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ABSTRACT. We construct contact forms with constant Q’-curvature on com-
pact three-dimensional CR manifolds which admit a pseudo-Einstein contact
form and satisfy some natural positivity conditions. These contact forms are
obtained by minimizing the CR analogue of the II-functional from conformal
geometry. Two crucial steps are to show that the P’-operator can be regarded
as an elliptic pseudodifferential operator and to compute the leading order
terms of the asymptotic expansion of the Greens function for VP

1. INTRODUCTION

The geometry of CR manifolds is studied via a choice of contact form and the
induced Levi form. A natural question is whether there are preferred choices of
contact form. One such choice is a CR Yamabe contact form, which has the property
that the pseudohermitian scalar curvature is constant. Such contact forms exist on
all compact CR manifolds [10, 13, 14, 24, 25]. Another such choice is a pseudo-
Einstein contact form with constant @’-curvature [6, 17]. The primary goal of this
article is to show that the latter class of contact forms always exist in dimension
three under natural positivity assumptions.

The idea of the Q’-curvature arose in the work of Branson, Fontana and Mor-
purgo [4] on Moser—Trudinger and Beckner—Onofri inequalities on the CR spheres.
On any even-dimensional Riemannian manifold (M™, g), the critical GIMS opera-
tor P, is a conformally covariant differential operator P, with leading order term
(—A)™/? which controls the behavior of the critical Q-curvature Q,, within a confor-
mal class (cf. [3]). Specializing to the case of the standard n-sphere (S, go) in even
dimensions, Beckner [1] and, via different techniques, Chang and the third-named
author [8], used these objects to establish the Beckner—Onofri inequality:

(1.1) / w P,w + 2 an2</ Qn> log][ e"™ >0
n Sn n Sn n

for all w € W™/?2 and for Q,, an explicit (nonzero) dimensional constant, where f
denotes the average operator. Moreover, equality holds in (1.1) if and only if e2¥gq
is Einstein, or equivalently, if and only if e2*gy = ®*gy for ® an element of the
conformal transformation group of S™.

Branson, Fontana and Morpurgo investigated to what extent the above discus-
sion holds on the standard CR spheres (S?"*1, 6y). While it has long been known
that there is a CR covariant operator P, with leading order term (—A;)"*!, this
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operator has an infinite-dimensional kernel, namely the space P of CR plurihar-
monic functions [15]. For this reason one does not expect P, to give rise to a CR
analogue of the sharp Beckner—Onofri inequality (1.1). Instead, Branson, Fontana
and Morpurgo [4] observed that there is another operator P/, defined only on P,
with all of the desired properties. That is, P! has leading term (—A;)"*!, is CR

covariant, and there is a (nonzero) dimensional constant @}, such that

2
(1.2) / wPlw+ 2/ Qhw — </ Q;) log][ entw > ¢
g2n+1 §2n+1 n-+1 §2n+1 g2n+1

for all w € W™+tL2 NP, Moreover, equality holds in (1.2) if and only if e?¥6, is
pseudo-Einstein and torsion-free, or equivalently, if and only if ey = ®*§, for @
a CR automorphism of S?7*1.

In light of (1.1), it is natural to seek metrics of constant @-curvature within a
given conformal class on an even-dimensional Riemannian manifold. This question
has been intensively studied in four dimensions. In particular, Chang and the third-
named author [8] showed that on any compact Riemannian four-manifold (M4, g)
for which the Paneitz operator P, is nonnegative with trivial kernel and for which
[ Q4 < 1672, one can construct a metric § := ¢**g for which @, is constant by
minimizing the functional

= [ o o3 (] ),

This construction, and various modifications of it, have played an important role
in studying the geometry of four-manifolds; see [7] for further discussion.

The purpose of this article is to show that one can similarly construct contact
forms with constant Q’-curvature on a compact three-dimensional CR manifold un-
der natural positivity assumptions. To explain this, let us first recall the essential
features of the @’-curvature [6]. On any pseudohermitian three-manifold (M3, 9),
there is a differential operator P;: P — C°°(M) defined on the space P of CR, pluri-
harmonic functions with the properties that P; has leading term AIQ), is symmetric
in the sense that the pairing (u,v) — [ Pjv is symmetric on P, and satisfies the
transformation formula

e*Pj(u) = Pj(u) mod P+

for all u € P, where w € C°°(M) and P} is defined in terms of § = e¢“6. The
analytic properties of the P’-operator are improved by projecting onto P. As
we will see, if 7: C°(M) — P is the orthogonal projection, then the operator
?; ;= 7P;: P — P is a formally self-adjoint elliptic pseudodifferential operator.
Most of the work of this article is dedicated to proving this fact and establishing
asymptotic estimates for the Green function of ﬁil. Once this is accomplished,
the argument [8] showing existence of a smooth minimizer of the II-functional on
four-manifolds can be adapted to CR manifolds.

In general, one cannot associate an analogue of the @-curvature to P;. However,
one can do so when restricting to pseudo-Einstein contact forms. A contact form
# on M?3 is pseudo-Einstein if its scalar curvature R and torsion A;; satisfy the
relation ViR = iV'A;,. This is equivalent to requiring that 6 is locally volume-
normalized with respect to a nonvanishing closed (2, 0)-form [16]; such contact forms
always exist on boundaries of domains in C? [11]. For pseudo-Einstein contact
forms, one can define a scalar invariant @y which satisfies a simple transformation
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rule in terms of P; and the CR Paneitz operator P, upon changing the choice of
pseudo-Einstein contact forms. In particular, f (), is an invariant of the class of
pseudo-Einstein contact forms. For boundaries of domains, it is a biholomorphic
invariant; indeed, it is the Burns—Epstein invariant [5, 6].

Suppose that @ is a pseudo-Einstein contact form on M3. Then 0 = evf is
pseudo-Einstein if and only if w is a CR pluriharmonic function [16]. In particular,
it makes sense to consider the transformation formula for the Q’-curvature, and one
obtains

e Qy = Q) + Pi(w) mod P*
(see [6]). It is thus natural to consider the scalar quantity @il := 7Q)}. In partic-
ular, on the standard CR three-sphere, ﬁil is precisely the operator considered by
Branson, Fontana and Morpurgo [4] and @2 is precisely the constant in (1.2).

We construct contact forms for which @:1 is constant by constructing minimizers
of the II-functional I7: P — R given by

(13) i) = [ wrwsr [ Qu- ([ a)osf e

on a pseudo-Einstein three-manifold (M?,6). In general the II-functional is not
bounded below. However, under natural positivity conditions it is bounded below
and coercive, in which case we can construct the desired minimizers.

Theorem 1.1. Let (M3, 0) be a compact, embeddable pseudo-Einstein three-manifold

such that the P'-operator Pﬁl is nonnegative and ker?:L = R. Suppose additionally
that

(1.4) / Q, < 1672
M
Then there exists a function w € P which minimizes the II-functional (1.3). More-

~ A~
over, the contact form 0 := €6 is such that QQ, is constant.

The assumptions of Theorem 1.1 can be replaced by the assumptions that the
CR Paneitz operator is nonnegative and there exists a pseudo-Einstein contact
form with scalar curvature nonnegative but not identically zero. Note that this
last assumption implies that the CR Yamabe constant is positive; it would be
interesting to know if these conditions are equivalent. Chanillo, Chiu and the third-
named author proved [9] that these assumptions imply that M3 is embeddable. The
first- and third-named authors proved [6] that these assumptions imply both that
P:L > 0 with kerﬁi1 = R and that f@; < 1672 with equality if and only if M?3 is
CR equivalent to the standard CR three-sphere. Branson, Fontana and Morpurgo
proved [4] Theorem 1.1 on the standard CR three-sphere. In summary, Theorem 1.1
implies the following result.

Corollary 1.2. Let (M3,0) be a compact pseudo-Einstein manifold with nonneg-
ative CR Paneitz operator which admits a pseudo-FEinstein contact form with pos-

itive scalar curvature. Then there exists a function w € P which minimizes the
~ !

1I-functional (1.3). Moreover, the contact form 6 := v is such that Q, is con-
stant.

Note that the assumptions of Theorem 1.1 are all CR invariant; in particular,
if M? is the boundary of a domain in C2, the assumptions are biholomorphic



4 JEFFREY S. CASE, CHIN-YU HSIAO, AND PAUL YANG

A~
invariants. Note also that the conclusion that @ is constant cannot be strengthened
to the conclusion that Q) is constant: In Section 5, we classify the contact forms

on S x §? with its flat CR structure which have @; constant, and observe that Q)
is nonconstant for all of them.

The proof of Theorem 1.1 is analogous to the corresponding result in four-
dimensional conformal geometry [8], though there are many new difficulties we
must overcome. Since we are minimizing within P, there is a Lagrange multiplier
in the Euler equation for the Il-functional which lives in the orthogonal comple-
ment P+ to P. This is avoided by working with Pﬁl. The greater difficulty is to
show that minimizers for the II-functional exist in W22 NP under the hypotheses
of Theorem 1.1. This is achieved by showing that ?; satisfies a Moser—Trudinger-
type inequality with the same constant as on the standard CR three-sphere under
the positive assumption on Pﬁ; and (1.4).

To prove that Pﬁl satisfies the above Moser—Trudinger-type inequality, we study
the asymptotics of the Green function of (F;)l/ ? in enough detail to apply the
general results of Fontana and Morpurgo [12]. To make this precise, we require
some more notation. Fix ¢ € M and let (z,¢) be CR normal coordinates [25] in a
neighborhood of ¢ such that (z(¢),t(¢)) = (0,0). Define p*(z,t) = |2|* + 2. For
m e R, let

E(p™) = {g € C=(M\{¢}): [02020; g(=,t)| < p(z,)"P~772" near ¢} .
The asymptotics of the Green function of (Pﬁl) 1/2 are as follows.
Theorem 1.3. Let (M?3,0) be a compact embeddable pseudohermitian manifold
such that Pj is nonnegative. Fiz ( € M and let G¢ be the Green function for
(ﬁi)lm with pole at (. Then there is a function Be € C°(M \ {C}) such that
Be—p2e€ (pflfs)
forall0 <e <1 and
G =7B¢T.

We now outline the main argument used in the proof of Theorem 1.3. Fix a
point ¢ € M, the Green function of (Fil) 1/2 at ( is given by

G( = (?;)_%T(SU'.

Using standard argument in spectral theory, we observe that
— -1 o 1 = —1
(1.5) (Py) 2:(;/ t72(Py+t+m) dt
0

on (ker Pﬁl)l‘ NP, where P is the space of L2 CR pluriharmonic functions, 7: P —
ker Fi; is the orthogonal projection, and ¢=! = fooo t*%(l +t)~'dt. Theorem 1.3

then follows from asymptotic expansions for t=2 (F; +t+ 7T) - By using Boutet
de Monvel-Sjostrand’s classical theorem for the Szegd kernel [2], we first show that
ﬁ:k = 7F5 for F> a classical elliptic pseudodifferential operator on M of order 2.
This allows us to apply classical theory of pseudodifferential operators to find a
pseudodifferential operator G; of order —2 depending continuously on ¢ such that
(E2 + t)Gy = I + Fy, where F; is a smoothing operator depending continuously



EXTREMAL METRICS FOR THE Q’-CURVATURE IN THREE DIMENSIONS 5

on t and |Fi(x,y)
leading term of the operator (?2 +t+ 7r)71. By carefully studying the principal

cmmxar) S o for all m € N. Roughly speaking, 7G,7 is the

symbol and t-behavior of G, we can show that G := ¢ fooo t—27G,Tis a smoothing
operator of order 2 with Grd:7 = p~2 mod & (p‘l_":), for every € > 0.

This article is organized as follows. In Section 2 we review some basic concepts
from pseudohermitian geometry and the definitions of the P’-operator and the Q’'-

curvature. In Section 3 we use Theorem 1.3 to show that (?g) 2 Satisfies a sharp
Moser—Trudinger-type inequality. In Section 4 we prove Theorem 1.1. In Section 5
we show that there is no pseudo-Einstein contact form on S! x S? for which Q)
is constant. The remaining sections are devoted to the proof of Theorem 1.3. In
Section 6 we review some basic concepts about pseudodifferential operators and
Fourier integral operators. In Section 7 we recall some properties of the orthogonal
projection 7 established in [21]. In Section 8 we establish some properties of the
principal symbol of 7A,7. The remaining sections focus on developing the tools to

prove Theorem 1.3. In Section 9 we establish some properties of (E)‘l/ 2, in par-
ticular (1.5). In Section 10 we establish some smoothing properties of compositions
SP; of the Szeg6 projection with a t-dependent family of pseudodifferential opera-
tors. In Section 10 we identify the leading order term of (ﬁg)_lﬂ. In Section 12
we prove Theorem 1.3.

Acknowledgements. The authors thank the Academia Sinica in Taipei and Prince-
ton University for warm hospitality and generous support while this work was being
completed. They also thank Po-Lam Yung for his careful reading and the anony-
mous referees for their helpful comments on early versions of this article.

2. PRELIMINARIES FROM PSEUDOHERMITIAN GEOMETRY

In this section we summarize some important concepts in pseudohermitian ge-
ometry as are needed to study the P’-operator and the Q’-curvature in dimension
three.

Let M? be a smooth, oriented (real) three-dimensional manifold. A CR structure
on M is a one-dimensional complex subbundle 71°M = T*° ¢ TeM :=TM ® C
such that T1ONT% = {0} for T%! :=T10. Let H = ReT"? and let J: H — H be
the almost complex structure defined by J(V + V) =i(V — V). Put Hc = H x C.

Let 6 be a contact form for (M3; i.e. 6 is a nonvanishing real one-form such
that ker = H. Since M is oriented, a contact form always exists, and is deter-
mined up to multiplication by a positive real-valued smooth function. We say that
(M3, TYOM) is strictly pseudoconvex if the Levi form d6(-,J-) on H® H is positive
definite for some, and hence any, choice of contact form 6. We shall always assume
that our CR manifolds are strictly pseudoconvex. Take € A df to be the volume
form on M, we then get natural L? inner product (-,-) on C*°(M).

A pseudohermitian manifold is a pair (M?3,0) consisting of a CR manifold and
a contact form. The Reeb vector field T is the vector field such that 6(7) = 1
and df(T,-) = 0. A (1,0)-form is a section of Tz M which annihilates 70!, An
admissible coframe is a nonvanishing (1,0)-form @' in an open set U C M such that
01 (T) = 0. Let 0 := 01 be its conjugate. Then df = ih 16 A 6" for some positive
function hy7. The function h;7 is equivalent to the Levi form.
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The connection form wi' and the torsion form 7, = A;10' determined by an

admissible coframe ' are uniquely determined by
dot = 0" Aot +ONT
wii +wip = dh,
where we use h;j to raise and lower indices as normal; e.g. 74 = hilr for Al =
(hﬂ)*l. The connection forms determine the pseudohermitian connection V by
VZ =wn'l®Z;
and VT = 0, where {Z, Z1, T} is the dual basis to {0, o, 0}. The scalar curvature
R of 0 is given by the expression
dwrt = RO* A6 mod 6.
A (real-valued) function w € C*°(M) is CR pluriharmonic if locally w = Re f for
some (complex-valued) function f € C*°(M,C) satisfying Z7 f = 0. Equivalently,
w is a CR pluriharmonic function if
V1V1V1w + z’AHVlw =0
for Vi 1= Vg, (cf. [26]). We denote by P the space of all CR pluriharmonic
functions.

Take 6 A df to be the volume forrr} on M. This induces a natural inner product
(-,+) on C®°(M). Let L?(M) and P denote the completions of C°°(M) and P,
respectively, with respect to this inner product.

The Paneitz operator Py is the differential operator

P4(f) = 4V1 (V1V1V1f + iAnVlf)
= A} f+T?f —4Im V' (A1 V')
for Ay := VIV + vivi the sublaplacian. Note in particular that P C ker P;. A

key property of the Paneitz operator is that it is CR covariant; if 6 = €0, then
62wP4 = P4 (Cf [16])

Definition 2.1. Let (M?3,6) be a pseudohermitian manifold. The P’-operator
P': P — C*(M) is defined by

Piw = 4A7w — 8Im (V' (411 V'w)) — 4Re (V! (RV w))
(2.1) 8 L4
+ gReW1V w — ng Wi
for w € P, where Wi := V1R —iV'A;.
In particular,
(2.2) Pjw = 4A2w — RAyw — AyRw + (L1 Lo + Ly Lo)w + (L3 + L3)w + rw,
) Li,Ly, Ly € C®°(M, T*°M), re C®(M), weP.

A key property of the P’-operator is its conformal covariance: Let (M3,60) be a
pseudohermitian manifold, let w € C*°(M), and set 6§ = e"0. Then
(2.3) eV Pj(u) = Pj(u) + Py (uw)

for all w € P. In particular, since Py is self-adjoint and annihilates CR, plurihar-
monic functions, (2.3) implies that the P’-operator is conformally covariant, mod

PL.
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A pseudohermitian manifold (M3, 0) is pseudo-Einstein if Wi = 0 for Wy as in
Definition 2.1.

Definition 2.2. Let (M?3,0) be a pseudo-Einstein manifold. The Q’-curvature is
Q) = —2A,R — 4|A]* + R?.

A key property of the Q'-curvature is its conformal covariance: Let (M3,6) be

a pseudo-Einstein manifold, let w € P, and set 6 = evg. Hence 0 is pseudo-
Einstein [16]. Then

. 1
(2.4) Q= Q) + Py(w) + 5 Py (w?).
In particular, Q' behaves as the Q-curvature for Pj, mod P~.

3. THE MOSER-TRUDINGER INEQUALITY FOR THE P’-OPERATOR

A key step in our proof of Theorem 1.1 is to show that the P’-operator satisfies
the same sharp Moser—Trudinger-type inequality as its counterpart on the sphere.

This follows from the asymptotic expansion for the Green function of (F:l) 1/2 given
in Theorem 1.3 and the general Adams-type theorem of Fontana and Morpurgo [12].

Given k € Nand g > 0, let W% denote the non-isotropic Sobolev space, given by
the set of all functions w such that Z1 75 --- Zu € LY(M) for all Z; € C*>°(M, Hc),
j =0,1,2,..., k. For simplicity and readability, from now on, we write W*?2 NP
to denote Wk2 0 P.

Theorem 3.1. Let (M3,0) be a compact pseudo-Einstein three-manifold for which
the P’'-operator is monnegative with trivial kernel. Then there exists a constant C
such that

(3.1) log][ e2w=wo) < O ¢
M

1
1672 (w, Pyw)

for allw € W22 N P.

Proof. From Theorem 1.3 we see that the leading order term of the Green function
for P; is independent of (M3, 0); in particular, it has exactly the same leading order
term as the Green function for the P’-operator on the standard CR three-sphere.
Furthermore, the next term in the asymptotic expansion of the Green function
involves a definite loss of power in the asymptotic coordination p. Thus, by arguing
analogously to the proof of [4, Theorem 2.1], we may apply the main result [12,
Theorem 1] to conclude that there is a constant C' > 0 such that

2
(3.2) /M exp (16#%) <C

for all f € W22 N P. The desired inequality (3.1) is an immediate consequence
of (3.2) and the elementary estimate

(w — w0)2

0<16m2—
=" (w, Pjw)

-2 (w — wo) + — (w, Pjw). O
Remark 3.2. A few comments are in order to explain the above constants. The
convention used in [4] is that the sublaplacian is given by —Re V7V, which shows

that our definition is —2 times theirs. With this in mind, their formula [4, (1.30)] for
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the P’-operator shows that our definition is 4 times theirs. Finally, they integrate
with respect to the Riemannian volume element on S3, regarded as the unit ball in
R*, while we integrate with respect to A df for § = Im 0 (|z|2 — 1); in particular,
our volume form is 2 times theirs. Together, these normalizations account for the
apparent difference between our constant in (3.2) and the constant appearing in [4,

(2.11)]. Note that € has scalar curvature R = 2, and hence @; =4.

4. MINIMIZING THE FUNCTIONAL I[]

Assuming the results of Section 1.3, we prove that smooth minimizers of the
II-functional exist under natural positivity assumptions. We first construct weak
minimizers.

Theorem 4.1. Let (M3,0) be a compact pseudo-Einstein three-manifold such that

f@g < 1672. Suppose additionally that the P;-operator is nonnegative with ker ﬁi; =
R. Then

inf  ITw]
weW?22NP

is obtained by some function w € W32 N P.

Proof. Denote K = [ Q). Recall that

Iw] = (Pyw,w) + 2/ Q) (w — wo) — Klog][ g2(w—wo)
M M
for wy = f w the average value of M. If K <0, it follows immediately that
ITw] > (Pyw,w) +2 | Q4(w — wp),
M
while if K > 0, Theorem 3.1 implies that

K
ITw] > (1 — 167r2> (Pyw,w) —|—2/M Q) (w —wp) — KC.

Together, these estimates imply that

Kt

(4.1) [I(w) > <1 -

) (Pyw,w) +2/ Q)(w —wg) — KC
M
for K* = max{0, K} and C a positive constant independent of w.
Denote by A\; = A1(P}) the first nonzero eigenvalue

P/
Al(Pi):inf{(uU’Zw):wEWQ’Qﬂ”P, / sz}
[[o]] M

of Fil, where ||w||? = (w,w). By assumption, A\; > 0. Together with (4.1), this
shows that there are positive constants c1,co depending only on (M3, T1OM, 6)
such that

(4.2) H[w] > e1]|w — wo|* = ¢

In particular, IT is bounded below.
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Let {wy} C P be a minimizing sequence of I1, normalized so that ||wg| = 1 for
all kK € N. Using (4.1) and the local formula (2.1) for Py, it is easily seen that there
is a positive constant cgz, independent of w, such that

w C w

+2 ’/M Q) (wr, — (wr)o)

On the other hand, given any € > 0, it holds that

1
/ Vpwg|? = —/ wip Apwy, < 6/ (Aywy)? + ZHW — (wr)oll3-
M M M €

We may thus combine (4.2) and (4.3) to conclude that {wy} is uniformly bounded
in W22NP. Thus, by choosing a subsequence if necessary, we see that wy converges
weakly in W22 NP to a minimizer w € W22 NP of II. O

+c3

/ Im Anvlwkvlwk
(4.3) M
+ c3.

We need the following results:
Theorem 4.2. For every £ € Ny, we have
TBgT?Zl =7+4+7C on P,

where By, Cp: C°(M) — P'(M) are continuous operators, By is a smoothing oper-
ator of order 4 —¢ for all 0 < e < 1, and (7Ce7)(x,y) € C*(M x M), where 9'(M)
denotes the space of distributions on M.

We refer the reader to the discussion after (10.1) for precise meaning of ”smooth-
ing operator of order 4 — £”.

Theorem 4.3. Let w € L*(M). If Ayw € L?*(M), then there is a constant ¢ > 0
such that e<*I” € L1(M).

We will prove Theorem 4.2 and Theorem 4.3 at the end of Section 1.3. These
results allow us to prove that weak critical points of the II-functional are smooth.
Theorem 4.4. Let (M3,0) be a compact three-dimensional pseudo-Einstein man-
ifold. Suppose that w € W22 NP is a critical point of the II-functional. Then w

o At
is smooth, and moreover, the contact form 6 := e"V0 is such that Q, is constant.
Proof. 1t is readily seen that w is a critical point of the II-functional if and only if
w is a weak solution to
(4.4) Pjw + Q) = Xe?™ mod PL.
A~
In particular, if w is smooth, then (2.4) implies that @), is constant. Now, we

prove that w is smooth. Fix ¢ € N sufficiently large and let B, and C; be as in
Theorem 4.2. From (4.4), we have

(4.5) 7Byr(Ae?”) = 7B, Pyw + 7BirQy = w + 7Cow + 7Bt Q).
Note that
70w + TBTQ) € CY(M).

Since w € W22 we have Ayw € L?*(M). From Theorem 4.3, we conclude that
there exists a constant ¢ > 0 such that

vl e L),
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and hence
(4.6) \e?V € LY(M), forall ¢ > 1.

Since 7ByT is a smoothing operator of order 4 — ¢ for all 0 < € < 1, it holds that
(see [23, Proposition 2.7])

(4.7) 7Byr: Whe 5 WhLa o for all ¢ > 1 and all k € Ny.
From (4.5), (4.6) and (4.7), we obtain that
(4.8) we Wi, forall ¢ > 1.

From (4.6) and (4.8) it is easy to see that A\e?® € W14 for all ¢ > 1. From this, (4.5)
and (4.7) we conclude that w+7Cyw +7B,7Q’, € W24 for all ¢ > 1. Continuing in
this way, we deduce that w + 7Cow + 7By7Q)) € W*4 for all ¢ > 1 and all k € Ny
with k& < ¢. Thus, w € W54, for all ¢ > 1. Since ¢ is arbitrary, we deduce that w
is smooth. (]

Proof of Theorem 1.1. By Theorem 4.1, there is a minimizer w € W22 NP of the

II-functional. By Theorem 4.4, w is smooth and the contact form 6 := ¢* is such
~ 1l

that @, is constant, as desired. ([

5. AN EXAMPLE

Here we provide an example to show that minimizers of the II-functional, while
they have @; constant, need not have Q-constant. Let H!' := C x R be the
Heisenberg group. We write (z,t) € C x R to denote the coordinates of H! and let
p(z,t) = (Jz[* +12) % 16 the usual pseudo-distance on H'. Put 6y = dt+izdz—izdz
and let THOH! = {)\(a% + if%) })\ € C}‘ Let 6; = p~*6y be the contact form on
H! \ {0}. Let

z t )
il2P+t |2t 27

®(z,t): H — H, (z,t) = (

be the CR inversion through the pseudo-sphere p~1(1). It is straightforward to
check that the contact form 6; = ®*6y on H' \ {0}.
We will prove the following theorem.

Theorem 5.1. Let ' be a nontrivial dilation of the Heisenberg group H' which
fizes the origin 0 € H'; i.e.

[(z,t) = (\z,\*)
for some X > 0. Then S' x §? = (H' \ {0})/T with its standard CR structure is

such that the minimizer of the II-functional is unique up to an additive constant,
~ /!

and moreover, the corresponding contact form 0 has Q,=0 but Qﬁl £ 0.

Proof. 1t is easy to check that 2log p is the real part of the CR function log(|z|” +it)
on H! \ {0} and hence logp is in P the space of CR pluriharmonic functions on
H! \ {0}. From (2.4) it follows that

1
(5.1) Pjlogp~* + §P4 log? p~* = 0.

Consider now the contact form 6 := p=26,. It is clear that € is invariant under
the action of T', and hence 6 descends to a well-defined contact form on S* x S2.
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Since logp € P, we know that 0 is pseudo-Einstein. From (2.4) we see that the
Q'-curvature @ of 0 is

_ _ 1 _ 1 -
(5.2) p Q) = Pjlogp™2 + §P4 log? p~2 = —§P4 log® p~2,

where the second equality uses (5.1). Since the Paneitz operator Py is self-adjoint
and P C ker Py, it follows that @ is orthogonal, with respect to 6 A df, to the CR
pluriharmonic functions. In particular, @:L = 0. Furthermore, one can compute
directly from (5.2) that
/ |Z|4 — t2
Qy =813
|z]* 4 t2

which is clearly not identically zero.

Finally, using Lee’s formula for the change of the scalar curvature under a confor-
mal change of contact form [26, Lemma 2.4], we compute that the scalar curvature

R of 0 is
|2?

Since this is nonnegative and 6 is pseudo-Einstein, ?:1 is nonnegative with trivial
kernel [6, Proposition 4.9]. Now, if § = "0 is a pseudo-Einstein contact form on
=/ —
St x 82 for which Q, = 0, the transformation formula (2.4) implies that Pilu =0,
whence u is constant, as desired. [l
6. PRELIMINARIES FOR PSEUDODIFFERENTIAL OPERATORS

We shall use the following notations: Ry := {x € R|z > 0} and Ny = NU {0}.

The size of a multi-index o = (aq,...,ap) € Ny is |a| == a1 + -+ + a,. Given a

multi-index «, we write z® = z{* - 2% for x = (21,...,%,). Similarly, we write
a _ Qo oy _ 0 o _ ool

Oy = 0p1 -+ 0 for O, = o) and 0F = §=.

Let M be a smooth manifold. We denote by (-, ) the pointwise duality between
TM and T*M. We extend (-, ) bilinearly to TcM x T M. Let E be a C* vector
bundle over M. The fiber of E at € M are denoted by F,. Let Y C M be an
open set. The spaces of smooth sections of E over Y and distributional sections of
E over Y are denoted by C>*(Y, E) and 2'(Y, E), respectively. Let & (Y, E) be the
subspace of 2'(Y, E) whose elements have compact support in Y. For m € R, let
H™(Y, E) denote the Sobolev space of order m of sections of E over Y. Put

H7 (Y,E)={uec 2'(Y,E)|pue H™(Y,E) for all p € C3°(Y)},
HIy (V. E) = HYLW(Y, B) N 6'(Y, B).

comp
Fix a smooth density of integration on M. Let F' be a smooth vector bundle
over M. If A: C§°(M,E) — 2'(M, F) is continuous, we write A(x,y) to denote
the distributional kernel of A. The following two statements are equivalent:
(a) A is continuous as a mapping from & (M, E) to C*°(M, F).
(b) A(z,y) € C°(M x M,E, K Fy).
If A satisfies (a) or (b), we say that A is smoothing. Let B: C§°(M,E) — 2'(M, F)
be a continuous operator. We write A = B if A — B is a smoothing operator.
Let H(z,y) € 2'(M x M,E, X F,). We also denote by H the unique contin-
uous operator H: C§°(M,E) — 2'(M, F) with distribution kernel H(z,y). We
henceforth identify H with H(x,y).
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Recall the Hormander symbol spaces:

Definition 6.1. Let M C RY be an open set. Let m € R and let 0 < p <1,
0<6<1 S7(Mx RM) is the space of all a € C*°(M x R™M) such that for all

compact K € M and all a« € NYY, 3 € Névl, there is a constant C' > 0 such that

agafa(x,g)] < C(1+ [g)mPBHslal forall (z,€) € K x RM.

Denote
STOM x RV = (1) Si5(M x RM).
meER
Let a; € S::g(M x RN1) for j € Ny with m; — —oo as j — oo. Then there

k—1
exists a € Szlg (M x RM), unique modulo S~ (M x R¥1), such that a — 2:0 a; €
i=

STE (M x RM) for all k € {0,1,2,... }.
If a and a; have the properties above, we write a ~ Z;io a; in SJ°8 (M x RN,
Let S7(M x RN') be the space of all symbols a(z,€) € S7(M x RN) with

a(z,§) ~ iojoam_j(x,g) in ST (M x RN,
j=

with ay(z,€&) € C°(M x RMN) positively homogeneous of degree k in &; that is,
ap(z,\&) = Nray(z,€) for all A > 1 and all |¢] > 1.

By using partition of unity, we extend the definitions above to the cases when
M is a smooth manifold and when we replace M x RN by 7M.

Let Q C M?3 be an open coordinate patch. Let a(x,y,£) € ;%(T*Q). We define
1

as an oscillatory integral. One can show that

A: CE2(Q) — C™(Q)

A(x?y) =

is continuous and has a unique continuous extension A: &'(Q2) — 2'().

Definition 6.2. Let m € R. A pseudodifferential operator of order m type (p,d)
on M is a continuous linear map A: C°(M) — 2'(M) such that on every open
coordinate patch €, if we consider A as a continuous operator

A: C§°(R2) = C*(Q),
then the distributional kernel of A is

1 <r—y,£>
A(z,y) = G /e Y&a(x, €)dE
with a € S7%(T"€2). We call a(z, &) the symbol of A. We write L}';(M) to denote
the space of classical pseudodifferential operators of order m type (p,d) on M. If
a(x, &) € ST (T*Q), we call A a classical pseudodifferential operator of order m. We
write L} (M) to denote the space of classical pseudodifferential operators of order
mon M.
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7. THE DISTRIBUTIONAL KERNEL OF T

In this section, we review some results in [21] about the orthogonal projection
7: L? = L?> NP which are needed in the proof of our main result.
Let (-|-) be the Hermitian inner product on T M given by

1 —
(Z1|Z5) = —?<d9, ZyNZy) forall Zy,Z, € TVOM,
7

(ZIW)y=0 forall ZeT"'M, W e T M,
(T'Ty=1, (T|U)=0 forall U € Hc.

The Hermitian metric (-|-) on TcM induces a Hermitian metric (-|-) on TEM.
Take 6 A df to be the volume form on M, we then get natural inner product on
QOL(M) := C=° (M, T*** M) induced by OAdf and (- |- ), where T*%1 M denotes the
bundle of (0, 1) forms of M. We denote this inner product by (-,-) and denote the
corresponding norm by ||-||. Let L%O 1)(M) denote the completion of Q%L(M) with
respect to (-, ). Let?b: C>(M) — Q%*(M) be the tangential Cauchy-Riemann
operator. We extend J; to L? by 0y: Dom 0, — L%O 1)(M), where
Domdy i= {u € LA(M) | Byu € L3, 1) (M) } .

Let 5:: Dom 5: — L?(M) be the L? adjoint of d,. The Kohn Laplacian is given
by

O := 9,0, Dom O, — L(M),
Dom O, = {u € L*(M) ’ u € Dom 0y, Oyu € DomEZ} .

Note that O, is self-adjoint.

We pause and introduce some notations. Take x(s) € C*°(R) with x(s) = 1
if s > 4 and x(s) = 0if s < 5. For m € R, ST (M x M x R,) is the space of
all a(z,y,s) € C°(M x M x Ry) such that x(s)a(z,y,s) € S{H(M x M x R).
Similarly, S77 (M x M xRy is the space of a(z,y,s) € C>°(M x M xR, ) such that
x(s)a(x,y,s) € STH(M x M xR). As in Definition 6.1, let a; € 57 (M x M xR.) for
J € No with m; — —oc as j — co. Then there exists a € 57" (M x M xR, ), unique

k=1
STo(M x M x Ry), such that a — _ a; €
§j=0
STG (M x M xRy ) for all k € {0,1,2,...}. If a and a; have the properties above,
we write a ~ 7% aj in ST (M x M x Ry). B
We return to our situation. The orthogonal projection S: L?(M) — ker 9, =
ker O, is the Szegd projection. From now on, we assume that M is embeddable.
The follow facts are shown by the second-named author; see [21, Theorem 1.2 and
Remark 1.4].

modulo ST*®(M x M xR,) ==, cr

Theorem 7.1. With the assumptions and notations above, we have
(7.1) r=5+S8,
where S is the conjugate of S. Moreover, the kernel T(z,y) € 2'(M x M) of T

satisfies

T({l?7 y) = / ech(w,y)sa(x7 Y, S)ds + / e—up(a:,y)sa(x7 Y, 8>d87
0 0
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where
a(z,,5) € 4 (M x M x R),
a(xz,y,s) ~ . aj(x7y)sl_-j n S’io(M X M xRL),
=0
a;(xz,y) € C°(M x M) for all j € Ny,
1
ap(z,x) = 571'72 for allx € M,
and
p € C™(M x M), Imep(x,y) >0, deplezy = —0(2),
z,Y) = —pW,2),
(7.2) oz, y) = -9y, z)

oo, (z, ¢, (z,y)) vanishes to infinite order on x = y.

Here on, denotes the principal symbol of Oy.

We explain the last condition in (7.2). Let x = (1,2, 23) be local coordinates
of X defined on an open set D of X and let & = (&1, &2, &3) be the dual coordinates.
On D, the principal symbol of O, has the form

O-Db (:I:, 5) = Z Qe (x)£a7
a€{0,1,2}3,|a|<L2

where aq(x) € C*(D), for every multi-index . The last condition in (7.2) means
that for all v1,72 € N3, we have

gl

w2 aa@(hn))| _ =0 vaeD.
ae{0,1,2}? -
o] <2

We need the following fact about the Szegé kernel (cf. [2, 20]).

Theorem 7.2. With the assumptions and notations above, the distributional kernel
of S satisfies

S(z,y) E/ e P@Vsq(x,y, s)ds
0
where o(z,y) € C°(M x M) and a(z,y,s) € S4 (M x M xR) are as in Theo-
rem 7.1.
8. THE PRINCIPAL SYMBOL OF 74A; ON P

It is well-known that Ay is a subelliptic operator. However, if we restrict A, to
P, it is equivalent to an elliptic pseudodifferential operator.

Theorem 8.1. There is a classical elliptic pseudodifferential operator E1 € L}:l (M)
with real-valued principal symbol such that

—TAyT =TEIT on 2'(M).
In particular, —7Ay = T7Ey on P.

The proof of Theorem 8.1 requires many ingredients. First, we have the following
immediate consequence of the commutator formulae proven by Lee [26].
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Lemma 8.2. It holds that O, = O, — iT + L for some L € C>(M, Hc).
We need the following result given in [22, Lemma 5.7]

Lemma 8.3. Let A,B: C§°(M) — 2'(M) be continuous operators such that the
kernels of A and B satisfy

Al y) = / PENG(a,y, s)ds, ala,y,s) € S, (M x M x Ry),
0

Bla,y) = / ePEVB (g g, s)ds, Ble,y,s) € S4(M x M x Ry)
0

for some k.l € Z, where p(x,y) € C®°(M x M) is as in Theorem 7.1. Then,
AoB=0, BoA=0.
To proceed, set
Y7 ={(x,M(x)) e T*M; A <0}, St = {(x,\(x)) € T*M; X >0} .

Let oo, (x,€) and o;7(x, &) be the principal symbols of [0, and T, respectively. It
is easy to see that op, (z,§) = 0 for all (2,£) € ¥~ UX™; that oyp(x,£) > 0 for
all (z,§) € ¥7; and that o;p(x,€) < 0 for all (z,¢) € ¥*. For (z,§) € T*M,
we write |€| to denote the point norm of the cotangent vector ¢ € T*M. Take
X0, X1 € C°(T*M,[0,1]) such that

(1) xo =1 in a small neighbourhood of ¥~ N {(z,§) € T*M; |¢| > 1},

(2) x1 =1 in a small neighbourhood of X N {(z,&) € T*M; |¢| > 1},

(3) supp xo Nsupp x1 = 0,

(4) oir(x,€) > 0 for all (z,£) € supp Xxo,

(5) oyr(x,€) <0 for all (z,¢) € supp x1, and

(6) xo0, x1 are positively homogeneous of degree zero in the sense that

XO(vaf) = XO(xag)a Xl(xa)‘f) = Xl(xag) for all A Z 1 and |£| Z 1.
Define

Q(:C?é-) :(]—7XO($’€) 7X1(x75)) O'Db(l',f)

+Xo(z,8)oir(z,§) = x1(z, §)oir(z,§).
Note that o, (2, &) > 0 for all (z,£) ¢ ¥~ UX*. From this observation, it is easy to
see that g(z,&) > c|| for all (z,£) € T*M with |¢| > 1, where ¢ > 0 is a constant.
Let By € L} (M) with symbol g(z,£) € C°°(T*M). Then E; is a classical elliptic
pseudodifferential operator. It is known that (see [20]) WE’ (S) = diag (¥~ x X7)

and WEF’ (S) = diag (X+ x ¥7T), where
WE'(S) = {(z,&,y,m) € T"M x T"M: (x,€,y,—n) € WF ()}

and WF (5) denotes the wave front set of S in the sense of Hérmander [18, Chapter
8]. Recall that S denotes the Szegd projection. We have S(E —iT) = SR, where
R € L} (M) with symbol

r(@,€) = (1= xo(@, &) = x1(@,9) (/o (0, ) = ir(2,€) ) = 2xa(w, o (. ).

Since 7(z, ¢) vanishes in a neighborhood of ¥~ and WF’ (S) C diag (X~ x X7), we
deduce that S(E—iT) = SR = 0. Similarly, we have E1S = (iT)S, SE; = S(—iT),

(8.1)
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E\S = (—iT)S. Summing up, we have
(8.2) SE, = S(iT), E\S = (iT)S, SE, =5(—iT), E\S = (—iT)S.

Alternatively, (8.2) can be checked directly from the fact that dyp|,=, = —6(x).
Now, we can prove the following theorem.

Theorem 8.4. With the notations above, there is an Ey e LY (M) such that
SALS = S(El —+ Eo)s and gAbg = S(El + Eo)§
Proof. From Lemma 8.2, (8.2), and the observation that (;S = 0, we have

(8.3) SA,S = ST — L)S = SELS + SLS.

We write L = U + V for U,V € C®(M,T*YM). Since 9;,S = 0, we have
(8.4) SVS = 0.

Now,

(SUS)* = SU*S = S(-U +r)S = SrS,
where (SUS)* and U* are the adjoints of SUS and S respectively and r € C*>°(M).
Hence,

(8.5) SUS = ST8S.
From (8.3), (8.4) and (8.5), we conclude that
(8.6) SALS = S(E) + 0)S,
where go € C°°(M). Similarly,
(8.7) SALS = S(Er + 91)8,
where g1 € C®(M). Let Ey € LY (M) with symbol
xo(2,€)g0 + xa(z, &) g1,

where xg, x1 are as in (8.1). As in the discussion before (8.2), we have
(8.8) SgoS = SE,S, Sq1S = SE,S.
The desired conclusion follows from (8.6), (8.7) and (8.8). O
Proof of Theorem 8.1. From Theorem 8.4 and (7.1), we have
AT = (S + S)Ay(S + 5)

= SA,S 4+ SALS + SALS + SA,S

= S(Ey + Eo)S + S(E1 + Eo)S + SA,S 4+ SA,S

= (S+8)(E1 + Eo)(S +S) — S(E1 + Eo)S — S(Ey + Ep)S

+ SALS + SALS
= 7(E) + Eo)7 — S(Ey + Eo)S — S(E) + E)S + SARS + SAS.

(8.9)

In view of Lemma 8.3 and Theorem 7.2, we see that S(Ey + Eo)S, S(E1 + Ey)S,
SA,S and SA,S are smoothing. From this and (8.9), we get

TAYT = T(El + Eo)T + G,
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where G is smoothing. Hence,

(8.10) A = 72072 = 72(Ey + Eo)72 + 7G1 = 7(Ey + Eo + G)T.
Put —E, = E1 + Ey+ G € LY (M). From (8.10), we get —7Ay7 = T7E 7. The
theorem follows. O

_1
2

9. THE OPERATOR (P))

As explained in the Introduction, the proof of Theorem 1.3 begins by under-

standing some properties of the operator (?2)71/2. To begin, we can repeat the
proof of Theorem 8.1 with minor change to obtain the following result:

Theorem 9.1. We have
Fi; = T((2E1)2 + El) on P,
where By € LY, (M) is as in Theorem 8.1 and Ey € LY, (M).

For a linear operator F' : P — P, we say that F' is an elliptic pseudodifferential
operator on P if we can find an elliptic pseudodifferential operator E € L7 (M),

m € R, such that ' = 7F on P. From Theorem 9.1, we see that ﬁ; is an elliptic
pseudodifferential operator on P. Standard arguments for elliptic operators imply
that the spectrum Spec F; of Pﬁl is a discrete subset of (—o0,00) such that every
A€ Specﬁi is an eigenvalue of ﬁ; and the eigenspace

SA(PZI) = {u € Dom?ﬁl: ?ilu = )\u}

is a finite dimensional subspace of P.
Let
7: P — ker ?:L
be the orthogonal projection. Let {g1, g2, ...,94} C P be an orthonormal frame for
ker P, where d € No. Then

d
(9-1) m(z,y) = Zgj(ﬂf)?j(y) € C%(M x M).

From (9.1), we can extend 7 to 2'(M) as a smoothing operator on M.

Assume that Pﬁl is nonnegative. Then Spec?ﬁl C [0,00) and ﬁ:; has a well-
defined square root

(P))*: Dom (P,)* c P —P.
Note that Dom (P;)% = Domfﬁl. We write
(P)) *:P — Dom (P,)*
to denote the Green function of (FQ)%. That is,
(P (F) *+x=1 on?,
() *(P,)* + 7 =1 on Dom (P))?.
For every t > 0, the operator
?:L+t+’ﬂ'i Dom?ﬁ1 —P
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has a continuous inverse

P, +t+n) PP
and the operator (?2 +t+m)~! depends continuously on ¢. Let A; > 0 be the first
non-zero eigenvalue of P;. Then

1 1
- (I - =
s 10 =l + o el

1
<
~ min{\;, 1} +¢

H(Fg +t+ ﬂ)*luH
(9.2)

[l

for all u € P. (?2)71/2 can be understood as follows.

Lemma 9.2. On PN (ker?ﬁl)J—, we have
A A (A
4 - 4 7T> dt7
0

where ¢! = [[° t=2(1+t)Ldt.

Proof. Fix a positive eigenvalue A € Spec Py. Let u € £ (Py). Then,

=1 1
(P:L) u = \f)\u

We compute that

g < 11 1
c t~2 (P +t+ﬂ'71dt>u:0u/ t™2 dt = —u.
(/O (Po ) o A+t No)

Hence the conclusion is true on & (P,) for all A € Spec P).

Let u € P N (ker F;)L. For each IV € N, let uy be the orthogonal projection of
u onto @<y Ex(Py). Tt follows that uy — u and that (PQ)_%UN - (ﬁi)_%u.
From (9.2), we have

c(/ 3Py +t+ w)*ldt)uN - c(/ t3 (P +t +7r)*1dt)u
0 0
in P as N - oc. Together these observations yield the result. d

To proceed, we require some additional symbol spaces.

Definition 9.3. Let m be a real number and let d € Z. The class ST ,(T"M,R)
consists of all functions a(z,§,t) € C*(T*M x R;) such that for arbitrary multi-
indices o, 3 € N3, and for any compact set K C M there exists Ca.p,x > 0 such
that |9200a(z,€,0)| < Caprc(l+[¢] + |t]7)" 18l for all (x,6) € T°K, t € Ry.
Denote
ST(T*M,Ry) = () S7.a(T*M,Ry).
meR

mj

Let aj € S;§4(T"M,R) for j € {0,1,2,...} with m; — —oo as j — oo.
Then there exists a € 57§ (T M, R ), unique modulo S™>°(T* M, R ), such that
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k=1

a— Y a; € STE(T*M,R,) for k € {0,1,2,...}. If a and a; have the properties
= 0,

above, we write

a~ > ajin Syg (T" MRy ).
=0

Let S 4(T M, R ) be the space of all symbols a(z,§,t) € ST ,(T*M,R;) with

a(x,§,t) ~ Y am—j(z,§,t) in STy ,(T*M,Ry), where ay,—;(,§,t) is positively
7=0
homogeneous of degree m — j in (€, té); ie.
am_j(x,)\f,/\dt) =\"a,,_(z,&t), fort € Ry, A>1,[¢] > 1.

Let a(x,§,t) € S 4(T*M,R;). We construct a pseudodifferential operator P,
depending smoothly on ¢, by

1
(2m)?
We call a(zx,&,t) the symbol of P, and ap,(z,&,t) the principal symbol of P;. In
this case, we will write P, € L{} ;(M, Ry ).

Let P, € LQ?Q(M, Ry). Then P;: H¥(M) — H*T2(M) is continuous for all s € Z
and all ¢ € R;. Let f(t) be a strictly positive continuous function. We write

P.=0(f(t)): H*(M) —» H*(M), s1,82 €Z,

if [|Pyull,, < Cf(t)|ull,, for all w € H**(M) and all ¢t € Ry, where |-||, denotes

the standard Sobolev norm of order s and C > 0 is a constant independent of ¢.
We return to our situation. Put

(9.3) Ey = (2E1)? + Fy,

(Pyu)(x) = /ei<x_y’5>a(x,§,t)u(y)dyd§ for all u € C*°(M).

where Fy, By € LY (M) are as in Theorem 9.1. Let ey(z,€) € S (T*M) be the
principal symbol of Es. The following is well-known [28, Chapter 2].

Theorem 9.4. There exists Gy € L;?z(M, Ry) depending continuously on t in
L?(M) such that

1

(9.4) Gt:O(m): H*(M) — H*(M) forall s € Z,

(9.5) Gy = 0(\/117“); H*(M) — H*" (M) for all s € Z,

(9.6) Gy =0(1): H* (M) — H*T?(M) for all s € 7,
1

(9.7) go(w,§,t) = @t for all |€] > 1,

(9.8) (B +t)Gy=1+F; for allt >0,

where go(x,&,t) denotes the principal symbol of Gy and F; is a smoothing operator
on M depending smoothly on t with the property that for all m € Ny, there is a
constant Cyp, > 0 such that for allt € Ry,

1

|Ft(3373/)|cm(MxM) = Cmm-
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Moreover, in local coordinates x, let g(x,&,t) denote the full symbol of Gy. Then,
for every o, B € N, there is a constant Co g > 0, independent of t, such that

L +1e)~ 18 for all €] > 1,

1
92978 ) <C, 5———
T 59(‘7’"67 )’ = B8 /714_1/_
1+ 1)1 for all |¢| > 1.

o nB <
aragg(xa€7t)’ = Ca,51+t

10. SOME SMOOTHING PROPERTIES FOR THE SZEGO PROJECTION

The next step towards the proof of Theorem 1.3 is to better understand the
smooth properties of the Szegs6 projection S. Specifically, we need to understand the
smooth properties of SP; for a t-dependent family of pseudodifferential operators.

To begin, we recall the Carnot-Carathéodory metric on our CR manifold M. Fix
Z € C®(M, T*"M) with (Z|Z) =1 on M. For § > 0, let C(5) be the class of all
absolutely continuous mappings 7: [0, 1] — M such that for almost every ¢,

V(1) = ar(OV(r(®) + axOVa(y(®), lay(B)] <6 j=1,2.

Here V7 and V5 are the real and imaginary parts of Z respectively. The Carnot-
Carathéodory metric on X is then defined by

Y(z,y) = inf{d > 0: there exists v € C(0) such that v(0) = z,v(1) =y}

for x,y € M. Let (z,t) be CR normal coordinates defined in a neighborhood of
p € M such that (z(p),t(p)) = (0,0). Define p*(z,t) = |z|* + 2. It is casy to see
(cf. [23, Section 3]) that there exist an open set U of p and a constant C' > 1 such
that
%ﬁ(xm) < p(z) < CY¥(z,p), forall xz eU.
Denote by B(z,r) the non-isotropic ball {y € M: J(z,y) < r} of radius r centered
at z. Let kK € N. We denote by V’b“ any differential operator of the form Lj ... Ly,
where L; € C°°(M, Hc) satisfy (L;|L;) <1for j=1,... k.

Next, we define a class of (non-isotropic) smoothing operators of order j. For
our purposes, it suffices to restrict to the case when 0 < j < 4.

A r-dependent smooth function ¢, on M is said to be a normalized bump function
if for every r > 0, supp ¢, C B(z,r) and

(10.1) vad)’“HLOC(B(x,r)) < Cpr*

for all £ > 0; here Cf > 0 are absolute constants independent of r. If (10.1) only
holds for 0 < k < N for some large integer N, we say that ¢, is a normalized bump
function of order N.

Suppose that A is a continuous linear operator A: C*°(M) — C*>°(M) and its
adjoint A* is also a continuous map A*: C°(M) — C*°(M). We say that A is a
smoothing operator of order j, j > 0, if

(1) there exists a kernel A(z,y), defined and smooth away from the diagonal
in M x M, such that

(10.2) M@:LMWM@MM)

for any f € C*°(M), and every x ¢ supp f, where dvy = 0 A db;
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(2) for all x # y, the kernel A(x,y) satisfies
(V)" (Vb)y? Az, y)| Sa Iz, y) "7 for all ay, a0 € Ny, a0 = g + g

(3) the operators A and A* satisfy the following cancellation conditions of order
ju if ¢ is a normalized bump function, then for every r > 0

[VEAB| oo (Brry) < Car? ™%,
[VEA*$| Lo (B < Car? ™,

where C,, > 0 is a constant independent of r.
Since M is embeddable, (0, has L? closed range. Let

N: L*(M) — Dom [,

be the partial inverse of O, and let N(x,y) be the distributional kernel of N. The
following is well-known (see [23, Theorem 2.2])

Theorem 10.1. The Szegd projection S and the partial inverse N of Oy, are smooth-
ing operators of orders O and 2, respectively.

We also need to study one-parameter families of smooth operators.

Definition 10.2. Let A; be a t-dependent smoothing operator of order j, 0 < j <
4, where t € R;. Let f(¢) be a positive continuous function of ¢t € R;. We say
that A, is a smoothing operator of order j with size f(¢) if for every m € Ny, every
r > 0 and any normalized bump function ¢, there are constants C,,, Cp,» > 0,
independent of ¢, such that for all t € R,

[(Vb)a" (Vb)y2 Ae(, y)| < Con f()9(2, ) 47> forall a = a; +as <m,
VY Ardll oo (B(z,r)) < f(t)Cmy,.rjfo‘ for all a < m,
||vbaAr¢||L°°(B(m,r)) < f(t)Cm’,-T];a for all « < m.

We also need the following result [23, Theorem 2.2 and Theorem 2.3].

Theorem 10.3. Let A; and B; be t-dependent smoothing operators of orders ji
and jo with sizes f(t) and g(t), respectively, where ji1,jo > 0 and ji + jo < 4. Then
A By is a smoothing operator of order j1 + jo with size f(t)g(t).

Let Pt(j) € L;{Q(M, R, ) with symbol pU)(z,&,t), j = 0,1,2. It is easy to see
that for every a, B € N3, there is a constant C, 5 > 0 independent of ¢ such that

(10.3) [829pW (2,€,0)| < Cap(L+1) 21+ [¢) P forall [¢] > 1, j=0,1,2,
Using the following lemma, we establish an analogue of Theorem 10.1.

Lemma 10.4. Consider B(x,r), where x € M and r > 0 is a small constant. Let
Xr € C°((B(x,2r)) with x, =1 on B(x,r). Then, we can find Vi, j =1,2,3, and
a constant C > 0 independent of r such that

3
(104)  Iflpmipienmy < Cr Vi) sorait e o).
§=0
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Proof. Consider —Ay, + I: Dom (—Ay + I) C L?(M) — L?*(M), where
Dom (—Ay + 1) = {u e L*(M) | (=Ay + I)u € L*(M)} .

It is clear that —A, + I is injective, self-adjoint, has L? closed range and hence is
surjective. Let H: L?(M) — Dom (—Ay+1I) be its inverse. Put B := H2. We have

(10.5) B(=Ay + 1) =1 on C®(M).
It is known that (see [23, Appendix A])

B is a smoothing operator of order 4 — ¢ for every ¢ > 0,

(10.6) BV} is a smoothing operator of order 3.

Let f € C*°(M). From (10.5), we have

4
(10.7) Xef =B(=Dy + I)’xof = > BVix.f.
3=0
Fix z¢ € B(x,r). From (10.7), we have
3
(108)  f(zo) = (wf)w0) = (BYixe)(wo) + > (BVix.S)
7=0

We first estimate Z?:o(Bvinf)(xo)- Let 0 < 6 < r and let ¢s be a normalized
bump function with supp ¢5 C B(x,9), 0 < ¢s < 1 and ¢s = 1 near xg. We have

3

3 3
(10.9) > (BVix:f)(wo) = Y (BésVixef)(wo) + D (B — ¢5)Vixs f)(wo)-
j=0 j=0

7=0
By (10.2), we have

3
> (B - ¢5)Vixe f) (o)
§=0

(10.10) = Z/ (20, 9) (1 — 5)Vixef) () dvar (v)
J=0
3 1
< B 24 2 v
< [Blao, )l dvas () | V060
j=0 yEB(x0,2r),y¢ B(x0,0)
From (10.6), we can check that
(10.11)
/ Bloo, ) denr(y) < Ca [ Ofa.y)dy < Car?,
y€B(x0,21),y¢B(w0,0) B(wo,2r)

where Cs,C3 are positive constants independent of r, § and the point xg. From
(10.10) and (10.11), we deduce that

3
(10.12) > (B(1 = ¢5)Vix: f)(xo)| < Cr va(er)

Jj=0
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where C' > 0 is a constant independent independent of r, ¢ and the point .
Note that ¢5Vix,f is a normalized bump function with supp ¢s C B(x¢,d). Fix
0 < g9 < 1. Since B is a somoothing operator of order 4 — gy, we have

3
(10.13) Y (BésVix:f)(xo)| < Cjprd* ™,

Jj=0

where Cj, ¢, > 0is a constant independent of 6 but depend on V7, x» and f (possible
depending on many derivatives of V{yx,f). From (10.9), (10.12) and (10.13), we
deduce that

3
(10.14) > (BVix,f)(wo)| < Cr

=0

Vi) + Cirstee.
Let § — 0 in (10.14), we get

3
(10.15) > (BVix:f)(wo)| < Cr
§=0

We have (BVix.f)(zo) = (BVy)(Vix,f)(wo). We can repeat the proof of
(10.15) with minor change and deduct that

(10.16) [(BViyxr f)(wo)| < Cr ||V ()|

where C' > 0 is a constant independent independent of r and the point zy. From
(10.8), (10.15) and (10.16), the lemma follows. O

vied)|-

Lemma 10.5. Fiz j € N. For every s € Z and any Vg, we have
V1S : H*(M) — H*"%(M).

Proof. Tt is known (see Proposition 5.18 in [20]) that S is a pseudodifferential

operator of order 0 type (3,3);i.e. S € LY , (M). Let P € C°°(M,CTM) be any
272

differential operator. We claim that

(10.17) [P,S]=PS—SPelL? (M)

Let = (x1,x2,x3) be local coordinates of M defined on an open set §2 of M. Since

S € LY . (M), the distribution kernel of S satisfies S(z,y) = [ e'<*~¥">q(z,n)dn
272

0
8$1 :

Then, is is easy to check that [P, S] = fei<x’y’">3ima(x,7]). Since %a(z,n) €
1
S? ., (T*Q), the claim (10.17) follows. Let Z € C°(M,T*YM). We have (SZ)* =
272 .
Z*S = —ZS +rS, where (SZ)* and Z* are adjoints of SZ and Z respective and
r is a zero order differential operator. Since ZS = 0, we deduce that (SZ)* €
LY (M) and hence SZ € LY ,(M). From this observation and (10.17), we have
272 272
1
ZS =Z,8]+5Z € L3 ,(M). We have proved that for every L € C*°(M, Hg), we
272
have

on Q, where a(x,n) € S , (T*Q). For simplicity, we may assume that P =
272

LSelL

[N

(M).

S

)
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Now, assume that there is a ky € N such that for any f;j € C*(M,He), j =
A A ~ L

1,...,ko, we have L1Lo--- Ly, S € Lfol(M). Take any L; € C*°(M,Hc), j =
2:2

ko+1

1,...,ko + 1. We are going to prove that LiLy--- Ly 415 € L, 3 (M). By reduc-

2

N

tion assumption and repeating the proof of (10.17), we have

ko+1

(10.18)  [Ly,Ly-+-Liys1S] = L1Ly -+ Lgys1S — Lo+ Lyys1SL1 € L, % (M).

11
272

kg
2

Now, Lg--- Lko+1SL1 = (L2 cee Lk0+1S)(SL1). Since Lg--- Lk0+1S e L (M)

N

1
3
and SL; € L% 1 (M), we deduce that
272
Kot1
(10.19) L2-~-Lk0+1SL1 S Lli (M)
272
Eot1
From (10.19) and (10.18), we get LiLg---Ly,41S € L, 3 (M). By induction
2:2 )
assumption, we conclude that for any j € N and any Vg, we have VgS € Ié 1 (M)
272
and by classical result of Calderon-Vaillancourt (see Chapter VIII of [19]), we have

V]S : HY(X) — HS_%(X), for every s € Z.
The lemma follows. g

Theorem 10.6. For every j =0, 1,2, the operators SPt(j) and Pt(j)S’ are smoothing

operators of orders 0 with sizes (1 +1)~2.

Proof. Let ¢, be a normalized bump function such that supp ¢, C B (z,r), for every
r > 0. From (10.4), we can find V}, j = 1,2,3, and a constant C' > 0 independent
of r such that

(10.20) HSPt“)@

b

3
<Cr ij .sPW g,
Loo(B(ar) jz::O b(X t ¢)

where ;. is as in Lemma 10.4 and C' > 0 is a constant independent of 7, ¢,., z and
t. We claim that for any V3, j = 0,1,2,3,4, we have

1
Vv1i+t

where ¢; > 0 is a constant independent of r, x and ¢. Fix j € {0,1,2,3,4}. From
Lemma 10.5, for any Vz], we have

2—j

Scj r )

(10.21) HV{;S&“%T

(10.22) Vi S: HS (M) — H*I(M) for all s € Z.
Moreover, from (10.3), we can check that
1

1
(10.23) rY = O(\/m): H*(M) — H*(M) for all s € Z.
From (10.22) and (10.23), we deduce that for any V;’, we have

. 1 ,
(10.24) vZsp = o ): H(M) — H*3 (M) for all s € Z.

Vv1+t
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Fix any V}. From (10.24), for any we have
(10.25)

. 2 . . . .
|VisPe,| = <VJSP“>¢» |ViSPVe) = (V) ViSPMg, | SPV e, )

<
< 1+t el o |

2/\

|¢||, for some V37,

Vi by

e K
< b a4
~q 1t 9

where |[¢,||; denotes the standard Sobolev norm of ¢, of order j. From (10.25),

the claim (10.21) follows.
From (10.20) and (10.21) we can check that

|52, ZHW (-SPM )

L>(B(z r))

r (s P g,)

<

We can repeat the method above With minor changes and get that for every j € Ny
‘VJ SP, ol < NJ \/ﬁ r~9. Thus, SPt(l) satisfies the cancellation

condition of order 0 with size \/ﬁ’ Similarly, we can repeat the procedure above

with minor change and obtain that (S’Pt(l))* satisfies the cancellation condition of

. . 1
order 0 with size AT

Now, we estimate the kernel SPt(l) (x,y). Let x = (x1, 22, x3) be local coordinates
for M defined in an open set D C M. From Theorem 7.2 and the complex stationary
phase formula of Melin-Sjéstrand [27], it follows that

and every V7,

(SPD)(z,y) = /O @D (2, y, 5, 1)ds + Fy(e,y) on D x D,

where b(z,y, s,t) € C°(D x D x Ry x R, and for every «, 3 € N3, v € Ny, there
is a constant C g, > 0, independent of ¢, such that on D x D,

(10.26) 020007b(2,y,5,1)| < Capr(VsZ+1)7, ify>1
. |0205b(,y, 5, 8)| < Capry () if v =0,

and F; is a smoothing operator on D depending smoothly on ¢ with the property
that for all m € Ny, there is a constant C},, > 0 such that for all t € R,

1

[Fe (@, W)l om arxan) < Cmﬁ-
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From (10.26), the formula
/Oo ewu’y)sb(x,y, s, t)ds = /Oo ;iz(ew(m,yh)b(x’ y, s,t)ds,
0 o (ip(r,y))? 0s?
and distribution theory (see Remark 10.7 below) one can check that

o0
(10.27) / e @YSh(x y, 5, t)ds
0

o 1 ) 02 1
= .761@(%?})576 z,Y,s,t ds + ——=H, z,Y),
/1 L gs2 (&9 8 0ds + o Hil@y)

where Hy is a smoothing operator on D depending smoothly on ¢ with the property

that for every compact set K C D, all k € Ny, there is a constant C}, > 0 such that
for all t € Ry,

~ 1

(10.28) [He(2,9)|om (sexrey < Cr T

Again, from (10.26), we have

e 1 ; 0? - 1 <1
@S Z_p(x,y, s, t)ds| < C / ds

029) L o e < O | g

' A 1 1

<C

1 T 9>
VI+t|p(z,y)

for all ¢t € R, where C > 0, Cy > 0 are constants independent of ¢. It is known
that (see [20, Theorem 1.4]) |o(z,y)| ~ J(x,y)?. From this observation, (10.27)
and (10.29), we conclude that

1
VI+i

for all z,y € M with = # y, where C' > 0 is a constant independent of ¢.
For every m € N, we can repeat the procedure above with minor change and
deduce that there is a constant C),, > 0 independent of ¢ such that

(SP)(z,y)| < C I(a,y)

1 —4—Q
(V)21 (V)22 (SP) (@, )| < Coe—es9 () 1

V14t
for all @ = a1 + ag < m. Thus, SPt(l) is a smoothing operator of order 0 with size
1
Vite '
Arguing similarly yields that SPt(] )7 j = 0,2, are smoothing operators of order
0 with size (1+1)77/2. O

Remark 10.7. We explain (10.27). We have
o] 1 o]

/ ei‘p(x’y)sb(m,y,s,t)ds:/ ei“p(x’y)sb(x,y,s,t)ds—i—/ @z y, s, t)ds.
0 0 1

The kernel R (z,y) := fol e @)sh(x,y, s,t)ds is smooth and from (10.26), we have
that for every compact subset K € D and every k € Ny, there is a constant Cy > 0
independent of ¢ such that

|Rt($vy)|ck(xxK) < Ck\/m, for all t € Ry.
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We only need to study the kernel [ e @Y)sh(x,y, s,t)ds. From distribution the-
ory and by using integration by parts, we have

/ e P@VSh(x y, 5, t)ds
1

oo

= lim ei(“"(r’y)+i€)sb(£li,y757t)d5
e—=0t Jq
= lim e ' 1 : 5 8722(6i(¢(m7y)+i5)5)b($,y,S,t)ds
(10.30) e—ot+ J1  (i(p(2,y) +ig))? Os
. 1 . )
=1 - l(@(%y)-ﬁ-ze)b 1t
sir(gl‘*'( (i((p(z,y)+i5)>e (‘r>y7 5 )
1 : o) b
+ = - eiw(zy)+ie) 72 oy, 1.t
(i(p(z,y) +i€))? 85( y,1,t)
~ i(p(z,y)+ic) s
? x, 1€)s
+/1 eile(zy @b(x,y,&t)d5>
From (10.30) and (10.27), we deduce that
(10.31)

o , b
Hy(,y) = = (isp(@,y))e (o, y, 1,1) + €200 22(2,9,1,6) + (ip(w, ) R(w, ).
S
From (10.26) and (10.31), it is easy to see that Hy(z,y) satisfies (10.28).

We need two results about the smoothing properties of the operators G; from
Theorem 9.4.

Lemma 10.8. Let G; € L;?Q(M, R4) be as in Theorem 9.4. Then, TGT is a

smoothing operator of order 2 with size \/11Tt Moreover, TGyT is also a smoothing

operators of order O with size %th

Proof. From Theorem 7.1, Lemma 8.3 and (9.4), it is straightforward to see that
TGtT = SGtS + thg + Ft
= SﬁﬁbGtS + ?NDbGtg + Hy,

(10.32)

where F; and H; are smoothing operators on M depending smoothly on ¢ with the
property that for all m € Ny, there is a constant C),, > 0 such that for all t € R,

1
1+t

1
1+t
Note that O,Gy, 0,Gy € Lgl P (M,Ry). From this observation, Theorem 10.3, The-
orem 10.6 and (10.32), we conclude that 7G:7 is a smoothing operator of order 0
with size %th

From Lemma 8.2, we have

SN0,GS = SNO,G:S + SNEG;S
= SN[y, G4)S + SNEG,S,

where E is a first order partial differential operator. Note that [0y, Gi], EG; €
LQTQ (M,R}). From this observation, Theorem 10.3 and Theorem 10.6, we conclude

[t (@, 1) om (v iy < COm

|Ht($ay)|cm(MxM) <Cn
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that SN[y, G4]S + SNEG,S is a smoothing operator of order 2 with size —-=

b i Vitt
Similarly, SNO,G:S is a smoothing operator of order 2 with size \/% From

1
VIt
g

(10.32), we conclude that 7G:7 is a smoothing operator of order 2 with size
The lemma follows.

Lemma 10.9. Let E5 € L2 (M) be as in (9.3). Then 7E2(I—7)GyT is a smoothing
operator of order 1 with size 1.

Proof. From Theorem 7.1, Lemma 8.3 and (9.4), we check that

(10.33) TEy(I — 7)Gyr = SEy(I — S)GyS + SEy(I — S)GyS + Fy
' = SE,0,NG,S + SE,00, NG,S + F,,

where F} is a smoothing operators on M depending smoothly on ¢ with the property
that for all m € Ny, there is a constant C), > 0 such that for all t € R,

1
|Ft(x’y)|cm(M><M) S Cmm

Again, from Theorem 7.1, Lemma 8.3 and (9.4), we check that
SE,O,NG.S = S[E,, 8,]0,NGS
(10.34) e

where H; is a smoothing operator on M depending smoothly on ¢ with the property
that for all m € Ny, there is a constant C),, > 0 such that for all t € R,

1

[He (@, 9)| om(vixary < Cmm-

From Lemma 8.2, we have

S[E», 5,]0,NN_ 0. G S

= S[EQ,EZ]ngW2ib[Db, Gt]S + S[EQ,EZ]ngNQﬁbZQS

= S|E», 0,10, NN [0y, [0y, Gel|S + S[Ea, 9, ]0sNN- 210y, G4] S
+ S[Eo, 8310, N N[O, Z0]GS + S|Es, O]0y NN~ Zs Zo G S,

(10.35)

where Zy, Z1, Z5 are first order partial differential operators. Note that
[Os, O, Gil], Z1[Dp, G, O, Zo]Ge, Z2Z0Gy € LY 5(M,RL).

From this observation and Theorem 10.6, we deduce that [0y, [0y, G¢]]S, Z1 [0, G¢] S,
[Op, Z0]G+S and Z3ZpG1S are smoothing operators of order 0 with sizes 1. More-
over, from the symbolic calculus of Stein—Yung [29], we check that S[Es, d,]9,N N
is a smoothing operator of order 1.

From the discussion above and (10.35), we conclude that S[Es, 5:]5;)NN2 ﬁiGtS
is a smoothing operator of order 1 with size 1. Similarly, we can repeat the proce-
dure above and conclude that SEs(I — S)G;S is a smoothing operator of order 1
with size 1. The lemma now follows from (10.33). (I
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— 1
11. LEADING TERM FOR (P;) 2

1/2

In order to identify the leading term for (ﬁil)_ , we must invert Pﬁl +t+ .

We begin by constructing a parametrix.
Proposition 11.1. For every N > 0, there are continuous operators
1

Ay =0 Ho(M) = H*"3(M)  for all s € Z,

five =005

depending continuously on t such that

): HS (M) — H™N(M) forallscZ

(1) Ak is a smoothing operator of order 3 with size ﬁ;
(2) Ak is a smoothing operator of order 1 with size
(3) (PQL +t4+7)(7GyT + TART) =T + TRE T on P.

1 .
1+t

Proof. From Theorem 9.1 and Theorem 9.4, we have

(ﬁil +t+7m)(7GT) = T(Ey + t)7Ge + TGy

(11.1) =7(Ey + t)Gym — TE2(I — 7)Gy7m + 77 Gyr
=1+7A;7 on P,

where

(11.2) Ay = —7Ey(I — 7)Gyr + TE,T.

Here ﬁt is a smoothing operator on M depending smoothly on ¢ with the property
that for all m € Ny, there is a constant C,,, > 0 such that for all t € R,

1

F, < Cp——o.
«(z,9) cm(MxM) 1+1¢

By Lemma 10.9, we have that A; is a smoothing operator of order 1 with size 1.
We claim that

(11.3) Ay =0(1): H*(M) — H*"2(M) for all s € Z.
From (10.34) and (10.35) we see that
SE,O,NG.S
(11.4) = S[Es,8,]0NN" [0y, [0y, Gi]|S + S[E2, 0,0, NN~ 24 [0y, Gy) S

+ S[Es, 9]0, N N[Oy, Zo|GeS + S|Ea, 030, NN Z5ZoG S + Hy,

where Zy, Z1, Z5 are first order partial differential operators and H; is a smoothing
operator on M depending smoothly on ¢ with the property that for all m € Ny,
there is a constant C,, > 0 such that for all t € R,

1
[ He(z )l omvrxary < Cmm-
It is known that (see [20, 21])
N,N: H*(M) — H*™Y(M) for all s € Z,

OpyN: H*(M) — H*t3 (M, T**' M) for all s € Z.
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From this observation, (9.6) and (11.4), we deduce that
SE,O,NG,S = O(1): H*(M) — H*3(M) for all s € Z.

Similarly, we have SE,0, NG,S = O(1) : H*(M) — Ht3(M) for all s € Z.
Inserting this into (10.33) yields the claim (11.3).
Now put

A =71Gr(I — (TAT) + (7'At7')2 - (7’At7')3 ot (TAtT)2K+4) — 717Gy

From Theorem 10.3 and Lemma 10.8 we observe that A ; is a smoothing operator

of order 3 with size ﬁ, and also Ak, is a smooth operator of order 1 with size

L. Moreover, from (9.4) and (11.3) we conclude that

1+t°
1
Ak = O(m)5 H*(M) — H*"3 (M)
for all s € Z. Furthermore, from (11.1), we observe that
(11.5) (P + t + 1) (TG + TAg 7)) = T + (TA,7)2K+5,

From (11.3), we see that
(TA7)* KT = 0(1): H*(M) — H*tE2 (M)
for all s € Z. Moreover, from (9.4) and (11.2), we observe that

Ayt = O(——): H*(M) — H*2(M)

1+¢
for all s € Z. Thus, (TA,7)*)° = O(5): H* (M) — H*TX(M) for all s € Z.
Combining this with (11.5) yields the result. O

Remark 11.2. 1t is easy to see that Ak + depends continuously on ¢ in L*(M).

From now on, we identify the operator (?:1 +t+m)"t: P — P with T(P:l +i+
7)~r. Thus (P, +t + m)~L: L2(M) — L*(M). We can extend and identify this
operator as follows.

Proposition 11.3. (ﬁ:l +t+ 7)1 can be continuously extended to (ﬁ; +t+
)"l HS(M) — H*(M) for every s € Z. Moreover, for every K € Ny we have

— 1
(ot ttm) ™ = (1Gur + 7 Aaicar) = O ) HT N (M) — H¥ (M),

where Ask ¢ is as in Proposition 11.1.
Proof. Fix K € Ny and let Aok and R+ be as in Proposition 11.1. Then
(11.6) TGT + TAgg 1T = (F:l +t+m) 4 (P:l +t4 71')717'R2K7t7'.

Note that 7Rox 7 = O(l%_t): H=%(M) — L*(M) for all s € Z with |s| < 2K.

By (9.4), TGy + TAgk T = O(%}-t>: H*(M) — H*(M) for all s € Z. By (9.2), we

observe that (F; +t+m)7l = O(%H): L?(M) — L?*(M). From these observations

we conclude that we can extend to (Fﬁl +t+m)~ ! to H%(M) for all s € Ny with
s < 2K; indeed
1

(11.7) (P, +t+m) = O(7=): H*(M) — H™*(M)
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for all s € Ny with s < 2K. By taking the adjoint in (11.7), we conclude that we

can extend to (P +t + 7)1 to
1

(11.8) P, +t+m)" = O(): H*(M) = H*(M)

for all s € Ny with s < 2K. From (11.6) and (11.8) we conclude that

1

m): HXM) - HXS(M). O

(P, +t+m) " — (1Gy7 + TAzci7) = O(

Proposition 11.3 allows us to prove the following theorem.

Theorem 11.4. There is a G € L' (M) such that 2GE; — I € Loy (M) for By €
L% (M) as in Theorem 9.1 and for every ¢ € No,

(P,)"2 = 7GT + 1A + TReT

on P, where Ay, Ry: C°(M) — 2'(M) are continuous operators, Ry(x,y) € C*(M x
M), and Ay is a smooth operator of order 3 — e for every 0 <e < 1.

Proof. Fix ¢ € Ny and take K > ¢. Put
Hoki = (?2 +t+ 7r)_1 — (TG + T A2k 47),

where Ay, is as in Proposition 11.1. By Proposition 11.3, Zyk ; is well-defined as
a continuous operator H*(M) — H®(M) for every s € Z. Observe that Zox; =
TEok 7. From Lemma 9.2 we see that

i 1 > 1 > 1 > 1
(Py)~2 = c/ t_iTGtTdt—l—c/ t_ETAQKﬂgTdt—i-C/ t 2T Tdt.
0 0 0
It is known that (see Section 11.2 in [28])
c/ t_%TGtTdt =7GT,
0

where G € L' (M) with 2GE; — I € L' (M).
We claim that

=(2,y) = (c / 3 Z0xdt) (2, ) € CO(M x M)
0

if K is large enough. Fix k € Ny. For every m € N, consider

1 1
Ekz7m ::CZ EEQKJ‘H'% :
- J
j=1 k + m
It is clear that, in L*(M),
N k+1 .
(119) lim Ek,m = C/ t_QEQK’tdt.
m—0o0 k

By Proposition 11.3, we see that
(11.10)

m

& H - 11 L, /’f“ 1
Sk,m < — - < _
zusonaran) ~ N mlvkt ks e 10V

dt,
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where ¢; > 0 is a constant and Héka denotes the standard
ZL(H-K(M),HK(M))

operator norm of ., in Z(H (M), HX(M)). From (11.10) and the Sobolev
embedding theorem, if K > ¢, there is a subsequence (mg) such that my; — co as
5 — 00,

(11.11) lim Zg . (2, ) = Ex(z,y)
5—00

in C*(M x M), and

k+1 1
11.12 Zx(z, <¢ T W, s
( ) [IZk( y)HC‘(MxM) = 1/k (1_”)\/{

where ¢; > 0 is a constant independent of k. From (11.9), (11.11) and (11.12), we
conclude that

k+1
S(w,y) = (c/ 3 S pdt) (@) € CL(M x M),
k

k+1 1
<t —dt.
= /k (1+)Vt

Ct(Mx M)

k+1
Since Y02 [, 1+t)\/ = 1+t)\[dt < 00, we deduce that

E(x,y) = (c/ t’%Egtht (z,9) :ZEk x,y) € CHM x M),
0 k=0

as claimed.

From now on, we take K large enough so that Z(z,y) € C*(M x M). Put
A= cfooo t’%AzK,tdt. We now study the kernel of A. Fix xg,y9 € M and set
o, yo) = r. Take x € C§°( xo( )) and x1 € C§°(By, (%)) such that x = 1 near

xp and x1 = 1 near yo. Consider A= cfo i~ 2)(A2Ktx1dt Then,

—4

T o0
(1113) A= C/ tiéxAQKwtxldt + C/ t7%XA2K7tX1dt.
0 r—4
For every m € N, consider
4\ 1
By, = Cz:l W(XA2K,%T—4X1)(ET 4) 2.
j=

It is easy to see that, in L2,

—4

,
(11.14) lim B, = c/ £~ 2 x Agrcxadt.
0

m—r o0
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Recall from Proposition 11.1 that Ask ¢ is a smoothing operator of order 3 with
size \/ﬁ From this and (11.14), we have that, for any = € B,,(7), y € By, (%),

ot rT 1
< _ 4 T2
B < <3 — |0y ) (@, 9)| ()

m _4 -
,,,4 1 4

chj—f—————foy)%Tm%-%

= \/1+

< oz, y)”

1

Ta2dt

ﬁ
< csd(z,y) 7" Ilogﬁ(way)lv

where ¢y > 0, c3 > 0 are constants independent of m, r, x, x1, To, yo. Similarly,
for every aq, a2 € Ny and € > 0, there is a constant Cy, o, ., independent of m, r,
X5 X1, o, Yo, such that

(11.15) [(V0)2 (Vb)) Bin(2,9)] < Cay W@, y) 172

From (11.15), we deduce that there is a subsequence (ms) such that ms — oo as
s — oo for which By,_(x,y) converges to some B(z,y) in the C°° (M x M) topology
with the property that for every ai,as € Ny and every € > 0, there is a constant
Cai,as,e, independent of m, 7, x, X1, %o, Yo, such that

(11.16) (V)2 (V)52 B(2,y)| < Cayaze(a,y) 7710172
In particular, from (11.14) we have that

—4

(11.17) e[t ixdacad)w0) = By
0
Fix k € Ng. For every m € N, consider

Dk,m = CZ 7XA2K r4ktdp—aX1

= ’ \/W
It is clear that
TR
(11.18) lim Dy, = c/ t72xAsgexadt

m—r o0 4p

in L?2(M). Recall from Proposition 11.1 that Ask; is a smoothing operator of
order 1 with size 1%—15 From this observation, we find that for every x € By, (%),
y € By, (%), we have that

- J a1
‘(XA2K7T74]€+%T’4X1)($’:V) (T 4k’—|—g’r 4) 2

m 4 ]

_ r _3 1 _4 J o —4\—1
g@zﬁﬂ(az,y) 1+r—4k—|—ir—4(T k+ET )z
r=4(k+1) 1

<z 9y —— L,
L R
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where ¢; > 0, ¢ > 0 are constants independent of k, m, r, x, X1, Zo, Yo- Similarly,
for every oy, g € Ny, there is a constant Cy, «,, independent of m, k, r, x, x1, %o, Yo,
such that

r~4(k+1) 1 1

ay a1 < —3—|af —dt.
(V)2 (90)5 D )| < Con [+ )™

Therefore there is a subsequence (mg) such that my — oo as s — oo for which
Dy, (x,y) converges to some Dg(z,y) in the C>*°(M x M) topology with the

property that for every aq,as € Ny and every € > 0, there is a constant Cy, q,.c
such that

- rH (k+1) 5o 11

11.19 V)ot (V)92 Dy (x, < Coyane W, y) 717 —— —dt.
(1119) (V)2 (V)5 Dule )] < Corne [ 0oy e e
In particular, from (11.18) we find that

r= 4 (k+1) L
(11.20) (c/ t_EXA2K7tX1dt) (z,y) = Di(z,y).

r—4k
Note that for x € B,, () and y € By, (%),
11.21 9 ToTITE —— —dt < ¢pYd ThTlalTE
D ) L Y L

where ¢ > 0 is a constant. From (11.19), (11.20), and (11.21) we deduce that
(c [ t_%xAgK,txldt)(x,y) € C®(M x M) and for every ay,as € Ng and ¢ > 0,
there is a constant éal,a2,57 independent of r, x, X1, Zo, Yo, such that

(11.22) ’(vb)gl(vb)gz(c /

From (11.13), (11.16), (11.17) and (11.22), we deduce that A(x,y) satisfies the
following differential inequalities when = # y: For every ¢ > 0 and every aj,as €
Ny, there is a constant Cy, q,, > 0 independent of 2 and y such that

(11.23) |(Vo)e" (V)52 A2, )| < Cayan 0(a,y) 7112,

Now, we prove that A satisfies the cancellation condition of order 3 — € for every
0 < e < 1. Let ¢, be a normalized bump function with supp ¢, € B(z,r), for every
r > 0. Then
(11.24)

”vl?A(erLOO(B(z,r))

_1 R L
t 2XA2K,tX1dt)(33,y)‘ gCal’az)qu(%y) I-|a—e
4

4 oo

" _1
< C/O tz ||V?A2K,t¢r”Loo(B($7r)) +C/ 4t 2 ||VI?A2K,t¢r||Loo(B($,T))-

Since Aok ; is a smoothing operator of order 3 with size ﬁ, we have that
7‘74
_1 _
(11.25) / 72 Vi Az 100 | o (p(ary) < 21 [logr],
0

where ¢ > 0 is a constant independent of r. Since Ask . is also a smoothing
operator of order 1 with size 37, we have

o

o
-1 « A al—|a EER P St
(11.26) /7-—4t N9 A2K,t¢r||L<>°(B(z,r)) <ért”! |/7 t2 1 —|—tdt < G T

—4
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where ¢ > 0 and é& > 0 are constants independent of . From (11.24), (11.25)
and (11.26), we deduce that A satisfies the cancellation condition of order 3 — ¢ for
every 0 < € < 1. Similarly, A* satisfies the cancellation condition of order 3 — ¢ for
every 0 < e < 1. The conclusion follows from (11.23). O

12. THE PROOF OF THEOREM 1.3

Since the leading order term of P; is A2, we begin our study of the asymptotics of

the Green function of (Pg)l/z by first considering the operator 2A;, + %R extended
to L2(M) in the standard way. As —2A; + %R is hypoelliptic with loss of one
derivative,

—2Ap + %R: Dom (—2A;, + %R) — L*(M)

has closed range, is self-adjoint, and ker(—2Ab+%R) is a finite-dimensional subspace
of C=(M). Let N: L2(M) — Dom (—2A, + 3R) be the partial inverse and let
p: L?(M) — ker(—2A, + %R) be the orthogonal projection. Then p is a smoothing
operator on M and we have

N 1

N(—2Ap + §R) +p=1I on Dom (—2A; + 3 R),
1 A

(—2A, + iR)N +p=1 on L*(M).

Note that N: H5(M) — Hst'(M) for all z € Z. Moreover, N is a smoothing
operator of order 2 (see [23, Section 10] and [29]).

Proposition 12.1. With the notations above, TGT — 7N is a smoothing operator
of order 3, where G € L;l(M) is as in Theorem 11.4.
Proof. From Theorem 8.1 and Theorem 11.4, we have that

R R
(12.1) (TGT)(7(=28p + 5)7) =7+ 7P7 = 7G(I = 7)(2E1 + )7,
where P_y € L' (M).

We claim that

(12.2) 7P_17 is a smoothing operator of order 2,

(12.3) 7G(I — 7)(2E1 + §)7 is a smoothing operator of order 1.

From Theorem 7.1 and Lemma 8.3, we have that

(12.4) TP_17=SP_1S+SP_;S.

From Lemma 8.2 and Lemma 8.3 we have that
SP_S=SNO,P_;S=SNO,P_1S+SNL,P_,S

(12.5) _ _
= SN0y, P_1]S + SNL,P_, 85,

where L, is a first order partial differential operator. From the symbolic calculus of
Stein—Yung [29], we check that [y, P_1]S and Ly P_; S are smoothing operators of
order 0. From this observation, (12.5) and Theorem 10.3, we conclude that SP_1S
is a smoothing operator of order 2. Similarly, SP_;S is a smoothing operator of
order 2. From (12.4), we obtain (12.2).



36 JEFFREY S. CASE, CHIN-YU HSIAO, AND PAUL YANG

Again, from Theorem 7.1, Lemma 8.2 and Lemma 8.3, we have that

By

2
= SG(I - S)(2E; + )S+SG(I S)(2E; + )?

TG(I —7)(2E, +

(126) = SGO, NNO,(2E, + R)S + SGO,NNT,(2E, + ]; )5
_ S[G, O, NN 3y, 2B + ]s + SGLINNT,[3y, 2, + lj]s
+ S[G, O, |NNO; [0y, 2F; + g]g + SGLNNO; [0y, 2, + %?,

where Ly is a first order partial differential operator. Since NN, [y, 2B + 85,
NNO;[0y,2E, + £]S are smoothing operators of order 1 and S[G,0,], SGLy,
S[G,0y), SGL; are smoothing operators of order 0 (see [29]), we may combine
(12.6) and Theorem 10.3 to deduce (12.3).

Recalling that —A, = O, + U, we conclude from Theorem 7.1, Lemma 8.2, and
Lemma 8.3 that
(12.7)

(T(—240, + E)T)N

2

T—7(—2Ap + %)(I —7)N

SN

= S(Db+R)DbNN S(DbJr];)DbNN

= 7~ S(-28 + (I~ SN~ 5(-28, +

ET—S[Ll—F? 8]81,NN S[L1—|— 817}81,]\[]\7

where L, is a first order partial differential operator. Since [L1 + 5, Bb]abN N and

L, + & ,07]0, NN are smoothing operators of order 1 (see [29]), we may combine
(12.7) and Theorem 10.3 to deduce that

R .
(12.8) (T(—2Ay + 5)7’)N =T+ H,
where H is a smoothing operator of order 1. From (12.1) and (12.8), we find that
R .
(12.9) T7GT + (r1GT)H = 7N + (1P_17)N — 7G(I — 7)(2E; + §)TN.

We can repeat the proof of (12.2) and deduce that 7G7 is a smoothing operator of
order 2 and hence

(12.10) (tGT)H is a smoothing operator of order 3.
From (12.2), (12.3), (12.9) and (12.10) we deduce that 7G'T — 7N is a smoothing
operator of order 3. O

Fix a point ¢ € X. The Green function of (FL)% at ( is given by
Ge := (Py) 27t € 9'(M).

It is easy to see that

(P):G¢ = 6¢c — m(x,¢) on P.
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Note that 7(z,¢) € C=(M) Nker(P,)~3.

Proof of Theorem 1.3. Fix ( € M and let (z,t) be CR normal coordinates defined
in a neighborhood of ¢ such that (2(¢),t(¢)) = (0,0). For m € R, let £(p™) be as in
the discussion before Theorem 1.3. Let ¢y € Ny and fix £ > ¢3. From Theorem 11.4
and Proposition 12.1, we have

Ge =7GTé¢T + TAToT + TRyTST

(12.11) .
=TNOT +TKOT + TAT0T + TR0 T,

where K is a smoothing operator of order 3. Since Ry(x,y) € C*(M x M), we can
take ¢ large enough so that

(12.12) Ry7d; € C(M).

Since K is a smoothing operator of order 3,

(12.13) Ké: € E(p).

From Theorem 10.3 and Theorem 11.4 we see that A,7 is a smoothing operator of
order 3 — ¢, for every 0 < ¢ < 1. Hence,

(12.14) At € E(p~F)

forall 0 <e < 1. . .
Finally, we consider Nd¢. It is clear that Nd, is the Green function of 2A, + %R.

It was shown in [10, Section 5] that, near (, N d¢ has the form
(12.15) Noe(2,t) = plz,t) "2 + wo

for some wy € C'(M). Moreover, repeating the method in [23, Section 10], we
conclude that

(12.16) wo € E(P™F)
for all € > 0. The conclusion follows from (12.11), (12.12), (12.13), (12.14), (12.15)
and (12.16). O

Now, we can prove Theorem 4.2:

Proof of Theorem 4.2. In view of (2.2), we see that Fi; = 7(4A? + Ly)7, where
Ly =V?+Vy+r, re C®X). Let H be a parametrix of 4A? + Ly. Then
H: H*(M) — H*"2(M) for every s € Z and H is a smoothing operator of order
4 — ¢ for every 0 < € < 1. From Theorem 7.1 and Lemma 8.3, we have that

7'HT?£1 = (THT)(1(4A% + Ly)7)
(12.17) =7 —7H( —7)4A} + Lo)T — Fy
=7 —SH(I — S)(4A% 4 Ly)S — SH(I — S)(4A% + Ly)S — Fy,
where F{y and F} are smoothing operators on M. Put
(12.18) Y = SH(I — S)(4A7 + L2)S + SH(I — S)(4A} + L2)S + F.
Note that T = 7Y7. Repeating the procedure in (12.7), we conclude that
SH(I — S)(4A2 + Ly)S = SHND, Q55,

(12.19) _ _ I
SH(I — 5)(4A2 + Ly)S = SHNO; Q5 S,
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where Q2, Q2 € L% (M). From (12.18) and (12.19), we conclude that Y: H*(M) —
Hsts (M) for all s € Z and Y is a smoothing operator of order 1. Fix K € N. Put
Br = (THT) (1 + T+ Y2 + ...+ TH),

Then, Bk is a smoothing operator of order 4 — ¢ for all 0 < ¢ < 1. From (12.17),
we have that
BkF; =T — TK+1.

Since YK+1: HS(M) — H*+"3 (M) for every s € Z, given £ € Ny, we can take K
large enough so that YE+1(z,y) € C*(M x M). The theorem follows. O

To prove Theorem 4.3, we need the following Adams-type theorem of Fontana
and Morpurgo [12].

Theorem 12.2. Let A: L>(M) — L?*(M) be a continuous operator with distribu-
tion kernel A(z,y) € C°(M x M \ diag (M x M)). Suppose that the kernel A(z,y)
satisfies

sup [{y € M : |A(z,y)| > s}| < Ks2,
x€eEM

sup {z € M : |A(z,y)| > s}| < Ks™2
yeM

as s — oo, where K > 0 is a constant and
{y e M: |A(z,y)| > s}, HzeM: [A(z,y)| > s}

denote the volumes of the sets {y € M : |A(z,y)| > s} and {x € M: |A(z,y)| > s},
respectively with respect to the given volume form on M. Then, for any f € L?(M)

with Tf € L2(M), there is a constant ¢ > 0 such that e?fI* € L*(M).

Proof of Theorem 4.3. Put g :== (=Ay + Iw € L?*(M). Let Q be the inverse of
—Ap+1I. Then, w = Qg. It is known that (see [10, Section 2] and [23, Section 10])

(12.20) Q(z,y)| < I(a,y)~>

From (12.20), one readily checks that

sup ,ep {y € M2 |Q(z,y)| > s} S 572,
sup yepr {z € M : [Q(z,y)| > s} <572,

as s — oo. The conclusion follows from (12.21) and Theorem 12.2. (]

(12.21)
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