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Abstract: We introduce the dynamical sine-Gordon equation in two space dimensions
with parameter B, which is the natural dynamic associated to the usual quantum sine-
Gordon model. It is shown that when g% € (0, an) the Wick renormalised equation
is well-posed. In the regime ﬂz € (0, 4m), the Da Prato—Debussche method [J Funct
Anal 196(1):180-210, 2002; Ann Probab 31(4):1900-1916, 2003] applies, while for
B2 € [4xm, IGT”), the solution theory is provided via the theory of regularity structures
[Hairer, Invent Math 198(2):269-504, 2014]. We also show that this model arises nat-
urally from a class of 2 + 1-dimensional equilibrium interface fluctuation models with
periodic nonlinearities. The main mathematical difficulty arises in the construction of
the model for the associated regularity structure where the role of the noise is played
by a non-Gaussian random distribution similar to the complex multiplicative Gaussian
chaos recently analysed in Lacoin et al. [Commun Math Phys 337(2):569-632, 2015].

Contents

1. Introduction . . . . . . . . . . . . e 933
2. Methodof Proof . . . . . .. . ... . ... 937
3. Convergence of the First-Order Process . . . . . . ... ... ... .... 942
4. Second-Order Process Bounds fork=1/7 . . . . ... ... ... ...... 952
5.  Second-Order Process Boundsfork 417 . . . ... ... ... ...... 978
References . . . . . . . . . . e 988

1. Introduction

The aim of this work is to provide a solution theory for the stochastic PDE

1
8,u:§Au+csin(ﬂu+9)+§, (1.1)
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where ¢, B, 0 are real valued constants, & denotes space—time white noise, and the spatial
dimension is fixed to be 2.

The model (1.1) is interesting for a number of reasons. First and foremost, it is
of purely mathematical interest as a very nice testbed for renormalisation techniques.
Indeed, even though we work with fixed spatial dimension 2, this model exhibits many
features comparable to those of various models arising in constructive quantum field
theory (QFT) and/or statistical mechanics, but with the dimension d of those models
being a function of the parameter S.

More precisely, at least at a heuristic level, Eq. (1.1) is comparable to CDS’Z Euclidean

QFT with d = 2+ £, ®% Euclidean QFT with d = 2 + £, or the KPZ equation in

dimension d = %. In particular, one encounters divergencies when trying to define
solutions to (1.1) or any of the models just mentioned as soon as § is non-zero. (In
the case of the KPZ equation recall that, via the Cole—Hopf transform it is equivalent
to the stochastic heat equation. In dimension 0, this reduces to the SDE du = udW
which is analytically ill-posed if W is a Wiener process but is well-posed as soon as
it is replaced by something more regular, say fractional Brownian motion with Hurst
parameter greater than 1/2.)

These divergencies can however be cured in all of these models by Wick renormalisa-
tion as long as B2 < 4. At B2 = 4x (corresponding to @i, Cbg, and KPZ in dimension
1), Wick renormalisation breaks down and higher order renormalisation schemes need
to be introduced. One still expects the theory to be renormalisable until 82 = 87, which
corresponds to Qg, @f{ and KPZ in dimension 2, at which point renormalisability breaks
down. This suggests that the value 8> = 8 is critical for (1.1) and that there is no
hope to give it any non-trivial meaning beyond that, see for example [DHO00,Fal12]
and, in a slightly different context [LRV 13]. This heuristic (including the fact that Wick
renormalisability breaks down at 82 = 4x) is well-known and has been demonstrated
in [Fr676,BGN82,Nic83,NRS86,DHO00] at the level of the behaviour of the partition
function for the corresponding lattice model.

From a more physical perspective, an interesting feature of (1.1) is that it is closely
related to models of a globally neutral gas of interacting charges. With this interpre-
tation, the gas forms a plasma at high temperature (low B) and the various threshold
values for 8 could be interpreted as threshold of formation of macroscopic fractions of
dipoles/quadrupoles/etc. The critical value A2 = 87 can be interpreted as the critical in-
verse temperature at which total collapse takes place, giving rise to a Kosterlitz—Thouless
phase transition [KT73,FS81]. Finally, the model (1.1) has also been proposed as a model
for the dynamic of crystal-vapour interfaces at the roughening transition [CW78,Neu83]
and as a model of crystal surface fluctuations in equilibrium [KP93,KP94]. To conclude
this short literature survey let us remark that, in the spirit of stochastic quantisation a la
Parisi and Wu [PW81], there is a direct link between (1.1) and the quantum sine-Gordon
model in that the probability measure describing the Euclidean quantum field theory is
precisely the invariant measure for (1.1), at least at the discrete level.

In order to give a non-trivial meaning to (1.1), we first replace & by a smoothened
version & which has a correlation length of order ¢ > 0 and then study the limit
e — 0. Since we are working in two space dimensions, one expects the solution to
become singular (distribution-valued) as ¢ — 0. As a consequence, there will be some
“averaging effect” so that one expects to have sin(Bu;) — 0 in some weak sense
as ¢ — 0. It therefore seems intuitively clear that if we wish to obtain a non-trivial
limit, we should simultaneously send the constant ¢ to +oco. This is indeed the case, see
Theorem 1.1 below.
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We also study a class of 2 + 1-dimensional equilibrium interface fluctuation models
with more general periodic nonlinearities:

1
Orlhy = EAu5+cg Fg(ug) + &, (1.2)

where Fg is a trigonometric polynomial of the form

Z
Fg(u) =Y gsin(kBu+6;) (Z €N, (1.3)
k=1

and ¢k, B and 6 are real-valued constants. One may expect that the “averaging effect”
of sin(kBus + 6y) is stronger for larger values of k. This is indeed the case and, as a
consequence of this, we will see that provided the constant ¢, — oo at a proper rate,
the limiting process obtained as & — 0 only depends on Fjg via the values 8, 61, and {j.
In this sense, the Eq. (1.1) also arises as the limit of the models (1.2).

The main result of this article can be formulated as follows. (See Sect. 1.2 below for
a definition of the spaces appearing in the statement; T2 denotes the two-dimensional
torus, and D’ denotes the space of distributions.)

Theorem 1.1. Ler 0 < % < an andn € (—%, 0). For u® e C"(T?) fixed, consider
the solution ug to

1
Oy = EAME + CQE_'BZ/4nFﬂ(Mg) +&, u0,)=u?,

where Fg is defined in (1.3), § = g, * & with g¢(t, x) = 8_4Q(8_2t, e 1x) for some
smooth and compactly supported function o integrating to 1. Then there exists a constant
Co (depending only on B and the mollifier ¢) such that the sequence u, converges in
probability to a limiting distributional process u which is independent of o.

More precisely, there exist random variables T > 0 and u € D' (Ry x T?) such
that, for every T' > T > 0, the natural restriction of u to D'((0, T) x T?) belongs to
Xr, =C(0, T, C"(T2)) on the set {t > T'}. Furthermore, on the same set, one has
ue — u in probability in the topology of X7 ;.

Finally, one has lim;_¢ ||lu(z, -)llgn(r2y = 00 on the set {t < oo}. The limiting
process u depends on the numerical values 8, {1 and 61, but it depends neither on the
choice of mollifier o, nor on the numerical values ¢ and 0y for k > 2.

Remark 1.2. As already mentioned, one expects the boundary 8% = 1%” to be artificial

and a similar result is expected to hold for any B 2 e (0, 87). In fact, 8 is the natural
boundary for the method of proof developed in [Hail4] and employed here. However,
as B2 — 8, the theory requires proofs of convergence of more and more auxiliary
objects. For 2 ¢ [M’T”, 617), we would for example have to build a number of additional
third-order auxiliary processes, etc. In the current context, we unfortunately do not have a
general convergence result for all of these objects but instead we need to treat all of them
separately “by hand”, which is why we restrict ourselves to 82 < 167”. Furthermore, the
bounds we have on the simplest “second-order” object unfortunately appear to break
down at 82 = 6.

Remark 1.3. Tt is interesting to note that for ,32 € (0,4m), we only need to construct
one auxiliary process, and this construction does indeed involve a careful tracking of
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cancellations due to the grouping of terms into “dipoles”, while for % € [4r, 167”), we
need to build a second auxiliary process which requires keeping track of cancellations
obtained by considering “quadrupoles”. See Sects. 3 and 4 below for more details.

Remark 1.4. The limiting process u is a continuous function of time, taking values in a
suitable space of spatial distributions. See Remark 2.6 below for more details. Regarding
the right hand side of the equation however, it only makes sense as a random distribution
at fixed time when ,82 < 4. For ,32 > 4 however, it exists only as a random space—time
distribution.

Remark 1.5. The article [AHRO1] appears in principle to cover (1.1) as part of a larger
class of nonlinearities. It is however unclear what the meaning of the solutions con-
structed there is and how they relate to the construction given in the present article. The
interpretation of the solutions in [AHRO1] is that of a random Colombeau generalised
function and it is not clear at all whether this generalised function represents an actual
distribution. In particular, the construction given there is completely impervious to the
presence of the Kosterlitz—Thouless transition and the collapse of multipoles, which
clearly transpire in our analysis.

Remark 1.6. We could also equivalently apply the theory developed by Gubinelli et
al. [GIP14] which requires very similar assumptions as our Assumption A below, but
seems to genuinely break at > = 167”. Alternatively, Kupiainen recently developed
a renormalisation group method in [Kup14], and one could probably obtain a similar
result using that method, at least for some range of the parameter §.

1.1. Structure of the article. The rest of this article is organised as follows. In Sect. 2, we
give an overview of the proof of our main result. In particular, we reduce it to the proof

of convergence of a finite number of processes ‘l/§ , \Ilfl ,and \IJff[ (see (2.2), (2.4), (4.3),
(4.4) and Remark 4.2 below) to a limit in a suitable topology. In Sect. 3, we then prove
Theorem 3.2, which gives bounds on arbitrary moments of the first order processes lllif .
When combined with a simple second moment estimate, these bounds imply suitable
convergence of the first order processes \Ilé‘ , so that Theorem 2.1 is established, which in
particular implies Theorem 1.1 for 82 < 4. The main ingredient in proving Theorem 3.2
is an inductive procedure, resulting in the bounds in Proposition 3.5, which greatly
simplifies the expressions of the moments.

The last two sections of the article are devoted to the proof of Theorem 4.3, which

gives bounds on arbitrary moments of second order processes W* and WX, as well
as their convergence. It turns out that the proofs for the special case k = [ are quite
different from the proofs for k # [. Section 4 only treats the former case, which is
already sufficient to obtain Theorem 1.1 in the particular case when Z = 1 in (1.3). The
case k # [ is then finally covered in Sect. 5. In particular, among these second order
processes, only ‘lfﬁk requires some renormalisations terms. The convergence proof for
these processes relies again on the procedure of Sect. 3, but we have to incorporate into
it additional cancellations created by the renormalisation constants.

1.2. Some notations. Throughout the article, we choose the scaling for our space—time
R3 to be the parabolic scalings = (2, 1, 1), and thus the scaling dimension of space—time
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is |s| = 4. (See the conventions in [Hail4].) This scaling defines a distance [|x — y||
on R3 by

4 def
5

2 4 4
lxlls = lxol” + [x1]™ + [x2|.

Recall from [Hail4, Def. 3.7] that for ¢ < 0, r = —|a], © C R3, we say that a
distribution § € S’ (D) belongs to CZ(D) if it belongs to the dual of C" (D), and for
every compact set R C 9, there exists a constant C such that (é, Sg’xn) < C$“ holds
forall § < 1,allx € R, and all n € C" with |In]lcr < 1 and supported on the unit
ds-ball centred at the origin. Here, the rescaled test function is given by Sg’ M) =

8718720 (yo — x0), ..., 872 (y2 — x2)).

2. Method of Proof

Let K: R x R> — R be a compactly supported function which agrees with the heat
kernel exp(—|x|?/2t)/(2xt) in a ball of radius 1 around the origin, is smooth every-
where except at the origin, satisfies K (f, x) = 0 for r < 0, and has the property that
f K(t,x)Q(t, x) dt dx = O for every polynomial Q of degree 2. We then define

O, = K * &, @2.1)

where “x” denotes space—time convolution, so that R, = 0P, — %ACDS — & is a

smooth function that converges as ¢ — 0 to a smooth limit R. The main reason for
considering convolution with K instead of the actual heat kernel is that we avoid problems
of convergence at infinity. It also allows us to fit more easily into the framework of [Hai14,
Sec. 5].

Let now W* be defined by

Wk = Coe P/ exp(ikBd,). 2.2)

and write WX = WOk 4 WSk for its real and imaginary parts. Since the case k = 1 is
special, we furthermore use the convention that W, = W! and similarly for W¢ and W?.
Using the same trick as in [DPD02,DPDO03], we set u, = v, + O, so that

Z
1 ‘ ,
hve = 5 Ave + 2 ¢k (sin(kBue + ) WK + cos(kBue + ) WEF) + R,
k=1

At this stage, we note that the PDE
1
oV = 5Av+fc(v) Vet fi(v) W0 + R, (2.3)

is locally well-posed for any continuous space—time function R, any continuous initial
condition, any smooth functions f, and f, and any W¢, U* € C, " (R, x T?) provided
that y < 1. Furthermore, in this case, the solution v belongs to cﬁ” and it is stable with
respect to perturbations of W€, W* and R. The only potential problem are the products
fe(v) W€ and f;(v) ¥*, but the product map turns out to be continuous from Cﬁ‘?’ times
C. 7 into C;” as soon as the “scaling dimension” y satisfies y < 1. (See for example
[Tri83, Sec. 2] or [BCD11, Thm 2.52].) In our case, one has y > ,82/(471), which shows
that 8% = 4 is the first non-trivial hurdle in any well-posedness analysis of (1.1).
With this in mind, our first result is as follows:
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Theorem 2.1. Assume that B> € (0, 87). Let W, be as in (2.2) and let y > B%/(4mn).
Then, there exists a constant C, and a Cs YRy x T2, C)-valued random variable ¥
independent of o such that, for every T > 0, one has ¥V, — ¥ and \Ilé‘ — 0 for all
k > 2 in probability in C; ” ([0, T] x T2, C).

Remark 2.2. This is essentially a consequence of [LRV 13, Thm 3.1] in the special case
y = 0. (Which is actually the simplest of the cases treated there.) Due to a difference
in normalisation (compare [LRV 13, Eq. 1.2] to (3.27) below) our values of ,82 differ by
a factor 277, so that the boundary 2 = 87 appearing here corresponds to 8% = 4 in
the notations of [LRV13]. This is consistent with the fact that parabolic space—time with
two space dimensions actually has Hausdorff dimension 4. We will provide a full proof
of Theorem 2.1 in Sect. 3 for a number of reasons. First, we require a much stronger
notion of convergence than that given in [LRV13] and our sequence of approximations
is different than the one given there (in particular it has no martingale structure in ). We
also require optimal bounds in the parabolic scaling which are not given by that article.
Finally, several ingredients of our proof are reused in later parts of the article.

Given the above discussion, Theorem 1.1 is an immediate consequence of Theo-
rem 2.1 for the range B2 € (0, 4x), if the initial data u® is equal to ®(0) plus a
continuous function. The proof of Theorem 1.1 for general initial data u® e C7(T?)
with n € (—%, 0) can be obtained in a way similar to that of Theorem 2.5 below. At

B% = 47 however, this appears to break down completely. Indeed, it is a fact that the so-
lutions to (2.3) are unstable with respect to perturbations of W* and W¢ in C ! However,
it turns out that if we keep track of suitable higher order information, then continuity is
restored. More precisely, for each 1 < k < Z, let lllg'k and \Ilg’k be two sequences of
continuous space—time functions and let C ék) be a sequence of real numbers. Then, for
any two space—time points z = (¢, x) and Z = (7, X) and any two indices a, b € {s, c},
we consider the functions

Wabkl (7 7y = xpgk(Z)((K * WO (@) — (K * \I—’f’l)(z))) - %cg’%a,bak,,. (2.4)

In the sequel, we consider \Ilgb’kl as functions of their first argument, taking values in
the space of space—time distributions, corresponding to their second argument. We also

use the convention that W = wab-11 for simplicity.

Given a test function ¢: R x R? — R, a point z as before and a value A > 0, we
write

2 @) =2to(A 2T — 0, A (E - x)). (2.5)

We then impose the following assumption, which will later be justified in Theorem 2.8.

Assumption A. We assume that there exist distributions W¢ and distribution-valued
functions W (z, ) such that ¢ — W and ¥¥ — W as well as ¥&* — 0 for

k > 2 and \pgb’k’ — 0 for (k, /) # (1, 1), in the following sense. For some y € (1, %),
one has

AW <1, AV|(WE — W) (¢2)] — 0, (2.6a)
AT (M) S, AT (W — v (2, 91| — 0, (2.6b)
WIwE@h] = 0, WM (2, ol - 0, (2.6¢)
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for all k > 2 on the left and all (k, ) # (1, 1) on the right, where the limits on the right
(as ¢ — 0) and the bounds on the left are both assumed to be uniform over all A € (0, 1],
all smooth test functions ¢ that are supported in the centred ball of radius 1 and with
their C2 norm bounded by l,aswellas all z € [-T, T] x T2 for any fixed T > 0.

Remark 2.3. The structure of (2.3) is essentially the same as that of (PAMg) in [Hail4,
Secs. 1.5, 10.4]. To make the link between the bounds (2.6) in Assumption A and
[Hail4, Sec. 10.4] more precise, one could have used the notations of [Hail4, Sec. 8]
and introduced 2Z abstract symbols E’C‘ and E]Y‘ of homogeneity —y, as well as an
abstract integration operator Z. One then has the following correspondence with [Hail4,
Sec. 8]:

M. = v, MLEI(E,) = v . ). 2.7)

The fact that the notion of convergence given in Assumption A is equivalent to the
convergence of admissible models of [Hail4, Sec. 2.3] is an immediate consequence of
[Hail4, Thm 5.14], see also [Hail4, Thm 10.7].

Remark 2.4. There exists an analogue to Kolmogorov’s continuity test in this context,
see [Hail4, Thm 10.7]. In our notations, it states that if there exists ¥ < y such that, for
every p > 1, the bounds

EXPY W (eH|P <1, EAPY|(W2 — W) (h)]P — 0, EAPY [WF=2(ph) P — 0,

hold uniformly over A, ¢ and z as before, and similarly for \ygb’k’ , Wabkl hen Assump-
tion A holds in probability.

One then has the following result. Note that the functions in v, that are multiplied
with W} ok we k can be more general functions, as in the case of (PAMg); in the statement
of the theorem below we allow them to be trigonometric polynomials. We call a function
a trigonometric polynomial if it is a finite linear combination of sin(vg - +6;) for some
constants v; and 6.

Theorem 2.5. Assume that the space—time functions \Ilg’k and \Ilgh Kovpitha, b € {s, c},

1 < k,l < Z, are related by (2.4) and that Assumption A holds for some y € (1, 4.
Let vg be the solution to

z

hve = Ave + > (feawd WER + £ w0 wiF)

k=1

Z
— > CE (Fere) £ We) + fik We) L (ve)) + R,

k=1
v (0, ) = v, 2.8)

where R is a sequence of continuous functions converging locally uniformly to a limit
R and v e C"(T?) for some n > —%. Assume furthermore that for every k, the
functions f.  and fs i are trigonometric polynomials. Then the sequence v, converges
in probability and locally uniformly as ¢ — 0 to a limiting process v.

More precisely, there exists a stopping time T > 0 and a random variable v €
D' (Ry x T2) such that, for every n € (—%, 0) and every T' > T > 0, the natural

restriction of v to D' ((0, T) x T?) belongs to Xr, =C(0,T], C"(T2))NC((0, T1x T?)



940 M. Hairer, H. Shen

on the set {t > T'}. Furthermore, on the same set, one has v, — v in probability in the
topology of X . Finally, one has lim;_, ; ||v(t, ')||C'7(T2) = 00 on the set {t < oo}. The
limiting process v depends on fs 1, fe.1 and B, but it depends neither on the choice of
mollifier o, nor on the functions fs k, fer fork > 2.

Proof. The theorem would be a straightforward consequence of [Hail4, Thm 7.8] and
Remark 2.3 if we allowed v(?) to have positive regularity. However, we would like
to allow for negative regularity of the initial condition in order to be able to deduce
Theorem 1.1 from this result. The reason why negative regularity of the initial condition
is a natural requirement in the context of Theorem 1.1 is that solutions at positive times
necessarily have negative regularity, whatever the initial condition.

In order to allow initial data of negative regularity, we perform the transformation
ve = Gv©® + w,, where Gv@ denotes the solution to the heat equation with initial
condition v, As a consequence of trigonometric identities, w, then solves

dwe = Awe + 3 (8000 (W) WK = CO g, 4 0 W) 8]y 0 (W) + Re 29)
a,k

with initial condition we (0, -) = 0. Here, the functions g, ; , (we) are finite linear
combinations of terms of the type

sin(v Gv @ +0) sin(Gw, +6), (2.10)

for some v, v, 6, 0 e R, and g(’l ® denotes the derivative of 8a kv © with respect to
its argument wy.

In order to show that w, — w as ¢ — 0, we make use of the theory developed in
[Hail4]. (We could also equivalently have used the theory developed in [GIP14] which
requires very similar assumptions.) We note that (2.9) is of the same type as the class
of equations treated in [Hail4, Secs. 9.1, 9.3], one difference being that the single noise
& is replaced by a collection of noises \Ilg*k. As a consequence, the relevant algebraic
structure in our context is built in exactly the same way as in [Hail4, Sec. 8], but with the
single abstract symbol E replaced by a collection of symbols Efz representing \I/g’k ,each
of them of homogeneity —y with y asin Assumption A. If we denote by P the integration
operator corresponding to convolution with the heat kernel (see [Hail4, Sec. 5]), Eq.
(2.9) can be described by the following fixed point problem:

W= P1,>0(R8 +> s (W) E’;). 2.11)
a,k

Indeed, as already noted in Remark 2.3, the condition y < 4/3 guarantees that any
model (IT, I') for the corresponding regularity structure is uniquely determined by the
action of IT onto the symbols E’a‘ and E’;I (Eé), and Assumption A precisely states that
sequence of models (I1,, I'¢) given by (2.7) but with W replaced by W, converges to
a limiting model (IT, I'). Furthermore, it follows in exactly the same way as [Hail4,
Prop. 9.4] that if W solves (2.11) for the model given by (2.7), but with ¥ replaced
by W, and satisfying the relation (2.4), then RW (where R denotes the corresponding
reconstruction operator, which in this case simply discards the higher order information
encoded in W) solves (2.9).

It therefore remains to show that (2.11) admits a unique (local) solution for every
admissible model, and that this solution depends continuously on the model in question.
In view of [Hail4, Thm 7.8], this is the case if we can show that the map

W sin(v Gv'© +6) sin(GW +6) 2L, (2.12)
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is locally Lipschitz from D0 into D*~% ¢ for some u > « and some o € (0, 2). (See
[Hail4, Def. 6.2] for the definition of the spaces DY>".)

At this stage, we claim that as long as u € (0,2] and v©® e ¢"(T?) for some
n € (—1/3,0), then g = sin(v Gv® +0) can be interpreted as an element in D*27(T)
where T is the space of abstract Taylor polynomials (if only Taylor polynomials are
involved, these are just suitably weighted Holder spaces). Indeed, we have the bounds

lgt, ) S1S @AD" <@ AD,
10:8(t, )| S 1 GN S (e ADTDZ <@ A1y
192g(t, )| + 13,8, )] S 10:GW )+ (326G +18,G D))
SEADT @ ADID2 < AT

from which the fact that g € DH-21 follows similarly to [Hail4, Lemma 7.5].

It furthermore follows from [Hail4, Prop. 6.13] that the map W +— sin(0W + 5)
is locally Lipschitz from D0 into itself. Combining this with the fact that g € D"
as mentioned above and that E’a‘ is of homogeneity —y, we conclude from [Hail4,
Prop. 6.12] that the map (2.12) is indeed locally Lipschitz continuous from D*? into
DH=V217Y Since 2n —y +2 > —% — $+2=0and u — y +2 > p, these exponents
do satisfy the required inequalities, thus concluding the proof. O

Remark 2.6. In fact, the limiting process v belongs to C((0, T, C?~7)VO(T?)) for every
y > P?/4m, as soon as the random variable 7 is strictly greater than 7. Since the
Gaussian process ¢ belongs to C ((0, T],Cc? (T2)) for every 6 > 0, the solution to the
original equation (1.1) is continuous in time for positive times, with values in C —5(T?)
for every § > 0.

Remark 2.7. The condition y < % (corresponding to g2 < 12” via the correspondence

y > B2/4mw which we have seen in Theorem 2.1) comes from the fact that we restrict
ourselves to second-order processes in Assumption A. If we were to consider suitable
additional third-order processes as well, this threshold would increase to ,32 < 6m.
In principle, by obtaining convergence of the corresponding (suitably renormalised)
processes of arbitrarily high order, the threshold could be increased all the way up to
B% < 8, but this is highly non-trivial. At 82 = 87, one loses local subcriticality in the
sense of [Hail4, Assumption 8.3] and the theory breaks down.

At this stage, we note that in our specific situation f, x(v) = & sin(kBv + 6x) and
Sfs.k(v) = & cos(kPv + 6y), so that one has the identity fe kfc e+ s kf K= = 0 for each
k. As a consequence, the “renormalised” Eq. (2.8) is identical to the “or1g1nal” Eq. (2.3)!
It is now clear that Theorem 1.1 follows from the following result, which is the main
technical result of this article.

Theorem 2.8. Assume that,B2 € [4m, 16”) Let \IJk v Ky Wi * pe defined as in (2.2),
and \Ilgb * for a, b € {s, c} be defined as in (2.4). Then there exist choices of constants

ék) depending only on B and the mollifier o, and distributions V¢ and distribution-
valued functions W4 (z, -) where a, b € {s, ¢}, which are independent of the mollifier o,
such that Assumption A holds.

Theorem 2.8 is proved in Sect. 4. As discussed in Remark 4.2, this theorem is an
immediate consequence of Lemma 4.1 and Theorem 4.3.
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At this stage one might wonder if, in view of [Hail4, Sec. 10] and [HQ15], there
is anything non-trivial left to prove at all. The reason why Theorem 2.8 is not covered
by these results is that, in view of (2.2), the stochastic processes \Ilg*k are obviously
not Gaussian. Worse, they do not belong to any Wiener chaos of fixed order. As a
consequence, we have no automatic way of obtaining equivalence of moments and
Wick’s formula does not hold, which is the source of considerable complication.

3. Convergence of the First-Order Process

In this section, we prove Theorem 2.1 and we will retain the notations from the intro-
duction. This time however, we define W, somewhat more indirectly by

) . 2 . 52
U, = PP & elﬂd)s"'TQs(O)’ \Ifé( & pikBPe+5 Qe (0) k > 2), 3.1)

where Q, denotes the covariance function of the Gaussian process ®,. Using the defi-
nition (2.1), one has the identity

Qy = (K % 0¢) *T (K *0), (3.2)

where 7 denotes the reflection operator given by (7 F)(z) = F(—z). The link between
this definition and (2.2) is given by the following result, the proof of which is postponed
to the end of this section.

Lemma 3.1. There exists a constant C o depending only on the mollifier ¢ and such that

Q.(0) = L loge + Cy + O(2).
2

In particular, if Theorem 2.1 holds for V. defined as in (3.1), then it also holds for W,
defined as in (2.2).

Our first main result is then the following:

Theorem 3.2. Let 0 < B2 < 8m. There exists a stationary random complex distribution-
valued process V independent of the mollifier o such that V., — W in probability.
Furthermore, for every k > 0 sufficiently small, one has

A B A K —/Sz—p—l(
El{pr, We)I? SA™ %, Ellpy, We —W)|P S a7 & 75, (3.3)
/32
El(@), WHIP S 6P A7 P (k= 2), (34)
uniformly over all test functions ¢ supported in the unit ball and bounded by 1, all
A € (0, 11, and locally uniformly over space—time points x.

def

Remark 3.3. Throughout this paper we write (¢, W) = [43 ¢ (X)W (X) dx when W is

function of one space-time variable. In the following, we will also write (¢?, W) =

ng (pf} (X)W (x, x)dx if W is function of two space—time variables such as the functions
defined in (2.4).

Proof. We first obtain the a priori bound stated in the theorem for finite values of .
Denote
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Te(2) = exp(— B2 Q:(2)), (3.5)

where Q. was defined in (3.2). We note that, as a consequence of the commutativity of
convolution and the fact that 7 (f % g) =7 f * 7 g, (3.2) can be rewritten as

Qe =0Q% (0, *T0:), Q=K=xTK.

In particular, setting 0 = o * 7 o, one has
Q, = Q% 0, (3.6)

and this is the expression that we are going to make use of here.
Then, by Corollary 3.10 below, we have the bounds

82 8
(lzlls +&) 7 < Je(2) < (lzlls+&) 7, for0 < |izls < 1, (3.7

where the notation < hides proportionality constants independent of &. We will also use
the notation J; (z) = J{l (z) = 1/J:(z). With this notation at hand, one verifies that

P )\4 : )\' . - PR— .
E|(¢_¢’ \Ije)|2N — // Hz,]_(px(zl)(px(yj)jg (Zz_ y/) dzdy,
Hé<m Te (ze — zZm) l_[n<o Te On — Yo)

where both integrations are performed over (R*)" and each z; and y; is an element of
R? (space—time). In a very similar context, a quantity of this type was already bounded
in [Fr676, Thm 3.4]. However, the proof given there relies on an exact identity which
does not seem to have an obvious analogue in our context. Furthermore, the construction
given in this section will then also be useful when bounding the second order processes.

By translation invariance, the above quantity is independent of x. Furthermore, the
function J; is positive, so we can bound this integral by the “worst case scenario” where
@ is the indicator function of the unit ball. This yields the bound

H@<m Te(ze — zm) Hn<0 Te(Yn — Yo)
AN [ Je@i —yj)

where A denotes the parabolic ball of radius A. At this stage, we remark that the integrand
of this expression consists of N(N — 1) factors in the numerator and N factors in the
denominator. One would hope that some cancellations take place, allowing this to be
bounded by a similar expression, but with only N terms, all in the denominator.

This is precisely the case and is the content of Corollary 3.6 below with 7 chosen to
be our function 7, defined in (3.5), which allows us to obtain the bound

E[(p}, W) 12N < a8V dzdy, (3.8)

N
Bligk, v 27| [ g - paxar] (3.9
A

Taking such a bound for granted for the moment, we see that as a consequence of (3.7),
one has the bound

2
‘/ T (x —y)dxdy‘ <85,
A2

uniformly in & € (0, 1], provided that 82 < 87. (Otherwise J,~ is no longer uniformly
integrable as ¢ — 0.) It follows immediately that

2N
El(p}, W) ?N <A,

which is the first of the two claimed bounds in (3.3).
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For k > 2 we proceed analogously. Indeed, it is straightforward to check that
*2-1DB*N

E|(p}, WK)|2V is bounded by the right hand side of (3.8) multiplied by ¢~ 2, and

with 7, replaced by jskz. Since jgkz still satisfies (3.13), Corollary 3.6 still applies.
Therefore, together with (3.7), one has

_K2p

**

— ;l)ﬁz 2 N
Bligh PN S| [ e (- vle) T dna]

AZ
Since /32 < 8w and k > 2, one can choose k > 0 sufficiently small so that

_K2p? B ok _a2onp?
(e+llx—ylle)™ 2« Slx—ylls™ & =

T
~

+2k
which is still integrable at short scales. Therefore,
2
E| ((P));» lyé() |2N 5 EZKN)\,_(ZBT’*-ZK)N,

which is precisely the bound (3.4).

In order to obtain the second bound of (3.3), we first show that the sequence ((pj}, W)
is Cauchy in L2(S2) for every sufficiently regular test function ¢ and every space—time
point x. For this, we will also need a notation for

def

Qe #(2) = E®(0)P:(2) = (Q* (0e * T 08))(2), (3.10)

and we set analogously to (3.5) Jzz = exp(—,Bng,g). Note that Q. z = Qz .. With
this notation, a straightforward calculation yields

E|(g}, W, — Wg)|* = / / PN+ (T @)+ T () — 27, ;:(2)) dy dz

< r“/ T () + T; (2) — 2T, 4(2)| dz, (3.11)
A

where A now denotes a parabolic ball of radius 2X centred around the origin. At this
stage we note that, thanks to (3.10), the function Q; ; also falls within the scope of
Lemma 3.7 since one can write

0e*xT oz = @svéa

for a function ¢ which in general depends on ¢ and ¢ but is bounded (and has bounded
support) independently of them. As a consequence of Lemma 3.7, we can thus write
Jo = J~ exp(M,) and jg,_g = J~ exp(M,z) where, assuming without loss of
generality that &€ < ¢, the functions M, and M, z are bounded by

&

M (@) + M s(2)] S
lzlls

for all space—time points z with ||z||s > €. Since, as a consequence of the first part of
Lemma 3.7, one can furthermore bound J; (z) and jefg (z) by a suitable multiple of

2
|z ||;ﬂ / 2”, it follows immediately that one has the global bound

2

_B2
T @+ T7 @ =29 5@| S lzlls ™ (== A 1),
Izlls
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Inserting this bound into (3.11) and integrating over A eventually yields

2
(6 A M)A 570 for B2 € (67, 87),
E[(¢}, W =) <1 e A MAT*(1 v log(r/e)) for B2 = 6m,
2
(e AMATI 5 for B2 € (0, 6).

Since the bound (1 Vvlog(r/ 8)) < A%(e AA)”* holds forevery & > 0, one can summarise
these bounds by

ﬂz
E|(p}, W, — Wp)|> < X072 0m, (3.12)

for some (sufficiently small depending on ) value of x. Note that these bounds are
independent of € as long as € < ¢. The existence of limiting random variables ((pi‘, )
follows immediately. The second bound in (3.3) is then a consequence of the first by
combining it with (3.12) and using the Cauchy—Schwarz inequality.

Let W2, W be the processes defined via two mollifiers o, o respectively, then one
has

El(¢}, W¢ —WO)* = / / O NEr (v + (T (@) + T, () — 27, , (@) dy dz

where J; 0.5 = exp(—°Qe,0,5) and Qe p,5(2) = (Q * 0¢) (2) with ;= (0¢ * T e).
Then it follows in the same way as above that all the moments of ((p;‘, w? —w?) converge

to zero as ¢ — 0. Therefore the limit process W is independent of the mollifier o as
claimed. O

As an almost immediate corollary we obtain the

Proof of Theorem 2.1. It only remains to show that the bounds of Theorem 3.2 do imply
— 2

convergence in probability in C; 7 for every y > f—n. This is an easy consequence of

the characterisation of the space C;” in terms of wavelet coefficients (see [Mey92]

in the Euclidean case and [Hail4, Prop. 3.20] for the parabolic case considered here),

combined with the same argument as in the standard proofs of Kolmogorov’s continuity

test [RY91], see also the proof of [Hail4, Thm 10.7]. O

The proof of Theorem 3.2 is completed once we show that (3.7) holds and that
(3.8) does indeed imply the bound (3.9). For this, we consider the following general
situation. We are given N points x; € R? as well as corresponding signs o; € {£1},
so that each point can be interpreted as a “‘charge” (either positive or negative). We are
furthermore given a “potential” function 7 : R* — Ry with the following property. For
every positive constant ¢ > 0 there exists a constant C > 0 such that the implication

lxlls < cllxlls = T (x) = CT(X), (3.13)

holds for all x, X. Here, the scaling s of RY is fixed throughout. In our case, one has
d = 3 (space-time) and the scaling is the usual parabolic scaling. As before, we use
the notation 7~ (x) = 1/J (x). Note that if there exists one point such that 7 (x) # 0
(which is something we will always assume), then one necessarily has 7 (x) # 0 for
every x # 0 as a consequence of (3.13).
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We then aim at bounding integrals of the type

N
zz/ / [T 77 i —xjyd ... dx,
A A

i#j=1

for some fixed domain A C RY. This is exactly the situation of the right hand side in
(3.8) by taking for the x; the union of the y; and the z; and assigning one sign to the
y; and the opposite sign to the z;. Assuming that there are k indices with o; = 1 (and
therefore N — k indices with o; = —1) and assuming without loss of generality that
k < N/2 (sothatk < N — k), we claim that

k _ /N—
|I|§\/A2J*‘<x—y)dxdy FE AP, (3.14)

where J = SUP| x|, <diam A J (X), |A| denotes the volume of A, and the symbol
hides a proportionality constant depending only on N and on the constants appearing in
(3.13). As a matter of fact, we will obtain a stronger pointwise bound on the integrand
of (3.13) from which (3.14) then follows trivially. Let us first give a brief reality check
of (3.14). In the case when J = 1 (which does indeed satisfy (3.13)), both Z and (3.14)
are equal to |A|V. Furthermore, if we multiply 7 by an arbitrary constant K (which
does not change the bound (3.13)), then both 7 and (3.14) are multiplied by K7 with
q=2k(k—N)+N(N—1)/2.

In order to obtain the pointwise bound mentioned above, we consider any configu-
ration of N distinct points {xi, ..., xy} and we associate to it a decreasing sequence
{A, }nez of partitions of {1, ..., N} in the following Way.1 For n small enough so that
2" < min;; |lx; — x;||s, we take for A, the partition consisting only of singletons,
namely

Ay = {1, 02), ..., (N} (3.15)

Forevery n, we furthermore introduce pairings S, : A, — P (N), where P(N) denotes
the set of (unordered) pairs of N elements (we interpret this as the set of subsets of
{1, ..., N} of cardinality 2) and @ E is the power set of E, in such a way that

o If {i, j} € S, (A), then {i, j} C A. In other words, for every A € A,, S,(A) is a
subset of the possible pairs constructed by using only elements contained in A.

o If {i, j} € 5,(A), then o; # o, so only pairings of points with opposite signs occur.

o If p1, p2 € $,(A), then either p; = py or p1 N p2 = &, so only disjoint pairings
occur.

e Forany A € A,, if {i, j} C A\ U S, (A), then 0; = ;. In other words, indices of
A that do not belong to any pairing all correspond to the same sign. The number of
such indices will play an important role in the sequel, so we introduce the notation
T,(A) = |A\ U S, (A)|. We furthermore denote by £, (A) € {%1} the sign of those
indices in A that do not belong to any pairing. (If all indices belong to some pairing,
we can use the irrelevant convention X, (A) = 1.)

For values of n sufficiently small so that .4, is given by (3.15), we have no choice
but to set S, (A) = @ forevery A € A,.

I The sequence is decreasing in the sense that A, is a coarsening (or equal to) Aj,. For n small enough,
A, consists of all singletons and is therefore as fine as possible, while for n large enough .A,, is the coarsest
possible partition consisting only of the whole set.
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For larger values of n, we then define A, and S, inductively in the following way.
Given A,,_1, we define an equivalence relation ~;,, between elements of A, _1 to be the
smallest equivalence relation such that if A, A € A,_; are such that there exist x € A
and x € A with ||x — X||s < 2", then A ~, A. The partition A4, is then defined by
merging all ~,-equivalence classes of A,_1. In other words, .4, is the smallest partition
with the property that for any A, A € A,_; with A ~, A, there exists B € A, with
AUACB.

The pairing S, is then defined to be any pairing satisfying the above properties that
is furthermore compatible with S,_; in the sense that if A € A,_; and A € A, are
such that A C A, then S,_1(A) C S,(A). Loosely speaking, we keep the pairings of
A,—1 and, in any situation where a merger creates a set in our partition containing both
positive and negative indices, we pair up as many of them as possible in an arbitrary
way.

Remark 3.4. Our construction is such that there exists ng such that for n > ng the
partition A, necessarily consists of a single set. At this stage, the only information of
the construction that we will actually use is the pairing S,,.

With this construction in mind, our main result is then the following, recalling that
T,(4) = [A\U Sa(4)].

Proposition 3.5. Let J be as above, let N > 0, let {x1, ..., xn} be an arbitrary collec-
tion of distinct points in RY and let {0, . .., on} be a collection of signs. Let A, and
Sy, be defined as above. Then, there exists a constant C depending only on N and on the
constants appearing in (3.13) such that, for every n € Z and every A € Ay, one has the
pointwise bound

T 77ei—xp|=c( [T 77'@i—-xp)d>@, @16

i#jEA {i,j}€Sn(A)
where we have set D,(A) = (T";A)) and J, = SUP| |||, <2 J (x).

Proof. The proof goes by induction on n. For n sufficiently small so that (3.15) holds,
both sides are empty products so the bound holds trivially. Note first that as a consequence
of (3.13) J, is essentially increasing in n (in the sense that 7, < C 7, form > n, where
C is independent of both m and n), so that as long as no merger event takes place, the
bound (3.16) gets weaker with increasing n. It therefore remains to show that the bound
still holds if two (or more) sets merge when going from some level n to level n + 1.
Without loss of generality, we assume that only two sets A and A merge. We also note
that losing optimality by a multiplicative factor possibly depending on N is harmless
since there can altogether be only at most a fixed number N — 1 of merger events.
Using the inductive hypothesis, we then obtain immediately the bound

‘ [T 777 —Xj)’ S ( I T i — Xj))jnD”(A)+D”(A)
i#jeAUA {i,j}€SH(AUS, (A)

X H T (xi — xj).

i€A,jeA

(3.17)

At this stage we note that since A and A are distinct sets in A,, we necessarily have
lxi —xjlls > 2" fori € A and j € A. On the other hand, since the two sets merged



948 M. Hairer, H. Shen

Fig. 1. This illustrates a situation where A, A € A, are merged into AU A € A,;1, with X, (A) # Z,(A).
In this case, S, (A) = {{a, b}} and S, (A) = {{d, e}}. The factors 7~ drawn on {a, b} and {d, e} correspond
to the factors J ~ in the first line of the right hand side of (3.17). The two dashed lines correspond to two
of the factors in the second line of (3.17), and they “almost cancel” each other out since g is far away from
{a, b}. There are many other such cancellations which we didn’t draw. The pair {c, f} € 5,41 is a new pair
formed at this step but we could just as well have chosen to form {c, g} instead. As for the factors 7, we have
D,y (A) =0, Dy(A) = 1, and Dy41(A U A) = 0, which is less than Dy (A) + D;;(A) by 1 due to the newly
formed factor J~ (x¢c — x )

at level n + 1, there exists a constant C (possibly depending on N) such that one has
llxi — xjlls < C2" forany i, j € AU A. As a consequence of this and of (3.13), there
exists a constant C such that for any i € A and j € A, one has

C ' T < T —x;) < Cunr. (3.18)

As a consequence, denote A? = A\ |J S, (A) and similarly for AP . Then it follows from
(3.18) that

[ roe-ws [ re-x. 69

i€A,jeA i€AP, jeAP

where the proportionality constant depends on C and N in general. This is because if
i € A and j belongs to some pair in S,,(A), then the two factors coming from the two
possible values of j cancel each other out. More precisely, if i € A and {j, j'} € S,(A),
then by the triangle inequality,

lxi = xjlls S llxi —xjrlls + llxjr — xjlls S llxi —xjells,

where the last inequality holds because [lx ;7 — x5 < 2" and [|x; — xj/|ls 2 27+l The
same bound holds with j and ;' interchanged, thus by (3.13) and 0;0; = —o;0/, one
has the cancellation

T (xi = x) T 7 (% = xj1) S 1

(See Fig. 1 for an illustration about the procedure we are following here.)

There are now two cases: either one has X,(A) = X,(A), or one has X, (A) #
¥, (A). We first consider the case ¥,(A) = X, (A). In this case, one necessarily has
Spi1(A U A) = S, (A), so that in view of (3.19) we only need to show that

[T 777 @i —xj) S GPrAvD=Da =D, (3.20)

i€cAP, jeAP
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Since each factor in the product on the left is bounded by some multiple of 7, this
follows at once from the fact that the number of terms on the left is equal to

|AP]|AP] = |T,(A)| T, (A)].

Writing a = |T,(A)| and a = |T, (A)| as a shorthand, the exponent on the right hand
side of (3.20) is equal to

(@+a)a+a—1)—aa—1)—a@—1) 2aa
2 T2

Since both exponents are the same, the claim follows at once.

We now deal with the case X,(A) # X,(A). Using the same shorthands a, a as
above, we note that this time S, (A U A) is given by S,—1(A) US,—1(A), plus a A a of
the aa pairs appearing in (3.19). Assuming without loss of generality that a < a, the
number of remaining factors is given by a(a — 1). This time furthermore each factor
contributes one negative power of 7, so it remains to show that

Dpi1(AU A) — Dy(A) — Dy(A) = —a(a — 1).
Since this time around
(a@a—a)ya—a-—1)
2 9

this identity follows at once, thus concluding the proof. 0O

Dys1(AUA) =

Corollary 3.6. The bound (3.14) holds.

Proof. 1t suffices to note that as soon as 2" > diam A, one has A, = {{1, ..., N}} and
therefore (3.16) implies

Hjaf”j(x,- —xj) < CZ( H TN —xj‘))j(NEZk),

i#j S {i,j}eS

where the sum runs over all possible ways S of pairing the k indices corresponding
to a positive sign with k of the indices corresponding to a negative sign. Since there
are only finitely many such pairings, the claim follows by integrating both sides of the
inequality. O

We still have to prove that (3.13) actually holds for our 7, defined in (3.5). In order to
study the behaviour of such kernels we introduce the following notation. For continuous
function f, Q on Rd\{O} we write

Q@) ~ f) if f@+c1 =Q@) = f(2)+ca, (3.21)

for some constants c1, ¢ and for all z € R?\{0}. We will also sometimes specify that
Q ~ f on some domain, in which case it is understood that (3.21) is only required to
hold there. Given Q, we define Q; as in (3.6) by

Qe = Q% g,

where ¢ is a mollifier supported in the ball of radius 1 and ¢ € (0, 1]. The following
lemma shows that if Q(z) ~ —% log ||z|ls then its regularization Q. also satisfies
suitable upper and lower bounds. Note that if ¢ integrates to 1, then so does 0 = ¢ * 7 0.
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Lemma 3.7. Assume that Q is compactly supported, smooth away from 0, and such that
QA(z) ~ — % log ||zl 5. Assume furthermore that o is any continuous function supported
on the unit ball around the origin integrating to 1, and that Q. is as in (3.6). Then, for
lIzlls < 1, one has the two-sided bound

1
Qs(2) ~ —3,7 loglizlls +#). (3.22)
514

If furthermore Q is of class ¢l and there exists a constant C such that 19; Q(z)| <
c/ ||Z||§i, then there exists a constant C such that
)) (3.23)

_/ € €
1Q:(2) - Q)| < C(||Z||5 A (1 g lzlls

for all space—time points z.
Proof. We omit the proof since it is a rather straightforward calculation. O

It remains to show that the function Q does indeed enjoy the properties we took
for granted in Lemma 3.7. Since these properties are invariant under the addition of a
smooth compactly supported function (as a matter of fact, it only needs to be C!), we
will use the symbol R to denote a generic such function which can possibly change from
one line to the next. Recall that in a distributional sense one has the identity

1
3K — SAK =5+R, (3.24)

and that Q is given by
Q) = / K(z+K()dz,

where z = (¢, x) and Z = (f, X) are space—time points in R’. Asa consequence of (3.24),
we then have the distributional identity

%AQ(Z) = %/(AK)(Z+Z)K(Z)dZ = /(B,K)(Z+Z)K(Z)d2 — K(—2) + R,

where we used the fact that the convolution of R with K is a new function R with the
same properties. On the other hand, making the substitution 7 + z — z we can write

Q) = / KGE - K@) dz,
so that
$A00) = %/(AK)(Z—Z)K(Z)dZ=/(8,K)(2—Z)K(Z)d2—K(Z)+R
:/(atK)(z)K(zH)dz— K(z)+R.

At this stage, we note that

@ K)(z+2DK @) + @ K)DK(EZ+2) = %(K(z+2DK(2),
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which integrates to zero. Therefore, summing these two expressions yields the identity
AQ(z) = K@)+ K(—2) + R, (3.25)

for some smooth and compactly supported function R. Let now
N 1
K(z) = K@)+ K(=2), Glx)=—7—loglx],

for z € R? and x € R?. Then, one has
Lemma 3.8. One has the identity

Q(t,x) = (K(t,) * G)(x) + R, (3.26)
for some smooth function R.

Proof. As an immediate consequence of the definition of Q, the properties of K and,
for example, [Hail4, Lemma 10.14], we know that, for any ¢ # 0, Q(z, -) is a smooth
compactly supported function. This immediately implies that one has the identity

o, x) = (AQ(t, 2) * G)(x), (3.27)
and the claim follows at once from (3.25). 0O

Lemma 3.9. The kernel Q can be decomposed as
1 A t X
Q) = ——loglizlls + R\ —, —— ) + R(2),
2m ? (nznﬁ ||z||5)

where both R and R are smooth functions of R® and z = (t, x) as before. In particular,
it satisfies the assumptions of both parts of Lemma 3.7.

Proof. Let H bethe heatkernel H (¢, x) = (4t |t]) " exp(—|x|?/(4]r])),and set O(r, x) =
(H (t, )% G) (x). Then, as a consequence of Lemma 3.8 and the fact that H and K differ
by a smooth function by definition, Q and Q only differ by a smooth function, so it is

sufficient to show the result for . For this, note that as a consequence of the scaling
relation H(A%t, Ax) = A2 H(t, x), one has the identity

. 1
O(\2t, Ax) = ~5- H(\t, x — y)log|y|dy
T JR2
2

A
=—— [ H@®*, rx —ry)log|ry|dy
27 RrR2

1 A 1
=——/ H(t,x—Yy) (log|y|+logk)dy=Q(t,x)——logk.
2w JR2 2

Here we also used the fact that H (¢, -) integrates to 1 for any fixed ¢. It follows imme-
diately that if we set

. A 1
R(z) = Q) + 77 g lizlls,
v

then R is smooth outside the origin and homogeneous of order O in the sense that
R(A%t, Ax) = R(t, x). The claim then follows at once. O
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Lemma 3.1 is now an immediate corollary of this fact.

Proof of Lemma 3.1. Using the decomposition of Lemma 3.9, the identity (3.6), and the
fact that o integrates to 1, a straightforward calculation shows that we have the identity

1 N
Q:(0) = —2—10g8 +Co +/ 0:(2)(R(2) — R(0)) dz,
T RrR3

Wlth

Since o is necessarily symmetric under z +— —g, it annihilates linear functions so that
fR3 0:(2) (R(z) — R(O)) dz = (9(82) as claimed. O

Corollary 3.10. The estimates (3.7) and (3.13) for J. hold for all ¢ > 0 with propor-
tional constants independent of ¢.

Proof. By Lemmas 3.7 and 3.9, if ||z|ls < c||z]|s, we obtain the bound
2 2
Te(2) = e—ﬁzQs(x,z) < e%log(l\zl\sw) < e%log(lli\lﬁa) < 7:(2),

thus concluding the proof of (3.13). The estimate (3.7) is just a rewriting of the first
conclusion of Lemma 3.7. O

4. Second-Order Process Bounds for k =1

In order to provide a solution theory for (1.1) at or beyond % = 47, we have seen in
the introduction that one should construct suitable “second order” objects (2.4). In this
section we consider a closely related second order object

UE(z,7) = V(D) (K % W) (D) — (K % U,)(2)) — E(Wa(K % 0y)).

Generally, we define for | <k,l < Z

UM (2,2) L WE@) (K * U)(@) — (K % U)(2)) — 81 B(WE(K W), (4.1)
where 8¢ ; = 1 if Kk = [ and equals 0 otherwis? (see (4.4) below about the definition of
a variation of the above objects, written as \Ilfl ). We also define

def

W (2, 2) S WEE) (K * () — (K * (). 4.2)

The objects \ilé‘]; are the hardest ones to bound, so we will first obtain bounds for them.

The corresponding bounds on \fléd with k # [ and on \Ilé‘l will then be shown in the very
end of this section. ~

The last term of (4.1) is a renormalisation constant which, for the case \Ilsi, can also
be expressed as

E(W:(K % \Uy)) :/K(x)j;(x)dx.
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As a consequence of (3.7) and the behaviour of the heat kernel, this diverges as ¢ — 0
as soon as f8 2 > 4. When ,32 = 4, this diyergence is logarithmic, and it behaves like

52_/32/2” for /32 € (4m, 8m). For general \ilfl with (k,l) # (1, 1), one can verify that

2.2
= I)QS(O)/K(x)jg(x)_k[ dx

E(w (K 0h) =

K242

2
(" —I)Z/K(x)(||x||5+8)§;ﬂ2dx 4.3)

. (—k1+’<2;12 —1)%—,(
Sef [ K@)llxll dx

for sufficiently small ¥ > 0, where we used the fact

2.2 2
—kl+5HE —1)—’3 - 242 1 B2
2 m Kg— iy

—kip?
(xlls+e) 27 < IIXIIS

for (k, 1) # (1, 1). Now we note that if k # [, this integral is finite for all 8> < 87 as
long as k > 0 is sufficiently small, so that the above expectation converges to zero as
& — 0. On the other hand, if k = [, it is easy to check (by the first line of (4.3) and
dividing the integration into [|x||s < & and ||x||s > &) that E(¥X(K * U¥)) diverges

when ¢ — 0 for ﬂz > 4, with the same rates as in the case (k,[) = (1, 1). This

motivates (4.1), namely that there is only renormalisation in the second order object W/
when k = [. For the case of WX it will be clear in the end of this section that one does
not need any renormalisation.

Instead of considering \ilé‘l , it turns out to be more convenient to consider the process
WX given by

Wk (z,7) = /(K(z —w) — K(z —w))
x (wf @)W (w) — 8 B (W (2)®§(w))) dw, (4.4)

where
E(Vi@ P w) = P00 7@ )k,

which is simply equal to 7, (z —w) when k = 1. With this notation, one has the identity
U, = w20 -8 FPGE -2,
“) ..
where Fg"’ is given by
F0 & =B -1)0:0 g 4 74

For k = 1, we simply write F; = Fg(l) = TK % J; . Regarding the functions Fg(k), we
have the following lemma.

Lemma 4.1. Let 2 € [4r, 87) and let Fg(k) be defined as above. Then, for every suffi-
ciently small k > 0, the bounds
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) ,‘32 2 /32
_BZ —5=—x
Fe@I S llzlls ™ 7y Fe(@) — Fe(@l Sefllizlls ™
and, for k > 2,

(k) < K 2_%_"
|F7 (@) S e lizlls ;

hold uniformly over z and over 0 < & < ¢ < 1.

Proof. In view of Corollary 3.10, the first bound is an immediate corollary of [Hail4,
Lemma 10.14]. For the second bound, as in the proof of Theorem 3.2, one has

1T = 1 S llls ™ (== A1)
lells

Since ﬁ A1 < g¥z]|7* for every sufficiently small ¥ > 0, the second bound follows

again by [Hail4, Lemma 10.14].
For the cases k > 2, one has the bound

2 2 £ _£ —K
NAG R Gk FE
and the bound for Fs(k) follows immediately again from [Hail4, Lemma 10.14]. O

Remark 4.2. As an immediate corollary, we conclude that if the bounds (2.6b) hold for

WM defined in (4.4) and for WX defined in (4.2), then they also hold for We?k! defined
in (2.4), with

Cg(k) :/K(Z)E(\I/Q‘(O)\ifﬁ(z))dz-

The main technical result of this article is as follows, where we write Ut as a
shorthand for W!! and W® as a shorthand for W!!,

Theorem 4.3. Assume that > € [4r, 67). There exist stationary random complex
distribution-valued processes WE and WO, such that

wE S ouE w® 5wl gkl 0 ok

for all (k,1) # (1, 1) in probability. Furthermore, for every 8, k > 0 sufficiently small
and m € Z,, one has

82 82
El(pz, W)™ S ACTE M El{gr, W — WM g el O
where a € {*, B}, and
_ 2 2
El(gh, Wk < g A Q- 0m g wkym < g Qe mimee (g s

for (k,1) # (1, 1), uniformly over all test functions ¢ supported in the unit ball and
bounded by 1, all A € (0, 1], and all space—time points z.
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We remark that the complex conjugates of these processes of course also have the
corresponding bounds and convergence results. The remainder of this article is devoted
to the proof of Theorem 4.3. We will treat separately the cases kk, kk, kI, and kI for
k # 1. The first two cases are all that is required for the treatment of (1.1), and these
form the remainder of this section. The last section is then devoted to the proof of the
above bounds for the last two cases.

Remark 4.4. We actually expect that the above bounds hold for all 82 € [47, 87). The
second order object could in principle be constructed below 87, and 6 would just be
a threshold where it becomes necessary to construct even higher order objects in order
to study our equation. The reason that we assume 8% < 67 here is because the analysis
in the following will be not as sharp as possible, see Remark 4.13 below. We choose
to do so for simplicity since we are here only interested in solving the equation for
B% < 167/3 < 67 anyway.

As a corollary (see Remark 2.4), the bounds (2.6b) hold for ‘lfi W® and the bounds

(2.6¢) hold for \Ilé‘l, \Ilé‘l for (k,1) # (1, 1), therefore Assumption A is justified. The rest
of this section devoted to the proof of Theorem 4.3. By translation invariance, we only
need to show the above bounds for z = 0.

4.1. Moments of ‘lfffk: renormalisations. Let us start from the most important case: the

moments for \llé‘l_ with k = [. By definition in (4.4), the m-th moment with m = 2N an
even integer can be expressed as

El (g, wi) " \//soo(x)(K(x—y) K(=y)

x(WECOBE () — B[ () 9 (y)])dxdy‘ZN]. (4.6)

We will rewrite this expression as an integral over 4N variables. Observe that half of
these 4N variables will be arguments of \Ilﬁ , and the other half will be arguments of
lilé‘. Also, these 4N variables appear as arguments of K (x — y) — K (—y) by pairs, in
such a way that the roles played by x and y are not symmetric. Based on these simple
observations we introduce the following terminologies and notations.

e Fixtwointegers 1 < k,! < Z.We will say that we are given a finite number 2m = 4N
of charges (where N € Z), by which we mean points in R? endowed with a sign,
as well as an index i € {k,l}. We impose that exactly 2N of these charges have a
positive sign (corresponding to the arguments of \Ilf ), and the other 2N charges have
a negative sign (corresponding to the arguments of \ilé‘ ).

e We denote by M a set of labels with cardinality 2m and, given j € M, we write
xj € R? for the location of the corresponding charge, o ;j for its sign, and A ; for its
index. In this section, we will only consider the case k = /, namely all the charges
have the same index k. We therefore do not make any reference to this index anymore
until Sect. 5.

e These 4N charges are furthermore partitioned into 2N distinct oriented pairs with
each pair consisting of one positive and one negative charge. Here, an oriented pair
consists of two charges, with one of them called the outgoing point and the other one
called the incoming point. Given two charges i and j, we writei — j for the oriented
pair with outgoing point i and incoming point j. We denote this set of oriented pairs
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by R and we impose that R is such that exactly N pairs are oriented from the positive
to the negative charge and N pairs are oriented the other way around.?

e Generally, given an arbitrary oriented pair of charges e, we say that it is renormalised
if e € R. Given a pair e € R, we write e* (resp. e™) for the point in e with positive
(resp. negative) charge, and e4 (reps. e ) for the outgoing point (resp. incoming point)
of e, in other words e = ey — e,.

Remark 4.5. In order to shorten our expressions, we will sometimes identify a charge i
with the corresponding coordinate x; € R>. For example, if 7 is a function defined on
R? and we write J (e* — e7), this is a shorthand for 7 (xo+ — x,-).

For any oriented pair e € R, we use the shorthand notation
K(e) £ K(ep —ep) — K(—ep).

Then, using the notations introduced above, one can rewrite the right hand side of (4.6)
as

/(RW E [L[2 (w§ (€ WE(e™) - E[wi‘(eﬂ@ﬁ(e‘)])] e];[a (goé(ei)K(e)) dx. (4.7)

We will now expand the first product over e € R, which amounts to assignment of
a subset P C R to the second term and R\ P to the first term. This motivates us to
further introduce the following notations. For any subset P C R, we write P’ = |J P
for the set of all charges appearing in the pairs in P. Given subsets A C M, we write
E(A) for the set of all pairs {i, j} withi, j € A. Here, the pairs are not oriented, and the
two charges in any such pair are not necessarily of opposite signs. Finally, for any pair
e = {i, j} and a symmetric function 7 : R} — R,, we write
Je 2T —x)), Je 2 T —x))7. (4.8)
Note that for this particular notation it does not matter whether an orientation is specified
for e since J is symmetric.
Given again a function J as above and any subset P C R, we then define the quantity

Heee D= (TT2)( TT ) (4.9)

ecP FeEM\P')

where x € (R*)™. Note that in the first product above, every e is a pair of opposite
charges {ey, e_}, so all the factors J(e; — e_) are powered by —1; in the second
product, the factors J (x; — x;) for f = {i, j} could appear in either the numerator or
the denominator, depending on whether i, j having the same sign or not. We also write

Hx; )= D (=D Hp(x; ),
PCR

With all these notations at hand, the first product over e € R in the expression (4.7)
is then written as

> DP(TTE[wEEndie]) B[ [T whometon)]

PCR ecP FeEM\P)
= e PmE=1)0:0) gy (y; 7K,

2 This is a reflection of the fact that, in (4.6), half of the factors involve the complex conjugate.
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Therefore, for m = 2N and the function 7, defined in (3.5), we have the identity

z a2 2 i
El(gh, W) = ¢~ Fm(2=1)0.0) /(R3)M

H(x; j;‘z)( I1 (pé‘(e@l((e)) dx. (4.10)
eeR

Similarly to before, we aim to obtain suitable bounds on the function H that are
uniform over ¢ € (0, 1] and such that we can bound the small-A behaviour of this
integral. The most important case would be k = 1 for which H = H(x; J), since only
! converges to a nontrivial limit.

Given J as above, we define for any two “dipoles” e # f € R the quantity

je+f+\-7e*f* .

f
AL =
() Tor-To o

1. @11

This quantity plays an important role in this section because it is small if either e* ~ ¢~
or f* ~ f~.As aconsequence, being able to extract sufficiently many factors of this
type from H (x; J.) will enable us to compensate enough of the divergence of the kernel
K in the expression for E| (go())‘, LI—'é‘k) |,

We also define for A C R and e ¢ A the quantity

Ay =[] sl

feA

Finally, suppose that we are given a subset A C R as well as amap B: A — pR\{2}>
associating to each pair e € A a non-empty subset 3, of R. Then, provided that A # &,
we define the quantity
A =[] Ak ).
ecA
In the special case A = @ so that the above product is empty, we use the usual convention
that Af (J) = 1. This definition also makes sense if B is defined on a larger set containing
A. We also write
Uf =AulJB..
ecA

The following identity, which can easily be proved by induction, will be used:

n

(Ha,-)-l: > [l@-o. (4.12)

i=1 @#PC{l,...,n} icP

In order to rewrite H in a way that makes some of the cancellations more explicit,
we will make use of the following notations. Assume that we are given an ordering
of R so that R = {ey,...,en}, as well as a subset A C R. We set Rg = & and
Re = {er,...,e} for0 < £ <m,aswellas Ay = AN'Ry. Forany £ € {0, ..., m}
and A C Ry, we then write My (A) for the set of all maps B: A — pR\{&} which
furthermore satisfy the following two properties:

e If ey € A, then B,, C R\ Ax.
e Forevery k < ¢, one has ¢, € A if and only if ¢; ¢ Ufk—l'

3 Given a set E, we write p E for its power set.
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We have the following very useful recursive characterisation of the sets M (A):

Lemma 4.6. Let £ > 1 and A C Ry. Then B € My(A) if and only if B restricted to
Ag_1 belongs to My—_1(A¢—1) and exactly one of the following two statements holds:
e Onehaseg € A, e; ¢ Uf{il, and B,, C R\A.
e Onehasey & Aandey € Ufl_].

Proof. This follows immediately from the definitions. O

Remark 4.7. For £ > 0, the second of these properties cannot be satisfied unless e; € A.
In particular, this shows that M, (@) = &. For £ = 0 however, both properties are empty
so that M (@) consists of one element, which is the trivial map.

Proposition 4.8. Fix an arbitrary ordering of R as above. Then, for any given function
J, and for every O < £ < m, one has the identity

Hos D= D, > AR HA, B x; ) (4.13)

ACR, BeMy(A)

where we made use of the notation

HABix; D2 D (=D Haup (e ), (4.14)
PCR\UB

for any set A C R. Here, Haup(x; J) is as in (4.9).

Remark 4.9. The factor Af appearing in this expression does of course also depend on
the specific configuration x of the charges. We drop this dependence in the notations in
order not to overburden them. Figure 2 provides a pictorial representation of an example
of term H (A, BB) appearing in the statement, the reader is encouraged to read the proof
with this example in mind.

Fig. 2. Pictorial representation of (A, B) in the case A = {ej} € R and Be; = {ep} with m = 4. The
four horizontal pairs are, from fop to bottom, eq, e2, e3 and e4. By definition, U E = {e1, e2}, and therefore
P in (4.14) runs over all subsets of {e3, e4}: the four terms above correspond to H 4y p with P being &, {e3},
{eaq}, and {e3, e4}, respectively. Each H 4 p is a product of 7’s (drawn in dashed lines) or J ~’s (drawn in
solid lines). Pairs in A U P are a bit thicker since they stand for the 7 ~’s in the first product of (4.9)



The Dynamical Sine-Gordon Model 959

Proof. In this proof, we hide the argument 7 in all the H functions for simplicity of
notations. The proof of the result now goes by induction over £. For £ = 0, A = &,
M (2) consists of one element which is the trivial map for which, by convention,
Af = 1 sothat the statement is precisely the definition of . Assuming that the statement
holds for £ — 1, we now show that it also holds for £. We rewrite the induction hypothesis

as
H= Z Z (le@EUAB + leggéUAB)Af H(A, B), (4.15)
ACRy_| BeM_1(A)

and we consider the resulting two terms separately.

Consider first the case e, ¢ U f . Writing A = AU{e,}, one can then rewrite H(A, B)
as

HAB = > D (Haur — M)
PSR\(UBU{er))
Tpeer T o
PER\WBUfer)) feR\Aup) Ve Te

Using the identity (4.12), this can be rewritten as

HAB = Y 0, Y

PCR\(UBUler)) D#QCSR\(AUP)

= > A > (D" H 5 p.

D#QCR\A PSR\WEUQUfec))

Given B € M;_(A) and anon-empty set Q C R\A as above, we then define amap B €
M (A) by B(e) = B(e) foralle € A and B(eg) = Q. As a consequence of Lemma 4.6,

we see that all maps in M, (A) arise in this way. One then has Uf UQUl{eg} = U?
and thus

> (D" 5, = H(A, B).
PSR\(UEUQU{ec})

Making use of the identity Af Ag, = Ag , we conclude that

> > LusAfran =3 > ABHAB.

ACRi_1 BeM;_1(A) AgRj’, BEM((A)
ep€A

Concerning the termin (4.15) withe, € U B , we use the fact that, again by Lemma 4.6,
ife, ¢ Abutey € UB, then My_1(A) = M(A), so that

> > Lusafnan =Y Y aBnAB).

ACR—1 BeM_1(A) ARy BeM,(A)
epdA

Adding both identities concludes the proof of (4.13). O
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The most important point of Proposition 4.8 is that at an arbitrary step ¢, all the
renormalised pairs in Ry are contained in the set UZ, as imposed by the definition of
M (A). The quantity Af then generates factors of positive homogeneities for the pairs

inU f (see the remarks after (4.11)). In order to make this statement more precise, it is
convenient to introduce the quantity

def

Aep = l1xe, — xe llsllxp, —xp lsllxe, —xp N5 xp, — xe lI5 ", (4.16)
for any two dipoles e and f.

Lemma 4.10. Suppose that e*,e~, f*, f~ € R® are four distinct points, and that

le" —eTls ALfT = flls < lle" = flls Alle” = flls- (4.17)
Then, one has the inequality
le* —e Nl f* = flls S lle™ = £ llslle™ — £ 1ls. (4.18)

In terms of the quantity Ay defined in (4.16), we can also write this more succinctly as

Aef,Sl

Proof. Since the statement is symmetric under e <> f, we can assume without loss of
generality that one has

le* —e"lls Sllet = flls Alle™ = s

Then, by the triangular inequality,

I = fls S et —ells+lle” — flls+lle” = 7l
Slet = flsVille™ = fFlls.
The bound (4.18) follows by combining these two inequalities. O
The following lemma will be used in the proof of Proposition 4.15 below.
Lemma 4.11. The final pairing S selected by the procedure in Sect. 3 maximizes (up to
a multiplicative constant depending only on m but not on the specific configuration of
points x) the quantity Tlg = H{l nes Jij-

Proof. Let S be the pairing selected by the procedure in Sect. 3 and let S # S be a
different pairing. Without loss of generality, we assume that in the procedure to construct
A, and S, in Sect. 3, at each step n only two sets merge together. Let n be the smallest
number such that there exist A € A, with e € S,,(A) but e ¢ S. Then, there exist a set
B € A,_; containing e, and B € A, _ 1 containing e_ and B # B.

Suppose that {e;, f_}, {e—, fi} € S.One has f_ ¢ B (otherwise there would be
already a pair with both charges in B which belongs to S but not S, thus contradicting
the minimality assumption on n), and f; ¢ B, so

e, —xr lls 22" llxe. —xplls 22"
By |lxe, — x¢_|lls < 2" and Lemma 4.10, one has
Ixe, = xe_llsllxr, —x7 lls < llxe, — xp—llsllxz, —Xe_lls-

If we define S by keeping all the parings in S except that {e,, f_}, {e_, f.} are replaced

by {es, e_}, {f+, f—}, we have I'IS < [15. Note that e € S. We can then iterate the
above procedure to consequently increase 1'[ until we obtain the pairing S. O
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Lemma 4.12. Assume that we are given a function Q(z) ~ —% log ||zl that o is any
continuous function supported on the unit ball around the origin integrating to 1, and that
Q, isasin (3.6). Givena > 2, let T (z) = e~ 2792 and J.(z) = e 272 Assume

Sfurthermore that Q is of class C? and there exists a constant C such that |VkQ(z)| <

C/||Z|||5kIS for |k| <2. Lete*,e™, f*, f~ € R be four distinct points such that

e —e s AlLfT—=flls < lle" = flls Alle” = flls, (4.19)
and write e = {e*,e”}, f = {f™, f~}. One then has the bound
Joe" = fHTe = 1)
Te(et = f)Tele™ = 1)
uniformly for all ¢ > 0, where A,z is as in (4.16).

In particular, for k > 1, the function Ag(jgkz) with J. defined in (3.5) satisfies (4.20)
on the set (4.19) by choosing o = k* >/ (2m).

1| < Ao, (4.20)

Proof. As a consequence of the symmetries e <> f and (e*, f*) <> (e7, f7) we can
assume without loss of generality that

let —e lls < I f"— flls (4.21a)

Iff—ells < llet = f s (4.21b)
First of all, we consider the “easier” case, that is

et — fTlls < 5lle™ — e |ls.

In this case, by the triangular inequality one has || f* — e~ ||s < 6|le* — e~ ||s and, using
the triangle inequality together with (4.21a), one also has |le* — f~|ls < 6|l /" — f Ils»
so that A,y > 1/36. Furthermore, by the triangle inequality, Egs. (4.19) and (4.21a),
onehas |le — fHls S I ff—e |lsand |le” — f|ls < |let — f||s. Therefore the left
hand side of (4.20) is bounded by some constant independent of ¢, and (4.20) follows.
If e — f~|ls < 5|let —e ™ ||s then the bound (4.20) holds in a similar way. Therefore

it remains to consider the situation where
lle™ = flls Alle™ = fTlls = Slle™ — e |,
which in particular implies that
et —e s < et = £ lls, (4.22)

for any of the four choices of signs that can appear on the right hand side. Define a
function F depending on e*, f* and ¢ by

F(ze,2f) = Tele® — [N Te(ze — 25) — Tele" — 20) Te(f* — 2.

Since J; is assumed to be symmetric, one has F'(z.,zr) = 0 whenever z, = et or
zy = f*. In particular 3% F(ze, f*) = 9% F(e*, zy) = O for all k = 0. We will show
that under the assumptions of the lemma, one has the bound

IFe™ OIS Tele” = [ T(fT —e7) Aey (4.23)

which then immediately concludes the proof of the lemma.
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f

f+

Fig. 3. Construction of the paths y, and y s. The “exclusion zone” Z is shaded in light grey

To show (4.23),let y,: [0, 1] — R? be the piecewise linear path from e* to e~ which
is made up from three pieces, each of them parallel to one of the coordinate axes. Then,
since F(e*, f~) = 0, one has

2
[F(e™, fOI S D v sup IV F(ze, £, (4.24)

i=0 Ze€Ye

where Vz(l) denotes the derivative with respect to the ith component of the variable z and
|ye(')| denotes the total (Euclidean!) length of the pieces of the path y, that are parallel
to the ith coordinate axis. Note that one has Iye(’)| <let —e |2,

Similarly, let y¢: [0, 1] — R’ be a piecewise linear path from f* to f~, again with
each piece parallel to one of the coordinate axes, but this time with possibly more than
three pieces. We claim that one can furthermore choose y in such a way that each of
its pieces has parabolic length at most || f* — f~||s and such that the bounds

I =ells S llze —z7lls S lle™ = f lls, (4.25)

hold uniformly overz, € y, andzs € yy.Here, the upper bound is a simple consequence
of the triangle inequality and the fact that (4.21) and (4.22) imply that ||e* — f*|s +
et —ells+11f~ = fTlls S lle™ — £ Ils.

In order to enforce the lower bound, more care has to be taken. Define an “exclusion
zone” Z C R3 as the convex hull of {z: ||z — Z|ls > | f* —e |ls/4 VZ € v.}. It then
follows from (4.22) that both f* are located outside of Z, so it suffices to choose y fin
such a way that it does not intersect Z. A typical situation with Z draw in light grey is
depicted in Fig. 3.

Since F(ze, f*) = 0 for every z, and thus V, F(z., f*) = 0, we can apply the

gradient theorem to |Vz(i) F(ze, f7)], yielding

2
Fe OIS D vy sup sup [VOVI F(ze. ). (4.26)

i j=0 2e€Ye ZfEVS

Write now ||z||s.¢ = lIzlls + € so that J;(z) is bounded from above and below by
some fixed multiple of [|z]|%, and note that |V* Q. (2)| < ||Z||;Lk|s as a consequence of

our assumptions and of [Hail4, Lemma 10.17]. As a consequence, one has the bound
VAT ()] < IIZIIE‘;WE so that one has

i i a—5;—8;
VOV F ezl Sllet = fH1S e Nze — 2pllae
oa—5;

. a—s; . 4.27)
+ e _Zf“s,s Tl = Ze”s,s
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Combining the triangle inequality with (4.19), (4.21a), and (4.25), the factors appearing
in the right hand side of (4.27) are bounded as follows (here we use the fact that o > 2
so that @ — 5; is guaranteed to be positive):

5; a—s

le* —zpllse” Sllet = fllss
a—s — s

If* = zellse SIfT—ellse s

oa—S;i—5; — —5 =5
IIZe—Zfllss' TS et = s I =T ls

S — S
= fHllse ST =eTlse IfT —e Il

Inserting these bounds into (4.27), we conclude that

IVOVDF (e 2| S Tele” = Tl = el = fIae 1 — e N2

uniformly for z. s € Y., r. Finally, we observe that

_si—1 i _ _ .51
1w S llet —e N llf = e I1E w1 SNt = Folls et — Fo1T
so that the claim (4.23) follows from (4.26). O

Remark 4.13. The analysis we are following here is not as sharp as possible. In the

above proof, we essentially performed a first order Taylor expansion of Ag (viewed as
a function of ¢™) around e*, which allowed us to gain a factor ||e* — ¢~ ||s. This factor,
when multiplied by K (e) 7, , is integrable as long as B% < 6. However, the linear term
e~ — e is an odd function, while all other functions (K, J etc.) are even in their spatial
coordinates, so that the integration over e~ in a neighborhood of e* essentially vanishes.
As a consequence, we believe that it should be possible to gain a factor |le* — e~ 12,
thus allowing to control the second-order objects for all 82 < 8. This would however
require us to change our strategy, which is to obtain bounds on the absolute value of H
that are sufficiently sharp to guarantee that (4.10) has the correct order of magnitude.

Before we proceed, we introduce the following definition, where S is assumed to be
a pairing constructed as in Sect. 3, while R is a fixed set of renormalised pairs as before.

Definition 4.14. We say that e € R NS is a bad pair if there exists an f € R such that
the condition (4.17) of Lemma 4.10 is not satisfied, namely

et = flls Alle™ = fHlls = lle" —e s AT = £ Il (4.28)

If such an f exists, one must have f € R\S since the construction of S guarantees that
any two pairs e, f € S do satisfy (4.17). We say that e € R N S is a good pair if it is
def

not a bad pair. We denote by D € RN S the set of good pairs and by D¢ = (R NS)\D
the set of bad pairs.

If we were to do the expansion (4.12) for a “bad pair”, the conditions of Lemmas 4.10
and 4.12 would be violated. Therefore we will only do the expansion for “good pairs”.
The next important proposition shows that one can bound H(x; ) by [| li,j1eS j with
a paring S, multiplied by some factors A.¢, in such a way that there appear addltlonal
factors |let — e7||s taming the non-integrable divergence of the function K (e).J ~ (e),
for every e € D. Furthermore, these factors Agf are all bounded, so that we will have
freedom to erase some of them for convenience of the integrations over all the space—
time points in Sect. 4.2. One may worry that K (¢) 7~ (e) would still be non-integrable
for a bad pair e, but in fact we will see later that one can just insert a factor A, for these
pairs “for free” (see the proof of Proposition 4.16 below).
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Proposition 4.15. Assume that J € {Jgkz, J kz}. Let S be the pairing selected by the
procedure in Sect. 3 and let D be the set of good pairs. One has the bound

e s (1 7)) 20 T1 Ao (4.29)

{i.j}eS PCR? (e, f)eP

where the sum > is restricted to those sets P such that

o for every e € D, there exists at least one f € R, f # e with (e, f) € P,
o forevery (e, f) € P,one hase € D or f € D,
o for every (e, ) € P, one has A.r S 1

Proof. The following bound will turn out to be useful for our calculation. For any set

A C 'R, one has
(H je)( I Jf) H (4.30)

ecA feEMN\A) {i,j}e

Recall here that A" denotes the set of all charges covered by A, i.e. A’ = |J A. In order
to show this, we apply Proposition 3.5 to the collection of points M\ A’, which allows
us to bound the left hand side of (4.30) by the expression H{ i j1es ._7 for some pairing

S. By Lemma 4.11, the latter is bounded by the same expression W1th S replaced by S.
Combining this bound with Proposition 4.8, where we choose the ordering of R in

such a way that D = {ey, ..., e;} for some £ > 0, we obtain
Ho: ) < 0 > ARSI HA, B x; )
ACD BeM,(A)
(X X o) I1 %) 31)
ACD BeM;(A) {i,j}eS

where we used the fact that H (A, B) is nothing but an alternating sum of terms of the
type appearing in the left hand side of (4.30), but with different choices of A. We recall
that A% is, by definition, given by

AB = H( I1 AZ). (4.32)

ecA feBB,

At this stage, we observe that since A C D, every e € A is a good pair and therefore
for each of the quadrupoles (e, f) appearing in (4.32), the shortest distance between
Ixe, — Xe_llss X7, — X7 s, lIXf, — Xe_|lls and [|x., — xf_||s is always one of the first
two, at least up to a constant multiple depending only on m. Then, we can apply Lemma
4.12 to obtain the following bound

e D s (> X TTIT 4)( IT %) (4.33)

ACD BeM(A) ecA fel3, {i,j1eS

By the definition of My (A), for every A, B in the above summation, one has D C U f ,
in other words for every e € D, there exists at least one f # e such that the factor
Apy (or possibly A r,., but these are identical) appears in (4.33). Since A C D it is also
the case that for every factor A, appearing in (4.33), one has eithere € D or f € D.
Finally, the definition of “good pairs” implies that for every factor A.s appearing in
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(4.33) the bound (4.17) holds and thus A, < 1. Therefore we can indeed bound the
right hand side of (4.33) by a multiple of

(IT 7)) X 1T A

{i.j}eS PCR?2 (e, f)eP

where the sum > is restricted to those sets P satisfying all the conditions described in
the statement. O

4.2. Moments of \IJéck : integrations. The bound given in Proposition 4.15 turns out not
to be very convenient to use when one tries to actually perform the final integration
over the positions of the charges, so we will first derive a slightly weaker bound which
has a “nicer” form. We start with some definitions. Suppose that we are given a graph
G = (V, &) with vertices V and edges . For a subset of vertices V' C V, we then define
a subgraph Gy = (V', £'), with £ consisting of the edges in £ with both ends in V'.

We can also define a graph gV by identifying all the vertices in ) as one vertex
called v, so that the set of vertices of GV is given by (V\V') U {v}. Regarding the edges
of QV/, we postulate that (x, y) is an edge of QV/ if and only if either v ¢ {x, y} and
(x,y) € &, orx = v, y # v, and there exists z € V' such that (z, y) € £. The set of
edges of GY' can be identified canonically with the set £\{edges with both ends in V'}.
If the original graph G is directed, both gV/ and Gy inherit its direction in the obvious
way.

Given a vertex set V, we define the set of admissible graphs Gy, to be the set of all
directed graphs over V such that every vertex has degree at least 1 and there exists a
partitioning V = VU V7 of V with the following properties:

e Each connected component of GV~ is a tree. The connected component containing
the distinguished vertex v is considered as a rooted tree with root v and all other
connected components should contain at least two vertices.

e Each connected component of Gy, is a directed loop.

Here, adirected loop is a connected graph with at least two vertices such that every vertex
is of degree 2 and has exactly one directed edge going into it and the other directed edge
going out of it. A tree is a non-empty connected graph without loops. Given an admissible
graph G, we furthermore write £;, for the edges connecting two vertices in V;, and Er
for the remaining edges. We also remark that if G is admissible, then the decomposition
V =V U Vr is unique. See Fig. 4 for a generic admissible graph.

Now let R be the set of renormalised pairs as above, which is going to be our vertex
set. To every G € Gg, we associate a pairing Sg of the 2m charges as follows. If
e € Vr, then {e*,e™} € Sg. If e € Vy, and therefore there exist f, g € Vp such that
(f, e) is an edge pointing from f to e and (e, g) is an edge pointing from e to g, then
{f*,e7} € Sg and {e*, g~} € Sg. In particular, we only care about the orientation of
the edges connecting vertices in V7. With this notation at hand, we can reformulate our
bound on H(x, J) as follows.

Proposition 4.16. Assume that J € {TX*, 7). One has the bound

s > (T1 75)( 1 Ax)- (4.34)

GeGr {i,jleSg (e.f)e€r
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Fig. 4. An admissible graph G (left) and the corresponding graph gVL (right). The admissible graph consists
of four connected components. Elements of V;, are shown as little circles o, elements of Vr are shown as
black dots e, edges in £}, are shown as solid lines with arrows, while edges in E7 are shown as dashed lines

S

Fig. 5. Generic situation for the construction of £ : pairs in R are drawn as thick lines and pairs in S are
drawn as dotted lines. The arrows show the edges belonging to £,

Proof. Given a pairing S (in practice we take the specific pairing selected in Sect. 3)
and a set P C R? satisfying the conditions listed in Proposition 4.15, we construct an
admissible graph G € G as follows.

First, we define a set of oriented edges £, by setting

EL={e, fr:{e", [T} e S\R}.

This set of edges has the property that if (e, f) € £, then we necessarily have {e, f} C
R\S. Furthermore, one can see that the graph (R, £1) consists of loops of length at
least two, as well as of singletons, with the singletons consisting of R N S, see Fig. 5.
(If we had only imposed that {¢*, f~} € S, the graph would consist of loops with every
vertex belonging to exactly one loop, but some loops could consist of only one vertex.)
We therefore define at this stage V; = R\S.

We now consider the graph Gp = (R, P). Here, we note that by the constraints on P
given in Proposition 4.15, every edge in P contains at least one element of R N S (the

“singletons” of the first step) so that the reduced graph gl‘,’ L contains the same edges as
Gp. We then select an arbitrary spanning forest 5}1) C P for gl‘,’ L. In other words, &7 is

such that the connected components of (R, 7 )VL are the same as those of gl‘,’ L but each
such component is a tree. (Here, the orientation of these edges is irrelevant.)

Finally, let RO = R be those vertices in R N S that are not in P’. Because of the
first condition on P, any e € R necessarily belongs to D¢, i.e. it is a “bad pair”.
Therefore, for every such e, there exists an f, € R\S such that (4.28) holds. We then
define 5;0) ={(e, f,) : e e RO}

With all of these definitions at hand, we now set G = (R, & U &) with &y =
E;O) U E;l), which is indeed an admissible graph with decomposition V; = R\S and
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Vr = RNS. Furthermore, our construction and the definition of Sg guarantee that one
actually has Sg = S. Finally, we claim that one has

[T Ars ] Ao (4.35)

(e, f)eP (e, el

Indeed, since 5}1) C P by construction and, for every (e, f) € P\Er, one has A.r <

by the last condition on P, this bound holds with £ replaced by 8;1). On the other
hand, for every (e, f) € 5;0), one has A,y 2 1 by combining the definition of a bad
pair with Lemma 4.10, so that (4.35) does hold. The claim now follows by applying the
above inequality to the right hand side of (4.29) and then bounding it by the sum over

all possible admissible graphs. O

The bound (4.34) has two major advantages: first, it does not make any reference to
the special pairing S anymore, so that we now have one single bound which holds for any
configuration of charges x. Second, the tree structure given by the notion of “admissible
graph” will make it possible to bound the integral (4.10) by inductively integrating over
the variables corresponding to the “leaves” until we are only left with the “loops” which
can then be handled separately. Now we have all the elements in place to give the proof
to Theorem 4.3. For a simpler notation, from now on we will write

gul
T oo’

We now have everything in place for the proof of Theorem 4.3. We first give the proof
of the bounds and convergence statements for W*. In Sect. 4.4 below, we then bound
the objects \Ilfk, while the bounds on \Ilfk and \Ilifk with k # £ are postponed to Sect. 5.

4.3. Moments of \Ifé"z.

Proof of Theorem 4.3 for \Dé"; . We first prove the statements for \Ifgi which is the harder

case. The modifications required to obtain the analogous statements for \Ifé"; withk > 1
will be indicated at the end of the proof. Recall from (4.10) that for m = 2N, one has

Bligh. v = [ 1o 0 ] (ehtenk ) ax
eeR
As a consequence of Proposition 4.16, we can bound this expression by
Biwhvn s 3 [ (1 5 T1 A40) [T (benrixen) ax
GeGr {i,j}eSg (e,f)e€r eeR

The proof of Theorem 4.3 now goes by induction over m. Suppose that for every
m < m and every § > 0, the bound

/ (( TT 5 TT Ae)(TTwbennik@n)de 20707 @3e)

{i,j}eSg (e.f)e€r eeR
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holds uniformly over A € (0, 1] for every admissible graph G € Gj; over the set R of
cardinality /. Here we are not assuming any more that exactly half of the pairs in R are
oriented from the positive to the negative and the other half of the pairs the other way.
We aim to prove that in this case the analogous bound also holds for every admissible
graph G € G over R of cardinality m.

To make the calculations more clear and visual, we introduce some graphical notation.

A line T *—{aF—* Y with a label « represents the function [lx — y[|§. A dashed line

with an arrow ¥ ® *¢ Y represents the function K (x — y) = K (x —y) — K (x).
A gray dot o means that the point is integrated out, while a black dot e simply stands for
a point without integration. We then distinguish between the following two cases.
Case 1. In this case, we assume that Vr # &, where V7 is associated to the admissible
graph G as above. Since GV~ is a union of disjoint trees, one can always find a vertex
e such that the degree of e is one (namely, e is a leaf.) Let f be the unique pair in R
such that (e, f) € Er. There are then two possible situations. The first situation is that
f € Vr and f is also a leaf (see the bottom-right connected component of the graph in
Fig. 4). In this situation, the integration over e* and £ factors out and is either of the
form

= / 96D (FONIK (™ — eNK(f* — )] JeTyAey dedf*, (4.37)

where the integration is over (R?)*, or of the form

def

L= / oGO (FHINK (™ — eNK(f™ — O TedrAep detdf=. (4.38)

Of course, it could also be (4.37) or (4.38) with all the signs flipped, but these can be
reduced to the above two cases by symmetry. Leaving aside the test functions gp(})‘, the
integrands in /1 and I, are depicted by

respectively. By Lemma 4.18 we have
11|+ || S A2CFD), (4.39)

for every sufficiently small § > 0, so that the statement follows from the induction
hypothesis withm = m — 2 and R = R\{e, f}.

The second situation is that when either f ¢ Vr or f € Vr but has degree greater
than one. In this situation, the integration over ¢ again factors out and has the form

L= / ohENIK (e — )| T Ay detde, (4.40)
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or the same expression with all the signs flipped. Graphically, ignoring again the test
function, the integrand is given by

fr——rt

Note now that the integrand in the full expression (4.36) necessarily contains either a
factor |<p3( S| or a factor |<p6‘( f7)|. Therefore, we can restrict the integral to those
configurations for which || f*|[s A || f~|ls < A, which allows us to apply Lemma 4.17
below, thus yielding the bound |I3] < A>~#~3 forevery § > 0. The required bound now
follows by using the induction assumption withm =m — 1, R = R\{e}.

Case 2. We now turn to the case when Vr = @ (which in particular implies that & = @),
and therefore £; # . In this case, the integral (4.36) factors according to the connected
components of the graph G, which consist of loops. The integral for a loop of size n
linking vertices {e;}!_; C R is given by

I = / li[(wé(ei,ﬂ|K(€i)|«7€7_e;,+l) ﬁ(de?def ): “4.41)
i=1

i=1

where we made the identification e,,4| Se 1. Furthermore, each ¢; € R comes with an
arbitrary orientation which appears in the definition of K (e;). Integrals of this type are
bounded in Lemma 4.20 below, which yields

1| < 2 @F-dm (4.42)

thus again allowing us to invoke the induction hypothesis with 72 = m — n and R =
R\{e1, ..., en}.
We now turn to prove the convergence statement of the theorem. Define for e =
(ef.e7). f=(f* ) eR xR’
. Tegle” — fTezle” — f7)
Heile, [) & 0 —— 00— —
Tele® —e )T (f* = [ Tee(er = [ Tes(e™ — f1)

where J; 7 is defined in the proof of Theorem 3.2. Then one has

- je,ejf,é

El(p}, ¥F — vF))> = / (He(e, ) +Hzle, f) —2Hez(e, f))
x (65N (FIKE > KT = 7)) de*df*.

Assume without loss of generality that ¢ < ¢. As in the proof of Theorem 3.2, one has
Je =T exp(Mg)and J,; = T~ exp(M,,z) where the functions M, and M, z are
bounded by | M, (2)| + |IM, z(z)| S €/|lzlls for all space—time points z with ||z]ls > &,
and, the function J, ; also falls within the scope of Lemma 4.12 and therefore satisfies
the bound (4.20).

For our collection of four charges e*, f, there are only two possible admissible
graphs: the first one is Vi = {e, f} (i.e. e and f form a loop), and the second one is
Vr = {e, f} (i.e. e and f form a tree). It is then straightforward to show that
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|H5(€, f) +H§(€, f) - ZHS,E(Ev f)'
_—B.,. _ —B &
Shet = e = Y ()
xvelet, 14) e

—1=By e+ ——B € €
et =171 = S A (e A e A1)
: * TNl el T T =l

for all e*, fi € R
Now to perform the integrations over e*, f*, one needs the following fact: suppose

that | D* K (x)] < (i A DIxl$ ™= and K> is of order ¢, then

|DK(K 1 % K2) ()] S el e (4.43)

for sufficiently small x > O where ¢ = ¢1+¢>—|s| ¢ Nand k is such that ¢ — |k|s < 0. To

prove (4.43), observe that if ||x||s < 2&, then one just bounds |D¥K1(x)| by ||x||f;'_|kIs
and then uses ||x||§ < & to obtain the desired bound.

If ||x||s > 2¢ on the other hand, writing (K * K2)(x) as f Ki(y)Ka(x — y)dy, we
distinguish three cases as in the proof of [Hail4, Lemma 10.14]. The first case is that
Iylls < llxlls/2: we bound ||x — y||s by ||x]|s, and integrate K (y) following the steps
above (3.12). The second case is that ||y — x||s < ||x|ls/2 and therefore ¢/|y|ls < 1,
we can bound K (y) by £“||x ||§l . The third case is the complement of the above two
regions, where one still has ¢/||y|ls < 1, following the same arguments as in the proof
of [Hail4, Lemma 10.14] one obtains the desired bound.

We can then integrate over e®, f* analogously as in the proof of Lemmas 4.17 and
4.20. One has .

EI((p())‘, W, — W) < g2\ 2KH20—F=8)

so the second bound stated by the theorem follows by Cauchy—Schwarz inequality.
We now prove the bounds for W with k > 1. One has

iy}, v =000 [0 7 T (shok @) d
eeR

By Proposition 4.16, one has

- ﬁ 2 2
Bl v <50 S [T g [T Ay)
GeGr {i,j}eSg (e. €T

< [1 (éb @Ik @) dx.
eeR

. 2 .
In the above expression, there are m of factors j;k . In fact, for some sufficiently small
parameter « > 0, one has
2

ﬁ 271 12 i—K
e D T —x) ™ S e — xj 1

Then, the required bounds follow in the same way as the case of \Il;t, except that e — 0
ase —> 0. O
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Now we proceed to prove the bounds for all the integrals in the proof of the previous
theorem. Notice that the entire integral comes with a test function goé (f*) or (pé( ),
which justifies the assumption of the following lemma.

Lemma 4.17. Let I3 be given by (4.40). Then the bound | 13| < 22=P=5 holds uniformly
over all f* such that || f*||ls ANl f s < A and [ f*]ls VIIf " lls S 1.

Proof. By the gradient theorem, one has
|K(e~ — ") S |K(et—e) — K(e)]
S IR (e 157> e — e 127)
for every 8§ > 0 sufficiently small, where we used the fact 3 — 8 € (0, 1]. By our
definitions, the left hand side of (4.40) is bounded by AN = s (Th + 1), where
0 0

[3-8-6| [8-5+3]

T, = T, = ets—1-B—¢e
.f+ .f+

and the thick lines indicate that the corresponding (parabolic) distance is restricted to
taking values less than A.
We bound the first term 77. Integrating e~ using [Hail4, Lemma 10.14], one has

3— 8
T < /ne — I et = T et (4.44)

where A denotes the ball of radius A. We now distinguish two cases. If || fT||s > 2A, then
one must have || f "||s < A which together with [le*|s < A implies [le* — f*[5!* <

~

Nfm—r+ ||g1+‘S . Inserting this bound into (4.44) and integrating over e*, one obtains

Ty SASTPR = gt (4.45)

If on the other hand || f*||s < 22, then one has [le* — f*||s < A and therefore ||e* —
FHIM S RNt = 5+, so that

T SA0P / le* — fII5 " et — frIIg* det.
R

Integrating over e*, one again obtains (4.45), which yields the required bound on this
term.
Next, we bound the term 75. Define the quantity

e _ —B+1 _ 5+8 _
f)‘“/n — I et — e 15 e 1875 e,
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so that 7» can be rewritten as
_ + — =1y +y3—B—3 + ot +
Tz—/ le® = f s lle™ls S(e™, fHyde". (4.46)
A

We estimate S(e*, f*) using Holder’s inequality

_ p-l4b -t 3,8 s

s 7 = [ (11 e = i) (11 - i)
_,—1+3 _—143 —
x (et = el Rt —eTls ) de

_ po1sd O Y s

S e e e Y I M VAt

_—143 _ =148
let —e7lls *lfT—ells *

8
L3

|

L4
+ +— 146
Sl = [Tl

. . . 8
where all the L? norms are defined on functions in the variable e~ . In fact the two L3
norms are both bounded by constants. We are now back to the same situation as (4.44)
for T1, so that the claim follows. 0O

In the sequel, we will make repeated use of the inequality
l2lls“Nz0s" S =05 + 2, (4.47)
which holds for every z, Z in R* and any two exponents a, 8 > 0.

Lemma 4.18. The bound (4.39) holds for I and I, given by (4.37) and (4.38).

Proof. We first show the bound for ;. Define a function (which also depends on e*, f7)

Flz,w) & / le* — e 1P K (e — )l — £
< Lt = f ISP K (= w) dedf*

for every z, w € R. Then

VRS / \F(ei )= F(, f7) — F(e*,0) + F(0, 0)
X @y €S (f)lle” — fI5" detdf~.

Since 3 — B € (0, 1], applying gradient theorem to K (e~ — e*) as in the proof of
Lemma 4.17, one has

|F(e*, f7) = FO, fOI S Hi+ Hy S Hi+ H3

where H; are defined as follows, and in the last inequality (4.47) has been applied to

_B=5+8 1=
e 187>% et — e 1477
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g ] e A A SN e A A SR

H,y Hy Hj

I

Performing the convolutions in e~, and then bounding || f*[|51*% by || f*|I5'~° for H;
and bounding |le” — f+||;1+’S by |le” — f"||5’1"S for Hy, and finally integrating f*, we
obtain

P, £ = FO OIS I3 (1157770 1™ = et 177).

In the similar way, applying gradient theorem to K (e~ — e*) again as above, one
obtains that |F(e*, 0) — F(0, 0)| is bounded by the sum of the following two terms

5+8 — =B+l 2 ..
Applying (447) o lle= [ - et — e[, and to 1 £+ — IR, it
then straightforward to obtain the bound

F(e*.0) = FO.01 S et 137 (171577 4 et 1377 w177 = et 1577%).

Then the integrations over e*, f~ are straightforward; this concludes the proof for the
desired bound on /.

The bound for I, follows simply by expanding K. (e) K+ (f) into four terms accord-
ing to the definitions and then bounding the integral with each term separately, using
(447). O

The bound (4.42) holds as a consequence of the following result for integrating
general “cycles” or “chains”. Before stating the result we introduce a notation.

We denote by K ;p (x, y) functions that are given by either (pé(y)l( (x = y)or
(pé(x)K(y — x). Given real numbers {1, ..., a,, o, &'}, we aim to bound the in-
tegration of the following functions

n
Fe = Fe (. i) 2 [T (187 Gl -l = xal5)

i=1
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(with n > 2) where x,41 is identified with x1; and Fp = F¢ ({x}f’zl, Y,z Z) with

n—1
Fe 2 g0e1,2) 20 D [T (KL G 3| 1yi = it 15) K G, )
i=1

(with n > 1) where
g(x1,2) = a1 — zll§ ¢5@)
and g is defined in the same way with change of roles x| <> y,, z <> Zand o' < &’.

Remark 4.19. By inspection, one can realise that F corresponds to a cycle shaped graph
L:(xy —y; — -+ — Xy, — Yp — X1), and, F¢ corresponds to a chain shaped graph C:
(z—=x1 —y1— -+ — X3, — Yy — 2). All the variables x;, y; and z, z will be integrated.
For the case of Fg, we will allow &’ (the same discussion applies to @’) to be zero,
which means g(x1, z) = 2<p3 (z) will be factored out and the integral of it over z gives a
constant; in other words one can simply think of the chain as ending with the function
K (x1, y1). Our notation is just in order to treat the chain in a unified way no matter it
ends with a function K or g.

Lemma 4.20. In the setting above, suppose that n > 2 and that o; € (—4, —2] for
i €{l,...,n}. Then one has

/ Fpdxdy < 200, (4.48)

forany § > 0 arbitrarily small, where H(L) Zon+ >, @i, and the integration is over
x={x)_, € R, y={n)_ € R

Suppose additionally that o', &' € (—4, =21 U {0}, and if o' = O (resp. &' = 0) then
x1 (resp. y,) is an incoming point. Then, for every n > 1, one has

/ Fodxdydzdz < 19O, (4.49)
forany § > 0arbitrarily small, where h(C) £ 2n+Z?=_11 a; +o’ +a’ and the integration
is over x = {x;}/_; € R, y = {y;}'_, € RY)", and z,Z € R%.

Proof. The integrand F ., ignoring the test functions, can be depicted graphically by the
left picture below

Y6 o Y6 e,
I\
1
1
| 0]
Y5 o< o
S Te
u, I5 I5 e o1
) LI | i)
x3 S~
Ya & . e Y2 (7
l
!
\{
° Y3 Y3
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The picture illustrates the generic situation (with n = 6) showing that the orienta-
tions of {x;, y;} are arbitrary. We will first integrate out all the outgoing points (see the
definitions of outgoing/incoming points of oriented pairs in the beginning of Sect. 4.1).
We claim that after these integrations, one has the bound

‘ / Fr dxdy] < / ﬁ((pé(zi) G, (z,-,z,-+1)) dz (4.50)
i=1

where the integration is over z = {z}!_, € R, and z,41 = z1, i € (=4,2),
S I =b(L) — 8 and

Ix — y] I € (=4, -2],
G (x,y) = 1 llx — yll2 + X% +Iyl% 4 € (=2,0], (4.51)
Il + [yl I € (0,2].

The integrand of (4.50), ignoring the test functions, is drawn as the right picture above
(where only the subscripts of G are drawn; and the dummy z-variables are still written as
X or y-variables to make a clearer comparison with the left picture and the variables that
have been integrated out are still indicated in light gray). We substitute the definition of
G into (4.50) and expand, and obtain a sum where each summand falls into the scope of
(4.54) of Lemma4.21 below [in fact; > —4 implies 2n +Z:‘l=1 o > —2n>—4(n—1)
for n > 2, so the assumption of (4.54) of Lemma 4.21 is satisfied]. Therefore the bound
(4.48) follows.

To show the claim (4.50), one needs to show the following bounds.

e The case of integrating out a single point when its two neighboring points are both
incoming points (e.g. the y; in the picture): for any o € (—4, —2],

/|K<y — |- lly =zl dy S llz — x 12770 + ||z)|27 .

e The case of two incoming points are adjacent so “nothing has to be integrated” (e.g.
in the picture, the successive charges y4 and x5 are both incoming points, so neither
of them need to be integrated now).

e The case of integrating out two adjacent outgoing points (e.g. in the picture, the
successive charges y» and x3 are both outgoing points, so both of them have to be
integrated now): for any @ € (—4, —2],

// IK(y = x)I - lly —xlls - 1K (x = Y)| dxdy S Gaya—s(x' —y).  (4.52)

The first bound follows from [Hail4, Lemma 10.14]. The second case is trivial. To show
the last bound, one writes

U’ —y) = / K" —=y)-llx = ylg - K = y) dxdy.
Then, the left hand side of (4.52) is given by

10" —y) — Q) — Q(Y) + 0(0,0)| = |Q(x' — ) — Q(x') — O ()
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where
def

0(x) Z Q(x) — Q(0) — x - VQ(0).
It is then straightforward to show that | Q(x)| < x ||§+"‘_‘s. Therefore (4.52) follows and
we obtain (4.50). This completes the proof of the bound for integration of F.
The integration of F¢ can be bounded analogously. Note first that Fz can not simply
be a function K, since if n = 1 by assumption of the lemma one has &’ A@’ < 0. In fact,

there exist[; € (—4,2) for0 <i <n+ 1, and Z'”l l; = h(C) — 8, such that one has

n+l
| [ Fedrdyazaz] < / [eb H Gl Gz 1) d (4:53)
where G, are defined in (4.51) and the integration is over zo, .. ., Zu+1. The integration
variables zg, z,+1 correspond to z, z respectively, and z1, ..., z,, correspond to the in-

coming points, i.e. the points that have not been integrated. To show (4.53), we integrate
out all the outgoing points in the same way as above, except that we only need to treat
the two ends of the chain separately. Since the chain is symmetric under reflection we
only consider the end at the function g. If &’ = 0, by assumption x; is an incoming
point, so we simply take [y = 0; the factored function (pé (zo) can be simply integrated
out over zg which gives a constant. If &’ < 0, then arguing as above we can have the
bound (4.53) with [y = o’ € (—4, =2]if y; — xj,0orly =a'+2 € (=2,0]if x; — yj.

As before we can then expand the right hand side and obtain a sum in which each
summand falls into the scope of (4.55) of Lemma 4.21 below. O

Lemma 4.21. Given n real numbers {a;};_,, let gu, (x, y) be one of the three functions:
x — ylls’ witha; > =4, o, |x|ls" or lIylls’ witha; > —2. Leta@ = >.I_ &;. Then:

1. Assuming n > 2 and o > —4(n — 1), with z,41 identified with z1, the following

bound hold
/Rz)n ,Hg"' (@i 2iv1) H (‘00 (i) dzl) <A (4.54)

2. Assuming n > 1, the following bound hold

n+l

/(Rs)n+1 Hg“t (@ zie1) H (b azi) 527 4.55)

Proof. First of all we bound all the functions <pé (z) by A™* times the characteristic
function for the set A = {z: [|z]ls < A}. We can therefore bound every g, (z;, Zi+1)

with positive «; by A% and restrict the integration of all the z; over A. The integral then
factorises into integrations of the form

£—1
o
/ [Tz = ziwtl8 az
i=k

where | <k <€ <nwithoy,...,op_1 < 0, and the integration is one of the following
cases

e an integration over zj, .. ., Z¢;

e an integration over zi, . .., zo—1 With z, = 0; or its “symmetric” case: an integration

over Zy+l, - - -, 2¢ With z; = 0;
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e an integration over Zx41, ..., Z¢r—1, where zx =z = 0;
e an integration over z1, ..., Z,, With z,4+ identified with z;.

In the first case, one can successively integrate the variables using the assumption ¢; >
—4, for instance

-1 -1
o 4 o
/ [T0zi =zl dze S 294 [T llzi =z 15"
A
i=k

i=k+1

The second case follows in a similar way by starting to integrate from z; or z; that is not
the one fixed to be 0.
For the third case, we can integrate zy41:

o o o
/ lzks1 s 1zt — zra2lls™! dziar S llzas2llst™
A

where 41 = ak + o1 +4. If g1 > 0, then we bound the right hand side above by
A%=+1and the rest of the integral falls into the second case. If a4+ < 0, then note that by
the assumption of the lemma, a4+ > —2 — 4 +4 = —2, and therefore we can proceed
to integrate zx4> in the same way as zx+1. We iterate this procedure until either it reduces
to the second case, or k + 2 = £ — 1, namely zz4> is the last integration variable and we
are left with

a2 -
/ lze—1lls llze—1lls™" dze—1
A

where @y = f;,g o +4(f —k —2). Thensince @y +op_1 > —2 —2 = —4,itis

integrable and bounded by Ak (k= D Since there is an overall factor A ~#(¢=*=1

from all the functions go())‘, one obtains the desired bound.

The last case happens only when gg, (x, y) = ||x — y||§’ foreveryi € {1,...,n},so
that we are in a situation of a whole cycle consisting of n points. We can integrate the
variables one by one from z; to z,_5 as in the third case, and the condition o; > —4
guarantees integrability. Then we are left with an integration of ||z,—1 — z, ||§+4(n72)’
and by the assumption on & one has @ + 4(n — 2) > —4, so we can integrate z,_1, 2
over A to get a factor A%*#". With the overall factor A~#" from test functions we obtain
the desired bound. O

4.4. Moments of ‘-I-'é‘k. We now turn to consider the objects defined in (4.2), whose mth
moment, with m = 2N, can be expressed as

2N
Bl v =[] [[ dhoo k- - ke teowlaray|” ] @se

In this subsection we show the required bounds for the case k = [.

Similarly as in Sect. 4.1, we would like to rewrite the 2/Nth power of the integral
as an integral over 4N variables, which again leads us to a situation with 2m = 4N
charges, and we denote by M a set of cardinality 2m indexing them. Again, each charge
i € M comes with a sign o; € {£}, an index h; = k, and a location x; € R3. There
are again m positive charges (corresponding to the arguments of \P§ ) and m negative
charges (corresponding to the arguments of \i’é‘).
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Observe that in (4.56), x and y are both arguments of \Ilff, rather than one for \Ilé‘

and the other for W¥ as in the discussion for W** in Sect. 4.1. Due to this difference, we
abandon the notation R defined in Sect. 4.1, and consider in this subsection the situation
where the 2m charges are partitioned into a set R’ of m disjoint oriented pairs such that
there are N pairs containing two positive charges and N pairs containing two negative
charges.

Proof of Theorem 4.3 for \Iiifk. Recall our notation that for any pair e = {i, j} (not

necessarily in R’), we define a quantity Ag(s) by

def

Te,e = Te(xi — xj)o,-a_,-‘

It is straightforward to check that

_B2 2_
El(gg, Wi = e 1)Qs<0>/(R3)M

(H wé(Q)K(e))( H jfj)dx.

eeR/ ecE(M)

By the procedure in Sect. 3, with J chosen to be jskz which certainly satisfies (3.13),
one obtains a pairing S for each configuration of the 2m charges. Therefore,

Blih. v < 50 S [ (T] ghcep]e@])( [T 57) dx.
S feS

ecR/

where the sum runs over all possible positive-negative pairings of the 2m charges. Note
that this time, for every factor K (e) appearing in the integrand, the two charges in e have
the same sign, while in every factor j& r appearing above, the two charges of the pair
f have opposite signs. In other words, we have

SNR =0,

for every S in the summation. This makes the construction of the objects WXk much
easier. One can then bound the integral for each S. When k = 1, the integration falls
into the scope of Lemma 4.20 and the required bound for ¥$ follows immediately. The
bounds for ¥® — \I’? and the independence of mollifiers can be shown analogously as

before. When k > 1, the arguments are the same as for the case of lIJffk and the moments
converge to zero due to the factors . O

5. Second-Order Process Bounds for k PP [

This final section contains the proof of Theorem 4.3 for \Ifé‘l_ and WX with k # . These
are only required for the full proof of Theorem 1.1, but are not needed for the actual
definition of the limiting process loosely described by (1.1).

We now prove Theorem 4.3 for WX’ and WX where k # . As before, the mth moment
can be expressed as integrals over 2m variables. Therefore we are now again in a situation
with 2m = 4N charges, and we still denote by M the set of cardinality 2m. Each charge
i € M comes with a sign o; € {£}, an index h; € {k, [}, and a location x; € R3. There
are exactly m positive charges and m negative charges.

The current situation differs from that of Sect. 4.1 or 4.4 since indices of charges
vary. Therefore we should define new sets of pairs in place of R and R’ above.
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e For the case of \Dé‘l (resp. \1151), the 2m charges are partitioned into m disjoint (ori-
ented) pairs, and we call this set of pairs R (resp. R»), such that: there are exactly N
pairs in R of the type (—; [) — (+; k), and the other N pairs in R are of the type
(+;1) — (—; k); also, there are exactly N pairs in R, of the type (+;/) — (+; k),
and the other N pairs in R are of the type (—; ) — (—; k).

Proof of Theorem 4.3 for ‘llé‘l and \Ilfl_ with k # [. For any pair e = {i, j} (not neces-
sarily in R 2), we can define the quantity

je(s)  T(x; —xj) oiojhihj (5.1)

It is then straightforward to check that

7 B (1242
E|((p())‘,‘11§l)|m e 2m(k + 2)Q5(0)/
(RS)M

(T1 vbenk@) 1 2 ax.

eeR| ecE(M)
(5.2)

and \Iléd satisfies the same identity with R replaced by R».

Our current situation is different from before and we can’t directly apply the procedure
in Sect. 3, because there is not a unique function which plays the role of 7 in the procedure
of Sect. 3 any more (we have instead multiple ones JEM‘/ with h, i’ € {k,I}). In fact,
when two charges of opposite signs become close, the cancellations such as (3.19) in that
procedure do not necessarily hold anymore since these two charges could have different
indices.

Given such a configuration of indexed 2m charges, we construct a new configuration
of un-indexed m(k + 1) charges, in other words the charges all have index 1. The new
configuration is simply defined as follows. For each of the 2m charges, assuming that
it has a sign o and an index h € {k, [}, one regards it as & distinct charges, all having
the sign o and the same location. More formally, we denote by M a set of cardinality
m(k+1) and we fixamap 7 : M — M with the property that |7 ~!(i)| = h;. Fora € M
we will make an abuse of notation and write again x, for x;(,) and o, for o). We
remark that we do not mean to integrate over these “m (k +[) space—time points”: at the
end we will still integrate over only 2m space—time points. We claim that the following
bound holds

i B g —
El(¢j, wi)" S et ¢ %3

(T1 dbenik@l) T et —x)m dx
"M eer, li.j)eEM)

(5.3)
where the integration is still over x € (R*)?”, but the second product is now over pairs of
un-indexed charges in M. The function W* satisfies the same bound with R replaced
by Ra.

Remark 5.1. From now on we write R as a shorthand for either R or R,, depending
on whether we are considering the bound for ¥¥ or for W¥.

To see that (5.3) holds, note that for every i € M with index & € {k, [}, a new factor
Te (xj — xi)%h(h_l) appeared in the integrand when compared to (5.2). In fact, the factor

in front of the integral in (5.2) is bounded by rm+2=2) Eor each i € M with index

4 In other words the outgoing point is negative and indexed by /, and the incoming point is positive and
indexed by k.



980 M. Hairer, H. Shen

. . Bhih— Lpohe
h e {k, l_}, we associate to it a factor ¢ 2= < Telxi — x,-)2h(h D There are then a

total of ﬁTm(k(k — 1) +1(l — 1)) factors of ¢ that are turned into the new factors 7, (0)
in this way. We are left with a power of ¢ which is precisely the factor in front of the
integral in (5.3).

The above product of J;’s now falls again into the setting of Sect. 3 with the “po-
tential” function 7 simply being 7;, except that the points indexed by M are not all
distinct. This does not matter because one can just start for n sufficiently small so that

n — {Als A21 ) AZm}
where each of A, contains k or [ un-indexed charges with the same sign at the same
location. The bound ‘Hi#jeA J%% (x; — xj)‘ <CJ, "4 then holds trivially for each

A € A, defined above and we can start the recursive construction of Sect. 3 from there.
That procedure then provides a pairing S, for M and, writing

def ,f}7m — Oy
7, & g7 k=2 H Te(xj — x;)%

{i,j}eEWM)
as a shorthand, one has the bound
Bm i _
L e B T T (i —x)). (5.4)
{i,j}eSx

Note that on the right hand side, the total number of factors J, is %(k + 1), and the
total number of factors & is %(k + 1 — 2). In the following, we will use the fact that

ef < J. to “cancel” some of the factors 7.~ with the factors ¢#. We remark that after
such cancellations the number of factors 7~ will always be more by m than the number

of factors &P.

Given the pairing S, one can associate to it a graph G with vertex set M and edges
E in such way that {i, j} € E if and only if there exist a € 77 'G) and b € n_l(j)
such that {a, b} € S.. Of course, one then automatically has 0;0; = —1, i.e. the vertices

correspond to charges with opposite signs. Using the bound &/ J. S 1, we immediately
obtain from (5.4) the bound

T, < PEE TT T (i — ). (5.5)
{i.jleE
Since S, is a pairing of M, every vertex in G has degree at least one, so that in particular

|E| > m, but G is not necessarily connected.

The set of edges E interplays with the set R in the following way. In the case of
‘llﬁl, every element in R = R is a pair of charges having opposite signs. On the other
hand, for the case \I—'é‘l , every element in R = R, is a pair of charges having the same
sign. In both cases, every edge in E connects two points of opposite signs, therefore
E NRy = @, while E NR| may not be empty.

We now proceed to simplify the graph G in such a way that the bound (5.5) still holds
at each stage of the simplification. Since &? J; S 1, we are allowed to simply erase
edges, but we want to do this in such a way that there are at least m edges left at the end
(so that the prefactor contains a positive power of ¢) and so that the resulting graph is
as “simple” as possible. This simplification step is slightly different between the bound

on WX and that on W,
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For the case \Dé‘l , let g be a spanning forest of G. For each connected component
7 (which is a tree) of Fg, let i be a leaf of 7, and j be the unique vertex connected
to i. We erase all edges of the form {j, k} where k is a vertex but not a leaf of 7. We
obtain in this way a connected component which is a star (consisting of at least two
points) centred at j. Iterating this procedure, we can reduce ourselves to the case where
every connected component of G is a star with at least two vertices. Denote the resulting
graph by G. Note that the condition that every vertex has degree at least one still holds
for G1, so that there are indeed still at least m edges left.

In the case \Ilfl, we encounter one additional difficulty: since £ N R may be non-
empty in this case, the procedure described above may create a graph in which one of
the connected components is given by a single edge e which also happens to belong to
R. Going back to (5.3), this implies that the right hand side is bounded by a quantity
that containing a factor

/ K — 9| T (x — e () dx dy.

Unfortunately, this quantity diverges as ¢ — 0, so we should avoid such a situation. The
key observation is that since k # [, there does not exist any connected component of the
original graph G consisting of only one edge in R, so we tweak the procedure described
above in order to avoid creating one.

As before, we consider a spanning forest F; of G, and we denote by E (F) the set
of edges of F¢. This time, we furthermore let G| be the graph defined by contracting
all the edges in E(Fg) N 'R. More precisely, define an equivalence relation ~ on M by:
i ~ jif and only if {i, j} € E(Fg) N R. Obviously each equivalence class consists
of either one or two points of M. For every i € M, write [i] for its equivalence class.
The contracted graph F¢ has the set of equivalence classes as its set of vertices. for
[i'1 # [j'1 € Fg, {[i'], [j']} is an edge of Fg if and only if there existi € [i'], j € [j']
and {7, j} is an edge of F. Self loops of the form {[7], [{]} are not considered as edges
of F¢. Note that F¢ is necessarily a forest, with every tree component consisting of at
least 2 points.

We then erase edges of the forest F¢ according to the same procedure as in the case
\Ilkl and denote by E; C E (,7-"(;) the set of erased edges. This procedure turns ]-"G into
a graph G consisting of disjoint stars, with each star consisting of at least two points.
Each edge e € E| has an obvious counterpart in E(F¢), and we denote by G1 C F¢
the graph obtained from F¢ by erasing these. (In particular, G is obtained from G via
the contraction given by ~.) This graph has the following properties:

e E(G))NR = E(Fg) N'R, where E(G1) is the set of edges of G.
e Every connected component T of G is a tree, and contracting edges in E(T) N'R
turns 7 into a star.

The two pictures below illustrates two possible configurations of such a connected com-
ponent 7', where solid lines stand for edges in E(7) and dashed lines stand for edges in

R.
Je 2°. o _=° \__, — (5.6)
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Every connected component T C G correspondes to a connected component 7 of G,
which is a star by construction. Denote by [i] the centre of that star, choosing any of its
two vertices if it only consists of one edge. If [i] = {i, i’} € E(T) 'Ry, then at least one
of i and i’ necessarily have degree strictly larger than 1 in G1, for otherwise T would
consist of only one point. If both have degree strictly larger than 1 (as in the right hand
figure above), then we erase the edge {i, i’} and obtain two connected components, both
consisting of stars having at least two points. In this way, we can reduce ourselves to the
case when either [i] = {i}, or [i] = {i, i’} and i’ is of degree 1 in G. In either case, we
call i the root of the connected component 7 and we denote it by i7.

By construction, the root iz may connect to three types of edges:

e anedge {i7, i’} € R such thati’ has degree 1 - call it an edge of type i';

e anedge {iT, j} ¢ R such that j has degree 1 - call it an edge of type j;

e an edge {i7,k} ¢ R such that k has degree 2, and there exists kX’ € T such that
{k,k'} € E(T) N'R - call it an edge of type k.

See the left hand figure in (5.6) for an example showing each type of edge. Furthermore,
it follows from the construction that i7 is connected to at most one edge of type i’ and
to at least one edge of type j or k. Lemma 5.2 below then allows us to integrate out all
edges of type k. More precisely, if there exist edges of the type j connected to ir, then
we apply the first bound of Lemma 5.2 to integrate over the variables corresponding to
the vertices k and &’ of all the edges of type k connected to i7. After performing such
an integration, the bound (5.3) still holds, but with m lowered by 1 and the graph G
replaced by the new graph where the vertices k and k’, as well as the edges {i7, k} and
{k, k’} have been erased. Since the number of edges is reduced by 2 and m is lowered

by 1, we should indeed “use” one power of €, as required by Lemma 5.2. Note also

that the bound A>~# appearing in the right hand side of Lemma 5.2 is consistent with
the bound (4.5) we are aiming for.

If on the other hand there is no edge of type j connected to i, then we integrate out
all edges of type k except for one. If there then still remains an edge of type i’ we apply
the second bound of Lemma 5.2 to integrate the entire connected component. Again,
this preserves the bound (5.3) provided that we decrease m by 2 and remove the entire
connected components (now consisting of 3 edges and 4 vertices) from Gj.

Lemma 5.2. Let K¥(x, y) be a function that is given by either gp())‘(y)K(x — y) or
<p())‘(x)K(y — Xx). Then,

e / T (x — y)(lK“’(y, DTy (v — z)) dydz < 327P,
e / T = (1K . 01T w = 0) (1K 0177 (0 = ) S 447

where the second integral is over x, y, z and w. Both bounds hold with proportionality

constants that are uniform over g, A € (0, 1], and the first bound is furthermore uniform
3

over x € R°.

Proof. For the first bound, assume that K¥(y, z) = (pé(z)(l((y —2) — K(y)). We
bound the integral involving the two K terms separately. For the term with K (y — z), it

suffices to bqund &P J:(y —z) < 1, then integrate over y, and finally use the fact that
Jllx—z ||§_ﬁ 94 (2)dz < 227P. The latter bound is obtained by discussing the two cases
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lx]ls < 3A and ||x||s > 3A separately. For the term with K (y), bound 85\78_(x—y) <1,

then integrate over y and follow the same estimate as above. Assume on the other hand
that K¥(y, z) = ¢} (y)(K (z — y) — K (2)). For the term with K (z — y), integrating over

z yields a factor £2~# which, when multiplied by &P J; (x — ), can be bounded by

lx — y||§7’3 . It then remains to integrate over y in the same way as above. For the term

with K (z), we bound & J: (x —y) < 1 and then integrate over z and y similarly as
above.

For the second bound, integrating out y, z in the same way as above would result
in a non-integrable function [, K of w — x. Instead, we first integrate out the point in

. . . B . .
{x, w} at which goé is not evaluated making use of a factor ¢2. Since the techniques are
analogous with that used above we only give the result:

£ 2-38 2-38 -
et [ (1 =y i ) (100 017 0 - o)) ax dydz,

where x’ is the variable in {w, x} that is not integrated. This integral can be bounded in
the analogous way as the first bound above. O

In this way we obtain a graph G such that (5.5) still holds, and such that every
connected component of G is a star, which is the same situation as in the case \Ilifl.

For both cases of WX and WX if one of these stars consists of more than three points
(i.e. has more than two leaves), we can perform an additional simplification as follows.
Denote by j the centre of the star and by X the set of its leaves. Among all the distances
lxi — xjlls for i € X, let k be such that |lx; — xj||s is the shortest one, and pick an
i € X\{k} such that {i, k} ¢ R, which is always possible since one has at least two
distinct choices for i. We then use the bound J, (x; — x;) < J,; (x; — x¢) to change
the edge {i, j} into the edge {i, k} and erase the edge {j, k} without violating the bound

(5.5). Since in the case of \Iffl , i and k necessarily have the same sign, the newly formed
edge is such that {i, k} ¢ R.

The following picture shows an example of this operation, where each solid line
stands for an edge in the star, i.e. a factor 7.

l

N - A\ 5

Repeating this operation, we can reduce each star to disconnected components, where
each component has either two or three vertices. Again, the condition that every vertex
has degree at least one still holds, so that there are still at least m edges left.
Summarising this discussion, we have just demonstrated that one can always build
a graph G, consisting of disconnected components, where each component is a star
having either two or three vertices, and such that (5.5) holds. Furthermore, G, can
be chosen in such a way that its edges E, = E(G,) satisfy E, N R = &. In order

to deal with the components with three vertices, we define the function T, (x, y; z) =
Jo (x —2)J; (y — 2). Let T be the total number of appearances of the factor 7T; in

(5.5), i.e. the number of connected components of the type “~~" in G,. Note that T
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is necessarily an even number since the total number of charges is even and each such
component involves three of them.

The total number of edges in the graph G, is equal to m + 5, so that the prefactor
appearing in (5.5) is given by £#%/2. In other words, (5.5) contains exactly one factor
J, for each connected component of the type e and one factor eP/2T, for each
connected component of the type “~".

We now return to the task of actually estimating the full right hand side of (5.3). We
can depict this by also drawing a dashed arrow e----»e for every occurrence of K (e),
i.e. for every edge in R. Consider now the graph G whose edges are the union of the
“plain” edges in G, and the “dashed” edges in R. If t = 0, then the topology of G is
very simple: since the edges of G, are disjoint from those of R and since both sets of
edges form a pairing of the vertex set M, it simply consists of a finite number of cycles
which alternate between plain and dashed edges, so that we are in the situation of (4.48)
of Lemma 4.20 with all the «; given by —f € (—4, —2]. Furthermore, each of these
cycles involves at least four vertices as required by the definition of F there, so that the
assumptions of Lemma 4.20 are satisfied and do yield the required bound.

We therefore now consider all the possible ways in which the factors T (x, y; z)
can interplay with the kernels K in the graph G. The presence of these factors can
either create connections between cycles or it can terminate them and create “ends”. For
i=1,...,6,denote by V; = Vi(x, y, z, X, ¥, 7) the following functions describing all
possible ways of creating a connection, where a plain line connecting two variables x
and y denotes a factor (||y — x||s+&)~#, which is an upper bound for J, (x — y), and a
dashed arrow connecting x to y denotes a factor |K (x — y)|. We ignore the presence of
the test functions go())‘ in (5.3) at this stage, but we will restrict ourselves to the situation
where the corresponding variables (i.e. the variables located at the tip of a dashed arrow)
are of parabolic norm less than X.

w A w Y ey
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For example, one has

Vi=IKGE = 0KG = NKE— DIz —xls+0) Pz = ylls+e) 77,

and similarly for the other V;. Using the same graphical notation, the different possible
ways of creating an “ending” are described by the following functions E; with i €
{1,2,3,4}:

\f _Z/ ~$\ Yy ~$\ Yy Al Yy
Eq: \ / Es: \/\\ FEs: \/\’ FEy: \/\’
2 2o’ M M

These are viewed as functions of x, y, z and w. Note that E3 and E4 only differ by the
direction of an arrow between x and w, while for E| and E; the direction of that arrow
is not important when bounding them.

In order to bound the contributions coming from these factors, we integrate them
over those variables that are depicted by a circle (as opposed to a black dot) in the
above pictorial representations. Note that these integration variables are never located
at the tip of a dashed arrow, so we do not need to take into account the presence of the
test functions wé when we integrate them out. We further introduce the notation V&)
as a shorthand for the function f Vi(x,y,z,x%,y,2) dx, where we integrated out the x
variable, V) for the function obtained from V by integrating out both the x and the
y variable, etc.

With this notation, we then have the following bounds:

Lemma 5.3. Let V; and E; be defined as above and assume that the variables located at
the tip of a dashed arrow are bounded by A. Then, for B € [2, 8/3), one has the bound

g - - -3B -38 -
IV SIKGE > DKG = I (Ix =2l + Iy —2127) 1K 2 > D),

uniformly overe, ) € (0, 1], andsg Va is bounded by the same expression with K (z — Z2)
replaced by K (z — z). We furthermore have the bounds

8 _B _ _8 _
eTV) SRR G - 0lx — 2l IKGE - 2,

B (v B 33 B ) 3z
g2V VetV D <A K @E - x)l, g2V <a0736,

B B B _B B 3z
P B Vet EY 02 x — o)l 1K G w)l, 2 ES S a4

12 _B 3 .y
eTEQ 53275 Iy = x5 + 13157 ) K (w > )1
Proof. In the proof [Hail4, Lemma 10.14] will be repeatedly applied without explicitly

mentioning it every time. The bound for V| is then obtained using (4.47) and the uniform
bound

P2 (Ixlls + &) F < )52 (5.8)

The bound for V; follows in the same way.
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The bound for V3 is obtained by using again (5.8), then integrating over y:

-4 -8 a8
Iy —zlls *IKG = y) = K(=ldy SIlls > SA°72,

where the last inequality uses the fact that y is a variable located at the tip of a dashed
arrow (and therefore eventually arising as an argument of ¢ M), so that we assumed Iy || 5

A. Regarding the bound for V4, integrating over y results in a factor ||y —z || p + Iz || p
Then one uses again (5.8) and applies (4.47), integrates over z, and finally observes that
4—5 ﬂ > 0 and x, y, z all have norms bounded by A by assumption.

To obtain the bound for Vs, one uses the bound

3 8 —3B/4
Pl (1x — zlls +£) P < Jlx — 215 P, (5.9)

integrates out x using the fact that the function K arises as a difference, and 2 — % B e
(0, 1), and finally observe that x, y, z are all within a distance A from the origin. Then
one treats y in the same way as x.

To obtain the bound for Vg, one uses again (5.9), then use gradient theorem for
K (x — X) to obtain a factor ||X||s < A times a function of x and X of homogeneity
—3. Then integrate out x and obtain a function of homogeneity 1 — ,3 < 0. One
then treats y in the same way as x, and apply (4.47) to get a function of homogeneity

,3 < 0. Finally, we integrate out z using that K arises as a difference, and obtain a
power4 — —ﬂ € (0, 1] of A.

To obtam the bound for E;, we simply note that if we set y = x in V3 divided by
K(x — x), then the resulting function is equal to E; after an obvious relabeling of
variables, except that 7 — z in V3 while the corresponding arrow between x, w in E}
can be pointing to either direction.

Since the bound we obtained on V3(y) is independent of y and its proof did not use
the fact that z is the tip of an arrow, it immediately implies the required bound on Ej.

The bound for E> can be obtained analogously as that for £ by taking y = z now
in V3, and noting that the proof of the bound for V3 did not use the fact that x is the tip
of an arrow. The bound for E3 can be shown by setting z = x in Vj.

Regarding the bound for E4, note that one has

2-B_s B _41s B _41s
IK(y —2) = K= S ylls * (||y_Z||52 +1zlls )

for any small § > 0. The integration over z involving the first term above is performed by
applying (5.8) to y —z to get a factor ||y — z ||;’3 /2 , followed by a convolution. Regarding

the second term above, apply (5.8) to x — z to get a factor ||x — zl|s & , then bound

2 +5
e — 21320202 < e — 27 4
that [|ylls < A, we obtam the desired bound. O

-4 and finally integrate over z. Noting

Remark 5.4. The bounds obtained in Lemma 5.3 all preserve the natural homogeneities
associated to each of the expressions appearing there in the following way. The natural

homogeneity associated to ¢#/2V; is —6 — 38/2, since K has a singularity of order —2
at the origin. Furthermore, the scaling dimension of parabolic space—time is 4, so that

each integration should increase the homogeneity by 4. For example, b2 V4(y “) then
has natural homogeneity 2 — 38/2, which is also the case for A*38/2K .
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For each of the V;, the bound of Lemma 5.3 greatly simplifies the dependency struc-
ture of the resulting integrand. In the case of V;—V3, the “triple junction” is replaced by
a “double junction” and an “endpoint”, while it is replaced by three “endpoints” in the
case of V4—Vs. After applying the bounds of Lemma 5.3 to each occurrence of T, one
may obtain “singletons”, i.e., a factor of the type | (p(’} (x) dx. This happens for instance
in the situation where the oriented edge x — X of one instance of Vg is the same as the
oriented edge x — x of one instance of V4. In this case, the bounds in Lemma 5.3 yield
a factor [ <p())‘ (y) dy, where y is the integration variable depicted by the vertex located at
the end of that oriented edge. Since (p())‘ integrates to a constant independent of A, such
“singletons” can simply be discarded.

As a consequence, we are left with only cycles and chains consisting of functions
with known homogeneities and <p3 - K’s in an alternative way (one (p())‘ XK@y — x)
followed by such a homogeneous function, then followed by another ga())‘ - K etc.) Here,
a function in a cycle, or in a chain but not at the two ends of the chain, can be one of the
following three functions

A -8 -3f
oKy = x), llx = ylls™, llx —yls >

A function at an end of a chain can be one of the two functions

) K(y — x), @) x = ylls”.

where, in both cases, the variable x is the one that terminates the chain. Note that the

bound for E4 gives a term kz_g ||y||;’S |K(w — x)[, and since there is a test function
goé (v), we simply integrate over y and obtain an end of chain of the first type.

Let us recapitulate now the situation so far. Recall that our aim is to prove that the
bound (4.5) holds, where the right hand side is given by A to the power (2 — 8) m. The
left hand side on the other hand is given by (5.3), which is also naturally associated with
the homogeneity (2 — ) m, provided that one associates homogeneity 1 to each power
of &, homogeneity —2 to each factor K, 4 to each space—time integration variable, —4
to each factor <p())‘, and § to each factor .7, noting that the total homogeneity contributed

from the product of factors J; is — ﬁTm k+1).

All of the subsequent simplifications (applying the procedure in Sect. 3; applying the
bound &f J: S 1, applying Lemma 5.2, applying the bound (5.7), and finally applying
Lemma 5.3) retain this homogeneity. At this point, as a consequence of the right hand
sides of the bounds appearing in Lemma 5.3, our bound does not contain any factor &
anymore. Summarising, the right hand side of (5.3) is bounded by a sum such that each
summand is of the type A” (for some y > 0), multiplied by a product of terms that
have precisely the form of the left hand sides of (4.48) and/or (4.49). The sum of the
natural homogeneities (counted in the same way as above) of these factors is precisely

equal to A2=A"=7 5o that the claim follows if we can guarantee that the assumptions
of Lemma 4.20 are satisfied for each factor. This is because the powers h(L), h(C) of A
appearing in Lemma 4.20 are indeed equal to the natural homogeneities associated with
the corresponding integrals counted in the same way as above.

Since we are considering the regime § € [2, ), we have in particular2 < § < 3£ <
4, which shows that the exponents «; appearing in the formulation of Lemma 4.20 do
indeed belong to (—4, —2] as required. Also, each cycle resulting from the formation
of “double junction” after applying Lemma 5.3 to Vi, V;, V3 obviously has at least 4
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points, so that the assumptions of Lemma 4.20 are indeed satisfied. This immediately
yields the required bound (4.5) with « = 0. To conclude, we note that just as in the

bound for \Ilé‘k for k > 1, one can gain a factor &® for a sufficiently small § > 0 by
“pretending” that the homogeneity of 7, is slightly worse than what it really is, so that

the required moments of \Pé‘l and \Dé‘l actually converge to zero as ¢ — 0. The same
argument also covers the borderline case 8 =2. 0O
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