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Abstract

In this paper, we prove a CLT for the sample canonical correlation coefficients between two high-
dimensional random vectors with finite rank correlations. More precisely, consider two random vectors
rx “ x ` Az and ry “ y ` Bz, where x P Rp, y P Rq and z P Rr are independent random vectors with
i.i.d. entries of mean zero and variance one, and A P Rpˆr and B P Rqˆr are two arbitrary deterministic
matrices. Given n samples of rx and ry, we stack them into two matrices X “ X `AZ and Y “ Y `BZ,
where X P Rpˆn, Y P Rqˆn and Z P Rrˆn are random matrices with i.i.d. entries of mean zero and
variance one. Let rλ1 ě rλ2 ě ¨ ¨ ¨ ě rλr be the largest r eigenvalues of the sample canonical correlation
(SCC) matrix CXY “ pXXJq´1{2XYJpYYJq´1YXJpXXJq´1{2, and let t1 ě t2 ě ¨ ¨ ¨ ě tr be the squares
of the population canonical correlation coefficients between rx and ry. Under certain moment assumptions,
we show that there exists a threshold tc P p0, 1q such that if ti ą tc, then

?
nprλi ´ θiq converges weakly

to a centered normal distribution, where θi is a fixed outlier location determined by ti. Our proof uses a
self-adjoint linearization of the SCC matrix and a sharp local law on the inverse of the linearized matrix.

1 Introduction

Given two random vectors rx P Rp and ry P Rq, canonical correlation analysis (CCA) has been one of the
most classical methods to study the correlations between them since the seminal work by Hotelling [22].
More precisely, CCA seeks two sequences of orthonormal vectors, such that the projections of rx and ry
onto these vectors have maximized correlations. These correlations are referred to as canonical correlation
coefficients (CCCs), which can be characterized as the square roots of the eigenvalues of the population
canonical correlation (PCC) matrix

rΣ :“ Σ´1{2
xx ΣxyΣ´1

yy ΣyxΣ´1{2
xx ,

where Σxx, Σyy, Σxy and Σyx are the population covariance and cross-covariance matrices defined by

Σxx :“ EprxrxJq ´ pErxqpErxqJ, Σyy :“ EpryryJq ´ pEryqpEryqJ, Σxy “ ΣJyx :“ EprxryJq ´ pErxqpEryqJ.

In this paper, we consider the following standard signal-plus-noise model for rx and ry:

rx “ x`Az, ry “ y `Bz, (1.1)

∗E-mail: fyang75@wharton.upenn.edu. This work was partially supported by the Wharton Dean’s Fund for Postdoctoral
Research.
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where x P Rp and y P Rq are two independent noise vectors with i.i.d. entries of mean zero and variance
one, z P Rr is a shared signal vector with i.i.d. entries of mean zero and variance one (which yields a rank-r
correlation), and A P Rpˆr and B P Rqˆr are two arbitrary deterministic matrices. Under the model (1.1),
the PCC matrix is given by a rank-r matrix

rΣ “ pIp `AA
Jq´1{2ABJpIp `BB

Jq´1BAJpIp `AA
Jq´1{2,

and we denote the r non-trivial eigenvalues of rΣ as t1 ě t2 ě ¨ ¨ ¨ ě tr ě 0.
We can study rΣ and the population CCCs via their sample counterparts, i.e., the sample canonical

correlation (SCC) matrix and the sample CCCs. More precisely, let prxi, ryiq, 1 ď i ď n, be n i.i.d. samples
of prx, ryq. We stack them (as column vectors) into two matrices

X :“ n´1{2
`

rx1, rx2, ¨ ¨ ¨ , rxn
˘

“ X `AZ, Y :“ n´1{2
`

ry1, ry2, ¨ ¨ ¨ , ryn
˘

“ Y `BZ, (1.2)

where n´1{2 is a convenient scaling, with which we can write the sample covariance and cross-covariance
matrices concisely as

rSxx :“ XXJ, rSyy :“ YYJ, rSxy “ rSJyx :“ XYJ,

and X, Y and Z are respectively pˆn, qˆn and rˆn matrices with i.i.d. entries of mean zero and variance
n´1. Then we define the SCC matrix as

CXY :“ rS´1{2
xx

rSxy rS
´1
yy

rSyx rS
´1{2
xx

and denote their eigenvalues as rλ1 ě rλ2 ě ¨ ¨ ¨ ě rλp^q ě 0. The square roots of these eigenvalues are referred
to as sample canonical correlation coefficients. Equivalently, the sample CCCs are the cosines of the principal
angles between the two subspaces spanned by the rows of X and Y, respectively. If n Ñ 8 while p, q and
r are fixed, it is easy to see that the SCC matrix converges to the PCC matrix almost surely by the law of
large numbers, and hence every sample CCC converges almost surely to the corresponding population CCC.
On the other hand, in this paper, we focus on the high-dimensional setting with a low-rank signal: p{nÑ c1
and q{n Ñ c2 as n Ñ 8 for some constants c1 P p0, 1q and c2 P p0, 1 ´ c1q, and r is a fixed integer that
does not depend on n. In this case, the behavior of the SCC matrix deviates greatly from that of the PCC
matrix.

Related work. In the null case with r “ 0, the eigenvalue statistics of the SCC matrix have been well-
understood. If X and Y are Gaussian matrices, then the eigenvalues of CXY reduce to those of a double
Wishart matrix, which belongs to the famous Jacobi ensemble [24]. It was shown in [37] that, almost surely,
the empirical spectral distribution (ESD) of the double Wishart matrix converges weakly to a deterministic
probability distribution (cf. (2.15) below). By analyzing the joint eigenvalue density of the Jacobi ensemble,
Johnstone [24] proved that the largest eigenvalues of double Wishart matrices satisfy the Tracy-Widom law
asymptotically. Alternatively, the Tracy-Widom law of double Wishart matrices can also be obtained as a
consequence of the results in [21] for F-type matrices. In the general non-Gaussian case, the convergence
of the ESD of CXY was proved in [42], the CLT of the linear spectral statistics for CXY was proved in [43],
and the Tracy-Widom law of the largest eigenvalue of CXY was proved in [20] under the assumption that the
entries of rx and ry have finite moments up to any order. The moment assumptions for the Tracy-Widom law
was later relaxed to the finite fourth moment condition in [40].

Some arguments in the literature for the null case are based on the fact that the subspaces spanned by
the rows of X and Y are approximately uniform (Haar) distributed random subspaces, which, however, does
not hold for the non-null case with r ą 0. This makes the study of the non-null case more challenging. If X
and Y are Gaussian matrices, then the asymptotic distributions of the sample CCCs have been derived in
the case where either p or q is fixed as n Ñ 8 [19]. When p and q are both proportional to n, the limiting
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distributions of the sample CCCs have been established under the Gaussian assumption in [4], which we
discuss in more detail now.

BBP transition. Suppose X, Y and Z are independent random matrices with i.i.d. Gaussian entries. Bao
et al. [4] proved that for any 1 ď i ď r, the behavior of rλi undergoes a sharp transition across the threshold
tc defined by

tc :“

c

c1c2
p1´ c1qp1´ c2q

. (1.3)

More precisely, the following dichotomy occurs:

(1) if ti ă tc, then rλi sticks to the right edge λ` (cf. (2.16) below) of the limiting bulk eigenvalue spectrum

of the SCC matrix, and n2{3prλi ´ λ`q converges weakly to the Tracy-Widom law;

(2) if ti ą tc, then rλi lies around a fixed location θi P pλ`, 1q, and n1{2prλi ´ θiq converges weakly to a
centered normal random variable.

Following the notation in random matrix theory literature, we call rλi in case (2) an outlier. The above
abrupt change of the behavior of rλi when ti crosses tc is generally referred to as a BBP transition, which
dates back to the seminal work of Baik, Ben Arous and Péché [2] on spiked sample covariance matrices. The
phenomenon of BBP transition has been observed in many random matrix ensembles deformed by low-rank
perturbations. Without attempting to be comprehensive, we refer the reader to [10, 11, 16, 26, 27, 33] about
deformed Wigner matrices, [1, 2, 3, 9, 17, 23, 32] about spiked sample covariance matrices, [12, 39, 41] about
spiked separable covariance matrices, and [5, 6, 7, 38] about several other types of deformed random matrix
ensembles. The SCC matrix CXY considered in this paper can be regarded as a low-rank perturbation of the
SCC matrix in the null case with r “ 0.

Main results and basic ideas. A natural question is whether the above BBP transition holds universally
if we only assume certain moment conditions on the entries of X, Y and Z. Answering this question is not
only theoretically interesting from the point of view of random matrix theory, but also crucial for modern
applications of CCA in e.g., statistical learning, wireless communications, financial economics and population
genetics. In this paper, we solve this problem and prove that the BBP transition occurs as long as the entries
of X and Y satisfy the bounded p8` εq-th moment condition (with ε denoting an arbitrarily small positive
constant). More precisely, we obtain the following results when ti ą tc.

(i) In Theorem 2.3, assuming that the entries of X, Y and Z have bounded moments up to any order, we
prove that n1{2prλi ´ θiq converges weakly to a centered normal random variable.

(ii) In Theorem 2.4, we prove the CLT for rλi under a relaxed bounded p8` εq-th moment condition on the
entries of X,Y and a bounded p4` εq-th moment condition on the entries of Z.

On the other hand, when ti ă tc, the Tracy-Widom law of n2{3prλi´λ`q was proved in [31]. For the reader’s
convenience, we will state it in Theorem 2.5.

The proof in [4] depends crucially on the fact that multivariate Gaussian distributions are rotationally
invariant under orthogonal transforms, which makes the proof hard to be extended to the non-Gaussian
case. To circumvent this issue, we employ an entirely different approach—a linearization method developed
in [40]. More precisely, we define a pp` q ` 2nq ˆ pp` q ` 2nq random matrix H that is linear in X and Y
(cf. equation (3.6) below) and call its inverse G :“ H´1 as resolvent. In [40], we found that the eigenvalues of
the SCC matrix CXY are precisely the solutions to a determinant equation in terms of a linear functional of G
(cf. equation (3.8) below). Moreover, an (almost) optimal local law for this linear functional was obtained in
[40]. In [31], we obtained a large deviation estimate on the outlier sample CCCs—if ti ą tc, then rλi converges
to θi with convergence rate Opn´1{2`εq (which is slightly larger than the correct order of fluctuation n´1{2).
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With the local law and the large deviation estimate as main inputs, we can reduce the problem to proving
the CLT for a (different) linear functional of G, denoted by EpX,Y, Zq (cf. Section 3.3). The main technical
part of our proof is to show that EpX,Y, Zq converges weakly to a centered Gaussian random variable. Our
basic idea is to use the classical moment method, that is, showing that the moments of EpX,Y, Zq match
those of a Gaussian random variable asymptotically. One method to calculate the moments of EpX,Y, Zq is
to use the simple identity 1 “ HG and apply a resolvent expansion formula (cf. Lemma B.1 below) to the
resulting expression. However, the relevant calculation for this strategy will be rather tedious. Instead, we
adopt a strategy in [26, 27], that is, we first prove the CLT in an “almost Gaussian” case (i.e., a case where
most of the entries of X and Y are Gaussian), and then show that the general case is sufficiently close to
the almost Gaussian case. This strategy allows us to divide the lengthy calculation into several parts that
are more manageable. In particular, the resolvent expansion formula can be replaced by a simpler Gaussian
integration by parts formula.

Finally, we remark that the limiting variance of n1{2prλi ´ θiq depends on the fourth cumulants of the
entries of X, Y and Z in an intricate way, which has not been identified in the Gaussian case. We also
perform simulations to verify this deviation from the CLT result in [4] (cf. Figure 1).

Organizations. The rest of this paper is organized as follows. In Section 2, we define the model and state
the main results, Theorem 2.3 and Theorem 2.4, on the limiting distributions of the outlier sample CCCs.
We will give the proof of Theorem 2.3 in Sections 3–5. In Section 3, we introduce the linearization method,
define the resolvent, and reduce the problem to proving the CLT for a linear functional of the resolvent.
In Section 4, we establish the CLT of the outlier sample CCCs in an almost Gaussian case, where most of
the entries of X and Y are Gaussian. In Section 5, we complete the proof of Theorem 2.3 by showing that
the general setting of Theorem 2.3 is close to the almost Gaussian case asymptotically. Finally, utilizing
Theorem 2.3 and a comparison argument, we complete the proof of Theorem 2.4 in Section 6. The appendix
contains the proofs of Lemma 4.5 and Lemma 4.6, which are two key lemmas in the proof of Theorem 2.3.

Conventions. For two quantities an and bn depending on n, the notation an “ Opbnq means that |an| ď
C|bn| for some constant C ą 0, and an “ opbnq means that |an| ď cn|bn| for a positive sequence cn Ó 0 as
nÑ8. We use the notation an À bn if an “ Opbnq and the notation an „ bn if an “ Opbnq and bn “ Opanq.
Given a matrix A, we use }A} :“ }A}l2Ñl2 to denote the operator norm, }A}F to denote the Frobenius norm,
and }A}max :“ maxi,j |Aij | to denote the maximum norm. Given a vector v “ pviq

n
i“1, }v} ” }v}2 stands

for the Euclidean norm. In this paper, we often write an identity matrix as I or 1 without causing any
confusion.

Acknowledgements. I want to thank Zongming Ma for bringing this problem to my attention and for valu-
able suggestions. I also want to thank Edgar Dobriban, David Hong and Yue Sheng for fruitful discussions.
I am grateful to the editor, whose feedback has resulted in a significant improvement.

2 The model and main results

2.1 The model

In this paper, we consider the model (1.2). Here X and Y are two independent real matrices of dimensions
pˆ n and q ˆ n, respectively, where the entries Xij , 1 ď i ď p, 1 ď j ď n and Yij , 1 ď i ď q, 1 ď j ď n are
i.i.d. random variables satisfying that

EX11 “ EY11 “ 0, E|X11|
2 “ E|Y11|

2 “ n´1. (2.1)

Z is an r ˆ n matrix that is independent of X and Y , and has i.i.d. entries Zij , 1 ď i ď r, 1 ď j ď n,
satisfying that

EZ11 “ 0, E|Z11|
2 “ n´1. (2.2)
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A and B are pˆ r and q ˆ r deterministic matrices with the following singular value decompositions:

A “
r
ÿ

i“1

ai u
a
i pv

a
i q
J, B “

r
ÿ

i“1

bi u
b
i pv

b
i q
J, (2.3)

where taiu and tbiu are the singular values, tuai u and tubiu are the left singular vectors, and tvai u and tvbiu
are the right singular vectors. We assume that for some constant C ą 0,

0 ď ar ď ¨ ¨ ¨ ď a2 ď a1 ď C, 0 ď br ď ¨ ¨ ¨ ď b2 ď b1 ď C. (2.4)

For the rest of this paper, we denote that

Σa :“ diag pa1, ¨ ¨ ¨ , arq , Σb :“ diag pb1, ¨ ¨ ¨ , brq , (2.5)

Ua :“
`

ua1 , ¨ ¨ ¨ ,u
a
r

˘

, Va :“
`

va1 , ¨ ¨ ¨ ,v
a
r

˘

, Ub :“
`

ub1, ¨ ¨ ¨ ,u
b
r

˘

, Vb :“
`

vb1, ¨ ¨ ¨ ,v
b
r

˘

. (2.6)

In this paper, we focus on the high-dimensional setting, that is, there exist constants rc1 and rc2 such that as
nÑ8,

c1pnq :“
p

n
Ñ rc1, c2pnq :“

q

n
Ñ rc2, with rc1 ` rc2 P p0, 1q. (2.7)

For simplicity of notations, we will always abbreviate c1pnq ” c1 and c2pnq ” c2 in this paper. Without loss
of generality, we can assume that c1 ě c2. We now summarize the above assumptions for future reference.
We will also assume a high moment condition on the entries of X, Y and Z.

Assumption 2.1. Fix a small constant τ ą 0 and large constant C ą 0.

(i) X “ pXijq and Y “ pYijq are independent p ˆ n and q ˆ n random matrices, whose entries are real
i.i.d. random variables satisfying (2.1) and the following high moment condition: for any fixed k P N,
there is a constant µk ą 0 such that

`

E|X11|
k
˘1{k

ď µkn
´1{2,

`

E|Y11|
k
˘1{k

ď µkn
´1{2. (2.8)

(ii) Z “ pZijq is an r ˆ n random matrix independent of X and Y , and its entries are real i.i.d. random
variables satisfying (2.2) and (2.8).

(iii) We assume that
r ď C, τ ď c2 ď c1, c1 ` c2 ď 1´ τ. (2.9)

(iv) We consider the model in (1.2), where A and B satisfy (2.3) and (2.4).

In this paper, we will use the SCC matrix

CXY :“
`

XXJ
˘´1{2 `XYJ

˘ `

YYJ
˘´1 `YXJ

˘ `

XXJ
˘´1{2

, (2.10)

the null SCC matrix
CXY :“ S´1{2

xx SxyS
´1
yy SyxS

´1{2
xx , (2.11)

with
Sxx :“ XXJ, Syy :“ Y Y J, Sxy “ SJyx :“ XY J, (2.12)

and the PCC matrix
ΣXY :“ Σ´1{2

xx ΣxyΣ´1
yy ΣyxΣ´1{2

xx , (2.13)
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with
Σxx :“ Ip `AA

J, Σyy :“ Iq `BB
J, Σxy “ ΣJyx :“ ABJ.

We will also use the following SCC, null SCC and PCC matrices:

CYX :“
`

YYJ
˘´1{2 `YXJ

˘ `

XXJ
˘´1 `XYJ

˘ `

YYJ
˘´1{2

,

CY X “ S´1{2
yy SyxS

´1
xx SxyS

´1{2
yy , ΣYX :“ Σ´1{2

yy ΣyxΣ´1
xxΣxyΣ´1{2

yy .

Our results can be easily extended to a more general model

X :“ C
1{2
1 X `AZ, Y :“ C

1{2
2 Y `BZ, (2.14)

with non-identity population covariance matrices C1 and C2. In fact, it is easy to see that the eigenvalues

of the SCC matrix are unchanged under the non-singular transformations X Ñ C
´1{2
1 X and Y Ñ C

´1{2
2 Y,

which reduce (2.14) to the model (1.2) with A and B replaced by C
´1{2
1 A and C

´1{2
2 B.

2.2 The main results

We denote the eigenvalues of the null SCC matrix CY X by λ1 ě λ2 ě ¨ ¨ ¨ ě λq ě 0. It is easy to see that CXY
shares the same eigenvalues with CY X , besides the p´ q more trivial zero eigenvalues λq`1 “ ¨ ¨ ¨ “ λp “ 0.
We denote the ESD of CY X by

Fnpxq :“
1

q

q
ÿ

i“1

1λiďx.

It has been proved [37, 42] that, almost surely, Fn converges weakly to a deterministic probability distribution
F pxq with density

fpxq “
1

2πc2

a

pλ` ´ xqpx´ λ´q

xp1´ xq
, λ´ ď x ď λ`, (2.15)

where

λ˘ :“
´

a

c1p1´ c2q ˘
a

c2p1´ c1q
¯2

. (2.16)

For the model (1.2) with finite rank correlations, we denote the eigenvalues of CYX by rλ1 ě rλ2 ě ¨ ¨ ¨ ě

rλq ě 0, and the eigenvalues of ΣYX by

t1 ě t2 ě ¨ ¨ ¨ ě tr ě tr`1 “ ¨ ¨ ¨ “ tq “ 0. (2.17)

Recall the threshold tc defined in (1.3) for BBP transition. If the entries of X and Y are i.i.d. Gaussian,
then it was proved in [4] that the following phenomena occur for any 1 ď i ď r: if ti ď tc, then rλi ´ λ` Ñ 0
almost surely; if ti ą tc, then rλi ´ θi Ñ 0 almost surely, where

θi :“ ti
`

1´ c1 ` c1t
´1
i

˘ `

1´ c2 ` c2t
´1
i

˘

. (2.18)

Moreover, the limiting distributions were also identified in [4] for the Gaussian case: if ti ă tc, n
2{3prλi ´ λ`q

converges to the Tracy-Widom law; if ti ą tc,
?
nprλi ´ θiq converges to a centered normal distribution. The

main purpose of this paper is to extend the CLT of the outliers to the setting in Section 2.1, assuming only
the moment conditions in (2.8) (or the weaker ones in (2.34) below).

In [4], it was assumed that that the ti’s are either well-separate or exactly degenerate. In this paper,
however, we consider the most general setting which allows for near-degenerate outliers. For this purpose,
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we first introduce some new notations following [27]. For any rˆ r matrix A “ pAijq and a subset of indices
π Ă t1, ¨ ¨ ¨ , ru, we define the |π| ˆ |π| matrix AJπK by

AJπK :“ pAijqi,jPπ. (2.19)

We denote the eigenvalues of AJπK in the descending order by

µ1

`

AJπK
˘

ě ¨ ¨ ¨ ě µ|π|
`

AJπK
˘

. (2.20)

We will group the near-degenerate ti’s according to the following definition.

Definition 2.2. Fix two small constants δl, δ ą 0. For l P t1, ¨ ¨ ¨ , ru satisfying

tc ` δl ď tl ď 1´ δl, (2.21)

we define the subset γplq Q l as the smallest subset of t1, ¨ ¨ ¨ , ru such that the following property holds: if
i, j P t1, ¨ ¨ ¨ , ru satisfy ti ą tc and |ti ´ tj | ď n´1{2`δ, then either i, j P γplq or i, j R γplq.

The set γplq in this definition can be constructed by successively choosing i P t1, ¨ ¨ ¨ , ru such that ti is
away from γplq by a distance less than n´1{2`δ, and then adding i to γplq. Since the number of such indices
is at most r, we have that |ti ´ tl| ď rn´1{2`δ for any i P γplq.

Before stating our main result, we first define the reference matrix, which describes the limiting distri-
bution of a group of near-degenerate outliers. Recalling (2.5) and (2.6), we abbreviate that

pΣa :“
Σa

pIr ` Σ2
aq

1{2
, pΣb :“

Σb
pIr ` Σ2

bq
1{2
, Mr :“ VJ

aVb. (2.22)

Since pΣaMr
pΣ2
bMJ

r
pΣa is the PCC matrix in the basis of tuai u, we have the singular value decomposition

pΣaMr
pΣb “ O diagp

?
t1, ¨ ¨ ¨ ,

?
trq rOJ, (2.23)

for some r ˆ r orthogonal matrices O and rO. Fix any 1 ď l ď r such that (2.21) holds. We define

Wk,ij ”Wk,ji :“ tl

”

Va
pΣaO

ı

ki

”

Va
pΣaO

ı

kj
` tl

”

Vb
pΣb rO

ı

ki

”

Vb
pΣb rO

ı

kj

´
?
tl

”

Va
pΣaO

ı

ki

”

Vb
pΣb rO

ı

kj
´
?
tl

”

Vb
pΣb rO

ı

ki

”

Va
pΣaO

ı

kj
, (2.24)

and

U :“ Ua

´

Ir ´ pΣ2
a

¯1{2

O “ Ua
1

pIr ` Σ2
aq

1{2
O, V :“ Ub

´

Ir ´ pΣ2
b

¯1{2
rO “ Ub

1

p1` Σ2
bq

1{2
rO. (2.25)

Then we define the following covariance function for pi, jq, pi1, j1q P γplq ˆ γplq:

Cij,i1j1ptlq :“
p1´ tlq

2t2l
t2l ´ t

2
c

ˆ

2tl `
c1

1´ c1
`

c2
1´ c2

˙

pδii1δjj1 ` δij1δji1q

` t2l pµ
p4q
x ´ 3q

ÿ

k

UkiUki1UkjUkj1 ` t2l pµp4qy ´ 3q
ÿ

k

VkiVki1VkjVkj1 ` pµp4qz ´ 3q
ÿ

k

Wk,ijWk,i1j1 , (2.26)

where we have used the notations

µp4qx :“ n2EX4
11, µp4qy :“ n2EY 4

11, µp4qz :“ n2EZ4
11. (2.27)

Finally, we define the notation

aptlq :“
p1´ c1qp1´ c2q

t2l
pt2l ´ t

2
cq. (2.28)

Now we are ready to state the main results.
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Theorem 2.3. Fix any 1 ď l ď r. Suppose Assumption 2.1 and (2.21) hold. Define the vector of rescaled

eigenvalues ζ “ pζiqiPγplq, where ζi :“ n1{2prλi ´ θiq for θi defined in (2.18). Let ξ “ pξiqiPγplq be the vector
of ordered eigenvalues of the random |γplq| ˆ |γplq| matrix

aptlqn
1{2 rdiagpt1, ¨ ¨ ¨ , trq ´ tlsJγplqK ` aptlqΥl, (2.29)

where Υl is a |γplq|ˆ|γplq| symmetric Gaussian random matrix, whose entries have mean zero and covariances

EpΥlqijpΥlqi1j1 “ Cij,i1j1ptlq, for pi, jq, pi1, j1q P γplq ˆ γplq. (2.30)

Then for any bounded continuous function f , we have that

lim
n
rEfpζq ´ Efpξqs “ 0. (2.31)

By Portmanteau theorem, (2.31) means that the group of rescaled eigenvalues ζ has the same joint
asymptotic distribution as the eigenvalues of a Gaussian random matrix with covariances given by (2.30)
(up to a factor a2ptlq). Now we apply our result to the special case where the entries of X, Y and Z are i.i.d.
Gaussian random variables, and ti “ tl for all i P γplq. In this case, the last three terms in (2.26) and the
first term in (2.29) vanish. Then by Theorem 2.3, we get that ζ converges weakly to the ordered eigenvalues
of a GOE G “ pgijq, with independent Gaussian entries

gij “ gji „ N p0, p1` δijqcgptlqq, (2.32)

where

cgptlq :“
p1´ c1q

2p1´ c2q
2p1´ tlq

2pt2l ´ t
2
cq

t2l

ˆ

2tl `
c1

1´ c1
`

c2
1´ c2

˙

. (2.33)

This is in accordance with [4, Theorem 1.9].
We can relax the moment assumption (2.8) if we assume that the population CCC are either well-

separated or exactly degenerate.

Theorem 2.4. Fix any 1 ď l ď r. Suppose Assumption 2.1 holds except that (2.8) is replaced with the
following moment assumption: there exist constants c0, C0 ą 0 such that

E|
?
nX11|

8`c0 ď C0, E|
?
nY11|

8`c0 ď C0, E|
?
nZ11|

4`c0 ď C0. (2.34)

Suppose there exists a constant δl ą 0 such that (2.21) holds, and

ti “ tl for i P γplq, and |ti ´ tl| ě δl for i R γplq. (2.35)

Then the equation (2.31) holds for ζ and ξ defined in Theorem 2.3.

On the other hand, the limiting Tracy-Widom distribution of the extreme non-outlier eigenvalues has
been proved under a fourth moment tail assumption in [31].

Theorem 2.5 (Theorem 2.14 of [31]). Suppose Assumption 2.1 (iii)-(iv) hold. Assume that xij “ n´1{2
pxij,

yij “ n´1{2
pyij and zij “ n´1{2

pzij, where tpxiju, tpyiju and tpziju are three independent families of real i.i.d.
random variables with mean zero and variance one. Moreover, we assume the fourth moment tail condition

lim
tÑ8

t4 rP p|px11| ě tq ` P p|py11| ě tqs “ 0. (2.36)

Assume that for a fixed 0 ď r` ď r, the eigenvalues of ΣXY satisfy

lim inf
n

tr` ą tc ą lim sup
n

tr``1. (2.37)
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Then we have that for any fixed k P N,

lim
nÑ8

P

»

–

˜

n2{3
rλr``i ´ λ`

cTW
ď si

¸k

i“1

fi

fl “ lim
nÑ8

PGOE
„

´

n2{3pλi ´ 2q ď si

¯k

i“1



, (2.38)

for all ps1, s2, . . . , skq P Rk, where

cTW :“

«

λ2
`p1´ λ`q

2

a

c1c2p1´ c1qp1´ c2q

ff1{3

,

and PGOE stands for the law of GOE (Gaussian orthogonal ensemble).

Taking k “ 1 in (2.38) gives that n2{3prλr``1 ´ λ`q{cTW converges weakly to the type-1 Tracy-Widom
distribution [35, 36]. Furthermore, the joint distribution of the largest k eigenvalues of GOE can be written in
terms of the Airy kernel [18]. Hence (2.38) gives a complete description of the asymptotic finite-dimensional
joint distributions of the extreme non-outlier eigenvalues of CXY . Combining Theorems 2.3, 2.4 and 2.5, we
complete the story of BBP transition for high-dimensional CCA with finite rank correlations.

Before the end of this section, we verify Theorem 2.3 with some numerical simulations. In particular, we
will show that the last three terms in (2.26) are necessary to match the variance of the simulated sample
CCC. For the simulations, we take the entries of X, Y and Z to be i.i.d. Rademacher random variables (with
an extra scaling n´1{2). In this setting, we have µ

p4q
x “ µ

p4q
y “ µ

p4q
z “ 1. Moreover, we take n “ 2000 and

c1 “ c2 “ 0.2, i.e. p “ q “ 400, which gives tc “ 0.25 by (1.3). We consider the rank-one case with r “ 1,
and take the matrices A and B as A “ 2ua and B “ 2ub, which gives a supercritical spike t1 “ 0.64. We
consider the following two scenarios for the unit vectors ua and ub.

Scenario (a): ua and ub are standard unit vectors along the first coordinate axis in Rp and Rq, respectively.
In this case, the limiting variance of ζ1 “ n1{2prλ1 ´ θ1q is given by σ2

a :“ a2pt1qC11,11pt1q, where by (2.26)
we have that

C11,11pt1q “ 2
p1´ t1q

2t21
t21 ´ t

2
c

ˆ

2t1 `
c1

1´ c1
`

c2
1´ c2

˙

´ 2t21

„

1

p1` a2q2
`

1

p1` b2q2



´ 2

„

t1
a2

1` a2
` t1

b2

1` b2
´ 2
?
t1

ab

p1` a2q1{2p1` b2q1{2

2

.

Scenario (b): ua and ub are random unit vectors on the unit spheres Sp and Sq, respectively. Then we
have }ua}8 ď n´1{2`ε and }ub}8 ď n´1{2`ε with probability 1 ´ op1q for any constant ε ą 0, with which
we can easily check that the U and V terms in (2.26) are both of order Opn´1`2εq with probability 1´ op1q.
Hence the limiting variance of ζ1 is given by σ2

b ` op1q with probability 1´ op1q, where

σ2
b :“ 2a2pt1q

p1´ t1q
2t21

t21 ´ t
2
c

ˆ

2t1 `
c1

1´ c1
`

c2
1´ c2

˙

´ 2a2pt1q

„

t1
a2

1` a2
` t1

b2

1` b2
´ 2
?
t1

ab

p1` a2q1{2p1` b2q1{2

2

.

In Figure 1, we report the simulation results based on 5000 replications. We find that the histograms match
our result in Theorem 2.3 pretty well. Furthermore, it is not surprising that the predication (2.32) in the
Gaussian setting deviates from the simulations a little bit, which shows that the last three terms in (2.26)
are necessary for the non-Gaussian setting.
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Figure 1: The histograms give the simulated first sample CCC based on 5000 replications. The red solid
curves give the probability density functions (PDF) of the normal distributions N pθ1, σ

2
a{nq and N pθ1, σ

2
b {nq

in scenarios (a) and (b), respectively. The green dashed curves represent the PDF of the normal distribution
N pθ1, 2cgpt1q{nq, where cgpt1q is defined in (2.33).

3 Linearization method and resolvents

In this section, we introduce the linearization method, define the concept of resolvent, and show that the
study of the limiting distributions of the outliers can be reduced to proving the CLT for a linear functional
of the resolvent. Before that, we first recall some (almost) sharp convergence estimates on the sample CCCs
that have been proved in [31, 40]. They will serve as important a priori estimates for our proof.

3.1 Convergence of the sample CCCs

To simplify the notations, it is helpful to use the following notion of stochastic domination introduced in
[13]. It simplifies the presentation of the results and their proofs by systematizing statements of the form “ξ
is bounded by ζ with high probability up to a small power of n”.

Definition 3.1 (Stochastic domination and high probability event). (i) Let

ξ “
´

ξpnqpuq : n P N, u P U pnq
¯

, ζ “
´

ζpnqpuq : n P N, u P U pnq
¯

be two families of nonnegative random variables, where U pnq is a possibly n-dependent parameter set. We
say ξ is stochastically dominated by ζ, uniformly in u, if for any small constant ε ą 0 and large constant
D ą 0, we have that

sup
uPUpnq

P
”

ξpnqpuq ą nεζpnqpuq
ı

ď n´D

for large enough n ě n0pε,Dq, and we will use the notation ξ ă ζ to denote it. If a family of complex random
variables ξ satisfy |ξ| ă ζ, then we will also write ξ ă ζ or ξ “ Oăpζq.

(ii) We extend Oăp¨q to matrices in the operator norm sense as follows. Let A be a family of random matrices
and ζ be a family of nonnegative random variables. Then A “ Oăpζq means that }A} ă ζ.

(iii) As a convention, for two deterministic nonnegative quantities ξ and ζ, we write ξ ă ζ if and only if
ξ ď nτζ for any constant τ ą 0.
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(iv) We say an event Ξ holds with high probability (w.h.p.) if for any constant D ą 0, PpΞq ě 1´ n´D for
large enough n. Moreover, we say Ξ holds with high probability on an event Ω if for any constant D ą 0,
PpΩzΞq ď n´D for large enough n.

The following lemma collects some basic properties of stochastic domination ă, which will be used tacitly
in the proof.

Lemma 3.2 (Lemma 3.2 in [8]). Let ξ and ζ be two families of nonnegative random variables, U and V be
two parameter sets, and C ą 0 be a large constant.

(i) Suppose that ξpu, vq ă ζpu, vq uniformly in u P U and v P V . If |V | ď nC , then
ř

vPV ξpu, vq ă
ř

vPV ζpu, vq uniformly in u P U .

(ii) If ξ1puq ă ζ1puq and ξ2puq ă ζ2puq uniformly in u P U , then ξ1puqξ2puq ă ζ1puqζ2puq uniformly in
u P U .

(iii) Suppose that Ψpuq ě n´C is deterministic and ξpuq satisfies Eξpuq2 ď nC for all u P U . Then if
ξpuq ă Ψpuq uniformly in u P U , we have that Eξpuq ă Ψpuq uniformly in u P U .

The following large deviation bounds on the outliers of CXY were proved in [31].

Lemma 3.3 (Theorem 2.9 of [31]). Suppose Assumption 2.1 holds. If ti ě tc ` n
´1{3, then we have that

|rλi ´ θi| ă n´1{2|ti ´ tc|
1{2. (3.1)

On the other hand, for any i “ Op1q with ti ă tc ` n
´1{3, we have that

|rλi ´ λ`| ă n´2{3. (3.2)

The quantiles of the density (2.15) correspond to the classical locations of the eigenvalues of CY X .

Definition 3.4. The classical location γj of the j-th eigenvalue of CY X is defined as

γj :“ sup
x

"
ż `8

x

fpxqdx ą
j ´ 1

q

*

, (3.3)

where f is defined in (2.15). Note that we have γ1 “ λ` and λ` ´ γj „ pj{nq
2{3 for j ą 1.

In [40], we have proved the following eigenvalue rigidity estimate for CY X .

Theorem 3.5 (Theorem 2.5 of [40]). Suppose Assumption 2.1 holds. The eigenvalues of the null SCC matrix
CY X satisfy the following eigenvalue rigidity estimate:

|λi ´ γi| ă i´1{3n´2{3, 1 ď i ď p1´ δqq, (3.4)

where δ ą 0 is any small constant.

3.2 Resolvents and local laws

One main tool of our proof is the self-adjoint linearization trick developed in [31, 40]: a λ P p0, 1q is an
eigenvalue of CXY if and only if the following equation holds:

det

»

—

—

–

0

ˆ

X 0
0 Y

˙

ˆ

XJ 0
0 YJ

˙ ˆ

λIn λ1{2In
λ1{2In λIn

˙´1

fi

ffi

ffi

fl

“ 0. (3.5)
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Inspired by this equation, we define the following pp` q ` 2nq ˆ pp` q ` 2nq self-adjoint block matrix

Hpλq ” HpX,Y, λq :“

»

—

—

–

0

ˆ

X 0
0 Y

˙

ˆ

XJ 0
0 Y J

˙ ˆ

λIn λ1{2In
λ1{2In λIn

˙´1

fi

ffi

ffi

fl

, (3.6)

and call its inverse the resolvent :
Gpλq ” GpX,Y, λq :“ rHpλqs

´1
. (3.7)

We can also extend the argument λ to z P C` :“ tz P C : Im z ą 0u with z1{2 being the branch with positive
imaginary part. Similar to equation (3.5), it is not hard to see that λ is not an eigenvalue of the null SCC
matrix if and only if det rHpλqs ‰ 0. In this case, using (1.2), (2.3), (2.5) and (2.6), we can rewrite (3.5) as

0 “ det

„

1`

ˆ

U 0
0 E

˙ˆ

0 D
D 0

˙ˆ

UJ 0

0 EJ

˙

Gpλq



“ det

„

1`

ˆ

0 D
D 0

˙ˆ

UJ 0

0 EJ

˙

Gpλq

ˆ

U 0
0 E

˙

, (3.8)

where we used the identity detp1`M1M2q “ detp1`M2M1q for any two matrices M1 and M2 of conformable
dimensions. Here D, U and E are 2r ˆ 2r, pp` qq ˆ 2r and 2nˆ 2r matrices defined as

D :“

ˆ

Σa 0
0 Σb

˙

, U :“

ˆ

Ua 0
0 Ub

˙

, E :“

ˆ

ZJVa 0
0 ZJVb

˙

.

In [40], we have proved an (almost) sharp large deviation estimate on the 4r ˆ 4r matrix

ˆ

UJ 0

0 EJ

˙

Gpλq

ˆ

U 0
0 E

˙

,

called the anisotropic local law. Before stating it, we first introduce some notations.

Definition 3.6 (Index sets). For simplicity of notations, we define the index sets

I1 :“ t1, ¨ ¨ ¨ , pu, I2 :“ tp` 1, ¨ ¨ ¨ , p` qu,

I3 :“ tp` q ` 1, ¨ ¨ ¨ , p` q ` nu, I4 :“ tp` q ` n` 1, ¨ ¨ ¨ , p` q ` 2nu.

We will consistently use latin letters i, j P I1Y I2 and greek letters µ, ν P I3Y I4. Moreover, we will use
the notations a, b P I :“ Y4

i“1Ii.

Denote the averaged partial traces of the resolvent by

mαpzq :“
1

n

ÿ

aPIα

Gaapzq, α “ 1, 2, 3, 4. (3.9)

In [40], we have shown that these partial traces converge to deterministic limits given by

m1cpzq “
´z ` c1 ` c2 `

a

pz ´ λ´qpz ´ λ`q

2p1´ c1qzp1´ zq
´

c1
p1´ c1qz

, (3.10)

m2cpzq “
´z ` c1 ` c2 `

a

pz ´ λ´qpz ´ λ`q

2p1´ c2qzp1´ zq
´

c2
p1´ c2qz

, (3.11)
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m3cpzq “
1

2

”

p1´ 2c1qz ` c1 ´ c2 `
a

pz ´ λ´qpz ´ λ`q
ı

, (3.12)

m4cpzq “
1

2

”

p1´ 2c2qz ` c2 ´ c1 `
a

pz ´ λ´qpz ´ λ`q
ı

, (3.13)

where λ˘ is defined in (2.16). In [40], we also verified the following equations for mαc:

m1c “ ´
c1
m3c

, m2c “ ´
c2
m4c

, m3cpzq ´m4cpzq “ p1´ zqpc1 ´ c2q, (3.14)

m3cpzq “
1´ pz ´ 1qm2cpzq

z´1 ´ rm1cpzq `m2cpzqs ` pz ´ 1qm1cpzqm2cpzq
, (3.15)

m4cpzq “
1´ pz ´ 1qm1cpzq

z´1 ´ rm1cpzq `m2cpzqs ` pz ´ 1qm1cpzqm2cpzq
. (3.16)

One can also check them through direct calculations with (3.10)–(3.13). We also define the function

hpzq : “
z´1{2m3cpzq

1` p1´ zqm2cpzq
“

z´1{2m4cpzq

1` p1´ zqm1cpzq

“
z1{2

2

”

´z ` p2´ c1 ´ c2q `
a

pz ´ λ´qpz ´ λ`q
ı

.

(3.17)

Now with the above definitions, we define the matrix limit of Gpzq as

Πpzq :“

»

—

—

–

ˆ

c´1
1 m1cpzqIp 0

0 c´1
2 m2cpzqIq

˙

0

0

ˆ

m3cpzqIn hpzqIn
hpzqIn m4cpzqIn

˙

fi

ffi

ffi

fl

. (3.18)

Using (3.14)–(3.17), it is easy to check that

Π “

»

—

—

–

ˆ

´m3cIp 0
0 ´m4cIq

˙

0

0

ˆ

zIn z1{2In
z1{2In zIn

˙´1

´

ˆ

m1cIn 0
0 m2cIn

˙

fi

ffi

ffi

fl

´1

. (3.19)

We define two different spectral domains of z for our statements of the local laws.

Definition 3.7. For any constant ε ą 0, we define a spectral domain around the bulk spectrum rλ´, λ`s as

Spεq :“
 

z “ E ` iη : ε ď E ď 1´ ε, n´1`ε ď η ď ε´1
(

, (3.20)

and a spectral domain outside the bulk spectrum as

Soutpεq :“
!

z “ E ` iη : λ` ` n
´2{3`ε ď E ď 1´ ε, 0 ď η ď ε´1

)

. (3.21)

The following theorem gives the anisotropic local laws for the resolvent Gpzq on the above two spectral
domains. It is one of the most important tools for our proof.

Theorem 3.8 (Anisotropic local laws). Suppose Assumption 2.1 holds. For any fixed ε ą 0 and deterministic
unit vectors u,v P CI , the following anisotropic local laws hold.
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(i) (Theorem 2.11 of [40]). For any z “ E ` iη P Spεq, we have that

|xu, Gpzqvy ´ xu,Πpzqvy| ă Ψpzq ` pnηq´1, (3.22)

where the inner product is defined as xv,wy :“ v˚w with v˚ denoting the conjugate transpose, and
Ψpzq is the control parameter defined as

Ψpzq :“

d

Imm3cpzq

nη
. (3.23)

(ii) (Theorem 3.10 of [31]). For any z “ E ` iη P Soutpεq, we have that

|xu, Gpzqvy ´ xu,Πpzqvy| ă n´1{2pκ` ηq´1{4, (3.24)

where κ is the distance to the right edge along the real axis:

κ ” κz :“ |E ´ λ`|. (3.25)

The above estimates (3.22) and (3.24) hold uniformly in the spectral parameter z. Moreover, for these
estimates to hold, it is not necessary to assume that the entries of X, Y and Z are identically distributed,
that is, only independence and moment conditions are needed.

The averaged partial traces in (3.9) satisfy the stronger averaged local laws.

Theorem 3.9 (Averaged local law, Theorem 2.12 of [40]). Suppose Assumption 2.1 holds. For any fixed
ε ą 0, we have that

|mαpzq ´mαcpzq| ă pnηq´1, α “ 1, 2, 3, 4, (3.26)

uniformly in z P Spεq. Moreover, outside of the spectrum we have the stronger estimate

|mαpzq ´mαcpzq| ă
1

npκ` ηq
`

1

pnηq2
?
κ` η

, α “ 1, 2, 3, 4, (3.27)

uniformly in z P Spεq X Soutpεq.

3.3 Reduction to the law of resolvent

In this subsection, we reduce the study of the limiting law of ζ in Theorem 2.3 to the study of the limiting
law of a linear functional of the resolvent Gpzq. Without loss of generality, we assume a slightly stronger
condition than (2.4) so that A and B are both of rank r:

0 ă ar ď ¨ ¨ ¨ ď a2 ď a1 ď C, 0 ă br ď ¨ ¨ ¨ ď b2 ď b1 ď C. (3.28)

This can be achieved by adding a small 0 ă εn ă e´n to each zero ai or bi. Since the proof does not depend
on the lower bounds of ar and br, we can easily extend it to the case with zero ai’s or bi’s by taking εn Ñ 0.

Recall that if λ P p0, 1q is not in the spectrum of CXY , then it is an eigenvalue of CXY if and only if (3.8)
holds. Throughout the following discussion, we always assume that λ P Soutpεq and λ ě λ` ` ε for a small
constant ε ą 0. We can write (3.8) as

0 “ det

„ˆ

0 D´1

D´1 0

˙

`Πrpλq ` E4r



“ det

«˜

Π
p1q
r D´1

D´1 Π
p2q
r

¸

` E4r

ff

. (3.29)
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Here Πrpλq is a 4r ˆ 4r deterministic matrix defined as

Πrpλq :“

˜

Π
p1q
r pλq 0

0 Π
p2q
r pλq

¸

, (3.30)

and E4r is a 4r ˆ 4r random matrix defined as

E4r ”

ˆ

EL ELR
ERL ER

˙

:“

ˆ

UJ 0

0 EJ

˙

pG´Πq

ˆ

U 0
0 E

˙

`

ˆ

0 0

0 EJΠR E´Π
p2q
r

˙

, (3.31)

where we have abbreviated (recall the definition of Mr in (2.22))

Πp1qr pλq :“

ˆ

c´1
1 m1cpλqIr 0

0 c´1
2 m2cpλqIr

˙

, Πp2qr pλq :“

ˆ

m3cpλqIr hpλqMr

hpλqMJ
r m4cpλqIr

˙

,

ΠRpλq :“

ˆ

m3cpλqIn hpλqIn
hpλqIn m4cpλqIn

˙

,

and EL, ELR, ERL and ER are the four 2r ˆ 2r blocks of E4r. Using the large deviation bounds in Theorem
B.1 of [14] (cf. Lemma 4.3 below), we can obtain the following approximate isotropic conditions for Z:

}ZZJ ´ Ir} ă n´1{2, and }Zv}2 ă n´1{2}v}2, (3.32)

for any deterministic vector v P Cn. Using Theorem 3.8 and equation (3.32), we can bound E4r as

}E4r} ă n´1{2. (3.33)

Now using Schur complement formula, we find that (3.29) is equivalent to

det

«

Πp2qr ` ER ´
`

D´1 ` ERL
˘ 1

Π
p1q
r ` EL

`

D´1 ` ELR
˘

ff

“ 0.

Using (3.33) and the first two equations in (3.14), we can reduce this equation to

det

„ˆ

m3cpλqpIr ` Σ2
aq hpλqΣaMrΣb

hpλqΣbMJ
r Σa m4cpλqpIr ` Σ2

bq

˙

` E2r `Oăpn
´1q



“ 0. (3.34)

Here E2r is a 2r ˆ 2r random matrix defined as

E2r “ DERD ` pΠp1qr q´1ELpΠp1qr q´1 ´ pΠp1qr q
´1ELRD ´DERLpΠp1qr q´1 “

˜

m3cEp1qr hEp2qr
hEp3qr m4cEp4qr

¸

,

where Epαqr , α “ 1, 2, 3, 4, are four r ˆ r random matrices defined as

Ep1qr “ m´1
3c Σa EJa

`

Gp33q ´m3c

˘

Ea Σa ` Σa

´

EJa Ea´Ir

¯

Σa

`m3cU
J
a pGp11q ´ c

´1
1 m1cqUa `

”

UJ
a Gp13qEa Σa ` Σa EJa Gp31qUa

ı

,

Ep2qr “ pEp3qr qJ “ h´1Σa EJa
`

Gp34q ´ h
˘

Eb Σb ` Σa

´

EJa Eb´Mr

¯

Σb

`
m3cm4c

h
UJ
a Gp12qUb `

m3c

h
UJ
a Gp14qEb Σb `

m4c

h
Σa EJa Gp32qUb,
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Ep4qr “ m´1
4c Σb EJb

`

Gp44q ´m4c

˘

Eb Σb ` Σb

´

EJb Eb´Ir

¯

Σb

`m4cU
J
b pGp22q ´ c

´1
2 m2cqUb `

”

UJ
b Gp24qEb Σb ` Σb EJb Gp42qUb

ı

.

In these expressions, we have abbreviated the Iα ˆ Iβ block of Gpzq by Gpαβqpzq for α, β “ 1, 2, 3, 4, and

introduced the notations Ea :“ ZJVa and Eb :“ ZJVb. Applying Schur complement formula once again,
we obtain that (3.34) is equivalent to

det

«

fcpλq
`

Ir ` Σ2
a

˘

` fcpλqEp1qr ´

´

ΣaMrΣb ` Ep2qr
¯ 1

Ir ` Σ2
b ` Ep4qr

´

ΣbMJ
r Σa ` Ep3qr

¯

`Oăpn
´1q

ff

“ 0,

where the function fc is defined by

fcpzq :“
m3cpzqm4cpzq

h2pzq
“
z ´ pc1 ` c2 ´ 2c1c2q `

a

pz ´ λ´qpz ´ λ`q

2p1´ c1qp1´ c2q
. (3.35)

Using }Epαqr pλq} ă n´1{2, α “ 1, 2, 3, 4, we can further reduce the above equation to

det
”

fcpλqIr ´ pΣaMr
pΣ2
bMJ

r
pΣa ` Erpλq `Oăpn

´1q

ı

“ 0, (3.36)

where we recall the notations in (2.22), and Er is a r ˆ r random matrix defined by

Er : “ fc
1

pIr ` Σ2
aq

1{2
Ep1qr

1

pIr ` Σ2
aq

1{2
` pΣaMr

pΣb
1

pIr ` Σ2
bq

1{2
Ep4qr

1

pIr ` Σ2
bq

1{2
pΣbMJ

r
pΣa

´
1

pIr ` Σ2
aq

1{2
Ep2qr

1

pIr ` Σ2
bq

1{2
pΣbMJ

r
pΣa ´ pΣaMr

pΣb
1

pIr ` Σ2
bq

1{2
Ep3qr

1

pIr ` Σ2
aq

1{2
.

Finally, with the SVD (2.23), we can rewrite the equation (3.36) as

det
“

fcpλqIr ´ diagpt1, ¨ ¨ ¨ , trq `OJErpλqO `Oăpn
´1q

‰

“ 0. (3.37)

It is easy to find the inverse function of fc in (3.35) when z R rλ´, λ`s:

gcpξq :“ ξ
`

1´ c1 ` c1ξ
´1

˘ `

1´ c2 ` c2ξ
´1

˘

.

Moreover, it is easy to check that fcpλ`q “ tc for tc in (1.3). Since fcpλq is monotonically increasing in λ
for λ ą λ`, the function fcpλq ´ ti “ 0 has a solution in pλ`, 1q if and only if

fcpλ`q ă ti ô tc ă ti. (3.38)

If (3.38) holds, then ti gives rise to an outlier lying around θi “ gcptiq, which explains (2.18). With direct
calculations, we can verify the following deterministic estimates on fc and gc.

Lemma 3.10 (Lemma 4.1 of [31]). Fix a large constant C ą 0. For any z P D :“ tz P C : λ` ă Re z ă Cu
and ξ P fcpDq, the following estimates hold:

|fcpzq ´ fcpλ`q| „ |z ´ λ`|
1{2, |f 1cpzq| „ |z ´ λ`|

´1{2, (3.39)

|gcpξq ´ λ`| „ |ξ ´ tc|
2, |g1cpξq| „ |ξ ´ tc|. (3.40)

Now with equation (3.37), we can prove the following proposition, which shows that the limiting law of

n1{2prλl ´ tlq is determined by the limiting law of n1{2OJErpθlqO.
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Proposition 3.11 (Reduction to the law of G). Under the assumptions of Theorem 2.3, fix any 1 ď l ď r
such that (2.21) holds, and define the subset γplq as in Definition 2.2. Then there exists a constant ε ą 0
depending on δ only such that for 1 ď i ď |γplq|,

ˇ

ˇ

ˇ

´

rλαpiq ´ θl

¯

´ µi

!

aptlq
“

diagpt1, ¨ ¨ ¨ , trq ´ tl ´OJErpθlqO
‰

JγplqK

)
ˇ

ˇ

ˇ
ă n´1{2´ε, (3.41)

where α : t1, ¨ ¨ ¨ , γplqu Ñ t1, ¨ ¨ ¨ , ru is a labelling function so that rλαpiq is the i-th largest value in the set

trλi : i P γplqu, and µi is the i-th eigenvalue of the |γplq| ˆ |γplq| matrix

aptlq
“

diagpt1, ¨ ¨ ¨ , trq ´ tl ´OJErpθlqO
‰

JγplqK

in the sense of (2.20). Recall that aptlq is defined in (2.28).

Proof. By Lemma 3.3 and the condition (2.21), we have that rλl P Soutpεq and rλl ě λ` ` ε with high
probability for a sufficiently small constant ε ą 0. Thus the above discussion starting at (3.29) will finally
lead to the equation (3.37). Armed with (3.1), equation (3.37) and the estimates in Lemma 3.10, the
proof is the same as the one for Proposition 4.5 of [27], so we omit the details. In fact, one can easily
see why (3.41) holds by performing a Taylor expansion of fcprλαpiqq around θl in (3.37), and noticing that
1{f 1cpθlq “ g1cptlq “ aptlq.

By Proposition 3.11, to prove Theorem 2.3, it suffices to study the CLT of OJErpθlqO. With a lengthy
but straightforward calculation, we can calculate that

Erpθlq “ Ep1qr pθlq ` Ep2qr pθlq, (3.42)

where

Ep1qr pθlq :“ fcpθlqpΣaV
J
a

`

ZZJ ´ Ir
˘

Va
pΣa ` pΣaMr

pΣ2
bV

J
b

`

ZZJ ´ Ir
˘

Vb
pΣ2
bMJ

r
pΣa

´ pΣaV
J
a

`

ZZJ ´ Ir
˘

Vb
pΣ2
bMJ

r
pΣa ´ pΣaMr

pΣ2
bV

J
b

`

ZZJ ´ Ir
˘

Va
pΣa,

(3.43)

and

Ep2qr pθlq :“ fcpθlqm3cpθlqA
Jpθlq

¨

˚

˚

˝

UJ
a 0 0 0

0 UJ
b 0 0

0 0 Z 0
0 0 0 Z

˛

‹

‹

‚

rGpθlq ´Πpθlqs

¨

˚

˚

˝

Ua 0 0 0
0 Ub 0 0
0 0 ZJ 0
0 0 0 ZJ

˛

‹

‹

‚

Apθlq. (3.44)

Here A is a 4r ˆ r matrix defined by

Apθlq :“

»

—

—

–

pIr ` Σ2
aq
´1{2

´hpθlqm
´1
3c pθlqp1` Σ2

bq
´1{2

pΣbMJ
r
pΣa

m´1
3c pθlqVa

pΣa
´hpθlqm

´1
3c pθlqm

´1
4c pθlqVb

pΣ2
bMJ

r
pΣa

fi

ffi

ffi

fl

.

By classical CLT, we have that
?
n
`

ZZJ ´ Ir
˘

ñ Υz, (3.45)

where Υz is an r ˆ r symmetric Gaussian matrix whose entries are independent up to symmetry, and have
mean zero and variances (recall the notations in (2.27))

EpΥzq
2
ij “ 1, i ‰ j, and EpΥzq

2
ii “ µp4qz ´ 1.
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With this result, we can easily derive the CLT for Ep1qr . Therefore, for the remaining proof, we focus on
proving the CLT for the matrix

M0pθlq :“
?
n

¨

˚

˚

˝

UJ
a 0 0 0

0 UJ
b 0 0

0 0 Z 0
0 0 0 Z

˛

‹

‹

‚

rGpθlq ´Πpθlqs

¨

˚

˚

˝

Ua 0 0 0
0 Ub 0 0
0 0 ZJ 0
0 0 0 ZJ

˛

‹

‹

‚

. (3.46)

As discussed in the introduction, in order to divide the lengthy calculation into several parts that are more
manageable, we will adopt the strategy in [26, 27]. First, in Section 4, we prove the CLT for M0pθlq in an
“almost Gaussian” case, where most of the entries of X and Y are Gaussian. Then, in Section 5, we show
that the general case in the setting of Theorem 2.3 is sufficiently close to the almost Gaussian case, thereby
completing the proof of Theorem 2.3.

4 The almost Gaussian case

In this section, we calculate the limiting distribution of M0pθlq in a special almost Gaussian case. The
extension to the general setting in Theorem 2.3 will be postponed to Section 5. We fix a small constant τ0 ą 0
in this section, and use n´τ0 as a cutoff scale in the entries of Ua and Ub, below which the corresponding
entries of X and Y are Gaussian. Our goal is to prove the following proposition.

Proposition 4.1. Fix any 1 ď l ď r and a sufficiently small constant τ0 ą 0. Suppose Assumption 2.1 and
(2.21) hold. Suppose X and Y satisfy that for k P I1,

max
1ďiďr

|uai pkq| ď n´τ0 ñ Xkµ is Gaussian, µ P I3, (4.1)

and for k P I2,
max
1ďiďr

|ubi pkq| ď n´τ0 ñ Ykµ is Gaussian, µ P I4. (4.2)

Then for any bounded continuous function f , we have that

lim
n

”

Ef
´

`?
nOJErpθlqO

˘

JγplqK

¯

´ EfpΥlq

ı

“ 0, (4.3)

where Υl is the Gaussian random matrix defined in Theorem 2.3.

For simplicity, in the proof below we often drop the spectral parameter z “ θl from our notations. Using
(3.32) and the SVD of Z, we can find an nˆ r partial orthogonal matrix V such that

V JV “ Ir, }V ´ ZJ}F ă n´1{2. (4.4)

From (3.32) and (4.4), we also obtain the following delocalization estimate:

}V }max ď }Z
J}max ` n

´1{2`ε{2 ď n´1{2`ε, (4.5)

with high probability for any fixed ε ą 0. Now using (4.4) and (3.24), we get that

}Mpθlq ´M0pθlq} ă n´1{2, (4.6)

where M is a 4r ˆ 4r random matrix defined by

Mpθlq :“
?
n

¨

˚

˚

˝

UJ
a 0 0 0

0 UJ
b 0 0

0 0 V J 0
0 0 0 V J

˛

‹

‹

‚

rGpθlq ´Πpθlqs

¨

˚

˚

˝

Ua 0 0 0
0 Ub 0 0
0 0 V 0
0 0 0 V

˛

‹

‹

‚

. (4.7)
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Hence to obtain the CLT of M0pθlq, it suffices to study Mpθlq.

In the proof, we will use the minors of H and G defined as follows.

Definition 4.2 (Minors). For any J ˆ J matrix A and T Ď J , where J and T are some index sets, we
define the minor ApTq :“ pAab : a, b P J zTq as the pJ zTq ˆ pJ zTq matrix obtained by removing all rows and
columns indexed by T. Note that we keep the names of indices when defining ApTq, i.e. pApTqqab “ Aab for
a, b R T. Correspondingly, we define the resolvent minor as GpTqpzq :“ rHpTqpzqs´1. For convenience, we will

adopt the convention that ApT qab “ 0 if a P T or b P T. We will abbreviate ptauq ” paq, pta, buq ” pabq and
řpTq

a :“
ř

aRT .

Recall the following large deviation bounds proved in [14] for linear and quadratic forms of independent
random variables satisfying (2.8).

Lemma 4.3 (Theorem B.1 of [14]). Let pxiq, pyjq be independent families of centered independent random
variables, and pAiq, pBijq be families of deterministic complex numbers. Suppose the entries xi, yj have
variances at most n´1 and satisfy (2.8). Then the following large deviation bounds hold:

ˇ

ˇ

ˇ

ÿ

i

Aixi

ˇ

ˇ

ˇ
ă

1
?
n

´

ÿ

i

|Ai|
2
¯1{2

,
ˇ

ˇ

ˇ

ÿ

i,j

xiBijyj
ˇ

ˇ

ˇ
ă

1

n

´

ÿ

i,j

|Bij |2
¯1{2

,
ˇ

ˇ

ˇ

ÿ

i‰j

xiBijxj
ˇ

ˇ

ˇ
ă

1

n

´

ÿ

i‰j

|Bij |2
¯1{2

.

For convenience, we introduce the following shorthand for the equivalence relation between two random
vectors of fixed size in the sense of asymptotic distributions.

Definition 4.4. For two sequences of random vectors An and Bn in Rk, where k P N is a fixed integer, we

write An
d
„ Bn if

lim
nÑ8

rEfpAnq ´ EfpBnqs “ 0

for any bounded continuous function f .

In the proof, we will frequently use the following simple fact, which can be proved easily using charac-
teristic functions. Given two sequences of random vectors An and Bn, suppose that conditioning on An, we

have Bn
d
„ Dn, where Dn has an asymptotic distribution that does not depend on An . Then we have that

An ` Bn
d
„ An `Dn, (4.8)

where on the right-hand side Dn is taken to be independent of An. One immediate use of this fact is to
decouple the randomness of Mpθlq from that of Z as long as we can show that the limiting distribution of
Mpθlq does not depend on Z. In the following proof, we will condition on Z and V , i.e. they are regarded
as deterministic matrices unless specified otherwise.

4.1 Step 1: Rewriting Mpxq

We start with some linear algebra to write Mpxq into a form that is more amenable to our analysis. Our
main tool is the rotational invariance of multivariate Gaussian distributions. Note that since }uai }2 “ 1 and
}ubi}2 “ 1 for 1 ď i ď r, we have

ˇ

ˇ

ˇ

!

k : max
1ďiďr

|uai pkq| ą n´τ0
)
ˇ

ˇ

ˇ
ď rn2τ0 ,

ˇ

ˇ

ˇ

!

k : max
1ďiďr

|ubi pkq| ą n´τ0
)
ˇ

ˇ

ˇ
ď rn2τ0 .
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We first permute the rows of Ua, Ub, X and Y according to

Mpθlq “
?
n

¨

˚

˚

˝

UJ
aO

J
1 0 0 0

0 UJ
b O

J
2 0 0

0 0 V J 0
0 0 0 V J

˛

‹

‹

‚

¨

˚

˚

˝

O1 0 0 0
0 O2 0 0
0 0 In 0
0 0 0 In

˛

‹

‹

‚

ˆ rGpθlq ´Πpθlqs

¨

˚

˚

˝

OJ1 0 0 0
0 OJ2 0 0
0 0 In 0
0 0 0 In

˛

‹

‹

‚

¨

˚

˚

˝

O1Ua 0 0 0
0 O2Ub 0 0
0 0 V 0
0 0 0 V

˛

‹

‹

‚

,

where O1 and O2 are p ˆ p and q ˆ q permutation matrices. After permuting the rows of Ua and Ub and
renaming the matrices if necessary, we can assume that Ua and Ub take the forms

Ua “

ˆ

O1

W1

˙

, Ub “

ˆ

O2

W2

˙

, (4.9)

where for some integer ρ ď rn2τ0 , the following properties hold:

(i) O1, O2 are ρˆ r matrices, W1 is a pp´ ρq ˆ r matrix, and W2 is a pq ´ ρq ˆ r matrix,

(ii) }W1}max ď n´τ0 and }W2}max ď n´τ0 .

On the other hand, we have
¨

˚

˚

˝

O1 0 0 0
0 O2 0 0
0 0 In 0
0 0 0 In

˛

‹

‹

‚

rGpθlq ´Πpθlqs

¨

˚

˚

˝

OJ1 0 0 0
0 OJ2 0 0
0 0 In 0
0 0 0 In

˛

‹

‹

‚

“

»

—

—

—

–

0

ˆ

O1X 0
0 O2Y

˙

ˆ

XJOJ1 0
0 Y JOJ2

˙

˜

θlIn θ
1{2
l In

θ
1{2
l In θlIn

¸´1

fi

ffi

ffi

ffi

fl

´1

´Πpθlq,

We rename the permuted matrices O1X and O2Y as X and Y . Then X and Y take the forms

X “

ˆ

X1

X2

˙

, Y “

ˆ

Y1

Y2

˙

,

where X1 and Y1 are ρˆ n matrices, X2 is a pp´ ρq ˆ n Gaussian matrix and Y2 is a pq ´ ρq ˆ n Gaussian

matrix. Next we rotate W1 and W2 using orthogonal pp ´ ρq ˆ pp ´ ρq and pq ´ ρq ˆ pq ´ ρq matrices rS1

and rS2 so that

rSJ1 W1 “

ˆ

ĂW1

0

˙

, rSJ2 W2 “

ˆ

ĂW2

0

˙

,

where ĂW1 and ĂW2 are r ˆ r matrices satisfying that

OJ
αOα `WJ

αWα “ OJ
αOα ` ĂWJ

α
ĂWα “ Ir, α “ 1, 2. (4.10)

Similarly, we rotate V using an orthogonal n ˆ n matrix rS “
`

V, S
˘

, where S is an n ˆ pn ´ rq matrix
satisfying SJS “ In´r and SJV “ 0.
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With the above notations, we can rewrite M in (4.7) as

M“
?
n

¨

˚

˚

˚

˝

rUJ
a 0 0 0

0 rUJ
b 0 0

0 0 rVJ 0

0 0 0 rVJ

˛

‹

‹

‹

‚

»

—

—

—

—

–

0

˜

rX 0

0 rY

¸

˜

rXJ 0

0 rY J

¸ ˜

θlIn θ
1{2
l In

θ
1{2
l In θlIn

¸´1

fi

ffi

ffi

ffi

ffi

fl

´1
¨

˚

˚

˚

˝

rUa 0 0 0

0 rUb 0 0

0 0 rV 0

0 0 0 rV

˛

‹

‹

‹

‚

,

where we have abbreviated that

rUa :“

¨

˝

O1

ĂW1

0

˛

‚, rUb :“

¨

˝

O2

ĂW2

0

˛

‚, rV :“

ˆ

Ir
0

˙

, rX :“

ˆ

Iρ 0

0 rSJ1

˙

X rS, rY :“

ˆ

Iρ 0

0 rSJ2

˙

Y rS.

Using the rotational invariance of X2, we can write rX as

rX
d
“

ˆ

X1V,X1S
X2

˙

”

¨

˚

˝

X1V X1S

X
p1q
RL X

p1q
R

X
p2q
RL X

p2q
R

˛

‹

‚

,

where “
d
“” means “equal in distribution”, and X

p1q
RL, X

p2q
RL, X

p1q
R and X

p2q
R are respectively rˆr, pp´ρ´rqˆr,

r ˆ pn´ rq and pp´ ρ´ rq ˆ pn´ rq Gaussian matrices. We have a similar decomposition for Y :

rY
d
“

ˆ

Y1V, Y1S
Y2

˙

”

¨

˚

˝

Y1V Y1S

Y
p1q
RL Y

p1q
R

Y
p2q
RL Y

p2q
R

˛

‹

‚

.

For simplicity of notations, we denote rr “ r ` ρ and

T :“t1, ¨ ¨ ¨ , rru Y tp` 1, ¨ ¨ ¨ , p` rru Y tp` q ` 1, ¨ ¨ ¨ , p` q ` ru Y tp` q ` n` 1, ¨ ¨ ¨ , p` q ` n` ru .

Then using Schur’s complement formula, we obtain that

M d
“
?
nOJ B´1 O . (4.11)

Here O is a p2rr ` 2rq ˆ 4r matrix defined as

O :“

»

—

—

—

—

—

—

–

ˆ

O1

ĂW1

˙

0 0 0

0

ˆ

O2

ĂW2

˙

0 0

0 0 Ir 0
0 0 0 Ir

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

,

and B is a p2rr ` 2rq ˆ p2rr ` 2rq symmetric matrix defined as (recall Definition 4.2)

B : “

»

—

–

0 ¨ I2rr 0

0

˜

θlIr θ
1{2
l Ir

θ
1{2
l Ir θlIr

¸´1

fi

ffi

fl

`H1 ´ F
JGpTqpθlqF,
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where H1 and F are defined by

H1 :“

»

—

—

—

—

—

—

—

—

–

0

¨

˚

˚

˝

ˆ

X1V

X
p1q
RL

˙

0

0

ˆ

Y1V

Y
p1q
RL

˙

˛

‹

‹

‚

¨

˝

´

V JXJ1 , pX
p1q
RLq

J

¯

0

0
´

V JY J1 , pY
p1q
RL q

J

¯

˛

‚ 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

,

and

F :“

»

—

—

—

—

—

–

0

˜

X
p2q
RL 0

0 Y
p2q
RL

¸

¨

˝

´

SJXJ1 , pX
p1q
R qJ

¯

0

0
´

SJY J1 , pY
p1q
R qJ

¯

˛

‚ 0

fi

ffi

ffi

ffi

ffi

ffi

fl

.

Using (3.19), we can rewrite B as

B :“rΠ´1
rr,r `H1 `

¨

˚

˚

˝

m3cIrr 0 0 0
0 m4cIrr 0 0
0 0 m1cIr 0
0 0 0 m2cIr

˛

‹

‹

‚

´ FJΠpTqF ´ FJpGpTq ´ΠpTqqF, (4.12)

where ΠpTq is the minor of Π as defined in Definition 4.2 and rΠ
rr,r is defined by

rΠ
rr,r :“

»

—

—

–

ˆ

c´1
1 m1cIrr 0

0 c´1
2 m2cIrr

˙

0

0

ˆ

m3cIr hIr
hIr m4cIr

˙

fi

ffi

ffi

fl

. (4.13)

4.2 Step 2: Concentration estimates

In this step, we establish some (almost) sharp concentration estimates on the terms on the right-hand side
of (4.12). More precisely, we claim that

FJF ´

¨

˚

˚

˝

I
rr 0 0 0

0 I
rr 0 0

0 0 c1Ir 0
0 0 0 c2Ir

˛

‹

‹

‚

“ Oăpn
´1{2`2τ0q, (4.14)

and
FJΠpTqF ´ EF pFJΠpTqF q “ Oăpn

´1{2`2τ0q, (4.15)

where EF denotes the partial expectation over the randomness in F . (To avoid confusion, we emphasize that
the matrix S is regarded as a deterministic matrix because of the conditioning on Z. Hence the randomness
in F does not include the randomness in S.) Using the facts SJS “ In´r and rr “ Opn2τ0q, we can get that

EF
´

FJΠpTqF
¯

“

¨

˚

˚

˝

m3cIrr 0 0 0
0 m4cIrr 0 0
0 0 m1cIr 0
0 0 0 m2cIr

˛

‹

‹

‚

`O
`

n´1`2τ0
˘

. (4.16)
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The two estimates (4.14) and (4.15) both follow from Lemma 4.3. We consider the terms pX
p2q
RLq

JX
p2q
RL,

X1SS
JXJ1 and X1SpX

p1q
R qJ as examples. For p` q ` 1 ď µ, ν ď p` q ` r, we have that

ˇ

ˇ

ˇ

”

pX
p2q
RLq

JX
p2q
RL

ı

µν
´
p´ rr

n
δµν

ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ

ÿ

rr`1ďiďp

`

XiµXiν ´ n
´1δµν

˘

ˇ

ˇ

ˇ
ă Opn´1{2q.

For 1 ď i ď ρ, we have that

ˇ

ˇ

`

X1SS
JXJ1

˘

ii
´ n´1 Tr

`

SSJ
˘
ˇ

ˇ “

ˇ

ˇ

ˇ

ÿ

µ‰νPI3

XiµXiνpSS
Jqµν

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ

ÿ

µPI3

pX2
iµ ´ n

´1qpSSJqµµ

ˇ

ˇ

ˇ

ă
1

n

´

ÿ

µ‰νPI3

rpSSJqµνs
2
¯1{2

`
1

n

´

ÿ

µPI3

rpSSJqµµs
2
¯1{2

ď
2

n

 

Tr
“

pSSJq2
‰(1{2

“ Opn´1{2q,

while for 1 ď i ă j ď ρ, we have that

pX1SS
JXJ1 qij “

ÿ

µ,νPI3

XiµXjνpSS
Jqµν ă

1

n

´

ÿ

µ,νPI3

rpSSJqµνs
2
¯1{2

“
1

n

 

Tr
“

pSSJq2
‰(1{2

“ Opn´1{2q.

Using the fact that TrpSSJq “ n´ r, the above two estimates actually give the estimate
ˇ

ˇpX1SS
JXJ1 qij ´ δij

ˇ

ˇ ă n´1{2, 1 ď i, j ď ρ.

Finally, for 1 ď i ď ρ and ρ` 1 ď j ď ρ` r, we have that

”

X1SpX
p1q
R qJ

ı

ij
“

ÿ

µ,νPI3

XiµXjνSµν ă
1

n

´

ÿ

µ,νPI3

S2
µν

¯1{2

“
1

n

“

TrpSSJq
‰1{2

“ Opn´1{2q.

With similar arguments as above, using Lemma 4.3 we can obtain the following large deviation estimates:
for any constant ε ą 0,

›

›

›
pX

p2q
RLq

JX
p2q
RL ´ c1Ir

›

›

›

max
ď n´1{2`ε,

›

›

›
pY
p2q
RL q

JY
p2q
RL ´ c2Ir

›

›

›

max
ď n´1{2`ε,

›

›X1SS
JXJ1 ´ Iρ

›

›

max
ď n´1{2`ε,

›

›Y1SS
JY J1 ´ Iρ

›

›

max
ď n´1{2`ε,

›

›X1SS
JY1

›

›

max
ď n´1{2`ε,

›

›

›
X
p1q
R pX

p1q
R qJ ´ Ir

›

›

›

max
ď n´1{2`ε,

›

›

›
Y
p1q
R pY

p1q
R qJ ´ Ir

›

›

›

max
ď n´1{2`ε,

›

›

›
X
p1q
R pY

p1q
R qJ

›

›

›

max
ď n´1{2`ε,

›

›

›
X1SpX

p1q
R qJ

›

›

›

max
ď n´1{2`ε,

›

›

›
X1SpY

p1q
R qJ

›

›

›

max
ď n´1{2`ε,

›

›

›
Y1SpX

p1q
R qJ

›

›

›

max
ď n´1{2`ε,

›

›

›
Y1SpY

p1q
R qJ

›

›

›

max
ď n´1{2`ε,

(4.17)

with high probability. These estimates immediately imply (4.14) and (4.15) by bounding the operator norms
of the error matrices by their Frobenius norms.

By (4.14), we have that }F } “ Op1q with high probability. Then using the local law (3.24) and the fact
that F is independent of GpTq, we get that

›

›

›
FJpGpTq ´ΠpTqqF

›

›

›
ď p2rr ` 2rq

›

›

›
FJpGpTq ´ΠpTqqF

›

›

›

max
ă n´1{2`2τ0 .

Under the moment assumption (2.8), each entry in H1 is of order Oăpn
´1{2q by Markov’s inequality, so we

also have that
}H1} ď p2rr ` 2rq}H1}max ă n´1{2`2τ0 .
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Finally, by (4.15) and (4.16) we have that

›

›

›

›

›

›

›

›

¨

˚

˚

˝

m3cIrr 0 0 0
0 m4cIrr 0 0
0 0 m1cIr 0
0 0 0 m2cIr

˛

‹

‹

‚

´ FJΠpTqF

›

›

›

›

›

›

›

›

ă n´1{2`2τ0 .

Hence for M in (4.11), taking the inverse of (4.12) and performing a simple Taylor expansion we get that

M d
“
?
nOJ

rΠ
rr,r

”

´H1 ` p1´ EF q
´

FJΠpTqF
¯

` FJpGpTq ´ΠpTqqF
ı

rΠ
rr,r O`Oăpn

´1{2`4τ0q, (4.18)

where we also used (4.16) in the derivation. Since τ0 can be taken as small as possible, it suffices to study
the CLT of the first term in (4.18).

4.3 Step 3: CLT of the resolvent

In this step, we establish the CLT of the resolvent term FJpGpTq´ΠpTqqF in (4.18). Conditioning on F , We
have the following lemma, whose proof is postponed to Appendix A.

Lemma 4.5. Fix any F such that the estimates in (4.17) holds for a small enough constant ε ą 0. Then
we have that (recall Definition 4.4)

?
nOJ FJpGpTq ´ΠpTqqF O

d
„

¨

˚

˚

˝

a11g11 a12g12 a13g13 a14g14

a21g21 a22g22 a23g23 a24g24

a31g31 a32g32 a33g33 a34g34

a41g41 a42g42 a43g43 a44g44

˛

‹

‹

‚

. (4.19)

Here gαβ, 1 ď α ď β ď 4, are independent Gaussian matrices satisfying the following properties: gαβ “ gJβα,
1 ď α ă β ď 4, are r ˆ r random matrices with i.i.d. Gaussian entries pgαβqij „ N p0, 1q; gαα, 1 ď α ď 4,
are r ˆ r symmetric GOE (Gaussian orthogonal ensemble) with entries pgααqij „ N p0, 1 ` δijq. Moreover,
the coefficients are given by

a11 :“ m3c

d

a2
c ` c1

1´ c1
`
a2
c

c1
, a12 “ a21 :“ h

d

a2
c

c2
t2l `

a2
c ` c2

1´ c2
, a13 “ a31 :“

d

a2
c ` c1

1´ c1
,

a14 “ a41 :“
ac
?
c1

m3c

h
, a22 :“ m4c

d

a2
c ` c2

1´ c2
`
a2
c

c2
, a23 “ a32 :“

ac
?
c2

m4c

h
,

a24 “ a42 :“

d

a2
c ` c2

1´ c2
, a33 :“ m´1

3c

d

c1
a2
c ` c1

1´ c1
, a34 “ a43 :“

ac
h
, a44 :“ m´1

4c

d

c2
a2
c ` c2

1´ c2
,

(4.20)

where we have introduced the notation

a2
c :“

t2c
t2l ´ t

2
c

. (4.21)

With Lemma 4.5, we get the weak convergence

?
nOJ

rΠ
rr,rF

JpGpTq ´ΠpTqqF rΠ
rr,r O ñ rΠr,r

¨

˚

˚

˝

a11g11 a12g12 a13g13 a14g14

a21g21 a22g22 a23g23 a24g24

a31g31 a32g32 a33g33 a34g34

a41g41 a42g42 a43g43 a44g44

˛

‹

‹

‚

rΠr,r, (4.22)
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using the simple identity rΠ
rr,r O “ O rΠr,r, with rΠr,r being a 4rˆ4r matrix defined in a similar way as (4.13):

rΠr,r :“

»

—

—

–

ˆ

c´1
1 m1cIr 0

0 c´1
2 m2cIr

˙

0

0

ˆ

m3cIr hIr
hIr m4cIr

˙

fi

ffi

ffi

fl

. (4.23)

4.4 Step 4: Calculating the limiting covariances

In this step, we expand (4.18) and show a CLT for each term. The main work is to calculate the limiting

covariances. First, Lemma 4.5 already gives the CLT for
?
nOJ

rΠ
rr,rF

JpGpTq´ΠpTqqF rΠ
rr,r O. We still need

to study the term

?
nOJ

rΠ
rr,r

”

´H1 ` p1´ EF q
´

FJΠpTqF
¯ı

rΠ
rr,r O “ rΠr,rQ4r

rΠr,r “ rΠr,r

ˆ

QL QLR
QRL QR

˙

rΠr,r,

where Q4r is a 4r ˆ 4r symmetric matrix, with QL, QLR, QRL and QR being the 2r ˆ 2r blocks defined by

QL :“

˜

Q
p1q
L Q

p2q
L

Q
p3q
L Q

p4q
L

¸

, QR :“
?
n

˜

´m´1
3c IEpX

p2q
RLq

JX
p2q
RL 0

0 ´m´1
4c IEpY

p2q
RL q

JY
p2q
RL

¸

,

QLR “ QJRL :“
?
n

˜

´OJ
1 X1V ´ ĂWJ

1 X
p1q
RL 0

0 ´OJ
2 Y1V ´ ĂWJ

2 Y
p1q
RL

¸

.

Here we have abbreviated IE :“ 1´ EF , and the four r ˆ r blocks of QL are defined as

Q
p1q
L :“

?
nIE

”

m3c

´

OJ
1 X1S ` ĂWJ

1 X
p1q
R

¯´

SJXJ1 O1`pX
p1q
R qJĂW1

¯ı

,

Q
p2q
L “ pQ

p3q
L q

J :“
?
nIE

”

h
´

OJ
1 X1S ` ĂWJ

1 X
p1q
R

¯´

SJY J1 O2`pY
p1q
R qJĂW2

¯ı

,

Q
p4q
L :“

?
nIE

”

m4c

´

OJ
2 Y1S ` ĂWJ

2 Y
p1q
R

¯´

SJY J1 O2`pY
p1q
R qJĂW2

¯ı

.

Now using (3.44), (4.6), (4.18), (4.22) and the simple fact (4.8), we obtain that

?
nOJEp2qr O d

„tlm3c EJAB

¨

˚

˚

˝

a11g11 a12g12 a13g13 a14g14

a21g21 a22g22 a23g23 a24g24

a31g31 a32g32 a33g33 a34g34

a41g41 a42g42 a43g43 a44g44

˛

‹

‹

‚

EAB `tlm3c EJAB Q4r EAB . (4.24)

Here the 4r ˆ r matrix EAB is defined as

EAB :“ rΠr,rAO “

¨

˚

˚

˝

´m´1
3c A

hm´1
3c m

´1
4c B

t´1
l F1

hm´1
3c F2

˛

‹

‹

‚

,

where we have abbreviated that

A :“
`

Ir ` Σ2
a

˘´1{2 O, B :“
`

1` Σ2
b

˘´1{2
pΣbMJ

r
pΣaO,

F1 :“ tlVa
pΣaO ´Vb

pΣ2
bMJ

r
pΣaO, F2 :“ Va

pΣaO ´Vb
pΣ2
bMJ

r
pΣaO.

(4.25)
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In the above derivation, we also used the identities fcpθlq “ m3cpθlqm4cpθlq{h
2pθlq “ tl. Expanding (4.24),

we obtain that
?
nOJEp2qr O
d
„ tl A

J

„

a11

m3c
g11 `

?
nIE

´

OJ
1 X1S ` ĂWJ

1 X
p1q
R

¯´

SJXJ1 O1`pX
p1q
R qJĂW1

¯



A

´

!

AJ
”a12

h
g12 `

?
n
´

OJ
1 X1S ` ĂWJ

1 X
p1q
R

¯´

SJY J1 O2`pY
p1q
R qJĂW2

¯ı

B` c.t.
)

`BJ
„

a22

m4c
g22 `

?
nIE

´

OJ
2 Y1S ` ĂWJ

2 Y
p1q
R

¯´

SJY J1 O2`pY
p1q
R qJĂW2

¯



B

´

”

AJ
´

a13g13 ´
?
nOJ

1 X1V ´
?
nĂWJ

1 X
p1q
RL

¯

F1 ` c.t.
ı

´

”

AJ
´m4c

h
a14g14

¯

F2 ` c.t.
ı

`

„

BJ
ˆ

h

m4c
a23g23

˙

F1 ` c.t.



`

”

BJ
´

a24g24 ´
?
nOJ

2 Y1V ´
?
nĂWJ

2 Y
p1q
RL

¯

F2 ` c.t.
ı

` t´1
l FJ1

´

m3ca33g33 ´
?
nIEpXp2qRLq

JX
p2q
RL

¯

F1 ` FJ2

´

m4ca44g44 ´
?
nIEpY p2qRL q

JY
p2q
RL

¯

F2

`
“

FJ1 pha34g34qF2 ` c.t.
‰

,

(4.26)

where “c.t.” means the (conjugate) transpose of the preceding term.

In (4.26),
?
nX

p1q
RL and

?
nY

p1q
RL have i.i.d. Gaussian entries of mean 0 and variance 1, and are independent

of all the other terms. So we rename them as two n-independent Gaussian matrices

rg13 :“ ´
?
nX

p1q
RL, rg24 :“ ´

?
nY

p1q
RL . (4.27)

Moreover, the matrices
?
nIEpXp2qRLqJX

p2q
RL and

?
nIEpY p2qRL q

JY
p2q
RL are also independent of all the other terms.

With classical CLT, we obtain that

´
?
nIEpXp2qRLq

JX
p2q
RL

d
„
?
c1rg33, ´

?
nIEpY p2qRL q

JY
p2q
RL

d
„
?
c2rg44, (4.28)

where rg33 and rg44 are rˆ r symmetric GOE with entries prg33qij „ N p0, 1` δijq and prg44qij „ N p0, 1` δijq.
It remains to show the CLT for the following matrix

Θ : “ tl A
J
”?

nIE
´

OJ
1 X1S ` ĂWJ

1 X
p1q
R

¯´

SJXJ1 O1`pX
p1q
R qJĂW1

¯ı

A

´

!

AJ
”?

n
´

OJ
1 X1S ` ĂWJ

1 X
p1q
R

¯´

SJY J1 O2`pY
p1q
R qJĂW2

¯ı

B` c.t.
)

`BJ
”?

nIE
´

OJ
2 Y1S ` ĂWJ

2 Y
p1q
R

¯´

SJY J1 O2`pY
p1q
R qJĂW2

¯ı

B

`

”

AJ
´?

nOJ
1 X1V

¯

F1 ` c.t.
ı

´

”

BJ
´?

nOJ
2 Y1V

¯

F2 ` c.t.
ı

.

(4.29)

We decompose Θ into the sum of four matrices,

Θ :“ Θ1 `Θ2 `Θ3 `Θ4,

where

Θ1 : “ BJ
”?

nIEĂWJ
2 Y

p1q
R pY

p1q
R qJĂW2 `

?
n
´

OJ
2 Y1SpY

p1q
R qJĂW2 ` c.t.

¯ı

B

´

”

AJ
´?

n
´

OJ
1 X1S ` ĂWJ

1 X
p1q
R

¯

pY
p1q
R qJĂW2

¯

B` c.t.
ı

,
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Θ2 : “ tl A
J
”?

nIEĂWJ
1 X

p1q
R pX

p1q
R qJĂW1 `

?
n
´

OJ
1 X1SpX

p1q
R qJĂW1 ` c.t.

¯ı

A

´

”

BJ
´?

nOJ
2 Y1SpX

p1q
R qJĂW1

¯

A`c.t.
ı

,

Θ3 : “
”

AJ
´?

nOJ
1 X1V

¯

F1 ` c.t.
ı

´

”

AJ
´?

nOJ
1 X1SS

JY J1 O2

¯

B` c.t.
ı

` tl A
J
”?

nIEpOJ
1 X1SS

JXJ1 O1q

ı

A,

Θ4 : “ ´
”

BJ
´?

nOJ
2 Y1V

¯

F2 ` c.t.
ı

`BJ
”?

nIE
´

OJ
2 Y1SS

JY J1 O2

¯ı

B.

The decomposition is chosen as follows: Θ1 contains all the terms that depend on Y
p1q
R , Θ2 contains all

the remaining terms that depend on X
p1q
R , Θ3 contains all the remaining terms that depend on X1, and Θ4

contains all the remaining terms that depend on Y1. Using (2.8) and Lemma 4.3, we can obtain the following
large deviation estimates as in (4.17): for any small constant ε ą 0,

}X1V }max ` }X1}max ď n´1{2`ε, }X1X
J
1 ´ Iρ}max ď n´1{2`ε, (4.30)

}Y1V }max ` }Y1}max ď n´1{2`ε, }Y1Y
J
1 ´ Iρ}max ď n´1{2`ε, (4.31)

with high probability. Combining (4.30) and (4.31) with the facts SSJ “ In ´ V V J and ρ “ Opn2τ0q, we
can simplify Θ3 and Θ4 as

Θα “ Θ1α `Oăpn
´1{2`4τ0q, α “ 3, 4,

where

Θ13 :“
”

AJ
´?

nOJ
1 X1V

¯

F1 ` c.t.
ı

´

”

AJ
´?

nOJ
1 X1Y

J
1 O2

¯

B` c.t.
ı

` tl A
J
”?

nIE
´

OJ
1 X1X

J
1 O1

¯ı

A,

Θ14 :“ ´
”

BJ
´?

nOJ
2 Y1V

¯

F2 ` c.t.
ı

`BJ
”?

nIE
´

OJ
2 Y1Y

J
1 O2

¯ı

B.

Now we show that the four terms Θ1, Θ2, Θ13, and Θ14 are all asymptotically Gaussian. The proof of the
following lemma is standard, and for the reader’s convenience, we give the details in Appendix B.

Lemma 4.6. We have the following results:

(i) conditioning on X1, Y1 and X
p1q
R satisfying (4.17), Θ1 is asymptotically Gaussian with zero mean;

(ii) conditioning on X1 and Y1 satisfying (4.17), Θ2 is asymptotically Gaussian with zero mean;

(iii) conditioning on Y1 satisfying (4.31) and V satisfying (4.5), Θ13 is asymptotically Gaussian with zero
mean;

(iv) conditioning on V satisfying (4.5), Θ14 is asymptotically Gaussian with zero mean.

With Lemma 4.6, we obtain that Θ converges in distribution to a centered Gaussian matrix. It remains to
determine the covariances of this matrix. First, we calculate the covariances for Θ1. Note that conditioning
on X1, Y1 and X

p1q
R satisfying (4.17) and using rr “ Opn2τ0q, we have that

pBJOJ
2 Y1SS

JY J1 O2 Bqij “ pB
JOJ

2 O2 Bqij `Opn´1{2`2τ0`εq,

and
”

AJ
´

OJ
1 X1S ` ĂWJ

1 X
p1q
R

¯´

SJXJ1 O1`pX
p1q
R qJĂW1

¯

A
ı

ij
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“

”

AJ
´

OJ
1 O1`ĂWJ

1
ĂW1

¯

A
ı

ij
`Opn´1{2`2τ0`εq “ pAJAqij `Opn´1{2`2τ0`εq.

With these two identities, we can calculate that

E
Y
p1q
R

pΘ1qijpΘ1qi1j1 “
`

BJB
˘

ii1
pBJĂWJ

2
ĂW2Bqjj1 `

`

BJB
˘

ij1
pBJĂWJ

2
ĂW2Bqji1

` pBJĂWJ
2
ĂW2Bqii1pB

JOJ
2 O2 Bqjj1 ` pB

J
ĂWJ

2
ĂW2Bqij1pB

JOJ
2 O2 Bqji1

` pAJAqii1pB
J
ĂWJ

2
ĂW2Bqjj1 ` pA

JAqij1pB
J
ĂWJ

2
ĂW2Bqji1

` pBJĂWJ
2
ĂW2Bqii1pA

JAqjj1 ` pB
J
ĂWJ

2
ĂW2Bqij1pA

JAqji1 `Opn´1{2`2τ0`εq.

Similarly, conditioning on X1 and Y1 satisfying (4.17), we can calculate the covariances for Θ2 as

E
X
p1q
R

pΘ2qijpΘ2qi1j1 “ t2l pA
JAqii1pA

J
ĂWJ

1
ĂW1Aqjj1 ` t

2
l pA

JAqij1pA
J
ĂWJ

1
ĂW1Aqji1

` t2l pA
J
ĂWJ

1
ĂW1Aqii1pA

JOJ
1 O1 Aqjj1 ` t

2
l pA

J
ĂWJ

1
ĂW1Aqij1pA

JOJ
1 O1 Aqji1

` pAJ
ĂWJ

1
ĂW1Aqii1pB

JOJ
2 O2 Bqjj1 ` pA

J
ĂWJ

1
ĂW1Aqij1pB

JOJ
2 O2 Bqji1

` pBJOJ
2 O2 Bqii1pA

J
ĂWJ

1
ĂW1Aqjj1 ` pB

JOJ
2 O2 Bqij1pA

J
ĂWJ

1
ĂW1Aqji1 `Opn´1{2`2τ0`εq.

For the calculations of the covariances for Θ13 and Θ14, the entries of X1 and Y1 are not Gaussian anymore.

Recall that their fourth moments µ
p4q
x and µ

p4q
y are defined in (2.27), and we denote their third moments as

µp3qx :“ n3{2EX3
11, µp3qy :“ n3{2EY 3

11. (4.32)

Then we can calculate the covariances for Θ13 as

EX1
pΘ13qijpΘ

1
3qi1j1 “

´

AJOJ
1 O1 A

¯

ii1

”´

FJ1 V
J ´BJOJ

2 Y1

¯

`

V F1 ´ Y
J
1 O2 B

˘

ı

jj1

`

´

AJOJ
1 O1 A

¯

ij1

”´

FJ1 V
J ´BJOJ

2 Y1

¯

`

V F1 ´ Y
J
1 O2 B

˘

ı

ji1

`

”´

FJ1 V
J ´BJOJ

2 Y1

¯

`

V F1 ´ Y
J
1 O2 B

˘

ı

ii1
pAJOJ

1 O1 Aqjj1

`

”´

FJ1 V
J ´BJOJ

2 Y1

¯

`

V F1 ´ Y
J
1 O2 B

˘

ı

ij1
pAJOJ

1 O1 Aqji1

` t2l

´

AJOJ
1 O1 A

¯

ii1

´

AJOJ
1 O1 A

¯

jj1
` t2l

´

AJOJ
1 O1 A

¯

ij1

´

AJOJ
1 O1 A

¯

ji1

` t2l pµ
p4q
x ´ 3q

ÿ

1ďkďρ

pO1 Aqki pO1 Aqki1 pO1 Aqkj pO1 Aqkj1

` tlµ
p3q
x

1
?
n

ÿ

1ďkďρ,µPI3

pO1 Aqki pO1 Aqki1 pO1 Aqkj1
`

V F1 ´ Y
J
1 O2 B

˘

µj

` tlµ
p3q
x

1
?
n

ÿ

1ďkďρ,µPI3

pO1 Aqkj pO1 Aqki1 pO1 Aqkj1
`

V F1 ´ Y
J
1 O2 B

˘

µi

` tlµ
p3q
x

1
?
n

ÿ

1ďkďρ,µPI3

pO1 Aqki pO1 Aqkj pO1 Aqki1
`

V F1 ´ Y
J
1 O2 B

˘

µj1

` tlµ
p3q
x

1
?
n

ÿ

1ďkďρ,µPI3

pO1 Aqki pO1 Aqkj pO1 Aqkj1
`

V F1 ´ Y
J
1 O2 B

˘

µi1
.

(4.33)
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Using Lemma 4.3, we can check that

}Y1e}max ă n´1{2, for e :“ n´1{2p1, 1, ¨ ¨ ¨ , 1qJ P Rn.

Applying this estiamate and (4.31), we obtain that

pFJ1 V
J ´BJOJ

2 Y1qpV F1 ´ Y
J
1 O2 Bq “ FJ1 F1 `BJOJ

2 O2 B`Oăpn
´1{2`2τ0q,

and that for any 1 ď i ď r,

1
?
n

ÿ

µPI3

`

Y J1 O2 B
˘

µi
“ peJY J1 O2 Bqi “ Oăpn

´1{2`2τ0q.

On the other hand, using (3.32) and (4.4), we obtain that

}V Je}max ď }Ze}max ` }pV
J ´ Zqe}max ă n´1{2. (4.34)

Hence we also have that for any 1 ď i ď r,

1
?
n

ÿ

µPI3

pV F1qµi “ Oăpn
´1{2q.

The above calculations show that the µ
p3q
x terms are all negligible. For the µ

p4q
x term, by the assumptions of

Proposition 4.1, we have that }W1}max ď n´τ0 , which gives pW1 Aqki À n´τ0 for any k. With this fact, we
obtain that

ÿ

ρ`1ďkďp

pW1 AqkipW1 Aqki1pW1 AqkjpW1 Aqkj1 À n´2τ0
ÿ

ρ`1ďkďp

pW1 AqkipW1 Aqki1 À n´2τ0 .

Thus we can replace O1 A with Ua A in
ř

1ďkďρpO1 AqkipO1 Aqki1pO1 AqkjpO1 Aqkj1 up to a negligible
error. Collecting the above estimates, we can simplify (4.33) as

EX1
pΘ13qijpΘ

1
3qi1j1 “ pA

JOJ
1 O1 Aqii1pF

J
1 F1 `BJOJ

2 O2 Bqjj1 ` pA
JOJ

1 O1 Aqij1pF
J
1 F1 `BJOJ

2 O2 Bqji1

` pFJ1 F1 `BJOJ
2 O2 Bqii1pA

JOJ
1 O1 Aqjj1 ` pF

J
1 F1 `BJOJ

2 O2 Bqij1pA
JOJ

1 O1 Aqji1

` t2l pA
JOJ

1 O1 Aqii1pA
JOJ

1 O1 Aqjj1 ` t
2
l pA

JOJ
1 O1 Aqij1pA

JOJ
1 O1 Aqji1

` t2l pµ
p4q
x ´ 3q

ÿ

kPI1

UkiUki1UkjUkj1 `Opn´2τ0q

with high probability, where we recall the notations in (2.25) and (4.25). With similar calculations, we can
obtain the covariances of Θ14 as with high probability,

EY1
pΘ14qijpΘ

1
4qi1j1 “ pB

JOJ
2 O2 Bqii1pF

J
2 F2qjj1 ` pB

JOJ
2 O2 Bqij1pF

J
2 F2qji1

` pFJ2 F2qii1pB
JOJ

2 O2 Bqjj1 `
`

FJ2 F2

˘

ij1
pBJOJ

2 O2 Bqji1

` pBJOJ
2 O2 Bqii1pB

JOJ
2 O2 Bqjj1 ` pB

JOJ
2 O2 Bqij1pB

JOJ
2 O2 Bqji1

` pµp4qy ´ 3q
ÿ

kPI2

pUbBqki pUbBqki1 pUbBqkj pUbBqkj1 `Opn´2τ0q.

Combining all the above calculations, we have shown that Θ “ Θ1 `Θ2 `Θ3 `Θ4 converges weakly to
a centered Gaussian random matrix gΘ with covariances

EpgΘqijpgΘqi1j1 “ t2l pA
JAqii1pA

JAqjj1 ` t
2
l pA

JAqij1pA
JAqji1 ` pB

JBqii1pB
JBqjj1 ` pB

JBqij1pB
JBqji1
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` pAJAqii1pB
JBqjj1 ` pA

JAqij1pB
JBqji1 ` pB

JBqii1pA
JAqjj1 ` pB

JBqij1pA
JAqji1

` pAJOJ
1 O1 Aqii1

`

FJ1 F1

˘

jj1
` pAJOJ

1 O1 Aqij1
`

FJ1 F1

˘

ji1

`
`

FJ1 F1

˘

ii1
pAJOJ

1 O1 Aqjj1 `
`

FJ1 F1

˘

ij1
pAJOJ

1 O1 Aqji1

` pBJOJ
2 O2 Bqii1pF

J
2 F2qjj1 ` pB

JOJ
2 O2 Bqij1pF

J
2 F2qji1

` pFJ2 F2qii1pB
JOJ

2 O2 Bqjj1 ` pF
J
2 F2qij1pB

JOJ
2 O2 Bqji1 ` t

2
l pµ

p4q
x ´ 3q

ÿ

kPI1

UkiUki1UkjUkj1

` pµp4qy ´ 3q
ÿ

kPI2

pUbBqki pUbBqki1 pUbBqkj pUbBqkj1 . (4.35)

Notice that for any i P γplq, we have that

pUbBqki “
”?

tl `Opn´1{2`δq

ı

Vki, (4.36)

where we used the SVD (2.23) and the fact ti “ tl ` Opn´1{2`δq for any i P γplq by Definition 2.2. Hence
the last term in (4.35) can be replaced by

pµp4qy ´ 3q
ÿ

kPI2

VkiVki1VkjVkj1 , for i, j, i1, j1 P γplq.

4.5 Step 5: Concluding the proof

Finally, combing (4.26), (4.27), (4.28) and (4.35), after a lengthy but straightforward calculation we obtain
that p

?
nOJEp2qr OqJγplqK coverages weakly to an r ˆ r centered Gaussian matrix Υ

p2q
l with covariances

EpΥp2ql qijpΥ
p2q
l qi1j1 “ t2l

ˆ

a2
c ` c1

1´ c1
`
a2
c

c1
` 1

˙

rp1´Aqii1p1´Aqjj1 ` p1´Aqij1p1´Aqji1s

`

ˆ

a2
c ` c2

1´ c2
`
a2
c

c2
` 1

˙

pBii1Bjj1 ` Bij1Bji1q

`

ˆ

a2
c

c2
t2l `

a2
c ` c2

1´ c2
` 1

˙

rp1´Aqii1Bjj1 ` Bii1p1´Aqjj1 ` p1´Aqij1Bji1 ` Bij1p1´Aqji1s

`

ˆ

a2
c ` c1

1´ c1
` 1

˙

rp1´Aqii1pF1qjj1 ` pF1qii1p1´Aqjj1 ` p1´Aqij1pF1qji1 ` pF1qij1p1´Aqji1s

`
a2
c

c1
t2l rp1´Aqii1pF2qjj1 ` pF2qii1p1´Aqjj1 ` p1´Aqij1pF2qji1 ` pF2qij1p1´Aqji1s

`
a2
c

c2
rBii1pF1qjj1 ` pF1qii1Bjj1 ` Bij1pF1qji1 ` pF1qij1Bji1s

`

ˆ

a2
c ` c2

1´ c2
` 1

˙

rBii1pF2qjj1 ` pF2qii1Bjj1 ` Bij1pF2qji1 ` pF2qij1Bji1s

` t´2
l

ˆ

c1
a2
c ` c1

1´ c1
` c1

˙

rpF1qii1pF1qjj1 ` pF1qij1pF1qji1s `

ˆ

c2
a2
c ` c2

1´ c2
` c2

˙

rpF2qii1pF2qjj1 ` pF2qij1pF2qji1s

` a2
c rpF1qii1pF2qjj1 ` pF2qii1pF1qjj1 ` pF1qij1pF2qji1 ` pF2qij1pF1qji1s

` t2l pµ
p4q
x ´ 3q

ÿ

k

UkiUki1UkjUkj1 ` pµp4qy ´ 3q
ÿ

k

VkiVki1VkjVkj1 .
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Here for simplicity, we introduced the following notations:

A :“ 1´AJA “ OJpΣ2
aO, B :“ BJB “ OJpΣaMr

pΣb
`

1` Σ2
b

˘´1
pΣbMJ

r
pΣaO,

F1 :“ FJ1 F1 “ t2lA` p1´ 2tlqC ´ B, F2 :“ FJ2 F2 “ A´ C ´ B, (4.37)

where we abbreviated that

C :“ OJpΣaMr
pΣ2
bMJ

r
pΣaO “ diagpt1, ¨ ¨ ¨ , trq.

Now we plug (4.37) into EpΥp2ql qijpΥ
p2q
l qi1j1 and simplify the resulting expression. After a tedious but straight-

forward calculation, we can show that

EpΥp2ql qijpΥ
p2q
l qi1j1 “ δii1

„

t2l
a2
c ` c1

c1p1´ c1q
`

ˆ

a2
c ` 1

1´ c1
p1´ 2tlq ´

t2l a
2
c

c1

˙

C


jj1

` Cii1
„ˆ

a2
c ` 1

1´ c1
p1´ 2tlq ´

t2l a
2
c

c1

˙

`

ˆ

p1´ c2qp1´ 2tlq
2

c2
`
p1´ c1qt

2
l

c1
´ 2p1´ 2tlq

˙

a2
cC


jj1

´ p1´ 2tlq pAii1Cjj1 ` Cii1Ajj1q ´ pBii1Cjj1 ` Cii1Bjj1q ´ t2lAii1Ajj1 ´ Bii1Bjj1 ` pAii1Bjj1 ` Bii1Ajj1q

` pi1 Ø j1q ` t2l pµ
p4q
x ´ 3q

ÿ

k

UkiUki1UkjUkj1 ` t2l pµp4qy ´ 3q
ÿ

k

VkiVki1VkjVkj1 ,

where pi1 Ø j1q means an expression obtained by exchanging i1 and j1 in all the preceding terms (i.e. the
terms in the first three lines).

On the other hand, using (3.43) and (3.45) we can check that p
?
nOJEp1qr OqJγplqK converges weakly to an

r ˆ r centered Gaussian matrix Υ
p1q
l with covariances

EpΥp1ql qijpΥ
p1q
l qi1j1 “ p2tl ´ 1qCii1Cjj1 ` t2lAii1Ajj1 ` Bii1Bjj1 ` p1´ 2tlq pAii1Cjj1 ` Cii1Ajj1q

´ pAii1Bjj1 ` Bii1Ajj1q ` pBii1Cjj1 ` Cii1Bjj1q ` pi1 Ø j1q ` pµp4qz ´ 3q
ÿ

k

Wk,ijWk,i1j1 ,

where we recall the notation in (2.24). Then by (4.8), we know that

`?
nOJErpθlqO

˘

JγplqK “
`?
nOJEp1qr O

˘

JγplqK `
`?
nOJEp2qr O

˘

JγplqK

converges weakly to a centered Gaussian matrix rΥl with covariances

EprΥlqijprΥlqi1j1 “ EpΥp1ql qijpΥ
p1q
l qi1j1 ` EpΥp2ql qijpΥ

p2q
l qi1j1 .

Finally, using Cjj1 “ tlδjj1 `Opn´1{2`δq for j, j1 P γplq, we can check that the covariances of rΥl are asymp-
totically equal to (2.26). This concludes Proposition 4.1.

5 Proof of Theorem 2.3

Combining Proposition 4.1 with Proposition 3.11, we see that (2.31) holds in the almost Gaussian case.
Hence to conclude Theorem 2.3, it suffices to show that the general case is sufficiently close to the almost
Gaussian case regarding the outliers. In particular, by (3.41), (3.42) and (4.6), we only need to show that
the asymptotic distribution of Mpθlq in (4.7) for general X and Y is the same as that of Mgpθlq defined for
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almost Gaussian X ” Xg and Y ” Y g. Corresponding to (4.1) and (4.2), we define the index set (where
“s” stands for “small”)

Is :“
!

1 ď k ď p : max
1ďiďr

|uai pkq| ď n´τ0
)

Y

!

1 ď k ´ p ď q : max
1ďiďr

|ubi pkq| ď n´τ0
)

.

Corresponding to (3.6) and (3.7), we define a new self-adjoint block matrix Hg and its resolvent as

Hgpzq :“

»

—

—

–

0

ˆ

Xg 0
0 Y g

˙

ˆ

pXgqJ 0
0 pY gqJ

˙ ˆ

zIn z1{2In
z1{2In zIn

˙´1

fi

ffi

ffi

fl

, Ggpzq :“ rHgpzqs
´1
.

Here Xg and Y g are defined through

Xg
iµ “

#

Xiµ, if i R Is
g
p1q
iµ , if i P Is

, Y giµ “

#

Yiµ, if i R Is
g
p2q
iµ , if i P Is

, (5.1)

where g
p1q
iµ and g

p2q
iµ are i.i.d. Gaussian random variables independent of X and Y, and with mean zero and

variance n´1. Note that Xg and Y g satisfy the setting of Proposition 4.1.
Define the index set

Js :“ tpi, µq : i P I1 X Is, µ P I3u Y tpi, µq : i P I2 X Is, µ P I4u.

We choose a bijective ordering map Φ on Js as

Φ : Js Ñ t1, . . . , γmaxu, γmax :“ |Js| “ |Is| ¨ n.

For simplicity of notations, we abbreviate

W :“

ˆ

X 0
0 Y

˙

, W g :“

ˆ

Xg 0
0 Y g

˙

. (5.2)

For any 1 ď γ ď γmax, we define the pI1 Y I2q ˆ pI3 Y I4q matrix W tγu such that

W
tγu
iµ “

#

Wiµ, if Φpi, µq ď γ

W g
iµ, if Φpi, µq ą γ

, and W
tγu
iµ “Wiµ “W g

iµ for pi, µq R Js.

Correspondingly, we define

Htγupzq :“

»

–

0 W tγu

pW tγuqJ

ˆ

zIn z1{2In
z1{2In zIn

˙´1

fi

fl , Gtγu :“ rHtγupzqs´1.

Note that we have Gt0u “ Gg and Gtγmaxu “ G. Now for Φpi, µq “ γ, we can write that

Htγu “ Qtγu `WiµE
tγu, Htγ´1u “ Qtγu `W g

iµE
tγu, (5.3)

where Etγu is defined by
pEtγuqab “ 1pa,bq“pi,µq ` 1pa,bq“pµ,iq, (5.4)
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and Qtγu is a random matrix with zero pi, µq-th and pµ, iq-th entries. In particular, Qtγu is independent of
Wiµ and W g

iµ. For simplicity of notations, for any γ we denote that

T tγu :“ Gtγu, Stγu :“ Gtγ´1u, Rtγu :“ pQtγuq´1. (5.5)

With this notation, given any function f , we can write that

Ef pGq ´ Ef pGgq “
γmax
ÿ

γ“1

”

Ef
´

T tγu
¯

´ Ef
´

Stγu
¯ı

. (5.6)

We will estimate each term in the sum using resolvent expansions. More precisely, by (5.3) we have that

T tγu “
´

Qtγu `WiµE
tγu

¯´1

“

´

1`WiµR
tγuEtγu

¯´1

Rtγu.

For any fixed k P N, we can expand T tγu till order k as

T tγu “
k
ÿ

s“0

p´Wiµq
s
´

RtγuEtγu
¯s

Rtγu ` p´Wiµq
k`1

´

RtγuEtγu
¯k`1

T tγu. (5.7)

On the other hand, we can also expand Rtγu in terms of T tγu as

Rtγu “
´

1´WiµT
tγuEtγu

¯´1

T tγu “
k
ÿ

s“0

W s
iµ

´

T tγuEtγu
¯s

T tγu `W k`1
iµ

´

T tγuEtγu
¯k`1

Rtγu. (5.8)

We can get similar expansions for Stγu and Rtγu by replacing pT tγu,Wiµq with pStγu,W g
iµq. We will combine

these resolvent expansions with the Taylor expansion of f to estimate the right-hand side of (5.6). Before
doing that, we first introduced the concept of regularized resolvents in order to avoid possible singular
behaviours of the resolvents Gtγu on exceptional low-probability events.

Definition 5.1 (Regularized resolvents). For z “ E ` iη P C`, we define the regularized resolvent pGpzq as

pGpzq :“

„

Hpzq ´ zn´10

ˆ

Ip`q 0
0 0

˙´1

.

We can define pGg and pGtγu in a similar way.

The main reason for introducing the regularized resolvents is that they satisfy the deterministic bounds:

} pGpzq} ` } pGgpzq} `max
γ
} pGtγupzq} À n10η´1, for η “ Im z. (5.9)

This estimate has been proved in Lemma 3.6 of [40]. In particular, if we choose η ě n´C for a constant
C ą 0, then (5.9) justfies the assumption of Lemma 3.2 (iii), which will be used in the proof when we bound
expectations of polynomials of regularized resolvent entries.

With a standard perturbation argument, we can easily control the difference between pGpzq and Gpzq.

Claim 5.2. Suppose there exists a high probability event Ξ on which }Gpzq}max “ Op1q for z belonging to
some subset. Then we have that

}Gpzq ´ pGpzq}max ď n´8 on Ξ. (5.10)
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Proof. For t P r0, 1s, we define

Gtpzq :“

„

Hpzq ´ tzn´10

ˆ

Ip`q 0
0 0

˙´1

, with G0pzq “ Gpzq, G1pzq “ pGpzq.

Taking the derivative with respect to t, we immediately obtain that

BtGtpzq “ zn´10Gtpzq

ˆ

Ip`q 0
0 0

˙

Gtpzq. (5.11)

Thus applying Gronwall’s inequality to

}Gtpzq}max ď }Gpzq}max ` Cn
´9

ż t

0

}Gspzq}
2
maxds,

we get that max0ďtď1 }Gtpzq}max “ Op1q on Ξ. Then using (5.11) again, we get (5.10).

Note that the bound (5.10) is purely deterministic on Ξ, so we do not lose any probability in this claim.
Moreover, such a small error n´8 is negligible for our proof.

In the following proof, we use the regularized resolvents with z “ θl ` in´4. Then by (5.9), pStγu, pRtγu

and pT tγu satisfy the deterministic bounds

max
γ

max
!

}pStγupzq}, } pT tγupzq}, } pRtγupzq}
)

À n14. (5.12)

As remarked above, because of this bound, Lemma 3.2 (iii) can be used tacitly, and we will not emphasize
this fact again in the proof. Using the expansion (5.8) for a sufficiently large k (for example, k “ 100 will be

enough), |Wiµ| ă n´1{2, the anisotropic local law (3.24) for pT , and the bound (5.12) for pR, we can obtain
that for any deterministic unit vectors u,v P CI ,

max
γ

ˇ

ˇ

ˇ

A

u,
”

pRtγupzq ´Πpzq
ı

v
E
ˇ

ˇ

ˇ
ă n´1{2. (5.13)

Moreover, using the same argument as in the proof of Claim 5.2, we can easily show that

Mpθlq has the same asymptotic distribution as xMpzq, (5.14)

where xMpzq is defined as

xMpzq :“
?
nU J

”

pGpzq ´Πpzq
ı

U , z “ θl ` in´4, U :“

¨

˚

˚

˝

Ua 0 0 0
0 Ub 0 0
0 0 V 0
0 0 0 V

˛

‹

‹

‚

. (5.15)

Moreover, by replacing pG with pGg or pGtγu, we can also define xMg or xMtγu. Then we will use the following
comparison lemma to complete the proof of Theorem 2.3.

Lemma 5.3. Fix any γ “ Φpi, µq with pi, µq P Js. We abbreviate

Mtγu
R :“

?
nU J

”

pRtγupzq ´Πpzq
ı

U , z “ θl ` in´4.
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The matrices Mtγu
S and Mtγu

T are defined similarly by replacing pRtγu with pStγu and pT tγu, respectively. Let
f P C3

b pC4rˆ4rq be any function with bounded partial derivatives up to third order, and a ” an be an arbitrary
deterministic sequence of 4r ˆ 4r symmetric matrices. Then we have that

Ef
´

Mtγu
T ` a

¯

“ Ef
´

Mtγu
R ` a

¯

`

4r
ÿ

k,l“1

Qtγukl E
Bf

Bxkl

´

Mtγu
R ` a

¯

`Aγ `Oăpn
´τ0Eγq, (5.16)

and
Ef

´

Mtγu
S ` a

¯

“ Ef
´

Mtγu
R ` a

¯

`Aγ `Oăpn
´τ0Eγq, (5.17)

where Aγ satisfies Aγ ă n´τ0 , and we denote

Qtγukl :“

#

´n´1µ
p3q
x pUµkUil `UikUµlq , if µ P I3

´n´1µ
p3q
y pUµkUil `UikUµlq , if µ P I4

,

and

Eγ :“
4r
ÿ

k,l“1

2
ÿ

σ1,σ2“0

n´2`σ1{2`σ2{2|Uik|
σ1 |Uµl|

σ2 . (5.18)

Here recall that µ
p3q
x and µ

p3q
y are defined in (4.32).

Proof. The proof of this lemma is almost the same as the one for Lemma 7.13 of [26], where the main inputs
are the local laws (3.24) and (5.13), the simple identity (5.6), and the resolvent expansions (5.7) and (5.8).
The cosmetic modifications are mainly due to the fact that our local law takes a different form than the one
in Theorem 2.2 of [26]. So we ignore the details.

Combining Proposition 3.11, Proposition 4.1 and Lemma 5.3, we can conclude the proof of Theorem 2.3.

Proof of Theorem 2.3. We fix any function f P C8c pC4rˆ4rq and V satisfying (4.4) and (4.5). Using (5.16)
and (5.17), we get that

EX,Y f
´

Mtγu
T ` a

¯

“ EX,Y f
´

Mtγu
S ` a

¯

`

4r
ÿ

k,l“1

Qtγukl EX,Y
Bf

Bxkl

´

Mtγu
R ` a

¯

`Oăpn
´τ0Eγq, (5.19)

where EX,Y means the partial expectation with respect to the randomness of X, Y , Xg and Y g (for simplicity,
we did not add Xg and Y g to the subscript). Since |Uµk| ď n´1{2`ε for µ P I3 Y I4 and |Uil| ď n´τ0 for
i P Is, it is easy to check that

}Qtγu}max À mintn´3{2´τ0`ε, Eγu, for 1 ď γ ď γmax,

where Qtγu is the 4r ˆ 4r matrix with entries Qtγukl . Thus for any fixed 1 ď k, l ď 4r and 1 ď γ ď γmax,
applying (5.16) with f replaced by Bxklf , we get that

EX,Y
Bf

Bxkl

´

Mtγu
R ` a

¯

“ EX,Y
Bf

Bxkl

´

Mtγu
T ` a

¯

`Oăpn
´τ0q.

Plugging it into (5.19), we get that

EX,Y f
´

Mtγu
S ` a

¯

“ EX,Y f
´

Mtγu
T ` a

¯

´

4r
ÿ

k,l“1

Qtγukl EX,Y
Bf

Bxkl

´

Mtγu
T ` a

¯

`Oăpn
´τ0Eγq.
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On the other hand, we have the Taylor expansion

EX,Y f
´

Mtγu
T ` a´Qtγu

¯

“ EX,Y f
´

Mtγu
T ` a

¯

´

4r
ÿ

k,l“1

Qtγukl EX,Y
Bf

Bxkl

´

Mtγu
T ` a

¯

`Oăpn
´τ0Eγq.

Comparing the above two equations, we get that

EX,Y f
´

Mtγu
T ` a´Qtγu

¯

“ EX,Y f
´

Mtγu
S ` a

¯

`Oăpn
´τ0Eγq. (5.20)

We iterate (5.20) starting at γ “ 1 and a “ 0, and obtain that

EX,Y f

˜

Mpγmaxq

T ´

γmax
ÿ

γ“1

Qtγu
¸

“ EX,Y f
´

Mp0q
T

¯

`Oăpn
´τ0q, (5.21)

where we also used the bound
ř

γ Eγ “ Op1q, which can be verified directly from the definition (5.18). Now
using (4.34), we can bound that

γmax
ÿ

γ“1

Qtγu ă n´1{2.

Plugging it into (5.21), we obtain that

Ef
´

Mpγmaxq

T

¯

“ Ef
´

Mp0q
T

¯

`Oăpn
´τ0q.

This shows that xMpzq has the same asymptotic distribution as xMgpzq in the almost Gaussian case. Com-
bining this fact with (5.14), Proposition 3.11 and Proposition 4.1, we conclude (2.31) when f is smooth.
Extension to any bounded continuous f follows from a standard argument.

6 Proof of Theorem 2.4

In this section, we present the proof of Theorem 2.4 based on a comparison with the case in Theorem 2.3.
We first truncate the entries of X, Y and Z using the moment condition (2.34). Choose a constant cφ ą 0
small enough such that pn1{4´cφq8`c0 ě n2`ε0 and pn1{4´cφq4`c0 ě n1`ε0 for a constant ε0 ą 0. Then we
introduce the following truncations on the entries of X, Y and Z:

X 1ij “ 1
|Xij |ďn

´1{4´cφXij , Y 1ij “ 1
|Yij |ďn

´1{4´cφYij , Z 1ij “ 1
|Zij |ďn

´1{4´cφZij .

In other words, we restrict ourselves to the following event:

Ω :“

"

max
i,j
|Xij | ď φn,max

i,j
|Yij | ď φn,max

i,j
|Zij | ď φn

*

, with φn :“ n´1{4´cφ .

Combining the condition (2.34) with Markov’s inequality, and using a simple union bound, we get that

PpX 1 ‰ X,Y 1 ‰ Y, Z 1 ‰ Zq “ Opn´ε0q. (6.1)

Using (2.34) and integration by parts, it is easy to verify that

E |Xij | 1|Xij |ąφn “ Opn´2´ε0q, E |Xij |
2

1|Xij |ąφn “ Opn´2´ε0q,
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which implies that
|EX 1ij | “ Opn´2´ε0q, E|X 1ij |2 “ n´1 `Opn´2´ε0q. (6.2)

Moreover, we trivially have that
E|X 1ij |4 ď E|Xij |

4 “ Opn´2q.

Similar estimates also hold for the entries of Y and Z. Then we introduce the matrices

X̊ “
X 1 ´ EX 1

VarpX 111q
, Y̊ “

Y 1 ´ EY 1

VarpY 111q
, Z̊ “

Z 1 ´ EZ 1

VarpZ 111q
.

Note that by (6.2), we have the estimates

}EX 1} “ Opn´1´ε0q, VarpX 111q “ n´1
“

1`Opn´1´ε0q
‰

, (6.3)

and similar estimates also hold for }EY 1}, VarpY 111q, }EZ 1} and VarpZ 111q. Now we define the SCC matrices
C̊XY and C̊XY by replacing pX,Y, Zq with pX̊, Y̊ , Z̊q in (2.10) and (2.11). With the estimate (6.3), we can
readily bound the differences between the eigenvalues of C̊XY and those of CXY using Weyl’s inequality.

Lemma 6.1. Under the above setting, we have that

P
´
›

›

›
CXY ´ C̊XY

›

›

›
“ O

`

n´1´ε0
˘

¯

“ 1´O
`

n´ε0
˘

.

Proof. This lemma is an easy consequence of (6.3) and the singular value bounds in (6.10) and (6.11) below.
Moreover, the probability bound is due to (6.1).

By the above lemma, it suffices to prove that Theorem 2.4 holds under the following assumptions on
pX,Y, Zq, which correspond to the above setting for pX̊, Y̊ , Z̊q.

Assumption 6.2. Assume that X “ pXijq, Y “ pYijq and Z “ pZijq are independent pˆn, qˆn and rˆn
matrices, whose entries are real i.i.d. random variables satisfying (2.1), (2.2), the bounded fourth moment
condition

max
 

E|X11|
4,E|Y11|

4,E|Z11|
4
(

À n´2, (6.4)

and the following bounded support condition with φn “ n´1{4´cφ :

max

"

max
i,j
|Xij |,max

i,j
|Yij |,max

i,j
|Zij |

*

ď φn. (6.5)

Moreover, we assume that Assumption 2.1 (iii)–(iv) hold.

The local laws in Section 3.2 can be extended to the above setting. More precisely, we have proved the
following theorem in [31, 40].

Theorem 6.3. Suppose Assumption 6.2 holds.

(i) (Outliers locations: Theorem 2.9 of [31]) If ti ě tc ` n
´1{3 ` φn, then we have that

|rλi ´ θi| ă n´1{2|ti ´ tc|
1{2 ` φn|ti ´ tc|. (6.6)

On the other hand, for any i “ Op1q with ti ă tc ` n
´1{3 ` φn, we have that

|rλi ´ λ`| ă n´2{3 ` φ2
n. (6.7)
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(ii) (Anisotropic local law: Theorem 2.11 of [40] and Theorem 3.10 of [31]) For any fixed ε ą 0 and
deterministic unit vectors u,v P CI , the following estimates hold. For z P Spεq, we have that

|xu, Gpzqvy ´ xu,Πpzqvy| ă φn `Ψpzq ` pnηq´1. (6.8)

For z P Soutpεq, we have that

|xu, Gpzqvy ´ xu,Πpzqvy| ă φn ` n
´1{2pκ` ηq´1{4. (6.9)

(iii) (Eigenvalue rigidity: Theorem 2.5 of [40]) The eigenvalue rigidity estimate (3.4) holds.

(iv) (Singular value bounds: Lemma 3.3 of [40]) For any constant ε ą 0, we have that with high probability,

p1´
?
c1q

2 ´ ε ď λppSxxq ď λ1pSxxq ď p1`
?
c1q

2 ` ε, (6.10)

and
p1´

?
c2q

2 ´ ε ď λqpSyyq ď λ1pSyyq ď p1`
?
c2q

2 ` ε. (6.11)

For the above results to hold, it is not necessary to assume that the entries of X, Y and Z are identically
distributed, that is, only independence and moment conditions are needed.

Moreover, Lemma 4.3 takes the following general form.

Lemma 6.4 (Lemma 3.8 of [15]). Let pxiq, pyjq be independent families of centered independent random
variables, and pAiq, pBijq be families of deterministic complex numbers. Suppose the entries xi, yj have
variances at most n´1 and satisfy the bounded support condition (6.5). Then the following large deviation
bounds hold:

ˇ

ˇ

ˇ

ÿ

i

Aixi

ˇ

ˇ

ˇ
ă φn max

i
|Ai| `

1
?
n

´

ÿ

i

|Ai|
2
¯1{2

,
ˇ

ˇ

ˇ

ÿ

i,j

xiBijyj
ˇ

ˇ

ˇ
ă φ2

nBd ` φnBo `
1

n

´

ÿ

i‰j

|Bij |2
¯1{2

,

ˇ

ˇ

ˇ

ÿ

i

xiBiixi ´
ÿ

i

pE|xi|2qBii
ˇ

ˇ

ˇ
ă φnBd,

ˇ

ˇ

ˇ

ÿ

i‰j

xiBijxj
ˇ

ˇ

ˇ
ă φnBo `

1

n

´

ÿ

i‰j

|Bij |2
¯1{2

,

where Bd :“ maxi |Bii| and Bo :“ maxi‰j |Bij |.

Following the arguments in Section 3.3 and using Theorem 6.3, we can obtain a similar equation as (3.37):

det
“

fcpλqIr ´ diagpt1, ¨ ¨ ¨ , trq `OJErpλqO `Oăpn
´1 ` φ2

nq
‰

“ 0. (6.12)

Then using (6.12) and (6.6), as in Proposition 3.11, we can get that

ˇ

ˇ

ˇ

´

rλαpiq ´ θl

¯

´ µi

!

aptlq
“

diagpt1, ¨ ¨ ¨ , trq ´ tl ´OJErpθlqO
‰

JγplqK

ı)

ă n´1{2´ε, (6.13)

for a constant ε ą 0 depending on cφ only. Again the proof is the same as the one for Proposition 4.5 in
[27], so we omit the details. We also remark that this proof is the only place where we need to use the
well-separation condition (2.35).

With (6.12), the problem is once again reduced to the study of the CLT of M0pθlq in (3.46). Using
Lemma 6.4, we can obtain a similar estimate as in (3.32):

›

›ZZJ ´ Ir
›

› ă φn, (6.14)
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Thus similar to (4.4), we can introduce an nˆ r partial orthogonal matrix V such that

V JV “ Ir, }V ´ ZJ}F ă φn. (6.15)

With (6.15) and (6.9), we can check that

}Mpθlq ´M0pθlq} ă
?
nφ2

n ď n´2cφ ,

where the matrix M is defined in (4.7). Thus to prove Theorem 2.4, it suffices to prove the CLT for Mpθlq.
As in Section 5, to avoid singular behaviours of the resolvents on exceptional low-probability events, we
will use the regularized resolvent pGpzq in Definition 5.1 with z “ θl ` in´4 throughout the rest of the proof.
However, for simplicity of notations, we still use the notation Gpzq to denote the regularized resolvents in the
following proof, while keeping in mind that the bound (5.12) will hold for all the resolvent entries appearing
below and hence Lemma 3.2 (iii) can be applied without worry. Finally, we remark that the rest of the proof
will be conditional on Z and V , i.e. they are regarded as deterministic matrices unless specified otherwise.

Given any random matrices X and Y satisfying Assumption 6.2, we can construct matrices rX and rY ,
whose entries match the first four moments of the entries of X and Y but with smaller support n´1{2.

Lemma 6.5 (Lemma 5.1 of [29]). Suppose X, Y and Z satisfy Assumption 6.2. Then there exist independent

random matrices rX “ p rXijq, rY “ prYijq and rZ “ p rZijq satisfying Assumption 6.2, such that the condition
(6.5) holds with φn replaced by n´1{2. Moreover, they satisfy the following moment matching conditions:

EXk
ij “ E rXk

ij , EY kij “ ErY kij , EZkij “ E rZkij , k “ 1, 2, 3, 4. (6.16)

Note that rX, rY and rZ satisfy the setting of Theorem 2.3. By replacing pX,Y q with p rX, rY q in (3.6), (3.7)

and (4.7), We can define rHpzq, rGpzq and ĂMpzq. In Section 5, we have proved the CLT for ĂMpθlq. The rest

of the proof is devoted to showing that Mpθlq has the same asymptotic distribution as ĂMpθlq.

Proposition 6.6. Suppose Assumption 6.2 holds. Let rX and rY be two random matrices constructed as in
Lemma 6.5. Then there exists a constant ε ą 0 such that for any function f P C8c pC4rˆ4rq, we have

Ef pMpzqq “ EfpĂMpzqq `Opn´εq, for z “ θl ` in´4.

To prove this proposition, we will use the continuous comparison method introduced in [28]. We first

introduce the following interpolation between pX,Y q and p rX, rY q.

Definition 6.7 (Interpolating matrices). Introduce the notations X0 :“ rX and X1 :“ X. Let ρ0
iµ and ρ1

iµ

be the laws of rXiµ and Xiµ, respectively. For θ P r0, 1s, we define the interpolated law

ρθiµ :“ p1´ θqρ0
iµ ` θρ

1
iµ.

Let tXθ : θ P p0, 1qu be a collection of random matrices such that the following properties hold. For any fixed
θ P p0, 1q, pX0, Xθ, X1q is a triple of independent I1 ˆ I3 random matrices, and the matrix Xθ “ pXθ

iµq has
law

ź

iPI1

ź

µPI3

ρθiµ
`

dXθ
iµ

˘

. (6.17)

Note that we do not require Xθ1 to be independent of Xθ2 for θ1 ‰ θ2 P p0, 1q. For λ P R, i P I1 and µ P I3,

we define the matrix Xθ,λ
piµq through

´

Xθ,λ
piµq

¯

jν
:“

#

Xθ
iµ, if pj, νq ‰ pi, µq

λ, if pj, νq “ pi, µq
. (6.18)
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In a similar way, we can define the collection of random matrices tY θ : θ P r0, 1su for all θ P r0, 1s with

Y 0 :“ rY and Y 1 :“ Y . We require that for any fixed θ P p0, 1q, Y θ is independent of pX0, Xθ, X1, Y 0, Y 1q.

For λ P R, i P I2 and µ P I4, we define Y θ,λ
piµq in the same way as (6.18). We also introduce the resolvents

Gθpzq :“ G
`

Xθ, Y θ, z
˘

, Gθ,λ
piµqpzq :“

$

&

%

G
´

Xθ,λ
piµq, Y

θ, z
¯

, if i P I1, µ P I3

G
´

Xθ, Y θ,λ
piµq, z

¯

, if i P I2, µ P I4

.

Using (6.17) and fundamental calculus, it is easy to derive the following basic interpolation formula.

Lemma 6.8. For any differentiable function F : CI1ˆI3 ˆ CI2ˆI4 Ñ C, we have that

d

dθ
EF pXθ, Y θq “

ÿ

iPI1,µPI3

„

EF
ˆ

X
θ,X1

iµ

piµq , Y θ
˙

´ EF
ˆ

X
θ,X0

iµ

piµq , Y θ
˙

`
ÿ

iPI2,µPI4

„

EF
ˆ

Xθ, Y
θ,Y 1

iµ

piµq

˙

´ EF
ˆ

Xθ, Y
θ,Y 0

iµ

piµq

˙

,

(6.19)

provided all the expectations exist.

We shall apply Lemma 6.8 to F pXθ, Y θq “ fpM
`

Xθ, Y θ, z
˘

q for the function f in Proposition 6.6, where

M
`

Xθ, Y θ, z
˘

is defined by replacing Gpzq ” GpX,Y, zq with Gθpzq ” GpXθ, Y θ, zq. The main work is to
show the following estimate for the right-hand side of (6.19).

Lemma 6.9. Under the assumptions of Proposition 6.6, there exists a constant ε ą 0 such that

ÿ

iPI1

ÿ

µPI3

„

Ef
ˆ

M
ˆ

X
θ,X1

iµ

piµq , Y θ
˙˙

´ Ef
ˆ

M
ˆ

X
θ,X0

iµ

piµq , Y θ
˙˙

“ Opn´εq, (6.20)

and
ÿ

iPI2

ÿ

µPI4

„

Ef
ˆ

M
ˆ

Xθ, Y
θ,Y 1

iµ

piµq

˙˙

´ Ef
ˆ

M
ˆ

Xθ, Y
θ,Y 0

iµ

piµq

˙˙

“ Opn´εq, (6.21)

for all θ P r0, 1s.

Combining Lemma 6.8 and Lemma 6.9, we conclude Proposition 6.6. The proof of Lemma 6.9 is based
on an expansion approach. As in (5.7) and (5.8), for any i P I1, µ P I3, λ, λ1 P R and K P N, we have the
resolvent expansion

Gθ,λ
1

piµq “ Gθ,λ
piµq `

K
ÿ

k“1

pλ´ λ1qkGθ,λ
piµq

´

Eti,µuGθ,λ
piµq

¯k

` pλ´ λ1qK`1Gθ,λ
1

piµq

´

Eti,µuGθ,λ
piµq

¯K`1

, (6.22)

where Eti,µu is the matrix defined by pEti,µuqab “ 1pa,bq“pi,µq ` 1pa,bq“pµ,iq as in (5.4). With this expansion,
we can readily obtain the following estimate: if y is a random variable satisfying |y| ď φn, then for any
deterministic unit vectors u,v P CI , we have that

A

u,
”

Gθ,y
piµqpzq ´Πpzq

ı

v
E

ă φn, z “ θl ` in´4. (6.23)

In fact, to prove this estimate, we will apply the expansion (6.22) for a sufficiently large K, say K “ 100,
with λ1 “ y and λ “ Xθ

iµ, so that Gθ,λ
piµq “ Gθ. Then to bound the resulting expansion on the right-hand side

of (6.22), we will use y ď φn, |Xθ
iµ| ď φn, the anisotropic local law (6.9) for Gθ, and the rough bound as in

(5.12) for Gθ,y
piµq in the last term.
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Proof Lemma 6.9. We only give the proof of (6.20), while (6.21) obviously can be proved in the same way.
For simplicity of notations, we only provide the proof for a simpler version of (6.20),

ÿ

iPI1

ÿ

µPI3

„

Ef
ˆ

M

ˆ

X
θ,X1

iµ

piµq , Y θ
˙˙

´ Ef
ˆ

M

ˆ

X
θ,X0

iµ

piµq , Y θ
˙˙

“ Opn´εq, (6.24)

where M is defined as
MpX,Y q :“

?
nxu, pGpX,Y, zq ´Πpzqqvy

for some deterministic unit vectors u,v P CI satisfying that

max
µPI3YI4

|upµq| ă φn, max
µPI3YI4

|vpµq| ă φn. (6.25)

The proof for (6.20) is exactly the same, except that we need to use multivariable Taylor expansions. Here
the condition (6.25) is due to the corresponding bound on V ,

}V }max ď }V ´ Z}max ` }Z}max ă φn

by (6.15) and the bounded support condition in (6.5).
In the following proof, for simplicity of notations, we fix a θ P r0, 1s and denote Mpiµqpλq :“MpXθ,λ

piµqq

while ignoring Y θ from the argument. Recall that φn “ n´1{4´cφ . Using (6.22) with K “ 9 and the local
law (6.23), we get that for a random variable y satisfying |y| ď φn,

Mpiµqpyq ´Mpiµqp0q “
9
ÿ

k“1

n1{2p´yqkxkpi, µq `Oăpn
´2´10cφq, (6.26)

where
xkpi, µq :“

@

u, Gθ,0
piµq

`

Eti,µuGθ,0
piµq

˘k
v
D

.

By (6.23), we have xkpi, µq ă 1 for k ě 1. On the other hand, for k “ 1, using (6.23) and (6.25) we can get
a better bound

x1pi, µq “
@

u, Gθ,0
piµqE

ti,µuGθ,0
piµq v

D

“
@

u,ΠEti,µuΠ v
D

`Oăpφnq ă φn. (6.27)

Combining this bound with |y| ď φn, from (6.26) we immediately obtain the rough bound

Mpiµqpyq ´Mpiµqp0q ă n1{2φ2
n ď n´2cφ . (6.28)

Now fix an integer K ě 1{cφ. Using (6.26) and (6.28), the Taylor expansion of f up to the K-th order
gives that for α P t0, 1u,

Ef
`

MpiµqpX
α
iµq

˘

´ Ef
`

Mpiµqp0q
˘

“

K
ÿ

k“1

E
f pkq

`

Mpiµqp0q
˘

k!

«

9
ÿ

l“1

n1{2p´Xα
iµq

lxlpi, µq

ffk

`Oă

`

n´2´2cφ
˘

“

K
ÿ

k“1

K`2k
ÿ

s“1

ÿ̊

s

nk{2Ep´Xα
iµq

sE
f pkq

`

Mpiµqp0q
˘

k!

k
ź

l“1

xslpi, µq `Oă

`

n´2´2cφ
˘

,

where
ř˚

s means the sum over s “ ps1, ¨ ¨ ¨ , skq P Nk satisfying

1 ď si ď 9,
k
ÿ

l“1

l ¨ sl “ s. (6.29)
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Here for the terms with s ą K ` 2k, we have nk{2Ep´Xα
iµq

s ď n´2´2cφ , so they are included into the errors.
Now using the moment matching condition (6.16), we get that

ˇ

ˇEf
`

MpiµqpX
1
iµq

˘

´ Ef
`

MpiµqpX
0
iµq

˘
ˇ

ˇ ă

K
ÿ

k“1

K`2k
ÿ

s“5

ÿ̊

s

nk{2´2φs´4
n E

ˇ

ˇ

ˇ

k
ź

l“1

xslpi, µq
ˇ

ˇ

ˇ
` n´2´2cφ ,

where we used that E|Xα
iµ|

s ď φs´4
n E|Xα

iµ|
4 À φs´4

n n´2 for s ě 5. Thus to show (6.24), we only need to

prove that for any fixed s ě 5 and s P Nk satisfying (6.29),

ÿ

iPI1

ÿ

µPI3

nk{2´2φs´4
n E

ˇ

ˇ

ˇ

k
ź

l“1

xslpi, µq
ˇ

ˇ

ˇ
ă n´ε (6.30)

for some constant ε ą 0. For the proof of (6.30), we will consider three different cases. To ease the notation,
we introduce the following notion of generalized entries.

Definition 6.10 (Generalized entries). For v,w P CI , a P I and an I ˆ I matrix A, we shall denote

Avw :“ xv,Awy, Ava :“ xv,Aeay, Aaw :“ xea,Awy, (6.31)

where ea is the standard unit vector along the a-th coordinate axis.

Case 1: Suppose sl ě 2 for all l “ 1, ¨ ¨ ¨ , k. Then we have s ě maxt2k, 5u and

nk{2´2φs´4
n “ n´2`k{2´ps´4q{4n´ps´4qcφ ď n´1´cφ . (6.32)

On the other hand, using (6.22) with K “ 0 and (6.23), we get that

ˇ

ˇ

@

ei, G
θ,0
piµq u

D
ˇ

ˇ ď
ˇ

ˇGθiu
ˇ

ˇ`
ˇ

ˇXθ
iµ

ˇ

ˇ

`
ˇ

ˇ

@

ei, G
θ,0
piµqei

D
ˇ

ˇ

ˇ

ˇGθµu

ˇ

ˇ`
ˇ

ˇ

@

ei, G
θ,0
piµqeµ

D
ˇ

ˇ

ˇ

ˇGθiu
ˇ

ˇ

˘

ă
ˇ

ˇGθiu
ˇ

ˇ` φn
ˇ

ˇGθµu

ˇ

ˇ . (6.33)

Similarly, we have that
ˇ

ˇ

@

eµ, G
θ,0
piµq u

D
ˇ

ˇ ă
ˇ

ˇGθµu

ˇ

ˇ` φn
ˇ

ˇGθiu
ˇ

ˇ . (6.34)

Inserting (6.33) and (6.34) into the definition of xlpi, µq, we immediately get that

|xlpi, µq| ă
ˇ

ˇGθiu
ˇ

ˇ

2
`
ˇ

ˇGθiv
ˇ

ˇ

2
`
ˇ

ˇGθµu

ˇ

ˇ

2
`
ˇ

ˇGθµv

ˇ

ˇ

2
, l ě 1. (6.35)

We claim that for any deterministic unit vector u P CI ,

ÿ

iPI1

ˇ

ˇGθiu
ˇ

ˇ

2
ă 1,

ÿ

µPI3

ˇ

ˇGθµu

ˇ

ˇ

2
ă 1. (6.36)

We postpone its proof until we complete the proof of Lemma 6.9. Combining (6.32), (6.35) and (6.36), we
can bound that

ÿ

iPI1

ÿ

µPI3

nk{2´2φs´4
n E

ˇ

ˇ

ˇ

k
ź

l“1

xslpi, µq
ˇ

ˇ

ˇ
ă

ÿ

iPI1

ÿ

µPI3

n´1´cφ
´

ˇ

ˇGθiu
ˇ

ˇ

2
`
ˇ

ˇGθiv
ˇ

ˇ

2
`
ˇ

ˇGθµu

ˇ

ˇ

2
`
ˇ

ˇGθµv

ˇ

ˇ

2
¯

ă n´cφ .

Case 2: Suppose there are at least two l’s such that sl “ 1. Without loss of generality, we assume that
s1 “ s2 “ ¨ ¨ ¨ “ sj “ 1 for some 2 ď j ď k. Then we have s ě maxt2k ´ j, 5u, which gives that

nk{2´2φs´4
n E

ˇ

ˇ

ˇ

k
ź

l“1

xslpi, µq
ˇ

ˇ

ˇ
ă nk{2´2φs´4

n φj´2
n |x1pi, µq|

2 ď n´1{2´cφ |x1pi, µq|
2. (6.37)
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where in the second step we used

nk{2´2φs`j´6
n “ n´2`k{2´ps`j´6q{4n´ps`j´6qcφ ď n´1{2´cφ .

Applying (6.33) and (6.34) to (6.27), we can bound that

|x1pi, µq| ă
`
ˇ

ˇGθiu
ˇ

ˇ` φn
ˇ

ˇGθµu

ˇ

ˇ

˘ `
ˇ

ˇGθµv

ˇ

ˇ` φn
ˇ

ˇGθiv
ˇ

ˇ

˘

`
`
ˇ

ˇGθµu

ˇ

ˇ` φn
ˇ

ˇGθiu
ˇ

ˇ

˘ `
ˇ

ˇGθiv
ˇ

ˇ` φn
ˇ

ˇGθµv

ˇ

ˇ

˘

À
ˇ

ˇGθiu
ˇ

ˇ

ˇ

ˇGθµv

ˇ

ˇ`
ˇ

ˇGθµu

ˇ

ˇ

ˇ

ˇGθiv
ˇ

ˇ` φn

´

ˇ

ˇGθiu
ˇ

ˇ

2
`
ˇ

ˇGθiv
ˇ

ˇ

2
`
ˇ

ˇGθµu

ˇ

ˇ

2
`
ˇ

ˇGθµv

ˇ

ˇ

2
¯

. (6.38)

Now using (6.36) and (6.38), we get that

ÿ

iPI1

ÿ

µPI3

|x1pi, µq|
2 ă

ÿ

iPI1

ÿ

µPI3

”

ˇ

ˇGθiu
ˇ

ˇ

2 ˇ
ˇGθµv

ˇ

ˇ

2
`
ˇ

ˇGθµu

ˇ

ˇ

2 ˇ
ˇGθiv

ˇ

ˇ

2
` φ2

n

´

ˇ

ˇGθiu
ˇ

ˇ

4
`
ˇ

ˇGθiv
ˇ

ˇ

4
`
ˇ

ˇGθµu

ˇ

ˇ

4
`
ˇ

ˇGθµv

ˇ

ˇ

4
¯ı

ă 1` nφ2
n.

Combining this bound with (6.37), we get that

ÿ

iPI1

ÿ

µPI3

nk{2´2φs´4
n E

ˇ

ˇ

ˇ

k
ź

l“1

xslpi, µq
ˇ

ˇ

ˇ
ă n´1{2´cφ ¨ nφ2

n ď n´3cφ .

Case 3: Finally, suppose there is only one l such that sl “ 1. Without loss of generality, we assume that
s1 “ 1 and sl ě 2 for l “ 2, ¨ ¨ ¨ , k. Thus we have s ě maxt2k ´ 1, 5u, which gives that

nk{2´2φs´4
n E

ˇ

ˇ

ˇ

k
ź

l“1

xslpi, µq
ˇ

ˇ

ˇ
ă nk{2´2φs´4

n |x1pi, µq|
´

ˇ

ˇGθiu
ˇ

ˇ

2
`
ˇ

ˇGθiv
ˇ

ˇ

2
`
ˇ

ˇGθµu

ˇ

ˇ

2
`
ˇ

ˇGθµv

ˇ

ˇ

2
¯

ď n´3{4´cφ
`
ˇ

ˇGθiu
ˇ

ˇ

ˇ

ˇGθµv

ˇ

ˇ`
ˇ

ˇGθµu

ˇ

ˇ

ˇ

ˇGθiv
ˇ

ˇ

˘

´

ˇ

ˇGθiu
ˇ

ˇ

2
`
ˇ

ˇGθiv
ˇ

ˇ

2
`
ˇ

ˇGθµu

ˇ

ˇ

2
`
ˇ

ˇGθµv

ˇ

ˇ

2
¯

` n´3{4´cφφn

´

ˇ

ˇGθiu
ˇ

ˇ

4
`
ˇ

ˇGθiv
ˇ

ˇ

4
`
ˇ

ˇGθµu

ˇ

ˇ

4
`
ˇ

ˇGθµv

ˇ

ˇ

4
¯

, (6.39)

where in the first step we used (6.35), and in the second step we used (6.38) and

nk{2´2φs´4
n “ n´2`k{2´ps´4q{4n´ps´4qcφ ď n´3{4´cφ .

Applying (6.36) and Cauchy-Schwarz inequality to (6.39), we get that

ÿ

iPI1

ÿ

µPI3

nk{2´2φs´4
n E

ˇ

ˇ

ˇ

k
ź

l“1

xslpi, µq
ˇ

ˇ

ˇ
ă n´2cφ .

Combining the above three cases, we conclude (6.30) with ε “ cφ, which further implies (6.24). With
similar arguments, we can conclude (6.20) and (6.21).

Proof of (6.36). (6.36) is a simple corollary of the spectral decomposition of the resolvent. First, recalling
the notations in (2.12), we define

H :“ S´1{2
xx SxyS

´1{2
yy , (6.40)

and the resolvent

Rpzq :“

ˆ

R1 ´z´1{2R1H
´z´1{2HJR1 R2

˙

,
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where the two blocks R1 and R2 are defined as

R1pzq :“ pCXY ´ zq´1
“

`

HHJ ´ z
˘´1

, R2pzq :“ pCY X ´ zq´1
“

`

HJH´ z
˘´1

. (6.41)

Consider a singular value decomposition of H:

H “

q
ÿ

k“1

a

λkξkζ
J
k , (6.42)

where λk’s are the eigenvalues of the null SCC matrix CXY , and ξk’s and ζk’s are respectively the left and
right singular vectors. Then the singular value decomposition Rpzq is given by

R pzq “
q
ÿ

k“1

1

λk ´ z

ˆ

ξkξ
J
k ´z´1{2

?
λkξkζ

J
k

´z´1{2
?
λkζkξ

J
k ζkζ

J
k

˙

´
1

z

ˆ řp
k“q`1 ξkξ

J
k 0

0 0

˙

. (6.43)

Next, we denote the pI1Y I2qˆ pI1Y I2q block of Gpzq by GLpzq, the pI1Y I2qˆ pI3Y I4q block by GLRpzq,
the pI3 Y I4q ˆ pI1 Y I2q block by GRLpzq, and the pI3 Y I4q ˆ pI3 Y I4q block by GRpzq. Using Schur
complement formula, we can check that

GL “

˜

S
´1{2
xx 0

0 S
´1{2
yy

¸

Rpzq

˜

S
´1{2
xx 0

0 S
´1{2
yy

¸

, (6.44)

GR “
ˆ

zIn z1{2In
z1{2In zIn

˙

`

ˆ

zIn z1{2In
z1{2In zIn

˙ˆ

XJ 0
0 Y J

˙

GL
ˆ

X 0
0 Y

˙ˆ

zIn z1{2In
z1{2In zIn

˙

, (6.45)

GLRpzq “ ´GLpzq
ˆ

X 0
0 Y

˙ˆ

zIn z1{2In
z1{2In zIn

˙

, GRLpzq “ ´
ˆ

zIn z1{2In
z1{2In zIn

˙ˆ

XJ 0
0 Y J

˙

GLpzq. (6.46)

Using the rigidity estimate (3.4) given in Theorem 6.3 (iii), we get that

min
1ďkďp

|λk ´ z| Á 1, z “ θl ` in´4. (6.47)

Combining it with the SVD (6.43), we see that }Rpzq} “ Op1q with high probability. Then using (6.44)–
(6.46) and (6.10)–(6.11), we obtain that }Gpzq} “ Op1q with high probability. Thus we have that for any
unit vector u P CI ,

ÿ

aPI
|Gau|

2
ď }GG˚} “ Op1q with high probability, (6.48)

where G˚ denotes the conjugate transpose of G. If G ” pG is the regularized resolvent, then we can apply
Claim 5.2 to get that

ÿ

aPI

ˇ

ˇ

ˇ

pGau

ˇ

ˇ

ˇ

2

“ Op1q with high probability.

The above argument obviously also works for the resolvent Gθ, which concludes (6.36).

Finally, we can complete the proof of Theorem 2.4 using Proposition 6.6.

Proof of Theorem 2.4. First, suppose X, Y and Z satisfy Assumption 6.2, and let rX, rY and rZ be random
matrices constructed in Lemma 6.5. Then Theorem 2.4 holds for the SCC matrix defined with p rX, rY , rZq,
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because they satisfy the assumptions of Theorem 2.3. By Proposition 6.6 (recall that it is proved for the
regularized resolvents following the convention stated above Lemma 6.5), we have that asymptotically

xMpzq
d
„

y

ĄMpzq.

By the argument in the proof of Claim 5.2, this implies that Mpθlq and ĂMpθlq also have the same asymptotic
distribution. Moreover, by classical CLT the asymptotic distribution of

?
n
`

ZZJ ´ Ir
˘

is still given by (3.45),
which only depends on the first four moments of the entries of Z. Hence by (6.13) we can conclude Theorem
2.4 for the SCC matrix defined with pX,Y, Zq satisfying Assumption 6.2. Finally, using the cut-off argument
at the beginning of this section and Lemma 6.1, we conclude Theorem 2.4.

A Proof of Lemma 4.5

In this section, we give the proof of Lemma 4.5, which is one key result in the proof of Theorem 2.3. Under
the setting of Lemma 4.5, we need to study the CLT of the following matrix:

Q0 : “
?
nV J

0

´

GpTq ´ΠpTq
¯

V0, V0 ”

¨

˚

˚

˝

0 0 V1 0
0 0 0 V2

V3 0 0 0
0 V4 0 0

˛

‹

‹

‚

:“ F O .

It is easy to check that the matrices V1, V2, V3 and V4 are respectively pp´ rrq ˆ r, pq´ rrq ˆ r, pn´ rq ˆ r
and pn´ rq ˆ r random matrices independent of GpTq, and satisfy that with high probability,

VJ
1 V1 “ c1Ir `Oăpn

´1{2q, VJ
2 V2 “ c2Ir `Oăpn

´1{2q, (A.1)

VJ
3 V3 “ Ir `Oăpn

´1{2`2τ0q, VJ
4 V4 “ Ir `Oăpn

´1{2`2τ0q, VJ
3 V4 “ Oăpn

´1{2`2τ0q. (A.2)

These conditions all follow from (4.17) and (4.10). For simplicity of notations, we permute the columns of
V0 and study the CLT of

ˆ

0 I2r
I2r 0

˙

?
nV J

0 pG
pTq ´ΠqV0

ˆ

0 I2r
I2r 0

˙

(A.3)

Moreover, with a slight abuse of notation, we rename the Gaussian matrices pXpTq, Y pTqq in GpTq as pX,Y q,
and study the CLT of the following matrix:

Q : “
?
nV J rGpX,Y q ´ΠsV , V :“ V0

ˆ

0 I2r
I2r 0

˙

“

¨

˚

˚

˝

V1 0 0 0
0 V2 0 0
0 0 V3 0
0 0 0 V4

˛

‹

‹

‚

,

under the conditions (A.1) and (A.2). Since |T| À n2τ0 , we have pn ´ |T|q{n “ 1 ` Opn´1`2τ0q, where
Opn´1`2τ0q is a negligible error. Hence without loss of generality, we still assume that the dimensions of X
and Y are pˆ n and q ˆ n in order to simplify the notations.

For 1 ď a ď 4r, we denote the a-th column vector of V by va. With the Cramér-Wold device, it suffices
to prove that

QΛ :“
?
n

ÿ

1ďaďbď4r

λabQab “
?
n
ÿ

aďb

λabpG´Πqva vb

is asymptotically Gaussian for any fixed vector of parameters denoted by Λ :“ pλabqaďb. Note that by (3.24),
we have the rough bound |QΛ| ă 1. For our purpose, it suffices to show that the moments of QΛ match
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those of a centered Gaussian random variable asymptotically. This follows immediately from the following
claims: (i) the mean of QΛ satisfies

EQΛ “ op1q, (A.4)

and (ii) for any fixed integer k ě 2, we have that

EQkΛ “ pk ´ 1qs2
ΛEQk´2

Λ ` op1q (A.5)

for some deterministic parameter s2
Λ. Moreover, the covariances of Q can be determined from s2

Λ as a function
of Λ. Once again, to avoid singular behaviours of the resolvents on exceptional low-probability events, we
will use the regularized resolvent pGpzq in Definition 5.1 with z “ θl` in´4, and prove the CLT for pQpzq with
Gpθlq replaced by pGpzq. The argument in the proof of Claim 5.2 then allows us to show that Qpθlq satisfies
the same asymptotic distribution. However, for simplicity of notations, we still use the notations Gpzq and
QΛpzq in the following proof, while keeping in mind that the bound (5.12) holds for all resolvents in the
proof, and hence Lemma 3.2 (iii) can be applied without worry.

Our main tool for the proof of (A.4) and (A.5) is the conventional Gaussian integration by parts. Using

the identity pHG “ I and equation (3.19), we get that

G´Π “ Π
´

Π´1 ´ pH
¯

G “ Π

»

—

—

–

´pm3c ` zn
´10qIp 0 ´X 0

0 ´pm4c ` zn
´10qIq 0 ´Y

´XJ 0 ´m1cIn 0
0 ´Y J 0 ´m2cIn

fi

ffi

ffi

fl

G. (A.6)

We first prove (A.4). With (A.6), we can write that

EQΛ :“
?
n
ÿ

aďb

λabEQab “
?
n
ÿ

aďb

λabE

»

—

—

–

¨

˚

˚

˝

´m3cIp 0 0 0
0 ´m4cIq 0 0
0 0 ´m1cIn 0
0 0 0 ´m2cIn

˛

‹

‹

‚

G

fi

ffi

ffi

fl

wa vb

´
?
n
ÿ

aďb

λabE

»

—

—

–

¨

˚

˚

˝

0

ˆ

X 0
0 Y

˙

ˆ

XJ 0
0 Y J

˙

0

˛

‹

‹

‚

G

fi

ffi

ffi

fl

wa vb

`Opn´9q, (A.7)

where we have abbreviated wa :“ Π va. For the sum in line (A.7), we expand it as

E

»

—

—

–

¨

˚

˚

˝

0

ˆ

X 0
0 Y

˙

ˆ

XJ 0
0 Y J

˙

0

˛

‹

‹

‚

G

fi

ffi

ffi

fl

wa vb

“ ´
?
nE

ÿ

iPI1,µPI3

Xiµ rwapiqGµvb `wapµqGivbs ´
?
nE

ÿ

jPI2,νPI4

Yjν rwapjqGν vb `wapνqGj vbs

“ n´1{2E
ÿ

iPI1,µPI3

wapiq rGµµGivb `GµiGµvbs ` n
´1{2E

ÿ

iPI1,µPI3

wapµq rGiiGµvb `GiµGivbs

` n´1{2E
ÿ

jPI2,νPI4

wapjq rGννGj vb `GνjGν vbs ` n
´1{2E

ÿ

jPI2,νPI4

wapνq rGjjGν vb `GjνGj vbs , (A.8)

where in the second step we used Gaussian integration by parts with respect to Xiµ and Yjν ,

EXiµfpXiµq “ n´1Ef 1pXiµq, EYjνfpYjνq “ n´1Ef 1pYjνq,
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and the identities

BGuv

BXiµ
“ ´Gu iGµv ´GuµGiv,

BGuv

BYjν
“ ´Gu jGν v ´Gu νGj v, (A.9)

for any vectors u,v P CI . With the notations in (3.9), we can rewrite (A.8) as

(A.8) “
?
nE

»

—

—

–

¨

˚

˚

˝

m3Ip 0 0 0
0 m4Iq 0 0
0 0 m1In 0
0 0 0 m2In

˛

‹

‹

‚

G

fi

ffi

ffi

fl

wa vb

` n´1{2E rxwa, J1GJ3Gvby ` xwa, J3GJ1Gvbys ` n
´1{2E rxwa, J2GJ4Gvby ` xwa, J4GJ2Gvbys ,

(A.10)

where we define the matrices Jα as the block identity matrices,

pJαqab “ δab1aPIα , α “ 1, 2, 3, 4. (A.11)

We claim that
4

max
α“1

|mαpzq ´mαcpzq| ă n´2{3, (A.12)

whose proof will be postponed until we complete the proof of Lemma 4.5. Moreover, GJαG, α “ 1, 2, 3, 4,
satisfy the anisotropic local laws in Theorem A.1 below, which implies that for any deterministic unit vectors
u,v P CI ,

|xu, GJαGvy| “ Oăp1q, α “ 1, 2, 3, 4. (A.13)

Now plugging (A.10) into (A.7) and using (A.12) and (A.13), we obtain that

EQΛ “ Oăpn
´1{6q, (A.14)

which concludes (A.4).
It remains to prove (A.5). With (A.6), we expand EQkΛ as

EQkΛ “E
?
n
ÿ

aďb

λabE

»

—

—

–

Π

¨

˚

˚

˝

´m3cIp 0 ´X 0
0 ´m4cIq 0 ´Y

´XJ 0 ´m1cIn 0
0 ´Y J 0 ´m2cIn

˛

‹

‹

‚

G

fi

ffi

ffi

fl

va vb

Qk´1
Λ `Opn´9q

“
?
n
ÿ

aďb

λabE

»

—

—

–

¨

˚

˚

˝

´m3cIp 0 0 0
0 ´m4cIq 0 0
0 0 ´m1cIn 0
0 0 0 ´m2cIn

˛

‹

‹

‚

G

fi

ffi

ffi

fl

wa vb

Qk´1
Λ `Opn´9q (A.15)

´
?
nE

ÿ

aďb

λab
ÿ

iPI1,µPI3

wapiqXiµGµvbQ
k´1
Λ ´

?
nE

ÿ

aďb

λab
ÿ

jPI2,νPI4

wapjqYjνGν vbQ
k´1
Λ (A.16)

´
?
nE

ÿ

aďb

λab
ÿ

iPI1,µPI3

wapµqXiµGivbQ
k´1
Λ ´

?
nE

ÿ

aďb

λab
ÿ

jPI2,νPI4

wapνqYjνGj vbQ
k´1
Λ . (A.17)

Then we apply Gaussian integration by parts to the terms in (A.16) and (A.17). First, as we have seen in
the k “ 1 case, the terms containing BXiµGµvb , BXiµGivb , BYjνGν vb and BYjνGj vb will cancel the first term

in (A.15), leaving an error of order Oăpn
´1{6q as in (A.14). Thus we get that

EQkΛ “´ n´1{2
ÿ

aďb

λabE
ÿ

iPI1,µPI3,

wapiqGµvb

BQk´1
Λ

BXiµ
´ n´1{2

ÿ

aďb

λabE
ÿ

jPI2,νPI4

wapjqGν vb

BQk´1
Λ

BYjν
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´ n´1{2
ÿ

aďb

λabE
ÿ

iPI1,µPI3

wapµqGivb
BQk´1

Λ

BXiµ
´ n´1{2

ÿ

aďb

λabE
ÿ

jPI2,νPI4

wapνqGj vb
BQk´1

Λ

BYjν
`Oăpn

´1{6q

“ ´ pk ´ 1q
ÿ

aďb,a1ďb1

λabλa1b1E
ÿ

iPI1,µPI3

wapiqGµvb

BGva1 vb1

BXiµ
Qk´2

Λ (A.18)

´ pk ´ 1q
ÿ

aďb,a1ďb1

λabλa1b1E
ÿ

jPI2,νPI4

wapjqGν vb

BGva1 vb1

BYjν
Qk´2

Λ (A.19)

´ pk ´ 1q
ÿ

aďb,a1ďb1

λabλa1b1E
ÿ

iPI1,µPI3

wapµqGivb
BGva1 vb1

BXiµ
Qk´2

Λ (A.20)

´ pk ´ 1q
ÿ

aďb,a1ďb1

λabλa1b1E
ÿ

jPI2,νPI4

wapνqGj vb
BGva1 vb1

BYjν
Qk´2

Λ `Oăpn
´1{6q. (A.21)

To calculate the terms (A.18)–(A.21), we need to use the anisotropic local laws of GJαG, α “ 1, 2, 3, 4.
We first define the deterministic matrix limits of GJαG:

Γpαqpzq :“

»

—

—

—

—

–

˜

γ
pαq
1 pzqIp 0

0 γ
pαq
2 pzqIq

¸

0

0

˜

γ
pαq
3 pzqIn hαpzqIn

hαpzqIn γ
pαq
4 pzqIn

¸

fi

ffi

ffi

ffi

ffi

fl

, α “ 1, 2, 3, 4, (A.22)

where the γ functions are defined by

γ
p1q
1 :“

p1´ c1q
´1f2

c

m2
3cpf

2
c ´ t

2
cq
, γ

p1q
2 :“

c´1
2 t2c

h2pf2
c ´ t

2
cq
, γ

p1q
3 :“

p1´ c1q
´1f2

c

f2
c ´ t

2
c

´ 1, γ
p1q
4 :“

c´1
2 m2

4ct
2
c

h2pf2
c ´ t

2
cq
,

γ
p2q
1 :“

c´1
1 t2c

h2pf2
c ´ t

2
cq
, γ

p2q
2 :“

p1´ c2q
´1f2

c

m2
4cpf

2
c ´ t

2
cq
, γ

p2q
3 :“

c´1
1 m2

3ct
2
c

h2pf2
c ´ t

2
cq
, γ

p2q
4 :“

p1´ c2q
´1f2

c

f2
c ´ t

2
c

´ 1,

γ
p3q
1 :“ c´1

1 γ
p1q
3 , γ

p3q
2 :“ c´1

2 γ
p2q
3 , γ

p3q
3 :“ c´1

1 m2
3cγ

p1q
3 , γ

p3q
4 :“

c´1
1 c´1

2 h2t2cf
2
c

f2
c ´ t

2
c

,

γ
p4q
1 :“ c´1

1 γ
p1q
4 , γ

p4q
2 :“ c´1

2 γ
p2q
4 , γ

p4q
3 :“ γ

p3q
4 , γ

p4q
4 :“ c´1

2 m2
4cγ

p2q
4 .

(A.23)

On the other hand, the functions hα are defined by

hαpzq :“ z1{2h2pzq
!

c1γ
pαq
1 pzq r1` p1´ zqm2cpzqs ` c2γ

pαq
2 pzq r1` p1´ zqm1cpzqs

)

.

Here we recall that tc is defined in (1.3), mαc, α “ 1, 2, 3, 4, are defined in (3.10)–(3.13), h is defined in
(3.17), and fc is defined in (3.35).

Theorem A.1. Suppose Assumption 2.1 holds. For any deterministic unit vectors u,v P CI , we have that

xu, GpθlqJαGpθlqvy ´ xu,Γ
pαqpθlqvy ă n´1{2. (A.24)

The proof of Theorem A.1 will be given in Appendix C. Again by the argument in the proof of Claim
5.2, (A.24) also holds for z “ θl ` in´4. Now we use this estimate to calculate (A.18)–(A.21) term by term.
First for (A.18), using (A.9) we get that

´E
ÿ

iPI1,µPI3

wapiqGµvb

BGva1 vb1

BXiµ
Qk´2

Λ “ EpGJ3Gqvb1 vbxva,ΠJ1Gva1yQ
k´2
Λ

` EpGJ3Gqva1 vbxva,ΠJ1Gvb1yQ
k´2
Λ .

(A.25)
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Now using the local law (3.24), (A.1) and the first equation in (3.14), we can calculate that

xva,ΠJ1Gva1y “ c1
`

c´1
1 m1c

˘2
δaa111ďaďr `Oăpn

´1{2q “ c1m
´2
3c δaa111ďaďr `Oăpn

´1{2q. (A.26)

Moreover, using (A.1), (A.2) and the local law for GJ3G in Theorem A.1, we get that

pGJ3Gqvb1 vb “ cαpbqγ
p3q
αpbqδbb1 `Oăpn

´1{2`2τ0q, (A.27)

where we used the notation

αpbq :“ k if pk ´ 1qr ` 1 ď b ď kr, k “ 1, 2, 3, 4,

and let ck ” 1 for k “ 3, 4. Plugging (A.26) and (A.27) into (A.25), we get that

(A.18) “ pk ´ 1q
ÿ

1ďaďr,aďb

c1cαpbq
λ2
ab

m2
3c

γ
p3q
αpbqp1` δabqEQ

k´2
Λ `Oăpn

´1{2`2τ0q. (A.28)

Similarly, we can get that

(A.19) “ pk ´ 1q
ÿ

r`1ďaď2r,aďb

c2cαpbq
λ2
ab

m2
4c

γ
p4q
αpbqp1` δabqEQ

k´2
Λ `Oăpn

´1{2`2τ0q. (A.29)

For (A.20), we have that

´E
ÿ

iPI1,µPI3

wapµqGivb
BGva1 vb1

BXiµ
Qk´2

Λ “ E
ÿ

iPI1,µPI3

pGJ1Gqvb1 vbxva,ΠJ3Gva1yQ
k´2
Λ

` E
ÿ

iPI1,µPI3

pGJ1Gqva1 vbxva,ΠJ3Gvb1yQ
k´2
Λ .

(A.30)

Using (3.24) and (A.2), we get that

xva,ΠJ3Gva1y “ m2
3cδaa112r`1ďaď3r ` h

2δaa113r`1ďaď4r `Oăpn
´1{2`2τ0q. (A.31)

Using the local law for GJ1G in Theorem A.1 and (A.2), we get that

pGJ1Gqvb1 vb “ γ
p1q
αpbqδbb1 `Oăpn

´1{2`2τ0q, for αpbq “ 3, 4. (A.32)

Plugging (A.31) and (A.32) into (A.30) gives that

(A.20) “ pk ´ 1q
ÿ

2r`1ďaď3r,aďb

λ2
abm

2
3cγ

p1q
αpbqp1` δabqEQ

k´2
Λ

` pk ´ 1q
ÿ

3r`1ďaď4r,aďb

λ2
abh

2γ
p1q
αpbqp1` δabqEQ

k´2
Λ `Oăpn

´1{2`2τ0q.
(A.33)

Similarly, we can get that

(A.21) “ pk ´ 1q
ÿ

2r`1ďaď3r,aďb

λ2
abh

2γ
p2q
αpbqp1` δabqEQ

k´2
Λ

` pk ´ 1q
ÿ

3r`1ďaď4r,aďb

λ2
abm

2
4cγ

p2q
αpbqp1` δabqEQ

k´2
Λ `Oăpn

´1{2`τ0q.
(A.34)
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Combining (A.28), (A.29), (A.33) and (A.34), we obtain that

EQkΛ “ pk ´ 1qs2
ΛEQk´2

Λ `Oăpn
´1{6q,

where s2
Λ is a function of Λ defined by

s2
Λ :“

ÿ

1ďaďr,aďb

c1cαpbq
λ2
ab

m2
3c

γ
p3q
αpbqp1` δabq `

ÿ

r`1ďaď2r,aďb

c2cαpbq
λ2
ab

m2
4c

γ
p4q
αpbqp1` δabq

`
ÿ

2r`1ďaď3r,aďb

λ2
ab

´

m2
3cγ

p1q
αpbq ` h

2γ
p2q
αpbq

¯

p1` δabq

`
ÿ

3r`1ďaď4r,aďb

λ2
ab

´

h2γ
p1q
αpbq `m

2
4cγ

p2q
αpbq

¯

p1` δabq.

This concludes (A.5). Combining (A.4) and (A.5), we have shown that QΛ is asymptotically Gaussian with
zero mean, which indicates that Q converges weakly to a centered Gaussian matrix by the Cramér-Wold

device. Using the definitions of γ
pαq
β , α, β “ 1, 2, 3, 4, in (A.23), we obtain from s2

Λ that

?
nQÑ

¨

˚

˚

˝

b11g11 b12g12 b13g13 b14g14

b21g21 b22g22 b23g23 b24g24

b31g31 b32g32 b33g33 b34g34

b41g41 b42g42 b43g43 b44g44

˛

‹

‹

‚

. (A.35)

Here gαβ are Gaussian matrices as defined in Lemma 4.5, and through direct calculations, we can check that
bαβ are given by

b11 “ a33, b12 “ b21 “ a34, b13 “ b31 “ a13, b14 “ b41 “ a23, b22 “ a44,

b23 “ b32 “ a14, b24 “ b42 “ a24, b33 “ a11, b34 “ b43 “ a12, b44 “ a22.
(A.36)

In the above calculations, we also used that for z “ θl ` in´4,

fcpzq “
m3cpzqm4cpzq

h2pzq
“ tl `Opn´4q.

Finally, combining (A.35) with (A.3), we can obtain the asymptotic distribution in (4.19), upon renaming
the matrices gαβ and the coefficients bαβ . This concludes Lemma 4.5.

Finally, we give the proof of (A.12).

Proof of (A.12). Recall that we have chosen z “ θl ` iη with η “ n´4. In the following proof, we denote
z0 :“ θl ` iη0 with η0 “ n´2{3. By the averaged local law (3.27), we have

|mαpz0q ´mαcpz0q| ă n´2{3, α “ 1, 2, 3, 4, (A.37)

where we also used that κ “ |θl ´ λ`| „ 1 due to (2.21). Thus to show (A.12), it suffices to prove that

|mαcpzq ´mαcpz0q| ă n´2{3, (A.38)

and

|mαpzq ´mαpz0q| ă n´2{3. (A.39)
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The estimate (A.38) follows directly from the definitions in (3.10)–(3.13). It remains to prove (A.39). We
only show the proof for α “ 1, and all the other cases can be proved in exactly the same way. Using (3.9),
(6.43), (6.44) and (6.47), we obtain that

|m1pzq ´m1pz0q| ă
η0

n

p
ÿ

i“1

p
ÿ

k“1

ˇ

ˇ

ˇ

A

ei, S
´1{2
xx ξk

E
ˇ

ˇ

ˇ

2

“
η0

n
TrpS´1

xx q ă η0 “ n´2{3,

where ei is the standard unit vector along the i-th direction and we used (6.10) and (6.11) in the last step.

B Proof of Lemma 4.6

In this section, we provide a proof of Lemma 4.6 using cumulant expansions. With a slight abuse of notation,
we consider the following r ˆ r matrix

Q :“
?
nUJY V `

?
nV JY JU `

?
nOJp1´ EqpY Y JqO,

where Y is a ρ ˆ n random matrix with i.i.d. entries satisfying (2.1) and (2.8), U and O are two ρ ˆ r
deterministic matrices satisfying }U} ď 1 and }O} ď 1, and V is an n ˆ r deterministic matrix satisfying
}V } ď 1 and

}V }max ď n´c (B.1)

for some constant 0 ă c ă 1{2. Moreover, we assume that r “ Op1q and ρ “ Opnτ q for a small enough
constant τ ą 0. Then we claim that Q is asymptotically Gaussian with zero mean. Note that the items (i)–
(iv) of Lemma 4.6 all follow from this general claim. In particular, if the entries of Y are i.i.d. Gaussian, then
the condition (B.1) is not necessary, because we can rotate V as Y V ÞÑ pY OnqpO

J
nV q, where the orthogonal

matrix On is chosen such that (B.1) holds for OJnV and the distribution of Y is unchanged: Y On
d
“ Y .

It is trivial to see that EQ “ 0. To show that Q is asymptotically Gaussian, with the Cramér-Wold
device, we need to prove that

QΛ :“
ÿ

aďb

λabQab

is asymptotically Gaussian for any fixed vector of parameters denoted by Λ :“ pλabqaďb. For this purpose,
we use Stein’s method [34], i.e. we will show that for any f P C8c pRq,

EQΛfpQΛq “ s2
ΛEf 1pQΛq ` op1q (B.2)

for some deterministic parameter s2
Λ. This gives the CLT for

?
n
ř

aďb λabQab, which implies that Q converges
weakly to a centered Gaussian matrix, whose covariances can be determined through s2

Λ.
For simplicity, we denote X :“

?
nY , such that the entries of X are i.i.d. random variables with mean

zero and variance one. Moreover, for any fixed l P N there is a constant µl ą 0 such that

E|X11|
l ď µl. (B.3)

We will prove (B.2) with the following cumulant expansion formula, whose proof can be found in [30,
Proposition 3.1] and [25, Section II].

Lemma B.1. Let f P Cl`1pRq for some fixed l P N. Suppose ξ is a centered random variable whose first
l ` 2 moments are finite. Let κkpξq be the k-th cumulant of ξ. Then we have that

Erξfpξqs “
l
ÿ

k“1

κk`1pξq

k!
Ef pkqpξq ` El, (B.4)
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where the error term satisfies that for any χ ą 0,

|El| ď ClE
“

|ξ|l`2
‰

ÿ

|t|ďχ

|f pl`1qptq| ` ClE
“

|ξ|l`21p|ξ| ą χq
‰

ÿ

tPR
|f pl`1qptq|. (B.5)

We expand the left-hand side of (B.2) as

EQΛfpQΛq “ E
ÿ

aďb

λab
ÿ

1ďiďρ,1ďµďn

XiµpUiaVµb ` UibVµaqfpQΛq

` E
ÿ

aďb

λab
ÿ

1ďi,jďρ

1
?
n

ÿ

1ďµďn

pXiµXjµ ´ δijqOiaOjbfpQΛq. (B.6)

We first study the first term on the right-hand side of (B.6). For any fixed a ď b, we apply the expansion
(B.4) with ξ “ Xiµ and l “ 2 to get that

ÿ

1ďiďρ,1ďµďn

UiaVµbEXiµ rXiµfpQΛqs “
ÿ

1ďiďρ,1ďµďn

UiaVµbEXiµ
„

BQΛ

BXiµ
f 1pQΛq



`
κ3

2

ÿ

1ďiďρ,1ďµďn

UiaVµbEXiµ

«

2
ÿ

a1ďb1

λa1b1
Oia1Oib1
?
n

f 1pQΛq `

ˆ

BQΛ

BXiµ

˙2

f2pQΛq

ff

` E2pXiµq. (B.7)

Here κ3 ” κ3pXiµq is the third cumulant of Xiµ, E2pXiµq satisfies (B.5) with the function fpQΛpXiµqq, and

BQΛ

BXiµ
“

ÿ

a1ďb1

λa1b1

«

pUia1Vµb1 ` Uib1Vµa1q `
ÿ

1ďjďρ

1
?
n
XjµpOia1Ojb1 `Oja1Oib1q

ff

ă n´c, (B.8)

where we used (B.1) in the second step. The expectation of the first term on the right-hand side of (B.7) is

E
ÿ

1ďiďρ,1ďµďn

UiaVµb
BQΛ

BXiµ
f 1pQΛq

“
ÿ

a1ďb1

λa1b1
ÿ

1ďiďρ,1ďµďn

UiaVµbpUia1Vµb1 ` Uib1Vµa1qEf 1pQΛq `Oăpn
´1{2`τ q, (B.9)

where we used Lemma 4.3 to bound that
ˇ

ˇ

ˇ

ÿ

1ďµďn

n´1{2VµbXjµ

ˇ

ˇ

ˇ
ă n´1{2

´

ÿ

µ

|Vµb|
2
¯1{2

ď n´1{2. (B.10)

Next using (B.8) and ρ “ Opnτ q, we can bound that

E
ÿ

1ďiďρ,1ďµďn

UiaVµb

ˆ

BQΛ

BXiµ

˙2

f2pQΛq ă n´c
ÿ

a1ďb1

ÿ

1ďiďρ,1ďµďn

|Uia||Vµb|p|Uia1 ||Vµb1 | ` |Uib1 ||Vµa1 |q

` n´c
ÿ

a1ďb1

ÿ

1ďi,jďρ,1ďµďn

|Uia||Vµb|
1
?
n
“ Opn´c`τ{2q, (B.11)

where we used Cauchy-Schwarz inequality in the second step. Finally, we bound E2 by taking χ “ nε for a
small constant ε ą 0. We need to bound

B3fpQΛq

BX3
iµ

“ 4
ÿ

a1ďb1

λa1b1
Oia1Oib1
?
n

BQΛ

BXiµ
f2pQΛq `

ˆ

BQΛ

BXiµ

˙3

f3pQΛq.
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Using the compact support condition of f , it is easy to check that

sup
|Xiµ|ďnε

ˇ

ˇ

ˇ

ˇ

ˇ

B3fpQΛq

BX3
iµ

ˇ

ˇ

ˇ

ˇ

ˇ

À
ÿ

aďb

1
?
n

ˆ

nε
?
n
`

ř

j‰i |Xjµ|
?
n

` |Vµa| ` |Vµb|

˙

`
ÿ

aďb

ˆ

nε
?
n
`

ř

j‰i |Xjµ|
?
n

` |Vµa| ` |Vµb|

˙3

,

and

sup
XiµPR

ˇ

ˇ

ˇ

ˇ

ˇ

B3fpQΛq

BX3
iµ

ˇ

ˇ

ˇ

ˇ

ˇ

“ Op1q.

On the other hand, applying Markov’s inequality to (B.3), we obtain the bound

E
“

|Xiµ|
41p|Xiµ| ą nεq

‰

ď n´D for any constant D ą 0.

Combining the above three estimates, we obtain that

|E2pXiµq| À E
ÿ

1ďiďρ,1ďµďn

|Uia| |Vµb|
ÿ

a1ďb1

1
?
n

ˆ

nε
?
n
`

ř

j‰i |Xjµ|
?
n

` |Vµa1 | ` |Vµb1 |

˙

` E
ÿ

1ďiďρ,1ďµďn

|Uia| |Vµb|
ÿ

a1ďb1

ˆ

nε
?
n
`

ř

j‰i |Xjµ|
?
n

` |Vµa1 | ` |Vµb1 |

˙3

` n´D À n´2c`τ{2, (B.12)

where we used (B.1) in the second step. Now plugging (B.9), (B.11) and (B.12) into (B.7), we obtain that

E
ÿ

1ďiďr,1ďµďn

UiaVµbXiµfpQΛq “
ÿ

a1ďb1

λa1b1
ÿ

1ďiďρ,1ďµďn

UiaVµbpUia1Vµb1 ` Uib1Vµa1qEf 1pQΛq

`κ3

ÿ

a1ďb1

λa1b1
ÿ

1ďiďρ,1ďµďn

UiaVµb
Oia1Oib1
?
n

Ef 1pQΛq `Opn´c`τ{2q. (B.13)

Then we calculate the second term on the right-hand side of (B.6). For any fixed a ď b, we need to study

ÿ

1ďi,jďρ,1ďµďn

1
?
n
OiaOjbEXiµ rpXiµXjµ ´ δijqfpQΛqs .

We only consider the hardest case with i “ j, and the i ‰ j case can be handled in a similar way. For any
fixed 1 ď i ď ρ, we apply the expansion (B.4) with ξ “ Xiµ and l “ 3 to get that

ÿ

1ďµďn

1
?
n
EXiµ rXiµXiµfpQΛq ´ fpQΛqs “

1
?
n

ÿ

1ďµďn

EXiµXiµ
BQΛ

BXiµ
f 1pQΛq

`
κ3

2
?
n

ÿ

1ďµďn

EXiµ

«

2
BQΛ

BXiµ
f 1pQΛq ` CiXiµf

1pQΛq `Xiµ

ˆ

BQΛ

BXiµ

˙2

f2pQΛq

ff

`
κ4

6
?
n

ÿ

1ďµďn

EXiµ

«

3Cif
1pQΛq ` 3

ˆ

BQΛ

BXiµ

˙2

f2pQΛq ` 3CiXiµ
BQΛ

BXiµ
f2pQΛq

ff
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`
κ4

6
?
n

ÿ

1ďµďn

EXiµ

«

Xiµ

ˆ

BQΛ

BXiµ

˙3

f3pQΛq

ff

` E3pXiµq, (B.14)

where κ4 ” κ4pXiµq is the fourth cumulant of Xiµ, E3pXiµq satisfies (B.5) with the function XiµfpQΛpXiµqq,
and we have abbreviated that

Ci :“
B2QΛ

BX2
iµ

“ 2
ÿ

a1ďb1

λa1b1
Oia1Oib1
?
n

“ Opn´1{2q. (B.15)

Using (B.8), we can bound that

1
?
n

ÿ

1ďµďn

ˆ

BQΛ

BXiµ

˙2

f2pQΛq ă n´c
ÿ

a1ďb1

λa1b1
1
?
n

ÿ

µ

´

|Vµa1 | ` |Vµb1 | ` n
´1{2`τ

¯

À n´c`τ .

Similarly, we can get the bounds

1
?
n

ÿ

1ďµďn

Xiµ

ˆ

BQΛ

BXiµ

˙2

f2pQΛq ă n´c`τ ,
1
?
n

ÿ

1ďµďn

Xiµ

ˆ

BQΛ

BXiµ

˙3

f3pQΛq ă n´2c`τ ,

1
?
n

ÿ

1ďµďn

CiXiµ
BQΛ

BXiµ
f2pQΛq ă n´1{2`τ .

On the other hand, with Lemma 4.3, we can obtain the estimates

1

n

ÿ

µ

XiµXjµ “ δij `Oăpn
´1{2q,

1
?
n

ÿ

1ďµďn

Xiµ ă n´1{2.

Using these two estimates and (B.10), we get that

1
?
n

ÿ

1ďµďn

Xiµ
BQΛ

BXiµ
f 1pQΛq “

ÿ

a1ďb1

λa1b1
ÿ

1ďjďρ

˜

1

n

ÿ

µ

XiµXjµ

¸

pOia1Ojb1 `Oja1Oib1q f
1pQΛq `Oăpn

´1{2q

“ 2
ÿ

a1ďb1

λa1b1Oia1Oib1f
1pQΛq `Oăpn

´1{2q;

1
?
n

ÿ

1ďµďn

BQΛ

BXiµ
f 1pQΛq “

ÿ

a1ďb1

λa1b1

«

1
?
n

ÿ

µ

pUia1Vµb1 ` Uib1Vµa1q `
ÿ

1ďjďr

1

n

ÿ

µ

XjµpOia1Ojb1 `Oja1Oib1q

ff

“
ÿ

a1ďb1

λa1b1
1
?
n

ÿ

µ

pUia1Vµb1 ` Uib1Vµa1q `Oăpn
´1{2q;

1
?
n

ÿ

1ďµďn

CiXiµf
1pQΛq “ Oăpn

´1{2q.

Finally, E3pXiµq can be estimated in a similar way as E2pXiµq: EE3pXiµq ď n´c. We omit the details of its
proof. Combining the above estimates and using Lemma 3.2 (iii), we obtain that

ÿ

1ďi,jďρ,1ďµďn

1
?
n
OiaOjbE rpXiµXjµ ´ δijqfpQΛqs “ s2

iEf 1pQΛq `Oăpn
´c`2τ q

for a deterministic parameter s2
i . Combining this equation with (B.13), we obtain (B.2), which concludes

Lemma 4.6.
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C Proof of Theorem A.1

Finally, in this section we give the proof of Theorem A.1. We first record the following simple estimate,
which can be verified through direct calculations using (3.10)–(3.13).

Lemma C.1 (Lemma 3.2 of [40]). Fix any constants c, C ą 0. If (2.9) holds, then for z P C` X tz : c ď
|z| ď Cu and α “ 1, 2, 3, 4, the following estimates hold:

|mαcpzq| „ 1,
ˇ

ˇz´1 ´ pm1cpzq `m2cpzqq ` pz ´ 1qm1cpzqm2cpzq
ˇ

ˇ „ 1. (C.1)

C.1 Resolvents and limiting laws

We begin the proof by introducing some new resolvents. With the Hpθlq in (3.6), we define the following
form of generalized resolvents

Rpwq :“

»

—

—

–

HpX,Y, θlq ´

¨

˚

˚

˝

w1Ip 0 0 0
0 w2Iq 0 0
0 0 w3In 0
0 0 0 w4In

˛

‹

‹

‚

fi

ffi

ffi

fl

´1

, (C.2)

where w “ pw1, w2, w3, w4q P C4
` is a new vector of spectral parameters. Then we have the simple identity

GJαG “
BRpwq
Bwα

ˇ

ˇ

ˇ

ˇ

w“0

. (C.3)

Hence to obtain the local laws on GpθlqJαGpθlq, it suffices to study the local law Rpwq for the spectral
parameters w around the origin.

In the following proof, we only prove the local law for GJ1G, while the proofs for GJαG with α “ 2, 3, 4
are similar. For this purpose, it suffices to use spectral parameters w with w2 “ w3 “ w4 “ 0. With slight
abuse of notations, we shall prove a local law for the following resolvent

Rpz, z1q :“

»

—

—

–

HpX,Y, θlq ´

¨

˚

˚

˝

zIp 0 0 0
0 z1Iq 0 0
0 0 z1In 0
0 0 0 z1In

˛

‹

‹

‚

fi

ffi

ffi

fl

´1

, z, z1 P C`. (C.4)

We denote the Iα ˆ Iα block of R by Rα for α “ 1, 2, 3, 4. Then as in (3.9), we introduce the following
averaged partial traces

ωαpz, z
1q :“

1

n
TrRαpz, z

1q “
1

n

ÿ

aPIα

Raapz, z
1q, α “ 1, 2, 3, 4. (C.5)

Since H is symmetric and has real eigenvalues, we immediately obtain the following deterministic bound

›

›Rpz, z1q
›

› ď
C

minpIm z, Im z1q
. (C.6)

Most of the time we will choose z1 “ 0. But to avoid the singular behaviours of R on exceptional low-
probability events, we sometimes will choose, say z1 “ in´4, so that }Rpz, z1q} “ Opn4q by (C.6) and hence
Lemma 3.2 (iii) can be applied.
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We now describe the deterministic limit of Rpz, 0q. We first define the deterministic limit pωαcpzqq
4
α“1 of

pωαpz, 0qq
4
α“1, as the unique solution to the following system of self-consistent equations

c1
ω1c

“ ´z ´ ω3c, ω3c “ pθl ´ 1q
1` p1´ θlqω2c

r1` p1´ θlqω1csr1` p1´ θlqω2cs ´ θ
´1
l

,

c2
ω2c

“ ´ω4c, ω4c “ pθl ´ 1q
1` p1´ θlqω1c

r1` p1´ θlqω1csr1` p1´ θlqω2cs ´ θ
´1
l

,

(C.7)

such that Imωαcpzq ą 0 whenever z P C`. Moreover, we define the function

g1pzq : “
pθl ´ 1qθ

´1{2
l

r1` p1´ θlqω1cpzqsr1` p1´ θlqω2cpzqs ´ θ
´1
l

. (C.8)

Then the matrix limit of Rpz, 0q is defined by

Γpzq :“

»

—

—

–

ˆ

c´1
1 ω1cpzqIp 0

0 c´1
2 ω2cpzqIq

˙

0

0

ˆ

ω3cpzqIn g1pzqIn
g1pzqIn ω4cpzqIn

˙

fi

ffi

ffi

fl

. (C.9)

The following lemma gives the existence and uniqueness of the solution pωαcpzqq
4
α“1.

Lemma C.2. There exist constants c0, C0 ą 0 depending only on c1, c2 and δl in (2.21) such that the
following statements hold. If |z| ď c0, then there exists a unique solution to (C.7) under the condition

4
max
α“1

|ωαcpzq ´mαcpθlq| ď c0. (C.10)

Moreover, the solution satisfies
4

max
α“1

|ωαcpzq ´mαcpθlq| ď C0|z|. (C.11)

Proof. The proof is a standard application of the contraction principle. We abbreviate mαc ” mαcpθlq and
εαpzq :“ ωαcpzq ´mαcpθlq with |εα| ď rc for a sufficiently small constant rc ą 0. From (C.7), we obtain the
following equations for pω1c, ω2cq:

c1
ω1c

“ ´z ` p1´ θlq
1` p1´ θlqω2c

r1` p1´ θlqω1csr1` p1´ θlqω2cs ´ θ
´1
l

,

c2
ω2c

“ p1´ θlq
1` p1´ θlqω1c

r1` p1´ θlqω1csr1` p1´ θlqω2cs ´ θ
´1
l

.

(C.12)

On the other hand, using (3.14)–(3.16), we can check that m1cpθlq and m2cpθlq satisfy the following equations:

c1
m1cpθlq

“ p1´ θlq
1` p1´ θlqm2cpθlq

r1` p1´ θlqm1cpθlqsr1` p1´ θlqm2cpθlqs ´ θ
´1
l

,

c2
m2cpθlq

“ p1´ θlq
1` p1´ θlqm1cpθlq

r1` p1´ θlqm1cpθlqsr1` p1´ θlqm2cpθlqs ´ θ
´1
l

.

(C.13)

Subtract (C.13) from (C.12), we get that

ε1
c1

pm1c ` ε1qm1c
“ z ` p1´ θlq

2 gpm2c ` ε2qgpm2cqε1 ` θ
´1
l ε2

rgpm1c ` ε1qgpm2c ` ε2q ´ θ
´1
l srgpm1cqgpm2cq ´ θ

´1
l s

,

ε2
c2

pm2c ` ε2qm2c
“ p1´ θlq

2 gpm1c ` ε1qgpm1cqε2 ` θ
´1
l ε1

rgpm1c ` ε1qgpm2c ` ε2q ´ θ
´1
l srgpm1cqgpm2cq ´ θ

´1
l s

,

(C.14)
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where we have abbreviated gpxq :“ 1 ` p1 ´ θlqx. Inspired by the above equations, we define iteratively a

sequence of vectors εpkq “ pε
pkq
1 , ε

pkq
2 q P C2 such that εp0q “ 0 P C2, and

"

c1
m2

1c

´
p1´ θlq

2gpm2cq
2

rgpm1cqgpm2cq ´ θ
´1
l s

2

*

ε
pk`1q
1 ´

p1´ θlq
2θ´1
l

rgpm1cqgpm2cq ´ θ
´1
l s

2
ε
pk`1q
2 “ z `

c1pε
pkq
1 q2

m2
1cpm1c ` ε

pkq
1 q

`
p1´ θlq

2

gpm1cqgpm2cq ´ θ
´1
l

#

gpm2c ` ε
pkq
2 qgpm2cqε

pkq
1 ` θ´1

l ε
pkq
2

gpm1c ` ε
pkq
1 qgpm2c ` ε

pkq
2 q ´ θ´1

l

´
gpm2cq

2ε
pkq
1 ` θ´1

l ε
pkq
2

gpm1cqgpm2cq ´ θ
´1
l

+

,

"

c2
m2

2c

´
p1´ θlq

2gpm1cq
2

rgpm1cqgpm2cq ´ θ
´1
l s

2

*

ε
pk`1q
2 ´

p1´ θlq
2θ´1
l

rgpm1cqgpm2cq ´ θ
´1
l s

2
ε
pk`1q
1 “

c2pε
pkq
2 q2

m2
2cpm2c ` ε

pkq
2 q

`
p1´ θlq

2

gpm1cqgpm2cq ´ θ
´1
l

#

gpm1c ` ε
pkq
1 qgpm1cqε

pkq
2 ` θ´1

l ε
pkq
1

gpm1c ` ε
pkq
1 qgpm2c ` ε

pkq
2 q ´ θ´1

l

´
gpm1cq

2ε
pkq
2 ` θ´1

l ε
pkq
1

gpm1cqgpm2cq ´ θ
´1
l

+

.

(C.15)

In other words, the two equations in (C.15) define a mapping f : `8pZ2q Ñ `8pZ2q, so that

εpk`1q “ fpεpkqq, fpxq :“ S´1

ˆ

z
0

˙

` S´1epxq, (C.16)

where

S :“

»

—

—

—

–

c1
m2

1c

´
θ2
l p1´ θlq

2

p1´ tlq2
gpm2cq

2 ´
p1´ θlq

2θl
p1´ tlq2

´
p1´ θlq

2θl
p1´ tlq2

c2
m2

2c

´
θ2
l p1´ θlq

2

p1´ tlq2
gpm1cq

2

fi

ffi

ffi

ffi

fl

,

and

epxq :“

»

—

—

—

–

c1x
2
1

m2
1cpm1c ` x1q

´
θlp1´ θlq

2

1´ tl

"

gpm2c ` x2qgpm2cqx1 ` θ
´1
l x2

gpm1c ` x1qgpm2c ` x2q ´ θ
´1
l

´
gpm2cq

2x1 ` θ
´1
l x2

gpm1cqgpm2cq ´ θ
´1
l

*

c2x
2
2

m2
2cpm2c ` x2q

´
θlp1´ θlq

2

1´ tl

"

gpm1c ` x1qgpm1cqx2 ` θ
´1
l x1

gpm1c ` x1qgpm2c ` x2q ´ θ
´1
l

´
gpm1cq

2x2 ` θ
´1
l x1

gpm1cqgpm2cq ´ θ
´1
l

*

fi

ffi

ffi

ffi

fl

.

Here we have used θlgpm1cqgpm2cq “ fcpθlq “ tl (which follows from (3.17) and (3.35)) to simplify the
expressions a little bit.

With direct calculation, we can check that under (2.21), there exist constants rc, rC ą 0 depending only
on c1, c2 and δl such that

}S´1}`8Ñ`8 ď rC, and }epxq}8 ď rC}x}28 for }x}8 ď rc. (C.17)

With (C.17), it is easy to check that there exists a sufficiently small constant τ ą 0 depending only on rC,
such that f is a self-mapping

f : Br p`
8pZ2qq Ñ Br p`

8pZ2qq , Br p`
8pZ2qq :“ tx P `8pZ2q : }x}8 ď ru,

as long as r ď τ and |z| ď cτ for some constant cτ ą 0 depending only on c1, c2, δl and τ . Now it suffices to
prove that h restricted to Br p`

8pZ2qq is a contraction, which implies that ε :“ limkÑ8 ε
pkq exists and is a

unique solution to (C.14) subject to the condition }ε}8 ď r.
From the iteration relation (C.16), using (C.17) we obtain that

εpk`1q ´ εpkq “ S´1
”

epεpkqq ´ epεpk´1qq

ı

ď rC
›

›

›
epεpkqq ´ epεpk´1qq

›

›

›

8
. (C.18)
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From the expression of e, we see that as long as r is chosen to be sufficiently small compared to θ´1
l ´

gpm1cqgpm2cq “ p1´ tlqθ
´1
l , then

›

›

›
epεpkqq ´ epεpk´1qq

›

›

›

8
ď C

´

}εpkq}8 ` }ε
pk´1q}8

¯

}εpkq ´ εpk´1q}8

for some constant C ą 0 depending only on c1, c2 and δl. Thus we can choose a sufficiently small constant
0 ă r ď mintτ, p2Cq´1u such that Cr ď 1{2. Then f is indeed a contraction mapping on Br p`

8pZ2qq, which
proves both the existence and uniqueness of the solution to (C.14) if we choose c0 in (C.10) as c0 “ mintcτ , ru.
After obtaining ω1c “ m1c ` ε1 and ω2c “ m2c ` ε2, we can define ω3c and ω4c using the first and third
equations in (C.7).

Note that with (C.17) and εp0q “ 0, we get from (C.16) that }εp1q}8 ď rC|z|. Then with the contraction
property of f , we get that

}ε}8 ď
8
ÿ

k“0

}εpk`1q ´ εpkq}8 ď 2 rC|z|.

This gives the bound (C.11) for ω1c and ω2c. Then using the first and third equations in (C.7), we immediately
obtain the bound (C.11) for ω3c and ω4c as long as c0 is sufficiently small.

As a byproduct of the contraction mapping argument in the above proof, we also obtain the following
stability result that will be used in the proof of Theorem C.4 below.

Lemma C.3. There exist constants c0, C0 ą 0 depending only on c1, c2 and δl such that the self-consistent
equations in (C.7) are stable in the following sense. Suppose |z| ď c0 and ωα : C` ÞÑ C`, α “ 1, 2, 3, 4, are
analytic functions of z such that

4
max
α“1

|ωαpzq ´mαcpθlq| ď c0. (C.19)

Suppose they satisfy the system of equations

c1
ω1
` z ` ω3 “ E1, ω3 ` p1´ θlq

1` p1´ θlqω2

r1` p1´ θlqω1sr1` p1´ θlqω2s ´ θ
´1
l

“ E2,

c2
ω2
` ω4 “ E3, ω4 ` p1´ θlq

1` p1´ θlqω1

r1` p1´ θlqω1sr1` p1´ θlqω2s ´ θ
´1
l

“ E4,

(C.20)

for some errors bounded by max4
α“1 |Eα| ď δpzq, where δpzq is a deterministic z-dependent function satisfying

that δpzq ď plog nq´1. Then we have

4
max
α“1

|ωαpzq ´ ωαcpzq| ď C0δpzq. (C.21)

Proof. As in the proof of Lemma C.2, we subtract the equations (C.20) from (C.7), and consider the con-
traction principle for the functions εαpzq :“ ωαpzq ´ ωαcpzq. We omit the details.

The following theorem gives the anisotropic local law for Rpz, 0q.

Theorem C.4. Suppose Assumption 2.1 holds. Then for any deterministic unit vectors u,v P CI , the
following anisotropic local law holds uniformly in z P D :“ tz P C` : |z| ď plog nq´1u:

|xu,Rpz, 0qvy ´ xu,Γpzqvy| ă n´1{2, (C.22)

where Γpzq is defined in (C.9).
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The proof of this theorem will be given in Section C.2 below. Now we use it to complete the proof of
(A.24) when α “ 1.

Proof of (A.24) for GJ1G. Using (C.3) and Cauchy’s integral formula, we get that

xu, GpθlqJαGpθlqvy “
1

2πi

¿

C

xu,Rpw, 0qvy
w2

dw “
1

2πi

¿

C

xu,Γpwqvy

w2
dw `Oăpn

´1{2q

“ xu,Γ1p0qvy `Oăpn
´1{2q,

(C.23)

where C is the contour tw P C : |w| “ plog nq´1u and we used (C.22) in the second step. It remains to
calculate Γ1p0q, which is reduced to calculating the derivatives 9mαcpθlq :“ ω1αpz “ 0q, α “ 1, 2, 3, 4.

Using equation (C.7) and implicit differentiation, we obtain that

c´1
1 9m1c “ m´2

3c ` 9m1c `
θ´1
l

r1` p1´ θlqm2cs
2

9m2c, 9m3c “ m2
3c

`

c´1
1 9m1c ´m

´2
3c

˘

,

c´1
2 9m2c “ 9m2c `

θ´1
l

r1` p1´ θlqm1cs
2

9m1c, 9m4c “ c´1
2 9m2cm

2
4c.

Solving the above equations and using that (recall equation (3.17))

θ´1
l

r1` p1´ θlqm2cs
2
“

h2

m2
3c

,
θ´1
l

r1` p1´ θlqm1cs
2
“

h2

m2
4c

,

we get that c´1
α 9mαc “ γ

p1q
α , α “ 1, 2, and 9mαc “ γ

p1q
α , α “ 3, 4, for γ

p1q
α defined in (A.23). Moreover, we can

check that g11p0q “ h1pzq. Hence we get Γ1p0q “ Γp1qpθlq, which, together with (C.23), concludes (A.24).

The proof of Theorem A.1 for GJαG with α “ 2, 3, 4 is exactly the same, except that we need to use
the following local law in Theorem C.5. Recall the resolvent Rpw1, w2, w3, w4q defined in (C.2). We define
pωαcpwqq

4
α“1, as the unique solution to the following system of self-consistent equations

c1
ω1c

“ ´w1 ´ ω3c,
c2
ω2c

“ ´w2 ´ ω4c,

ω3c “ pθl ´ 1q
1` p1´ θlqpω2c ` w4q

r1` p1´ θlqpω1c ` w3qsr1` p1´ θlqpω2c ` w4qs ´ θ
´1
l

,

ω4c “ pθl ´ 1q
1` p1´ θlqpω1c ` w3q

r1` p1´ θlqpω1c ` w3qsr1` p1´ θlqpω2c ` w4qs ´ θ
´1
l

,

(C.24)

such that Imωαcpwq ą 0 whenever w P C4
`. Define the matrix limit of Rpwq as

Γpwq :“

»

—

—

–

ˆ

c´1
1 ω1cpwqIp 0

0 c´1
2 ω2cpwqIq

˙

0

0

ˆ

ω3cpwqIn rgpwqIn
rgpwqIn ω4cpwqIn

˙

fi

ffi

ffi

fl

, (C.25)

where rgpwq is defined by

rgpwq : “
pθl ´ 1qθ

´1{2
l

r1` p1´ θlqpω1c ` w3qsr1` p1´ θlqpω2c ` w4qs ´ θ
´1
l

. (C.26)

Then we have the following local law on Rpwq.
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Theorem C.5. Suppose Assumption 2.1 holds. Fix any α “ 1, 2, 3, 4. For any deterministic unit vectors
u,v P CI , the following anisotropic local law holds uniformly in wα P twα P C` : |wα| ď plog nq´1u if wβ “ 0
for β ‰ α:

|xu,Rpwqvy ´ xu,Γpwqvy| ă n´1{2. (C.27)

This theorem can be proved in exactly the same way as Theorem C.4. Moreover, with Theorem C.5, the
proof of Theorem A.1 for GJαG, α “ 2, 3, 4, is also the same as the α “ 1 case. So we omit the details for
both proofs.

C.2 Proof of Theorem C.4

In this section, we provide the proof of Theorem C.4. We first prove the following a priori estimates on
Rpz, 0q. In the following proof, we will abbreviate Rpzq ” Rpz, 0q.

Lemma C.6. There exists a constant C ą 0 such that the following estimates hold with high probability:

sup
zPD

}Rpzq} ď C, (C.28)

and

sup
zPD

}Rpzq ´Gpθlq} ď C|z|. (C.29)

Proof. We denote the pI1 Y I2q ˆ pI1 Y I2q block of R by RL, the pI1 Y I2q ˆ pI3 Y I4q block by RLR, the
pI3 Y I4q ˆ pI1 Y I2q block by RRL, and the pI3 Y I4q ˆ pI3 Y I4q block by RR. Using Schur complement
formula, we obtain that

RL “

˜

R1 ´θ
´1{2
l R1SxyS

´1
yy

´θ
´1{2
l S´1

yy SyxR1 R2

¸

, (C.30)

where

R1 “
`

SxyS
´1
yy Syx ´ θlSxx ´ z

˘´1
, R2 “ ´θ

´1
l S´1

yy ` θ
´1
l S´1

yy SyxR1SxyS
´1
yy .

The other blocks are given by

RR “

˜

θlIn θ
1{2
l In

θ
1{2
l In θlIn

¸

`

˜

θlIn θ
1{2
l In

θ
1{2
l In θlIn

¸

ˆ

XJ 0
0 Y J

˙

RL

ˆ

X 0
0 Y

˙

˜

θlIn θ
1{2
l In

θ
1{2
l In θlIn

¸

, (C.31)

and

RLR “ ´RL

ˆ

X 0
0 Y

˙

˜

θlIn θ
1{2
l In

θ
1{2
l In θlIn

¸

, RRL “ ´

˜

θlIn θ
1{2
l In

θ
1{2
l In θlIn

¸

ˆ

XJ 0
0 Y J

˙

RL. (C.32)

One can compare the above expressions with (6.44)–(6.46). With the estimates (6.10) and (6.11), we see
that it suffices to prove the following estimates for R1:

sup
zPD

}R1pzq} À 1 with high probability, (C.33)

and

sup
zPD

›

›R1pzq ´ Gp11qpθlq
›

› À |z| with high probability, (C.34)
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where Gp11q is the I1 ˆ I1 block of G (recall the notations in Section 3.3). With H in (6.40), we can write
R1 as

R1 “ S´1{2
xx

`

HHJ ´ θl ´ zS´1
xx

˘´1
S´1{2
xx .

By (3.4), we have that with high probability, θl´HHJ is positive definite and its smallest eigenvalue satisfies

λppθl ´HHJq ě pθl ´ λ`q{2 Á 1.

Combining this estimate with (6.10), we obtain that with high probability,

sup
zPD

}R1pzq} À
1

θl ´ λ` ´Opplog nq´1q
À 1.

This concludes (C.33). With (C.33), we can easily conclude (C.34):
ˇ

ˇxu,R1pzqvy ´ xu,Gp11qpθlqvy
ˇ

ˇ “ |xu, rR1pzq ´R1p0qsvy| “ |z| |xu,R1pzqR1p0qvy| À |z|,

with high probability.

Combining (C.29) with the local law (3.24), we can obtain the rough bound

max
zPD

max
a,bPI

|Rabpzq ´Πabpθlq| ď Cplog nq´1 with high probability. (C.35)

Then we record some useful resolvent identities in Lemma C.7 and Lemma C.8, which can be proved
easily using Schur complement formula. For simplicity, we use the notations in (5.2).

Lemma C.7. We have the following resolvent identities.

(i) For i P I1 Y I2, we have that
1

Rii
“ ´z1iPI1

´

´

WRpiqWJ
¯

ii
. (C.36)

(ii) For i P I1 Y I2 and a P Iztiu, we have that

Ria “ ´Rii

´

WRpiq
¯

ia
. (C.37)

(iii) For a P I and b, c P Iztau, we have that

Rbc “ Rpaqbc `
RbaRac

Raa
. (C.38)

(iv) All of the above identities hold for RpTq instead of R for any index set T Ă I.

For µ, ν P I3, we define the 2ˆ 2 blocks

Rrµνs :“

ˆ

Rµν Rµν

Rµν Rµν

˙

, (C.39)

where we denote µ :“ µ ` n and ν :“ ν ` n. We call Rrµνs a diagonal block if µ “ ν, and an off-diagonal
block otherwise. For i P I1, j P I2 and µ P I3, we define the vectors

Ri,rµs :“ pRiµ,Riµq , Rrµs,i :“

ˆ

Rµi

Rµi

˙

. (C.40)

For µ P I3, we denote Hrµs :“ Hpµµq and Rrµs :“ Rpµµq in the sense of Definition 4.2. Then we record the
following resolvent identities, which can be obtained directly from Schur complement formula.
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Lemma C.8. We have the following resolvent identities.

(i) For µ P I3, we have that

R´1
rµµs “

1

θl ´ 1

˜

1 ´θ
´1{2
l

´θ
´1{2
l 1

¸

´

„

pXJRrµsXqµµ pXJRrµsY qµµ
pY JRrµsXqµµ pY JRrµsY qµµ



. (C.41)

(ii) For i P I1 Y I2 and µ P I3, we have that

Ri,rµs “ RJrµs,i “ ´
“

pRrµsXqiµ, pRrµsY qiµ
‰

Rrµµs. (C.42)

(iii) For µ ‰ ν P I3, we have that

Rrµνs “ ´Rrµµs
„

pXJRrµsqµν pXJRrµsqµν
pY JRrµsqµν pY JRrµsqµν



“ ´

„

pRrνsXqµν pRrνsY qµν
pRrνsXqµν pRrνsY qµν



Rrννs. (C.43)

(iv) For µ P I3 and a1, a2, b1, b2 P Iztµ, µu, we have that

ˆ

Ra1b1
Ra1b2

Ra2b1 Ra2b2

˙

“

˜

Rrµsa1b1
Rrµsa1b2

Rrµsa2b1
Rrµsa2b2

¸

`

ˆ

Ra1µ Ra1µ

Ra2µ Ra2µ

˙

R´1
rµµs

ˆ

Rµb1
Rµb2

Rµb1 Rµb2

˙

. (C.44)

Using the above tools, we now prove the following entrywise version of Theorem C.4.

Proposition C.9 (Entrywise local law). If Assumption 2.1 holds, then we have that

max
a,bPI

|Rabpz, 0q ´ Γabpzq| ă n´1{2 uniformly in z P D. (C.45)

For the proof of Proposition C.9, we introduce the following Z variables

Za :“ p1´ Eaq
`

Raa

˘´1
,

where Ear¨s :“ Er¨ | Hpaqs, i.e. it is the partial expectation over the randomness of the a-th row and column
of H. By (C.36), we have that for i P Iα, α “ 1, 2,

Zi “ pEi ´ 1q
´

WRpiqWJ
¯

ii
“

piq
ÿ

µ,νPIα`2

Rpiqµν
ˆ

1

n
δµν ´WiµWiν

˙

. (C.46)

We also introduce the matrix-valued Z variables

Zrµs :“
`

1´ Erµs
˘ `

Rrµµs
˘´1

, (C.47)

where Erµsr¨s :“ Er¨ | Hrµss, i.e. it is the partial expectation over the randomness of the µ-th and µ-th rows
and columns of H. By (C.41), we have that

Zrµs “

«

ř

i,jPI1
Rrµsij pn´1δij ´XiµXjµq

ř

iPI1,jPI2
Rrµsij XiµYjµ

ř

iPI1,jPI2
Rrµsji XiµYjµ

ř

i,jPI2
Rrµsij pn´1δij ´ YiµYjµq

ff

. (C.48)

We also define the random error to control the off-diagonal entries,

Λo : “ max
i‰jPI1YI2

|Rij | ` max
µ‰νPI3

}Rrµνs} ` max
iPI1YI2,µPI3

›

›Ri,rµs

›

› . (C.49)

Now we claim the following large deviation estimate.
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Claim C.10. Under the setting of Theorem C.4, we have that

Λo ` |Zi| ` }Zrµs} ă n´1{2. (C.50)

Proof. For i P Iα, α “ 1, 2, applying Lemma 4.3 to Zi in (C.46), we get that

|Zi| ă
1

n

´

ÿ

µ,νPIα`2

ˇ

ˇRpiqµν
ˇ

ˇ

2
¯1{2

ď
1
?
n

” 1

n

ÿ

µPIα`2

´

RpiqpRpiqq˚
¯

µµ

ı1{2

ă n´1{2,

where in the last step we applied (C.28) to Rpiq to get pRpiqpRpiqq˚qµµ “ Op1q with high probability (because
Rpiq satisfies the same assumption as R). Similarly, applying Lemma 4.3 to Zrµs in (C.48), we obtain that

}Zrµs} ă
1

n

´

ÿ

i,jPI1YI2

ˇ

ˇRrµsij
ˇ

ˇ

2
¯1{2

“
1
?
n

” 1

n

ÿ

iPI1YI2

´

RrµspRrµsq˚
¯

ii

ı1{2

ă n´1{2. (C.51)

The proof of the off-diagonal estimate is similar. For i ‰ j P I1 Y I2, using (C.37), Lemma 4.3 and (C.28),
we obtain that

|Rij | ă
1
?
n

´

ÿ

µPI3YI4

ˇ

ˇRpiqµj
ˇ

ˇ

2
¯1{2

ă n´1{2.

For µ ‰ ν P I3, using (C.43), Lemma 4.3 and (C.28) we obtain that

›

›Rrµνs
›

› ă
1

n

´

ÿ

iPI1YI2

ˇ

ˇRrµsiν
ˇ

ˇ

2
¯1{2

`
1

n

´

ÿ

iPI1YI2

ˇ

ˇRrµsiν
ˇ

ˇ

2
¯1{2

ă n´1{2.

Finally, for i P I1 Y I2 and µ P I3, using (C.42), Lemma 4.3 and (C.28), we obtain that

›

›Ri,rµs

›

› ă
1

n

´

ÿ

jPI1YI2

ˇ

ˇRrµsij
ˇ

ˇ

2
¯1{2

ă n´1{2.

Combining the above estimates, we conclude (C.50).

A key component of the proof for Proposition C.9 is to show that ωα, α “ 1, 2, 3, 4, satisfy the self-
consistent equations in (C.20) up to some small errors |Eα| ă n´1{2.

Lemma C.11. Fix any constant ε ą 0. The following estimates hold uniformly in z P D:

ˇ

ˇ

ˇ

ˇ

c1
ω1
` z ` ω3

ˇ

ˇ

ˇ

ˇ

ă n´1{2,

ˇ

ˇ

ˇ

ˇ

c2
ω2
` ω4

ˇ

ˇ

ˇ

ˇ

ă n´1{2, (C.52)

ˇ

ˇ

ˇ

ˇ

ω3 ` p1´ θlq
1` p1´ θlqω2

r1` p1´ θlqω1sr1` p1´ θlqω2s ´ θ
´1
l

ˇ

ˇ

ˇ

ˇ

ă n´1{2, (C.53)

ˇ

ˇ

ˇ

ˇ

ω4 ` p1´ θlq
1` p1´ θlqω1

r1` p1´ θlqω1sr1` p1´ θlqω2s ´ θ
´1
l

ˇ

ˇ

ˇ

ˇ

ă n´1{2. (C.54)

Proof. Similar to (C.5), for i P I1 Y I2 and µ P I3, we denote

ωpiqα :“
1

n

ÿ

aPIα

Rpiqaa , ωrµsα :“
1

n

ÿ

iPIα

Rrµsaa , α “ 1, 2, 3, 4.
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Using (C.36) and (C.46), we get that for i P I1 and j P I2,

1

Rii
“ ´z ´ ω3 ` εi,

1

Rjj
“ ´ω4 ` εj , (C.55)

where

εi :“ Zi ` ω3 ´ ω
piq
3 , εj :“ Zj ` ω4 ´ ω

pjq
4 .

On the other hand, using (C.41) and (C.47), we get that for µ P I3,

R´1
rµµs “

1

θl ´ 1

˜

1 ´θ
´1{2
l

´θ
´1{2
l 1

¸

´

ˆ

ω1 0
0 ω2

˙

` εµ, (C.56)

where

εµ :“ Zµ `

˜

ω1 ´ ω
rµs
1 0

0 ω2 ´ ω
rµs
2

¸

.

Now using (C.38) and (C.50), we get that

ω3 ´ ω
piq
3 “

1

n

ÿ

µPI3

RµiRiµ

Rii
“ Oăpn

´1q,

where in the second step we also used |Rii| Á 1 by (C.35) and (C.1). We have similar estimates for ω4´ω
pjq
4 ,

ω1 ´ ω
rµs
1 and ω2 ´ ω

rµs
2 . Together with (C.50), these estimates give that

max
iPI1YI2

|εi| `max
µPI3

}εµ} ă n´1{2. (C.57)

Now using the first equation in (C.55) and (C.57), we obtain that

ω1 “
1

n

ÿ

iPI1

Rii “
1

n

ÿ

iPI1

1

´z ´ ω3 ` εi
“

c1
´z ´ ω3

`Oăpn
´1{2q, (C.58)

where in the second step we used |z ` ω3| Á 1 with high probability by (C.35). This gives the first equation
in (C.52). Similarly, using the second equation in (C.55), we can obtain the second equation in (C.52). With
(C.35) and (C.1), we can check that

›

›

›

›

›

›

«

1

θl ´ 1

˜

1 ´θ
´1{2
l

´θ
´1{2
l 1

¸

´

ˆ

ω1 0
0 ω2

˙

ff´1
›

›

›

›

›

›

À 1 with high probability. (C.59)

Taking the matrix inverse of (C.56) and using (C.57) and (C.59), we obtain that for µ P I3,

Rrµµs “
θl ´ 1

r1` p1´ θlqω1sr1` p1´ θlqω2s ´ θ
´1
l

˜

1` p1´ θlqω2 θ
´1{2
l

θ
´1{2
l 1` p1´ θlqω1

¸

`Oăpn
´1{2q. (C.60)

After taking the average n´1
ř

µPI3
over the p1, 1q-th and p2, 2q-th entries of equation (C.60), we obtain the

equations (C.53) and (C.54).

64



Proo of Proposition C.9. We can apply Lemma C.3 now, where (C.19) is implied by (C.35), and the equations
in (C.20) follow from Lemma C.11. Then (C.21) implies that

4
max
α“1

|ωαpzq ´ ωαcpzq| ă n´1{2. (C.61)

Plugging (C.61) into (C.55) and (C.60), we then get the diagonal estimate

max
iPI1

ˇ

ˇRii ´ c
´1
1 ω1c

ˇ

ˇ`max
jPI2

ˇ

ˇRjj ´ c
´1
2 ω2c

ˇ

ˇ`max
µPI3

›

›

›

›

Rrµµs ´
ˆ

ω3c g1

g1 ω4c

˙
›

›

›

›

ă n´1{2.

Combining it with the off-diagonal estimate in (C.50), we conclude (C.45).

Finally, we can complete the proof of Theorem C.4.

Proof of Theorem C.4. With the entrywise local law, Proposition C.9, the proof of (C.22) uses a polynomi-
alization method developed in [8]. Actually the argument is exactly the same as the one in Section 7 of [40].
Hence we omit the details. However, we make one remark that in the proof, we need to bound the high
moments

E |xu,Rpz, 0qvy ´ xu,Γpzqvy|2a

for any fixed large a P N. Hence for regularity reasons, we shall use the resolvent Rpz ` in´4, z1q with
z1 “ in´4 in order to make use of the deterministic bound (C.6) on exceptional low-probability events, which
justifies the applicability of Lemma 3.2 (iii). The structure of the proof is as follows. First, the argument in
the proof of Claim 5.2 allows us to extend the entrywise local law (C.45) to Rpz ` in´4, z1q. Then we can
prove the anisotropic local law (C.22) for Rpz ` in´4, z1q using the arguments in Section 7 of [40]. After
that, applying the argument in the proof of Claim 5.2 again allows us to extend the anisotropic local law to
Rpz, 0q.
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