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Abstract

Processing streaming data as they arrive is often necessary for high dimensional data
analysis. In this paper, we analyse the convergence of a subspace online PCA iteration,
as a followup of the recent work of Li, Wang, Liu, and Zhang [Math. Program., Ser. B,
DOI 10.1007/s10107-017-1182-z] who considered the case for the most significant principal
component only, i.e., a single vector. Under the sub-Gaussian assumption, we obtain a finite-
sample error bound that closely matches the minimax information lower bound of Vu and Lei
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1 Introduction

Principal component analysis (PCA) introduced in [8, 17] is one of the most well-known and
popular methods for dimensional reduction in high-dimensional data analysis.
Let X € R? be a random vector with mean E{X} and covariance matrix

¥ = B{(X ~ B{X})(X ~ E{X})"}.

To reduce the dimension of X from d to p, PCA looks for a p-dimensional linear subspace that is
closest to the centered random vector X —E{X} in a mean squared sense, through the independent
and identically distributed samples X ... X,

Denote by G,(R?) the Grassmann manifold of p-planes in R%, or equivalently, the set of all
p-dimensional subspaces of R%. Without loss of generality, we assume E{X} = 0. Then PCA
corresponds to a stochastic optimization problem

min  E{||(I; — IT;)) X||?}, 1.1

omin B = 1) X 3} (11)

where 1 is the d x d identity matrix, and Iy, is the orthogonal projector onto the subspace U. Let
X = UAUT be the spectral decomposition of X, where

A =diag(Ay, ..., A\g) with Ay > -+ > Xy >0, and orthogonal U = [uy, ..., ug]. (1.2)

If A, > Apt1, then the unique solution to the optimization problem (1.1), namely the p-dimensional
principal subspace of X, is U, = R([u1, ..., up]), the subspace spanned by u1, ..., u,.

In practice, X' is unknown, and we must use sample data to estimate .. The classical PCA
does it by the spectral decomposition of the empirical covariance matrix X = % S X(i)(X(i))T.
Specifically, the classical PCA uses U, = R([t1,...,up,]) to estimate U,, where u; is the corre-
sponding eigenvectors of Y. The important quantity is the distance between U, and U,. Vu and
Lei [23, Theorem 3.1] proved that if p(d — p)a—f is bounded, then

n

- 2
inf sup E{||sin@(u*,u*)|\%} > ep(d — p) 2=, (1.3)
U.€G,H(RY) XEPy(02,d) n

where ¢ > 0 is an absolute constant, and Py(c2,d) is the set of all d-dimensional sub-Gaussian
distributions for which the eigenvalues of the covariance matrix satisfy

AlAp+1 2
— T < gZ. 1.4
O = Xpr? = -

Note that its left-hand side is the effective noise variance. In the classical PCA, obtaining the
empirical covariance matrix has time complexity O(nd?) and space complexity O(d?). So storing
and calculating a large empirical covariance matrix are very expensive when the data are of high
dimension, not to mention the cost of computing its eigenvalues and eigenvectors.

To reduce both the time and space complexities, Oja [15] proposed an online PCA iteration

T = =) g X () (X (YT nml) - (m) gyl ) (1.5)

to approximate the most significant principal component, where 3™ > 0 is a stepsize. Later Oja
and Karhunen [16] proposed a subspace online PCA iteration

O = ym=D 4 XO(XO)Tu=D diag((" D, ..., g"V), UMW =T™R™,  (16)

to approximate the principal subspace U,, where ﬁi(n) > 0 for 1 < i < p are stepsizes, and R is
a normalization matrix to make U(") have orthonormal columns. One such an R is

RO = () TT ]2, (17)
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Usually, we can use a fixed stepsize 8. It can be seen that these methods update the approximations
incrementally by processing data one at a time as soon as it comes in, and calculating the empirical
covariance matrix explicitly is completely avoided. In the online PCA, obtaining the principal
subspace has time complexity O(p?nd) and space complexity O(pd), which is much less than those
required by the classical PCA.

Although the online PCA iteration (1.5) was proposed over 30 years ago, its convergence analysis
is rather scarce. Some recent works [2, 9, 18] studied the convergence of the online PCA for the
most significant principal component, i.e., uy, from different points of view and obtained some
results for the case where the samples are almost surely uniformly bounded. For such a case, De
Sa, Olukotun, and Ré [4] studied a different but closely related problem, in which the angular
part is equivalent to the online PCA, and obtained some convergence results. In contrast, for
the distributions with sub-Gaussian tails (note that the samples of this kind of distributions may
be unbounded), Li, Wang, Liu, and Zhang [11] proved a nearly optimal convergence rate for the
iteration (1.5): if the initial guess u(?) is randomly chosen according to a uniform distribution and
the stepsize S is chosen in accordance with the sample size n, then there exists a high-probability
event A, with P{A,} > 1 — § such that

d
1 1 A
E{|tan9(u("),u*)|2 ] A*} < C’(d,n,&)%/\l — 3 . — (1.82)
i—2 7

A2 (d—1)lnn
()\1 )\2)2 n ’

where 0 € [0,1), ux = uy in (1.2), and C(d,n,d) can be approximately treated as a constant. It
can be seen that this bound matches the minimax low bound (1.3) up to a logarithmic factor of n,
hence, nearly optimal. Also, the convergence rate holds true as long as the initial approximation
satisfies

< C(d,n, ) (1.8b)

tan O(u?, u,)| < cd, (1.9)

for some constant ¢ > 0, which means nearly global. It is significant because a uniformly distributed
initial value is nearly orthogonal to the principal component with high probability when d is large.
This result is more general than previous ones in [2, 9, 18], because it is for distributions that can
possibly be unbounded, and the convergence rate is nearly optimal and nearly global. For more
details of comparison, the reader is referred to [11].

However, there is still no convergence result for the subspace online PCA, namely the subspace
iteration (1.6). Garber et al. [6] use shift-and-invert technique to deal with the convergence of
a faster variant of subspace PCA, but only the result on the top eigenvector is analyzed. Our
main purpose in this paper is to analyze the convergence of the subspace online PCA iteration
(1.6), similarly to the effort in [11] which is for the special case p = 1. One of our results for the
convergence rate states that: if the initial guess U(®) is randomly chosen to satisfy that R(U (0))

is uniformly sampled from G,(R?), and the stepsize ﬁi(n) is chosen the same for 1 < i < p and in
accordance with the sample size n, then there exists a high-probability event H, with P{H,} >
1-— 251’2, such that

1
E{||tan9(U(”), U,)|I2 ‘ ]HI*} < C(d,n, ) ‘; (1.10a)

)\ f)\
p+1J 1i= p+1

ApApr1 p(d—p)lnn

O(dan75) ()\p _ )\p+1)2 n )

(1.10b)

where the constant C(d, n, ) — 24¢9*/(1 — 51’2) as d — oo and n — oo, and % is X’s Orlicz norm.
This is also nearly optimal, nearly global, and valid for any sub-Gaussian distribution. When p = 1,
it degenerates to (1.8), as it should be. Although this result of ours look like a straightforward
generalization, its proof, however, turns out to be nontrivially much more complicated. Also note
that the factor in our result is

7>\p/\p+1 V8. 7/\1/\17“ .
()‘p - )‘p+1)2 (/\p - >‘p+1)2
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The second quantity appeared in (1.8b). The first quantity is always smaller but both are of similar
order if A\; and A, are of similar order. However, their magnitude can differ greatly when A, < A;.

The rest of this paper is organized as follows. Section 2 reviews the basics about the canonical
angles and the canonical angle matrix between two k-dimensional subspaces, the metrics on G,(R%),
and proves a lemma on the tangent of the canonical angle matrix, which will be used in later proofs.
In section 3, we reformulate the subspace online PCA iteration (1.6) for the case Bl-(n) = [ for all
1 < i < p, which will be the version to be analyzed. Our main results, one of which leads to
(1.10), are stated in section 4. We compare our results for p = 1 with the recent results in [11]
and outline the technical differences in proof between ours and those from [11] in section 5. Due
to their complexities, the proofs of these results are deferred to sections 6 and 7. Finally, section 8
summarizes the results of the paper.

We point out in passing that this paper improves its earlier version available online [12] in that
an assumption, namely Assumption 4.2 in [12] is no longer necessary and thus removed, which is
made possible by the new quasi-bounded event (6.5).

Notations. R™*™ is the set of all n x m real matrices, R® = R"*! and R = R!. I, (or simply
I if its dimension is clear from the context) is the n x n identity matrix and e; is its jth column
(usually with dimension determined by the context). For a matrix X, o(X), || X|l, ||X]||2 and
| X||F are the multiset of the singular values, the ¢ -operator norm, the spectral norm, and the
Frobenius norm of X, respectively. R(X) is the column space spanned by the columns of X, X (i,5)
is the (4, 7)th entry of X, and X ..y and X(.;.;) are two submatrices of X consisting of its row &
to row ¢ and column ¢ to column j, respectively. X oY is the Hadamard, i.e., entrywise, product
of matrices (vector) X and Y of the same size.

For any vector or matrix X, Y, X <Y (X <Y) means X; jy < Y(; ;) (X, < Y,)) for any
i,j. X2Y (X >Y)if - X <Y (=X < -Y); X <a (X <a) for a scalar a means X; ;) < «
(X(i,j) < a) for any i, j; similarly X > o and X > a.

For a subset or an event A, A° is the complement set of A. By o{A4,...,A,} we denote the
o-algebra generated by the events Aq,...,A,. N ={1,2,3,...}. E{X; A} := E{X 14} denotes
the expectation of a random variable X over event A. Note that

E{X; A} =E{X | A} P{A}. (1.11)
For a random vector or matrix X, E{X} := [E{X; ;) }|. Note that [|[E{X}|u < E{[| X} for
ui = 2,F. Write covo(X,Y) :=E{[X —E{X}]o[Y — E{Y}]} and var,(X) := covo(X, X).
2 Canonical Angles

For two subspaces X, Y € G,(R?), let X, Y € C?*? be the basis matrices of X and Y, respectively,
ie, X = R(X) and ¥ = R(Y), and denote by o; for 1 < j < k in nondecreasing order, i.e.,
o1 < -+ < 0p, the singular values of

(XTX)_I/QXTY(YTY)_l/Q.
The k canonical angles 0;(X,Y) between X to Y are defined by

0<6;(X,Y):=arccoso; < for 1 <j<p. (2.1)

T
2
They are in non-increasing order, i.e., 8:(X,Y) > --- > 0,(X,Y). Set

O(X,Y) = diag(61(X, D), ..., 0,(X,))). (2.2)

It can be seen that angles so defined are independent of the basis matrices X and Y, which are
not unique. With the definition of canonical angles,

Isin (X, V) |lui for ui=2,F



157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

185

186

187

are metrics on G,(R?) [19, Section IL.4].

In what follows, we sometimes place a vector or matrix in one or both arguments of 6;(-, -)
and O(-, -) with the understanding that it is about the subspace spanned by the vector or the
columns of the matrix argument.

For any X € R4XP if X(1:p,:) 18 nonsingular, then we can define

<?()() = X(p-‘rl:d,:)X(_l:lp’:)' (23)
Lemma 2.1. For X € R¥? with nonsingular X(1:p,:), we have for ui = 2,7
I
u1l

Proof. Let Y = [Ié’} € R¥P. By definition, o; = cos;(X,Y) for 1 < j < p are the singular
values of
T —1/2 1 11 T —1/2
I+ 7(X) 7 (X)] [ 1 X)] [ 0] [+ 7(x) 7]
So if 74 > 15 > .-+ > 7, are the singular values of 7 (X), then
1—o7?
gj=1+7)7? = =Y =tanf;(X,Y),
g
and hence the identity (2.4). O

3 Online PCA for Principal Subspace

Let X =[X, X5,..., X 4T be a random vector in R?. Assume E{X} = 0. Its covariance matrix
X = E{XXT} has the spectral decomposition

Y =UAU" with U = [u1,ug,...,ug, A=diag(\,..., ), (3.1)

where U € R%*? is orthogonal, and \; for 1 < i < d are the eigenvalues of X, arranged for
convenience in non-increasing order. Assume

A > > > A >0 > Mg > 0. (3.2)

In section 1, we mention the subspace online PCA iteration (1.6) of Oja and Karhunen [16] for
computing the principal subspace of dimension p

U = R(U1.p)) = R([ur, ug, ..., up)). (3.3)

In this paper, we will use a fixed stepsize (3 for all ﬂi(") there. Then U™ can be stated in a more
explicit manner with the help of the following lemma.

Lemma 3.1. Let V € R¥>P with VIV =I,, y € R? with yTy =1, and 0 < B € R, and let
W=V +8yy"V =(la+Byy" )V, Vi=WWTWw) /2
If VTy #£0, then
Vi =V 4 Byy"V —[1= (L+a) 2|V + Byy"V)2zT,

where v = [VTy|l2, 2= VTy/v, and a = B(2 + B)¥*. In particular, VIV, =1I,,.
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Algorithm 3.1 Subspace Online PCA

1: Choose U(® € R¥*? with (U©)TU©) = I, and choose stepsize 3 > 0.

2: for n =1,2,... until convergence do

3 Take an X’s sample X (™);

4 Z0) = (=T x () o) — 5[2 + B(X(”))TX(”)} (2N Tz &) = (1 4 a(m)~1/2,
5

6

- ~(n n n —a™ n— n n
U = y=1 4 gl x( )(Z( ))T — (Z(ln))%[]( D 7( )(Z( ))T,

: end for

Proof. Let z =V 7Ty € RP. We have
WIW = VT (I, + Byy™1?V = VT [Iy+ B2+ ByyT]?V = I, + azzT.

Let Z; € RP*(P=1) such that [z, 7] [z, Z,] = I,. The eigen-decomposition of WTW is

[1
WW = [z, z,] | ¢ ij [z, Z1]"
which yields
_ [(1+a)~1/2
(WTW) 1/2 _ [Z, ZL} ( +OZ) ; 1] [Z, ZL]T
p—

=(1+a) V22T 42,27
=(14a) V22T 41, — 27T
=1, —[1— (1+a) 2T,
Therefore,
Vi = (V4 Byy V){I, = [1 = (14 a)7"/%)22"}
=V Byy"V = [1 = (14 )72V + Byy V) 22T,
as expected. m

With the help of this lemma, for a fixed stepsize Bi(") = [ for all 1 < ¢ < p, we outline in
Algorithm 3.1 a subspace online PCA algorithm based on (1.6) and (1.7). The iteration at its
line 5 combines (1.6) and (1.7) as one. This seems like a minor reformulation, but it turns out to
be one of the keys that make our analysis go through. The rest of this paper is devoted to analyze
its convergence.

Remark 3.1. A couple of comments are in order for Algorithm 3.1.

1. Vectors X(") € R? for n = 1,2,... are independent and identically distributed samples of
X.

2. If the algorithm converges, it is expected that

U™ 5 U, =U [{ﬂ = [u1,u2,...,Up

in the sense that ||sin @(U™, U,)|lui — 0 as n — oo.

Notations introduced in this section, except those in Lemma 3.1 will be adopted throughout
the rest of this paper.
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4 Main Results

We point out that any statement we will make is meant to hold almost surely.

We are concerned with random variables/vectors that have a sub-Gaussian distribution which
we will define next. To that end, we need to introduce the Orlicz 1,-norm of a random vari-
able/vector. More details can be found in [21].

Definition 4.1. The Orlicz ¥ -norm of a random variable X € R is defined as

e

and the Orlicz 1o-norm of a random vector X € R? is defined as

1 X ||, = inf{f >0: E{exp (‘?

1X [, = sup [[vT Xy,

‘ v ‘2:1
We say that random variable/vector X follows a sub-Gaussian distribution if || X||y, < oc.

By the definition, we conclude that any bounded random variable/vector follows a sub-Gaussian
distribution. To prepare our convergence analysis, we make a few assumptions.

Assumption 4.1. X = [X,X5,...,X4]T € R? is a random vector.
(A-1) E{X} =0, and X := E{XXT} has the spectral decomposition (3.1) satisfying (3.2);

(A-2) ¢ o= [ 272X ]|y, < oo

The principal subspace U, in (3.3) is uniquely determined under (A-1) of Assumption 4.1. On
the other hand, (A-2) of Assumption 4.1 ensures that all 1-dimensional marginals of X have sub-
Gaussian tails, or equivalently, X follows a sub-Gaussian distribution. This is also an assumption
that is used in [11].

In what follows, we will state our main results under the assumption and leave their proofs to
later sections because of their high complexity. To that end, first we introduce some quantities.
The eigenvalue gap is

Y= Ap = Apr-

The sum of top i eigenvalues is
=M+ 4+N, i=1,...,d

The dominance of the top i eigenvalues is defined as

M i
ii=—€ |5, 1 ’
M [d }
For s > 0 and the stepsize 8 < 1 such that gy < 1, define

sln g
Ns(B) :=min{n € N: (1 - gy)" < g° :{—‘, 4.1
(8)=min{n e N: (1= By)" <5} = | it s (41)
where [-] is the ceiling function taking the smallest integer that is no smaller than its argument,
and for 0 < e < 1/7,

e 1 1/2—3¢e
M(e) := min {m € N : g7e/271/2 < g1=2""")@-1/291 _ 9 F > 2. (4.2)

In2



248

249

250

251

252

253

254

255

256

257

258

259

260
261

262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

277

278

Theorem 4.1. Given

e€(0,1/7), we(0,1), ¢>0, r>6MEO-U2maxfav/2—1)12¢A2w1/2 2}, (4.3a)
1

LNEE
0<f<mindl, | — (- Y 4.3b
p < ming 1, <8f-”»np> (130%2773) (4.35)

Let U™ forn =1,2,... be the approzimations of U, generated by Algorithm 3.1. Under Assump-
tion 4.1, if |[tan (U, U,)|3 < $°d — 1, and

(V2+1D)MdB' ™ <w, K > Najo gresa(B), (4.4)
then there exist absolute constants' Cy, C,, Cs and a high-probability event H with
P{H} >1-K[2+e)d+p+ 1] exp(—CryB™°)

such that for any n € [Ngjo_37/4(0), K]

B{ Itan O(U™), U.) 35 H} < (1= 87)20" Vpo?d

3298

+2—)\1ﬁ

o(p,d; A) + Cor* i, 22y 'p/d — pB¥277™,  (4.5)

where e = exp(1) is Euler’s number, C\y = max{C, u,, Cyp min{yp=1, 9=2}}, and®

d

A\ p(d —p)Aida p(d —p)ApApi1

A j prptl 4.6

4,0(]77 ) ) Z Z >\J — )\i < |: )\1 — )\d ’ >\p - )\p+1 ( )
j=1li=p+1

The conclusion of Theorem 4.1 holds for any given U(?) satisfying [tan @(U®), U,)||3 < $?d—1.
However, it is not easy, if at all possible, to verify this condition. Next we consider a randomly
selected U,

Suppose that on G,(R?) we use a uniform distribution, the one with the Haar invariant proba-
bility measure (see [3, Section 1.4] and [10, Section 4.6]). We refer the reader to [3, Section 2.2] on
how to generate such a uniform distribution on G, (R4). Our assumption for a randomly selected
U© s

randomly selected U(®) satisfies that R(U(?) is uni-

formly sampled from G, (R%). (47)

Theorem 4.2. Under Assumption 4.1, for sufficiently large d and any B satisfying (4.3b) with
Kk = 6ME—1/2max{20,,/2}, and

p<(d+1)/2, e€(0,1/7), 5€(0.27Y7), K >Ny sresa(B),
where Cp, is a constant only dependent on p, if (4.7) holds, and
A% <82, K[2+e)d+p+1]exp(—Cpyf %) <67,

then there exists a high-probability event H, with P{H,} > 1 — 267" such that

IWe attach each with a subscript for the convenience of indicating their associations. They don’t change as the
values of the subscript variables vary, by which we mean absolute constants. Later in (6.6), we explicitly bound
these absolute constants.

2To see the inclusion in (4.6), we note the following: if 0 < a < ¢ < d < b, then

1 1 dc 1

1 1
S G G = > =
b~ d c T a d—c %— -

Ju—
)
S

0<
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B{ tan ©(U ™, U)|Ifs L} < (1 - 89)2" VpC25—2d

3293
2-M\p

for any n € [N3/o_37./4(B), K], where ¢(p,d; A) is as in (4.6).

_|_

(P(p7 d; A) + Coli4u;2n12)fy_1p\/Eﬁ3/2—7s (4.8)

Finally, suppose that the number of principal components p and the eigenvalue gap v = A, —
Ap+1 is known in advance, and the sample size is fixed at N,. We must choose a proper /3 to obtain
the principal components as accurately as possible. A good choice turns out to be

31ln N,
B == B .
YN

(4.9)

Theorem 4.3. Under A2ssumption 4.1, for sufficiently large d > 2p and sufficiently large N,
€€ (0,1/7), 6 € (0,277 satisfying

Al < 5% N,[(2+e)d+p+ 1exp(—ChyB~5) < 67, (4.10)

where B, is given by (4.9), if (4.7) holds, then there exists a high-probability event H, with P{H,} >
1-— 251’2, such that

o(p,d; A) In N,
)‘p _)‘P+1 N, 7

E{||tan9(U(N*),U*)||%; H*} < C.(d,N,,0) (4.11)

where the constant Cy(d, Ny, 8) — 24¢* as d — oo, N, — 00, and ¢(p,d; A) is as in (4.6).

In Theorems 4.1, 4.2 and 4.3, the conclusions are stated in term of the expectation of |[tan O(U™) U,)||Z
over some highly probable event. These expectations can be turned into conditional expectations,
thanks to the relation (1.11). In fact, (1.10) is a consequence of (4.11) and (1.11).

The proofs of the three theorems are given in sections 6 and 7. Although overall our proofs
follow the same structure of those in Li, Wang, Liu, and Zhang [!1], there are inherently critical
subtleties in going from one-dimension (p = 1) to multi-dimension (p > 1). In fact, one of key
steps in proof works for p = 1 does not seem to work for p > 1. More detail will be discussed in
the next section.

Now we observe the effect of the scaling on the random vector X. Let
X=¢X, UO=u0, g=¢23 (4.12)
Then we can examine that
X —exm gz =z 400 =0 g =y

which means that Algorithm 3.1 will produce the same sequence {U(™} under the scaling (4.12).
Also, we have

225227 1L=¢7 ﬁ:Ua /1252/1’ Xi:éQAia ;y:é‘2fy7 p=p, v=u.

Considering a scaling £ = $7¢/2 with ¢ an integer, we can see

Ns(ﬂ) - (1 + C)Ns(ﬂ)’ B* = ﬂcﬁ*

In other words, using the scaling technique, we can use a much smaller stepsize (e.g. from § to
B1*¢) while the number of steps to converge does not increase too much (from N to (1 + ¢()N);
on the other hand, with the same sample size N,, using the scaling technique, we can use a much
smaller stepsize (e.g. from S, to 817¢) in order to make the stepsize satisfy (4.10). This could be
very helpful when choosing a proper stepsize in practice.
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5 Comparisons with Previous Results

Our three theorems in the previous section, namely Theorems 4.1, 4.2 and 4.3, are the analogs for
p > 1 of Li, Wang, Liu, and Zhang’s three theorems [11, Theorems 1, 2, and 3] which are for p =1
only. Naturally, we would like to know how our results when applied to the case p = 1 and our
proofs would stand against those in [11]. In what follows, we will do a fairly detailed comparison.
But before we do that, let us state their theorems (in our notation).

Theorem 5.1 ([11, Theorem 1]). Under Assumption 4.1 and p = 1, suppose there exists a constant
¢ > 1 such that tan@(U©®), U,) < ¢?d. Then for any ¢ € (0,1/8), stepsize § > 0 satisfying
dINy7IB1 728 < b1 2, and any t > 1, there exists an event H with

P{H} > 1 — 2(d + 2)N°(8, ¢) exp (—Co[\}y ™" 8]7*) — 4dN,(B) exp (—Ca[\}y 18] 7)

such that for any n € [Nl(ﬂ) + ]\70(5’ ¢)7ﬁt(5)]

d
B{tan® O(U™, U.); H < (1= 5=V O9) 4 Coip(1,d: A) + Co il - ;2 Xty Bp e
=2 LT
(5.1)
where by € (0,1n* 2/16), Cy, Cy,Cy are absolute constants, and
- , - — In[4¢?d]
o R . o n 2 1 —
Ro(5,6) = min {n € N (1= )" < g} = |20,
< : - In[Afy~ 4]
N ==min{in € N: (1 — <Ny Fl—‘
(8) := min { (1=By)" <Ny '8)°} (1 )

What we can see that Theorem 4.1 for p = 1 is essentially the same as Theorem 5.1. In fact,
since (1 — )1 =N (B9 < 4¢2d < (1 — By)~N"(A:9) | the upper bounds by (4.5) for p = 1 and by
(5.1) are comparable in the sense that they are in the same order in d, 3, 4.

Naturally one may try to generalize the proving techniques in [I11] which is for the one-
dimensional case (p = 1) to handle the multi-dimensional case (p > 1). Indeed, we tried but
didn’t succeed, due to we believe insurmountable obstacles. We now explain. The basic structure
of the proof in [11] is to split the Grassmann manifold G,(R?), where the initial guess comes
from, into two regions: the cold region and warm region. Roughly speaking, an approximation
U™ in the warm region means that |[tan @(U™) U,)|r is small while it in the cold region means
that [|tan @(U™,U,)||r is not that small. U, sits at the “center” of the warm region which is
wrapped around by the cold region. The proof is divided into two cases: the first case is when
the initial guess is in the warm region and the other one is when it is in the code region. For
the first case, they proved that the algorithm will produce a sequence convergent to the principal
subspace (which is actually the most significant principal component because it is for p = 1) with
high probability. For the second case, they first proved that the algorithm will produce a sequence
of approximations that, after a finite number of iterations, will fall into the warm region with high
probability, and then use the conclusion proved for the first case to conclude the proof because of
the Markov property.

For our situation p > 1, we still structure our proof in the same way, i.e., dividing the whole
proof into two cases of U(®) coming from the cold region or warm region. The proof in [11] for the
warm region case can be carried over with a little extra effort, as we will see later, but we didn’t
find that it was possible to use a similar argument in [11] to get the job done for the cold region
case. Three major difficulties are as follows. In [I1], essentially ||cot O(U™ U,)||r was used to
track the behavior of a martingale along with the power iteration. Note cot Q(U(")7 U,) is p x p.
Thus it is a scalar when p = 1, perfectly well-conditioned if treated as a matrix, but for p > 1, it
is a genuine matrix and, in fact, an inverse of a random matrix in the proof. The first difficulty is
how to estimate the inverse because it may not even exist! We tried to separate the flow of U™
into two subflows: the ill-conditioned flow and the well-conditioned flow, and estimate the related
quantities separately. Here the ill-conditioned flow at each step represents the subspace generated

10
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by the singular vectors of cot O(U (n), U.) whose corresponding singular values are tiny, while the
well-conditioned flow at each step represents the subspace generated by the other singular vectors,
of which the inverse (restricted to this subspace) is well conditioned. Unfortunately, tracking the
two flows can be an impossible task because, due to the randomness, some elements in the ill-
conditioned flow could jump to the well-conditioned flow during the iteration, and vice versa. This
is the second difficulty. The third one is to build a martingale to go along with a proper power
iteration, or equivalently, to find the Doob decomposition of the process, because the recursion
formula of the main part of the inverse — the drift in the Doob decomposition, even if limited
to the well-conditioned flow, is not a linear operator, which makes it impossible to build a proper
power iteration.

In the end, to deal with the cold region, we gave up the idea of estimating ||cot (U™, U,)|p.
Instead, we invent another method: cutting the cold region into many layers, each wrapped around
by another with the innermost one around the warm region. We prove the initial guess in any layer
will produce a sequence of approximations that will fall into its inner neighbor layer (or the warm
region if the layer is innermost) in a finite number of iterations with high probability. Therefore
eventually, any initial guess in the cold region will lead to an approximation in the warm region
within a finite number of iterations with high probability, returning to the case of initial guesses
coming from the warm region because of the Markov property. This enables us to completely avoid
the difficulties mentioned above. This technique can also be used for the one-dimensional case to
simplify the proof in [11].

Theorem 5.2 ([11, Theorem 2]). Under Assumption 4.1 and p = 1, suppose that U®) is uniformly
sampled from the unit sphere. Then for any e € (0,1/8), stepsize § > 0,8 > 0 satisfying

A3y TUBE bt dNG(B) exp (— Gyl I8 ) <6,

~

there exists an event H, with P{H,} > 1 — 2§ such that for any n € [No(83), N3(B)]

A = Ao

E{tan2 o™, u,); H*} < Cu(1 — B7)2m64d% + CuBp(1,d; A) + Cy
i=2
(5.2)

where by, Cs, Cy are absolute constants.

Theorem 5.3 ([11, Theorem 3]). Under Assumption 4.1 and p = 1, suppose that U®) is uniformly
sampled from the unit sphere and let B, = 21;‘7]\1,\[ Then for any e € (0,1/8), N, > 1,6 > 0
satisfying R

ANy BT <0307, 4dNa(Ba) exp (—Co[Ay T TF) <6,
there exists an event H, with P{H,} > 1 — 20 such that

v(1,d; A) In N,
AM—X N

E{tan2 oUW, u,); H*} < C.(d,N.., ) (5.3)

where the constant Cy(d, Ny,d) — Cs as d — 0o, N, — 00, and bs, Cs,Cs are absolute constants.

Our Theorems 4.2 and 4.3 when applied to the case p = 1 do not exactly yield Theorems 5.2
and 5.3, respectively. But the resulting conditions and upper bounds have the same orders in
variables d, 3, d, and the coefficients of 8 and % in the upper bounds are comparable. But we
note that the first term in right-hand side of (4.8) is proportional to d, not d? as in (5.2); so ours
is tighter.

The proofs here for Theorems 4.2 and 4.3 are nearly the same as those in [11] for Theorems 5.2
and 5.3 owing to the fact that the difficult estimates have already been taken care of by either
Theorem 4.1 or Theorem 5.1. But still there are some extras for p > 1, namely, the need to
estimate the marginal probability for the uniform distribution on the Grassmann manifold of
dimension higher than 1. We cannot find it in the literature, and thus have to build it ourselves
with the help of the theory of special functions of a matrix argument, rarely used in the statistical
community.

11
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It may also be worth pointing out that all absolute constants, except C), which has an explicit
expression in (7.4) and Cy, in our theorems are concretely bounded as in (6.6), whereas those in
Theorems 5.1 to 5.3 are not.

6 Proof of Theorem 4.1

In this section, we will prove Theorem 4.1. For that purpose, we build a quite amount of preparation
material in subsections 6.1, 6.2 and 6.3 before we prove the theorem in subsection 6.4. Figure 6.1
shows a pictorial description of our proof process.

|
3 subsection 6.3

Lemma 6.2 — Lemma 6.3 — ‘ Lemma 6.4

. ; T \\

subsection 6.2

Figure 6.1: Proof process for Theorem 4.1

6.1 Simplification

Without loss of generality, we may assume that the covariance matrix X' diagonal. Otherwise, we
can perform a (constant) orthogonal transformation as follows. Recall the spectral decomposition
X =UAUT in (3.1). Instead of the random vector X, we equivalently consider

Y=[Y,Ys,..., Y, ]" =U"X.

Accordingly, perform the same orthogonal transformation on all involved quantities:

vy — UTx(n)’ v — UTU(n)7 V. =U"U, = [I(ﬂ . (6.1)

As consequences, we will have the equivalent versions of Algorithm 3.1, Theorems 4.1, 4.2 and 4.3.
Firstly, because

(V(nfl))Ty(n) — (U(nfl))Tx(n)’ (Y("))Ty(n) — (X(n))'l‘)((n)7

the equivalent version of Algorithm 3.1 is obtained by symbolically replacing all letters X, U by
Y, V while keeping their respective superscripts. If the algorithm converges, it is expected that
R(V™) = R(V,). Secondly, noting

IE7 2 X |y, = IUATV2UT X |y, = [|A7V2Y s
we can restate Assumption 4.1 equivalently as
- =0, = A =diag(A1,...,\q) with (3.2);
A1) E{Y}=0,E{YY" | = A = diag(\ Aa) with (3.2
(A-2) ¢ = | A72Y |y, < co.

Thirdly, all canonical angles between two subspaces are invariant under the orthogonal transforma-
tion. Therefore the equivalent versions of Theorems 4.1, 4.2 and 4.3 for Y can be simply obtained
by replacing all letters X, U by Y, V while keeping their respective superscripts.

In the rest of this section, we will prove the mentioned equivalent version of Theorem 4.1.
Likewise in the next section, we will prove the equivalent versions of Theorems 4.2 and 4.3.
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In what follows, we assume that X is diagonal.
To facilitate our proof, we introduce new notations for two particular submatrices of any V &€

Rdxp,
V = ‘/(1:p7:)7 V= ‘/(p+l:d7:)' (62)
In particular, .7 (V) = VV ™! for the operator .7 defined in (2.3), provided V is nonsingular. Set
A =diag(A1,...,Np), A=diag(A\pi1,---,Aa). (6.3)

Although the assignments to A and A are not consistent with the extractions defined by (6.2), they
don’t seem to cause confusions in our later presentations.

For k> 1, define S(x) := {V € R : o(V) C [£,1]}. It can be verified that

VeSk) e[| Z(V)| < Ve -1 (6.4)
For the sequence V(") define
Nowt{S(k)} :=min{n : V" ¢ S(k)}, Nin{S(x)} := min{n: V™ e S(x)}.

Nowt{S(k)} is the first step of the iterative process at which V(™ jumps from S(x) to outside, and
Nin{S(k)} is the first step of the iterative process at which V™ jumps from outside to S(x). Write

Xi = /\iﬂfze, ;= X1+"'+Xi :771'67267
and define
Ngp{A} = max{n > 10|20 < 72 Y < AP = 1, n} +1. (6.5)

Ngp{A} is the first step of the iterative process at which either \Yi(n)| > Xi/Z for some 4 or the

norm of Z(™ exceeds ﬁzl,/Q. For n < Ngn{A}, we have
n ~1/2 ~ n ~
YOl </ = P2 120 <,

where v = 1/p,,.

For convenience, we will set 7 = .7(V (™) and let F,, = o{Y (1) ... Y ("} be the o-algebra
filtration, i.e., the information known by step n. Also, since in this section &, § are fixed, we
suppress the dependency information of M(g) on € and N;(8) on 3 to simply write M for M (e)
and N; for N(5).

Lastly, we discuss some of the important implications of the conditions:

L\ e :
0<B< min{l, (8%) : (M) } (4.3b)
(V2+1)\dB ™ <w, K> N3 /2_37:/4(8) (4.4)

of Theorem 4.1. They guarantee that

(B-1) B<1;

(B-2) By < Bilp < BTl = Bja < dBAy = A\ * < (V2 - 1w < V2 - 1.

Set

5 7, _ 15, _ 3. . .. 16 + 13v/2
Cy = 5T 5( M) + g(”ﬁpﬂ)z + g(Wpﬂ)s < —s 7 4.298; (6.6a)
1 - 224 T7vV2
Car=2+ i(unpﬁ) + CynpB < %ﬁ ~ 3.987; (6.6b)
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4

)

6

251 + 122v/2

Cr=Cy +2Ca+ QCACVﬁpﬂ < 16 ~ 26.471;
_ 2
c. - (3 —+2)C% - 565 + 171v/2 ~ 0.038;
64(Cp + 20 4)2 21504
223702 + 183539v/2
v — 4 2 K S ~ O. 1 ,
C V20 C 6016 5.618
B 29+8\f 4Cr 8 1 [c +29+8\/§]51/2_35
"T G-V | 3-v2)Ca T 32
3CT 1/243= | 2CT 1-3e 3/2—3¢
- 2(3 - \/i)cgﬂ B 202 5
< 2582968 + 1645155+/2 349461,
14336

The condition (4.3b) also guarantees that

(8-3) 2C AR, B2k = 2Can, B2 7%k < 264 < 1, and thus 20 47,8k < 1;

(8-4) 4\/§CT/<92T7;277*1ﬁ55 <1, and thus 4\/§CT/$2?7Qp'y*1ﬁ1/2+X <1for x € [-1/2+ 5¢,0].

6.2 Increments of One Iteration

Lemma 6.1. For any fixed K > 1,

P{Ng{A} > K} >1— K(ed+p+ 1)exp (—Cymin{yy ™", ~?}37%),

where Cy is an absolute constant.

Proof. Since

{Nanfa} < K} | (IIZ”’ > bu | {lely™ =N ),

n<K 1<i<d
we know
P(Noo{a} < K} < 30 [ P{IZ™0 2 52} + 0 P{lefy ™) = 372}
n<K 1<i<d
First,
~ AV/2¢)T )\1/2
P{ Ty > AW’} _pl [ oy s AT
e 2 A7l Z A7,
Cwi Tx/i
<exp|1- ° by [22, (5.10)]
Al/2¢;)T n ’
H(‘A1/2e H2A 12y ( )“w
Cwi)‘i —1,5-2
<exp|1l-— — ’ =exp(1-Cyp~ " 87°),
( [A=12Y 00|y, A ( )
where Cy ;,9=1,...,d are absolute constants [22, (5.10)]. Next, we claim

PUIZON 2 72} < 0+ 1) exp (~Cpaav™287%).

Together, (6.7) — (6.9) yield

P{Ngp{A} <K} = > > exp(l—Cpivv ') +

n<K 1<i<d

14

n<K

(6.6¢)

(6.6d)

(6.6¢)

(6.6£)

(6.7)

(6.8)

(6.9)

> (p+1)exp (—Cyparp287%)
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the proof.

< K(ed+p+1)exp (—Cw min{y !, 1/)‘2}ﬁ_25) ,
where Cy, = minj<;<g41 Cy ;. Finally, use P{Ng,{A} > K} = 1 — P{Ng{A} < K} to complete

It remains to prove the claim (6.9). To avoid the cluttered superscripts, we drop the superscript

« (n—1)»

|

k=1

Uk1

on V, and drop the superscript “("” on Y, Z. Consider

0 2] VTY_Zd:
zZt o |Y'V B

Uk1

Ukp
Vkp 0

where v;; is the (4, j)-entry of V. By the matrix version of master tail bound [

for any o > 0,

P{||Z]l2 =2 a} = P{Amax(W) > a} < gn% e~ trace exp <
>

Y is sub-Gaussian and E{Y'} = 0, and so is Y. Moreover,

1Yallys = llex A2

Also, by [22, (5.12)],
E{exp(0W;,Y3)} < exp(Cyasr0* Wi 0 Wi|[Yi[7,) < exp(cy k6 X\et)* Wy, 0 W),

T A1
ep A

/2 1/2
— AT ?Y
llex AL/2]l2

2

d

k=1

d
= Z Y Wi,
k=1

, Theorem 3.6],

Z In E{exp(@Yka)}> .

<A IATY2Y |y = N0

where cy .,k = 1,...,d are absolute constants. Therefore, writing [4C¢,d+1}_1 = maxXi<k<d Cy,k
and Wy, := Zzzl AW o Wy, with the spectral decomposition Wy, = VwAwVJ, we have

trace exp (

Note that

d
2
> Mevy

=1
and thus

)‘maX(Ww) =

d

k=1

d
§ 2
DR Akvk‘p
k=1

efVTAV e,

ey VIAVe,

Z In E{exp(0Y:, W)}

2

Z Cw,kGQAk¢2Wk e} Wk

d
) < trace exp <
k=1

< trace exp([4Cy a11] 107> Wy)
= trace exp([40¢,d+1]_192¢2Vw/1wv$)
= trace (V, eXp([4C¢,d+1]_192¢2/1w)VwT)
= trace exp([4Cy a+1]) " 0%Y3Ay)
< (p+ 1) exp([4Cy a11] " 0% Amax (Ay))
=(p+1) exp([40¢,d+1]71921/)2>\max(ww))-

d -
E 2

)\kvkl
k=1

d
§ 2
Akvk}p
k=1

0

e VT AV ey

e VTAVe,

P
< Z ex VI AV ey, = trace(VTAV)
k=1
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P
T _ —
< Vglvaiclp trace(V-AV) = kz_:l Ak = Np.

In summary, we have
P{|Z|lz > a} < (p+1) gggexp([‘lcw,dﬂ]_l@%%p — fa)

Cw7d+1042)

=(p+1)exp (— o,

/2

Substituting o = 7,/ %, we have the claim (6.9). O

Lemma 6.2. Suppose that the conditions of Theorem 4.1 hold. If n < Nqn{A}, then

V(n+1) _ V(n) + By(nJrl)(Z(nJrl))T

_ 5[1 n g(ymﬂ))w(nﬂ)}V(n)g(n+1>(z<n+1>)T + RO (Z0HNT (6.10)

where R™ € R is a random vector with ||[R™ ||y < Cvl/l/277§/252 and Cy is as in (6.6a).

Proof. To avoid the cluttered superscripts, in this proof, we drop the superscript “(™” and use
the superscript “*” to replace “("*1)” on V, and drop the superscript “(+1” on Y, Z.
On the set {Nq,{A} > n}, by (4.4) and (5-2), we have

a=B2+BY™Y)ZYZ < B+ iR, < 2+ V2-1)(V2-1)/v < 1.

By Taylor’s expansion, there exists 0 < £ < a such that

1 3 1
1 12 _q_ = o 4+ 2
(1+«) 2a+8(1+5)5/204
2
=1-p52%7 - %YTYZTZ + 8227 72)%¢,
where ¢ = §;(2 +BYTY)2 < §(2 + vB1,)%. Thus
T8 (1+€)P/2 -8 o)

Vt=(WV+pYzh(I-|BZ2"Z + 5—2YTYZTZ — 832" 2)%¢ 227
N 2 AV

2
=V+pYyzt —pvzz" - 7(YTY)VZZT +RZ",

2
where R = —T(ZTZ)(Q + BYIY)Y + (B2 ZT2)VZ + (B3(ZT Z)?Y for which

B o~ " _
1Rz < =-7p(2 + BUilp) (Vi) /2 + (82052 + (B2 (vif,) /2
1 ~\ ., 3 - 3 IS -
= |52+ Buip) + S(2+ Buip)? + S (2+ Buiy)* (Bilp) | v /212 5
_ C«Vyl/Qﬁg/ZBZ,
as expected. 0

Lemma 6.3. Suppose that the conditions of Theorem 4.1 hold. Let T = ||T™||2, and Cr be as in
(6.6¢). If n < min{Ngp{A}, Nous{S(k)}}, then the following statements hold.

1. T™ and T+ are well-defined.
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s 2. Define EYY (V) by E{T() — TV | R, } = B(AT™ — T A) + ESY (V™). Then

(a) supyesm | ES) (V)|l2 < Crit2(,8)%(1 + 72)3/2;
(b) |7 — T |y < uV2(77,8)(1 + 72) + O /2(7,8)2 (1 + 72)3/2.

562 3. Define Ry by varo (T — T |F,) = 82H, + Ro. Then

563 (a) Ho =varo (YY) < 16y*H, where H = [0ij](a—p)xp Withmi; = ApiXj fori=1,....d—
564 p7j:1a"'7p;
(0) | Roll2 < (vipB)>r(1+ 57+ 72+ 37°) + 407w(77,8)° (1 +72)7/2 + 2030 (7, 8)* (1 + 72)°.

o
>
o

s Proof. For readability, we will drop the superscript “-(™?”_ and use the superscript “*” to replace
57 “("t7 for V, R, drop the superscript “("*1)” on Y, Z, and drop the conditional sign “|F,,” in the
ses  computation of E{-}, var(-), cov(-) with the understanding that they are conditional with respect
s0  to IF,,. Finally, for any expression or variable F, we define AF := FT — F.

570 Consider item 1. Since n < Nout{S(k)}, we have V € S(k) and 7 = ||T||2 < (k% — 1)'/2. Thus,
s ||V 2 <k and T = VV ™ is well-defined. Recall (6.10) and the partitioning

1 1
_ b Y P R
v (7] me s [E]
w5 We have AV = B(YZT — (1+ 5YTY)VZZ") + RZT, and
2
JR— (ZTZ)(Z +BYIYV)Y 4 (B2 (2 2)VZ + (B2 2)%Y.

s Noticing |V ||z < 55/2, we find

o
N

_ _ ﬂ s
576 AV |2 < By + B(1 + 5’/7719)771) + Cvﬁiﬁz

577 < 24 g’fﬁp + CVﬁpB ﬁpﬁ = CA"N]p/Ba

578

s where Cx is as in (6.6b). Thus [AVV g < [JAV|2]lV 7 2 < CafjpBr < 1/2 by (8-3). As a
s result, VT is nonsingular, and

V="l

7)o < i < 207

s In particular, 7T = V+ (V) ™! is well-defined. This proves item 1.

583 For item 2, using the Sherman-Morrison-Woodbury formula [5, p. 95], we get

64 AT =V H(VH L —yv!

555 =V4+AVY(V+AV) L —yV!

= (V+AV(V I —VAV(V +AV) ) — VvVt

AV S VLAV 4 AV — AV LAV (V + AV)

- =AVV VYT IAV(V— —VTIAV(V + AV) ™) — AVVAV(V 4 AV) !
= AVV T —TAVV L 4 TAVV P AV(VH) "L - Avv Ay (V)L

5% = [AV - TAV]|[I - (VH)tavv

s Write Ty, = [—T I] and T = HJ, and then T,V =0 and V = TRV. Thus,
AT = TLAVI — (V)P AVIV I Ty,
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Since AV is rank-1, AT is also rank-1. By Lemma 6.2,
B
2
=T, [BYY'V+RZ'][I - (VH)TAV] VTR
=TL(BYY™WVT + Rp)Tr

=TL(BYY" + Ry)Tg,

AT =Ty |BY ZT - B(1 +

where Ry = RZ™VT — (BY + R)ZV (V)= AVV™. Note that
YY" Tr=YYT —TYY'"T —TYYT +YY"T,
and
E{YyY"} =0, E{TYY"}=TE{YY"}=TA4,
E{TYY"T} =TE{YyY"}T =0, E{YY"T}=E{YY"}T =AT.

Thus, E{AT} = B(AT — TA) + Er(V), where Er(V) = E{TLRrTg}.
Since V € S(k), ||T||2 < (k? — 1)Y/2 by (6.4). Thus

1Rz ll2 < |Rll2? + [(vip) /2B + | Rll2]i, 221 + |IT13) /2 Catly 8

P
< Ovv' P52 4+ (L |ITN3) 2L + Oy B12C a1, 52

< COrv'?(7,8)° (1 + |1 TII5)Y2,
where Cp = Cy + 2CA(1 + Cy7p3). Therefore,
1Er(V)ll2 < B{|ITL RrTrll2} < (1 + | T13) B{|| Rr|l2}-
Item 2(a) holds. For item 2(b), we have

IAT|l2 < 1+ ITI3)BIYYTVV 2 + | Rrll2)
< Bwip) 2,2 (L4 | T113) + Orv' 2 (1,8)° (1 + | T113)*
< V2B + ITIR) + Crv' 2 (,8)° (1 + I T13)%/.

Now we turn to item 3. We have

varo (AT) = vare (T (BYY " + Ry)Tg) = B2 vare (TLYY Tr) + 2B8Ro1 + Ro 2,

where R, 1 = cov, (TLYYTTR,TLRTTR), and R, 2 = varo (T RrTRr). By (6.12),
var, (TLYYTTR) = var, (YYT) + Ro 0,
where

R o = var, (TYYTT) + var, (TY}_/T) + var, (YYTT)

—2covo (YY T, TYY™T) — 2covo (YY T, TYY™) + 2covo (YY T, YYTT)

Y'YY)WVZZT"+ RZT| [1—- (V) 'AV] VTR

(6.11)

(6.12)

(6.13a)
(6.13b)

(6.14)

(6.15)

(6.16)

+2covo (TYY T, TYYT) = 2cove (TYY T, YY'T) — 2cove (TYY",YY'T).

Examine (6.15) and (6.16) together to get H, = var, (YYT) and Ro = %Ro + 28Ro1 + Ropa.

We note
Y = elY = T AV2A7 12y = 22T A1 %y,

el var, (YYT) ej = var(e] YY Te;) = var(V,;Y;) = E{YPQHYJ?}.
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By [22, (5.11)],

E{V}'} =2 E{(eJTA—l/QY)‘*} < 16X3[lef ATYRY |, < 16AZ|ATYV2Y|[], = 163y

Therefore
e?varo(YYT) < { p+Z}E{Y4} 1/2 < 16Ap4s ﬂ/} ,

ie., H, = var, (YYT) < 16¢p*H. This proves item 3(a). To show item 3(b), first we bound the
entrywise variance and covariance. For any matrices Aj, A2, by Schur’s inequality (which was

generalized to all unitarily invariant norm in [7, Theorem 3.1]),

[A1 0 Azl < [|A1ll2]|Az]l2, (6.17)

we have

[[covo (A1, Az)ll2 = |[E{A1 0 A2} — E{A1} 0 E{A}|
< E{||A1 0 Azl2} + [[E{A1} o E{A2} |2

< E{[lAr]l2[Azll2} + [E{A1}2[[E{ A2} 2, (6.18a)
lvaro (A1)]l2 < E{[|Aull3} + [E{AL}. (6.18b)

Apply (6.18) to R, 1 and R, 2 to get

1Roll2 < 2Crvip B2 (1 + T3, ||Ropllz < 2030(7,8) (1 + | TII3)°, (6.19)

upon using
ITLYY " Trlls = |TLY Y VV I Tr|ls < vM20,(1+ |T]3),
|ITLRrTr|l2 < Crv?(@,8)° (1 + || T5)%.
For R, o, by (6.13), we have
leove (YYT, TYYTT)||2 < E{|IYY T3 }IT3,
leove (VYT TYY )|y < B{|Y Y |o|¥ Y 2} T,
leove (VYT YYT) 12 < B{IY YT LYY "2}
leove (TYY T, TYY ) |l < E{Y YT 2| Y Y2} 713,
Jeove (TYY T, YYT) 2 < B{IY YT | YY1} T,
lvaro (TYY'T) |2 < E{IYY T3 }ITl2,
lvaro (TYY ") [l2 < E{IYYTZHITI3 + | TA3,
[vare (YY'T) [l < E{|YY |3 }ITI3 + [ AT]13,
leove (TYYT,YYTT) o < B{YY [ YY T2} 113 + [T A1 AT |-

Since
[YY o+ 1YY e =YY +YTY = YTY <up,
Y7l = (VY)Y < ﬂ <7
we have

1Ro0ll2 < E{2[YY TS + (IYY Tl + 1YY ll2)* HITIZ + (ITAll2 + | AT]|2)?
+2B{IYY (VY e + YY)} (1702 + 173) + E{HYYTH%}IITIIEl

~ 3,
< (vip)?[1Tll2 + [5(1/%)2 + +/\p+1)2]IITII§ + ()21 T13 + (Vﬂp) I3

~ 11 1
< @i IT (1 + ST + 1T + ZIT13)- (6:20)

Finally collecting (6.19) and (6.20) yields the desired bound on R, = %2R o + 28Ro1 + Ro 2.
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6.3 Quasi-Power Iteration Process
Define D(+1) = (n+1) _ E{T("‘H) | F, }. It can be seen that

T _ E{T(”) Fn} —0, E{D("“) ‘IF"} —0,

E{D(”+1) o DD ‘ ]Fn} = var, (T("+1) O ]Fn) .

By item 2 of Lemma 6.3, we have

T+ — pntd) 4 pn) E{T<"+1> _ )

Fn}
= DD L 7 4 gAT™ — 7 A) 4 B (V)
— 70 4 phtD) 4 E(T")(Vm))’

where £: T — T + BAT — BT A is a bounded linear operator. It can be verified that £LT'= Lo T,
the Hadamard product of L and T, where L = [Aij](a—p)xp With Xj; = 1+ A, i — BA;. Moreover,
it can be shown that® [|L[lw = p(£) = 1 = B, where ||L]lu = supjp),,—1/|£T |l is an operator
norm induced by the matrix norm ||-||u;. Recursively,

T = 7O 4 ZL” spls) 4 ZL‘” SESTDWED) = gy + Ty + Js. (6.21)
= s=1

Define events M, (x), T, (x), and Q,, as
1 —OE
() = {1717 = LT O < Gt - e, (6:22)

Ta(x) = {IT]l2 < (267" = 1>1/26X-38}, Qu={n<Nopfa}}. (623

Lemma 6.4. Suppose that the conditions of Theorem 4.1 hold. Ifn < min{Ngp{A}, Nout{S(k5X)}}
and V©) € S(kBX), then for any x € (5 — 1/2,0] and k > /2, we have

P{M,(x+1/2)} > 1—2dexp(—Cyyk~ 2yt um —2372%), (6.24)
where C,; is as in (6.6d).
Proof. Since k > /2, we have 232X > 2 and kBX < [2(k?%X — 1)]'/2. Thus, by (5-4),

4CTI‘<537712,'Y_1ﬁ1+3X(’{252X _ 1)—1/25—1/2—){ < 4\/§CTI'<52ﬁ:3'7_151/2+X <1.

For any n < min{Ngp{A}, Now {S(k5¥)}}, VI € S(kf) and thus [Ty < /w232 — 1 by
(6.4). Therefore, by item 2(b) of Lemma 6.3, we have

< ||T(n+1) o T(n)”2 + E{”T(n+1 . n)H2 ’ ]Fn}

< 2255, B(1 + | T™|2)[1 + CripB(1 + | T™]|2)Y/2]
< 2620127, BV 2X(1 + Crrig, 81X,

(n+1))), — (n+1) _ p(n) _ (n+1) _ p(n)
| DEHD|y = ||T 7™ —E{T

(6.25)

3 Since (L) = {Nij:i=1,...,d—p, j=1,...,p}, we have the spectral radius p(£) =1 — S(Ap — Apy1). Thus
for any T,

LT lwi = 1T(I = BA) + BAT ||ui
1T = BAN2IT i + 1BAN2]ITui
(1= B2 + BAp+ DI Tlwi = p(O)T (|,

which means || L]l < p(£). This ensures || L]l = p(L£).

Al
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s0s  For any n < min{Ngp{A}, Nouw{S(k8%)}},

n
1]l < D ILlE =I5 (VED)l
s=1
698 < C’TV1/2H37“7’12)ﬂ2+3X Z(l _ ﬂ,y)nfs
s=1
Crv' /21372 g2 +3x -
699 < B’yp _ CTZ/1/2I€37A72’}/ 1ﬁ1+3X
700 < 1V1/2(K2ﬂ2x _ 1)1/2ﬁ1/2+x_
701 - 4
72 Similarly,
n
o3 [ Jalla < D NLIE~* D]
s=1
. 2/‘€2V1/277p52x(1 _|_CTm7p51+x)
B gl
2.1/2~ 2
705 S M+1U1/2(1{2ﬁ2x—1)1/251/2+X_
706 ¥ 2

e Also, |[Ji]l2 < ILIZNTO || < |TO |y < v1/2(k25%X — 1)1/2, For fixed n > 0 and § > 0,

min{t, Nows (8(r)} 1}
M§"Y = Lo M = £rT© 4 > LD it =1,....n

s=1

70 forms a martingale with respect to F;, because

B{IM™ s} < 1lle + 1 2]l2 < +oo,
m and
- B{ar) - M |k} = B{£n= =1 D0 R} = oot B{ DO | R} <0,
73 Use the matrix version of Azuma’s inequality [20, Section 7.2] to get, for any o > 0,
2
P{IME = M2 2 o} < 2dexp(~ 1),
ns  where
min{n,Nout {S(k)}—1}
716 0'2 = Z Hﬁn_gD(g)H%
s=1
min{n,Nout {S(x)}—1}
< 2620127, 82X (1 + O, BHY)] > (1= By
s=1
4RIV 2 (L + Oprdj,314X)?
718 <
B2 - Bl
Axtyi2y—181+4x (1 4 Cr )2
< 2y P ) by (5-8), 78/ < o

- 3—\/5 — 2kC A

4 —1~2 pl+4
:CO'K Z/’y npﬁ_‘—X?

~~
R
)

2 and C, = % Thus, noticing Jy = MT(L”) — Mén) for n < Nowt{S(k)} — 1, we have

O[Q
P{l 12l > a} < 2dexp (—2@5%_%51%;() -
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2 Choosing o = (k22X — 1)1/2px+1/273¢ and noticing || J3]l2 < 3(k2B%¢ — 1)1/28xF1/2=3 and
ns T — 27O = J, + J5, we have

726 P{M,(x +1/2)°} = P{||T(") _ E"T(O)HQ > %(/ﬁﬂzx _ 1)1/26X+1/235}
& < P{||J2||2 > i(nZ,BQX - 1)1/25X+1/236}

< 2dexp (— 3205253_1% = 566)

729 < 2dexp ( 64Cgmji§2—xlﬁgﬁ2x 565)

= 2d exp(—Cyyr2v "', 2 B7%),

~~
[
RS

72 where Cy, = ﬁ which is the same as in (6.6d). O

3 Lemma 6.5. Suppose that the conditions of Theorem 4.1 hold. If

734 No-m(1-6c) < min{ Ngp{A}, Nout {S(x5%)} }

ws o and VO € S(BA-27TB12) . /9) with m > 2, then for km > V2

736 P{H,,} > 1 —2dNy-m(1_¢) exp(—C’K'yfi;fz/_ln;QB_%),

m where Hr = { Mo {S(1/37280-2" 6D, )L < Ny g |-

s Proof. By the definition of the event T,

739 T,(27™[1 — 6¢] + 3¢) = {||T(n)||2 < (12, — 5(1—2“"")(1765))1/2/3(1,22%)(3571/2)}.
uo For n > Noy-m(1_gy and V(O € S(BA-2"MBe=1/2) /9,

71 M, (27™(1 — 6¢) + 3e) C T, (27™(1 — 6¢) + 3¢)

w2 because

= 1Ty < | T — L TO|5 + ||£][5 T2
o < 1(52 _ 5(1—21”")(1—66))1/25(1—22””)(36—1/2)
< 5(Fm
nas _i_ﬁz*""(l—ee)(@ _ 6(1—21*"”)(1—65))1/2IB(1—21*’")(35—1/2)
4

/Zﬁ(1721_m)(3571/2).

IA

("ﬂfn . 6(1721_’")(1765)) !

746
747

us  Therefore, noticing

749

—m 1/2 —m —m —m 1/2
(Kfn_ﬁ(l—f )(1—65)) 5(1_22 )(3e—1/2) _ (5(1_22 )(65—1)H3n_621 (1—65))

- < (%ﬂ(lifim)ws*l)/qgn_ 1)1/2’

751

752 We get

mo My, (2771 62) +32) C {Nin{S(\/3/250—2"’*”)(36—1/2)Km)} < NQ,m(lf%)} .

4 Since
755

22



. ﬂ M, (27™(1 — 6¢) + 3¢) N H;,
ngmin{Nz,m(kGE),Nin{S(\/3726(17227m)(3571/2)nm)}71}
. - m M,, (2™ (1 — 6¢) + 3e) C My

758 n<Ny—m (1_ge)

(27™(1 — 6¢) + 3¢),

2= (1—6¢)

7 we have

760 m Mn(Q_m(l - 65) + 35) C Hyp.
ngmin{Nz,m(1755),N;,,{S(\/%,B(l_ﬂ—m)(sa—l/mH,,,L)}—l}

w1 By Lemma 6.4 with x =27"(1 — 6e) + 3e — 2 = 27™(1 — 2™~ 1)(1 — 6¢), we get

702 P{H} <P U M, (27 (1 — 6¢) + 3¢)°
n<min{ Ny—m (1 _ge) Nin {S(1/3/260 =227 Ge=1/2 )} -1}

263 < min {szm(li&), Nin{S(\/g/igg(l—z*m)(%flm),{m)} _ 1}

764 x 2d exp(—Crykiy, v ', 2 B7%)

708 < 2dNo-m(1—6e) exp(—CrYhip v ', 2 B7%),

w7 as expected. O

» Lemma 6.6. Suppose that the conditions of Theorem 4.1 hold. If V(O € S(k/2) with k > 2/2,
we K > Ni_ge, then there exists a high-probability event H; N Qi = mne[Nl/z,gg,K] T,.(1/2) N Qx
m  satisfying

m P{H; NQg} > 1-2dK exp(—C,qufzz/*ln;Z,B*QE)—K(ed+p+1) exp (—Cymin{yp~ 1,72} 37%)
w2 such that for any n € [N1_ge, K],

E{T(") oT™; Hy N QK} < L7 o 7O L 2621 — £2]7Y[I — £L*|H, + Rp,

7 where |Rpll2 < 00/147_11/2?7;2,63/2_35, H, = var, (YYT) < 16¢*H is as in item 3(a) of Lemma 6.3,
s and Cs is as in (6.6f).

s Proof. First we estimate the probability of the event H;. We know T, (1/2) C {||T™||» < (k? — 1)}/2}.
7 If K > Nouw{S(k)}, then there exists some n < K, such that V(" ¢ S(k), i.e., [Ty > (k2—1)'/2
778 by (()4) Thus,

{K > Now{S()}} < | {||T(")||2 > (K2 — 1)1/2} c | Ta1/2).

n<K n<K
7o On the other hand, for n > Ny /5_3. and VO € S(k/2), M,,(1/2) C T, (1/2) because

Tl < |7 = £2TO o + L5172

1 P 1/2
< 1(k2 _1\1/231/2-3¢ 1/2735<7 B )
< (K" =1)778 +8 Tt
- < (k2 —1)Y2p1/2=3e, (6.26)
2 Therefore,
N Ma(1/2)C (1 Ta(1/2) C {K < Now{S(x)} — 1},
n€[Ny 2_3:,K] n€[Ny 23, K]
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and so

ﬂ M, (1/2) C m M, (1/2)
n<min{K,Nout{S(x)}—1} nE€[N1/2_ge,min{ K,Nous {S(x)}—1}]
n€[N1/2_3¢,K]
C (N Ta(1/2)
n€[Ny/z_3c,K]
=: Hl.

By Lemma 6.4 with x = 0, we have

P U Mn(1/2)c m@K

n<min{K,Nou{S(x)}—1}
< min{K, Nou{S(x)} — 1} - 2d exp(—Cyoyr 20" 287%)
=2dK exp(fCK7H72V71ﬂ;25726)-
Thus, by Lemma 6.1,
P{(H; N Qk)°} = P{H] UQf}
= P{H] N Qx} + P{Q%}

<P U M,(1/2)° N Qrc 5 + P{Q5}

ngmin{KyNout{S(K)}_l}
< 2dK exp(=Coyw 2071, 267%) + K(ed + p + 1) exp (—=Cy min{y ™", ¢ 2}7%) .

Next we estimate the expectation. Since

m= () T2c () {ir.,Dp"=D"}

n€[Ny/2-3:,K] n€[Ny /2 3.,K]
we have for n € [Ny /9_3., K]

Nija_3e—1 n n
T(n)lﬂm@K = 1g, (EnT(O) n Z L£r=sps) 4 Z ﬁn—sD(s)1T871 4 Z‘Cn—sEéf*l)(V(s—l)))
s=1

s=N1/2-3¢ s=1

:1=71+j21+j22+<73-
In what follows, we simply write E;") = E;")(V(")) for convenience. Then,
E{T(”) oT™; Hy N QK} = E{T(”) o T<”>1H10QK}
—B{Jio N} +2B{Ji0 T } +2B{Ji0 oo} + 2E{ ] 0 T3}
+E{[J~21 + jzz] o [a721 + J~22]} + QE{[jm + u722] o j?)} +E{jg o jg}
<B{Niodi}+2B{Ni0Tn} +2E{Ti0 T} +2E{ 0 s}
+2B{ o1 0 Tor | + 4B{ o1 0 oo } + 2B{ Tz 0 Joo } + 2B{ Ty 0 3 }.
In the following, we estimate each summand above for n € [N1_g., K]. We have the following.

1. E{]1 ° fl} — £207(0) 5 T(0),
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819
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823

824

825

826

827
828

829

830

831

832

833

834

837

838

839

840

841

842

L Nij2_3.—1
2. E{Jl o J21} = Z L£2n=s70) 5 E{D(S)lQK} = 0, because

s=1

B{DW1q, } = B{E{DM1g, ‘Fs_l}} =0.

3. E{jl o (722} = Z L2770 4 E{D(S)ITS_JQK} =0, because T,_1 C Fs_1 and so

$=N1/2735
B{DO1r,_,1q, } = P(T, 1} E{DD1g, | T

FH} ‘TH} —0.

= P{T, -1} E{E{ D1,

4. E{jl o j?,} = ZﬁQn_sT(O) ° E{E?il)lQK}. Recall (6.17). By item 2(a) of Lemma 6.3,

s=1
we have
n
T 7 n—s s—1
IE{ Ty 0 Ty bllo < SOINCI 1T ol B BEV1g, o
s=1
n 2
K _ )
<D =B - DO A (@,
s=1
gy (k% — 1)1/20TV1/277;B2H3
- 28y
1
< 55176€CTV1/27A7%Y*15’€47 by n > Ni_g..
Nyja_3.—1 n
5. E{J21 o J22} — Z Z L£2n—s=s E{D(S)IQK o D(SI)ITSLIIQK} = 0, because
s=1 8'=N1/2 3¢
s < s and

E{D 10, 0 DD1s, 1.} = E{D 0 D1r, 10, |
= P{Ts/_l}E{D(S) o D(Sl)lQK ’ Tsl—l}

— P{Tsz,l}E{E{D(s) o D(s/)lQK

=0.

6. For E{fm o .721}, we have

Nijo—3e—1Nijo_3.—1
E{Jm ° J21} = D E{D(‘f‘)l(@K oD )1QK}
s'=1

w
Il
-

N1/273571
= > £2<n7s>E{D<s>0D<s)1QK},
s=1

because for s # s/,

E{D<8>1@K o D<S’)1QK} _ E{D(s) o D(s/>1QK}
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843

44
45

846

847

852

853

854

855
856

857

858

859

860

861

862

863

864

865

866

867

868

869

870

871

= E{E{D(maX{S’S/})lQK ’ IE?max{s,s’}—l} o D(min{s’S,})}
=0.

Use items 3(a) and 3(b) of Lemma 6.3 to get

E{D(S) 0 D(s)l@K} - E{E{D(S) o D®1g,

)
v, ([0 10710, [ B, )
=E{#’H. + R, }
= B2Ho + E{R.}.

Nij2_3e— Nija_ge—1

Therefore E{<721 o jgl} =2 Z L:2 =S H, + Z L£2(n=s) E{R.}. We have

s=1

~ 11
[Rofl2 < (Vnpﬁ)gTsfl(l + Ts 1) +4CT“ V(npﬁ) + 2CT”i V(np5)4

2 4
(v, B8)2Ts—1 (K% + fﬁ + *Iig) +4Crk°v(7,B)% + 2C3k5v(7,8)*

4 4
29 + 8v2 — ~ ~
%/@31/2(77,,,8)278_1 +4CrKPv (1, 8)% + 2C2 kv (1, 8)* for Kk > 2v/2,

- Ts— 1+Ts 1+

IN

IN

N1/2—3571
where 7,1 = [T V| < (k2 — 1)2. Write Fyy := Z L2 B{R,}. Since

s=1
2Nyj3-3: — 1 < Ni_ge < 2Ny/p_3. by definition, we get

Nijo_3.—-1
1Bxnlz < >0 1LY B{||Ro|l2}
s=1
1— ﬁ’}/ 2(n+1-Ny/2_3c)
d=by B{J|Re]12}
B2 = B7]
L— By (1= py)"
E{||R,
S5 B {IIRo |2}
1 1 e 29 + 8v/2 - _
< —pt by 1,3/£4yﬁ§ (321/—&—407%(7]1,6) + 20%/{2(77pﬁ)2>
29 + 8v/2 _ . _ _6e
= (64 + QCT"‘@(npﬁ) + C%“Q(Up5)2> Y 1H4V277~2pﬁ2 0.

. For E{<722 o (722}, we have

B{ Tz T} = i 2B D1, 1r, , 0 DO1g, 1n, ., |

S:N1/2735
n n
_ BQ Z LQ(n—s)Ho + Z EQ(H—S) E{Ro ]_’]1‘571 }7
s=N1/2_3¢ s=Ni/2_3¢

. /
because for s # ¢/,

E{D(S)lQK1T371 0 D(S/)]‘QK 1'1[‘3/,1} = E{D(S) ° D(S/)]_QK 1']1‘3711']1‘5/,1}

= P{T,_, NTy_1} E{D(S) o D®)1g, ‘ T 1 N ’Jrs,,l}

26



. — P{Ts—l N Ts/—l} E{E{D(max{s’sl})lQK ‘ Fmax{s,s’}—l} o D(min{s,sl}) T, N Ts’—l}
873 = O,

875 and
- E{D<S>1QK 1p., o D®1g, 1TH} - E{D(S) o D(s/>1@K1T571}
- P{Ts_l}E{E{D(s) o D®1g, ‘ Fs_l} ’ ’JI‘S_l}
i < B*H, + E{Ro1r,_, }.
880 We have

29 + 8v/2 _
881 [Rolr,_, |2 < 39 K 2(77175) Te_1 + 4CTK® V(npﬂ) 6”(77175)4

29 + 8v/2 . . -
. < %m?’zﬂ(n 5)2("@2 _ 1)1/251/2_35 +4CTf€5V(77p5)3 + QC%Hﬁu(np5)4

29 + 8v/2
= < Ty KV 08P+ ACTR V(@ 8)° + 207 k%0 (7, 8)

n
885 Write Eas 1= Z L£2(n=s) E{Ro 1’]1‘571} for which we have

8=N1/2_3¢
n
2(n—s
1Ensllo< > LIV B{|[Ro1n, |12}
s=N1/2_3¢
887 = ;E{||R01T371”2}
B2 — B
1 —1,4 ~2 29 +8v2 1/2—3¢ ~ 2 2/~ ;2

888 < - \/Efy K v, Tuﬁ + 4Crk(1,08) + 2C%K=(11,0)
i < 1 29+8\f+40 Kilp 51/2+35+202 2%53/2+3s N K4V2~»263/2—3e
890 S 3= \/E 32 K .

w8 E{I@, o fg} - Zn:.cz'(”ﬂ) E{E$‘1)1@K o BY Vg, } Also, by (6.17),

n
1B Js 0 Js } Il an:n?(”*)E{HE(TS*%@Kn%}
<Y (1= By O 2 (75,8) K

s=1
o8 C? V(npﬂ)

- By[2- ﬁw]
1

895 < ——C2uty k533,
896 3 - f r P

sv  Collecting all estimates together, we obtain

- B{T" o T, By NQx | < LT 0 T 4 25 Z L2 H, + Rp

s=1

< LT o T 42821 — £2) 1[I - L*"|H, + R,

o
S0
S0
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w1 where, by (5-3), QCAl{ﬁpﬂl/Q <1, and

©
S

C o 29 + 8v/2 _ _ 1o
, ||RE||2<2|: T 4 1/25;7 152 66+ <+2CTHUP5+C%H2(77PB)2> K:4V2ﬁg 162 6e

64

2 29 + 8v/2 _ 3 . _ 3
‘s ( T+ 20k, B/ 4 ORI ) KT 2

Ct 1.6 }
4 + v R
90, 32 77,,7 g

Cr p1/2-3¢ 29 +8v2 ~ 2.2/~ »2 | pl/2—3¢ C} 5 2.3/9+43:

905 <2 7B + el +2CrknpB + Crr”(pB8)° | B + 3_ ﬁﬁp"f B

2 29 +8v2 ~ 21/243 222 33/2+3 4.—1 2-2533/2-3
906 —&—3_\/5( o1 —|—2C’Tm7p6/ s—I—CTH’f]p,B/ ) Ky Vnpﬁ/ ©
o <9 ﬁﬁuz—:ss_i_ 29“‘8\[ OT51/2 %5 gL/2=3e | Ct g1/2+3e

-7l 2 64 4C3 43 —v2)C%

2 29+8\f CT 3¢ | 1/2+43¢ 41 2~273/2-3¢
908 “1‘3_\/5( 64 5 4CA5 kY 1/771,6
- _ COH4771V277~2P53/27357
o where C is as given in (6.6f). O

a2 6.4 Proof of Theorem 4.1

oz Write 1\73 = 1n(511n,67) Then (1 - [37) s = 3% and Ny = [Z\NZS—‘, where Ny is defined in (4.1). It can

ois  be verified that NSl + NS2 = Nj, 45, for any si, sa.
015 Write s, = 601~/ 25 for m = 1,..., M = M(e). Since df'~7 < (v/2 — 1)\ 'w, we know

o6 ¢d1/2 < ¢w1/2575/2’1/2 < 5(1721—”1)(3571/2)51\4/2_

oz The key to our proof is to divide the whole process into M segments of iterations. Thanks to the
as  strong Markov property of the process, we can use the final value of current segment as the initial
o9 guess of the very next one. By Lemma 6.5, after the first segment of

920 ny = mln{ { V372602 Ee- 1/2)51)},N2—M(1—Ga)}

s iterations, V(™) lies in S(/3/2801-2" "Be=1/2) ) = §(3(1-2""")(3=1/2) ;) /9) with high prob-
o2 ability, which will be a good initial guess for the second segment. In general, the ith segment of
o3 iterations starts with V("i-1) and ends with V(") where

024 n; :min{Nin{S(ﬂ(l2i+1M)(35 1/2) Kit1/2) } ’V Z ]\[2 m(1_ 65)—‘}

m=M-+1—1

os At the end of the (M — 1)st segment of iterations, V(ma-1) is produced and it is going to be
e used as an initial guess for the last step, at which we can apply Lemma 6.6. Now np;_1 =

927 mln{Nm{S(FaM/Z)},IA(}, where [? = [2%22 Ng—m(l_&s)—l = ’VN(l_Ql—JVI)(l/Q_E;E)—‘. By 22_M Z

/2 1-M
%8 1/2—3¢ =2

, we have

920 Nija_ves2 = [1\71/2775/2-‘ <K< [N1/27135/4-‘ < Nij2_13¢/4-
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930
931

932

933

934

935

936

937

938

939
940
941
942

943

945
946

947

948

949

950

951

952

953
954

955

889

958

©
@
©

960

H, = N
n€[Ny /23, K—Nin{S(rar/2)}]
M ~
H = m Hm N QK7

m=1

where ng = 0. We have

M M
P{H") P{ U ﬁfnu@%} < > p{E, Ui}

m=1 m=1

Tn+Nm{S(I€M/2)}(1/2)’

M
< Z 2Ny m(1—6e) xp(=Crykaty 1V 0y 2B7)
m=2

M
+ Zd(K - Z N277,L(1,66)> eXp(—CK’YH]Tfl/il’r];Q,Bik)
m=2

+ K(ed+p+1) exp (—Cyp min{yy ™", 72} 37%)
< 2dK exp(—CH'yn_QV_lnp_2ﬁ_2E) + K(ed +p+1)exp (—Cy min{ep~ ', 472} 87%)
< 2dK exp(—C4V20rv ™ 37 57%) + K(ed + p + 1) exp (—Cy min{yy 1, 2} 572%) by (5-4)
< 2dK exp(—4V2C7Cv 1 875) + K(ed +p + 1) exp (—Cymin{y =, ¢ 72}879)
< K[(2+e)d + p+ 1] exp(— max{C,v !, Cy min{yp~ 1,9 =2}157°),

where C,, = 4y/2C7C, is as given in (6.6e).
Set H/, := {Nin{S(x/2)} = n'}. If n’ > K, then HNH/, = . Otherwise, by Lemma 6.5,
V(") € S(kar/2) and then | T)|3 < p((#4£)? — 1). Thus,

H,, = {Ni {S(\/3/2ﬁ(1_227m)(36_1/2)HM+1—m)} < NQ*”"(l—&s) + nM—m} form=2,..., M,

n' — 7 K 2 1 n
Fd(1 = prf 0 = (= ) > () > T

2

Hence, for any n € [N1_¢c + Nin{S(x/2)}, K] C [N1—¢c +n/, K + 1], by Lemma 6.6, we have

E{T(”) o TM1y ’ H/, N IB‘n/} < A=) o () 9821 — £2)7 T — £2")]H, + Rp.

Introduce sum(A) for the sum of all the entries of A. In particular, sum(A o A) = ||A||Z. We have

B{IT™ 3 1a | B, } = B{B{IT"|21n | B, NFu }}
< B{(1 = 20 T2 4 267 sum (1 — £2)7H L) + sum(Ri) )
< (1= B)*" " Vpg?d + 28% sum([I — L% Ho) + /p(d — p) | Re|lr

< (1 - By Ypg?d + 252

b
B2 —\p)

+ /p(d — p)Corn/Br* (i) 2y B3/2 732,

1

where G' = [vij](d—p)xp With 7 = e vt Putting all together, we get

B{IT3; 1} = B{B{IT") 314 | W,

< (1 - By)* " Vpg?d +

})

28
2-\p

29

sum(G o Hy) + Cok

4.2~2
l/'I]p

sum(G o H,)

pVd—py 1B



961

962

963

964

965

966

967

968

969

970

971

972

973

974

975

976

977

978

979

980

981

982

983

984

985

986

987

988

989

990

991

992

Note that on H, Nin{S(x/2)} < K. So the expectation is valid for any n € [N1_o. + K, K]. Finally
we estimate sum(G o H,). By Lemma 6.3, H, < 16’(/J4H, and hence

P
sum(G o H,) Z Z 61/) Ap+idj = 1640 (p, d; A).

j=1i=1 = Api

This completes the proof.

7 Proofs of Theorems 4.2 and 4.3

To prove Theorem 4.2, we will first prove that it is a high-probability event that V(©) satisfies the
initial condition there, which is the result of Lemma 7.2 below. Then, together with Theorem 4.1,
we will have its conclusion. During estimating the probability, we need a property on the Gaussian
hypergeometric function of a matrix argument, as in Lemma 7.1.

The gamma function and the multivariate gamma function are

I'(z):= / t*Lexp(—t)dt, I,(z):= Wm(m71)/4HF<z 1= 1)7
0

. 2
=1

respectively. Denote by 2F; the Gaussian hypergeometric function of matrix argument (see [14,
Definition 7.3.1]), and also by 1 Fy and 1 F; the generalized hypergeometric functions that will be
used later.

Lemma 7.1. For any scalar a,b,c and a symmetric matriz T € R™*™,

2Fi(a, b T) = ?méz:Z)}b)(F_(b;2Fl(a batb-ct mTH I=7)
I'm (]a"n:r(cbl)Fm)(b) (e )d t(I —T) " Fi(c—a,c—bc—a—b+ mTH;[*T)- (7.1)

Proof. The proof is the same as that for the case p = 1 by Kummer’s solutions of the hypergeometric
differential equation (see, e.g., [13, Section 3.8]). Let the eigenvalues of T be p1, ..., tm. Since
oF1(a,b;¢; T) is defined on the spectrum of 7', it is a function of p1, ..., ;. When treated as such,
by [14, Theorem 7.5.5], o F(a, b; ¢; T') is the unique solution of partial differential equations,

0?F m—1 m—1 1 & wi(l—p;) | OF
pi =) 2 (e e g Y U
s 2 2 %;m i — 5| Opg

13y F
- ) w=m) OF g o (79)
2\ G2 M Oy

subject to the conditions that F' is a symmetric function of uq, ..., tim, analytic at (g1, ..., tm) =
(0,...,0), and F(0,...,0) = 1.

We claim that ﬁ(ul, coy i) =2 F1(a,b;a+b—c+ mTH; I —T) satisfies (7.2). In fact, letting
;i =1 — p; for 1 < i < m which are the eigenvalues of I — T, we have

?F m—1 m—1 1 & pi(l = ) \ OF
il “)au? M S atb+ 5 M +21<%<:m i — iy | Opi
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994 =(1 —Mz‘)maﬁﬁz+f

#i ~ N~
m= 1 ~ S (1 — )i oF
—[e- —(a+b+1- A=) +5 > - — | =~
- 1§j§m(1*ui)*(1*uj) Ofi;
__®F 1 a-p)p, oF -
995 = (1 - /‘z)ﬂzﬁ - 5 Z (~_7J~)j87 —abF
M3 1<j<m Mg — [y M
i L N
m+1 m—1 m—1_ 1 % (I—pi)p; \ OF
— —_— b— — — b+1— — ) + = —_— .~
+| et ta+t 5 (a+b+ 5 +21<§;m == | o

8% =0,

ws where the last equality holds because ﬁ(ul, ooy hm) = 2 F1(a,b;a + b — ¢+ ™ T — T) satisfies a
20 version of (7.2) after substitutions: p; — f1; for all i and ¢ — a +b — ¢+ 2L,

o m+1

1000 Flpuy, ... pm) i=det(T) 2 ~3Fy(a—c+ 2 b —c+ Eim 4+ 1 — ¢; T) satisfies (7.2), too.
w1 Set t = mT'H —c and write G(pu1, ..., um) = 2F1(a+t,b+t;c+ 2t;T). We have

OF  t 9G
1002 = — det(T)'G + det(T)* ,
Oy @ ( )8;”
RF  t(t—1) t oG 9?aG
1003 — = det(T)'G + 2— det(T)" det(T) =
1004 atuzz MZZ e()G+ Mie()aﬂi—’_e()augv
wos  and thus
0°F m—1 m—1 1 cha wi(1— ) OF
wo pi(l—pi)ms+ (c————(a+b+1l-——)u+5 » ——
a,ui 2 2 2 1<j<m Hi — My a,uz
J7Fi
_ 1 Z Nj(l_ﬂj)gF _ ubF
1<em HiT R Ol
t(t—1) . t ,0G ,0%G
wor = i (1 — ( det(T)"G + 2— det(T 4+ det(T)" =—
( ) 13 @) i ) O (T) Ou?

m—1 m—1 1 & pi (1 — ) t ' , 0G
+ C—T*(a+b+1—7)ui+* Z — (Midet(T)Geret(T) 8%)

”
m—1 1 1 3 (1= )\ 0G
' 1<jem T Hi
tt—1) m m—1 1 & -\t
+ (1 = i) ==+ —(a+b+1- it >
v 2 1<j<m :uli:u’_] ,ul
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1010

[
oo
et
o=

1013

1014

1015

1016

1017

1018

1019

1020

1021

1022

1023

1024

1025

1026

1027

1028

1029

1030

1031

1032

1033

1034

”
1 1 & pil—p) | 0G
20—t e - —o— = (et bl - =it 3 pi (1 — pi) f
1<j<m i — lL] )22
t(t—1) m—1 t m-1_ 1 &
—t(t—1)+(c—o—)— —(a+b+1— o)+ Y (~1)t—ab| G
i 2 ¢ 2 21<j<m
”2q 1 1 le
= det(T)d i1 — ) 2 1 5 o)
au’b 1<]<m IU”L - :LL] auj
lotre-""1 Crpasrppr-m), 0L Jf‘j Hil — pi) | 0G
2 2 T pi — i | Opi

1<j<m
— [t* + (a+b)t + ab] G}
= 0’

where the last equality holds because G(u1, ..., tm) = 2F1(a+t,b+t;c+ 2¢;T) satisfies a version
of (7.2) after substitutions: « — a+1t, b — b+, and ¢ — ¢+ 2t.
Similarly F(u1, ..., pm) :=det(I—T)*"* Y F (c—b,c—a;c—a—b+ mil. [ —T) satisfies (7.2).

~

Thus, any linear combination of F and F, such as the right-hand side of (7.1), also satisfies (7.2).

It can be verified that the combination is symmetric with respect to ui,..., tm, and analytic at
T = 0. Therefore, by the uniqueness and F(0) = 1, similarly to the discussion in [13, Section 3.9],
we have (7.1). O

Lemma 7.2. Suppose p < (d+1)/2. If VO satisfies the condition that R(V(?) is uniformly
sampled from G,(R?), then for sufficiently large d and § € [0,1], there exists a constant C,,
independent of § and d, such that

P{v<0> € S(cp(s—ldl/?)} >1- 67 (7.3)
Proof. Let 1 > 01 > --- > 0, > 0 be the singular value of ‘_/(O), and then o; = cosf;, where
0; are the canonical angles between R(V(?)) and R(V,) (recall (6.1)). By [I, Theorem 1], since
p < (d+ 1)/2, the probability distribution function of ¢, is

P{v<°> e S(l/a:)} = P{o, > 2} = P{6, < arccos '}

reth (et d—p 1 d+1
-4 21) (d ;i )(1*$2)p(d7p)/22F1 (p’;—k ;(112)Ip>-
r(3) (44 2 727 2
Set d+1 d+1
fy e L(5H)5(5) 9y = L(5H) (%)
Lp(B5H)(5) L(F2) 5 (3)
Here in defining g4, although I',(—2) and I,(3) may be oo, by analytic continuation, I',(—2)/I},(1)

is well-defined because

Li§+9 _flE-5+9
FP(%—’—E) i=1 F(%7%+6)
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1035

1036

1037

1038

1039

1040

1041

1042

1043

1044

1045

1046

1047

1048

1049

1050

1051

1052

p (p—1)/2 i
H H = 14 for odd p,
i=1 j=1 5 —Jt+1l+e
F(% +e) p—1p/2 1
WHH*ZA—#H—e for even p,
2 i=1j=1 2 J
1_[(17—1)/22
e—0 i=1 j=1 i+2j_2’
—
]ji[ —_1 7., 1 i““““?‘::“*
i s kil
ﬁ(pl_l[)/z_2
= i+2j—2 QLpﬁHLﬁJQ
= p+11ﬁ _2 - palet P Z+2J—2
i=1j=1i+2j—2

P(5)I() ‘We have
7

which implies f; = T(EE (T

frlga = 2 b _ 2 . 2
Fp(%)Fp(Tp)Fp(%) F(%)Fp(Tp)Fp(%)
Note that
r(g) H(’"”/Q (dz‘ >
i d—p —J
m@:ﬁfgf%>zfu>MJd 2
Fp(d%p) i:lF(dQ;p_%) p p/2 d—1
IT11 (5" -4)
i=1j=1
and by lim,,_, % =1 for any « (see, e.g., [13, (16) of section 2.1]),

(45 (451 2[1 +o(1)]
r@) GG+ o)

for odd d, (d -1
2

, for even d

d
2

which implies

L(3) _ (d\""
I},T%p) = (2) [1+o0(1)] as d — oo.

Now we return to calculate the probability. By (7.1), we have

d—p 1 d+1 9
oI (2,272,(1 € )Ip>
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1053
1054

1055

1056

1057

1058

1059

1060

1061

1062

1063

1064

1065

1066

1072

1073

1074

1075

1076

1077

1078

1079

1080

1081

d—p 11 5 p+1d 2p+1
= fyoFy | —=, = =221 det(221,)P/?, F
faz 1( 5 55 >+gd et(z1,)P “2 F1 ( 5 5 3

;220).
Also, [14, Definition 7.3.1 and Corollary 7.3.5] give us

d—p 11 d—

2 Fy <p’ 5 Q;xz—rp) =1fp ( D) p a?l ) = det (I, — 3”2]p)7(d7p)/2 =(1- $2)7P(d7p)/2'

Therefore,

1d 2 1
P{VO € 8(1/x)} =1+ £ g4 (1 2?20 s 1y (“ 52T ;x%).

2 27 2

Substituting x = (§~'d'/2)~! and by [14, (8) of Section 7.4], we get as d — oo

P{v(0> ¢ S(a—ld1/2>}
P+l d 2p+1 62 )

= frlga(1— 0% Lypld=p)/2(§24-1)p 12, ( 3 gl
i i (-9 (B e () o)
P /
)

o) ][

2 tol)

2 7 2 72
I r,(-2) ( p52> (p-l—l 2p+1 8, )
= exp| —— | 1F1 | —; 52 [1+4+0(1)]
ST, 2 2 2
(N (—2
< ( 21) »( 12>1F1<P+1;2p+1 1 >5p2
—T(OL,() 2 T2 2
= CF' 5", (7.4)

where the only inequality is guaranteed by 1 F; (m, @, %I ) 1Fy (L'H M lI ) according

to [14, Theorem 7.5.6]. Substituting §/C, for §, we infer from (7.4) that P{V(® ¢ S(Cpé~1d1/?)} <
67", The claim (7.3) is now a simple consequence. O

Now we are ready to prove Theorem 4.2.

Proof of Theorem 4.2. Define the event H/, = {V(®) € S(C,6~'d!/?)}. Since R(V(?) is uniformly

sampled from G, (R?), Lemma 7.2 says P{H/} > 1—67". Inthe following, we will apply Theorem 4.1
with ¢ = C,67 %, w = (V2 + 1)A162. Since Theorem 4.1 is valid on H,, and

K[(2+e)d+p+1]exp(—Cpyf°) < 67,
there exists an event H with
P{H|H.} > 1 — K[(2+ e)d+ p+ 1] exp(—C,yB~°) > 1 — 67,
such that for any n € [N3/2_37./4(8), K],
{IIT™ % BN H, } = P E{IT®)} 10 |, |

< B{IT™ |3 1x | B}
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1082

1086

1087

1088

1089
1090

1091

1092
1093

1094

1095

1096

1097

1098

1099

1100

1101

1102

i
e
oo
iy

1105

1106

1107

32948
2—-\p

+ Cor*v? 2y 'py/d — pp*/7 5.

< (1-By)*"VpC25~2d + o(p, d; A)

Let H, = HNH, for which P{H,} = P{H | H.}P{H.} > (1 — 6?")% > 1 — 267", as expected.

Finally, we prove Theorem 4.3.

O

Proof of Theorem 4.3. First we examine the conditions of Theorem 4.2 to make sue that they are
satisfied. It can be seen 8, — 0 as N, — co. Thus, S, satisfies (4.3b) for sufficiently large N,.. We

have

3In N,
2N,

(=™ = (1- )N*— - = N7V
V= (1 = exp(— 2 I V)L + o(1)] = N /%[t + o(1)]

31n N, —3/2 Bf/2,)/3/2

which implies Ny > N3/2(8) > N3/a_9:(3).
The conclusion of the theorem will be a straightforward consequence if

4
~ (1= Buy)2Ne=DpC262d + 2258 0(p, d; A) + Cortvn2y ™ py/d — ppB

C(d,N,,5) =

3/2—7¢

*

[1+0(1)] < B2°,

»(p,d;A) In N,
)‘p_)‘p+1 N.

is bounded, say by C,(d, N,,¢) to be defined. In fact,

&(d, N, 6)
SMELE (1= Buy)2N-—D 0252 pd__ 329°B. Cor* 2y ' pVd —p 375 7
In N, : PTo(pyd; A) 2= M\ B o(p, d; A) :

AF

25 3
(1=87)2 " wlp,d;A)  2— NP o(p,d; A)

<~ N, B2 9c—2 pd
— "InN,

(by N > N33, or equivalently, (1 — BN < ﬁf/2>

nN. | (1=80) 7 pRs 22— M4 N
(by e(p,d; A) = Iw
1 — Ad
3 ISE N O R ¥ 329
2 [(1—6*7)2;9 MAa 2= Mif.

and d > 2p)

1 1721 — Ad 1727
Curt?p2a—1y=1/22L ~ Ad g1/2-Te
+Cor VoY P Mg

(by dB, > < 6?)

=: C,(d, Ny, 9).
Since B, < 1 and B,y < M By < V2 — 1, we have

C2 A=A 3200 Cor™Pn2(M — Ag)

2(3—-2v2)p Mg 3—+2 P2y AN\

and also C,(d, N, d) — 24¢* as d — oo, N, — 00, as was to be shown.
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8 Conclusion

We have presented a detailed convergence analysis for the multidimensional subspace online PCA
iteration with sub-Gaussian samples, following the recent work [11] by Li, Wang, Liu, and Zhang
who considered only the one-dimensional case, i.e., the most significant principal component. Our
results bear similar forms to theirs and when applied to the one-dimensional case yield estimates
of essentially the same quality, as expected. As we embarked on the analysis presented in this
paper, we found that a straightforward extension of the analysis in [11] was not possible because
of the involvement of a cot-matrix of dimension higher than 1 in the multidimensional case but
just a scalar in the one-dimensional case.

Our results yields an explicit convergence rate, and it is nearly optimal because it nearly attains
the minimax information lower bound for sub-Gaussian PCA under a constraint, as well as nearly
global because the finite sample error bound holds with high probability if the initial value is
uniformly sampled from the Grassmann manifold.
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