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Abstract

Consider two random vectors Ci/z x € R?P and Cé/Q y € RY, where the entries of x and y are i.i.d.
random variables with mean zero and variance one, and C; and Cg are respectively p x p and ¢q X ¢
deterministic population covariance matrices. With n independent samples of (Ci/ 2x, Cé/ 2 y), we study
the sample correlation between these two vectors using canonical correlation analysis. Under the high-
dimensional setting with p/n — ¢1 € (0,1) and g/n — c2 € (0,1 — ¢1) as n — 00, we prove that the
largest sample canonical correlation coefficient converges to the Tracy-Widom distribution as long as
we have lims_o s*P(|zi;] = s) = 0 and lims—o s*P(|y;j| = s) = 0, which we believe to be a sharp
moment condition. This extends the result in [19], which established the Tracy-Widom limit under the
assumption that all moments exist for the entries of x and y. Our proof is based on a new linearization
method, which reduces the problem to the study of a (p + ¢ + 2n) x (p + ¢ + 2n) random matrix H. In
particular, we shall prove an optimal local law on its inverse G := H !, called resolvent. This local law
is the main tool for both the proof of the Tracy-Widom law in this paper, and the study in [26] [27] on
the canonical correlation coefficients of high-dimensional random vectors with finite rank correlations.

1 Introduction

In multivariate statistics, the canonical correlation analysis (CCA) has been one of the most general and
classical methods to study the correlations between two random vectors x € RP and y € R? since the seminal
work by Hotelling [21I]. CCA seeks two sequence of orthonormal vectors, such that the projections of x and
y onto these vectors have maximized correlations. The corresponding sequence of correlations are called the
canonical correlation coefficients (CCC). More precisely, we first find the unit vectors a; € R and b; € RP
that maximize the correlation,

p(a;, b)) = sup p(a,b), p(a,b):= Corr(a’x,bly).
laf=1,]b]=1

Then p; := p(a;, by) is the first CCC, and (af'x, b?'y) is called the first pair of canonical variables. Suppose
we have obtained the first k¥ CCC, p;, 1 < ¢ < k, and the corresponding pairs of canonical variables
(al'x,bTy), 1 <i < k. We then define inductively the (k + 1)-th CCC by seeking the vectors (a1, bxi1)
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that maximize p(axi1,br+1) subject to the constraint that (af,,x,b{,,y) is uncorrelated with the first k
pairs of canonical variables. Then pg11 := p(ag+1, bg+1) is the (k + 1)-th CCC.
Define the population covariance and cross-covariance matrices

Zzw = COV(X,X), Zyy = COV(YvY)y Ezy = Zgw = COV(Xay)'

It is well-known that p? is the i-th largest eigenvalue of the population canonical correlation matrix ¥ :=
DMy ZmyZ;ylEym. Given n independent samples of (x,y), we study the CCC through their sample counter-
parts, which are defined as the eigenvalues of the sample canonical correlation (SCC) matrix

Cxy := S;;SxyS;;Syr,
where

1 ¢ T IS T T IS T
Spz 1= ﬁi;xixi , Syy = ;i;yiyi y Sy =Sy, 1= ﬁ;xwi .

We denote the eigenvalues of Cxy, i.e. the sample CCC, as A\ = Xg = -+ = Apag.

In this paper, we consider the case where x and y are independent. We are interested in the behaviors
of the eigenvalues of the SCC matrix Cxy, including the convergence of (almost) all the eigenvalues and the
limiting distribution of the largest few eigenvalues. If the entries of X and Y are i.i.d. Gaussian distributed,
then the eigenvalues of Cxy reduce to those of the double Wishart matrices [22]. Moreover, the joint
distribution of the eigenvalues of double Wishart matrices has been studied in the context of the so-called
Jacobi ensemble and F-type matrices, and it has been shown that the largest eigenvalue converges to the
type-1 Tracy-Widom distribution under a proper scaling [20, 22]. For general distribution of the entries of X
and Y, the Tracy-Widom law of the largest eigenvalue of Cxy was established in [I9] under the assumption
that all the moments of the entries are finite. There have been many other works on high-dimensional
CCA, and, without attempting to be comprehensive, we mention some of them that are most related to
the topic of this paper. In [16], the author derived the asymptotic distributions of the canonical correlation
coeflicients when one of p and ¢ is fixed as n — 0. When p and ¢ are proportional to n, the asymptotic
distributions of the spiked eigenvalues for CCA with finite rank correlations have been established in [4].
The CLT for linear spectral statistics of CCA was proved in [34]. Under certain sparsity assumptions, the
theory of high-dimensional sparse CCA and it applications have been discussed in [I7,[I§]. In a recent paper
[23], the authors studied the asymptotic behaviors of likelihood ratios of CCA under the null hypothesis of
no spikes and the alternative hypothesis with a single spike.

One purpose of this paper is to extend the Tracy-Widom law in [19] to the case with weaker moment
assumptions. In fact, we prove that the largest eigenvalue of Cxy converges to the Tracy-Widom distribution
as long as the following tail condition holds (see Theorem [2.7)):

lim. s*[P(jz;| = s) + P(|ly:| = s)] = 0. (1.1)
S§—

We believe it to be the sharp moment condition, because it has been shown to be necessary and sufficient
for the Tracy-Widom limit of the largest eigenvalue of sample covariance matrices [9]. Besides the Tracy-
Widom law for the largest eigenvalue, we will also prove a rigidity estimate for (almost) all the eigenvalues
of Cxy, including the ones in the bulk of the spectrum. This rigidity estimate was not presented [19], and
we expect that it will be of independent interest. Different from the methods used in [I9], we will develop a
new linearization method, which reduces the problem to the study of a (p + ¢ + 2n) x (p + ¢ + 2n) random
matrix H that is linear in X and Y’; see below. Moreover, we will prove an optimal local law on its
inverse G := H~!, i.e. the so-called resolvent, which is another main result of this paper. The linearization
idea and the local law allow us to relax the moment assumptions in [I9] and prove the Tracy-Widom law
under the tail condition in .



Besides the Tracy-Widom distribution of the largest eigenvalues, the local law on G proved in this paper
will also serve as the base of further studies of high-dimensional CCA with finite rank correlations. More
precisely, we consider the sample CCC of two high-dimensional random vectors X € R? and y € RY with
finite rank correlations as following;:

R =C/’x+ Az, §=C%y+ Bz,

where C; and C, are p X p and g x ¢ deterministic non-negative definite symmetric matrices, which give the
population covariances, and A and B are p x r and g x r deterministic matrices, which are the factor loading
matrices. Moreover, suppose that the entries of x € RP, y € R? and z € R” are real independent random
variables with zero mean and unit variance. For n independent samples (X;,¥;), 1 < ¢ < n, we can arrange
them into the following data matrix with a conventional scaling n~/2:

X:=Cl’X + Az, Yy:=C)Y’v +BzZ

Now X, Y and Z are respectively p x n, ¢ x n and r x n matrices with real independent entries with
mean zero and variance n~!. We consider the high-dimensional setting with low-rank perturbations, that is,
p/n—c1 €(0,1) and g/n — c3 € (0,1 —¢1) as n — oo, and r = O(1) is fixed. For this model, the canonical
correlation matrix ¥ is of rank < r, and has at most r nonzero eigenvalues ¢; := p?, 1 < i < r. Bao et al. [4]
consider this setting for Gaussian vectors, that is, X, Y and Z are all random matrices with i.i.d. Gaussian
entries. They show that t; will give rise to an outlier of the spectrum if it is above some threshold ¢.. The
outlier lies around a fixed location determined by ¢;, and moreover, it is asymptotic Gaussian under the 4/n
scaling. The proof in [4] depends on the fact that multivariate Gaussian distribution is rotational invariant,
which is not true for more general distributions. On the other hand, the linearization method developed in
this paper allows us to circumvent this issue. Based on the main results of this paper, we will extend the
results in [4] to more general distributions, assuming only certain moments conditions on the entries of X, Y
and Z. Due to restraint of length of this paper, we will put those results in other papers [26] 27]. In [27] we
will study the convergence of the spiked eigenvalues of the SCC matrices, and in [26] we will prove a central
limit theorem for the spiked eigenvalues. For all these proofs, the local law for G and the eigenvalue rigidity
proved in this paper play central roles.

This paper is organized as follows. In Section [2| we define our model and state the main results—
Theorem and Theorem which give the eigenvalue rigidity and Tracy-Widom law, and Theorem [2.11
and Theorem which give the local laws for the resolvent G. In Section [3] we introduce the notations
and collect some basic tools that will be used in the proof. Section[d]is devoted to the proof of Theorem [2.5]
and Theorem and Section [5] contains the proof of Theorem Finally, the proof of Theorem is
divided into two parts: in Section [§, we prove a weaker version of Theorem [2.11] which gives the entrywise
local law for G; the proof of Theorem [2.11] is then completed in Section [7] based on the results in Section [6]

Conventions. The fundamental large parameter is n and we always assume that p, ¢ are comparable to n.
All quantities that are not explicitly constant may depend on n, and we usually omit n from our notations.
We use C to denote a generic large positive constant, whose value may change from one line to the next.
Similarly, we use €, 7, § and ¢ to denote generic small positive constants. If a constant depends on a quantity
a, we use C(a) or C, to indicate this dependence. For two quantities a,, and b,, depending on n, the notation
an = O(by,) means that |a,| < C|b,| for some constant C' > 0, and a,, = o(b,) means that |a,| < ¢,|by| for
some positive sequence ¢, | 0 as n — 0. We also use the notations a,, < b, if a, = O(b,), and a, ~ b, if

an = O(b,) and b,, = O(ay,). For a matrix A, we use |A| := | A];2_2 to denote the operator norm, |A|r to
denote the Frobenius norm, and |A||max 1= max; ; |4;;| to denote the max norm. For a vector v = (v;)7_,
[v] = |v|2 stands for the Euclidean norm. In this paper, we often write an identity matrix as I or 1 without

causing any confusions. If two random variables X and Y have the same distribution, we write X dy,
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2 Definitions and main results

2.1 The model

We consider two data matrices
X:=Cl?x, y:.=ci?,

where C; and Cg are p x p and ¢ x ¢ deterministic population covariance matrices, and X = (z;;) and
Y = (y;;) are p x n and ¢ x n random matrices, respectively. We assume that the entries z;;, 1 < ¢ < p,
1<j<nandy;,1<i<gq,1<j<nareindependent (but not necessarily identically distributed) random
variables satisfying

Exij = Ey” = 0, E|$U|2 = E|yw‘2 = n_l. (21)
For definiteness, in this paper we focus on the real case, that is, all the random variables are real. However,
we remark that our proof can be applied to the complex case after minor modifications. In this paper, we
consider the high dimensional setting, i.e.,

c1(n) = % — e (0,1), ea(n)i= % —épe(0,1), with ci(n)+ ca(n) € (0,1). (2.2)

For simplicity, we will always abbreviate ¢1(n) = ¢; and c2(n) = ¢o in the rest of the paper. Without loss
of generality, we can assume that ¢; > co. In this paper, we are interested in the eigenvalues of the sample
canonical correlation matrix

Coy = (XXT) e

—1/2

(A7) (VYT) 7 (VAT (v A7)

Since the canonical correlations are invariant under block diagonal transformations (X,Y) — (C}/ * X, C;/ 2 Y),
it is equivalent to study the eigenvalues of

Cxy 1= Spn/?SuySy)t SyaSeal?,

where
Spe = XX, Sy, =YY" S, =8 =Xy". (2.3)
We will also use the following matrix
Cyx i= Sy ? a8t Sy Sy /2,

and denote its eigenvalues by A\; = Ay > --- = Ay = 0. Note that Cxy shares the same eigenvalues with
Cy x, except that it has (p — ¢) more trivial zero eigenvalues Agy1 =--- =X, = 0.
We now summarize the main assumptions for future reference. For our purpose, we shall relax the

assumption (2.1]) a little bit.

Assumption 2.1. Fiz a small constant 7 > 0. Let X = (x;;) and Y = (Y;;) be two real independent
p X n and ¢ x n matrices, whose entries are independent random variables that satisfy the following moment
conditions:

max [Ezy| < 0”77, max Byl <n 7?77, (2.4)
1,] ]

max |Elz; | — 7| < 0727, max [Elyg|* —n~!| <n 2, (2.5)
i,] ]
Note that and are slightly more general than . Moreover, we assume that

T<cp<e, ¢1t+ea<l—r. (2.6)



2.2 The Tracy-Widom limit and eigenvalue rigidity
We denote the ESD of Cy x by
1 q
Fo(z) = = > 1y <o
q i=1

If X and Y are both i.i.d. Gaussian matrices, then it is known that, almost surely, F;, converges weakly to a
deterministic probability distribution F(z) with density [29]

1 /Oy —2)(z—A)

" 2mey z(1—x) ’

f(z) Ao <x < Ay, (2.7)

where

Ai:=(ykﬂ1—cg:tv%ﬂl—cﬂ>2. (2.8)

The convergence of the ESD actually holds under a more general distribution assumption on the entries of
X and Y as proved by [33]. We define the quantiles of the density (2.7), which correspond to the classical
locations of the eigenvalues of Cy x.

Definition 2.2 (Classical locations of eigenvalues). The classical location y; of the j-th eigenvalue is defined
as +o0 ] _ 1
v = sup{ (x)dx > } , (2.9)
x q

x

where f is defined in (2.7). Note that we have y1 = Ay and Ay —y; ~ (j/n)?3 for j > 1.

Before stating the main results, we first define the following notion of stochastic domination, which was
first introduced in [10] and subsequently used in many works on random matrix theory, such as [5, [6] [7) [T}
12| 24]. Tt simplifies the presentation of the results and their proofs by systematizing statements of the form
“¢ is bounded by ¢ with high probability up to a small power of N”.

Definition 2.3 (Stochastic domination). (i) Let
£=(5mm%neNueUW)7c:(dmmyneNueUW)

be two families of nonnegative random variables, where U™ is a possibly n-dependent parameter set. We
say & is stochastically dominated by ¢, uniformly in w, if for any fized (small) € > 0 and (large) D > 0,

sup P [5(") (u) > n¢™ (u)] <n P

uelU (1)

for large enough n = ng(e, D), and we shall use the notation & < (. Throughout this paper, the stochastic
domination will always be uniform in all parameters that are not explicitly fixed (such as matriz indices, and
z that takes values in some compact set). Note that no(e, D) may depend on quantities that are explicitly
constant, such as T in Assumption . If for some complex family & we have |£| < ¢, then we will also write
£<Coré=0().

(i) We extend the definition of O<(:) to matrices in the weak operator sense as follows. Let A be a
family of random matrices and ¢ be a family of nonnegative random variables. Then A = O-(¢) means that
[(v, Aw)| < (| vl2| w2 for any deterministic vectors v and w.

(iii) We say an event = holds with high probability if for any constant D > 0, P(Z) = 1 —n~P for large
enough n.



For X and Y, we introduce the following bounded support condition.

Definition 2.4 (Bounded support condition). We say a random matriz X satisfies the bounded support
condition with ¢, if
max |1'Zj| < ¢n (210)
i,j

Usually ¢,, is a deterministic parameter and satisfies n="/? < ¢, < n=% for some (small) constant cy > 0.
Whenever holds, we say that X has support ¢,.

Then we have the following eigenvalue rigidity and edge universality result for Cy x, which extends the
result in [19].

Theorem 2.5. Suppose Assumption holds. Suppose X and Y have bounded support ¢, such that
n~12 < ¢, <% for some constant cg > 0. Assume that

max E|z;;|* = O(n=3/2), max E|z;;|* < n™2,
1,] 2]

3 —3/2 4 —2 (2'11)
H;a}xElyijl =0(n"7), H%%XE‘?Jijl <n -

Then the eigenvalues \; of the SCCA matriz Cy x satisfy the following eigenvalue rigidity estimate: if \_ > ¢
for some constant € > 0, then

Nl <lin(gr1-9]"n"22 1<i<q, (2.12)

Otherwise, if A = o(1), then (2.12)) hold for all 1 < i < (1 —¢)q for any constant € > 0. Moreover, we have
that for any fixed k,

i — A
lim P <(n§+ < sl) ) = lim POF ((ng(&‘ -2)< Sl) ) ; (2.13)
n—00 cTw 1<i<k n—o 1<i<k
for all s1,s9,...,s; € R, where

. ._l X1 = Ay ]”3
™ \/0162(1 — Cl)(l — 02) ’

PGOE

and stands for the law of the Gaussian orthogonal ensemble (GOE) of dimension n X n.

Recall that the joint distribution of the k largest eigenvalues of GOE can be written in terms of the Airy
kernel for any fixed k [I5]. Moreover, taking k = 1 in (2.13)), we obtain that

cTw

3F1,

where Fj is the Type-1 Tracy-Widom distribution. The result was proved in [19] under the assumption
that all the moments of y/nz;; and y/ny;; exist. On the other hand, combining our result with a simple
cutoff argument allows us to obtain the following corollary under the finite (4 + £)-th moment assumption.
Since we do not assume the entries of X and Y are identically distributed, the means and variances of the
truncated entries may be different. This is why we assume the slightly more general conditions and

£5).



Corollary 2.6. Suppose (2.6) holds. Assume that X = (z;;) and Y = (Y;;) are two real independent p x n
and q X n matrices, whose entries are independent random variables that satisfy (2.1) and

max E|y/nz; |7 < €, maxE|v/ny;;|*T < C, (2.14)
1,] 2,7

for some constants T,C > 0. Then both (2.12)) and (2.13)) hold with probability 1 — o(1).

4
Proof. We choose the constants ¢, > 0 small enough such that (nl/Q_%) o > n?*¢ for some constant & > 0.
Then we introduce the following truncation

X :=10X, Y =10y, Q:= {max|xij < n”%,max |y;;| < n_%}.
0. i.j

By the moment conditions (2.14]) and a simple union bound, we have
P(X # X,Y #Y) = O(n™°). (2.15)
Using (2.14) and integration by parts, it is easy to verify that

o 2 o
E|xij|1|xij\>n‘c¢ =0(n 2 ), Elzyl 1\zij\>n_°¢ =0O(n ? )

which imply that
|]E‘%2]| = O(n_2_8)7 E‘i‘lj|2 = n_l + O(n—Q—a)'

Moreover, we trivially have
]E|Q~L‘ij|4 < E|£I?ij|4 = O(n72).

Similar estimates also hold for the entries of Y. Hence X and Y are random matrices satisfying Assumption

and condition (2.11). Now combing (2.15)) and Theorem we conclude the corollary. O

If we assume that the entries of X and Y are identically distributed, respectively, then the Tracy-Widom
law actually holds under the weaker tail condition (2.16[), which we believe to be sharp.

Theorem 2.7. Suppose (2.6) holds. Assume that x;; = n_l/%’v\ij and y;; = n_1/2g’jij, where {Z;;} and {y;;}
are independent families of i.i.d. random variables with mean zero and variance one. Then for any fized k,
(2.13) holds under the following tail condition:

tliﬁogfl [P (IZ11] = 1) + P ([511| = 1)] = 0. (2.16)

2.3 The linearization method and local law

The self-adjoint linearization method has been proved to be useful in studying the local laws of random
matrices of the Gram type [11, 2 8, 19, 20] 24] [3T], B2]. We now introduce a generalization of this method,
which will be the starting point of this paper.

For now, we assume that X X7 and YY7T are both non-singular almost surely. This is trivially true if,
say, the entries of X and Y have continuous densities. For any A > 0, it is an eigenvalue of Cxy if and only
if the following equation holds:

det (XY7T) (v¥T) " (YXT) = AXXT) = 0. (2.17)



By Schur complement, it is equivalent to

det AXXT  A2xyT 0 o qet(X 0 M, A2L)N\ (XT 0 0
C\2yxT  oavy?T )T “No v) e o, o vr)="

Using Schur complement again, if A ¢ {0, 1}, then it is equivalent to

X 0

" ( 0 Y> 0 2.18
X7 0 AL, AL\ T[T (2.18)

0o YT 2L, N,
Inspired by the above discussion, we define the following (p + ¢ + 2n) x (p + ¢ + 2n) self-adjoint block

matrix
0 X 0
H(\ 0¥ 2.19
W= xr g M, AL\ (249)
0o Y7 AL, N,

We can also extend the argument A to z € C; := {z € C : Imz > 0} and define H(z) in general, where we

take 2'/2 to be the branch with positive imaginary part. We then define the resolvent (or Green’s function)
as

det

G(z):=[H(2)] ", zeC,, (2.20)
whenever the inverse exists.

Definition 2.8 (Index sets). For simplicity of notations, we define the index sets

I1 = [[lap]]a IQ = [[p+17p+qﬂ7
and
Is:=[p+q+1L,p+q+n], Zy:=[p+q+n+1,p+q+2n].
We will consistently use the latin letters i,j € T1o and greek letters p,v € Iz 4. Moreover, we shall use the
notations a,b € T := Ui_,Z;. We label the indices of the matrices according to

XZ(IiMIiEIl,/JEIg), Yz(yjyleIQ7V€I4).

Moreover, we denote i :=i+p forieIy, j:=j—pforje€ls, i:=pu-+n foruecls, andv:=v —n for
V€I4.

Definition 2.9 (Resolvents). We denote the Z, x I, block of G(z) by Go(2) for a = 1,2,3,4. We denote the
(Z1 UI) x (Th UIy) block of G(2) by Gr(2), the (Th UIy) x (Z3 WIy) block by GrLr(2), the (T3 uZy) x (T1 UIy)
block by Grr(2), and the (I3 wZs) x (I3 UIy) block by Gr(z). We introduce the following random quantities:
1 1
ma(z) = ﬁTrga(z) = Z Gaa(z), «a=1,234.

aeZ,
Recalling the notations in (2.3)), we define H := S;J”Smys;;/z and

Ri(2) := (Cxy —2) "' = (HHT — )71,

= T 1 = (2.21)
Ry(z) :=(Cyx —2) " =(H'"H—2)7", m(z):=q  TrRa(z).



Note that we have RiH = HRy, HT Ry, = RyHT, and

Tefy = Tl = = () = E (2:22)

since Cxy has (p — q) more zeros eigenvalues than Cy x .

By Schur complement formula, we immediately obtain that

G ( SRy 871 —2‘1/251/2R1H51/2>
L = 3

—271/25_1/2"HTR Sou2 S12p, g 1/2 (2.23)

and
Gi = S PRS2 = (SuySy Sy — 250a)
Go = S, 2Ry S, M2 = (SyeSid Suy — 2Syy)

The other blocks are

Iy Zl/QI" zly Zl/ZIn X7 X 0 zI, Zl/QIn
Or = (zl/ﬂn 21, )+ (21/2[,, 21, 0 gL Al L ) (2.24)

X 0 I, 2y,
Gra(2) = =G1(2) (o Y) <21Z/21n szn )
I, 2r N (XT 0
Grr(2) == <zf/21n szn ) ( 0 YT> 9(2)-

Expanding the product in (2.24]) using (2.23)) and calculating the partial traces, one can verify directly that

and

(2.25)

1
ms(z) =z + - (=22p — 2°Tr Ry + 2 Tr Ry) = co2(1 — 2)m(z) + (1 — ¢ — 2)z, (2.26)
and
ma(z) =z + 1 (—22q —22Tr Ry + zTrRl)
n (2.27)
= coz(l —2)m(2) — (c1 — ¢2) + (1 — 2¢9)2.
where we also used . In particular, we have the identity
ms(z) —mq(z) = (1 — 2)(c1 — c2). (2.28)
We now give the deterministic limit of mq, @ = 1,2,3,4, as n — o0:
- - )\
(2) = ztatar/E-A)E- ) a ’ (2.20)
21 —c1)2(1 —2) (1-c1)z
—z+crt+ceatq/(z—A)(z—A}) 2
J(2) = _ : 2.30
mae(2) 2(1 — c2)2(1 — 2) (1—c2)2 (2.30)
1
mae(2) = 5 [(1—201)z+01—02+\/ A )(zfm], (2.31)



1
mye(z) = 3 [(1 —2c)z+ca—c1 /(2= A )(z — )\+)] ) (2.32)
where we recall (2.8)). One can verify when z — 1, mj.(2) and mo.(z) have finite limits, which we define as
mi.(1) and mao.(1). Moreover, by (2.26) the deterministic limit of m is

Comae(2) F(atea—1)z 1—c
me(z) = 21— 2) R Mac(2). (2.33)

One can directly verify that the following equations hold:

C1 C2

Mie = e me = T m3e(2) — mye(2) = (1 — 2)(c1 — ¢2), (2.34)
_ 1— (2= 1)mac(2)

mae(2) = 27— (m1e(2) + mac(2)) + (2 — 1)myc(2)mac(z)’ (2.35)

m3.(2) + [(2¢1 — 1)z — 1 + ca] mae(2) + c1(e; — 1)z(z — 1) = 0. (2.36)

We then define the matrix limit of G(z) as

(e 0 )

0 cglmgc(z)lq

. 7 (2.37)
msc(2)I,  h(z)I,
0 ( ;f(z)fn m4c(2)fn>
where
h(z) : = e Pmse(z) _ 2MPmac(2)
(): = = (= amafs) T+ (= m) (2.38)

=ZT[—Z+(2—C1—Cz)+\/(3—d7)(2—d+)]~

For simplicity of notations, we introduce the notion of generalized entries.
Definition 2.10 (Generalized entries). For v,w e CZ, ae T and an T x T matriz A, we shall denote
Avw := (v, AW),  Ayq :={v, Aeq), Agw = {€q, AW), (2.39)

where e, is the standard unit vector along a-th coordinate axis, and the inner product is defined as (v, w) :=
v*w with v* denoting the conjugate transpose. Given a vector v.e Cle, a = 1,2,3,4, we always identify it

with its natural embedding in CT. For example, we shall identify v € CT' with v e CT.

Oq+2n

Now we are ready to state the local laws for G(z). For any constant £ > 0, we define a domain of the
spectral parameter z as

Se)={z=E+in:e<E<ln ' <n<e'}. (2.40)
We define the distance to the two edges as

k=kg:=min{|E —A_|,|E—A|}, forz=FE+in. (2.41)
Theorem 2.11 (Local laws). Suppose the assumptions of Theorem hold. Then for any fixed € > 0, the

following estimates hold.

10



(1) Anisotropic local law: For any z € S(¢) and deterministic unit vectors u,v € CZ,
|Guv(2) — Huv(2)| < én + ¥(2), (2.42)

where W(z) is a deterministic control parameter defined as

Im m, 1 .
U(z) = H“Z](Z)er?, 2= +in. (2.43)

(2) Weak averaged local law: For any z € S(g), we have

2
[Ma(2) = Mac(2)| < min {gbn, \//fnTn} + %, a=1,234. (2.44)

Moreover, outside of the spectrum we have the following stronger estimate

. o 1 1 B
Ima(2) — Mac(2)] < mln{¢n, m} + T P + EENE T a=1,2,34, (2.45)

uniformly in z € Sout(€) :=S(E) n{z=FE +in: E¢ [A_, \;],nn/k+ 1 = n°}.

The above estimates are uniform in the spectral parameter z and any set of deterministic vectors of cardinality
o(1)
n>,

With Theorem as input, we can prove an even stronger estimate on m(z) that is independent of ¢,,.
This averaged local law will give the rigidity of eigenvalues for Q; in (2.12). For fixed £ > 0, we define the
following domains

§(€7g) = {Z =F + 177 tEX E < 1 —g’n_1+s < n < 5_1}7 S'Jout(gag) = 5(6,3,) N Sout(s)‘
Note that these two domains are away from z = 1.

Theorem 2.12 (Strong averaged local law). Suppose the assumptions of Theorem hold. Then for any

fized €, > 0, we have
Im(2) = me(2)| < (nn) 7, (2.46)

uniformly in z € 5(5, €). Moreover, outside of the spectrum we have the following stronger estimate
1 N 1
n(k+mn)  (nn)?*yE+n’

uniformly in z € Syui(e,8). These estimates also hold for (ma(z) — mae(2)), o = 1,2,3,4. Finally, given
any small constant 0 < g <1 — Ay, we have

(2.47)

Im(2) —me(2)] <

Inax In(E) — ne(E)| <n™ 1, (2.48)
where
1 l—eo
W(E)i= #O 2B nB)i= | fla)da (2.49)
q E

for f(x) defined in (2.7).
The rest of the paper is devoted to proving these main results—Theorems and

11



3 Basic notations and tools

In this preliminary section, we introduce some basic notations and tools that will be used in the proof. First,
the following lemma collects basic properties of stochastic domination <, which will be used tacitly in the
proof.

Lemma 3.1 (Lemma 3.2 in [B]). Let & and ¢ be families of nonnegative random variables.

(i) Suppose that &(u,v) < ((u,v) uniformly in ue U and v e V. If [V| < n® for some constant C, then
Dvev E(u,v) <X oy C(u, v) uniformly in u.

(1) If & (u) < C1(u) and &2(u) < Ca(u) uniformly in w € U, then & (u)éa(u) < (1 (uw)a(u) uniformly in u.

(i4i) Suppose that ¥(u) = n~C is deterministic and & (u) satisfies BE(u)? < nC for allu. Then if €(u) < ¥(u)
uniformly in u, we have E(u) < U(u) uniformly in u.

We have the following lemma, which can be verified through direct calculation using ([2.29)-([2.32).
Lemma 3.2. Fiz any constants ¢,C > 0. If ([2-6) holds, then for z€ C n {z: ¢ < |z| < C} we have
= (mae(2) + mac(2)) + (2 — Dmic(z)mec(2)| ~ 1, (3.1)

|2

and
77/\/’%"' 9 ZfE¢[>‘*7)\+:| (3 2)
VE+ 1, ifEe[A_, ]’ ’

The estimate (3.2) also holds for mic, mac(z), mac(z) and m.(z).

By (3.1)) and ., we have for z € S(e) (recall ( -

I =0(1), ¥zn'2 Wg (),

Imse(2)| ~ [h(2)] ~ 1, 0 < Tmmsge(z) ~ {

Immeae(z) (3.3)

1
+ — with a«=1,2,3,4.

U(2) ~
(2) o o

Note that Sy, (resp. Syy) is a standard sample covariance matrix, and it is well-known that its eigenvalues
are all inside the support of the Marchenko—Pastur law [(1—4/c1)?, (1+/c1)?] (resp. [(1—4/c2)?, (1 +\/5)2])
with probability 1 —o(1) [3]. Hence both S;.! and S,,' behaves well under the assumption In our
proof, we shall need a slightly stronger probablhty bound which is given by the following lemma Denote
the eigenvalues of Sy, and Sy, by A1(Sgz) = -+ = A (Sm) and A1(Syy) = -+ = Ag(Syy)-

Lemma 3.3. Suppose Assumption holds. Suppose X andY have bounded support ¢, such that n=? <
¢ < n~% for some constant c, > 0. Then for any constant € > 0, we have with high probability,

(1 —/ec1)? — e < Ap(Saz) < Ai(Sez) < (14 4/e1)? +e, (3.4)
and
(1= v/e2)? =& < Ag(Syy) S Mi(Syy) < (1+4/e2)® + 6. (3.5)

Proof. Note that X can be written as
X =M OX + M,

12



where ® denotes the Hadamard product, Xisa pxn random matrices whose entries are independent random
variables that satisfy (2.1)), and M; and My are p x n deterministic matrices with (M);; =1+ O(n=2"7)
and (Maz);; = O(n=277). In particular, we have that

Mo < [Ma]p = O(n7T), (3.6)
Moreover, X has bounded support O(¢,). Then we claim that for any constant ¢ > 0,
(1—e)?—e < MEXXT) < MXXT) < (14 @) +¢ (3.7)

with high probability. This result essentially follows from [5, Theorem 2.10], although the authors considered
the case with ¢,, < n~'/2 only. The results for more general ¢,, follows from [J, Lemma 3.12], but only the
bounds for the largest eigenvalues are given there in order to avoid the issue with the smallest eigenvalue
when ¢ is close to 1. However, under the assumption 7 the lower bound for the smallest eigenvalue
follows from the exactly the same arguments as in [9]. Hence we omit the details. Now using ,
and the estimates on the entries of M;, we conclude . The estimate (3.5) can be proved in the same
way. O

Next we provide a rough bound on the operator norms of the resolvents.

Lemma 3.4. For z = E +ine C, such that ¢ < |z| < ¢c™! for some constant ¢ > 0, we have

-1/2

|R(2)| < %, R(z) := <—z‘1g;{TRl —z R?ZRfH) ’ (3.8)

and . .
ot <« SIS+ 1550 59
for some constant C > 0.
Proof. Let H =>71_, VAékCE be a singular value decomposition of H, where
M2 =0= 11 =...=),
{&k}h_, are the left-singular vectors, and {(;}7_, are the right-singular vectors. Then we have
1 T _—1)2 T P T

The estimate (3.8)) follows immediately from this representation and the fact that |\ — z| = 1. The bound
(13.9) holds for G, by noticing that

s-yz ) sz
Gr=|"" g | R(2) T 1| (3.11)
( 0 Sy 0 S,/

For Ggr, Grr and Ggry,, stronger bounds hold by (3.11]) and (2.24)-(2.25)):

C C+ S| + 1537 1)
IGr(2)] < . IGLr(2)| + [GrL(2)] < . ¥,
where we used HS;;/QXH <1 and HSy_yl/ZYH < 1. O

13



One subtle point is that in order to apply Lemma (iii) in our proof, we need a bound on the high

moments of |S;;'| and [ S, | (since we will take expectation over the products of many resolvent entries).

However instead of using such a bound, we shall regularize the resolvents a little bit in the following way.

Definition 3.5 (Regularized resolvents). For z = E +in € C, we define the regularized resolvent é(z) as

O(z) = [H(z) — 10 (ngq 8)]_1.

Then G1(2), Gr(2), Ga(2) and Ma(z), o = 1,2,3,4, are defined in the obvious way. We define
H = §;z1/25my§;y1/2, Spe i= Spw + 110, §yy = Syy + 010

Then Ry, Ry and (z) are defined in the obvious way. We also define R(z) and the spectral decomposition

a ]/%1 7271/2}/%17:2
R(z) := PN ~
) (—z‘1/27-[TR1 R,
. —. (3.12)
&r - T 2
oy ! &l — VA NEGE ) 1 ( P all 0 >
T1 AR =2\ 22 NGET GuCF i 0 0
By Schur complement formula, we have
5 Sea "R 85" —2 V28 P RS,
gr = ~1/2 A71/21ATA a—-1/2 a-1/25 A171/2yy ) (3~13)
5 21, 2V, zI,  22L\(XT 0\s (X O zI, 2?1,
9r = (zl/2fn 21, ) * (21/21n I, ) ( 0 YT> 9r <o Y> (21/21n I, > (3:.14)
and
N 5 X 0 2, 2?1,
Grr(2) = =G(2) (0 Y) <z1/21n 2L, )’
o T (3.15)
Cap(x) = — 7 220\ (X0 Gu(2)
e e ) 0 yT)YLiE
With a straightforward calculation and using (2.28]), we obtain that
Mis(2) — Ma(z) = (1 — 2)(c1 — e2) + 2(1 — 2)n~ 1 (Tr Gi(z) — Tr g}(z)) . (3.16)

For the regularized resolvents, it is easy to prove the following result using the same argument for the proof
of Lemma [3.4l

Lemma 3.6. For z = E +in € Cy such that ¢ < |z| < ¢! for some constant ¢ > 0, (3.8)) and (3.9) hold for
G(z) and R(z). Moreover, we have

H G H iy (3.17)

for some constant C > 0.
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In the proof, we will take n » n~!, and the deterministic bound (3.17)) then justifies the application of
Lemma (iii) when we calculate the expectation of polynomials of the entries of G(z). For simplicity of
presentation, we will not repeat this again in the proof.

Remark 3.7. The results for G (z) can be extended to G(z) with a standard perturbative argument. We will

show that there exists a high probability event = on which HCATY (2)|max = O(1) for z in some bounded regime.
Then we define

Cu(z) = [H(z)—tznlo <Ipo+q 8)]_1, Gol2) = G(2), Gu(z) = C(2).

Taking the derivative, we get

0:G(2) = 2n 110G (2) ( pta 8) Ge(2). (3.18)

Thus applying the Gronwall’s inequality to

1
1Gt(2) | max < 1G(2)[max + Cnfgf |G (2) axds,
t

we can obtain that |Gi(2)|max < C for all 0 < ¢ < 1 on Z. Then using (3.18) again, we obtain that
|G(2) — G(2)|max < n~8 on Z. Such a small error will not affect any of our results. We emphasize that the
above argument is purely deterministic on =, so we do not lose any probability.

We record the following resolvent estimates, which will be used in the proof of Theorem [2.11
Lemma 3.8. For any deterministic unit v, € CTo, a = 1,2, we have for 3 =1,2,3,4,
ImGy v, (2 .
> Ceve @ = 3 [Grnal@) < (G ()] + 2CevelE) o iy (319)
uEI,; uGIg 77
For any deterministic unit vg € CT#, 8 = 3,4, we have for a = 1,2,3,4,

Im(UGR)v 5v Im(GrUT )y v
Z ’GuvB’2 < 1+111(g,'f%3’ Z |Gv5a|2<1+rn(an)BB’ (320)

a€Z, aeZ,

o g BPLY (2l 2V, !
o 221, zI, 21, 2L, '

Similar estimates hold for G.

where

Proof. First, we prove some simple resolvent estimates on R(z)R*(z) and R*(z)R(z) for R(z) in (3.8). Using
spectral decomposition (3.10]), for any vector w € C? and z = E + in, we have

w* R¥(2)Ry1(2) w = w* Ry (2)R¥ (2) w = Z |>\k|<W’E§|I;>|+ 2 _ Im(leIZ))WW. (3.21)

For R,, we have a similar estimate. Notice that with Schur complement, we can write

1 _
R(z) =271/ (%—Zl/z) , H = <_%T g‘) .
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Then using a same argument as in ([3.21]), we obtain that for any vector w € CP+9,
Im (212 w* R(z) w)
Im z1/2 ’

We first pick o = 1 and 8 = 1,2. Using (2.23) and Lemma we get

w* R¥(2)R(2)w = |27} (3.22)

-1/2
S G (IF € 3 (G (P = @100y, < (Vi 0) R IRG) (577 )

CIEIB aEIl UIQ 0

= VaS P [RE(2)Ri(2) + |2 " RE(2) (HHT) Ra(2)] 85, va

x

= <1 + z) VaSe P RY(2) Ba(2)8,, PV + 2] VS Ri(2) S Pva

zZ\ ImGy,
= (1 + Z) m aVa | |z|_1Gvava7
|| n

where in the third step we used (3.11)), in the fourth step HHT = (R¥(z))~! + 2z, and in the last step (3.11])
and (3.21). For @ = 1 and 8 = 3,4, the proof is similar except that we need to use (2.25) and

X 0 2, 221, zI, zZ'2L,\ (XT o
1/2 ~1/2 - )| <1

0 Y)\Y%1, =z, z/<I, zI, 0 Y
by Lemma For a = 2, the proof is the same. This concludes ([3.19)).
Then we consider the case « = 3 and 8 = 3,4. Using (2.24)), (3.11)), Lemma and (3.22)), we get that

S s € Y (Gana (I < 14wl B (R w, < LW R W)

acZy a€Z3 vy K
w o [S="x 0 ( 21, 21/21n> y
o 0 S;y1/2y 21/2171 21y «

1/21’
1/2 % % o 21y z n
z'*w* R(z)w = vild [QR (zl/zfn na )] V-

where

By (2.24), we have

Then using

we conclude ((3.20)). O

The anisotropic local law (2.42) together with the rigidity estimate (2.12)) implies the following delocal-
ization properties of eigenvectors.

Lemma 3.9 (Isotropic delocalization of eigenvectors). Suppose (2.12) hold, and (2.42)) holds for G. Then
for any fized 6 > 0 and any deterministic unit vectors u, € CTo, o = 1,2,3, 4, the following estimates hold:

2 2
‘<u1,5’;$1/2£k>‘ + ‘<u27S;y1/2Ck>‘ <n7l, 1<k<q, (3.23)
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and
2 2
)<u3,XTS;;/2§k>‘ + ‘<u4,YTS—1/2<k>) < n—l, 1<k<q (3.24)
If (2.12) only holds for i < (1 —¢€)q, then ) and ([3.24) hold for 1 <k < (1—e)q.

Proof. Choose zg = E +1ing € S(e) with ng = n*HE. By { - for G, we have Im{(uy, G(z9)uy) = O(1) with
high probability. Then using (2.23) and the spectral decomposition (3.10), we get

L o <U1 w2l
2 0 ’ 7,2 =Im{u;, G(z)uyy = O(1) with high probability. (3.25)
k— o

By (2.12), we have that Ay + ing € S(e) with high probability. Then choosing E = Ay in (3.25)) yields that
|(uy, 8512602 < mo  with high probability.

2
Since ¢ is arbitrary, we get |{uy, S;;/2£k>|2 < n~L In a similar way, we can prove ‘(uQ, S;ylnck}‘ < 1)o.
Now for zp = A\ + ing € S(g), we denote

e zoly, 20/2In - <U3>
’ Zé/2In ZOIn 0 .
Note that zp is well-separated from 0 and 1 by a distance of order 1 by (2.12), so we have |us[2 = O(1). By

2.42)), we have Im i3 G(z)lis = O(1) with high probability. Using (2.24) and the spectral decomposition
3.10)), we get that with high probability,

i |<u3,X S 1/2£>|2 7

Mo Cug, XTS 12601 < o R Im 13 G(2)u3 + O(1).

2
This gives ‘<113,XTS 1/2§k>‘ < n~l. Similarly, we get ‘<U4,YTS 1/2Ck> <nL O

The second moment of the error {u, (G(z) —II(z))v) in fact satisfies a stronger bound. It will be used in
the proof of Theorem

Lemma 3.10. Suppose the assumptions of Theorem[2.5 hold. Then for any fized € > 0, we have
E[(u, G(2)v) — (u, TI(z)v)]* < ¥*(2), (3.26)

for any z € S(e) (recall (2.40)) and deterministic unit vectors u,v € C.

4 Proof of Theorem 2.5 Theorem and Lemma [3.10

In this section, we prove Theorem Theorem and Lemma [3.10] using Theorem whose proof is
postponed to Sections @-lﬂ The following proofs will use a comparison argument developed in [25] for Wigner
matrices, which was later extended to sample covariance matrices [9] and separable covariance matrices [32].
This argument can be extended to our setting without difficulties, where the only inputs are the linearization
in and the anisotropic local law, Theorem Hence we will not give all the details, and only focus
on the part that is significantly different from the pervious works.

Given any random matrices X and Y satisfying the assumptions in Theorem [2:5] we can construct
matrices X and Y that match the first four moments as X and Y but with smaller support ¢, < n~ /2,
which is the content of the next lemma.
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Lemma 4.1 (Lemma 5.1 in [25]). Suppose X and Y satisfy the assumptions in Theorem (2.5, Then there
exists another matric X = (%;5) and Y = (¥i;), such that X and Y satisfy the bounded support condition
with ¢, < n~Y2, and the following moments matching holds:

k _ ek
]Ezij = [Ex

k ~k
ijo Eyij =E

179

k=1,2,34. (4.1)

We can define H(z) and G(z) by replacing (X,Y) with (X,Y). Of course G1(2), Gr(2), Ma(z), H, ]%172,
etc. can be defined in the obvious way.

Proof of Lemma[3.10. By Theorem we see that (3.26) hold for G(z) using (3.3). Thus Lemma

follows immediately from the following comparison lemma.

Lemma 4.2. Let (X,Y) and ()N(,}N’) be pairs of random matrices defined as above. Suppose Theorem
holds for both G(z) and G(2). For any small constant € > 0, we have that

E |, G(:)v) - (u, é(z)v>]2 < V2(2), (4.2)

for any z € S(¢) and deterministic unit vectors u,v € CZ,

The proof of this lemma is the same as the one for Lemma 3.7 in [32] Section 7] and the one for Lemma
3.8 in [25, Section 6]. The only inputs are Theorem and the moment matching conditions in (4.1)).
Hence we omit the details. O

We have a similar comparison lemma for the estimates (2.44)) and (2.45). Notice that (2.46) and (2.47))
holds for G(z) since

1 1
nnrm) AR TS

T2(2) < ()™, and P3(2) < for z e Sout(e),

by .

Lemma 4.3. Let (X,Y) and ()N(, f/) be pairs of random matrices defined as above. Fix any small constant
€ > 0. For z € S(e) or z € Sout(€), if there exist deterministic quantities J = J(N) and K = K(N) such
that J <n~¢ and K <n~°¢ for some constant ¢ > 0, and

G(z) =T =0.(J), |Ma(z)—mac(z)] <K, a=1,234. (4.3)
Then we have
1M (2) = Mac(2)| < ¥2(2) + J* + K, a=1,2,3,4. (4.4)

Proof. The proof is similar to the one for [25, Lemma 5.4] or [32, Lemma 7.1] (the latter is closer to our
current setting and we can copy its proof almost verbatim). Hence we omit the details. O]

Now we are ready to give the proof of Theorem [2.12| using this lemma.

Proof of Theorem[2.13 By Theorem for G with ¢, = n~'/2, one can choose J = ¥(z) and

1 1 1
K=—, or + for z € Syue(e).

i) n(r+n)  (nn)*Ve+1
Then using ({.4) and |m(2) — me(2)| < |1 — 2|7 m3(2) — ms.(2)| by (2.26), we get (2.46) and (2.47). Note

that due to the |1 — z|~! factor, we need to stay away from z = 1, which is the main reason why we need to

restrict ourself to the domain S(e, &) or Sy (e, ). The estimate (2.48) follows from (2.46)) through a standard
argument, see e.g. the proofs for [I3, Theorems 2.12-2.13], [I4, Theorem 2.2] or [28, Theorem 3.3]. O
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Next we give the proof of Theorem [2.5] We first prove the rigidity result (2.12).

Proof of . Without loss of generality, we only consider the case A\_ = 1 in the proof. For the case with
A_ = 0o(1), since we only need to prove a weaker result with 1 < i < (1 — €)g, the proof is the same except
that we do not need to provide the bound in below.

Using and the method in [13] [14], we can prove the following rigidity estimate: for any fixed § > 0
and all n® <i<q—nd, holds. To obtain this estimate for the largest and smallest n® eigenvalues, we
still need to provide the following upper and lower bounds: for any constant € > 0,

A < Ay + 1”237 with high probability, (4.5)
and
Ay = A —n~ 23+ with high probability. (4.6)

Given these bounds, the estimate ([2.48) and the method in [I3] [I4] allow us to conclude ([2.12) for all i.
First, we claim that for any small constants c,e > 0, with high probability,

#{i:Ne[M+n72B 1 -]} =0, and #{i: \e[e, A —n 23] =0. (4.7)

—2/3+2¢

We choose 7 = n~%/3 and E = \| 4+ k < 1 — ¢ outside of the spectrum with some & > n » n°n. Then

using (2.47)), we get that

1 1 n-°
Imm(z) — Imm.(2)| < + < . 4.8
N TRV T 49
On the other hand, if there is an eigenvalue \; satisfying |A\; — E| < 7 for some 1 < j < n, then
Imm(z Z 2 i (4.9)
A —E |2 +02 7

On the other hand, by (3.2)) we have

Imme(z) = O (\/:Tn) =0 (Z) ‘

Together with (4.9), this contradicts (4.8). Hence we conclude the first estimate in (4.7)) since € can be
arbitrarily chosen. The second estimate in (4.7]) can be proved in the same way by choosing E = A_ — k.
Then it remains to prove that for a sufficiently small constant ¢ > 0, with high probability,

#i:Ne[l—c 1]} =0 and #{i: ) €][0,c]} =0. (4.10)

We pick i.i.d. Gaussian X¢ and Y¢, which are independent of the matrices X and Y we are considering.
We denote the eigenvalues of Cycye by Af = \§ > - > )\g. Then with Lemma 1 in Section 8.2 of [19],

we know that [A\{ — A\, | < n=?/3 which implies
#{i: A e [A\y +n~ 232 1]} =0 with high probability. (4.11)
Now we define a continuous path of random matrices as

X =1 —tX% + VX, Yi:=+v1-tYY+VtYy, te0,1]. (4.12)
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Correspondingly, we define Hy(z) and G¢(z) by replacing (X,Y") with (X¢,Y;) in the definitions (2.19)) and
(2.20). We denote the eigenvalues of Cx,y, by A\!. We claim that with high probability,

for any 1 <i<gq, A iscontinuous in ¢ for all ¢ € [0,1]. (4.13)

and
[G:(1 — ¢)|max is finite for all ¢ € [0,1]. (4.14)

Recall that with high probability, the eigenvalues of Cx,y, are all inside [0, A +n~2/3¢]. Moreover, if (&.14])
holds, then

(10 12‘7: 1
mi(l—¢c)=- ) ———
¢ qizl)\ﬁ—(lfc)

is finite for all ¢ € [0, 1], which means that there is no eigenvalue \! crossing the point £ = 1 — ¢ for all
t € [0,1]. Hence using the continuity of eigenvalues in (4.13]), we conclude the first estimate in (4.10]), which,
together with , concludes (4.5)).

By the definition of Cx,y,, to prove , it suffices to prove that with high probability, (X;X/[)~!
and (Y;Y,T)~! are continuous in ¢ for all ¢ € [0,1]. For this purpose, we only need to show that with high
probability,

XtXtT and YtY;T are non-singular for all ¢ € [0, 1].

We consider discrete times t;, = kn~'0. Note that X, satisfies the assumptions of Lemma Hence with a
simple union bound we get that there exists a high probability event =Z; such that

= . |
1(Z1) min A (X, X[) = 1(E1) (1 — er)*

0<k<n!0 2
Moreover, using the bounded support condition for X, we get that there exists a high probability event =5

such that
1(Eg)max|(Xt)w| <1 = 1(Es) sup |X:| = O(n). (4.15)
Ty 0o<t<1

This implies
sup || X, X7 — X,

te—1St<Sty

X' sn?on?=n3

k k

Therefore, on the event Z; N E5 we have

inf A\,(X;X{)= min inf A\ (X X[) =

o<t<l1 1<k<ni0 tp 1 <t<ty

(1-yec)>-0(n?) 2 1.

N =

We have a similar estimate for Y;Y,’. This concludes (4.13)).

To prove (4.14]), we consider discrete times t;, = kn~'%. Note that X; and Y; satisfy the assumptions of
Theorem [2.11] hence the local law (2.42)) holds for any ¢ € [0, 1]. We claim that there exists a high probability
event =, on which

max |Gy, (1 — ¢+ in"%) max = O(1), (4.16)

0<k§n100

where we recall that G is defined in Definition Now suppose (4.16)) holds. With the deterministic bound
(3.17) and (4.15)), we have that for any tx_1 <t < tg,

‘C:*t(l —e+in )~ G, (1—c+ in_w)‘

< Cn2Go(1 =+ in )| (|X] + [ X)) |Gy (1 = e +in™ ')
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2
<n ™ (Cn*®)" n=0(n"?, onE,.
Thus we conclude that on = N =Zs,

A B - —10
Juax [Ge(1 — ¢+ in™ ) ||lmax < C.

Finally, the perturbation argument in Remark allows us to remove the in~'° and the regularization in
G, which gives on =.

It remains to prove . Since X; and Y; also satisfy the assumptions of Theorem by we
know that for any fixed ¢, the eigenvalues A! are either inside [0, Ay + n~=2/3%¢] or [1 — ¢/2,1] with high
probability. With a simple union bound, we obtain that

min_ min |[(1—¢)— A*| =1 with high probability.

0<k<nl00 1<i<p

Together with (3.10)), this immediately gives that

110
pnax [Re, ()| <C, z=1—c+in" .
Combining this bound with (2.23))-(2.25) and Lemma we get

=10
pnox |Ge, () <C, z=1—c+in"".

Finally, applying the arguments in Remark gives for G. This concludes 7 which further gives
the first estimate in .

Finally, the second estimate in can be proved in the same way using the continuous interpolation
in , except that we still need to provide a similar estimate as in for the smallest eigenvalues in
the Gaussian case: there exists a constant ¢ > 0 such that

#{i: \9 €[0,c]} =0 with high probability. (4.17)

In fact, it is known that the eigenvalues of Cyayc reduce to those of the double Wishart matrices [22], that
is, the eigenvalues of (W + Wa)~'Wy, where Wi ~ W, (p,I) (i.e. W, is a ¢ x ¢ Wishart matrix with p
samples) and Wy ~ Wy(n —p,I) (i.e. Wy is a ¢ x ¢ Wishart matrix with (n — p) samples). Note that we
have 1 —¢/p = 1 and 1 — ¢/(n —p) = 1 under and the assumption that A_ = 1. Hence by Lemma
we have

AgWh) T -~
2\G > d > 1 with high probability.
TS NV + (W) snp Y
This gives (4.17)), which further concludes the second estimate in (4.10]). O

Finally we prove (2.13)), which will conclude Theorem

Proof of (2.13)). The proof is similar to the one for [9, Theorem 3.16], so we only outline the argument. For
the matrices X and Y constructed in Lemma the Tracy-Widom limit of C34 has been proved in [19].

Lemma 4.4 (Theorem 2.1 of [19]). Let X andY be random matrices satisfying the assumptions in Theorem
and the bounded support condition with ¢, < n=Y/2. Then (2.13)) holds.

Now it is easy to see that (2.13)) in the general case follows from the following comparison lemma.
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Lemma 4.5. Let (X,Y) and ()?,f’) be two pairs of random matrices as in Lemma . Then for any fixed
k, there exist constants €,6 > 0 such that, for all s1,$2,...,s; € R, we have

P ((ng()\, — A1) < s — n_5)1<i<k) —n 0P ((ng()\i - A1) < Si)1<i<k>

(4.18)
<]TD<<TL§()\Z—)\+)<81+TL_E) ) +n_67
1<i<k

where P and P denote the laws for (X,Y) and ()N(, }N/), respectively.

To prove Lemma it suffices to prove the following Green’s function comparison result. Its proof is
the same as the ones for [25] Lemma 5.5] and [0l Lemma 5.5], so we omit the details.

Lemma 4.6. Let (X,Y) and ()N(, f/) be two pairs of random matrices as in Lemma . Suppose F : R — R
is a function whose derivatives satisfy

sup |[F® (z)|(1+ |z))~“ < €1, k=1,2,3, (4.19)
or some constant C7 > 0. en for any sufficiently small constant 0 > 0 and for an
f C1>0. Th Y ly I 0 >0 and Yy
E Fy,Es €15 := {m e = Ap| < n72/3+5} and 1 :=n"379, (4.20)

we have

|EF (nnImm(z)) — EF (nnImm(z))] < n=%tC20 2 = E +in, (4.21)

and

<peetC2 (4.22)

E; Eq
EF (nf Imm(y + in)dy) —EF (nj Imm(y + in)dy)

E2 E2

where cg is a constant as given in Theorem and Cy > 0 is some constant independent of cy, and 9.
Moreover, a general multivariate comparison estimate as in [I4, Theorem 6.4] holds: fix any k € N and let
F :RF - R be a bounded smooth function with bounded derivatives, then for any sequence of real numbers
Ey < --- < Ey] < Ey satisfying , we have

Eo Eo
EF ((nf Imm(y + in)dy> ) —EF <<nf Imm(y + in)dy) ) ’
2 1<i<k B 1<i<k (4’23)

YA

— C2é
<n cot 20

Proof of Lemma[{.5. Although not explicitly stated, it was shown in [I4] that if , and Lemma
hold, then the edge universality holds. More precisely, in Section 6 of [I4], the edge universality
problem was reduced to proving Theorem 6.3 of [14], which corresponds to our Lemma In order for this
conversion to work, only the the averaged local law and the rigidity of eigenvalues are used, which correspond

to (2.46]) and (2.12)), respectively. O

Finally, (2.13]) follows immediately from Lemma Lemma and Lemma O
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5 Proof of Theorem 2.7

In this section, we prove Theorem The proof is an extension of the one for Theorem 2.7 in [32]. Given
the matrices X and Y satisfying Assumption and the tail condition (2.16|), we introduce a cutoff on their
matrix entries at the level n™¢. For any fixed € > 0, define

0153) =P (|£11| > ”1/2%) ) 51(11) =E [1(|9?11| > nl/%e)@u] .
By (2.16) and integration by parts, we get that for any fixed § > 0 and large enough n,
O[»Sll) < 5n_2+46, |B$11)| < 67’l_3/2+3€- (51)

Let pM(dz) be the law of Z;;. Then we define independent random variables Ty, fﬁﬁ»ﬁ cgjl-), 1<i<pl<
j < n, in the following ways.

e 77 has law p,, which is defined such that

1-— a%l)

(1)
PV (Q) = #Jl (m + B c Q) 1 <|~T\ < n1/275) pM (dx)
1-— a%l)

for any event 2. Note that if Z1; has density p(z), then the density for z$, is

(1) p (95 - 4B£L1<> ))
pgl)(x) 1|z — B ~l< nl/2—¢ ;ﬁn
1-— a%) 1 _ a%)

. %lij has law p;, such that
(1)
1 1 ﬁn —
for any event (.

. c(jl-) is a Bernoulli 0-1 random variable with ]P’(c(l») =1)= oY) and P(cgjl-) =0)=1- atl.

7 1j

Let X*, X! and X° be random matrices such that T3 = n_l/Qﬁc\fj, xéj = n_l/gféj and z7; = cgjl-). It is easy
to check that for independent X*, X! and X°¢,
d s c I c 1 T(Ll)
Tij = T} (1 — xij) + @ wy; — %1_7&;1) (5.2)
We have a similar decompostion for Y:
d s c I, c 7(%2)
yij = g (1= v5;) + viyus; — %m, (5.3)

where the relevant terms are defined in the obvious way using

o =P (jul > n'27) . 82 = E[1(Jgul > 02 )ju |
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Notice that the deterministic matrices consist of the constant terms in or have operator norms
O(n=1*32) which perturb the eigenvalues at most by O(n~1*3¢). Such a small error is negligible for our
result, and hence we will omit the constant terms in or throughout the proof.

By and integration by parts, it is easy to check that

Ezf; =0, E|£11\2 =1- O(”71+2E)a ]E|3?i1|4 = O(logn). (5.4)

We have similar estimates for the y7, variable. Thus X; := (E|2%,]?)"/2X* and Y; := (E|77,]?)""/2Y* are
random matrices that satisfy the assumptions for X and Y in Theorem with ¢, = O(n™°). Again, the
O(n~'*29) in the denominator can be neglected.

We define the SCCA matrix C%y by replacing (X,Y, Z) with (X*,Y*, Z®) in the definition, and let A}
be its eigenvalues. Then by Theorem

A5 — A
lim P <n2/3H < sl) — lim PYOF <n2/3(>\1 -2) < sl> : (5.5)

n—0oo CTW n—o0

Here and throughout the following proof, we only consider the largest eigenvalue. It is easy to extend to the
case with multiple largest eigenvalues. Now we write the first two terms on the right-hand side of (5.2)) as

s c l ¢ _ _.s (1) c (1) Al s
xy; (1 — xij) + x5 = T + Aij T Aij =T — T

Similarly, we have
S C C S 1 C 2 S
yi (1—yg;) + yzl'jyij =Y + Agj)yijv Agj) = yéj — Yij-
We define the matrices £ := (AE;)xfj) and £?) = (Ag)yfj). It remains to show that the effect of £
and £®) on the eigenvalue \; is negligible.
We introduce the following event

o = {#{(i,7) 1 af; = 1} <n°} n {af; = af, = 1=(i,4) = (k1) or {i,5} n {k, 1} = &}.
Using Bernstein inequality, we have that
P ({#{(3,4) : 5; = 1} <n°}) = 1 — exp(—n°), (5.6)

for sufficiently large n. Suppose the number ng of the nonzero elements in X ¢ is given with ng < n°¢. Then
it is easy to check that

P(3i=k,j#1lori#k,j=1suchthat «f; = 2§, = 1|#{(i,j) : 25; = 1} = no)

5.7
=O0(ngn™"). (5:7)
Combining the estimates (5.6) and (5.7)), we get that
P(a/) = 1 — O(n~11109) (5.8)
On the other hand, by condition (2.16[), we have
P(lef) = w) <P (1ay] = $n'2) = o(n™?),
for any fixed constant w > 0. With a simple union bound, we get
1
P <nl12x ] = w> =o(1). (5.9)
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Similarly, we can define the event
B = {#10,9) 95 = 1 <0} n {y = iy = 12(05) = (k1) or {i, 5} n (k1) = &}
By (5.8), (5.9) and similar estimates for matrix Y, we get
P(of nB)=1—-0(1), P(%1)=1-0(1), (5.10)
where
) = {maXIQ(jUI < w} N {ma,x £ < w} :
1,] 2,7

Then recall ([2.18), we only need to study the determinant of H;(A) on event &/ n & n %1, where we
define H:(\), t € [0,1], as

- o (% )
H,(\) = H*(\) +t <(£(;))T (5(8))T) 0 05 ,

where

X5 0
. (v )
( ) - (XS)T 0 A, )\1/2In -1
0 (yT N2L, M,
We would like to use a continuity argument to extend (5.5 in the ¢ = 0 case all the way to the ¢t = 1 case. It

is easy to observe that with probability 1 —o(1), the eigenvalues \i = \;(¢) is continuous in ¢ for all ¢ € [0, 1].
In fact, on even & n B N €, we have

D) <w, €D <w. (5.11)

Hence with Lemma as long as w is chosen sufficiently small, [(X®* + tEM)(X* +t£M)T]1 and [(Y* +
tE@) (Y + t£@)T]~T will be continuous in ¢ on a high probability event, which implies the continuity of
eigenvalues. Now we claim that for y:= A\ (0) £ n=3/% = \{ £ n=3/4,

P(det He(u) #0forall 0 <t <1)=1-0(1). (5.12)

Suppose holds true, then by continuity A\; = A\ (t = 1) € [A{ — n=%4 A] + n~3/%] with probability
1 —o(1), which concludes the proof together with (5.5).

The rest of the proof is devoted to proving . In the following proof, we condition on the event o/ N %
and the event 6, ,,, that X¢ and Y have n, and n, nonzero entries for some max{n,,n,} < n°. Without
loss of generality, we can assume the positions of the n, nonzero entries of X¢ are (1,1),---, (ny,n,), and
the positions of the n, nonzero entries of Y¢ are (1,1),--- , (ny,ny), that is, we also condition on these two
event. For other choices of the positions of nonzero entries, the proof is the same. Then we rewrite

73 s 0 D, F 0
Hi(p) = H?(u) +tO <De 0 ) or, 0:= ( 01 F2> ,
where

s ngng »Enyny

M
D, = (Ee 0 ) M = diag(gﬁ),-.- ) ) @ = diag(gl(?,--- £@) )
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and

Fl:: 7F2::
0 (e of0) 0 R

Here ez(-l) means the standard unit vector along i-th coordinate direction in R’

Applying the identity det(1 + AB) = det(1 + B.A), we obtain that if u is such that det G*(u) # 0, then

(e, o) 0 (e, o)) 0

det Hy(p) = det G°(u) - det (1 +¢tF (n)), F(p):=t (7? Z())e) OTG*(n)O. (5.13)
In the following proof, we use z = Ay + in~2/3. Then we can write
OTG* ()0 = 0" [G*(n) — G*(2)] O + OT[G*(2) — I1(2)]O + O™ 11(2)O. (5.14)

By Lemma we have that

E ][OT (G*(2) — 11(2)) o]fj] < V() = O(n~23), 1<i,j<ng+ny,

where we used (3.2]) and (2.43)) in the second step. Then with Markov’s inequality and a union bound, we
can get that
max  [[OT (G*(2) — I1(2)) O]ab‘ <n V0

1<i,j<ng+ny
holds with probability 1 — O(n~'/3+5). In particular, this gives that with probability 1 — O(n~1/3+5¢)
JOT[G*(2) — 1(2)]O] < n~ 0+, (5.15)
On the other hand, we claim that
|OT [G* (1) — G*(2)] O] < ™% with probability 1 — o(1). (5.16)
If (5.16) holds, together with (5.14) and (5.15)), we get that with probability 1 — o(1),

[0TG* (O] < [T(2)] + O(n™"/0%5) < 2[TU(2)| = max t|F ()] < 2w[TI(2)] <

)

N =

as long as w is chosen small enough. Hence we have with probability 1 —o(1), 1 + ¢tF(x) is non-singular for
all ¢ € [0,1], which concludes ([5.12]).
Finally it remains to prove (5.16)). Since the largest eigenvalues for GOE are separated in the scale n~%/3,

by (2.13) we have that
i (m_in N — | > n*3/4) —1-o(1). (5.17)

On the other hand, the rigidity result (2.12)) gives that
I — Ay | < n=2/3. (5.18)

Then using Lemma [3.3] Lemma[3.9] (5.17), (5.18) and (2.12)), we can get that for any set 2 of deterministic

unit vectors of cardinality n®(®),

sup [u* (G%(z) — G*(p)) v| < n~1/4+3e (5.19)

u,ve
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with probability 1 — o(1). We only give the derivation of (5.19) for u,v € C¥*. For the rest of the cases
ue C% and v e C%, o, B = 1,2,3,4, the proof is similar. For deterministic unit vectors u,v € C¥*, we
have with probability 1 — o(1) that

[(u, (G°(2) = G*(n ))V>|
|2 =l (o, S22 P X 5w, v B

< - + ‘(u 1/2gk>‘ )<ng v>‘

Zk: AL = 2lIAy = # |ZM|

1 1
< LS [saen| s |+ Ly S L

n?/3 22 nd/3 ,c;p A% = 2lIA% =l

1/2 2
Hs V22 + S v|\2+ 1 ¥ 1 L0 5 1
n?3 e I e T I A B U | AV
nf 1 1 1 —1/44e

R AL = 2l|A; — =

ne<k<q/2

where in the first step we used (3.10) and (3.11)); in the second step we used and [Ap —z|[ Mg —p| 2 1
for k = ¢/2 due to (2.12)); in the third step we used Cauchy-Schwarz inequality; in the fourth step we used
Lemma and n the last step we used |\; — z||\j — u| ~ (k/n)~%3 for k > n® by the rigidity
estimate (2.12)).

Thus we have proved , which implies , which further concludes . This completes the
proof of Theorem

6 Proof of Theorem 2.11: the entrywise local law

The proof of Theorem 1| is divided into two steps. In this section, we prove a weaker local law as in
Proposition [6.1] below. Based on this estimate, we shall complete the proof of Theorem [2.11|in next section.

Note that - 2.42)) justifies the arguments in Remark so we only need to prove this theorem for G( ).
However, for simplicity of notations, we will still use the notations G(z), while keeping in mind that there
is a small regularization term in G(z) such that the deterministic bounds in holds. In particular, we
will tacitly use the following fact: for z € S(g) and a (complex) polynomial of the entries of G(z), say P(G),
if |P(G)| < ®(z) for some deterministic parameter ®(z) > n~¢, then

[EP(G)] < @(2)

by Lemma (iii).
The goal of this section is to prove the averaged local laws (2.44)) and (2.45]), and the entrywise local law
in Proposition below. For simplicity of notations, we first assume that the entries of X and Y satisfy

Ez;, = Ey;, = 0, (6.1)

and

Elzi.|* = Ely;|* =n~", (6.2)

for i € 71, j € Iy, p € Zs and v € Z,. Later in Section we will discuss how to relax (6.1)) and (6.2) to

and (7).
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Proposition 6.1. Suppose that (6.1), (6.2) and the assumptions of Theorem hold. Then for any fired
€ > 0, we have that
[T (2) (G(2) = L(2)) T (2) ] | < bn + U (2), (6.3)

uniformly in a,b € T and z € S(g).

With (6.3), we shall use a polynomialization method as in [5] Section 5] and [31l Section 5] to get the
anisotropic local law (2.42)). This will be presented in Section

6.1 Basic tools

In this subsection, we introduce more notations and collect some basic tools that will be used in the proof.

Definition 6.2 (Minors). For any J x J matriz A and T < J, where J and T are some index stes, we
define the minor A" := (Ag : a,be J\T) as the (J\T) x (J\T) matriz obtained by removing all rows and
columns indexed by T. Note that we keep the names of indices when defining A™, i.e. (AM)q = Ay for
a,b¢ T. Correspondingly, we define the resolvent minor as

GM(z): = (HD(z))".

As in Deﬁnition its blocks are denoted as Qg)(z), a=1,2,34, and gf)(z), Q(ng%(z), ggL)(z), Qg) (2);
its partial traces are

1 1
m(T)(z) = ETrgg)(z) =— Z GE,E)(Z), a=1,2,34.

«
aeZ,

Moreover, we define St Sgg), S{,E), HTD, RD(2) and m™ (2) by replacing (X,Y) with (XM, y M),

For T < I3 U Iy, we denote [T] :={pe€Zs uZy: peT or e T} (recall Definition[2.8). Then we define
the minor H™ := HUT) | and correspondingly GI™ .= (H[TH)~-1,

For convenience, we will adopt the convention that for any minor AT, Ag;) =0ifaeT orbeT. We
will abbreviate ({a}) = (a), [a] = [{a}], ({a,b}) = (ab), [{a,b}] = [ab], and 37 = ¥ ur -

Using Schur complement formula, one can obtain the following resolvent identities.

Lemma 6.3. (Resolvent identities).

(i) Forie Ty vy, we have

G}n‘ =—zn 10— (WG(i)WT)ii . (6.4)
where we abbreviate X 0
W= (0 Y) '
(ii) Fori # j eIy u Ty, we have
Gij = —Gi (WGD) =~ (GOWT) Gy = GaGY) (WG(”)WT)M . (6.5)

) ]

ForieZy uZs and p e Zs vy, we have

Gi# = _Gii(WG(i))iu = _(G(M)W)iuGuuv
Gui = =G, (WTaW),; = —~(GOWT) .Gy

28



(i) For a€ T and b,c e I\{a},

GpaGac i _ 1 GoaGap

G = G + : — - .
¢ be Gaa Ghrp ng) beGgi)Gau

(iv) All of the above identities hold for G instead of G for T < T.

For 7 x 7 matrix A and p, v € Z3, we define the 2 x 2 minors as

Au/ ALU
Apy) = ( A A ) : (6.8)

where we recall the notations in Definition We shall call Aj,,; a diagonal group if p = v, and an
off-diagonal group otherwise. Similarly, for i € Z;, j € Zo and u € Z3, we define the minors

o A A A A
‘Ai]a[ﬂ] = ( Aj, A )7 ‘A[M]JJ = ( Api Ag )

A (6.9)
A = G s = ().

For GG, sometimes it is convenient to deal with 2 x 2 blocks directly, and we record the following resolvent
identities obtained from Schur complement formula.

Lemma 6.4. (Resolvent identities for G,,) groups).

(i) For u € I3, we have

a1 -1 1 =72\ (XTGMX),, (XTGMY),; (6.10)
el = 51 \ =z 1/2 1 (yTg[u]X)m (yTg[u]y)W : :

(i) Forie Iy and p € I3, we have

Gifu = — ((G[”]X)m (GUYIY) i) G

(6.11)
= G (XGUm XYy, (XGUDY) i) Gy,
and
B (XTGWH) B (XTG(ZNM)XT) (1]
G[u],i = *G[uu] <(yTG[ﬂ]):Z_ = G[ (YTG(WM XT) ) Gz‘g . (6.12)
We have similar expansions for G, and Gy, ; for j € Iy by interchanging X and Y.
(i4i) For p # v € Iz, we have
(XTGly,, (XTGH) ) (G” X)w  (GMY) )
Grt = —G Iz Ju I Ve
[uv] [1pe ((YTG (k] Vv YTG u ) el X (G[V]Y)W [vv]
(XTGWX),, (XTGly
=G HN]G [vv] <(YTG[;UJ]X) (YT uy] )W . (613)
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(iv) For u € I3 and ay,as, by, by € T\{u, v}, we have

ch by Gu1 bo Ggl:bl Ggl:]bz + Gal“ Galﬁ Gfl Gubl Gubg (6 14)
Gu2b1 Ga2b2 Gg'ub Ggﬂ]b Gazu Guzﬁ [ren] Gﬁbl Gﬁbg ’ ’

and
Ga1a1 Galaz _1_ GL}:]al Gglf]ag
Gazﬂl Ga2a2 B G([lu]u GLM]G
G Garas\ " (Garp Garm G, G G, e\
_ ajap ajaz ayp ar ) -1 pb pba aa; aiaz
(Gagal GClQClz) (Gazu Gazu) Lers] (Gubl Gﬂb2> GE{;]al GQ;]M

(iii) All of the above identities hold for GT) instead of G for T < .

(6.15)

The following lemma gives large deviation bounds for bounded supported random variables.

Lemma 6.5 (Lemma 3.8 of [13]). Let (x;), (y;) be independent families of centered and independent random
variables, and (A;), (Bi;) be families of deterministic complex numbers. Suppose the entries x;, y; have
variance at most n~! and satisfy the bounded support condition with ¢, < n~°% for some constant
cg > 0. Then we have the following bound:

ZA%

S eBn| < 2B+ 0.8, + - (D18,7) "

i, -y

2;1;‘18“.%1 —Z E|z;]?)Bsi
le&m‘ < $uB, + ~ (ZIBWI )

i#E] i#E]

<¢nmaX|A|+ <Z|A|)

< ¢an7

where Bg 1= max; |B;;| and B, := max;.; |B;;|.
Corresponding to the lower right block of II(z) in (2.37)), we define the 2 x 2 matrix
_ (mse(z)  h(2)
m(z) = ( h(z)  mae(2)
1l —eo+/(z-A)(z—A) < 1 z1/2) N z—1 (1—201 —z1/2>

2 22 2 22 1 - 9¢,

(6.16)

Using (2.34)-(2.36)), one can check that
1 _ _ _—1/2
m(z)7 = (1 (2~ L N ) . (6.17)

z—1 —z71/2 1—(z—=1)ma.

For the proof of Proposition it is convenient to introduce the following random control parameters.
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Definition 6.6 (Control parameters). We define the random errors

Aoi= max |Gyl+ max |7 Gl
T ier, Ut (G g™ [+ 77 Gpaal) (6.18)

A:=A,+ max |Gy —1IL;| + mex 7= (G — 7) 771,

i€Zyuls
and
=3 (Gl — )
n (1] :
w

Here A controls the entrywise error, A, controls the size of the off-diagonal entries, and 0 gives the averaged
error. Note that these parameters all depend on z, and we did not write down this dependence explicitly in

the definitions. Moreover, replacing G with G for any T < I, we can define parameters AS,T), AT and
6. We then define the random control parameter (recall ¥ defined in ([2.43)))

Wa(2) = \/Imm(zHA(Z) + L (6.20)

nmn nmn

0 :=|m1 — mac| + |mo — mac| + (6.19)

Define a z-dependent event
2(2) = {A() < (logn) ™1},
Then on Z, using (3.2)) and (6.18]), we have that for i € Z; U Zy and u € Zs,

Gii~1, G =7(z) +7(2)€(2)m(z) with [E(2)]| =0 ((logn)fl) . (6.21)
Then using (6.21)) and (6.7)), we obtain that for k € 7y U Iy, 4,5 € 7y U Zx\{k} and p,v € T;,
= k = || - k - _
13)|Gy — G182 1) |7 (Gpuy - Glly) 7| < 76y

jm | < AL

and .
1(5) ‘ﬂ'_l (G[H“ — GEH}J) _1G[“]7k” |G1k| < Ai.

Similarly, for i,j € 7y U Zy, p € Z3 and «, 8 € Z3\{p}, using (6.21)) and (6.14) we obtain that
1(2)

ulll = A

Gy = G| < G =6

()

‘fl (G el

1) 7| 5 1 Gl |G < 42,

and
1(2)

-1 _ el
)w (G cl )
Thus with an induction on the indices, we obtain that for any T < Z such that T = {i1, -« ,ig, g1, By, , f1, fy }
for some fixed integers k,l € N, we have

S |7 Glawm |Gyl < A2

1(=
(8), max

Giy = G| +1(2) mag [ (G — Gy 7|

13 max  (|(Gogpa = G) 77+ |7 (G - 641))

1611 UIQ ,NEI3

(6.22)

In particular, we have
1(2)AD = 0(A,), 1E)AD =0(A), 1(E)FM =1(2)0 + O(A2), (6.23)

which we shall use tacitly in the proof.
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6.2 Entrywise local law
In analogy to [I3, Section 3] and [24], Section 5], we introduce the Z variables
-1
2" = (1-Ea)(GW) ', a¢T,

where Eq[-] := E[- | H(¥], i.e. it is the partial expectation over the randomness of the a-th row and column
of H. By (6.4), we have that for i€ Z,, « = 1,2,

. A
Zi=(E;—1) (WG(”WT> - > aGY (6,W - WWWW> . (6.24)
) -

k23
V€L 42

We also introduce the matrix value Z variables:
(T) ._ m \ —
Z[#] = (1- IE[M]) (G[uu]) , ¢ T,

where Ep,j[-] := E[- | H"]], i.e. it is the partial expectation over the randomness of the y and fi-th rows
and columns of H. By (6.10), we have

1 1 _ 12 m 0
G-l = _ 1 7 6.25
lpu] = 2 —1 (—z1/2 1 ) ( 0 mi s (625)
where (4] ]
Z[ )= (Zi,jezl Gi? (”_1?1‘%‘ - Xiquu) Ziezlﬁb Gi? XipYim > (6.26)
nm o . .
ety J€Ts Gjl; XinYin Zz’,jeIz Gi? (n™10i; — YinYin)

Then using Lemma we can prove the following large deviation estimates for the Z variables and
off-diagonal entries.

Lemma 6.7. Suppose the assumptions in Proposition[6.1 hold. Let c¢o > 0 be a sufficiently small constant and
fix Co,e > 0. Then the following estimates hold uniformly for alli €Ty 0Zs, w€Zs, and z = E+ine S(e):

L(E() (1Zi] + 1 Zpall) < ¢n + Pa; (6.27)
Ao < ¢n + lI’A; (628)

109> 1) (1Zi] + 23] + Ao) < 6 (6.29)

Proof. For i € 77, applying Lemma to Z; in (6.24), we get that on =,

1/2
o1 1 NE
5 6 (San x| <o+ 3 fof)
p,vels

p,vels
; 1/2
. [ m (veei,),
<dnt— |2 {1+ :

veZls n

|Z:| =

where we used (3.20), U(z) is the 2 x 2 matrix

= =12 12\ ~1
o 1/2 4 z V4 V4
U(z) =2 <z1/2 = ) (21/2 . > :
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and the subscript “11” means the (1, 1)-th entry of the 2x 2 matrix. Then using (6.18)), (6.23) and n="2 < ¢,,,
we obtain that

Im (U(2)7(2))y;, + A
n

1/2
1(2(2)) 2] < 6n + ( ) DN (6.30)

Here we used that for 7 in (6.16]),

U(2)n(z) = % (1-ei— e+ vV/GE=2)E-) ("’1;2 Zf/2>

+1 z U2\ (A2 1 1—2¢ —2z1/2
2\z'?2 =z —1 22)\ =212 1—2¢,

which, together with (3.2)), implies that

|Tm (U (2)7(2))| = O(Imme(2)). (6.31)

Similarly, for ¢ € Z5, we can prove the same estimate (6.30) for 1(E)|Z;|. Next we pick p € Z3. Applying
Lemma, again to ZJ,) in (6.26) and using (3.19), we obtain that on Z,

1/2
1 2
120l < én + ~ ( > ‘Gl[-’f]) )

’i,jEIl UIQ

ol . 12 (6.32)
Syt SRS ) R

This completes the proof of (6.27)).
Then we prove (6.28)). For ¢ # j € Z; U Iy, using (6.5)), Lemma and Lemma we obtain that on Z,

1G] < én +% ( 3 ‘ijg

w,vELy

o\ 2
) < ¢ + Uy (6.33)
For p # v € Z3, using (6.13]), Lemma and Lemma we obtain that on Z,

1/2
1 2
||7T_1G[#,/]7T_1H < ¢n + ﬁ ( Z ’GE?] > < (bn + Wy

i,jEIl UIZ
For i € Ty U T, and p € I3, using (6.12), Lemma [6.5] and Lemma [3.8] we obtain that on Z,

1/2
1 |2
Im Gl < én + - < > ‘Gg,yw) )

JE€L1 Iz, veL3Uly

. s 172
(Immgw)—i-lmmg””)) N

< ¢n +
n

Thus we conclude ([6.28]).
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The proof of (6.29) is similar, except that when 7 > 1 we use 1(n = 1)|G™(z)| = O(1) with high
probability by (3.9) and |7#~1(2)| = O(1). For example, for the estimate (6.32)), we have that for n > 1,

1/2
Im mgu] (2) +Im mgu] (2) / e
HZ[M] H < ¢n + n < ¢n+n = O(¢n)

We omit the rest of the details. O

A key component of the proof for Proposition is an analysis of the self-consistent equation. Recall
the equations in (2.34)-(2.36).

Lemma 6.8. Fiz any constant € > 0. The following estimates hold uniformly in z € S(e):

1(E) (|m1 + eom3 | + [m2 + camit]) < én + Wi, (6.34)
E |m3 [(201 — 1)2’ —cC1 + CQ] ms + C1 (61 — 1) (Z — 1)’ < ¢n + Wy (635)

Moreover, we have the finer estimates

1(E) (|m1 + eom3 |+ [ma + camit]) < K2n| + [{Z)a| + 62 + U3, (6.36)
1(E)|m3 + [(2c1 — 1)z — 1 + c2] mg + e1(cr — 1)z(z — 1)
< K21l + (Z)2| + |[Z]] + o5 + V3, (6.37)

where

(Zn = Z Ziy (Zyy:= Z == Z G- (6.38)

zeIl jEIQ #Gfs

Finally, there exists a constant Cy > 0 such that
n < 2C)) (|m1 + clm§1| + |m2 + 02mgl|) < P, (6.39)
n < 2Co) |m3 + [(2c1 — 1)z — c1 + ea] mz + c1(c1 — 1)2(z — 1)] < b (6.40)

Proof. We first prove | and - from which (| and (| follow due to . By ., -

and (6.25]), we have that for i€Zy,jely and pe I3,

1 1
=-—m3+¢€;, ——=—My+¢j, (641)
i G
and 12
_ 1 1 -z~ m 0
1 _ 1
i (e ) (2 ) oo
where ) )
g =2Z; + (m3 - mg)) +0(n™1), =2+ <m4 - mij)) + O(n™19),
and

By (6.22), (6.27) and (6.28), we have

L(E) (eil + lej] + lewl) < ¢n + ¥a, (6.43)
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and
1(Z) (\ml — mgu]| + |mo — mgu]| + |ms — méz)| +|mg — mij)|) < (bi + \IJ?\ (6.44)

Now using (6.41)), (6.43), (6.44)), (3.1) and the definition of =, we can obtain that for ¢ € Z; and j € I,

1 Z;
121Gy = 1(8) (-~ L+ 0L (B + 1) ).
ms ms3
M (6.45)
15)G,;; =1E) (—— - =L A
@6y =16 (- -+ 0. (2 + 1))
Taking average %ZieIl and 3 ez, We get
— _ c Z
1(Z)my = 1(2) < L Zl + 0 (42 + xpi)) :
ms ms3
S (6.46)
- - C2 2

which proves (6.36]). On the other hand, using (6.42)), (6.43]), (6.44)) and the definition of =, we obtain that
for p € I3,

-1

LE)Gy = 1E) (F ' +eu)  =1(E) (F — Fe,® + O<(¢p + ¥1)) - (6.47)
where we define 7(2) as
~rvo1 1 1-—(z—1)m —z~ 12
T(z)7 = po— Ry 1= (2= yms) " (6.48)

(Note 7 is actually a random version of 7 in (6.17).) On Z, we have the estimate 77 !% = 1 + O(A) =
1+ O((logn)~1). Hence taking average of the (1,1)-th entry of (6.47)) over u, we get that

1—(z—1)ma(z2)
27— (ma(z) + ma(2)) + (2 — 1)ma(2)ma(2) (6.49)
— (7 Z17)1, + O< (¢ + W3]

The plugging (6.46]) into (6.49)), and using (3.1)) and the definition of Z, we can obtain that

1(Z)ms = 1(2) [

1(2) [zlmg +ms (Cl + CQ) F(e—1)(z—1)2 1]

ms my my (6.50)
< K20 + K2l + 2] + 6% + B3
Then using (3.16)) and rearranging terms, we can obtain (6.37)).
Then we prove (6.39) and (6.40). When n = Cy, by (6.29)) we have
ie%%xlg |Z;| + Lnezg: 1Z1l + Ao < @
On the other hand, applying (3.9) and Lemma [3.3]to (6.41)) and (6.42), we obtain that
—1 -1 _
pax G+ max |Gyl = 0(1)
with high probability when 1 > Cy. Together with (6.7)) and (6.14]), we get that
|mq — mgu]| + |me — mg‘]| + |mg — méi)| + |my — mij)| < A% < 2. (6.51)
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Moreover, we still have
1(Co <1 < 2Co)(|ei] + [e;] + llepl) < on- (6.52)

Then going through the previous argument on event =, one can see that in order to prove and (6.40)),
it suffices to bound mz !, m;* and ||7|| from above. In particular, it suffices to prove the following bounds:
with high probability,
1(Co < < 2C) [[ma] ™ + |ma| ! < C (6.53)
and
1(Co < < 2Cy)|z71 = (my +ma) + (2 — Dmimg| ™t < C (6.54)

for some constant C' > 0.
First using (3.9) and Lemma we obtain that for Cy < n < 2C), with high probability,

[ma| + [ma| + [ma| + [ma| < (6.55)

<
Cy’
for some constant C' > 0 that is independent of Cy. Using the spectral decomposition (3.10) and (3.11)), it
is easy to see that Immq(2) = 0 and Immsy(z) = 0. Hence we have

1 1 . 1 1 .
— = — = —_— = = — = .
L Irnz_1 cCy 'z—l Mo Irnz_1 cCy s (6.56)
for some constant ¢ > 0 that is independent of Cy. Thus we obtain that
1 1 1 2 2 1 L oo
- - — |z C) — ——5 = -c¢“C
‘(z—l ml) <z—1 m2> z2(z —1)2 ¢ %o |z||z — 1]2 ¢ o

as long as Cj is taken large enough, which then implies (6.54). Now by (6.48)), (6.54) and (6.55)), we know
that 7(z) = O(1) with high probability. Thus as in (6.49)), we can derive from (6.47) and (6.52) that

1—(z=1)ma(2)
27— (ma(z) + ma(2)) + (2 — I)ma(2)ma(2)

ms =

+O< (¢n) -

Then using (6.56) and (6.54]), we obtain that with high probability, |m3| > ¢ for some constant ¢ > 0.
Similarly, we can obtain the same bound for m,4. This gives (6.53). O

The following lemma gives the stability of the equation f5(u,z) = 0, where
f3(u, 2) :=u?(2) + [(2c1 — 1)z — c1 + e2] u(2) + e1(er — 1)z(z — 1).

Roughly speaking, it states that if f(m3(z),2) is small and m3(Z) — m3.(Z) is small for ImZ > Im 2, then
m3(z) — m3.(z) is small. For an arbitrary z € S(¢), we define the discrete set

L(z) := {2z} U {2 € S(cp,Co,¢) : Rez’ = Rez,Im 2’ € [Imz,e '] n (n '"N)}.

Thus, if Im 2 > e, then L(z) = {z}; if Imz < e~!, then L(2) is a 1-dimensional lattice with spacing n =100

plus the point z.

Lemma 6.9. Fiz a constant € > 0. The self-consistent equation fs(u,z) = 0 is stable on S(e) in the
following sense. Suppose the z-dependent function § satisfies n=2 < §(z) < (logn)~! for z € S(¢) and that &
is Lipschitz continuous with Lipschitz constant < n?. Suppose moreover that for each fized E, the function
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n+— 6(E+1in) is non-increasing for n > 0. Suppose that uz : S(e) — C is the Stieltjes transform of a measure
us with pz(R) = O(1). Let z € S(e) and suppose that for all 2’ € L(z) we have

|f3(2',us)| < 6(2). (6.57)

Then we have
Jus(z) — mael2)] < —o
° VNS Uit to
for some constant C > 0 independent of z and n, where k is defined in .

(6.58)

Proof. This lemma can proved with the same method as in e.g. [5, Lemma 4.5] and [24] Appendix A.2]. The
only inputs are the form of the function f; and Lemma [3.2] O

Note that by Lemma (6.39), (6.40) and (3.16]), we immediately get that

1(Co < n < 2Ch)|ma(z) — mac(2)| < bn, a=1,2,34. (6.59)
From ([6.29)), we obtain the off-diagonal estimate

1(Co < < 2CH))Ao(2) < b (6.60)

Plugging (6.29) and (6.59)) into (6.41), we get that

1€L1Uls

Plugging (6.29) and (6.59)) into (6.42]), we obtain that for Cy < n < 2Cy,

G[_ulu](z) =71 1(2) + O<(¢pn) = gé%}g{ |7 (Gl — ) 7 < ¢ (6.62)

Starting from these initial resolvent estimates, using a standard continuity (in z) argument, the self-consistent
estimates (6.34)-(6.35)), and Lemma[6.7] we can prove the following weak version of (6.3).
Lemma 6.10 (Weak entrywise local law). For any small constant € > 0, we have

A(2) < ¢y + () M4, (6.63)
uniformly in z € S(e).

Proof. One can prove this lemma using a continuity argument as in e.g. [B Section 4.1], [I2] Section 5.3] or

[13} Section 3.6]. The key inputs are Lemmas E Lemma -, Lemma . and the estimates (| - -
in the Cy < n < 2Cj case. All the other parts of the proof are essentially the same.

To get the strong entrywise local law as in (6.3), we need stronger bounds on (Z), (Z); and [Z] in
(6.38). They follow from the following fluctuation averaging lemma.

Lemma 6.11 (Fluctuation averaging). Suppose ® and ®, are positive, n-dependent deterministic functions
on S(g) satisfying n12 < ®,®, < n¢ for some constant ¢ > 0. Suppose moreover that A < ® and A, < ®,.
Then for all z € S(e) we have

K21l + K2 + [[Z]] < @3 (6.64)
Proof. The bound on [{Z)1| + |[{Z)2| can be proved in the same way as [12, Theorem 4.7]. The bound on
[[Z]| can be proved in the same way as [3I, Lemma 4.9]. O
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Now we give the proof of Proposition [6.1}

Proof of Proposition[6.1, By Lemma the event = holds with high probability. Then by Lemma [6.10
and Lemma we can take

I P 1
Do = G+ 4| = 12+ ()T, (6.65)
nn nn
in Lemma Then (6.37)) gives
I c [0)) T c 27
fa(zms)| < @2 + e £ < gp g e | T S+ n e
i nap - (nn)

for any fixed constant 7 > 0. Using Lemma we get

| | <min{g, oL, Imme  nT g
ms — M3c min s — +n
3 3 VE+1M nny/ K +1n nmn (666)

< min < ¢n, O + n +n "0,
VE+1M nn

where we used Imm, = O(y/k + 1) by (3.2) in the second step. With (6.36]), (3.16) and , we get the

same bound for m,, a =1,2,3,4,

Ima(2) = Mac(z)] < min {¢n, \//fiTn} + % +n 7. (6.67)

Plugging (6.67)) into (6.41]) and using (6.43]), we obtain that

. o n’ o n” .
max |Gy — ;| < @, + min < @y, b — 4+ D < gy +U(2)+ — +n TP
nmn

i€l1UZs A/ K + 77 n77
Similarly plugging (6.67)) into (6.42)) and using (6.43)), we obtain that

_ _ n’ .
max 77! (G = M| < G+ W) 0T

Finally by (6.28)), we have

T

Ao < Py +¥(2) + oo
nn

In sum, we obtain a self-improving estimate on A:

A<D = A<¢n+\IJ(z)+n—+n_T¢’.
nmn
Afer O(7~1) many iterations, we obtain that
n’T
A< op+T(z) + —.
nn
Since T can be arbitrarily small, we conclude (6.3)). O

Finally, we prove the weak averaged local laws in Theorem [2.11
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Proof of (2.44) and (2.45). We can repeat the argument at the beginning of the above proof of Proposition
Taking ® = &, = ¢, + ¥, (6.37) and Lemma give that

Imm, 1
— +

| f3(z,ms)| < ¢2 + U2 (2) < 2 +

nn o (nn)?
Using Lemma[6.9] we get
. o2 Im m, 1 . o 1
- c ny -~ ——— — - ns . 6.68
|3 m3<m1n{¢ - +n77 /£+77+n77<mm 10) - +n77 (6.68)
With (6.36]), (3.16) and (6.68)), we conclude (2.44).
For z € Syui(e), we use Lemma again to get that
|ms —m |<min{¢) on }—F Im me !
S V= Sy R PP N

2 ) . (6.69)
N 77} Ttk n) R

where we used the stronger bound Imm,. = O(n/+/k +n) by (3.2) in the second step. With ( -, -

and (6.69), we conclude

< min{qﬁn,

6.3 A centralization argument

In this subsection, we discuss how to relax the assumptions (6.1)) and (6.2]) to the weaker ones in (2.4]) and
(2.5). First, under the relaxed variance assumption (2.5)), the only differences from the previous argument

in Section [6.2] are the equations (6.41)) and (6.42). More precisely, we now have
Ey(WGOWT)ii = my + O(n ™ 7 |Glmax), if i € T,

and hence ¢; in (6.41) will contain an extra error O(n™ '~ 7| G| max). Similarly, the term ¢, in (6.42) will also
contain this kind of error. This extra error will lead to an negligible term O(n~!1~7) in all the bounds of
Theorem [2.11} and hence does not affect our results.

Then we relax (6.1]) to (2.4). For X and Y satisfying the assumptions in Theorem we write X =
Xi+& andY =Y + &, where & := EX and & := EY. Then X; and Y7 are random matrices satisfying
the assumptions in Theorem and (6.1]), and & and & are deterministic matrices such that

max_ [(&1)iu] + max (&) <n 7. (6.70)

iEIl,Mezg jGIQ V€I4

We denote Gy (z) := Hy '(2) and G(2) := [Hy(z) + V], where
X, 0 & 0
0 1
Hi()) = < ! Yl) vl <0 52)
B xT 0 A, AL\ T Er 0 0
0 Y7 A2LL A, 0 &
Lemma 6.12. If Theorem holds for Gy, then it also holds for G.
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Proof. We expand G using the resolvent expansion
G=G—-GVGy + (G1V)2G1 — (G1V)3G (671)

For any deterministic unit vector v e CZ, we have

v.GivGwvl<2 3| Y GV

peLs Wy i€Z1 VI

< (Y] |vm|2)”2 Y 1G]

ul [ (G1) v |

1€Z1 uls HEL3UTIy
1 2 1/2 1 1/2
—1—7 —1—7 —
< (Y 1@ < T
/LEI3UI4

where in the second step we used (2.42) for G with vectors v and ), V;,€;, in the third step the Cauchy-
Schwarz inequality and (6.70]), and in the last step Lemma and (2.42)) for G;. Together with a simple
application of the polarization identity, we obtain the bound

(v, GLVGyw)| < n~ 17Ty~ 1/2, (6.72)
for any deterministic unit vectors v, w € CZ. With a similar argument, we obtain that
|(v, (G1V)?Gyw)y| < n 2727y~ (6.73)

Combining this estimate with the rough bound (3.9) for G, we get that

wGvPewl=| ¥ (GG, ViG]

€Ly Ulo,u€Lz Uy

+ ) Z ((G1V)2G1)vu V,uiGiw
€1 Vo, u€l3 Uy
) 1/2
[Z'Z (G1V)?*Gh), Vin +Z‘Z (G1V)?*Gh),, Vi

<(n*2*2fn’1)7771<2|‘/m\2) <n 20T (6.74)

Lyt

where we used 7 » n~! in the last step. Plugging the estimates (6.72)-(6.74) into (6.71)), we conclude that
Kv,Gw)y — (v, Giw)| < n_l_"n_l/2, (6.75)

for any determlmstlc unit Vectors ve (CI Thls concludes and ( - ) for G(z

For (2.45)), the bounds and are already good enough It remains to show that
1
— Z (G1VG1)ua <

aeZ,

1 1
n(m+n) | (A E T

Using Lemma we obtain that for a =1, 2,

n=2°T Z 1 Z [(G1)i(G1) il

n
jEIl UIZ7MEI3 Uy €Ly

a=1,2,3,4,. (6.76)

L Z (G1VGr),| <

€Ly
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<n~ 7T max

peL3 Uy

-+
ni

T
(1 Im (Gr);; + Im (GrU )uu> T Imme + ¢, + U(z)
n nn

n*‘f' n*T

n(e+n) | (A E

where in the third step we used (2.42)) for Gy and (6.31]). The proof for the o = 3,4 case is similar. This
concludes ([2.45)). O

<n 7 (qﬁi + \112(2’)) <

7 Proof of Theorem [2.11 the anisotropic local law

To conclude Theorem it remains to prove the anisotropic local law (2.42). For any vector u € CT and
w € I3, we denote uy,) = (Z“ . By the entrywise local law (6.3)), we have that for deterministic unit vectors
o

u,veCT,

[, (G) TN < 60+ B+ D) wGyu|+| Dty Grunoin

i#j€T1 VT2 n#veLls

| Y wGial+| Y G

i€Zy UIQ,NEI:; i€Zy UIQ,[LEI:g

Note that applying the entrywise local law naively, one can only get that
Ku, (G(2) = 1(2)) v)| < (¢n + ¥(2))[ul1]v]s < n(dn + ¥(2)),

using |luf; < n'2|ufz and |v]; < nY?|v]2. To get (2:42), we need to explore the cancellations (due to the
random signs of the G entries) in the four sums on the right hand side of .

We can simplify the problem a little bit. We first notice that by polarization identity of inner products,
it suffices to take u = v in . Moreover, since G is symmetric, the last two terms on the right hand side
of can be bounded in the same way. Then with Markov’s inequality, it suffices to prove the following
lemma. With Lemma it suffices to assume for X and Y.

Lemma 7.1. Suppose (6.1) and (6.3) hold. Let v € CT be any deterministic unit vector. Then for any
a € N, we have the following bounds:

2a

E Z 6iGierj) < (I)Qa; (72)

1#j€L1 Vs

2a

El Y, vgCuavm| < ®*% (7.3)

p#vels

2a

E Z EiGi,[u]'U[p] < p2 (7.4)

iGIl UIQ ,;,LEI3
Here we denote ® := ¢, + U(z) for simplicity.

The proof of Lemma is based on a polynomialization method developed in [5], section 5]. We first

give the proof of ([7.2)) in Section which is the easiest, and then give the proof of (|7.3) in Section
which is the hardest. The proof of (7.4) is an easier version of (7.3, and will be omitted.
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7.1 Proof of ([7.2)

For the proof of (7.2), we will adopt an argument in [30, Appendix A.4]. Recall that in (2.11)), we assumed

that the X and Y entries have finite third moments. Together with the bounded support condition, we get
Elzi, | < on 30732 Ely|" <" 3032, ieT), jel,, nels, vel,. (7.5)

Note that we have a stronger fourth moment assumption in ([2.11)), but it is not necessary for the proof in
this section.
We first rewrite the product in ([7.2) as

2 a 2a
‘Z viGijuj| = Z n Ui Girji Vs - 1_[ Ui G Vji - (7.6)
iy intjnels k=1 k=a+1

To organize the sum over indices, we consider all possible partitions of the indices, such that two indices
always take the same value if they are in the same partition, and different values otherwise. We use symbol-
to-symbol functions to represent the partitions: a partition I' denotes a map

I': {ih" . 7i2a7j17"' 7j2a} - L(F)v L(F) = (bh" : 7bn(F))7

where I'~1(b;) is an equivalence class of the partition, n(I') is the number of equivalence classes, and by, are
indices taking values in Z; U Zy. Then we can write (7.6) as

% a 2a
>0 20 T1PrenGraorcovran - 11 PranGranrGen o
T b1~,--~7bn,(1‘) k=1 k=a+1

where T' ranges over all the partitions, and Z* denotes the summation subject to the condition that
bi,..., by all take distinct values and I'(ix) # I'(ji) for all k. Since the number of such partitions I’
is finite and depends only on a, to prove ([7.2)) it suffices to show that for any fixed T',

* a 2a
E Y [I7raGrooraorro - [ PranGraorcntre. < (7.7)
bl,‘..,bn(p) k=1 k=a+1

We abbreviate )
P(b1, s bary) = [ [ Graorgo - [ Graorae-

k=1 k=a-+1

For simplicity, we shall omit the overline for complex conjugate in the following proof. In this way, we can
avoid a lot of immaterial notational complexities that do not affect the proof.

For k = 1,...,n(T"), we denote deg(bg, P) := |T~1(bs)|, which is the number of times that by appears as
an index of the G entries in P. We define h := #{k : deg(by, P) = 1}, i.e. h is the number of by’s that only
appear once in the indices of P. Without loss of generality, we assume these by’s are by, ..., by,. These indices
are the ones that cause the main trouble: the sum of b, 1 < k < h, in contributes a factor 3}, |vp,|,

which can be of order n'/2 as discussed above. However, we can obtain an extra n~ 2 factor from the G
entries with indices by, 1 < k < h. Heuristically, suppose that b; = ¢, there is an entry G;; in P, and all the
other G entries are independent of the entries in the i-th row and column of H. Then using (6.5 we get

)

E,Gy; = GUE, [(Giim) (waerwT) ] i #
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Recalling (6.41)), if we replace G;; — m with the leading term Z;, then

[ (WG(”)WT>J] ;Z (B:W3) (GOOWT),; < n'2a,

where we used and the fact that (G@WWT),; has the same order as the G(? entry by In
general, one can expand G;; — m using the Taylor expansion of - It is easy to see that each term in
the expansion contains even number of W, entries. Together with the W, entry in (WG ”)WT)”, there
cannot be a perfect pairing of all of them, so we obtain an extra n~/2 factor due to the loss of a half free
index. Finally, even without the exact independence, we know that the other G, entries only have weak
correlations with the entries in the i-th rows and columns of H if a,b # ¢. This fact will be explored using
resolvent expansions in Lemma as in Definition below.

Claim 7.2. We have
|EP| < n~"2®%, (7.8)

With this claim, we can complete the proof of (7.2).

Proof of (7.2)). Note that by |v|2 = 1 and Cauchy-Schwarz inequality, we have . |v;| < y/nand ), |v;|" < 1
for n = 2. Then if ([7.8)) holds, we can bound the left hand side of (|7.7) by

n(T)
_h/2q)2a n Z |’U |deg by, P < —h/2¢)2a(\/ﬁ)h < C@Qa,
k=1 by,
which further concludes (|7.2)). O

It remains to prove Claim We define the S variables as
Sij = (WGBWT)y, ijely U, (7.9)
where L := {by,...,b,r)}. With the entrywise local law , and , we have that
1Sij — ca ' Macbij| < @, i,jely, a=12

Our first step is to keep expanding the G entries in P using the resolvent expansions in Lemma until
each monomial either consists of S variables only or has sufficiently many off-diagonal terms. To perform
the resolvent expansion in a systematic way, we introduce the following notions of string and string operator.

Definition 7.3 (Strings). Let 2 be the alphabet containing all symbols that will appear during the expansion:
A={G T Lklelyu{(GY) ' :JcLike L} U{Sy:kleL}.

We define a string s to be a concatenation of the symbols from 2, and we use [s] to denote the random
variable represented by s. We denote an empty string by & with value [F] = 0. Here we need to distinguish

“G L\{ZJ} and LLG(L\{%J})G(L\{J} S

the difference between a string s and its value [s]. For example, are

different strings, but they represent the same random variable by m

We shall say G,(C‘l]) (resp. (G,(C'Q)_l) is maximally expanded if J u {k,{} = L (resp. J u {k} = L). Also
the S variables are always maximally expanded. A string s is said to be maximally expanded if all of its
symbols are maximally expanded. We shall call G,(C‘l]) and Sy; off-diagonal symbols if k # [, and all the other
symbols are diagonal. Note that by the local law , we have [a,] < @ if a, is an off-diagonal symbol.
We use Fmaz(s) and For(s) to denote the number of non-maximally expanded symbols and the number
of off-diagonal symbols in string s, respectively.
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Definition 7.4 (String operators). We define the following operators.

(i) We define the operator 19 acting on a string s in the following way. Find the first non-mazimally
ezxpanded symbol in the s, if Gl(-f) is found, replace it with ngu{k}) for the first k in L\(J v {i,j});
if (GE;]))_l is found, replace it with (GE;’U{k}))_l for the first k € L\(J u {i}); if neither is found, set
To(s) = s and we say that 1o is trivial for s.

(ii) We define the operator T1 acting on a string s in the following way. Find the first non-mazimally
expanded symbol in the s, if GE}I) is found, replace it with GE;CI)(G,SQ)*lG,(C‘;) for the first k in L\(J u
{i,7}); if (Gg;]))*l is found, replace it with

J) (T I)y— Ju{k})\— T)\—
—ae e e e

for the first k € L\(J v {i}); if neither is found, set T1(s) = & and we say that 1o is null fors.

(iii) Define the operator p acting on a string s in the following way. Replace each mazimally expanded
off-diagonal Ggf\{l’j}) n s with Ggf\{z’]})GEJL.\{J})SU.
By Lemma [6.3] it is clear that for any string s,

[ro()] + [ma(s)] =[], [o(s)] = [s]- (7.10)

Moreover, a string s is trivial under 7y and null under 7; if and only if s is maximally expanded. Given a
string s, we abbreviate sg := 79(s) and s; := p(71(s)). Then by ([7.10) we have

3 Isul = [sl, (7.11)

[w|=m

where w = w(1)w(2)...w(m) with w(i) € {0,1} ranges over all binary sequences w with length |w| = m,
and we used the notation

Sw 1= pw(m)Tw(m) . pw(Q)Tw(Q)pw(l)Tw(l)(s), where p° = 1.

Lemma 7.5 (Lemma 5.9 of [5]). Consider the string s = “P(by,...,byr))”. Fiz any lo € N. There exists
a constant K(a,ly) € N depending on a and ly only such that the following property holds. For any binary
sequence w with |w| = K(a,ly) and s, # &, either Fog(sw) = lo or sy is mazimally expanded.

Let w > 0 be a constant such that ® < n~*/2. If we choose Iy = [(hw™" + 2a)], then

Do Isul L For(sw) = lo) < 280l < p=h/2g20, (7.12)
|lw|=K(a,lo)
Then by Lemma to prove Claim [7.2] it suffices to show that
E[s.]| < n~ "2 (7.13)

for any maximally expanded string s,, with |w| = K(a,lp). Note that the maximally expanded string s,,
thus obtained consists only of S symbols and diagonal G symbols fo Wi and (GEZL Wiy-1 By lb we
can replace (Gglz)_l with (Ggf\{l}))_l = —8;; —2n~ !0 Then as in (6.41)), for i € Z,,, o = 1,2, we can expand
G o

GG _ 1
" —M(a+2)c + (m(a+2)c — Sy — Zn_lo)
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k
+ O (n~"2p%).

—1 K(a,lo) (m(a+2)c - Sz - anO)

M(a42)c k=0 M(a+2)c

We apply the above expansions to the G symbols in s,,, disregard the sufficiently small tails, and denote
the resulting polynomial (in terms of the symbols S;;) by P,. Then P, can be written as a finite sum of
maximally expanded strings (or monomials) consisting of the S symbols only. Moreover, the number of such
monomials depends only on a and ly. Hence it suffices to show that for any such monomial M,,, we have

IE[M,]| < n~"/2®%, (7.14)

Recall that in the initial string P, we assume the following setting
> deg(by, P) = 4a, and deg(by,P) =1, fork=1,..,h. (7.15)
k=1

Now in M., let deg, (b, M.,,) denotes the number of times that b appears as an index of the off-diagonal S
variables in M,,. Then it is easy to verify the following relations:

deg, (bg, My,) = deg(by, P), deg,(bk, M) = deg(by, P) mod 2, (7.16)

where the first inequality is trivial, and the second identity follows from the simple fact that none of the
above expansions changes the parity of the index by.
Suppose M, takes the form

K. K
L T
M, = | |Sbkjblj = Z | |kajp‘jG£le))jWijlj
Jj=1

Hjsvi€lz j=1
r

*
’51,...,571(1:)

K
N (L) N
H kajF(uj)Gf(M)f(uj)szjF(Vj)

w
=1

<.

where K, is the number of S-variables in M,,, r ranges over all partitions of the set of the labels {y1, ..., ix,, , V1, ..., VK,
{b1, ..., bn(f‘)} denotes the set of distinct equivalence classes for a particular I', and 3)* denotes the summation
subject to the condition that 3k’s all take distinct values. Here again f() is regarded as a symbolic mapping

from the set of labels to the set of equivalence classes. Note that the number of partitions depends only on
K,,. For a fixed partition I', we denote

K.,
7 7T N (L) R
R(by, by D) 1= [l Way. 500 G Wor, Ey)
Then to prove ([7.14]), it suffices to show that
(ER(E, by f)] < pn)—h2g2a (7.17)

for any partition L.
To facilitate the description of the proof, we introduce the graphical notations. We use a connected
graph (V,E) to represent R, where the vertex set V consists of black vertices by, ..., by (ry and white vertices
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bi,... ,gn(f), and the edge set E consists of (k, «) edges representing W, ;. and (a, B) edges representing
GZJ;;' We denote

€ke = number of (k,«) edges in R, d, := number of («, «) edges in R,

and

el(;z := number of (k, «) edges that are from off-diagonal S in M,,.

Due to the mean zero condition (6.1)), to attain a nonzero expectation we must have

era =0 or ep, =2 forall k,a. (7.18)

We also have that, by definition,
Ze = deg, (b, M) (7.19)

By (7.15), (7.16) and (7.18)), there exist edges (1, 1), ..., (h, ap) such that ep,, is odd and egqn, = 3,
1<k<h Let H:={(1,a1),..., (h,ap)} be the set of these edges. Denote by F' the set of (k,«) edges such
that exo = 2 and (k,«) ¢ H. Denote

n(T) n(T") n
Sa 1= Z €kas Pka = 1(koz €H> Z hka,  fa = Z 1(k,a)EF7
k=1 k=1

for all k = 1,...n(T) and a = 1,...,n(I'). From the above definitions, it is easy to see that s, > 2 and
ha + fa > 0 (since the classes b, are nontrivial), s, > 2d, (since one («, ) edge corresponds to two (k, a)

edges), and
tha=1(1<k<h), Zha:h' (7.20)

Since there are totally %Za Sq — dgo off-diagonal G edges in R, by and (| we have

n(T) n(T)

| < [] (@3t [TEW,; 1)

f m
H H3sa *a< H gere—3n )( 1—[ gera? 71) ::HR
a=1 (k,0)eH (k,)eF a=1

Now we consider the following four cases for R,. The arguments essentially are the same as the ones in [30]
Appendix A .4], and we repeat them for reader’s convenience.

Case 1: d, = 0. In this case we have

R, < (I)Sa/2n_(ha+fa)—ho</2 < (I)Sa/Qn_l_ha/Q < (I)ZZ:] hka /2435 _p i1 e;‘z/Qn—l—ha/Q

where in the second step we used h, + fo > 0, and in the third step we used

h
2N Y it Y €,
k k=1 k=h+1
where we used that ek) = hpo for 1 < k < h (recall that if (k,a) € H, then egq, is odd and hence one of

the edges must come from the off-diagonal .S).



Case 2: d, # 0, hy = 1 and f, = 0. Then there is only one k such that ex, > 0 and s, = e, is odd.
Hence we have s,/2 > d, + 1/2 and we can bound R, as

R, < B¥sa—dop—(ha+fa)=ha/2 L §1/2n=1=ha/2 _ §Xfar hra/2+ Tionsr ok0l/2n—1-ha/2,

where in the last step we used 1 = ZZ=1 hio + ZZ:hH e,(:a)7 since all the summands except one hg,, are 0.

Case 3: d, # 0, h, = 0 and f, = 1. Then there is only one k such that eg, > 0 and s, = ego. Thus the

(o, ) edges are expanded from the diagonal S variables, which implies s, — 2d, = e,(:) Then we can bound

R, < ®35a—dap—(hatfa)=ha/2 _ §, /2 ~1=ha/2 - GXh_y hra/2+X5_n iy e/ —1—ha/2

where we used e,(:(z > hyo for 1 < k < h in the last step.

Case 4: d, # 0 and hy + fo = 2. Then using s = 2dy, ¢, < ® and n=/2 < &, we get that

R < H (be;m—?) —3/2 H (I)e;m—Qn—l < 1—[ ¢eka—2 -1 H q)e;m—l —-1/2

(k,a)eH (k,a)eF (k,a)eH (k,0)eF

< (I)Zk:l hka/24 200 _pia elm/2n717ha/2

where in the last step we used epo = hiko + 2 for (k, ) € H and e, = 2 for (k,a) € F
Combining the above four cases, we obtain that

n(F
|ER| n Ro <n™ () 752 h"‘bz (Zk 1 hka /2420 h+lek)/2>

Since )}, ha = h, to prove ([7.17) it remains to show that

n(T)
2 tha+ Y e |=4 (7.21)
« k=h+1

For k =1, ..., h, using (7.20) and (7.15) we get that

37 hka = 1 = deg(by, P).

a=1

For k=h+1,...,n, using (7.19) and (7.16]) we get that
Z e = deg,(by, Q) > deg(by, P).
With (|7.15]), we then conclude ([7.21)), which concludes the proof of Claim

7.2 Proof of ([7.3)

The proof of this sections adopts the arguments in [3T), Section 5]. We expand the left-hand side in (7.3 as
2a

* a
=2 2 ¥wonCrereorire)

T by,eeobyry k=1

> v Gl v
HF#V

(7.22)

x kl—[ Ul )] C I ()T ()1 VD ()]
=a+1
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where we again define partition of indices

I': {:ulv"' y H2a, V1" - 7’/211} - L(F)7 L(F) = (blv"' 7bn(F))a

I'~1(by) are equivalence classes of the partition, n(I') is the number of equivalence classes, b;, are indices
taking values in Z3, and >.* denotes the summation subject to the condition that by, ..., by () all take distinct
values and I'(uy) # I'(vg) for all k. Since the number of such partitions I' is finite and depends only on a,
to prove it suffices to show that for any fixed T,

*
D EA(by, b)) < 92, (7.23)
b1, bn(r)
where we abbreviated
]_[v[mk [L(ix)T (k)] VLT ()] l_[ V(i1 G GOT GO VIT G- (7.24)
k=a+1

For simplicity, we again omit the overline for complex conjugate in the following proof. In this way, we can
avoid a lot of immaterial notational complexities that do not affect the proof.
For any by € L, we can define a corresponding Z,-valued variable by in the obvious way, and we denote

[L] = {bl,...,bn,gl,...,gn}. (725)
We shall abbreviate G(I7D) = GI] for any index set J < Z3. Then we define S groups as

S - (XTG[L]X)W (XTG[L]Y)HF
b=\ (YTGEI X ), (YTGIEY )

We can define strings as in Definition with bigger alphabet which includes the new G and S groups.

Given any index set J — L, we shall say G[ ]V] (resp. (G{W

(resp. J u {u} = L). Also the S groups are always maximally expanded. We shall call GB‘L]]] and S[,1
off-diagonal symbols if p # v, and all the other symbols are diagonal. Note that by the local law and
(6-22), we have that for off-diagonal group a,, 7! [a,] 7~! < ®. We use Fo(s) to denote the number of
off-diagonal symbols in the string s. We can define string operators as in Definition using the resolvent
expansions in Lemma|6.4] and we can perform the resolvent expansions systematically using string operators
as in . We omit the detailed definitions here. Instead, we directly give the following result, which has
been proved in [31].

)~1) is maximally expanded if J U {u,v} = L

Lemma 7.6 (Lemma 5.9 of [31]). Consider the string s = “A(T")”. Fiz any ly € N. There exists a constant
K(a,lp) € N depending on a and ly only such that the following property holds. For any binary sequence w
with |w| = K(a,ly) and s, # &, either Fog(sw) = lo or sy is mazimally expanded.

As in (7.12), if we take o = [(hw™! + 2a)], then

Z [sw] - 1(Forr(sw) = lo) < n/2 - n~h2p20 = 32,
lw|=K (a,lo)

where the n"/? comes from the vector v, since we have included vp(.) into A(I"). It remains to handle the

maximally expanded strings. With (6.10) and (6.42]), we can write
[L\{p}] -1 mie 0
(G[uu]ﬂ ) =7 (2) - [S[MM] - ( 0 m2c)] )
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where by local law (6.3)) and (6.27)), we have

miq 0
o= (5 )<
{u}]

Then we can Taylor expand G{i}d in terms of Sp,,], and replace the diagonal maximally expanded G

groups with diagonal S groups. Finally, as in (7.14]), one can see that in order to prove (|7.23) it suffices to
show that for any such monomial M,,(A(T')) consisting of S variables only, we have

D1 E[M,(AD)]] < @ (7.26)
b1, ,bn (T)

Now we decompose S|, in M,, as

1 0 0 1 0 0 0 0
S[uu] = S;u/ (0 0> + SMU (0 0> + Sﬁy (1 0> + SW (O 1> s (727)

where we define the following symbols:

Su = (XTGHX) | 8,5i= (XTG[L]Y)#J
7 (7.28)

nv

Sy 1= (YTG[L]X> S = <YTG[L]Y)

v o

We expand the S[;;1’s in M, (A(T)) using (7.27)), and write M,,(A(T")) as a sum of monomials

My (AT)) = > Pu(T, )M, (7.29)

where «y is an index to label these monomials, P, (T",~) denotes a scalar monomial in terms of S, variables
only, and M., contains the factor depending only on the entries of v. We make a simple observation that

Fott (Puw(T)) = Forr (My(A(T))) = Fort (A(T)) = 2a. (7.30)

As in the proof of (7.2)), we define deg(by, A(T)) := [T=1(bg)| and h := #{k : deg(bx, P) = 1}. We have
already seen that the indices with degree 1 cause the main trouble. Since the number of summands in (7.29)
is of order O(1), to prove (7.26) it suffices to prove that for any fixed monomial P, (T') in (7.29),

B[P, (D)]] < n~ 2@ (7.31)

To prove (7.31)), we need to keep track of the “single” indices in [L] during the expansion. In P,, let
deg, (bk, Pyy) denotes the number of times that by or by appears as an index of the off-diagonal S variables
in P,. Again we have the following simple relations:

deg, (by, Py) = deg(br, A(T)), deg,(bk, Py) = deg(bg, A(T')) mod 2. (7.32)

We expand the S variables in P, using , and call the resulting string @,,. We now introduce graphs
to conclude the proof of . We use a connected graph to represent the string @, call it by &g. The
indices in [L] are represented by black nodes in &g, and the 4, j summation indices in the S variables are
represented by white nodes. The X or Y variables are represented by wavy edges, and G are represented by
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Figure 1: An example of the graph &g.

solid lines. In Figure m we give an example of the graph &g. Note that in graph &g, the G edges and X,Y
edges are mutually independent, since the G variables are maximally expanded.

Notice that each white node represents a summation index. As we have done for the black nodes, we
first partition the white nodes into blocks and then assign values to the blocks when doing the summation.
Let T be a fixed partition and denote its blocks by wy, ..., @n(f). If two white nodes of some off-diagonal
S variable happen to lie in the same block, then we merge the two nodes into one white node and call the
resulting graph &g;. Note that we do not merge the white nodes for diagonal S' variables. Let n&o) be the
number of diagonal G edges in the off-diagonal S variables. We trivially have

# of white nodes = fn((io) + Z [deg (br) + deg(br)], (7.33)
k=1

where the degrees of the nodes are defined in the usual graphical sense.
We define the subset of single indices

V= {b € L| deg(be, A(Q)) =1}, [V|=h. (7.34)

By 7 there are at least h black nodes with odd deg in [V]. WLOG, we may assume these nodes are
b1, ...,bn. To have nonzero expectation, for each k = 1,..., h, there must exist a block w;, connecting to by
which contains at least 3 white nodes. Then we denote by A(by) S w;, the set of the adjacent white nodes
to by in w;, (the block @;, may also contain white nodes that do not connect to by, hence in general A(by)
may not be equal to w;, ). We call a white node that is not connected to loops of solid G edges a normal
white node, i.e. normal white nodes are white nodes that have not been merged before. The other white
nodes are called merged white nodes. Then we define

Vo := {br| A(br) has no normal white nodes, 1 < k < h},

and
V := {b| A(br) has at least one normal white node, 1 < k < h}.

The following lemma gives the key estimates we need.
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Lemma 7.7. For any partition of white nodes f,

n(T)
2n() < —i| = Wol/2 = nl” + Y. [deg (bi) + deg(br)] . (7.35)
and
no = 2a + Vo, (7.36)

where n, is the total number of off-diagonal S variables in Q.

Proof. WLOG, let W, ..., Wy be the distinct blocks among the blocks @;,, k = 1,--- ,h. A merged white
node is connected to two black nodes and a normal white node is connected to one black node. Hence a
merged white node belongs to two sets A(by, ), A(by,), and a normal white node belongs to exactly one set
A(by). Therefore for each i = 1,...,d, if w; contains exactly one A(bg), then

Ly, (br)

|Wi| = 3 =2+ 1y, (b) + 5

If w; contains at least two A(by), then
~ 3
|| = 2 Ly, (br) + 5 - Lvg (br)
bk:A(bk)g’LT)i

=2+ <1V1 (br) + ——=

(7.37)

Here the first inequality holds due to the following reasoning. For each black node by, with A(by) S @;, we
count the number of white nodes in A(bg) and add them together. During the counting, we assign weight
1 to a normal white node and weight 1/2 to a merged white node (since it is shared by two different black
nodes). If by € Vo, there are at least three merged white nodes in A(by) with total weight > 3/2. If by, € V4,
there are at least one normal white node and two other white nodes in A(by) with total weight > 2

Then summing ([7.37)) over i, we get that

|Vo|

d
D] = 2d + | + =
1=1 2

For the other n( ) — d blocks, each of them contains at least two white nodes, so we get that

n ()

Vo| & 0

2()+\V1|+|0 Z il +2(0(l) —d) < —n” + Y [deg (bx) + deg(br)]
i=1 k=1

where we used in the last step. Rearranging terms gives .

For by € Vy, A(br) contains at least three white nodes from off-diagonal R-groups. Hence we have
deg(bg, Qw) = 3, compared with deg(bg, A(T')) = 1. This means that we have applied or
with respect to u = by at least once and picked the second terms at some step of the expansions (which
corresponds to the 7, operation in Deﬁnition. Each such operation increases the off-diagonal S variables
at least by 1, which gives ([7.36)). O
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Now we prove (7.31]). By (7.5)) and the discussion below (7.34) for the single indices by, - - - , by, we get

% n(F _ ~
ELP = EIQI <Y ) @ o=z i [deston vdes(iu)]-2n)

r /‘Tflw--aﬁv’n(fﬂ)
< nfh/Q(I)ZZS‘l) [deg(bk)+deg(5k)]72n(f‘)7h+n07nfio)

< n M2 IVol/2Hne . p—h/2g2a

where in the third step we used (|7.35) and |Vy| + |V1| = h, and last step (7.36). Thus we have proved (7.31),
3.

which concludes the proof of (|
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