L,, geominimal surface areas and their inequalities *
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Abstract

In this paper, we introduce the L, geominimal surface area for all —n #p < 1,
which extends the classical geominimal surface area (p = 1) by Petty and the L,
geominimal surface area by Lutwak (p > 1). Our extension of the L, geominimal
surface area is motivated by recent work on the extension of the L, affine surface
area — a fundamental object in (affine) convex geometry. We prove some properties
for the L, geominimal surface area and its related inequalities, such as, the affine
isoperimetric inequality and a Santalo style inequality. Cyclic inequalities are estab-
lished to obtain the monotonicity of the L, geominimal surface areas. Comparison
between the L, geominimal surface area and the p-surface area is also provided.
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1 Introduction and Overview of Results

The classical isoperimetric problem asks: what is the minimal area among all convex
bodies (i.e., convex compact subsets with nonempty interior) X C R" with volume 17
The solution of this old problem is now known as the (classical) isoperimetric inequality,
namely, the minimal area is attained at and only at Euclidean balls with volume 1.
The isoperimetric inequality is an extremely powerful tool in geometry and related areas.
Note that the classical isoperimetric inequality does not have the “affine invariant” flavor,
because the area may change under linear transformations (even) with unit (absolute
value of ) determinant.

However, many objects in (affine) convex geometry are invariant under invertible lin-
ear transformations. A typical example is the Mahler volume product M (K) = |K||K°|,
the product of the volume of K and its polar body K°. That is, M(K) = M(TK) for
all invertible linear transformations 7" on R™. One can ask a question for M (K) similar
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Bourgain-Milman inverse Santald inequality.



to the classical isoperimetric problem: what is the maximum of M (K') among all convex
bodies K7 The celebrated Blaschke-Santal6 inequality states that M (K) attains its max-
imum at and only at origin-symmetric ellipsoids if K is assumed to have its centroid at
the origin. Such an inequality is arguably more important than the classical isoperimetric
inequality. Consequently, the Blaschke-Santal6é inequality has numerous applications in
(affine) convex geometry and many other related fields, for instance, in quantum informa-
tion theory [2, 38]. The family of affine isoperimetric inequalities continues to grow (see,
for example [6, 10, 11, 24, 25]). It is well known that the Blaschke-Santalé inequality
was first discovered and proved by using the classical affine isoperimetric inequality [32],
which bounds the classical affine surface area from above in terms of volume.

The study of affine surface areas goes back to Blaschke in [3] about one hundred years
ago, and its L, counterpart was first introduced by Lutwak in [21]. The notion of L,
affine surface area was further extended to all p € R for general convex bodies in, e.g.,
27, 35, 36]. In fact, extensions of L, affine surface area to all —n # p € R were obtained
by their integral expressions (see e.g. Theorem 3.1) and by investigating the asymptotic
behavior of the volume of certain families of convex bodies [16, 26, 27, 35, 36, 37, 41, 42]
(and even star-shape bodies [43]). The L, affine surface area is now thought to be
at the core of the rapidly developing L,-Brunn-Minkowski theory. It has many nice
properties, such as, affine invariance (i.e., invariance under all linear transformations T
with |det(T)| = 1), the valuation property, semi-continuity (upper for p > 0 and lower
for —n # p < 0), etc. Moreover, the L, affine surface area for p > 0 has been proved to
be, roughly speaking, the unique valuation with properties of affine invariance and upper
semi-continuity [19, 20]. Recently, it has been connected with the information theory of
convex bodies (see e.g., [13, 29, 39, 40]). Affine isoperimetric inequalities related to the
L, affine surface area can be found in, for instance, [21, 42].

Another fundamental concept in convex geometry is the (classical) geominimal surface
area introduced by Petty [30] about 40 years ago. As explained by Petty in [30], the
(classical) geominimal surface area naturally connects affine geometry, relative geometry
and Minkowski geometry. Hence it received a lot of attention (e.g., [30, 31, 33]). In fact, it
can be viewed as a sibling concept of the classical affine surface area as their definitions
are similar. However, they are in general different from each other; for example the
(classical) geominimal surface area is continuous while the classical affine surface area is
only upper semi-continuous on the set of all convex bodies (equipped with the Hausdorff
metric).

In his seminal paper [21], Lutwak introduced L, geominimal surface area for p > 1.
L, geominimal surface area has many properties very similar to L, affine surface area,
for instance, affine invariance with the same degree of homogeneous. For certain class of
convex bodies, the L, geominimal surface area for p > 1 is equal to the L, affine surface
area (see [21] or Proposition 3.4). However, the L, geominimal surface area is different



from the L,, affine surface area, because the former one is continuous while the latter one is
only upper semi-continuous on the set of all convex bodies (equipped with the Hausdorff
metric). Moreover, as mentioned before, there are nice integral expressions for the L,
affine surface area (see e.g. Theorem 3.1), while finding similar integral expressions for
the L, geominimal surface area appears to be impossible. Note that the extension of L,
affine surface area from p > 1 to all —n # p € R mainly relied on the integral expression
of L, affine surface area. Recently, the L, affine surface area was further extended to its
Orlicz counterpart, general affine surface areas, involving general (even nonhomogeneous)
convex or concave functions [18, 19].

Affine isoperimetric inequalities related to the L, geominimal surface area were proved
for p = 1 in [30, 31] and for p > 1 in [21]. Roughly speaking, those affine isoperimetric
inequalities assert that among all convex bodies with fixed volume and with centroid at
the origin (the condition on the centroid can be removed for p = 1), the L, geominimal
surface area attains its maximum at and only at origin-symmetric ellipsoids. As men-
tioned in [21], the affine isoperimetric inequality related to the L, geominimal surface
area for p > 1 is equivalent to the Blaschke-Santalé inequality in the following sense:
either of them can be easily obtained from the other. A Santalé style inequality for the
L, geominimal surface area was proved in [46].

This paper is dedicated to further extend Lutwak’s L, geominimal surface area from
p>1to all —n # p € R. Hereafter, we use ép(K) to denote the L, geominimal surface
area of a convex body K (with the origin in its interior). The following Santal6 style
inequality will be proved.

Theorem 4.1 Let K be a convex body with centroid (or the Santald point) at the origin.
(i). Forp >0, . . .
Gy(K)Gy(K°) < [Gy(B3)P,
with equality if and only if K is an origin-symmetric ellipsoid.
(i1). For —mn #p <0, 3 . )
Gy(K)Gy(K°) = "[Gy(B3)],
with ¢ the universal constant from the Bourgain-Milman inverse Santald inequality [4].

We will prove the following affine isoperimetric inequality for ép(K ). See [21, 30, 31]
for p > 1.

Theorem 4.2 Let K be a convex body with centroid (or the Santald point) at the origin.

(i). If p>0, then
GylK) _ (BT (=
GolBg) ~ B51)  \IBs

Equality holds for p > 0 if and only if K is an origin-symmetric ellipsoid. For p = 0,
equality holds trivially for all K.



(i1). If —n < p < 0, then

¢w0><m)w
G,(By) ~ \|By] ’
with equality if and only if K is an origin-symmetric ellipsoid.

(iii). If p < —n, then

?NQ>CWUM
Gy(By) ~ \IBsl)

with equality if and only if K is an origin-symmetric ellipsoid. Moreover,

where ¢ is the constant in the Bourgain-Milman inverse Santalé inequality [4].

We will show the monotonicity of ép(~). This result will be used to obtain a stronger
version of Theorem 4.2.

Theorem 5.2 Let K be a convex body with the origin in its interior and p,q # 0.
(i). If either —n < q < p or q < p < —n, one has

(ii). If ¢ < —n < p, one has
(Mm>q>(®m§%
n|K]| —\ n|K] '

This paper is organized as follows. Basic background and notation for convex ge-
ometry are given in Section 2. In Section 3, we will provide our definition for the L,
geominimal surface area of K. Such a definition is motivated by Theorem 3.1. We will
prove some properties of the L, geominimal surface area, such as affine invariance. Im-
portant inequalities, e.g., the affine isoperimetric inequality (i.e., Theorem 4.2) and a
Santald style inequality (i.e., Theorem 4.1) are established in Section 4. Comparison be-
tween the L, geominimal surface area and the p-surface area is also provided in Section
4. Cyclic inequalities and monotonicity properties for the L, geominimal surface area
are proved in Section 5. A stronger version of the affine isoperimetric inequality is also
established in Section 5.

General references for convex geometry are [5, 9, 17, 34].
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2 Background and Notation

Our setting is R” with the standard inner product (-,-), which induces the Euclidian
norm || -||. We use By = {z € R": ||z|| < 1} to denote the unit Euclidean ball in R™ and
Sl ={z € R": ||z|| = 1} to denote the unit sphere in R" (i.e., the boundary of BY).
The volume of BY is denoted by w,, = |BY|. A convex body K C R™ is a convex compact
subset of R™ with nonempty interior. We use £ to denote the set of all convex bodies in
R". Through this paper, we will concentrate on the subset J#; of ", which contains all
convex bodies with the origin in their interior. The subset J#. of J#; contains all convex
bodies in #; with centroid at the origin. The boundary of K is denoted by K. The
polar body of K, denoted by K°, is defined as

K°={yeR": (z,y) <1,Vx e K}.

For any convex body K € %, its polar body K° € #; as well. The bipolar theorem
(see [34]) states that (K°)° = K. We write T for an invertible linear transform from R”
to R™. The absolute value of the determinant of 7" is written as |det(T)|. A convex body
& € & is said to be an origin-symmetric ellipsoid if & = T'BY for some invertible linear
transform 7" on R".

The support function of K € J#, at the direction u € S"! is defined as

hl((u) ::2%%¥<$,U>-

The support function hg(-) determines a convex body uniquely, and can be used to
calculate the volume of K°, namely,

K= [ s dolu),

n Jgn h(u)

where o is the usual spherical measure on S"~!. More generally, for a set M, we use | M|
to denote the Hausdorff content of the appropriate dimension. The Hausdorff metric dg
is a natural metric for J#;. For two convex bodies K, K' € J#;, the Hausdorfl distance
between K and K’ is
di (K, K') = ||hx — hlloo = sup |fuc(u) = huer (u)]-
ueS™—

For two convex bodies K, L € J and A\, > 0 (not both zero), the Minkowski linear

combination AK + nL is the convex body with support function hyxiyr, such that,

oz (u) = Mg (u) +nhp(u),  Yu e S"H
The mized volume of K and L, denoted by Vi(K, L), is defined by

K +el| - |K
Vo(K. L) = lim B E €L = KT

e—0 ne




For each convex body K € %, there is a positive Borel measure S(K,-) on S"! (see
[1, 7]), such that, for all convex bodies L,

1

V(K L) = /  hu(u) dS (K, ).

As noted in [23], the measure S(K ) has the following simple geometric description: for
any Borel subset A of S"71,

S(K,A) =|{z € 0K : Ju € A, s.t., H(z,u) is a support hyperplane of 0K at x}|.

If the measure S(K, ) is absolute continuous with respect to the spherical measure o,
then by the Radon-Nikodym theorem, there is a function fx : "' — R, the curvature
function of K, such that,

dS(K,u) = fx(u)do(u).

Let # C . be the set of all convex bodies with curvature function. Respectively, we
denote F#y = F N H#, and F, = F N H.. We write K € Z; for those convex bodies
K € %, with continuous and positive curvature function fx(-) on S™~1.

The Minkowski linear combination and the mixed volume Vi(-,-) can be generalized
to all p > 1. For convex bodies K, L € J, and A\,n > 0 (not both zeros), the Firey
p-sum AK +, nL for p > 1 [8] is the convex body with support function defined by

(h)\K+an(u)>p = )\(hK(U))p + n(hL(u))p

The p-mized volume of K and L, denoted by V,(K, L), was defined by Lutwak [22] as

1 K 4, el| - |K
—V,,(K,L):hm‘ pell = K]
p

e—0 ne
Lutwak [22] proved that, for K € %, there is a measure S,(K, -), such that

VD) = [ i ds, (), )

n

holds for all L € J#. The measure S,(K, -) is absolutely continuous with respect to the
measure S(K,-). Moreover, for all p > 1,

dS,(K,u) = hy*(u) dS(K,u). (2.2)

Therefore, for all K € .%; and all p > 1, one can define the L, curvature function for K,
denoted by f,(K,u), to be (see [21])

Fo(K,u) = hie(u)' ™ fre(w).
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We will use 7, C #; to denote the subset of J#; containing all convex bodies with
Santal6é point at the origin. Here, a convex body K is said to have Santal6 point at the
origin, if its polar body K° has centroid at the origin, i.e., K € J#; < K° € J,.. We also
denote by #, = %y N J#, the subset of %, containing all convex bodies with curvature
function and Santalé point at the origin.

A subset L C R™ is star-shaped (about zo € L) if there exists xg € L, such that, the
line segment from xy to any point x € L is contained in L. Hereafter, we only work on
0, the set of all n-dimensional star bodies about the origin (i.e., compact star-shaped
subsets of R™ about the origin with continuous and positive radial functions). The radial
function of L € % at the direction u € S"! is given by

pr(u) = max{\: \u € L}.

Note that, the volume of L can be calculated by

1
=3 [ sty dotu)
n Sn—l
For K € J#,, L € .4, and p > 1, let V,(K, L°) be
1
VL) = [ () 7S, (K ).
Sn—l

When L € J#, this is consistent with formula (2.1) because pr(u)hro(u) = 1, Vu € S™ 1.

3 L, geominimal surface area

For p > 1 and K € %, Lutwak in [21] defined the L, geominimal surface area of K,
denoted by G,(K), as

WGy (K) = inf {nVy(K.Q)IQ°P"}.

We now propose a definition for the L, geominimal surface area of a convex body
K € ., denoted by ép(K), for all —n # p € R. Before we state our definition, we
need some notation. First, notice that the measure S,(K, -) in (2.2), the p-mixed volume
in (2.1), and the L, curvature function f,(kK,-) were only defined for p > 1 in [21].
However, we can extend them to all p € R. For two convex bodies K, () € %, we define
the p-mixed volume of K and @) by

1

V. Q) = -

/ hQ(u)pdSp(K7 U), p € Ra
S'nfl



where S,(K, -) is the p-surface area measure of K € J# defined as
dS,(K,u) = hy P (u) dS(K,u), peR.
We define the L, curvature function (and denoted by f,(K,-)) for K € %, by
folKu) = hic(u)' ™ fre(u), p € R.
Note that, if K € %, then
dS,(K,u) = fp(K,u)do(u), peR.
For K € J#; and L € ., let V,(K, L°) be

1
L) =1 [ TS, peR

n
Definition 3.1 Let K € J#, be a convex body with the origin in its interior.
(i). For p >0, we define the L, geominimal surface area of K by

Gy(K) = inf {nV,(K.Q)% |Q°[7 }. (3.3)

(11). For —n # p < 0, we define the L, geominimal surface area of K by

Gy(K) = sup {nV5(K, Q)77 |@°77 . (3.4)

Remark. Let p =0 and ) € J#; be any fixed convex body, one has V,(K, Q) = |K| and
nV,(K, Q)"+ |Q°|7 = n|K|. Therefore,

CylK) = inf {nV;(K, Q)71 } = nlK].

The case p = —n is not covered mainly because n + p = 0 appears in the denominators
of £~ and . More general L, geominimal surface area G,(K,.#) can be defined
with the infimum or the supremum taking over .# C ;. This paper only deals with

Gp(K) = Go(K, ). For p > 1, our L, geominimal surface area is related to Lutwak’s
by the following formula: for any K € 7,

(G (K" = (nwn )" [Gp(K)]™ (3.5)

Proposition 3.1 Let K € J#,. For all p # —n and all invertible linear transformation
T :R"™ — R", one has

G,(TK) = |det(T)| G,(K).



Proof. First, we note that for all y € T'K, there exists a unique x € K, such that y = Tx
(as T is invertible). The support function of TK can be calculated as follows

hax(v) = max(y, v) = max(Tw, v) = max(z, T"v) = ||T7v]| max(z, u) = | T"v[|/x (w),
where T™ is the transpose of T" and u = ngzll' Hence,

hTQ(U) hQ(u)

hTK(U) hK(U)

On the other hand, *hx(u) dS(K, u) is the volume element of K and hence,

hrk(v)dS(TK,v) = |det(T)|hg(u) dS(K,u).
Therefore, one has

nV,(TK,TQ) = /S - (Z;ZEZ;)phTK(v)dS(TK,v)

~lde hq(u)
~ Jaeu(r) [ (W)

= nldet(T)|V,(K, Q).

)th(u) dS(K, )

Recall that (T'Q)° = [T*]7'Q°. This further implies that, for p > 0,
G,(TK) = inf {n[V,(TK,TQ)|%7|(TQ)°|#7}
Qe
= |det(T)| 77 |det([T*) )| 77 inf {n[V, (K, Q)77 |Q°[ 77}
Qe o

= |det(T)|" G,(K).

Similarly, for —n # p < 0, one has

Go(TK) = Sgg{n[vg(TK,TQ)]M(TQ)"H%}

= det(T) |77 |det([T*)1) [ sup {n[V,(K, Q)]77|Q7 77}
Qe

= |det(T)| "+ G, (K).
Remark. The L, geominimal surface area is invariant under all invertible linear trans-

formations T with |det(T)| = 1, i.e., G,(K) = G,(TK). Moreover, if T is just a dilation,
say TTK = r K with r > 0, then,

~ n(n—p) ~

Gp(rK) =r 7 Gp(K).
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Note that the classical geominimal surface area G4(-) is also translation invariant. That
is, for all K € %, and all zo € R", one has

G1(K — z) = G1(K).

This can be easily seen from the translation invariance of the surface area measure
dS(K,-), which clearly implies, VQ € 4,

nVi(K,Q) :/

thS(K,u):/ hg dS(K — zy,u) = nVi(K — 2, Q).
Sn—1

Sn—l

However, one cannot expect the translation invariance for G, (-) for —n # p € R (expect
p=1and p=0). As an example which will be used in Section 5, we show the following
result.

Proposition 3.2 Let & C R" be an origin-symmetric ellipsoid, and zy # 0 be any
interior point of &.
(i). For allp € (0,1), ) )
Gp(& — 20) < GL(&).
(i1). For all p € (—n,0), ) .
Gp(& — z0) > G,(&).

Proof. Without loss of generality, one only needs to verify Proposition 3.2 for & = B}
due to Proposition 3.1. In this case, the nonzero interior point zy € B satisfies 0 <
llz0|| < 1. Denote by B,, = B} — 2, the ball with center 2z, and radius 1.

(i). For p € (0,1), the function g(t) = ¢'7? is strictly concave on t € (0,00). By Jensen’s
inequality, one has,

V;O(BZov Bg) 1 1— 1 I-p |Bz | 1-p
e e [hp. (w)]' P do < - hp, (u)do) =(—=%) =1.
|B2| TL|B2| gn—1 0 n|B2| gn-1 0 |B2|

Equality holds if and only if hp, (u) is a constant, which is not possible as zy # 0.
Therefore, as p € (0,1),

Gp(By) < nVy(Bay, By) 7| By |7 < n|By| = Gy(By),

where G,(By) = n|BY| will be proved in formula (3.15).

(ii). For p € (—n,0), the function g(t) = '~ is strictly convex on (0, 00). By Jensen’s
inequality, one has,

‘/;J(Bzm Bg) 1 1— 1 1=p |Bzo| 1-p
n = n [th (u)] Pdo Z oy th (u) do =\ Tonr =1.
| By | n|By| Jgn 0 n|By| Jgn 0 | B3|
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Equality holds if and only if hp, (u) is a constant, which is not possible as zy # 0.
Therefore, as p € (—n,0),

Gp(By) = V(B By) 7| By |77 > n|By| = Gy(By),

where G,(By) = n|By| is given by formula (3.15).

Our definition of G,(K) is motivated by Theorem 3.1 regarding a recent extension of
the L, affine surface area. Recall that, Lutwak in [21] defined the L, affine surface area
of K € J for p > 1 by

as,(K) = inf {n V, (K, L°)"7 |L|n%}. (3.6)

LeS

This definition generalizes the definition of the classical affine surface area (for p = 1) in
[15]. Tt was also proved that, for all K € %", as,(K) for p > 1 defined in (3.6) can be
written as an integral over S"~! (see Theorem 4.4 in [21]),

as,(K) = fo(K, u) w4 do (u). (3.7)
Sn—1
Such an integral expression for as, (/) has been used to extend the L, affine surface area
from p > 1 to all —n # p € R (see e.g. [27, 35, 36]).

Theorem 3.1 Let K € Z" be a conver body with continuous and positive curvature
function and with the origin in its interior.

(i). Forp >0, one has
as,(K) = inf {nvp(K, LO)#p|L|n%p}.
(ii). For —n # p < 0, one has

asy(K) = sup {nV,(K, L) ||}
0

Proof. (i). It is clear that if p = 0, then V, (K, L°) = |K|, and hence
aso(K) = n| K| = inf {nv;(K, L°)T+p|L|nTp} .

Let p € (0,00). Recall that, for all K € %", the L, affine surface area of K is given by
formula (3.7)

as,(K) = Fo(K, ) do(u).
5'71,71
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Therefore, for all L € %, one has,

esB) = [ (0 ) dow

= n[V,(K, L°)|#%|L|#, (3.8)

where the inequality follows from the Holder inequality (see [12]) and p € (0,00) (which

implies 7 € (0,1)). Taking the infimum over L € .%, one gets, for all p € (0, c0),

as,(K) < jinf {nvp(K, LO)m|Lym} .
Note that K € %, and hence fx(u) > 0 for all u € S"~!. Equality holds in (3.8) if and
only if, for some constant a > 0,
a" o P(u) f (K, u) = pr(u)" < a" P f(K,u) = pr(u)"?, Vue S"

Thus, one can define the star body Ly € .7y by the radial function, which is clearly
continuous and positive,

pro(w) = a[fp(K, u)]%ﬂ’ >0, Vue S,
and hence

sy (K) = nlVo(I LR 75 Lol = inf {nlVo(F L5 | [+
(ii). Let —n # p € (—00,0). Similar to (3.8), for all L € .#, one has,

sK) = [ @K 0] prl) 5 do(w

= (/51 pr” (W) (K, u)da(u)) i (/Sl pL(u)”da(u)> =2

= n[V,(K, L°)]"5| L], (3.9)

where the inequality follows from the Holder inequality (see [12]) and —n # p € (—o0,0)
(which implies either #p > 1or nLer < 0). Taking the supremum over L € .%, one gets,
for all —n # p € (—o0,0),

asy(K) > LSS/R {nV},(K, LO)nLer|L|nL+p}.
0
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Note that K € .Z;" and hence fx(u) > 0 for all u € S"~'. Equality holds in (3.9) if and
only if, for some constant a > 0,

a"PprP(u) f, (K, u) = pr(u)" < a" P f(K,u) = pr(u)"?, Yue S"

Thus, one can define the star body Ly € .7, by the radial function, which is clearly
continuous and positive,

pro(w) = a[fy(K,u)] 77 >0, Yue 5",
and hence

asy(K) = nlVy(K, L)) 77| Lol ™7 = sup {n[V (K, L) 7| L7 .
0

Remark. The proof of Theorem 3.1 implies that, for all K € .%;" and all —n # p € R,
[asy (K] = n"Pwp A K,

where A K € .7 is the p-curvature image of K defined by (for p > 1, see [21])

o) = o (). (3.10)

Motivated by Theorem 3.1, one may define the L, affine surface area for all —n # p €
R as follows.

Definition 3.2 Let K € % be a convex body with the origin in its interior.
(1). Forp =0, let as,(K) =n|K|. Forp >0, let

as,(K) = jinf {an(K, L°)$|L|#p}. (3.11)

(i1). For —m #p <0, let

as,(K) = sup {an(K, LO)HLH?\L\#IJ}. (3.12)

LeSH

One can easily check: for all K € %, as,(K) < G,(K) for p € (0,00); while as,(K) >

Gp(K) for —n # p € (—00,0). To see this, by formula (3.11), one has for p > 0,

as,(K) = inf. {an(K, L°)#p|L|#p}

< jinf {nV(K, L) (L] | = Gy(K), (3.13)
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where the inequality is due to #, C .. By formula (3.12), one has for —n # p < 0,

as,(K) = sup {an(K,LO)#p\L\#P}

LeSH

> sup {nVp(K, L) |LI75 | = Gy(K), (3.14)
Lexty

where the inequality is due to £, C .%.
Let —n # p € R. Define the subset ¥, of %, as

¥, ={K €%y 3Q € A with f,(K,u)=hg(u)" " vue s}

Clearly, ¥, # 0 as By € ¥,. The following proposition describes the relation between
A,K and 7,. See [21] for p > 1.

Proposition 3.3 Let —n #p € R and K € %, then
K e, ifandonlyif ANK €%

Proof. Let —n # p € R, and K € %", then

Ke, & [f,(Ku]7 =hg(u), 3Q € #,Yuec S"!
& [f (K )7 = pge(u), Q€ Ao, Yu e 5™
Wn %ﬂ _ n—1
& (|ApK| pa, k() = poe(u), 3Q € Hy,VYue S

wn n+p
& ( ) ANK = Q° € .

Proposition 3.4 Let —n # p € R and K € ¥, then G,(K) = as,(K).

Proof. The proposition holds for p = 0 as Go(K) = ase(K) = n|K| for all K € 4.
Assume p > 0. From Proposition 3.3, K € ¥, implies A,K € ;. Therefore, formula
(3.10) and inequality (3.13) imply

G (K) as,(K) = nwi ™ | A, K| 7
= (K, (AK)®) 7 | A, K |7+
> inf {nV, (K. Q°)w|Q|7
> dnf {nV,(K,Q)77|Q|77)

= G,(K).

Vv

Hence, G,(K) = as,(K) for all K € ¥,
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For —n # p < 0, formula (3.10) and inequality (3.14) imply

ép(K> < a5p<K) = an(K, (APK)O)"L”’APK‘"%”
< sup {nV,(K, Q)77 |Q|+7}
Qe
= Gy(K).

Hence, G, (K) = as,(K) for all K € ¥;.
Remark. Recall that By € 7,. Thus,

Gp(B3) = as,(By) = nw,,. (3.15)

Hence, for all origin-symmetric ellipsoids & = T'BY with T" an invertible linear transform
on R", one has, by Proposition 3.1,

Gp(&) = C(TBg) = |det(T)| "5 G, (By) = |det(T)| " nuv,.

4 Affine isoperimetric and Santal6 style inequalities

This section is mainly dedicated to the affine isoperimetric inequality and a Santalé style
inequality for the L, geominimal surface area.

Proposition 4.1 Let K € J be a convex body with the origin in its interior.
(i). Forp >0, one has
Gp(K) < n|K|#5| K| w55,

(ii). For —n # p < 0, one has

GP(K) > n|K =

_n_
n+p ’KO

Proof. Note that V,(K, K) = |K]| for all K € % and for all —n # p € R.
(). The case p = 0 is clear (and in fact “=" always holds). For p > 0, by formula (3.3)
and K € ., one has

Gy(K) = inf {nV,(K.Q7|Q°|7 } < n|K|75| K°|%.

(ii). For —n # p < 0, by formula (3.4) and K € .%#;, one gets,

Gy(K) = sup {nV,(K, Q)77 (|7 | > n|K|75 | K775,
Qe
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Proposition 4.2 Let K € J be a convex body with the origin in its interior.
(i). Forp >0, one has

Go(K)Gy(K°) < n*| K[| K°|.
(ii). For —m # p < 0, one has
Go(K)Gy(K°) 2> n?| K[| K°|.
Proof. (i). For p > 0, using Proposition 4.1 for both K and K°, one gets
Gy(K)Gy(K°) < (n|K|757 |[K°|757) (n| K |77 | K°| 77 ) = n®| K[| K°).
(ii). For —n # p < 0, using Proposition 4.1 for both K and K°, one gets
Go(K)Gy(K°) > (n| K[747 |[K°|77 ) (n| K[75 | K°|77) = n®| K[| K°|.

The Blaschke-Santal6 inequality provides a precise upper bound for M(K) = |K||K°|
with K € #, (or K € J;). That is, for all K € J#, (or K € %),

M(K) < M(B3) = wy,

with equality if and only if K is an origin-symmetric ellipsoid. Finding the precise lower
bound for M(K) is still an open problem and is known as the Mahler conjecture: the
precise lower bound for M (K) is conjectured to be obtained by the cube among all origin-
symmetric convex bodies (i.e., K = —K), and by the simplex among all convex bodies
K € %, (or K € ;). A remarkable result by Bourgain and Milman [4] states that,
there is a universal constant ¢ > 0 (independent of n and K), such that, for all K € 7,
(or K € %),
M(K) > "M (By) = c"w?.

Nice estimates for the constant ¢ can be found in [14, 28].

We now prove the following Santald style inequality for the L, geominimal surface
area G. See [46] for p > 1.

Theorem 4.1 Let K € #, or K € %.
(i). Forp >0, ) ) )
Gy(K)Gy(K°) < [Gy(B3)],
with equality if and only if K is an origin-symmetric ellipsoid.
(ii). For —n #p <0, . 5 )
Gy(K)Gp(K°) = "[Gp(B3)]",

with ¢ the universal constant from the Bourgain-Milman inverse Santald inequality [4].
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Proof. (i). Recall that G,(Bg) = n|Bjy|. Proposition 4.2 implies that

Gy(K)Gy(K°) < n?|K||K°| < nwj, = [Gy(B3))%, (4.16)
where the second inequality is from the Blaschke-Santal6 inequality. Clearly, Proposition
3.1 implies that equality holds in inequality (4.16) if K is an origin-symmetric ellipsoid.

On the other hand, the equality holds in inequality (4.16) only if the equality holds in
the Blaschke-Santal6 inequality, that is, K has to be an origin-symmetric ellipsoid.

(ii). Proposition 4.2 implies
Gyp(K)Gy(K°) 2 n?|K||K°| = "n’w; = ¢'[Gy(By)P,
where the second inequality is from the Bourgain-Milman inverse Santalé inequality.

Remark. Note that the Bourgain-Milman inverse Santalé inequality still holds true for
all K € . This is because M(K) > M(K — zy) > c"w?, where z is the centroid of K
(and then K — zy € J#.). Hence, part (ii) still holds for all K € .

The related affine isoperimetric inequality for the L, geominimal surface area G, (K)
is stated in the following theorem.

Theorem 4.2 Let K € %, or K € %.

(i). If p > 0, then
Gy(K) _ o (!M)”lp (\K"\)"_“’ |
G,(B}) ~ 1By|) 7 \|B]

Equality holds for p > 0 if and only if K is an origin-symmetric ellipsoid. For p = 0,
equality holds trivially for all K.

(i). If —n < p < 0, then

Go(K) <IK|)"1P
G,(By) ~ \|By| ’

with equality if and only if K is an origin-symmetric ellipsoid.

(111). If p < —n, then

GylK) (1)
Gp(By) — \IBsl)

with equality if and only if K is an origin-symmetric ellipsoid. Moreover,
Cy(E) | = ( K| ) |

cntp
| B |

Gyp(By)

where ¢ is the constant in the Bourgain-Milman inverse Santald inequality [4)].
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Proof. (i). The case p = 0 is trivial, and we only prove the case p > 0. Combining
Proposition 4.1, the Blaschke-Santal6 inequality, and G, (B} ) = n|Bj|, one obtains

GolE) (lm)""*p(!ff"l)"’*: (mﬁ(mm)% <|£|>
Go(By) ~ \|Bj] | B3| | B3| M(B3) ~\ B

Similarly,
_ p—n

Gy(K) _ (rm)n"w (\m)w: (|K°|>n+p (M(K))nip . <|K°|>n+p.
G,(By) ~ \IBj] By By M(Bg)) = \[By]

Clearly, equality holds if K is an origin-symmetric ellipsoid. On the other hand, equality
holds in the above inequalities only if equality holds in the Blaschke-Santald inequality,
that is, K has to be an origin-symmetric ellipsoid.

(ii). Let —n < p < 0. Combining Proposition 4.1 and G,(B}) = n|By|, one obtains

Cy(K) <|K|)f+p<|f<°|>n’+’p_ <|K|>??+Z(M<K>)»ﬁp> <|K|>Z+i’

Gy(By) — \IB3| | B3| | B3| M(B3) — \IB3| ’
where the last inequality follows from the Blaschke-Santalé inequality and nL_Lp < 0.
Clearly, equality holds if K is an origin-symmetric ellipsoid. On the other hand, equality
holds in the above inequalities only if equality holds in the Blaschke-Santal6 inequality,

that is, K has to be an origin-symmetric ellipsoid.

(iii). Let p < —n. Combining Proposition 4.1 and G,(BY) = n|By|, one obtains

Gy(K) ( K| ) (\Kw)nip _ <\KO|)Z+? (M(K) ) - (\KO!)M

Gy(By) — \IB3| | B3| | B3| M(Bg) —\IBg] ’
where the last inequality follows from the Blaschke-Santalé inequality and nLer < 0.
Clearly, equality holds if K is an origin-symmetric ellipsoid. On the other hand, equality
holds in the above inequalities only if equality holds in the Blaschke-Santal6 inequality,
that is, K has to be an origin-symmetric ellipsoid.

Moreover, from #p > (0 and the Bourgain-Milman inverse Santalé inequality, one has

Gy(K) (\K\)fw<\f<@|>ﬂp: (|K|)Z+5(M<K>)n'4p>cgp(u<|)%
Gp(Bg) — \|B3| B3| B3| M(B3) B B3|
Remark. If we assume that |[K| = [By|, then part (i) of Theorem 4.2 implies that
Gp(K) < G,(BY). Let Bg be the origin-symmetric Euclidean ball with the same volume

|K]
|B3 |

1
as K, and then the radius of By is r = < )n Proposition 3.1 implies that

3 K|\ ntr -
Gy = (L) Gt
2
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Therefore, part (i) of Theorem 4.2 implies
éP(K) < ép(BK)> p>0,

with equality if and only if K is an origin-symmetric ellipsoid. That is, among all convex
bodies in K. (or ;) with fived volume, the L, geominimal surface area for p > 0 attains
the mazximum at and only at origin-symmetric ellipsoids. Similarly, part (ii) of Theorem
4.2 can be rewritten as

GP(K) > GP(BK)a pE (—n,O),

with equality if and only if K is an origin-symmetric ellipsoid. That is, among all convex
bodies in . (or J;) with fized volume, the L, geominimal surface area for —m < p <

0 attains the minimum at and only at origin-symmetric ellipsoids. From part (iii) of
Theorem 4.2, one gets, for K € #, (or K € %),

Gy(K)Gy(Bre) > [Go(BY)P,  p<-—n,

with equality if and only if K is an origin-symmetric ellipsoid. From part (iii) of Theorem
4.2 and the remark after Theorem 4.1, one sees also that

ép(K) > C%GP(BK% p<-—-n,

for all K € J#. For p = 1, this is the classical result due to Petty [30, 31], where the
condition K € JZ, or K € J#, can be replaced by K € J#; due to the translation invariant
property of the classical geominimal surface area. The case p > 1 is due to Lutwak [21].
A stronger version of Theorem 4.2 for p € (—n, 1), where the condition on centroid or on
Santal6 point is removed, will be proved in Section 5.

From Lemma 2.1 in [30] (see page 79) and formula (3.5), one has Gy (K;) < Gy (K>)
for any two convex bodies K, Ky € J; such that K; C K. For the L, geominimal
surface area, we have the following similar result.

Corollary 4.1 Let & be an origin-symmetric ellipsoid and K € J,. (or K € J%5).
(i). Forp € (0,n) and K C &, one has

Gy(K) < Gy(),

with equality if and only if K = &.
(i1). Forp € (n,00) and & C K, one has

with equality if and only if K = &.
(i1i). Forp € (—n,0) and & C K, one has

Gyo(K) > Gy(&),
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with equality if and only if K = &.
(iv). Forp < —n and K C &, one has

with equality if and only if K = &.

Proof. (i). Let p € (0,n) and hence {52 > 0. Then it follows from K C & that

(,K,)M
it} <1
&

Combined with Theorem 4.2 and Proposition 3.1, one has

Gy(K) _ (1K™ - -
ép(g)g(ﬁ> <1 = Gy(K)<Gy&).

Clearly equality holds if K = &. On the other hand, if K C &, then |K| < |&] and hence
Gp(K) < Gy(&).

(ii). Let p € (n,00) and hence ;72 < 0. Then it follows from & C K that

|Kr)3+i
— < 1.
(re@r

Combined with Theorem 4.2 and Proposition 3.1, one has

0 (K) _ (1K . -
ép<<f>§(r<f|) st = GUEI=GLE)

Clearly equality holds if K = &. On the other hand, if & C K, then |&| < |K| and hence
Gp(K) < Gp(&).

(iii). Let p € (—n,0) and hence ;=2 > 0. Then it follows from & C K that

|K|)31§
=1 > 1
(|f|

Combined with Theorem 4.2 and Proposition 3.1, one has

Gy(K) _ (1K) . -
(;p(g)z(@) >1 = Gy(K)>G(&).
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Clearly equality holds if K = &. On the other hand, if & C K, then || < |K| and hence
G (K) > G,(&).

(iv). Let p < —n and hence 2 > 0. Then it follows from K C & that

|Ko|)’ff+§
E°C K = ( >1
|&°]

Combined with Theorem 4.2 and Proposition 3.1, one has
G, (K K°|\ ) .
~p( )2 (| O|> >1 = GpK)>G,8).
Gy(&) — \1&°]

Clearly equality holds if K = &. On the other hand, if K C &, then &° C K°, which
implies |6°| < |K°| and hence G,(K) > G,(&).

The following result compares the L, geominimal surface area with the p surface area

S,(K) = nV,(K, By). Note that S,(By) = G,(By) = n|B}| = nw,.
Proposition 4.3 Let K € J, be a convex body with the origin in its interior.
(i). Forp >0, one has

Gy(K) _ < Sy(K) )
Go(By) ~ \S(B3))
(i1). For —m # p < 0, one has

Gl (500
G,(By) — \Sp(Bg)
Proof. (i). For p > 0, by formula (3.3), one gets
Gy(K) = dnf {n V,(K.Q)™5 |Q7|7 }
< n V(K BY)7 |By|w
= (nwn) T[S (K] 7.
Dividing both sides by nw, = G,(B}) = S,(Bg), one gets the desired inequality.
(ii). For —n # p < 0, by formula (3.4), one gets
Go(K) = sup {n V(K. Q)7 Q7|77 |
QeHo
> 0 [V, (K, BY)JT7 By |7
(neon) 72 [, (K )] 757

Dividing both sides by nw, = G,(B}) = S,(Bg), one gets the desired inequality.
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5 Cyclic inequalities and monotonicity of G,(-)

Theorem 5.1 Let K € ) be a convex body with the origin in its interior.
(i) If n<t<0<r<sor—-n<s<0<r<t, then

(r—s)(n+t) ~ (t—7)(n+s)

G (K) < Gy(K) =900 Gy (K ) =9+

(ii). If n<t<r<s<0or—-n<s<r<t<O0, then

(r—s)(n+t) ~ (t—r)(n+s)

G (K) < Gy(K)@otmn Gy () Tamin |

(ii). Ift <r<—-m<s<0ors<r<-n<t<0, then

(r=s)(n+t) ~ (t=r)(n+s)

G(K) =040 Gy (K ) =)0t |

G (K)

v

Proof. Let K, Q) € ;. We claim that, for all r,s,t € R satisfying 0 < - <1,

r—s

nVi(K,Q) < [nVi(K, Q)= [nVi(K, Q). (5.17)
In fact, by Holder’s inequality (see [12]) and 0 < &£ < 1,
WE.Q) = [ gl huc(w)' T dS(K )
gn—1
= [ e ()1 g ()~ dS ()

o

—s

< / h <>1Sds<K,u>)” ([ matwrntur-asix.n)

= [WVA(K Q)= [WVi(K, Q).
(i). Suppose that —n <t < 0 < r < s, which clearly implies 0 < i:—z < 1. First, we have
(r—s)(n+t)

(r—s)(n+t) n ot (t—s)(n+r
G (K)(t s)(ntr) — sup [n‘/t<K7 Ql)n+t|Q1|n+t]
Q1€X%0

(r=s)(ntt)

= sup {[nV}(K Ql)n+i|Q1|n-t|—t](t s)(n-H”)}

Q1€

due to g:j)—(:ﬁ) > (0. Similarly, as % > 0, one has

(t=r)(n+s)

(t—r)(n+s)
S(K) (t—s)(n+r) = lnf { [nv (K Q) n+s Q | n+s] (t— s)(nir) }
Qe

o
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By inequality (5.17) and = > 0, one has, VQ) € o,

GT‘(K) = Hlf: {TL‘/;«(K, QO)HL-H“ |Q8|nL+r} SnW(K,Q)nL-H“ |QO|#+T
Qoo

n S (t=r)(n+s) n L (r=s)(n+t)
< { V(K Q)7 1Q7| 7] 0 } { ni(K, Q)| Q7] v }
_n_ _s (t=r)(n+s) n_ _t (r—s)(n+t)
< {[TLVS(K, Q)+ |Q° | s | =)0 } sup {[th(K7 Q1)+ Q]|+t | T=)tnFn) }
Q170
~ (r—s)(n+t) n s . (t=r)(n+ts)
= Gt(K) (t—s)(n+r) {[n‘/'s([(7 Q)nT_g Qo’m] T=s)(ntr) } (5.18)

Taking the infimum over @) € J#; in inequality (5.18), one gets

~ ~ (r—s)(n+t) : (t=r)(n+s)
G (K) < Gi(K)E9u inf {[nv;(K, Q)7 Q0|fis](§_s)<2+i>}
QE X
(r—s)(n+t) ~ (t=r)(n+s)

= ét(K) (t—s)(n+r) GS(K) (E—s)(ntr) .

The case —n < s < 0 < r < t follows immediately by switching the roles of ¢ and s.

(ii). Suppose that —n <t <r < s < 0, which clearly implies 0 < *=% < 1. Then

(t—r)(n+s)

~ (t—=7)(n+s) n s (t—s)(n+r)
Gs(K) =0+ = sup [nV4(K, Q)+ |Q°|7+]
QEHo
n_ s (t=r)(n+ts)
= sup { Vi (K, Q)7 Q7] e |
Qe
due to —S:Z%Ziig > (0. Similarly, by % > 0,

~ (r=s)(n+t) n (r—s)(n+t)
G(K) 90 = sup {[th( K, Q)5 |Q°| 7]t atnin } ,

Qe
By inequality (5.17) and ;= > 0, one has, VQ € %,

(r—s)(n+t)

Q| L { (Vi (O, Q) Q7 ) 90 ).

Vo (K, Q)7 Q7 < {[nVi(K, Q)
Taking the supremum over () € %, one gets

G.(K) = sup {nV,(K, Q)" |Q°|=+}
QEeHp

n_ o —S_ (t—r)(n+s) n o1 —t_ (r—s)(n+t)
< sup {[nVS(K’ Q) n+s Q | n+s] (t=s)(n+r) } sup {[n‘/}(K} Q) ntt |Q | n+t] (t=s)(n+r) }

QEeX

( (r—s)(n+t)

= (t=r)(nts) ~
= G4(K) 000 Gy (K) =900 |

The case —n < s < r <t < 0 follows immediately by switching the roles of ¢t and s.
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iii). Suppose that t < r < —n < s < 0, which clearly implies 0 < =2 < 1. Then
t—s

. (t=r)(nts) N RN
Gs(K)Eot = ¢ sup [nVi(K, Q1)+ |Q7|7+]
Q1EHD
inf {[nVa(K, Q)7 Qf =5 56
= n—+s n+s t—s)(n+r
Qig% nvs(1y, Wy
due to % < 0. Similarly, by % > 0, one has,
~ (r—s)(n+t) (r—s)(n+t)
Gt(K) (t—s)(n+r) — Sup {[n‘/t(K Q)n+t|Q |n+t](t s)(n+r)}
QE X
By inequality (5.17) and = <0,
Gh(K) = sup {nVi(K, Qo)™+ Q5|7 } > nV,(K,Q)w |Q°|w
Qoo
s (t— (r—s)(n+t)

v

{[nVi(K, Q) |Q° |7 ] s><n+7>} {[nVi(K, Q)n+|Q° ‘W]@ St |
(r=s)(n

> {[nVi(K, Q)7 |Q°| ) = s><n+r>}{ inf [nVi (K, Q1) Q0|75 ZiEZiii}

(r=s)(n+t)

= G, (K) = s><n+r>{ (Vi (K, Q)+ |Q°| =] & s><n+T>}

Therefore, taking the supremum over Q € %, one gets

~ ~ (t—r)(n+s) t o (r— S)(n+t)
GT(K) > GS(K)Qfs)(nw) sup {[HW(K Q)n+t|Q ‘n+t](t B) n+r)}
Qe
—r)(nts) (r—s)(n-+t)

= G, (K)<t ) Gy (K) =) |

The case s < r < —n < t < 0 follows immediately by switching the roles of ¢ and s.

We now show the monotonicity of G,(-).

Theorem 5.2 Let K € J%, and p,q # 0.
(i). If either —n < q < p or q < p < —n, one has

(i). If ¢ < —n < p, one has



Proof. Recall that Go(K) = n|K|. Note that the statement of Theorem 5.1 does not
include the cases s =0 or r = 0 or t = 0. However, from the proof of Theorem 5.1, one
can easily see that cyclic inequalities still hold for (only) one of r, s,t equal to 0.

(i). Note that —n < ¢ < p has three different cases: 0 < ¢ < p, —n < ¢ < 0 < p, and
—n <qg<p<O0.

Case I: 0 <g<p. Putt=0,r=q and s = p in part (i) of Theorem 5.1, then

Qn ~ q(n+p) =—an _ q(n+p)

éq(K) S Go( ) (n+q) G ( ) p(ntq) — (n|K|) p(n+q) Gp(K) p(ntaq) .

Dividing both sides by n|K|, one gets, as g > 0,

Case2: —n<qg<0<p. Putr=0,t=gqand s =p in part (i) of Theorem 5.1, then

+a)p ~ q(n+p)

Go(K) = n| | < Gy(I) 5 G, (1) W53

Dividing both sides by n|K|, one gets, as —n < ¢ < 0 < p,

~ —p(n+q) ~ a(n+p) ~ n+q ~ n+p
Gy(K)\ @-on < Gp(K)\ tapm o Gy(K)\ « < Gp(K)\ 7
n|K| — \ n|K| n|K]| —\ n|K| '

Case 3: —n < q<p<0. Put s=0,t=gqand r =p in part (ii) of Theorem 5.1, then

p)n ~ p(n+q)

Go(K) < Go(K)s el J(K ) g (n|K|)q(n+P)G (K ) atnin)

Dividing both sides by n|K|, one gets, as —n < p < 0,

(G2) = (S0)™ = (G0 = ()™

Case 4: ¢ <p < —n. Put s =0, ¢t =g and r = p in part (iii) of Theorem 5.1, then

(@=p)n ~ p(ntq) la=p)n p(n+q)

GP(K) > éO(K) q(n+p) Gq(K) a(ntp) — (an‘) a(ntp) (f ( )q(n+p) )

Dividing both sides by n|K|, one gets, as p < —n,

()= (D)™ = (ST = (%)™
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(ii). Note that ¢ < —n < p has two different cases: g < —n <0 <pandg< —n <p<0.
First, Proposition 4.1 and —- s 0 imply that

~ _q_ ~ n+q
Gy(K) > (IK"\)W N (Gq(K)> S Ko
n|K]| K| n| K| K|

Similarly, for p > 0, Proposition 4.1 and - 5> 0 imply that

~ o _p ~ n+p o ~ ntg

GylK) _ (|K \) w5 (G;;(K)) SR (qu) q

n|K| — \[K] n|K] — K] T\ nlK] ’
which concludes the case ¢ < —n < 0 < p. For the case ¢ < —n < p < 0, by Proposition
4.1 and == 5 < 0, one has,

~ _p ~ n+p ~ ntq
UK 5 (I, (GUOYF L (GH0)
n|K| — \[K] n|K]| — K] T\ nlK]
Remark. In particular, if p =1, then for all -n <g<0or 0 < g < 1,
~ ntq ~ n+1
n|K| n|K|

Now we can prove the following result which removes the centroid (or Santal6 point)
condition of K in Theorem 4.2.

Corollary 5.1 Let K € J be a convex body with the origin in its interior.
(i). Forp e (0,1), the L, geominimal surface area attains the maximum at and only at
origin-symmetric ellipsoids, among all convexr bodies with fixed volume. More precisely,

g:g;)) = (\@) o

with equality if and only if K is an origin-symmetric ellipsoid.
(i1). Forp € (—n,0), the L, geominimal surface area attains the minimum at and only at
origin-symmetric ellipsoids, among all convex bodies with fixed volume. More precisely,

GylK) <|K|)Z+5
G,(By) ~ \|By| ’

with equality iof and only if K is an origin-symmetric ellipsoid.
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Proof. Recall that G,(By) = n|Bg| for all p # —n and the classical geominimal surface
area G1(K) is translation invariant, namely, for all interior point zy of K, one has

Gl(K) = Gl(K — Zo).

(i). Let K € %, have centroid at z, € R". By inequality (5.19), one has, as p € (0, 1),

p(n+1) p(n+1) p(n+1)

Now using Theorem 4.2 for Gy (K — z) (as K — zy € %), one gets,
~ ~ p(n+1) p(n+1
Gp(K)  _ (Gl(K - Zo)) e (|B§|> i

p(n—1) " p(n+1)
< <|K—ZO|) e (|Bgl> np
n|K| G4 (By) | K| —\ B3 K|
p(n—1) p(n+1)

_ CM)“WC@W“P_OM)ﬁ
| B3| K] B:l)
Hence, one has

Gyo(K) |By] K|\ 7 Gy(K) K|\ "
. < PEN — < .
— \|B3 G,(By) — \|By|

)

Gy(By) K]

Clearly, equality holds if K is an origin-symmetric ellipsoid. On the other hand, to
have equality, one needs to have equality for the affine isoperimetric inequality related
to él() Therefore, as explained in Theorem 4.2, K — zy € . must be an origin-
symmetric ellipsoid. Proposition 3.2 implies that zy must be equal to 0 and hence K is
an origin-symmetric ellipsoid.

(ii). Let K € J# have centroid at zy € R™. By inequality (5.19), one has, as p € (—n, 0),
~ ~ p(n+1) ~ p(n+1) p(n+1)
Gp(K) > (Gl(K)) e (Gl(K - Zo)) i (|BS|> e
nlK| 7\ n|K] G1(BY) K]

Now using Theorem 4.2 for Gy (K — z) (as K — zy € #.), one gets, as p € (—n, 0),

n+1l) p(n+1) p(n—1) p(n+1)

~ ~ p( pntl)
Gy(K) CﬁK—@)wPC@QMP><W—M)HPC%UMP
n|K| G1(By) K| —\ B3 K|

p(n—1) p(n+1)
(1)
| B3|

C@»nw:<m0wv
K] B3]
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Hence, one has

Gl B, (KLY (G0, (1)

Gp(BY) |K| | B3| Gp(BY) | By |
Clearly, equality holds if K is an origin-symmetric ellipsoid. On the other hand, to
have equality, one needs to have equality for the affine isoperimetric inequality related
to G1(-). Therefore, as explained in Theorem 4.2, K — zy € %, must be an origin-

symmetric ellipsoid. Proposition 3.2 implies that z; must be equal to 0 and hence K is
an origin-symmetric ellipsoid.

Remark. Comparing the condition on K in Corollary 5.1 with those in Theorem 4.2,
here one does not require the centroid (or the Santalé point) of K to be at the origin.
Analogous results for the L, affine surface area were first noticed in [45] by Zhang and fur-
ther strengthened in [44]. The case p = 1 corresponds to the classical affine isoperimetric
inequality related to the classical geominimal surface area [30, 31].
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