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ABSTRACT. In this paper, we prove that the spectral curve I'y of the
generalized Lamé equation with the Treibich-Verdier potential

3
/() = | el Do 1) + By, e 2o
k=0

can be embedded into the symmetric space Sym”™ E, of the N-th copy
of the torus E,, where N = Y nj. This embedding induces an addition
map on(-|7) from 'y onto E.. The main result is to prove that the
degree of on(-|7) is equal to 35 _, nx(ni +1)/2. This is the first step to-
ward constructing the pre-modular form associated with this generalized
Lamé equation.

Résumé: Dans cet article, nous montrons que la courbe spectrale I', du
L’équation de Lamé généralisée avec le potentiel de Treibich-Verdier

3
y'(2) = [an(nk + Dp(z+ %|7) + Bly(z), nk € Zxo
k=0

peut étre plongée dans Pespace symétrique Sym” E, de la N’éme copie
du tore E;, oit N = Y ng. Cette injection induit une application
daddition on(:|7) & partir de I'n sur E-. Le résultat principal est de
prouver que le degré de on(-|7) égale 3"5_ ni(ni + 1)/2. Clest la pre-
miere étape vers la construction de la forme prémodulaire associée a
cette équation de Lamé généralisée.

MSC 2010: 33E10, 34M35, 14H50

1. INTRODUCTION

Throughout the paper, we let 7 € H = {r € C|Im7 > 0}, E; = C/A,
be a flat torus with the lattice A; = Z + Z7, and p(z) = p(z|7) be the
Weierstrass elliptic function with periods w; =1, we = 7 and w3 = 1 + 7.

Let ((2) = ¢(2]7) := — [7 p(&|7)d€ be the Weierstrass zeta function with
two quasi-periods n;(7), j = 1,2:
(L.1) (1) = 20(FI7) = ((z + wjlm) = C(2l7), =1,2,

and o(z) = o(z|7) be the Weierstrass sigma function defined by o(z) :=
exp [* ¢(€)d€. Notice that ((2) is an odd meromorphic function with simple
poles at A; and o(z) is an odd entire function with simple zeros at A,. For
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z € C we denote [z] := z (mod A;) € E;. For a point [z] in E; we often
write z instead of [z] to simplify notations when no confusion arises.
In this paper, we consider the complex second order ODE:

(1.2) y"(2) = (In(2;7) + B)y(2), z€C,
where B € C and

3
(1.3) In(z7) = > mi(ng + Dplz + Z|r)
k=0

with wg = 0 and ng € Z>¢ for all k. We also denote I (z; B, 7T) := In(2;7) +
B. The Iy(z;7) is called the Treibich- Verdier potential. In [24, 25] Treibich
and Verdier proved that I,(z;7) is an algebro-geometric solution of the KdV
hierarchy equations or equivalently a finite-gap potential. Later Gesztesy
and Weikard [9] generalized their result to prove that any Picard potential
is an algebro-geometric solution of the KdV hierarchy equations.

We briefly recall the notion of algebro-geometric solutions. Let y;(z; B),
y2(z; B) be two solutions of (1.2) and ®(z; B) := yi1(z; B)y2(z; B). Then a
direct computation shows that & satisfies the following third order ODE
(called the second symmetric product equation of (1.2)):

(1.4) ®"(2; B) — 4(In(2;7) + B)®'(2; B) — 21}, (2;7)®(2; B) = 0.
Multiplying ® and integrating (1.4) ,we obtain that
(1.5) ®'(2; B)? — 28(z; B)®"(2; B) + 4(In(2;7) + B)®(z; B)?

is independent of z. Let Qn(B) = @Qn(B;7) denote the above expression of
(1.5). Then Iy(z;7) is an algebro-geometric solution of the KdV hierarchy
equations if Qn(B) is a polynomial of B for some solution ®(z; B); see [9].
In this case, Qn(B) is known as the spectral polynomial and T'y, = I'y(7) :=
{(B,W)|W? = Qun(B;7)} is called the spectral curve of the Treibich-Verdier
potential.

When n = (n,0,0,0), the potential n(n + 1)p(z|7) is called the Lamé
potential and

(1.6) y"(2) = (n(n+ Dp(z|7) + B)y(z), z€C

is called the Lamé equation. The fact that the Lamé potential is a finite-gap
potential was first discovered by Ince [12]. We refer the readers to the classic
texts [11, 17, 26] and recent works [1, 2, 8, 15, 16] for the Lamé equation.
Therefore, (1.2) is called a generalized Lamé equation (GLE) in this paper.
See [6, 10, 19, 20, 21, 22, 23] and references therein for recent developments
of GLE (1.2).

In this paper, we want to study (1.2) from the aspect of monodromy rep-
resentation. Clearly, (1.2) can be described as a Fuchsian equation defined
on the torus E; with four regular singularities at “3’s. The local exponents,
i.e. the roots of its indicial equation at %’“ are —ny, ng + 1. Since ng € Z, it
is well-known (cf. [10]) that I,(z) is a Picard potential, i.e. any solution of
(1.2) is meromorphic in C. By applying z = p(z), (1.2) can be transformed
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to a second order ODE on CP! with four regular singular points at ej’s
and oo, where e := (%), k = 1,2,3. This is the well-known Heun equa-
tion with four singular points, which has been extensively studied since its
isomonodromic deformation gives arise to the famous Painlevé VI equation;
see e.g. [13]. For GLE (1.2), we proved in [4] that the corresponding isomon-
odromic deformation equation is the elliptic form of Painlevé VI equation.
In this paper, we also denote GLE (1.2) by H(n, B, 7).

The monodromy representation p, of H(n,B,7) is a group homomor-
phism from 7;(E;) to SL(2,C) because I (z;7) is a Picard potential. Since
m1(FE7) is abelian, the monodromy group is always abelian. Thus the mon-
odromy group is comparely easier to compute for H(n,B,7) on E; than
the Heun equation on CP!. In terms of any linearly independent solutions
y1(z) and y2(z), the monodromy group is generated by two matrices M,
M, € SL(2,C) satisfying

(17) (yl,yQ)(Z +w’b) = (yl(z)7y2(z))Mi7 1= 1727 and M1M2 = MQMl‘

By (1.7), M; and M> can be normalized to satisfy one of the followings.
a) If p, is completely reducible, then

ef2fris 0 e27ri7" 0
(1'8) M, = ( 0 e2mis , My = 0 e—2mir | (Ta 5) € C2'

See Section 2, where we will see that (r,s) ¢ 1Z°.
b) If p; is not completely reducible, then

1 0 1 0
(1.9) M1:€1<1 1>,M2=€2<C 1>,€j::|:1,CECU{OO}.

When C' = oo, the monodromy matrices are understood as

10 1 0
(1.10) M1:€1 <O 1>,M2:€2 <1 1>.

The aforementioned spectral polynomial @, (B; 7) also plays an important
role for the monodromy representation: p; is completely reducible if and only
if Qu(B;T) # 0. Obviously, not all 2 x 2 matrices of the form (1.8)-(1.9) are
monodromy matrices of (1.2). Thus the following questions naturally arise:

(1) If Qn(B;7) # 0, how to determine the monodromy data (r,s)?
(2) If Qn(B;7) =0, how to determine the monodromy data C?

For the Lamé equation (1.6), in [2, 14, 15] Chai, Wang and the third
author have constructed a pre-modular form ZJ',(7) such that the mon-
odromy matrices My, My of (1.6) at 7 = 79 with some B are given by
(1.8) if and only if Z]';(9) = 0. Therefore, the image of My, My for p,, is
{(r,s) € C%\ %Z%Zﬁs(m) = 0}. We note that Z;',(7) is holomorphic in 7
if (r,s) € R?\ $Z2. Moreover, Z!,(7) is a modular form of weight %
w.r.t. the principal congruence subgroup I'(m) if (r, s) is a m-torsion point;
see [15]. Thus Z7,(7) is called a pre-modular form.
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In this paper and the subsequent one [3], we want to extend the result in
[15] to include the Trebich-Verdier potential. Precisely, we will establish the
following theorem in [3]:

Theorem 1.1. There exists a pre-modular form Z7.(7) defined in 7 € H
for any pair (r,s) € C?\ %Zz such that the followings hold.
(a) If (r,s) = (5L, B2) with m € 2Nso, ki, ks € Zo and ged(ky, ko, m) =
1, then Z7',(T) is a modular form of weight Zi:o nk(ng +1)/2 with
respect to the principal congruence subgroup I'(m).
(b) For (r,s) € C*\1Z? and 1o € H such that r+s7o ¢ A, Zp(10) =0
if and only if there is B € C such that H(n, B, 1y) has its monodromy
matrices My and My given by (1.8).

Following the ideas in [2, 15], the spectral curve I'y(7) can be embedded
into SymVE, := EN /Sy, the symmetric space of N-th copy of E., where
N := 22:0 ng. Obviously, Sym” E, has a natural addition map to E,:
{a,--- ,an} — Zfil a;. Then the composition gives arise to a finite mor-
phism oy (+|7) : Tn(7) — E;, still called the addition map. The degree of
on is defined as deg oy (:|7) = #04(2|7), 2 € E,, counted with multiplicity.
Our main theorem in this paper is

Theorem 1.2 (=Theorem 6.1). Let 7 € H. Then the addition map on(-|7) :
Tu(7) = E; has degree 3 a_g np(ny, +1)/2.

A corollary of Theorem 1.2 is that degoy(-|7) (the same as the weight of
the pre-modular form in Theorem 1.1) is independent of 7, which is not very
obvious at the moment. For the case of the Lamé equation, Theorem 1.2
was proved in [15] by applying Theorem of the Cube for morphisms between
varieties in algebraic geometry. But this method seems not work in the
general case. Our strategy is to study the general class of ODE:

(1.11) y'(2) = In(2;p, A, T)y(2),
where the potential I, (z;p, A, 7) is given by
(1.12)

oo A ) — | Sk + Dz + F ) + §(p(z +pl7)
In(zp, A7) = | 500 0l + A(C(z 4+ plr) — (e~ plr) + B |

with A € C, p € E; \ E;[2], E;[2] := {%}|k =0,1,2,3} + A; and

3
(113)  B=A" A~ () ~ 3 milm+ Dolp+ %)
k=0
The identity (1.13) is to guarantee that all the singular points of (1.11) are
apparent, i.e. all solutions of (1.11) are free of logarithmic singularity at
any singular point. See [4, 5, 7, 18] for recent developments of (1.11). Like
(1.2), we could associate a hyperelliptic curve I'n,(7) = {(A, W)|[W? =
Qnp(A;7)} and an addition map oy, with (1.11). These will be established
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in Sections 2 and 3. The reason we introduce (1.11) is that as p — wy/2,k =
0,1,2,3, the limiting equation of (1.11) would be (1.2) with n = n,f, where
n,f is defined by replacing ng in n with ng & 1. Due to this relation with
(1.2), we expect to have the following connection.

Theorem 1.3 (=Theorem 6.6). For k € {0,1,2,3}, there holds
degonp(-|7) = deg O—n;('h) + deg Tn- (-|7).

The paper is organized as follows. In Section 2, we will give a brief
review of the monodromy representation of (1.11). The similar argument
also holds for (1.2). We will prove the existence of the embedding of I'y ),
and the addition map from I'y, ;, onto E- in Section 3. In Sections 4 and 5,
we will study the limiting problem of (1.11) under two case: (i) fix p and
A — o0; (i) p — % and A(p) — co. This limit problem plays a crucial role
in our study of the degree in Section 6, where Theorem 1.3 is proved and
then Theorem 1.2 will be obtained by applying Theorem 1.3.

2. MONODROMY REPRESENTATION

Let n = (ng,n1,n2,n3), ni € C. For any fixed 7 € H and +p ¢ E[2] :=
{%|k =0,1,2,3} +A;, we consider the following generalized Lamé equation
GLE(n,p, A, 7) on the torus E;:

(2.1) y"(2) = In(2;p, A, T)y(2) on E-,
where the potential I, (z;p, A, 7) is given by

| [ S i+ Dplz + %[7) + 3 (o(= + plr)
22) In(zp A7) = | 00 D) + Az +plr) — (=~ plr) + B |
with A € C and

3
(23)  B=A—Cp)A— o)~ Y mlme+ Volp + %),
k=0

GLE(n, p, A, 7) is of Fuchsian type with singularities at S := E-[2]U{%[p]}.

Let us briefly recall the associated monodromy representation. Let Y (z; 7)
= (y1(z;7),y2(2; 7)) be a fundamental system of solutions of GLE(n, p, A, 7)
near a fixed base point gy ¢ S. In general, Y (z;7) is multi-valued with re-
spect to z and might have branch points at S. For any loop ¢ € 71 (E;\S, qo),
there exists a matrix p,(¢) € SL(2,Z) such that £*Y (z;7) = Y (z;7)p-(¢).
Here ¢*Y (z;7) denotes the analytic continuation of Y'(z;7) along the loop
£. This induces a group homomorphism

(2.4) pr:m(E-\S,q) — SL(2,C).

which is called the monodromy representation of the GLE(n, p, A, 7).

The local exponent of GLE(n,p, A,7) at % are —ng,ng + 1. In this
paper, we are interested in the case ny € Z>o (hereafter we always assume
ng € Z>o for all k), because in this case the local monodromy matrix at
each %t is I and then the monodromy representation can be reduced to a
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homomorphism p, : 71 (E,\{%[p]}, q0) — SL(2.Z). Let 7a € m(E-\S, q0)
be a simple loop encircling +p counterclockwise respectively, and ¢, j = 1,2,
be two fundamental cycles of E. connecting qo with go + w; such that ¢;
does not intersect with ¢, + A, (here ¢, is the straight segment connecting
+p) and satisfies

(2.5) e = 000G i m (B[] ).

On the other hand, the local exponents at +p are _71, % Since (2.3) implies
that £p are apparent singularities (i.e. non-logarithmic, see [4]), we have

(2.6) pr(vx) = —Ia.

Denote p;(¢;) by M;. Then the monodromy group of GLE(n, p, A, 7) is gen-
erated by {—1Is, M1, My}. Together with (2.5)-(2.6), we immediately obtain
M1 My = MsMi, which implies that there is always a solution denoted by
y1(2) = y1(z; A) being a common eigenfunction, i.e. £iy1(2; A) = e;y1(2; 4),
j = 1,2. Therefore the monodromy representation is always reducible.

From the local exponents at “* and =+p, it is easy to see that % is not
a branch point of y;(z) but +p is a branch point with ramification index 2,
ie. y1(dp +e*™2) = —y1(£p + 2) if |2| > 0 is small. Then y;(z) can be
viewed as a single-valued meromorphic function in C\(¢, + A;). Therefore,
the analytic continuation of y;(z) along the fundamental cycles ¢; is the
translation of y; by wj,j = 1,2, namely

(2.7) y1(z +wjs A) = Gy (2 A) = gjpn(z; A),  j=1,2.

Since C\ (¢, + A,) is symmetric about 0, y;(—=z; A) is well-defined in C\
(¢p + A7) and also a solution of the same GLE(n,p, A, 7). Define

(2.8) y2(2) = y2(24) == yi(=2A) in C\(f, + Ar).
Then by (2.7) we see that y2(z; A) is also a common eigenfunction, i.e.
(2.9) ya(z +wji A) = Liya(z A) = &5 'ya(2 A), = 1,2.

If e; # %1 for some j, then yi(z) and y2(z) are linearly independent. In
general, y1(z) and y2(z) might be linearly dependent.

Definition 2.1. GLE(n,p, A, 7) is called completely reducible if its mon-
odromy group acting on the 2-dimensional solution space has two linearly
independent common eigenfunctions. Otherwise, it is called not completely
reducible.

We will see later that GLE(n,p, A, T) is completely reducible if and only
if the above y1(2) and y2(z) := y1(—2) are linearly independent.

The branch points +p of y;(z) might cause trouble in analysis. To avoid
it, we introduce

(2.10) Uy(z) = o(2)
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By using the transformation law of o(z),

(2.11) o(z+wj) = fe”j(z"’%wj)a(z), j=12

we see that W,(2)? is an elliptic function. We have the following lemma.
Lemma 2.2. Recall that ¢;,j = 1,2 are the two fived fundamental cycles of
E. which do not intersect with £, + Ar. Then the analytic continuation of
U, (2) along {; satisfies

(2.12) CVp(2) = Wp(2), j=1,2.

Proof. We only need to prove (2.12) in a small neighborhood U of the base
point go. Since ¢; € w1 (E-\ {%[p]}, qo) does not intersect with £,+A,, ¥,(2)

can be viewed as a single-valued meromorphic function in C\ (¢, + A;), and
in this region we have

CVp(2) = Up(z +wj) = £V,(2), z €U,

because ¥ (z)? = #ﬁé_p) is an elliptic function. Suppose
(2.13) U,(z4+wj) =—-V,(2), z€U

holds true. By fixing go and ¢;, (2.13) always holds true as p — 0 along /,,.
Note from (2.10) that for any z € ¢;, lim,,,o ¥,,(2) is identical to either 1 or
—1, but (2.13) implies that lim,_,o ¥, (z) for z along ¢; contains both 1 and
—1, a contradiction. O

Classically, it has been known (cf. [26]) that the second symmetric prod-
uct equation for any second order ODE play an important role. Let ¢(z),
72(z) are any two solutions of GLE(n,p, A,7) and set ®(z) = 31(2)72(2).
Then ®(z) satisfies the following third order ODE:

(2.14) " (2) — ALy (2;p, A, 7)®'(2) — 21, (2;p, A, 7)®(2) = 0.

Recall (2.7)-(2.9) that yi(z) is an common eigenfunction and ya2(z) =
y1(—z). Then ®(z) := y1(2)y2(2) is a solution of (2.14), and also an even
elliptic function due to (2.7)-(2.9). The following result was proved by Take-
mura [18], but we give a proof here for the convenience of readers because
it plays a fundamental role in our theory.

Proposition 2.3. [18] The dimension of the space of even elliptic solutions
to (2.14) is 1.

Proof. 1t is easy to see that the dimension of the space of even solutions to
(2.14) is 2. Suppose the proposition is not true. Since we already know there
is at least one even elliptic solution, the dimension of even elliptic solutions
to (2.14) is 2, which implies any even solution of (2.14) must be elliptic.

Since the local exponents of GLE(n,p, A,7) at 0 are —ng,ng + 1, and
I, (+;p, A, T) is even, there are local solutions of the following form at 0:

g1(z) = 27" (1 + Z ajz2j> , U2(z) = Znotl <1 + Z bjz2j> .
j=1

J=1
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Then §;(2)2, j = 1,2, are even solutions of (2.14) and hence even elliptic
functions by our assumption. Define

_ gi(z) .
(2.15) yj(2) = , 7=12,

! Up(2)
where U, (z) is given by (2.10). Then g;(z) is a meromorphic function with
poles at most at E,[2]. Since §;(2)? and ¥, (2)? are even elliptic, so do ;(z)?
for j =1,2. Assume

(eren = (o 0 (2). -

for some (ZZ ZZ> € SL(2,C). Then

71(2)% = 1z + wi)? = a2i1(2)* + 2a:bi 1 (2)T2(2) + b5 (2)%

So we have a? =1, b = 0. Together with a;d; — b;c; = 1, we see that
d; = a; =: ¢; € {£1}. Similarly, we could use g3 to obtain ¢; = 0. Hence

k(2 +wi) = eiGp(z) for k=1,2 and i = 1, 2.

This implies that §1(z)g2(z) is odd and elliptic. By the local exponent of
71(2)72(2) at %¢ being one of {—2ny, 1,2ny, + 2} for k = 1,2,3, we see that
“r is a simple zero of §1(2)72(2) for k = 1,2,3. Thus the elliptic function
71(2)y2(#) has only a simple pole at z = 0, a contradiction. This proves the

proposition. O
Now we can apply Proposition 2.3 to answer the question proposed earlier.

Proposition 2.4. Let y1(z) be a common eigenfunction of the monodromy
representation of GLE(n,p, A, 7). Then GLE(n,p, A,T) is completely re-
ducible if and only if y1(z) and y2(2) := y1(—z) are linearly independent.

Proof. Clearly ys(z) is also a common eigenfunction. So the sufficient part
is trivial. For the necessary part, since the monodromy is completely re-
ducible, there exists another common eigenfunction y3(z) which is linearly
independent with y;(z). Then y3(2z)ys(—=z) is also an even elliptic solution
of (2.14). So Proposition 2.3 implies y1(2)y1(—2) = y3(2)ys(—=z) up to a
constant, which implies y3(z) = cyi(—z) for some constant ¢ # 0. This
proves that y1(z) and y2(2) = y1(—2) are linearly independent. O

Recall (2.7) and (2.9) that 5]-,5]._1 are the eigenvalues of M; = p,(¢;).
Then Propositions 2.3 and 2.4 have the following consequence.

Corollary 2.5. If GLE(n,p, A,T) is completely reducible then (g1,e2) ¢

Suppose GLE(n, p, A, 7) is completely reducible and y;(z),j = 1,2, are
its linearly independent common eigenfunctions in Proposition 2.4. then the
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monodromy matrices M; can be written as

e—27ris 0 e?m’r 0
(216) M, = ( 0 627ris> and My = < 0 e—27rir> )
where (r,5) € C? satisfies (e1,62) = (e727%% €2™"). We call that (r,s) are
the monodromy data of GLE(n,p, A, 7) if it is completely reducible, and
Corollary 2.5 implies

(2.17) (r,s) ¢ 1722

Later we will show how to compute (7, s) from the zero set of the common
eigenfunction yi(z).

The above argument shows that (2.14) has a unique even elliptic solution
®(z) up to a constant, which is given by ®(z) = y1(2)y2(z), where y;1(z) is
a common eigenfunction and ys(z) = y1(—z). Furthermore, GLE(n, p, A, 7)
is completely reducible if and only if yi(z) and y2(z) are linearly inde-
pendent. This is where the even elliptic solution ® plays the role which
is of fundamental importance for GLE(n,p, A, 7). To determine the lin-
ear independence, we should consider the Wronskian of y;(z) and ya(2):
W = 11(2)y4(2) — y1(2)y2(z), which is a constant independent of z.

Lemma 2.6. Let ®(z) = y1(2)y2(2) be the even elliptic solution of (2.14)
and W is the Wronkian of y1 and yo. Then

(2.18) W2 =d(2)2 — 20" (2)®(2) 4+ 4In(z;p, A, 7)®(2)?,
(2.19) y1(2) = V/P(z) exp ) 22/(5)615

Proof. Since ®(z) = y1(2)y2(z) and W = yjy2 — y1y), we have
yi O +W oy W

Y1 20 7y 2¢
which implies (2.19) and

o VW, i) _ul 5221_ 4+ W2
20 292 (0 () Y1 " 29 ’
" Y -W - W2

e ()

20 292 20
Adding these two formulas together, we easily obtain (2.18). O

To normalize the even elliptic solution ®(z), we apply the following result
due to Takemura [18].

Theorem 2.A. ([18]) Fiz 7 € H and p € E;[2]. Then equation (2.14) has
a unique even elliptic solution ®.(z; A) of the form

3 np—1

2 A) = ) ( A) o s 4 @) d(A)
(2.20) Pc(z; A) CO(A)+kZ_O ]z; b (A)plz + )+ o

)
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such that the coefficients Co(A), bgk)(A) and d(A) are all polynomials in A,
and they do not have common zeros, and the leading coefficient of Cy(A) is
%. Moreover,

deg4 Cp(A) > max (degA bgk) (A),deg 4 d(A)) .

The proof of Theorem 2.A is not difficult but a little tedious in computa-
tion. The expression of (2.20) is due to the fact that % and £p might be
poles of ®(z) with order —2n; and —1 respectively (depending on A). We
substitute (2.20) into GLE(n, p, A, 7) and compare A of the two sides at each
singularity. Then we could obtain that all the coefficients are polynomials
in A after normalization. For details, we refer the readers to [18, 19].

Recalling Proposition 2.3, we apply Lemma 2.6 to the normalized ®¢(z; A)
of Theorem 2.A. Then we have the main result of this section.

Theorem 2.7. There is a monic polynomial Qnp(A) = Qnp(A;7) in A
such that the Wronskian of y1(z; A), ya(z; A) = y1(—2; A), where . (z; A) =
y1(z; A)ya(z; A), satisfies
(2.21) W2 = Qunp(A).
Moreover, Qnp(A) # 0 if and only if GLE(n, p, A, T) is completely reducible.
Proof. By (2.2) and (2.3), we could write I(z;n,p, A, 7) as

In(z;p7 A7 7_) = A2 + Il(z)A + IQ(Z)‘
By Theorem 2.A, we have

1, = .
D (2) = §A9 + Z ©;j(z)A?, where g:=degCy(A),
=0

Inserting these into (2.18), we easily obtain
2g+1
(2.22) W2 = A%+ N " g5(2) A,
§=0
where ¢;(z) = ¢; are independent of z for all j because W is independent of
z. Thus, W2 = Qn,(A) is a monic polynomial in A of degree 2g + 2. O

In view of Theorem 2.7, we define the hyperelliptic curve I'y j, = I'n (7)
by

(2.23) Tap(7) = {(A4, W)[W? = Quyp(4;7)}.

We remark that the polynomials Qn ,(A;7) might have multiple zeros. But
we could prove that for each 7, Qn,(A;7) has distinct roots except for
finitely many p € E; \ E-[2]. See e.g. our subsequent work [3].

Since deg 4 Qn p(A;T) is even, the curve I'y ,,(7) has two points at infinity
which are denoted by ocos. Indeed, for a curve in C? defined by 3% =

1972 (x—a;), to study its points at infinity, we let # = 1/2’ and y = 3/ /2/91.
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Then the equation becomes y'? = H?if(l —2'x;). Thus (2/,y") = (0,£1)
represents the two points at infinity and they are unramified. Hence

(2.24) Fap(7) =Tap(r) U {oot} is smooth at co4.

Remark 2.8. Given (A, W) € I'y,,, the unique ®.(z; A) is the product of
yi(z;A) and ya(z; A) = y1(—=2; A). If W # 0, then y1(z; A) and yz(2; A)
are linearly independent. We rename y;(z; A),y2(z; A) by requiring that
the Wronskian of y; and ys is equal to W (i.e. the Wronskian of y, and

y1 is —=W). Then y;(z; A) is unique up to a sign, and will be denoted by
y1(z; A, W). In particular, the zero set of y;(z; A, W) is unique.

3. THE EMBEDDING OF I'y, IN Sym™N E;

The main purpose of this section is to define the addition map from I'y, )
to Er. First we discuss the embedding of I'y, ;, into Sym” E., the symmetric
N-th copy product of E,, where N = 22:0 nk + 1 in the sequel.

For any a = (a1, - -,ay) € CV, we define ya c(2) = yac(2;p) by

e HfL o(z — a;)
Yac(z;p) = 3 wy
Vol(z=p)o(z+p) [T oz — )
Proposition 3.1. Fiz p € E; \ E;[2] and A € C. Let yi(z; A,W) be the

common eigenfunction determined in Remark 2.8. Then there always exists
a € CV and c € C such that y1(z; A, W) = ya(2;p) up to a constant.

(3.1) for c € C.

Proof. Since y1(z; A, W) is an common eigenfunction, we have

(3.2) Gy (z; A, W) = giyr (25 A, W) for some ; # 0,7 = 1,2.

As we discussed in Section 2, yi(z; A, W) has branch points at +p. Set
7(2) :=y1(z; A,W)/¥,(2), where ¥, (z) is defined in (2.10). Then g(z) is a
meromorphic function, and it follows from Lemma 2.2 and (3.2) that

(3.3) gz +wi) =gy(z), i=1,2.

Conventionally, a meromorphic function satisfying (3.3) is called an elliptic
function of second kind with periods 1 and 7. Then a classic theorem says
that up to a constant, §(z) can be written as

e Hf\il o(z —a;)

o(2) [Timgo(z — )’
because 7(z) have poles at most at 0 with order —ng — 1 and at wg/2 with
order —ny, k = 1,2,3. The proof is complete. O

(3-4) y(2)

Remark 3.2. A consequence of Remark 2.8 and Proposition 3.1 is that, up
to a constant, the unique even elliptic solution ®.(z; A) in Theorem 2.A can
be written as

Hi]\il o(z—a;)o(z + a;)
3.5 Oy(2: A) = .
B A = et D T (e~ F)mo(e & Gy
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On the other hand, if ya.(z) is a solution of GLE(n,p, A, 7), it is easy to
see that (1) y_as(z) = d1yac(—2) (for some constants d; # 0 and ¢) is
also a solution of GLE(n,p, A, 7), (ii) ya.c(2) is a common eigenfunction of
Mj’s. Together with Proposition 3.1, we have that (iii) y(z) is a common
eigenfunction if and only if y(z) is of the form ya.(2) up to a constant,
and (iv) y2(2) := y1(—2; A, W) = y_az(z) up to a constant. In particular,
Proposition 2.4 implies that GLE(n, p, A, 7) is completely reducible if and
only if ya (2) and y_aé(2) = d1ya,c(—%) are linearly independent.

Proposition 3.1 says that y; (z; A, W) = dya,(z) for some a = (a1,--- ,an)
€ CN,ce Candd# 0. Obviously {a1, - ,an} \ (E-[2] U {%[p]}) is the
zero set of y1(z; A, W) and we expect that ¢ can be uniquely determined by
a. On the other hand, we could apply the transformation law (2.11) of o to
obtain the monodromy data (r,s) in (2.16) if GLE(n, p, A, 7) is completely
reducible. These are proved in the following result. Denote 13 :=n; + n2.

Theorem 3.3. Let p ¢ E-[2] and A € C. Suppose GLE(n,p, A, T) is com-
pletely reducible with solution ya.(z) given in Proposition 3.1. Then the
monodromy data (r,s) in (2.16) and ¢ = c(a) can be determined by a as
follows:

N 3
nEw

(3.6) Zai :r+57+z%, c(a) = rny + sn,

i=1 k=1

| N 3 namy
(B7) @) =5 (Clai+ ) +Clai— ) =Y = if i #£0.
i=1 i=1

Furthermore, a; ¢ E;[2] for all i and a = {a1,- - -,an} must satisfy one of

the following three alternatives:
(a-1) a; # £p and a; # *a; for any i # j, i.e. xp are simple poles of
®.(z; A). In this case,

N 3
1 Nk
(38) ca) = 5 > (Clai+p)+Clai —p)) = Do~
i=1 k=1
(a-ii) an—1 = an =p, a; # £p and a; # *a; for any i # j < N —2, i.e.
+p are simple zeros of ®e(z; A).
(a-iiil) any—1 = an = —p, a; # £p and a; # Fa; for any i # j < N -2, i.e.
+p are simple zeros of Pe(z; A).

Proof. Since GLE(n, p, A, 7) is completely reducible, Remark 3.2 says that
Ya,c(2) and ya o(—2) are linearly independent, which implies

Ya,c(2) and ya(—z) has a pole of order —ny at z = % if ny >0
and non-zero at z = % if nj = 0.

Thus a; ¢ E-[2] for all i.
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Recalling §(z) in (3.4) and ¥, (z) in (2.10), we have

(3.9) Ya.c(2) = 4(2)¥p(2).

By applying the transformation law (2.11) of o to g(z), we can determine
g; in (3.2)-(3.3) by

N 3
si:exp<cwi_ni<zai_2”k;k>), =12

=1 k=1

Define (r, s) € C? by

N 3
(3.10) —2mis 1= C‘Ul(Z@i - an;k>

1=1 k=1

N 3
(3.11) 2mir = CT—??g(Zai—an;k>.

i=1 k=1

Then (e1,62) = (e72™, ?™r) and it follows from (3.2) that this (r,s) is
precisely the monodromy data in (2.16). By the Legendre relation 7m; —ng =
27, we see that (3.10)-(3.11) are equivalent to (3.6).

If ny > 0, then % is a singularity. Since a; ¢ E-[2] for all j, (3.7) follows
directly by inserting the expression (3.1) of yac(2) into GLE(n, p, A, 7) and
computing the leading terms at the singularity <. We omit the details here.

To prove (i)-(iii), we recall Remark 2.8 that ®.(2; A) = Ya,c(2)Ya,c(—2).
Since ®.(z; A) is even, it has the same local exponent « at p and —p, and
ac{-1,1,3}.

If & = 3, then the leading term of both ya.(z) and ya.(—2) near p is
(z — p)%, which implies that ya.(2) and ya.(—z) are linearly dependent, a
contradiction.

If « = —1, i.e. £p are both simple poles of ®.(z; A), then by (3.5) we have
aj # £p in E; for all j. Consequently, ai,--- ,an are all zeros of ya (%)
and so are all simple, i.e. a; # a; for i # j. Since ya(2) and ya,(—2) can
not have common zeros, we also have a; # —a; for all ¢, j. This proves (a-i),
where (3.8) can be proved similarly by inserting (3.1) into GLE(n,p, 4, 7)
and computing the leading terms at singularities +p.

If « =1, i.e. £p are both simple zeros of ®.(z; A), one possibility is that

the local exponent of ya .(2) at p is % and at —p is _71 Then (3.1) implies
that —p & {a1,- - -,an} and there are exactly two elements in {aj,---,an}
equal to p in E.. By reordering aq,- - -,ay, (a-ii) is proved. Similarly, for

the other possibility that the local exponent of ya (%) at p is %1 and at —p

is 3, (a-iii) holds. Remark that if (a-ii) or (a-iii) happens, then N > 2 and

so (3.7) holds for at least one k € {0,1,2,3}.
The proof is complete. O
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By the Legendre relation, the matrix (771%7) ,DZT)) is always invertible.
Hence (3.6)-(3.8) imply the monodromy data (r,s) can be uniquely deter-
mined by aq,--- ,an, which contain all the zeros of y;(z; A, W). The next
result is to show that A of GLE(n,p, A,7) can be expressed in terms of
{a1,--- ,an} if Case (a-1) happens, i.e. £p & {a1,--- ,an}.

Proposition 3.4. Let p ¢ E:[2] and A € C. Suppose GLE(n,p, A,T) is
completely reducible and Case (a-i) in Theorem 3.3 occurs, then

1 1
(3.12) A =5 (Clai+p) = Clai = p)) = 5¢(2)
111 ,
- 52% Cp+3)+cp—%))-
k=0

Again, (3.12) can be obtained directly by inserting the expression (3.1) of
Ya,c(2) into GLE(n, p, A, 7) and computing the leading terms at singularities
+p. We omit the proof here.

Remark 3.5. Theorem 2.A implies that for fixed 7 and p ¢ E;[2], there are
only finite many A’s (i.e. zeros of the polynomial d(A)) such that Case (a-ii)
or (a-iii) occurs. Therefore, if a is in Case (a-ii) or (a-iii), we could use a
sequence of a¥ of Case (a-i) to approximate a. In particular, a%,_, and af;
converge to p for Case (a-ii). The fact that c(a¥) converges and (3.8) implies
the sum ((ak_, — p) + ¢(ak — p) also converges, namely (a%_, — p)~! +
(ak — p)~! tends to a finite limit as a¥ — a. Then c(a) and A can be also
expressed in terms of {aj,- -+, an—_2} in Case (a-ii) and (a-iii).

Now we consider that GLE(n, p, Ao, 7) is not completely reducible. Then
Ya,c(z;p) in Proposition 3.1 is the only common eigenfunction up to a con-
stant.

Theorem 3.6. Let p & E;[2] and A € C. Suppose that GLE(n,p, A, T) is
not completely reducible with solution ya c(z) given in Proposition 3.1. Then
There exists (m1,ma) € $Z* such that

(3.13) {a1, - ,an} ={-a1, -, —an} mod A,
N 3w

(3.14) D aj=m+mar+ > ’“2’“ € E,[2],
j=1 k=1

(3.15) c = min1 + mans.

Proof. Remark 3.2 shows that ya.(—2) and ya.(z) are linearly dependent,
so (3.13) follows trivially from the expression (3.1). Besides, (3.2) gives

g:ya,C(z) = 8iya,C(Z)7 € € {:l:l}7 1= ]-a 25
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because the linear dependence of ya o(—2) and ya c(z) imply ¢; = 5;1. Con-
sequently, (3.14)-(3.15) can be proved by the same way as (3.6), where
(m1,mg) € 372 follows from &; € {£1} for i = 1,2. O

Now we want to define the embedding of I',, ;, into Sym~ E,, where N =
Z?:o n; + 1 and SymV E; is the N-th symmetric product of E.. For any
(A, W) e Iy, p, it follows from Remark 2.8 that the solution y;(z; A, W) is
unique up to a sign. By (3.1) and Proposition 3.1, there is a = {a, -+ ,an}
(unique mod A;) such that y;(z; A, W) = ya(2), i.e. a gives all the zeros
of y1(2; A,W). Then we define a map i, : I',,, — Sym’¥E, by

(3.16) inp(A,W) = {[a1],- - -, [an]} € Sym™ E;,

where as introduced in Section 1, [a;] := a; (mod A;) € E.. The above
argument shows that iy, is well-defined. Furthermore, if W # 0, then we
see from Remark 2.8 that

(3.17) inp(A,=W) ={=la],- -, —[an]}.

Proposition 3.7. iy, is an embedding from Iy, ,, into SymNE..

Proof. Suppose inp(A, W) = inp(A, W) = {[a1],--- ,[an]}. Then (3.5) im-
plies . (z; A) = @c(2; A) up to a constant and so A = A by (2.14). Together
with Theorem 2.7, we have W2 = W2, If W = 0 then W = 0. If W # 0

then by (3.16) and (3.17) we also have W = W. This proves the embedding
of inp. O

By applying inp, we could define oy : I'y , — Er by

N 3
(3.18) onp(A, W) 1= o] = >[5,
i=1 k=1
which is the composition of iy, and the addition map {[ai],--- ,[an]} —

vazl[ai] - 22:1[”’“2‘”’“] Thus iy, is also called the addition map. Clearly

N

3
0n7p(A7 -W) =- Z[al] - Z[%] = _UILP(A? w).

i=1 k=

—_

The map oyn,p is a holomorphic map (or a finite morphism) from I'y ), to
E. if the irreducible curve I'y, , is smooth (or if I',, ), is singular). Hence in
both cases, the degree deg oy, = #0;7]10(,2), z € E;, is well-defined. How to
calculate it is the main purpose of the paper.

Definition 3.8. We let Yy, ,(7) be the image of Tnp(7) in Sym™ E; under
inp, and Xy ,(7) be the image of {(A, W) € I'np|W # 0} under inyp.

The next two section will discuss of the limiting of Y3 ,(7) for two case
(i) A — oo and p ¢ E;[2] is fixed; (ii) p — wi/2.
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4. THE CLOSURE OF Yy, (7)
The purpose of this section is to prove the following result.

Theorem 4.1. Letn = (ng,n1,ng, n3) where ng € Z>o. Then the followings

hold.
(i)
Xnp(T) = Yap(7) = Yo (1) U{cos(p), 00— (p)},
where
1o m n s
—— W1 w1 W2 Wy ‘ws ws
( ) CX):l:(p) (O’ ’0’ 2 9 ) 2 ) 2 ] 9 2 ) 2 ) ) 2 M )

Furthermore, Xy () is smooth at co(p).
(ii) The map inp : I'np — Ynp has a natural extension to iny @ I'np —
Yap by tnp(0os) = 004 (p), where {oo+} := I'np\I'nyp is given in

(2.24).

We will prove a slight generalization of Theorem 4.1. Indeed, we want
to study the limiting of Y; ,(7) as p — po & E-[2]. For each p near py,
we associate a A(p) € C and consider GLE(n,p, A(p), 7). Letting a(p) =
{lar(p)], -+, [an(P)]} = inp(A(p), W(p)) and c(p) := c(a(p)) = c given by
Proposition 3.1, we study the limits of a(p) and c¢(p) as p — pp. Since
a(p) € SymVE,, up to a subsequence, we can always assume that a(p) —
a’ = {[a(l)]v M) [a?\/]} and

(4.2) a;j(p) — a? as p — pg, V7.

Proposition 4.2. Let p — pg & E;[2] and S := E;[2] U {x[po]}. Then
In(z;p, A(p), T) converges in E;\ S if and only if A(p) converges if and only
if the corresponding B(p) converges if and only if c(p) converges.

Proof. From (2.2), it is easy to see that Iy(z;p, A(p),T) converges for z €
E-\S if and only if A(p) converges if and only if B(p) converges. To study its
relation with ¢(p), we recall the solution ya() c(p)(2;p) of GLE(n,p, A(p), T)
given in Proposition 3.1. Then

N

w =c(p) + Zg(z —aj(p)) — Zg:nkg(z — )
ya(p),c(p)(z;p) j=1 ! k=0 ’
— 3Gz +p) +¢(z-p)

and so

W (50 (Yo N (Yo )
43 Tap A7) - 0L :( W, <p>) + (Yo

Yam)ep)(7P)  \ Yap)ep) Ya(p) c(p)
= ¢(p)* + 2¢(p)D(z;a(p), p) + D(z; a(p),p)* + E(z;a(p),p),
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where

YN - ay) - S el — )
@4 Dizal)p) "[ Ul 4 e }

and E(z;a(p),p) = D'(2;a(p), p) is given by

e [ Tl — ) T ol — ay(p)

@9) B = | Do T T e |

By (4.2), both D(z;a(p),p) and E(z;a(p),p) converge uniformly for z €
ET\({[CL?] §V:1 U {=£[po]} U E;[2]). Thus, Ih(z;p, A(p), ) converges if and
only if ¢(p) converges. O

Now we discuss the limit a® of a(p) as p — po & E;[2]. There are two
cases: (i) the corresponding B(p) — By € C; (ii) B(p) — oo. Case (i)
is easy, because B(p) — By € C implies A(p) converges to some Ay € C,
i.e. GLE(n,p, A(p), ) converges to GLE(n, pg, Ag, 7), and so lim,,_,,, a(p) =
a® € Ypp, (7). We discuss case (ii) in the following proposition.

Proposition 4.3. Suppose a(p) — a° and B(p) — oo as p — po & E-[2].
Then a° € {cox(po)}, where oo (p) is defined in (4.1).

Proof. Since B(p) — oo, by Proposition 4.2, we have both A(p) and ¢(p) —
00 as p — po. We claim that ¢(p)/A(p) — S for some g € C\ {0} as p — po.
In fact, by differentiating both expressions (2.1) and (4.3) of I (z; p, A(p), 7),
we obtain

(4.6)  2c(p)E(z;a(p),p) = A(p)(p(z —p) — (2 +p)) + other terms,

where other terms remain bounded outside the singularities {[a?] é,\le U
{£[po]} U E-[2] as p — po. Therefore, c(p)/A(p) — B # 0. Since a’ =

limy_,, a(p), (4.6) yields 28E(z;a°% po) = (2 — po) — p(z + po), and it
follows from (4.5) that

S omplz— %) - SV (e — a?)
(1) S s v S i
= p(z —po) — p(z + po)-

From (4.7), we have two possibilities: One is a° = oo (pg) and B = —1; the
other one is a’ = co_(pg) and B = 1. This completes the proof. O

Proof of Theorem 4.1 . Obviously, Theorem 4.1-(i) follows from Proposi-
tions 4.2-4.3 easily.

(ii). The above argument shows that im 4,0 inp(A4, W) = oo (p) (by
renaming W, —W if necessary). As pointed out in (2.24), I'y ,\I'n,, consists
of two points oot := limy_,o0(A,£W). Thus the embedding in, has a
natural extension to Znp : I'np — Yn, by defining 7, ,(co4) == o004 (p). O

We have the following corollary.
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Corollary 4.4. The map ony can be extended to be a finite morphism (still
denoted by oy ;) from the irreducible curve I'y ), to E such that
li A, W) = x[p].
i o ) = +£[p]

Wk
5. THE LIMITING OF Yy, ,(7) AS p — %

5.1. The counterpart of the above theory for H(n, B, 7). Before stat-
ing the main result of this section, we recall the following generalized Lamé
equation (denoted by H(n, B, 7))

(5.1) y"(2) = In(z; B, 7)y(2), z¢€C.
where
3
(5.2) In(z B,7) ==Y _np(ng + Dp(z + %|7) + B,
k=0

and ny, € Z>o for all .

There is a counterpart of the theory about GLE(n, p, A, 7) established in
previous sections for H(n, B, 7), and the proof is simpler due to the absence
of singularities +p ¢ E;[2]. Therefore, we only write down the conclusions
without any details of the proofs. Remark that part of the statements listed
below can be found in [10, 19, 21, 22] and references therein. In this section,
we denote N := 7, 1.

(i) Any solution of H(n, B, 7) is meromorphic in C. The corresponding
second symmetric product equation (1.4) has a unique even elliptic solution

A

®.(z; B) expressed by
3
(5.3) bo(z;B) = Co(B) + > > b (B)p(z + ey

where C’O(B), l;gk)(B) are all polynomials in B with deg Cp > max; i, deg ZA)gk)
and the leading coefficient of C’O(B) being % Moreover, ®,(z; B) = 41(z; B)
91(—z; B), where 91(z; B) is a common eigenfunction of the monodromy

matrices of H(n, B,7) and up to a constant, can be written as

@ I oz — @)
[Tiooo(z = %)

(ii) Let W be the Wroskian of §; (z; B) and 1 (—z; B) (and denote 4, (z; B)
by §1(z; B,W)), then W2 = Qu(B;7), where

Qu(B;7) := &/ (2; B)? — 28,.(2; B)®"(2; B) 4 4I(2; B, 7)®.(2; B)?

is a monic polynomial in B with odd degree and independent of z. Define
the hyperelliptic curve I'y(7) by

Toa(7) :={(B,W)|W? = Qu(B;7)}.

(5.4) 91(2; B) = ya(2) :=
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Then the map iy : I'n(7) — SymNE'T defined by

in(B,W) :={[ar], -, lag]}
is an embedding, where {[a1],- - , [ag]} is uniquely determined by g1 (z; B, W)
via (5.4). Let Yu(7) be the image of I'y(7) in Sym”™ E, under iy, and X,(7)

be the image of {(B, W) € I'y|W # 0} under iy.
(iii) Xn(7) = Ya(7) = Ya(7) U {o0g} where

ni ng ns

no ~
—— w1 w1 w2 wo w3 w3
00q 1= = .. 3.

() ) 7725 )2727 5252) 72

Furthermore, the map i, : I'n — Ya hﬁ a natural extension to 7, : I'n —
Ya (7) by in(00) := 00g where {co} := 'y \I'n.
(iv) The embedding iy, also induces the addition map oy : I'y, — E; by

N 3
oa(B, W) = [ai] = > [P
i=1 k=1
Remark that the map —oy, was already defined in [22, Section 4] and called
a covering map there; while for the Lamé case n; = ng = n3 = 0, o, was
called an addition map in [15]. As before, oy can be extended as a finite
morphism from the irreducible curve I'y(7) to E; such that

(5.6) lim  on(B,W)=0.
(B,W)—00

5.2. The limit of Y, as p — <. For any n = (ng,n1,n2,n3), we define

n,f = (nkio,nfl,nfwnfg), where nfl =n; for 1 # k and n,fk = n; + 1.
Recall N = 7, n; + 1. In the following, we always identify a point a =
{laa], - - lan 2]} € Yo - (7) by a = {[aa], - -, [an—2], [], 5]}

The main result of this section is the following theorem:
Theorem 5.1. Let n = (ng, ni,n2,n3) with ny > 0 for all k. Then

lim Yy ,(7) =Y +(1)UY, (7).
Sk k k

p

In the following, we will give the complete proof for the case p — 0. For
other cases the proof is similar. Let p be a sequence of points in F, and a
sequence (A(p), W(p)) € I'n,p with the corresponding {[a1(p)], -+, [an(p)]} €
Yn,p satisfying ([al (p)]a T [aN(p)]) - ([a’?L T h [CL?\TD We assume that up
to a subsequence if necessary, A(p) — Ag € CU{oc} as p — 0. Then the

same proof as Proposition 4.2 implies

Iy(z;p, A(p), T) converges if and only if c(a(p)) converges

(5.7) if and only if B(p) converges as p — 0.

Indeed, we have a more precise statement. Recall ey := () for k = 1,2, 3.
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Proposition 5.2. B(p) is convergent as p — 0 if and only if

(5.8) A(p) = A5(p) = agp ' +arp+o(p)
with
(59) af = ~(+m0), ag =3+

and some af € C. Furthermore, if (5.8) holds, then In(z;p, AT (p),T) con-
verges to In(:)t(z; BT, 1), where BY and af are related by

3
(5.10) BF = 7(2n¢ + l)ozli — an(nk + 1)eg.
k=1
Proof. Recall (2.3) and it yields
3
(511)  B()= AW) ~C20)A®) — 508) — > milme + Voo + %)
= (w2 - 222 2 o+ 1)
3
- an(nk + l)ek + 0(1)
k=1
— 3
_ (Alpp - ag;gA(p)p —o) > nk(ng + Deg + o(1),
k=1

where o is defined in (5.9). From here, we easily see that B(p) converges
as p — 0 if and only if A(p) satisfies (5.8).
Now suppose (5.8) holds, then (5.11) implies B(p) — B* as p — 0.
Furthermore,
no(no +1)p(2) + §(p(z +p) + p(z = p)) + AP)(C(z +p) — (2 — D))
= no(no + 1)p(2) + 59(2) — 2A(p)pp(2) + o(1)
— [no(no+ 1) + % - 2043]@(2) = n(jio(n(jfo + D)p(2),
where ”(j)t,o =ng =+ 1. Thus I(z;p, AT(p), T) converges to Ina[ (z;B*,7). O

Now, we discuss the limit a’ of a(p) as p — 0. We divide two cases to
discuss: (i) B(p) = Bp € C, and (ii) B(p) — oc.
Proposition 5.3. Suppose B(p) — By € C as p — 0. Then either
(i) a¥ € Y+ (1), where n™ = nf = (ng + 1,n1,n2,n3); or
(it) a° = {[a]],- - -, [0%72]7070} and {[a]],- - -, [a9V72]} € Yy (1), where
n = na = (no — 1,n1,n2,n3).

Proof. By Proposition 5.2, we see that I(z;p, A(p), T) converges to either
(i) In+(2; BT, 1) or (ii) I,-(2; B™, 7).
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For the case (i), because c(a(p)) — ¢ for some ¢y € C by (5.7), we see
that

N
e I, oz — af)
3
o) iy o(s — )

and y,0(2) is a solution to H(n*, BT, 7). This implies a® € Yy+ (7).
For the case (ii), we also have (5.12) but y,0(z) is a solution to H(n™, B, 7).

(5.12) Ya(p),c(a(p) (21 P) = Yao (2) :=

It follows from (5.4) that at least two of {[a{],- - -, [a%/]} must be 0. After a
rearrangement of the index, we have might assume

a’ = {[atl)]v T [a(])\/f2]7070}'
Then we have {[aY],- -, [a%_,]} € Yu- (7). O
Remark 5.4. In the following, we always identify a point {[a{], -+, [a%_5]} €
Yy (1) with the point {[a}],- -, [a%_,],0,0} in Sym™V E,.

Next, we consider the case In(z;p, A(p), ) diverges, i.e. B(p) — oo as
p—0.

Proposition 5.5. Suppose B(p) — oo as p — 0. Then
a(p) — a’ = oo(0)

where

no
——
(5.13)  oo(0) :=< St e e P e °"3,0>

()7...70,?7...’7,77...77777...,7

Proof. Since B(p) — oo, we see from (5.7) that I (z;p, A(p), 7) diverges and
c(a(p)) — oo as p — 0. By differentiating both expressions (2.1) and (4.3)
of In(z;p, A(p), ) and considering p — 0, we obtain

(5.14) 2C(a( ))E(z;a(p), p) + 2D(z;a(p), p)E(2; a(p),p) + E'(2;a(p), p)

e+ oz - )

—annk+1 (z+ %)+ 1

+ A(p)[— o' (z)p+O0(°)).

Then we divide our discussion into two cases.

Case 1. Suppose A(p)p — € C up to a subsequence. Then the
RHS of (5.14) is uniformly convergent outside the singularties E;[2]. Since
c(a(p)) = oo, we have

E(z;a(p),p) — 0 uniformly outside E.[2].
So we see from (4.5) that

3 N
(5.15) anp(z — ) - Z p(z — a?) + p(z) =0.
k=0 j=1
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This implies that there are (ng + 1) of a? equal to 0 and ny of ag-) equal to
% for k € {1,2,3}, namely a’ = 00(0).

Case 2. Suppose A(p)p — oo. By dividing A(p)p on both sides of (5.14),
we see that

2¢(a(p)) .. o _ —2D(z;a(p),p)E(z;a(p),p) — E'(z;a(p),p)
A(p)p Bz alp).p) = p)p

LS g+ D+ | 'y 9

G160 | T80+ p) + 9 - p) | -2+ 00y

Since the RHS of (5.16) converges uniformly to —2¢'(z) outside E;[2], we
have either % — 8 € Cor % — 00. Suppose 7015‘?;’)’;) — g e C.

Letting p — 0, it follows from (5.16) and (4.5) that

3 N
(517) 8 {anw S Y (e ad) + W)] —
k=0 Jj=1

But the RHS of (5.17) has a pole of order 3 at z = 0 while the LHS does

not, a contradiction. Thus, CIE‘?;’;;) — oo and then we obtain (5.15) again,

which gives a’ = 0o0(0). This completes the proof. O

Corollary 5.6. Let (A(p),W(p)) € I'np. Assume that on,(A(p), W(p)) —
[uo] # 0 as p — 0. Then B(p) are uniformly bounded as p — 0. In particu-
lar, In(z;p, A(p), T) converges up to a subsequence of p — 0.

Proof. Suppose by contradiction that up to a subsequence of p — 0, B(p) —
0o. Let a(p) = inp(A(p), W(p)) be the corresponding point in Yy, (7). Then
Proposition 5.5 implies a(p) — oo(0) and so [ug] = 0, a contradiction. Thus
B(p) are uniformly bounded. The proof is complete by applying (5.7). O

Now we are ready to prove Theorem 5.1.

Proof of Theorem 5.1. We prove the case for p — 0 and the other three
cases are similar. Let p — 0. By Propositions 5.3 and 5.5, for any a(p)
€ Yn,(7), a(p) — a° € Yy (1) U Yy,- (1) as p — 0. Conversely, we want to
show that any point a € Y,+(7) U Y,-(7) could be a limit point of some
a(p) € Ynp(r) as p — 0.

First we note that oco(0) is the limit of coy(p) as p — 0.

Given any a = {[a1],--- , [an]} € Yy+(7) and let i+ (B, W) = a for some
B. For p close to 0, we set A(p) := —(3 +no)p~ ' + af p, where o is given
by (5.10):

ot o B+ Zi:l nk(nk + 1)eg
! 2ng + 1 ’
and B(p) by (2.3). Let (A(p), £W (p)) € I'n,p and £a(p) = inp(A(p), W (p)).
By Propositions 5.2-5.3, In(z;p, A(p), ) converges to I +(z;B,7) and so
{£a(p)} converges to {£a}. By a similar argument, we could prove that
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any point of Y, (7) can be approximated by Yy ,(7) as p — 0. This com-
pletes the proof. O

6. THE DEGREE OF THE ADDITION MAP

In previous sections, we have defined the addition map oyn,(-|7) and

on(:|7) from T'yp(7) and I'n(7) onto E. respectively. Since I'y,(7) and
I'n(7) are irreducible algebraic curves, it is an elementary fact that the de-
grees of onp(:|7) and on(-|7) are well-defined. The purpose of this section
is to prove the following result.

Theorem 6.1. Let n = (ng,ni,n2,n3) with n € Z>o and p € E;\E;[2].
Then

3
6.1 deg oy = S e+ 1)
(6.1) g kzo 5
and
3
(6.2) degonyp = an(nk +1)+1.
k=0

To compute the degree of the map oy, we consider p(op (A, W)|T).
Since onp(A, —W) = —onp(A, W), p(on,p(A, W)|T) depends on A only and
is a meromorphic function of A € C. Together with the facts that (i)
©(onp(-, W)|T) has finitely many poles A’s and (ii) onp(A4, W) — £[p] by
Corollary 4.4 and so

(6.3) o(onp(A,W)|T) = p(p|T) as A — oo for any 7 and p & E.[2],

we conclude that there are coprime polynomials P;(A,p;7) € C[A], j = 1,2,
such that

Pl (A p;T )
6.4 onp(A,W)|T
( ) p( 71)( )’ ) PQ(A ;T )
Indeed, a more delicate argument shows P;(A, p; 7) € Qlex(7), p(p|7), ¢ (p|T)]

)
[A]; see e.g. [18, Proposition 3.1]. Here ek( ) = p(%[7), k= 1,2,3. Write
Ap7 Zakpa k andP2Ap7 Zbkpv 7

where ay(p; 7), bx(p; T) € Qlex(), p(pl7), ' (p7)] With am,(p;7) # 0 and
b, (p;7) Z 0.

Lemma 6.2. Let 7 € H and p ¢ E;[2]. Then under the above notations,
the followings hold.

(1) my =mg =:m and

(6.5)



24 ZHIJIE CHEN, TING-JUNG KUO, AND CHANG-SHOU LIN*

(2) If by (p;T) # 0, then

(6.6) degy P1(A,p;7) < degy Po(A,p;7) = degomyp = m.
Furthermore,
(6.7) degy P1(A,p;7) = degy P2(A,p;7) & p(p|T) # 0.

Proof. (1) Take any 7 and p ¢ E.[2] such that p(p|7) # 0, am, (p; 7) # 0 and
b, (p; 7) # 0. Then it follows from (6.3) and (6.4) that m; = mg (denote it
by m) and (6.5) holds. Since both sides of (6.5) are meromorphic in (7, p),
we conclude that (6.5) holds for all 7 and p & E;[2].

(2) Fix any 7 and p ¢ E;[2] such that b, (p;7) # 0. Then degy P» =
m > deg, P and (6.7) follows from (6.5). It suffices to prove deg oy, = m.
Denote m := deg oy p. Take any og & E;[2] U {£[p]} such that

(6.8) np (00) = {(A1, W1) -+, (A, Win) }
consists of 7 distinct elements in I'y, , (7) and the polynomial
(6.9) Pi(-,p;7) — p(o0|7)P2(+, p; 7) has only simple zeros.

If W; = 0 for some i, then it follows from Theorem 3.6 that oy =
onp(Ai, W;) € E-[2], a contradiction. Hence W; # 0 for all i. If A; = A; for
some 7 # j, then W; = —W;. By using

00 = onp(Aj, W) = onp(Ai, =Wi) = —on p(Ai, Wi) = —0p in Er,

we have oy € E.[2], a contradiction again. Thus these A4;’s are m distinct
roots of (6.9), namely

(6.10) deg A (PL(A, p;7) — p(o0|T) Pa(A, p; 7)) = .

Assume by contradiction that deg,(P1 — p(oo|7)P2) > m. By (6.9), the
polynomial P, — p(og|7)P> has another zero Apyy1 & {A1, -+, Azn}. Then
the points (A1, £Wit1) € I'np satisty

Pi(Agy1,057)
(A1, £ Wi = LRl BT ,
p(o ,p< M1 at1)|T) Po(Apr, pi7) p(oo|T)

i.e. either O'n7p(Aﬁl+1, WﬁH_l) = 0 or O'n7p(Aﬁl+1, —Wm+1) = 0@, which is a
contradiction with (6.8) and Ap41 & {41, -+, A }. This proves

deg s (P1(A,p;7) — p(oo|T) Pa(A,p; 7)) =M
hold for almost o ¢ E[2] U {%[p]}, which implies
m = max{deg, P,degy P2} = m = degon,.
The proof is complete. O

Lemma 6.3. Let 79 € H and po € E-,[2]. If at least one of {am(po;10), - -,
aO(pO;TO)7 bm(pO; TO): S bO(POQ TO)} 1$ not Z€ro, then bm(p(); TO) 7é 0.
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Proof. Assume by contradiction that b, (po;70) = 0. By our assumption
and Lemma 6.2-(1), we can take o9 & Er,[2] U {£][po]} such that

P(A, po; 10) := P1(A, po; 10) — p(a0|70) P2(A, po; 70)
is a nonzero polynomial with deg P(A,po;79) < m — 1. Let 74,p¢ & E-,[2]
such that (ps, ) — (po,70) as £ — o0, by (pe; ) # 0 and o9 & E;,[2] U
{%[pe]} for all £. Then Lemma 6.2-(2) gives deg on p,(-|7¢) = m, so
0-1:;2 (UO|T€) = {(A&l’ Wf,l) ) (Af,ma Wé,m)}

and Ag;, @ =1,---,m, are all the zeros of

P(A, pe; ) v= Pi(A, pe; 1) — p(00|e) Pa(A, pe; ¢).
Since deg P(A, po; 70) < m — 1, there is some i such that A,; — oo as £ —

oo. Then Proposition 4.3 implies that the corresponding (a1(Ae;,pe, ), - -
an(Aei,pe, 1)) of (Ags, We;) converges to 0o+ (po), which yields

N 3
- ) ' _ ngWi
g0 = Eli?;)zlaj (Af,upﬁa’rf) % 92 - ipo»
]: =

a contradiction to the choice of og. This proves by, (po; 70) # 0. [l
Lemma 6.4. degon,, (+|7) = m is independent of 7 € H and p ¢ E[2].

Proof. By Lemma 6.2-(2), it suffices to prove that degonp,(-|70) = m for
any 70, po € Fr,[2] satisfying b, (po; 70) = 0.

Case 1. At least one of the coefficients of P;(A,p;79) is not identical 0
in p.

Then we may divide P;(A, p; 7o) by a common factor (p — pg)¢ such that
all the coefficients of the new P; (A, p; 79) := P;(A, p; 70)/(p — po)’ are holo-
morphic at py and at least one of them do not vanish at pg. Then Lemma
6.3 implies by, (po; 7o) # 0, where by, (p;7) = by (p; 7)/(p — po)’, and so the
same proof as Lemma 6.2-(2) shows that degop p,(:|70) = m.

Case 2. All the coefficients of P;(A, p; 7o) are identical 0 in p.

Then we may divide P;(A, p; 7) by a factor (7—7p)* such that Case 1 holds,
which again implies that deg oy p,(-|70) = m. The proof is complete. O

For the addition map oy (:|7) from H(n, B, T), we have the similar result:
There are coprime polynomials P;(B;7) € Q[ex(7)][B] such that

_ hi(Bs7)
Py(B; )
Since (5.6) says on(B,W) = 0 as B — oo, we have degp P,(B;7) >
degp Po(B; 7). Takemura [22, Proposition 3.2] proved that
(6.12) degp Py(B;7) = degg Po(B;7) + 1 for any 7 € H,
4B
[0 k(i + 1))

(6.11) p(on(B,W)|7)

(6.13) p(on(B,W)|7) = +0(1) as B — oo for fixed 7.
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Write A A
mi m2
Pi(Bi7) =Y _ax(r)B* and Py(B;7) =Y by(7)B",
k=0 k=0

where (1), bp (1) € Qlex(7)] with s, (1) # 0 and by, (1) # 0. Then we
have
Lemma 6.5. Under the above notations, the followings hold.
(1) e + 1 =11 =: 1 and
” 4
(6.14) m(T) . ~ = C(n).
bin1(7) [ k=o k(e +1)]

(2) degon(:|7) = m is independent of T € H. Furthermore,
degp Pi(B;7) =1 = deg o (-|7) if am(T) # 0.

Proof. The proof is similar to those of Lemmas 6.2-6.4 with minor modifi-
cations; we omit the details here. O

Recall Theorem 5.1 that
lirgk Yo (1) = qu (r)uU Yn; (7).

="

Thus it is reasonably expected that the degree of oy ) should be the sum of
the degree of o+ and o, . The following result confirms this conjecture,

k
which plays a crucial role in the proof of Theorem 6.1.

Theorem 6.6. Let n = (ng,ny, ng,n3) where n, € Z>o and p € E;\E;[2].
Then for each k =0,1,2,3, we have

deg oy, = deg Tt + deg Ty

Before giving the proof of Theorem 6.6, we would like to apply it to prove
Theorem 6.1.

Proof of Theorem 6.1. It was proved by Wang and the third author [15] that

ng(ng + 1
(6.15) deg o(n4.,0,0,0) = (2)7

Note that (0,0,0,0) and (—1,0,0,0) gives the same GLE, so (6.15) also holds
for ng = —1. Then by Theorem 6.6, we have

ng € Zzo.

(6.16) deg 7(1,0,0,0),p = €8 T(1n9+1,0,0,0) + d€E T(ny—1,0,0,0)
_ (no+1)(no+2)  (no—1)no
= +
2 2
= no(no + 1) + 1.

Suppose that

no(ng + 1 k(k+1
deg o (g k,0,0) = (2 )+ (2 )
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for all 0 < k£ <ny — 1. We claim that

no(nog + 1) N ni(ny +1)
2 2 ’
We note that the following identities hold

(6.17) deg o(ny.n1,0,0) =

deg T (no,n1,0,0) deg 0 (no,n1—2,0,0)
= deg o (np,n,-1,0,0),p
= deg o (ng—1,n1-1,0,0) T d€E T(ng41,n1-1,0,0)5

where the first identity follows from Theorem 6.6 with £ = 1 and the second
one follows from the & = 0. Hence

(6.18) deg o (ng,n1,0,0)

= dego(ng—1,n1-1,0,0) + 4€8 T(ng+1,n,-1,0,0) — €8 T(ng,n,-2,0,0)
ng — 1)n ni1— 1)n no+ 1)(ng + 2 ny—1)n
(o )0+(1 )1+(0 ) (10 )+(1 !

2 2 2 2
B no(no + 1) B (n1 — 2)(’1%1 — 1)
2 2
no(no + 1) nl(nl + 1)
-T2 T

This proves (6.17).
Now we claim that

(6.19) deg o(ng,n1,0,0),p = Po(no + 1) +n1(ng +1) + 1.
Indeed, a direct consequence of (6.17) and Theorem 6.6 imply that

(620) deg O'(no,nhQ,()%p
= deg U(n0+17n1»070) + deg O-(n0717n’17070)
_ (no +1)(no +2) n ni(ny +1) n (no — 1)ng N ni(ny +1)
2 2 2 2
=no(no+1)+ni(n1 +1)+ 1.

This proves (6.19).
By the same argument as (6.18) and (6.20), we could derive the formulas
(6.1)-(6.2) for any n = (ng, n1,n2,n3) via induction. O

The rest of this section is devoted to the proof of Theorem 6.6 for & = 0
(the other cases k € {1,2,3} can be proved in an analogous way and we
omit the details). Denote ny = n* and

+

degonyp =m, degoy+ =m™, dego,- =m".

Our goal is to prove m = m™ +m~. Recalling Lemmas 6.4 and 6.5, in the
sequel we fix 7 (so we will omit the notation 7 freely) such that

appx(7) # 0 and by, (+;7) # 0.
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Then (o= (B, W)) (see (6.11) and (6.14)) can be rewritten as
[17% (B~ BY)
[T (B - B
where E?i’s and BfOi’s are all the zeros of P;(B) and Py(B) (corresponding
to nT) respectively. On the other hand, since by, (-;7) # 0, we take any

sequence p — 0 such that by, (p) # 0 and p(p) # 0, then p(onp(A4, W)) (see
(6.4) and (6.5)) can be rewritten as

(6.21) p(on=(B,W)) = C(n)

[T, (A — AY(p))
(6.22) p(onp(A,W)) = p(p) [I7, (A~ A% (p))’
where A?%(p)’s and A5°(p)’s are all the zeros of P1(4, p) and P2(A, p) respec-
tively.

To prove m = m™* +m™~, we need to study the asymptotics of A?(p)’s and
A% (p)’s as p — 0. In the sequel, when we say as p — 0, we often mean up
to a subsequence of p — 0 if necessary.

By Corollary 5.6 and Proposition 5.2, A? (p) satisfies the asymptotic for-
mula (5.8) as p — 0. We denote AY(p) by A%" (p) if

(6.23) A?+ (p)=—(3+no)p ' + a?+p + o(p) for some a9 € C,
and by AY (p) if
(6.24) AV (p) = (3 +no)p ' +af p+o(p) for some of € C.

We assume that there are A" (p), -+, A?,; (p) and Ai(l)_ (p), -+, AV, (p) (count-
ed with multiplicity), so m = my + ma. Let BY" (p) be the coefficient of
GLE(n,p, Agi (p)). Then by (5.10), we have

B?i (p) — B?i as p — 0,

where
3
(6.25) BY = —(2no + 1)a?" = nilng, + Ve,
k=1
3
(6.26) B = (2no+ 1)al” = ng(ng + ey
k=1
Also by Proposition 5.2, GLE(n,p, ? (p)) —H(n* Boi) as p — 0. Since
(6.22) says p(o'n,p(AlQi (p), WiOi (p))) = 0 for each p, we have

plows(BY W) = lim o (on,(A7 (1), W ) =0.

Recalling {BY" - BOJr Yand {BY -, B?ni} in (6.21), our above argument
yields the followmg corollary
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C?I‘OllaryAﬁj_ BZQ+ € {B(l)+a " -,Bg;} for eachi=1,2,---,my and B‘?i €
{3977 .. .7BT0’;} for each j =1,2,---,ma.

Later we will prove m; = m™* and ms = m ™. Indeed, our proof will imply
+ + A0+ 50t - - 20— 20—
{B[l) ,---,B%}:{B? 7""B7(~],L+} and {B? 7"'7B9n2}:{B? v"'vBSr}'

1

See (6.51) below.
Next we consider the asymptotics of A°(p)’s as p — 0. Since (6.22) says

(6.27) Oup(AF(p), Wi*(p) =0 for each p,

it might happen that the corresponding GLE(n,p, A (p)) does not con-
verge as p — 0. If GLE(n,p, A%° (p)) converges, again A°(p) satisfies the
asymptotic formula (5.8) as p — 0, and we denote it by Af°+ (p) if

(6.28) Af°+ (p)=—(3+no)p~ ' + af°+p + o(p) for some af°+ e C,
and by A% (p) if
(6.29) AP (p) =0+ no)p L + a$® p+ o(p) for some af° € C.

If GLE(n, p, A$° (p)) does not converge, then there are three alternatives of
A%° (p) up to a subsequence, according to Proposition 5.2:

(D-i) A% (p) = A (p) where
AXY(p) = —(3 +no)p™ ! + ™ +0(1), o £ 0,
(D-ii) A%(p) = A% (p) where
A (p) = (2 +no)p™" + a3 +o(1), a3 £ 0,
(D-iii) A$°(p) = A77%(p) such that
A (p)p = B € CU {00\ [—(& + o), (3 + o)}
The key step is to prove the following result.

Lemma 6.8. Recall (6.27) that oy, (0) = {(AP(p), W°(p))}~,. Then
there are mq — 1 of {GLE(n,p, A3°(p))}7, converge to Hn', B) for some
B, and mg — 1 of them converge to Hn™, B) for some B, and the rest two
(say A _1(p) and ASQ(p)) do not converge. Moreover, AS°_,(p) and AL (p)
belong to the case (D-iii) with AZ(p)p — Bi € C\{—(3 + no), (2 +no)},
t=m—1,m asp— 0.

Proof. Step 1. We prove that there are some i’s such that GLE(n, p, A°(p))
does not converge as p — 0.

Suppose GLE(n, p, AS° (p)) are convergent for all i. Suppose ki of them
converge to H(n™, B) and ks of them converge to H(n™, B). Then we rewrite
(6.22) as

[T (A = AP () - T2 (A - AY (p))

6.30 On,p A7W = + .
(6.30) g (onp( ) p(p)l_[fll (A= A" (p) - TI2, (A - A (p))
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Fix 09 € E;\E;[2] such that p(0¢) ¢ {0, 00}. The same proof of Theorem
5.1 implies that there exist cr;)IE € E;\E;[2] and

(6.31) (A%(p), W (1) € o} (o) with lim o = o0,

such that GLE(n, p, AT(p)) converges to H(n™, B¥) for some B*, namely
(6.32) At (p) = — (3 +no) p~ L4+ atp+o(p) for some at € C,
(6.33) A~ (p) = (2 +no) p L+ a"p+o(p) for some o~ € C.
Recalling (6.23)-(6.24) and (6.28)-(6.29), we remark that

(631) ot g{al Liu{af ) o g {al hiu{al

namely AT (p) — A?i (p) = (o — ol

7

)p + o(p) with a* — a0 # 0 for any
i and so do AT (p) — A;X’i(p). For example, if o™ = a?+ for some %, then
GLE(n, p, A?+ (p)) also converges to H(nt, BT), the same limit as that of
GLE(n,p, AT (p)). This yields from (6.31) that

0=p (ony (A @, 1)) =9 (ons (B, WH))
= lim o (om; (A7(2), W' () = lim p(o;) = p(00) & {0, 00},
a contradiction.

Now by inserting A = A™(p) into (6.30), we easily see from (6.23)-(6.24),
(6.28)-(6.29) and (6.32) that

pm1—m2—2 . O 1)
o)
Here different from the notation O(1), we use the notation O(1) to denote
various quantities depending on p which is uniformly bounded away from 0
and oo as p — 0. However, inserting A = A~ (p) into (6.30) leads to

pMQfﬂ”n*Q . O(l)
p(ap ) = — )
pha—k1 . (’)(1)

(6.35) p(00) +o(1) = p(o,) = as p — 0.

(6.36) p(oo) +0(1) =

which contradicts with (6.35). This proves Step 1, namely there must exist
A(p) € A™ :={A7(p), - AL (D)}

such that GLE(n, p, A2° (p)) does not converge. Suppose there are 1, {5 and
U3 A (p)’s satisfying (D-i), (D-ii) and (D-iii) respectively. Then we rewrite
(6.22) as

(6.37) o (omyp (A, W)) =
o () TIM (A — AY () - [T (A — A (p)
T2, (A — AR () TTE2, (A — A3 () TTooy TLLy (A — A7 (p)
Step 2. We prove that (¢1,¢2,¢3) € {(0,0,2),(0,2,1),(2,0,1)}.
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By the asymptotics (6.32)-(6.33) and (D-i)-(D-iii), we have

AT (p) = A7 (p) = =7 +o(1), a7 #0,
(6.38) { A+£> —ASOQ(JJZ) ~(1+2n0)p~ + O(1),

A™(p) — A7 (p) = (1+2n)’+0()
(6.39) { A (p) — A% () = a2+ o(1), a3 %0,

and

AT (p) — AX(p)
(6.40) L =) —a=) =00

Again by inserting A = A*(p) into (6.37) and using (6.31), we have the
following identity

pm™ 2 0(1)
phrke= T (AT (p) — A7 (p))
_ P 0(1)

phr =G T (A (p) — A7 (p)
Together with (6.40), we obtain
(6.42) 2 (m1 —mg) =2 (k1 — ko) + (61 — £3),

which implies ¢ — {5 is even. Since p(0g) # 0, (6.41) and |A™ (p)— A% (p)| >
Ip|=1 - O(1) also yield

(641)  ploo) =

(6.43) p| 7% <0(1) HW — A3 (p)|

L1449 9

=0(1)- Ip\ml_m_Q—(kl_kQ—b) =01) |p| = 2

% — 2 < —/3, namely

which implies
(6.44) 0 <0+ 0+ 203 < 4.
From here and that /1 — £5 is even, we see that
(41,42,¢5) = (0,0,1),(0,0,2),(0,2,0),(0,2,1),
(2,0,0),(2,0,1),(1,1,0),(1,1,1),(1,3,0),(3,1,0).
On the other hand, we have
(6.45) my+mo =m =ky + ke + {1 + by + 3.
From here and (6.42), we can only have
(01,42,¢3) =(0,0,2),(0,2,1),(2,0,1),(1,1,0).

The case (¢1,¢2,¢3) = (1,1,0) is impossible by (6.41). This proves Step 2.
Step 3. We prove that (¢, f2,03) # (0,2,1),(2,0,1) and so (¢1,42,03) =
(0,0,2).
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Suppose (¢1,£2,¢3) = (0,2,1). Then it follows from (6.42) and (6.45) that
ki = my — 1, ko = mg — 2. Inserting these into (6.41) leads to A% (p) —
AT (p) = 0(1) -p, s0

(6.46) A (p)p = Br € C\{—(} +10), 3 + o).

To get a contradiction, we take any B and consider A(p) such that
GLE(n,p, A(p)) — H(n™, B) as p — 0. The existence of such A(p) is proved
in Theorem 5.1, which has the following asymptotics

(6.47) A(p) = (3 +no)p~ ' +arp+o(p)
where

B+ Zzzl ng(ng + ek

6.48 7=
(6.48) 4 2n0 + 1

Furthermore, the proof of Theorem 5.1 also implies p(on p (A(p), W(p))) —
o(0n-(B,W)). By (6.37) and ({1, £2,03) = (0,2,1) we have
plonp(A(p), W(p))) =
o) T (AW) — A2 () TP (Alp) — A7 () (A) — AT ()~
12 (Alp) — A2 () T2 2 (A(p) — A (p) [T, (A(p) — A7%(p))

Inserting the asymptotics of A(p), (6.23)-(6.24), (6.28)-(6.29), (D-2) and
(6.46) to the above formula and letting p — 0, we easily obtain
(6.49)

@(Un* (B7 W)) =

[ (B -B))
(14 2n0)(2 + ng — Br)ag™as? HZ’ZTQ(B —- B

where BY" = lim,—0 BY (p) is given in (6.26) and similarly for B® =
lim,_0 B (p). However, (6.49) contradicts with (6.11) and (6.12). This
proves ({1,02,03) # (0,2, 1) Similarly we can prove ({1,/2,03) # (2,0,1)
and so ({1, ¢2,¢3) = (0,0 2)

Step 4. We complete the proof.

Since ({1, 02, ¢3) = (0,0,2), then (6.42) and (6.45) imply k1 = m; — 1 and
ko = mg — 1. Inserting these into (6.41) leads to H?Zl(Ai(p) — A% (p)) =
O(1) - p~2 and so A7 (p)p = Bi € C\{—(5 + no), (3 + ng)}. The proof is
complete. O

We are in the position to prove Theorem 6.6.

Proof of Theorem 6.6. We only need to prove this theorem for the case k=
0. For the other cases k € {1,2,3}, since p — =% is equivalent to p— % — 0,
the desired assertion follows from the case p — 0 by changing varlable
z — 2z — “¢ in GLE(n,p, A) and H(n*, B).
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Thus we consider k = 0. As pointed out before, we only need to prove
m™* =my and m~ = ma. Since by Lemma 6.8, we can rewrite (6.22) as

(6.50)  p(onp(A,W))

_ p(p) [Ti (A — A (p)) - [I723 (A — AV (p))

T (A= AR () T2 (A= A () [T (A= AR ()
and then repeat the argument of Step 3 in Lemma 6.8: Take any B and con-
sider A(p) satisfying (6.47)-(6.48) such that GLE(n,p, A(p)) - H(n™, B) as
p — 0. The same proof as that of Theorem 5.1 implies p(onp(A(p), W(p))) —
@(0n-(B,W)). Then by inserting the asymptotics (6.47)-(6.48) of A(p),
(6.23)-(6.24), (6.28)-(6.29), and (D-iii) in Lemma 6.8 to the formula (6.50),
we easily obtain for p — 0 that

[172(B - BY")
[ (B-BF)
where C'(n™) is a nonzero constant. Note that (6.51) holds for all B. Com-
paring (6.51) with (6.21), we conclude my = m~ = dego,-. Similarly, by
fixing any B and considering A(p) satisfying

Ap) =—(§+no)p " +afp+o(p)

(6.51) plon-(B,W)) = C(n")

where .
ot B+ S ey ne(ng + L)eg
e 2n + 1 ’
such that GLE(n, p, A(p)) — H(n™, B) as p — 0, we can prove
; [ (B—B)

plont (B, W)) = C(n™) C(n™) #0,

1 )
T2 (B = BXY)
so m; = m" = dego,+. In conclusion,

deg o+ +dego,- = my +ma = degon,p.

This completes the proof. O
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