SHARP NONEXISTENCE RESULTS FOR CURVATURE EQUATIONS
WITH FOUR SINGULAR SOURCES ON RECTANGULAR TORI

ZHIJIE CHEN AND CHANG-SHOU LIN

ABSTRACT. In this paper, we prove that there are no solutions for the
curvature equation

Au+e* =8mndyonEr, neN,

where E; is a flat rectangular torus and Jy is the Dirac measure at the lat-
tice points. This confirms a conjecture in [18] and also improves a result
of Eremenko and Gabrielov [11]. The nonexistence is a delicate problem
because the equation always has solutions if 87tn in the RHS is replaced
by 27tp with 0 < p & 4IN. Geometrically, our result implies that a rect-
angular torus E; admits a metric with curvature +1 acquiring a conic
singularity at the lattice points with angle 27ta if and only if « is not an
odd integer.

Unexpectedly, our proof of the nonexistence result is to apply the spec-
tral theory of finite-gap potential, or equivalently the algebro-geometric
solutions of stationary KdV hierarchy equations. Indeed, our proof can
also yield a sharp nonexistence result for the curvature equation with
singular sources at three half periods and the lattice points.

1. INTRODUCTION

Throughout the paper, we use the notations wp = 0, w1 = 1, wy = 7,
w3 =1+ 7Tand Ar = Z+Zt, where T € H = {t|Im7 > 0}. Define
E; := C/A; to be a flat torus in the plane and E;[2] := {Z:|0 < k <
3} + A¢ to be the set consisting of the lattice points and 2-torsion points in
E-. Consider the following curvature equation with four singular sources:

3
(1.1) Au+e'=8m) mdy  on Er,
k=0

where J,, /5 is the Dirac measure at %, and ny € Z>o forall k with ) n; > 1.
By changing variable z — z 4 %, we can always assume 1y = max; 11, > 1.

Not surprisingly, (1.1) is related to various research areas. In conformal
geometry, a solution u to (1.1) leads to a metric ds? = je*(dx? 4 dy*) with
constant Gaussian curvature +1 acquiring conic singularities at %t’s. It also
appears in statistical physics as the equation for the mean field limit of the
Euler flow in Onsager’s vortex model (cf. [1]), hence also called a mean field
equation. Recently equation (1.1) was shown to be related to the self-dual
condensates of the Chern-Simons-Higgs equation in superconductivity. We
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refer the readers to [3, 10, 11, 20, 22] and references therein for recent devel-
opments of related subjects of equation (1.1).

The existence of solutions of equation (1.1) is very challenging from the
PDE point of view. In fact, the solvability of (1.1) essentially depends on the
moduli T in a sophisticated manner. This phenomena was first discovered by
Wang and the second author [17] when they studied the case 1y = 1 and
nm =ny=nz =0,ie.

(1.2) Au +e" = 8mdy on E-.

For example, they proved that when T € iR (i.e. E: is a rectangular
torus), equation (1.2) has no solution; while for T = % + ?i (i.e. E;is
a thombus torus), equation (1.2) has solutions. Later, equation (1.2) was
thoroughly investigated in [7, 19].

For the caseng =n >2andny =ny =n3 =0, i.e.

(1.3) Au +e" = 8nmdy on E,

Chai, Lin, Wang [2] and subsequently Lin, Wang [18] studied it from the
viewpoint of algebraic geometry. They developed a theory to connect this
PDE problem with hyperelliptic curves and modular forms. Among other
things, they proposed the following conjecture.

Conjecture. [16, 18] When T € iR, i.e. E; is a rectangular torus, equation
(1.3) has no solutions for any n > 2.

Geometrically, this conjecture is equivalent to assert that a rectangular
torus admits no metric with constant curvature +1 and a conical singularity
with angle 277(1 +2n), n € IN. Recently in [5], we proved this conjecture
for n = 2. However, this proof can not work for general n > 3. One main
purpose of this paper is to resolve this conjecture via a completely different
idea.

Theorem 1.1. If T € iR+, i.e. E is a rectangular torus, then equation (1.3) has
no solutions for any n > 1.

There are two important consequences of Theorem 1.1. One is related
to the pre-modular form zﬁ,’;) (7) associated with the Lamé equation intro-
duced by [18]. See Section 6. The other is related to the following conjec-

ture.

Conjecture 1.2. Suppose T € iR~ and p € (87(n —1),87tn), n € IN. Then
the equation
Au+e" =pdy on E;

possesses exactly n solutions.
Conjecture 1.2 was already proved for p € (0,87) in [19] and for p =

8m(n — %) in [2]. In [9], we will apply Theorem 1.1 to prove Conjecture 1.2
for |p—8mn| < land |p—8n(n —1)] < 1.
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In fact, our proof of Theorem 1.1 also works for equation (1.1) with more
general n;’s. Our first main result of this paper is the following sharp
nonexistence result.

Theorem 1.3. Let ny € Zxg for all k with maxyn, > 1. If (ng, n1,nz,n3)
satisfies neither

ny+ny —ng—ng

(1.4) 5 >1, m=>1 np>1
nor
(1.5) MAM M g gy >1, ns>1,

2
then for any T € iR, equation (1.1) on E; has no even solutions.

Remark 1.4. It was proved in [2] that once (1.3) has a solution, then it has
also an even solution. Thus Theorem 1.1 follows directly from Theorem 1.3.

It follows from [11] that our condition on 7 in Theorem 1.3 is sharp. In
fact, recently Eremenko and Gabrielov [11] studied (1.1) from the view-
point of geometry, i.e. by studying a related problem concerning spherical
quadrilaterals. Among other things, they prove the following result.

Theorem A. [11, Theorem 1.3] Let ny € Z> for all k with maxy ny > 1. Then
equation (1.1) has an even and symmetric solution u(z), i.e.

(1.6) u(z) =u(—z) and u(z)=u(z),

on some rectangular torus E (i.e. for some T € iR~) if and only if (ng, nq, nz, n3)
satisfies either (1.4) or (1.5).

Theorem A indicates that our condition on 7 in Theorem 1.3 is sharp.
Furthermore, Theorem 1.3 improves Theorem A because we remove the
assumption of symmetry u(z) = u(z). We emphasize that this improve-
ment is not trivial at all, because our numerical computation shows that
there exist 1 < by < by < v/3 such that for any T = ib with b € (b, b2),

Au +e" = 1670 + 16719, /2 on E¢

has no even and symmetric solutions but does have two even solutions. In view
of Theorem 1.1, we suspect that the even assumption u(z) = u(—z) is not
necessary either, namely we propose the following conjecture.

Conjecture 1.5. Equation (1.1) has no solution for any T € iR~ if and only if
(no, n1, na, n3) satisfies neither (1.4) nor (1.5).

Differently from Eremenko and Gabrielov’s geometric approach [11], we
prove Theorem 1.3 from the viewpoint of the integrable system in the sense
that any solution u can be expressed as some holomorphic data, by which
we will connect the curvature equation (1.1) to the following generalized
Lamé equation (GLE, a second order linear ODE)

3

A7) Y@ = 1@y = | Yo+ D (2+ 457) +E|y().
k=0
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See Section 2 for details. Here p(z) = p(z;T) is the Weierstrass elliptic
function with periods w; = 1 and w; = 7, defined by

1 1 1
1.8 Z;T) = — —_—— — .

(-9 o) 22 i welg\{o} <(Z —w)? w2>
Note that GLE (1.7) becomes the classical Lamé equation when three n;’s
vanish, such as n; = n, = n3 = 0. GLE (1.7) is the elliptic form of Heun'’s
equation and the potential

3
(1.9) grommans)(z) = — Y mp(np +1)p (z + %5 7)
k=0
is the so-called Treibich-Verdier potential ([30]), which is known as an algebro-
geometric finite-gap potential associated with the stationary KdV hierar-
chy. We refer the readers to [14, 24, 25, 26, 27, 28, 30] and references therein
for historical reviews and subsequent developments.

In Section 2, we will prove that once (1.1) has an even solution, then there
exists E € C such that the monodromy group of GLE (1.7) is conjugate to a
subgroup of SU(2), i.e. the monodromy of GLE (1.7) is unitary. Therefore, to
prove Theorem 1.3, it suffices for us to prove the following result, which
is also interesting from the viewpoint of the monodromy theory of linear
ODEs.

Theorem 1.6. Let n, € Z>q for all k with maxgn, > 1and T € iRso. If
(no, n1, na,n3) satisfies neither (1.4) nor (1.5), then the monodromy of GLE (1.7)
can not be unitary for any E € C.

It is well known (cf. [14, 24]) that a spectral polynomial Q("o™m2:) (E; T)
is associated for the Treibich-Verdier potential (1.9); see Section 3 for a brief
review. In this paper, as applications of Theorem 1.3 and Theorem A, we
have the following surprising result.

Theorem 1.7 (=Corollary 4.5). Let ny € Z> for all k with maxy ny > 1. Then
all the zeros of Q("O'”1'”2'”3)(~; T) are real and distinct for each T € iR~ if and
only if (no, n1, na, n3) satisfies neither (1.4) nor (1.5).

This paper is organized as follows. In Section 2, we establish the connec-
tion between the curvature equation (1.1) and GLE (1.7). Theorem 1.6 will
be proved by applying the spectral theory of Hill’s equations with complex-
valued potentials [13]; see Section 3, where we will prove a more general
result (see Theorem 3.4) which contains Theorem 1.6 as a special case. In
Section 4, we apply Theorem 3.4 to prove a more general result for equation
(1.1) (see Theorem 4.1) which contains Theorem 1.3 as a special case. In Sec-
tion 5, we prove the sufficient part of Theorem 1.7. The necessary part will
be a consequence of our results as explained in Section 4. In Section 6, we
will apply Theorem 1.1 to study pre-modular forms introduced in [18]. In
Appendix A, we briefly review the spectral theory of Hill’s equation from
[13] that are needed in Section 3.
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2. FROM PDE 1O ODE WITH UNITARY MONODROMY

The purpose of this section is to establish the connection between the
curvature equation (1.1) and GLE (1.7) from the viewpoint of the integrable
system. See [2] for a complete discussion for the special case n; = n; =
n3 = 0, i.e. equation (1.3). Our argument of proving the unitary mon-
odromy is different from [2] and works for the general case

m
2.1 Au+e* =4m) wd, onEx,
k
k=1

where a;’s are m different points on E;, ay > —1 for all k and }_a; > 0.
The Liouville theorem says that for any solution u(z) of (2.1), there is a
local meromorphic function f(z) away from {a;}’s such that

811 ()
(2.2) u(z) =log A+ P
We remark that the classical Liouville theorem holds only for the case when
the domain is simply connected and the equation does not include any
singularity. For our present case, see [2] for a proof.
This f(z) is called a developing map. By differentiating (2.2), we have

1, f// "1 f// 2
23 wem gt = izh= (5) -5 (%)
Conventionally, the RHS of this identity is called the Schwarzian derivative
of f(z), denoted by { f;z}. Note that outside the singularities {a; |1 < k <
m}+ A,
(uzz — 3u?), = (uzz), — uztz = — 3 (€"), + te'uz = 0.
Furthermore, using the local behavior of u(z) at ay: u(z) = 2ayIn |z — ai| +

O(1), we see that u,, — 3u? has at most double poles at each ;. In conclu-

sion, u,, — u? is an elliptic function with at most double poles at {a; |1 < k <

m} + Ar. Denote

(2.4) I(z) := =% (uz — Ju2),
and consider the Fuchsian type linear differential equation
(2.5) y'(z) = 1(2)y(2).
Since {f;z} = —2I(z), a classical result says that there exist linearly inde-
pendent solutions y1(z), y2(z) such that
n(z)

(2.6) z) = .

&)=

On the other hand, the monodromy representation of (2.5) is a group
homomorphism p(-) : m(Ex \ ({ax |1 < k < m} 4+ A;)) — SL(2,C). In
general, the monodromy of such linear differential equation could be very
complicate. The main result of this section is the following.
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Theorem 2.1. If equation (2.5) comes from a solution u(z) of (2.1) via (2.4),
then the monodromy group with respect to the linearly independent solutions
(y1(2),y2(z)) is contained in SU(2), i.e. the monodromy is unitary.

Proof. Define the Wronskian

W = y1(2)y2(2) — y1(2)y2(2).

Then W is a nonzero constant. By inserting (2.6) into (2.2), a direct compu-
tation leads to

2v2We 243 = |y (2) 2 + |ya2(2) 2.

Since u(z) is single-valued and doubly periodic, we immediately see that
the monodromy group with respect to (y1(z), y2(z)) is contained in SU(2),
namely the monodromy is unitary. U

Now we apply Theorem 2.1 to the curvature equation (1.1). Suppose (1.1)
has an even solution u(z), i.e. u(z) = u(—z). Then the previous argument
shows that u., — Ju? is an even elliptic function with singularities only at
E-[2] := {%]|0 < k < 3} + Ar. By using the local behaviors of u(z) near
S u(z) = 4dnilog |z — SE| + O(1), it is easy to prove that

1 3
(2.7) Ugy — Eug =2 [ Z (g + 1) p(z + %;T) + E] =: —2I(z),
k=0

where E is some constant, because due to the evenness, u,, — %u% has no
residues at z € E[2]. Therefore, (2.5) becomes the following GLE

3
@8  v'(2) = [(2)y(z) = [ T e+ Dtz + 457) + E]y@.
=0

We say that GLE (2.8) comes from the curvature equation (1.1) if the potential
I(z) is given by an even solution u(z) of (1.1) via (2.7). Since ny € Z>o, we will
see in Section 3 that the local monodromy matrix of GLE (2.8) at % is I, so
the developing map f(z) = y1(z)/y2(z) is single-valued near each %t and
then can be extended to be an entire meromorphic function in C. Applying
Theorem 2.1, we have the following result.

Theorem 2.2. If the curvature equation (1.1) has an even solution, then there
exists E € C such that the monodromy representation of GLE (2.8) is unitary.

Remark 2.3. Actually the converse statement of Theorem 2.2 is also true, i.e.
if there exists E € C such that the monodromy representation of GLE (2.8)
is unitary, then (1.1) has even solutions. Since this statement is not needed
in proving the results of this paper and its proof is more delicate and longer
than that of Theorem 2.2, we would like to postpone it in a future work.
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3. GLE AND FINITE-GAP POTENTIAL

The purpose of this section is to prove a more general result (see The-
orem 3.4 below) which contains Theorem 1.6 as a consequence. To state
Theorem 3.4, we need to recall some basic facts about the monodromy the-
ory of the generalized Lamé equation (GLE)

3
Gl y'(=) = HzEy(E) = | Y mlme+ D (z+ %57) + E| y(2),
k=0
where ny € Z> for all k and max n;, > 1. Since the local exponents of GLE
(3.1) at % are —ny and 1 + 1 and the potential I(-; E) is even elliptic, it is
easy to prove (cf. [14] or [24, Proposition 3.4]) that the local monodromy
matrix of GLE (3.1) at % is the unit matrix I,. Therefore, the monodromy
representation of GLE (3.1) is a group homomorphism p(-; E) : m1(E¢) —
SL(2,C). Let ¢; € m(E;), j = 1,2, be the two fundamental cycles of E;
such that Elﬁzﬁflﬁgl = Id. Then

(3.2) o(t; E)p(f2; E) = p(¢; E)p({1; E),

where p(/}; E) denotes the monodromy matrix of GLE (3.1) with respect to
any pair of linearly independent solutions. That is, the monodromy repre-
sentation of GLE (3.1) is always abelian and hence reducible. Consequently,
there exists a solution y1(z) = y1(z; E) of GLE (3.1) such that y1(z; E) is a
common eigenfunction of p(¢1; E) and p(¢3; E):

33)  yiz+LE) =By (zE), yi(z+TE) =" Ely (5 E),

where 6;(E) € C are some constants, i.e. y1(z; E) is elliptic of the second
kind. Since I(—z; E) = I(z; E) implies that y2(z) = y2(z;E) := y1(—z E) is
also a solution of the same GLE (3.1) and also a common eigenfunction of
p(¢1; E) and p(ly; E):

(B4) ylz+1LE) = e_”iel(E)yz(z;E), »(z+TE) = e_”i92(E)y2(z;E),

we conclude that ®(z; E) := y1(z; E)y2(z; E) = y1(z; E)y1(—2; E) is an even
elliptic solution of the second symmetric product equation of GLE (3.1):

(3.5) ®"(z) — 4I(z; E)®'(z) — 2I'(z; E)®(z) = 0.

On the other hand, it was proved in [29, Proposition 2.9] that the dimen-
sion of the even elliptic solutions of equation (3.5) is 1. Together this with [24,
Proposition 3.5], we immediately obtain

Lemma 3.1. Up to a constant multiple, ®(z; E) = y1(z; E)y1(—z; E) has the
following expression:

3 1’lk71 .
(3.6) O(zE) =co(E)+ ). Y b (E)p(z+ 457)",
= 0

k=0 j=
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where the coefficients cy(E) and b](k)(E) are polynomials in E, they do not have

common divisors, and co(E) is monic. Set ¢ = degco(E), then deg b](k) (E) < g
forall k and j.

Define
W(E) := y1(z E)ya(z E) =11 (z E)ya (2 E)
to be the Wronskian of y1(z; E) and y2(z; E). Clearly W(E) is a constant
independent of z. It is easy to see that

W(ZE) _ ¥(5E)+WE)  h(zE) _ P(HE) - WE)

Z,
y1(zE) 2®(z;E) " ya(z E) 2®(z; E) ’

which implies

O(E)  (GE)+WE) gy py <yi<z;E)>'

2®(z;E) 2®(z; E)? y1(z E)
_ ®'(zE) + W(E)\?
_I(Z’E)_( 20(z; E) > ’
and
®"(z;E) @(zE)-W(E) ., . @ (z;E) — W(E)\?
20(z;E)  20(zE)? qD(Z’E)_I(Z’E)_( 20(z; E) >
From here we immediately obtain
(3.7) W(f)z — I(zE)®(zE) + qf - SERIEE)

Remark that (3.7) is well known (cf. [14, 24]) and the fact that the RHS of
(3.7) is independent of z can be also seen from equation (3.5). Define

Q(E) =Q(E; ) = QU (E;v)
P2 B(zE)P(3E)

(3.8) :=I(z; E)®(z; E)* + 1 5 .

Then it follows from the expression of I(z; E) and Lemma 3.1 that Q(E) is
a monic polynomial of degree 2¢g 4+ 1. This polynomial Q(E) is known as the
special polynomial of the Treibich-Verdier potential (cf. [14, 24]) and will play
a crucial role in this paper. The number g, i.e. the arithmetic genus of the
hyperelliptic curve F> = Q(E), was computed in [14, 28]: Let m; be the
rearrangement of 7y such that my > m; > my > mg3, then

™Mo, if Y my is even and mg + m3 > mq + my;
(9 g— Dy Lo W %mek %s even and mg + m3 < mq + my;
mo, if Y my is odd and mgy > mq + my + mg;
%’"”’"3“, if Y my is odd and my < mq + my + ms.

Furthermore, it is known (cf. [14, 28]) that the roots of Q(:;7) = 0 are
distinct for generic T € H.
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We summarize the above argument in the following
Lemma 3.2. The Wronskian W(E) of y1(z; E), y2(z; E) = y1(—z; E) satisfies
(W(E)/2)* = Q(E),
where Q(E) is a monic polynomial of degree 2 + 1, defined by (3.8) with g given
by (3.9). Furthermore,

(1) if Q(E) # O, then the monodromy group of GLE (3.1) with respect to
(y1(z E),y2(z; E)) is generated by

eﬂiel(E) 0 eﬂ.’iez(E) 0
(3.10) p(f;E) = ( 0 e”if’l(’f)> , P E) = ( 0 eﬂiﬂz(E)> /
where (01(E),0,(E)) is seen in (3.3)-(3.4). Besides, (01(E),0.(E)) & Z>.
(2) if Q(E) = 0, then the dimension of the common eigenfunctions is 1 and
(61(E),0,(E)) € Z2.
(3) the roots of Q(-; T) = 0 are distinct for generic T € H.

Proof. It suffices for us to prove the assertions (1)-(2).

(1) Suppose Q(E) # 0, then y1(z; E) and y»(z; E) are linearly indepen-
dent and hence (3.10) follows from (3.3)-(3.4). Assume by contradiction
that (61(E),0,(E)) € Z2, ie. e™(E) = ¢=70(E) ¢ {41} for j = 1,2. Let
y(z) = y1(z E) + y2(z; E) be a solution of GLE (3.1). Then it follows from
(3.3)-(3.4) that y(z)y(—z) is an even elliptic solution of (3.5). Again by [29,
Proposition 2.9] that the dimension of even elliptic solutions of (3.5) is 1, we
conclude y(z)y(—z) = cy1(z; E)ya(z; E) for some constant ¢ # 0, i.e. either
y(z) = c1y1(z; E) or y(z) = c1y2(z; E) with some constant ¢; # 0, a contra-
diction with y(z) = y1(z; E) + y2(z; E). This proves (61(E),6,(E)) ¢ Z>.

(2) Suppose Q(E) = 0, then y1(z; E) and y2(z; E) = y1(—2z; E) are linearly
dependent and hence (3.3)-(3.4) imply ¢™(E) = ¢~ (E) for j = 1,2, i.e.
(61(E),0,(E)) € Z?. 1If there exists another common eigenfunction y(z)
which is linearly independent with y; (z; E), then the same argument as (1)
shows y(z)y(—z) = cy1(z; E)?, clearly a contradiction. This proves that the
dimension of the common eigenfunctions is 1, i.e. the monodormy matrix
p(¢1; E) and p(42; E) can not be diagonized simultaneously. O

By Lemma 3.2, it is easy to see that the following corollary holds.

Corollary 3.3. The monodromy representation of GLE (3.1) is unitary, i.e. the
monodromy group is contained in SU(2) up to a common conjugation, if and only

if Q(E) # 0and (61(E),62(E)) € R?\ Z2.
The main result of this section is as follows, which is interesting from the

viewpoint of the monodromy theory of linear ODEs. Theorem 1.6 will be a
consequence of this result.

Theorem 3.4. Let T € iR~ and ny € Z> for all k with maxy ny > 1. Suppose
that all zeros of QUo™13) (.. T) are real and distinct. Then the monodromy
representation of GLE (3.1) can not be unitary for any E € C.
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The rest of this section is devoted to the proof of Theorem 3.4. Recalling
Lemma 3.2, we have

(3.11) trp(fy; E) = ™1(E) 4 e=70(E) — 2 cos (716 (E)) for all E.

Remark that tr p(¢;; E) is independent of the choice of linearly independent
solutions. Define

(3.12) S = Sommms) ()= {(Ee C| —2 < trp({;;E) < 2}.

Lemma 3.5. Let T € iR~q. Then the set S is symmetric with respect to the real
line R.

Proof. It suffices to prove E € Sif E € S. Suppose E € S, then 6;(E) € R.

Since T € iR>o, it follows from the expression (1.8) of p(z; T) that p(z; T) =
©(2Z; 7). Note that p(z + %5 7) = p(z+ % 7). Then it is easy to see that

y(z) is a solution of GLE (3.1) if and only if §j(z) := y(Z) is a solution of GLE

3
(B13)  §'(z) =I(zE)j(z) = kZm(nk +1p (z+957) +E|§(2).
=0

Let y1(z; E) be the common eigenfunction of the monodromy matrices of
GLE (3.1) such that (3.3) holds, then i1 (z) := y1(Z; E) satisfies

71z +1) = e "G (2), g1(z+ 1) = ™2 (2),

where 61(E) € R is used. Therefore, 1(z) is a common eigenfunction of
the monodromy matrices of GLE (3.13) and so

trp(fy; E) = e~ ™0(E) om0 (E) — trp(01; E) € [—2,2].
This proves E € S. O
The following lemma is the only place of this paper where we need to

use some notions and classical results about the spectral theory of Hill’s
equations that will be recalled in Appendix A.

Lemma 3.6. Let T € iR>o and ny € Zx¢ for all k with maxy ny > 1. Suppose
Q(E;7) = QUomm2ms)(E; 1) has 2¢ + 1 real distinct zeros, denoted by Ezq <
EZg—l < -+ < Ey < Ey. Then

(3.14) S(rommms) (1) = (—oc0, Eng] U [Eng_1, Eag—2] U+ - - U [Ey, Eo).

Proof. Though the Treibich-Verdier potential of GLE (3.1) is real-valued for
z € R, it has poles at Z and } + Z. To avoid these singularities on R, we
letz = x + § with x € Rand w(x) := y(z) = y(x + §) in GLE (3.1). Then
w(x) satisfies the following Hill’s equation

3
(B.15) w'(x)— | Y m(me+1)p (x+ T+ %57) |w(x) = Ew(x), x €R,
k=0
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with the potential g(x) := — Y3_o nx(nx + 1) (x + I + %; 7) being contin-
uous on R with period Q) = 1 but not real-valued. Thus the classic theory of
finite-gap potentials can not be applicable to this g(x) either.

Let wi(x), wa(x) be any two linearly independent solutions of (3.15).
Then so do wy (x + Q), wa(x + Q) and hence there is a monodromy matrix
M(E) € SL(2,C) such that

(w1 (x+Q), wa(x +Q)) = (w1(x), wa(x)) M(E).
As in Appendix A, we define the Hill’s discriminant A(E) by
(3.16) A(E) := trM(E),

which is independent of the choice of solutions. This A(E) is an entire
function and plays a fundamental role since it encodes all the spectrum
information of the associated operator. Indeed, we define

S:=A1[-22)={EcC| -2<A(E) <2}

to be the conditional stability set of the operator L = ;l—; +g(x). Since g(x) is
continuous, it was proved in [23] that this S coincides with the spectrum o(H)
of the associated linear operator H in L*(R,C) (i.e. H is defined as Hf = Lf,
f € H**(R,C)).
Observe that
(%) if (y1(z),y2(2)) is a pair of linearly independent solutions of GLE (3.1),
then (wy(x), wa(x)) := (y1(x + 1), y2(x + 1)) is a pair of linearly in-
dependent solutions of equation (3.15).
Thus, the monodromy matrix p(¢1; E) is also the monodromy matrix of e-
quation (3.15), which gives

A(E) = trp(¢1; E) = 2cos(mtt;(E))
and so we obtain the following important identity
(3.17) c(H)=S={E€C|-2<A(E)<2}=S.
On the other hand, Lemma 3.2-(1) and (*) imply that if Q(E) # 0, then
wi(x) := yj(x + §; E), j = 1,2, are linearly independent Floquet solutions
of (3.15). So we can apply Theorem B in Appendix A to (3.15). In particular,

(x) infers that the polynomial Ry 1(E) in Theorem B-(ii) is precisely Q(E);
see also [14]. Together with our assumption, we obtain

28

Rog41(E) = Q(E) = [ [(E — E)).

j=0

Then it follows from (A.5) that (we refer to Appendix A for the definitions
of p;(E) and (q) below)

(3.18)  d(E;) := ordg,(A(-)* —4) = 1+ 2p;(E;) is odd for all j € [0,2g].

By o(H) = {E| —2 < A(E) < 2}, it is easy to prove (see e.g. the proof of
Theorem B-(iii) in [13]) that there are d(E;) semi-arcs of the spectrum o (H)
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meeting at E;. On the other hand, Theorem B-(iii) says that: The spectrum
U'(H ) = &S consists of finitely many bounded spectral arcs 0y, 1 < k < § for
some § < ¢ and one semi-infinite arc 0. which tends to —oo + (g), i.e.

c(H) =S8 =0,U U‘E:lcrk.

Furthermore, the set of the finite end points of such arcs is precisely { E ]-}]z.i 0
because of (3.18). Together these with the following three facts:
(a) Our assumption gives E; € Rand Eye < Exg 1 < -+ < Ey < Ey;
(b) Lemma 3.5 and (3.17) imply that the spectrum ¢(H) = S = S is
symmetric with respect to the real line R;
(c) A classical result (see e.g. [15, Theorem 2.2]) says that C \ o(H) is
path-connected;
we easily conclude that (i) c(H) C R, (ii) d(E;) = 1 (i.e. diEA(E]') # 0) for
all j and so

(3.19) S =0(H) = (—00, Egg| U [Eng-1, Eag—2] U~ - - U [Eq, Eo).

Indeed, since (a) says that all finite end points of spectral arcs are on R,
the assertion (i) c(H) C R follows immediately from (b)-(c). Consequently,
there are at most two semi-arcs of c(H) meeting at each E;. This, together
with (3.18), yields the assertion (ii) d(E;) = 1 for all j, namely there is ex-
actly one semi-arc of ¢(H) ending at E;, which finally implies (3.19). The
proof is complete. O

On the other hand, we have the following important observation.

Lemma 3.7. Fix ny € Z>q for all k with maxgny > 1. Let E; = Ej(7), j =
0,1,---,2g, areall roots on(”O'”lfnz'”3) (;1)=0,1ie

28

Q(no,n]ITZZInS)(E; T) = H(E — E](T))
j=0
Then
28
(3'20) Q(n0/n2/n11n3) (E; _Tl) = H(E — TZE]'(T))«
j=0

Proof. Recall the modular property of p(z; 7):

o(z2) = p(1z;71),

which gives

plz+ 33 = Pp(tz+ 1),
oz + 75 7) = Poltz+ §1),

oz + 758 ) = Pp(rz + 45 ).

2t 7 T
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From here, we immediately see that y(z) is a solution of GLE (3.1) if and
only if §(z) := y(7z) is a solution of GLE

3
(3.21) 7'(z) = | ¥ (i + D (z + %5 =L) + T°E|§(2)
k=0
with (7ig, iy, fip, fi3) = (ng,ny,n1,n3) (of course, we mean wp, = _?1 and

ws =1+ =Lin (3.21)).

Let y1(z; E) be the common eigenfunction of the monodromy matrices of
GLE (3.1) such that (3.3) holds, then i1 (z; E) := y1(7z; E) satisfies

h(z+LE) =Py (5 E), ji(z+4E) =e (5 E),
i.e. 71(z; E) is a common eigenfunction of the monodromy matrices of GLE
(3.21). When E = Ej(7) (resp. E ¢ {Ej}]z.io), Lemma 3.2 says that y;(z; E)
and y;(—z; E) are linearly dependent (resp. linearly independent) and so
do §1(z E) and 71 (—2z; E). This yields that T2Ej(7), j = 0,1, - ,2g, are all
the roots of
Q(ﬁg,ﬁl,ﬁz,ﬁ3)( =1y = Q(no,ﬂz,m,ns)(.- = =o.

’T ’T
Since (3.9) gives deg Q(mom2mm)(.; =1y = deg QUommm) (., 1) = 2¢ +1,
and Ei(7),j=0,1,---,2g, are all distinct for generic T € H, it follows that
(3.20) holds for generic T € H and hence for all T € H by continuity with
respect to T. t

Now we are in the position to prove Theorem 3.4.

Proof of Theorem 3.4. Let T € iR~ and suppose Q") (.. T) has 2¢ + 1
real distinct zeros, denoted by Epy < Epe 1 < -+ < Ey < Eo. Then Lemma
3.6 gives

§(no,mymz,m3) (T) = (=00, Eng| U [Eng—1, Eag—2] U - - - U [Eq, Eg).

Assume by contradiction that the monodromy representation of GLE
(3.1) is unitary for some E = E. Then Corollary 3.3 implies

(3.22) QUrommms) (f.r) £ 0 and (61(E),62(E)) € R?\ Z>.

It follows from the definition (3.12) of S("0m.m23) (1) that E € S(tommams) ()
and E # E; for all j, i.e.

(3.23) E € (00, Egg) U (Egg1,Ezg2) U U (Ey, Eo).
Note that %1 € iR+g and
T2E0 < T2E1 < < TZEzg,l < TZEzg.
Since Lemma 3.7 shows that Q("o/2m:3) (.; =1) has 2¢ + 1 real distinct zeros

{TZE]-}]EO, Lemma 3.6 applies for %1 and (ng, na,n1,n3) and gives

S(Ho,nz,nl,m)(—?l) = (—OO, TZE()] U [T2E1,T2E2] U---u [T2E2g71, T2E2g].



14 ZHIJIE CHEN AND CHANG-SHOU LIN

On the other hand, the proof of Lemma 3.7 shows that #; (z) := y;(1z; E) is
a common eigenfunction of the monodromy matrices of GLE

3
(3.24) 7'(z) = | Y (e +1)p (z+ 95 22) + T°E|7(2)
k=0

with (ﬁo, i1, Mo, ﬁ3) = (1’10, np, 11, 1’13) and

(z+1) = e”iez(ﬁ)gl (z).
Consequently, for GLE (3.24) there holds

trp(ly; T2E) = e™®2(E) 4 o= 02(E) — 9 cos(n16,(E)) € [2,2]
by (3.22). This implies T2E € Sromzmna) (1) e,
T2E € (=00, T°Eo] U [T?E1, T°Ep) U - - - U [T%Epg—1, T2 Eng]
and hence
E € [Eog, Exg—1)U - - U [Ep, E1] U [Ep, +00),

which is a contradiction with (3.23). Therefore, the monodromy represen-
tation of GLE (3.1) can not be unitary for any E € C. O

4. APPLICATION TO CURVATURE EQUATION AND Q(o/1.12,113)

The purpose of this section is apply the previous results to prove Theo-
rems 1.3,1.6 and 1.7.

By Theorems 3.4 and 2.2, we immediately obtain the following general
result which contains Theorem 1.3 as a consequence.

Theorem 4.1. Let T € iR-g and ny € Zxg for all k with max;nxy > 1. Sup-
pose that all zeros of QU023 (., T) are real and distinct. Then the curvature
equation (1.1) on this E¢ has no even solutions.

Remark 4.2. The converse statement of Theorem 4.1 does not necessarily
hold. Here is an example. Define ¢ = ¢(7) := p(%571), k = 1,2,3. Itis
well known that

e1(t) > e3(t) > ex(7) forT € iR>y,
e1(t) ER, ex(t)=e3(r) ¢ R fort € 1 +iR.yg.
Now for T € iR+, we have ”TT € % +iR>¢ and it is easy to compute that

QU (E; 1) = (E — Eo(1))(E — Ex (7)) (E — Ea(7))
with Eo(T) = e1(14%) — 2e3(7) € R, E1(1) = Ex(7) = ea(HE) — 2e3(7) ¢
R, namely Q091 (E; t) always has two roots in C \ R for any T € iR~.
On the other hand, it was proved in [4, Theorem 1.1] (see also [11, 12]) that
there exist 0 < by < 1 < by < /3 such that
Au +e" = 8mby +8mdy,2 onEr, T=1ib, b >0

has no even solutions if and only if b € [b, b1 ].
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Remark 4.2 indicates that the zeros of Q("012/3) (.; T) are not necessarily
real distinct for T € iR-o without further conditions on 7;’s. Naturally we
ask: What are the ny’s such that QUomm213) (.. T) has real distinct zeros? We
have the following result on this subject.

Theorem 4.3. Let ny € Z> for all k with maxy ny > 1. If neither

ny+ny —ng—mn3

(41) B 2 1, nq > 1, ny >1
nor

ny+ny —ng—ns
(4.2) <-1, ng=>1, nz=>1

2

hold, then for any T € iR, the zeros of QU"0™:™2:%3) (., T) are real and distinct.

The proof of Theorem 4.3 is long and will be postponed in Section 5. We
will see from Corollary 4.5 that our condition on 7 in Theorem 4.3 is sharp.
Now we can prove Theorems 1.3 and 1.6 by applying Theorem 4.3.

Proof of Theorem 1.6. Theorem 1.6 follows from Theorems 3.4 and 4.3. [
Proof of Theorem 1.3. Theorem 1.3 follows from Theorems 4.1 and 4.3. [

Together with Eremenko and Gabrielov’s result Theorem A and our The-
orem 4.1, we immediately obtain

Theorem 4.4. Let ny € Z> for all k with maxy nx > 1. Suppose either

ny+ny, —ng—ns

(4.3) 5 >1, nm>1, np>1
or

ny+ny —ng —ns
(4.4) -1, ng>1, nz3>1

Then there exists T € iR~ such that Q"o™mm213) (.. 1) has either multiple zeros
or complex zeros.

Theorem 4.4 indicates that our condition on 7y in Theorem 4.3 is sharp,
namely Theorem 1.7 holds.

Corollary 4.5 (=Theorem 1.7). Let ny € Zx> for all k with maxy ny > 1. Then
all the zeros of QU"o™M2) (.. T) are real and distinct for each T € iR~ if and
only if (ng, n1, na, n3) satisfies neither (4.3) nor (4.4).

In general, it is very difficult to prove such an optimal algebraic result for
the spectral polynomial Q""1/213)(.; ) of the Treibich-Verdier potential
(1.9). Corollary 4.5 is a beautiful application of Eremenko and Gabrielov’s
result (Theorem A, via geometric approach) and our result (Theorem 4.1,
via analytic approach).
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5. REAL DISTINCT ROOTS OF Q(o/1,112/13)

The purpose of this section is to prove Theorem 4.3. As pointed out by
Corollary 4.5, our condition on 1y in Theorem 4.3 is optimal. A non-optimal
version of Theorem 4.3 was proved in [6, Theorem 1.1].

5.1. Asin [6], first we need to investigate polynomial solutions of

d?y 7 72 Y3 \dy | ap(x—t3) —q
1y 2 e~ L
(5.1) dx2+<x—t1+x—t2+x—t3>dx+ 3_1(x_t,)y 0,
j= i
where
(5.2) hh#thFt3#t, 3¢ —Z>o,
(5.3) x«=—Nwith N € Z>, x+pB+1="vy+7+7s.

It is a Fuchsian equation on CIPP! with four regular singularities {1, 2, t3, 00},
with the exponents being 0,1 — <y at t; and «, § at 0. Set

(5.4) y= Z cm(x —t3)™, wherecy =1,
m=0

and substitute it to the differential equation (5.1) multiplied by H?zl (x—t;).
Then the coefficients satisfy the following recursive relations:

(5.5 (t1 —t3)(f2 — t3)y3c1 = qco = q,

(tl — tg)(tz — t3)(m + 1)(171 + 73)Cm+1 = —(m -1+ a)(m -1+ ﬁ)Cm,1
+[m{(m —1+y3)(t1 + t2 = 2t3)+(t2 — t3)y1 + (t1 — t3) 72} +qlcm.

Consequently, it is easy to see that ¢, is a polynomial in q of degree r and we
denote it by c,(q).

Let go be a solution to the equation cy11(g9) = 0, where N is given by
(5.3). Then it follows from (5.5) for m = N + 1 that cx12(q0) = 0. By
applying (5.5) form = N+2,N +3,..., wehave ¢, (q0) = 0form > N+ 3.
Hence, if cn+1(g0) = 0, then (5.1) have a non-zero polynomial solution.
More precisely, we obtain the following proposition.

Proposition 5.1. Suppose (5.2)-(5.3) hold. If q is a solution to the equation
cn+1(g) = 0, then the differential equation (5.1) have a non-zero polynomial so-
lution of degree no more than N.

Now we restrict to the case that all the parameters are real. Then ¢,(q) is
a polynomial of g4 with real coefficients.

Theorem 5.2. [6] Let t;, vy are all real. Assume that « = —N with N € Z>,
B=71+72+73+N—-1>0 93 > 0and (t; — t3)(t2 — t3) < 0. Then the
equation cn+1(q) = 0 has all its roots real and unequal.

The above theorem was proved in [6] by applying the standard method
of Sturm sequence. In this paper, we prove the following result.
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Theorem 5.3. Let t;, vy; are all real. Assume that there are integers ng > nz > 1
such that

(5.6) (th —t3)(t2 —t3) <0, —a =N =mng+ns,

(5.7) Y3=B=m+m+tr-1l-a=3-n3<0.
Then the equation cn+1(q) = 0 has all its roots real and unequal.

Proof. Under our assumptions (5.6)-(5.7), we have
—(m—-14a)>0, Vmell,N],

<0 ifm<ng—1,

er%’ZMjL’B:mjL%_n‘o’{>0 if m > ns

Together with the recursive formula (5.5), we easily obtain the following
properties:
(P1) Up to a positive constant, the leading term in c,,(q) is

g" if1 <m <mn;3,
(=1)"="mg™ ifng <m < N+1

(P2) If ¢,y (q9) = 0and cy—1(q) # 0 for g € R, then

<0 ifl1<m<N,m#n;3,
>0 ifm=n;.

cm+1(q)cm-1(9) {

Therefore, ¢, (q) is not a Sturm sequence. However, we can still show that
(m) (i =
1 =

i

the polynomial ¢,,(q) (1 < m < N + 1) has m real distinct roots s
1,...,m) such that

(m=1) (m)

(m) m—1)
59 < 51 < Sy

< m

m—1

) - o(m)

-1
<ee<stcgmD gl

by induction on m. The case m = 1is trivial. Let 1 < k < N and assume
that the statement is true for m < k. From the assumption of the induction,

(5.8) sgk) < s%kil) < sék) < sékil) << s,((]i)l < slgk:ll) < s,((k).

Case 1. We consider k < nz — 1.
Then (P1) implies

(5.9) ql_igloo ck1(q) = (1) oo, ql_igloo ck-1(q) = oo.

Since s](‘kfl) ,1 <j <k—1,are all the roots of cx_1, it follows from (5.8) and
(5.9) that

(5.10) i1 (s) ~ (=1)F, ie [1,4).

Here ¢ ~ (—1)/ means ¢ = (—1)/¢ for some & > 0. Then we see from (P2)
that

Crr1 (50 ~ (=11, Vi e (1K
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On the other hand, (P1) implies

qgrpoo cer1(g) = (=1)" oo, qlgrfw Ckr1(q) = +oo.

From here, it follows from the intermediate value theorem that the polyno-

mial cx;1(q) has k + 1 real distinct roots sgkﬂ) (1 <i<k+1)such that
(5.11) R R R R R P s

Case 2. We consider k = n3.
Then (5.10) still holds, and so (P2) gives

i1 (s) ~ (=K, vie [1,4),

which is different from Case 1! However, (P1) says that the leading term of
Cks1 = Cnyr1 is —gF*1 (up to a positive constant), which implies

qg@w c1(q) = (—1)¥eo, qgffoo Cr+1(q) = —oo.

This is also different from Case 1! Thanks to these two facts, we see again
(k+1) (1 < i < k+1) such that

i

that cx,1(g) has k + 1 real distinct roots s
(5.11) holds.
Case 3. We consider n3 +1 < k < N.
Then (P1) says that the leading term of c;_; is (—1)¥"1="g1, which
implies

qu@w ck-1(q) = (1) ™Moo, qlirfm ce1(q) = (—1)F 130,

From here and (5.8), we obtain
() ~ (=), ie [1,4],
and so (P2) implies
e (s1)) ~ (=1)77™, i€ [1L,K].
Recall (P1) that the leading term of ¢y, is (—1)"1~"4*1, which gives

' —(—1)"s : (1 \k+1-ns
lim c1(q) = (—1) oo, lim cia(g) = (-1 e

(k+1)

Therefore, we conclude again that c1(q) has k + 1 real distinct roots s;

(1 <i<k+1)such that (5.11) holds.
This proves that cy+1(g) = 0 has all its roots real and unequal. The proof
is complete. 4
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5.2. Recalling GLE (3.1), we let y(z) be a solution of GLE,

4?2 3
(5.12) <dzz —k;:)nk(nk—i—l)g;(z—i-%ﬁ) —E)y(z) =0.
Set x = p(z) and recall ¢; defined in Remark 4.2. Applying the formula
p(z+ %) =6+ (ei = ev)(ei = ei”), where {i,7,i"} = {1,2,3},

p(z) —ei
it is easy to see that equation (5.12) is equivalent to

2 1/& 1 \d ! s
(5.13) {W+2<Zx_e,->cbc_41ﬁ:1(x—ej)<c+

i=1
3

no(n0+1)x+2ni(ni+1) (ei_ei/)(ei —6{”)) }fN(JC) =0,

i=1 r—6

where f(p(z)) = y(z) and C = E + Y2_, n;(n; + 1)e;. Note that e + e +
ez = 0. It is easy to see that the Riemann scheme of equation (5.13) is

e (%) €3 e}

—m —hn2 —n3 —o

2 2 2 2 :
m+1  no+1  nzg+1  np+l

2 2 2 2
Let &; € {-n;/2,(n; +1)/2} for each i € {0,1,2,3} such that N :=
—Y.&; € Z>op. Set

3
oAt () = T](x — ;)% and f(x) = ) (x)f(x).

Then f(x) solves equation (5.13) if and only if f(x) satisfies
d*f(x) N i 28; + % df (x) N ((2131 B )3 & + Moty

2
dx? = ox—e dx (x —e1)(x —ez)(x —e3)

Etey(an + @3)% + ea (@ + &3)% + e3(@y + 2)?
- (x—en)(x—e)(x—e5)
This equation is in the form of equation (5.1) by setting

a=fdg+d +A 4+ =—N, NEZs
B=—fo+ 5+ + i+,
vi=2&+3, ti=e¢, i=123,
q="L+e1(ar+&3)* +ea(dy + 3)% + e3(@ + &2)* — esap.

It is well known that e; = ¢;(T) € Rand e; > e3 > e for T € iR»g, i.e.
(5.15) (e1 —e3)(ex—e3) <0 if T € iR>o.

Write f(x) = Yoo ¢ (x —e3)” with ¢ = 1, then ¢, is a polynomial in g and
equivalently in E of degree r. We denote it by ¢,(E). Then it follows from

(5.14) >f(x) =0.
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Proposition 5.1 that if cx41(E) = 0, then the differential equation (5.13) has
a “polynomial” solution f(x) = ®®@%8)(x) f(x) in the sense that f(x) isa
polynomial of degree no more than N.

Let Py, (E) be the monic polynomial obtained by normalising cy+1(E).
Then

deg P&o,&1,542,5é3(E) =N+1=—-&y—& —a&p —az+ 1.

Recall that n, € Z>¢ for all k. We recall the following important result
from [24], which establishes the precise relation between the spectral poly-
nomial Q") (E) and the aforementioned polynomial Px, s, 4,4 (E).
For our purpose, we only consider the case that ) 1y is even, then Q(E) =
QUrommams)(E) is written as Q(E) = P©) (E)P(M (E)P®) (E)P®)(E), where

P(O)(E) = P—}’lo/Z,—l’ll/2,—1’[2/2,—113/2(E)/

Py /2,—n1/2,(ma41) /2, (ns+1)/2(E), 10 + 11 > 12+ 13 +2,
PO(E)={ 1, no +ny = na +nz,
Plyg1)/2,(m+1)/2,-n2/2,-m3/2(E), 10+ 11 < g +n3 — 2,
P_ /2,0 41)/2,~n2/2,(ns+1)/2(E), M0+ 12 > 11 +n3+2,
PP(E)=¢ 1, no + nz = ny +nz,
Py 11)/2,-n1/2,(ny+1) /2,-n3/2(E), Mo+ 12 <y + 13 =2,
P_ /2,01 41)/2,(m3+1)/2,-n3/2(E), M0+ 13 > 11+ 12+ 2,
PO(E)={ 1, ng +nz = ny + ny,
Po+1)/2,-n1/2—n2/2,(ns+1)/2(E), 1o+ 13 < ny+np — 2.

T

m

Furthermore, it was shown in [24, Theorem 3.2] that the equations pl) (E) =

0 and PY)(E) = 0 (i # j) do not have common solutions.
Recall the following result proved in [6].

Theorem 5.4. [6] Suppose ng, n1,nz,n3 € Z>o with maxgn, > 1. If n3 = 0,
ng > ny +ny —land t € iR, then the zeros of Qmon1,m2,13) (E) are all real and
distinct.

Here we prove the following analogous result for new cases.
Theorem 5.5. Suppose no, n1,ny, 13 € Z>q satisfying maxy ny > 1 and
(5.16) ng + nz = ny + no.

Then for T € iR, the zeros of Q("0™™) (E) are all real and distinct.

Proof. By changing variable z — z + %t in GLE (3.1), we have

(5.17) QU am) () = QUramma) ()
_Qrmmom) (E) = QUmmmm) (E).

Therefore, we may always assume 1y = maxn; and then (5.16) implies
n3 = minny. If n3 = 0, then this theorem follows from Theorem 5.4. There-
fore, we only consider n3 > 1, i.e.

(5.18) ng = maxng, nz = minn; > 1.
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Note that ) ny is even. We only need to show that the zeros of each
polynomial pU) (E),j€{0,1,2,3}, are all real and distinct.
Since P(O)(E) = P_p/2,—ny/2,—ny/2,—n3/2(E), we have

n n n n
a=—3F-—F-F—F=-n—n3, N=-—-a=ny+ns,
Y3 =13 —n3 <0,

1 n n n
ﬁ:—ao-f— + &1 +0dr +a3 = 704-5—71—72—73

:%—n3:')/3<0.

Then we can apply Theorem 5.3 to see that the zeros of P(*)(E) are all real
and distinct.

Clearly (5.16) and (5.18) imply ng + 1y > ny + n3. Since PW(E) = 1 for
ng + ny = ny + n3, we only need to consider ng + ny > ny + nz + 2 and so

PW(E) = Py /2,—n1 /2,(ma41) /2,(ns+1) /2 (E)-

Then
p=—2 -t pmrl el =4 1-np <0, N=-a2>0,

73=%+n3>0,

B=—Ro+3+& +8+ag="2+1 -0 mily il
= % +np > 0.

Thus by Theorem 5.2, we see that the zeros of P(V)(E) are all real and dis-
tinct. The same argument shows that the zeros of P(?)(E) are all real and
distinct. Finally, we note that PC)(E) = 1.

In conclusion, the zeros of Q("0"1.%27%) (E) are all real and distinct. O
Theorem 5.6. Suppose ng, n1,nz,n3 € Z>q satisfying
(5.19) ng+ns =ny +npy+1.
Then for T € iR, the zeros of QU"0™2%)(E) are all real and distinct.
Proof. By (5.17) we only need to consider the case
(5.20) ng+nz =mny+ny+1 and ng > ns.

Again by Theorem 5.4, we only need to consider n3 > 1. Since ) ny is odd,
we define

+m+ny+n3+1)/2=mn9+n3z >0,

lo— )
no+ny —ny—nzg—1)/2 =n; —ng,
)

(mo0
(
= (ng—m +ny—n3—1)/2=mny3—ns,

13— (ngp—ny—ny+n3—1)/2=0.
Then it was proved in [28, Section 4] (see also [6, Section 3]) that

Q(i’lo,l’ll,VlQ,Tlg) <E) — Q(lolllr12/l3) (E).
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Note thatif [; < 0Oand I, < 0, then n; < n3 —1 and n, < n3 — 1, which
contradict with our assumption (5.20). Thus there are three cases.

Casel.l; > 0and, > 0.

Then

lo—h—L+1=2n3+2>0.

Thus, we can apply Theorem 5.4 to Q(o/125)(E) and obtain that the zeros
of QUrmm213)(E) are all real and distinct.

Case2.l; > 0and |, < 0.

Then —1 — I, > 0. Since

d? 3 L1 w

E—k;) ke +1)p(z+ %)

is invariant by replacing I, to —I, — 1, we obtain
Q(no,nl,nz,ng)(E) _ Q(lg,ll,lz,l3)(E) _ Q(lo,ll,flzfl,h)(E)‘
Since
lo—ll—(—12—1>—|—1227’12+3>0,
we can apply Theorem 5.4 to QUoh~2=15)(E) and obtain that the zeros of
QUromm2m3) (EY are all real and distinct.
Case 3. [} < 0and [, > 0. The proof is the same as Case 2.

In conclusion, the zeros of Q") (E) are all real and distinct. The
proof is complete. 0

We are in the position to prove Theorem 4.3.

Proof of Theorem 4.3. Since neither (4.1) nor (4.2) hold, we have one of the
followings hold:

(5.21) n +ny—ng—ng € 40,1, -1},
(5.22) n+ny,—nyg—nz>2, eitherny =0o0rn, =0,
(5.23) ng+mns—ny —ny > 2, eithernyg=0orn; =0.

If (5.21) holds, the assertion follow from Theorems 5.5 and 5.6. If (5.23)
holds, by (5.17) we may assume n3 = 0 and so the assertion follows from
Theorem 5.4. Finally, we see from (5.17) that the case (5.22) is equivalent to
the case (5.23). The proof is complete. O

6. APPLICATION TO PRE-MODULAR FORM

In this section, we apply Theorem 1.1 to the pre-modular form Zr(,rs’) (1)

introduced in [18]. As pointed out in the introduction, the solvability of the
curvature equation (1.2), i.e.

(6.1) Au+e" =8nmdy on Eq,

depends essentially on the moduli T of the flat torus E; and is intricate
from the PDE point of view. To settle this challenging problem, Chai, Wang
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and the second author studied it from the viewpoint of algebraic geome-
try. They developed a theory to connect this PDE problem with the Lamé
equation (i.e. GLE (3.1) with np = n and ny = 0 for k € {1,2,3})

y"(z) = [n(n+1)p(z; 1) + Ely(z)

and pre-modular forms. In particular, Wang and the second author [18]
proved the following important result.

Theorem 6.1. [18] There exists a pre-modular form Z, s ( ) of weight ("H) such

that (6.1) on E has solutions if and only 1er,S (t) = 0 for some (r,s) € R2\
172
The pre-modular form Zr(j;) (7) is holomorphic in T for each (r,s) € R?\

372, and possess the following properties (see [18]):
() 273 (v) = (-1 02230, (1) for any (m,n) € 22
(ii) For any v = (%%) € SL(2,Z), we define 7 = - T :=
(s',7") :=(s,r) -y~ 1. Then

at+b

cTt+d and

(n+1)

Z30(t) = (et +d)" 5 28 ().

In particular, when (r,s) € Qu is a N-torsion point for some N € IN>3,
where

62)  On:= { (kﬁl kﬁz) ‘ ged (ki ko, N) =1, 0 < ki, ko < N — 1},

and vy € I'(N) := {y € SL(2,Z)|y = b mod N}, then (+',s") = (r,s) mod
Z? and so
n(n+1) (71)

20 () = (et +a)" 5 20 ().

n+1)

Thus Zr(,';)( T) is a modular form of weight 1) with respect to the prin-

cipal congruence subgroup I'(N). Due to thls reason, Zﬁg)(r) are called
pre-modular forms in this paper as in [18].
(n)

For n < 4, the explicit expression of Z; ' (7) is known; see [18]. Let
{(z;T) = — f (&;T)d¢ be the Weierstrass zeta function, which is odd
and has two quas1—per10ds me(T) :==20(55 1), k=1,2:

m(t) =Cz+157) = 0(z1), n(1) =Lz+71) - {(z7).
Define
Z=27,5(7):=0(r+st;1) —ryi1(7) — sn2(7).
Then it is known [18] that (write p = p(r +s7;7) and ¢’ = @' (r + sT; 7T)
: Wy
for convenience): Z; ¢ (1) = Z,s(7),

28(1) =7 —3p7 — ¢,
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ZS,BS)(T) =70 —15p7* — 200/ 7% + (%ngz _ 45@2) 72
—12p0'Z — §(9").

78 (1) =710 — 45078 —1200'77 + (325, — 6309%) Z° — 5040’ Z°

— 15(2800° — 49,0 — 115g3) Z* + 15(11g, — 24¢?) o' Z°
— 5(140p* — 245> 4 190g3 ¢ + 21g3) Z*
— (40¢” — 163820 +125g3) ' Z + (2582 — 3¢%) (¢)*.

For general n, the expression of Zf,’;)(r) is too complicate to be written

down.

Define

Fp:={teH|0< Ret<1land|t—3%| >3},

which is a fundamental domain of

To(2) := { (”Cl Z) € SL(2,Z)

Here, as an application of Theorems 1.1 and 6.1, we have the following
result.

Theorem 6.2. Let (r,s) € R?\1Z2. Then Z\") (1) # 0 for any T € 9Fy N H,

c=0 modZ}.

Proof. It does not seem that this assertion could be obtained directly from

the expressions of Zr(g) (1) even for n < 4. Indeed, this lemma is a conse-

quence of our PDE result.

Given T € dFpNH. If T € iR, then Theorems 1.1 and 6.1 together
imply Zﬁg)(r) # 0 for any (r,s) € R*\1Z% If T € iR.o+ 1, then by
applying v = (') in property (i), we have that T — 1 € iR~ and

7y (1) = 7,7,

r+s,s

(t—1) # 0 for any (r,s) € R*\1Z%
If |t — 1| = 1, then again by applying v = ( %, {) in property (ii) we see
that ;7 € iR>p and

n(n+1)
2

21 (1) = 2} (1) # Oforany (r,5) € R*\} 22

(1 o T) rr+s
This completes the proof. 0
Theorem 6.2 has important applications to studying the zero structure of

Zﬁg) (7). By property (ii), we can restrict T in the fundamental domain F
of I'y(2), and by (i), we only need to consider (r,s) € [0,1] x [0, 3]\3Z2.
Define four open triangles:

Ng:={(rs)|0<rs<3 r+s>1}
Alzz{(r,s)\%<r<1,0<s<%,r+s>l},
Azzz{(r,s)\%<r<1,0<s<%,r+s<l},
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Az:={(r,s)|r>0,5>0,r+s <1}
In [7, 8], Theorem 6.2 was applied to prove the following results.

Theorem 6.3. [7] Let (r,s) € [0,1] x [0,3]\2Z>. Then Z,s(t) = 0 has a
solution T in Fy if and only if (r,s) € Ao. Furthermore, for any (r,s) € [\, the
zero T € Fy is unqiue and satisfies T € =k \ 0F.

Theorem 6.4. [8] Let (r,s) € [0,1] x [0,3]\2Z> Then Zﬁi)(r) = 0 has a
solution T in Fy if and only if (r,s) € AU Ay U As. Furthermore, for any
(r,s) € AU LAy U A3, the zero T € Fy is ungiue and satisfies T € .

Among their applications back to the curvature equation (6.1), such re-
sults have other interesting applications. For example, Theorem 6.4 can
be used to completely determine the critical points of the Eisenstein series

E>(7) of weight 2; see [8]. We will study the zero structure of Zr(g) (1) for
n € {3,4} via Theorem 6.2 in future.

APPENDIX A. SPECTRAL THEORY AND FINITE-GAP POTENTIAL

In this appendix, we recall the spectral theory for Hill’s equation with
complex-valued potentials [13], which will be applied in Lemma 3.6.

Let g(x) is a complex-valued continuous nonconstant periodic function
of period () on R. Consider the following Hill’s equation

(A1) y'(x) +q(x)y(x) = Ey(x), x€R.
This equation has received an enormous amount of consideration due to its
ubiquity in applications as well as its structural richness; see e.g. [13, 15]
and references therein for historical reviews.

Let y1(x) and y»(x) be any two linearly independent solutions of equa-
tion (A.1). Then so do y1(x + Q) and y2(x + Q) and hence there exists a
monodromy matrix M(E) € SL(2,C) such that

(Y1 (x + Q) y2(x +Q)) = (y1(x), y2(x)) M(E).

A solution of Hill’s equation (A.1) is called a Floquet solution if it is a eigen-
function of the monodromy matrix M(E). Define the Hill’s discriminant
A(E) by

(A2) A(E) :=trM(E),

which is clearly an invariant of (A.1), i.e. does not depend on the choice of
linearly independent solutions. This A(E) is an entire function and plays a
fundamental role since it encodes all the spectrum information of the asso-
ciated operator; see e.g. [15] and references therein. Indeed, we define

(A.3) S:=A1[-22)={EcC| -2<A(E) <2}

to be the conditional stability set of the operator L = ;l—; +¢(x). Since g(x) is
assumed to be continuous, S can be characterized as

S = {E € C| Ly = Ey has a bounded solution on R}.
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Then it was proved in [23] that this S coincides with the spectrum o(H) of
the associated linear operator H in L?(R,C) (i.e. H is defined as Hf = Lf,
f € H**(R,C)).

On the other hand, we define

d(E) := ordg(A(-)* — 4).

Then it is well known (cf. [21, Section 2.3]) that d(E) equals the algebraic
multiplicity of (anti)periodic eigenvalues. Let c(E, x,xo) and s(E, x, xo) be the
special fundamental system of solutions of (A.1) satisfying by the initial
values

c(E, xo,x0) = s'(E,x0,x0) = 1, ¢'(E, x0,x0) = s(E, x0, x9) = 0.
Then we have
A(E) = c(E, xo+ Q,x0) + s (E, xo + Q, xp).
Define
p(E, xo) := ordgs(+, xo + Q, xp),
pi(E) := min{p(E, xp) : xp € R}.

It is known that p(E, x¢) is the algebraic multiplicity of a Dirichlet eigen-
value on the interval [xo, xo + Q], and p;(E) denotes the immovable part of
p(E, xo) (cf. [13]). It was proved in [13, Theorem 3.2] that d(E) — 2p;(E) > 0.
Define

(A.4) D(E) := gpi(0) H (1 _ E)Pi(/\).
AC\{0)

>

Let us recall the following important result proved in [13].

Theorem B. [13, Theorem 4.1] Assume that q(x) is a complex-valued contin-
uous nonconstant periodic function of period () on R and that equation (A.1)
has two linearly independent Floquet solutions for all E € C \ {Ej};ﬁ:l for some
m € Z > and precisely one Floquet solution for each E = E;. Then

(i) d(E) — 2pi(E) > 0 on a finite set {E;}"; including {Ej}}’q;l, m > 1, and
d(E) — 2p;(E) = 0 elsewhere. The Wronskian of two nontrivial Floquet solutions
which are linearly independent on some punctured disk 0 < |E — A| < € tends to
zeroas E — Aifand only if A € {E;}T.,.

(ii) Tj* 1 (d(E;) — 2pi(E;)) = 2g + 1 for some g € Z>o and q(x) is an algebro-
geometric finite gap potential associated with the compact (possibly singular) hy-
perelliptic curve obtained upon one-point compactification of the curve

& N2 (E: A(E)? —4
(A.5) F? = Rog1(E) := [ J(E — Ej)*E)-2i(E) = CTEV

=1

Here D(E) is seen in (A.4) and C is some nonzero constant.
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(iii) the spectrum o (H) = S consists of finitely many bounded spectral arcs oy,
1 <k < g forsome § < g and one semi-infinite arc 0o, which tends to —oco 4 (q),

with (q) = & [277 q(x)dx, ie.

c(H) =8 =0,U Ule(rk.
Furthermore, the finite end points of such arcs must be those E & {E]'};”:1 with
d(E) odd.

Remark that if we assume in addition that g(x) is real-valued in Theorem
B, then it is well-known (cf. [13, 15]) that Rye,1(E) has 2¢ + 1 distinct real
zeros, denoted by Epy < Epe 1 < -+ < Ey < Ep, and

(A6)  o(H) =8 = (—00,Epg] U[Epg—1, Eng—] U---U|[Ey, Eo],

namely the spectrum has the so-called finite-gap property, and so q(x) is a so-
called finite-gap potential. In Section 3, we show that even if the continuous
function g(x) is not real-valued, the finite-gap property (A.6) might still hold
in some special situations; see Lemma 3.6.
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