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FOR STOCHASTIC INVERSE EIGENVALUE PROBLEMS∗
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Abstract. In this paper, we focus on the stochastic inverse eigenvalue problem of reconstruct-
ing a stochastic matrix from the prescribed spectrum. We directly reformulate the stochastic inverse
eigenvalue problem as a constrained optimization problem over several matrix manifolds to minimize
the distance between isospectral matrices and stochastic matrices. Then we propose a geometric
Polak–Ribière–Polyak-based nonlinear conjugate gradient method for solving the constrained opti-
mization problem. The global convergence of the proposed method is established. Our method can
also be extended to the stochastic inverse eigenvalue problem with prescribed entries. An extra
advantage is that our models yield new isospectral flow methods. Finally, we report some numerical
tests to illustrate the efficiency of the proposed method for solving the stochastic inverse eigenvalue
problem and the case of prescribed entries.
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1. Introduction. An n-by-n real matrix A is called a nonnegative matrix if all
its entries are nonnegative, i.e., Aij ≥ 0 for all i, j = 1, . . . , n, where Aij means the
(i, j)th entry of A. An n-by-n real matrix A is called a (row) stochastic matrix if it
is nonnegative and the sum of the entries in each row equals one, i.e., Aij ≥ 0 and∑n

j=1 Aij = 1 for all i, j = 1, . . . , n. Stochastic matrices arise in various applications
such as probability theory, statistics, economics, computer science, physics, chemistry,
and population genetics. See, for instance, [6, 13, 15, 20, 25, 32, 35] and the references
therein.

In this paper, we consider the stochastic inverse eigenvalue problem (StIEP)
and the stochastic inverse eigenvalue problem with prescribed entries (StIEP-PE)
as follows:

StIEP. Given a self-conjugate set of complex numbers {λ∗1, λ∗2, . . . , λ∗n}, find an
n-by-n stochastic matrix C such that its eigenvalues are λ∗1, λ∗2, . . . , λ∗n.

StIEP-PE. Given a self-conjugate set of complex numbers {λ∗1, λ∗2, . . . , λ∗n}, an
index subset L ⊂ N := {(i, j) | i, j = 1, . . . , n}, and a certain n-by-n nonnega-

tive matrix Ĉa with (Ĉa)ij = 0 for (i, j) /∈ L (i.e., the set of nonnegative numbers

{(Ĉa)ij | (i, j) ∈ L} is prescribed), find an n-by-n stochastic matrix C such that its
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eigenvalues are λ∗1, λ
∗
2, . . . , λ

∗
n and

Cij = (Ĉa)ij ∀ (i, j) ∈ L.

As stated in [11], the StIEP aims to construct a Markov chain (i.e., a stochastic
matrix) from the given spectral property. The StIEP is a special nonnegative inverse
eigenvalue problem which aims to find a nonnegative matrix from the given spectrum.
These two problems are related to each other by the following result [19, p. 142].

Theorem 1.1. If A is a nonnegative matrix with positive maximal eigenvalue r
and a positive maximal eigenvector a, then r−1D−1AD is a stochastic matrix, where
D := Diag(a) means a diagonal matrix with the vector a on its diagonal.

Theorem 1.1 shows that one may first construct a nonnegative matrix with the
prescribed spectrum, and then obtain a stochastic matrix with the desired spectrum
by a diagonal similarity transformation. In many applications (see, for instance,
[6, 32, 35]), the underlying structure of a desired stochastic matrix is often character-
ized by the prescribed entries. The corresponding inverse problem can be described
as the StIEP-PE. However, the StIEP-PE may not be solved by first constructing a
nonnegative solution followed by a diagonal similarity transformation.

There is a large literature on the existence condition of solutions to the StIEP
in many special cases. The reader may refer to [8, 10, 11, 17, 19, 23, 24, 36, 37]
for various necessary or sufficient conditions. However, there exist few numerical
methods for solving the StIEP, especially for the large-scale StIEP (say n ≥ 1000).
In [34], Soules gave a constructive method where additional inequalities of the Perron
eigenvector are required. In [12], based on a matrix similarity transformation, Chu and
Guo presented an isospectral flow method for constructing a stochastic matrix with
the desired spectrum. An inverse matrix involved in the isospectral flow method was
further characterized by an analytic singular value decomposition (ASVD). Recently,
in [21] Orsi proposed an alternating projection-like scheme for the construction of
a stochastic matrix with the prescribed spectrum. The main computational cost is
an eigenvalue-eigenvector decomposition or a Schur matrix decomposition. In [18],
Lin presented a fast recursive algorithm for solving the StIEP, where the prescribed
eigenvalues are assumed to be real and satisfy additional inequality conditions. We
see that all the numerical methods in [12, 18, 21] are based on Theorem 1.1 and may
not be extended to the StIEP-PE.

Recently, there appeared a few Riemannian optimization methods for eigenprob-
lems. For instance, in [1], a truncated conjugate gradient method was presented
for the symmetric generalized eigenvalue problem. In [5], a Riemannian trust-region
method was proposed for the symmetric generalized eigenproblem. Newton’s method
and the conjugate gradient method proposed in [33] are applicable to the symmetric
eigenvalue problem. In [40], a Riemannian Newton method was proposed for a kind
of nonlinear eigenvalue problem.

In this paper, we directly focus on the StIEP. Based on the real Schur matrix
decomposition, we reformulate the StIEP as a constrained optimization problem over
several matrix manifolds, which aims to minimize the distance between isospectral
matrices and stochastic matrices. We propose a geometric Polak–Ribière–Polyak-
based nonlinear conjugate gradient method for solving the constrained optimization
problem. This is motivated by Yao et al. [38] and Zhang, Zhou, and Li [39]. In
[38], a Riemannian Fletcher–Reeves conjugate gradient approach was proposed for
solving the doubly stochastic inverse eigenvalue problem. In [39], Zhang, Zhou, and
Li gave a modified Polak–Ribière–Polyak conjugate gradient method for solving the
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unconstrained optimization problem, where the generated direction is always a descent
direction for the objective function. We investigate some basic properties of these
matrix manifolds (e.g., tangent spaces, Riemannian metrics, orthogonal projections,
retractions, and vector transports) and derive an explicit expression of the Riemannian
gradient of the cost function. The global convergence of the proposed method is
established. We also extend the proposed method to the StIEP-PE. An additional
advantage of our models is that they also yield new geometric isospectral flow methods
for both the StIEP and the StIEP-PE. Finally, we report some numerical tests to
show that the proposed geometric methods perform very effectively and are applicable
to large-scale problems. Moreover, the new geometric isospectral flow methods work
acceptably for small- and medium-scale problems.

The rest of this paper is organized as follows. In section 2 we propose a geometric
nonlinear conjugate gradient approach for solving the StIEP. In section 3 we establish
the global convergence of the proposed approach. In section 4 we extend the proposed
approach to the StIEP-PE. Finally, some numerical tests are reported in section 5,
and some concluding remarks are given in section 6.

2. A geometric nonlinear conjugate gradient method. In this section, we
propose a geometric nonlinear conjugate gradient approach for solving the StIEP.
We first reformulate the StIEP as a nonlinear minimization problem defined on some
matrix manifolds. We also discuss some basic properties of these matrix manifolds
and derive the Riemannian gradient of the cost function. Then we present a geo-
metric nonlinear conjugate gradient approach for solving the nonlinear minimization
problem.

2.1. Reformulation. As noted in [19, p. 141], we only assume that the set of
prescribed complex numbers {λ∗1, λ∗2, . . . , λ∗n} satisfies the following necessary condi-
tion: One element is 1 and max1≤i≤n |λ∗i | = 1. Note that the set of complex numbers
{λ∗1, λ∗2, . . . , λ∗n} is closed under complex conjugation. Without loss of generality, we
can assume

λ∗2j−1 = aj + bj
√
−1, λ∗2j = aj − bj

√
−1, j = 1, . . . , s; λj ∈ R, j = 2s+1, . . . , n,

where aj , bj ∈ R with bj �= 0 for j = 1, . . . , s. Then we define a block diagonal matrix
by

Λ := blkdiag
(
λ
[2]∗
1 , . . . , λ[2]∗s , λ∗2s+1, . . . , λ

∗
n

)
,

with diagonal blocks λ
[2]∗
1 , . . . , λ

[2]∗
s , λ∗2s+1, . . . , λ

∗
n, where

λ
[2]∗
j =

[
aj bj
−bj aj

]
, j = 1, . . . , s.

Denote by O(n) the set of all n-by-n orthogonal matrices, i.e.,

O(n) :=
{
P ∈ R

n×n | PTP = In
}
,

where PT means the transpose of P and In is the identity matrix of order n. In
addition, we define the set V by

V :=
{
V ∈ R

n×n | Vij = 0, (i, j) ∈ I
}
,

where I is the index subset,

I :=
{
(i, j) | i ≥ j or Λij �= 0, i, j = 1, . . . , n

}
.
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Let S be the set of all n-by-n stochastic matrices, which can be defined as the following
matrix manifold:

S := {S � S | diag(SST ) = In, S ∈ R
n×n},

where � denotes the Hadamard product [7] and diag(A) is a diagonal matrix with the
same diagonal entries as a square matrix A. The set of isospectral matrices defined
by

(2.1) M(Λ) :=
{
Z ∈ R

n×n | Z = P (Λ + V )PT , P ∈ O(n), V ∈ V
}

is a smooth manifold. Then the StIEP has a solution if and only if M(Λ) ∩ S �= ∅.
Suppose that the StIEP has at least one solution. Then the StIEP is equivalent

to solving the following nonlinear matrix equation:

H(S, P, V ) = 0n×n

for (S, P, V ) ∈ OB ×O(n)× V , where 0n×n is the zero matrix of order n and the set
OB is the oblique manifold defined by [3, 4],

OB :=
{
S ∈ R

n×n | diag(SST ) = In
}
.

The mapping H : OB ×O(n)× V → R
n×n is defined by

(2.2) H(S, P, V ) = S � S − P (Λ + V )PT , (S, P, V ) ∈ OB ×O(n)× V .

If we find a solution (S, P , V ) ∈ OB × O(n) × V to H(S, P, V ) = 0n×n, then
C = S � S is a solution to the StIEP. Alternatively, one may solve the StIEP by
finding a global solution to the following nonlinear minimization problem:

(2.3)
min h(S, P, V ) :=

1

2
‖H(S, P, V )‖2F =

1

2
‖S � S − P (Λ + V )PT ‖2F

s.t. S ∈ OB, P ∈ O(n), V ∈ V ,

where “s.t.” means “subject to” and ‖ · ‖F means the matrix Frobenius norm [16].

2.2. Basic properties. In the following, we establish some basic properties for
the product manifold OB×O(n)×V . It is easy to check that the dimensions of OB,
O(n), and V are given by [4, p. 27]

dimOB = n(n− 1), dimO(n) =
1

2
n(n− 1), dimV = |J |,

where |J | is the cardinality of the index subset J = N \ I, which is the relative
complement of I in N . Then we have

dim(OB ×O(n) × V) = n(n− 1) +
n(n− 1)

2
+ |J | > dimR

n×n, n ≥ 3.

This shows that the nonlinear equation H(S, P, V ) = 0n×n is an under-determined
system defined from OB × O(n)× V to R

n×n for n ≥ 3.
The tangent spaces of OB, O(n), and V at S ∈ OB, P ∈ O(n), and V ∈ V are,

respectively, given by (see [3] and [4, p. 42])⎧⎪⎪⎨⎪⎪⎩
TSOB =

{
T ∈ R

n×n | diag(ST T ) = 0n×n

}
,

TPO(n) =
{
PΩ | ΩT = −Ω, Ω ∈ R

n×n
}
,

TV V = V .
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Hence, the tangent space of OB×O(n)×V at (S, P, V ) ∈ OB×O(n)×V is given by

T(S,P,V )OB ×O(n) × V = TSOB × TPO(n) × TV V .

For the isospectral manifold M(Λ) defined in (2.1), it follows that

TZM(Λ) =
{
[Z,Ω] + PUPT | ΩT = −Ω, U ∈ V , Ω ∈ R

n×n
}
,

where Z = P (Λ + V )PT ∈ M(Λ) and [Z,Ω] := ZΩ − ΩZ means the Lie-bracket
product.

Let the Euclidean space R
n×n × R

n×n × R
n×n be equipped with the following

natural inner product:

〈(X1, Y1, Z1), (X2, Y2, Z2)〉 := tr(XT
1 X2) + tr(Y T

1 Y2) + tr(ZT
1 Z2)

for all (X1, Y1, Z1), (X2, Y2, Z2) ∈ R
n×n × R

n×n × R
n×n and its induced norm ‖ · ‖,

where tr(A) denotes the sum of the diagonal entries of a square matrix A. Since
OB ×O(n) × V is an embedded submanifold of Rn×n × R

n×n × R
n×n, we can equip

OB ×O(n)× V with an induced Riemannian metric,

(2.4) g(S,P,V )

(
(ξ1, ζ1, η1), (ξ2, ζ2, η2)

)
:= 〈(ξ1, ζ1, η1), (ξ2, ζ2, η2)〉

for all (S, P, V ) ∈ OB×O(n)×V and (ξ1, ζ1, η1), (ξ2, ζ2, η2) ∈ T(S,P,V )OB×O(n)×V .
Without causing any confusion, in what follows we use 〈·, ·〉 and ‖ · ‖ to denote the
Riemannian metric on OB × O(n) × V and its induced norm. Then, the orthogonal
projections of any ξ, ζ, η ∈ R

n×n onto TSOB, TPO(n), and TV V are, respectively,
given by (see [3] and [4, p. 48])

(2.5) ΠSξ = ξ − diag(SξT )S, ΠP ζ = P skew(PT ζ), ΠV η =W � η,

where skew(A) := 1
2 (A − AT ) for a matrix A ∈ R

n×n and the matrix W ∈ R
n×n is

defined by

Wij :=

{
0 if (i, j) ∈ I,
1 otherwise.

Therefore, the orthogonal projection of a point (ξ, ζ, η) ∈ R
n×n ×R

n×n ×R
n×n onto

T(S,P,V )OB ×O(n)× V has the following form:

Π(S,P,V )(ξ, ζ, η) =
(
ξ − diag(SξT )S, P skew(PT ζ),W � η

)
.

In addition, the retractions on the manifolds OB, O(n), and V can be chosen as
(see [3] and [4, p. 58]),⎧⎪⎪⎨⎪⎪⎩

RS(ξS) =
(
diag

(
(S + ξS)(S + ξS)

T
))−1/2

(S + ξS) for ξS ∈ TSOB,
RP (ζP ) = qf(P + ζP ) for ζP ∈ TPO(n),

RV (ηV ) = V + ηV for ηV ∈ TV V ,

where qf(A) denotes the Q factor of the QR decomposition of a nonsingular matrix

A ∈ R
n×n in the form of A = QR̃. Here, Q ∈ O(n) and R̃ is an upper triangular

matrix with strictly positive diagonal elements. Thus, a retractionR onOB×O(n)×V
takes the form of

R(S,P,V )(ξS , ζP , ηV ) =
(
RS(ξS), RP (ζP ), RV (ηV )
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for all (ξS , ζP , γV ) ∈ T(S,P,V )OB ×O(n)× V .
Since all the manifolds OB, O(n), and V are embedded Riemannian submani-

folds of Rn×n, we can define vector transports on OB, O(n), and V by orthogonal
projections [4, p. 174]:
(2.6)⎧⎪⎪⎨⎪⎪⎩

TηSξS := ΠRS(ηS)ξS = ξS − diag
(
RS(ηS)ξ

T
S

)
RS(ηS) for ξS , ηS ∈ TSOB,

TηP ξP := ΠRP (ηP )ξP = RP (ηP )skew
((
RP (ηP )

)T
ξP

)
for ξP , ηP ∈ TPO(n),

TηV ξV := ξV for ξV , ηV ∈ TV V .

Thus the vector transport on OB ×O(n) × V has the following form:

(2.7) T(ηS ,ηP ,ηV )(ξS , ξP , ξV ) =
(
TηS ξS , TηP ξP , TηV ξV

)
for any (ξS , ξP , ξV ), (ηS , ηP , ηV ) ∈ T(S,P,V )OB ×O(n)× V .

We now establish explicit formulas for the differential ofH defined in (2.2) and the
Riemannian gradient of the cost function h defined in (2.3). To derive the Riemannian
gradient of h, we define the mapping H : Rn×n ×R

n×n ×R
n×n → R

n×n and the cost
function h : Rn×n × R

n×n × R
n×n → R by

(2.8) H(S, P, V ) := S � S − P (Λ + V )PT and h(S, P, V ) :=
1

2
‖H(S, P, V )‖2F

for all (S, P, V ) ∈ R
n×n × R

n×n × R
n×n. Then the mapping H and the function h

can be seen as the restrictions of H and h onto OB × O(n) × V , respectively. That
is, H = H |OB×O(n)×V and h = h|OB×O(n)×V . The Euclidean gradient of h at a point
(S, P, V ) ∈ R

n×n × R
n×n × R

n×n is given by

gradh(S, P, V ) =

(
∂

∂S
h(S, P, V ),

∂

∂P
h(S, P, V ),

∂

∂V
h(S, P, V )

)
,

where⎧⎪⎪⎨⎪⎪⎩
∂
∂Sh(S, P, V ) = 2S �H(S, P, V ),

∂
∂P h(S, P, V ) = −H(S, P, V )P (Λ + V )T −H

T
(S, P, V )P (Λ + V ),

∂
∂V h(S, P, V ) = −PTH(S, P, V )P.

Then the Riemannian gradient of h at a point (S, P, V ) ∈ OB ×O(n)×V is given by
[4, p. 48]

(2.9)

gradh(S, P, V ) = Π(S,P,V ) gradh(S, P, V )

=

(
ΠS

∂

∂S
h(S, P, V ),ΠP

∂

∂P
h(S, P, V ),ΠV

∂

∂V
h(S, P, V )

)
.

It follows from (2.5) that⎧⎪⎪⎨⎪⎪⎩
ΠS

∂
∂Sh(S, P, V ) = 2S �H(S, P, V )− 2 diag

(
S(S �H(S, P, V ))T

)
S,

ΠP
∂
∂P h(S, P, V ) =

1

2

(
[P (Λ + V )PT , HT (S, P, V )] + [P (Λ + V )TPT , H(S, P, V )]

)
P,

ΠV
∂
∂V h(S, P, V ) = −W �

(
PTH(S, P, V )P

)
.
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By using a similar idea from [9] and [12], we can define the steepest descent flow
for the cost function h over OB ×O(n)× V as follows:

(2.10)
d(S, P, V )

dt
= − gradh(S, P, V ).

This, together with an initial value (S(0), P (0), V (0)) ∈ OB × O(n) × V , leads to
an initial value problem for problem (2.3). Thus we can apply existing ODE solvers
to the above differential equation and get a solution for problem (2.3). From the
numerical tests in section 5, one can see that this extra geometric isospectral flow
method is acceptable for small- and medium-scale problems.

On the other hand, the differential DH(S, P, V ) : T(S,P,V )OB × O(n) × V →
TH(S,P,V )R

n×n � R
n×n of H at a point (S, P, V ) ∈ OB ×O(n)× V is determined by

DH(S, P, V )[(ΔS,ΔP,ΔV )] = 2S �ΔS + [P (Λ + V )PT ,ΔPPT ]− PΔV PT

for all (ΔS,ΔP,ΔV ) ∈ T(S,P,V )OB ×O(n)× V . Then we have [4, p. 185]

(2.11) gradh(S, P, V ) = (DH(S, P, V ))∗[H(S, P, V )],

where (DH(S, P, V ))∗ denotes the adjoint of the operator DH(S, P, V ).
Let TOB×O(n)×V denote the tangent bundle of OB×O(n)×V . As in [4, p. 55],

the pullback mappings Ĥ : TOB ×O(n) × V → R
n×n and ĥ : TOB ×O(n)× V → R

of H and h through the retraction R on OB ×O(n)× V can be defined by

(2.12) Ĥ(ξ) = H(R(ξ)) and ĥ(ξ) = h(R(ξ)), ξ ∈ TOB ×O(n)× V ,

where Ĥ(S,P,V ) and ĥ(S,P,V ) are the restrictions of Ĥ and ĥ to T(S,P,V )OB×O(n)×V ,
respectively. By using the local rigidity of R [4, p. 55], one has

(2.13) DH(X) = DĤX(0X), X ∈ OB ×O(n)× V ,

where 0X is the origin of TXOB ×O(n) × V . For the Riemannian gradient of h and

the Euclidean gradient of its pullback function ĥ, we have [4, p. 56]

(2.14) gradh(S, P, V ) = grad ĥ(S,P,V )

(
0(S,P,V )

)
.

2.3. A geometric nonlinear conjugate gradient method. In this section,
we propose a geometric modified Polak–Ribière–Polyak conjugate gradient method for
solving the StIEP. This is motivated by the modified Polak–Ribière–Polyak conjugate
gradient method in [39], where the generated direction is always a descent direction for
the objective function and the modified method with Armijo-type line search is glob-
ally convergent. For the original Polak–Ribière–Polyak conjugate gradient method,
the reader may refer to [26, 27]. A geometric Polak–Ribière–Polyak-based nonlinear
conjugate gradient algorithm for solving problem (2.3) can be stated as follows.

Algorithm 2.1 (a geometric nonlinear conjugate gradient method).
Step 0. Given X0 := (S0, P 0, V 0) ∈ OB ×O(n)× V, α ≥ 1, ρ, δ ∈ (0, 1). k := 0.
Step 1. If h(Xk) = 0, then stop. Otherwise, go to Step 2. Here Xk := (Sk, P k, V k).
Step 2. Set

(2.15) ΔXk = − gradh(Xk) + βkTαk−1ΔXk−1
ΔXk−1 − θkY

k−1,
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where ΔXk := (ΔSk,ΔPk,ΔVk) and

Y k−1 := gradh(Xk)− Tαk−1ΔXk−1
gradh(Xk−1),(2.16)

βk =
〈gradh(Xk), Y k−1〉
‖ gradh(Xk−1)‖2 ,(2.17)

θk =
〈gradh(Xk), Tαk−1ΔXk−1

ΔXk−1〉
‖ gradh(Xk−1)‖2 .(2.18)

Step 3. Determine αk = max{αρj , j = 0, 1, 2, . . .} such that

(2.19) h
(
RXk(αkΔXk)

)
≤ h(Xk)− δα2

k‖ΔXk‖2.

Set

(2.20) Xk+1 := RXk(αkΔXk).

Step 4. Replace k by k + 1 and go to Step 1.

We have several remarks for the above algorithm as follows:
• In Algorithm 2.1, we set

ΔX0 = − gradh(X0).

• From (2.15), (2.16), (2.17), and (2.18), we get for all k ≥ 1,

〈ΔXk, gradh(X
k)〉 = −〈gradh(Xk), gradh(Xk)〉 − θk〈Y k−1, gradh(Xk)〉

+ βk〈Tαk−1ΔXk−1
ΔXk−1, gradh(X

k)〉
= −‖ gradh(Xk)‖2.(2.21)

This shows that the search direction ΔXk is a descent direction of h.
• According to (2.6), the vector transport in (2.15) is given by

Tαk−1ΔXk−1
ΔXk−1

=
(
ΔSk−1 − diag

(
Sk(ΔSk−1)

T
)
Sk, P kskew

(
(P k)TΔPk−1

)
,ΔVk−1

)
.

• Since the function h is bounded from below, it follows from (2.19) and (2.20)
that the sequence {h(Xk)} is monotone decreasing and thus is convergent.
Hence, we have

∑∞
k=0 α

2
k‖ΔXk‖2 <∞. Then it follows that

(2.22) lim
k→∞

αk‖ΔXk‖ = 0.

• In Step 3 of Algorithm 2.1, the initial step length is set to be α. As mentioned
in [39], the line-search process may not be very efficient. In the following, we
propose a good initial guess to the initial step length. For the nonlinear
mapping ĤXk defined between the tangent space TXkOB × O(n) × V and

TH(Xk)R
n×n, we consider the first-order approximation of ĤXk at the origin

0Xk along the search direction ΔXk:

(2.23) ĤXk

(
tΔXk

)
≈ ĤXk(0Xk) + tDĤXk(0Xk)[ΔXk]
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for all t close to 0. Based on (2.12) and (2.13), this is reduced to

H
(
RXk(tΔXk)

)
≈ H(Xk) + tDH

(
Xk
)
[ΔXk]

for all t close to 0. We have by (2.12) and (2.23),

ĥXk

(
tΔXk

)
=

1

2
‖ĤXk

(
tΔXk

)
‖2

≈ 1

2
‖ĤXk(0Xk)‖2 + t

〈(
DĤXk(0Xk)

)∗[
ĤXk(0Xk)

]
,ΔXk

〉
+
1

2
t2‖DĤXk(0Xk)[ΔXk]‖2

for all t close to 0. Based on (2.12) and (2.13), this becomes
(2.24)

h
(
RXk(tΔXk)

)
≈h(Xk)+t〈(DH(Xk))∗[H(Xk)],ΔXk〉+

1

2
t2‖DH(Xk)[ΔXk]‖2

for all t close to 0. By (2.11), we have the following local approximation of h
at Xk along the direction ΔXk:

mk(t) := h(Xk) + t〈gradh(Xk),ΔXk〉+
1

2
t2‖DH(Xk)[ΔXk]‖2

for all t close to 0. Let

m
′
k(t) = 〈gradh(Xk),ΔXk〉+ t‖DH(Xk)[ΔXk]‖2 = 0.

We have

t = −〈gradh(Xk),ΔXk〉
‖DH(Xk)[ΔXk]‖2

.

Hence, a reasonable initial step length can be set to

(2.25) tk =

∣∣〈gradh(Xk),ΔXk〉
∣∣

‖DH(Xk)[ΔXk]‖2
.

Motivated by [39], the line-search step, i.e., Step 3 of Algorithm 2.1, can be
modified such that if

‖DH(Xk)[ΔXk]‖ > 0 and h
(
RXk(tkΔXk)

)
≤ h(Xk)− δt2k‖ΔXk‖2,

then we set αk = tk; otherwise, the step length αk can be selected by Step 3
of Algorithm 2.1. The numerical tests in section 5 show that the initial step
length (2.25) is very effective.

Finally, we point out that there also exist other nonlinear conjugate gradient
methods, which were generalized to Riemannian manifolds (see, for instance, [14, 29,
30, 31]). The global convergence of these methods is guaranteed under the strong or
weak Wolfe conditions and specially constructed vector transports defined by parallel
translation or scaled differentiated retraction. In general, parallel translation or scaled
differentiated retraction is computationally expensive. For the StIEP, we note that
OB×O(n)×V is an embedded submanifold of Rn×n ×R

n×n ×R
n×n; it is natural to

define the vector transport by orthogonal projection. As shown in section 3, the pro-
posed geometric nonlinear conjugate gradient method with Armijo-type line search is
globally convergent. From the numerical tests in section 5, one can see that Algorithm
2.1 is easy to implement and computationally effective for solving the StIEP.
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3. Global convergence. In this section, we establish the global convergence of
Algorithm 2.1. We first derive the following result.

Lemma 3.1. For any point X0 := (S0, P 0, V 0) ∈ OB ×O(n) × V, the level set

(3.1) Z :=
{
X := (S, P, V ) ∈ OB ×O(n)× V | h(X) ≤ h(X0)

}
is compact.

Proof. For any point (S, P, V ) ∈ Z, we have

(3.2) ‖S‖F ≤
√
n, ‖S � S‖F ≤

√
n, ‖P‖F =

√
n ,

and

‖S � S − P (Λ + V )PT ‖F ≤ ‖S0 � S0 − P 0(Λ + V 0)(P 0)T ‖F =
√
2h(X0).

Note that the Frobenius norm is invariant under orthogonal transformation. It follows
from (3.2) that

‖V ‖F = ‖PV PT ‖F ≤
√
2h(X0) + ‖PΛPT‖F + ‖S � S‖F

≤
√
2h(X0) + ‖Λ‖F +

√
n.

This, together with (3.2), shows that the level set Z is bounded. In addition, since h
is a continuous function, Z is also closed. Thus the level set Z is compact.

On the relation between the sequences {‖Y k−1‖} and {‖ΔXk−1‖} defined in
(2.15)–(2.16), we have the following result.

Proposition 3.2. Let {Y k−1} and {ΔXk−1} be the sequences generated by Al-
gorithm 2.1; then there exists a constant ν > 0 such that for all k sufficiently large,

‖Y k−1‖ ≤ ναk−1‖ΔXk−1‖,

where αk−1 is the stepsize defined in Algorithm 2.1.

Proof. By (2.7), (2.16), and (2.20), we get

Y k−1 = gradh(Xk)− Tαk−1ΔXk−1
gradh(Xk−1)

= gradh(Xk)−ΠR
Xk−1 (αk−1ΔXk−1) gradh(X

k−1)

= gradh(Xk)−ΠXk gradh(Xk−1)

= ΠXk

(
gradh(Xk)− gradh(Xk−1)

)
.(3.3)

Since OB×O(n)×V is an embedded Riemannian submanifold of Rn×n×R
n×n×

R
n×n, one may rely on the natural inclusion TXOB×O(n)×V ⊂ R

n×n×R
n×n×R

n×n

for all X ∈ OB×O(n)×V . Thus, the Riemannian gradient gradh defined in (2.9) can
be seen as a continuous mapping between OB×O(n)×V and R

n×n ×R
n×n ×R

n×n.
For any points X1, X2 ∈ OB × O(n) × V , the operation gradh(X2) − gradh(X1)
is meaningful since both gradh(X1) and gradh(X2) can be treated as vectors in
R

n×n × R
n×n × R

n×n. We note that gradh is Lipschitz continuous on the compact
region Z defined in (3.1); i.e., there exists a constant βL1 > 0 such that

(3.4) ‖ gradh(X2)− gradh(X1)‖ ≤ βL1dist(X1, X2)
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for all X1, X2 ∈ Z ⊂ OB × O(n) × V , where “dist” defines the Riemannian distance
on (OB × O(n) × V , g) [4, p. 46]. Since V is a Euclidean space, for the retraction R
defined on V , we have

(3.5) ‖γV ‖ = dist
(
RV (γV ), V

)
∀ V ∈ V , γV ∈ TV V .

We observe that the manifolds OB and O(n) are both compact manifolds. By (3.5),
for the retraction R defined on OB × O(n) × V , there exist two constants μ > 0 and
δμ > 0 such that [4, p. 149]

(3.6) μ‖ξX‖ ≥ dist
(
RX(ξX), X

)
for all X ∈ OB ×O(n)×V , and ξX ∈ TXOB×O(n)×V with ‖ξX‖ ≤ δμ. We get by
(2.22) for all k sufficiently large,

(3.7) ‖αk−1ΔXk−1‖ ≤ δμ.

We have by (3.3), (3.4), (3.6), and (3.7), for all k sufficiently large,

‖Y k−1‖ =
∥∥ΠXk

(
gradh(Xk)− gradh(Xk−1)

)∥∥
≤ ‖ gradh(Xk)− gradh(Xk−1)‖
≤ βL1dist

(
Xk, Xk−1

)
= βL1dist

(
RXk−1(αk−1ΔXk−1), X

k−1
)

≤ βL1μ‖αk−1ΔXk−1‖ ≡ ναk−1‖ΔXk−1‖,

where ν = βL1μ. The proof is complete.

In Algorithm 2.1, we observe that for all k ≥ 1,

(3.8) ‖Tαk−1ΔXk−1
ΔXk−1‖ = ‖ΠXkΔXk−1‖ ≤ ‖ΔXk−1‖.

From (2.17), (2.18), and (3.8), for all k ≥ 1,
(3.9)⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

βk =
〈gradh(Xk), Y k−1〉
‖ gradh(Xk−1)‖2 ≤ ‖ gradh(Xk)‖ · ‖Y k−1‖

‖ gradh(Xk−1)‖2 ,

θk =
〈gradh(Xk), Tαk−1ΔXk−1

ΔXk−1〉
‖ gradh(Xk−1)‖2

≤
‖ gradh(Xk)‖ · ‖Tαk−1ΔXk−1

ΔXk−1‖
‖ gradh(Xk−1)‖2 ≤ ‖ gradh(Xk)‖ · ‖ΔXk−1‖

‖ gradh(Xk−1)‖2 .

By Lemma 3.1, Z is compact. In addition, h is continuously differentiable and
gradh can be seen as a continuous nonlinear mapping defined between OB×O(n)×V
and R

n×n × R
n×n × R

n×n. Then there exists a constant γ > 0 such that

(3.10) ‖ gradh(X)‖ ≤ γ ∀X ∈ Z.

We have known that the sequence {h(Xk)} is monotone decreasing. Thus the sequence
{Xk} generated by Algorithm 2.1 is contained in Z.

Similar to the proof of Lemma 3.1 in [39], we can establish the following result.

Lemma 3.3. If there exists a constant ε > 0 such that

(3.11) ‖ gradh(Xk)‖ ≥ ε ∀k,

then there exists a constant Θ > 0 such that

‖ΔXk‖ ≤ Θ ∀k.
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Proof. By Proposition 3.2, (2.15), (3.8), (3.9), (3.10), and (3.11), there exists an
integer k1 > 0 such that for all k > k1,

‖ΔXk‖ ≤ ‖ gradh(Xk)‖ + ‖βkTαk−1ΔXk−1
ΔXk−1‖+ ‖θkY k−1‖

≤ γ +
‖ gradh(Xk)‖ · ‖Y k−1‖

‖ gradh(Xk−1)‖2 ‖ΔXk−1‖+
‖ gradh(Xk)‖ · ‖ΔXk−1‖

‖ gradh(Xk−1)‖2 ‖Y k−1‖

= γ + 2
‖ gradh(Xk)‖ · ‖Y k−1‖

‖ gradh(Xk−1)‖2 ‖ΔXk−1‖

≤ γ + 2
γναk−1‖ΔXk−1‖

ε2
‖ΔXk−1‖.(3.12)

By (2.22), we get

lim
k→∞

2γν

ε2
αk−1‖ΔXk−1‖ = 0.

Then there exist a constant r ∈ (0, 1) and an integer k2 > 0 such that for all k > k2,
we have the following inequality:

(3.13)
2γν

ε2
αk−1‖ΔXk−1‖ ≤ r.

From (3.12) and (3.13), it follows that for all k > k0 := max{k1, k2},

‖ΔXk‖ ≤ γ + r‖ΔXk−1‖
≤ γ(1 + r + r2 + · · ·+ rk−k0−1) + rk−k0‖ΔXk0‖
≤ γ

1−r + ‖ΔXk0‖.

Let Θ1 := max
{
‖ΔX1‖, ‖ΔX2‖, . . . , ‖ΔXk0‖

}
. We have

‖ΔXk‖ ≤ max
{
Θ1,

γ

1− r
+ ‖ΔXk0‖

}
≡ Θ ∀k.

We now establish the global convergence of Algorithm 2.1. The proof can be
viewed as a generalization of [39, Theorem 3.2].

Theorem 3.4. Let {Xk} be the sequence generated by Algorithm 2.1. Then we
have

lim inf
k→∞

‖ gradh(Xk)‖ = 0.

Proof. For the sake of contradiction, we assume that there exists a constant ε > 0
such that

(3.14) ‖ gradh(Xk)‖ ≥ ε ∀k.

We have by (2.21) that for all k ≥ 1,

αk‖ gradh(Xk)‖2 = −αk〈ΔXk, gradh(X
k)〉 ≤ αk‖ΔXk‖ · ‖ gradh(Xk)‖,

which implies that

0 ≤ αk‖ gradh(Xk)‖ ≤ αk‖ΔXk‖ ∀k ≥ 1.

We get by (2.22),
lim
k→∞

αk‖ gradh(Xk)‖ = 0.
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Hence, if lim infk→∞ αk > 0, then lim infk→∞ ‖ gradh(Xk)‖ = 0. This contradicts
(3.14).

We now suppose that lim infk→∞ αk = 0. By taking a subsequence if necessary,
we may assume that

(3.15) lim
k→∞

αk = 0.

According to Step 3 of Algorithm 2.1, we have for all k sufficiently large,

(3.16) h
(
RXk(ρ−1αkΔXk)

)
− h(Xk) ≥ −δρ−2α2

k‖ΔXk‖2.

We note that the pullback function ĥ is continuously differentiable since both the cost
function h and the retraction mapping R are continuously differentiable. Then there
exist two constants δ2 > 0 and βL2 > 0 such that

(3.17)
∥∥ grad ĥX(ηX)− grad ĥX(ξX)

∥∥ ≤ βL2‖ηX − ξX‖

for any X ∈ Z and ξX , ηX ∈ TXOB × O(n) × V with ‖ηX − ξX‖ < δ2. By using
the mean-value theorem, Lemma 3.3, (2.14), (2.21), (2.22), (3.16), and (3.17), there
exists a constant ωk ∈ (0, 1) such that for all k sufficiently large,

h
(
RXk(ρ−1αkΔXk)

)
− h(Xk)(3.18)

= h
(
RXk(ρ−1αkΔXk)

)
− h
(
RXk(0Xk)

)
= ĥXk

(
ρ−1αkΔXk

)
− ĥXk

(
0Xk

)
= ρ−1αk〈grad ĥXk

(
ωkρ

−1αkΔXk

)
,ΔXk〉

= ρ−1αk〈grad ĥXk(0Xk),ΔXk〉+ ρ−1αk〈ΔXk, grad ĥXk

(
ωkρ

−1αkΔXk

)
〉

−ρ−1αk〈ΔXk, grad ĥXk(0Xk)〉
≤ ρ−1αk〈grad ĥXk(0Xk),ΔXk〉+ βL2ω

2
kρ

−2α2
k‖ΔXk‖2

≤ −ρ−1αk‖ gradh(Xk)‖2 + βL2ρ
−2α2

k‖ΔXk‖2.

Combining (3.16) with (3.18) yields for all k sufficiently large,

‖ gradh(Xk)‖2 ≤ (βL2 + δ)ρ−1αk‖ΔXk‖2.

By Lemma 3.3, we know that the sequence {ΔXk} is bounded. This, together with
(3.15), gives rise to

lim
k→∞

‖ gradh(Xk)‖ = 0.

This is also a contradiction. Thus the proof is complete.

Next, we establish the relationship between a stationary point of h in (2.3) and a
solution to the StIEP via Algorithm 2.1. According to (2.2) and (2.9), we have

ΠP
∂

∂P
h(S, P, V )

=
1

2

(
[S � S −H(S, P, V ), H(S, P, V )T ] + [(S � S −H(S, P, V ))T , H(S, P, V )]

)
P

=
1

2

(
[S � S,H(S, P, V )T ] + [(S � S)T , H(S, P, V )]

)
P.
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Then a stationary point (S, P, V ) ∈ OB × O(n) × V of h is determined by
gradh(S, P, V ) = 0(S,P,V ), i.e.,⎧⎪⎪⎨⎪⎪⎩

S �H(S, P, V )− diag
(
S(S �H(S, P, V ))T

)
S = 0n×n,

[S � S, (H(S, P, V ))T ] + [(S � S)T , H(S, P, V )] = 0n×n,

W � (PTH(S, P, V )P ) = 0n×n.

Define T̂ , T̃ ∈ R
n2×n2

by

vec(AT ) = T̂vec(A) and vec(diag(A)) = T̃vec(A)

for any matrix A ∈ R
n×n, where vec(A) is an n2-vector obtained by stacking the

columns of A on top of one another. Then one has [7, p. 448]

T̂ (A⊗B) = (B ⊗A)T̂ ∀A,B ∈ R
n×n.

Hence, we get by vectorizing the above matrix equation,⎧⎪⎪⎨⎪⎪⎩
(
In2 − (ST ⊗ In)T̃ T̂ (S ⊗ In)

)
Diag(vec(S))vec(H(S, P, V )) = 0n2 ,

(In2 − T̂ )
(
(S � S)⊗ In − In ⊗ (S � S)T

)
vec(H(S, P, V )) = 0n2 ,

Diag
(
vec(W )

)
(P ⊗ P )T vec(H(S, P, V )) = 0n2 ,

where 0n2 is an n2-vector of all zeros. Therefore, we have the following result on the
relationship between a stationary point of h and a solution to the StIEP.

Theorem 3.5. Let X := (S, P , V ) ∈ OB × O(n) × V be an accumulation point
of the sequence {Xk := (Sk, P k, V k)} generated by Algorithm 2.1 such that
gradh(S, P , V ) = 0(S,P ,V ). If the matrix⎛⎜⎜⎝

(
In2 − (S

T ⊗ In)T̃ T̂ (S ⊗ In)
)
Diag(vec(S))

(In2 − T̂ )
(
(S � S)⊗ In − In ⊗ (S � S)T

)
Diag

(
vec(W )

)
(P ⊗ P )T

⎞⎟⎟⎠
is of full rank, then C := S ⊗ S is a solution to the StIEP.

4. StIEP with prescribed entries. In this section, we consider the StIEP-
PE. In many applications, the underlying structure of a desired stochastic matrix is
often characterized by the prescribed entries at arbitrary locations. Here, we present
a one-dimensional random walk model as an illustrative example (see, for instance,
[6, p. 45] or [35, Chap. VI]). A particle moves along a line every second. From state
i, the particle jumps a step to the right (i.e., state i + 1) with probability pi, jumps
to the left (i.e., state i − 1) with probability qi, or stays in state i with probability
ri = 1− pi − qi. This random process can be defined as a Markov chain whose state
space (possible positions) can be restricted to {0, 1, 2, . . .}. The transition probabilities

(the probability P̂i,j of moving from state i to state j) are given by

P̂i,j =

⎧⎪⎪⎨⎪⎪⎩
pi if i− j = −1,
ri = 1− pi − qi if i− j = 0,
qi if i− j = 1,
0 if |i− j| ≥ 2.

D
ow

nl
oa

de
d 

01
/1

8/
18

 to
 1

66
.1

11
.7

1.
48

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

STOCHASTIC INVERSE EIGENVALUE PROBLEMS 2029

Suppose that state 0 is a reflecting barrier (i.e., q0 = 0) and that pn−1 = 0 (i.e., the
state space is {0, 1, 2, . . . , n− 1}). Then the transition matrix is described by

P̂ =

0 1 2 3 · · · n− 1
0
1
2
3
...

n− 1

⎛⎜⎜⎜⎜⎜⎜⎜⎝

r0
q1
0
...
0
0

p0
r1
q2
. . .

0
0

0
p1
r2
. . .

· · ·
· · ·

0
0
p2
. . .

qn−2

0

· · ·
· · ·
· · ·
. . .

rn−2

qn−1

0
0
0
...

pn−2

rn−1

⎞⎟⎟⎟⎟⎟⎟⎠.

Then the structure of the transition matrix P̂ can be characterized by the prescribed
entries P̂ij = 0 for all (i, j) ∈ L, where L = {(i, j) : P̂ij = 0, i, j = 0, 1, . . . , n−1}. For
more details on random walk and its applications, see, for instance, [15, 22, 28, 35].

Define a diagonal matrix În and Ŵ ∈ R
n×n by

În := In −Diag
(
Ĉae
)

and Ŵij :=

{
1 if (i, j) ∈ L,
0 otherwise,

where e = (1, . . . , 1)T ∈ R
n. Here, we assume that the given index subset L is such

that
∑n

j=1(Ĉa)ij < 1 for i = 1, . . . , n. Then În is nonsingular. Thus the StIEP-PE
aims to solve the following nonlinear matrix equation:

Ψ(S, P, V ) = 0n×n

for (S, P, V ) ∈ ÔB × O(n) × V , where the set ÔB is a manifold defined by

ÔB :=
{
S ∈ R

n×n | diag(SST ) = În, Ŵ � S = 0n×n

}
.

The mapping Ψ : ÔB × O(n)× V → R
n×n is defined by

(4.1) Ψ(S, P, V ) = Ĉa + S � S − P (Λ + V )PT , (S, P, V ) ∈ ÔB × O(n)× V .

Note that the dimension of the product manifold ÔB × O(n)× V is given by

dim(ÔB × O(n) × V) = n(n− 1)− |L|+ n(n− 1)

2
+ |J |.

We see that the nonlinear equation Ψ(S, P, V ) = 0n×n is an under-determined system

defined from ÔB × O(n) × V to R
n×n if n is large and the number |L| of prescribed

entries is small.
If we find a solution (S, P , V ) ∈ ÔB × O(n) × V to Ψ(S, P, V ) = 0n×n, then

C = Ĉa + S � S is a solution to the StIEP-PE. Alternatively, one may solve the
StIEP-PE by finding a global solution to the following minimization problem:

(4.2)
min ψ(S, P, V ) :=

1

2
‖Ψ‖2F =

1

2
‖Ĉa + S � S − P (Λ + V )PT ‖2F

s.t. S ∈ ÔB, P ∈ O(n), V ∈ V .

Let ÔB ×O(n)×V be equipped with the Riemannian metric defined as in (2.4).

It follows that the tangent space of ÔB at a point S ∈ ÔB is given by

TSÔB =
{
T ∈ R

n×n | diag(ST T ) = 0n×n, Ŵ � T = 0n×n

}
.
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Then the orthogonal projection of a point ξ ∈ R
n×n onto TSÔB is given by

(4.3) Π̂Sξ = (E − Ŵ )� ξ − Î−1
n diag

(
S((E − Ŵ )� ξ)T

)
S,

where E is an n-by-n matrix of ones. The retraction on ÔB at a point S ∈ ÔB can
be defined by

R̂S(ξS) = Î
1
2
n

(
diag

(
(S + ξS)(S + ξS)

T
))− 1

2

(S + ξS) ∀ξS ∈ TSÔB.

The vector transport on ÔB is given by

T̂ηS (ξS) = ξS −
(
diag

(
(S + ηS)(S + ηS)

T
))−1

diag
(
(S + ηS)ξ

T
S

)
(S + ηS)

for any S ∈ ÔB and ξS , ηS ∈ TSÔB.
Next, we establish explicit formulas for the differential of the smooth mapping

Ψ defined in (4.1) and the Riemannian gradient of the cost function ψ defined in
problem (4.2). Define the mapping Ψ : Rn×n × R

n×n × R
n×n → R

n×n and the cost
function ψ : Rn×n × R

n×n × R
n×n → R by

Ψ(S, P, V ) := Ĉa + S � S − P (Λ + V )PT and ψ(S, P, V ) :=
1

2
‖Ψ(S, P, V )‖2F

for all (S, P, V ) ∈ R
n×n × R

n×n × R
n×n. As in section 2, by simple calculation, the

Riemannian gradient of ψ at a point (S, P, V ) ∈ ÔB ×O(n)×V is given by [4, p. 48]

gradψ(S, P, V ) =

(
Π̂S

(
∂

∂S
ψ(S, P, V )

)
, Π̂P

(
∂

∂P
ψ(S, P, V )

)
, Π̂V

(
∂

∂V
ψ(S, P, V )

))
,

where⎧⎪⎪⎨⎪⎪⎩
Π̂S

(
∂
∂Sψ(S, P, V )

)
= 2S �Ψ(S, P, V )− 2Î−1

n diag
(
S(S �Ψ(S, P, V ))T

)
S,

Π̂P

(
∂
∂P ψ(S, P, V )

)
=

1

2

(
[P (Λ+V )PT, (Ψ(S, P, V ))T ]+[P (Λ+V )TPT,Ψ(S, P, V )]

)
P,

Π̂V

(
∂
∂V ψ(S, P, V )

)
= −W �

(
PTΨ(S, P, V )P

)
.

Then the steepest descent flow for the cost function ψ over the product manifold
ÔB × O(n)× V is given by

(4.4)
d(S, P, V )

dt
= − gradψ(S, P, V ).

Given an initial value (S(0), P (0), V (0)) ∈ ÔB × O(n) × V , this reformulates prob-
lem (4.2) as an initial value problem. Then one may get a solution to problem (4.2)
by using existing ODE solvers for the above differential equation. This extra geo-
metric isospectral flow method is effective for small- and medium-scale problems (see
section 5).

Similarly, the differential DΨ(S, P, V ) : T(S,P,V )ÔB×O(n)×V → TΨ(S,P,V )R
n×n �

R
n×n of Ψ at a point (S, P, V ) ∈ ÔB × O(n) × V is determined by

DΨ(S, P, V )[(ΔS,ΔP,ΔV )] = 2S �ΔS + [P (Λ + V )PT ,ΔPPT ]− PΔV PT
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for all (ΔS,ΔP,ΔV ) ∈ T(S,P,V )ÔB × O(n)× V .
As in section 2.3, one may solve problem (4.2) by using Algorithm 2.1, where a

reasonable initial step length can be set to

(4.5) tk =

∣∣〈gradψ(Xk),ΔXk〉
∣∣

‖DΨ(Xk)[ΔXk]‖2
.

The global convergence can also be established. By following similar arguments in
Theorem 3.5, one has the following result on the relationship between a stationary
point of ψ and a solution to the StIEP-PE.

Theorem 4.1. Let X := (S, P , V ) ∈ ÔB × O(n) × V be an accumulation point
of the sequence {Xk := (Sk, P k, V k)} generated by Algorithm 2.1 for solving problem
(4.2) such that gradψ(S, P , V ) = 0(S,P,V ). If the matrix⎛⎜⎜⎝

(
In2 − (S

T ⊗ Î−1
n )T̃ T̂ (S ⊗ In)

)
Diag(vec(S))

(In2 − T̂ )
(
(Ĉa + S � S)⊗ In − In ⊗ (Ĉa + S � S)T

)
Diag

(
vec(W )

)
(P ⊗ P )T

⎞⎟⎟⎠
is of full rank, then C = Ĉa + S � S is a solution to the StIEP-PE.

5. Numerical tests. We report the numerical performance of Algorithm 2.1 for
solving problems (2.3) and (4.2). All numerical tests are carried out using MATLAB
on a Linux server having 8 cores with 4 Intel Xeon E7-8837 processors at 2.67GHz
and 256G RAM.

For Algorithm 2.1, the starting points are generated randomly by the built-in
functions rand and schur. In particular, for problem (2.3),

(5.1)
Ŝ � Ŝ = rand (n, n), S0 =

(
diag(ŜŜT )

)− 1
2 Ŝ = S(0) ∈ OB,

[P 0, V̂ ] = schur (S0 � S0, ‘real’) = [P (0), V̂ ], V 0 =W � V̂ = V (0).

For problem (4.2),
(5.2)

S0 = (În)
1
2

(
diag(((E − Ŵ )� Ŝ)((E − Ŵ )� Ŝ)T )

)− 1
2 ((E − Ŵ )� Ŝ) = S(0) ∈ ÔB,

[P 0, V̂ ] = schur (Ĉa + S0 � S0, ‘real’) = [P (0), V̂ ], V 0 =W � V̂ = V (0).

In our numerical tests, the stopping criterion for Algorithm 2.1 is set to be

‖H(Sk, P k, V k)‖F < 10−12 or ‖Ψ(Sk, P k, V k)‖F < 10−12.

We also set α = 1.4, δ = 10−4, and ρ = 0.5.
In our numerical tests, ‘CT.’, ‘IT.’, ‘NF.’, ‘Err.’, and ‘Res.’ mean the total

computing time, the number of iterations, the number of function evaluations, the er-
ror ‖H(Sk, P k, V k)‖F or ‖Ψ(Sk, P k, V k)‖F , and the residual ‖ gradh(Sk, P k, V k)‖ or
‖ gradψ(Sk, P k, V k)‖ at the final iterate of the corresponding algorithms, accordingly.

We consider the following two examples with different problem size n.

Example 5.1. We consider the StIEP with varying n. Let C̃ be a random n × n
nonnegative matrix with each entry generated from the uniform distribution on the
interval [0, 1]. Let Ĉ be a random stochastic matrix given by

Ĉ :=
(
diag(C̃C̃T )

)− 1
2 C̃.
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Table 1

Numerical results for Example 5.1.

Alg. n CT. IT. NF. Err. Res.

200 12.4 s 376 436 8.71× 10−13 4.90× 10−13

400 52.7 s 544 604 9.84× 10−13 5.84× 10−13

600 02 m 19 s 665 729 9.64× 10−13 2.54× 10−13

Alg. 2.1 800 05 m 29 s 775 879 9.81× 10−13 1.85× 10−13

1000 13 m 14 s 1169 1611 9.71× 10−13 2.16× 10−13

2000 01 h 38 m 48 s 1453 1431 9.73× 10−13 3.25× 10−13

200 8.4 s 204 205 8.54× 10−13 3.37× 10−13

Alg. 2.1 400 36.4 s 265 266 9.94× 10−13 1.53× 10−13

with 600 01 m 36 s 291 292 9.13× 10−13 3.53× 10−13

(2.25) 800 03 m 29 s 321 322 9.98× 10−13 2.93× 10−13

1000 05 m 56 s 308 309 9.96× 10−13 5.75× 10−13

2000 57 m 43 s 357 358 9.98× 10−13 1.43× 10−13

Table 2

Numerical results for Example 5.2.

Alg. n |L| CT. IT. NF. Err. Res.

200 4103 14.1 s 487 537 9.99× 10−13 1.08× 10−13

400 16013 01 m 01 s 698 805 9.66× 10−13 3.20× 10−13

600 36308 02 m 52 s 882 961 9.63× 10−13 5.00× 10−13

Alg. 2.1 800 64035 06 m 22 s 953 1072 8.92× 10−13 1.25× 10−13

1000 99302 11 m 56 s 1093 1209 9.38× 10−13 1.51× 10−13

2000 398989 01 h 58 m 21 s 2001 2214 8.78× 10−13 3.48× 10−13

200 4103 8.71 s 270 271 8.15× 10−13 3.33× 10−13

Alg. 2.1 400 16013 31.1 s 323 324 9.96× 10−13 2.63× 10−13

with 600 36308 01 m 32 s 413 414 9.82× 10−13 4.36× 10−13

(4.5) 800 64035 03 m 16 s 429 430 9.38× 10−13 2.30× 10−13

1000 99302 05 m 19 s 418 419 9.35× 10−13 3.53× 10−13

2000 398989 34 m 52 s 506 507 9.46× 10−13 2.46× 10−13

We choose the eigenvalues of Ĉ as the prescribed spectrum.

Example 5.2. We consider the StIEP-PE with varying n. Let Ĉ be a random
stochastic matrix generated as in Example 5.1. We choose the eigenvalues of Ĉ as
the prescribed spectrum. Also, we choose the index subset L :=

{
(i, j) | 3/(5n) <

(Ĉ)ij < 4/(5n), i, j = 1, . . . , n
}
. The prescribed nonnegative matrix Ĉa ∈ R

n×n is

defined by (Ĉa)ij = (Ĉ)ij if (i, j) ∈ L and (Ĉa)ij = 0 if (i, j) /∈ L.

For demonstration purposes, in Tables 1–2 we report the numerical results for
Examples 5.1–5.2 with different problem size n, where the initial step length guess
(2.25) or (4.5) may be used in Algorithm 2.1.

We see from Tables 1–2 that Algorithm 2.1 is very efficient for solving large-scale
problems. Moreover, Algorithm 2.1 with the initial step length guess (2.25) or (4.5)
can reduce the number of iterations and thus improve the effectiveness of the proposed
method. Finally, from these and many other numerical tests, we observe the fact that
the proposed algorithm converges to different solutions for different starting points.

Finally, to illustrate the efficiency of our algorithm, we compare Algorithm 2.1
with the MATLAB ODE solver ode113 for solving the differential equations (2.10)
and (4.4), and the ODE solver ode113–based steepest descent flow method in [12] for
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Table 3

Comparison of Algorithm 2.1 and ode113 for Example 5.1.

Alg. n CT. IT. NF. Err. Res.

10 26.155 s 4.82× 104 1.04× 105 9.82× 10−9 1.34× 10−9

20 01 m 07 s 8.29× 104 1.80× 105 9.98× 10−9 1.30× 10−9

ode113 30 03 m 48 s 1.74× 105 3.79× 105 9.96× 10−9 1.21× 10−9

in [12] 40 25 m 41 s 4.36× 105 9.49× 105 9.98× 10−9 8.63× 10−10

50 41 m 23 s 5.55× 105 1.20× 106 9.98× 10−9 1.19× 10−10

10 0.2591 s 5.38× 102 1.13× 103 6.65× 10−9 2.13× 10−9

ode113 20 0.6477 s 1.03× 103 2.21× 103 8.71× 10−9 1.76× 10−9

for 30 1.0228 s 1.12× 103 2.42× 103 7.27× 10−9 1.34× 10−9

(2.10) 40 3.5612 s 1.53× 103 3.33× 103 9.40× 10−9 1.35× 10−9

50 4.9585 s 1.66× 103 3.63× 103 8.59× 10−9 1.18× 10−9

10 0.0359 s 75 144 9.52× 10−9 7.63× 10−9

20 0.0594 s 107 156 8.00× 10−9 3.11× 10−9

Alg. 2.1 30 0.0680 s 92 122 9.58× 10−9 3.16× 10−9

40 0.2669 s 131 164 9.96× 10−9 4.24× 10−9

50 0.3381 s 135 171 9.56× 10−9 4.66× 10−9

solving the following minimization problem:

(5.3)
min ϕ(G,P ) :=

1

2
‖G�G− PΛP−1‖2F

s.t. G ∈ R
n×n, P ∈ R

n×n is nonsingular,

where the inverse matrix P−1 involved in the flow method was further characterized
by an ASVD [12]. Then a solution to the StIEP is obtained by using Theorem 1.1.

For Algorithm 2.1, the ODE solver ode113 for solving (2.10) and (4.4) and the
ODE solver ode113–based steepest descent flow method in [12] are used. The starting
points are randomly generated as in (5.1), (5.2), and

G(0) = S(0), P (0) = rand (n, n), [X(0), S(0), Y (0)] = svd (P (0)).

For comparison purposes, in our numerical tests the stopping criteria for Algorithm
2.1, the ODE solver ode113 for solving (2.10) and (4.4), and the ODE solver ode113–
based steepest descent flow method in [12] are, respectively, set to be

‖H(Sk, P k, V k)‖F < 10−8, ‖Ψ(Sk, P k, V k)‖F < 10−8,

and
‖Gk �Gk − P kΛ(P k)−1‖F < 10−8.

For the ODE solver ode113, we evaluate the output values at a time interval of 10. The
integration terminates automatically when the above stopping criteria are satisfied.
In addition, the other parameters in Algorithm 2.1 are set as above.

Tables 3–4 display the numerical results for Examples 5.1 and 5.2. Here, for
the ODE solver ode113–based steepest descent flow method in [12], we still use
‘Err.’ and ‘Res.’ to denote the error ‖Gk � Gk − P kΛ(P k)−1‖F and the residual
‖ gradϕ(Gk, P k)‖F at the final iterate of the corresponding algorithm, accordingly.

We observe from Table 3 that the ODE solver ode113 for (2.10) works much
better than the ODE solver ode113–based steepest descent flow method in [12] in
terms of both computing time and the number of iterations. In terms of computing
time, Algorithm 2.1 is the most effective.

We also see from Table 4 that the ODE solver ode113 for (4.4) works acceptably
while Algorithm 2.1 performs more effectively in terms of computing time.
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Table 4

Comparison of Algorithm 2.1 and ode113 for Example 5.2.

Alg. n |L| CT. IT. NF. Err. Res.

20 40 1.2123 s 1.82 × 103 3.94× 103 8.52 × 10−9 1.19× 10−9

ode113 40 181 6.5945 s 2.66 × 103 5.85× 103 9.01 × 10−9 9.22× 10−10

for 60 390 11.121 s 3.10 × 103 6.82× 103 9.69 × 10−9 9.15× 10−10

(4.4) 80 626 15.432 s 3.43 × 103 7.54× 103 9.80 × 10−9 8.61× 10−10

100 951 24.841 s 3.86 × 103 8.50× 103 9.57 × 10−9 7.97× 10−10

20 40 0.1031 s 148 207 8.51 × 10−9 3.46× 10−9

40 181 0.3399 s 160 182 8.64 × 10−9 4.79× 10−9

Alg. 2.1 60 390 0.6174 s 188 229 9.43 × 10−9 6.55× 10−9

80 626 0.8228 s 203 244 7.92 × 10−9 4.83× 10−9

100 951 1.2415 s 204 211 9.13 × 10−9 4.15× 10−9

6. Concluding remarks. In this paper, we have proposed a geometric nonlin-
ear conjugate gradient algorithm for solving the stochastic inverse eigenvalue problem.
The global convergence of the proposed algorithm is established. The proposed algo-
rithm is also extended to the case of prescribed entries. Moreover, an extra advantage
is that our models yield new isospectral flow methods for both StIEP and StIEP-PE.
Numerical experiments show the effectiveness of the proposed algorithm for large-scale
problems, while our new isospectral flow methods work acceptably well for small- and
medium-scale problems. As noted in [11, p. 104], an interesting question is how to
generalize the proposed algorithm to the stochastic inverse eigenvalue problem with
a specified stationary vector. This needs further investigation.
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ESAIM Math. Model. Numer. Anal., 3 (1969), pp. 35–43.
[27] B. T. Polyak, The conjugate gradient method in extreme problems, USSR Comput. Math.

Math. Phys., 9 (1969), pp. 94–112.
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