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Abstract

In this paper, we prove a CLT for the sample canonical correlation coefficients between two high-
dimensional random vectors with finite rank correlations. More precisely, consider two random vectors
X=x+ Az and y = y + Bz, where x € R?, y € R? and z € R" are independent random vectors with
i.i.d. entries of mean zero and variance one, and A € RP*" and B € R?*" are two arbitrary deterministic
matrices. Given n samples of X and y, we stack them into two matrices X = X + AZ and Y =Y + BZ,
where X € RP*", Y € R™*" and Z € R"™*" are random matrices with i.i.d. entries of mean zero and
variance one. Let \; = A2 = --- > A, be the largest r eigenvalues of the sample canonical correlation
(SCC) matrix Cxy = (XX ) 72XYT (YY) YxT (XX T)"V2 and let t1 = to > --- > t, be the squares
of the population canonical correlation coefficients between X and y. Under certain moment assumptions,
we show that there exists a threshold ¢. € (0,1) such that if ¢; > t., then y/n(\; — 6;) converges weakly
to a centered normal distribution, where 0; is a fixed outlier location determined by t;. Our proof uses a
self-adjoint linearization of the SCC matrix and a sharp local law on the inverse of the linearized matrix.

1 Introduction

Given two random vectors X € R? and y € RY, canonical correlation analysis (CCA) has been one of the
most classical methods to study the correlations between them since the seminal work by Hotelling [22].
More precisely, CCA seeks two sequences of orthonormal vectors, such that the projections of X and ¥
onto these vectors have maximized correlations. These correlations are referred to as canonical correlation
coefficients (CCCs), which can be characterized as the square roots of the eigenvalues of the population
canonical correlation (PCC) matrix
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where ¥, Xyy, Xgy and Xy, are the population covariance and cross-covariance matrices defined by
Spp = EGR) — (BR(ER)T, T,y = EGF) — BHEF)T, T, = 3, = EGFT) — (EX)(E) .
In this paper, we consider the following standard signal-plus-noise model for X and y:

X=x+ Az, y =y + Bz, (1.1)
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where x € RP and y € R? are two independent noise vectors with i.i.d. entries of mean zero and variance
one, z € R" is a shared signal vector with i.i.d. entries of mean zero and variance one (which yields a rank-r
correlation), and A € RP*" and B € R?7*" are two arbitrary deterministic matrices. Under the model ,
the PCC matrix is given by a rank-r matrix

S = (I, + AAT)"Y2ABT (I, + BBT)"'BAT(I, + AAT)™1/2,

and we denote the r non-trivial eigenvalues of > as ti1=zto=---=2t.20.

We can study ¥ and the population CCCs via their sample counterparts, i.e., the sample canonical
correlation (SCC) matrix and the sample CCCs. More precisely, let (X;,¥;), 1 < i < n, be n i.i.d. samples
of (X,¥). We stack them (as column vectors) into two matrices

X = n_1/2 (;(17522"" 75271) :X+sz Y= n_1/2 (}7173727"' 7?77,) :Y+B27 (12)
where n='/2 is a convenient scaling, with which we can write the sample covariance and cross-covariance

matrices concisely as
Spw = XX, Sy =YY", Spy =08, :=XY",

and X, Y and Z are respectively p x n, ¢ x n and r x n matrices with i.i.d. entries of mean zero and variance
n~!. Then we define the SCC matrix as

Cay i= 857808, Sy S

and denote their eigenvalues as Xl = Xg =z XpAq > 0. The square roots of these eigenvalues are referred
to as sample canonical correlation coefficients. Equivalently, the sample CCCs are the cosines of the principal
angles between the two subspaces spanned by the rows of X and ), respectively. If n — oo while p, ¢ and
r are fixed, it is easy to see that the SCC matrix converges to the PCC matrix almost surely by the law of
large numbers, and hence every sample CCC converges almost surely to the corresponding population CCC.
On the other hand, in this paper, we focus on the high-dimensional setting with a low-rank signal: p/n — ¢;
and ¢/n — ¢y as n — o for some constants ¢; € (0,1) and ¢z € (0,1 — ¢1), and r is a fixed integer that
does not depend on n. In this case, the behavior of the SCC matrix deviates greatly from that of the PCC
matrix.

Related work. In the null case with » = 0, the eigenvalue statistics of the SCC matrix have been well-
understood. If X and ) are Gaussian matrices, then the eigenvalues of Cxy reduce to those of a double
Wishart matrix, which belongs to the famous Jacobi ensemble [24]. It was shown in [37] that, almost surely,
the empirical spectral distribution (ESD) of the double Wishart matrix converges weakly to a deterministic
probability distribution (cf. below). By analyzing the joint eigenvalue density of the Jacobi ensemble,
Johnstone [24] proved that the largest eigenvalues of double Wishart matrices satisfy the Tracy-Widom law
asymptotically. Alternatively, the Tracy-Widom law of double Wishart matrices can also be obtained as a
consequence of the results in [21] for F-type matrices. In the general non-Gaussian case, the convergence
of the ESD of Cxy was proved in [42], the CLT of the linear spectral statistics for Cxy was proved in [43],
and the Tracy-Widom law of the largest eigenvalue of Cxy was proved in [20] under the assumption that the
entries of X and ¥ have finite moments up to any order. The moment assumptions for the Tracy-Widom law
was later relaxed to the finite fourth moment condition in [40].

Some arguments in the literature for the null case are based on the fact that the subspaces spanned by
the rows of X and ) are approximately uniform (Haar) distributed random subspaces, which, however, does
not hold for the non-null case with » > 0. This makes the study of the non-null case more challenging. If X
and ) are Gaussian matrices, then the asymptotic distributions of the sample CCCs have been derived in
the case where either p or ¢ is fixed as n — oo [19]. When p and ¢ are both proportional to n, the limiting



distributions of the sample CCCs have been established under the Gaussian assumption in [4], which we
discuss in more detail now.

BBP transition. Suppose X, Y and Z are independent random matrices with i.i.d. Gaussian entries. Bao
et al. [4] proved that for any 1 <4 < r, the behavior of A; undergoes a sharp transition across the threshold
t. defined by
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More precisely, the following dichotomy occurs:

(1) if t; < t., then \; sticks to the right edge A4 (cf. (2.16) below) of the limiting bulk eigenvalue spectrum
of the SCC matrix, and n%3()\; — A ) converges weakly to the Tracy-Widom law;

(2) if t; > t., then \; lies around a fixed location 6; € (A;,1), and nY/2(X; — 6;) converges weakly to a
centered normal random variable.

Following the notation in random matrix theory literature, we call Xz in case (2) an outlier. The above
abrupt change of the behavior of \; when ¢; crosses t. is generally referred to as a BBP transition, which
dates back to the seminal work of Baik, Ben Arous and Péché [2] on spiked sample covariance matrices. The
phenomenon of BBP transition has been observed in many random matrix ensembles deformed by low-rank
perturbations. Without attempting to be comprehensive, we refer the reader to [10} 1T, [16, 26, 27, 33] about
deformed Wigner matrices, [T}, 2} B [, 7] 23, B2] about spiked sample covariance matrices, [12} 39, 41] about
spiked separable covariance matrices, and [5], [6] [7, [38] about several other types of deformed random matrix
ensembles. The SCC matrix Cxy considered in this paper can be regarded as a low-rank perturbation of the
SCC matrix in the null case with r = 0.

Main results and basic ideas. A natural question is whether the above BBP transition holds universally
if we only assume certain moment conditions on the entries of X, Y and Z. Answering this question is not
only theoretically interesting from the point of view of random matrix theory, but also crucial for modern
applications of CCA in e.g., statistical learning, wireless communications, financial economics and population
genetics. In this paper, we solve this problem and prove that the BBP transition occurs as long as the entries
of X and Y satisfy the bounded (8 + €)-th moment condition (with € denoting an arbitrarily small positive
constant). More precisely, we obtain the following results when ¢; > t..

(i) In Theorem Nassuming that the entries of X, Y and Z have bounded moments up to any order, we
prove that n'/?(\; — 6;) converges weakly to a centered normal random variable.

(ii) In Theorem we prove the CLT for A; under a relaxed bounded (8 + £)-th moment condition on the
entries of X, Y and a bounded (4 + £)-th moment condition on the entries of Z.

On the other hand, when ¢; < t., the Tracy-Widom law of n2/3(X; — A, ) was proved in [31]. For the reader’s
convenience, we will state it in Theorem

The proof in [] depends crucially on the fact that multivariate Gaussian distributions are rotationally
invariant under orthogonal transforms, which makes the proof hard to be extended to the non-Gaussian
case. To circumvent this issue, we employ an entirely different approach—a linearization method developed
in [40]. More precisely, we define a (p + ¢ + 2n) x (p + ¢ + 2n) random matrix H that is linear in X and Y’
(cf. equation below) and call its inverse G := H~! as resolvent. In [40], we found that the eigenvalues of
the SCC matrix Cxy are precisely the solutions to a determinant equation in terms of a linear functional of G
(cf. equation below). Moreover, an (almost) optimal local law for this linear functional was obtained in
[40). In [31], we obtained a large deviation estimate on the outlier sample CCCs—if t; > ¢., then A; converges
to 0; with convergence rate O(n~/2+¢) (which is slightly larger than the correct order of fluctuation n=1/2).



With the local law and the large deviation estimate as main inputs, we can reduce the problem to proving
the CLT for a (different) linear functional of G, denoted by £(X,Y, Z) (cf. Section [3.3). The main technical
part of our proof is to show that £(X,Y, Z) converges weakly to a centered Gaussian random variable. Our
basic idea is to use the classical moment method, that is, showing that the moments of £(X,Y, Z) match
those of a Gaussian random variable asymptotically. One method to calculate the moments of £(X,Y, 7) is
to use the simple identity 1 = HG and apply a resolvent expansion formula (cf. Lemma below) to the
resulting expression. However, the relevant calculation for this strategy will be rather tedious. Instead, we
adopt a strategy in [20] 27], that is, we first prove the CLT in an “almost Gaussian” case (i.e., a case where
most of the entries of X and Y are Gaussian), and then show that the general case is sufficiently close to
the almost Gaussian case. This strategy allows us to divide the lengthy calculation into several parts that
are more manageable. In particular, the resolvent expansion formula can be replaced by a simpler Gaussian
integration by parts formula. N

Finally, we remark that the limiting variance of n!/ 2(\; — 6;) depends on the fourth cumulants of the
entries of X, Y and Z in an intricate way, which has not been identified in the Gaussian case. We also
perform simulations to verify this deviation from the CLT result in [] (cf. Figure [I)).

Organizations. The rest of this paper is organized as follows. In Section [2] we define the model and state
the main results, Theorem and Theorem on the limiting distributions of the outlier sample CCCs.
We will give the proof of Theorem in Sections In Section [3} we introduce the linearization method,
define the resolvent, and reduce the problem to proving the CLT for a linear functional of the resolvent.
In Section [ we establish the CLT of the outlier sample CCCs in an almost Gaussian case, where most of
the entries of X and Y are Gaussian. In Section [5} we complete the proof of Theorem [2.3] by showing that
the general setting of Theorem [2.3]is close to the almost Gaussian case asymptotically. Finally, utilizing
Theorem [2.3] and a comparison argument, we complete the proof of Theorem in Section[6] The appendix
contains the proofs of Lemma and Lemma which are two key lemmas in the proof of Theorem

Conventions. For two quantities a,, and b, depending on n, the notation a,, = O(b,) means that |a,| <
C|by,| for some constant C' > 0, and a,, = o(b,,) means that |a,| < ¢,|b,| for a positive sequence ¢, | 0 as
n — o0. We use the notation a,, < b, if a,, = O(b,) and the notation a,, ~ b, if a,, = O(b,) and b, = O(ay,).
Given a matrix A, we use | Al := |A];2_2 to denote the operator norm, |A|r to denote the Frobenius norm,
and [|A||max 1= max; ; |A;;| to denote the maximum norm. Given a vector v = (v;)i", ||[v]| = |v|2 stands
for the Euclidean norm. In this paper, we often write an identity matrix as I or 1 without causing any
confusion.

Acknowledgements. I want to thank Zongming Ma for bringing this problem to my attention and for valu-
able suggestions. I also want to thank Edgar Dobriban, David Hong and Yue Sheng for fruitful discussions.
I am grateful to the editor, whose feedback has resulted in a significant improvement.

2 The model and main results

2.1 The model

In this paper, we consider the model (1.2]). Here X and Y are two independent real matrices of dimensions
p x n and q x n, respectively, where the entries X;;, 1 <i<p,1<j<nand¥j;, 1<i<q 1<j<nare
i.i.d. random variables satisfying that

EX;; =EYy;; =0, E[X;1]? =E|Y|>=n"". (2.1)
Z is an r x n matrix that is independent of X and Y, and has i.i.d. entries Z;;, 1 < i <7, 1 < j < n,

satisfying that
EZi1 =0, E[Zuf =n"" (2.2)



A and B are p x r and ¢ x r deterministic matrices with the following singular value decompositions:
i i
A=>Ylaui(vH)", B=>bul()T, (2.3)
i=1 i=1

where {a;} and {b;} are the singular values, {u?} and {u®} are the left singular vectors, and {v¢} and {v?}
are the right singular vectors. We assume that for some constant C' > 0,

0<a,<--<ay<a;<C, 0<b,<---<by<b <C. (2.4)
For the rest of this paper, we denote that
Y, :=diag (a1, - ,a,), Xp:=diag(by,---,b.), (2.5)

Ua:: (utlla"'vu?)v VLL = (V(llf"vv;’:)a Ub:: (ul{7"'au$’)7 Vb:: (V?,“’,V?). (26)

In this paper, we focus on the high-dimensional setting, that is, there exist constants ¢; and ¢, such that as
n — o0,
am) =L 5, emn) =L -5, with & +&e(0,1). (2.7)
n n

For simplicity of notations, we will always abbreviate ¢;(n) = ¢; and ca(n) = ¢y in this paper. Without loss
of generality, we can assume that ¢; > ¢3. We now summarize the above assumptions for future reference.
We will also assume a high moment condition on the entries of X, Y and Z.

Assumption 2.1. Fiz a small constant 7 > 0 and large constant C' > 0.

(1)) X = (X;;) and Y = (Y;;) are independent p x n and g x n random matrices, whose entries are real
i.i.d. random wvariables satisfying (2.1) and the following high moment condition: for any fized k € N,
there is a constant pr > 0 such that

1/k 1/k
(E[X1:1[%) "< 12, (E[Y11]¥) * < n12, (2.8)

(i) Z = (Z;;) is an r x n random matriz independent of X and Y, and its entries are real i.3.d. random

variables satisfying (2.2) and (2.8]).

(iii) We assume that
r<C, 7<c<c, ct+ce<l—1. (2.9)

(iv) We consider the model in (1.2), where A and B satisfy (2.3]) and (2.4).

In this paper, we will use the SCC matrix

—1/2 —1 —1/2

Cay = (X2T) 2 (0yT) (0y7) T (AT (xaT) T2 (2.10)

the null SCC matrix
Cxy 1= Sp"?SuySy)t SyaSeal?, (2.11)

with

Spe = XXT, Sy, =YY S =8, =XV (2.12)

and the PCC matrix
DPEVEED NE) A Dt I Dol (2.13)



with
S =1, + AAT, S, :=1,+ BB", ¥,, =%, :=AB'.

We will also use the following SCC, null SCC and PCC matrices:

1/2

—-1/2 -1 _
= GVT) 7 @XT) () () o)
Cyx = S;,)/2SysSa Suy Sy %, Bya 1= 5,78, 0,158,512,
Our results can be easily extended to a more general model
X:=C\’X + Az, Yy:=cCY*v+Bz (2.14)

with non-identity population covariance matrices C; and Cs. In fact, it is easy to see that the eigenvalues
of the SCC matrix are unchanged under the non-singular transformations X — C;l/ X and Y — C, Y 23)
which reduce (2.14]) to the model (1.2)) with A and B replaced by CII/QA and C;1/2

2.2 The main results

We denote the eigenvalues of the null SCC matrix Cy x by Ay = Ao = --- = Ay = 0. It is easy to see that Cxy
shares the same eigenvalues with Cy x, besides the p — ¢ more trivial zero eigenvalues Ag11 = --- = A, = 0.
We denote the ESD of Cy x by

1 q

T

It has been proved [37,[42] that, almost surely, F;, converges weakly to a deterministic probability distribution
F(z) with density

1 /Oy —2)(z—A)

J(@) = 2mey z(l —x) ’

A<z <Ay, (2.15)

where

- (\/61(1 — o) £ +/ca(1 — cl)>2. (2.16)

~

For the model (1.2]) with finite rank correlations, we denote the eigenvalues of Cyx by M=
Aq = 0, and the eigenvalues of Xyx by

tl>t2>"'>t7»>t7-+1:"'—tq:O. (217)

Recall the threshold ¢, defined in ([L.3) for BBP transition. If the entries of X and Y are i.i.d. Gaussian,
then it was proved in [4] that the following phenomena occur for any 1 <i < r: if t; <t., then \; = A, — 0
almost surely; if t; > t., then \; — 8; — 0 almost surely, where

0 =t;(1—c1+cit;") (1—co+ oty ). (2.18)

Moreover, the limiting distributions were also identified in [4] for the Gaussian case: if ¢; < t., 23N — AL)
converges to the Tracy-Widom law; if ¢; > ., v/n(\; — 0;) converges to a centered normal distribution. The
main purpose of this paper is to extend the CLT of the outliers to the setting in Section 2.1} assuming only
the moment conditions in (or the weaker ones in below).

In [4], it was assumed that that the ¢;’s are either well-separate or exactly degenerate. In this paper,
however, we consider the most general setting which allows for near-degenerate outliers. For this purpose,



we first introduce some new notations following [27]. For any r x r matrix A = (A;;) and a subset of indices
m < {1, ,r}, we define the || x |7| matrix A, by

Aprp i= (Aij)ijer- (2.19)
We denote the eigenvalues of Af,] in the descending order by
m (Apg) 2 - 2wy (A - (2.20)
We will group the near-degenerate t;’s according to the following definition.
Definition 2.2. Fiz two small constants §;,0 > 0. Forle {1, --- r} satisfying
te+6 <t <1-4y, (2.21)

we define the subset (1) 3 1 as the smallest subset of {1,---,r} such that the following property holds: if
i,j € {1, ,r} satisfy t; > t. and |t; —t;| < n~Y2%0 then either i,j € y(1) ori,j ¢ v(I).

The set v(I) in this definition can be constructed by successively choosing i € {1,--- ,r} such that ¢; is
away from v(I) by a distance less than n~/2*% and then adding i to v(I). Since the number of such indices
is at most r, we have that |t; — t;] < rn~Y2%9 for any i € v(I).

Before stating our main result, we first define the reference matrix, which describes the limiting distri-
bution of a group of near-degenerate outliers. Recalling and , we abbreviate that

& Y & 2

o o T
Yo gm0 gy Me= Ve (2.22)

Since iaMrigMjia is the PCC matrix in the basis of {u?}, we have the singular value decomposition
SeM, Sy = Odiag(vir, V)0, (2.23)

for some r x r orthogonal matrices O and O. Fix any 1 <! < r such that holds. We define
Whe,ij = Whji =t [Vaiao] y [Vaiao] . +t [be]bé] y [be]b@] N
— Vi [Vaiao]ki [Vbi,,@]kj Vi [Vbibﬁ]ki [V.$.0| . (2.24)
and
1 ~

1
——70
(1+X2)1/2

(I, + =2)172 229

U:=U, (IT—fji)l/Q(’):Ua 0, V=T, (Ir—§§)1/2(5=Ub

Then we define the following covariance function for (4, 5), (¢, /) € (1) x y(1):

(1- tl)QtZQ c1 Co
Cijry (tr) = T S L . (0iir 8550 + 0 Gjir)

7 () = 3) Y Unillii Ui iUsjr + 67 (1 = 3) D Vi Viir Vig Vi + (18 = 3) Y- Wi ijWaeiryr,  (2.26)
k k k

where we have used the notations
M = n?EXE pl(jl) =n’EY, Y = n’EZ}. (2.27)

Finally, we define the notation

alty) = (1_01;#(1&% — ). (2.28)

1
Now we are ready to state the main results.



Theorem 2.3. Fiz any 1 <1 < r. Suppose Assumption and (2.21)) hold. Define the vector of rescaled

eigenvalues ¢ = ((i)iey(1), where G := nl/Q(Xi —0;) for 0; defined in (2.18). Let § = (£)ieyqy e the vector
of ordered eigenvalues of the random |y(1)| x |y(I)| matriz

a(tl)n1/2 [diag(ty,--- ,t,) — tl][['y(l)]] + a(t) Yy, (2.29)

where Ty is a |y(1)|x|y(1)| symmetric Gaussian random matriz, whose entries have mean zero and covariances

E(Y1)ii(Y1)irjr = Cijarye(tr),  for (i,5), (@', 5") € v(1) x 7(1). (2.30)
Then for any bounded continuous function f, we have that
lim [Ef(¢) ~ Ef(€)] = 0. (2:31)

By Portmanteau theorem, means that the group of rescaled eigenvalues ¢ has the same joint
asymptotic distribution as the eigenvalues of a Gaussian random matrix with covariances given by
(up to a factor a?(#;)). Now we apply our result to the special case where the entries of X, Y and Z are i.i.d.
Gaussian random variables, and t; = ¢; for all ¢ € v(I). In this case, the last three terms in and the
first term in vanish. Then by Theorem we get that ¢ converges weakly to the ordered eigenvalues
of a GOE G = (g;;), with independent Gaussian entries

9ij = gji ~ N(0, (1 + 055)cq(t1)), (2.32)
e ( )*( )2(1—t)*(tf — t2)
L 1—61 1—62 1—tl tl —tc C1 Co
cq(ty) := tl2 (Qtl + T + 1= CQ) . (2.33)

This is in accordance with [4, Theorem 1.9].
We can relax the moment assumption (2.8)) if we assume that the population CCC are either well-
separated or exactly degenerate.

Theorem 2.4. Fix any 1 <1 < r. Suppose Assumption holds except that (2.8)) is replaced with the
following moment assumption: there exist constants cy, Cy > 0 such that

ElvnX11 |87 < Cy, E|lvnY1 |2t < Cy, E|vnZn[*T < Cp. (2.34)
Suppose there exists a constant §; > 0 such that (2.21) holds, and
ti=t for iexy(l), and |t;—t]=d for i¢~(). (2.35)

Then the equation (2.31)) holds for ¢ and & defined in Theorem .

On the other hand, the limiting Tracy-Widom distribution of the extreme non-outlier eigenvalues has
been proved under a fourth moment tail assumption in [31].

Theorem 2.5 (Theorem 2.14 of [31]). Suppose Assumption (iii)-(iv) hold. Assume that x;; = n=%%;,

Yij = n‘lmﬂij and z;j; = n_1/22¢j, where {Z;;}, {Ui;} and {Z;;} are three independent families of real i.i.d.

random variables with mean zero and variance one. Moreover, we assume the fourth moment tail condition

lim t* [P (|Z11] = t) + P(|911| = )] = 0. (2.36)

t—0

Assume that for a fized 0 < ry <, the eigenvalues of L xy satisfy

liminf¢,, >t. > limsupt,, +1. (2.37)
n n



Then we have that for any fized k € N,

N

im P | [ n2/3 M

si>k — lim PGOF [(n%(Ai ~92) < s)k ] (2.38)

n—o0
=1

for all (s1, 82, ...,51) € R¥, where

c .:[ N(1- )2 ]”3
e \/0162(1 — Cl)(l — CQ) ’

stands for the law of GOE (Gaussian orthogonal ensemble).

and PEOFE

Taking k = 1 in gives that n? 3(3\T ++1 — Ay )/crw converges weakly to the type-1 Tracy-Widom
distribution [35,[36]. Furthermore, the joint distribution of the largest k eigenvalues of GOE can be written in
terms of the Airy kernel [I8]. Hence gives a complete description of the asymptotic finite-dimensional
joint distributions of the extreme non-outlier eigenvalues of Cxy. Combining Theorems and we
complete the story of BBP transition for high-dimensional CCA with finite rank correlations.

Before the end of this section, we verify Theorem with some numerical simulations. In particular, we
will show that the last three terms in are necessary to match the variance of the simulated sample
CCC. For the simulations, we take the entries of X, Y and Z to be i.i.d. Rademacher random variables (with
an extra scaling n*1/2). In this setting, we have HS‘) = ,u_,(f) = ,u,(f) = 1. Moreover, we take n = 2000 and
c1 = c2 =0.2,1i.e. p= g = 400, which gives t, = 0.25 by . We consider the rank-one case with r = 1,
and take the matrices A and B as A = 2u® and B = 2u®, which gives a supercritical spike t; = 0.64. We
consider the following two scenarios for the unit vectors u® and u®.

Scenario (a): u® and u® are standard unit vectors along the first coordinate axis in R” and R?, respectively.
In this case, the limiting variance of ¢; = n'/2(\; — ;) is given by o2 := a®(t1)Ch1.11(t1), where by (2.26))
we have that

(1 —tl)zt% C1 Co 2 1 1
C t) =2 1 (o 4+ + -2t +
11,11(t1) 212 P T T 1 (1 +a2)2 " (1+062)2

2

b2
—2[t1 T4 N

t
T+a2 ‘1402

ab 2
(1+a2)V/2(1+b2)1/2] ~

Scenario (b): u® and u® are random unit vectors on the unit spheres SP and S?, respectively. Then we
have [u®|, < n~Y2%¢ and |u®||, < n~Y2*¢ with probability 1 — o(1) for any constant € > 0, with which
we can easily check that the & and V terms in are both of order O(n~1+2¢) with probability 1 —o(1).
Hence the limiting variance of ¢; is given by o + o(1) with probability 1 —o(1), where

2 N €1 Cco
= 202 (t) L (g, +
o = 20°(0) ST p——

2 b2 ab

2
a
—2a2(t1) | ¢ t — 24/1 .
a(1)|:11+a2 ThTTe 1(1+a2)1/2(1+b2)1/2]

In Figure[l] we report the simulation results based on 5000 replications. We find that the histograms match
our result in Theorem [2.3| pretty well. Furthermore, it is not surprising that the predication (2.32)) in the
Gaussian setting deviates from the simulations a little bit, which shows that the last three terms in
are necessary for the non-Gaussian setting.



Scenario (a) Scenario (b)

60 60

0.76 0.78 0.8 0.82 0.76 0.78 0.8 0.82
The first sample CCC The first sample CCC

Figure 1: The histograms give the simulated first sample CCC based on 5000 replications. The red solid
curves give the probability density functions (PDF) of the normal distributions N (61, 02/n) and N(0;, 0% /n)
in scenarios (a) and (b), respectively. The green dashed curves represent the PDF of the normal distribution

N (01,2¢4(t1)/n), where ¢4(t1) is defined in ([2.33).

3 Linearization method and resolvents

In this section, we introduce the linearization method, define the concept of resolvent, and show that the
study of the limiting distributions of the outliers can be reduced to proving the CLT for a linear functional
of the resolvent. Before that, we first recall some (almost) sharp convergence estimates on the sample CCCs
that have been proved in [31 [40]. They will serve as important a priori estimates for our proof.

3.1 Convergence of the sample CCCs

To simplify the notations, it is helpful to use the following notion of stochastic domination introduced in
[13]. It simplifies the presentation of the results and their proofs by systematizing statements of the form “¢
is bounded by ¢ with high probability up to a small power of n”.

Definition 3.1 (Stochastic domination and high probability event). (i) Let
£= (ﬁ(n)(u) :neNue U(")) , (= (C(")(u) :neNjue U(”))

be two families of nonnegative random variables, where U™ is a possibly n-dependent parameter set. We
say & is stochastically dominated by ¢, uniformly in u, if for any small constant € > 0 and large constant
D > 0, we have that

sup P [5(") (u) > ns¢™ (u)] <n P
ueUn)

for large enough n = ng(e, D), and we will use the notation & < ¢ to denote it. If a family of complex random
variables & satisfy €] < ¢, then we will also write &€ < ¢ or & = 0(().

(i) We extend O(-) to matrices in the operator norm sense as follows. Let A be a family of random matrices
and ¢ be a family of nonnegative random variables. Then A = O () means that |A| < .

(iii) As a convention, for two deterministic nonnegative quantities & and ¢, we write & <  if and only if
&< n”( for any constant T > 0.
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(iv) We say an event = holds with high probability (w.h.p.) if for any constant D > 0, P(Z) > 1 —n~P for
large enough n. Moreover, we say = holds with high probability on an event ) if for any constant D > 0,
P(Q\Z) < n= P for large enough n.

The following lemma collects some basic properties of stochastic domination <, which will be used tacitly
in the proof.

Lemma 3.2 (Lemma 3.2 in [§]). Let & and ¢ be two families of nonnegative random variables, U and V' be
two parameter sets, and C' > 0 be a large constant.

(i) Suppose that &(u,v) < ((u,v) uniformly in uw € U and v € V. If |V| < n, then Y, .y &(u,v) <
Dver C(u,v) uniformly in uwe U.

(1) If &1(u) < G (u) and & (u) < Co(u) uniformly in w € U, then & (u)éa(u) < (1(uw)Ca(u) uniformly in
uelU.

(iii) Suppose that W(u) = n~C is deterministic and &(u) satisfies EE(u)? < n© for all w € U. Then if
E(u) < ¥(u) uniformly in u € U, we have that EE(u) < W(u) uniformly in ue U.

The following large deviation bounds on the outliers of Cxy were proved in [31].
Lemma 3.3 (Theorem 2.9 of [31]). Suppose Assumption holds. If t; > t. +n~'3, then we have that
X — 0:] < n Y2t — to V2. (3.1)
On the other hand, for any i = O(1) with t; < t.+n~"3, we have that
X — Ay| <n~%3, (3.2)
The quantiles of the density correspond to the classical locations of the eigenvalues of Cy x.

Definition 3.4. The classical location vy; of the j-th eigenvalue of Cy x is defined as

75 1= su { v (z)dz > ng} (3.3)

x x
where f is defined in (2.15). Note that we have y1 = Ay and Ay —y; ~ (j/n)?3 for j > 1.
In [40], we have proved the following eigenvalue rigidity estimate for Cy x.

Theorem 3.5 (Theorem 2.5 of [40]). Suppose Assumption holds. The eigenvalues of the null SCC matrix
Cy x satisfy the following eigenvalue rigidity estimate:

1/3

|>‘i - ’72| < ?’L72/3, I<i< (1 - 5)(17 (34)

where 6 > 0 is any small constant.

3.2 Resolvents and local laws

One main tool of our proof is the self-adjoint linearization trick developed in [3T), [40]: a A € (0,1) is an
eigenvalue of Cyy if and only if the following equation holds:

det ' (i){ g) =0. (3.5)

xT 0 AL, A2\
0o YT LT DY

11



Inspired by this equation, we define the following (p + g + 2n) x (p + ¢ + 2n) self-adjoint block matrix

X 0
0 G v)
HN=H(X,Y,\) := xT 0 M, A2 -1, (3.6)
0 YT N21, M,
and call its inverse the resolvent:
G\ =G(X,Y,\) :=[HN)] . (3.7)

We can also extend the argument A to z € Cy := {z € C:Imz > 0} with z'/2 being the branch with positive
imaginary part. Similar to equation (3.5)), it is not hard to see that A is not an eigenvalue of the null SCC

matrix if and only if det [H(A)] # 0. In this case, using (L.2), (2.3)), (2.5) and (2.6]), we can rewrite (3.5) as
U 0)\/0 D)\ /U" 0
o-afie (5 ) (5 0) (5 &)ow]

_ det [1+ (g 75) <U; EOT> G <IOJ g)] (3.8)

where we used the identity det(1+ M;Ms) = det(1+ M2M;) for any two matrices My and My of conformable
dimensions. Here D, U and E are 2r x 2r, (p + ¢) x 2r and 2n x 2r matrices defined as

e O (U, O L ARV 0
o (3 0). ue (% 0). w7 )

In [40], we have proved an (almost) sharp large deviation estimate on the 4r x 4r matrix

(5 w)em (Y g).

called the anisotropic local law. Before stating it, we first introduce some notations.
Definition 3.6 (Index sets). For simplicity of notations, we define the index sets
VARES {17 7p}7 Iy = {p+]~a 7p+q}’
Is:={p+q+1,---,p+q+n}, Zy:={p+qg+n+1,---,p+q+2n}.

We will consistently use latin letters i,j € T1 UZs and greek letters p,v € I3 uZy. Moreover, we will use
the notations a,b € T := U}_,T;.
Denote the averaged partial traces of the resolvent by
1
Mme(2) := Z Gaa(2), a=1,234. (3.9)

n
aely

In [40], we have shown that these partial traces converge to deterministic limits given by

o mztata+/E-2)E-A) o
mie(2) = 2(1 —c1)z(1 = 2) (1—c1)z’ (3.10)
ma(z) = 21 +2(c12+6\2/)iz(sz))<z —A) S szQ)Z’ (3.11)

12



Mie(z) = [(1 —2e)z 41— o+ /(2= A )(z — m] , (3.12)

[(1_2(;2)z+cQ—c1 +\/(z—)\,)(z—)\+)], (3.13)

mac(z) =

DN = N =

where Ay is defined in (2.16)). In [40], we also verified the following equations for m,.:

My, = fnj;, Mo = *niig Mae(2) = mae(2) = (1 = 2)(e1 — 2), (3.14)
_ 1—(z — 1)mac(2)
mae(2) = 27— [m1e(2) + ma2e(2)] + (2 — D)mac(2)mac(2)’ (3.15)

1—(z—=1)mic(2)

= . 3.16
mae(2) 27l —[m1c(2) + mac(2)] + (2 = 1)mic(2)mac(z) (3.16)
One can also check them through direct calculations with (3.10)—(3.13). We also define the function
By = 2 mace) 2 mac(e)
Tl (1= 2)mac(z) 1+ (1= 2)mie(2) (3.17)
S1/2
=5 [—z—i— (2—¢ —02)+\/(z—)\,)(z—)\+)].
Now with the above definitions, we define the matrix limit of G(z) as
<cl_1mlc(z)Ip X 0 0
. 0 ey Mac(2)1,
I(z) := . mae() L h(2)n (3.18)
hz) L,  mye(2)1,
Using (3.14)—(3.17)), it is easy to check that
—ma.I, 0 0 -
I = 0 ey (3.19)
- 0 2L, 2L\ (mid, 0 :
21, 2, 0 macl,

We define two different spectral domains of z for our statements of the local laws.

Definition 3.7. For any constant € > 0, we define a spectral domain around the bulk spectrum [A_, ;] as
Se)={z=E+in:e<E<l—gn " <n<e'}, (3.20)
and a spectral domain outside the bulk spectrum as

Sout(€) 1= {z =E+in: A +n P <E<L1—6,0<n< 5_1}. (3.21)

The following theorem gives the anisotropic local laws for the resolvent G(z) on the above two spectral
domains. It is one of the most important tools for our proof.

Theorem 3.8 (Anisotropic local laws). Suppose Assumption holds. For any fixred e > 0 and deterministic
unit vectors u, v € CZ, the following anisotropic local laws hold.

13



(i) (Theorem 2.11 of [40]). For any z = E + in € S(g), we have that
[, G(2)v) = (u, T(2)v)| < () + () ™", (3.22)

where the inner product is defined as (v,w) := v*w with v* denoting the conjugate transpose, and
U(z) is the control parameter defined as

U(z) = mz:;(z) (3.23)

(#i) (Theorem 3.10 of [31]). For any z = E + in € Sout(€), we have that
|(u, G(2)v) — (u, TI(2)v)| < n™Y2(k 4 n) V4, (3.24)
where K s the distance to the right edge along the real axis:

K=k, :=|E— M| (3.25)

The above estimates (3.22) and (3.24) hold uniformly in the spectral parameter z. Moreover, for these
estimates to hold, it is not necessary to assume that the entries of X, Y and Z are identically distributed,
that is, only independence and moment conditions are needed.

The averaged partial traces in (3.9)) satisfy the stronger averaged local laws.

Theorem 3.9 (Averaged local law, Theorem 2.12 of [40]). Suppose Assumption holds. For any fized
€ > 0, we have that
IMa(2) — Mac(2)] < (n) ™, a=1,2,34, (3.26)

uniformly in z € S(g). Moreover, outside of the spectrum we have the stronger estimate

1 1
n(r+n) | (A E

|ma(2) — mac(2)] < a=1,234, (3.27)

uniformly in z € S(g) N Spue(€).

3.3 Reduction to the law of resolvent

In this subsection, we reduce the study of the limiting law of ¢ in Theorem to the study of the limiting
law of a linear functional of the resolvent G(z). Without loss of generality, we assume a slightly stronger
condition than (2.4) so that A and B are both of rank 7:

0O<a,<-<ax<a; <C, 0<b.<---<bhy<b; <C. (3.28)

This can be achieved by adding a small 0 < €, < e™" to each zero a; or b;. Since the proof does not depend
on the lower bounds of a, and b,, we can easily extend it to the case with zero a;’s or b;’s by taking &,, — 0.

Recall that if A € (0,1) is not in the spectrum of Cxy, then it is an eigenvalue of Cyy if and only if
holds. Throughout the following discussion, we always assume that A € S,¢(¢) and A > Ay + ¢ for a small

constant € > 0. We can write (3.8]) as
n p-!

-1
0 = det [<D01 DO ) +1II.(A) + €4r] = det
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Here II,.(\) is a 4r x 4r deterministic matrix defined as

(1)
I, (\) := (HTO(/\) H??(A)> 7 (3.30)

and &, is a 4r x 4r random matrix defined as

_ (& ErY) u’ o0 U o0 0 0
54T—<5RL 5R>"<o g )" Do &) BT uE-1?) (3:31)

where we have abbreviated (recall the definition of M,. in (2.22))

1 C_lmlc A Ir 0 ms3c A Ir h(A M’r
o) = ( e cglmgcmb) TP = <h&)(/&: oy ) ’

_ (mscNI RV,
Mr(A) == < hg()\)ln m4c(A)fn)’

and &y, Err, Err, and Er are the four 2r x 2r blocks of &,,.. Using the large deviation bounds in Theorem
B.1 of [14] (cf. Lemma [4.3 below), we can obtain the following approximate isotropic conditions for Z:

1ZZT = L] <n™Y2, and [Zv]s < n7V2|v|s, (3.32)
for any deterministic vector v € C"”. Using Theorem and equation (3.32)), we can bound &y, as
|Ear] < nY2, (3.33)

Now using Schur complement formula, we find that (3.29)) is equivalent to

det |T1? + &x — (D! + Ery)

1 o

Using (3.33) and the first two equations in (3.14)), we can reduce this equation to

det [<m3c()‘) (Ir + 22) h()‘)ZaMrzb

ANS M Sq  mac(A) (I + z§)> + &+ O<(n1)] = 0. (3.34)

Here &, is a 2r x 2r random matrix defined as

(1) (2)
527" _ DSRD + (Hgl))—lgL(Hgl))—l _ (Hgl))_lgLRD _ DgRL(Hgl))—l _ (m?)cgr hg'r ) ’

h(c/’?@) m4657£4)
where ET(O‘), a=1,2,3,4, are four r x r random matrices defined as

5(1) = m;;clza E;r (g(33) - mBC) Ea Ea + Ea (E;r Ea _IT) Ea

+ M3, U] (G — ¢ 'mi)Ua + Ul Gas) Ba Sa + Za B Gisny Ua |

EX) = ()T = h'Su B (Gsa) — D) By Ty + T (BJ By =M, ) 3,
m3cMac

h

msc

Myc
W U Guay Ev 2 + — <5, E] G32) U,

h

U, GuU, +
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EW = m Iy, E] (Graay — muc) By By + (E;— E, _[r) )

+ mac Uy (Gaz) — 3 'mac) Uy + [U;,rg(24) E, S + S, E) g(42)Ub] .

In these expressions, we have abbreviated the Z, x Zg block of G(z) by G.p)(2) for a, 8 = 1,2,3,4, and
introduced the notations E, := ZTV, and E, := ZV,. Applying Schur complement formula once again,

we obtain that ([3.34) is equivalent to
1

et | ) (1 +2) + e — (BuMDy +£0)
T b T

(EbMIEa + 5£3>> + O<(n1)1 =0,

where the function f,. is defined by

omze(2)mac(z) 2 —(c1 +ca —2c1c0) + AV(z=A2)(z = Ay)
fole) = =0 = 20— )1 — ) = (3.35)

Using HST(O‘)()\)H <n~Y2 o =1,2,3,4, we can further reduce the above equation to

det [ FoN I, — Sa M S2MTS, + E.(N) + o<(n*1)] -0, (3.36)
where we recall the notations in (2.22)), and &, is a r x r random matrix defined by
1 1 & & 1 1 A ~
= [ EW + S M, S (4) SIMI S,
J (I, + £2)1/27" (I, + X2)1/2 ’ (I, + ZHV2" (I, + B2 b
1 1 a a a a 1 1
— ) S M By — SaM, 2y )

£ .
(I, +22)12°7 (I, + 22)1/2 (I + S22 (I, + x2)1/2

Finally, with the SVD ([2.23)), we can rewrite the equation (3.36) as
det [ f.(\)I, — diag(t1, - ,t,) + OTE(NO + O (n~1)] =0. (3.37)
It is easy to find the inverse function of f, in (3.35) when z ¢ [A_, A\, ]:

gc(g) =& (1 —c1 + le_l) (1 —Co + ng_l) .

Moreover, it is easy to check that f.(A;) = t. for ¢, in (L.3). Since f.(A) is monotonically increasing in A
for A > A4, the function f.(A\) —¢; = 0 has a solution in (A4, 1) if and only if

fc()ur) <t;, < t.<t;. (338)

If (3.38]) holds, then t; gives rise to an outlier lying around 6; = g.(t;), which explains (2.18]). With direct
calculations, we can verify the following deterministic estimates on f. and g..

Lemma 3.10 (Lemma 4.1 of [31]). Fiz a large constant C > 0. For any zeD:={zeC: Ay <Rez < C}
and & € f.(D), the following estimates hold:

[fe(2) = FeQ)l ~ |2 = A V2, 1fe(2)] ~ |2 = A 7V2, (3.39)

19(6) = My | ~ € = tel®s [ga(E)] ~ |€ — tel. (3.40)

Now with equation (3.37)), we can prove the following proposition, which shows that the limiting law of
n'/2(\; — t;) is determined by the limiting law of n'/207&,.(6;)O.
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Proposition 3.11 (Reduction to the law of G). Under the assumptions of Theorem fitrany 1<l <r
such that ([2:21)) holds, and define the subset (1) as in Definition [2.9 Then there exists a constant & > 0
depending on & only such that for 1 <i < |y(l)],

)(Xa(i) - 9;) — 1 {a(tl) [diag(ti, - ,t,) —t; — OTE:.(6,)O] [['y(l)ﬂ}’ <n7127E (3.41)

where « = {1,--- v(1)} = {1,--- ,r} is a labelling function so that Xa(i) is the i-th largest value in the set
(N rie (D)}, and p; is the i-th eigenvalue of the Iy(D)] x |v(D)| matriz

a(tr) [diag(ty, - ,t:) =t — OTE(0)O]

in the sense of (2.20). Recall that a(t;) is defined in (2.28]).

Proof. By Lemma and the condition (2.21)), we have that ;\l € Sout(e) and Xl > A, + ¢ with high
probability for a sufficiently small constant & > 0. Thus the above discussion starting at (3.29) will finally

lead to the equation (3.37). Armed with (3.1), equation (3.37) and the estimates in Lemma the

proof is the same as the one for Proposition 4.5 of [27], so we omit the details. In fact, one can easily
see why (33.41)) holds by performing a Taylor expansion of f.(\y(;)) around 6; in (3.37), and noticing that

1/fi(01) = g.(t1) = a(ty). O

By Proposition to prove Theorem it suffices to study the CLT of OT&,.(6;)O. With a lengthy
but straightforward calculation, we can calculate that

E:(0) = EM(0) + EP) (6)), (3.42)
where
ED(G)) = fo(0)Sa V] (Z2ZT = L) VoSe + SoME2V] (22T — 1) VS2M] S, (3.43)
— SV (22T — L) ViSIMI S, - S MEIV] (227 — 1) V.5, '
and
ul 0 0 0 U, 0 0 0
0 U/ 0 o0 0 U, 0 0
() == fo(01)mac(0)AT (6)) 0 Ob 7 0 [G(6:) — 11(6))] 0 Ob 7T 0 2(0;).  (3.44)
0 0 0 Z o o0 o0 ZT
Here 2 is a 4r x r matrix defined by
(I, +X2)=1/2
—h(0)m3. (0,)(1 + £2) V28 M[ S,
A(6,) := cr N
my (01)VaSa R
—h(8)mz, (B)my, (61) Ve Eg M 5,
By classical CLT, we have that
Vn(z2Z" - 1) = 1., (3.45)

where T, is an r x r symmetric Gaussian matrix whose entries are independent up to symmetry, and have
mean zero and variances (recall the notations in (2.27)))

E(T)5 =1, i#j and E(T.)f = pu —1.

ij
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With this result, we can easily derive the CLT for Sﬁl). Therefore, for the remaining proof, we focus on
proving the CLT for the matrix

ul o0 o0 o0 u, 0 0 0
0 U] 0 0 0 U, 0 0

MoB)==vn| o & 5 ollc@ -], o o (3.46)
0 0 0 Z o o0 o ZzT

As discussed in the introduction, in order to divide the lengthy calculation into several parts that are more
manageable, we will adopt the strategy in [26] 27]. First, in Section 4} we prove the CLT for My(6;) in an
“almost Gaussian” case, where most of the entries of X and Y are Gaussian. Then, in Section |5| we show
that the general case in the setting of Theorem is sufficiently close to the almost Gaussian case, thereby
completing the proof of Theorem [2.3

4 The almost (Gaussian case

In this section, we calculate the limiting distribution of My(6;) in a special almost Gaussian case. The
extension to the general setting in Theorem [2.3] will be postponed to Section[5}] We fix a small constant 79 > 0
in this section, and use n~ " as a cutoff scale in the entries of U, and Uy, below which the corresponding
entries of X and Y are Gaussian. Our goal is to prove the following proposition.

Proposition 4.1. Fiz any 1 <1 <7 and a sufficiently small constant 19 > 0. Suppose Assumption [2-1] and
(2.21) hold. Suppose X andY satisfy that for k € Iy,

max |uf (k)| <n ™ = Xy, is Gaussian, p€ I3, (4.1)
and for k € Iy,
Jnax lwb(k)| <n ™ = Yi, is Gaussian, peZy. (4.2)
KT

Then for any bounded continuous function f, we have that

lim [IEf ((\/ﬁng,.(al)o) M)H) - Efm)] — 0, (4.3)
where Yy is the Gaussian random matriz defined in Theorem [2.3.

For simplicity, in the proof below we often drop the spectral parameter z = 6; from our notations. Using
(3.32) and the SVD of Z, we can find an n x r partial orthogonal matrix V' such that

ViV=I, |[V-ZT|r<n'2 (4.4)
From and , we also obtain the following delocalization estimate:
[V lmax < 12 max +n =242 < n =24, (4.5)
with high probability for any fixed ¢ > 0. Now using and , we get that
| M(6) = Mo(81)]] < n™'72, (4.6)

where M is a 4r x 4r random matrix defined by

ul 0o o0 o0

0 U/ 0 o0

M (91) = \/ﬁ 0 Ob vT 0
0 0 o v’

a

U 0
Gy -] | o
0 0

oo o
< ocoo
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Hence to obtain the CLT of Mg(6;), it suffices to study M (6;).
In the proof, we will use the minors of H and G defined as follows.

Definition 4.2 (Minors). For any J x J matriz A and T < J, where J and T are some index sets, we
define the minor A" := (Ag : a,be J\T) as the (J\T) x (J\T) matriz obtained by removing all rows and
columns indexed by T. Note that we keep the names of indices when defining A™, i.e. (AM)q = Ay for
a,b¢ T. Correspondingly, we define the resolvent minor as G (z) := [H™ (2)]~1. For convenience, we will

adopt the convention that Ag) =0ifaeT orbeT. We will abbreviate ({a}) = (a), ({a,b}) = (ab) and
T
Zg )= Za¢1r-

Recall the following large deviation bounds proved in [I4] for linear and quadratic forms of independent
random variables satisfying (2.8)).

Lemma 4.3 (Theorem B.1 of [14]). Let (x;), (y;) be independent families of centered independent random
variables, and (A;), (Bij) be families of deterministic complex numbers. Suppose the entries z;, y; have
variances at most n=' and satisfy (@ Then the following large deviation bounds hold:

‘2»/42‘551' < \/15(2,41»|2)1/27 ‘zxi&jyj‘ < %(Z|Bij|2)l/27 ‘Zl’ilgijxj‘ < %(Z |Bij|2)1/2'
2 B i.j 1,5 i#]

i#]

For convenience, we introduce the following shorthand for the equivalence relation between two random
vectors of fixed size in the sense of asymptotic distributions.

Definition 4.4. For two sequences of random vectors A, and B, in R*, where k € N is a fized integer, we
write A, i B, if
lim [Ef(An) —Ef(Bn)] =0

n—o0
for any bounded continuous function f.

In the proof, we will frequently use the following simple fact, which can be proved easily using charac-
teristic functions. Given two sequences of random vectors A,, and B,,, suppose that conditioning on A4,,, we

have B, < D, where D,, has an asymptotic distribution that does not depend on A, . Then we have that

Ay + By L Ay + D, (4.8)

where on the right-hand side D,, is taken to be independent of A,,. One immediate use of this fact is to
decouple the randomness of M(6;) from that of Z as long as we can show that the limiting distribution of
M(6;) does not depend on Z. In the following proof, we will condition on Z and V, i.e. they are regarded
as deterministic matrices unless specified otherwise.

4.1 Step 1: Rewriting M (x)

We start with some linear algebra to write M(x) into a form that is more amenable to our analysis. Our
main tool is the rotational invariance of multivariate Gaussian distributions. Note that since ||uf|2 = 1 and
[ul|s =1 for 1 <4 < r, we have

‘{k : max |uf (k)| > n*T"}‘ < rn?m, Hk : max |ub(k)| > n*T"}‘ < rn?,
1<i<gr 1<i<r
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We first permute the rows of U,, Uy, X and Y according to

u/o/ 0 0 0 O 0 0 0
0 u/ol] 0 o0 0 O, 0 0
M) =vn| oVt o 0 0 I, ©
0 0 0o VT 0o 0 0 I,
o] 0 0 0\ /0U, 0 0 0
0 O] 0 0 0 0,U, 0 0
X [G(Ql) - H(al)] 0 02 I, 0 0 20 ’ vV ol
0o 0 0 I, 0 0 0V

where O; and O are p X p and ¢ X ¢ permutation matrices. After permuting the rows of U, and U, and
renaming the matrices if necessary, we can assume that U, and U, take the forms

U, = (\?vll) . U, = (v?zi) , (4.9)

where for some integer p < rn?7, the following properties hold:
(i) O1, Oz are p x r matrices, W7 is a (p — p) x r matrix, and Wy is a (¢ — p) x r matrix,
(11) HWIHmax < n~7 and HWQHmax < n-e.

On the other hand, we have

O, 0 0 0 of 0 0 0
0 O 0 0O 0 O 0 0
0 0o o0 I, 0 0 0 I,
0 01X 0 -
0 0
- H(el ) )

XTo] 0 o1, 0/°1,\
0 YTo;) \e'’1, eI,

We rename the permuted matrices O1 X and O2Y as X and Y. Then X and Y take the forms

(X Y
() -G

where X; and Y7 are p x n matrices, X5 is a (p — p) x n Gaussian matrix and Y3 is a (¢ — p) x n Gaussian
matrix. Next we rotate W1 and Wy using orthogonal (p — p) x (p — p) and (¢ — p) x (¢ — p) matrices Sy

and §2 so that N N
s (). s ()

where Wl and Wg are r x r matrices satisfying that
0/0,+WIW,=0/0,+W]!W,=1,, a=1,2 (4.10)
Similarly, we rotate V using an orthogonal n x n matrix S = (V, S), where S is an n x (n — r) matrix

satisfying STS = I,,_, and STV = 0.
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With the above notations, we can rewrite M in (4.7) as

~ —1
Ul 0 0 o 0 (X 9) U, 0 0 0
Meyi | 0 U 0 o0 0 v » 0 T, 0 0
0o 0 VI 0 XT 0 o1, 6071, 0 0 VvV of
0o 0 0 VT <() 9T> <¢m1n &L1> 0 0 0 V

where we have abbreviated that

(02} 0O,
~ ~ ~ ~ ~ ~ 1 0 ~ o~ I 0 ~
Uy,=[W; ]|, Uy:i=[W,]|, V:= Iy , Xe=(" & )XS, Y=/ <)YS.
0 0 0 0 S

Using the rotational invariance of X5, we can write X as

X,V. X418 Xy XS

> d 1V, X1 (1) (1)

w2 (TR = Suk T |
XRL XR

where “2” means “equal in distribution”, and X}%}, XI(;?L), Xl(%l) and X}g) are respectively r xr, (p—p—1) X1,
rx (n—r)and (p—p—r) x (n—r) Gaussian matrices. We have a similar decomposition for Y:

ViV, Y18 ny. ns
?i(171>5 YISL) Ylg)
e v® y®

RL R

For simplicity of notations, we denote 77 = r + p and
T:={1,---,7tu{p+1,--- ,p+7tu{p+q+1,--- ,p+g+rtu{p+g+n+1,--- ,p+qg+n+r}.
Then using Schur’s complement formula, we obtain that
ML nOoTB 0. (4.11)

Here O is a (27 + 2r) x 4r matrix defined as

O,
O = i )
0 <W2> 0 O
0 0 I, 0
0 0 0 I,

and B is a (27 + 2r) x (27 + 2r) symmetric matrix defined as (recall Definition [4.2))

0- I 0
-1
B:= o1, 61, + H, — FTGM(9)F,
6,1, 61,

21



where H; and F' are defined by

i <X1V> 0 T
1
0 )
0 v
Hl = Y}%IL) )
1
(vTxT.(x)7) 0 .
L 0 (VTle’ (Ylg’lL))T) _
and
x2 0
0 ()
0 Yir
F = 1
(STxlT, (x4 >)T) 0 .
0 (s7v/7, (v
Using (3.19), we can rewrite B as
maely 0 0 0
1 0 mudy 0 0 | ~TrHmp_ T AT _ (D)
Bi=Tlp |+ Hi+ | Y A FIIMF - FT(G® —11™M)F, (4.12)
0 0 0 m2CI’I”

where TI(D is the minor of II as defined in Definition and ﬁ;,r is defined by

cflmlclg 0
i, = 0 & macly " (4.13)
e 0 msel, hli, ' '
hI, Mmacly

4.2 Step 2: Concentration estimates

In this step, we establish some (almost) sharp concentration estimates on the terms on the right-hand side
of (4.12)). More precisely, we claim that

L 0 0 0
T, |0 L+ O 0 ]_ —1/2427
FTUF— o 0 o1 o [~0< ), (4.14)
0 0 0 el
and
FITIOF —Ep(FTIMF) = O (n~Y?2+270), (4.15)

where Er denotes the partial expectation over the randomness in F'. (To avoid confusion, we emphasize that
the matrix S is regarded as a deterministic matrix because of the conditioning on Z. Hence the randomness
in F' does not include the randomness in S.) Using the facts STS = I,,_, and # = O(n?7), we can get that

maely 0 0 0
0 ARG 0 o
Ep (FTHOF) = | o ™ o |0 (4.16)
0 0 0 macl,
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The two estimates (4.14]) and ( - ) both follow from Lemma u We consider the terms (ng)Tng,
X18ST X[ and XlS(XI(%l)) as examples. For p+q+ 1 < pu,v < p+ ¢+ r, we have that

[T, P =] X (KX —n0) | <007,
wy n FH1<i<p
For 1 < i < p, we have that
|(X1SSTX]), =0 Te (SST)| = | Y XanXao(SST | + | 3 (X2, =07 1)(55T) s
n#veLs HEL3
1 2 1 2 2
<= X IsW) (D USSu) < T[S = o),
n n#veLs n pneLs "
while for 1 <4 < j < p, we have that
1 21
(X15STXD)iy = 3, XuXou(S5 ) < — (0 3 [SSwI?) = ~{Te[(85T2]}"* = 0(m2).
p,veLs p,veLs

Using the fact that Tr(SST) = n — r, the above two estimates actually give the estimate
[(X1SSTX )iy — 0| <n™Y2, 1<id,j<p.

Finally, for 1 <i<pand p+1<j < p+r, we have that

/
Y X XpuS <~ ( > Sfi,,)1 = % [Te(5ST)]"* = 0(n=172),

p,vELs p,vELs

(XS] =

With similar arguments as above, using Lemma we can obtain the following large deviation estimates:
for any constant € > 0,

(XI(%QL))TXI({QL), < nl2re H (2))TY(2) < Ve

H)QSSTXlT -1 H <n 1/2+a7 HylssTyl 7 Hmax 71/2+s’ HXlSSTYleax < Tfl/QJr,e7
‘X(l)(X(l) _1 ‘max < nV2re HYJS)(YJS)) s . < nV2re (4.17)
Xg)(yél)) ‘ <ol HX15(X1(31))T’ < V2t HXls(Yél))T‘ < V2
‘SGS(XS))T’ maxg n-l2+e HY15(Y1§1))T’ ma; n-l2+e o

with high probability. These estimates immediately imply (4.14) and (4.15)) by bounding the operator norms
of the error matrices by their Frobenius norms.

By (4.14] -, we have that | F'| = O(1) with high probability. Then using the local law (3.24]) and the fact
that F is independent of G(T)| we get that

[FT(E™ - D) F| < @27+ 2r) [FT (D - D) F| 1/2+2m

max

Under the moment assumption (2.8)), each entry in Hj is of order O (n~/2) by Markov’s inequality, so we
also have that

|Hy|| < (2F + 2r)| Hy | max < n~Y2+270,
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Finally, by (4.15) and (4.16) we have that

mgely 0 0 0
0 Myl 0 0 | _ o1 —1/2+270
0 0 miol, 0 F'II'VVFEF| <n .
0 0 0 macl,

Hence for M in (4.11]), taking the inverse of (4.12)) and performing a simple Taylor expansion we get that
ML /no I, [le +(1—Ep) (FTH<T>F> + FT(GM — H<T>)F] Ty, O + O (n~Y2+470)  (4.18)

where we also used (4.16]) in the derivation. Since 7y can be taken as small as possible, it suffices to study
the CLT of the first term in (4.18]).

4.3 Step 3: CLT of the resolvent

In this step, we establish the CLT of the resolvent term FT(G(™ —TI(M)F in ({#.18). Conditioning on F', We
have the following lemma, whose proof is postponed to Appendix [A]

Lemma 4.5. Fiz any F such that the estimates in (4.17)) holds for a small enough constant ¢ > 0. Then
we have that (recall Definition [{.4))

11911 Q12912 Q13913 Q14914

\/EOT FT(G(T) _ H('Jl‘))FO a4 | @21921 Q22922 A23923 (24024 ' (4.19)
431931 a320932 a33933 (34934
(41941 Q42042 Q43043 Q44944

Here gop, 1 < o < B < 4, are independent Gaussian matrices satisfying the following properties: gag = gga,
1 < a<p <4, arer x r random matrices with i.i.d. Gaussian entries (gag)i; ~ N(0,1); gaa, 1 < a <4,
are v x v symmetric GOE (Gaussian orthogonal ensemble) with entries (gaa)i; ~ N (0,1 + d;5). Moreover,
the coefficients are given by

2 2 2 2 2
as + 1 a a as + co az +c1
. c c . C 42 c — R c
ail = M3e¢ 1 c + 70 y a1p = ag1 ‘= h 76 tl + 1 c s aiz = azl] = 1 B
— G 1 2 2 — G

Ae M3e a2 +cy  a? Qe My

b
Q14 = Qa1 = , Q29 1= Mye + -, a3 =azy = , 4.20
14 41 Ja h 22 e\ |72 o = 23 32 V& h ( )
Qo4 = Q49 = 7{13—1—02 asz i=mzt CL—FC1 as4 = a =S¢ Qg = myt cCL2—~_C2
24 = Q42 1= 11—’ 33 1= Mg, 11*01’ 34 = Q43 1= 55 a4 1= My, 21702’
where we have introduced the notation )
t
2 c
a; = . (4.21)
-
With Lemma we get the weak convergence
a11911  ai12912 @13913 a14914
\/HOT ﬁ“FT(G(T) _ H(T))Fﬁ;’r 0o — ﬁm" 21921 G220922 (23023 (24924 ﬁm"v (4.22)

31931 @32932 a33933 (340934
(41941 (42942 43943 Q440944
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using the simple identity ﬁ;’r 0=0 ﬁmﬂ, with ﬁr,r being a 4r x 4r matrix defined in a similar way as (4.13):

cl_lmlclr 0
~ 0 cglmQCL« 0
IL,, = maol.  hlL > . (4.23)

0 h[r m4cIr

4.4 Step 4: Calculating the limiting covariances

covariances. First, Lemma [4.5|already gives the CLT for \/ﬁOT ﬁ;mFT (G(T) - H(T))Fﬁ;,r 0. We still need
to study the term

In this step, we expand (4.18) and show a CLT for each term. The main work is to calculate the limiting

¢non&¢[—Ha+<1—EF>(FTH”UO]ﬁar0==ﬁnA&uﬁnr=fL¢(‘”’ QLR>ﬁnm

Qrr Qr
where Q4. is a 4r x 4r symmetric matrix, with Qr, Qrr, Q@rr and Qg being the 2r x 2r blocks defined by
Q(l) Q(2) *mgl]ﬂE(X(QI)I)TX(QL)I 0
Qr = Qr:=+/n ¢ R R
(5’ ) (L4) 0 m E(Y ) TYD )
o] x,v-wix\) 0
T 1 A1
= i=4/n ~
Qer = Qny = Vn ( 0 —0; ViV - WV

Here we have abbreviated IE := 1 — Ep, and the four r x r blocks of Q1 are defined as
— /nlE [msc (o X1+ Wi x{ ) (STXTO +H(X WD) TW, )]
Q? Q)T = y/alE [ (01T XiS + VNVIXI@) (STYT 0, +(V ) TW, )]

9 .— /mlE [m4c (02T YiS + W;Y}g”) (sTle 0, +(Y§1))TW2)] .

Now using (3.44]), (4.6), (4.18)), (4.22) and the simple fact (4.8]), we obtain that

a11911  @12912 a139gi3  @14914

\/ﬁOTgr(Q)O itlmgc E;B 921921 022922 023923 24924 EAB +tlm3c EEB Q4r EAB . (424)
31931 a32932 433933 (34934

(41941 Q42942 Q43943 Q44944

Here the 4r x r matrix E4p is defined as

—mg, A
Eap = 11,20 = hmgclﬁl;l‘{clB )
hmy, Fo
where we have abbreviated that
A= (L +32)7%0, Bi= (1+52) ?S,M/ 3,0,

- - . R (4.25)
Fi:=t,V,5,0 - V,;S2 M 5,0, Fy:=V,5,0 - V,52M]$,0.

25



In the above derivation, we also used the identities f.(6;) = m3c(0;)mac(6;)/h?(0;) = t;. Expanding (4.24),
we obtain that

\VnoOTEP
LH AT [

—{aT[%2 2012+ Vi (01 X158+ WIXP) (STYT 0, +(V{) W, ) | B+ et}

(OT X1S + Wi x{ ) (STXT 0, +(xV)TW, )] A

(OTY15+W2TY )(STYTO +(V ) TW, )]B

+BT [
my
- [AT (a13913 — VOl XiV - \/EWITXJ(%%) Fi+ct. ] [AT (Ta14914) Fy +ct. ]
’ [BT (&“239%) i C't'] + |BT (a21920 = VRO ViV = VAW V) ) By + .
)

+ tl 1F1 (mgca33933 - \/7]I]E( RI)J)TXI(%?) F + F2 (m4ca44g44 — IHE(YJQQL))TY};L)>

+ [Fl (ha34gg4) Fsy + C.t.] ,

(4.26)

where “c.t.” means the (conjugate) transpose of the preceding term.

In (4.20)), /nX 1(%12 and \/ﬁYI%) have i.i.d. Gaussian entries of mean 0 and variance 1, and are independent
of all the other terms. So we rename them as two n-independent Gaussian matrices

gi3 1= —\/ﬁXz(:glL)a g24 —\FYRlL) (4.27)

Moreover, the matrices v/nIE(X Rz z)TX nr and /nIE(Y 2))—rY(z) are also independent of all the other terms.
With classical CLT, we obtain that

— VAIE(X )X L Vergas,  —VaIE(YE) YD & yeaaa, (4.28)

where G35 and g4 are r x r symmetric GOE with entries (g33);; ~ N(0,1+ 6;5) and (Gaa)ij ~ N(0,1 4 &;5).
It remains to show the CLT for the following matrix

0:=tA" [f]HE (o1 X8+ wWlxl )(STX1 0, +(x)TW, )]A
— {AT [\F (oT XS+ WiXx ”) (STYTO (V) TW, )] B+ c.t.}
+BT [fHE (OTY15+W2TY )(S Y, 05 + (V) TW, )]B

+[AT(ﬁOIX1V)F1+ct] [B <f02 YV )F2+c.t.].

(4.29)

We decompose O into the sum of four matrices,
©:=01 + 0Oy + O3 + Oy,
where
6,: =BT [\/MEVV;YJQ”(YQ))TV’VQ +v/n (o;r ViS(YANTW, + c.t.)] B

- [AT (\/ﬁ (01T X1S + {TVITXg)) (y1g1>)T{7“v2) B+ c.t.] ,
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Oy =t AT [\/EH]E\TVTX“)(X};))TVNW + v (O] Xi8(XR) W +ct.)| A
[ (\FoT v S(x\ >)TW1) A +c.t.] ,
_ [ AT (ﬁ o] le) F, + c.t.] - [AT (ﬁ 0] X857y, 02) B+ c.t.]
T AT [\F IE(O] X,8ST X[ 01)]
O4: = [ (f nOJ ViV ) Fy + c.t.] +BT [\/ﬁm (OZT YiSSTY;T 02)] B.

The decomposition is chosen as follows: ©; contains all the terms that depend on YI({ ), O, contains all
the remaining terms that depend on XI(\2 ), O3 contains all the remaining terms that depend on X3, and O4
contains all the remaining terms that depend on Y;. Using (2.8) and Lemma |4.3| u we can obtain the following
large deviation estimates as in : for any small constant e>0,

1 X1V max + [ X1 maxe < 27720 [ X0 X = I lmax < 07275, (4.30)
HYlVHmax + ”Yl”max < n71/2+5, HYlle - IpHmax < n71/2+€, (4-31)

with high probability. Combining (4.30)) and (4.31)) with the facts SST = I, — VV'T and p = O(n?™), we
can simplify ©3 and O4 as
Oy = O, + O (n~1/2H4m0) o = 3.4,

where
Q) = [AT (ﬁ o/ le) F, + c.t.] - [AT (\/ﬁ o] x,v; 02) B+ c.t.]
+ 4 AT [VaIE (0] X:X] 01) | A,
L= [BT (ﬁ oJ Y1V) Fy + c.t.] +BT [ﬁm (0; Yy, 02)] B.
Now we show that the four terms ©1, O, ©%, and O} are all asymptotically Gaussian. The proof of the

following lemma is standard, and for the reader’s convenience, we give the details in Appendix
Lemma 4.6. We have the following results:

(i) conditioning on X1, Y1 and Xg) satisfying , O1 is asymptotically Gaussian with zero mean;

(ii) conditioning on X1 and Yy satisfying (4.17] , O5 is asymptotically Gaussian with zero mean;

(iii) conditioning on Yy satisfying (4.31) and V' satisfying ., & is asymptotically Gaussian with zero
mean;

(iv) conditioning on V satisfying (4.5)), ©) is asymptotically Gaussian with zero mean.

With Lemmal[4.6] we obtain that © converges in distribution to a centered Gaussian matrix. It remains to
determine the covarlances of this matrlx First, we calculate the covariances for ©;. Note that conditioning
on X1, Y7 and XR satisfying (4 and using ¥ = O(n?™), we have that

(BT O;r YISSTle 0, B)” _ (BT O;F 0, B)” + O(n71/2+27'0+6)7
and

[AT (01T X8+ W) xW ) (STXT 0, +(x! ))Twl) A]

ij
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— [AT (07 01+ W[ W) A| +0(n1/2#2m) — (AT A)y; + O(n~ /22 %),

)
With these two identities, we can calculate that

E, ) (01);j(01)r; = (BTB),, (BTW] W,B),; +(B'B),, (BTWJ W,B),

v
+(BTW;W2 )i (BT Of 02 B),; + (BT W3 W,B),; (BT 0] 0, B);
+ (AT A)(BTW, WyB),; + (AT A)i; (BTW] W,B)j
+(

B W] W,B)i (AT A),; + (BTWJ WyB) i (AT A) i + O(n~ /2270,
Similarly, conditioning on X; and Y; satisfying (4.17)), we can calculate the covariances for O, as
Ey(02)ij(O2)iryr = (AT A)i (ATW]W1A) 5 + 7 (AT A); (ATW] WA
+ 17 (ATWIW,A) (AT O] 01 A);; + tH(ATW]W,A),;(ATO] O, A);»
+(ATW]W,A),:(BTOJ 0,B),; + (ATW]W,A),;,(BT 0] 0,B),s
+ (BT 0] 0,B);(ATW]W,A),; + (BT 0] 0,B);;(ATW] W, A) i + O(n~1/2+2m0+e),

For the calculations of the covariances for ©5 and ©/, the entries of X; and Y] are not Gaussian anymore.
Recall that their fourth moments u( ) and u( ) are defined in (2.27), and we denote their third moments as

pl®) = n®PEX, u?(JS) = n32EY}. (4.32)
Then we can calculate the covariances for ©f as

Ex, (04)1;(04)s) = (AT 0] 0, A) [(FfvT ~BTO] Yl) (VF, - Y, O, B)]

@’ 73’

+ (AT o] 0, A) [(FfvT ~BTO] Yl) (VF, - Y, O, B)]

i’ i
+ [(FIVT -BTO] Yl) (VF1 - Y, Oy B)] (ATO[0,A);;

+ [(FIVT ~BTO] Yl) (VF1 - v, 0, B)]i (ATO{ 01 A);i
i5’ i’

+ 17 (1l =3) Y, (01A),;(01A),, (01A),; (01 A), (4.33)

1<k<p

Z (0O1A); (01 A),; (01 A)kj’ (VFl - Yl—r 0, B)p,j
\/ﬁ 1<k<p,puels

1
+tp— > (01A),;(01A),, (01A),, (VF1 —Y," 0,B) .

+ 12 (AT 0] 0, A) (AT 0] 0, A)jj, + 12 (AT 0] 0, A) (AT o] 0, A)

124

+ tl,u(?’)

: NﬁilSkSpMeZs "
1
+ tlﬂ(zg)% Z (01 A)m‘ (01 A)kj (01 A)ki’ (VFl - YlT 0 B)/Lj’
1<k<p,uels

1
+tp— > (01A),,(01A),;(01A),, (VF -V, 0,B)

2 .
n He
N/71<k<mpeh
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Using Lemma[4:3] we can check that
IVie|max < n Y2, for e:=n"Y3(1,1,---,1)" e R".
Applying this estiamate and , we obtain that
(FIVT —BT O, YV1)(VF; —Y,' 02 B) = F{F,; + BT O] 0, B + O (n~Y/+270),

and that for any 1 <i <,

Z Yl 0,B ( T}/lT 0, ) O~ ( 71/24’27’0).
MEZS
On the other hand, using (3.32) and (4.4)), we obtain that
”VTeHmaX < |Ze|max + H(VT — Z)e|max < n=Y2, (4.34)

Hence we also have that for any 1 <i <r,
Z (VF1)u = O<(nV/2).

The above calculations show that the u&?’) terms are all negligible. For the ugf) term, by the assumptions of

Proposition we have that |[W1|max < 1, which gives (W1 A)y; < n~" for any k. With this fact, we
obtain that

Z (W1 A) k(Wi A)pir (W1 A (Wi A)yjr <=2 Z (W1 A)i(Wi A < 2™,
p+1<k<p p+1<k<p
Thus we can replace O1 A with Ug A in 3}; (01 A)ki(O1 A)gir (01 A)gi (01 A)gjr up to a negligible
error. Collecting the above estimates, we can simplify - as
Ex, (05)i(04)irjs = (AT O] O A)jy(F{F; + BT O, 02B);; + (AT O] O, A);;s(F{F, + BT O, O3 B);is
+(F{F; +BT0) 0:B);s(AT O] O, A),;; + (F{F, + BT O, 02 B);(AT O] O, A);
+ t?(AT O/ 0,A)s(ATO] O;A),; +t}(ATO] O, A);;y(AT O] 01 A)is
+ t2( Z uklukl/ukjukj + O( 270)

kGIl

with high probability, where we recall the notations in (2.25)) and (4.25). With similar calculations, we can
obtain the covariances of ©) as with high probability,

Ey, (0})i;(©))irjr = (BT O; 02 B);y(FJF3);; + (BT O 02 B);j(Fy Fy) ;i
+ (F3F2)ir(BT O] 02 B);; + (F3F),, (BT 05 02 B);s
+ (BT 05 0,B);»(B" O; 0;B);; + (BT O; 0,B);;»(B" O, 0, B);
+ (py,

(4) _ ) Z (UbB)ki (UbB)ki’ (UbB)kj (UbB)kj/ + O(n_%—o).
keZs

Combining all the above calculations, we have shown that © = 01 + ©5 + O3 + ©,4 converges weakly to
a centered Gaussian random matrix go with covariances

E(go)ij(ge)iy = t1(AT A)i (ATA);; +t7 (AT A)iy(ATA)ji + (BTB);(B'B)j; + (B'B);;(B'B);
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+ (AT A)i(B'B)jj + (AT A)ijs(B'B)ji + (B'B)sr (AT A)jj + (B'B)iyr (AT A
+(AT0] 01 Ay (F{F1),, +(ATO{ 0, A);; (F{F1),,

+ (F{F1),, (ATO] O1A)j; + (F{F1),, (AT O] 01 A);y

+ (BT 03 05 B)y(FiF2);5 + (BT O3 02 B)iji(F5Fa) i

+ (F3F2),(BT O3 02B)jj0 + (F3F2)ij (BT O3 O3 B)jir + (il —3) D Unildyorllej Uy

keI,
+ (/‘7(;4) -3) 2 (UeB)y; (UpB)y, (UpB),; (UsB), . - (4.35)
keZo
Notice that for any i € y(l), we have that
(UB)si = [V + O(n~24%) | s, (4.36)

where we used the SVD (2.23)) and the fact t; = t; + O(n~/2%9) for any i € v(I) by Definition Hence
the last term in (4.35) can be replaced by

(Mg(f) -3) Z ViiVii Viej Vi, fori,5,7, 5" e y(1).
k‘GIQ
4.5 Step 5: Concluding the proof

Finally, combm (4.26), (4.27), (4.28) and (4.35)), after a lengthy but stralghtforward calculation we obtain
that (4/n oTel Oy coverageb weakly to an r x r centered Gaussian matrix T( ) with covariances

ag +c ag
E(Y)i (0 )y = 12 (1 + =+ 1) [(1—A)iir(1 = A)jjr + (L= A)ijr (1 — A)jir]

1—61 C1

a+c a?
+ ( £ 2 + <+ 1) (Bii/Bjj/ + Bij/Bji/)
1-— Co C2

az 5 ai+c
+ (Cctz Tt 1) [(1 = A)iarBjje + Bigr (1 = A) jjr + (1 = A)ijeBjir + Bije (1 = A)jir]
2

— Co

+ (W + 1) [(T = A)izr (F1)jjr + (F1)iw (1= A)jjr + (1 = A)ijr (F1)jir + (F1)ijr (1 — A)jr]

1761

+ ft? [(1— A)sir (F2)jjr + (Fa)iar (1= A)jjr + (1 — A)ijr (Fa)jir + (Fa)ijr (1 — A)jir]

a2

+ Cf [Biir (F1) 50 + (F1)i By + Bijr(F1) jir + (F1)ij Bjir]

2+
+ ("l_ccj + 1) Buir (Fa) s + (Fa)iirBiy + Byt (Fa)jur + (Fa)iy Bjo]

B 2 4 a +c
+t? (Clal_ccll + Cl) [(F)sir (F1)jjr + (Fr)ij (Fr)jir] + (02 - C; + Cz) [(F2)ier (F2)jj + (F2)ijr (F2)jir]

aZ [(FL)ar (Fa)jjr + (Fa)iwr (F1)jr + (F)ig (Fa)jir + (Fa)igr (F1)jur]
+ t2( (4) _ Zumb{kl/ukjukj + (u ?54) — S)EVMVMVMVW.
k

30



Here for simplicity, we introduced the following notations:

A=1-ATA=07520, B:=B™B=0"S,M,5,(1+5})" S,M[S,0,
Fi=FF =t A+(1-2t;)C-B, Fo:=F]Fy=A—-C—B, (4.37)

where we abbreviated that
C:i= 0TS M, S2M]S,0 = diag(ty, - ,t,).

Now we plug (4.37)) into IE(TZ(Q))ij (TI(Z))Z'/ ;j+ and simplify the resulting expression. After a tedious but straight-
forward calculation, we can show that

ag +c af +1 t?a?
]E(Tl@))ij(Tl(Z))i’j’ = 6 [tz LI ( (1—2t) — l) C] )
33’

101(1—01) ].—Cl C1
211 t2a? 1—c)(1—24)% (1 —c))t?
O [ (Fe g —ny = %) 4 (1= ca)( D G2 2(1 - 2t)) ) a2C
1 —C1 (&1 C2 C1 g

— (1 =2t) (AiwCjjr + Ciz Ajjr) — (BiarCijr + CoarByjr) — t7 Aiwr Ajjr — Bior By + (Awar Byjr + Biar Ajyr)
+ (1 o ) 17 (D = 3) D UnillilieUnje + 17 (15D — 3) D Vi Vi Vieg Vi
k k

where (i’ < j') means an expression obtained by exchanging ' and j’ in all the preceding terms (i.e. the
terms in the first three lines).

On the other hand, using (3.43|) and (3.45)) we can check that (\/HOT&(DO)[M”H converges weakly to an
r x r centered Gaussian matrix Tll with covariances

E(Tl(l))ij(’rl(l))i/j/ = (2tl - 1)Cii’cjj’ + tZQ.AZ-i,_Ajj, + Bii/Bjj/ + (1 — 2tl) (-Aii’cjj’ + Ciif.Ajjf)
- (AlZ'B]j’ + Bii’Ajj’) + (Biilcjjl + C”/BJ]/) + (7,/ <> j/) + (,U/g4) - 3) Zwk7ijwk7ilj/7
&
where we recall the notation in (2.24]). Then by (4.8]), we know that
T _ T (1) T e(2)
(VROTE(B)O) iy = (VROTEDO) iy + (VROTETO)
converges weakly to a centered Gaussian matrix Tl with covariances
~ & 1 1 2 2
E(T0)i;(T)irr = B(C)i (0 )iry + B35 (1) o

Finally, using C;; = #;8;; + O(n~/2%%) for j, j' € 4(I), we can check that the covariances of T; are asymp-
totically equal to (2.26)). This concludes Proposition

5 Proof of Theorem 2.3

Combining Proposition with Proposition we see that holds in the almost Gaussian case.
Hence to conclude Theorem [2:3] it suffices to show that the general case is sufficiently close to the almost
Gaussian case regarding the outliers. In particular, by , and , we only need to show that
the asymptotic distribution of M(6;) in for general X and Y is the same as that of M9(6;) defined for
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almost Gaussian X = X9 and Y = V9. Corresponding to (4.1) and (4.2]), we define the index set (where

[1P%2

s” stands for “small”)

I = {1 <k <p: max |uf(k)] < n_m} v {1 <k—-p<q: max |[ul(k)| < n_TO}.

1<i<r 1<i<r

Corresponding to (3.6 and (3.7]), we define a new self-adjoint block matrix HY and its resolvent as

0 X9 0
HI(2) = S
T xOT0 o0, AL\ T
0 (Yo)T 21, 2,
Here X9 and Y9 are defined through

Xi ) if 4 Is sz ) if 4 Is
9;,/» i€ 9;,/ s el

GI(z) = [HI(2)]".

where ggllt) and ggi) are i.i.d. Gaussian random variables independent of X and Y, and with mean zero and

variance n~!. Note that X9 and Y9 satisfy the setting of Proposition
Define the index set

Ts ={(i,p) i€y nTy,pe I3} u{(i,p) :t € Lo NIy, pu € Iy}
We choose a bijective ordering map ® on J; as
(I):js_){la"w’Ymax}u Ymax = ‘js|=|Is‘n

For simplicity of notations, we abbreviate

W im ()o( 2) W (Jf)g &) (5.2)

For any 1 < 7y < Ymax, we define the (Z; U Zy) x (Z3 U Z4) matrix W} such that

(Y Wips i @3 p) <y 10 I — ,
i _{W.g if (i) >0 0 W = W= W for G ¢ e

T
Correspondingly, we define

0 wiv
—1 -
HY(2) := wihT (e 212, , GU=[HD ()]
z /QIn 21,
Note that we have G1% = G9 and G{m=x} = G. Now for ®(i, ) = , we can write that

H = QU 4+ WwE{V}, HO-1 = bt 4 W;LE{“/}’ (5.3)

where E{} is defined by
(B = Yan)=in) + La,b)=(ui) (5.4)
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and Q1" is a random matrix with zero (i, j1)-th and (j,4)-th entries. In particular, Q"} is independent of
Wi, and WZ-EL. For simplicity of notations, for any v we denote that

T .= gbt, gbt.— gbh-1 RO .— (QbhH~ (5.5)

With this notation, given any function f, we can write that

Ymax

Ef (G) ~Ef(G9) = Y] []Ef (T{V}) _Ef (s{v})]. (5.6)

y=1

We will estimate each term in the sum using resolvent expansions. More precisely, by (5.3])) we have that
T} (Q{v} W, E{'y}> L (1 Wi, RO E{v}>’1 R

For any fixed k € N, we can expand T} till order k as

k s k+1
T = N (- Wi,)* (R{V}E{v}) ROV 4 (=W, )i+ (R{v}E{v}> 0 (5.7)
s=0

On the other hand, we can also expand R in terms of T} as
-1 k s k+1
RO} — (1 — W, T Em) T = N W, (T{v} Em) T 4 WES (T{v} E{ﬂ) RV (5.8)
s=0

We can get similar expansions for {7} and R} by replacing (T, Wip) with (st Wi)- We will combine
these resolvent expansions with the Taylor expansion of f to estimate the right-hand side of . Before
doing that, we first introduced the concept of regularized resolvents in order to avoid possible singular
behaviours of the resolvents G17} on exceptional low-probability events.

Definition 5.1 (Regularized resolvents). For z = E + in € C,, we define the regularized resolvent é(z) as

O(z) = [H(z) _op 10 (ngq 8)]1

We can define G9 and GV in a similar way.

The main reason for introducing the regularized resolvents is that they satisfy the deterministic bounds:

1G(2)| + |GY(2)| + max |G} (2)| <n'®%~", for n=Imz (5.9)
Y

This estimate has been proved in Lemma 3.6 of [40]. In particular, if we choose n > n~¢ for a constant
C > 0, then justfies the assumption of Lemma (iii), which will be used in the proof when we bound
expectations of polynomials of regularized resolvent entries. R

With a standard perturbation argument, we can easily control the difference between G(z) and G(z).

Claim 5.2. Suppose there exists a high probability event E on which |G(2)|max = O(1) for z belonging to
some subset. Then we have that

|G(2) = G(2)|max <% on E. (5.10)
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Proof. For t € [0,1], we define

-1
Gi(z2) == [H(z) —tzn 10 (Iparq 8)] . with Go(2) = G(2), Gi(z) = G(2).

Taking the derivative with respect to t, we immediately obtain that

01Gi(z) = 2n~ " G(2) 00 Gi(2). (5.11)
Thus applying Gronwall’s inequality to

t
1G(2) | max < 1G(2)[max + CH*QL |G (2) [ Fhaxds

we get that maxogi<i |G¢(2) | max = O(1) on Z. Then using (5.11)) again, we get (5.10). O

Note that the bound is purely deterministic on =, so we do not lose any probability in this claim.
Moreover, such a small error n~8 is negligible for our proof.

In the following proof, we use the regularized resolvents with z = 6; + in~*. Then by . S {7} R
and T satisfy the deterministic bounds

maxmax {|§0 (), [T (=) | IR )} < . (5.12)

As remarked above, because of this bound, Lemma [3.2] (iii) can be used tacitly, and we will not emphasize
this fact again in the proof. Using the expansion 1.’ for a sufﬁ(nently large k (for example k = 100 will be

enough), |W;,| < n~1/2 the anisotropic local law ) for T and the bound 1.' for R we can obtain
that for any determlnlstlc unit vectors u, v € CZ,

maXK [R{'Y} ] >) <n"12 (5.13)

Moreover, using the same argument as in the proof of Claim we can easily show that
M(6;) has the same asymptotic distribution as M(z), (5.14)

where M(z) is defined as

a

(5.15)

U
M) = v |G -1 | %, s =0+, % = X
0

colo
o

o <Joo

<o oo

Moreover, by replacing G with G9 or C:‘{"’}, we can also define M9 or M{?}. Then we will use the following
comparison lemma to complete the proof of Theorem

Lemma 5.3. Fiz any v = ®(i, u) with (i,p) € Js. We abbreviate

MY = T [RM( ) — (@]%, 2=0,+in"?
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The matrices ./\/lfg} and M{TV} are defined similarly by replacing RO with SO and f{'y}, respectively. Let
fecC (C*47) be any function with bounded partial derivatives up to third order, and a = a,, be an arbitrary
deterministic sequence of 4r x 4r symmetric matrices. Then we have that

Ef (M{T”+a) — Ef (Mgua) 2 Q,{J}E;f (M{’*}+a) +d + O (n"™E,), (5.16)
k,l=1
and
Ef (M{g} + a) —Ef (Mg} + a) + oy + O (n"™E,), (5.17)

where ., salisfies o/, < n~™°, and we denote
Q{v} —n (%uk%zl + Ui%), if wels
n_lﬂz(;g (U + Ui %), if pely’

and

4r 2
_ Z Z n72+01/2+02/2‘%k‘01‘@/“”02. (518)

k‘,l=1 0'1,0'2:0

Here recall that uf) and uz(,g) are defined in (4.32)).

Proof. The proof of this lemma is almost the same as the one for Lemma 7.13 of [26], where the main inputs

are the local laws and (| - the simple identity ., and the resolvent expansions and (| -

The cosmetic modiﬁcatlons are mainly due to the fact that our local law takes a different form than the one
in Theorem 2.2 of [26]. So we ignore the details. O

Combining Proposition Proposition [£.1] and Lemma [5.3] we can conclude the proof of Theorem @

Proof of Theorem- We fix any function f € CX(C4*4") and V satisfying (4.4]) and ( . Using (5.16
and , we get that

]EX,yf (MgY} + a) = Ex)yf (M{S:Y} + a) Z QI{C’Z}EXY('} of (M{’Y} + a) + 0« ( Tog’y)7 (519)
k,l=1

where E x y means the partial expectation with respect to the randomness of X, Y, X9 and Y9 (for simplicity,
we did not add X9 and Y9 to the subscript). Since |%.x| < n=Y2*¢ for p e Iy U T, and |%;| < n~" for
i € I, it is easy to check that

1017 s € minfn =274, €3, for 1< 7 < Yo

where Q17 is the 47 x 47 matrix with entries Q,{J}. Thus for any fixed 1 < k£, < 4r and 1 < 7 < Ymax,
applying (5.16) with f replaced by @, f, we get that

oF (\ih 4 of (rqlh -
Exy g (MP +a) =Exys 3o (M +a)+0(n™),
Plugging it into (5.19)), we get that

Exyf (Mi;} + a) —Exyf (M{T”} + a) 2 oV Eyy f (M“} + a) +0(n"™E,).

k=1
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On the other hand, we have the Taylor expansion

4r
J -
Ex,yf (Mp} +a— Q{A’}> =Exyf (Méj} + a) - Z Q;{J}EX,Yﬁil (Méj} + a) + 0 (n7E,).
k=1
Comparing the above two equations, we get that
Exyf (M{T”} ta-— QW) —Exyf (M{;} + a) +0-(n™E,). (5.20)
We iterate (5.20]) starting at v = 1 and a = 0, and obtain that
() _ Y (0)
Exyf [ M@™) = 3] Q) =Exyf (MP) +0-(n7™), (5.21)
v=1

where we also used the bound >} &, = O(1), which can be verified directly from the definition (5.18). Now
using (4.34)), we can bound that

Ymax

Z o < 12,

v=1

Plugging it into (5.21]), we obtain that
Ef (M<T mx>) —Ef (M<T°>) +O_(n"™).

This shows that M (z) has the same asymptotic distribution as M? (2) in the almost Gaussian case. Com-
bining this fact with (5.14]), Proposition and Proposition we conclude (2.31) when f is smooth.
Extension to any bounded continuous f follows from a standard argument. O

6 Proof of Theorem 2.4

In this section, we present the proof of Theorem based on a comparison with the case in Theorem
We first truncate the entries of X, Y and Z using the moment condition (2.34]). Choose a constant ¢4 > 0
small enough such that (n'/4=¢¢)8+tc0 > p2+c0 and (nl/4-cs)4tc > plteo for a constant ey > 0. Then we
introduce the following truncations on the entries of X, Y and Z:

Y/,

I P— .. P— .. / P— ..
Xij = llXijlsn’l/“’%X”’ ij = 1|Yij\<n*1/4*“¢ Yij, Zij = 1\Z¢j|gn*1/4*% Zij-

In other words, we restrict ourselves to the following event:
Q:= {ma,X|Xij| < ¢n,max Y| < ¢, max|Zy;] < %} , with ¢y t=n /4%,
1] 1,] 2,J
Combining the condition (2.34]) with Markov’s inequality, and using a simple union bound, we get that
P(X' £ XY #Y,Z # Z)=0(n"=). (6.1)
Using (2.34) and integration by parts, it is easy to verify that

—_9_ 2 _9_
E[Xij|11x,, =6, = O(n727%), E[Xy|"1ix,, 6, = O(n>7%),
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which implies that
EX/| =0(n %), E|X/|>=n"'+0(n">"). (6.2)

Moreover, we trivially have that
E|X;|* < E|Xi|' = 0(n?),

Similar estimates also hold for the entries of Y and Z. Then we introduce the matrices

X' -EX" o Y'-EY' . Z' -EZ
- Var(Xj;)’ - Var(Yfy)’ - Var(Zy)

Note that by (6.2]), we have the estimates
IEX'| = O(n~"7%), Var(X{;) =n""[1+O0(n'")], (6.3)

and similar estimates also hold for [EY”[, Var(Y{,), HIEZ’H and Var(Z;). Now we define the SCC matrices

Cxy and Cxy by replacing (X,Y, Z) with (X,Y,Z) in and (2.11). With the estimate (6.3)), we can
readily bound the differences between the eigenvalues of C Xy and those of Cxy using Weyl’s inequality.

Lemma 6.1. Under the above setting, we have that
P (HCX)) — chyH =0 (n_l_s")) =1-0 (n_‘g“) .

Proof. This lemma is an easy consequence of (6.3]) and the singular value bounds in (6.10) and (6.11 - ) below.
Moreover, the probability bound is due to (6.1) O

By the above lemma, it suffices to prove that Theorem @ holds under the following assumptions on
(X,Y, Z), which correspond to the above setting for (X,Y, Z).

Assumption 6.2. Assume that X = (X;;), Y = (Yi;) and Z = (Z;;) are independent pxn, ¢ xn and r xn
matrices, whose entries are real i.i.d. random variables satisfying , , the bounded fourth moment
condition

max {E|X11|*, E|Y11|*, E[Z11[*} < n 72, (6.4)

and the following bounded support condition with ¢, = n~ /4=

o { o X e i e 2 < 6. (6.5)
] ] ]

Moreover, we assume that Assumption [2.1] (iti)-(iv) hold.

The local laws in Section [3.2] can be extended to the above setting. More precisely, we have proved the
following theorem in [3T], 40)].

Theorem 6.3. Suppose Assumption [6.9 holds.

i) (Outliers locations: Theorem 2.9 of [31]) If t; = t. +n~'/3 + ¢,,, then we have that
/
N — 0;] < n Y2t — to| M2 + dnlti — tol- (6.6)
On the other hand, for any i = O(1) with t; < t. +n~3 + ¢,,, we have that

X — Ay <n 234 42 (6.7)
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(i) (Anisotropic local law: Theorem 2.11 of [{0] and Theorem 3.10 of [31]) For any fized € > 0 and
deterministic unit vectors u,v € CZ, the following estimates hold. For z € S(¢), we have that

[u, G(2)v) = (u, TI(2)V)| < ¢ + W(2) + (nn) . (6.8)
For z € Sput(€), we have that

[(u, G(2)v) — (u, TL(2)V)| < ¢ + 0~ Y2 (5 + )"V, (6.9)

(i1i) (Figenvalue rigidity: Theorem 2.5 of [{0]) The eigenvalue rigidity estimate (3.4)) holds.

(iv) (Singular value bounds: Lemma 3.8 of [{0]) For any constant € > 0, we have that with high probability,

(1 —/e1)? — e < Ap(Saz) S M (Sez) < (14 /e1)? +e, (6.10)
and
(1= /e2)? =& < Ag(Syy) < Mi(Syy) < (1+4/e2)® + 6. (6.11)

For the above results to hold, it is not necessary to assume that the entries of X, Y and Z are identically
distributed, that is, only independence and moment conditions are needed.

Moreover, Lemma takes the following general form.

Lemma 6.4 (Lemma 3.8 of [I5]). Let (z;), (y;) be independent families of centered independent random
variables, and (A;), (Bi;) be families of deterministic complex numbers. Suppose the entries x;, y; have
variances at most n=! and satisfy the bounded support condition . Then the following large deviation
bounds hold:

‘ZA;@

<¢nmaX|A|+ <Z|A| ) ‘Zwl ij‘<</) Ba+ ¢pnBo + — <Z|BU| )

i#]

<GBy + — (Z|BU| )

’Zx Buxz - E|xl| ) [

< ¢an7 ’ Z szwa]

where By := max; |By;| and B, := max;; |Bi;|.

Following the arguments in Section and using Theorem we can obtain a similar equation as (3.37)):

det [ fo(A\) I, — diag(ty, - ,t,) + OTE(AN)O + O (n~' + ¢2)] = 0. (6.12)
Then using (6.12) and (6.6)), as in Proposition we can get that
| (R = 01) = pi {att) [diag(ts, 1) =t — OTEL0)O] |} < 727, (6.13)

for a constant € > 0 depending on c4 only. Again the proof is the same as the one for Proposition 4.5 in
[27], so we omit the details. We also remark that this proof is the only place where we need to use the

well-separation condition ([2.35]).

With (6.12)), the problem is once again reduced to the study of the CLT of My(6;) in (3.46). Using
Lemma we can obtain a similar estimate as in (3.32]):

122" — L] < ¢n, (6.14)

38



Thus similar to (4.4), we can introduce an n x r partial orthogonal matrix V' such that
VIV =1, |V-Z"|p< ¢y, (6.15)

With (6.15)) and , we can check that
[M(81) = Mo(61)]| < v/ndi, < n=>ce,

where the matrix M is defined in (4.7). Thus to prove Theorem it suffices to prove the CLT for M(6,).
As in Section [5} to avoid singular behaviours of the resolvents on exceptional low-probability events, we
will use the regularized resolvent G(z) in Definition with z = 6, + in~* throughout the rest of the proof.
However, for simplicity of notations, we still use the notation G(z) to denote the regularized resolvents in the
following proof, while keeping in mind that the bound will hold for all the resolvent entries appearing
below and hence Lemma (iii) can be applied without worry. Finally, we remark that the rest of the proof
will be conditional on Z and V/, i.e. they are regarded as deterministic matrices unless specified otherwise.
Given any random matrices X and Y satisfying Assumption [6.2] we can construct matrices X and Y,
whose entries match the first four moments of the entries of X and Y but with smaller support n=/2.

Lemma 6.5 (Lemma 5.1 of [29]). Suppose X, Y and Z satisfy Assumption , Then there exist independent
random matrices X = (X;;), Y = (Yi;) and Z = (Z;j) satisfying Assumption such that the condition
holds with ¢, replaced by n='/2. Moreover, they satisfy the following moment matching conditions:

kE _mvk
EXE = EX),

Note that X’, Y and Z satisfy the setting of Theorem By replacing (X,Y") with ()Z', }N/) in (3.6)), (3.7)
and (4.7)), We can define H(z), G(z) and M(z). In Section |5, we have proved the CLT for M(6;). The rest
of the proof is devoted to showing that M (6;) has the same asymptotic distribution as M(6;).

EY) = EYF

kE _ mrok
k. EzE =EZ!

ko k=1,2,34. (6.16)

Proposition 6.6. Suppose Assumption holds. Let X and Y be two random matrices constructed as in
Lemma . Then there exists a constant € > 0 such that for any function f € C*(C¥>*47), we have

Ef (M(z)) = Ef(M(2)) + O(n™°), for z=06;+in""

To prove this proposition, we will use the continuous comparison method introduced in [28]. We first
introduce the following interpolation between (X,Y") and (X,Y).

Definition 6.7 (Interpolating matrices). Introduce the notations X° := X and X' := X. Let p?u and p}u
be the laws of Xiu and X;,, respectively. For 6 € [0,1], we define the interpolated law

pzeu = (1 - H)pgu + epzlp,

Let {X?:0 € (0,1)} be a collection of random matrices such that the following properties hold. For any fived
0 e (0,1), (X° X X1) is a triple of independent I, x I3 random matrices, and the matriz X° = (Xf#) has

law
[T11 A (axg,). (6.17)

1€Z4 MEIg

Note that we do not require X% to be independent of X for 6, # 03 € (0,1). For N\e R, i€ Iy and u € I3,
we define the matrix Xfi’;‘) through

(Xe_,,\

o if (v i
(w))ju:= {XW o, (6.18)

Ao i Giv) = (i)
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In a similar way, we can define the collection of random matrices {Y? : 6 € [0,1]} for all § € [0,1] with
Y0 :=Y and Y' := Y. We require that for any fived 0 € (0,1), Y? is independent of (X°, X% X', YO, Y1),
For Ae R, i €Ty and p € Iy, we define Y(ZS in the same way as (6.18)). We also introduce the resolvents

o G (X0, ) ifieT,pels

G Xﬂy(‘i;j;,z), Z'fl'EIQMUJEI4.

G'(z) =G (X" Y"2), G

Using (6.17) and fundamental calculus, it is easy to derive the following basic interpolation formula.
Lemma 6.8. For any differentiable function F : CT'*Ts x CT2*T+ — C, we have that

d
@EF(XQ YO = ) [EF (X( )”‘ Y9> EF (X( e Y”’)}
€Ly ,uels

+ Y [IEJF (X” Yf?ﬂ) _EF (X" Y(“)/>]

€Ly, u€Ly

(6.19)

provided all the expectations exist.

We shall apply Lemmato F(X%Y%) = f(M (XYY, 2)) for the function f in Proposition where
M (X%,Y?, 2) is defined by replacing G(z) = G(X,Y, ) with G(z) = G(X?,Y",z). The main work is to
show the following estimate for the right-hand side of (6.19)).

Lemma 6.9. Under the assumptions of Proposition[6.6, there exists a constant e > 0 such that

; ,;‘3 [Ef (M ( “’”W Ye)) —Ef (M ( (w)w Yg))] =0(n™), (6.20)

162132,;4 [Ef< ( Vi )) Ef( ( Yfﬁ))] =0(n™°), (6.21)

for all 6 € [0,1].

Combining Lemma and Lemma we conclude Proposition The proof of Lemma [6.9] is based
on an expansion approach. As in (5.7) and (5.8), for any i € 77, p € Z3, A, N € R and K € N, we have the
resolvent expansion

and

N

’ . k ’ . K+1
0.\ 0.\ 0.\ (i 1} A0 ANK+1 A0 (i1} A0
GIX = GO + § VGl (BWIGH) + (= X)S G (Bial)) (6.22)

where E{#} is the matrix defined by (E{H#),, = Lia)=(i,p) + Liab)=(u,i) s in (5.4). With this expansion,
we can readily obtain the following estimate: if y is a random variable satisfying |y| < ¢, then for any
deterministic unit vectors u, v e CZ, we have that

<u [G‘(’Ig)( ) — H(z)] v> < bn, z=0+int (6.23)

In fact, to prove this estimate, we Wlll apply the expansion ) for a sufficiently large K, say K = 100,
with )\’ =yand A = Xw’ so that G( = (Y. Then to bound the resultmg expansion on the right-hand side

of (6.22)), We will use y < ¢, |X] < < ¢, the anisotropic local law ) for GY, and the rough bound as in
(5.12)) for G in the last term.
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Proof Lemma[6.9 We only give the proof of (6.20]), while (6.21)) obviously can be proved in the same way.
For simplicity of notations, we only provide the proof for a simpler version of (6.20)),

iezll #6213 [Ef (M< (“‘)w Y9)> —Ef (M ( <w)m Ye))] O(n=9), (6.24)

where M is defined as
M(X,Y) = vn(u, (G(X,Y,2) = II(2)) v)

for some deterministic unit vectors u, v € CZ satisfying that

. 2
s ()| < én, max [o(0)] < 6 (6.25)

The proof for (6.20]) is exactly the same, except that we need to use multivariable Taylor expansions. Here
the condition (6.25)) is due to the corresponding bound on V|

HV”maX < ”V - ZHmax + HZHmax < ¢n

by (6.15) and the bounded support condition in

In the following proof, for simplicity of notatlons we fix a 6 € [0,1] and denote Miy(A) == M (X 8, )‘)
while 1gn0r1ng Y? from the argument. Recall that ¢, = n~ /4%, Using (6.22) with K = 9 and the local
law , we get that for a random variable y satisfying |y| < ¢y,

M(W) (y) — M(iu) Z n1/2 xk ) ,u) + O ( _2_1004’), (626)
where

a1, p) ==, G‘gO (E{”‘}GaO )kv>.

By (6.23]), we have x (i, ) < 1 for k > 1. On the other hand, for & = 1, using and ( we can get
a better bound

z1(i, p) = u, GZE B ”}Go 0 v> = <u,HE{i’“}HV> + O<(¢pn) < . (6.27)
Combining this bound with |y| < ¢y, from (6.26) we immediately obtain the rough bound
Mipy (y) — My (0) < n'/2¢2 < n=2¢. (6.28)

Now fix an integer K > 1/c,. Using (6.26) and (6.28)), the Taylor expansion of f up to the K-th order
gives that for « € {0, 1},

Ef (M(w)( )) Ef( zu)(o))
M(w)

k
2 n/2(— xl(z p)| + 0« (n27%)

3 Mx i MN

K+2 ®) ( k
Z Z*: nF/2E(— ]Ef M(w n%l i) + O (n272)
=1 1=1

where Y'¥ means the sum over s = (s1,-- -, s) € N* satisfying
k
1<s<9, Y l-si=s (6.29)



Here for the terms with s > K + 2k, we have nk/QIE(—XfL)S < n7272%, 50 they are included into the errors.
Now using the moment matching condition (6.16]), we get that

K K+2k *
[Ef (Mi(XE)) —Ef (M (X)) < 3 D) 2ot 4E‘n:psl iy )| e
k=1 s=5 s

where we used that E|X/|* < ¢5 *E[X7,|* < ¢57*n 2 for s = 5. Thus to show (6.24), we only need to
prove that for any fixed s > 5 and s € N* satisfying (6.29)),

SN kg 415:“‘[% (i, )| < (6.30)

i€Zy peZs

for some constant € > 0. For the proof of (6.30), we will consider three different cases. To ease the notation,
we introduce the following notion of generalized entries.

Definition 6.10 (Generalized entries). For v,w € CT, a e Z and an T x T matriz A, we shall denote
Avw := vV, AW),  Ayq :i=(v,Aeq), Aaw = {eq, AW), (6.31)
where e, is the standard unit vector along the a-th coordinate axis.
Case 1: Suppose s; =2 for alll = 1,--- , k. Then we have s > max{2k,5} and
nk/272¢787,74 _ n72+k/27(574)/4n7(574)c¢ < n*lfcd,. (632)
On the other hand, using (6.22) with K = 0 and (6.23]), we get that
0,0 0 0 0,0 0
Ceon G0 w)] < (G2 + X2 (Con G20 000 (Gl + (e G0 )] 1G] < (G2l 8 Gl (633

Similarly, we have that
|<ewG?ZE w)| < |Gh 4|+ 6 |GYl (6.34)

Inserting (6.33)) and (6.34) into the definition of x;(¢, 1), we immediately get that

i, ) < [ Glul” + |G + |Gl + G0 121 (6.35)
We claim that for any deterministic unit vector u € CZ,
Ml <1 Y. <1 (6.36)

i€y nels

We postpone its proof until we complete the proof of Lemma Combining (6.32)), (6.35)) and (6.36), we
can bound that

SN kg 4E)Hxs, (| < X5 D5 w7 (|60 + [GE P+ Ghul + ]G0 ") < nee.

i€Zy pels €Ly pels

Case 2: Suppose there are at least two I’s such that s; = 1. Without loss of generality, we assume that
s1 =83 =---=s; =1 for some 2 < j < k. Then we have s > max{2k — 5,5}, which gives that

k
22| | [, )| < 722657400 2 i, ) < /2 (i, ). (6.37)
=1
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where in the second step we used

nk/272¢i+j76 _ n72+k/27(s+j76)/4n7(s+J76)cd, < n71/27c¢.

Applying (6.33) and (6.34) to (6.27)), we can bound that
16, )] < (1GTul + 60 [Ghul) (Ghvl + S lGL) + (1IGhal + 60 |GTu]) (G| + 60| )
< 16%u] 1G] + G0 [G1] + 60 (1671 + [G0 [ +160P + 160 F) . (6:39)
Now using and (6.38), we get that
DI W W [Nt e e N A (MR N i < M M

1€Zq MEI?, 1€Zq MEIg
2
<1+ng;,.

Combining this bound with (6.37), we get that

Z Z nk/2— 245~ 4E‘nx5l i M)‘<n 1/2—cy ngt < n=3e.

€Ly puels

Case 3: Finally, suppose there is only one [ such that s; = 1. Without loss of generality, we assume that
sy =1and s; =2 forl=2,--- k. Thus we have s > max{2k — 1,5}, which gives that

k
w225 | T, ()| < 2265 i, )] (160" + 160 + 1600 + 160 °)
=1
< n-3/4—cs (|G u| }G v| + |qu| |G10v|) <|G u| + |G19v|2 + |G u| + |G v} )
en e, (G0 + 160"+ (o] + el (6.39)

where in the first step we used (6.35]), and in the second step we used (6.38]) and

nk/272¢;9;4 _ n72+k/27(574)/4n7(574)c¢ < n73/4fc¢.

Applying (6.36) and Cauchy-Schwarz inequality to (6.39)), we get that

Z Z k/2— 245~ 4E’H$s, (i M’ =2

i€y pels

Combining the above three cases, we conclude (6.30) with e = c,, which further implies (6.24). With
similar arguments, we can conclude ([6.20) and (6.21]). O

Proof of (6.36). (6.36)) is a simple corollary of the spectral decomposition of the resolvent. First, recalling
the notations in (2.12)), we define

H o= 57128,,5712, (6.40)
and the resolvent 1/2
. R —z7 *RiH
R(z) := (—z_l/QHTR1 Ry ) ’
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where the two blocks R; and Ry are defined as

-1 1

Ri(2):=(Cxy —2) "= (HH " —2)", Ro(2):=Cyx—2)"'=HH-2) . (6.41)
Consider a singular value decomposition of H:
q
"= V&Gl (6.42)
k=1

where \y’s are the eigenvalues of the null SCC matrix Cxy, and &;’s and (i’s are respectively the left and
right singular vectors. Then the singular value decomposition R(z) is given by

v ! Exéyl —z V2T 1 P gl 0
R(2) kzl/\k_z( —2_1/2\/];\7@@: et K ) _Z< k o k 0 ) (6.43)

Next, we denote the (Z; U Zs) x (Z1 U Zy) block of G(z) by Gr(2), the (Z; UZs) x (Z3 uZy) block by GrLr(z),
the (Zz U Z4) x (Z; U Iy) block by Grr(z), and the (Zs U Zy) x (Z3 U Zy) block by Gr(z). Using Schur
complement formula, we can check that

Sw? 0 Sw? 0
gL = _ R(z - , 6.44
L < 0 Syy1/2 (2) 0 Syy1/2 ( )

21, 2?1, 2I,  ZPL\/(XT 0 X 0 2L,  2Y?I,
Gr = (Zl/QIn 21, ) + (Zl/QIn 21, 0 vT gL 0 Y 21/2171 21, ’ (6'45)
X 0 21, 2?1, 21, 2L\ (XT 0
6un) =00 (3 ) (L, “on)e ome = ) () e Gas
Using the rigidity estimate (3.4]) given in Theorem [6.3| (iii), we get that
min Ay —z| 21, z=60,+in"" (6.47)
1<k<p

Combining it with the SVD (6.43)), we see that |[R(z)| = O(1) with high probability. Then using (6.44)—
(6.46)) and (6.10)—(6.11)), we obtain that |G(z)| = O(1) with high probability. Thus we have that for any
unit vector u e C7,

M |Gaul® < |GG*| = O(1) with high probability, (6.48)

aeZ

where G* denotes the conjugate transpose of G. If G = G is the regularized resolvent, then we can apply

Claim [5.2] to get that
5 e

aeZ

The above argument obviously also works for the resolvent G, which concludes (6.36]). O

2
= O(1) with high probability.

Finally, we can complete the proof of Theorem [2.4] using Proposition

Proof of Theorem[2.4} First, suppose X, Y and Z satisfy Assumption and let X , Y and Z be random
matrices constructed in Lemma Then Theorem holds for the SCC matrix defined with (X,Y, Z),
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because they satisfy the assumptions of Theorem [2.3l By Proposition [6.6| (recall that it is proved for the
regularized resolvents following the convention stated above Lemma [6.5)), we have that asymptotically

//\/\l(z) £ /vf(z)
By the argument in the proof of Claim this implies that M(6;) and M (0;) also have the same asymptotic
distribution. Moreover, by classical CLT the asymptotic distribution of /n (ZZT — I,.) is still given by (3.45)),
which only depends on the first four moments of the entries of Z. Hence by we can conclude Theorem
for the SCC matrix defined with (XY, Z) satisfying Assumption Finally, using the cut-off argument
at the beginning of this section and Lemma we conclude Theorem O

A Proof of Lemma 4.5

In this section, we give the proof of Lemma which is one key result in the proof of Theorem Under
the setting of Lemma [4.5] we need to study the CLT of the following matrix:

0 0 Vi 0

0 0 0 V,
Vs 0 0 0

0 Vg O 0

Qo : = v (¢ - D) 74, 4y = = FO.

It is easy to check that the matrices Vi, Vo, V3 and Vy are respectively (p —7) xr, (¢—7) xr, (n—r) xr
and (n — r) x r random matrices independent of G(T), and satisfy that with high probability,

VIVi=cal +0-.(n"Y?), V]Vy=cl +0-(n"?), (A1)

V;—V3 = Ir + O<(n_1/2+27—0)7 VIV4 = ]r + O<(n_1/2+2T0>7 Vi—’)rV4 = O<(n_1/2+27—0)' (A2)

These conditions all follow from (4.17) and (4.10). For simplicity of notations, we permute the columns of
75 and study the CLT of

0 Iy T(A(T) _ 0 Iy
(1% O)W/o @ -y () " (A.3)

Moreover, with a slight abuse of notation, we rename the Gaussian matrices (X, V(™) in G(™ as (X,Y),
and study the CLT of the following matrix:

1

Vi 0
Q: = Vir T [G(X,Y) -T1] 7, “f/::”//o(lo IQ"): 0 Va2

o 0 0 0
0 0

<OOO

0
0
V3
0 4

under the conditions and (A.2). Since |T| < n®™, we have (n — |T|)/n = 1+ O(n~'72™), where
O(n~1*+27) is a negligible error. Hence without loss of generality, we still assume that the dimensions of X
and Y are p x n and ¢ x n in order to simplify the notations.

For 1 < a < 4r, we denote the a-th column vector of ¥ by v,. With the Cramér-Wold device, it suffices

to prove that
QA = \/E Z Aaanb = \/ﬁ Z )\ab(G - H)va v

1<a<b<dr a<b

is asymptotically Gaussian for any fixed vector of parameters denoted by A := (Aap)a<p. Note that by (3.24),
we have the rough bound |Qx| < 1. For our purpose, it suffices to show that the moments of Q4 match
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those of a centered Gaussian random variable asymptotically. This follows immediately from the following
claims: (i) the mean of @, satisfies

EQa = o(1), (A4)
and (ii) for any fixed integer k = 2, we have that
EQh = (k — 1)sREQK 2 + o(1) (A.5)

for some deterministic parameter s3. Moreover, the covariances of Q can be determined from s3 as a function

of A. Once again, to avoid singular behaviours of the resolvents on exceptional low-probability events, we
will use the regularized resolvent G/(z) in Definition [5.1] with z = 6; +in—*, and prove the CLT for Q(z) with
G(6;) replaced by G(z). The argument in the proof of Claim [5.2| then allows us to show that Q(6;) satisfies
the same asymptotic distribution. However, for simplicity of notations, we still use the notations G(z) and
QA (2) in the following proof, while keeping in mind that the bound holds for all resolvents in the
proof, and hence Lemma (iii) can be applied without worry.

Our main tool for the proof of and is the conventional Gaussian integration by parts. Using

the identity HG =1 and equation (3.19)), we get that

—(msze +2n7 101, 0 -X 0
o 1 _ 0 —(mae + 2n 1)1, 0 -Y
G-m=1(n"-f)G-mu T ; el o |G A9
0 = 0 —maedy,
We first prove (A.4]). With (A.6]), we can write that
[ [(—m3.I, 0 0 0
p— _ 0 7m4ch 0 0
EQx :=+/n ;b AabEQap = v/ Eb AablE 0 0 — 0 G
s o= 0 0 0 —mgel _
[ X 0
o (3 1) 9
—Vn Z]b AapE %7 0 . G +0(n™?), (A7)
o= 0o Y7
L Wq Vp
where we have abbreviated w, := Il v,. For the sum in line (A.7)), we expand it as
X 0
o (@)
0 Y
0 YT wa v
= —v/nE Z Xin [Wa())G v, + Wa(p)Giv,| — vVnE Z Yiu [Wa(§)Guv, + Wa(V)Gjv,]
iGIl,#ng jEIQ,D€I4
— 0 PE Y Wal) (GG, + GG + 17 PE Y] wal1) [GuGv, + GGy
i€Zq,u€ls €Ly ,uels
—12g ) [Go Gy, + GG ~l2g GG GG A8
+n Y0 Wali) [GunGiv, + GGy, ] + 1 Y, Wa) GG, + GiGiv,],  (A8)
jEIQ,V€I4 jEIz,l/EI4

where in the second step we used Gaussian integration by parts with respect to X;, and Yj,,

EXi,f(Xin) = n 'Bf' (Xi), EYjf(Yi,) =n'Ef (Yi),
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and the identities

Cuy _ ; - . Guv _ _ _
é’XW = GuzGuv Gu,usza 8}/] = Gu]Gyv GuuG]v, (Ag)

for any vectors u, v e CZ. With the notations in (3.9)), we can rewrite (A.8) as

m3]p 0 0 0
0 mayl, 0 0
[AS) = VaE ¢ G
B3 0 0 ml, 0 (A.10)

0 0 0 maly, —
+n VPR [(Wa, TG I3G Vi) + (Wa, JsGI1G )] + 07 PE [(Wa, JoGIaG V) + (Wa, J1G TG V)]
where we define the matrices J,, as the block identity matrices,
(Ja)ab = davlacz,, o =1,2,3,4. (A.11)

We claim that .
max M (2) — Mae(2)| < n=23, (A.12)
e

whose proof will be postponed until we complete the proof of Lemma Moreover, GJ,G, o = 1,2, 3,4,
satisfy the anisotropic local laws in Theorem [A-T] below, which implies that for any deterministic unit vectors
u,veC?,

[{u, GJ,G V)| = 0(1), a=1,234. (A.13)
Now plugging (A.10) into (A.7) and using (A.12) and (A.13]), we obtain that
EQx = O (n~/9), (A.14)
which concludes (A.4]).
It remains to prove (A.5). With (A.6), we expand EQ¥ as
—m3CIp 0 —-X 0
0 —mycl, 0 -Y
k _ 4clq k—1 -9
EQ% —E\/E;b AaB [T St 0 L o ¢ k=1 1 0(n™?)
B 0 =3 0 —moacl, _—
—msd, 0 0 0
_ 0 _m4ch 0 0 k—1 -9
=Vn gb AabE 0 o r o € K1+ 0(n™?) (A.15)
= 0 0 0 —mady) |,
—VAE Y Xap DL Wali)XinGuv, QK = VIE Y Aay D) wa(i)YuGuv, QR (AL16)
a<b €Ly ,u€ls a<b Jj€Io,veLy
—VRE Y Xap DL W) XinGiv, QAT = VRE Y. A Y. wa(0)YGiy, Q1 (A7)
a<b €Ly ,u€ls a<b J€La,veLY

Then we apply Gaussian integration by parts to the terms in (A.16)) and (A.17). First, as we have seen in
the k = 1 case, the terms containing 0x,,G,.v,, 0x,,Giv,, Ov;,Gvv, and dy,,G;, will cancel the first term

in , leaving an error of order O (n~'/%) as in (A.14)). Thus we get that

. 1y . QN g ; Q3
EQA =—n Z AaplE Z Wa(Z)G —-n Z AapE Z Wa(])G

Yy 0X; Vb oY
a<b i€Ty,puels, e a<b je€Ty,vely v
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~1/2 _ anchl_ —1/2 QN ~1/6
n Z)\abE 2 wo ()G n Z)\abE 2 wo (V)G +O<( )

1V JVb
a<b i€y pels 0Xip a<b j€Ta,veTs 8Y
. Gy, vy e
== (k - 1) 2 )‘ab)\a’b’E Z WG(Z)GMVb# 56\ ? (A18)
a<b,a’<b’ i€Ty,puels L
. aGV 1V k—2
— (/C — 1) 2 )\ab)\a’b’E 2 Wa(])GV vba# A (Alg)
a<b,a’<b’ J€Lo,veLY Jv
aGVa/ Vyr k—2
—(k=1) > AapravE )] Wa(1)Giv, — Q) (A.20)
a<b,a’<b’ i€y ,uels 3
Gy, vy 2 -1/6
—(k=1) D> AwravE )] Wa (1) Gv, — 2 QR 4 O< (70, (A.21)
a<b,a’<b’ JE€L2,veELY Jv

To calculate the terms (A.18)—(A.21)), we need to use the anisotropic local laws of GJ,G, a = 1,2, 3, 4.
We first define the deterministic matrix limits of GJ,G:

( (Ot)( ) ) ( )0 ) 0
0 ()1,
(@) (2) 1= 2 () “ . a=1,2,34, (A.22)
0 Y3 () ha(2)I,
ha(2)In A2 (2)In
where the ~ functions are defined by
o Q=)' st m._ Q—c)'f2 (1) . cy'mit
Ty P T w(zmey BT T E—e 0 T TRy
(2 _ _ 't @ _ (—e)'f2 @ _ ag'mitl o (1) 2
Ty 'mﬂﬁ—@’%' m(z—e T T T (a)
—1 —172,2 p2
_ ¢ ¢y hotsf:
%3) %5,1), 753) =Gy 1%(,2), %5,3) 07:5,1)7 Vf) = 1f22ftz
W=ty Y =gt = %ﬁ?’), 7Y = e mi s,

On the other hand, the functions h, are defined by
hal2) = 27202(2) { e (2) [+ (1= 2mae(2)] + 2§ () [+ (1= 2)mae(2)]} -

Here we recall that ¢. is defined in (1.3)), mae, o = 1,2,3,4, are defined in (3.10)—(3.13)), h is defined in
(3.17), and f. is defined in (3.35)).

Theorem A.1l. Suppose Assumption holds. For any deterministic unit vectors u,v € CT, we have that
(u, G(0;)J,G(0,) v) — (u, T (6;) v) < n~ /2, (A.24)

The proof of Theorem will be given in Appendix [C] Again by the argument in the proof of Claim
(A-24) also holds for z = 6; +in~*. Now we use this estimate to calculate (A.18)—(A-21]) term by term.

First for (A.18), using (A.9) we get that

an 1Vt — —
_]E Z Wa(i)G# VbaXia'b ?\ 2 = ]E(GJ3G)Vb/ Vb<vaaHJ1Gva/>Q’K 2
i€y ,u€ls e (A.25)

E(GJ3G)VQ/ Vp <Vaa HJlG Vb/>Qi€\72'
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Now using the local law (3.24), and the first equation in (3.14)), we can calculate that
Ve, TG vy )y =1 (cl_lmlc)2 Oaa Li<asr + O<(n71/2) = Clm;f(;aa/llgagr + O<(n71/2). (A.26)
Moreover, using , and the local law for GJ3G in Theorem we get that
(GJ3G)v, v, = Ca(b)’Y,()i)b)abb’ + O (nH/2H2m0), (A.27)
where we used the notation

ab) =k if (k—Dr+1<b<kr, k=1,234,

and let ¢ =1 for k = 3,4. Plugging (A.26)) and (A.27)) into (A.25)), we get that

)\2
A =tk-1) > clca(,,)m—%byf’()b)(l +6,0)EQE 2 + O (n1/2+2m0), (A.28)
C

1<a<r,a<b
Similarly, we can get that

A2,
EID=k-1) >  cxcap-2 2 fyff(b)(l + 0ap)EQE ™2 + O (n~1/2+20), (A.29)

r+l<a<2r,a<bd

For (A.20), we have that
an ! Vit

—E 2 wa(p)Gi Vbﬁ A =E Z (GN1G)vyvi(Va, ITJ3G Var oy
€Ly ,uels b i€1y,uels (ASO)
+ E Z GJI V ol vb<Va7 HJ3G Vb/>QA
’LGIl,}LEIg
Using (3.24) and (A.2)), we get that
<Va, 115G Va’> = m§c5aa/12r+1Sas3T + h25aa’ 13 +1<a<ar + O« (n71/2+27"). (ASI)

Using the local law for G.J;G in Theorem and (A.2), we get that

(GI1G)vy v, = a(b y0by + O<(n “124270) - for  a(b) = 3, 4. (A.32)

Plugging (A.31) and (A.32) into (A.30) gives that

B20) = (k—1) Y AZm3alp,(1+ 0w)EQY

2r+1<a<3r,a<b

2 (1) k—2 —1/2+270 (A.33)
+(k—1) > Aouh? Yoy (1 4+ 6a)EQY ™ + O<(n ).
3r+l<a<dr,a<b
Similarly, we can get that
2 _
B2 = (k—1) >, MM 1+ 6)EQL
2r+1<a<3r,a<b (A34)

+(k—1) D A2ym3 ) (14 0 EQE ™ + O (n™Y/2%7),

3r+l<a<dr,a<b
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Combining (A.28)), (A.29), (A.33]) and (A.34)), we obtain that

EQX = (k— 1)s{EQ}* + O<(n~ /%),
where 53 is a function of A defined by

A2 A2
sii= ). cicaw) 7m“2b 758,)(1 + dap) + > C2Ca (b) T:gb 7&4&)(1 + dab)
1<a<r,a<b 3¢ r+l<a<2r,a<b de
1 2
Y a2 (mBally +n ) (4 bw)
2r+1<a<3r,a<b
1 2
+ Z A2, (hQWQ()b) + micﬂyi()b)) (14 bap)-

3r+l<a<dr,a<b

This concludes (A.5). Combining (A.4) and (A.5)), we have shown that Q, is asymptotically Gaussian with
zero mean, which indicates that Q converges weakly to a centered Gaussian matrix by the Cramér-Wold

device. Using the definitions of *yéa), a,B=1,2,3,4, in (A.23), we obtain from s3 that

511911 b12912 b13913 b14914
ba1g21  baagoz  bazgaz  b2agoa
nQ — . A.35
vn b31931 032932 b33g33  b34934 ( )
bs1941 bazgao  bazgaz  baaGaa

Here gop are Gaussian matrices as defined in Lemmal@]7 and through direct calculations, we can check that
bas are given by

bi1 = as3, big =ba = azs, b1z =0b31 = a3, bia =by = a3, b = aua, (A.36)
bos = b3p = @14, bos = bag = aoa, b3z = a11, b3s =bss = a12, baa = ao.

In the above calculations, we also used that for z = 6; + in—4,

_ mae(2)mac(2)

fe(z) = 20 =1 +0(n™%).

Finally, combining (A.35)) with (A.3)), we can obtain the asymptotic distribution in (4.19)), upon renaming
the matrices gop and the coefficients bag. This concludes Lemma

Finally, we give the proof of (A.12]).

Proof of (A.12)). Recall that we have chosen z = ; + in with 7 = n=%. In the following proof, we denote
20 := 0 + iny with o = n=?/3. By the averaged local law (3.27), we have

Ima(20) — Mae(z0)] < ™23, a=1,2,3,4, (A.37)
where we also used that k = |6 — Ay| ~ 1 due to (2.21). Thus to show (A.12)), it suffices to prove that
[Mac(2) = Mac(20)| < n=%3, (A.38)

and
|ma(2) — ma(20)] < n=2/3, (A.39)
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The estimate ) follows directly from the definitions in - It remains to prove (A.39).
only show the proof for a = 1, and all the other cases can be proved in exactly the same way. Using (3 ,

(6.43), (6.44) and (6.47), we obtain that

() = mazo)| < 32 20 3

1=

<e“ 1/2€k>‘ “1) <y = n=2/3,

where e; is the standard unit vector along the i-th direction and we used (6.10]) and (6.11)) in the last step. O

B Proof of Lemma 4.6

In this section, we provide a proof of Lemma[4.6] using cumulant expansions. With a slight abuse of notation,
we consider the following r x r matrix

Q:=vnU'YV + VYU +vnOT(1-E)(YY O,

where Y is a p x n random matrix with i.i.d. entries satisfying and , U and O are two p X 1
deterministic matrices satisfying |U| < 1 and |O| < 1, and V is an n x r deterministic matrix satisfying
[V <1and

IV | max < n™* (B.1)

for some constant 0 < ¢ < 1/2. Moreover, we assume that » = O(1) and p = O(n") for a small enough
constant 7 > 0. Then we claim that @ is asymptotically Gaussian with zero mean. Note that the items (i)—
(iv) of Lemma all follow from this general claim. In particular, if the entries of Y are i.i.d. Gaussian, then
the condition is not necessary, because we can rotate V as YV — (YO,)(O, V), where the orthogonal
matrix O, is chosen such that - holds for O]V and the distribution of Y is unchanged: YO,, = Ly,

It is trivial to see that EQ = 0. To show that @ is asymptotically Gaussian, with the Cramér-Wold
device, we need to prove that

Q= Z AabQab
a<b

is asymptotically Gaussian for any fixed vector of parameters denoted by A := (A\sp)a<p. For this purpose,
we use Stein’s method [34], i.e. we will show that for any f e CP(R),

EQf(Qa) = sAEf'(Qa) +0(1) (B2)

for some deterministic parameter s3. This gives the CLT for \/n Y, <b AabQap, which implies that @ converges
weakly to a centered Gaussian matrix, whose covariances can be determined through s3.

For simplicity, we denote X := 4/nY, such that the entries of X are i.i.d. random variables with mean
zero and variance one. Moreover, for any fixed [ € N there is a constant y; > 0 such that

E[X1|" < pu. (B.3)

We will prove (B.2) with the following cumulant expansion formula, whose proof can be found in [30,
Proposition 3.1] and [25] Section II].

Lemma B.1. Let f € C'*Y(R) for some fized | € N. Suppose £ is a centered random variable whose first
I+ 2 moments are finite. Let k(§) be the k-th cumulant of £&. Then we have that

_ : "Jk+1(§) (k)
E[£f(6)] = D] Ef®)(€) + (B.4)

k=1
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where the error term satisfies that for any x > 0,

& < GE[IE1*2] X0 17TV @)1+ GE 1€ 1€l > 0] ) 11V @)l (B.5)

[t|<x teR

We expand the left-hand side of (B.2) as

EQAf(Qa) =E X A D, XW(Umvﬂb + UinViua) F(Qn)

a<b 1<i<p,1<u,

+E Z Aab Z Z zu Ju - zJ)Oianbf(QA)- (B~6)

a<bh 1<i,j<p 1<u<n
We first study the first term on the right-hand side of . For any fixed a < b, we apply the expansion
(B.4) with £ = X;, and | = 2 to get that
aQA /
Y0 UViBx, [Xif@)] = Y, UwVisEx, ax, 1 (@a)
ip

1<i<p,l<pusn 1<i<p,l<usn

O 2
+5 Y UiVEx, l? S Ny 22O 0, + (GQA) f”(QA)] L &%), (B

1<i<p,1<p<n a<b’ Vn 0Xip

Here k3 = k3(X;,) is the third cumulant of X;,, £(X;,) satisfies (B.5)) with the function f(Qa(X;.)), and

oQn
= )\a/ /
aXi“ a;b’ '

1
(Uia’Vy,b’ + Uib’vy,a’) + Z %Xj#(Ow/Ojb/ + Oja/Oib/)] <n”¢ (B.8)
1<jy<p

where we used (B.1]) in the second step. The expectation of the first term on the right-hand side of (B.7)) is

E Y UV 22 p(Qu)

1<i<p,1<p<n OXip
= Z Aarty Z UiaVio Ui Vi + Uiy Vo )EF'(Q4) + O<(n_1/2+7)7 (B.9)
a’ b’ 1<i<p,l<u<n

where we used Lemma [£.3] to bound that

1/2
|3 VX < a2 (D al?) T < e (B.10)
n

1<p<n

Next using (B.8]) and p = O(n"), we can bound that

oQx \? .
E Y Ol (52) r@I<nt Y N GalVial UiVl + G Vo

1<i<p,l<pu<sn a’ <b 1<i<p,1sp<sn

—-¢ 1 —c+T
n 2 2 ‘Uia||Vub|% = O(n~c*7/%), (B.11)

a’'<b 1<i,5<p,1<pu<sn

where we used Cauchy-Schwarz inequality in the second step. Finally, we bound &5 by taking x = n® for a
small constant € > 0. We need to bound

P f(Qn) Oiar Oty Qn QA \" .,
aXlsu - 4 ;b’ /\“ v \/{E aXl/»‘f (QA) - (aXZH) f (QA)
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Using the compact support condition of f, it is easy to check that

*f(Qa)

su
. e

| Xip|<ne

1 <n5 i 1 Xl
<)) —= | —=+ =+ Via|l + |Vl
(;b\/ﬁ Vn vn

3

i|X‘ |
2 ( “ﬁ”‘ﬂwﬂvm) :

a<b
and
P f(Qn)
———|=0(1).
Xocr| 0X3, W

On the other hand, applying Markov’s inequality to (B.3), we obtain the bound
E[|Xin*1(| X, > n°)] <n™P  for any constant D > 0.

Combining the above three estimates, we obtain that

n il Xiul
&Kl SE 3] |Um||vub|2f(ﬁ+”éfn“+|v,m/|+|vub/|)

1<i<p,l<pu<sn a’'<b’
3
Zj?&i |Xj“| —-D —2c+7/2
+E 2 ‘UwHVub| Z \/— T‘F |Vua/|+|Vub/| +n <n R (B12)

I<ig<p,l<p<sn a’'<b

where we used (B.1]) in the second step. Now plugging , B.11)) and (B.12) into (B.7]), we obtain that

E Y UV Xaf(Qa) = X davr Y, UiaVis(Uie Vi + Uit VaJEF(Qn)

I<ig<r,l<p<sn a’<b’ 1<i<p,l<p<sn
OOy )
ths Y Ao . UiV~ ZYEF(Qa) + O~ 2). (B13)
a’'<b’ 1<i<p,l<pu<n \/ﬁ

Then we calculate the second term on the right-hand side of | - For any fixed a < b, we need to study

Z \/—Omojb]EX [(X X]M Z])f(QA)]

1<i,5<p,1<pu<sn
We only consider the hardest case with ¢ = 7, and the ¢ # j case can be handled in a similar way. For any

fixed 1 <4 < p, we apply the expansion (B.4) with £ = X, and [ = 3 to get that

D IEXW XX F(Q0) = FQU] = 7= ¥ B, X S Q1)

[ ]
I<psn I<p<sn an

2
Z l ggA F(@Qn) + CiXinf'(Qa) + Xip <6QA ) f"(QA)}
m

1<p,<n aXZ;,L
R Y QA N’ L, o Qa
+ NG K%}@ Ex,, |3Cif' (Qx) +3 (an) "(Qa) +3C; X, 6me (QA)]
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3
o X [ (52 f”’(@@]wg(xm, (B.14)

1</1,<n
where k4 = k4(X;,,) is the fourth cumulant of X;,, £3(X;,) satisfies (B.5) with the function X;, f(Qa(Xiu)),

and we have abbreviated that

?Qn Oia Ojy
C; = =2 Ay —2 =22 = O(n~1/?), (B.15)
aX?ﬂ aézb’ \/ﬁ

Using (B.8)), we can bound that

1 oQx\> ., . 1 Coen s
vn Z (a)%:) f1(@Qn) <n Z )\a’b’\/ﬁ;<|vua’|+vub’|+n 1/2+>$n +7

I<spsn a’<b’

Similarly, we can get the bounds

3
2 X”L <6QA > f//(QA) < nchr‘r7 Z <§§A > f”/(QA) < n72c+7’
in

1<;L<n 1<,u<n

L3 ax, 2 g <o

ip
1<u<n 0Xip

On the other hand, with Lemma we can obtain the estimates

_ 1 _
Z —51]"’0 ( 1/2)7 % Z XiM<n 1/2.

I<p<sn
Using these two estimates and (B.10)), we get that
NPT Q) = X A Y (5 X XX | (OO + 01000) £/(@a) + O (n™ )
N "X, . n pjp J J
n<n a’ b’ 1<y<p H
=2 Z Aarty Oiar Oty F(Qn) + O<(n2);
a’ <b’

3 L) = Y A LZ<U4/VI+UWV + 2 ZX Osp + Ojor Ow)
\/ﬁl<u<n 0Xip * /b “ \/ﬁ e Vi) 1< OO o
= Z A a’'b! —— Z Uza Vub""Uzb’ ua)"‘o ( _1/2)

/<b/ f

7 S CiXauf (Qa) = O<(n™Y2).

I<psn

Finally, £3(X;,,) can be estimated in a similar way as £(X;,): EE3(X;,) < n™°¢ We omit the details of its
proof. Combining the above estimates and using Lemma [3.2 (iii), we obtain that
Z fOzaO]bE [(Xiquu - 51])f(QA)] = S?Ef/(QA) + O<(n_c+2T)

1<i,j<p,lspsn

for a deterministic parameter s?. Combining this equation with (B.13]), we obtain (B.2), which concludes
Lemma
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C Proof of Theorem [A.1]

Finally, in this section we give the proof of Theorem [AT1] We first record the following simple estimate,
which can be verified through direct calculations using (3.10)—(3.13)).

Lemma C.1 (Lemma 3.2 of [A0]). Fiz any constants ¢,C > 0. If (2.9) holds, then for z € C; n{z:c <
|z| < C} and o = 1,2,3,4, the following estimates hold:

[Mac(2)] ~ 1, ’zfl — (M1c(2) + mac(2)) + (2 — l)mlc(z)mgc(z)| ~ 1. (C.1)

C.1 Resolvents and limiting laws

We begin the proof by introducing some new resolvents. With the H(6;) in (3.6]), we define the following
form of generalized resolvents

wl, 0 0 -

R(w):= | H(X,Y,0,) — : (C.2)

0
0 0 wsl,
0
where w = (w1, wa, w3, wy) € C4 is a new vector of spectral parameters. Then we have the simple identity

OR(w)
0w,

GJ.G = (C.3)

w=0

Hence to obtain the local laws on G(6;)J,G(0;), it suffices to study the local law R(w) for the spectral
parameters w around the origin.

In the following proof, we only prove the local law for GJ1 G, while the proofs for GJ,G with o = 2,3,4
are similar. For this purpose, it suffices to use spectral parameters w with wy = w3 = wy = 0. With slight
abuse of notations, we shall prove a local law for the following resolvent

—1

2, 000
!
Rz?)= [HEY.0)~ | o Pl 00 s eC,. (C.4)
0 0 0 21,

We denote the Z,, x Z, block of R by R, for a = 1,2,3,4. Then as in (3.9, we introduce the following
averaged partial traces

1 1
wWa(z,2') = ETr’R,a(z,z’) = Z Raa(2,2"), a=1,2,34. (C.5)

aeZ,
Since H is symmetric and has real eigenvalues, we immediately obtain the following deterministic bound

C

min(Im z,Im 2’) "

IRz 2] < (C.6)

Most of the time we will choose 2z’ = 0. But to avoid the singular behaviours of R on exceptional low-
probability events, we sometimes will choose, say 2’/ = in™%, so that |R(z,2')| = O(n*) by (C.6) and hence
Lemma (iii) can be applied.
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We now describe the deterministic limit of R(z,0). We first define the deterministic limit (wq.(2))2_; of
(wa(z,0))2_;, as the unique solution to the following system of self-consistent equations

a=1>
1+ (1 — 60)wae
a = T2 — W3¢, W3e = (9l - 1) i ( GZ)WQ 1>
Wie [14+ (1 —60)wic][1+ (1 —0)wac] — 6, ers
cy 1+ (1 — 91)0)10 ’
= —W4c, W4c = (9l - 1) )
wac [14+ (1 —60)wic][1+ (1 —0)wac] — 6,
such that Imwq.(2) > 0 whenever z € C,.. Moreover, we define the function
6, — 1)6; '/*
9(z): = (6 — 16, . (C.8)
[T+ (1= O)wre(2)[1 + (1 = O)wse(2)] — 6,
Then the matrix limit of R(z,0) is defined by
(cl—lwlc(z)lp X 0 ) 0
0 Cy wae(2)],
I'(z) := 2 4 C.9
(2) 0 wsc(2) I, g1(2)1, (C9)
gl(Z)In W4C(Z)In

The following lemma gives the existence and uniqueness of the solution (wae(2))2_;.

Lemma C.2. There exist constants co,Cy > 0 depending only on ci,co and & in (2.21]) such that the
following statements hold. If |z| < co, then there exists a unique solution to (C.7) under the condition

m4§i< Wae(2) — Mae(81)] < co. (C.10)
Moreover, the solution satisfies
m%ic Wae(2) — Mae(B1)] < Colzl. (C.11)

Proof. The proof is a standard application of the contraction principle. We abbreviate mq. = mac(6;) and
€a(z) 1= Wac(2) — Mac(0)) with |e,| < € for a sufficiently small constant ¢ > 0. From ((C.7]), we obtain the
following equations for (w1e,wae):

cr . B 1+ (1 — 0[)&)20
W1ie - * (1 91) [1 + (]. - Gl)wlc][l + (1 — 9[)(.«)26] - gl_l’
(C.12)
Co _ (1 _ 91) 1+ (1 — Ql)wlc
wae [1+ (1= 0)wic][1+ (1 —0)wae] — 6"

On the other hand, using (3.14)—(3.16)), we can check that m1.(6;) and ma.(6;) satisfy the following equations:

c1 _ (1 _ 91) 1+ (1 — 91)77120(9[)
mic(0r) [1+ (1= 0)mac(0)][1 + (1 — 6)mac(6))] — 6,
(C.13)
@ _ (1 _g) L+ (1= B (6) |
mac(6;) [1+ (1= 6)mac(0)][1 + (1 — 0)mac(61)] — 6,
Subtract (C.13)) from (C.12|), we get that
C C 9_1
51—01 =24+ (1-6)? glmae + E2)g(m2,361 % e — =
(Mm1c + €1)m1e [g(mic + €1)g(mac + €2) — 0, [g(mac)g(mac) — 6] (C.14)
. Co —(1-0)? g(mic + e1)g(mic)es + 9;151

(Mac + €2)Maec [g(mic +e1)g(mac + 2) — efl][g(mlc)g(m%) - el_l]’
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where we have abbreviated g(z) := 1 + (1 — 6;)x. Inspired by the above equations, we define iteratively a
sequence of vectors e®) = (egk), egk)) € C2 such that €(® = 0 e C2, and

{cl (1= 0)%g(mac)? }5(k+1) 3 (1—6,)%;" LD c1 ()2
mi.  [g(mic)g(mac) — afl]z ! lg(mic)g(mac) — 9_1]2 2 m2.(mi. + 55‘“))

(1-6,)?2 g(mae + e8)g(mac)el™ + 07168 g(ma)?e™ + 07 el

g(mic)g(mae) = 07" | glmae +{”)g(mac +£57) — 070 g(mac)g(mae) — 07 T (C.15)
{ 2 (1-6)%g(mi)? }E(k-i—l) B (1-0)%0," L) _ ca(e$)?
m3e  lg(mic)g(mac) — 67712 ) 2 [wmnmmwa—e*Pl T@Am%+59)
(1—6,)? g(mac + gg )) (mlc)52 + 0, _g(myc )2es (®) 4 0,
g(mic)g(mac) — 91_1 g(mie + eg ))g(mgc + 52 ) 0, 1 g(mic)g(mac) — 91_1
In other words, the two equations in (C.15) define a mapping f : £*(Zs) — £ (Zs), so that
e*+l) — £(e®)), f(x):= 571 (g) + S~ te(x), (C.16)
where
C1 9?(1 701) ( )2 7(1 79[)291
g.— |m.  (1-t) * (1—1)?
(1 - 91)291 C2 02(1 - 91) 2 ’
T — = ——g(mac)
(I—1) my.  (1—t)
and
13 0 (1—-6)° { g(mae + 22)g(mac) 1 + 0] "o 3 g(mac)?x1 + 0, 2o }
o(x) i mi.(mic + 1) L=t {g(mic+x1)g(mac + 2) — 91_1 g(mac)g(mae) — 07
23 01 —-6)° { g(mic + x1)g(mic)xs + 0, 'y ~g(mac)as + 0, 'x }
m%c(mQC + .’Ez) 1- 12/ g(mlc + xl)g(mQC + zQ) - 05_1 g(mlc)g(mQC) - 95_1

Here we have used 6;g(mi.)g(ma.) = fe(6i) = t; (which follows from and (3.35)) to simplify the
expressions a little bit. N

With direct calculation, we can check that under , there exist constants ¢, C' > 0 depending only
on c1,co and §; such that

|5 ez —e= < O, and  Jle(x)]o < Clx[3, for [x]x < (C.17)

With (C.17)), it is easy to check that there exists a sufficiently small constant 7 > 0 depending only on C~’,
such that f is a self-mapping

£: B, ((°(Z2) — B, ((*(Z2)), B, (*(Z2)) i= {x € (*(Zo) : |0 < 1},

as long as r < 7 and |z| < ¢, for some constant ¢, > 0 depending only on ¢;, ¢2,d; and 7. Now it suffices to
prove that h restricted to B, ({*°(Zy)) is a contraction, which implies that e := limy_,,, e*) exists and is a
unique solution to (C.14) subject to the condition [elo < 7.

From the iteration relation (C.16)), using (C.17)) we obtain that
glkb+l) _glk) — g—1 [e(e(k)) - e(s(kfl))] <C He(s(k)) - e(e(kfl))H : (C.18)

o0
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From the expression of e, we see that as long as 7 is chosen to be sufficiently small compared to 6, _
g(mlc)g(mQ(:) = (1 - tl)el_l, then

le(e®) —e(e™ )| <O (JeW s + e Dlu0) e — ¥V

for some constant C' > 0 depending only on ¢;,cs and §;. Thus we can choose a sufficiently small constant
0 < r < min{r, (2C) 1} such that Cr < 1/2. Then f is indeed a contraction mapping on B, (¢**(Z)), which
proves both the existence and uniqueness of the solution to if we choose ¢g in as ¢ = min{c,,r}.
After obtaining wi. = mi. + €1 and wy. = Mo, + €2, we can define w3, and wy. using the first and third
equations in .

Note that with and € = 0, we get from that [|e®|. < C|z|. Then with the contraction
property of f, we get that

0
lello < Z ||5(k+1) - E(k)”oo < 2C|z].
k=0

This gives the bound ((C.11]) for wy. and ws.. Then using the first and third equations in (C.7]), we immediately
obtain the bound (C.11)) for w3, and wy. as long as ¢g is sufficiently small. O

As a byproduct of the contraction mapping argument in the above proof, we also obtain the following
stability result that will be used in the proof of Theorem [C.4] below.

Lemma C.3. There exist constants cg, Co > 0 depending only on c1,co and §; such that the self-consistent
equations in (C.7) are stable in the following sense. Suppose |z| < co and wy : C1 — Cy, o =1,2,3,4, are
analytic functions of z such that

m“% Wa(2) — Mae(@)] < co. (C.19)

Suppose they satisfy the system of equations

. L+ (10w

. Z + ws 1, W3 ( l) [1 + (1 _ el)wl][l + (1 — 01)&12] - Hl_l 2 (C 20)
. 1+ (1— 6w |
—+wy =&, wit(1—0 o
Wy | AT e W ( 2 [1+ (1—60)wi][l+ (1—0)ws]—6;" '

for some errors bounded by max?:_; |E,| < 6(2), where §(2) is a deterministic z-dependent function satisfying
that §(z) < (logn)~L. Then we have

2@ Wa (2) — Wae(2)| < Cod(2). (C.21)

Proof. As in the proof of Lemma we subtract the equations (C.20) from (C.7]), and consider the con-
traction principle for the functions €,(z) := wa(2) — wac(2). We omit the details. O

The following theorem gives the anisotropic local law for R(z,0).

Theorem C.4. Suppose Assumption holds. Then for any deterministic unit vectors u,v € CT, the
following anisotropic local law holds uniformly in z € D := {z € Cy : |z| < (logn)~'}:

[(u, R(z,0)v) — (u,T(2)v)| < n~ Y2, (C.22)

where T'(2) is defined in (C.9)).
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The proof of this theorem will be given in Section [C:2] below. Now we use it to complete the proof of
(A.24) when o = 1.

Proof of (A.24) for GJ1G. Using (IC.3) and Cauchy’s integral formula, we get that

2

(u,G(0,)J.G(0;,) v) = 2%“ 3€ de = 2%71 Ef) <U"Fu(}&dw + 0~ (n"Y?)
J 2 (C.23)

(,T'(0) v) + O<(n™"?),

where C is the contour {w € C : |w| = (logn)~!} and we used (C.22)) in the second step. It remains to
calculate I'(0), which is reduced to calculating the derivatives mq.(0;) := w, (z = 0), a = 1,2,3,4.
Using equation (C.7)) and implicit differentiation, we obtain that

2

—1
0, . o —1,- -2
Mac, M3c = M3, (01 Mic — Mg, ) )

[1+ (1—6;)mac]?
0!
[1+ (1—6;)m.]?

Solving the above equations and using that (recall equation (3.17))

—1 - 2 :
CL Mic = Mg, +Mic+

1 . . . . 1. 2
Coy Moe = M2e + mie, Myc = Co MMy,

6 _ " b _ "

[14 (1 —6;)mac]? B m3.”  [1+ (1—6;)m.]? B m3,’

we get that c; g = 7&1), a=1,2, and m,. = 7&1), a = 3,4, for 7&1) defined in (A.23)). Moreover, we can
check that g} (0) = hy(z). Hence we get T(0) = I'")(6)), which, together with (C.23)), concludes (A.24). O

The proof of Theorem for GJ,G with a = 2,3,4 is exactly the same, except that we need to use
the following local law in Theorem m Recall the resolvent R(w1, we, ws, wy) defined in (C.2). We define
(Wae(W))2_1, as the unique solution to the following system of self-consistent equations

C1 C2

= —W1 — W3, = —W2 — Wqe,
W1e Wac
1+ (1 — 9[)(&)26 + w4)
wse = (0, — 1 ,
3 (6, )[1+ (1 =0)(wic+ws)][1+ (1 —6;)(wae + wy)] _gfl (C.24)
1 1—
Wee = (9l - 1) i ( el)(wlc T U’S) 1>
[14 (1 —=6;)(wic +ws)][1+ (1 —6;)(wa +wa)] =6,
such that Im wa.(w) > 0 whenever w € C%4. Define the matrix limit of R(w) as
<cllwlc(w)lp 0 ) 0
0 5 twae (W),
r — 2 W2e q N , C.25
(w) 0 wse(W)L,  G(W)I, (C.25)
gwW)I,  wae(W)I,
where g(w) is defined by
6, —1)6; '/
glw): = 6 — 1)6, . (C.26)

[1 + (1 — 9[)(&)16 + wg)][l +(1- 91)(w26 + w4)] — Gl !

Then we have the following local law on R(w).
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Theorem C.5. Suppose Assumption [2.1] holds. Fiz any o = 1,2,3,4. For any deterministic unit vectors
u,v e CZ, the following anisotropic local law holds uniformly in we € {wq € Cy : |wa| < (logn)™1} if wg =0
for B # a:

|(u, R(wW)v) — (u, D(w)v)| < n~V/2, (C.27)

This theorem can be proved in exactly the same way as Theorem [C:4 Moreover, with Theorem [C.5] the
proof of Theorem for GJ,G, a = 2,3,4, is also the same as the @ = 1 case. So we omit the details for
both proofs.

C.2 Proof of Theorem

In this section, we provide the proof of Theorem We first prove the following a priori estimates on
R(%,0). In the following proof, we will abbreviate R(z) = R(z,0).

Lemma C.6. There exists a constant C > 0 such that the following estimates hold with high probability:

sup [R(2)| < C, (C.28)
zeD
and
sup [R(z) — G(61)]| < Clz|. (C.29)

zeD

Proof. We denote the (Z; U Zy) x (Z; U Zy) block of R by Ry, the (Z1 U Zs) x (Z3 u Zy) block by Ry g, the
(Zs UZy) x (Z1 v Iy) block by Rgr, and the (Zs u Zy) x (Z3 U Zy) block by Ri. Using Schur complement
formula, we obtain that

R —0,"*R 1 S,, 81
Ri = —1/2 ,11 : Pty ) (C.30)
—0, 125,18, R, Ra
where .
Ri = (SeySyy Syz — 012z —2) , Ro=—0,"S,) + 6,5, SyaR15yS,, -
The other blocks are given by
o1, 07°I o1, 07°I <XT 0 ) (X o) o1, 07°I
Rp = l L l n R L " y C.31
f (9}/21n oI, o121, or, )\ 0 YT)™\o v)\e2r, g1, (C31)
and
X o0\/[ ol 01 01, 0% (XT 0 >
Rir =R nooTL ) Rpn = — R Rr. C.32
LR L < 0 Y> (9;/2In elIn RL ell/QIn elIn 0 YT L ( )

One can compare the above expressions with (6.44)—(6.46). With the estimates (6.10) and (6.11]), we see

that it suffices to prove the following estimates for Ri:

sup [Ri(2)|| <1 with high probability, (C.33)
zeD
and
sup |R1(z) — Ga1)(61)| < 12| with high probability, (C.34)
zeD
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where G11y is the Z; x Z; block of G' (recall the notations in Section . With H in (6.40), we can write
R1 as

Ry = S;2 (MM — 6, — 28.0) " 872
By (3.4), we have that with high probability, §; —HH " is positive definite and its smallest eigenvalue satisfies

MNp(O —HHT) = (0, — X1)/2 2 1.
Combining this estimate with (6.10]), we obtain that with high probability,
1

sup [R1(2)| < <1

B R (TR
This concludes (C.33]). With (C.33]), we can easily conclude (C.34)):

[0, R1(2) v) =, Gany () v)| = [, [Ra(2) = R1(0)] V)| = [2] [<u, Ra(2)R1(0) v)| < |21,

with high probability. O
Combining (C.29) with the local law (3.24]), we can obtain the rough bound
max max |Rap(2) — Map(6;)] < C(logn)~"  with high probability. (C.35)
2€D a,be

Then we record some useful resolvent identities in Lemma [C.7] and Lemma [C.8] which can be proved
easily using Schur complement formula. For simplicity, we use the notations in (5.2)).

Lemma C.7. We have the following resolvent identities.

(i) For i€ Iy u Iy, we have that

- 1l — OwT
7o =l (wrOWT) (C.36)
(i) Forie I, uZy and a € I\{i}, we have that
Ria = —Rii (WR“))A (C.37)
a
(iii) For a€Z and b,ce I\{a}, we have that
Roe = RU 1 RoaRac (C.38)
Rll(l

(iv) All of the above identities hold for R(™ instead of R for any index set T < I.
For p, v € I3, we define the 2 x 2 blocks
- Ruv RW
Ry = ( R Row ) ) (C.39)

where we denote fi := p +n and 7 := v + n. We call Ry, a diagonal block if 1 = v, and an off-diagonal
block otherwise. For i € 71, j € Z, and u € Z3, we define the vectors

R i
Ri,[,u] = (Rw,Riﬁ), R[H]yi = ( ,R;Z ) . (C.40)

For p € T3, we denote H := H#F) and R .= RWA in the sense of Definition Then we record the
following resolvent identities, which can be obtained directly from Schur complement formula.
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Lemma C.8. We have the following resolvent identities.
(i) For p € I3, we have that

R — 1 1 _9;1/2 _ (XTR[“]X)W (XTR[“]Y)ME (041)
lue] = 9, — 1 _01_1/2 1 YTRMX )z, (YTRMY) | )

(i) Forie Ty uZy and p€ Iz, we have that
Rifu = R,

ulyi

i,[u] = — [(RMX)ip, (RIMY) ] Rpuy- (C.42)

(iii) For u # v € I3, we have that

_ (XTRED,, (XTRU) 5] [(RMX)u  (RMY)m
Riw) = —Riuu [(YT’R[“])W VTR | T T [(RMYX)s  (RVY)m R (C.43)
(iv) For € I3 and ay,az,b1,bs € T\{u, i}, we have that
<Ra1b1 Rmbz) _(RY RI, N (Rum Ram) R (Rubl R/M) , (C.44)
Razln Raz bo RE’;]E)I 'R([ll;]hz Razu Rﬂzﬁ ] Rﬁbl Rﬁbz
Using the above tools, we now prove the following entrywise version of Theorem [C.4]
Proposition C.9 (Entrywise local law). If Assumption holds, then we have that

max |Rqp(2,0) — Lap(2)] < n Y2 uniformly in z € D. (C.45)

a,beZ

For the proof of Proposition we introduce the following Z variables
-1
Zi:=(1-Eq)(Raa) ,

where Eq[-] := E[- | H(®], i.e. it is the partial expectation over the randomness of the a-th row and column
of H. By (C.36]), we have that for i € Z,, a = 1,2,

(4)
) N (1
(R, — OwT) = @ (= — W, W
Z; = (E;—1) (WR 1474 )Z ) ;z R <n6‘” WWWW). (C.46)
yWELa+2

We also introduce the matrix-valued Z variables
-1
2y = (1= Ep) (Ra) (C.47)

where Ef,j[] := E[- | HM], i.e. it is the partial expectation over the randomness of the y-th and fi-th rows
and columns of H. By (C.41)), we have that

Z[ | = [Zi,jel’l R%L] (n_l([siﬁ' - Xi,quH) ZieIl, '6]12 R%‘L]Xiﬂyjﬁ (C 48)
I _ . .
ZieIl J€To Rj/; XinYjz Zi,jelg R; (n 15ij - Yiﬁyjﬁ)
We also define the random error to control the off-diagonal entries,
Aoi= max [Ri|+ max [Rpul+  max  [Rqp]. (C.49)

Now we claim the following large deviation estimate.
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Claim C.10. Under the setting of Theorem [C4), we have that
Ao+ |Zi| + | Zy | < n 2. (C.50)

Proof. For i € I, a = 1,2, applying Lemma to Z; in (C.46|), we get that

1Zi| < %( Z |Rff3 2>1/2 < %[% Z (R(i)(R(i))*Lu]m <n V2
T

V€L 42 MELH 42

where in the last step we applied (C-28) to R to get (R (R¥))*),,, = O(1) with high probability (because
R() satisfies the same assumption as R). Similarly, applying Lemma E to Zp,) in 1} we obtain that

1200l < %( > R 2)1/2 = %[% > (73[”](73[“])*)1,14]1/2 <n7V2 (C.51)
ijeTriuTs i€l uTs

The proof of the off-diagonal estimate is similar. For i # j € Z; U Zs, using (C.37), Lemma and (C.28)),
we obtain that

1 Lo 1/2
Rij| < —= IR ) <n~ 12,
’ \/ﬁ<H€§JI4 "

For p # v € I3, using , Lemma and we obtain that
1 [v] 2)1/2 1( (1] 2)1/"‘ 12
Rl <= ( 3 REP) T+ (0 % [REP)T <nm

1€Z1 Vs 1€Z1 U1z
Finally, for ¢ € Z; U Z5 and p € Zs, using (C.42), Lemma and (C.28)), we obtain that
1 [u12) /2 -1/2
[Regal < (2 [RYP) T <n2,
JEIT1 VI

Combining the above estimates, we conclude (C.50)). [

A key component of the proof for Proposition is to show that w,, a = 1,2,3,4, satisfy the self-
consistent equations in (C.20) up to some small errors |E,| < n=1/2.

Lemma C.11. Fiz any constant € > 0. The following estimates hold uniformly in z € D:

Do rwg <02 |2 <0, (C.52)
w1 w2
1+ (1701)&)2 71/2
+(1—0 < , C.53
ws ( l) [].+ (l—Gl)wl][1+(1—91)w2] _9[—1 " ( )
1+ (1701)&)1 71/2
+(1-9 < . C.54
wa ( l) [1+ (l—Gl)wl][1+(1—91)w2] _9[—1 " ( )

Proof. Similar to (C.5)), for i € Zy U Zy and p € Z3, we denote

| ; 1
w&’) = -~ Z ’R5127 wg“] = -~ Z R‘[fé]? a=1,234.

aeZ, €Ly
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Using (C.36)) and (C.46|), we get that for i € 77 and j € Iy,

1 n 1
=—z—w3+e, —
Rii 3 iy R]j

= —wy4 + €y, (055)

where

g; 1= Z,L"ngfwgi), €5 1= Zj +w4*w4(1j).

On the other hand, using (C.41) and (C.47)), we get that for p € Z3,

1 1 - w0
-1 _ - ! B 1
R[Mt] 6 —1 (_9;1/2 1 < 0w > +Eps (C.56)

(1]
w1 — Wy 0
g, =2, + .
g g ( 0 wg—w£“]>

Now using (C.38)) and (C.50)), we get that

where

iy 1 RuiRi _
W3—W§) = — Z u =0 (n™h),
n/_telg %

where in the second step we also used |R;;| = 1 by (C.35) and (C.1). We have similar estimates for wy ,wij ),
wy — wE” I and ws — w%“ I Together with (C.50)), these estimates give that

max |g;| + max e, | < n~Y2. (C.57)
iEIluzz MEIS

Now using the first equation in (C.55]) and (C.57]), we obtain that

1 1 1 c1 1
=— Rii = — = 0 2,
1 n Z n Z —z—w3t¢g; —Z — W3 +O0<(n ) (C.58)
1€Ly i€y

where in the second step we used |z + ws| 2 1 with high probability by (C.35). This gives the first equation

in (C.52). Similarly, using the second equation in (C.55)), we can obtain the second equation in (C.52). With
(C.35) and (C.1), we can check that

-1

1 N A I <1 with high probabilit (C.59)
0 —1 76’;1/2 1 0w - s p v .

Taking the matrix inverse of (C.56) and using (C.57)) and (C.59)), we obtain that for u € Zs,

0, — 1 (1 + (1= 0))ws 0,1/

— n~1?). .
Rtpn = [1+ (1= 0)wi][1+ (1 —6)wa] — 6, 6, 1+(1- 0;)w1> O« (C60)

After taking the average n~! 2ez, over the (1,1)-th and (2,2)-th entries of equation (C.60)), we obtain the
equations (C.53) and (C.54). O
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Proo of Proposition[C-9 We can apply Lemma|C.3|now, where (C.19) is implied by (C.35)), and the equations
in (C.20)) follow from Lemma Then (C.21)) implies that

miaii |wa (2) = Wae(2)] < n V2. (C.61)

Plugging ((C.61) into (C.55)) and (C.60]), we then get the diagonal estimate
max |R“ — c_lwlc‘ + max ’R — c;1w2c| + max T\’,[ 1— Wic 91 <n~ 12
i€Ty ! jezo | pels | g1 Wi

Combining it with the off-diagonal estimate in (C.50)), we conclude (C.45]). O

Finally, we can complete the proof of Theorem [C.4]

Proof of Theorem[CJ} With the entrywise local law, Proposition the proof of (C.22]) uses a polynomi-
alization method developed in [8]. Actually the argument is exactly the same as the one in Section 7 of [40].
Hence we omit the details. However, we make one remark that in the proof, we need to bound the high
moments

E [(u, R(z,0)v) = (u,T(z)v)|*

for any fixed large a € N. Hence for regularity reasons, we shall use the resolvent R(z + in™*,2’) with
2" = in™* in order to make use of the deterministic bound on exceptional low-probability events, which
justifies the applicability of Lemma (iii). The structure of the proof is as follows. First, the argument in
the proof of Claim allows us to extend the entrywise local law to R(z +in~%,2'). Then we can
prove the anisotropic local law for R(z + in™,2’) using the arguments in Section 7 of [40]. After
that, applying the argument in the proof of Claim again allows us to extend the anisotropic local law to
R(z,0). O
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