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Abstract

We study a non-Abelian Chern-Simons system of rank 2:

Auy e e“r 0 e 47 N1 6, .

(Aui) +K (e“2> - K ( 0 e“2> K (6“2) - (47TN;52> in R?,
where N1, Ny € N U {0}, dp is the Dirac measure at 0, and K = (a;;) is a
2 x 2 matrix satisfying a1, ase > 0, a12,a21 < 0 and det K > 0, including the
Cartan matrix B,. The existence of non-topological solutions has remained a
long-standing open problem. Here by applying the degree theory, we prove the
existence of radial non-topological solutions (u,us) satisfying the prescribed
asymptotic condition uy(z) = —2ay In|z| + O(1) as |x| — oo for some aj, > 1.
We also construct bubbling solutions to show that the range of (ai,a2) is
optimal in some sense. This generalizes a recent work by Choe, Kim and the
second author, where the SU(3) case (i.e. K is the Cartan matrix Ay) was
investigated.

1 Introduction
In this paper, we study a non-Abelian Chern-Simons system of rank 2:
Auq eut et 0 e"\  (4mnNido\ . 9
(Am) + K (e"2> —K( 0 e“2> K (6“2) = (47rN250 in R, (1.1)

where N1, No € NU{0}, ¢ is the Dirac measure at 0, and K = (a;;) is a 2 X 2 matrix satisfying

aii, g > O, aiz, a1 < 0 and a11Qa22 — Q120921 > 0. (12)
System (1.1) could be considered as a perturbation of the following Liouville system

Aul aill a19 et _ 47TN150 . 2

(AUQ) T (a21 a2 eY? - 4WN260 in R (13)
See [1, 2, 3]. Under the assumption (1.2), system (1.3) is also called competitive in the literature,
comparing to the cooperative case where a2, as > 0.

System (1.1) is motivated by various self-dual gauge field theories in physics. Our first
motivation comes from the relativistic non-Abelian Chern-Simons model, which was proposed
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by Kao and Lee [19] and Dunne [9, 10] to explain the physics of high critical temperature
superconductivity. Following [9, 10], the relativistic non-Abelian Chern-Simons model is defined
in the (2 + 1) Minkowski space R}2 and the gauge group is a compact Lie group with a semi-
simple Lie algebra G. The Chern-Simons Lagrangian action density £ in 2 + 1 dimensional
spacetime involves the Higgs field ¢ and the gauge potential A = (Ag, A1, A3). We consider
the energy minimizers of the Lagrangian functional, which turn out to be the solutions of the
following self-dual Chern-Simons equations:

D_¢=0,

1

1.4
FJr* = ?[(ﬁ - Hd)v ¢T]7¢L¢T]v ( )

where D_ = D1 - iDQ, K > 0, FJF, = 8+A7 - 87A+ + [AJF,A,] with Ai = A1 + iAQ,
0y = 01 £i05 and [, -] is the Lie bracket over G. In [10], Dunne considered a simplified form of
the self-dual system (1.4), in which the fields ¢ and A are algebraically restricted:

¢=> ¢"Ea,
a=1

where r is the rank of the gauge Lie algebra, E, is the simple root step operator, and ¢* are
complex-valued functions. Let u, = In|¢®|,a =1,---,r. Then system (1.4) can be reduced to
the following system of nonlinear partial differential equations

AUaJFHlQ(biKabe bzzleubee LKbC>47rZ(Sp,1<a<r (1.5)
=1 1e=

where K = (Kp) is the Cartan matrix of a semi-simple Lie algebra, {p}};=1,...,n, are zeros of
¢* (a=1,---,7), and J, denotes the Dirac measure concentrated at p in R2 See [27] for the
derivation of (1.5) from ( 4). For example, there are three types of Cartan matrix of rank 2:

As(ie. SU(3)) = (_21 21) . By — (_22 21> , Gs— (_23 ;) . (1.6)

Let (K1), denote the inverse of the matrix K. Assume that

I8

S UENap >0, a=1,2,---,r. (1.7)
b=1
A solution u = (uq,--- ,u,) of (1.5) is called a topological solution if

b=1

ug(z) = In (Z(Kl)ab> as || = +o00, a=1,---,r,

a solution u is called a non-topological solution if
ug(x) = —oc0 as x| = 400, a=1,--- 1

The existence of topological solutions of system (1.5) either in R? or a flat torus has been
well investigated in the last decades. In 1997, Yang [27] proved the existence of topological
solutions to (1.5) for any configuration p{ in R? via variational methods. Later, for a flat
torus with doubly periodic boundary conditions, Nolasco and Tarantello [23] studied system
(1.5) with the Cartan matrix Ay and obtained the existence of a topological solution and a
mountain-pass type solution. Recently, Han and Tarantello [14] generalized the results of [23]
to the more general competitive case where K is a 2 X 2 matrix satisfying (1.2). Their proof
[14] is based on variational methods and does not seem to work in the cooperative case. This



indicates that the cooperative case is generally different from the competitive case. See also
[13] for similar results to the Gudnason model.

On the other hand, the existence of non-topological solutions (and mixed-type solutions,
see below) seems much more difficult than topological solutions to obtain, and there are very
few results concerning the existence of non-topological solutions (and mixed-type solutions) in
the literature. Very recently, some existence results of non-topological solutions to (1.5) with
K = A,,B; and Gy have been proved by Ao, Lin and Wei [1, 2] by a perturbation from
the corresponding Liouville system (1.3). However, their results are still very limited toward
understanding the general theory of non-topological solutions.

In this paper, we focus on the radially symmetric solutions of (1.5) when all the vortices
coincide at the origin. We only consider the rank 2 and competitive case, namely K is a 2 x 2
matrix satisfying (1.2). Moreover, we may assume, without loss of generality, that kK = 1. Then
system (1.5) turns to be (1.1). In particular, when K = Aj, (1.1) becomes the following SU(3)
Chern-Simons system

Aul + 2(6“1 _ 262u1 + €u1+u2) _ (euz _ 262u2 + eul-‘ruz) — 47TN1(50 ] )
9 9 in R=. (1.8)
Aug + 2(e"? — 222 4 e"1142) — ("1 — 22" 4 e"17¥2) = 47 Nyd

Recently, Huang and Lin made classifications of radially symmetric solutions for the SU(3)
system (1.8) in [16] and for the more general system (1.1) in [17] respectively. As in [17], in
order to simplify the expression of system (1.1), we consider the transformation

a22 — @12 a11 — @21
(ul,ug) - luyu+n———— uo+Iln—M——
a11022 — 12021 a11G22 — G12G021

and let

(01,02) = <a12(a11 —a51) —ag(az; — a12)> .

)
a11022 — 12021 (11022 — A12021

Clearly the assumption (1.2) gives a; > 0 and ag > 0. Then system (1.1) becomes

Aup + (1+ar)(e™ — (14 ay)e”™ + are*72)
—a(e"? —(1+ ag)e2“2 + age"tU2) = 47 N1 6

Aug + (14 az)(e"2 — (1 + ag)e®"2 + age™T42)
—ap(e" — (14 ay)e*™ + aje™T2) = 47 Nydy

n R2. (1.9)

Remark that the above transformation is just the identity for the case K = As.

The main goal of this paper is to study the existence of non-topological solutions of the
competitive Chern-Simons system (1.1) by seeking non-topological solutions of system (1.9).
Therefore, in the sequel, we only need to consider system (1.9). As in [17], we easily see
that a solution (u1,uz2) of (1.9) is a topological solution if (uy,us) — (0,0) as || — +oo;
a non-topological solution if (uj,us) — (—o00,—00) as |z| — 4o00; a mized-type solution if
(u1,u2) = (In ﬁ, —00) or (uy,uz) = (—o0,1In ﬁ) as |z| = +o0.

It is worth to point out that system (1.9) has also applications to the Lozano-Marqués-
Moreno-Schaposnik model [22] of bosonic sector of N' = 2 supersymmetric Chern-Simons-Higgs
theory, and the Gudnason model [11, 12] of A/ = 2 supersymmetric Yang-Mills-Chern-Simons-
Higgs theory. We refer the reader to [17] for details on these applications.

Define a continuous function .J : R? — R by

1+ ag)
2

Ta,y) = 22 ol to),

5 (1.10)

x2 + aja2xy +

In [17], among other things, Huang and Lin proved the following interesting result.

Theorem A. [17] Let a1, az > 0. Suppose that (u1,uz2) # (0,0) is a radially symmetric solution
of system (1.9). Then both uy < 0 and uz < 0 in R?, and one of the following conclusions holds.



(1) (u1,us2) is a topological solution.
(i) (u1,usz) is a mized-type solution.
(#i1) (u1,u2) is a non-topological solution and there exist constants aq, s > 1 such that
uj(z) = =205 Injz| + O(1) as |z| = 400, j=1,2. (1.11)
Consequently, e“t, e € LY(R?). Moreover, (ay,az) satisfies

J(Oél—l,OéQ—l)>J(N1—|—1,N2—|—1). (112)

Remark that the inequality (1.12) follows from the following Pohozaev identity (see [17] or
Lemma 2.2 below):

J(al—1,a2—1)—J(N1+1,N2+1)
71+CL1+CL2
n 4

0o 1.13
/ r [(12(1 +a1)e®™ + ar (1 + ag)e?? — 2a1a26“1+“2] dr. ( )
0

Therefore, (1.12) is a necessary condition for the existence of radially symmetric non-topological
solutions satisfying the asymptotic condition (1.11). After Theorem A, it is natural to consider
the following long-standing open question (see [27, Section 8] for instance).

Open Question: Let aj,as > 0. Given oy, s > 1 satisfying (1.12). Is there a radial non-
topological solution of system (1.9) subject to the asymptotic condition (1.11)?

If welet Ny = No = N, a1 = a2 and u; = ug = u in (1.9), then system (1.9) turns to be
the following Chern-Simons-Higgs equation

Au+e"(1 —e*) = 47Ny in R (1.14)

Equation (1.14) is known as the SU(2) Chern-Simons equation for the Abelian case, which
was proposed by Hong, Kim and Pac [15] and by Jakiw and Weinberg [18] independently. In
the past twenty years, the topological solutions and non-topological solutions of (1.14) have
been well studied; see [3, 4, 5, 6, 7, 25, 26] and references therein. Remark that the Pohozaev
identity plays an important role in studying non-topological solutions of (1.14). Let u be a
radially symmetric non-topological solution of (1.14) and satisfies u(x) = —2aln|z| + O(1)
near oo. Then the Pohozaev identity gives

1 oo
(=172 = (N+1)?*= 5/ re?"dr > 0,
0
which implies & > N + 2. In 2002, Chan, Fu and Lin [4] proved that the inequality o > N + 2
is also a sufficient condition for the existence of radial non-topological solutions u with u(x) =
—2a1In |z| + O(1) near co. However, as pointed out in [8], this might not hold for our problem
(1.9) with the asymptotic condition (1.11). The reason is following: there might be a sequence
of solutions (u1 x, U2 ) such that only one component blows up, but the other does not, i.e. the
so-called phenomena of partial blowup; see Theorems C and 1.3 for instance. As a result, only
one of the L! norms of e?“1:» and e?“2» tends to 0 as n — oo, which implies that the quantity
J(ar —1,a — 1) — J(Ny + 1, Na + 1) might not converge to 0, namely it has a gap. Therefore,
roughly speaking, the inequality (1.12) might not be a sufficient condition for the existence of
radial non-topological solutions satisfying (1.11).
Define Ja,(7,y) = 22 + 2y + y? for the SU(3) Chern-Simons system (1.8). Recently, Choe,
Kim and the second author [8] gave a sufficient condition for the existence of non-topological
solutions to system (1.8) subject to the asymptotic condition (1.11).



Theorem B. [8] Let N1, Ny be non-negative integers. Define

—2N; — Ny —3 < ag —a; < Ni +2Ny+3
201 + g > N1+ 2Ny +6 . (115)
a1+ 2as > 2N+ No + 6

Sa, =< (a1, )

Then

- 041,042>1

SA.2 - QAz - {(051,042) ‘ JAQ(al — 1,0 — 1) > JA2(N1 +1’N2+1) }7 (1.16)

and for each fixed (a1, an) € Sa,, system (1.8) has a radially symmetric non-topological solution
(u1,u2) subject to the asymptotic condition (1.11).

In [8], Theorem B was established via the Leray-Schauder degree theory. To apply the
degree theory, they made a deformation from (1.8) to the SU(3) Chern-Simons system without
singular sources (i.e. Ny = Nz = 0 in (1.8)), and then proved a priori estimates for radial
solutions satisfying (1.11) under the condition (a1, as2) € Sa,. Furthermore, they also proved
the following interesting result, which indicates that the phenomena of partial blowup occurs
on some part of dSa,, and so Sa, is an optimal range of (o, az) in view of the degree theory.

Theorem C. [8] Let N1, N2 be non-negative integers. Let (a1, as) € Qa, satisfy
ag — a1 = Ny + 2N5 + 3.

Then there ezists a sequence of radially symmetric bubbling solutions (uy n,us2,,) to system (1.8)
such that supg: Uz, — —00 as n — oo. Furthermore,

(i) thereis a intersection point Ry, > 1 of u1 5, and ug y, such thatuy , — U in C?

loc(B(O’ Rl,n))
and lim, oo fgj re"tndr = 0, where U is the unique radial solution of

AU + 2€U - 4€2U = 47TN1(S() m R2,
U(z) = —2(aq + ag — 1) In|z| + O(1) as |z| = .

(it) there exists (a1 n,2,) € Q such that
wjn(r) = =20, In|z| + O(1) as |z| — +oo0, j=1,2,
and (051,7L7042,n) — ((11,012) as n — 00.
The purpose of this paper is to generalize Theorems B and C to the more general system

(1.9). Clearly, as pointed out in [14, 17] and seen also in the following proof, this more general
situation poses new analytical difficulties compared to the SU(3) case. Define

Q= {(Otl,OLQ) | o, g > 1 and J(Oél — 1,0&2 — 1) > J(Nl + 17N2 + 1)}, (117)

and
S :={(a1,a2) | a1,a2 > 0 and (aq,a) satisfies (1.19) — (1.22)}, (1.18)

where

[(1 + al)(l + a2) — 20,10,2]052 — CLQ(l + a2)0é1

< (12(1 + CLQ)Nl + (1 + al)(l + ag)NQ + 2(1 +a; + ag), (119)
[(14a1)(1+a2) —2ara2]a; —ar(1+ ay)as
< a1(1 + al)Ng + (1 + (11)(]. + a2)N1 + 2(1 +a; + CLQ), (120)
1+aq

[3(1 + al)(l + ag) — 4&1@2}0&1 + [(1 + a1)(1 + CLQ) — 2&1&2]0(2

a2



1+4a1)*(1+ 1+
S (14 an)(1+ ag)Ny 4 LFa) (A Fa) o (4+2 “1) (1+a +a),  (1.21)
a9 ag
1+
[B(1+a1)(1+a2) — 4aras]as + ala2 [(14a1)(1+ a2) — 2a1a2]an
1+a2)?(1+ 1+
> (1+a1)(1+ a2)N2 + ( a2)a( al)N1+ (4+2 aa2) (14 a1 + a2). (1.22)
1 1

Then our first result is following.

Theorem 1.1. Let N1, Ny be non-negative integers. Suppose that ai,as > 0 satisfies
(1+a1)(1+az) > (6—2\/5) ayas. (1.23)

Let Q and S be defined in (1.17)-(1.18). Then SN Q # 0, and for any fized (a1, a2) € SN
Q, system (1.9) admits a radially symmetric non-topological solution (uy,us) satisfying the
asymptotic condition (1.11).

Remark 1.1. Theorem 1.1 gives a partial answer to an open question raised by Yang [27,
Section 8] in 1997. We will prove in Section 2 that S # 0 if and only if (a1, a2) satisfies (1.23).
Hence (1.23) is a necessary condition for our result. For the SU(3) system (1.8), we have
(a1,a2) = (1,1), which yields S = Sa,, Q@ = Qa, and J = Ja,, so Theorem 1.1 reduces to
Theorem B. Differently from the SU(3) case, the statement S C S might not hold in general.
For example, we will prove in Section 2 that

S cCQ if(1+a1)(1+a2)—4a1a2§0,
SZQ if (1+a1)(1+az)—4araz > 0 small enough.

Tt is interesting that, when (1 + a1)(1 + a2) < 2ajas, then (1.19)-(1.20) hold automatically
for all oy, > 0. For example, let us consider the Cartan matrix Bs case. Let K = By in
(1.1), then system (1.1) becomes the following Bs Chern-Simons system

™2
uz uy 2uo uytug 2uy __ in R=. (124)
Ausg + 2e 2e 4e°"? + 2e + 4e*"t = 47 Ny

{ Ay + 2e™ — e¥2 — 4e2™1 4 202¥2 = 47 N, 4,
For this By system, we have (a1, a2) = (2,3) and so (1+a1)(1+az2) = 2a;a2. Then by applying
Theorem 1.1 directly, we easily obtain

Theorem 1.2. Let N1, Ny be non-negative integers. Then for any (a1, as) satisfying
a; > N1+ Nao+3 and as > 2Ny + Ny +4, (1.25)

the Bo Chern-Simons system (1.24) has a radially symmetric non-topological solution (uy,us)
subject to the asymptotic condition (1.11).

For the Cartan matrix K = Gg case, we have (a1, a2) = (5,9), which does not satisfy (1.23).
Therefore, Theorem 1.1 can not be applied to the Go case unfortunately. For the case

(I4+a1)(l+az) < <6 — 2\/5) aas

(such as the Gy case), the existence of non-topological solutions of system (1.9) subject to the
asymptotic condition (1.11) remains open.

As in [8], we will also prove Theorem 1.1 via the degree theory. Differently, here we make
a continuous deformation from our original problem (1.9) to the SU(3) Chern-Simons system
(1.8). By proving a priori estimates for this deformation problem, we will apply the homotopy
invariance of the Leray-Schauder degree to prove Theorem 1.1. Since the variational method
does not seem to work for the cooperative case, we believe that the degree theory is a feasible
way to treat the cooperative case, which will be considered in a future project.



After Theorem 1.1, we may ask a natural question: Is the set S N an optimal range of
(a1, ) for the existence of radial solutions satisfying (1.11) in view of the degree theory? To
answer this question, we prove the following result about the existence of bubbling solutions,
which shows that the phenomena of partial blowup also occurs on some part of the boundary
of SN just as Theorem C.

Theorem 1.3. Let Ny, No be non-negative integers. Suppose that ai,as > 0 satisfies
(1+01)(1+a2) > 2a1as. (126)
Let (a1, a0) € Q satisfy oy # as and

[(1 + al)(l + ag) — 2a1a2]a2 — a2(1 + ag)Oél

1.27
:a2(1+a2)N1+(1—|—a1)(1+a2)N2+2(1—|—a1 +a2). ( )

Then system (1.9) admits a sequence of radially symmetric bubbling solutions (ui n,u2,n) such
that suppe 2,y — —00 as n — 00. Furthermore,

(i) there exists a intersection point Ry, > 1 of w1, and us, such that ui, — U in
C? .(B(0,Ry.,)), where U is the unique radial solution of

loc

AU + (1 +a1)eV — (1 +a1)?e?V = 4nN16y in R?,
U(z) = =2yInjz| + O(1) as|z| =

with v = a1 + 12-;1;2 (g — 1). Besides, lim,,_ o fgf re¥tndr = (.

(i7) there exists (1., 2.n) € Q such that
Ujn(x) = =20, In|z| +O(1) as|z| = +oo, j=1,2,
and (0q pn, 2.n) — (a1, a2) as n — co.

Remark 1.2. Clearly Theorem 1.3 generalizes Theorem C. Observe that (1.26) is a neces-
sary condition for Theorem 1.3, otherwise there are no (a1,a2) € Q satisfying (1.27). The
assumption (a1,a2) € Q is also necessary in view of the Pohozaev identity. In the case
(I +a1)(1 + a2) < 4ajaz, we can prove that the assumption (a1, az) € Q holds automatically
provided that ay, e > 1 satisfy (1.27); see Remark 5.1.

Remark 1.3. The assumption oy # o is a technical condition, since we can not treat the
case oy = . In the SU(3) case (a1,a2) = (1,1) studied in [8], as > a1 holds automatically
in Theorem C. In Theorem 1.3 here, since we deal with generic (a1, as), the relation s > ay
holds automatically only when ag > 1 (i.e. (14 a1)(1+ a2) —2a1a2 < az(1+ az)). Therefore,
the assumption oy # ag in Theorem 1.3 is equivalent to

a2(1 4+ as)N1 + (1 + a1)(1 4+ az)No

(1 —a2)(1+ay +az) 1—as if az € (0,1).

(65) 75 Qp =

More precisely, when as € (0,1), we have a1 < az if and only if as < ag, and as < a1 if
and only if ag > ag. We will see in Section 5 that the situation is different with respect to the
sign of a1 — aa. This phenomena provides an evidence that the general problem (1.9) is more
involved than the SU(3) Chern-Simons system (1.8).

The rest of this paper is organized as follows. In Section 2, we give the deformation of the
problem and prove some preliminary lemmas. In Section 3, by a delicate blow up analysis,
we prove a priori estimates for radial non-topological solutions satisfying (1.11) under the
assumption (ap,as) € SN Q. In Section 4, we complete the proof of Theorem 1.1 by applying
the degree theory. In Section 5, we prove Theorem 1.3 via the shooting method.



2 Preliminaries and a deformation of the problem
In the sequel, we denote
A= (1+a1)(1+a2) and B = a1a2

for convenience. Then A > B + 1 since a1,as > 0. First we prove some facts about S and 2
mentioned in Remark 1.1.

Lemma 2.1. Let Q and S be in (1.17)-(1.18).
(1) There holds

S#) <= (1+a1)(1+az) > (672\/5) ajaz. (2.1)
(ii) Let (14 a1)(1+az) > (6 —2v/5) ajaz. Then
ay > 1l,as > 1, V(O&l,ag) €8. (22)

Furthermore, SN Q # 0 and

ScQ if(1+a1)(1+a2)—4a1a2§07 (2 3)
SZQ if (1+a1)(1+a2)—4aras > 0 small enough. '
Proof. Recalling (1.19)-(1.22), we define
hi(ar, az) =(A = 2B)ag — az(1 + az)ar — az(1l + az) Ny — ANy — 2(A - B), (2.4)
hg(al, 042) :(A — 23)041 — a1(1 + al)a2 — a1(1 + al)N2 — ANl — 2(14 — B)7 (25)
ha(a, a) =(34 — 4B)ay + - Z (A - 2B)as
2
_ANI—1+a1AN2—<4+21+a1>(A—B), (2.6)
as a2
1
ha(a, s) =(3A4 — 4B)as + Z %24 _2B)a
1
1 1
AN, — +”L%auvl—(zurz +“2>(,4—B). (2.7)
a1 ay

Clearly
o [e%} >0, hl(al,ag) <O7 hg(al,ag) <0
5= {<a1’a2) ‘ Qg > 0, hg(()él,ag) > O7 h4(0&1,0£2) >0 ’
Case 1. A—-2B <0.
In this case, hq (a1, a2) < 0 and ha(as, as) < 0 always hold for all a3 > 0, as > 0. Obviously,
S=0if3A—-4B<0,and S #0if A—2B = 0. So we assume 34 — 4B > 0> A — 2B. Then
it is easy to see that S # () if and only if the slopes of lines h3 = 0 and hy = 0 satisfy

3A—4B _ LR(2B-4)
4 (2B - A) 3A — 4B

(2.8)

A direct calculation shows that (2.8) is equivalent to (A — B)(A? — 12AB + 16B?) < 0. So
A > (6—2V5)B (note that 6 — 2v/5 > 4/3). (2.9)

This proves (2.1) in this case.
Now we let (2.9) holds and take any (a,a2) € S. Then hg(ai,a2) > 0and A —2B <0
yield
(3A — 4B)ay > ANy + 4(A — B) > (34 — AB)(Ny + 2),



namely oy > Ny + 2. Similarly, ag > Ny + 2. Consequently,
J(Oél — 1, a5 — 1) > J(N1 +17N2+1),

namely S C ) in this case.
Case 2. A—2B>0and A—-4B <0.
In this case, we have
&2(1 —|—(12) > A—-2B
A—-2B T a(l1+ay)

Consequently, the line h; = 0 can not intersect with the line ho = 0 in the first quadrant. Since
the slopes of hs = 0 and hy = 0 are both negative, so it is trivial to see that S # ().
To prove (2.2), we take any (a1, a2) € S. By hq(a1, a2) < 0 we have

> 0.

(A — QB)OéQ < CLQ(I + CLQ)CI(l + a2(1 + CLQ)Nl + ANy + 2(14 — B)

Substituting this inequality into hs(aq,as) > 0, we easily conclude a; > 1. Similarly, s > 1.
Remark that this argument of proving (2.2) also works for Case 3 where A — 4B > 0.
It remains to prove S C . Note that the intersection point (31, 32) of h3 =0 and hy = 0 is

A(A=4B)(N1+1)— 2022 AB(N,41)

pr = AT "12AB11652 +1, (2.10)
A(A—4B)(Na+1)— 201220 AB(Ny +1) ‘
Ba = AZ_12AB+16B2 + 1.

Since A2 — 12AB + 16B% < 0, we have 3; > 1 and 35 > 1. Take any (a1, a2) € S. Then either
a1 > 1 or ag > Bo. Without loss of generality, we assume as > (5. In the following argument,
we write

a; = aj; — 1, Bj Z:ﬂj—l and Nj IZNj—l-].

for convenience. Then &y > Bg. By hs(ai,a2) > 0 we have

-1 -1
(3A — 4B)a; >AN, + —— AN, — 2% 4 _2pB)a,
a9 a9
1
—.C— 2:”1 (A - 2B)ads. (2.11)
2

Recalling the definition (1.10) of J, a direct computation shows that

1+ ay

J((3A — 4B)éy, (3A — 4B)ds) > J (C -

(A — 2B)ds, (3A — 43)(12)

holds if we have

1+ as
2(11

- 1 - A
(34— 4B)a; + AN, + Z“l ANQ} + [3,4 —4B - (A 23)} az > 0.

2

Since A — 4B < 0 gives 3A — 4B — %(A —2B) > 0, the above inequality holds. So

1 1
J(d170~42) >7J <O— +a1 (A—ZB)&2,(3A—4B)6[2>

(314 — 4B)2 a9
a2(lras) g2 4 (e ) A-B) 52 _ (4 — B)(A - 4B)Céy
N (3A — 4B)?2
. az(l;az)ca + a1(1+a1ggz(AfB)IB22 . (A . B)(A _ 4B)Oﬁ~2
(3A — 4B)? '

Recalling from (2.10)-(2.11) that

_ A(A—4B)N, — 20+ta2) ApN .1
By = ( e — 75 L O AN, 4
A2 — 12AB + 16B2 ag

AN,.



By substituting these two expressions into the last inequality and by a direct calculation, we
conclude from A — 4B < 0 that
as(1 + a9) 16B(A — B)(A — 4B)?
— |1+ N1
2 (A2 —12AB + 16 B?)?
4(A—- B)(A—4B)(A? —4AB +16B%)] - -
1-— N1N,
(A2 —12AB 4 16 B?)?
a1(1+a1) 1 16B(A—B)<A—4B)2 <9
2 (A2 —12AB +16B2)2 | 2
>J(Ny, Ny).

J(dl, 5[2) >

+ aiaz

(2.12)

Consequently, (a1, as) € Q. The case ay > f is similar. Therefore, S C Q.
Case 3. A—4B > 0.
Then the intersection point (v1,v2) of k1 = 0 and hy = 0 is

{71 A(N1+1)+2a1(1+a1)(N2+1) + 1 > 1

A—4B
72 A(N2+1)+%;l2511;a2)(N1+1) + 1 > 1

A direct calculation shows that h;(y1,72) > 0 holds for j = 3,4. Therefore, S # ( with
(71,72) € 0S. We also write 4; = ~; — 1. Then

J(31,32) = J(N1, Na)

J(AN1 + 2a1(1 + a1)Na, ANs + 2a5(1 + a2) Ny ) — (A — 4B)2J(Ny, Ny)

(A—4B)?

_yp202(l+a)(A - B)N} + (A2 4+ 3AB — 4B%)N1 Ny + 2a:1(1 + a1)(A — B)N3
(A—4B)?

>0,

namely (y1,72) € QN IS. Since Q is an open set, we conclude S NQ # ().

Finally, we need to prove that S ¢ Q provided A—4B > 0 small enough. Let 4B < A < 5B,
then A2—124AB+16B? < 0 and a1, ay are uniformly bounded. Note that A = (14+a1)(1+az) > 1
and so B > 1/5. Recalling (2.10), we can prove that both hq(81,82) < 0 and ho(fB1, B2) < 0 if
and only if

2ABN2 > G,Q(]. + (LQ)(A — 4B)N1 and QABNl > a1(1 + al)(A — 4B)N2,

which are always true provided A — 4B > 0 small enough. So (f1,32) € 9Sif A—4B >0 is
small enough. Also by (2.10), we can compute (the expression is the same as (2.12))

J(B1, B2) — J(Ny, Na)
J(A(A - 4B)N, — 219 ABN, A(A — 4B)N, — 21192) ABN)

- y : — J(Ny, N
(A2 —12AB + 16B2)? J(N1, Na)

B(A—-B)(A—-4B _
B (A2(— 12A35( + 1632))2 [8%(1 +az)(A —4B)N;

— 4[(A — 4B)? + 4AB)]N1 N, + 8a1(1 + a1 )(A — 4B) N2

<0 if A—4B > 0 small enough,

namely J(81 — 1,02 —1) < J(N1 +1,Ny+ 1) if A—4B > 0 small enough. Since (81, 82) € 95,
we conclude that S ¢ Q for A — 4B > 0 small enough. This prove the lemma. O

From now on, we always assume that (1.23) holds. As in [8], we will employ the Leray-
Schauder degree theory to prove Theorem 1.1. For ¢ € [0,1], we define

b =bi(t) :=1+t(ax — 1), k=12 (2.13)
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Then
0 < min{1,a1,a2} <by,ba <max{l,ai,as}, Vte]0,1], (2.14)

and a straightforward computation gives
(14 b1)(1+by) > <6—2\/5) bibs, Vit e [0,1]. (2.15)

Consider the following deformation of system (1.9)

Aug + (1 + bl)(eul (1 + b1)€2u1 + b1€u1+u2)

b u2 1+b 2u2+b w1 +uz :4 N(S

(€ = (14by)e o J=ArNido o (2.16)
Aty + (14 b) (€% — (14 by)e®™ + byt +2)

bg(eul (1 + b1)62u1 + b1€u1+u2) = 47w Nydg

Clearly, if t = 1, then by = aj and system (2.16) is just our original problem (1.9); if ¢ = 0, then
br, = 1 and system (2.16) is just the SU(3) Chern-Simons system (1.8). As before, we define

ba(1+0b b1 (1+0
Ji(x,y) = %af + bibozy + %ya (2.17)
Qt = {(al,ag) | o, g > 1 and Jt(Oll — ].70[2 — 1) > Jt(Nl + ].,NQ + ].)}, (218)
and
S :={(a1,a2) | a1,a3 >0 and (aq, as) satisfies (2.20) — (2.23)}, (2.19)
where
[(1 + bl)(l + bQ) — 2b1b2]0¢2 — b2(1 + bg)al
< 52(1 + bg)Nl + (1 + bl)(l + b2)N2 + 2(1 + b + bg), (220)
[(]. + bl)(]. + b2) — 2b1b2]()é1 — bl(]. + bl)az
< bl(l + bl)NQ + (1 + bl)(l + bQ)Nl + 2(1 + by + bg), (221)
1+0
[3(1 + bl)(l + bz) — 4b1b2}0¢1 + +o [(1 + bl)(l + bg) — 2b1b2]a2
2
14+06)2(1+0b 140
> (14 by)(1+by) Ny + (1+ 1)19( h2) 4 (4+2 Z 1) (1+ by + by), (2.22)
2 2
140y
[3(1 + bl)(l + b2) - 4b1b2]a2 + [(1 + bl)(l + bz) - 2b1b2]0¢1
1
14+069)2(1+0b 140
> (14 b1)(1+by) Ny + (1+ Z)b( o) (4+2 i 2) (1+ by + by). (2.23)
1 1

Then Lemma 2.1 tell us that S; N # @ for all ¢ € [0,1]. Remark that J; =J, 51 =85, Q1 =Q
and Jo = Ja,, So = Sa,, Qo = Qa,. Moreover, J; and S;N{2; are both continuous with respect
tot €[0,1].

From now on, we fix any (a1, as) € SNQ. Our goal is to prove the existence of a radial non-
topological solution of system (1.9) subject to the asymptotic condition (1.11). Since S; N
is open and continuous, we can take a continuous function (81, 32) : [0,1] — R? such that

(617ﬁ2)(1) = (Oél,az) and (ﬁl,ﬂg)a) S St n Qt Vte [0, 1] (224)
Obviously, (2.24) implies the existence of a constant ¢g > 0 such that

min Bg(t) > 14+co, k=1,2. (2.25)
te[0,1]

Then we turn to study the existence of radially symmetric solutions to system (2.16) subject
to the following asymptotic condition

ug(z) = =20 In|z| + O(1) as |z] —» +o0, k=1,2. (2.26)
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By Theorem B we know that, for ¢ = 0, system (2.16) has a radial solution satisfying (2.26).
In fact, Choe, Kim and Lin [8] proved that the Leray-Schauder degree is not 0. Therefore, our
strategy is to prove the uniform boundedness of radially symmetric solutions satisfying (2.26)
when t varies in [0, 1]; see Section 3. Consequently, the degree theory can be applied and the
degree is invariant under this deformation, so Theorem 1.1 follows; see Section 4.

In the sequel, we always denote positive constants independent of ¢ € [0, 1] (possibly different
in different places) by C,Cy,C1,---. Before ending this section, we prove some useful results
that are needed in Section 3. First we prove the Pohozaev identity of system (2.16). Clearly,
any radially symmetric solution (uj,us) depends on r = |z| as well as t. Also, bg(t) and
Bk (t) are continuous functions of t. When there is no confusion arising, we denote (u1,us) by
(u1(r),ua(r)), br(t) by by and Sk (t) by Bk for convenience (i.e. we omit the notation t). We
will use Au = u” + Lu’ frequently, where /(1) = % and " (r) = ‘Z;—f;.

By (2.24), it is easy to see that

teif(l)f;l] [J(B1(t) — 1, B82(t) — 1) — Jy(Ny + 1, N2 +1)] > 0. (2.27)
Lemma 2.2. Let (u1,uz2) be radially symmetric solutions of system (2.16) satisfying (2.26).
Then ui < 0 and us < 0 in R?, and

Jy(B1 — 1,82 — 1) = Jy (N1 + 1, N2 + 1)
_1—|—b1—|—b2
N 4

00 2.28
/ r [bg(l + b1)€2u1 + b1(1 + b2)€2u2 — 2b1b2€u1+u2] dr. ( )
0

Furthermore, there exist positive constants Cy and Cs independent of t € [0,1] such that
oo
/ r(e*r 4 e?u2)dr > O, (2.29)
0
oo
/ Pt 4 e¥2 4 et 4?2 4 et tu2)dr < Oy, (2.30)
0
Proof. The fact u1,us < 0 in R? was proved in Theorem A. By (2.16) and (2.26), we have
lim ruy(r) = 2Nk, lim ruy(r) = =28k, k=1,2. (2.31)

Since (u1,usg) is radially symmetric, system (2.16) can be written as
(14 b2)(ruh) + by (rub) = —(1 4 by + bo)r(e™ — (14 by)e®™t + byevrTuz), (2.32)
bo(ru)) + (14 b1)(rub) = —(1 + by + by)r(e"? — (1 + by)e?2 4 bye¥rH42), (2.33)

for 0 < r < co. We multiply (2.32) by baruj, (2.33) by byruf and integrate them over [e, R],
which yields

Je (rul rub) j = {bQ(l; b2) (ruy)? + bybor?ufub, + 73)1(1;_ b1) (TU/Q)2:| '
= — (14 by +by)r? [bg <e“1 — 1J;b162“1) + b <6“2 — 121)262:2>
+ b1b2e“1+“2} ' +2(1+ by + by) /Rr [b2 (e“l - H2b1e2“1>
+ by <e"2 - 1_7—21)262”2) + blbge“ﬁ“ﬂ dr. (2.34)

By letting ¢ — 0 and R — o0, it follows from (2.26) and (2.31) that

& 1+ by 2u
Jt(261,252) — Jt(2N172N2) = 2(1 + by + bg)/ T |bo et — Te 1
0
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1+
+bq (e“2 — —;262“2> + b1b2€u1+u2:|d7'. (2.35)
On the other hand, by integrating (2.32) and (2.33) over (0, ), we obtain

(1401 +b2) /0007"(6“1 — (14 bp)e*™ + bre"ru2)dr

= 2(1 4 b2)(B1 + N1) + 2b1 (B2 + Na), (2.36)
(L4 b1+ b2) /Ooor(e’” — (1 + bo)e®™2 + boe" T2)dr

= 2b5(B1 4+ N1) + 2(1 + b1) (B2 + Ny). (2.37)

By eliminating the terms [ re“*dr in (2.35) via (2.36)-(2.37), we obtain the Pohozaev identity
(2.28), and (2.29) follows directly from (2.14), (2.27) and (2.28). Since 2e“1 14z < e2u1 4 2uz,
(2.28) also implies

o0
/ r(e* +e*"2 + et )dr < C
0
for some C > 0 independent of ¢. This, together with (2.36)-(2.37), gives (2.30). O

Lemma 2.3. Let (u1,uz2) be radially symmetric solutions of system (2.16) satisfying (2.26).
Then there exist constants C1,Cy > 24 2Ny + 2N independent of t such that

Cir? if 0 1
() — 2Ny < { O TSI gy (2.38)
Ch ifr>1,
up(r) < —2Inr+Cy Vr>1, k=12 (2.39)

Proof. Note that e“* < 1 in R2. Obviously, (2.38) follows directly from (2.16), (2.30) and
(2.31). By (2.38), we have

ug(s) = ug(r) +/ ul(p)dp > ug(r) — (Cy — 2Nk)ln§, for s >r>1.

Consequently,
& oo C1—2Ny, etk (1) 2
S ue(s) gg > Uk (r) / (i) __ e >
Ci/r se ds>e : s S ds 2 N, Vr>1,
which implies (2.39). O

Lemma 2.4. Recall J; in (2.17). There holds
Jt(xa y) = Jt(_xa _y)

2b2 2b2
t<x’ 140, y) t( x’1+blx+y>

2b1 2bl
:J —-r — — :J —_— — .
t< by 1+b2y’y) t($+1+b2y’ ?/>

Proof. These formulae can be proved via direct calculations, and we omit the details. O

3 A priori estimates

In this section, in order to apply the degree theory, we prove a priori estimates of radially
symmetric solutions of (2.16) satisfying (2.26). Assume that (u1,ug) are any radially symmetric
solutions of (2.16) satisfying (2.26). Define

fe(z) = fr(;t) := 2Np In || — (B (t) + Np) In(1 + |z[?), k=1,2. (3.1)

Clearly f, < 0 in R2. The main result of this section is following
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Theorem 3.1. There ezists a constant C' > 0 independent of t € [0,1] such that
lur = fillee ey + luz = fallLe ey < €, Vi €[0,1]. (3-2)

To prove this result, first we need to prove the following local uniform boundedness. We
denote Bg := {x € R? | |z| < R}.

Theorem 3.2. For any R > 0, there exists a constant Cg > 0 independent of t € [0,1] such
that

lur = fillzoe(Br) + luz = fallL=(Br) < Cr, Vit €[0,1]. (3.3)

The proof of Theorem 3.2 is quite long and delicate, and will be separated into several steps.
Our basic strategy of proving Theorem 3.2 is the same as that in [8]. Roughly speaking, by
a careful blow up analysis, we will show that the phenomena of partial blowup could lead to
(B1(t), B2(t)) & S;. However, as we will see in the following, since we consider generic (a1, az)
instead of (a1,as) = (1,1), the proof is more involved and different ideas are needed. Hence,
although our main procedure is close to that in [8], we prefer to provide all the necessary details
to make the paper self-contained.

Denote

vk:uk—fk, k:].,Q.

Then we easily deduce from Lemma 2.3 that

Cr, f0<r<1
o) ()| + [vh ()] < ’ ’
o5 0) |2<>_{C e

r?

(3.4)

where C' > 0 is independent of ¢. In particular, (3.4) indicates that (3.3) holds for all R > 0
provided that it holds for some R > 0.

To prove Theorem 3.2, we argue by contradiction. Suppose that there exists a sequence
{tn}n>1 C [0,1] such that ¢, — ¢, € [0,1] and the corresponding sequence (v p,v2,) =
(u1,n — fim, U2.n — f2.n) is not uniformly bounded in L*°(Bgr) x L>°(Bpg) for any R > 0. Since
Ven(l) < (Bk + Ni)In2, (3.4) shows that vy, are uniformly bounded from above in Bp for
k = 1,2. Therefore, up to a subsequence, either v; ,, = —oo uniformly in Br or vy, — —00
uniformly in Br. By renumbering if necessary, we assume in the sequel that

Vg, — —oo uniformly in Br for any R > 0, as n — oo. (3.5)

Lemma 3.1. {v1,}n>1 is bounded in LS, (R?) and

lim sup (sup uz’n> = —00. (3.6)

n—oo R2

Proof. Assume by contradiction that, up to a subsequence, vq ,, — —oo uniformly in Bp for any
R > 0. It follows from ug n, = Vi,n + fo,n < Ug,n that ug, = —oo0 and ug ,, — —oo uniformly in
Bg for any R > 0. This, together with (2.39), gives

lim sup <sup Uk,n) =—-00, k=1,2,
n—oo R2

which proves (3.6). Consequently, (2.29)-(2.30) yield

2
C; < / (e2urm 4 e2uzn)dy < Z (sup e“’“*”) / e"*rdr — 0
R2 =1 \R2 R2

as n — 00, a contradiction. O



By (3.4) we know that {va, — v2,(0)} is also bounded in L{° (R?). Then, passing to a
subsequence, we may assume that

V1, — v} and ve, — v9,(0) = vy in CP.(R?).
Recalling t,, — t., we denote
Br = Br(ts), by =be(ts), fi(x) = fulwits), J*=J
for convenience. Let u} = vi + f5. Then (uf,u}) satisfies
Aul + (1 +b) [eui —(1+ b;)e%f} — 47Ny in R?, (3.7)
Aub— b [euf 1+ b*;)e%i] = 47N,5, in R2. (3.8)

By Fatou lemma, we have

/ e dz < lim inf/ e"brdr < C,
R2 n—oo R2

so uj + In(1 + b7) is a radially symmetric non-topological solution of the Chern-Simons-Higgs
equation (1.14). Consequently, uj < —In(1 + b}) in R?, and

ui(|z]) = =2y Injz| + O(1) as || = o0 (3.9)

for some constant vy, > Ny + 2. Moreover,

/ [+ b — (14 0% ] do = (o + V), (3.10)
R2

uy _ 4m _ _
/R2 62 dr = W [(71 1)2 (Nl + 1)2} . (311)

See [4] for details. On the other hand, since 3} is radially symmetric, it follows easily from (3.8)
and (3.10) that

us(|z]) = =2y In|z| 4+ O(1) as |z| — oo, (3.12)
where B
2

=— Nyp) — No. 3.13

V2 140 (m1 + N1) 2 (3.13)

Note that uq, < v1, and v1, — v} in C’lzoc(Rz). Combining these with (2.39), we easily

deduce from the Lebesgue convergence theorem that

x 4
li 2y = Ty = ———— —1)2— (N +1)?]. 14
vl Rze ’ /]Rze v (1+07)2 [(’Yl o ey ] o1y
Furthermore, (3.6) gives
lim e*2ndr = lim ettn U gy = . (3.15)
n—oo R2 n—oo R2

Consequently, we can take a sequence R,, — oo, and then choose a subsequence which is still
denoted by (u1,n,u2,,), such that

[v1,n = V1 lL (BR,) + V2,0 — v2,0(0) = V3 [|Le(Bg,) — 0 asn— 00
and

lim e2ndy =0 and lim elvindg = / eide, 1=1,2. (3.16)
R2

n— oo n— oo
BRn BRn
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On the other hand, by (2.37) and (3.15) we have
(1 + by + bg)/ re'?ndr = 2b2(51 + Nl) + 2(1 + bl)(ﬁg + NQ) + 0(1)7
0

so it follows from (3.16) that

o 203 N 2(1+ b3 N.
lim re'?ndr = 3(B1 + V1) +2(1+ b) (85 + 2) (3.17)
n= JR, 1+ b7 + b5
Lemma 3.2. For k =1,2, there hold
Rpuy ,(Rn) = =2y, + 0(1), asn — oo, (3.18)
U (Rp) +2In R, = —o00, asn — oco. (3.19)

Proof. By (2.16) and (3.14)-(3.16), we easily deduce that
Ryu} . (Ry —2N1—>/ —(14b})e" +(1+bf)262“qdr as n — 0o,
Ryuj ,,(Rp) — 2Ny — b2/0 r [ (14 bi)e%q dr as n — oo.
Hence, (3.10) and (3.13) give (3.18).
Since vy n(Ry) — v5(Ry) — 0 and
fi(Bn) = fi(Ry) = (Bi(t) — Bi(ta)) In(1 + R}) = o(ln Ry),

we obtain u; ,(R,) = uj(R,)+o(ln R,). This, together with (3.9), proves (3.19) for k = 1. For
k=2, (2.38) gives |uj ,(r)] < C/r for r > 1, where C' > 0 is independent of n. Consequently,

ug,n(r) > ugn(Ry) + Cln I;:,L for all R,/2 <r < R,, and

R, Ry
/ ret2n () dp > e“zf"(R")R’c/ rCtldr = C’1e“2'"(R")R,21.

n
Ry Rp

2 2

Combining this with (3.16), we obtain (3.19) for k = 2. O

To study the concentration near infinity, we define the Kelvin transform of (w1, u2 ) by
Rz
Whn (T) = U p T +2InR, —4ln|z|, |z|<1. (3.20)

Then (wy p,wa,y) satisfies

in By, (3.21)

Awl,n = —(1 + bl)ewl’" + b1€w2'" + Gl,n + 47’('(51 — 2)(50
AU)QJL = 7(1 + bg)ewz’" —+ bgewl'" + Ggm —+ 471'(52 — 2)60

where

|z|*
Rz
|z|*
R2

Gin(z) = [(1+b1)%e® 1 — by (1 + ba)e®™>m — by (1 + by — by)e®tmtw2n]

Gon(x) = 0 [(14bp)2® 2 — by(1 4 by) et — by(1 4 by — by )e®rntezn]

We recall that by, = bi(t,,) and By = Bi(t,) in (3.21) and the expressions of Gy, ,,, and we write
them by by and ) respectively for convenience.
Lemma 3.2 gives

wy (1) = 2y, —4 4 0(1) and wy (1) = —o0 asn — oo for k= 1,2. (3.22)
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Moreover, by (2.39) we have
Wn(z) < —2In|z|+C for |z| <1, k=1,2, (3.23)

which implies that |G ,(z)] < CR,? uniformly for |z| < 1. Therefore, we can derive from
(3.22) and (3.23) that

1 1
2(y1 = B1)=—-(1+ bl)/ re"trdr + by / re“"dr + o(1), (3.24)
0 0

1 1
2(va — B2) = —(1 4+ by) / re?ndr + by / re“trdr 4+ o(1). (3.25)
0 0

Moreover, (2.38) yields |rwy,,, (r)] < C for all r. Then it follows from (3.22) that wy , — —o0
uniformly in any compact subset of By \ {0}. We note from (3.17) that

1 oo
205(87 + N 2(1 4+ b7)(85 + N-
/ re2n dp :/ retizn gy — Q(ﬁl + 1) + E +*1)(ﬁ2 + 2) Jro(l)' (3.26)
0 R, 1407 + 03
Lemma 3.3. For any 0 <r <1, there holds
1 1,
Jtn Twl n(r) +1, 57"1[)27” (T) +1
1+b1+ b 2
= —1,B—1) — — 22N T prZevrn () 4 o(1). 2
Jon(Br =182 = 1) = —p Z r +o(1) (3.27)
In particular,

Proof. The proof is similar to that of Lemma 2.2. Since (w1, ws,,) is radially symmetric,
system (3.21) can be written as

(1+ bg)(rwllyn)’ +b (rwé,n)’ = —(140b1 +b)re”m + (14 b2)rGy pn(r) + b1rGa (1), (3.29)

bQ(Twll,n)/ + (1 + bl)(’l’wém)/ = —(1 4+ b1 =+ bg)TBwQ’" + (1 + bl)’I‘GQm,(T) + bQTGLn(T'), (330)
for 0 < r < 1. As before, we multiply (3.29) by barwj ,,, (3.30) by byrwj,, and plus together,
which yields

d
%Jt" (rw} ,,rwh ) = —(1+ by + ba)r? [ba (€“) + by (€¥2")'] + Gy, (3.31)

(1+b1+b2)7“ d
oRZ  dr

By (3.23) and |rwy, ,(r)] < O, we easily get ||GnllL~(,) < CR,?. Note that for each n,
Twy, (1) = 2Bk(tn) — 4 as v — 0. By integrating (3.31) over (0,7), we obtain

T, (rwy (1), rwh (1) = i, (261 — 4,282 — 4)
= —(1+4by +b2) (bgrzew“‘(r) + b1r26w2f"(r))

gn(T') = [bg(]. + bl) 2Win 2b1b2€w1’"+w2’" + bl(l —+ bg)ezwz’"] .

+ 201+ by + by) / p (bae™ + bre®) dp + o(1). (3.32)
0
On the other hand, we integrate (3.29)-(3.30) and obtain

/ p(b2etm 4 bye® ) dp
0

=by(2B81 — 4) + b1(2B2 — 4) — barw} , (1) — birws,, (1) + o(1).

This, together with (3.32), yields (3.27). Finally, recalling ¢, — t. and (3.22), (3.28) follows
from (3.27) by taking » = 1 and letting n — oc. O
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Lemma 3.4.
lim inf/ e rdr = lim inf/ e"trdr > 0.

Proof. This proof is different from that in [8] and seems simpler. More importantly, this new
proof can be applied directly in Section 5, where we will construct bubbling solutions to prove
Theorem 1.3; see Lemma 5.6 below. Assume by contradiction that, up to a subsequence,
fol re®indr = f;i re¥tndr — 0. Then by (3.24)-(3.26) we obtain

by

=B = g AN (L85 M), (3.33)
1403
=B = g DA )+ (5 + M) (3.34)

As before, for the sake of convenience, we denote
We=v—1, Bi=p;—1, Np=Ny+1
Then (3.33)-(3.34) become

(1+b7 +b3)71 = b [ (1+b7)No + b5N1 | + (L +07) [ (1 +b3)5; + b33 ]
=X =Y
(146} +b5)72 = —(1+b3)[(1 + b)) N2 + b3 N1 | — b3 [(1 + b3)B7 + biB5].

Recalling the definition (2.17) of J; and J* = J;,, a direct calculation gives

X[~ o~ 1 * (1% * * *
J (1, 792) = WJ (b1 X + (1+067)Y, —(14b3)X —b3Y)
1 ~

= J(X,)Y),

1407403 ( )
where J* is defined by
- by (1 + b3 . b3 (1 + b3
T (a,y) = i ( 2)x2+b1b2xy+ 5( 1)y2.

2 2

Denote Z = b;B;‘ +(1+ b{)ﬂg‘ Then we can compute
JH(=2,Y) = J* (= b357 — (1 + )85, (1+03)57 + b7 53)
= (1401 +b3)J (57, 53)-

Combining these with J(91,%2) = J(Bt, B%) by (3.28), we obtain J*(X,Y) = J*(—Z,Y), which

implies from the definition of J* that (14 b5)(X — Z) + 2b3Y = 0. Recalling the expressions of
XY, Z, we finally obtain

[(14b1)(1+b5) — 2b763]85 — b5(1 + b3) 57
= b3(1+ b3)Ny + (14 7) (1 + b3) Na + 2(1 + bl + b3). (3.35)

However, since (85, 83) = (B1(ts), B2(t«)) € S, N Q4 , so (87, B3) satisfies (2.20) with (by,bs) =
(b3, b%), which contradicts to (3.35). O

Remark 3.1. For the application in Section 5 where we will construct bubbling solutions, we
point out the following fact. By (3.35) we can eliminate the term b5Ny + (1 + b])Ny in the
formula (3.33), which yields

M =p]+ (B3 —1).

b1
1+ b

18



This, together with (3.35) again, gives

(14 b3)(1 + b3) — 2b7b3 IS 207

b= S S R R R

b2
== N N- 2.
55 1+b’{(%+ 1) + No +

(N2 + 1)7

Therefore, these three formulas hold provided f;o re*tndr — 0 as n — oo.
To continue our proof, we need to consider the regular part of wy ,. Define
Vien(x) := wn(x) — (20k(tn) —4)In|z|, k=1,2.

Then Lemma 3.4 and (3.26) yield

n—oo n—oo

1iminf/ || 2Pr=eVin dy = liminf/ eYrrdr >0, k=1,2.
l2|<1 lz|<1

Since wy,, — —oo uniformly in any compact subset of By \ {0} and 28 —4 > —2 + 2¢o by
(2.25), we must have that max,j<i Vin(z) = 400 for k = 1,2. Let z;, € By be a maximum
point of V4 ,, in By, and define

1
285 — 2
Then pg, — 0 for kK =1,2. On the other hand, (3.23) gives

Hk.n = €Xp (— Vk,n(zkm)> , k=1,2. (3.36)

Vien(z) < —(28k —2)In|z| + C for |z| <1, k=1,2, (3.37)
8O |2kn|/pkn < C for some C' > 0 independent of n.
Lemma 3.5. 1,/ p2,n < C for some constant C > 0 independent of n.

Proof. Assume by contradiction that, up to a subsequence, p1.,/p2, — 00 as n — co. The
most part of the following proof is close to that of [8, Lemma 3.5]. Here due to our general
(b1, b2), some new ideas are also developed.

Step 1. Consider the scaled function

Vin(®) = Vin(p2nz) + 28k —2)Inps,n for |z < 1/po,, k=1,2.

Then (V1 ,,V2,) satisfies

(3.38)

AV = —(1+by)[zPhr 4V n + by [PtV om 4 13 G (2 n),
AV = —(1+bo)|z[?274eV2m - bolaPPr=2eV i 4 4 G (p2n) =t fo-

Note that

Vl,n(.’IJ) S ‘/17’”(21’") + <261 - 2) ln/’(@,n = (261 - 2) In Zii,n — —00

uniformly for |z| < 1/u2.,. Moreover, Va ,(z) < VQ”(;Z:) = 0 for |z| < 1/p2.. Recalling
|G n(t2nz)| < CR;;? for |z| < 1/p2 n, we conclude from 28, —4 > —2 4 2¢y that f, are
uniformly bounded in Lj (B, ,) for some s > 1. Consequently, the Harnack inequality
yields that V'3 ,, are uniformly bounded in LjS, (By,, ). Up to a subsequence, we may assume
that Vy,, — V3 in Clzoc(R2), where V4 satisfies
AVy=—(1+ b§)|x\2ﬂ574evz in R?,

- 3.39
|z|?%2~%eV2dx < lim inf/ e“rdr < C. (3.39)
|z|<1

R2 n—oo
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Consequently, we see from [24] that

AT 8m(fs — 1
\m|252 —4eVady = 77%62 ) (3.40)
- 1+ b

As before, we can take a sequence 7, — 00, and then choose a subsequence still denoted by
(Vin, Van), such that 7, < \/p1n/p2.n, |[Van — VallL~s,, ) — 0 and

8m (P —1)

lim 2|14V indg = 0, lim |22 4eVemdy = (3.41)
n—oo Jp n—oo Jp 1+ b;
Step 2. Consider another scaled function:
Uk,n(x) = Vk,n(,ufl,nx) + (2ﬁk - 2) In Hin
=Vin (Mlnm) + (28, — 2) In P47 for lz] <1/p1np.
H2,n H2,n
Then (U; n, Us,y) satisfies
AULn =—(1+ b1)|x|2[31—4eU1,n + b1|$|2B2—4eU2,n + M%,nGl,n(Ml,nl”)’ (3 42)
AU?,n = *(1 + b2)|x|2ﬁ274€U27" + b2|x|2ﬂ1746U1’" + N%,nGln(ﬂl,nx) '
By (3.37), we have
Upn(x) < =26k —2)In|z| 4+ C for |z] <1/p1,, k=1,2. (3.43)

Moreover, Uy () < Uln(;ll”) =0 for |z| < 1/u1,. Recall ‘le—"‘ < C and u%nGlm(ul,naz) =

o(1) uniformly for |x| < 1/p; . For any r > ‘le—’"l, we derive from (3.42) and eV <1 that

T

p?r=3elin gy 4 o(1) - r?

L0 = [, GV o=~ [

21,nl 21,nl
H1n H1,n

> 22 4 o(1) 2,

for some constant C' > 0. Consequently,

Ura) = [, Ulalodio>~C [ 7 %dp+ of1) -2

Z1,n Z1,nl
Aln Hl,n
> —Cr?h=2 4 01) -2, VYr> M
H1n

Hence, U; ,, are uniformly bounded in L2 (R?\ {0}).

loc

For any fixed r > 0, we have Z;:r > ry, for n large because of r, < \/u1,n/th2,n. Then it
follows from (3.41) that

87(85 —1).

3.44
1405 ( )

liminf/ |z|2P2=4eV2n dy = liminf/ |z|2P2=2eVemdy >
n— o0 |$‘ST‘ n—oQ ‘ilé%?"

Now we claim that Uy, — —oo uniformly on any compact subset of R? \ {0}. Assume
by contradiction that, up to a subsequence, supy Us , > —C > —oo for some compact subset
K c R%\ {0}. By (2.38), we easily deduce that |rUj, ()] < C for all r. Together these with
(3.43), it follows that Us,, are uniformly bounded in L2 (R? \ {0}). Up to a subsequence, we
may assume that Uz, — Us in CZ_(R?\ {0}). For any fixed r € (0,1], again by (3.42) and
eV1m < 1, we have

Uy (1) = b2/0 p*3eUindp — (14 bz)/o r2P2=3eV2m dp 4 o(1) - 12
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<Cr*hT? o (14 bz)/ rP2=3eU2ndp 4 o(1) - 1.
0

Letting n — oo, it follows from (3.44) that rUj(r) < Cr?%1=2 — 4(B5 — 1) holds for all r < 1.

Then there exists ro > 0 small such that rUj(r) < —3(85 — 1) for any r < rg. Consequently,

Us(r) > =3(85 — 1) Inr + C for any r < rg, where C' is a constant independent of r. Hence

00 > liminf/ |22 4el2n dp > / |z[?P2~1eV2 dx
x| <ro lz[<ro

n—oo

>C lz| 7% ~Lda = oo,
|z|<ro
which is a contradiction. This proves the claim.
Consequently, up to a subsequence, we may assume that

8

2B2—4 U2,n_>
[ 1+ 05

(B3 —1+¢€)do in B, (3.45)

in the distribution sense for any r > 0, where £ > 0 is a constant. By the diagonal process, we
may further assume that Uy ,, — Uy in C? (R? \ {0}), where U; satisfies

x b
AUy = —(1 + b)) |z[*Pr %V + 18;;; (B3 —1+¢)dp in R?,
2 (3.46)
/ |27 ~4eV1dz < liminf eVtrdr < C.
R2 n—00 |£‘§1
Again by [24] we have
. 8T 207
267 ~4,U1 g0 — 1 1 1 A4
[ eimtetnas = S [ 2 (g1 e 45— (3.47)
b*
Ui(z) = —4 L —i—lb* (B5 —1+¢e)+ 7 — 1] In|z| + O(1), as |z| — oco. (3.48)
2

Step 3. We claim that € = 0. Recall that U, — —oo uniformly on any compact subset of
R\ {0} and |rUs ,,(r)| < C for all . Up to a subsequence, we may assume U, — Us (1) — Wa
in C? (R?\ {0}), where

AWy = by|z*1~4eVr —8n (B3 — 14¢)dp in R2.
By (3.47) we can prove

Wa(z) = 4 {bsﬁ b‘;) _a *fi%&?i;;)bfb; (B —1+ 5)} Wzl +0(1) (349

as |r| — oo. Remark that, for any fixed s > 0, Uz, (s) + (282 — 2)Ins — —o0 as n — 0.
Hence, as before, by (3.45) and (3.47), we can take a sequence s, — oo first, and then choose
a subsequence still denoted by (Ui 2,Us.,), such that s, < 1/p1.n, |Uin(sn) — Ui(sn)| — 0,
Us.n(sn) + (282 — 2)Ins, — —oo and

8T 2b%
li 2814 Utn gy — 20 1 « . 1 |
100 gz, |21~ 4eVtn dy: el Fear (Bs —1+¢)+ By , (3.50)
8
lim z?Pe e dy = Bs —1+e). 3.51
e |w\gsn| | 1+b;( 2 ) (3.51)

By (3.48), we also have Uy ,,(sn) + (281 — 2)Ins,, — —o0. Recall that
||

1,n

wi.n(|2|) + 2In|z| = Ug,p (le

)+(25k—2)1n . k=1,2.

1,n
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Hence,
Wen (U1,n8n) +2In (1 nSp) = —00, k=1,2. (3.52)

On the other hand, we easily deduce from (3.42) and (3.50)-(3.51) that

*

lim s,U7,(s,) = —4 [ (52 —1+e)+ 8] — } )

) 4b% 2b* . " %
A 5nUsn(5n) = 70 [1+1b;(52 B 1] S
Consequently,
li ( ) =—28; — A0 (B —1+e) (3.53)
n1—>m M1, nsnwl n\H1ndn) = 1 1+b§ 2 €) ’

_4b3(B7 — 1) 8b1b5 *

—2— 2. (3.54)

Recall BZ = B% — 1. Combining these with (3.52) and Lemma 3.3, we can compute via Lemma
2.4 that

. 2b* 2b% B 4b*b% .
—J*f*f 1 *+ ’ 21+|: 172 1:| *+ >
( A 1+b§(2 e) 1+07  [(T+6))(1+0b3) (Bz+e)—e
=:X
* 2b2 D% * %
=J X, — 1+b*X (B3 +2e) | =J (=X, —(B5 + 2¢))
) W - .
v [ s 2by
=/ (ﬁl 1+b*’52+26>
o s 261+ b4 b))
=J* (B, B3) + ————2(B5 + e)e.
1 2 1+b2 2

Hence € = 0.
Recalling f (< sy €T = fmgs" |z|2Pe=4eUkndx, it follows from (3.50)-(3.51) that

8 20%

1' wl,nd — . 1 | 3.55
e |z[<p1,nsn ‘ ! 1405 {1 + b3 (B = 1)+ b1 } ( )
hm ewg," dx o B . 356
nree |z|<p1,nsn 1+ b* ( 2 ) ( )

Step 4. Recall (3.55)-(3.56) and p1 ns, < 1. Up to a subsequence, we assume

2 2b7  ~ ~
lim etrdr =47 | —— L_jgx 4 *> +€ ] ,
e {1—1—()*{ (1+b;52 b !
2 .
lim eVrrdr =4n | ——f5 +e2 |,
o0 Jig|<1 <1+b352 2)

where €1,e9 > 0 are constants. This, together with (3.24), gives
* Qb* 2 * * 2 Q%
M- B =2 1+b*ﬂ2+ﬁ1 — (1 +b7)er + b7 mﬁﬂ'@ :
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Since y1 > N1 +2 = ]\71 + 1, we easily conclude that

Bf—i—]\?l 2

3.57
2> T (3:57)
On the other hand, (3.26) gives
lim ewz.ndx:47.rb2(ﬁ1+N1)+(1+b>1k)(62 +N2)’
n—=o0 J|z1<1 1—|—b1—|—b2
o) - -
b3(B7 + N1) + (1 +67) (85 + Na2) 4 - i+ N
* * > *BZ + * )
1407+ 0% 1405 by

which implies (note N = Ni +1 and BZ =B —1)

[3(1 +07)(1+03) — 4b1b2]52 + T : [(1 +b7)(1+b3) — 2b1b2]51
1
< (1469 (1 + b3)Ny — - [(1+b7)(1+ b3) — 2b5b3| N1 + 4(1 + b} + b3)
1
(1+07)(1+b5)2

< (14b0)(1+b)Ny + Ny + 41+ b% +b3).

by
However, since (85, 85) = (B1(t+), B2(t«)) € S, N, , so (87, B3) satisfies (2.23) with (by,bs) =
(b7, b3), which yields a contradiction. This completes the proof. O

Lemma 3.6. 11,/ p2, — 0 as n — co.

Proof. Assume by contradiction that, up to a subsequence, py n/p2,, > Cy for some constant
C1 > 0. Then Lemma 3.5 gives

Nl,n

2,n

0<C <

< (C < o0.

As in Step 1 of the proof of Lemma 3.5, we consider

Vin(@) = Vin(penz) + (28 —2)Inpa, for |z < 1/pa,, k=1,2.

Then (Vl,n,VM) satisfies (3.38), and Vi, < Vkm(z’“’") = O(1) for all |z| < 1/uga,,. Note that

H2,n

l;’;—’"‘ < C for k = 1,2. Then, as in Step 1 of the proof of Lemma 3.5, the Harnack inequality

yields that both Vi, and V3, are uniformly bounded in L (R?). Up to a subsequence, we

loc

may assume that Vi, — V. in CZQOC(R2), where (V1,V5) satisfies

AV = —(1 4+ b9)|z]2PT 46V 4 p¥|z]2P2—4eV2
{ L= =+ b it - .

= " = . —_ In
AV = —(1+05)[a*% 7 "> + by et

and
/ |27~ 1eV 1 d +/ |z|?P2 eV 2 dx < 0.
R2 R2

In the SU(3) case b} = b3 = 1, system (3.58) is the well-known SU(3) Toda system. Remark
that the SU(3) Toda system is an integrable system, and so all the solutions can be known (see
[21]). In particular, all the solutions of the SU(3) Toda system satisfy the following quantization

|x|251**4ev1dx = / |x|2’65*4ev2dx =4 (B} + 55 —2).
R? R?
This formula plays an important role in the proof of [8].
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However, for our general (b%,b3), since system (3.58) is not necessarily integrable, we do not
have such beautiful results for system (3.58). Therefore, we need to develop different techniques.

Define Wy, = Vi + (28; — 4)In|z|. Then

AW, = —(1+5})e™t +bje™ + dr(8; — 2)4
o (L+bi)e +bie™ (B =200, go. (3.59)
AWy = —(1+b3)e™"2 + b5e™* 4 47(85 — 2)do
Denote . _
4mdy, ::/ eWrdr = 220146V d.
R2 R2

Assume that TW,Q (r) = —2Mjy, as r — oo. Then it is easy to deduce from (3.59) that
My = (1+b3)dy — bids — B +2, My = (1+b3)ds — bidi — 55 + 2. (3.60)

Moreover, by fR2 eWrdr < 0o we can prove My > 1 for k = 1,2. By computing the Pohozaev
identity of (3.59) as in the proof of Lemma 2.2, we easily obtain

J(My =1, My —1) = J*(B; — 1,85 — 1).
By substituting the expressions (3.60) of M}, into the above equality, a direct calculation gives

b5 (1 +b7)
2

bi(1+03)
2

di + d3 — bibsdids — b5(BF — 1)dy — b (B3 — 1)dy = 0. (3.61)

On the other hand, Fatou lemma implies

eWrkdx < liminf eVt rdr =: 4drmey,,
R2 n—00 |w\§1

so di < ey for k=1,2. By (3.24)-(3.25) we have
=01 — (L+b1)er +biea, 72 =55 — (14 b3)ex +brer.

By substituting these two expressions of 7 into J*(y1 — 1,72 — 1) = J*(BF — 1,685 — 1), we
obtain (the same as (3.61))

b3 (1 + b3 by (1 + b3 - . o . o
a( 5 1)e§ + i 5 2)63 — bibseres — b3 (07 — 1)er — by (B85 — 1)es = 0.

Denote ¢ = e — di, then g > 0 for kK = 1,2. By putting e;, = di + €1 into the above equality
and recalling (3.61) and (3.60), we can obtain

sk 1 * * 1 *
b3 ( 2+b1)€% L b ;b2>5§ — bibieres + b3 (My — 1)ey + b3 (M — 1)e3 = 0.

Since My > 1 and € > 0, so €1 = 5 = 0, namely e = dj. Consequently, M7 + ;1 = 2, which
is a contradiction with y; > Ny + 2 and M; > 1. This completes the proof. O

Remark 3.2. The equality (3.61) implies the existence of a positive constant C, which only
depends on by and 8}, such that di + dy > C, namely

/ \x|2ﬁf*4evld:c +/ |z|255*4ev2dz >C
R2 R2
holds for any solution (V1,V3) of system (3.58).

Now we can finish the proof of Theorem 3.2.
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Completion of the proof of Theorem 3.2. By Lemma 3.6, we have g, /p1,, — 00 as n — 00.
The following proof is different from that in [8] and seems simpler. We can repeat Steps 1-3
of the proof of Lemma 3.5. In particular, there exists s, < 1/pa., such that (compare with
(3.55)-(3.56))

8w
R e rdy = ——— (B — 1),
100 |z <pia,msl, 1+0o7 !
8T 2b%
lim evzndy = ——— 2 (B —1)+p8;—1]. 3.62
=00 S| <pz s, 1+ b; 1+ b; (ﬁl ) ,62 ( )

Recall from (3.26) that

lim ew2v"dgg:47rb2(ﬁl + 1)+(*+b1)(62 + Na)
o0 Jla|<1 1+ b7+ b5

)

This, together with (3.62), gives

2 2b3 b5 (87 + N- 14 67)(B5 + N.
*[ 2*(ﬂf—1)+ﬁ§—1}§ 3 (B 1)"‘(*‘*‘ i)(ﬁ2 2)’
14065 1407 1+ b7 + b5

which is equivalent to

[3(1+b7)(1 + b3) — 4b7b3] 57 + T [(1+b7) (1 + b3) — 2b1b3) B

2
. 1+07)%(1 + b3 1+ b7 -
< (L4b7)(1+b5)Ny + (%#Ng + <4+2 B 1) (14 b7 + ).
2 2

However, since (87, 85) = (B1(t«), B2(t+)) € Si, N, so (87, B3) satisfies (2.22) with (b1, be) =
(b3, b%), which yields a contradiction. This completes the proof. O

To prove Theorem 3.1, we need the following lemma first.

Lemma 3.7. There exists a constant C > 0 independent of t € [0,1] such that for k =1,2,
v =ug — fr <C inRQ, Vit e [0,1].

Proof. The proof is similar to that of [8, Lemma 3.8]. Assume by contradiction that, up to a
subsequence, there exists a sequence t,, — t. € [0, 1] such that

SUp Vk,, = max {Sup Ul,n, supvg’n} — 0o for some 1 <k < 2.
R2 R2 R2
For convenience, we use the same notations b; = b;(t.) and so on as before. By Theorem 3.2,
both v; ,, and vg , are uniformly bounded on any compact set. Hence, if =, is a maximum
point of vy, ,,, then |z | — co.

We claim that there exists a sequence s, — oo such that

lim inf (e¥vm +e"2m)dx > C (3.63)

e |z|>sn

for some constant C' > 0.

To prove this, we define the Kelvin transform of u;,, = vj n+ fjn by Ujn(|z]) = u;n(1/|z]) =
vin(1/|2]) + fin(1/]z]) for |x| < 1 and j = 1,2. Note that f;,(1/|z]) = 26;ln|z| — (8; +
N;)In(1 + |2]?). Let

&in(|z]) = wjn(lz]) — 28 In|z| for |z| <1,
then & n(|z|) = vjn(1/]z]) + O(1) for [x| < 1, so sup|, <y &kn(lz]) — oofy (2.39), & n(lz]) <
(2—-28;)In|z| + C for |z| < 1. Let y;,, be a maximum point of &;,, in B; and define
1

n = i in «— — =5 aSin j,m 9 :172 .
i mln{,uj’ eXp( 2@—2@’ (3, )) J }
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Clearly p, — 0 as n — oo and % < C for j =1,2. Define
o

- 1

(@) = &in(nm) + (285 = 2) Inpin, 2] < o
Up to a subsequence, we may let [ € {1, 2} such that p;,, = p, for all n. Then for i € {1,2}\{l}
we have fi;, > pn. Along a subsequence, there are two cases: (1) pin/tn — 400, then
&.n — —oo uniformly, and as in Step 1 of the proof of Lemma 3.5, the limit equation for

(€1.n,&2,) is a Liouville type equation (see (3.39)). (i) 1 < p;n/pn < C, then % < C,
and as in the proof of Lemma 3.6, the limit equation for (g‘lyn, f_gn) is a Toda type system (see
(3.58)). In both cases, we can find a sequence a,, — 0 such that (see Remark 3.2 for case (ii))

n—o0

lim inf/ (Jz[?r2efm + |zPP2m b2 ) do > C,
lz|<an

where C' > 0 only depends on b7, b5, 87 and 5. Let s, = 1/ay, then (3.63) holds.

Recall that vy, and vy, are locally uniformly bounded. Up to a subsequence, we may
assume that v;,, — v} in C? (R?) for j = 1,2. Let uf =vj + f7. By (2.39), it turns out that
(uf, u}) is a radially symmetric non-topological solution of system (2.16) with (b1, b2) replaced
by (b7,b3). Consequently, Theorem A implies uj(x) = —2v;In|z| + O(1) for some constants
v; >1as || = o0, j =1,2.

As before, we can take a sequence R,, — oo, and choose a subsequence still denoted by
(V1,,V2,n), such that R, < sp, [[v1,n — V]|l (Bg, ) + V2,0 — V3|l (Bg, ) — 0 and

R, oo .
lim retirdr = / re'idr, j=1,2.
Moreover, (2.39) implies
R’”‘ o0 * *
lim retintuindy = / reti Thidr, 1<4,j <2,
o0
lim retinttingdr =0, 1<4,j<2.

n—roo Rn

Consequently, by repeating the proof of the case k¥ = 1 in Lemma 3.2, we can prove that
Rnug,n(Rn) — —2v; and u;n(R,) +2InR,, — —oo for j = 1,2. Now we can modify the proof
of Lemma 2.2 by letting (¢, R) = (R, +00) in (2.34), which yields by letting n — oo that

JBr =18 —1) =T (n—-1Lr-1). (3.64)

On the other hand, we denote v, (r) = (1 + ba)ru} ,, + birus , and (,(r) = (1 + by)ruy, +
baru ,, for simplicity. Then we easily deduce from (2.32)-(2.33) that

lim ¢(Ra) > Tim (lim ga(r)) = 201+ 05)8; — 2013,

n—oo n—oo r—00
Tim Gu(Ra) = Tim ((lim Ga(r)) = =2(1+ 57)85 — 26381,
Hence,
(14 b3)71 + bine < (1+b3)B; + biB3, (3.65)
(14 b7)72 + b < (1+07)85 + b367. (3.66)

Moreover, by (3.63) and R, < s, at least one of < in (3.65) and (3.66) must be <. Remark
that, if L is a line tangent to the ellipse E, = {(z,y) | J*(x,y) = J*(B7 — 1,65 — 1)} in the first
quadrant, then the slope a of L satisfies

1+ 035 b3
- <a<— .
by 1+ 0
Therefore, we easily conclude from ~;, 87 > 1 that J*(y1 — 1,72 —1) < J*(87 — 1, 85 — 1), which
contradicts to the equality (3.64). This completes the proof. O
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Now we can give the proof of Theorem 3.1.
Proof of Theorem 3.1. By (2.16), (v1,v9) satisfies

Avy = —(1+by)(e™ 1+ bp)e?t 4 byetrtuz

PN
2\27
A+ ) Re (3.67)
62u2 + b26u1+u2
N-
1+ by)e2ut 4+ byetrtuz) 44 B2+ Ny

—( )
+b1(e"> — (1 + bo)e*™ + boe™ T2) + 4

—( )

= ARTEAFRE

( )
Avy = —(1+bz)(e"* — (1 +b2)
( )

+b2 et

Let wy(z) = vk(ﬁ) for k =1,2. Then

Aw1 _ 7|1,|74 {(1 + bl) (eul(ﬁ) _ (1 + bl)e2u1(ﬁ) 4 bleul(\Tl,\)Jrvn(‘Tl,‘))

e (L (L g (A ) bug (A +N
— by (2R — (14 by)e®2 (R 4yt (B () | +4(1B1+ Wl)g =: gi(2)
By Lemma 3.7, we have
up(x) < C+ fi(z) < 28 In|z|+ C, k=12, (3.68)

which improves the estimate (2.39). Then it is easy to check that g; are uniformly bounded in
L*(By) for some s > 1. Note that w; are uniformly bounded for |z| > 1/2 by Theorem 3.2.
Therefore, the Harnack inequality implies that w; are also uniformly bounded in By. The same
holds for wy. Consequently, both v; and vy are uniformly bounded in R? for ¢ € [0, 1]. O

4 Existence via the degree theory

In this section, we prove that vy = up — fi are uniformly bounded for ¢ € [0,1] in a suitable
Hilbert space and then apply the degree theory. Recalling (2.25), we define

o(Jz|) =1+ |x|2)_°‘°7 ap = min {1 (t), B2(t), 2} > 1.
te0,1]

As in [20], we consider the functional space

D= {w = Hlloc(Rz) ‘ ||wH2D :/ |Vw|2dx+/ cw?dr < oo},
R2 R2

and denote by D, the radial subspace of D. We also let D? = D,. x D,. equipped with the norm
(w1, ws)lloz = lwn o + s -

Remark that rvy (1) — 0 as r — co. By (3.67) and (3.68), we easily obtain |uvj(r)] < Cr—°
for large r, where s > 1 is a constant. Then we have (v1,v2) € D?. Recalling that (v1,vs)
satisfies (3.67), we denote

Fi(z) = (14 by)e*"s — e — bpetruz
— (1 + bk)GQ’Uk"erk _ evk+fk _ bkeU1+U2+f1+f2

and g(|z|) = (1 + |z|?)~2 for convenience. Now we can give the proof of Theorem 1.1.
Proof of Theorem 1.1. Note g(|z|) < o(|z|). By Theorem 3.1, it is easy to check that
|Fi(z)| < Cefk < C(1+ [z*)"P < Co(|a]), k=1,2,

and |ovg| < Co. Then by multiplying (3.67) by (v1,v2) and integrating by part over R?, we
easily obtain

/ (Vo1 + |[Voa|?) da < c/ o(|z])dz.
R2 R2
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Moreover, [p. ovpde < C [p, o(|z])dx for k = 1,2. Therefore, ||(vi,v2)|lp2 < M — 1 for some
constant M > 0 independent of ¢.
For t € [0,1], we define an operator G(t,-,-) : D? — D2 by

G(t,l}l,’llg) = (Ul - Gl(t7vl7v2)? V2 — Gz(tvvlaUQ)) )
where I is the identity map in D, and
Gi(t,v1,v2) = (A — 01)71((1 + b)) Fy, — b Fs_ — ovg + 4(Bk + Nk)g).

Foreach t € [0,1], (G1(t,-,-), Ga(t,-,+)) is a continuous compact operator from D? into D? by the
Moser-Trudinger inequality in D, (see [8, 20]). Moreover, G(t,v1,v2) = 0 is equivalent to (3.67).
Recall that [|(v1, v2)||p2 < M —1if G(t,v1,v2) = 0. Therefore, the degree deg(G(t, -, -), 2ar,0) in
D? is well defined for each ¢ € [0,1], where Q7 := {(v1,v2) € D | ||(v1,v2)|p2 < M}. Moreover,
G : [0,1] x D2 — D? defines a good homotopy. Observe that when t = 0, b; = by = 1 and
system (3.67) is the SU(3) Chern-Simons system studied in [8]. In particular, Choe, Kim and
Lin [8] proved that deg(G(0, -, -), Qar, 0) is an odd number. Therefore, deg(G(1,-, ), Qps,0) is an
odd number, namely (3.67) with (b1, ba) = (a1, az) has a solution (v, vs) in D2. Consequently,
system (1.9) has a radially symmetric non-topological solution (u;,us) satisfying the asymptotic
condition (1.11). This completes the proof. O

5 Bubbling solutions

In this section, we will prove Theorem 1.3 by constructing bubbling solutions via the shooting
method. In the sequel, we assume that a1, as > 0 satisfy

(1—|—a1)(1—|—a2) > 2a1as. (51)

Recall Section 2 that we write A = (1 + a1)(1 + a2) and B = ajaq for convenience.
Recalling © in (1.17), we fix any (a1, az) € Q such that oy # oo and

[(1 -+ al)(l + (LQ) — 20,10,2]0[2 — 0,2(]. + CLQ)al

5.2
:a2(1—|—a2)]\71+(1—|—a1)(1+a2)N2—|—2(1—|—a1 +a2). ( )

Clearly, the assumption (5.1) is necessary to guarantee the existence of such (a1, as). Remark
that the assumption ay # g plays a crucial role in the following proof; see Lemmas 5.6-5.8. In
the case as > 1, since A — 2B < a(1 + ag), we always have ag > «; for all (aq, an) satisfying
(5.2) and «aq,as > 1. In the case as € (0,1), we define

ag(l + ag)Nl + AN2 + 2(A — B)

Qg = (1 — CLQ)(A — B) > 2. (53)

Then for any (a1, ag) satisfying (5.2) and aq,as > 1, we have

ag >y if and only if as < ag, (5.4)
ag < aq if and only if as > ag. '
Inspired by Remark 3.1, we define
0% —a1+1 (g — 1). (5.5)
2
Clearly, (5.2) and (5.5) give
A—-2B 2B 2a1
= - —N; — Ny +1
(e3] AL 1+2(2+)7 (5.6)



a2

= N N- 2. 5.7
s 1+a1(’y+ 1) + No + (5.7)
By a1 > 1 and (5.6) we obtain
2B 2@1(0,1—1—1) A
—N ———2(N: 1 . .
V>Nt g Vet D+ 5 (5.8)

Moreover, in the case as € (0,1), since a1 # aw, we see from (5.7) and (5.3)-(5.4) that

as(1 + 2a1 + az) 1+ 2a1 + a» 1—as {>Oifa2>a1 59)

= Ny +
% (I+a)(A-B) " A-B T+a | <0if az < ar.

We also let (o := 1 in the case ag > 1. As before, we denote ¥ = v — 1, &y = o — 1 and
N, = N + 1 for convenience.

Lemma 5.1. J(a; — 1,0 — 1) > J(Ny + 1, No + 1) is equivalent to v > Ny + 2.
Proof. By (5.6)-(5.7) we have

2(11
1+as

_ a2 5+ az
71—|—a17 1+ a;

(&%)

Q9.

Ni+ Ny, =7
Consequently, by Lemma 2.4 and (1.10) we can derive

2&1
1+as

~ az . az Y
=J| - Ni+ N
< Y Tra TTva T 2)

- oy, ae(ltartaz) (o oo
— J(Ny, N —( —N).
( 1 2)+ 2(1+a1) v 1

J(@1,a0) =J (1 - Qo 072) = J(—7,a2)

This proves the lemma. O

Remark 5.1. In the case A < 4B, (5.8) gives v > Ny + 2. Therefore, (a1, a2) € Q holds
automatically for any aq,as > 1 satisfying (5.2).

Since (g, a2) € Q, Lemma 5.1 gives v > Ny + 2. Then by [4], there is a unique radially
symmetric solution U of the Chern-Simons-Higgs equation

AU = —(1+a1)eV + (14 a1)%e®Y + 47N,y in R?, (5.10)
satisfying the asymptotic condition
U(z) = —2yInjz| + O(1) as |z| — occ.

Moreover, U < —In(1 + a1) in R? and

/oor [(1+ ap)e’ — (1+ CL1)262U] dr = 2(y + Ny),
0

lim [rQeU“’) U (r) + 2V|} ~0. (5.11)

r—00

Let V(|z|) = V(x) := U(z) — 2N7 In |z|, then V(0) := lim,_,0 V(r) is well defined; see [4].
To use the shooting method, we consider an initial problem of system (1.9) in a radial
variable. As before, we denote

Fr(r) i= (1 + ay)e2"s (") — ¢un (") _ gpeva(ntua(r) —p —q 9
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for convenience. Clearly
|| < (14 ag)e™ <1+ ar whenever uy,us <0. (5.12)
Denote a = max{ay, az}. Then it is easy to prove that

{Fk<0 if up < —In(1+a), =19 (5.13)

F5 ) < Frp, <0 if up <usz—p < —1n[2(1+ a)],
Let vg(|z|) = vg(z) := ug(x) — 2Ny In|z| for k = 1,2. We study the following initial problem

vl (r) +
vy (r) +
V1 (0)

S =3

vi(r) = (1+ a1)Fi(r) — a1 Fa(r), r >0,
vh(r) = (14 ag)Fa(r) — a2 Fy(r), r >0, (5.14)
(0), v2(0) =Ine, v1(0) =v3(0) =0,

I
<

where € € (0,1). Clearly, the solution of (5.14) depends on ¢ and we denote it by (v1 ¢, v2,) and
consequently uy (1) = v (r) + 2N, Inr. For the sake of convenience, we also call (uq ¢, uz )
a solution of (5.14), and we will omit the subscript € when there is no confusion arising. The
main result of this section is following, and Theorem 1.3 is a direct corollary.

Theorem 5.1. Assume that (a1, a2) € Q satisfies (5.2) and ag # a1. Then there exists small
€0 > 0 such that for any € < g9, system (5.14) has an entire solution (uy e, us ) which satisfies

v = Vin CEOC(RQ) and supgs ug . — —00 as € — 0. Furthermore,

Uge(r) = =20 cIn|z| + O(1) as |z| = 00, k=1,2,
and (1,6, 00,) = (o1, 2) as e — 0.

Theorem 5.1 indicates that (u1 ., u2) is a sequence of bubbling solutions of (1.9) with only
the second component blowing up. Theorem 5.1 also shows that the constraints (1.19)-(1.20)
in Theorem 1.1 are not superfluous but necessary ones in view of applying the degree theory.

In the rest of this section, we give the proof of Thereom 5.1, which is quite long and delicate,
and we divide it into several lemmas. The basic strategy is similar to that of proving Theorem
C in [8]. However, since we deal with generic (aj,as), even in the case as > a1, some ideas
in [8] can not work here, and we need to develop different approaches; see the proof of Lemma
5.6 below for a typical example, which is a key step in the proof of Theorem 5.1. Furthermore,
as pointed out in Remark 1.3, the case a; > aq, which does not appear in the SU(3) case
(a1,a2) = (1,1), is different from the case s > a1, and we need to develop different ideas.

Recalling (o # 0, we let 0 be a constant such that

min{1,a1, A — 2B, B,a; — 1} min{|(y], 1}

0<d< 5.15
1000(7y +2)2(2a + 1)4 (5.15)
By (5.11), there exists a large constant Rs > 1 such that
R2eV(Es) L |RsU'(Rs) 4 27| < 6°, / reVMdr < 62,
Rs

fts 2(y+ N
/ rleV — (1 +a1)e?V] dr — A+ M) < 63 (5.16)

0 1+ aj

Clearly, Rs — 400 as § J 0. Unless otherwise stated, we let d be a fixed constant. Denote

ap :=min {1, 2B/(A - 2B)}. (5.17)
Lemma 5.2. There exists €1 = £1(0) > 0 such that, for any € € (0,e1), problem (5.14) has a
solution (uy e, u2c) up tor < Rs and

ag
1+a

Re"r=5) 4 | Rsul [(Rs) + 27| < 62, (5.18)
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lvi,e = Vizee(jo,rs)) <9, (5.19)

U2, (1) <up(Rs) <2Ind, Vr <Ry, (5.20)
Rs oo Rs
/ re'tedr —/ reVdr +/ retzedr < 6, (5.21)
0 0 0
’Rgulgys(R(s) — 20 (y 4 ) — 2N2’ <62 (5.22)

More precisely, |ui, —U| = 0 and ug,. — —oo uniformly in (0, Rs] as e — 0.

Proof. Since vi(0) < oo and uk(r) = vi(r) + 2N Inr for r > 0, then, for some R > 0, there
exists a solution of system (5.14) on (0, R) with uq(7), u2(r) < 0 up to R. Let r* = sup{R|0 <
R < Rs and ug,u2 <0 on [0, R]}. Consequently, either u;(r*) = 0 or ug(r*) = 0 or r* = Rj.
First we claim that r* = R for € > 0 small. By (5.12)-(5.14), we have
1 4 2a)?
(1+ 2a) 2.

Tv5(r) =/ P+ a2)Fy —apFy)dp < —
0
Consequently, for any r < r* < Ry,

" 1+ 2a)?
uz(r):lns+2N21nr+/0 vé(p)dpglnerQNanrqt%rz

<lne+ C(Rs) —» —c0 ase—0. (5.23)

Here and in the sequel, we denote by C(Rjs) various constants depending only on Rs. Letting
g1 < —eC(s) e obtain ug . (r*) < 0 for all € < g;. Moreover, for any r < r* < Ry,

|(1+ ap)etr(Mua() 4 Fy(r)| <2(1+ a)e"2(" < eC(Rys).
Recall that v1(0) = V(0) and
1
vy (r) + ;vi(r) =[(1+ ar)?e®™ — (14 ar)e™] —ay [(1+ay)e" T + Fyl.
Then by the standard continuous dependence on data in the ODE theory, we conclude

||U1,E — VHCl([Oﬂ'*]) —0 as € — 0. (524)

Consequently, w1 .(r*) — U(r*) < —In(1 + a1). By taking &7 smaller, we have u;y .(r*) < 0 for
all ¢ < e1. Therefore, r* = R; for all € < &;. In particular, |u; . — U] — 0 and ug, — —00
uniformly in (0, Rs] as € — 0.

Recall (5.15)-(5.17), (5.23) and (5.24). By taking £ smaller if necessary, we easily conclude
that (5.18)-(5.21) hold for all € < €1 (note that uj .(Rs) < 21In follows from (5.18)). Moreover,

f0R5 rFy(r)dr — 0 and
R5 R(S
/ rFy(r)dr — 7/ rleV —(1+a1)e*]dr ase — 0.
0 0

Then it follows from Rsub(Rs) —2Na = (1+axz) fOR‘S rFy(r)dr —as fOR‘S rFi(r)dr and (5.16) that
(5.22) holds for all € < €1 by taking e; smaller if necessary. This proves the lemma. O

Lemma 5.3. For each ¢ < &1(9), there exists R1 = Ry such that u1 ¢(Ri1,:) = use(R1,) <
2Ind and

Uz,e(T) <uie(r) <2Ind, Vr€[Rs,Rie), (5.25)
|ru’1’€(r) + 27| <2(1+a)d?, Vre[Rs, Ry, (5.26)
‘rugﬁ(r) — £2-(y+ N1) — 2N, | < 2(1+a)d?, V7€ [Rs, Ryl (5.27)

Moreover, Ry . — +o0 and R%EeulvE(RLE) = Riaemve(le) —+0ase—0.
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Proof. Fix any € < €1. Let Ry = Ry :=sup{R|u1,. > uz, on [Rs,R)}. First we claim that
(5.25) holds. Lemma 5.2 gives u1(Rs) < 2Ind and u}(Rs) < 0. Assume by contradiction that
(5.25) is not true. Then there exists r* € (Rs, R1) such that uf(r*) = 0 and wj(r) < 0 for
r € [Rs,r*). Consequently, uz(r) < ui(r) < 2Ind for r € [Rs,r*]. This, together with (5.13),
gives F1(r) < Fy(r) < 0 for r € [R5, 7*]. So

*

T

O:r*ull(r*) :Rgu/l(R(;)Jr/ t[(1+a1)F17a1F2] dt<0,
Rs

a contradiction. Hence (5.25) holds, and then Fj(r) < Fy(r) < 0, which implies ruj(r) <
Rsul (Rs) for r € (Rs, R1). Consequently,

T

u1(r) = u1(Ry) —l—/ u) (t)dt < uq(Rs) + Rsuy(Rs) In RL’ r € (Rs, Ry).
Rs )

Recalling v > 2+ Ny, we note from (5.18) and (5.17) that R2e*t(Fs) < 14%0% and Rsu) (Rs) <
—2 — ag. Then for any r € [Rs, R1), we have

/ t|F1(t)|dt§(1+a)/ te®) dt

R(s R5

S (1 + a)eul(Ré)RgRéull(Ré) /OO t1+R5u/1(R5)dt
Rs
1+4+a

— 2 ul(R(g) 2 2
—‘2 T R5u/1(R5)|R66 < 6% (5.28)

Combining this with (5.22) and (1 + as)Fy — asFy > —|F1| on [Rs, R1), we have

T

TU/Q(T) = RtSUIQ(Rg) + / t[(l + CLQ)FQ — ClgFl] dt
Rs
2(12

1+aq

2 (’)/+N1)+2N272§2, fOI‘TE[Ré,Rl).
This, together with ru) (r) < Rsuj(Rs) < 0 for r € [Rs, R1), gives Ry < oo and uy(R1) < 21né.
Finally, recalling F; < F5 < 0 on [Rs, R1), we deduce from (5.14) and (5.28) that

Il (1) — Rottl(Rs)| < (14 2a) /R {1 |dt < (1 + 20)5°
S

for r € [R5, R1] and k = 1,2. Then (5.26)-(5.27) follow from (5.18) and (5.22). Consequently,
|rup(r)] < C on [Rs,Rq]. Since Lemma 5.2 says |ui(Rs) — ua(Rs)| — oo as ¢ — 0, we
immediately obtain Ry — 400 as ¢ — 0. By (5.26) and v > 2 we have ru(r) < =3 for
r € [Rs, R1]. This, together with (5.18), implies

Rfe“l(m) = R%e"l(Rl) < RiRge“I(R‘;) — 0 ase — 0.
1

The proof is complete. O

Lemma 5.4. Recall ag in (5.17). There exists €3 = €2(0) € (0,e1(0)), such that for each
€ < &, there exists Ry = Ry . > Ry satisfying uj . (Rac) = 0 and ug (Rac) < Ind, up, >0
on [Ric, Ry ) and ruy (r) < =2 —ag on [Ry ., Ry c]. Moreover,

A-B_ 2B 2a,
A T AT T

Ryt (Rye) + 2 Na| < 3(14 a)?6?, (5.29)

and ug o (Rg,e) = —00 as e — 0.
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Proof. Let Ry = Ry, := sup{R > Ri . |u’26 >0 on [Ry.,R)}. We want to show Ry, < 00
when € > 0 sufficiently small.

First we claim that u}(r) < 0 on [Ry, R2). If not, there exists r* € [Ry, R2) such that
uj(r*) = 0 and wj(r) < 0 for r € [Ry,r*). Consequently, u1 < u1(R1) < 2Ind and so F; <0
on (Ry,r*]. Since

% [(1+ a2)ruy (r) + arruy(r)] = (1+ ay + a2)r Fy, (5.30)

we derive from (5.26)-(5.27) that, for r € [Rq,77],

ai

ay
14 as

ruy (r) < ruj(r) + rus(r) < Riuy(Ry) + Ryub(Ry)

1+ aq
aq 2(12
l+as |1+ ay

A-B 2B 2
NNy +2(1 + a)6?

—N
A T s
2B 2B 2aq N 4aq
A’Y A ! 1+a2 2 1+(Z2

< —2v+2(1+a)d® + (v + N1) + 2Ny + 2(1 4 a)d?

-2

+2(1 + a)?s?

—2a; —

Recalling from (5.15) that

1‘%&;2 > 2(1 4 a)?62, we easily conclude from (5.8) and oy > 1 that

2B

_9_
A_2B ° do

ruf(r) < —2aq — %’y < —2a; —
for all r € [Ry,r*], a contradiction with w}(r*) = 0. Therefore, u}(r) < 0 on [Ry, R2) and the
above argument shows that ru)(r) < —2 —ag on [Ry, Rs). Again, u; < ug on (R1, R2).
Now we claim that

lim sup Ug,e(1) = —00.

€20 r¢[Ryc,Ra )
Suppose not, since Lemma 5.3 says ua(R;) — —o0 as € — 0, there exist a constant ¢y < Ind and
€n, 4 0 such that the corresponding solution us ., (still write it by ug for convenience) satisfies
us(ryp) = ¢o for some r, € (Ry, R2). Then r,, — co by Lemma 5.3. Since u; < ug < ¢o < 1Ind
on (Ry,ry,], we have Fp < F; < 0 and F» < —%6“2 on (Ry,7,], namely

1
(rus(r)) =r((1 + az)F> — asFy) < *57"6“2 on (Ry,7y].

Hence, 0 < rub(r) < Ryuh(Ry), that is, by (5.27) we have |[rub(r)] < C for r € [Ry,m],
where C independent of n. Since there exists ¢, € (Ry,7,) such that us(t,) = 2co, we have
Ty — b, > C > 0 for some constant C' independent of n. Noting 2¢y < ug < ¢g on [ty,,r,] and
r, — 00, we conclude

Tn 1 Tn
—C < rpus(ry) — thus(ty,) = / (rub)'dr < —5/ re*2dr — —oo,
t t

n n

a contradiction. Therefore, our claim holds and then there exists e = e2(6) € (0,e1) such
that ug < Ind on [Ry, Rg) for any € < 5. Let € < e5. Then the above argument shows that
(rub(r)) < —3rev2(") < —LiRieu2(R1) on (Ry, Ry). Consequently, 0 < rub(r) < Ryuh(Ry) —
%RleUZ(Rl)(r — Rj) holds for any r € (R, Rs2). Letting r T Ry we conclude Ry < oo and
uz(Rz2) < Iné. Furthermore, ug(R2) — —oo as € — 0.

Finally, it suffices to prove (5.29). By (5.26) we know that r2¢“(") decreases on [Rs, R1].
Recalling ruf(r) < —2 — ag on [Ry, Ro], similarly as (5.28) we can obtain

Ro
/ t|F1(t)|dt < H—JR%eul(Rl) < mRﬁem(Rs) < 52
ao

Ry ao
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Then integrating (5.30) over (R, Rs) gives

aj

Rg’u/l(Rg) — Rlu’l(Rl) — Rlué(Rl) < (1 + a)62,

1+ as
and so (5.29) follows from (5.26)-(5.27). O
Remark 5.2. Lemmas 5.2-5.4 indicate that sup g, ju2,(r) — —0o ase — 0.

Lemma 5.4 shows u1 . < uge on (R, Re.]. Now we define

Rs = Rg,g = SUp{R > RQ,E

ure <uge on [Rae, R)}. (5.31)

Lemma 5.5. For each e < €2(0), there holds uj . < 0 on (Ra ¢, R3c). Furthermore, there exists
e3 = e3(0) € (0,e2(9)) such that for each € < e3, ruy (1) < —2— 28 for all Ry <r < R3..

Proof. First we claim that u5(r) < 0 on (Rg, R3). Assume by contradiction that there exists
r* € (Ra, R3) such that u5(r*) = 0 and uh < 0 on (Ra,r*). Then u; < ug < uz(R2) <1nd on
[R2,7*), which implies F < F; < 0 on [Ry,7*). Consequently,

*

0 = r*ub(r*) — Rous(Rs) = / r[(1+a2)Fs —axFy]dr <0,
R2
a contradiction. Hence uh < 0 on (Rg, R3), which implies u; < uz < Ind on (Rq, R3).
Recall from Lemma 5.4 that ruf(r) < —2 —ap < —2 — 26 on [Ry, Rs]. Assume that, up
to a subsequence of ¢ | 0, there exists r* = r¥ € (Ra, R3) such that r*u}(r*) = —2 — 2§ and
ruy(r) < —2 —26 for r € [Ry,7*). Then similarly as (5.28) we can obtain

- - .
/ tlFy|dt < (14 a)/ tettdt < %R%eul(””)

R1 Rl
<1t O p ) g. (5.32)
For convenience, we denote
1 * ! * 1 /
dp, = —3" up(r*) —1 and e = _§Rluk(R1) -1, k=1,2.
Then d; = § and (5.26)-(5.27) give
les —y+ 1| < (1+a)d?, |es+ : fa (v+N1)+ Na+ 1| < (1+a)s”. (5.33)
1
Observe that, Lemma 5.4 and u5(r) < 0 on (Rq, R3) yield
ur < ug < UQ(RQ) < Ind on (Rl,?"*). (534)
Consequently, F5 < F; < 0 on (Ry,r*). Then by (5.30) we easily obtain
1 1
dy> 192, 4o, 1192, o (5.35)
aq aq

where the second inequality follows from (5.33) and d; = §. Moreover, by integrating (5.30)
over (Ry,r*) and using (5.32), we see that da < C for some constant C' > 0 independent of e.
Since

[(1+ ay)ruy(r) + agruf (r)] = (14 a1 + a2)rFy

v ogla

and (5.34) gives |F3|
easily conclude

%6“2 on (Ry,7*), by integrating the above formula over (Ry,7*), we

*

/ re"2dr < C, where C' > 0 independent of ¢. (5.36)
R
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Now we can modify the proof of Lemma 2.2 by letting (¢, R) = (Ry,r*) in (2.34), which yields
J(dl, dz) — J(el, 62) = Il + 12,

where

*
T

A—-B 1 1
L = r? [azeul <a12+ e — 1) +aje™ (a2; e"? — 1> - Be’“*“ﬂ

b
Ry

A-B ["
Iy = / r[az(1+a1)e*™ + ai(1+ az)e*> — 2B 2] dr.
Ry

* 2
Since Htreus(™) —1 < Mg 1 < 0 and Rev2(F1) = RIewr (1) < %, we have

A-B (1+2a)? ., 0

2 w1 (R1) uz2(R1) 7 —
Rl(aze +aye )< 4(1+a)5 <3
Meanwhile, (5.32), (5.34), (5.36) and us(R2) — —oo yield Is — 0 as ¢ — 0. So for € > 0
sufficiently small, we have I < ¢/2, namely J(d1,d2) — J(e1,e2) < 6. Then by (5.35) and

dy = § we can prove

I <

1+a2 1+(l2
e; + ey —
ail aq

6>J(d1,d2)<](61,62)2<]<5, 5) 7(](61,62)

(T +az)(1 +a1 +ao) 2a1
- 2 (e1=0) (e =0+ T o-ez ) - (5.37)

Recall from (5.15) that a3 —1 > 1026 and (1 + 1%;‘;2)(1 +a)é% < 6. By (5.33) we have

2(11 A—-2B _ 2B 2@1

> i _
1+a262_ A v A ! 1—|—a2
=a; —1—26 > 1006.

61754’

(Ny+1)—1-25

Moreover, v > 2 + Np gives e — ¢ > 1/2. So for ¢ > 0 sufficiently small, (5.37) gives § > 256,
a contradiction. This completes the proof. O

To continue our proof, we consider the case as > o first. We will prove Rz . < +o0o for
€ > 0 sufficiently small.

Lemma 5.6. Assume that aa > «y. Then there exists ¢4 = €4(6) € (0,e3(5)) such that
R3 . < 400 for each € < 4. Consequently, ui -(Rs.e) = uz,(Rs.).

Proof. Assume by contradiction that R3 ., = 400 for a sequence ¢,, | 0. Then Lemma 5.5 shows
that w1, < uge, <Ind on (Ryp, ,+00). Consequently, we easily conclude that (1., ,us2.,)
is an entire solution of (5.14). By Theorem A, there exists Sx, > 1 such that uy ,(|z]) =
—2Bpnln|z| + O(1) as x| — oo for k = 1,2. Clearly ui., < us., on (Ra.,,+00) gives
ﬁl,n Z ﬁZmu

Recalling (5.26) and Lemmas 5.4-5.5, it turns out that ru} . (r) < —2 — 24 for all 7 > R;.
Then similarly as before, we have

/ r|Fyldr < (1 +a)/ re'tendr < ;—aRgeul‘fn(R“) < - (5.38)

Rs Rs 5 2
By (5.18), (5.22) and (5.38), we can integrate (5.30) over (Rs,7) to yield

|1+ ag)ruf . (r)+ ayruy, . (r)] <C, Vr > Rs,

where C' > 0 independent of r,e, and §. Letting » — oo we obtain S, < C for all n and
k =1,2. Up to a subsequence, we may assume (51, S2,n) — (81, 02). Then g > 1for k =1, 2.

Now, we take a sequence J,, satisfying (5.15) and ¢,, | 0. Denote R, := Rs . Clearly,
R, — +o0o. Then, up to a subsequence, we may assume that &, < €3(d,). Consequently, we
have the following conclusions as n — oco:
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(1) v, — V in C? (R?);
(2) fORn re"tendr — [ reVdr and fOR" ret2endr — 0;
(3) supge Uz, — —00;

) f;i rettendr — 0.

Here, (1) and (2) follow from Lemma 5.2, (3) follows from Remark 5.2 and Lemma 5.5 that
uy . < 0 on (Ryc,+00), and (4) follows from (5.38). Therefore, we can repeat the proof of
Lemma 3.4 to conclude that (81, 32) satisfies the formula (5.2). Moreover, by Remark 3.1 we
actually have

(1 + al)(l + a2) — 2a1a9 2a1a9 2a1
= — N Ny +
b A+a)(l+ta) | OQta(dtan) 17 1+2(2 b,
as
- Ny) + Ny + 2.
Ba 1+a1(’y+ 1)+ Nao+

Hence, (5.6)-(5.7) yield (B4, 82) = (a1, @2). In particular, 82 > 1, which contradicts to 51, >
Ba.r, for all n. Therefore, there exists e4 = €4(J) € (0,e3(d)) such that R3 . < oo for each € < e4.

This proves the lemma. O
Lemma 5.7. Assume that ag > a1. Then for each € < 4, there holds by . — by ¢ 4 , where
Co >0 isin (5.9) and
1
by = —§R3’5u§€75(R375) -1, k=1,2. (5.39)

Proof. Recall from Lemmas 5.4-5.5 that ru}(r) < —2 — 26 for r € [Ry, R3]. Similarly as (5.32),
we have

Rs R3 6
/ rIFydr < (1 + a,)/ te gt < O (5.40)
Rl Rl 2

Recall e = —%Rlué(Rl) — 1 in Lemma 5.5. By computing the Pohazaev identity of (rub)’ =
r[(1 + a2)F2 — azFy] over (R, R3), we can obtain

1
13— ed =22

[(1 + ag)e 2uz _ 26“"‘]

R3 Rs
— as / rFidr
R4 Ry

1 Rs
+ +az / re? [(1 + ag)e™® — 2age™ ] dr
2 R,

1 (7
- 5/ (r’u) [as(1 + as)e™ T2 + ax Fy | dr
Ry

:ZP1 —|—P2 +P3—|—P4 (541)
Since Fy < Fy < 0 on (R, R3), we have

R3 as
O<P2:—a2/ rFldrg—&
Ry 2

Noting for r € {Ry, R3} that (1 + ag)eQ““’(T) — 2¢%2(") < () since us(r) <1nd, we have

Pl > —1 +2a2 R2 uz(R‘i) 1 +a2R2 u1(R3) > 52
P < 1+2a2 R2eu2(R1) — 1 J;GQ R2 ui(R) 52,

where we have used r2e“1(") < RZeu1(Fs) for any r € (Rj, R) since ruf(r) < —2 — 2§ on
[R5, R3]. Since e¥t <2 < ¢ on [Ry, R3], we deduce from (5.40) that

CL2 R3
P> 7—25/ te"rdt > —ad>.
2 Rl
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Again by integrating (5.30) over (Ry,r) for any r € (R, R3], we derive from ruf(r) < —2 — 26,
(5.40) and (5.26)-(5.27) that
1 + as

1+CL2 ’ 71+a

rug(r) > Riuy(Ry) + Riub(Ry) — ruy(r) )
ai ay ai

1 2 1 1

sogitatar 2 105 oq4a) (14122 s
(11(1 + al) aq a a1
1+a1 +as

S 9t TU Ty e (R, Rsl. 5.42
a1(1 + (ll) v " ( 1 3] ( )

On the other hand,
3 .
—§a26“1 < ag(l+ag)e" 2 +aFy <0 on [Ry, R3), (5.43)

so we can obtain from (5.40) that
3as(1 Rs 3(1
p > _Selltata) / revidr > 30+ s
2(11(]. + al) Ry 4@1
From the above arguments, we obtain

2_3(l+a)

b2 —e2 > —(1 )
5 —e3 > —(1+a) 1a;

~4.

This, together with (5.33), gives

273(1+a)

b —(1 1) 1)
2 > lez| = (1+a) 0
as 5 3(1+a)
N- - 1-—2(1 0" — ——2~4
>1+a1(7+ 1) + Na+ (1+a) 10, Y
as 1+a
> N N. 1-— 0.
1+a1(7+ 1) + N2 + Pt

On the other hand, the definition (5.31) of R3 yields by > b;. By integrating (5.30) over
(R2, R3) and recalling (5.40) and (5.29), we can prove

/ R3
by < (1 + ag)bl + a1by _ _(1 + a2)R2U1(R2) + 1/ ’I“|F1|d7" —1

1+a; +ay 2(14 a1 + a2) 2
< 2(1;__&23) A;B’Y—%Nl— 1%;1;2]\[2#-3(14—@252} —|—§—1
<ljal_(1+alﬁA—B)N1_Aa—1BN2_1+§’ (5:44)
and consequently,
o T

- (1+a’y+1>5.
ay

In the case ay > 1, we immediately obtain bs — b > 1 = (5. In the case ag € (0, 1), since
ag > aq, (5.9) gives (o > 0 and

1
by — by >c0—( +a7+1>5.
ai
Since (5.15) gives 0 < ‘1(1427)((0%1)’ we also obtain by — by > %Co. O
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Now let us consider the second case ay < . Differently, we will prove Rz . = +oc for
€ > 0 sufficiently small.

Lemma 5.8. Assume that as < «1. Then there exists €4 = €4(d) € (0,e3(0)) such that
R3 . = +00 for each € < e4.

Proof. Since as < a1, we must have as € (0,1). Assume by contradiction that there exists a
sequence &, J 0 such that R3., < +oo. Then ui.,(R3.,) = U2e, (R3.e,). We use the same
notions by ., as in Lemma 5.7. Then the definition (5.31) of R, yields ba., > b1.,. In the
following argument, we omit the subscript ¢,, for convenience, namely we still write uj ., by uy
and by ., by by respectively.

Recalling from Lemmas 5.4-5.5 that ruj(r) < —2 — 26 for r € [Ry, R3], we see that (5.40)
also holds here. Differently from Lemma 5.7, here we want to get a sharp upper bound of by
by (5.41). We have proved in Lemma 5.7 that P, < §2 and P, < %. So it suffices to estimate
P and Py from above.

By (5.42) we see that Rzub(R3) > —C' for some C > 0 independent of &,,. Since u; < us <
uz2(R2) < Ind on (Ry, R3), we have F5 < F; < 0 on (Ry, R3). Consequently, by integrating
(rub) =r[(1 + az2)F2 — a2 F1] < 0 over (Ry, R3), we deduce from (5.27) and (5.40) that

R3

R3
1+ ag)/ r|Fy|dr = Ryub(R1) — Raub(R3) + ag/ r|Fy|dr < C,
R1 Rl

where C' > 0 is independent of &,,. Since |Fy| > $€“2 on [Ry, R3], we conclude that flf’f re“2dz <
C for some C > 0 independent of &,. Combining this with us < us(R2) on [Ry, R3] and
uz(R2) — —o0 as g, — 0, we conclude that

1 2 R3

P < ﬂe”m?)/ re*2dr =0 as e, — 0,

2 Ry
ie. Py <ad? for e, small enough.

By N1 +2 <, 2B < A, (5.27) and (5.8), we have

2@2 2
Nip) +2(Ny + (1
Hal(v+ 1) +2(Nay + (14 a)d?)

- day N A-2B <2(1+a)
1+a17 611(14—661)’y al

Rlu’2 (Rl) S

. (5.45)

Observe that ruf(r) decreases on [Ry, R3]. So 0 < rub(r) < Ryub(Ry) for r € [Ry, Re] and
rub(r) <0 for r € (Rg, Rs]. Then it follows from as < 1, (5.43), (5.40) and (5.45) that

1 [fe
Py < —5/ (r2ub) [a2(1 + ag)e™ ™2 + ay Fy| dr
Ry
Ro

3 « 3
< 4R1UI2(R1)/1~21 re“tdr < HW&.

Combining all the arguments above, we obtain for ¢,, sufficiently small that

3(1+a)

1) 3
2—e2<=-+(1 24+ i< (1 52
5—e3 <5+ (1l+a) +4a17 < (L +a)o” + la;

5 ~6.

This, together with (5.33), gives for ¢, sufficiently small that

3(1+

by < |ea| + (1 +a)ds* + M’y(s
4a1

az

3(1+a)
< _
1+G,1

4@1

(Y4 N1) + No+1+2(1+a)d® + o
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1
DN+ Ny b1l

<
1+ aq ai

~6.

On the other hand, similarly as (5.44), we can prove

1+ a)by + arb 1 Rouf(Ry) | 1 (™
(1+a2)b; + a; 2:_( + az) Rou ( 2)_’_7/ r|Fy|dr — 1
1—|—a1—|—a2 2(1—|—al—|—a2) 2 o
1—1—(12 A—B 2B 20,1 2¢2
2 — —N; — —N, —3(1 6l —1
Z5a-p |2 a4 T AN g i)
vy B ay
> — Ny — Ny —1-4.
1+a; (I+a)(A-B) ' A-B

Recalling from (5.9) that ¢y < 0 since a7 > ay. Therefore, we finally obtain for &, sufficiently
small that

1+a2 a2—1 a2(1—|—2a1—|—a2) 1—|—2a1—|—a2
—(by—b1) < N+ ———N.
1—|—a1—|—a2(2 2 1ta T A+a)(A-B) ! A-B 7
1+4+a
+2+( 7+1>6
ai
1+a
— 6o+ (2y+1) 5 <0,
ai
which contradicts to be > b;. This completes the proof. O

Remark 5.3. In the case ay € (0,1), there is a remaining situation oy = ag = g that we can
not deal with, since we have no idea whether R3 . < +00 or R3 . = +00. This remains as an
open question.

Now we are in a position to finish the proof of Theorem 5.1.

Completion of the proof of Theorem 5.1. Let € < £4(d). We consider two cases separately.

Case 1. a1 < ag. Then R3 < 4oo. First we claim that w}(r) > uh(r) for all r > Rs.
Suppose not, then there exists r* > Rg such that u}(r*) = uf(r*) and uj(r) > u)h(r) for
r € [Rs,r*). Clearly, us < uy on (Rsz,r*]. If there exists t* € (Rs,r*] such that u;(t*) = Ind
and up < u; < Ind on [Rs,t*), then F} < F; < 0 and so (ru}) = r[(1 4+ a1)F1 —a1F3] <0
on [Rs,t*). Consequently, 0 < ¢*uj(t*) < Rsuj(Rs) < —2 — 24, a contradiction. Hence,
uz < up < Ind and Fy < Fy < 0 on (Rs,r*], which implies that ru}(r) decreases on [Rs, r*].
Recalling ruf(r) < —2 — 26 for r € [R5, R3], it follows that ruj(r) < —2 — 26 for r € [R5, r*].
Then, as before, we can prove

*

r r* r 5
/ r|Faldr < / r|Fyldr < (1+ a)/ retdr < —.
Rs 3 Rs 2

Consequently, Lemma 5.7 yields

0 =r*us(r*) — r*uf (r*)

r*

:Rgué(Rg) — Rgull(Rg) + (1 + a1 + ag)/ ’/’(FQ — Fl)dT’
R3

3
< =2(b2 = b)) + (1 +a)d < —S¢ + (L +a)s <0,
a contradiction. Therefore, u(r) > uh(r) for all r > R3. By repeating the above argument,

we can prove that ug < u; < Inéd on [R3,+00) and ruj(r) < —2 — 2§ for all r € [Rs, +00).
Consequently,

o0 oo 6
/ r|Fildr < (1+ a)/ re“tdr < —. (5.46)
R5 Ré 2
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By u2, < u1, < Ind on [R3,+00), we easily conclude that (u1 ., u2,.) is an entire solution of
(5.14) for any € < &4.

Case 2. aq > ag. Then R3 = 400. By the definition (5.31) of R3 and Lemma 5.5, we have
uy < ug < uz(R2) <Ind on (Rg,+00), which also implies that (u1 e, ug,) is an entire solution
of (5.14). Moreover, by Lemma 5.5, we also have ru)(r) < —2 — 2§ for any r > Rs, and so
(5.46) also holds in this case.

In both cases, we have proved that (u ., us ) is an entire solution of (5.14) and uj (1) <0
in (Ra,,400) for any € < g4. Therefore, it follows from Remark 5.2 that

lim (supug,s) = —o0.
e—0 R2
On the other hand, Theorem A yields the existence of ay . > 1 such that
Upe(r) = 20, In7+0O(1) asr —o00, k=1,2.

Combining these with Lemma 5.2 and (5.46), and letting § | 0, we can repeat the proof of
Lemma 5.6 to conclude that v — V in C? _(R?) and (a1.,a2.) — (ai,a2) as e — 0.
Remark that due to the uniqueness of the limit V/, this assertion holds for all € — 0 but not
only up to a subsequence. This completes the proof. O
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