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Abstract

Let G = (V, E) be a locally finite graph, £ C V be a bounded domain, A be the usual graph Laplacian,
and A (£2) be the first eigenvalue of —A with respect to Dirichlet boundary condition. Using the mountain
pass theorem due to Ambrosetti-Rabinowitz, we prove that if & < A1(£2), then for any p > 2, there exists a
positive solution to

—Au —ou=ulP2u in Q°,

u=0 on 92,

where ©° and 92 denote the interior and the boundary of 2 respectively. Also we consider similar problems
involving the p-Laplacian and poly-Laplacian by the same method. Such problems can be viewed as discrete
versions of the Yamabe type equations on Euclidean space or compact Riemannian manifolds.
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1. Introduction
Let 2 be a domain of R” and WO1 “1(€2) be the closure of Cg°(S2) with respect to the norm

1/q

oy = | [ (917 + wi)ax |
Q

where g > 1. Then the Sobolev embedding theorem reads

LP(Q) for qufq*:n"_"q, when n > ¢

W, (Q) <> { LP(R) for ¢ < p < +00, when g =n
C'=4(Q), when ¢ > n.

The model problem

—Au+ ru=|u|P2u,
(1)

ue W, (Q)

or its variants has been extensively studied since 1960s. Let J : Wol’z(Q) — R be a functional
defined by

1 1
J(u):E/(|w|2+,\u2)dx— —/|u|pdx.
p
Q Q

Clearly the critical points of J are weak solutions to the problem (1). In the case 2 < p < 400

whenn =1, 2,0r2 < p <2* =2n/(n —2) when n > 3, one can check that SUpy1.2 () J =+40c0
0

and inf | J = —o0. In [13], Nehari obtained a nontrivial solution of (1) when A > 0 and

2
/()
Q = (a, b), by minimizing J in the manifold

N ={ueWy(Q): (J (w),u) =0, u0}.

In [14], he proved the existence of infinitely many solutions and in [15], he solved the case
where @ =R3, A > 0 and 2 < p < 6 after reduction to an ordinary differential equation. When
Q is unbounded or when p = 2*, there is a lack of compactness in Sobolev spaces because of
invariance by translation or by dilation. Some nonexistence results follow from the Pohozaev
identity. General existence theorems were first obtained by Strauss [20] when 2 = R” and by
Brezis—Nirenberg [6] when p = 2*. When p = 2%, Bahri and Coron [5] proved that if there
exists a positive integer d such that the d-dimensional homology group of domain €2 is nontrivial,
then (1) has a solution. Pohozaev [18] proved that if € is starshaped, then (1) has no solution.
The Brezis—Lieb lemma and Lions’ concentration compactness principle are important tools in
solving those problems. For other existence results for variants of (1), we refer the reader to [23].



4926 A. Grigor’yan et al. / J. Differential Equations 261 (2016) 4924—4943

Analogous to (1), one can consider the problem

—Ayu= f(x,u) in
! (2)

uewy" (),

where A, is the n-Laplace operator and f(x, s) has exponential growth as s — +o00. Instead
of the Sobolev embedding theorem, the key tool in solving the problem (2) is the Trudinger—
Moser embedding contributed by Yudovich [29], Pohozaev [17], Peetre [16], Trudinger [21] and
Moser [12]. In [1], Adimurthi proved an existence of positive solution to (2) by using a method
of Nehari manifold. In [7], de Figueiredo, Miyagaki and Ruf considered (2) in the case that 2 is
a bounded domain in R?, by using the critical point theory. In [8], by using the mountain-pass
theorem without the Palais—Smale condition, do 0] improved the results of [1,7]. In [9], using the
same method, he extended these results to the case that Q2 is the whole Euclidean space R". For
related works, we refer the reader to [10,2,25,26] and the references there in.

On Riemannian manifolds, an analog of the model problem (1) arises from the Yamabe prob-
lem: Let (M, g) be a compact n (> 3) dimensional Riemannian manifold without boundary.
Does there exist a good metric g in the conformal class of g such that the scalar curvature R; is a
constant? This problem was studied by Yamabe [24], Trudinger [22], Aubin [4], and completely
solved by Schoen [19]. Though there is no background of geometry or physics, there are still
some works concerning the problem (2) on Riemannian manifolds, see for example [28,11,30,
27].

Our goal is to consider problems (1) and (2) when an Euclidean domain €2 is replaced by
a graph. Such problems can be viewed as discrete versions of (1) and (2). In this paper, we
concern bounded domain on locally finite graphs or finite graphs. The key point is an observation
of pre-compactness of the Sobolev space in our setting. Using the mountain pass theorem due
to Ambrosseti—-Rabinowich [3], we prove the existence of nontrivial solutions to Yamabe type
equations on graphs. Our results are quite different from that of [5] and [18] when p = 2%,
namely, the existence results are not related to the homology group of the graphs.

This paper is organized as follows: In Section 2, we give some notations on graph and state
main results. In Section 3, we establish Sobolev embedding such that the mountain pass theorem
can be applied to our problems. Local existence results (Theorems 1-3) are proved in Section 4,
and global existence results (Theorems 4—6) are proved in Section 5.

2. Settings and main results

Let G = (V, E) be a finite or locally finite graph, where V denotes the vertex set and E
denotes the edge set. For any edge xy € E, we assume that its weight wyy, > 0 and that wy, =
wyy. The degree of x € V is defined as deg(x) = Zy~x Wyy, Where we write y ~ x if xy € E.
Let i : V — R be a finite measure. For any function u : V — R, the p-Laplacian (or Laplacian
for short) of u is defined as

1
Au(x) = o= D wey (u(y) — u(x)). 3)

y~x

The associated gradient form reads
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Fu,v)(x) = Way (@ (y) — u(x))(w(y) — v(x)). “4)

2p(x) =
Write I'(#) = I' (u, u). We denote the length of its gradient by
: 1/2
[Vul|(x) =+vT'u)(x) = (mzwxy(u()’)_u(x))z) . )
y~x

Similar to the Euclidean case, we define the length of m-order gradient of u by

—1 .
|VAmTu|, when m is odd
|V"u| = .
|A2u|, when m is even,

where |VA%M| is defined as in (5) with u replaced by A%u, and |A%u| denotes the usual
absolute of the function A2 u. Let 2 be a domain (or a connected set) in V. To compare with the
Euclidean setting, we denote, for any function u : V — R,

/ udp="y " u(u(). (©)

Q xeQ

The first eigenvalue of the Laplacian with respect to Dirichlet boundary condition reads

Vu|®d
Q) = inf JoVurdu

7
u#0, ulagq=0 [oudpu @

where 0€2 is the boundary of €2, namely 02 = {x € Q: 3y ¢ Q such that xy € E'}. Moreover, we
denote the interior of Q2 by Q° = Q\ 9. Our first result is the following:

Theorem 1. Let G = (V, E) be a locally finite graph, 2 C V be a bounded domain with Q° # &,

and L1(R2) be defined as in (7). Then for any p > 2 and any o < A1 (K2), there exists a solution to
the equation

—Au—au=ulP?u in Q°
u>0in Q° u=0 on 0%2.

The p-Laplacian of u : V — R, namely A ,u, is defined in the distributional sense by
[@posan = [ 1vur2rasan. voeca)
1% v

where I"(u, ¢) is defined as in (4), Cc(V') denotes the set of all functions with compact support,
and the integration is defined by (6). Point-wisely, A ,u can be written as
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Apu(x) = (19617200 + 1Vl 720) ) way () = ().

1
21 (x) =

When p =2, A is the standard graph Laplacian A defined by (3). The first eigenvalue of the
p-Laplacian with respect to Dirichlet boundary condition reads

Jo IVulPdp

n . 8
u#0, ulyo=0 fQ|u|pdpL (8)

Ap(£2) =

Our second result can be stated as follows:

Theorem 2. Let G = (V, E) be a locally finite graph, Q2 C V be a bounded domain with Q° # &.
Let 1, (S2) be defined as in (8) for some p > 1. Suppose that f : Q@ x R — R satisfies the follow-
ing hypotheses:

(Hy) Forany x € Q, f(x,t) is continuous int € R;
(Hp) Forall (x,t) € Q2 x[0,400), f(x,t) >0, and f(x,0) =0 forall x € Q;
(H3) There exist some q > p and so > 0 such that if s > s, then there holds

F(x,s):/f(x,t)dtglsf(x,s), Vx € Q;
q
0

(Hy) Forany x € Q, there holds

lim sup @ Ap(82).

t—0+

Then there exists a nontrivial solution to the equation

—Apu=f(x,u) in Q°
u>01in ° u=0 on 092.

In Theorem 2, if p =2, then |s|972s (g > 2) satisfies (H1)—(Hz). Moreover, the nonlinearities
in Theorem 2 include the case of exponential growth as in the problem (2). For further extension,
we define an analog of A, (£2) by

fsz "u|Pdp

Q) = inf
mIJ( ) ln fQ |M|pdl,L

€))

where m is any positive integer and H denotes the set of all functions u £ 0 with u = |Vu| =
= V"~ 14| =0 on 3. Then we have the following:

Theorem 3. Let G = (V, E) be a locally finite graph and Q2 C V be a bounded domain with
Q° £, Let m > 2 be an integer, p > 1, and Ay, (R2) be defined by (9). Suppose that f : Q x
R — R satisfies the following assumptions:
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(A1) f(x,0)=0, f(x,t) is continuous with respect to t € R;
(A2) limsup, o L&D 5 (@),

le1P=!
(A3) there exist some q > p and M > 0 such that if |s| > M, then

O<qgF(x,s)<sf(x,s), VxeQ.
Then there exists a nontrivial solution to the equation

Lyppu=f(x,u) in °
IViu|=00n 9, 0<j<m—1,

where Ly, p u is defined as follows: for any ¢ with ¢ = |V¢|=---= V"=l =0 on 3K, there
holds
/(E o o IV ulP20(A T u, AT ¢)dp, when m is odd,
m’Pu ¢ M = m m
A Jo IV ulP"2ATuA? ¢pdu, whenm is even.

In particular, if p =2, then Ly, pu = (—A)"u, the poly-Laplacian of u.

If G = (V, E) is a finite graph, we also have existence results similar to the above theorems.
Analogous to Theorem 1, we state the following:

Theorem 4. Let G = (V, E) be a finite graph. Suppose that p > 2 and h(x) > 0 forall x € V.
Then there exists a solution to the equation

—Au+hu=uP>u in V
u>0in V.
Similar to Theorem 2, we have

Theorem 5. Let G = (V, E) be a finite graph. Suppose that h(x) > 0 for all x € V. Suppose that
f:V xR — R satisfies the following hypotheses:

(H‘l,) Forany x € V, f(x,t) is continuous int € R;
(H‘z,) Forall (x,t) € V x [0,400), f(x,t) >0, and f(x,0)=0forall x € V;
(H‘3,) There exist some q > p > 1 and sy > 0 such that if s > s, then there holds

F(x,s):/f(x,t)dt§ésf(x,s), Vx eV;
0

(Hé) For any x € V, there holds

fen (V)= inf Sy (IVul? + hlulP)dp
tp=1 AT 0 Jy lulPdp

lim sup
t—0+
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Then there exists a nontrivial solution to the equation
—Apu+hlulP?u=f(x,u) in V
u>01in V,

where Apu denotes the p-Laplacian of u.

Finally we have an analog of Theorem 3, namely

Theorem 6. Let G = (V, E) be a finite graph. Let m > 2 be an integer and p > 1. Suppose that
h(x) > O0forall x € V. Assume f(x,u) satisfies the following assumptions:

(A%,) Foranyx €V, f(x,0)=0, f(x,t) is continuous with respect to t € R;
Lf .0l Sy V"™ ulP+h|u|)dp .

le|p=1 Sy lulPdp ’

(A%,) there exist some q > p and M > O such that if |s| > M, then

(A%) limsup,_, < Amp(V) =infy=o

O<gF(x,s)<sf(x,s), VxeV.
Then there exists a nontrivial solution to
Lo ptt+hlulP2u= f(x,u) in V,

where L, pu is defined in the distributional sense: for any function ¢, there holds

m—1 m—1
Sy IV"ulP2D(A™T u, AT ¢)du, whenm is odd,
/ (Lo p )bt =
\%4

Jy IV™u IP"2ATuA? pd, when m is even.
3. Preliminary analysis

Let G = (V, E) be a locally finite graph, 2 C V be an domain, 92 be its boundary and £2° be
its interior. For any p > 1, W"P(Q) is defined as a space of all functions u : V — R satisfying

m 1/p
lullwnrey=| > / IVeulPdp | < oo. (10)
k=0,
Denote Cj' (2) as a set of all functions u : @ — R with u = |[Vu|=--- = V"~ 1y| =0 on 8Q.

We denote W(;" "7 (Q) as the completion of Cy' (£2) under the norm (10). If we further assume that
Q is bounded, then 2 is a finite set. Observing that the dimension of W(;” "P(Q) is finite when
is bounded, we have the following Sobolev embedding:

Theorem 7. Let G = (V, E) be a locally finite graph, 2 be a bounded domain of V such that
Q° £ &. Let m be any positive integer and p > 1. Then W(;"’p(Q) is embedded in L1(2) for all
1 < g < +o00. In particular, there exists a constant C depending only on m, p and Q2 such that
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1/q 1/p
/Iul"du <C /IV'"uI”du (11
Q Q

forall 1 <q <400 and for all u W(;n’p(Q). Moreover, W(;"’p(SZ) is pre-compact, namely, if
uy is bounded in W(;” P(Q), then up to a subsequence, there exists some u € W(;" P (Q) such that
ug — u in Wy ' (Q).

Proof. Since  is a finite set, Wy’ (Q) is a finite dimensional space. Hence W;"” () is pre-
compact. We are left to show (11). It is not difficult to see that

1/p

leellym-r (@) = fIVmulde 12)
Q

is a norm equivalent to (10) on W(;” "7 (). Hence for any u € W(')" "7 (), there exists some con-
stant C depending only on m, p and €2 such that

1/p 1/p

1/p
/Iulpdu = (Zu(x)m(x)w) <C /IV’"ul”du : (13)
Q Q

xeQ

since W(')"’p (R2) is a finite dimensional space. Denote jiin = minyeq p(x). Then (13) leads to

lull L) < - el yrr )
and thus for any 1 < g < 400,
1/q
/|u|qdu < L|Q|l/q IIMIIWOm.p(Q) < L(l + |gz|)||u||w(;n<p(m,
Q min min

where Q| =", o n(x) denotes the volume of 2. Therefore (11) holds. O

If V is a finite graph, then WP (V') can be defined as a set of all functions « : V — R under
the norm

l/p

l[wllwm.r vy = [(IV'"MI”JrthI”)d,u ) (14)
4

where A(x) > 0 for all x € V. Then we have an obvious analog of Theorem 7 as follows:

Theorem 8. Let V be a finite graph. Then WP (V) is embedded in L1(V) forall 1 < g < 4o00.
Moreover, W™ P (V) is pre-compact.
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Obviously, both Wg "7(Q) and wk.p (V) with norms (12) and (14) respectively are Banach
spaces. Let (X, | - ||) be a Banach space, J : X — R be a functional. We say that J satisfies the
(PS), condition for some real number c, if for any sequence of functions u : X — R such that
J(ug) — ¢ and J'(uy) — 0 as k — +o0, there holds up to a subsequence, uy — u in X. To
prove Theorems 1-6, we need the following mountain pass theorem.

Theorem 9. (Ambrosetti-Rabinowitz [3]) Let (X, || - ||) be a Banach space, J € C1(X,R), e € X
and r > 0 be such that ||e|| > r and

bi= ” iﬁlf J@w) > J(0) > J(e).

If J satisfies the (PS). condition with ¢ :=inf), cr max,e(o,1) J (v (t)), where
I':={y eC(0,1], X):y(0) =0, y(1) =e},
then c is a critical value of J.
4. Local existence
In this section, we prove Theorems 1-3 by applying Theorem 9.

Proof of Theorem 1. Let p > 2 and o < A1(£2) be fixed. For any u € WOI’Z(Q), we let

) = % /(|W|2 —au?)dp - % /(u+)”du,
Q Q

where ut (x) = max{u(x), 0}. It is clear that J € c! (WOI’Z(Q), R). We claim that J satisfies the

(PS), condition for any c € R. To see this, we take a sequence of functions uy € W(} ’Z(Q) such
that J (ux) — ¢, J'(ug) — 0 as k — +o0. This leads to

1 1
E/(|Vuk|2—om%)d/x—;/(uz)pduzc-l-Ok(l), (15)
Q Q

/ (1Vurl® — aup)dp — / @)’ dp| < ok (Mlluilly12q- (16)
Q Q

Noting that p > 2, we conclude from (15) and (16) that uy is bounded in W(}’Z(Q). Then the
Sobolev embedding (Theorem 7) implies that up to a subsequence, u; converges to some function
u in W% (2). Hence the (PS). condition holds.

To proceed, we need to check that J satisfies all conditions in the mountain pass theorem
(Theorem 9). Note that

J(0)=0. a7
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By Theorem 7, there exists some constant C depending only on p and €2 such that

1/p 1/2

[atyran)  <c| [ivutan
Q Q
Hence there holds for all u € WOI’Z(Q)

J(u) = E”ullw(}‘z(ﬂ) - FHMHW(}’Z(Q)'
Since p > 2, one can find some sufficiently small » > 0 such that

inf J(@w) > 0. (18)

flll 12, 0. =7
Wyt

Take a function u* € W01’2(§2) satisfying u* > 0 in Q°. Passing to the limit 1 — +o00, we have
r? 2 2 P +
J(tu*):E/(|Vu*| —a(u®) )du——/(u* Ydu — —oo.
p
Q Q

Hence there exists some ug € W&’Z(Q) such that

J(up) <0, >r. 19)

ol 12 )

Combining (17), (18) and (19), we conclude by Theorem 9 that ¢ = inf, er max;c[o, 17 J (y (¢)) is
a critical value of J, where I' = {y € C ([0, 1], WOI’Z(Q)) :y(0) =0, y(1) = up}. In particular,
there exists some function u € Wé’2(§2) such that

—Au—au=w"HP"' in Q°. (20)
Testing (20) by u~ = min{u, 0} and noting that u " ut = u~(uT)?~! =0, we have

—/quudu—a/(uf)zduzo.
Q

Q
Since u =u™ + u~, the above equation leads to
o

) )
M(Q)fm Iduza/(u Vdu
Q Q

= / u  (Aut 4+ AuT)dp
Q




4934 A. Grigor’yan et al. / J. Differential Equations 261 (2016) 4924—4943
_ -2 — +
= | Vu Pdu— | u= Autdp. @1)
Q Q

Note that

- f wAtdp ==y um ) Y Jway () —ut ()
Q

xee y~x
== D D wnu Wut () =0, (22)
xXeQe y~x

Inserting (22) into (21) and recalling that @ < 11 (€2), we obtain fQ [Vu~|2d = 0, which implies
that u~ =0 in 2. Whence u# > 0 and (20) becomes

—Au—aqu=uP"! in Q°
(23)

u>01in Q2° u=0 on 0.
Suppose u(x) = 0 = min,eq u(x) for some x € Q°. If y is adjacent to x, then we know from (23)
that Au(x) = 0, and thus by the definition of A (see (3) above), u(y) = 0. Therefore we conclude

that # = 0 in 2, which contradicts (18). Hence u# > 0 in 2° and this completes the proof of the
theorem. O

Proof of Theorem 2. Let p > 1 be fixed. For any u € Wol’p (2), we let

1 +
Jow)=— [ |VulPdpu — | F(x,u™)du,
b Q Q

where u T (x) = max{u(x), 0}. In view of (Hy), there exist two constants A and § > 0 such that
A <Ap(L2) and

(u+)p+1

+
WF(X,M )

A
F(x,um) < =@h)? +
p

For any u € W(;’p(SZ) with ||u|| W@ < 1, we have by the Sobolev embedding (Theorem 7) that
0

l#||oo < C for some constant C depending only on p and €2, and that
Ao +yp+1
Fl,u™) = —@hP + Cw™HP™.
p

This together with (8), the definition of A, (£2), and Theorem 7 leads to

1+1/p
A

PAp(£2)

/F(x,bﬁ)duf

/|w+|"du+c /|Vu+|”du
Q Q Q

Here and throughout this paper, we often denote various constants by the same C. Noting that
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V() = 5 ()Zwm(um—u(x))

—1 — _
= 20 (x) }Zx Wyy {(u+(Y) — u+(x))2 +w (y)—u (x))z

—2u ()~ (x) = 2ut (u” ()}
> [Vut 2 (x),

we have |Vu™'|? < |Vu|?. Hence if ||u|| < 1, then we obtain

3P@) =

1+1/p
Ty = f’(gj)(g) /IV Pdy - C /IWI”du
Therefore
o0 @

provided that r > 0 is sufficiently small.
By (H3), there exist two positive constants ¢; and ¢; such that

Fx,u)>ciu)? —cy.
Take ug € Wé’p(ﬂ) such that ug > 0 and uq 5 0. For any ¢ > 0, we have
tP
Tpltuo) = = / VuolPdp — eyt / uhdp — ).
Q

Since g > p, we conclude J,(tup) — —oo as t — +o0o. Hence there exists some u; € Wé’p(Q)
satisfying

Jp(ur) <0, luy] (25)

Wl @) =

We claim that J, satisfies the (PS). condition for any ¢ € R. To see this, we assume
Jp(ur) — c and J;,(uk) — 0 as k — +o0. It follows that

1 ) N
S [ 1virdn — | Fouidp= e+ o
Q Q

/IVuklpd/L—/ukf(x wi)dp = o (1) lug|| Wl (@)
Q

Q
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In view of (H3), we obtain from the above two equations that u; is bounded in W(;’p (€2). Then
the (PS), condition follows from Theorem 7.
Combining (24), (25) and the obvious fact J,(0) = 0, we conclude from Theorem 9 that there

exists a function u € Wol’p(Q) such that J), (u) = inf, cr max;e[o,1] J» (v (¢)) > 0 and J[/,(u) =
where I' = {y € C([0, 1], Wol’p(Q)) :y(0) =0, y(1) = u1}. Hence there exists a nontrivial so-
lution u € W(}’p (2) to the equation

—Apu=f(x,u") in Q°.
Noting that T(u ™, u) =T (u™) +T(u",ut) > |Vu~|2, we obtain

/IVu_|'"d;L§/|Vu_|p_2l"(u_,u)du=—/u_Apud,u=/u_f(x,u+)dx=0.
Q Q

Q Q

This implies that u” =0 and thus u > 0. O
Proof of Theorem 3. Let m > 2 and p > 1 be fixed. For any u € W,""” (), we write

1
Jm,,(u):—/|Vmu|pdu—/F(x,u)du.
p

Q Q

By (Az), there exist some A < A, (£2) and 6 > O such that for all s € R,

A » ||p+1
F(X,S)S;|S| + S )l
By Theorem 7, we have
1+1/p
/|u|‘”+1du§C /|V’”u|1’du , (26)
1/p
lullpo@ <C fIV’"ul”du : (27)

For any u € W,""(Q) with leell - (g < 1. in view of (27), there exists some constant C, de-
pending only on m, p and 2, such that |u]|; =) < C and thus || F(x,u)||L =) < C. This
together with (26) gives

/\uw+HFLxMNdu

§p+1

A
/FQMMMS—/WWM+
Q E)Q

1+1/p

<—= | |V™uPdu+C /|v’"u|1’du
kmp(Q)p/
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Hence
1+1/p
Amp(2) — A
Tnp () = M/W’"Wdu—c /IV’"ull’du :
Amp(§2)p
Q Q
and thus
inf Imp @) >0 (28)
‘WHMKPGDZr
for sufficiently small r > 0.
By (A3), there exist two positive constants c¢; and ¢, such that
F(x,s)>cqls|? —cy, VseR.
For any fixed u € W"”(Q) with u # 0, we have
r1” m,\p q q
Jmp(tu)§7 IVPulPdp —cilt|? | lulfdu + c2]2] - —o0
Q Q
as t — o0. Hence there exists some uj € W(';1 "7 () such that
Jmp(u2) < 07 ||u2||W(’)”/’(Q) >r. (29)

Now we claim that J,,), satisfies the (P S). condition for any ¢ € R. For this purpose, we take
Uy € W(;"’p(Q) such that J,,, (ux) — c and J,, (ur) — 0 as k — +o0. In particular,

mp
1
—/|Vmuk|pd,u,—fF(x,uk)du=6+0k(1), (30)
Pa Q
/IVmuklde—/ukf(x,uk)du=0k(1)||ukllw(;"vp. (31
Q Q

By (A3), we have

q/F(x,uk)dufq f |F(x,up)ldu+q / F(x,up)dp
Q luk|<M lug|>M

=< f ur f(x,ur)du+C
lug|>M

< / i f (v, u)dpt + C. (32)
Q
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Combining (30), (31) and (32), we conclude that u; is bounded in ng’p(Q). Then the (PS),
condition follows from Theorem 7.

In view of (28) and (29), applying the mountain-pass theorem as before, we finish the proof
of the theorem. O

5. Global existence

In this section, using Theorem 9, we prove global existence results (Theorems 4—6). These
procedures are very similar to that of Theorems 1-3. We only give the outline of the proof.

Proof of Theorem 4. Let p > 2 be fixed. For u € Wh2(V), we let

Jy () = %/qvmz + hu®)dp — %/(u+)pdu.
|4 Vv

We first prove that Jy satisfies the (PS). condition for any ¢ € R. To see this, we assume
Jy (ux) — ¢ and Jj, (ux) — 0 as k — oo, namely

1 1
3 f (IVug|> + hu)dp — > / WhHPdp = c + o (1), (33)
1% \%4

/ (Viel? + o)yt — / WP du| < oDy, (34)
|4 v

It follows from (33) and (34) that uy is bounded in W12(V). By Theorem 8, W-2(V) is pre-
compact, we conclude up to a subsequence, uy — u in WL2(V). Thus Jy satisfies the (P.S).
condition.

To apply the mountain pass theorem, we check the conditions of Jy. Obviously

Jy(0) =0. (35)

Note that h(x) > 0 for all x € V. By (14),

leel3yr2y) = /(|W|2 +hut)dp,  Vue WHAV).

14

By the Sobolev embedding (Theorem 8), we have for any p > 2,

/ @hHPdp < Cllullfyisqy,-
Vv

Hence

inf  Jyu)>0 (36)

Nl g2, =7
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for sufficiently small » > 0. For any fixed & > 0 with it # 0, we have Jy (ti) - —oo ast — —o0.
Hence there exists some ¢ € W2(V) such that

JV (@) < O, ”@”WI.Z(V) >7r. (37)

Combining (35), (36) and (37) and applying the mountain-pass theorem (Theorem 9), we find
some u € WH2(V) \ {0} satisfying

—Au+hu=@whHP™' i V.
Testing this equation by ™, we have

/(|Vu_|2 +hw)Ddp < /u_(—Au + hu)du =0,
\%4 \%4

which leads to u~ = 0. Therefore u > 0 and
—Au+hu=uP"! in V.

If u(x) =0 for some x € V, then Au(x) = 0, which together with # > 0 implies thatu =0in V.
This contradicts u £ 0. Therefore u > 0 in V' and this completes the proof of the theorem. O

Proof of Theorem 5. Let p > 1 be fixed. For u € WP (V), we define

1 +
JV,p(”)=; (AVul? +hlulPydp — | F(x,uT)dp.
v v

Write

l/p

Nl vy = [(|Vu|f’ + hlul?)dp
\%

By (H{‘,), there exist two constants A and § > O such that A < )fl’,(V) and

(u+)p+1

wr +
FYE F(,u™).

A
Flo,u®) < =P +
p
For any u € WP (V) with lullwr.pvy < 1, we have by Theorem 8 that |lu|loc < C, and that

A
Flx,u™) < =@hHP + Chrtl.
p

This together with the definition of )»Z(V) and the Sobolev embedding (Theorem 8) leads to
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+1
f F(x,ut)dp < SG) e W1y + Clu T -
v P
Then we obtain for all u with ||u||W1,,,(V) <1,
; >M;,(V)—,\ » !
V,p(u) - W”u”‘}[ﬂp(v) - ”u”Wl,p(V)'
Therefore
inf Jy,p(u) >0 (38)

Nl 1.p ="

provided that » > 0 is sufficiently small.
By the hypothesis (H‘3,), there exist two positive constants ¢ and ¢; such that

Fx,ut)y>ciw™)? —cp.

For some u* € W-P(V) with u* > 0 and u* % 0, we have for any ¢ > 0,

tP
Tt < W, = 10 /(u*)qdu — V).
%

Hence Jy ,(tu*) — —oo as t — 400, from which one can find some ¢ € whr(v) satisfying

JV’p(e) < 0, ||e||Wl,p(V) >7r. (39)

We claim that Jy , satisfies the (PS). condition for any ¢ € R. To see this, we assume
Jv,p(ur) = ¢ and J{,ﬁp(uk) — 0 as k — 4-o00. It follows that

1 p +
;”uknwl,p(v)_ F(-xvuk )dﬂ/:C‘l—Ok(l)
\4

Ik, = [ £ = oDl
v
In view of (H‘3,), we conclude from the above two equations that uj is bounded in wlp(v).
Then the (P S). condition follows from Theorem 8.

Combining (38), (39) and Jy ,(0) =0, we conclude from Theorem 9 that there exists a non-
trivial solution u € W17 (V) to the equation

—Apu+hlulP?u= f(x,u") in V.

Noting that T(u™, u) =T(u™) + T, u™) > |Vu~|?, we obtain
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/(|Vu7|p+h|u7|p)du§—/qu,,ud,u—f-/hu7|u|p72udu:/uff(x,u‘L)dx:0
v

Vv Vv Vv

This implies that u” =0and thusu >0in V. 0O

Proof of Theorem 6. Let m > 2 and p > 1 be fixed. We define
|4 1 m
Inp W) = » (AV™ul? +hlu|P)dp — | F(x,u)du.
% 1%
By (A ), there exist some A < A, (V) and 6 > O such that for all x € V and s € R,

|s|PF1
F(x,s) < — ISI”+

1P 8)l.

For any u € W™P(V) with |lu|lwm.r(vy <1, we have |luloc < C and thus || F(x,u)]le < C.

Hence
A P p+l
Fx,udp < — [ [ul’dp+ — +1 [P F (x, u)|dp
p op
1%
p+1
_)xmp(V) ———|lu || mp(v)+c||u||wm.p(v)-
It follows that
)Vmp(v) —A +1
mp(”) Z Wﬂunwm,p(v) - C||M||€Vm,p(v),
and thus

inf  J, () >0

llullwm.py=r

for sufﬁciently small r > 0.
By (A ), there exist two positive constants c¢; and ¢, such that

F(x,s)>cqls|? —cy, VseR.

For any fixed u € W™ ? (V) with u 0, we have

o (11 )<—/(IV’"MI”+h|u|”)du—61|th/Iul"du+62|V|—> —00

as t — o0. Hence there exists some e € W7 (V) such that

Tp(€) <0, lellwnpyy >r.

(40)

(41)
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Now we claim that J,,‘,/p satisfies the (P S). condition for any ¢ € R. For this purpose, we take
ur € W™ P (V) such that J,,‘,/p(uk) — ¢ and (J,,‘,/p)/(uk) — 0 as k — 4o00. In particular,

1
;/(Ivmuklp-i-hluklp)d,u—/F(x,uk)du=c+0k(1), (42)
4 v
/(|Vmuk|p+h|uk|p)dl/«—/ukf(x’uk)dﬂ=0k(1)||”k||W'"’P(V)- (43)
4 v

By (A%/), we have

q/F(x,uk)dusq / |F(x,up)|ldu+q / F(x,up)dp
v lug|<M lug|>M

< / ur f(x,u)du+C
lug|>M

S/Mkf(x,uk)du-i-c. (44)
v

Combining (42), (43) and (44), we conclude that uy is bounded in W7 (V). Then the (PS),
condition follows from Theorem 8.

In view of (40), (41) and the fact J,X » (0) =0, applying the mountain-pass theorem, we finish
the proof of the theorem. O
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