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Abstract In this paper, we establish the convergence of the proximal alternating direc-
tion method of multipliers (ADMM) and block coordinate descent (BCD) method for
nonseparable minimization models with quadratic coupling terms. The novel con-
vergence results presented in this paper answer several open questions that have
been the subject of considerable discussion. We firstly extend the 2-block proximal
ADMM to linearly constrained convex optimization with a coupled quadratic objec-
tive function, an area where theoretical understanding is currently lacking, and prove
that the sequence generated by the proximal ADMM converges in point-wise man-
ner to a primal-dual solution pair. Moreover, we apply randomly permuted ADMM
(RPADMM) to nonseparable multi-block convex optimization, and prove its expected
convergence for a class of nonseparable quadratic programming problems. When the
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linear constraint vanishes, the 2-block proximal ADMM and RPADMM reduce to the
2-block cyclic proximal BCD method and randomly permuted BCD (RPBCD). Our
study provides the first iterate convergence result for 2-block cyclic proximal BCD
without assuming the boundedness of the iterates. We also theoretically establish
the expected iterate convergence result concerning multi-block RPBCD for convex
quadratic optimization. In addition, we demonstrate that RPBCD may have a worse
convergence rate than cyclic proximal BCD for 2-block convex quadratic minimization
problems. Although the results on RPADMM and RPBCD are restricted to quadratic
minimization models, they provide some interesting insights: (1) random permutation
makes ADMM and BCD more robust for multi-block convex minimization problems;
(2) cyclic BCD may outperform RPBCD for “nice” problems, and RPBCD should be
applied with caution when solving general convex optimization problems especially
with a few blocks.

Keywords Nonseparable convex minimization - Alternating direction method of
multipliers - Block coordinate descent method - Iterate convergence - Random
permutation

Mathematics Subject Classification 65K05 - 90C26

1 Introduction

In this paper we consider the linearly constrained convex minimization model with
an objective function that is the sum of several separable functions and a coupled
quadratic function:

n
1
min 0(x) := E 0;(x;) + —x"Hx +g'x
ey (x) — i (xi) ) 8 "

n
S.t. Z Aix; = b,
i=1

where 6; : R% > (—oc0, +00] (i = 1,2,...,n) are closed proper convex (not
necessarily smooth) functions; x; € Rd", x = (x1,Xx2,...,X,) € ]Rd; H e Rixd jg
a symmetric and positive semidefinite matrix; g € R4, A; € R™>di and b € R™. A
point (x, i) is said to be a Karush-Kuhn-Tucker (KKT) point of (1) if it satisfies
{—(H)E+g)i+AiTﬁ636i(ii), i=1,---,n, )
Yo Aiki = D.

The set consisting of the KKT points of (1) is assumed to be nonempty. Problem (1)
has many applications in signal and imaging processing, machine learning, statistics,
and engineering; e.g., see [1,14,19,29,41,42].

The augmented Lagrangian function of (1) is
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n n

1

Lg(Xt, ..., Xn3 1) i= E 0; (x;i) + ExTHx —|—ng — ,uT ( E A x; —b)
i=1 i=1

B n
+E” ;Aix,' —b

.

3

where 1 € R is the Lagrangian multiplier and 8 > 0 is the penalty parameter. In
this paper, we extend the n-block proximal alternating direction method of multipliers
(ADMM) to solve the nonseparable convex minimization problem (1), which consists
of a cyclic update of the primal variables x; (i = 1,2,...,n) in the Gauss-Seidel
fashion and a dual ascent type update of u at each iteration, i.e.,

1
k+1 . : k k.  k k)2
x| = argmm{[,,g(x],xz, Ce Xy )+ §||x1 —X] ”Rl ],
xleRdl
1
k+1 . . k+1 k k.  k k2
Xy = argmm{[ﬁﬂ(x1 S X2, X3, ., Xy )+ §||x2 —x2||R2},
szRd2
...... 1 (4)
k+1 . : k+1  _k+1 k+1 .k k2
X, = argmm{[,,g(x1 Sy X X ) + §||xn — xn||Rn],
Xp€Rdn
n
k+1 . k k+1
ph= gl = B A — b,
i=1
where R; € R xdi ,i=1,---,n, are symmetric and positive semidefinite matrices.

Note that the algorithmic scheme (4) reduces to the classical ADMM when there
are only two blocks (n = 2), the coupled objective vanishes (H = 0 and g =
0)and R; = 0 (i = 1,2). ADMM was originally introduced in the early 1970s
[20,23], and its convergence propertites have been studied extensively in the literature
[6,15,17,18,22,28,40]. Because of its wide versatility and applicability in multiple
fields, ADMM is a popular means of solving optimization problems, especially those
related to big data; we refer to[8] for a survey on the modern applications of ADMM.

For the case of n > 3, numerous research efforts have been devoted to analyzing
the convergence of multi-block ADMM and its variants for the linearly constrained
separable convex optimization model, i.e., (1) without the coupled term. Recent work
[10] has shown that the n-block ADMM (4) is not necessarily convergent, even for a
nonsingular square system of linear equations. Various methods have been proposed
to overcome the divergence issue of multi-block ADMM. One typical solution is to
combine correction steps with the output of n-block ADMM (4) [25-27]. If at least
n — 2 functions in the objective are strongly convex, it has been shown that (4) is
globally convergent, provided that the penalty parameter B is restricted to a specific
range [9,11,24,33,38,52]. Without strong convexity, it has been shown in [30] that the
n-block ADMM with a small dual stepsize, where the multiplier update (4) is replaced

by
n
Mk+1 _ 'uk — 18 (ZAI‘X;H] —b) ’

i=1
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is linearly convergent provided that the objective function satisfies certain error bound
conditions. Some very recent studies [36,37] have demonstrated the convergence of
multi-block ADMM under some other conditions, and some convergent proximal vari-
ants of the multi-block ADMM have been proposed for solving convex linear/quadratic
conic programming problems [13,35,47]. A recent paper [48] proposed a randomly
modified variant of the multi-block ADMM (4), called randomly permuted ADMM
(RPADMM). At each step, RPADMM forms a random permutation of {1, 2, ..., n}
(known as block sampling without replacement), and updates the primal variables
xi (i = 1,2,...,n) in the order of the chosen permutation followed by the regu-
lar multiplier update. Surprisingly, RPADMM is convergent in expectation for any
nonsingular square system of linear equations [48].

In contrast to the separable case, studies on the convergence properties of n-block
ADMM for (1) with nonseparable objective, even for n = 2, are limited. In [29], the
authors demonstrated that when problem (1) is convex but not necessarily separable!,
and certain error bound conditions are satisfied, the ADMM iteration converges to
some primal-dual optimal solution, provided that the stepsize in the update of the
multiplier is sufficiently small. Despite this conservative nature, the stepsize usually
depends on some unknown parameters associated with the error bound, and may thus
be difficult to compute, which often makes the algorithm less efficient. In view of
this, it might be more beneficial to employ the classical ADMM (4) (with 7 = 1) or
its variants with a large stepsize t > 1. However, as mentioned in [31], “when the
objective function is not separable across the variables, the convergence of the ADMM
(4) is still open, even in the case where n = 2 and 6(-) is convex.” Along slightly
different lines, [ 14] investigated the convergence of a majorized ADMM for the convex
optimization problem with a coupled smooth objective function, which includes the
2-block ADMM (4) for (1) as a special case. Convergence was established for the
case when the subproblems of the ADMM admit unique solutions and H, A1, A2, R;
and R; satisfy some additional restrictions; see Remark 4.2 in [14] for details. Very
recently, [21] studied the convergence and ergodic complexity of a 2-block proximal
ADMM and its variants for the nonseparable convex optimization by assuming some
additional conditions on the problem data. As the positive definite proximal terms
are indispensable in the analysis of these algorithms, the results derived in [21] are
not applicable to the scheme (4) for problem (1) since R; and R, are only positive
semidefinite.

In this paper, we analyze the iterate convergence of proximal ADMM (4) and
the randomly permuted ADMM for solving the nonseparable convex optimization
problem (1). The main contributions of our paper are threefold. Firstly, we prove that
the 2-block proximal ADMM is convergent for (1) only under a condition that ensures
the subproblems have unique solutions. Our condition is the weakest to ensure iterate
convergence for the proximal ADMM since, as we will see in Sect. 2, it is not only
sufficient but also necessary for the convergence of the proximal ADMM applied to
some special problems. Our analysis partially answers the open question mentioned in

! The models considered in [29,31] are more general than problem (1), as the authors of [29,31] actually
allow generally nonseparable smooth function in the objective, but in (1) the coupled objective is a quadratic
function.
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[31] on the convergence of ADMM for nonseparable convex optimization problems.
Secondly, we extend the RPADMM proposed in [48] to solve the model (1), and prove
its expected convergence in the case where 9; = 0(i = 1,2, ..., n). This result is a
non-trivial extension of the convergence result shown in [48], since the objective in
(1) is more general and its solution set may not be a singleton. Thirdly, when restricted
to the unconstrained case, thatis, A; (i = 1,---,n) and b are absent, the proximal
ADMM and RPADMM reduce to the cyclic proximal block coordinate descent (BCD)
method (also known as the alternating minimization method), i.e.,

1
k+1 : k k k2
e ::argmln{@(xl,xz,...,xn)—l—§||x1—x1||R1},
xleRdl
1
k+1 : k+1 k k k2
x2+ = argmm{@(x]"r ,xz,x3,...,xn)—|—§||x2—x2||R2},
xoeR% ©)
1
k+1 . . K+l _k+1 k+1 k2
xn+ = argm1n{9(x1+ ,x2+ ,...,xnfl,xn)~|— §||xn —xn||Rn}.
X €RAn

and randomly permuted BCD. An implication of our work is the iterate convergence of

the 2-block cyclic proximal BCD method for the whole sequence and, in particular, the
expected convergence of randomly permuted multi-block BCD. Although the literature
on BCD-type methods is vast (e.g., [3-5,39,43,45,46,49,50]), there are very few
results on the iterate convergence of BCD-type methods. As mentioned in [7], “in all
these works [on BCD or its proximal variants] only convergence of the subsequences
can be established.” By assuming that the Kurdyka-Lojasiewicz property holds on
the objective function and the iterates are bounded, [2] and [7] established the iterate
convergence of the proximal BCD and proximal alternating linearized minimization,
respectively. Itis clear that these results are also applicable to the BCD type methods for
convex minimization problems. While the boundedness assumption of the sequence are
typical to establish the iterate convergence of algorithms for nonconvex optimization
problems, it might be a bit restrictive to assume the boundedness for analyzing the
iterate convergence for the convex cases. To the best of our knowledge, our convergence
result for the 2-block proximal BCD method is the first for the proximal BCD that
only requires the unique solutions-type condition of the subproblems, rather than any
assumptions on the boundedness of the iterates.

It has been claimed that randomly permuted BCD (RPBCD, also known as the
“sampling without replacement” variant of randomized BCD, and called “EPOCHS”
in a recent survey [51]) tends to converge faster than the randomized BCD [51], with
the classical cyclic version performing even worse. Some numerical advantages of
RPBCD compared with randomized BCD and cyclic BCD were discussed in [45].
In fact, it has been stated that “this kind of randomization [RPBCD] has been shown
in several contexts to be superior to the sampling with replacement scheme analyzed
above, but a theoretical understanding of this phenomenon remains elusive” [51].
Randomized BCD (“sampling with replacemen”) has already been extensively stud-
ied [44], but its theoretical analysis does not apply to RPBCD. Although the function
value convergence results [4,32,49] for cyclic or essential cyclic BCD can be sim-
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ply extended to RPBCD, these analysis techniques are independent of permutation,
so there remains a lack of direct theoretical analysis on the iterate convergence of
RPBCD. Our expected iterate convergence of RPBCD for quadratic minimization
problems can be regarded as the first direct analysis on the iterate convergence of
the “sampling without replacement” variant of randomized BCD. We also prove that
2-block RPBCD may have a worse convergence rate than 2-block cyclic BCD for
quadratic minimization problems. Thus, RPBCD should be used with caution for
solving convex optimization problems with a few blocks.

The rest of this paper is organized as follows. In Sect. 2 , we prove the iterate
convergence of the 2-block proximal ADMM and cyclic BCD for linearly constrained
optimization problems with a coupled quadratic objective function (1) and its uncon-
strained variant, respectively. Section 3 illustrates the expected convergence of the
RPADMM and the RPBCD for a class of linear constrained quadratic optimization
problems and its unconstrained variant, respectively. Finally, we conclude our paper
and present some insights into the use of ADMM and BCD in Sect. 4.

2 Convergence of 2-block proximal ADMM

In this section, we will specify n = 2 and analyze the iterate convergence of the 2-block
proximal ADMM for the convex optimization model (1). For notational simplicity,
we write

Hyy Hpp Ry 0 81
H = , R := and = ,
] [0 R] e e[
and define the quadratic function ¢ (x, x2) by

1 1
d(x1,x2) := leTHnm +x{ Hiaxa + Eszszxz + g1 x1 + g5 x2. (6)

Thus the problem under consideration can be written as

min  0(x) := 01(x1) + 02(x2) + ¢ (x1, x2)
xeRd @)
s.t.  Apx; + Axxp =b.

Since 01 and 6, are closed convex functions, there exist two symmetric positive
semidefinite matrices > and X, such that

(1 =) T — ) = |lx = £1[1%,. ¥ x1. % € dom(9), wy € 36 (x1). 1 € 361 (F1)

®)
and

(xa —22) T (wy — o) = x2 — #2ll},. ¥ x2. %2 € dom(6r), wy € 302(x2). 1y € B02(%2),

&)
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where 0601 and 96, are the subdifferential mappings of 61 and 6;, respectively. By
letting

x::[xl], £:=|:)f1:|, w:=|:w1:|, uA):=|:lf)1] andZ]::[El O:|,
X2 X2 wo wy 0 X

(10)
we have

x =5 T(w—w) > |x — %% (11)

The following lemma establishes the contraction property with respect to the solu-
tion set of (7) for the sequence generated by (4), which plays an important role in the
subsequent analysis.

Lemma 1 Assume the 2-block proximal ADMM (4) is well defined for problem (7).
Let { (x’l‘, x’z‘, wk)} be the sequence generated by (4). Then, the following statements
hold.

(1) If (x1, X2, 0) is a given KKT point of problem (7), then we have

1
( ||x _XHH+E+ iR 7||x2 x2”H22+22+ﬁATA2
*HM - al* + *||)C 572 )
2‘3 2 2 Ry
k+1 2 k+1
—(=1x —x Sl =X
(3 I ”H+E+4R ” 2 ||H22+22+,3ATA2
Lok
a2 4 k+1 k2 )
e - PR
25 ll all || 21,
1 1
k+1 k+1 k+1 k2
> _ _ i _
Z 16 llx x ||H+E+8R + - ||x x2 ”H22+22+3ﬁATA2 + 28 [l 7l

(12)
(1) It holds that

lim d(. 301 (ST Vg (F T ST — ATk = o,
11m dO, 35T + VLo F T AT — ATy =0, (13
hm A1 xS 4 Apxs T — || = 0,

where d(-, -) denotes the Euclidean distance of some point to a set.

Proof (i) From the first order optimality condition of (4), we get

0 € 30 (X + v @ (KT k) —
+BAT (Arx T + Axxk —b) + Ry (x"“ —xb),
0 € 305 + Vi (xf T 5T
—Ay b+ BAT (At + Apxs T = b) + Ry(eb ! — xh),
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where ¢ (-, -) is defined in (6). Using the definitions of ¢ and %!, the above formulas

imply that

Vo K A AT R 4 (Hyp 4+ BAT Ag) (5T — i)

—R (T — Ky € 80y (xF T,
o x2¢(xk+1 k+l) —|—AT k+1 R2(xk+l _xz) c 892(}6k+1)

Since (X1, X2, it) is a KKT point of problem (7), we have that

—Vu ¢ (X1, %) + A] i € 301 (31),
—Vu¢ (X1, %2) + A) i € 302(32),
A1X] + Axxp = b.

From (11), (14) and (15), we obtain
[lx k+1 —”2
< T =TT [ = VoL b + AT 4 (o 4+ BAT A (AT — )
—RIGf ! —xb)] = [ Vo (1 5 + AT il
+(X'z‘“—iz)T{[ Vi ¢ (T b 4 AT ik - Ry - 1)

[~ Va8 + AT ]|

(14)

5)

_ _(xllc+1 _ fl)TAlT(/l — okt — (x12<+1 _ )EQ)TA;(,& — FHY T R — Ky

+ 7)) T(Hi + BA] A 5T —x8) — 5 — )T (Vo (e, 25+
—V (X1, %2))
_ 1 _ _
— ()Ck+1 —xk)TR(x _xk+l) + E(N’k+l _ Mk)T(M _ Mk+l) + (X{C-Fl _xl)T(le

+BA] A (5t —a5) — A x
By simple manipulations and using A1x; 4+ Axxy = b, we can see that

ﬂ(xllc-H _ fl)TATAz(xk-H _ xk)

= —B(AxET — A25) T (AT — Apxk) + B(A T 4+ AT — )T (AT
=§<||Azx2 Arir||* — (| Ay — Azfzn>—§||Azx§+1—Azx2||2

+B(A T + ApxsT! —b) T(Apxy ™ — Axx),
@ —HTRE — o = <||x = % = I =R = =R

(16)

— Alezc)

a7
(18)

and
1 B 1 _ _
E(Mk“—uk)T(M—uk“) = E(nuk—unz—||uk+1—u||2—|mk“—uan). (19)
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On the other hand, it f ollows from (14) that

{ xz¢<x"“ AT AT k! Rz(x"“—xz)eaez(x"“),
Vi ¢ (66, x5 + AT pF — Ra(xek — 571 € 96, (%),

which, together with (9), implies

AT =T = Vot 5T a] k+1—R2(xk+1—x2)+vxZ¢<x1 x5

—Ag k4 Ry — 5D = 15 - 1%,
(20)
Recall that
ph T — ——ﬂ(A1xk+l+A2x]2‘+1—b) and Vi@ (x1.x2) = Hhxy + Hopxo + go.
Then, by using the Cauchy-Schwarz inequality, the inequality (20) gives
5(A1x"+‘+A2x"+1 b) T (Apx5T! — Ayxh)
k+1 k+1 TyT k+1 k+1
— 5 = X5y, + 5T =X THL(ef —xTh — x5 = x5 1%,
+5 T = DT Ry — x5
k+1 k+1 T T ok k+1 k+1
||x + x2||H22+22+(x + —x2) H]z(xl +) || + _Xz”R2

+§||x2 — x5

Substituting (17), (18), (19) and the above inequality into (16), we further get

1 _ _ 1 _ B
(IR = 1% = 1 = w13 + = (e = 2l — 1T = @)?) + S (1A
2 28 2

— A2 |? — | AT — Asio|?) + E(nx2 —x57NE, = 1T = xA%)

1
k+1 =2 k+1 k2 k+1 k 2 k+1 k2

> ||x —x||H+z+—||x =l + gl = I ||x — 3515474,

—aT = THL G — ) 4 It = A5, s, 1)

Moreover, it follows from the Cauchy-Schwarz inequality and H + X > 0 that

K+l T Tk = k1 kg2
(x —x2) H]z(xl —X1) — ||x —x2||H22+22
k+1 T 7T k+1 KT k=
=T = THLGY — 20 + G5 =) T (Hp + 20 (8 - )

— (5T X T (Hy + 20) (5T — )

.
0 - -
= [x§+1 _ x’2‘] (H + )" = 3) = g™ =) T (Hn + £2) (" = %)
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k =12 k+1 =2
(2 = %2l s, = 167 = Falliyym,)

k+1 k+1

.
0 PR T TS

= |: k+1 _xlzc] (H+2)(x" —Xx) — §”x2+ _x2”H22+22
3, ., 1 k2 1 k2

Z”x —Xlgys + §||x2 =% s, — §||x2 — X 1543,

1
k = 12 k+1 =2
+§(||x2 - x2||H22+):2 - ||x2 —x2||H22+22)
3 1
_ k=2 k+1 k2
= I = Fls = 1™ = S,
1
k =112 k+1 =112
+§(||x2 - 362“15122.4.22 = lxy —x2||1-122+§;2)7 (22)

where the last inequality follows from the elementary inequality

al(H+ 2)b < 2lal%,s + $1blI3, 5 for any a,b € %Y and the equality
2

0

k+1 k
Xy TX

k+1 k2 : : :
= llx5 - x5l Hop 5 Using the inequality

H+%

2(llall s + 16113 5) = lla — bl3,, 5. we obtain

v

3
k+1 =2 k=2
[|x + _x||H+E_4_1Hx —x||H+2
7 1
k+1 =2 k=2 k1 =2 k=2
Zg(”x — ¥l gys —Ix —x||H+2)+§(||x —Xlgys +x _x”H+E)
7 1
k+1 =2 k=2 k+1 k2
zg(llx * =Xy —lIx —XIIH+>:)+1—6IIX X 171 5- (23)

Substituting (22) and (23) into (21), we get (12).
(i1) From (12), we can immediately see that

oo
1 1 1
k+1 k2 Tk k2 k+1 kg2
> (1K —x Wipasrsr+ g =385, g aparay T o = P) < o0,

k=1
(24)
and it therefore holds that
. k+1 k _ . k+1 k _
klingo llx —x*lg+z+88 =0, klirgo ”xz — X ”H22+Ez+3ﬁA;—A2 =0 (25
and 1
lim AT 4 AT b = dim — At — k) =0 (26)
k—o00 k—oo0 B
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Since H 4+ X, R and Hyy + X are positive semidefinite matrices, we deduce from
(25) that

lim (H + =) K — x5 =0,

k—o00

Jim R (M — xky =0,

k+1 27

k
hm ||.X x2||H22+22 =0,

hm A2 (x5 — xby| =0,

and hence
Jim (Hyy + ST — b Hp T —xb =o. (28)

Using the triangle inequality, we have

k+1
f“ - xlf ler xlf
0 k+1 k

Xy T4
and thus from (27), it follows

<

H+X

El

H+X

k1 ok
H+S X T

k+1 k+1

. k . k
lim ||X] — X1 ||H1|+21 < lim (”x - X ||H+E + ”x — Xy ”H22+22) =0.
k— 00 k— 00

From (27), (28) and the above formula, we obtain

Jim R, it —xh =o,

hm Rz(xIH'1 —xz) =0,
(29)

hm H12(karl —xlzc) = — lim (Hy; + 21)(X{(+1 — xl) =0,
— 00 k— 00
hm Ay (5T —xky =o0.
This, together with (14) and (26), proves the assertion (13). O

To establish the convergence of ADMM, we make the following assumption:

Assumption 1 We assume

Hy 0 X 0 AlAL 0 Rl 0
[0 sz}j{o 22}7{ 0 AjA|Tlo R T GO

It is worth emphasizing that Assumption 1 means that the subproblems of 2-block
proximal ADMM admit unique solutions, because Assumption 1 holds if and only if

Hip 0 2 Al Ay 0 R 0
R R A ] I B A B

for any 8 > 0. However, the optimal solution to original problem (7) is not necessarily
unique.

We are now ready to prove the iterate convergence of the 2-block proximal ADMM
for the nonseparable convex optimization model (7).

@ Springer



C. Chen et al.

Theorem 1 Suppose Assumption 1 holds. Let {(xf, x§ , W5)} be generated by the prox-
imal ADMM (4) with n = 2 to solve problem (7). Then the sequence {(xlf, x’z‘, W
converges to a KKT point of problem (7).

Proof 1t follows from (12) that the sequences {(H + X + R)X*1), {(Hy + 5 +
,BA;Az + Rz)x’2‘+1} and {ka“} are all bounded. Since Hy; + X5 + ,BA;—A2 + Ry is
positive definite, we know {x]2‘+1} is bounded. Note that A1x; + Axx> = b. Using the
triangle inequality

JAT G — 21 < 1A 4+ Apxd T — (A7) + A + A5 — 7))
= ||A1x"+1 + ApxA T — b+ 1A AT — Bl

= —||u — 1 A AT — R

B
and
k 1 -
k+1 + — X1
”-x - xl||H11+):1+R1 0
H+X+R
= k+ - k1 =
=2l gysir X 2 pistr
k+1 = k+1 =
= ||X i -x||H+Z+R + ||x2 - -x2||H22+22+R27

we further obtain the boundedness of the sequences {Alxk+1} and {(H11 + X1 +
Rl)xk+1} and hence {(Hy; + X1 + ,BATAl + Rl)ka} is bounded. Together with
the positive definiteness of Hy; + X1 + ﬂA A1 + Ry, this implies the bounded-
ness of {xk+1 }. Thus, the sequence {(xi‘, xlz‘, /Lk)} is bounded and there exists a triple
(x7°, x5°, 1*°) and a subsequence {k;} such that

ki ki . .
lim x; = x°, lim x, = x5° and lim uk’ =
1 1 2 2 .
i—00 i—00 1—> 00

Setting k = k; — 1 and invoking the upper semicontinuity of d0; and d6; in (13), we
then obtain
—Vu ¢ (%, x5%) + Af M"O € 001 (x77),
V¢ (x7°, x5 )+A € 06, (x5°),
Alxl +A2x2 —b= O

which means (x7°, x5°, 1) is a KKT point of problem (7). Hence (12) is also valid
if (x1, X2, 1) is replaced by (xl ,x2 , 1®°). Therefore, it holds for any k > k; that

7
Tkl 002 .ax
8”x x ”H+E+%R ||x *2 ”H22+22+/3A2TA2
1
k+1 2 k+1
+_2ﬂ I — ) + IIX x5,
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2
Il

7. &
< — L — —
= ”x s rar T b’ = %2 ||H22+22+/3A2TA2

|
ﬁllu = 1P 4 SIS = R, 31)
It follows from (29) that
hm ||karl —x]z‘HR2 = 0.
Note that
T 5
A, (§”x ”H+2+ i T ol —x ”sz+22+ﬂATAz

2 ki ki—12
ﬁllu — +§||x2 -x ' z,) =0.

and so we can deduce from (31) that

kll>nolo (%Hle - xoo”iHEJréR _”ka % ||sz+22+ﬂATA2
+2i||uk“ —uI? + nx"“ —x3l&,) =0,
B
which implies
k1 *

— _ : k+1 _
hm ) *2 ”H22+Ez+,3A2TA2+R2 =0, kll)n(lo“ =K

and

Jim [ — x5 e =0, (32)

Since Hyy + X2 + ,3A2T Ay + Rj is positive definite, we obtain

lim x5! = x50 (33)
k— 00

On the other hand, by (13) and (33), it can easily be seen that

AT — 22y < AT 4 Apb T — (A0 + 40250) | + A2 (5T — x5
= [JAEF 4 A b 4 A AT — 250y — o, (34)

as k — oo. Then, we obtain

k+1 k+1 2
It o xp)

~ 3 emripatarm = T xR oy AIALG

|

k+1
[ L ]H +BIIA (T = xP0)?
H+X+R

0
0 2
[m OO}H )+ﬂ||A1(x"+‘ x))2
X X% llgys4r

ey
|: ber xf°:| + ‘
00
— x5
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k+1 k+1 2
= (flx*F o xp9y)2,

—x® gz ar + 15T =23ty r5, 40 + BIAL (]
where “<” follows the triangle inequality of norms. Together with (32), (33), (34),
and the positive definiteness of Hy1 + X1 + ﬂA;'—Al + Ry, this shows that

k+1 00

lim x| = xy".
k— 00

Therefore, we have shown that the whole sequence {(x{‘, xlz‘, whyy converges to
(x§°, x5°, u®°), which is a KKT point of problem (7). This comletes the proof. O

Remark 1 In fact, the iterate convergence of 2-block proximal ADMM can also be
guaranteed if there is a fixed stepsize y € (0, (14 +/5)/2) in the dual update. Namely,
the proximal ADMM can be extended as follows:

T = arg min {E,s(xl,xz 1 + —||x1 =X ||R1}
x1€R4
k+1 = arg min {C,s(ka x2; 15 + —||x2 - x12<||§e2}’ (33)
4 2
xzeR 2
pi =k — At + Apxy T - b),

where 8 > O and y € (0, (1 + «/5) /2). Under the conditions of Theorem /, we can
similarly prove the global iterate convergence of (35). For brevity, we omit the details
here.

Remark 2 The proximal ADMM includes the ADMM and its linearized version as
special cases. When R; = 0 and R, = 0, the proximal ADMM reduces to the ADMM
and, according to Theorem 1, its convergence can be established under the condition

that .
Hi; O ¥ 0 Al Ay 0
[0 H22]+|:0 22]+|: 0 A;Az =0
The ADMM can be easily applied to the convex minimization problems where 6; (i =

1, 2) have closed form proximal operators and all the matrices Hi1, Hx, A1, Ao are
diagonal. Otherwise, we consider the linearized ADMM:

k 1 2
o = [l — Hi — ﬂA Apxf — BAT (Apxh — b) — Hipxh — g1]/m1.
’f*‘ = argmin 6; (x1) + —||x1 TR
xleRdl
k 1 2
2= (2] — Hap — ﬁAz Apxk — AT (AT — by — HLXT — 0]/,
5“ = arg min 65 (x2) + —IIX2 R b
szRdz
= 1k — BT 4+ AT — b,

which is equivalent to the proximal ADMM with Ry = riI — Hjj — ,BAITA] and
Ry = rl — Hyy — ,BAZT Aj. Thus the iterate convergence of linearized ADMM can
be guaranteed under the condition that
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r,->lmaxdk (H”—l—,BA A, i=1,2,
]<

where A ; (-) represents the jth eigenvalue of a matrix.

By using the following proposition (see [16, Lemma 1.1] and [34, Lemma 3]), we
can deliver sublinear convergence rates of the proximal ADMM, measured by the
square of KKT violation and the function value.

Proposition 1 For any sequence {a;} C N satisfying a; > 0 and Y 2, a; < +00, it
holds that min <;<x{a;} = o(1/k).

Theorem 2 Suppose Assumption 1 holds. Let {(xll‘ , xlz‘ , X)) be generated by the prox-
imal ADMM (4) with n = 2 to solve problem (7). If (X1, X2, it) is a given KKT point
of problem (77), we have

lmmk{d (0, 36) (it + Vi g (it ki) — AT i) 4+ d2(0, 965 (i)
<1<

+Vx2¢(xl+l l+1) AT l-‘rl) + ||A1xl+1 +A2xl+1 bHZ} =0(1/k)
(36)

and

min [(01(x}) +62(x5) + B (x}, xD)) — O1(F1) +62(52) + §(E1. 52))| = 0(1/Vh).
- (37)

Proof From (4) and (14), we obtain

—R (T — x5y - (Hin + BAT Ap) AT — x5 € 86 (61T
+Vx1¢(xk+1 k+1) AT k+1

||Alx"+1 + ApxS T —p|? = Enu"“ - u"nz.

By using the Cauchy-Schwarz inequality and the above formulas, we obtain

d (O ael(xk+1)+vx1¢(xk+1 k+1) AT k+1)+d2(0 agz(karl)
< 2||R1(xk+1 xl)n +2||(H12+ﬁATA2)(xk+l )2
FIRa (AT — by 4 @nu"“ — by
1
< 2UREIP I = xf1%, + QUHRL + BA] Aol + [ RoP)IIxs T — X512

+F|m"+l — k2 (38)
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It follows from (24) that
o
k+1 k2
D I = xR, < oo,
k=1
o
k+1 kg2
2 = AT an ey < O (39)
k=1

o0

k+1 k2
DI — )P < oo,
k=1

Since Hay + X5 + A, Ay + Ry > 0, from (39) we have

o0
D st = X511 < oo (40)
k=1

Combining Proposition 1 with the relationships (39) and (40), we have

1 . . . .
min {21 RF 2 = {1}, + @UHL + BAT A2l + IR DI — 12
1 . .
gzl = WP} = 01/0),
which, together with (38), implies (36).
Since (x1, x2, i) is a KKT point of problem (7), for any (x1, x2) € dom(f;) x
dom(6;), we get

{ 01(x1) — 01 (F1) + (x1 — %1) T (Vy, (31, %2) — A 1) >0,
02(x2) — 02(%2) + (x2 — %2) T (Vi (X1, ¥2) — Aj 1) > 0.

Since ¢ is convex, we obtain
$x1,x2) — $(F1, 52) = (x1 — ) Vi ¢ (F1. 02) + (02 — 22) T Vi $ (J1, 02).
Adding the above three inequalities, and using A1x; + AzXx; = b, we get

(010 +62002) + B(x1, 2)) = (01 1) +02(82) + B (1, 82)) = T (Arx + Agxz —b) = 0,
Setting x; = xi and xp = xé in the above inequality, we have

(01D +0:65)+6 (], 30 ) = (01 ) +02E2)+6 (B1. 52)) = 27 (A x| +4225-b).

(41)
Note that 61, 6, and ¢ are convex functions and the sequence {(x{, xé, u')} generated
by the proximal ADMM (4) is bounded. For any u € 36, (x}), v € 362(x}), using
A1x1 + Axxpy = b, we obtain

@ Springer



Extended ADMM and BCD for nonseparable. . .

(010 + 62082 + 9 (1. £2)) — (61 x]) + 62) + B (x], D))
> (& —xD) T+ Vo, x0) + G — xh) T (v + Vi (xf, x1))
=G —xD) T+ VoG, xh) — Al ph) + (o — xh) T
(W + Vi, (x], x5) — Ay ') — (Arx} + Asxh — b) T 1!,

which, together with (41) and (36), implies (37). We complete the proof. O

We remark that, in some sense, Assumption 1 actually acts as the weakest condition
to guarantee the iterate convergence of the proximal ADMM for solving problem (7).
Firstly, if Assumption 1 is violated, the solution sets of subproblems in (4) might be
empty, in which case the 2-block proximal ADMM scheme is not well defined (see
[12] for an illustration). Secondly, the following corollary shows that Assumption 1
is not only sufficient, but also necessary for the iterate convergence of the 2-block
proximal ADMM for solving the coupled quadratic minimization problem. Thus, the
conditions we proposed are already tight.

Corollary 1 Assume problem (7) is a convex quadratic programming problem, that
is 01(x1) = 0 and 62(x3) = 0. Then, any sequence generated by the 2-block proximal
ADMM is convergent if and only if Assumption 1 holds.

Proof The “if” part follows immediately from Theorem 1. For the “only if” part, we
prove that if Assumption 1 fails to hold, there must exist some sequence generated by
the 2-block proximal ADMM that is divergent. Indeed, let {(x{‘ , xlz‘ , 1K)} be a sequence
generated by the 2-block proximal ADMM, i.e.,

. 1
xlfH € arg min Hﬁ,s(m, xh; 1) + zllxl - x{‘||%el ],
xleRdl
. 1
4 e argmin {£5( ! was i) + Sl = 13, | “2)

X2 eR%

P = k= AT+ Ay - ).
If the sequence is divergent, then the “only if” part of this corollary holds. Thus we
need only consider the case where {(x’f , x§ , 1%)} converges. Because either Hyj +
BA] A1 + Ry or Hx + BA, Az + Ry is not positive definite, there exists a nonzero
vector (y1, y2) such that
(Hii + BA] Ai + R)3 =0 Vi=12,

or equivalently,

H;;y; =0, A;yi=0 and R;y;=0 Vi=1,2, (43)
. .. . . . Hy; O
since H and R are positive semidefinite. Using the factthat0) < H < 2 0 Ho |’
22

we have Hy = 0. Hence, it holds that
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Hi2y, =0 and H,5 =0. (44)

By (42), (43) and (44), it can easily be seen that, for any k > 1,

) . o 1 )
x4 51 e argmin { £ 2370 2 4 S — 2P,
X1
) . ) L )
x3t + 52 € argmin { L0 + 51,201 1) + Sl — 5511 ).
X2

P = p =t — B(AL G+ 1) + A2 (3 + ) — b)

and

. _ 1 _
X+ ¢ argmin {Eﬁ(m, 5+ 3o; 1) + Sl = O+ IDIE, }
X1
. 1 _
e argmin { L7 o 1) + Sl — 03+ )l ).
X2

P = 2 g (A g A2 ).

2k+1
X

This means that the divergent sequence (x!,x1, u!) — (7 + 31, x5 + 3o, u?) —
(x13, x%, /ﬁ) — (xj1 + )71,x§ + y2, ,u,4) — ... could be generated by the 2-block
proximal ADMM. Thus, Assumption 1 is also necessary for the iterate convergence.
This completes the proof. O

When restricted to the case that A; (i = 1, 2) and b are absent, the 2-block proximal
ADMM reduces to the 2-block cyclic proximal BCD method. Our analysis of prox-
imal ADMM provides an iterate convergence result for the 2-block cyclic proximal
BCD method without assuming the boundedness of the iterates, but only requiring
a condition to ensure the uniqueness of the subproblem solutions. This result is an
important supplement to traditional studies on BCD, which have mainly focused on
subsequence convergence and the complexity of the function values, and enables a
better understanding of the performance of this method.

Corollary 2 Assume Hj; + ;i + R; > 0. Let {(x’l‘, xlz‘)} be generated by the cyclic

proximal BCD (5) with n = 2 to solve the following unconstrained optimization
problem:
1
min 6;(x1) + 6 (x2) + —x  Hx + g ' x. (45)
xeRd 2

Then the whole sequence {(xll‘, xlz‘)} converges to an optimal solution of (45).

Remark 3 Similar to the proximal ADMM, the proximal BCD includes BCD and its
linearized version (also know as BCPG) as special cases. When Ry = 0 and R, = 0,
the proximal BCD reduces to BCD and, according to Theorem 1, its convergence can
be established under the condition that

Hi; O 1 0
[0 H22:|+[0 22}”)
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The BCPG is a combination of the proximal gradient method and BCD, which can
be easily implemented when 6; have closed-form proximal operators. Specifically, it
takes the form that

x]f+1/2 = [(n1 — Hinxt — Hypxh — g1]/r,

xlfH = argmin {61 (x1) + %lel - xlf+l/2||2} ,
x1€R41

X§+1/2 = [(r2d — Hyp)xh — H ! — g2]/r2,

x12‘+1 = argmin {65 (x2) + %zllxz — x§+1/2||2} ,

X2 cR%

which is equivalent to the proximal BCD with Ry = riI — Hj; and Ry = rl —
Hj>. Thus the iterate convergence of linearized ADMM can be guranteed under the
condition that

ri > max Aj(Hy), i=1,2.
1<j=<d;

3 Convergence of multi-block RPADMM and RPBCD

As shown in [10], the convergence result for 2-block ADMM obtained in the previous
section cannot be extended to the multi-block case, i.e., n > 3. To remove the pos-
sibility of divergence, we use randomly permuted ADMM (RPADMM) to solve the
nonseparable optimization problem (1). Specifically, RPADMM first picks a permu-

tation o of {1, ..., n} uniformly at random, and then iterates as follows:
k+1 . : k k.o k
x”(ﬁ) = argmm {Elg(xg(l), Xg@)r > Xg(m)s M )} ,
(1)
k+1 . - k+1 k k.o k
Xy(2) 1= arigf;m [C,g(xg(l),xg(z),xg(3), e Xy )} ,
kl k+1 _k+1 k+1 k (46)
+1 . _ : + + + .
Xo(n) = ari;mm [ﬁﬁ(xﬂ(]),xa(z), s Xy (e 1yr Xo(n)s )} ,
o(n)
n
k+1
pt = = B A~ b),
i=1
where the permuted augmented Lagrangian function Lg (X5 (1), Xo(2)s - - - » Xo(n)} 1) 1S

defined by

La(Xo(1)s X5@2)s -+ s Xom)s W) = Lg(X1, X2, ..o, Xn; 1.

It has been shown in [48] that RPADMM is convergent in expectation for solving
the nonsingular square system of linear equations. To extend their result to the nonsep-
arable convex optimization model (1), it is natural to first study whether RPADMM is
even convergent in expectation for solving the following simpler linearly constrained
quadratic minimization problem
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1
min O(x):= —x ' Hx + ng
xeRd 2

n
S.t. ZA,’X,‘ =b,
i=1

(47)

where H can be partitioned into n x n blocks H;; € Rdixd; (1 <1, j < n)accordingly.
In this section, we provide an affirmative answer to the above question under the
following assumption.

Assumption 2 Assume

Hpy 0 - 0 AlAr 0 o0
0 Hpy -~ 0 0 AjAy -+ O
: . |t . . . > 0.
0 0 --- Hy, 0 0 o ATA,

Although our current result is restricted for nonseparable quadratic minimization,
a special case of (1), it serves as a good indicator of the expected convergence of
RPADMM in more general cases. It is noteworthy that our result is a non-trivial
extension of the result in [48], because, in our setting, the problem under consideration
is more general. For example, the optimal solution set of (47) is not necessarily a
singleton, in which case the spectral radius of the algorithm mapping may not be
strictly less than 1, although this fact played a key role in establishing their result.

3.1 Proof outline and preliminaries

For convenience, we follow the notation in [48], and describe the iterative scheme of
RPADMM in a matrix form. Let L, € R?*¢ be an n x n block matrix defined by

Loy Hs i)o (j) +/3AI(i)AU(j)’ if i > J,
(Lo)o(iy.o) = 0 otherwise

and R, be defined as
Ry =Ly — (H+BATA) =L, —S. (48)

By setting z := (x, 1), the randomly permuted ADMM can be viewed as a fixed point
iteration

= M, + L)', (49)
where
- 1= - L, 0 - R, AT - —g+pATh
MU:=L0]RU, L(,:=|:IBZ Ii|, Ro:=|:00 Ii|, b:=|: gﬂ’g .
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Define the matrix Q by

1
. -1 -1
Q:=Es (L") = — YL, (50)
oel
and M by
1
M= E;(Mo) = — 3 Mo, (51)
oel
where I" is the set of all permutations of {1, 2, ..., n}. By direct computation, we can
easily see that
I—-0S QAT
M = . 2
[—,BA+;3AQS I—ﬂAQAT} (52)

To prove the expected convergence of the RPADMM (46) for problem (47) under
Assumption 2, we will use a similar, but not identical, structure as that introduced in
[48], which consists of the following main steps:

(1) eig(QS) C [0, 3);

(2) For any eigenvalue A of M, eig(QS) C [0, %) implies that |[A| < 1l orA = 1;
(3) If lisaneigenvalue of M, then the eigenvalue 1 has a complete set of eigenvectors;
(4) Items (2) and (3) imply the convergence in expectation of the RPADMM.

To prove the above items, we need the following linear algebra lemmas, whose
proofs can be found in the Appendix.

Lemma 2 Suppose that Assumption 2 holds, S € R4*? is a symmetric matrix defined
by (48) and Q is defined by (50). Then, the matrix Q is positive definite and all the
eigenvalues of QS lie in [0, %) ie.,

eig(QS) C [o, g) (53)

Lemma3 Let S and T be two symmetric positive semidefinite matrices in R*4,
Then, there exists a polynomial p(x) such that

det((h = D* I+ Q@A = DS+ (. — DT) = (A = D! p(n)

and p(1) > 0, where det(-) denotes the determinant of some matrix, | = 2d —
Rank(S) — Rank(S + T') and Rank(-) denotes the rank of some matrix.

Lemma 4 Suppose S € R4*? is a symmetric matrix defined by (48) and p > 0, then

S —AT

Rank|:ﬁA 0

} = Rank(S) + Rank(BA T A).
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Here, Lemma 2, Step (1) of the proof structure, is an enhanced version of Lemma
2 in [48] that is compatible with problem (47). The proofs of Steps (2) and (3), which
reveal the essential nature of this extension and are hence the key contributions here,
will be presented in Sect. 3.2. The proof for Step (4) is given in Sect. 3.3.

3.2 Eigenvalues of the expected update matrix

One of the main differences between the nonsingular linear system case and that of
the extended case is reflected in the following lemma, where 1 can be an eigenvalue
of the expected update matrix M.

Lemma 5 Suppose that Assumption 2 holds and S € R?*? is a symmetric matrix
defined by (48). Let A be any eigenvalue of M, then we have either |L| < 1 or A = 1.

Proof We introduce the following notation:

_ Bu*AT Au

y(u) = for all u € C" such that Su # 0, (54)
u*Su

where u* is the complex conjugate of u. Recalling that S = H + BAT A, we know
0<y@) <1 forall u e C" suchthat Su # 0. (55)

Similarly, we define

* )—1

———— forall u € C" suchthat Su # 0. (56)
u*Su

k(u) =

Note that eig(QS) < % by Lemma 2. Thus, we know that %Q‘l — 85 >0, and
therefore

4
0<k™ < 3 for all u € C" such that Su # 0. &7
Note that M can be factorized as
v—| I O0][1-0s QAT (58)
T =-BA I 0 1 )

Switching the order of the products, we obtain a new matrix

,_[1-0S QAT I 0] _[I1-0S-BQATA QAT
M'_[ 0 1 H—ﬂA 1}_[ —BA N RS

Note that eig(M) = eig(M’). Thus, it suffices to show either p(M’) < 1 or 1 is the
eigenvalue of M.
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Let <A, [Zl i|) be an eigenpair of M’, namely,
2

I—0S—BOATA QAT [ _, [
—BA 1 v | vy |’

which implies

(I — QS —BOAT Ay + QAT vy = Avy; (60)
—BAv] + v2 = Avg. 61)

Equality (61) gives
(1 —Xvy = BAv;. (62)

Suppose A # 1. Hence, it holds that

vy = Avy.

1 -2

Clearly, this relation implies that v{ 7% 0. Substituting the above relation into (60), we
have

A
0Sv; = (1 —Mv + %QATAUL

Using the nonsingularity of Q, the above equality can be written as
A
Svy=(1— X)Q_]vl + %ATAUL

Multiplying both sides of the above equality by v}, we arrive at

A
'BAUTATAvl, (63)

viSv = (1 — A)UTQ_lvl + 1

We claim that viSv; # 0. Otherwise, v’l*ATAvl = 0 and therefore A = 1 from
the inequality v’l“Q_lvl > 0 and (63). This contradicts our assumption that A # 1.
Multiplying both sides of (63) by (vTSvl)’1 and substituting the definitions (54) and
(56) into the above relation, we obtain the following key equality with respect to A

A
1=10-2x —_ ,
(1= )k (on) + ==y (1)
which can be further reformulated as

Kk(DA® = Qi) =y (1) = DA+ (1) — 1 =0.
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Because « (vy) is positive, we have

e (K(ul)*l(y(vl) +1)— 2) Pyt (1 - K(vl)*l) —0. (64)

The discriminant of the quadratic equation in (64) is

A= (ko0 G+ 1) - 2)2 —4(1-k@n™)

= kD™ (e ) + D? =4y ). (65)

Note that

4y (v1)
T (o) + D2 T

holds as a result of (55). Recalling (57), we consider the following two cases.

Ay
) (v (w)+1)?
solutions of (64) satisfy

Case 1: 0 < K(U])_l < . This means the discriminant A < 0, and the two

Mol =vViisr =V1I—k@)! < 1.

Case 2: % < lc(vl)_l < %‘. This means the discriminant A > 0, and the

two solutions are real. Let
FO =22+ (kDT D+ D =2) 4+ (1—r@)™).
By (55) and (57), we know that

fy =188 >0,

T
f(_])=4_ y,((lvl) >0a

Ay =2 - B € (=2, 2),

which together with A # 1, establishes that [1]| < 1.

Thus, it can be concluded that either A = 1 or |A| < 1 holds. O

We now consider the case where M has an eigenvalue equal to 1 and show that it
has a complete set of eigenvectors.

Lemma 6 Suppose that Assumption 2 holds, and M € R™TDXm+d) s o4 marrix
defined by (52). Suppose that 1 is an eigenvalue of M, then the algebraic multiplicity
of 1 for M equals its geometric multiplicity. Namely, the eigenvalue 1 has a complete
set of eigenvectors.
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Proof By direct computation, it holds that
_ . [a=DI+0s —oAT
detGl = M) = det| “g 4 _gaos (A71)1+/3AQATi|

[, —1DI+QS —QAT
ABA A =DI

= det

A—1
0 =11

= det

_(A—I)I+QS+ P 0ATA QAT:|

= (= 1)" 4 det [(x DM+ Q2h—DBOATA+ (h — l)QH]

= (= 1)" det [(x — 1214+ r—1BO2ATAQ? + (h — l)Ql/zHQ'/z} .
This, together with Lemma 3, shows that the algebraic multiplicity of 1 for M equals

m —d + 2d — Rank(Q'?BATAQ'/?) — Rank(Q'*(BATA + H)Q'/?)
=m+d — Rank(BAT A) — Rank(BA ' A + H), (66)

where the equality follows from Q > 0 by Lemma 2. In addition, the geometric
multiplicity of 1 for M is identical to the following quantity:

m +d — Rank(I — M)

_ [ 0s  —oaT
_m+d_Rank_ﬂA—,BAQS ,BAQATi|
_ [0S —0AT
_m+d—Rank_,8A 0 ]
r T
= mtd—rank [ S 4 } (67)

where the second equality follows from the rank invariant property under elementary
transformation, and the final equality holds because Q > 0 by Lemma 2. Combining
(66), (67), Lemma 4, and the definition of S, we derive the desired conclusion. |

3.3 Expected convergence
Step (4) can be formulated as the following theorem.
Theorem 3 Assume Assumption 2 holds. Suppose RPADMM (46) is employed to solve

the nonseparable quadratic programming (47). Then, the expected iterative sequence
converges to some KKT point of (47).
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Proof Let (x, 1) be a KKT point of (47), i.e.,

_AT 7 —
A N S e (68)
BA 0 ||a] T |pb
Denote (x*, k) by the kth iterate of the algorithm. It follows from (49) and (68) that

Eo[x* ! — & )M — ] = ME,[x* — %5 uf — ).

By Lemma 5, we know that p (M) < 1. We proceed with the proof by considering the
following two cases.

Case 1: p(M) < 1.1t holds that E,x* — X and E,uX — ji as k — o0o. Theorem
3 is valid.

Case 2: p(M) = 1. By Lemmas 5 and 6, we know that all eigenvalues of M with
modulus 1 must be 1, which has a complete set of eigenvectors. As a result,
M admits the following Jordan decomposition:

1 —
M=p! ! P,
p1 %
*
L Pr
where P is anonsingular matrix and |p;| < 1foralli =1, ..., t.Itiseasily
verified that
-1 -
M — p~! ! P
0
L 0 -

as k — 00, and therefore the sequence {E[x*T! — x; u**1 — ]} converges
to an eigenvector of M associated with the eigenvalue 1, say [x°; 1°]. Then

(1 — M)[x% 11 =0,

which, after some manipulation, shows that

AT 0
£l
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Therefore, Ex¥ — x + x% and Ep* — i + 1© with

AT T 0 _
H A )_C +x .| = g ' (70)
BA 0 m+ pb
This means that (X + x°, 1 + 1) is a KKT point of (47).

This completes the proof. O

One byproduct of Theorem 3 is the expected convergence result for RPBCD when
applied to convex quadratic optimization. To the best of our knowledge, this is the first
expected iterate convergence result of RPBCD.

Corollary 3 Assume H;; > O fori = 1,2,...,n. If RPBCD is used to solve the

unconstrained quadratic programming problem

1
min ExTHx +g'x, (71)

xeRd

then the expected iterative sequence converges to an optimal solution of (71).

3.4 Convergence rate comparison to cyclic BCD

There is a common perception that RPBCD dominates cyclic BCD in terms of perfor-
mance (see [51], for example). In this subsection, we theoretically show that this is
not generally true. Consider the quadratic programming problem (71), where x is split
into two blocks (x1, x2) with x; € R% and x, € R, and d = d; + d>. Accordingly,
we denote

Hyy Hp
H = .
[Hsz sz}

By applying different minimizaing orders to the variables, the cyclic BCD (Gauss-
Seidel method) has the following two iterative schemes:

—1
H 0
k+1 k 11
X = Mix" — b
‘ [HE sz}

and

-1
k1 _ x| Hu Hi
X = Mpx |: 0 H221| b,
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where

—1 —1
| Hin O 0 —Hp | Hn Hi2 0 0
1S I i R i [
(72)

The asymptotic convergence rates of these two iterative schemes are p (M) and p (M>),
respectively. In this case, the expected asymptotic convergence rate of RPBCD is
p((M1 + M>)/2). The following proposition reveals the relationship between these
rates.

Proposition 2 Suppose Hy; > 0 and Hy, > 0. Let My and M, be defined by (72),
and M3z = (M1 + M>)/2. Then, it holds that

p(My) = p(M2) < p(M3).

Proof Without loss of generality, we need only consider the situation where H;; = I,

fori = 1,2 and di > d; because the similarity transformation M +— PM P! does
1

2
not change the spectrum of M, where P = Hiy Ol . In this case, a simple
0 Hy,
calculation yields
0 —Hpp H12HT 0
M, = and M = 12 ) 73
=0 ] =M s 7
Let oy > 0o > --- > o0y, be the eigenvalues of HI—Ele. Recall that H > 0 and
H;; = Iy, fori =1, 2. Then, we have thato; € [0,1],i =1, ..., d>, and obtain from
(73) that
p(My) = p(M2) = 0.
Clearly,
1 [H,H, —Hp
M3 = - 12 .
=3\
By direct computation, it holds that
INY . T2rl — HpH Hi
det(Al — M3) = | = 12
et 3) (2) det[ HY 201 — H, Hy

1 d
_ (5) 0= det [4A21 — (A + DHLHp + (Hngz)z]

1\¢ <
_ (5) =R []@2 - @r+ Do + o)
i=1
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and so the eigenvelues of M3 are 0 (multiplicty = d; — d») and #g’ fori =
1,2,...,d>. Because o1 € [0, 1], we have that

o1 + /o1
p(M3) = — Zon

This completes the proof. O

Therefore, although random permutation does indeed make multi-block ADMM
and BCD more robust, especially for “bad” or diverging problems, cyclic ADMM or
BCD may still perform well, or even better, for solving “nice” problems with a few
blocks.

4 Concluding remarks

In this paper, we have demonstrated the point-wise or iterate convergence of the classi-
cal 2-block ADMM for solving convex optimization problems with coupled quadratic
objective functions under a mild assumption. This assumption becomes necessary and
sufficient for the global convergence of the ADMM when the objective is a quadratic
function. This result partially answers, in the affirmative, the open question arising
in [31] on the convergence of ADMM for nonseparable optimization problems. We
also derived the expected convergence of RPADMM in solving linearly constrained
coupled quadratic optimization problems. This is a non-trivial extension of the conver-
gence analysis given in [48], which is only applicable to nonsingular linear systems.
When the linear constraint is absent, the proximal ADMM and RPADMM reduce to
the cyclic proximal BCD and RPBCD. Thus, this study has provided new convergence
results for BCD-type methods. In particular, we have established the first iterate con-
vergence result for 2-block cyclic proximal BCD without assuming the boundedness
of the iterates and the expected iterate convergence of RPBCD for multi-block convex
quadratic optimization. We also theoretically demonstrated that RPBCD does not nec-
essarily dominate cyclic BCD. Although the results for RPADMM and RPBCD are
restricted to quadratic minimization models, they provide some interesting insights
on the use of these methods: 1) random permutation makes multi-block ADMM and
BCD more robust for multi-block convex minimization problems; 2) cyclic BCD may
outperform RPBCD for “nice” problems, and therefore RPBCD should be applied
with caution when solving general convex optimization problems especially with a
few blocks.

Two challenging open questions concern the extension of our convergence results
for RPADMM and RPBCD to more general convex optimization problems, and an
exploration of the global convergence rate of RPADMM and RPBCD. In particular,
it would be interesting to know which problems are better suited to RPADMM or
RPBCD.
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Appendix A.

The proof of Lemma 2 is similar to, but not exactly the same as, that of [48, Lemma
2]. Since S is allowed to be singular here, we need also show the positive definiteness
of O by mathematical induction. For completeness, we will provide a concise proof
here. Interested readers are referred to [48] for the motivation and other details of this
proof.

Lemma 2 actually reveals a linear algebra property, and is essentially not related
with H, A and B if we define L, directly by S. For brevity, we restate the main
assertion to be proved as following:

eig(0S) C [0, g‘) , (74)

where § € RY*4 g positive semidefinite, S;; € R xdi @ = 1,...,n) is positive
definite,

Seyo(jy, f 1<j<i<n

1 -1
(Ladoo() = | g otherwise, Q=2 L5 a9

‘oel

and I' is a set consisting of all permutations of (1, ..., n).
For the brevity of notation, we define the block permutation matrix Py as following:

I, ifl<i=j<k-—1;
I, ifk+1<i=j+1<n;
) g, ifi =k, j =n;
FOU=0 04y i1 <j<k—1,0# J; (76)
Od,‘)(dj+17 ifk<j<n—1,i#j+1;
Og; xa,,  otherwise.
It can be easily verified that PkT = Pk_l, and P, = I;. Fork € {1, ..., n}, we define
[k := {0’ | o’is a permutation of {1, ...,k —1,k+1,...,n)}. Forany ¢’ € Ty, we
define L, € RU@4)x(@=dv) a4 the following
] o Sa‘/(i)o',(j), if l<j<i<n-—1,
(Loo'iy.o'(j) = {O otherwise. 77)
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We define Oy € RO~ x(1=d) py

A 1 —
Ovi=rr 2 Lyl k=l...n. (78)

o€l
and Wy as the k-th block-column of S excluding the block Sk, i.e.
Wi =[Sk1, -+ Sknl (79)
Due to the positive semi-definiteness of S, and by a slight abuse of the notation A,
there exists A € R?*? satisfying
S=ATA. (80)

Let A; € R4xdi (i = 1,...,n) be the column blocks of A, and it is clear that
Sij = Al.TAj forall 1 <i, j < n.For convenience, we define

Ap = 1[AL .. Aoty Akt -, Al (81)

we have APy = [Ag, Agl.
For the clearness of the proof structure, we introduce the following two lemmas.

Lemma7 Let S € R4 pe a positive semidefinite matrix Ly, Q, Qk and Py be
defined by (48), (50), (78) and (76). It holds that

] n
Q==Y PP, (82)
n k=1
where
Ok —%Qka}
= A . 83)
Ok [—%WJ Ox Idk (

Proof Let o’ € Tk, we can partition L, as following

\Zn Zn
Lot = [ZZI Zzz]' &)

Here the sizes of Z11 and Zyp are (dy + -+ -+ di—1) x (d1 + - - - +dx—1) and (di+1 +
o +dy) X (dgy1+- - - +dy), respectively. The sizes of Z1; and Z»; can be determined
accordingly. We denote

UkZ(A13""Ak—1)7 sz(Ak—Fl""vAn)?

which implies

(85)

U'A
Wi = [Ur, Vil T A = [ k k} .

AWV
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It is then easy to verify that

Zu Ul Ak Zin
L gy = 0 Iy 0
Zoy VI Ak Znn

Left and right multiplying both sides of the above relationship by Pk—r and Py, respec-
tively, we obtain

. . Zn Zi U] Ax Zu Zi» U] Ax Lo Wi
P/LoonPi=P | 0 0 Iy |=|2ZZnV A [ 6’ I, }
Z1 22 VkTAk 0 0 Iy k
(86)
Taking the inverse of both sides of (86), we obtain
-1 _
-1 L Wi
Pk LiiwbPe= |: 6 Idk i| (87)
Summing up (87) for all o’ € T and dividing by |Tk|, we get
D D N S
Z PILY P = Tl & @) v = @)W
o’ely 0 Iq,
—OrW,
- [on %’; k} (88)
k

Here, the last equality follows from (78). By the definition of L, itis easy to verify that
LI = L5, where ¢ is a “reverse permutation” of o that satisfies 6 (i) = o(n+ 1 — i)
(i =1,...,n). Thus we have L, 1) = L&,a/)’ where ' is a reverse permutation of
o’. Summing over all ¢/, we get

Do Low= 2 Lasn= D Lo

o’ely o’ely o’ely

where the last equality follows from the fact that the summing over &’ is the same as
summing over ¢’. Thus, we have

T

1 - Or O
PIL = — PIL ) P =[ . }
Z k (ko) ITk| Z (o,k) —WkTQk 1y,

o’ely o’ely

Here, the last equality uses the symmetry of Qk. Combining the above relation, (88)
and the definition of Qy, we have
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N | A
P (L—l 4Lt Vpo= [ Ok —ijWk] — 0. (89)
2|Fk| Z (ko) (o k)) _lW];er

1
o’ely di

Using the definition of Py and the fact that |[I'x| = (n — 1)!, we can rewrite (89) as
1
T_ - -1 -1
SkQkSy = 2n—1)! Z (L(k on T L(a/,k)) :
o’ely

Summing up the above relation for k = 1, ..., n and then dividing by n, we immedi-
ately arrive at (82). O
Lemma 8 Ler Q, Ok, Ok, A, A, and W, be defined by (50), (78), (83), (80), (81) and
(79). Suppose Q, > 0 and
LA AT 2 4
elg(QnAn An) C 07 g . (90)

It holds that

saeane o)
eig(AQ,A") C 0,5 . on

Proof For simplicity, weuse W, Q and A to take the place W,,, Onand A, respectively.
It is 1mphed by assumptions Q > 0 and (90) that ® := WTOW = 0. Recall that
Sun = An A, = I4,, we have

p(®) = max vTA;ATQAAnv

veRI, ||v]|=1

AA A 2 4 2 4
=p(AQA) max [[Axv]ly < ZllAnllE = 3 92)

veRd ||v||=1
Hence, we obtain
4
0<x0 < gldn. (93)

Recall the definition (83), we have
lg—q, O 0 0 I-iw Q .
= 4 5 JT, (94
e [—%WT ldn] [0 Iy, —sWTOwW ] [0 Id 0C ©4)

Ig—q, O A
—iV‘d/nT I, i| and C := Iy, — }‘WTQW. Apparently, we have C > 0.

Together with Q > 0, it implies Q,, > 0. Thus, we directly obtain eig(AQ,AT) C
[0, 00). It remains to show

where J = |:
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p(A0,AT) < g. (95)

Denote B := ATA, then we can write S as

We can reformulate p(AQ, AT) as follows:

p(A0,AT) =p (AJ [g g} JTAT> =p ([g g} JTATAJ> . (96)

It is easy to verify that

1 5 53 T
JTATAJZ[Id_dn —QW][B Wi||:1d—dn 0:|=|:B—ZWW EW]‘

0 1y, wTh I —%WT 14, %WT 1y,
Thus,
Z = 00 JTATAT = 0B —30WwWT j0W 97)
—loc jew’ c |

According to (96), it suffices to prove p(Z) < %. Suppose A is an arbitrary eigenvalue
of Z, and v € R¥ is one of its associate eigenvector. In the rest, we only need to show

4
A< =
3

(98)

holds. Then, using its arbitrariness, we have p(Z) < % which implies (95), and then
(91) holds.

.. . v . .
Partition v into v = |:v1 i| where v € ]Rd_d", Vo € Rén, Then, Zv = Av implies
0

(o4

that

~ 1 A
QWWT> v + EQWUO = Avg, (99)

1w

1
ECWTvl + Cvp = Avo. (100)

If A1y, — C is singular, i.e. A is an eigenvalue of C. By the definition of C and (93),
we have %Idn <C=1, — %@ =< I4,, which implies that A < 1, thus inequality (98)
holds. In the following, we assume A /4, —C is nonsingular. An immediate consequence
isv; £ 0.
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By (100), we obtain vy = %()L Iy, — Oy~ lewTy,. Substituting this explicit formula
into (99), we obtain

58 _ 35 T 14 -1 T
AVl = QB_ZQWW v1+ZQW()‘Idn_C) CW v
= (0B + OWoW Ny, (101)

where @ := —1I; +A[(4A —4)1y, + ©®]~ . Since © is a symmetric matrix, ® is also
symmetric.
Suppose Amax (P) > 0, the definition of & gives us

0 €eig(®) & —1 € eig(P).

A
T =10

Together with Apax(P) > 0, there exists 6 € eig(®) such that —1 + m. If

A < 1,(98) already holds. Otherwise, 4 > 1, which implies | < =25 < 753
and then (98) holds.

1}10Aw we as§u£neA)»max(<I>) < 0, ie. & < 0. By the induction, we have A =
p(OB) = p(QATA) C [0, %) Due to the positive definiteness of Q, there exists

nonsingular U € R@=4)x(@=dw) guch that Q =U'U.LetY :=UWOWTU'T ¢
R(d_dn)x(d_du)_

We have v/ Yv = v TUWOWTUTv = (WTUTv)T®d(WTU Tv) < 0 holds for
all v € R9=4  where the last inequality follows from ® < 0. Thus, ¥ < 0. Pick up
arbitrary g satisfying g > p(Y). Then, it holds that

p(gla-dq, +Y) = g. (102)

From (101), we can conclude that (g + A)v; = (Qé + QWCIDW—r +gly—g,)v1.
Consequently,

g+Arecig(QB+ QWOW + gl 4) =eigUBU +UWOWTUT +gly_4),
which implies

g+r<pWUBUT +Y +g) < p(UBUT) + p(Y +gI)
=A+pY+g)<i+yg, (103)
where the last inequality follows from (102). The relation (103) directly gives us that
A<A< %. Namely, (98) also holds in this case.

We have completed the proof. O

Now we are ready to present the main proof of Lemma 2.
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Proof of Lemma 2 Without loss of generality, we assume S;; = Iy, (i =1, ..., n).
Otherwise, we denote

_1 _1
D := Diag (5112, ...,S,,,,2> .

It is easy to verify that Q=D'QD7'if § = DSD, and L, and Q are defined by
(75) with S. It holds that

eig(0S8) = eig(D~' QD' DSD) = eig(D~' QSD) = eig(QS),
and S;; =1z i =1,...,n).
It follows from the definition of A, (80), that eig(QS) = eig(A 0AT). Now we use
mathematical induction to prove this lemma. Firstly, the assertion (74) and QO > 0

hold when n = 1, as QS = I in this case. Next, we will prove the lemma for any
n > 2 given that the assertion (74) and Q > 0 hold forn — 1.

n
: i T_ 1 TAT
By using Lemma 7, itdirectly follows from (82) that AQA " = kgl AP QP A

Consequently,

l n
=D min(APQKP AT) < Amin(AQAT) < dmax (AQAT)
k=1

1 n
<= dmax(APQR P AT). (104)
n k=1

By the induction assumptions and Lemma 8, we obtain the relationship (91).
Together with the similarity among the blocks, the relationship (91) implies

4
eig(AP Qk P AT) C [o, 3) , forallk=1,...,n. (105)

Substituting (105) into (104), we prove the assertion (74) for n, and hence complete
the proof of Lemma 2.

Appendix B

Proof of Lemma 3 For convenience, we use the notation
g0 S, T) :=det[(A — D*I + 21— DS+ (A — DT].

We prove this lemma by mathematical induction on the dimension d. Whend = 1, it
is easily seen that
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A=D A =D +2r=DS+ O —=DT] if S £0,
g S, Ty=3 —D'W—1+4+T7) ifS=0,T+#0,
r—12-1 ifS=0,T=0,

which means that Lemma 3 holds in this case. Suppose this lemmais valid ford < k—1.
Consider the case where d = k.

Case 1: S > 0. In this case, Rank(S) = Rank(S 4+ T') = k and then [ = 0. Because
g 8. T)=0—D'g; S, T) and  g(1;5,T) = det(S) > 0,

Lemma 3 holds in this case.
Case 2: S > 0 but not positive definite. Let S admit the following eigenvalue decom-
position

PTSP = =D,

L St
where P is a orthogonal matrix and s; > 0.If welet W = PTT P > 0, then
g 8, T) =g D, W).
The proof proceeds by considering the following two subcases.
Case 2.1: Wi = 0. Since W is positive semidefinite, then Wy; = W;; = 0 for
i=1,2,..., k. Note that
gk D.W) = (A = 1’4 (s D', W)
where D’ and W’ are the submatrices of D and W obtained by deleting

the first row and column. As we have assumed that Lemma 3 holds for
d = k — 1, there exists a polynomial p(x) such that

g()\, D, W) — ()\, _ 1)2()\‘ _ 1)2k—2—RankD’—Rank(D’+W’)p()\).

Note that Rank(D’) = Rank(D) = Rank(S) and Rank(D’ + W’) =
Rank(D + W) = Rank(S + T'). Thus, we have

g()t. S T) — ()L _ I)Zk—Rank(S)—Rank(S-i-T)
which implies that Lemma 3 is true for d = k in this subcase.
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Case 2.2: W11 # 0. Without loss of generality, assume Wi; = 1. Let w!l =
[Wia, ..., Wik]. By direct calculation, we obtain

gD, W)= —1)2g: D, W)+ —1)gh: D, W —ww').

Since Rank(D’ 4+ W’) < Rank(D + W) = Rank(S 4+ T), there exists a
polynomial pj(x) such that

g()»; D/7 W/) = (- 1)21<727Rank(S)7Rank(SJrT)pl(}\)7
where p1(1) > 0. On the other hand, since Rank(D' + W' —ww ") =
Rank(D + W) — 1 = Rank(S + T') — 1, there exists a polynomial p;(x)
such that
e D, W — ww') = (h — 1)2k717Rank(S)7Rank(S+T)p2(k)’
where p>(1) > 0. Therefore,
g0 8, T) = (h — DHTROKS=RAKE () (1) 4 pa(3))
and then Lemma 3 holds for this subcase.
This completes the proof. O

Appendix C

Proof of Lemma 4 1t is easily seen that

T — § 0
Rank(S) + Rank(8A A)—Rank[o BAAT |”

and therefore we need only prove that

s —AT s 0
Rank['BA 0 :|=Rank|:0 ﬂAAT]‘ (106)

Indeed, consider the following linear system

S —AT|[x
[ﬁA 4 ][M]_o, (107)
which is equivalent to
Sx —ATpu =0,
Ax =0.
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It then holds that
xSx = xTAT;L = (Ax)Tu =0,

and therefore Sx = 0 and ATu = (0, because S = H+ ﬂATA is positive semidefinite.

This means that
S 0 X
[0 IBAATi||:Mi|_0. (108)

On the other hand, it is not difficult to verify that any solution of (108) is the solution
of (107), in other words, linear systems (107) and (108) are equivalent. As a result,
the rank equality (106) holds, which completes the proof. O
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