where d·e is the ceiling function taking the smallest integer that is no smaller than its argument,245

and for 0 < ε < 1/7,246

M(ε) := min
{
m ∈ N : β7ε/2−1/2 ≤ β(1−21−m)(3ε−1/2)} = 2 +

⌈
ln 1/2−3ε

ε

ln 2

⌉
≥ 2. (4.2)247
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Theorem 4.1. Given248

ε ∈ (0, 1/7), ω ∈ (0, 1), φ > 0, κ > 6[M(ε)−1]/2 max{2(
√

2− 1)1/2φλ
−1/2
1 ω1/2,

√
2}, (4.3a)249

0 < β < min

{
1,

(
1

8κηp

) 2
1−4ε

,

(
γ

130κ2η2p

) 1
ε

}
. (4.3b)250

251

Let U (n) for n = 1, 2, . . . be the approximations of U∗ generated by Algorithm 3.1. Under Assump-252

tion 4.1, if ‖tanΘ(U (0), U∗)‖22 ≤ φ2d− 1, and253

(
√

2 + 1)λ1dβ
1−7ε ≤ ω, K > N3/2−37ε/4(β), (4.4)254

then there exist absolute constants1 Cψ, Cν , C◦ and a high-probability event H with255

P{H} ≥ 1−K[(2 + e)d+ p+ 1] exp(−Cνψβ−ε)256

such that for any n ∈ [N3/2−37ε/4(β),K]257

258

E
{
‖tanΘ(U (n), U∗)‖2F; H

}
≤ (1− βγ)2(n−1)pφ2d259

+
32ψ4β

2− λ1β
ϕ(p, d;Λ) + C◦κ

4µ−2p η2pγ
−1p
√
d− pβ3/2−7ε, (4.5)260

261

where e = exp(1) is Euler’s number, Cνψ = max{Cνµp, Cψ min{ψ−1, ψ−2}}, and2
262

ϕ(p, d;Λ) :=

p∑
j=1

d∑
i=p+1

λjλi
λj − λi

∈
[
p(d− p)λ1λd
λ1 − λd

,
p(d− p)λpλp+1

λp − λp+1

]
. (4.6)263

The conclusion of Theorem 4.1 holds for any given U (0) satisfying ‖tanΘ(U (0), U∗)‖22 ≤ φ2d−1.264

However, it is not easy, if at all possible, to verify this condition. Next we consider a randomly265

selected U (0).266

Suppose that on Gp(Rd) we use a uniform distribution, the one with the Haar invariant proba-267

bility measure (see [3, Section 1.4] and [10, Section 4.6]). We refer the reader to [3, Section 2.2] on268

how to generate such a uniform distribution on Gp(Rd). Our assumption for a randomly selected269

U (0) is270

randomly selected U (0) satisfies that R(U (0)) is uni-
formly sampled from Gp(Rd).

(4.7)271

Theorem 4.2. Under Assumption 4.1, for sufficiently large d and any β satisfying (4.3b) with272

κ = 6[M(ε)−1]/2 max{2Cp,
√

2}, and273

p < (d+ 1)/2, ε ∈ (0, 1/7), δ ∈ (0, 2−1/p
2

), K > N3/2−37ε/4(β),274

where Cp is a constant only dependent on p, if (4.7) holds, and275

dβ1−3ε ≤ δ2, K[(2 + e)d+ p+ 1] exp(−Cνψβ−ε) ≤ δp
2

,276

then there exists a high-probability event H∗ with P{H∗} ≥ 1− 2δp
2

such that277

278

1We attach each with a subscript for the convenience of indicating their associations. They don’t change as the
values of the subscript variables vary, by which we mean absolute constants. Later in (6.6), we explicitly bound
these absolute constants.

2To see the inclusion in (4.6), we note the following: if 0 ≤ a ≤ c < d ≤ b, then

0 ≤
1

b
≤

1

d
<

1

c
≤

1

a
⇒

dc

d− c
=

1
1
c
− 1

d

≥
1

1
a
− 1

b

=
ab

b− a
.
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E
{
‖tanΘ(U (n), U∗)‖2F; H∗

}
≤ (1− βγ)2(n−1)pC2

pδ
−2d279

+
32ψ4β

2− λ1β
ϕ(p, d;Λ) + C◦κ

4µ−2p η2pγ
−1p
√
d− pβ3/2−7ε (4.8)280

281

for any n ∈ [N3/2−37ε/4(β),K], where ϕ(p, d;Λ) is as in (4.6).282

Finally, suppose that the number of principal components p and the eigenvalue gap γ = λp −283

λp+1 is known in advance, and the sample size is fixed at N∗. We must choose a proper β to obtain284

the principal components as accurately as possible. A good choice turns out to be285

β = β∗ :=
3 lnN∗
2γN∗

. (4.9)286

Theorem 4.3. Under Assumption 4.1, for sufficiently large d ≥ 2p and sufficiently large N∗,287

ε ∈ (0, 1/7), δ ∈ (0, 2−1/p
2

) satisfying288

dβ1−3ε
∗ ≤ δ2, N∗[(2 + e)d+ p+ 1] exp(−Cνψβ−ε) ≤ δp

2

, (4.10)289

where β∗ is given by (4.9), if (4.7) holds, then there exists a high-probability event H∗ with P{H∗} ≥290

1− 2δp
2

, such that291

E
{
‖tanΘ(U (N∗), U∗)‖2F; H∗

}
≤ C∗(d,N∗, δ)

ϕ(p, d;Λ)

λp − λp+1

lnN∗
N∗

, (4.11)292

where the constant C∗(d,N∗, δ)→ 24ψ4 as d→∞, N∗ →∞, and ϕ(p, d;Λ) is as in (4.6).293

In Theorems 4.1, 4.2 and 4.3, the conclusions are stated in term of the expectation of ‖tanΘ(U (n), U∗)‖2F294

over some highly probable event. These expectations can be turned into conditional expectations,295

thanks to the relation (1.11). In fact, (1.10) is a consequence of (4.11) and (1.11).296

The proofs of the three theorems are given in sections 6 and 7. Although overall our proofs297

follow the same structure of those in Li, Wang, Liu, and Zhang [11], there are inherently critical298

subtleties in going from one-dimension (p = 1) to multi-dimension (p > 1). In fact, one of key299

steps in proof works for p = 1 does not seem to work for p > 1. More detail will be discussed in300

the next section.301

Now we observe the effect of the scaling on the random vector X. Let302

X̌ = ξX, Ǔ (0) = U (0), β̌ = ξ−2β. (4.12)303

Then we can examine that304

X̌(n) = ξX(n), Ž(n) = ξZ(n), α̌(n) = α(n), Ǔ (n) = U (n),305

which means that Algorithm 3.1 will produce the same sequence {U (n)} under the scaling (4.12).306

Also, we have307

Σ̌ = ξ2Σ, ψ̌ = ψ, Ǔ = U, Λ̌ = ξ2Λ, λ̌i = ξ2λi, γ̌ = ξ2γ, µ̌ = µ, ν̌ = ν.308

Considering a scaling ξ = β−ζ/2 with ζ an integer, we can see309

Ňs(β̌) = (1 + ζ)Ns(β), β̌∗ = βζβ∗.310

In other words, using the scaling technique, we can use a much smaller stepsize (e.g. from β to311

β1+ζ) while the number of steps to converge does not increase too much (from N to (1 + ζ)N);312

on the other hand, with the same sample size N∗, using the scaling technique, we can use a much313

smaller stepsize (e.g. from β∗ to β1+ζ
∗ ) in order to make the stepsize satisfy (4.10). This could be314

very helpful when choosing a proper stepsize in practice.315
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5 Comparisons with Previous Results316

Our three theorems in the previous section, namely Theorems 4.1, 4.2 and 4.3, are the analogs for317

p > 1 of Li, Wang, Liu, and Zhang’s three theorems [11, Theorems 1, 2, and 3] which are for p = 1318

only. Naturally, we would like to know how our results when applied to the case p = 1 and our319

proofs would stand against those in [11]. In what follows, we will do a fairly detailed comparison.320

But before we do that, let us state their theorems (in our notation).321

Theorem 5.1 ([11, Theorem 1]). Under Assumption 4.1 and p = 1, suppose there exists a constant322

φ > 1 such that tanΘ(U (0), U∗) ≤ φ2d. Then for any ε ∈ (0, 1/8), stepsize β > 0 satisfying323

d[λ21γ
−1β]1−2ε ≤ b1φ−2, and any t > 1, there exists an event H with324

P{H} ≥ 1− 2(d+ 2)N̂o(β, φ) exp
(
−C0[λ21γ

−1β]−2ε
)
− 4dN̂t(β) exp

(
−C1[λ21γ

−1β]−2ε
)
,325

such that for any n ∈ [N̂1(β) + N̂o(β, φ), N̂t(β)]326

E
{

tan2Θ(U (n), U∗); H
}
≤ (1− βγ)2[n−N̂

o(β,φ)] + C2βϕ(1, d;Λ) + C2

d∑
i=2

λ1 − λ2
λ1 − λi

[λ21γ
−1β]3/2−4ε,

(5.1)327

where b1 ∈ (0, ln2 2/16), C0, C1, C2 are absolute constants, and328

N̂o(β, φ) := min
{
n ∈ N : (1− βγ)n ≤ [4φ2d]−1

}
=

⌈
− ln[4φ2d]

ln(1− βγ)

⌉
,329

N̂s(β) := min
{
n ∈ N : (1− βγ)n ≤ [λ21γ

−1β]s
}

=

⌈
s ln[λ21γ

−1β]

ln(1− βγ)

⌉
.330

331

What we can see that Theorem 4.1 for p = 1 is essentially the same as Theorem 5.1. In fact,332

since (1 − βγ)1−N̂
o(β,φ) ≤ 4φ2d ≤ (1 − βγ)−N̂

o(β,φ), the upper bounds by (4.5) for p = 1 and by333

(5.1) are comparable in the sense that they are in the same order in d, β, δ.334

Naturally one may try to generalize the proving techniques in [11] which is for the one-335

dimensional case (p = 1) to handle the multi-dimensional case (p > 1). Indeed, we tried but336

didn’t succeed, due to we believe insurmountable obstacles. We now explain. The basic structure337

of the proof in [11] is to split the Grassmann manifold Gp(Rd), where the initial guess comes338

from, into two regions: the cold region and warm region. Roughly speaking, an approximation339

U (n) in the warm region means that ‖tanΘ(U (n), U∗)‖F is small while it in the cold region means340

that ‖tanΘ(U (n), U∗)‖F is not that small. U∗ sits at the “center” of the warm region which is341

wrapped around by the cold region. The proof is divided into two cases: the first case is when342

the initial guess is in the warm region and the other one is when it is in the code region. For343

the first case, they proved that the algorithm will produce a sequence convergent to the principal344

subspace (which is actually the most significant principal component because it is for p = 1) with345

high probability. For the second case, they first proved that the algorithm will produce a sequence346

of approximations that, after a finite number of iterations, will fall into the warm region with high347

probability, and then use the conclusion proved for the first case to conclude the proof because of348

the Markov property.349

For our situation p > 1, we still structure our proof in the same way, i.e., dividing the whole350

proof into two cases of U (0) coming from the cold region or warm region. The proof in [11] for the351

warm region case can be carried over with a little extra effort, as we will see later, but we didn’t352

find that it was possible to use a similar argument in [11] to get the job done for the cold region353

case. Three major difficulties are as follows. In [11], essentially ‖cotΘ(U (n), U∗)‖F was used to354

track the behavior of a martingale along with the power iteration. Note cotΘ(U (n), U∗) is p × p.355

Thus it is a scalar when p = 1, perfectly well-conditioned if treated as a matrix, but for p > 1, it356

is a genuine matrix and, in fact, an inverse of a random matrix in the proof. The first difficulty is357

how to estimate the inverse because it may not even exist! We tried to separate the flow of U (n)
358

into two subflows: the ill-conditioned flow and the well-conditioned flow, and estimate the related359

quantities separately. Here the ill-conditioned flow at each step represents the subspace generated360
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by the singular vectors of cotΘ(U (n), U∗) whose corresponding singular values are tiny, while the361

well-conditioned flow at each step represents the subspace generated by the other singular vectors,362

of which the inverse (restricted to this subspace) is well conditioned. Unfortunately, tracking the363

two flows can be an impossible task because, due to the randomness, some elements in the ill-364

conditioned flow could jump to the well-conditioned flow during the iteration, and vice versa. This365

is the second difficulty. The third one is to build a martingale to go along with a proper power366

iteration, or equivalently, to find the Doob decomposition of the process, because the recursion367

formula of the main part of the inverse — the drift in the Doob decomposition, even if limited368

to the well-conditioned flow, is not a linear operator, which makes it impossible to build a proper369

power iteration.370

In the end, to deal with the cold region, we gave up the idea of estimating ‖cotΘ(U (n), U∗)‖F.371

Instead, we invent another method: cutting the cold region into many layers, each wrapped around372

by another with the innermost one around the warm region. We prove the initial guess in any layer373

will produce a sequence of approximations that will fall into its inner neighbor layer (or the warm374

region if the layer is innermost) in a finite number of iterations with high probability. Therefore375

eventually, any initial guess in the cold region will lead to an approximation in the warm region376

within a finite number of iterations with high probability, returning to the case of initial guesses377

coming from the warm region because of the Markov property. This enables us to completely avoid378

the difficulties mentioned above. This technique can also be used for the one-dimensional case to379

simplify the proof in [11].380

Theorem 5.2 ([11, Theorem 2]). Under Assumption 4.1 and p = 1, suppose that U (0) is uniformly381

sampled from the unit sphere. Then for any ε ∈ (0, 1/8), stepsize β > 0, δ > 0 satisfying382

d[λ21γ
−1β]1−2ε ≤ b2δ2, 4dN̂2(β) exp

(
−C3[λ21γ

−1β]−2ε
)
≤ δ,383

there exists an event H∗ with P{H∗} ≥ 1− 2δ such that for any n ∈ [N̂2(β), N̂3(β)]384

E
{

tan2Θ(U (n), U∗); H∗
}
≤ C4(1− βγ)2nδ−4d2 + C4βϕ(1, d;Λ) + C4

d∑
i=2

λ1 − λ2
λ1 − λi

[λ21γ
−1β]3/2−4ε,

(5.2)385

where b2, C3, C4 are absolute constants.386

Theorem 5.3 ([11, Theorem 3]). Under Assumption 4.1 and p = 1, suppose that U (0) is uniformly387

sampled from the unit sphere and let β∗ = 2 lnN∗
γN . Then for any ε ∈ (0, 1/8), N∗ ≥ 1, δ > 0388

satisfying389

d[λ21γ
−1β∗]

1−2ε ≤ b3δ2, 4dN̂2(β∗) exp
(
−C6[λ21γ

−1β∗]
−2ε) ≤ δ,390

there exists an event H∗ with P{H∗} ≥ 1− 2δ such that391

E
{

tan2Θ(U (N∗), U∗); H∗
}
≤ C∗(d,N∗, δ)

ϕ(1, d;Λ)

λ1 − λ2
lnN∗
N∗

, (5.3)392

where the constant C∗(d,N∗, δ)→ C5 as d→∞, N∗ →∞, and b3, C5, C6 are absolute constants.393

Our Theorems 4.2 and 4.3 when applied to the case p = 1 do not exactly yield Theorems 5.2394

and 5.3, respectively. But the resulting conditions and upper bounds have the same orders in395

variables d, β, δ, and the coefficients of β and lnN∗
N in the upper bounds are comparable. But we396

note that the first term in right-hand side of (4.8) is proportional to d, not d2 as in (5.2); so ours397

is tighter.398

The proofs here for Theorems 4.2 and 4.3 are nearly the same as those in [11] for Theorems 5.2399

and 5.3 owing to the fact that the difficult estimates have already been taken care of by either400

Theorem 4.1 or Theorem 5.1. But still there are some extras for p > 1, namely, the need to401

estimate the marginal probability for the uniform distribution on the Grassmann manifold of402

dimension higher than 1. We cannot find it in the literature, and thus have to build it ourselves403

with the help of the theory of special functions of a matrix argument, rarely used in the statistical404

community.405
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It may also be worth pointing out that all absolute constants, except Cp which has an explicit406

expression in (7.4) and Cψ, in our theorems are concretely bounded as in (6.6), whereas those in407

Theorems 5.1 to 5.3 are not.408

6 Proof of Theorem 4.1409

In this section, we will prove Theorem 4.1. For that purpose, we build a quite amount of preparation410

material in subsections 6.1, 6.2 and 6.3 before we prove the theorem in subsection 6.4. Figure 6.1411

shows a pictorial description of our proof process.412

Lemma 6.1

Lemma 6.2 Lemma 6.3 Lemma 6.4 Lemma 6.6

Lemma 6.5 Theorem 4.1subsection 6.2

subsection 6.3

Figure 6.1: Proof process for Theorem 4.1

6.1 Simplification413

Without loss of generality, we may assume that the covariance matrix Σ diagonal. Otherwise, we414

can perform a (constant) orthogonal transformation as follows. Recall the spectral decomposition415

Σ = UΛUT in (3.1). Instead of the random vector X, we equivalently consider416

Y ≡ [Y 1,Y 2, . . . ,Y n]T := UTX.417

Accordingly, perform the same orthogonal transformation on all involved quantities:418

Y (n) = UTX(n), V (n) = UTU (n), V∗ = UTU∗ =

[
Ip
0

]
. (6.1)419

As consequences, we will have the equivalent versions of Algorithm 3.1, Theorems 4.1, 4.2 and 4.3.420

Firstly, because421

(V (n−1))TY (n) = (U (n−1))TX(n), (Y (n))TY (n) = (X(n))TX(n),422

the equivalent version of Algorithm 3.1 is obtained by symbolically replacing all letters X, U by423

Y, V while keeping their respective superscripts. If the algorithm converges, it is expected that424

R(V (n))→ R(V∗). Secondly, noting425

‖Σ−1/2X‖ψ2
= ‖UΛ−1/2UTX‖ψ2

= ‖Λ−1/2Y ‖ψ2
,426

we can restate Assumption 4.1 equivalently as427

(A-1′) E{Y } = 0,E
{
Y Y T

}
= Λ = diag(λ1, . . . , λd) with (3.2);428

(A-2′) ψ := ‖Λ−1/2Y ‖ψ2 <∞.429

Thirdly, all canonical angles between two subspaces are invariant under the orthogonal transforma-430

tion. Therefore the equivalent versions of Theorems 4.1, 4.2 and 4.3 for Y can be simply obtained431

by replacing all letters X, U by Y, V while keeping their respective superscripts.432

In the rest of this section, we will prove the mentioned equivalent version of Theorem 4.1.433

Likewise in the next section, we will prove the equivalent versions of Theorems 4.2 and 4.3.434
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In what follows, we assume that Σ is diagonal.435

To facilitate our proof, we introduce new notations for two particular submatrices of any V ∈436

Rd×p:437

V̄ = V(1:p,:), ¯
V = V(p+1:d,:). (6.2)438

In particular, T (V ) =
¯
V V̄ −1 for the operator T defined in (2.3), provided V̄ is nonsingular. Set439

Λ̄ = diag(λ1, . . . , λp),
¯
Λ = diag(λp+1, . . . , λd). (6.3)440

Although the assignments to Λ̄ and
¯
Λ are not consistent with the extractions defined by (6.2), they441

don’t seem to cause confusions in our later presentations.442

For κ > 1, define S(κ) := {V ∈ Rd×p : σ(V̄ ) ⊂ [ 1κ , 1]}. It can be verified that443

V ∈ S(κ)⇔ ‖T (V )‖2 ≤
√
κ2 − 1. (6.4)444

For the sequence V (n), define445

Nout{S(κ)} := min{n : V (n) /∈ S(κ)}, Nin{S(κ)} := min{n : V (n) ∈ S(κ)}.446

Nout{S(κ)} is the first step of the iterative process at which V (n) jumps from S(κ) to outside, and447

Nin{S(κ)} is the first step of the iterative process at which V (n) jumps from outside to S(κ). Write448

λ̃i := λiβ
−2ε, η̃i := λ̃1 + · · ·+ λ̃i = ηiβ

−2ε,449

and define450

Nqb{Λ} := max
{
n ≥ 1 : ‖Z(n)‖2 ≤ η̃1/2p , |Y (n)

i | ≤ λ̃1/2i , i = 1, . . . n
}

+ 1. (6.5)451

Nqb{Λ} is the first step of the iterative process at which either |Y (n)
i | > λ̃

1/2
i for some i or the452

norm of Z(n) exceeds η̃
1/2
p . For n < Nqb{Λ}, we have453

‖Y (n)‖2 ≤ η̃1/2d = ν1/2η̃1/2p , ‖Z(n)‖2 ≤ η̃1/2p ,454

where ν = 1/µp.455

For convenience, we will set T (n) = T (V (n)), and let Fn = σ{Y (1), . . . , Y (n)} be the σ-algebra456

filtration, i.e., the information known by step n. Also, since in this section ε, β are fixed, we457

suppress the dependency information of M(ε) on ε and Ns(β) on β to simply write M for M(ε)458

and Ns for Ns(β).459

Lastly, we discuss some of the important implications of the conditions:460

0 < β < min

{
1,

(
1

8κηp

) 2
1−4ε

,

(
γ

130κ2η2p

) 1
ε

}
, (4.3b)461

(
√

2 + 1)λ1dβ
1−7ε ≤ ω, K > N3/2−37ε/4(β) (4.4)462

463

of Theorem 4.1. They guarantee that464

(β-1) β < 1;465

(β-2) βγ ≤ βη̃p ≤ νβη̃p = βη̃d ≤ dβλ̃1 = dλ1β
1−2ε ≤ (

√
2− 1)ω ≤

√
2− 1.466

Set467

CV =
5

2
+

7

2
(νη̃pβ) +

15

8
(νη̃pβ)2 +

3

8
(νη̃pβ)3 ≤ 16 + 13

√
2

8
≈ 4.298; (6.6a)468

C∆ = 2 +
1

2
(νη̃pβ) + CV η̃pβ ≤

22 + 7
√

2

8
≈ 3.987; (6.6b)469
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CT = CV + 2C∆ + 2C∆CV η̃pβ ≤
251 + 122

√
2

16
≈ 26.471; (6.6c)470

Cκ =
(3−

√
2)C2

∆

64(CT + 2C∆)2
≤ 565 + 171

√
2

21504
≈ 0.038; (6.6d)471

Cν = 4
√

2CTCκ ≤
223702 + 183539

√
2

86016
≈ 5.618; (6.6e)472

C◦ =
29 + 8

√
2

16(3−
√

2)
+

4CT

(3−
√

2)C∆
β3ε + [CT +

29 + 8
√

2

32
]β1/2−3ε

473

+
3C2

T

2(3−
√

2)C2
∆

β1/2+3ε +
2CT
C∆

β1−3ε +
C2
T

2C2
∆

β3/2−3ε
474

≤ 2582968 + 1645155
√

2

14336
≈ 342.464. (6.6f)475

476

The condition (4.3b) also guarantees that477

(β-3) 2C∆η̃pβ
1/2κ = 2C∆ηpβ

1/2−2εκ ≤ 2C∆
8 < 1, and thus 2C∆η̃pβκ < 1;478

(β-4) 4
√

2CTκ
2η̃2pγ

−1β5ε ≤ 1, and thus 4
√

2CTκ
2η̃2pγ

−1β1/2+χ ≤ 1 for χ ∈ [−1/2 + 5ε, 0].479

6.2 Increments of One Iteration480

Lemma 6.1. For any fixed K ≥ 1,481

P{Nqb{Λ} > K} ≥ 1−K(ed+ p+ 1) exp
(
−Cψ min{ψ−1, ψ−2}β−2ε

)
,482

where Cψ is an absolute constant.483

Proof. Since484

{Nqb{Λ} ≤ K} ⊂
⋃
n≤K

{‖Z(n)‖2 ≥ η̃1/2p

}
∪
⋃

1≤i≤d

{
|eTi Y (n)| ≥ λ̃1/2i

} ,485

we know486

P{Nqb{Λ} ≤ K} ≤
∑
n≤K

P
{
‖Z(n)‖2 ≥ η̃1/2p

}
+
∑

1≤i≤d

P
{
|eTi Y (n)| ≥ λ̃1/2i

} . (6.7)487

First,488

P
{
|eTi Y (n)| ≥ λ̃1/2i

}
= P

{∣∣∣∣ (Λ1/2ei)
T

‖Λ1/2ei‖2
Λ−1/2Y (n)

∣∣∣∣ ≥ λ̃
1/2
i

‖Λ1/2ei‖2

}
489

≤ exp

1−
Cψ,i

λ̃i
eTi Λei

‖ (Λ
1/2ei)T

‖Λ1/2ei‖2
Λ−1/2Y (n)‖ψ2

 by [22, (5.10)]490

≤ exp

(
1− Cψ,iλ̃i
‖Λ−1/2Y (n)‖ψ2

λi

)
= exp

(
1− Cψ,iψ−1β−2ε

)
, (6.8)491

492

where Cψ,i, i = 1, . . . , d are absolute constants [22, (5.10)]. Next, we claim493

P
{
‖Z(n)‖2 ≥ η̃1/2p

}
≤ (p+ 1) exp

(
−Cψ,d+1ψ

−2β−2ε
)
. (6.9)494

Together, (6.7) – (6.9) yield495

P{Nqb{Λ} ≤ K} =
∑
n≤K

∑
1≤i≤d

exp
(
1− Cψ,iψ−1β−2ε

)
+
∑
n≤K

(p+ 1) exp
(
−Cψ,d+1ψ

−2β−2ε
)

496
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≤ K(ed+ p+ 1) exp
(
−Cψ min{ψ−1, ψ−2}β−2ε

)
,497

498

where Cψ = min1≤i≤d+1 Cψ,i. Finally, use P{Nqb{Λ} > K} = 1 − P{Nqb{Λ} ≤ K} to complete499

the proof.500

It remains to prove the claim (6.9). To avoid the cluttered superscripts, we drop the superscript501

“·(n−1)” on V , and drop the superscript “·(n)” on Y, Z. Consider502

W :=

[
0 Z
ZT 0

]
=

[
V TY

Y TV

]
=

d∑
k=1

Yk


vk1
...
vkp

vk1 · · · vkp 0

 =:

d∑
k=1

YkWk,503

where vij is the (i, j)-entry of V . By the matrix version of master tail bound [20, Theorem 3.6],504

for any α > 0,505

P{‖Z‖2 ≥ α} = P{λmax(W ) ≥ α} ≤ inf
θ>0

e−θα trace exp

(
d∑
k=1

ln E{exp(θYkWk)}

)
.506

Y is sub-Gaussian and E{Y } = 0, and so is Yk. Moreover,507

‖Yk‖ψ2
= ‖eTkΛ1/2‖2

∥∥∥∥ eTkΛ
1/2

‖eTkΛ1/2‖2
Λ−1/2Y

∥∥∥∥
ψ2

≤ λ1/2k ‖Λ
−1/2Y ‖ψ2

= λ
1/2
k ψ.508

Also, by [22, (5.12)],509

E{exp(θWkYk)} ≤ exp(Cψ,d+kθ
2Wk ◦Wk‖Yk‖2ψ2

) ≤ exp(cψ,kθ
2λkψ

2Wk ◦Wk),510

where cψ,k, k = 1, . . . , d are absolute constants. Therefore, writing [4Cψ,d+1]−1 = max1≤k≤d cψ,k511

and Wψ :=
∑d
k=1 λkWk ◦Wk with the spectral decomposition Wψ = VψΛψV

T
ψ , we have512

trace exp

(
d∑
k=1

ln E{exp(θYkWk)}

)
≤ trace exp

(
d∑
k=1

cψ,kθ
2λkψ

2Wk ◦Wk

)
513

≤ trace exp([4Cψ,d+1]−1θ2ψ2Wψ)514

= trace exp([4Cψ,d+1]−1θ2ψ2VψΛψV
T
ψ )515

= trace
(
Vψ exp([4Cψ,d+1]−1θ2ψ2Λψ)V T

ψ

)
516

= trace exp([4Cψ,d+1]−1θ2ψ2Λψ)517

≤ (p+ 1) exp([4Cψ,d+1]−1θ2ψ2λmax(Λψ))518

= (p+ 1) exp([4Cψ,d+1]−1θ2ψ2λmax(Wψ)).519
520

Note that521

Wψ =



d∑
k=1

λkv
2
k1

...
d∑
k=1

λkv
2
kp

d∑
k=1

λkv
2
k1 · · ·

d∑
k=1

λkv
2
kp 0


=


eT1 V

TΛV e1
...

eTp V
TΛV ep

eT1 V
TΛV e1 · · · eTp V

TΛV ep 0

 ,522

and thus523

λmax(Wψ) =

∥∥∥∥∥∥∥
e

T
1 V

TΛV e1
...

eTp V
TΛV ep


∥∥∥∥∥∥∥
2

≤
p∑
k=1

eTk V
TΛV ek = trace(V TΛV )524
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≤ max
V TV=Ip

trace(V TΛV ) =

p∑
k=1

λk = ηp.525

526

In summary, we have527

P{‖Z‖2 ≥ α} ≤ (p+ 1) inf
θ>0

exp([4Cψ,d+1]−1θ2ψ2ηp − θα)528

= (p+ 1) exp

(
−Cψ,d+1α

2

ψ2ηp

)
.529

530

Substituting α = η̃
1/2
p , we have the claim (6.9).531

Lemma 6.2. Suppose that the conditions of Theorem 4.1 hold. If n < Nqb{Λ}, then532

533

V (n+1) = V (n) + βY (n+1)(Z(n+1))T534

− β
[
1 +

β

2
(Y (n+1))TY (n+1)

]
V (n)Z(n+1)(Z(n+1))T +R(n)(Z(n+1))T, (6.10)535

536

where R(n) ∈ Rd is a random vector with ‖R(n)‖2 ≤ CV ν1/2η̃3/2p β2 and CV is as in (6.6a).537

Proof. To avoid the cluttered superscripts, in this proof, we drop the superscript “·(n)” and use538

the superscript “·+” to replace “·(n+1)” on V , and drop the superscript “·(n+1)” on Y, Z.539

On the set {Nqb{Λ} > n}, by (4.4) and (β-2), we have540

α = β(2 + βY TY )ZTZ ≤ β(2 + νη̃pβ)η̃p ≤ (2 +
√

2− 1)(
√

2− 1)/ν < 1.541

By Taylor’s expansion, there exists 0 < ξ < α such that542

(1 + α)−1/2 = 1− 1

2
α+

3

8

1

(1 + ξ)5/2
α2

543

= 1− βZTZ − β2

2
Y TY ZTZ + β2(ZTZ)2ζ,544

545

where ζ =
3

8
1

(1+ξ)5/2
(2 + βY TY )2 ≤ 3

8
(2 + νβη̃p)

2. Thus546

V + = (V + βY ZT)

(
I −

[
βZTZ +

β2

2
Y TY ZTZ − β2(ZTZ)2ζ

]
ZZT

ZTZ

)
547

= V + βY ZT − βV ZZT − β2

2
(Y TY )V ZZT +RZT,548

549

where R = −β
2

2
(ZTZ)(2 + βY TY )Y + ζβ2(ZTZ)V Z + ζβ3(ZTZ)2Y for which550

‖R‖2 ≤
β2

2
η̃p(2 + βνη̃p)(νη̃p)

1/2 + ζβ2η̃3/2p + ζβ3η̃2p(νη̃p)
1/2

551

=

[
1

2
(2 + βνη̃p) +

3

8
(2 + βνη̃p)

2 +
3

8
(2 + βνη̃p)

2(βη̃p)

]
ν1/2η̃3/2p β2

552

= CV ν
1/2η̃3/2p β2,553

554

as expected.555

Lemma 6.3. Suppose that the conditions of Theorem 4.1 hold. Let τ = ‖T (n)‖2, and CT be as in556

(6.6c). If n < min{Nqb{Λ}, Nout{S(κ)}}, then the following statements hold.557

1. T (n) and T (n+1) are well-defined.558
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2. Define E
(n)
T (V (n)) by E

{
T (n+1) − T (n)

∣∣ Fn} = β(
¯
ΛT (n) − T (n)Λ̄) + E

(n)
T (V (n)). Then559

(a) supV ∈S(κ)‖E
(n)
T (V )‖2 ≤ CT ν1/2(η̃pβ)2(1 + τ2)3/2;560

(b) ‖T (n+1) − T (n)‖2 ≤ ν1/2(η̃pβ)(1 + τ2) + CT ν
1/2(η̃pβ)2(1 + τ2)3/2.561

3. Define R◦ by var◦
(
T (n+1) − T (n) | Fn

)
= β2H◦ +R◦. Then562

(a) H◦ = var◦
(
¯
Y Ȳ T

)
≤ 16ψ4H, where H = [ηij ](d−p)×p with ηij = λp+iλj for i = 1, . . . , d−563

p, j = 1, . . . , p;564

(b) ‖R◦‖2 ≤ (νη̃pβ)2τ(1 + 11
2 τ + τ2 + 1

4τ
3) + 4CT ν(η̃pβ)3(1 + τ2)5/2 + 2C2

T ν(η̃pβ)4(1 + τ2)3.565

Proof. For readability, we will drop the superscript “·(n)”, and use the superscript “·+” to replace566

“·(n+1)” for V,R, drop the superscript “·(n+1)” on Y, Z, and drop the conditional sign “ |Fn” in the567

computation of E{·}, var(·), cov(·) with the understanding that they are conditional with respect568

to Fn. Finally, for any expression or variable F , we define ∆F := F+ − F .569

Consider item 1. Since n < Nout{S(κ)}, we have V ∈ S(κ) and τ = ‖T‖2 ≤ (κ2 − 1)1/2. Thus,570

‖V̄ −1‖2 ≤ κ and T =
¯
V V̄ −1 is well-defined. Recall (6.10) and the partitioning571

Y =

[ 1

p Ȳ
d−p

¯
Y

]
, R =

[ 1

p R̄
d−p

¯
R

]
.572

We have ∆V̄ = β(Ȳ ZT − (1 + β
2Y

TY )V̄ ZZT) + R̄ZT, and573

R̄ = −β
2

2
(ZTZ)(2 + βY TY )Ȳ + ζβ2(ZTZ)V̄ Z + ζβ3(ZTZ)2Ȳ .574

Noticing ‖Ȳ ‖2 ≤ η̃1/2p , we find575

‖∆V̄ ‖2 ≤ βη̃p + β(1 +
β

2
νη̃p)η̃p + CV η̃

2
pβ

2
576

≤
[
2 +

β

2
νη̃p + CV η̃pβ

]
η̃pβ = C∆η̃pβ,577

578

where C∆ is as in (6.6b). Thus ‖∆V̄ V̄ −1‖2 ≤ ‖∆V̄ ‖2‖V̄ −1‖2 ≤ C∆η̃pβκ ≤ 1/2 by (β-3). As a579

result, V̄ + is nonsingular, and580

‖(V̄ +)−1‖2 ≤
‖V̄ −1‖2

1− ‖V̄ −1∆V̄ ‖2
≤ 2‖V̄ −1‖2.581

In particular, T+ =
¯
V +(V̄ +)−1 is well-defined. This proves item 1.582

For item 2, using the Sherman-Morrison-Woodbury formula [5, p. 95], we get583

∆T =
¯
V +(V̄ +)−1 −

¯
V V̄ −1584

= (
¯
V +∆

¯
V )(V̄ +∆V̄ )−1 −

¯
V V̄ −1585

= (
¯
V +∆

¯
V )(V̄ −1 − V̄ −1∆V̄ (V̄ +∆V̄ )−1)−

¯
V V̄ −1586

= ∆
¯
V V̄ −1 −

¯
V V̄ −1∆V̄ (V̄ +∆V̄ )−1 −∆

¯
V V̄ −1∆V̄ (V̄ +∆V̄ )−1587

= ∆
¯
V V̄ −1 −

¯
V V̄ −1∆V̄ (V̄ −1 − V̄ −1∆V̄ (V̄ +∆V̄ )−1)−∆

¯
V V̄ −1∆V̄ (V̄ +∆V̄ )−1588

= ∆
¯
V V̄ −1 − T∆V̄ V̄ −1 + T∆V̄ V̄ −1∆V̄ (V̄ +)−1 −∆

¯
V V̄ −1∆V̄ (V̄ +)−1589

= [∆
¯
V − T∆V̄ ][I − (V̄ +)−1∆V̄ ]V̄ −1.590

591

Write TL =
[
−T I

]
and TR =

[
I
T

]
, and then TLV = 0 and V = TRV̄ . Thus,592

∆T = TL∆V [I − (V̄ +)−1∆V̄ ]V TTR.593
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Since ∆V is rank-1, ∆T is also rank-1. By Lemma 6.2,594

∆T = TL

[
βY ZT − β(1 +

β

2
Y TY )V ZZT +RZT

] [
I − (V̄ +)−1∆V̄

]
V TTR

= TL
[
βY Y TV +RZT

] [
I − (V̄ +)−1∆V̄

]
V TTR

= TL(βY Y TV V T +RT )TR

= TL(βY Y T +RT )TR,

(6.11)595

where RT = RZTV T − (βY +R)ZT(V̄ +)−1∆V̄ V T. Note that596

TLY Y
TTR =

¯
Y Ȳ T − T Ȳ

¯
Y TT − T Ȳ Ȳ T +

¯
Y

¯
Y TT, (6.12)597

and598

E
{

¯
Y Ȳ T

}
= 0, E

{
T Ȳ Ȳ T

}
= T E

{
Ȳ Ȳ T

}
= TΛ̄, (6.13a)599

E
{
T Ȳ

¯
Y TT

}
= T E

{
Ȳ

¯
Y T
}
T = 0, E

{
¯
Y

¯
Y TT

}
= E

{
¯
Y

¯
Y T
}
T =

¯
ΛT. (6.13b)600

601

Thus, E{∆T} = β(
¯
ΛT − TΛ̄) + ET (V ), where ET (V ) = E{TLRTTR}.602

Since V ∈ S(κ), ‖T‖2 ≤ (κ2 − 1)1/2 by (6.4). Thus603

‖RT ‖2 ≤ ‖R‖2η̃1/2p + [(νη̃p)
1/2β + ‖R‖2]η̃1/2p 2(1 + ‖T‖22)1/2C∆η̃pβ

≤ CV ν1/2η̃2pβ2 + (1 + ‖T‖22)1/2[1 + CV η̃pβ]2C∆ν
1/2η̃2pβ

2

≤ CT ν1/2(η̃pβ)2(1 + ‖T‖22)1/2,

(6.14)604

where CT = CV + 2C∆(1 + CV η̃pβ). Therefore,605

‖ET (V )‖2 ≤ E{‖TLRTTR‖2} ≤ (1 + ‖T‖22) E{‖RT ‖2}.606

Item 2(a) holds. For item 2(b), we have607

‖∆T‖2 ≤ (1 + ‖T‖22)(β‖Y Y TV V T‖2 + ‖RT ‖2)608

≤ β(νη̃p)
1/2η̃1/2p (1 + ‖T‖22) + CT ν

1/2(η̃pβ)2(1 + ‖T‖22)3/2609

≤ ν1/2η̃pβ(1 + ‖T‖22) + CT ν
1/2(η̃pβ)2(1 + ‖T‖22)3/2.610

611

Now we turn to item 3. We have612

var◦(∆T ) = var◦
(
TL(βY Y T +RT )TR

)
= β2 var◦

(
TLY Y

TTR
)

+ 2βR◦,1 +R◦,2, (6.15)613

where R◦,1 = cov◦
(
TLY Y

TTR, TLRTTR
)
, and R◦,2 = var◦(TLRTTR). By (6.12),614

var◦
(
TLY Y

TTR
)

= var◦
(
¯
Y Ȳ T

)
+R◦,0, (6.16)615

where616

R◦,0 = var◦
(
T Ȳ

¯
Y TT

)
+ var◦

(
T Ȳ Ȳ T

)
+ var◦

(
¯
Y

¯
Y TT

)
617

− 2 cov◦
(
¯
Y Ȳ T, T Ȳ

¯
Y TT

)
− 2 cov◦

(
¯
Y Ȳ T, T Ȳ Ȳ T

)
+ 2 cov◦

(
¯
Y Ȳ T,

¯
Y

¯
Y TT

)
618

+ 2 cov◦
(
T Ȳ

¯
Y TT, T Ȳ Ȳ T

)
− 2 cov◦

(
T Ȳ

¯
Y TT,

¯
Y

¯
Y TT

)
− 2 cov◦

(
T Ȳ Ȳ T,

¯
Y

¯
Y TT

)
.619

620

Examine (6.15) and (6.16) together to get H◦ = var◦
(
¯
Y Ȳ T

)
and R◦ = β2R◦,0 + 2βR◦,1 + R◦,2.621

We note622

Yj = eTj Y = eTj Λ
1/2Λ−1/2Y = λ

1/2
j eTj Λ

−1/2Y,623

eTi var◦
(
¯
Y Ȳ T

)
ej = var(eTi ¯

Y Ȳ Tej) = var(Yp+iYj) = E
{
Y 2
p+iY

2
j

}
.624

625
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By [22, (5.11)],626

E
{
Y 4
j

}
= λ2j E

{
(eTj Λ

−1/2Y )4
}
≤ 16λ2j‖eTj Λ−1/2Y ‖4ψ2

≤ 16λ2j‖Λ−1/2Y ‖4ψ2
= 16λ2jψ

4.627

Therefore628

eTi var◦
(
¯
Y Ȳ T

)
ej ≤ [E

{
Y 4
p+i

}
E
{
Y 4
j

}
]1/2 ≤ 16λp+iλjψ

4,629

i.e., H◦ = var◦
(
¯
Y Ȳ T

)
≤ 16ψ4H. This proves item 3(a). To show item 3(b), first we bound the630

entrywise variance and covariance. For any matrices A1, A2, by Schur’s inequality (which was631

generalized to all unitarily invariant norm in [7, Theorem 3.1]),632

‖A1 ◦A2‖2 ≤ ‖A1‖2‖A2‖2, (6.17)633

we have634

‖cov◦(A1, A2)‖2 = ‖E{A1 ◦A2} − E{A1} ◦ E{A2}‖2635

≤ E{‖A1 ◦A2‖2}+ ‖E{A1} ◦ E{A2}‖2636

≤ E{‖A1‖2‖A2‖2}+ ‖E{A1}‖2‖E{A2}‖2, (6.18a)637

‖var◦(A1)‖2 ≤ E
{
‖A1‖22

}
+ ‖E{A1}‖22. (6.18b)638

639

Apply (6.18) to R◦,1 and R◦,2 to get640

‖R◦,1‖2 ≤ 2CT νη̃
3
pβ

2(1 + ‖T‖22)5/2, ‖R◦,2‖2 ≤ 2C2
T ν(η̃pβ)4(1 + ‖T‖22)3, (6.19)641

upon using642

‖TLY Y TTR‖2 = ‖TLY Y TV V TTR‖2 ≤ ν1/2η̃p(1 + ‖T‖22),643

‖TLRTTR‖2 ≤ CT ν1/2(η̃pβ)2(1 + ‖T‖22)3/2.644
645

For R◦,0, by (6.13), we have646

‖cov◦
(
¯
Y Ȳ T, T Ȳ

¯
Y TT

)
‖2 ≤ E

{
‖
¯
Y Ȳ T‖22

}
‖T‖22,647

‖cov◦
(
¯
Y Ȳ T, T Ȳ Ȳ T

)
‖2 ≤ E

{
‖
¯
Y Ȳ T‖2‖Ȳ Ȳ T‖2

}
‖T‖2,648

‖cov◦
(
¯
Y Ȳ T,

¯
Y

¯
Y TT

)
‖2 ≤ E

{
‖
¯
Y Ȳ T‖2‖

¯
Y

¯
Y T‖2

}
‖T‖2,649

‖cov◦
(
T Ȳ

¯
Y TT, T Ȳ Ȳ T

)
‖2 ≤ E

{
‖
¯
Y Ȳ T‖2‖Ȳ Ȳ T‖2

}
‖T‖32,650

‖cov◦
(
T Ȳ

¯
Y TT,

¯
Y

¯
Y TT

)
‖2 ≤ E

{
‖
¯
Y Ȳ T‖2‖

¯
Y

¯
Y T‖2

}
‖T‖32,651

‖var◦
(
T Ȳ

¯
Y TT

)
‖2 ≤ E

{
‖
¯
Y Ȳ T‖22

}
‖T‖42,652

‖var◦
(
T Ȳ Ȳ T

)
‖2 ≤ E

{
‖Ȳ Ȳ T‖22

}
‖T‖22 + ‖TΛ̄‖22,653

‖var◦
(
¯
Y

¯
Y TT

)
‖2 ≤ E

{
‖
¯
Y

¯
Y T‖22

}
‖T‖22 + ‖

¯
ΛT‖22,654

‖cov◦
(
T Ȳ Ȳ T,

¯
Y

¯
Y TT

)
‖2 ≤ E

{
‖Ȳ Ȳ T‖2‖

¯
Y

¯
Y T‖2

}
‖T‖22 + ‖TΛ̄‖2‖

¯
ΛT‖2.655

656

Since657

‖Ȳ Ȳ T‖2 + ‖
¯
Y

¯
Y T‖2 = Ȳ TȲ +

¯
Y T

¯
Y = Y TY ≤ νη̃p,658

‖
¯
Y Ȳ T‖2 = (Ȳ TȲ )1/2(

¯
Y T

¯
Y )1/2 ≤ Ȳ TȲ +

¯
Y T

¯
Y

2
≤ νη̃p

2
,659

660

we have661

‖R◦,0‖2 ≤ E
{

2‖
¯
Y Ȳ T‖22 + (‖Ȳ Ȳ T‖2 + ‖

¯
Y

¯
Y T‖2)2

}
‖T‖22 + (‖TΛ̄‖2 + ‖

¯
ΛT‖2)2662

+ 2 E
{
‖
¯
Y Ȳ T‖2(‖Ȳ Ȳ T‖2 + ‖

¯
Y

¯
Y T‖2)

} (
‖T‖2 + ‖T‖32

)
+ E

{
‖
¯
Y Ȳ T‖22

}
‖T‖42663

≤ (νη̃p)
2‖T‖2 +

[3

2
(νη̃p)

2 + (λ1 + λp+1)2
]
‖T‖22 + (νη̃p)

2‖T‖32 +
1

4
(νη̃p)

2‖T‖42664

≤ (νη̃p)
2‖T‖2

(
1 +

11

2
‖T‖2 + ‖T‖22 +

1

4
‖T‖32

)
. (6.20)665

666

Finally collecting (6.19) and (6.20) yields the desired bound on R◦ = β2R◦,0 + 2βR◦,1 +R◦,2.667
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6.3 Quasi-Power Iteration Process668

Define D(n+1) = T (n+1) − E
{
T (n+1)

∣∣ Fn}. It can be seen that669

T (n) − E
{
T (n)

∣∣∣ Fn} = 0, E
{
D(n+1)

∣∣∣ Fn} = 0,670

E
{
D(n+1) ◦D(n+1)

∣∣∣ Fn} = var◦

(
T (n+1) − T (n) | Fn

)
.671

672

By item 2 of Lemma 6.3, we have673

T (n+1) = D(n+1) + T (n) + E
{
T (n+1) − T (n)

∣∣∣ Fn}674

= D(n+1) + T (n) + β(
¯
ΛT (n) − T (n)Λ̄) + E

(n)
T (V (n))675

= LT (n) +D(n+1) + E
(n)
T (V (n)),676

677

where L : T 7→ T + β
¯
ΛT − βT Λ̄ is a bounded linear operator. It can be verified that LT = L ◦ T ,678

the Hadamard product of L and T , where L = [λij ](d−p)×p with λij = 1 +βλp+i−βλj . Moreover,679

it can be shown that3 ‖L‖ui = ρ(L) = 1 − βγ, where ‖L‖ui = sup‖T‖ui=1‖LT‖ui is an operator680

norm induced by the matrix norm ‖·‖ui. Recursively,681

T (n) = LnT (0) +

n∑
s=1

Ln−sD(s) +

n∑
s=1

Ln−sE(s−1)
T (V (s−1)) =: J1 + J2 + J3. (6.21)682

Define events Mn(χ), Tn(χ), and Qn as683

Mn(χ) =

{
‖T (n) − LnT (0)‖2 ≤

1

2
(κ2β2χ−1 − 1)1/2βχ−3ε

}
, (6.22)684

Tn(χ) =
{
‖T (n)‖2 ≤ (κ2β2χ−1 − 1)1/2βχ−3ε

}
, Qn = {n < Nqb{Λ}}. (6.23)685

686

Lemma 6.4. Suppose that the conditions of Theorem 4.1 hold. If n < min{Nqb{Λ}, Nout{S(κβχ)}}687

and V (0) ∈ S(κβχ), then for any χ ∈ (5ε− 1/2, 0] and κ >
√

2, we have688

P{Mn(χ+ 1/2)} ≥ 1− 2d exp(−Cκγκ−2ν−1η−2p β−2ε), (6.24)689

where Cκ is as in (6.6d).690

Proof. Since κ >
√

2, we have κ2β2χ > 2 and κβχ < [2(κ2β2χ − 1)]1/2. Thus, by (β-4),691

4CTκ
3η̃2pγ

−1β1+3χ(κ2β2χ − 1)−1/2β−1/2−χ ≤ 4
√

2CTκ
2η̃2pγ

−1β1/2+χ ≤ 1.692

For any n < min{Nqb{Λ}, Nout{S(κβχ)}}, V (n) ∈ S(κβχ) and thus ‖T (n)‖2 ≤
√
κ2β2χ − 1 by693

(6.4). Therefore, by item 2(b) of Lemma 6.3, we have694

‖D(n+1)‖2 =
∥∥∥T (n+1) − T (n) − E

{
T (n+1) − T (n)

∣∣∣ Fn}∥∥∥
2

≤ ‖T (n+1) − T (n)‖2 + E
{
‖T (n+1) − T (n)‖2

∣∣∣ Fn}
≤ 2ν1/2η̃pβ(1 + ‖T (n)‖22)[1 + CT η̃pβ(1 + ‖T (n)‖22)1/2]

≤ 2κ2ν1/2η̃pβ
1+2χ[1 + CTκη̃pβ

1+χ].

(6.25)695

3 Since λ(L) = {λij : i = 1, . . . , d− p, j = 1, . . . , p}, we have the spectral radius ρ(L) = 1− β(λp − λp+1). Thus
for any T ,

‖LT‖ui = ‖T (I − βΛ̄) + β
¯
ΛT‖ui

≤ ‖I − βΛ̄‖2‖T‖ui + ‖β
¯
Λ‖2‖T‖ui

= (1− βλp + βλp+1)‖T‖ui = ρ(L)‖T‖ui,

which means ‖L‖ui ≤ ρ(L). This ensures ‖L‖ui = ρ(L).
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For any n < min{Nqb{Λ}, Nout{S(κβχ)}},696

‖J3‖2 ≤
n∑
s=1

‖L‖n−s2 ‖E(s−1)
T (V (s−1))‖2697

≤ CT ν1/2κ3η̃2pβ2+3χ
n∑
s=1

(1− βγ)n−s698

≤
CT ν

1/2κ3η̃2pβ
2+3χ

βγ
= CT ν

1/2κ3η̃2pγ
−1β1+3χ

699

≤ 1

4
ν1/2(κ2β2χ − 1)1/2β1/2+χ.700

701

Similarly,702

‖J2‖2 ≤
n∑
s=1

‖L‖n−s2 ‖D(s)‖2703

≤ 2κ2ν1/2η̃pβ
2χ(1 + CTκη̃pβ

1+χ)

γ
704

≤ 2κ2ν1/2η̃pβ
2χ

γ
+

1

2
ν1/2(κ2β2χ − 1)1/2β1/2+χ.705

706

Also, ‖J1‖2 ≤ ‖L‖n2‖T (0)‖2 ≤ ‖T (0)‖2 ≤ ν1/2(κ2β2χ − 1)1/2. For fixed n > 0 and β > 0,707 M (n)
0 := LnT (0),M

(n)
t := LnT (0) +

min{t,Nout{S(κ)}−1}∑
s=1

Ln−sD(s) : t = 1, . . . , n

708

forms a martingale with respect to Ft, because709

E
{
‖M (n)

t ‖2
}
≤ ‖J1‖2 + ‖J2‖2 < +∞,710

and711

E
{
M

(n)
t+1 −M

(n)
t

∣∣∣ Ft} = E
{
Ln−t−1D(t+1)

∣∣∣ Ft} = Ln−t−1 E
{
D(t+1)

∣∣∣ Ft} = 0.712

Use the matrix version of Azuma’s inequality [20, Section 7.2] to get, for any α > 0,713

P
{
‖M (n)

n −M (n)
0 ‖2 ≥ α

}
≤ 2d exp(− α2

2σ2
),714

where715

σ2 =

min{n,Nout{S(κ)}−1}∑
s=1

‖Ln−sD(s)‖22716

≤ [2κ2ν1/2η̃pβ
1+2χ(1 + CTκη̃pβ

1+χ)]2
min{n,Nout{S(κ)}−1}∑

s=1

(1− βγ)2(n−s)717

≤
4κ4νη̃2pβ

2+4χ(1 + CTκη̃pβ
1+χ)2

βγ[2− βγ]
718

≤
4κ4νη̃2pγ

−1β1+4χ(1 + CT
2C∆

)2

3−
√

2
by (β-3), η̃pβ

1/2 ≤ 1

2κC∆
719

= Cσκ
4νγ−1η̃2pβ

1+4χ,720
721

and Cσ = (CT+2C∆)2

(3−
√
2)C2

∆

. Thus, noticing J2 = M
(n)
n −M (n)

0 for n ≤ Nout{S(κ)} − 1, we have722

P{‖J2‖2 ≥ α} ≤ 2d exp

(
− α2

2Cσκ4νγ−1η̃2pβ
1+4χ

)
.723
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Choosing α = 1
4 (κ2β2χ − 1)1/2βχ+1/2−3ε and noticing ‖J3‖2 ≤ 1

4 (κ2β2χ − 1)1/2βχ+1/2−3ε and724

T (n) − LnT (0) = J2 + J3, we have725

P{Mn(χ+ 1/2)c} = P

{
‖T (n) − LnT (0)‖2 ≥

1

2
(κ2β2χ − 1)1/2βχ+1/2−3ε

}
726

≤ P

{
‖J2‖2 ≥

1

4
(κ2β2χ − 1)1/2βχ+1/2−3ε

}
727

≤ 2d exp

(
− κ2β2χ − 1

32Cσκ4νγ−1η̃2pβ
2χ
β−6ε

)
728

≤ 2d exp

(
− κ2β2χ

64Cσκ4νγ−1η̃2pβ
2χ
β−6ε

)
729

= 2d exp(−Cκγκ−2ν−1η−2p β−2ε),730
731

where Cκ = 1
64Cσ

which is the same as in (6.6d).732

Lemma 6.5. Suppose that the conditions of Theorem 4.1 hold. If733

N2−m(1−6ε) < min{Nqb{Λ}, Nout{S(κβχ)}}734

and V (0) ∈ S(β(1−21−m)(3ε−1/2)κm/2) with m ≥ 2, then for κm >
√

2735

P{Hm} ≥ 1− 2dN2−m(1−6ε) exp(−Cκγκ−2m ν−1η−2p β−2ε),736

where Hm =
{
Nin

{
S(
√

3/2β(1−22−m)(3ε−1/2)κm)
}
≤ N2−m(1−6ε)

}
.737

Proof. By the definition of the event Tn,738

Tn(2−m[1− 6ε] + 3ε) =
{
‖T (n)‖2 ≤ (κ2m − β(1−21−m)(1−6ε))1/2β(1−22−m)(3ε−1/2)

}
.739

For n ≥ N2−m(1−6ε) and V (0) ∈ S(β(1−21−m)(3ε−1/2)κm/2),740

Mn(2−m(1− 6ε) + 3ε) ⊂ Tn(2−m(1− 6ε) + 3ε)741

because742

‖T (n)‖2 ≤ ‖T (n) − LnT (0)‖2 + ‖L‖n2‖T (0)‖2743

≤ 1

2

(
κ2m − β(1−21−m)(1−6ε)

)1/2
β(1−22−m)(3ε−1/2)

744

+ β2−m(1−6ε)
(κ2m

4
− β(1−21−m)(1−6ε)

)1/2
β(1−21−m)(3ε−1/2)

745

≤
(
κ2m − β(1−21−m)(1−6ε)

)1/2
β(1−21−m)(3ε−1/2).746

747

Therefore, noticing748 (
κ2m − β(1−21−m)(1−6ε)

)1/2
β(1−22−m)(3ε−1/2) =

(
β(1−22−m)(6ε−1)κ2m − β21−m(1−6ε)

)1/2
749

≤
(3

2
β(1−22−m)(6ε−1)κ2m − 1

)1/2
,750

751

we get752

MN2−m(1−6ε)
(2−m(1− 6ε) + 3ε) ⊂

{
Nin

{
S(
√

3/2β(1−22−m)(3ε−1/2)κm)
}
≤ N2−m(1−6ε)

}
=: Hm.753

Since754

755
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⋂
n≤min

{
N2−m(1−6ε),Nin

{
S(
√

3/2β(1−22−m)(3ε−1/2)κm)
}
−1

}Mn(2−m(1− 6ε) + 3ε) ∩Hc
m756

⊂
⋂

n≤N2−m(1−6ε)

Mn(2−m(1− 6ε) + 3ε) ⊂MN2−m(1−6ε)
(2−m(1− 6ε) + 3ε),757

758

we have759 ⋂
n≤min

{
N2−m(1−6ε),Nin

{
S(
√

3/2β(1−22−m)(3ε−1/2)κm)
}
−1

}Mn(2−m(1− 6ε) + 3ε) ⊂ Hm.760

By Lemma 6.4 with χ = 2−m(1− 6ε) + 3ε− 1
2 = 2−m(1− 2m−1)(1− 6ε), we get761

P{Hc
m} ≤ P


⋃

n≤min
{
N2−m(1−6ε),Nin

{
S(
√

3/2β(1−22−m)(3ε−1/2)κm)
}
−1

}Mn(2−m(1− 6ε) + 3ε)c

762

≤ min
{
N2−m(1−6ε), Nin

{
S(
√

3/2β(1−22−m)(3ε−1/2)κm)
}
− 1
}

763

× 2d exp(−Cκγκ−2m ν−1η−2p β−2ε)764

≤ 2dN2−m(1−6ε) exp(−Cκγκ−2m ν−1η−2p β−2ε),765
766

as expected.767

Lemma 6.6. Suppose that the conditions of Theorem 4.1 hold. If V (0) ∈ S(κ/2) with κ > 2
√

2,768

K > N1−6ε, then there exists a high-probability event H1 ∩ QK =
⋂
n∈[N1/2−3ε,K] Tn(1/2) ∩ QK769

satisfying770

P{H1 ∩QK} ≥ 1−2dK exp(−Cκγκ−2ν−1η−2p β−2ε)−K(ed+p+1) exp
(
−Cψ min{ψ−1, ψ−2}β−2ε

)
,771

such that for any n ∈ [N1−6ε,K],772

E
{
T (n) ◦ T (n); H1 ∩QK

}
≤ L2nT (0) ◦ T (0) + 2β2[I − L2]−1[I − L2n]H◦ +RE ,773

where ‖RE‖2 ≤ C◦κ4γ−1ν2η̃2pβ3/2−3ε, H◦ = var◦
(
¯
Y Ȳ T

)
≤ 16ψ4H is as in item 3(a) of Lemma 6.3,774

and C◦ is as in (6.6f).775

Proof. First we estimate the probability of the event H1. We know Tn(1/2) ⊂
{
‖T (n)‖2 ≤ (κ2 − 1)1/2

}
.776

If K ≥ Nout{S(κ)}, then there exists some n ≤ K, such that V (n) /∈ S(κ), i.e., ‖T (n)‖2 > (κ2−1)1/2777

by (6.4). Thus,778

{K ≥ Nout{S(κ)}} ⊂
⋃
n≤K

{
‖T (n)‖2 > (κ2 − 1)1/2

}
⊂
⋃
n≤K

Tn(1/2)c.779

On the other hand, for n ≥ N1/2−3ε and V (0) ∈ S(κ/2), Mn(1/2) ⊂ Tn(1/2) because780

‖T (n)‖2 ≤ ‖T (n) − LnT (0)‖2 + ‖L‖n2‖T (0)‖2

≤ 1

2
(κ2 − 1)1/2β1/2−3ε + β1/2−3ε

(κ2
4
− 1
)1/2

≤ (κ2 − 1)1/2β1/2−3ε. (6.26)781

Therefore,782 ⋂
n∈[N1/2−3ε,K]

Mn(1/2) ⊂
⋂

n∈[N1/2−3ε,K]

Tn(1/2) ⊂ {K ≤ Nout{S(κ)} − 1},783
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and so784 ⋂
n≤min{K,Nout{S(κ)}−1}

Mn(1/2) ⊂
⋂

n∈[N1/2−3ε,min{K,Nout{S(κ)}−1}]

Mn(1/2)785

=
⋂

n∈[N1/2−3ε,K]

Mn(1/2)786

⊂
⋂

n∈[N1/2−3ε,K]

Tn(1/2)787

=: H1.788
789

By Lemma 6.4 with χ = 0, we have790

P

 ⋃
n≤min{K,Nout{S(κ)}−1}

Mn(1/2)c ∩QK

791

≤ min{K,Nout{S(κ)} − 1} · 2d exp(−Cκγκ−2ν−1η−2p β−2ε)792

= 2dK exp(−Cκγκ−2ν−1η−2p β−2ε).793
794

Thus, by Lemma 6.1,795

P{(H1 ∩QK)c} = P{Hc
1 ∪Qc

K}796

= P{Hc
1 ∩QK}+ P{Qc

K}797

≤ P

 ⋃
n≤min{K,Nout{S(κ)}−1}

Mn(1/2)c ∩QK

+ P{Qc
K}798

≤ 2dK exp(−Cκγκ−2ν−1η−2p β−2ε) +K(ed+ p+ 1) exp
(
−Cψ min{ψ−1, ψ−2}β−2ε

)
.799800

Next we estimate the expectation. Since801

H1 =
⋂

n∈[N1/2−3ε,K]

Tn(1/2) ⊂
⋂

n∈[N1/2−3ε,K]

{
1Tn−1D

(n) = D(n)
}
,802

we have for n ∈ [N1/2−3ε,K]803

T (n)1H1∩QK = 1QK

(
LnT (0) +

N1/2−3ε−1∑
s=1

Ln−sD(s) +

n∑
s=N1/2−3ε

Ln−sD(s)1Ts−1
+

n∑
s=1

Ln−sE(s−1)
T (V (s−1))

)
804

=: J̃1 + J̃21 + J̃22 + J̃3.805806

In what follows, we simply write E
(n)
T = E

(n)
T (V (n)) for convenience. Then,807

E
{
T (n) ◦ T (n); H1 ∩QK

}
= E

{
T (n) ◦ T (n)1H1∩QK

}
808

= E
{
J̃1 ◦ J̃1

}
+ 2 E

{
J̃1 ◦ J̃21

}
+ 2 E

{
J̃1 ◦ J̃22

}
+ 2 E

{
J̃1 ◦ J̃3

}
809

+ E
{

[J̃21 + J̃22] ◦ [J̃21 + J̃22]
}

+ 2 E
{

[J̃21 + J̃22] ◦ J̃3
}

+ E
{
J̃3 ◦ J̃3

}
810

≤ E
{
J̃1 ◦ J̃1

}
+ 2 E

{
J̃1 ◦ J̃21

}
+ 2 E

{
J̃1 ◦ J̃22

}
+ 2 E

{
J̃1 ◦ J̃3

}
811

+ 2 E
{
J̃21 ◦ J̃21

}
+ 4 E

{
J̃21 ◦ J̃22

}
+ 2 E

{
J̃22 ◦ J̃22

}
+ 2 E

{
J̃3 ◦ J̃3

}
.812

813

In the following, we estimate each summand above for n ∈ [N1−6ε,K]. We have the following.814

1. E
{
J̃1 ◦ J̃1

}
= L2nT (0) ◦ T (0).815
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2. E
{
J̃1 ◦ J̃21

}
=

N1/2−3ε−1∑
s=1

L2n−sT (0) ◦ E
{
D(s)1QK

}
= 0, because816

E
{
D(s)1QK

}
= E

{
E
{
D(s)1QK

∣∣∣ Fs−1}} = 0.817

3. E
{
J̃1 ◦ J̃22

}
=

n∑
s=N1/2−3ε

L2n−sT (0) ◦ E
{
D(s)1Ts−11QK

}
= 0, because Ts−1 ⊂ Fs−1 and so818

E
{
D(s)1Ts−1

1QK

}
= P{Ts−1}E

{
D(s)1QK

∣∣∣ Ts−1}819

= P{Ts−1}E
{

E
{
D(s)1QK

∣∣∣ Fs−1} ∣∣∣ Ts−1} = 0.820

821

4. E
{
J̃1 ◦ J̃3

}
=

n∑
s=1

L2n−sT (0) ◦ E
{
E

(s−1)
T 1QK

}
. Recall (6.17). By item 2(a) of Lemma 6.3,822

we have823

‖E
{
J̃1 ◦ J̃3

}
‖2 ≤

n∑
s=1

‖L‖2n−s2 ‖T (0)‖2‖E
{
E

(s−1)
T 1QK

}
‖2824

≤
n∑
s=1

(1− βγ)2n−s(
κ2

4
− 1)1/2CT ν

1/2(η̃pβ)2κ3825

≤ (1− βγ)n
(κ2 − 1)1/2CT ν

1/2η̃2pβ
2κ3

2βγ
826

≤ 1

2
β1−6εCT ν

1/2η̃2pγ
−1βκ4, by n ≥ N1−6ε.827

828

5. E
{
J̃21 ◦ J̃22

}
=

N1/2−3ε−1∑
s=1

n∑
s′=N1/2−3ε

L2n−s−s′ E
{
D(s)1QK ◦D(s′)1Ts′−1

1QK

}
= 0, because829

s < s′ and830

E
{
D(s)1QK ◦D(s′)1Ts′−1

1QK

}
= E

{
D(s) ◦D(s′)1Ts′−1

1QK

}
831

= P{Ts′−1}E
{
D(s) ◦D(s′)1QK

∣∣∣ Ts′−1}832

= P{Ts′−1}E
{

E
{
D(s) ◦D(s′)1QK

∣∣∣ Fs′−1} ∣∣∣ Ts′−1}833

= P{Ts′−1}E
{

E
{
D(s′)1QK

∣∣∣ Fs′−1} ◦D(s)
∣∣∣ Ts′−1}834

= 0.835
836

6. For E
{
J̃21 ◦ J̃21

}
, we have837

E
{
J̃21 ◦ J̃21

}
=

N1/2−3ε−1∑
s=1

N1/2−3ε−1∑
s′=1

L2n−s−s′ E
{
D(s)1QK ◦D(s′)1QK

}
838

=

N1/2−3ε−1∑
s=1

L2(n−s) E
{
D(s) ◦D(s)1QK

}
,839

840

because for s 6= s′,841

E
{
D(s)1QK ◦D(s′)1QK

}
= E

{
D(s) ◦D(s′)1QK

}
842
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= E
{

E
{
D(max{s,s′})1QK

∣∣∣ Fmax{s,s′}−1

}
◦D(min{s,s′})

}
843

= 0.844
845

Use items 3(a) and 3(b) of Lemma 6.3 to get846

E
{
D(s) ◦D(s)1QK

}
= E

{
E
{
D(s) ◦D(s)1QK

∣∣∣ Fs−1}}847

= E
{

var◦

(
[T (n+1) − T (n)]1QK

∣∣∣ Fs−1)}848

= E
{
β2H◦ +R◦

}
849

= β2H◦ + E{R◦}.850
851

Therefore E
{
J̃21 ◦ J̃21

}
= β2

N1/2−3ε−1∑
s=1

L2(n−s)H◦ +

N1/2−3ε−1∑
s=1

L2(n−s) E{R◦}. We have852

‖R◦‖2 ≤ (νη̃pβ)2τs−1(1 +
11

2
τs−1 + τ2s−1 +

1

4
τ3s−1) + 4CTκ

5ν(η̃pβ)3 + 2C2
Tκ

6ν(η̃pβ)4853

≤ (νη̃pβ)2τs−1(κ2 +
21

4
κ+

1

4
κ3) + 4CTκ

5ν(η̃pβ)3 + 2C2
Tκ

6ν(η̃pβ)4854

≤ 29 + 8
√

2

32
κ3ν2(η̃pβ)2τs−1 + 4CTκ

5ν(η̃pβ)3 + 2C2
Tκ

6ν(η̃pβ)4 for κ > 2
√

2,855

856

where τs−1 = ‖T (s−1)‖2 ≤ (κ2 − 1)1/2. Write E21 :=

N1/2−3ε−1∑
s=1

L2(n−s) E{R◦}. Since857

2N1/2−3ε − 1 ≤ N1−6ε ≤ 2N1/2−3ε by definition, we get858

‖E21‖2 ≤
N1/2−3ε−1∑

s=1

‖L‖2(n−s)2 E{‖R◦‖2}859

≤ (1− βγ)2(n+1−N1/2−3ε)

βγ[2− βγ]
E{‖R◦‖2}860

≤ 1− βγ
2− βγ

(1− βγ)n

βγ
E{‖R◦‖2}861

≤ 1

2
β1−6εγ−1βκ4νη̃2p

(
29 + 8

√
2

32
ν + 4CTκ(η̃pβ) + 2C2

Tκ
2(η̃pβ)2

)
862

≤

(
29 + 8

√
2

64
+ 2CTκ(η̃pβ) + C2

Tκ
2(η̃pβ)2

)
γ−1κ4ν2η̃2pβ

2−6ε.863

864

7. For E
{
J̃22 ◦ J̃22

}
, we have865

E
{
J̃22 ◦ J̃22

}
=

n∑
s=N1/2−3ε

L2(n−s) E
{
D(s)1QK1Ts−1

◦D(s)1QK1Ts−1

}
866

= β2
n∑

s=N1/2−3ε

L2(n−s)H◦ +

n∑
s=N1/2−3ε

L2(n−s) E
{
R◦1Ts−1

}
,867

868

because for s 6= s′,869

E
{
D(s)1QK1Ts−1 ◦D(s′)1QK1Ts′−1

}
= E

{
D(s) ◦D(s′)1QK1Ts−11Ts′−1

}
870

= P{Ts−1 ∩ Ts′−1}E
{
D(s) ◦D(s′)1QK

∣∣∣ Ts−1 ∩ Ts′−1
}

871
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= P{Ts−1 ∩ Ts′−1}E
{

E
{
D(max{s,s′})1QK

∣∣∣ Fmax{s,s′}−1

}
◦D(min{s,s′})

∣∣∣ Ts−1 ∩ Ts′−1
}

872

= 0,873874

and875

E
{
D(s)1QK1Ts−1 ◦D(s)1QK1Ts−1

}
= E

{
D(s) ◦D(s′)1QK1Ts−1

}
876

= P{Ts−1}E
{

E
{
D(s) ◦D(s)1QK

∣∣∣ Fs−1} ∣∣∣ Ts−1}877

≤ β2H◦ + E
{
R◦1Ts−1

}
.878

879

We have880

‖R◦1Ts−1
‖2 ≤

29 + 8
√

2

32
κ3ν2(η̃pβ)2τs−1 + 4CTκ

5ν(η̃pβ)3 + 2C2
Tκ

6ν(η̃pβ)4881

≤ 29 + 8
√

2

32
κ3ν2(η̃pβ)2(κ2 − 1)1/2β1/2−3ε + 4CTκ

5ν(η̃pβ)3 + 2C2
Tκ

6ν(η̃pβ)4882

≤ 29 + 8
√

2

32
κ4ν2(η̃pβ)2β1/2−3ε + 4CTκ

5ν(η̃pβ)3 + 2C2
Tκ

6ν(η̃pβ)4.883

884

Write E22 :=

n∑
s=N1/2−3ε

L2(n−s) E
{
R◦1Ts−1

}
for which we have885

‖E22‖2 ≤
n∑

s=N1/2−3ε

‖L‖2(n−s)2 E
{
‖R◦1Ts−1

‖2
}

886

≤ 1

βγ[2− βγ]
E
{
‖R◦1Ts−1

‖2
}

887

≤ 1

3−
√

2
γ−1κ4νη̃2pβ

(
29 + 8

√
2

32
νβ1/2−3ε + 4CTκ(η̃pβ) + 2C2

Tκ
2(η̃pβ)2

)
888

≤ 1

3−
√

2

(
29 + 8

√
2

32
+ 4CTκη̃pβ

1/2+3ε + 2C2
Tκ

2η̃2pβ
3/2+3ε

)
γ−1κ4ν2η̃2pβ

3/2−3ε.889

890

8. E
{
J̃3 ◦ J̃3

}
=

n∑
s=1

L2(n−s) E
{
E

(s−1)
T 1QK ◦ E

(s−1)
T 1QK

}
. Also, by (6.17),891

‖E
{
J̃3 ◦ J̃3

}
‖2 ≤

n∑
s=1

‖L‖2(n−s)2 E
{
‖E(s−1)

T 1QK‖22
}

892

≤
n∑
s=1

(1− βγ)2(n−s)[CT ν
1/2(η̃pβ)2κ3]2893

≤ C2
T ν(η̃pβ)4κ6

βγ[2− βγ]
894

≤ 1

3−
√

2
C2
T νη̃

4
pγ
−1κ6β3.895

896

Collecting all estimates together, we obtain897

E
{
T (n) ◦ T (n); H1 ∩QK

}
≤ L2nT (0) ◦ T (0) + 2β2

n∑
s=1

L2(n−s)H◦ +RE898

≤ L2nT (0) ◦ T (0) + 2β2[I − L2]−1[I − L2n]H◦ +RE ,899
900
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where, by (β-3), 2C∆κη̃pβ
1/2 ≤ 1, and901

‖RE‖2 ≤ 2

[
CT
2
κ4ν1/2η̃2pγ

−1β2−6ε +

(
29 + 8

√
2

64
+ 2CTκη̃pβ + C2

Tκ
2(η̃pβ)2

)
κ4ν2η̃2pγ

−1β2−6ε
902

+
2

3−
√

2

(
29 + 8

√
2

64
+ 2CTκη̃pβ

1/2+3ε + C2
Tκ

2η̃2pβ
3/2+3ε

)
κ4ν2η̃2pγ

−1β3/2−3ε
903

+
C2
T

3−
√

2
νη̃4pγ

−1κ6β3

]
904

≤ 2

[
CT
2
β1/2−3ε +

(
29 + 8

√
2

64
+ 2CTκη̃pβ + C2

Tκ
2(η̃pβ)2

)
β1/2−3ε +

C2
T

3−
√

2
η̃2pκ

2β3/2+3ε
905

+
2

3−
√

2

(
29 + 8

√
2

64
+ 2CTκη̃pβ

1/2+3ε + C2
Tκ

2η̃2pβ
3/2+3ε

)]
κ4γ−1ν2η̃2pβ

3/2−3ε
906

≤ 2

[
CT
2
β1/2−3ε +

(
29 + 8

√
2

64
+
CT
C∆

β1/2 +
C2
T

4C2
∆

β

)
β1/2−3ε +

C2
T

4(3−
√

2)C2
∆

β1/2+3ε
907

+
2

3−
√

2

(
29 + 8

√
2

64
+
CT
C∆

β3ε +
C2
T

4C2
∆

β1/2+3ε

)]
κ4γ−1ν2η̃2pβ

3/2−3ε
908

= C◦κ
4γ−1ν2η̃2pβ

3/2−3ε,909
910

where C◦ is as given in (6.6f).911

6.4 Proof of Theorem 4.1912

Write Ñs = s ln β
ln(1−βγ) . Then (1− βγ)Ñs = βs and Ns =

⌈
Ñs

⌉
, where Ns is defined in (4.1). It can913

be verified that Ñs1 + Ñs2 = Ñs1+s2 for any s1, s2.914

Write κm = 6(1−m)/2κ for m = 1, . . . ,M ≡M(ε). Since dβ1−7ε ≤ (
√

2− 1)λ−11 ω, we know915

φd1/2 ≤ φω1/2β7ε/2−1/2 ≤ β(1−21−M )(3ε−1/2)κM/2.916

The key to our proof is to divide the whole process into M segments of iterations. Thanks to the917

strong Markov property of the process, we can use the final value of current segment as the initial918

guess of the very next one. By Lemma 6.5, after the first segment of919

n1 := min
{
Nin

{
S(
√

3/2β(1−22−M )(3ε−1/2)κ1)
}
, N2−M (1−6ε)

}
920

iterations, V (n1) lies in S(
√

3/2β(1−22−M )(3ε−1/2)κ1) = S(β(1−22−M )(3ε−1/2)κ2/2) with high prob-921

ability, which will be a good initial guess for the second segment. In general, the ith segment of922

iterations starts with V (ni−1) and ends with V (ni), where923

ni = min

{
Nin

{
S(β(1−2i+1−M )(3ε−1/2)κi+1/2)

}
,

⌈
M∑

m=M+1−i
Ñ2−m(1−6ε)

⌉}
.924

At the end of the (M − 1)st segment of iterations, V (nM−1) is produced and it is going to be925

used as an initial guess for the last step, at which we can apply Lemma 6.6. Now nM−1 =926

min
{
Nin{S(κM/2)}, K̂

}
, where K̂ =

⌈∑M
m=2 Ñ2−m(1−6ε)

⌉
=
⌈
Ñ(1−21−M )(1/2−3ε)

⌉
. By 22−M ≥927

ε/2
1/2−3ε ≥ 21−M , we have928

N1/2−7ε/2 =
⌈
Ñ1/2−7ε/2

⌉
≤ K̂ ≤

⌈
Ñ1/2−13ε/4

⌉
≤ N1/2−13ε/4.929

28



Let930

H̃m =
{
Nin

{
S(
√

3/2β(1−22−m)(3ε−1/2)κM+1−m)
}
≤ Ñ2−m(1−6ε) + nM−m

}
for m = 2, . . . ,M,931

H̃1 =
⋂

n∈[N1/2−3ε,K−Nin{S(κM/2)}]

Tn+Nin{S(κM/2)}(1/2),932

H =

M⋂
m=1

H̃m ∩QK ,933

934

where n0 = 0. We have935

P{Hc} = P

{
M⋃
m=1

H̃c
m ∪Qc

K

}
≤

M∑
m=1

P
{
H̃c
m ∪Qc

K

}
936

≤
M∑
m=2

2dN2−m(1−6ε) exp(−Cκγκ−2M+1−mν
−1η−2p β−2ε)937

+ 2d
(
K −

M∑
m=2

N2−m(1−6ε)

)
exp(−Cκγκ−2M ν−1η−2p β−2ε)938

+K(ed+ p+ 1) exp
(
−Cψ min{ψ−1, ψ−2}β−2ε

)
939

≤ 2dK exp(−Cκγκ−2ν−1η−2p β−2ε) +K(ed+ p+ 1) exp
(
−Cψ min{ψ−1, ψ−2}β−2ε

)
940

≤ 2dK exp(−Cκ4
√

2CT ν
−1βεβ−2ε) +K(ed+ p+ 1) exp

(
−Cψ min{ψ−1, ψ−2}β−2ε

)
by (β-4)941

≤ 2dK exp(−4
√

2CTCκν
−1β−ε) +K(ed+ p+ 1) exp

(
−Cψ min{ψ−1, ψ−2}β−ε

)
942

≤ K[(2 + e)d+ p+ 1] exp(−max{Cνν−1, Cψ min{ψ−1, ψ−2}}β−ε),943944

where Cν = 4
√

2CTCκ is as given in (6.6e).945

Set H′n′ := {Nin{S(κ/2)} = n′}. If n′ > K̂, then H ∩ H′n′ = ∅. Otherwise, by Lemma 6.5,946

V (n′) ∈ S(κM/2) and then ‖T (n′)‖2F ≤ p((
κM
2 )2 − 1). Thus,947

φ2d(1− βγ)2(n
′−1) ≥ φ2d(1− βγ)2(K̂−1) >

(κM
2

)2
≥ 1

p
‖T (n′)‖2F.948

Hence, for any n ∈ [N1−6ε +Nin{S(κ/2)},K] ⊂ [N1−6ε + n′,K + n′], by Lemma 6.6, we have949

E
{
T (n) ◦ T (n)1H

∣∣∣H′n′ ∩ Fn′
}
≤ L2(n−n′)T (n′) ◦ T (n′) + 2β2[I − L2]−1[I − L2(n−n′)]H◦ +RE .950

Introduce sum(A) for the sum of all the entries of A. In particular, sum(A ◦A) = ‖A‖2F. We have951

E
{
‖T (n)‖2F1H

∣∣∣H′n′} = E
{

E
{
‖T (n)‖2F1H

∣∣∣H′n′ ∩ Fn′
}}

952

≤ E
{

(1− βγ)2(n−n
′)‖T (n′)‖2F + 2β2 sum([I − L2]−1H◦) + sum(RE)

}
953

≤ (1− βγ)2(n−1)pφ2d+ 2β2 sum([I − L2]−1H◦) +
√
p(d− p)‖RE‖F954

≤ (1− βγ)2(n−1)pφ2d+ 2β2 1

β(2− λ1β)
sum(G ◦H◦)955

+
√
p(d− p)C◦

√
pκ4(νη̃p)

2γ−1β3/2−3ε,956
957

where G = [γij ](d−p)×p with γij = 1
λj−λp+i . Putting all together, we get958

E
{
‖T (n)‖2F; H

}
= E

{
E
{
‖T (n)‖2F1H

∣∣∣H′n′}}959

≤ (1− βγ)2(n−1)pφ2d+
2β

2− λ1β
sum(G ◦H◦) + C◦κ

4ν2η̃2pp
√
d− pγ−1β3/2−3ε.960
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961

Note that on H, Nin{S(κ/2)} ≤ K̂. So the expectation is valid for any n ∈ [N1−2ε+K̂,K]. Finally962

we estimate sum(G ◦H◦). By Lemma 6.3, H◦ ≤ 16ψ4H, and hence963

sum(G ◦H◦) ≤
p∑
j=1

d−p∑
i=1

16ψ4λp+iλj
λj − λp+i

= 16ψ4ϕ(p, d;Λ).964

This completes the proof.965

7 Proofs of Theorems 4.2 and 4.3966

To prove Theorem 4.2, we will first prove that it is a high-probability event that V (0) satisfies the967

initial condition there, which is the result of Lemma 7.2 below. Then, together with Theorem 4.1,968

we will have its conclusion. During estimating the probability, we need a property on the Gaussian969

hypergeometric function of a matrix argument, as in Lemma 7.1.970

The gamma function and the multivariate gamma function are971

Γ (x) :=

∫ ∞
0

tx−1 exp(−t) dt, Γm(x) := πm(m−1)/4
m∏
i=1

Γ
(
x− i− 1

2

)
,972

respectively. Denote by 2F1 the Gaussian hypergeometric function of matrix argument (see [14,973

Definition 7.3.1]), and also by 1F0 and 1F1 the generalized hypergeometric functions that will be974

used later.975

Lemma 7.1. For any scalar a, b, c and a symmetric matrix T ∈ Rm×m,976

977

2F1(a, b; c;T ) =
Γm(c− a− b)Γm(c)

Γm(c− a)Γm(c− b) 2F1(a, b; a+ b− c+
m+ 1

2
; I − T )978

+
Γm(a+ b− c)Γm(c)

Γm(a)Γm(b)
det(I − T )c−a−b2F1(c− a, c− b; c− a− b+

m+ 1

2
; I − T ). (7.1)979

980

Proof. The proof is the same as that for the case p = 1 by Kummer’s solutions of the hypergeometric981

differential equation (see, e.g., [13, Section 3.8]). Let the eigenvalues of T be µ1, . . . , µm. Since982

2F1(a, b; c;T ) is defined on the spectrum of T , it is a function of µ1, . . . , µm. When treated as such,983

by [14, Theorem 7.5.5], 2F1(a, b; c;T ) is the unique solution of partial differential equations,984

985

µi(1− µi)
∂2F

∂µ2
i

+

c− m− 1

2
− (a+ b+ 1− m− 1

2
)µi +

1

2

j 6=i∑
1≤j≤m

µi(1− µi)
µi − µj

 ∂F

∂µi
986

− 1

2

j 6=i∑
1≤j≤m

µj(1− µj)
µi − µj

∂F

∂µj
− abF = 0, (7.2)987

988

subject to the conditions that F is a symmetric function of µ1, . . . , µm, analytic at (µ1, . . . , µm) =989

(0, . . . , 0), and F (0, . . . , 0) = 1.990

We claim that F̃ (µ1, . . . , µm) := 2F1(a, b; a+ b− c+ m+1
2 ; I − T ) satisfies (7.2). In fact, letting991

µ̃i = 1− µi for 1 ≤ i ≤ m which are the eigenvalues of I − T , we have992

µi(1− µi)
∂2F̃

∂µ2
i

+

c− m− 1

2
− (a+ b+ 1− m− 1

2
)µi +

1

2

j 6=i∑
1≤j≤m

µi(1− µi)
µi − µj

 ∂F̃

∂µi

− 1

2

j 6=i∑
1≤j≤m

µj(1− µj)
µi − µj

∂F̃

∂µj
− abF̃

993
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= (1− µ̃i)µ̃i
∂2F̃

∂µ̃2
i

+
1

2

j 6=i∑
1≤j≤m

(1− µ̃j)µ̃j
(1− µ̃i)− (1− µ̃j)

∂F̃

∂µ̃j
− abF̃

−

c− m− 1

2
− (a+ b+ 1− m− 1

2
)(1− µ̃i) +

1

2

j 6=i∑
1≤j≤m

(1− µ̃i)µ̃i
(1− µ̃i)− (1− µ̃j)

 ∂F̃

∂µ̃i

994

= (1− µ̃i)µ̃i
∂2F̃

∂µ̃2
i

− 1

2

j 6=i∑
1≤j≤m

(1− µ̃j)µ̃j
µ̃i − µ̃j

∂F̃

∂µ̃j
− abF̃

+

−c+
m+ 1

2
+ a+ b− m− 1

2
− (a+ b+ 1− m− 1

2
)µ̃i +

1

2

j 6=i∑
1≤j≤m

(1− µ̃i)µ̃i
µ̃i − µ̃j

 ∂F̃

∂µ̃i

995

= 0,996
997

where the last equality holds because F̃ (µ1, . . . , µm) = 2F1(a, b; a+ b− c+ m+1
2 ; I − T ) satisfies a998

version of (7.2) after substitutions: µi → µ̃i for all i and c→ a+ b− c+ m+1
2 .999

F̂ (µ1, . . . , µm) := det(T )
m+1

2 −c2F1(a− c+ m+1
2 , b− c+ m+1

2 ;m+ 1− c;T ) satisfies (7.2), too.1000

Set t = m+1
2 − c and write G(µ1, . . . , µm) = 2F1(a+ t, b+ t; c+ 2t;T ). We have1001

∂F̂

∂µi
=

t

µi
det(T )tG+ det(T )t

∂G

∂µi
,1002

∂2F̂

∂µ2
i

=
t(t− 1)

µ2
i

det(T )tG+ 2
t

µi
det(T )t

∂G

∂µi
+ det(T )t

∂2G

∂µ2
i

,1003

1004

and thus1005

µi(1− µi)
∂2F̂

∂µ2
i

+

c− m− 1

2
− (a+ b+ 1− m− 1

2
)µi +

1

2

j 6=i∑
1≤j≤m

µi(1− µi)
µi − µj

 ∂F̂

∂µi

− 1

2

j 6=i∑
1≤j≤m

µj(1− µj)
µi − µj

∂F̂

∂µj
− abF̂

1006

= µi(1− µi)
(
t(t− 1)

µ2
i

det(T )tG+ 2
t

µi
det(T )t

∂G

∂µi
+ det(T )t

∂2G

∂µ2
i

)

+

c− m− 1

2
− (a+ b+ 1− m− 1

2
)µi +

1

2

j 6=i∑
1≤j≤m

µi(1− µi)
µi − µj

( t

µi
det(T )tG+ det(T )t

∂G

∂µi

)

− 1

2

j 6=i∑
1≤j≤m

µj(1− µj)
µi − µj

(
t

µi
det(T )tG+ det(T )t

∂G

∂µi

)
− abdet(T )tG

1007

= det(T )t

{
µi(1− µi)

∂2G

∂µ2
i

− 1

2

j 6=i∑
1≤j≤m

µj(1− µj)
µi − µj

∂G

∂µj

+

2µi(1− µi)
t

µi
+ c− m− 1

2
− (a+ b+ 1− m− 1

2
)µi +

1

2

j 6=i∑
1≤j≤m

µi(1− µi)
µi − µj

 ∂G

∂µi

+

[
µi(1− µi)

t(t− 1)

µ2
i

+

c− m− 1

2
− (a+ b+ 1− m− 1

2
)µi +

1

2

j 6=i∑
1≤j≤m

µi(1− µi)
µi − µj

 t

µi

− 1

2

j 6=i∑
1≤j≤m

µj(1− µj)
µi − µj

t

µj
− ab

]
G

}

1008
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= det(T )t

{
µi(1− µi)

∂2G

∂µ2
i

− 1

2

j 6=i∑
1≤j≤m

µj(1− µj)
µi − µj

∂G

∂µj

+

2(1− µi)t+ c− m− 1

2
− (a+ b+ 1− m− 1

2
)µi +

1

2

j 6=i∑
1≤j≤m

µi(1− µi)
µi − µj

 ∂G

∂µi

+

 t(t− 1)

µi
− t(t− 1) + (c− m− 1

2
)
t

µi
− (a+ b+ 1− m− 1

2
)t+

1

2

j 6=i∑
1≤j≤m

(−1)t− ab

G}

1009

= det(T )t

{
µi(1− µi)

∂2G

∂µ2
i

− 1

2

j 6=i∑
1≤j≤m

µj(1− µj)
µi − µj

∂G

∂µj

+

2t+ c− m− 1

2
− (2t+ a+ b+ 1− m− 1

2
)µi +

1

2

j 6=i∑
1≤j≤m

µi(1− µi)
µi − µj

 ∂G

∂µi

−
[
t2 + (a+ b)t+ ab

]
G

}

1010

= 0,1011
1012

where the last equality holds because G(µ1, . . . , µm) = 2F1(a+ t, b+ t; c+ 2t;T ) satisfies a version1013

of (7.2) after substitutions: a→ a+ t, b→ b+ t, and c→ c+ 2t.1014

Similarly
̂̃
F (µ1, . . . , µm) := det(I−T )c−a−b2F1(c−b, c−a; c−a−b+ m+1

2 ; I−T ) satisfies (7.2).1015

Thus, any linear combination of F̃ and
̂̃
F , such as the right-hand side of (7.1), also satisfies (7.2).1016

It can be verified that the combination is symmetric with respect to µ1, . . . , µm, and analytic at1017

T = 0. Therefore, by the uniqueness and F (0) = 1, similarly to the discussion in [13, Section 3.9],1018

we have (7.1).1019

Lemma 7.2. Suppose p < (d + 1)/2. If V (0) satisfies the condition that R(V (0)) is uniformly1020

sampled from Gp(Rd), then for sufficiently large d and δ ∈ [0, 1], there exists a constant Cp,1021

independent of δ and d, such that1022

P
{
V (0) ∈ S(Cpδ

−1d1/2)
}
≥ 1− δp

2

. (7.3)1023

Proof. Let 1 ≥ σ1 ≥ · · · ≥ σp ≥ 0 be the singular value of V̄ (0), and then σi = cos θi, where1024

θi are the canonical angles between R(V (0)) and R(V∗) (recall (6.1)). By [1, Theorem 1], since1025

p < (d+ 1)/2, the probability distribution function of σp is1026

P
{
V (0) ∈ S(1/x)

}
= P{σp ≥ x} = P{θp ≤ arccosx}1027

=
Γ (p+1

2 )Γ (d−p+1
2 )

Γ ( 1
2 )Γ (d+1

2 )
(1− x2)p(d−p)/22F1

(
d− p

2
,

1

2
;
d+ 1

2
; (1− x2)Ip

)
.1028

1029

Set1030

fd :=
Γp(

d+1
2 )Γp(

p
2 )

Γp(
p+1
2 )Γp(

d
2 )
, gd :=

Γp(
d+1
2 )Γp(−p2 )

Γp(
d−p
2 )Γp(

1
2 )

.1031

Here in defining gd, although Γp(−p2 ) and Γp(
1
2 ) may be∞, by analytic continuation, Γp(−p2 )/Γp(

1
2 )1032

is well-defined because1033

Γp(−p2 + ε)

Γp(
1
2 + ε)

=

p∏
i=1

Γ (−p2 −
i−1
2 + ε)

Γ ( 1
2 −

i−1
2 + ε)

1034
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=



p∏
i=1

(p−1)/2∏
j=1

1
−i
2 − j + 1 + ε

for odd p,

Γ ( 1−2p
2 + ε)

Γ ( 1
2 + ε)

p−1∏
i=1

p/2∏
j=1

1
−i−1

2 − j + 1 + ε
for even p,

1035

ε→0−−−→



p∏
i=1

(p−1)/2∏
j=1

−2

i+ 2j − 2
,

p∏
k=1

1
−1
2 − k + 1

p−1∏
i=1

p/2∏
j=1

−2

i+ 2j − 1

1036

=



p∏
i=1

(p−1)/2∏
j=1

−2

i+ 2j − 2

p+1∏
i=1

p/2∏
j=1

−2

i+ 2j − 2


=

2bp/2c+1∏
i=1

bp/2c∏
j=1

−2

i+ 2j − 2
.1037

1038

Also,1039

Γp(
p
2 )

Γp(
p+1
2 )

=

p∏
i=1

Γ (p2 −
i−1
2 )

Γ (p+1
2 −

i−1
2 )

=
Γ ( 1

2 )

Γ (p+1
2 )

,
Γp(

d
2 )

Γp(
d+1
2 )

=

p∏
i=1

Γ (d2 −
i−1
2 )

Γ (d+1
2 −

i−1
2 )

=
Γ (d−p+1

2 )

Γ (d+1
2 )

,1040

which implies fd =
Γ ( 1

2 )Γ ( d+1
2 )

Γ ( p+1
2 )Γ ( d−p+1

2 )
. We have1041

f−1d gd =
Γp(

p+1
2 )Γp(

d
2 )Γp(−p2 )

Γp(
p
2 )Γp(

d−p
2 )Γp(

1
2 )

=
Γ (p+1

2 )Γp(
d
2 )Γp(−p2 )

Γ ( 1
2 )Γp(

d−p
2 )Γp(

1
2 )

.1042

Note that1043

Γp(
d
2 )

Γp(
d−p
2 )

=

p∏
i=1

Γ (d2 −
i−1
2 )

Γ (d−p2 −
i−1
2 )

=



Γ (d2 )

Γ (d−p2 )

p∏
i=1

(p−1)/2∏
j=1

(
d− i

2
− j
)

for odd p,

p∏
i=1

p/2∏
j=1

(
d− i

2
− j
)

for even p,

1044

1045

and by limn→∞
Γ (n+α)
Γ (n)nα = 1 for any α (see, e.g., [13, (16) of section 2.1]),1046

Γ (d2 )

Γ (d−p2 )
=


Γ (d−12 )(d−12 )1/2[1 + o(1)]

Γ (d−12 )(d−12 )(1−p)/2[1 + o(1)]
, for odd d,

Γ (d2 )

Γ (d2 )(d2 )−p/2[1 + o(1)]
, for even d

=


(d− 1

2

)p/2
[1 + o(1)],(d

2

)p/2
[1 + o(1)]

1047

which implies1048

Γp(
d
2 )

Γp(
d−p
2 )

=

(
d

2

)p2/2
[1 + o(1)] as d→∞.1049

Now we return to calculate the probability. By (7.1), we have1050

1051

2F1

(
d− p

2
,

1

2
;
d+ 1

2
; (1− x2)Ip

)
1052
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= fd 2F1

(
d− p

2
,

1

2
;

1

2
;x2Ip

)
+ gd det(x2Ip)

p/2
2F1(

p+ 1

2
,
d

2
;

2p+ 1

2
;x2Ip).1053

1054

Also, [14, Definition 7.3.1 and Corollary 7.3.5] give us1055

2F1

(
d− p

2
,

1

2
;

1

2
;x2Ip

)
= 1F0

(
d− p

2
;x2Ip

)
= det(Ip − x2Ip)−(d−p)/2 = (1− x2)−p(d−p)/2.1056

Therefore,1057

P
{
V (0) ∈ S(1/x)

}
= 1 + f−1d gd (1− x2)p(d−p)/2xp

2

2F1

(
p+ 1

2
,
d

2
;

2p+ 1

2
;x2Ip

)
.1058

Substituting x = (δ−1d1/2)−1 and by [14, (8) of Section 7.4], we get as d→∞1059

P
{
V (0) /∈ S(δ−1d1/2)

}
1060

= −f−1d gd(1− δ2d−1)p(d−p)/2(δ2d−1)p
2/2

2F1

(
p+ 1

2
,
d

2
;

2p+ 1

2
;
δ2

d
Ip

)
1061

=
Γ (p+1

2 )Γp(−p2 )

−Γ ( 1
2 )Γp(

1
2 )

Γp(
d
2 )

Γp(
d−p
2 )

(
1− δ2

d

)pd/2(
d

δ2
− 1

)−p2/2 [
1F1

(
p+ 1

2
;

2p+ 1

2
;
δ2

2
Ip

)
+ o(1)

]
1062

=
Γ (p+1

2 )Γp(−p2 )

−Γ ( 1
2 )Γp(

1
2 )

(
d

2

)p2/2
[1 + o(1)]

[
exp

(
−pδ

2

2

)
+ o(1)

] [
δp

2

dp2/2
+ o(1)

]
1063

×
[
1F1

(
p+ 1

2
;

2p+ 1

2
;
δ2

2
Ip

)
+ o(1)

]
1064

=
Γ (p+1

2 )Γp(−p2 )

−Γ ( 1
2 )Γp(

1
2 )

exp

(
−pδ

2

2

)
1F1

(
p+ 1

2
;

2p+ 1

2
;
δ2

2
Ip

)
δp

2

[1 + o(1)]1065

≤
Γ (p+1

2 )Γp(−p2 )

−Γ ( 1
2 )Γp(

1
2 )

1F1

(
p+ 1

2
;

2p+ 1

2
;

1

2
Ip

)
δp

2

21066

=: Cp
2

p δ
p2 , (7.4)1067

1068

where the only inequality is guaranteed by 1F1

(
p+1
2 ; 2p+1

2 ; δ
2

2 Ip

)
≤ 1F1

(
p+1
2 ; 2p+1

2 ; 1
2Ip
)
, according1069

to [14, Theorem 7.5.6]. Substituting δ/Cp for δ, we infer from (7.4) that P
{
V (0) /∈ S(Cpδ

−1d1/2)
}
≤1070

δp
2

. The claim (7.3) is now a simple consequence.1071

Now we are ready to prove Theorem 4.2.1072

Proof of Theorem 4.2. Define the event H′∗ =
{
V (0) ∈ S(Cpδ

−1d1/2)
}
. Since R(V (0)) is uniformly1073

sampled from Gp(Rd), Lemma 7.2 says P{H′∗} ≥ 1−δp2 . In the following, we will apply Theorem 4.11074

with φ = Cpδ
−1, ω = (

√
2 + 1)λ1δ

2. Since Theorem 4.1 is valid on H′∗, and1075

K[(2 + e)d+ p+ 1] exp(−Cνψβ−ε) ≤ δp
2

,1076

there exists an event H with1077

P{H |H′∗} ≥ 1−K[(2 + e)d+ p+ 1] exp(−Cνψβ−ε) ≥ 1− δp
2

,1078

such that for any n ∈ [N3/2−37ε/4(β),K],1079

E
{
‖T (n)‖2F; H ∩H′∗

}
= P{H′∗}E

{
‖T (n)‖2F1H

∣∣∣H′∗}1080

≤ E
{
‖T (n)‖2F1H

∣∣∣H′∗}1081
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≤ (1− βγ)2(n−1)pC2
pδ
−2d+

32ψ4β

2− λ1β
ϕ(p, d;Λ)1082

+ C◦κ
4ν2η2pγ

−1p
√
d− pβ3/2−5ε.1083

1084

Let H∗ = H ∩H′∗ for which P{H∗} = P{H |H′∗}P{H′∗} ≥ (1− δp2)2 ≥ 1− 2δp
2

, as expected.1085

Finally, we prove Theorem 4.3.1086

Proof of Theorem 4.3. First we examine the conditions of Theorem 4.2 to make sue that they are1087

satisfied. It can be seen β∗ → 0 as N∗ →∞. Thus, β∗ satisfies (4.3b) for sufficiently large N∗. We1088

have1089

1090

(1− β∗γ)N∗ =

(
1− 3 lnN∗

2N∗

)N∗
= exp(−3

2
lnN∗)[1 + o(1)] = N

−3/2
∗ [1 + o(1)]1091

=

(
3 lnN∗
2γβ∗

)−3/2
[1 + o(1)] =

β
3/2
∗ γ3/2

(3/2)3/2(lnN∗)3/2
[1 + o(1)] ≤ β3/2

∗ ,1092

1093

which implies N∗ ≥ N3/2(β) ≥ N3/2−9ε(β).1094

The conclusion of the theorem will be a straightforward consequence if1095

C̃(d,N∗, δ) :=
(1− β∗γ)2(N∗−1)pC2

pδ
−2d+ 32ψ4β∗

2−λ1β∗
ϕ(p, d;Λ) + C◦κ

4ν2η2pγ
−1p
√
d− pβ3/2−7ε

∗
ϕ(p,d;Λ)
λp−λp+1

lnN∗
N∗

1096

is bounded, say by C∗(d,N∗, δ) to be defined. In fact,1097

C̃(d,N∗, δ)1098

= γ
N∗

lnN∗

[
(1− β∗γ)2(N∗−1)C2

pδ
−2 pd

ϕ(p, d;Λ)
+

32ψ4β∗
2− λ1β∗

+
C◦κ

4ν2η2pγ
−1p
√
d− p

ϕ(p, d;Λ)
β
3/2−7ε
∗

]
1099

≤ γ N∗
lnN∗

[
β3
∗

(1− β∗γ)2
C2
pδ
−2 pd

ϕ(p, d;Λ)
+

32ψ4β∗
2− λ1β∗

+
C◦κ

4ν2η2pγ
−1p
√
d− p

ϕ(p, d;Λ)
β
3/2−7ε
∗

]
(

by N∗ ≥ N3/2, or equivalently, (1− β∗γ)N∗ ≤ β3/2
∗

)1100

≤ γ N∗
lnN∗

β∗

[
β2
∗

(1− β∗γ)2
C2
pδ
−2 d

p

1
λ1λd
λ1−λd

+
32ψ4

2− λ1β∗
+
C◦κ

4ν2η2pγ
−1

√
p λ1λd
λ1−λd

β
1/2−7ε
∗

]
(

by ϕ(p, d;Λ) ≥ p(d− p)λ1λd
λ1 − λd

and d ≥ 2p

)1101

≤ 3

2

[
β1+3ε
∗

(1− β∗γ)2
C2
p

p

λ1 − λd
λ1λd

+
32ψ4

2− λ1β∗
+ C◦κ

4ν2η2pγ
−1p−1/2

λ1 − λd
λ1λd

β
1/2−7ε
∗

]
(
by dβ1−3ε

∗ ≤ δ2
)1102

=: C∗(d,N∗, δ).1103
1104

Since β∗ ≤ 1 and β∗γ ≤ λ1β∗ ≤
√

2− 1, we have1105

C∗(d,N∗, δ) ≤
3

2

[
C2
p

2(3− 2
√

2)p

λ1 − λd
λ1λd

+
32ψ4

3−
√

2
+
C◦κ

4ν2η2p(λ1 − λd)
p1/2γλ1λd

]
,1106

and also C∗(d,N∗, δ)→ 24ψ4 as d→∞, N∗ →∞, as was to be shown.1107
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8 Conclusion1108

We have presented a detailed convergence analysis for the multidimensional subspace online PCA1109

iteration with sub-Gaussian samples, following the recent work [11] by Li, Wang, Liu, and Zhang1110

who considered only the one-dimensional case, i.e., the most significant principal component. Our1111

results bear similar forms to theirs and when applied to the one-dimensional case yield estimates1112

of essentially the same quality, as expected. As we embarked on the analysis presented in this1113

paper, we found that a straightforward extension of the analysis in [11] was not possible because1114

of the involvement of a cot-matrix of dimension higher than 1 in the multidimensional case but1115

just a scalar in the one-dimensional case.1116

Our results yields an explicit convergence rate, and it is nearly optimal because it nearly attains1117

the minimax information lower bound for sub-Gaussian PCA under a constraint, as well as nearly1118

global because the finite sample error bound holds with high probability if the initial value is1119

uniformly sampled from the Grassmann manifold.1120
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