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1. Introduction

Jones classified the indices of subfactors of type II; in [13]. It is given by
{4cos®(Z),n =34, -} U[4,00].
n

For a subfactor N' C M of type II; with finite index, the Jones tower is a sequence
of factors obtained by repeating the basic construction. The system of higher relative
commutants is called the standard invariant of the subfactor [8,35]. A subfactor is said
to be of finite depth, if its principal graph is finite. The standard invariant is a complete
invariant of a finite depth subfactor [35].
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Subfactor planar algebras were introduced by Jones as a diagrammatic axiomatization
of the standard invariant [17]. Other axiomatizations are known as Ocneanu’s paragroups
[30] and Popa’s A-lattices [37]. Each subfactor planar algebra contains a Temperley—Lieb
planar subalgebra which is generated by the sequence of Jones projections. When the
index of the Temperley—Lieb subfactor planar algebra is 4 COSQ(nLH), its principal graph
is the Coxeter—Dynkin diagram A,,.

Given two subfactors Y C P and P C M, the composed inclusion N' C P € M
tells the relative position of these factors. The group type inclusion R?T C R C R x K
for outer actions of finite groups H and K on the hyperfinite factor R of type II; was
discussed by Bisch and Haagerup [5].

We are interested in studying the composed inclusion of two subfactors of type A, i.e.,
a subfactor ' C M with an intermediate subfactor P, such that the principal graphs
of N C P and P C M are type A Coxeter-Dynkin diagrams. From the planar algebra
point of view, the planar algebra of N' C M is a composition of two Temperley—Lieb
subfactor planar algebras. Their tensor product is well known [17,23]. Their free product
as a minimal composition was discovered by Bisch and Jones [6], called the Fuss—Catalan
subfactor planar algebra. In general, the composition of two Temperley—Lieb subfactor
planar algebras is still not understood.

The easiest case is the composed inclusion of two A3 subfactors. In this case, the index
is 4, and such subfactors are extended type D [8,36]. They also arise as a group type
inclusion R¥ ¢ R ¢ R x K, where H = Zs and K = Zs.

The first non-group-like case is the composed inclusion of an A3 with an A4 subfactor.
Its principal graph is computed by Bisch and Haagerup in their unpublished manuscript
in 1994. Either it is a free composed inclusion, then its planar algebra is Fuss—Catalan;
or its principal graph is a Bisch-Haagerup fish graph as

Then they asked whether this sequence of graphs are the principal graphs of subfactors.
The first Bisch—Haagerup fish graph is the principal graph of the tensor product of
an A3 and an A, subfactor. By considering the flip on R ® R, Bisch and Haagerup
constructed a subfactor whose principal graph is the second Bisch—Haagerup fish graph.
Later Izumi generalised the Haagerup factor [1] while considering endomorphisms of
Cuntz algebras [10], and he constructed a Haagerup-Izumi subfactor for the group Z4 in
his unpublished notes, also called the 3%4 subfactor [31]. The third Bisch-Haagerup fish
graph is the principal graph of an intermediate subfactor of a reduced subfactor of the
dual of 3%4 [12]. It turns out the even half is Morita equivalent to the even half of 3%4.
In this paper, we prove the following classification result.

Theorem 1.1. There are exactly four subfactor planar algebras as a composition of an As

with an A4 planar algebra.
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This answers the question posed by Bisch and Haagerup. When n > 4, the nth
Bisch—Haagerup fish graph is not the principal graph of a subfactor. In the meanwhile,
Izumi, Morrison and Penneys have ruled out the 4th—10th Bisch—Haagerup fish graphs
using a different method, see [12].

Three of the four subfactor planar algebras have finite depth which are complete
invariants of subfactors of the hyperfinite factor of type II; [35]. The Fuss—Catalan one
has infinite depth. It can also be realised from a hyperfinite subfactor [38].

By similar techniques, we also prove the following classification result.

Theorem 1.2. There are exactly four subfactors planar algebras as a composition of two
Ay planar algebras.

Our classification result is also important to the classification of small index subfac-
tors. The index 3 + /5 is the next frontier after 5 where the subfactor planar algebras
were completed classified recently [18,28,26,11,32]. Some interesting examples and clas-
sification results are known up to this index [27,25].

Now we sketch the ideas of the proof. Following the spirit of [33,2], if the principal
graph of a subfactor planar algebra is the nth Bisch—Haagerup fish graph, then by the
embedding theorem [19], the planar algebra is embedded in the graph planar algebra of
its principal graph [14]. By the existence of a “normalizer” in the Bisch-Haagerup fish
graph, there will be a biprojection [3] in the subfactor planar algebra, and the planar
subalgebra generated by the biprojection is Fuss—Catalan. The image of the biprojection
is determined by the unique possible refined principal graph, see Definition 3.14 and The-
orem 3.26. Furthermore the planar algebra is decomposed as an annular Fuss—Catalan
module, similar to the Temperley—Lieb case, [15,20]. Comparing the principal graph of
this Fuss—Catalan subfactor planar algebra and the Bisch-Haagerup fish graph, there
is a lowest weight vector in the orthogonal complement of Fuss—Catalan. It will satisfy
some specific relations, and there is a “unique” potential solution of these relations in
the graph planar algebra.

The similarity of all the Bisch-Haagerup fish graphs admits us to compute the coeffi-
cients of loops of the potential solutions simultaneously. The coefficients of two sequences
of loops have periodicity 5 and 20 with respect to n. Comparing with the coefficients of
the other two sequences of loops, we will rule out the all the Bisch—Haagerup fish graphs,
except the first three.

The existence of the first three follows from the construction mentioned above. The
uniqueness follows from the “uniqueness” of the potential solution.

Furthermore we consider the composition of two A4 planar algebras in the same
process. In this list, there are exactly four subfactor planar algebras. They all arise from
reduced subfactors of the four compositions of A3z with Ay.

The skein theoretic construction of these subfactor planar algebras could be realised
by the Fuss—Catalan Jellyfish relations of a generating vector space.
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2. Background
We refer the reader to [16] for the definition of planar algebras.

Notation 2.1. In a planar tangle, we use a thick string with a number k to indicate k
parallel strings.

A subfactor planar algebra . = {%, 1+ }nen, Will be a spherical planar *-algebra
over C, such that dim(.%, 1) < oo, for all n, dim(# +) = 1, and the unnormal-
ized Markov trace induces a positive definite inner product of .7, 1 [16,17]. Note that
dim(.#,4+) = 1, then % + is isomorphic to C as a field. It is spherical means

©® &P
el

<y, z>=tr(z'y) =

the Markov trace of z*y, for any y,z € .%, 1, is positive definite. (The diagram of the
multiplication z*y is not the usual convention. The usual multiplication is from the
bottom to the top.)

A subfactor planar algebra is always unital, where unital means any tangle without
inner discs can be identified as a vector of .. Note that .#j 4 is isomorphic to C, the

(shaded or unshaded) empty diagram can be identified as the number 1 in C. The value
of a (shaded or unshaded) closed string is §. And 5_“3“‘ n2 {in.#, ., denoted by e,_1,

for n > 2, is the sequence of Jones projections. The filtered Aalgebra generated by Jones
projections is the smallest subfactor planar algebra, well known as the Temperley—Lieb
algebra, denoted by TL(4). Its vectors can be written as linear sums of tangles without
inner discs.

Notation 2.2. We may identify .7}, _ as a subspace of .%},,41 4+ by adding one string to
the left.

Definition 2.3. Let us define the (1-string) coproduct of z € % + and y € 7 «, for
i,7 > 1, to be
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whenever the shading matched.

Let us recall some facts about the embedding theorem. Then we generalize these
results to prove the embedding theorem for an intermediate subfactor in the next section.

2.1. Principal graphs

Suppose N C M is an irreducible subfactor of type II; with finite index. Then L?(M)
forms an irreducible (N, M) bimodule, denoted by X. Its conjugate X is an (M,N)
bimodule. The tensor products X @ X ® --- X, XX ® - X, XX ® - X
and X ® X ® ---® X are decomposed into irreducible bimodules over (N, N), (N, M),
(M,N) and (M, M) respectively, where ® is Connes fusion of bimodules.

Definition 2.4. The principal graph of the subfactor N' C M is a bipartite graph. Its
vertices are equivalence classes of irreducible bimodules over (M, N) and (N, M) in the
above decomposed inclusion. The number of edges connecting two vertices, an (N, N)
bimodule Y and an (N, M) bimodule Z, is the multiplicity of the equivalence class of Z
as a sub bimodule of Y ® X. The vertex corresponding to the (N, N) bimodule L?(N) is
marked by a star sign. The dimension vector of the bipartite graph is a function A from
the vertices of the graph to R™. Its value at a vertex is defined to be the dimension of
the corresponding bimodule.
The dual principal graph is defined similarly for (M, M) and (M, ) bimodules.

Remark 2.5. By Frobenius reciprocity, the multiplicity of Z in Y ® X equals to the
multiplicity of Y in Z ® X.

2.2. Standard invariants

For an irreducible subfactor A C M of type II; with finite index, the Jones tower is
a sequence of factors N C M C My C My C - - - obtained by repeating the basic con-
struction. The system of higher relative commutants

C=N'NN C N'NM c NnM; € NnMy C
U U U
C=MnM c MnM; ¢ MnM; C

is called the standard invariant of the subfactor [8,35].
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There is a natural isomorphism between homomorphisms of bimodules X@ X®- - -®X,
XX® X, X®X® X and X®X®---®X and the standard invariant of the
subfactor [4]. The equivalence class of a minimal projection corresponds to an irreducible
bimodule. So the principal graph tells how minimal projections are decomposed after the
inclusion. Then we can define the principal graph for a subfactor planar algebra without
the presumed subfactor. The following two propositions are well known to experts.

Proposition 2.6. Suppose . is a subfactor planar algebra. If Py, Py are minimal projec-
tions of S+, then Piemii1 4, Paemir,+ are minimal projections of S y2 . Moreover
Py and Py are equivalent in .y, + if and only if Piepy1 and Poepy1 are equivalent in

S mt2, 4

Proposition 2.7 (Frobenius reciprocity). Suppose % is a subfactor planar algebra. If
P is a minimal projection of S+ and Q is a minimal projection of Fp41 4, then
dim(Pym+1’+Q) = dim(Pem+1Ym+27+Q),

By the above two propositions, the Bratteli diagram of .7, 1 C .%},,41,4 is identified
as a subgraph of the Bratteli diagram of .7, 11 + C %42 4. So it makes sense to take
the limit of the Bratteli diagram of ., ; C ;41 + as m approaches infinity.

Definition 2.8. The principal graph of a subfactor planar algebra % is the limit of the
Bratteli diagram of .7, + C #,41,+. The vertex corresponding to the identity in .7y 1
is marked by a star sign. The dimension vector A at a vertex is defined to be the Markov
trace of the minimal projection corresponding to that vertex.

Similarly the dual principal graph of a subfactor planar algebra . is the limit of the
Bratteli diagram of ., — C .#},,11,—. The vertex corresponding to the identity in %5 _
is marked by a star sign. The dimension vector X’ at a vertex is defined to be the Markov
trace of the minimal projection corresponding to that vertex.

The Bratteli diagram of .7, + C %41+, as a subgraph of the Bratteli diagram of
Fm+1,4+ C S mi2+, corresponds to the two-sided ideal ., 41 4 of #,41,4 generated by
the Jones projection e,,. So the two graphs coincide if and only if .7, 41 4+ = Fmt1,+-

Definition 2.9. For a subfactor planar algebra .7, if its principal graph is finite, then the
subfactor planar algebra is said to be finite depth. Furthermore it is of depth m, if m is
the smallest number such that 7,41 + = S mp1,+€mm+1,+-

Definition 2.10. A vertex v in the principal graph has depth m if the distance between
v and the star vertex is m. The vertex has multiplicity n if there are n length-m paths
from the star vertex to v.
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A depth-m vertex in the principal graph corresponds to a central component in
Fm+/Fm,+. The vertex has multiplicity n tells that the central component is an n
by n matrix algebra. Therefore the dual of the vertex has the same multiplicity.

2.3. Finite dimensional inclusions

We refer the reader to Chapter 3 of [21] for a discussion of inclusions of finite dimen-
sional von Neumann algebras.

Definition 2.11. Suppose A is a finite dimensional von Neumann algebra and 7 is a
trace on it. The dimension vector A\7; is a function from the set of minimal central
projections (or equivalence classes of minimal projections or irreducible representations
up to unitary equivalence) of A to C with following property, for any minimal central
projection z, A% (z) = 7(x), where x € A is a minimal projection with central support z.

The trace of a minimal projection only depends on its equivalence class, so the dimen-
sion vector is well defined. On the other hand, given a function from the set of minimal
central projections of A to C, we can construct a trace of A, such that the corresponding
dimension vector is the given function. So the map A — A7; is a bijection.

Let us recall some facts about the inclusion of finite dimensional von Neumann alge-
bras By C Bs.

The Bratteli diagram Br for the inclusion By C B; is a bipartite graph. Its even or
odd vertices are indexed by the equivalence classes of irreducible representations of By or
By respectively. The number of edges connects a vertex corresponding to an irreducible
representation U of By to a vertex corresponding to an irreducible representation V' of
By is given by the multiplicity of U in the restriction of V' on By.

Let Bry be the even/odd vertices of Br. The Bratteli diagram can be interpreted
as the adjacency matrix A = Agé : L*(Br_) — L*(Bry), where A, , is defined as the
number of edges connects u to v for any u € Bry, v € Br_.

Proposition 2.12. (See [13].) For the inclusion By C By and a trace T on it, we have
g, = MG

If the trace 7 is a faithful state, then by GNS construction we will obtain a right B;
module L?(B;). And L?(By) is identified as a subspace of L?(B;). Let e be the Jones
projection on to the subspace L?(By). Let By be the von Neumann algebra (B; U {e})”.
Then we obtain a tower By C B; C By which is called the basic construction. Furthermore

if the tracial state 7 satisfies the condition A*AA; = pAp for some scalar p, then it

AT
is said to be a Markov trace. In this case the scalar p is [|A||?. Then A7 = [6/\670 ] is a
B

A
Perron—Frobenius eigenvector for [ /8* 0 ] .
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Definition 2.13. We call A™ the Perron—Frobenius eigenvector with respect to the Markov
trace 7.

Remark 2.14. The existence of a Markov trace for the inclusion By C B; follows from
the Perron—Frobenius theorem. The Markov trace is unique if and only if the Bratteli
diagram for the inclusion By C B; is connected.

We will see the importance of the Markov trace from the following proposition.

Proposition 2.15. If 7 is a Markov trace for the inclusion By C Bi, then T extends
uniquely to a trace on Bo, still denoted by 7. Moreover T is a Markov trace for the
inclusion By C Bs.

In this case, we may repeat the basic construction to obtain a sequence of finite
dimensional von Neumann algebras By C By C By C B3 C --- and a sequence of Jones
projections e, ez, €3 - - -.

2.4. Graph planar algebras

Given a finite connected bipartite graph I'; it can be realised as the Bratteli diagram
of the inclusion of finite dimensional von Neumann algebras By C By with a (unique)
Markov trace. Applying the basic construction, we will obtain the sequence of finite
dimensional von Neumann algebras By C B1 C By C B3 C ---. Take ./, 4 to be By N B,
and .7, — to be B{NBy,41. Then {7, +} forms a planar algebra, called the graph planar
algebra of the bipartite graph I'. Moreover .#,, + has a natural basis given by length 2m
loops of I'. We refer the reader to [14,19] for more details. We cite the conventions used
in Section 3.4 of [19].

Definition 2.16. Let us define ¥4 = {%,, 1} to be the graph planar algebra of a finite
connected bipartite graph I'. Let A be the Perron—Frobenius eigenvector with respect to
the Markov trace.

A vertex of the I corresponds to an equivalence class of minimal projections, so A is
also defined as a function from V4 to RT. If I' is the principal graph of a subfactor, then
its dimension vector is a multiple of the Perron—Frobenius eigenvector. In this paper, we
only need the proportion of values of A at vertices. We do not have to distinguish these
two vectors.

Let V4 be the sets of even/odd vertices of T', and let £ be the sets of all edges of
I" directed from even to odd vertices. Then we have the source and target functions
s:&—=Vyandt: & — V_. For a directed edge € € £, we define €* to be the same
edge with an opposite direction. The source function s : £* = {¢*|e € £} — V_ and the
target function ¢ : £* — V. are defined as s(e*) = ¢(e) and t(e*) = s(e).
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A length 2m loop in %, + is denoted by [e1€5 - - - £2,n—165,,] satisfying

t(ek+1), for all odd k < 2m;
€x+1), for all even k < 2m;
(iii) t(ed,,) = s(eam) = t(e1).

I
=

The graph planar algebra is always unital. The unshaded empty diagram is given by
Zvev+ v; and the shaded empty diagram is given by > ), v. It is worth mentioning
that the Jones projection is given by

N
..... ! s(e1)=s(e3)

Now let us describe some elementary actions on ¥.
The adjoint operation is defined as the anti-linear extension of

[e165 - €2m—165,,]" = [E2amEdyy—1 - €267

For ¢, _, we have similar conventions.

For ly,ly € Y+, i = [€165 - - - €am—165,,), l2 = [£165 - - - Eam—182m], We have

1
1
$ m.: _ H1gk§m 65m+k7‘5m+1—k le165 - e ma1 -+ Eam—183,,]  When m is even;
[ * * * :
$ : ngk:gm 55m+k,§m+1—k [6152 e €m£7n+1 e §2m—1§2m] When m1s Odd
1

®
&

* * * * o .
) s(e)=s(en) [E163  EpEE Emg - Eam—1E5,,]  When m s even;
. - * * * * la
: l_ He)=t(en) (€165 EmETEES 1+ + - Eam—1E3y]  When m is odd.
.
» m-1J ]
== - A(s(em)) * * * * : .
Lo 1: ! ’ : { [ — m[a@ e Ef EE¥Emi  Eam—1E5y,]  When m is even;
' 1
- 1
1

1 - A(t(em)) * k. _k * :
: l ; Ocrm emit Wgz))[alaz e EmETEE 1 Eam—1€5,,] when m is odd.

Definition 2.17. The Fourier transform F : %, + — %, —, m > 0 is defined as the linear
extension of

A(s(g2m)) [ A(s(em)) [ % . '
F(le165 -+ eam_165,]) = \/z\(t(em)) \/)\(t(sm)) [€5,,6165 - -~ €2m—1] for m even;
2 m—1€2m, A(s(e2m)) At(em)) [5* clet g ] for m odd
At(eam)) V X(s(em)) [F2m=1E2 2m—1 .

Similarly it is also defined from ¥, — to %, +.
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The Fourier transform has a diagrammatic interpretation as a one-click rotation

Definition 2.18. Let us define p to be F2. Then p is defined from %, + to %, ; as a
two-click rotation for m > 0,

plleres - cam-123,]) = \/ pr— \/ s feamseimercs - eam-acim ol

It is similar for ¢, _.

In general, the action of a planar tangle could be realised as a composition of actions
mentioned above. It has a nice formula, see page 11 in [14].

2.5. The embedding theorem
For a depth 2r (or 2r + 1) subfactor planar algebra .#, we have
Fmt1,4+ = I+l +emTmtl+ = Fm,+€m+17m,+, whenever m > 2r + 1.

So -1+ C Fm+ C Fmy1,+ forms a basic construction. Note that the Bratteli
diagram of %5,  C #5414+ is the principal graph. So the graph planar algebra ¥
of the principal graph is given by

! !
Geot = For e N L2kt Do = Lopp1 4 NS 2rpbs1,4-

Moreover the map ® : .¥ — ¢ by adding 2r strings to the left preserves the planar
algebra structure. It is not obvious that the left conditional expectation is preserved. We
have the following embedding theorem, see Theorem 4.1 in [19].

Theorem 2.19. A finite depth subfactor planar algebra is naturally embedded into the
graph planar algebra of its principal graph.

Remark 2.20. The embedding theorem for general cases is proved in [29].

2.6. Fuss—Catalan

The Fuss—Catalan subfactor planar algebras were discovered by Bisch and Jones as free
products of Temperley—Lieb subfactor planar algebras while studying the intermediate
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subfactors of a subfactor [6]. We refer the reader to [7,22] for the definition of the free
product of subfactor planar algebras. It has a nice diagrammatic interpretation. For
two Temperley—Lieb subfactor planar algebras TL(d,) and TL(dp), their free product
FC(04,0p) is a subfactor planar algebra. A vector in FC(dq4,3)m,+ can be expressed
as a linear sum of Fuss—Catalan diagrams, a diagram consisting of disjoint a, b-colour
strings whose boundary points are ordered as abba abba - - - abba, m copies of abba, after

m
the dollar sign. It is similar for a vector in FC(d4,0p)m,—, while the boundary points
are ordered as baab baab - - -baab. For the action of a planar tangle on a simple tensor

of Fuss—Catalan diagranr}ls, first we replace each string of the planar tangle by a pair
of parallel a-colour and b-colour strings which matches the a,b-colour boundary points,
then the output is gluing the new tangle with the input diagrams. If there is an a or
b-colour closed circle, then it contributes to a scalar d, or d;, respectively.

The Fuss-Catalan subfactor planar algebra FC(d,,d) is naturally derived from an
intermediate subfactor of a subfactor. Suppose N’ C M is an irreducible subfactor with
finite index, and P is an intermediate subfactor. Then there are two Jones projections
ex and ep acting on L?(M), and we have the basic construction N' C P € M C
P1 C M. Repeating this process, we will obtain a sequence of factors N C P C M C
P C My C P, C My--- and a sequence of Jones projections enr, ep, enr, €p, -
The algebra generated by these Jones projections forms a planar algebra, denoted by

FC(b,,0p), where 0, = /[P :N] and §, = /M . Moreover ep € FC(04,0)2,+
ab ba ba ab

e [T o [T

and ep, € FC(d,,0p)2,— could be expressed as 9 15?[5_\J and 9, l:?_J-_m_J-E
ab ba ba ab

respectively. In particular, F(ep) is a multiple of ep,.

Definition 2.21. For an irreducible subfactor planar algebra ., a projection @) € % 4 is
called a biprojection, if F(Q) is a multiple of a projection.

If .7 is the planar algebra for N C M, then ep € % , is a biprojection. Conversely
all the biprojections in .% 4 are realised in this way, see [6].

Proposition 2.22. If we identify . _ as a subspace of 3+ by adding a string to the
left, then a biprojection Q € S5 1 will satisfy QF(Q) = F(Q)Q, i.e.

called the exchange relation of a biprojection.
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Conversely if a self-adjoint operator in .7 | satisfies the exchange relation, then it is
a multiple of a biprojection. This can be proved by adding caps at proper positions. We
refer the reader to [23] for some other approaches to biprojections. The Fuss—Catalan
subfactor planar algebra could also be viewed as the planar algebra generated by a
biprojection with its exchange relation.

The planar algebra of a composed inclusion of an As with an Ay subfactor always
contains FC(84,6p), where 0, = /2, &, = */54'1, as a planar subalgebra. The principal

2
graph and dual principal graph of FC(d,,d,) are given as

3. The embedding theorem for an intermediate subfactor

A subfactor planar algebra is embedded in the graph planar algebra of its principal
graph by the embedding theorem. If a subfactor planar algebra contains a biprojection,
then we hope to know the image of the biprojection in the graph planar algebra. Recall
that the image of the Jones projection e; is determined by the principal graph,

de; = [e1£7€365).

At A(t(e:
E )\( (1)) A( (Zs))

8(81)25(83)

We will see a similar formula for the image of the biprojection. It is determined by the
refined principal graph. The refined principal graph is already considered by Bisch and
Haagerup for bimodules, by Bisch and Jones for planar algebras. For the embedding
theorem, we will use the one for planar algebras.

The lopsided version of embedding theorem for an intermediate subfactor is involved
in a general embedding theorem proved by Morrison in [29]. To consider the algebraic
structures, it is convenient to work with the spherical version of the embedding theorem.
Their relations are described in [27]. For convenience, we prove the spherical version of
embedding theorem, similar to the one proved by Jones and Penneys in [19].

In this section, we always assume A/ C M is an irreducible subfactor of type II; with
finite index, and P is an intermediate subfactor. If the subfactor has an intermediate
subfactor, then its planar algebra becomes an A'—P — M planar algebra. For N’ —P — M
planar algebras, we refer the reader to Chapter 4 in [9]. In this case, the subfactor planar
algebra contains a biprojection P, and a planar tangle labelled by P can be replaced by
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a Fuss—Catalan planar tangle. In this paper, we will use planar tangles labelled by P,
instead of Fuss—Catalan planar tangles.

3.1. Principal graphs

For the embedding theorem, we will consider the principal graph of ' C P C M.
It refines the principal graph of N' C M. Instead of a bipartite graph, it will be an
(N, P, M) coloured graph. The following definitions and propositions are well known to
experts [6,7,22,9].

Definition 3.1. An (N, P, M) coloured graph I is a locally finite graph, such that the set
V of its vertices is divided into three disjoint subsets Vi, Vp and Va4, and the set £ of
its edges is divided into two disjoint subsets &4, £_. Moreover every edge in £, connects
a vertex in YV to one in Vp and every edge in £_ connects a vertex in Vp to one in V.
Then we define the source function s : £ — Var UV and the target function t : £ — Vp
in the obvious way. The operation * reverses the direction of an edge.

Definition 3.2. From an (N, P, M) coloured graph I', we will obtain an (N, M) coloured
bipartite graph I as follows, the A//M coloured vertices of I are identical to the N/ M
coloured vertices of I'; for two vertices v, in V» and v, € Vaq, the number of edges
between v,, and v,, in I is given by the number of length two paths from v,, to v, in I".
The graph I is said to be the bipartite graph induced from the graph I". The graph T’
is said to be a refinement of the graph I".

Remark 3.3. Here we abuse the notations of I' and IV which are usually reserved for the
principal graph and the dual principal graph respectively.

For a factor M of type IIj, if ' C P C M is a sequence of irreducible subfactors
with finite index, then L?(P) forms an irreducible (A, P) bimodule, denoted by X, and
L?(M) forms an irreducible (P, M) bimodule, denoted by Y. Their conjugates X, Y are
(P,N), (M, P) bimodules respectively. The tensor products X @ Y @ Y @ X ® --- ® X,
XRYYeX® 00X, XYYeX® -0V, XeYRY®X®-- @Y, are decomposed
into irreducible bimodules over (N, N), (N, P), (M, M) and (N, P) respectively.

Definition 3.4. The principal graph for the inclusion of factors N C P C M is an
(N, P, M) coloured graph. Its vertices are equivalence classes of irreducible bimodules
over (N, N), (M,P) and (N, M) in the above decomposed inclusion. The number of
edges connecting two vertices, an (N, N) (or (N, M)) bimodule U (or V) and an (N, P)
bimodule W, is the multiplicity of the equivalence class of U (or V') as a sub bimodule of
W®X (or W®Y). The vertex corresponding to the irreducible (A, A') bimodule L2(\)
is marked by a star sign *. The dimension vector of the principal graph is a function A
from the vertices of the graph to RY. Its value at a point is defined to be the dimension
of the corresponding bimodule.
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Similarly the dual principal graph for the inclusion of factors is defined by considering
the decomposed inclusion of (M, M), (M, P), (M, N) bimodules.

There is another principal graph given by decomposing (P, N), (P,P) and (P, M)
bimodules under inclusions, but it is not needed in this paper.

Proposition 3.5. The (dual) principal graph for the inclusion of factors N C P C M is
a refinement of the (dual) principal graph of the subfactor N'C M.

Proof. If follows from the definition and the fact that X ® Y is the (A, M) bimodule
L*(M). O

Let 6, be /[P : V], the dimension of X, and &, be 1/[M : P], the dimension of Y.

Then by Frobenius reciprocity theorem, we have the following proposition.

Proposition 3.6. For the principal graph of factors N C P C M and the dimension
vector A\, we have

Saduw) = D> AtE), VueVn;  BAw) = D> AHE), Yw € Vi
e€€y s(e)=u e€€_,s(e)=w

d A (V) = Z A(s(g)), Yv € Vp; WA (v) = Z A(s(¢€)), Yv € Vp.
g€y t(e)=v ecE_,t(e)=v

Definition 3.7. For an (N, P, M) coloured graph T, if there exits a function A : V — R
satisfying the proposition mentioned above, then we call it a graph with parame-
ter (8a, 0p)-

Proposition 3.8. The principal graph of factors N C P C M is a graph with parameter
(V[P : NJ,/IM : P]). Consequently if N' C M has finite depth, then the principal graph
of N C P C M is finite.

Proof. The first statement follows from the definition. Note that the dimension of a
bimodule is at least 1. By this restriction, A" C M has finite depth implies the principal
graph of N'C P C M is finite. O

3.2. Standard invariants

We will define the refined (dual) principal graph for a subfactor planar algebra with a
biprojection. This definition coincides with the definition given by bimodules, but we do
not need this fact in this paper. Given N’ C P C M, there are two Jones projections e
and ep acting on L?(M). Then we have the basic construction N C P C M C P; C M;.
Repeating this process, we will obtain a sequence of factors N ¢ P c M C Py C M; C
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Py C My -- - and a sequence of Jones projections ey, ep, e, €p, - - -. Then the standard
invariant is refined as

C=N'nN c N'NP C N'NnM c NnPr ¢ NNnM; C

U U U
C=P NP C P'NM c PPnPr C P'nNnM; C
U U U

C=MnM c MnP, ¢ MnNM; C

For Fuss—Catalan, the corresponding Bratteli diagram is described by the middle
patterns, see pages 114-115 in [6].

We hope to define the refined principal graph as the limit of the Bratteli diagram
Bri of N'"NMp_o CN'NPrL_1 C NN Mj_1. To show the limit is well defined, we
need to prove that Bry is identified as a subgraph of Bryy1. To define it for a subfactor
planar algebra with a biprojection without the presumed factors, we need to do some
translations motivated by the fact

N' 0P =N"0 (M0 {ep,}) = N N M) 0 {ep,}.

Definition 3.9. Let ./ = .}, + be a subfactor planar algebra. Let ej,es,--- be the
sequence of Jones projections.

Suppose p; is a biprojection in %5 . Then we obtain another sequence of Jones
projections pp,pe, ps,- -+, corresponding to the intermediate subfactors, precisely ps in
o C S5 4 is a multiple of F(p1), and py, is obtained by adding two strings on the left
side of pg_o.

For m > 1, let us define .7/, | to be .7,  N{pm}’ and .7, _ to be S, N {pmi1}.

Remark 3.10. If we interpret one string | of a planar diagram as a pair of a/b-colour

ab

strings | |7 then sequence of Jones projections p1, p2, p3, - - -, can be interpreted as follow-
ab
ing a/b-colour diagrams [6],

ab ba ab baab ab aabba
RN I A ml} % -? 1 . W b
ab ba ab baa abbaabbua

The following proposition shows that the subspace .7}, . of .7, 1 consists of diagrams
with an a/b-colour through string on the rightmost.

Proposition 3.11. For X € .%,,, +, m > 1, we have

Xpm =pmX = F(X)=FX)pm.
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That means .7, | is the invariant subspace of .#;,, + under the “right action” of the
biprojection. Diagrammatically its consists of vectors with one a/b-colour through string
on the rightmost.

we

have F(X) = F(X)pm. L)
For m odd, if F(X) = F(X)pm, then X = X * F(py), i.e.

1

1

II
P

1

1

So P X = Xpp,.
For m even, the proof is similar. 0O

Note that .#,,—1 + is in the commutant of p,,". So we have the inclusion of finite
dimensional von Neumann algebras

Fo4 CAL CAL CHy C Sy Coon.

Then we obtain the Bratteli diagram Br,, for the inclusion .%,,_1 4+ C Y,’,Hr C Sm.+- To
take the limit of Br,,, we need to prove that Br,, is identified as a subgraph of Br, ;1.

Proposition 3.12. If Py, P, are minimal projections of 5’7;14_ Then Pipm,, Popm are

minimal projections of Y/n+17+. Moreover P, and Py are equivalent in YT’HA_ if and only

if Pipm and Popy, are equivalent in 7’n+17+.

This proposition is proved similar to Proposition 2.6.
Proposition 3.13 (Frobenius reciprocity).

(1) For a minimal projection P € 1 + and a minimal projection @ € 5”,’,17_5_, we
have that Qp,, is a minimal projection of Y,’RHHF, Pe,, is a minimal projection
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of Sm+1,+, and

dim(P(7,, 1 )Q) = dim(Pep,(Lrni1,+)QPm).

2 107 a ”L“LZ”Lal p7().]64:tl()7l 1 S y a”d a ﬂL’L?L’LﬂLal p7 OjeCtZOH Q, € ym =+ we ha’Ue
P pm 7,5 a mZ’I’LZ’mal p') ()]ECtZ()’I’L 0? 1,4+ a'nd

dim(P' (S, 1)Q") = dim(P'py (L1 4)Q)-

Proof. (1) Consider the maps

For m odd, if X € P(%,, )@, then by Proposition 3.11, we have X = P(X'* F(p1))Q
for some X' € %, +. So ¢1(X) € Pep(Fm+1,+)@Pm- On the other hand, if V7 €
Pen (S mi1,4)QPm, then ¢o(Y) € P(), )Q. While ¢; o ¢ is the identity map on
Pen (S m+1,4)Qpm and ¢20¢ is the identity map on P, ,)Q. So dim(P' (S, 1)Q') =
dim(Ppm (S 1,4)Q")-

For m even, the proof is similar.

(2) This is the same as Proposition 2.7. O

By Proposition (2.6)(3.13), the Bratteli diagram Br,, is identified as a subgraph of
B’(’m+1.

Definition 3.14. Let us define the refined principal graph of .% with respect to the bipro-
jection p; to be the limit of the Bratteli diagram of .7,  C .7, 1 C Fnq1,4. The
vertex corresponding to the identity in .y 4 is marked by a star sign.

Similarly let us define the refined dual principal graph of %/ with respect to the
biprojection p; to be the limit of the Bratteli diagram of ., - C ., mt1,— C Fm1,—
The vertex corresponding to the identity in .75 _ is marked by a star sign.

The refined principal graph is an (N, P, M) coloured graph. The A/, P, M coloured
vertices are given by equivalence classes of minimal projections of S, —, S5, -
Sam+1,— respectively as m approaches infinity. Similarly the refined dual principal graph
is an (M, P, N) coloured graph.

Definition 3.15. The dimension vector A of the principal graph is defined as follows, for
an N or M coloured vertex, its value is the Markov trace of the minimal projection
corresponding to that vertex; for a P coloured vertex v, suppose ) € .7,  is a minimal
projection corresponding to v. Then A(v) = &, 1tr(Q), when m is even, where J,

Vir(pr); Av) = 5b_1tr(Q), when m is odd, where §, = 63, L.
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Remark 3.16. An element in 5”,;1 4 has an a/b-colour through string on the rightmost.
When we compute the dimension vector for a minimal projection in 5’,’71 4, that string
should be omitted. So there is a factor 5, or &, *.

Note that the dimension vector satisfies Proposition 3.6. So the refined principal graph
is a graph with parameter (d,,0d). If the Bratteli diagram of ., + C Fn41,4 is the
same as that of S41,+ C Fmt2,+, i.e. 7 has finite depth, then Bry, 11 = Bry,42 by
the restriction of the dimension vector. In particular, the Bratteli diagram of ., ., . C
Sm41,+ s the same as that of 7,1 + C 7710 . S0 S 11 C I my14 CSppyo . forms
a basic construction, and p,,41 is the Jones projection. While applying the embedding
theorem, the image of the Jones projection can be expressed as a linear sum of loops.
We will see the formula later.

The subfactor planar algebra FC(v/2, %5 ) contains a trace-2 biprojection. Consid-
ering the middle pattern of its minimal projections, see pages 114-115 in [6], we have its
refined principal graph, as

and its refined dual principal graph as

where the black, mixed, white points are N, P, M coloured vertices. We will discuss
more about these graphs in Section 4.1.

3.8. Finite dimensional inclusions

Now given an inclusion of finite dimensional von Neumann algebras By C By C Ba,
similarly we may consider its Bratteli diagram, adjacency matrixes, Markov trace if there
exists one, and the basic construction.

Definition 3.17. The Bratteli diagram Br for the inclusion By C By C By is a (B, B, B2)
coloured graph. Its B; coloured vertices are indexed by the minimal central projections
(or equivalently the irreducible representations) of B;, for i = 0,1,2. The subgraph of
Br consisting of By, By coloured vertices and the edges connecting them is the same as
the Bratteli diagram for the inclusion By C By. The subgraph of Br consisting of B;, Ba
coloured vertices and the edges connecting them is the same as the Bratteli diagram for
the inclusion By C Bs.
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Let A, A; and A be the adjacency matrixes of By C By, By C By and By C Bs
respectively. Then A = AjAy. Take a faithful tracial state 7 on Bs. Let L?(B3) be the
Hilbert space given by the GNS construction with respect to 7. Then L?(By) and L?(B;)
are naturally identified as subspaces of L?(B). Let e1, p; be the Jones projections onto
the subspaces L2(By), L?(B;) respectively. Then By = (Ba U p1)”, By = (Ba U ey)”
are obtained by the basic construction. So Z(By) = Z(B4), Z(B1) = Z(B3). And the
adjacency matrixes of By C B3, By C By are Al AT,

Proposition 3.18. The adjacency matriz of B3 C By is AT.

Proof. We assume that the adjacency matrix of By C By is A. Let J denote the modular
conjugation operator on L?(By). Then z — J2*J is a *-isomorphism of Z(Bp) onto
Z(By), of Z(B1) onto Z(B3). Take a minimal central projection z of By and a minimal
central projection y of By, we have £ = JxJ is a minimal central projection of B4, and
y = JyJ is a minimal central projection of Bs. The definition of the adjacency matrix
implies that

=

Ay . = [dim(zyByzy N zyBizy))

Y

=

7.5 = [dim(ZgB537 N TB4TY)]> .
Note that

TyByTy N TgByzy = JryJByJxyJ N JryJByJryJ = J(xyBizy N xyBizy)J.
SoAsg=Ay.=AL,. O

Definition 3.19. We say 7 is a Markov trace for the inclusion By C By C By, if 7 is a
Markov trace for the inclusions By C By and By C Bs.

Proposition 3.20. If 7 is a Markov trace for the inclusion By C By C B, then T is a
Markov trace for the inclusion By C By. Moreover T extends uniquely to a Markov trace
for the inclusion By C Bs C By.

Proof. Let \; = Ag be the dimension vectors for i = 0,1,2. If 7 is a Markov trace
for the inclusion By C By C Bs, then by the definition 7 is a Markov trace for the
inclusions Bo C By and By C Bs. So AQ/\Q = /\1; Al/\l = /\0; A?)\o = ||A1H2/\1; and
Ag/\l = HA2||2/\2 Then ATA>\2 = AgA?AlAQAQ = ||A1H2||A2||2>\2 So 7 is a Markov
trace for the inclusion By C By and ||A|| = ||A1]] - ||A2]|- Then 7 extends uniquely to
a Markov trace for the inclusion By C By. Let A\; = A, be the dimension vectors for
i = 3,4. We have Ay = [|A||72)X¢ by the uniqueness of the extension of 7. And A3 =
A,{)\4 = ||A||_2A{)\0 = HA2||_2)\1. Then AlA{)\4 = ||A1||2)\4 and AgAgAg = ||A2||2)\3
by a direct computation. That means 7 extends to a Markov trace for the inclusion
By C By C By.
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On the other hand, if 7 extends to a Markov trace for the inclusion By C B3y C By,
then it also extends to a Markov trace for the inclusion By C By. That implies the
uniqueness of such an extension. O

Definition 3.21. Given the Bratteli diagram Br for the inclusion By C By C Bs, let us
define the dimension vector with respect to the Markov trace 7 to be A7, a function from
the vertices of the Bratteli diagram the into R, as follows for a By coloured vertex,
its value is the trace of the minimal projection corresponding to that vertex; for a B;
coloured vertex, its value is ||A1]| times the trace of the minimal projection corresponding
to that vertex; for a By coloured vertex, its value is ||A|| times the trace of the minimal
projection corresponding to that vertex.

Proposition 3.22. The inclusion By C By C Bs admits a Markov trace if and only if
the Bratteli diagram for the inclusion is a graph with parameter (84,0,). In this case
do = ||A1]] and 0p = ||A2]|. Under this condition, the Markov trace is unique if and only
if the Bratteli diagram is connected.

Proof. The first statement follows from the definitions.

In this case, 6, = |[|[A1]| and &, = ||A2]| follow from the fact that the eigenvalue of
AT A; with a positive eigenvector has to be ||A;]|2.

Suppose the inclusion By C By C By admits a Markov trace. If the Bratteli diagram
Br is not connected, then we may adjust the proportion to obtain different Markov
traces. If the Bratteli diagram Br for the inclusion By C By C Bs is connected, we want
to show that the Bratteli diagram Br’ for the inclusion By C B, is connected. Actually
if two By (or Bs) coloured vertices are adjacent to the same By coloured vertex in Br,
then they are adjacent to the same By (or By) coloured vertex in Br’, because any B
coloured point is adjacent to a By (or By) coloured vertex in Br. While the Bratteli
diagram Br’ is connected implies the uniqueness of the Markov trace for the inclusion
By C Bs. Then the dimension vectors A\g and Ay are unique. So A; is also unique. That
means the Markov trace for the inclusion By C By C By is unique. 0O

Corollary 3.23. Given the principal graph for the inclusion N C P C M, its dimension
vector is uniquely determined by the graph.

Proof. The dimension vector is a multiple of the dimension vector A\” with respect to
the unique Markov trace 7. While the value of the marked point is 1, so the dimension
vector is unique. O

Now we can repeat the basic construction to obtain the Jones tower By C By C By C
B3 C B4 C --- and a sequence of Jones projections e, p1, €2, ps - -.

Proposition 3.24. The algebra generated by the sequences of projections {e;} and {p;}
forms a Fuss—Catalan subfactor planar algebra.
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This proposition is essentially the same as Proposition 5.1 in [6]. In that case the
Jones projections are derived from the inclusion of factors. The proof is similar. We only
need the fact that the trace preserving conditional expectation induced by a Markov
trace maps the Jones projections to a multiple of the identity.

3.4. Graph planar algebras and the embedding theorem

Given a connected (N, P, M) coloured graph T with parameter (d,,dp), we have Vi,
Vp, Vi, €+, 8, t, * as in Definition 3.1. Let A be the (unique) dimension vector. Let T
be the bipartite graph induced from I'. Suppose the Bratteli diagram for the inclusion of
finite dimensional von Neumann algebras By C By C Bs is I'. Then the Bratteli diagram
for the inclusion of By C B is I'. Let A be the adjacency matrix for By C By. Applying
the basic construction, we will obtain the tower By C By C By € B3 C By C ---. Let
{ei}, {pi} be the sequences of Jones projections arising from the basic construction. Note
that the relative commutant of By in the tower can be expressed as linear sums of loops
of . The even parts of the relative commutants form a planar algebra isomorphic to the
graph planar algebra ¢ of I for a fixed choice of basis. So an element in ¢ could be
expressed as a linear sums of loops of T', instead of loops of TV. Actually an edge of IV is
replaced by a length 2 path €1€5. It is convenient to express p; by loops of I'.

Proposition 3.25. Note that p; € B} N Bz, we have

pr=0," > \/))\\(5(763)))\(8(57))) [e3e3e3e7].

e3,e7€E_ t(ez)=t(er)

To express p1 as an element in %, = By N Ba, we have

p1=0," Z \/—i\(éizgigf((:)))) [e165eseteseterel].

e3,e7€E_
€1,€5 €5+
t(e1)=t(e3)=t(es)=t(e7)
Proof. Note that p; is the Jones projection for the basic construction B; C By C Bs. So
we have the first formula. Take the inclusion from B] N Bs to B N By for p;, we obtained
the second formula. O

Diagrammatically the inclusion from B} N Bs to B N By is adding one a-colour string
to the left and one to the right.

Theorem 3.26. Suppose . is a finite depth subfactor planar algebra, p is a biprojection
in S 1, I is the principal graph of 7, and T' is the refined principal graph with respect
to the biprojection p. Let ¢ be the embedding map from . to the graph planar algebra 4.
Then ¢(p) = p1 is the linear sum of loops as in Proposition 3.25.
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Proof. Note that p,, is the Jones projection for the basic construction .7, . C .7 1 C
a1+, when m is odd and greater than the depth of 7. So ¢(p) is the Jones projection
for the basic construction By C By C Bs, which implies ¢(p) =p1. O

Remark 3.27. In the rest of the paper, we will identify the subfactor planar algebras
< with its image ¢(.%) in the graph planar algebra 4. We keep the same notation for
elements in . and ¢() by ignoring the map ¢.

4. Bisch—Haagerup fish graphs

Suppose N' C P C M is an inclusion of factors of type II;, such that [M : P] =
3 5
+2\/_ and [P : N] = 2. Then the (P,P) bimodules arisen from N C P is generated

by an irreducible bimodule o with the relation a?> = 1. Moreover, the (P,P) bimodules
arisen from P C M is generated by an irreducible bimodule § with the relation 3% =
B8+1.

If there is no extra relation for o and 8, then N/ C P is called a free composed

inclusion. In this case, the planar algebra of N' C M is Fuss—Catalan.

If there is an extra relation for o and S, then Bisch and Haagerup showed that the
relation is (af)™ = (Ba)™, for some positive integer n, in their unpublished work, see
also Proposition 3.2 in [12]. It is easy to derive the principal graph of N' C M from the
fusion rule.

Definition 4.1. In the case (a3)™ = (Ba)™, the subfactor N' C M has depth 2n + 1. Its
principal graph was computed by Bisch and Haagerup as

called the nth Bisch-Haagerup fish graph, when it is of depth 2n + 1.

Conversely if the principal graph of a subfactor N' C M is a Bisch-Haagerup fish
graph, then it has an intermediate subfactor P, such that [P : N] = 2, due to the
existence of a dimension one vertex at depth 2 of the Bisch-Haagerup fish graph [34].

If the principal graph of a subfactor planar algebra is the nth Bisch-Haagerup fish
graph, then it contains a trace 2 biprojection. We are going to embed the subfactor planar
algebra in its graph planar algebra. First we will see there is only one possible refined
principal graph with respect to the biprojection. Then in the orthogonal complement of
the Fuss—Catalan planar subalgebra, there is a new generator at depth 2n. We will show
that this generator satisfies some relations. We hope to solve for the generator with such
relations in the graph planar algebra. In the case n > 4, there is no solution. So there is
no subfactor planar algebra whose principal graph is the nth fish. In the case n = 1,2, 3,
there is a unique solution up to (planar algebra) isomorphism. So there is at most one
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subfactor planar algebra for each n. Their existence follows from three known subfactors.
We can reconstruct them in the graph planar algebra by generators and Fuss—Catalan
Jellyfish relations.

Notation 4.2. Take 6, = V2, &, = 1+—2‘/5 and § = §,6,. Then 62 = 6, + 1. Let FC =
FC(04,0p5) be the Fuss—Catalan planar algebra with parameters (d,,05). We assume
that fo, is the minimal projection in FCs, + with middle pattern abba abba --- abba,

n
n copies of abba; and go, is the minimal projection in FC, — with middle pattern
baab baab --- baab.

n

As a/b-colour diagrams, we have, for example,

where A, and By are the a-colour and b-colour second Jones—Wenzl projections respec-
tively.

4.1. Principal graphs

If the nth Bisch-Haagerup fish graph is the principal graph of a subfactor N' C M,
then its index is 62 = 3 + /5. Because of the existence of a normalizer, there is an
intermediate subfactor P, such that [P : N] = 2.

Definition 4.3. Let us define the subfactor planar algebra of N' C M, if it exists, to
be B = {#m,+}, and ep to be the biprojection corresponding to the intermediate
subfactor P.

Lemma 4.4. The refined principal graph with respect to the biprojection ep is

Co C1 C2 C3 Cy Cs Cn2 Coan1  Co

&1 2 3 84 5 Zona -1 &on
do di d3 dons  don  dond
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Its dimension vector X\ is given by

Alco) = A(do) = 1;
Meak—1) = 0408, for1 <k <mn;
ANdak—1) = 305", for1 <k <mn;
Acar) = 26F, for1<k<mn-1;
Aezn) = Adan) = &5
Mgar—1) = 51155_17 for 1 <k<mn;
Mgar) = 8407, for1 <k<n.

Proof. Note that 62 =3++/5 = 6202, so the planar subalgebra generated by the trace-2
biprojection ep is FC = FC(d,,0p). Observe that the principal graph of FC' is the same
as the nth fish up to depth 2n—1, so #By(,,—1),+ = FCg(n—1),+. Then the refined principal
graph of Z# starts as

Co C1 C2 C3 Cy Cs Com2 Cont
&1 2 3 &4 5 ) 2n-1
do di ds don3
The vertex cgr—1 corresponds to the minimal projection of FCyx_1 4 with middle
pattern abba --- abbaab, k — 1 copies of abba, for 1 < k < n. So A(cak—1) = 5,151’)“.
—_——
k—1
The vertex dgi_; corresponds to the minimal projection of FCsj11,+ with middle
pattern abba --- abbaabbb, for 1 <k <n —1. So M(dar—1) = 5a6{ffl.
—_———
k—1
The vertex co, corresponds to the minimal projection of FCyj 4 with middle pattern
abba --- abba, for 1 <k <n—1. S0 A(cg) = 255;
—_————
k

The vertex ¢o is the marked point. So A(¢g) = 1; The vertex dy corresponds to the
minimal projection of FC  with middle pattern aa. So A(dp) = 1;
The vertex gor—1 corresponds to the minimal projection of FC'Q,FLJr with middle
pattern abba --- abba a, for 1 < k < n. So A(gar—1) = 6(1(5571;
k—1
The vertex gop corresponds to the minimal projection of FC/% 4 with middle pattern
abba - - abba abb, for 1 <k <n—1. So A(gax) = 5(155.

k—1
All these vertices are not adjacent to a new point in the refined principal graph except

con—1, because they are identical to the vertices of the refined principal graph of FC.
Note that

6bA(62n—1) - )\(9271—1) = 6a52+1 - 6(151’?_1 = 5(16(?7
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so there is a new P coloured vertex, denoted by ga,, adjacent to ca,—1. Then A(g2,) <
0,07 . On the other hand

- n 1 n
)‘(9271) > 61, 1)\<02n71) = 61) > §6a6b7

SO g2n, is unique new P coloured vertex adjacent to cgp—1 and A(gan) = 6405
Note that

36X (g2n) — A(can—1) = 007" — 0a0)" = 8,071,

so there is a new N coloured vertex, denoted by da,—1, adjacent to ga,. Then A(dg,—1) <
(5a6£_1. On the other hand

>\(d2n71) > 51;1)‘(9271) = 6115[?713

80 dap—1 is unique new N coloured vertex adjacent to go, and A(dgp_1) = (5a(5g71.
Now dpA(dan—1) = A(gan), so there is no new P coloured vertex adjacent to dap_1.
In the principal graph, there are two M coloured vertices, denoted by coy,, don,

adjacent to co,_1. Thus cop, do, are adjacent to go, in the refined principal graph.

Moreover

(Alcan—1) + Ad2n-1)) = 0y

| =

)\(an) = )\(dgn) =

Then 0, (capn) = daA(dan) = A(g2n)- So there is no new P coloured vertices adjacent to
Cop O dop,.

Therefore we have the unique possible refined principal graph and its dimension vector
as mentioned in the statement. O

Because % contains a biprojection, it is decomposed as an Annular Fuss—Catalan
module [24], similar to the Temperley-Lieb case [15,20]. The Fuss—Catalan planar subal-
gebra F'C is already a submodule of Z. There is a lowest weight vector in %,,, . which
is orthogonal to FC. So this vector is rotation invariant up to a phase. Moreover it is
totally uncappable, see [24]. In this special case, we have a direct proof of this result.

Definition 4.5. An element x € %,, 4 is said to be totally uncappable, if
p¥(x)ep =0, pF(F(x))Flep) =0, VEk>0;
An element y € %, _ is said to be totally uncappable, if F(y) is totally uncappable.

If we consider x as an a,b-colour diagram, then an element is totally uncappable means
it becomes zero whenever it is capped by an a/b-colour string.
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Now let us construct the totally uncappable element S € Sy, ;. If S is totally uncap-
pable, then S is orthogonal to FCsy, . While the minimal projection fs, of FCq, 4 is
separated into two minimal projections in %, 1, denoted by P, and Py, with the same
trace. So S has to be a multiple of P. — P;. Take S to be P. — Py, then S satisfies the
following propositions.

Proposition 4.6. For S = P. — Py in $Bay 4+, we have

(1) s*=5;

(2) 52 = Jan;

(3) S is totally uncappable;

(4) p(S) =wS, for some w € C satisfying |w| = 1.

Proof. (1) S* = (P.— Py)*=S.

(2) S? = (P. — Py)? = P. + Py = fon.

(4) Note that p preserves the inner product of S € %o, 4+, and FCyy, 4 is rota-
tion invariant, so both S and p(S) are in the orthogonal complement of FCq, + which
is a one-dimensional subspace. Then we have p(S) = wS for some w € C. Moreover
[1p(9)[2 = [IS]]2, so |w| = 1.

(3) From the refined principal graph, we have S* P is a multiple of fa,. By computing
the trace, we have S« P = 0. On the other hand tr((SP)*(SP)) = tr(f2nP) = 0, so
SP = 0. By proposition (4), we have S is totally uncappable. O

If S € Py + is totally uncappable, then F(S) € Hs, — is also totally uncappable. To
describe its relations, we need the dual principal graph of 4.

Lemma 4.7. If the principal graph of % is the nth Bisch—Haagerup fish graph, then the
dual principal graph of % is

V3
V2

Vo V.

Vg Vs V7 Vg
Vs

For its dimension vector N, we have N (vy) = 87, N (va) = 0.

Proof. Note that Ha,,—1,+ = FCo,-1,4, S0 Bop_1,— = FCsy_1 _. Then the dual prin-
cipal graph of £ is the same as the dual principal graph of FC up to depth 2n — 1. In
PBon,—, there is a totally uncappable element, so the minimal projection go, of FCsy, —
is separated into two minimal projections of sy, _, denoted by P., P;. Then we have
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the dual principal graph up to depth 2n as

The vertex vy corresponds to the minimal projection of FCy,, 1, - with middle pattern
baab --- baabba. So X (vo) = 0,0}";
T

The vertex vy corresponds to the minimal projection P.; The vertex vy corresponds
to the minimal projection PJ;

In the case n = 1, there is no vertex vz; In the case n > 2, the vertex vz corre-
sponds to the minimal projection of FC5, _ with middle pattern baab --- baabbb. So

n—1

)\/(Ug) = 51?_1.
In the case n = 1, there is no vertex v4; In the case n > 2 the vertex vy corresponds
to the minimal projection of FCs,_1 _ with middle pattern bbbaab --- baab ba. So
) —_———

n—2

N (vg) = 8,072

The vertex vs corresponds to the minimal projection of FCsq, _ with middle pattern
bb baab --- baab. So N (vs) = 5.

T

In the case n < 2, there is no vertex vg; In the case n > 3, the vertex vs corre-
sponds to the minimal projection of FCs, — with middle pattern bbbaab --- baabbb. So

n—2

N (vg) = 5}:_3.

In the principal graph, there is one vertex at depth 2n + 1 with multiplicity 2 (Def-
inition 2.9). So in the dual principal graph, there is one vertex at depth 2n + 1 with
multiplicity 2, denoted by vy.

While 6N (v5) — N (v4) = 8407 — 840772 = 6,6, ". So vs is adjacent to v7. Then at
most one of v; and vs is adjacent to v;. Without loss of generality, we assume that vo
is not adjacent to v7. Then X(va) = 1N (vg) = 67" So N(v1) = tr(gan) — N (v2) =
Sptt — 677t = 67, Then 6N (v1) — N (vo) = da0p ™! — 6,07 = 6,6, . So vy is adjacent to
vz, and N (v7) = 3,071 While 6N (v7) — N (v1) — N (vs) = 268 — 67 — o7~ =672 So
there is a new N coloured vertex, denoted by vg, adjacent to v7. Then X (vg) < 62‘_2.
On the other hand N (vg) > 67 '\ (v7) = 6 2. So N (vg) = J 2. And there is no new
vertices in the dual principal graph.

Therefore we obtain the unique possible dual principal graph. O

Definition 4.8. Let us define I',, to be the (potential) dual principal graph of .
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Note that the minimal projection ga,, of FCs,, _ is separated into two minimal projec-
tions P!, P} in Bay,,—. And tr(P) = A(v1) = 07, tr(P}) = A(v2) = 67~ ". Take R to be
5b_1Pé — (517_2Pé, then R is orthogonal to FCq, _ in sy, _. Recall that F(S) € FCq,, _ is
totally uncappable, so F(S) is also orthogonal to F'Cs,, _ in Hs, . While the orthogonal
complement of FCy,, _ in %y, _ is one dimensional. So F(S) is a multiple of R. Then
we have the following propositions.

Proposition 4.9. For R =0, ' P} — 6, > P. in $Bay,—, we have

c

(0) R =woyd ' F(S), for a constant wy satisfying wy?® = w, where S and w are given in
Proposition 4.6;

(") R* = R;

(2) R+ 0, %gay is a projection;

(3’) R is totally uncappable;

(4) p(R) = wR.

Proof. (1) R* = (0, 'P}— 6, °P))* = R.
(0) By the argument above, we have F(S) is a multiple of R. Note that

IF(S)|3 = tr(S + )
= tr(fan)
= 0205,

|1R|[3 = tr(R"R)

= 6, 2tr(P) + 6, *tr(P))
= o0 0y
=6,
=0 ||F(9)][3-

So R = wod 1 F(S), for some phase wy, i.e. wp € C and |wp| = 1.
Note that

(F(R)" = F (R") = F ! (R).
So

(wod ' F2(8))" = (F(R))"
— FU(R)
= woé_l(S).



Z. Liu / Advances in Mathematics 279 (2015) 307-371 335

Then
wop(S) = (weS)™ = @y S.

Recall that p(S) = wS. Thus wy? = w.
(2") R+ 6, %g2n = P is a projection.
(3’) and (4’) follow from (0). O

By the embedding theorem, we hope to solve for (S, R,wy) in the graph planar alge-
bra, such that (S, R,wp) satisfies the propositions (0)(1)(2)(3)(4)(1’)(2°)(3")(4’) listed in
Proposition (4.6)(4.9). In this case, there is no essential difference to solve it in the graph
planar algebra of the principal graph or the dual principal graph. But for computations,
we may avoid a factor % in the graph planar algebra of the dual principal graph. The
factor % comes from the symmetry of ¢y, dy and co,,, d2, in the principal graph. Now let
us describe the refined dual principal graph of Z.

Lemma 4.10. The refined principal graph of % with respect to the biprojection ep is

as

where the marked vertex is by. For convenience, we assume that a4, = ag. Then its
dimension vector X' is given by

N(agk—1) = N(aan—2u41) = 6f, for 1 <k <mn;
N(bak—1) = N (ban—2k41) = 61, for1 <k <m;
N(agk) = N(aan_ok) = 6407, for0 <k <m;
N(hor—1) = N (han—2kt2) =65 for 1<k <n;
N(hor) = N (han_ors1) = OF, for 1 <k <n.
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The even vertices of the principal graph have odd indices and the odd vertices have

even indices.

Proof. The proof is similar to that of Lemma 4.4.

We have known that HBa, _ = FCs, _ & C(R), where C(R) is the one dimensional
vector space generated by the totally uncappable element R. So we obtain the refined
principal graph up to depth 2n as mentioned in the statement.

For the vertices vg, v1g as marked in the statement, we have

N (vg) = 0N (v2) = Gp0; ' = 67",
N(vig) = 6, "N (vs) = 6, 'op—t =672

Then G\ (v1) — A(vg) = dp0 — 67 = 05~ . So vy is adjacent to a new P coloured vertex,
denoted by vy;. Then N (v11) < 5{7’_1. On the other hand A (v11) > (5;1)\’(111) = 5{7’_1.
So wy; is the unique new P coloured vertex adjacent to v; and A'(vi1) = 67~ '. Then
A (v11) = N (v1) implies vg is not adjacent to v11. And the A coloured vertex adjacent
to v11 has to be vy.

Moreover 0\ (vs) — A(vig) = &0y "1 — 0772 = 077" So vy is adjacent to a new P
coloured vertex, denoted by vi13. Then M (v12) < 5};71. On the other hand M (v12) >
5;1)\’(115) = 5;’_2 > %5{3_1. So v1g is the unique new P coloured vertex adjacent to vy
and N (vi2) = 077" Then &\ (v12) — N (vs) = N (vs) implies vg is adjacent to v11. And
the N coloured vertex adjacent to v1; has to be v.

While §,A(v7) = 2(51?_1 = N(v11) + N(v12), 6N (vs) = 5;_1 = M(v12). So there is no
new P coloured vertices. Then we have the unique possible refined dual principal of 4.

Now we adjust the refined principal graph and relabel its the vertices as

where the marked vertex is b;.

The graph is vertically symmetrical, by Corollary 3.23, the dimension vector A’ is also
symmetric. So we only need to compute the value of \’ for the upper half vertices.

The vertex a; corresponds to the minimal projection of FCy _ with middle pattern
bb. So A'(a1) = d; The vertex agi—1 corresponds to the minimal projection of FCo_o —
with middle pattern baab - - baab, k—1 copies of baab, for 2 < k < n. So X (agk—1) = oF,
for 2 <k <m;
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The vertex by is the marked vertex. So X (b1) = 1; The vertex bop_1 corresponds to
the minimal projection of FCs,_1 _ with middle pattern baab --- baab bb, k — 1 copies
of baab, for 2 < k < n. So N(bag_1) = 5571, for 2 <k <mn;

The vertex ag corresponds to the minimal projection of FC's _ with middle pattern
bbba. So X (ag) = dq; The vertex agy, corresponds to the minimal projection of FCoj_1,—
with middle pattern baab --- baab ba, k — 1 copies of baab, for 1 < k < n. So N (aai) =
Sa0r, for 1 <k <m;

The vertex h; corresponds to the minimal projection of F' Cé’f with middle pattern bbb.
So X(hy) = 1; The vertex hoj_1 corresponds to the minimal projection of FC%;, ; _ with
middle pattern baab - -- baab baa, k — 2 copies of baab, for 2 < k < n. So XN (az) = 65717
for 2 <k < n;

The vertex h; corresponds to the minimal projection of FC" __ with middle pattern bbb.
So X (h1) = 1; The vertex hgy corresponds to the minimal projection of FCY, , _ with
middle pattern baab --- baab b, k — 1 copies of baab, for 1 < k < n. So XN (agx) = 55_1,
for1<k<n; O

We hope to embed %, + in the graph planar algebra of the dual principal graph, so
we will consider the biprojection ep, = &, 0, F(ep) in B, _.

Definition 4.11. Let us define ¥4 = ¥, + to be the graph planar algebra of the dual
principal graph I'y,. Then %, = is embedded in ¥, +. Let p; € % 4 be the image of
ep,. Then the planar subalgebra FC(0p,dq)m + of 4 generated by p; is identical to the
image of FC(dq,0b)m,+. The images of fa,, and ga,, are still denoted by fa,, and gap.

Notation 4.12. Note that the dual principal graph I" is simply laced. An edge € of T, is
determined by s(e) and t(g), so we may use

[s(e1)t(e1)s(es)t(es) - - s(€am—1)t(€am—1)]
to express a loop [e1€5e36% -+ - €am—1E5,,] ID Doy +, similarly for loops in %y, .

Proposition 4.13.

n
1= Z[a2k71a2k72a2k71a2k72] + [@dr—2k+10dn—2k+20dn—2k10dn—2k+2)
k=1
+ [a2k—102k026—102k] + [Gan—2k+104n—2kCdn—2k+1Can—2k]
+ [agk—102b2k—102k] + [@4n—2k+104n—2kban—2k+1Can—2k]
+ [bor—1a2kb2k—1a2k] + [Dan—2k+10an—2kban—2k+10an—2k)
+ ] 1+

b2k7 10202k —102k [b4n72k+1 A4n—2kA4n—2k+1 a4n72k] .

Proof. It follows from Theorem 3.26 and Lemma 4.10. O
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Definition 4.14. Note that %, ; is abelian. Let us define Ay, Bj to be the minimal
projections corresponding to the vertices asi_1, bor_1 respectively, for 1 < k < 2n.

Note that ¢,  is abelian. Let us decompose A, into minimal projections A, and A:
as follows,

AL = [agk—1a2k—2], ot = |G4n—2k+104n—2k+2],
Ay = [agk—1a2), AZ k= [Gan—2k 10402k,
for1 <k <n.
Let us define Hop—1, Hapn—2k+1, Hop and Hyp o in 4 _, for 1 < k < n, as follows

Hop—1 = [askp—2a2k-1), Hyp, = [aokask—1] + [a2kbor—1],

Hyn—okt+2 = [@an—2k+20an—2k+1], Han—ok+1 = [Gan—2k0an—2k+1] + [Gan—2kban—2k+1]-

Remark 4.15. If we apply the general embedding theorem [29] for the graph planar
algebra of the refined principal graph equipped with actions of Fuss—Catalan tangles
(with N/ — P — M shadings of regions and a/b-colour strings), then

a b a b

) 57 Ay = §$Clzk.1 hzm[ §7 1<k<m

A;r = E$612k-1 D E

o
T+
=

|
-
1N
B

R

%
—
[ |
] -'5 1
] Y 1
O
—
1 i
—_
A
oyl
A\
S

a b a b

szllhki, 1<k <4n,

while identifying the dual spaces of loop algebras as themselves for a finite graph.

Proposition 4.16. In the graph planar algebra, Ay, By are in the centre of %oy, . More-
over, gon commutes with A¥ and A} .

Proof. The first statement is obvious.
By Proposition 4.13, for 1 < k < n, we have

+ _ At
P1A; = [aok—102ka2ka2k—102k] = A} D1
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Note that p; + ¢ is the identity, so glAf = A,Jggl. Adding one through string to the
left of fo,—1, denoted by 1 ® fa,—1, we have (1 ® fgn,l)fq = Aﬁ(l ® fapn—1) and
9on = 1(1 ® fap—1). Therefore ggnA$ = A;ggn.

Similar formulas hold for other cases. O

Remark 4.17. As a/b-colour diagrams, Af has a b-colour through string on the right and
gon has an a-colour through string on the left, so they commute with each other.

4.2. The potential generator

Now we sketch the idea of solving the generator R in ¢. Essentially we are considering
the length 8n loops on the refined dual principal graph. Observe that if a loop contains
a word hgaghy, for 1 < k < 2n, then the vertex aj could be replaced by an a/b-colour
cap, because ay is the unique N /M coloured vertex adjacent to hg. The coefficient
of such a loop in the totally uncappable element R has to be 0. Therefore for a loop
I with non-zero coefficient in R, if it goes to the right, then it will not return until
passing the vertex as,. Among these loops, there is exactly one in Al_ggnHrAf, that
tells the initial condition of R. By proposition (2'), AyRAy is determined by A, RA; .
By proposition (3’), BiR is determined by A RA}". By proposition (47), Ay RAgyy s
determined by (Ay + By)R(Ak + By). That means R could be computed inductively by
the initial condition.

Definition 4.18. Let us define F € % 4 to be the image of F(id — ep), i.e. F = de; —
(5a6;1p1.

Remark 4.19. In terms of a/b-colour diagrams, we have

It is easy to check that F'x F'= F and F * go,, = go,, * F' = 0.
Note that e; and p; could be expressed as linear sums of loops, then we have

F= )" 040, " ([a26-1025—202%-1025] + [04n—2k+104n—264+204n—2k4+1 V4 —24]
1<k<n
+ [a2k—102k025—102k—2] + [Gan—2k+10d4n—2kCdn—2k+1C0an—2k+2])
+ 646, 2 ([aok—1a0% a2k —102k] + [A4n—2k+104n—2kQan—2k+10an—2k])
— 040, ([azk—1a2kbok—1a2k] + [a4n—2k+104n—2kban—2k+101n—2k])

+ da([bak—1a2kbak—102k] + [ban—2k+104n—2kban—2k+104n—2k])
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— 0a0y ([bak—1a21a2k—1a2k] + [ban—2k+10an—2kQan—2k+104n—2k))-

We can compute F'x [ for a loop | € %, + by the following fact,

N (y2) N (y2)

m[yoﬂﬁ e 9U4n—1]-

[y0y1y2y3] * [.1301‘1 te J;471—1] = 5y1;t1 6y2m06y39:4n,1

Proposition 4.20. For a loop | € %5y, 4 and 1 < k < 2n, we have

Fxl=0, when | = A 1A,
Fxl=1, whenl:A;lAz orl:A;lA,;;
Fxl= (Al + B)(F*1)(A{ + By), when | = (A} + By)l(Af + By).

S50 Gor, + is separated into 6n invariant subspaces under the action Fx. Moreover the set
of length 4n loops, as a basis of Gar, 4, is separated into 6n subsets simultaneously.

Proof. It could be checked by a direct computation. 0O

Definition 4.21. Let (5 : A;%Qn’JFA; — By%an +, V1 < k < 2n, be the linear extension of

B([agk—102kT324 - - - Top—102k]) = [bok—102kT3T4 - - - Top—10a24k],

for any loop [asg—1Gop—223T4 -+ Tap_1G2k—2] € A;%QTH_A; 1<k<n

B(lazk—102k—223T4 - - Ton_102k—2]) = [Dog 102k 2234 - - - Top_102k—2],
for any loop [agk—1a2k—2%3%4 - Tap_1025—2] € Ag%nﬁAg, n+1<k<2n.

Proposition 4.22. The linear map [ : A;%2n7+Az — Br%an + is a *-isomorphism. More-
over,

Fxz =, % — 6, ' B(x), Vo€ Al %, AL

Fxy =6y -8, (y), Vy € Br%on +;

Proof. It is obvious that 8 is a *-isomorphism. It is easy to check the first two formulas
by a direct computation. For the third formula, by Proposition 4.20 and the fact that
F x go, = 0, we have

F « ((Aff + Br)g2n(Af + Bi)) = 0.
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By Proposition 4.16, we have
* (Aff gan) = —F % (Brgan).
Then
0y 2(Ai g2n) = 8 ' B(AL g2n) = =6, (Brgan) + 6, 267 (Brgan)-
So
B(Ay g2n) = Brgan. O
Lemma 4.23. In the graph planar algebra,

A RA, =0, VI <k <2n;

Proof. By proposition (3’), R is totally uncappable, so R = F' %« R. By Proposition 4.20,

we have

(A, RA.)=Fx (A, RA,)=0
Note that

1<i<dn
o)

Lemma 4.24. In the graph planar algebra,

AT RAT is a multiple of the loop [a1a4n04n_1 - as], denote by Ly;
A5 RAY is a multiple of the loop [asn_1a0a1 - - - asn_2], denote by Lo.

Proof. Note that the coefficient of a loop | = [a1a4p,%324 - - - T4pn—_102] in A;RAT is the
same as the coefficient of [ in R. If it is non-zero, then by proposition (4’), the coefficient
of F~2k+1(1) in F(R) is non-zero and the coefficient of F~2¥(1) in R is non-zero. Applying
Lemma 4.23, we have

Hlf(R)Hl =0=z3= A4n—1;

AZn—lRAZn—l =0=z4= A4n—2;
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and for k=1,2,---,n,

Hypts—oxF(R)Hants—2r = 0 = Toky1 = Gant1-2k;

Appi1—okBAL 1 o) = 0= Topgo = Qan—2k.
For the rest, there is only one length 2n — 2 path from as, to as. So
I = [a1a4naan—1---as] = Ly.
That means A7 RA{ is a multiple of L. Similarly A5, RAZ, is a multiple of Ly. O

Definition 4.25. For a loop | = [xgz1 -+ - T4n—1] and 0 < k < 4n—1, the point xy, is said to
be a cusp point of the loop [, if 1 = 241, where x_1 = x9,,_1, T2, = 9. Otherwise
it is said to be a flat point.

Similar to the proof of Lemma 4.24, Lemma 4.23 tells that if the coefficient of a loop
[ = [xox1 -+ T4n—1] in R is non-zero, then a cusp point zj of [ has to be by;—1 or ag;—1. In
this case, we have 1 = 11 = ag;, when 1 < i < mn; Or xy_1 = Tk4+1 = G2;—2, When
n+1 < i < 2n. Furthermore if [ passes the point ag, then it is unique up to rotation and
the adjoint operation x; If [ does not pass the point ag, then it is determined by its first
point and cusp points. So we can simplify the expression of a loop by its first point and
cusp points. To compute the product of two loops, we also need the middle point x,,.
Then the loop is separated into two length 2n paths from the first point to the middle
point. We can label the two paths by the first point, cusp points and the middle point.

Definition 4.26. For a loop | = [zoz1 - ZTan—1], Tk # a0, YO < k < 4n — 1, we as-
sume that y;,y2,---,y; are the cusp points from x; to x2,—1 and z1,29,---,2; are the
cusp points from za,41 t0 Z4n—1. Then we use [zoy1y2 - - - YiTan)e to express the first
length 2n path of I, (za,2122--- zjxo]c to express the second length 2n path of [ and
[Toy1y2 -+ YiTon)e{Tonz122 - - - zjxo]c to express the loop [. Furthermore if x5, is a cusp
point, then it could be simplified as [xoy1y2 - - - YiTanz122 - - - 2jTole; if oy, is a flat point,
then it could be simplified as [zoy1y2 - - - Yiz122 - - - 2;%0]c-

All the loops in the rest of the paper have length 4n.

Definition 4.27. Suppose R € %, ; is a solution of Proposition 4.9, i.e. R satisfies the
following propositions,

(1) R* =R;

(2') R+ 5;2ggn is a projection;

(3’) R is totally uncappable;

(4) p(R) = wR, for some w € C satistying |w| = 1.
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Let us define Uy, Py, Qi, Pi, Qw, Ry, for 1 < k < 2n as follows

U, = A;, RA;
Py =30, %(R — 6, *g2n) By;
Qk = & (R + 8, *g2n) By;
Py = =0, B~ (Py);
Qr = —0, ' 671(Qr);
Ri = (A} + Br)R(A} + By).
The following lemma is the key to solve the generator R in the graph planar algebra

“on,+- It allows us to construct the unique possible solution in %, y inductively for all
n simultaneously.

Lemma 4.28. The element R is uniquely determined by uy, ps and w. Precisely

Uy = mdy, 5Ly, for some py € C, |p1| = 1;
Usn = p2dy, '° Lo, for some ug € C, |u2| = 1;
P, = U Uy, for 1 <k <2n;
Rk:5§F*Pk*F, for1 <k <2n;
Uk+1 = wilp(Rk + Uk) and
Usp—t, = w ' p(Ran—+1 + Uzn—kt1)s Jor 1 <k<n-1;
R= > Ux+Uj+Ry
1<k<2n

Proof. For 1 < k < 2n, by definition, we have
RBy, = =6, 28, 'g2n — R)Bi + 6, "(R + 0, ) By = Py, + Q..
By proposition (2')(3’), we have R + 0, 2ga,, is a subprojection of ga,,. Then
gon — (R+ 5;29211) = 5;192n - R
is a projection. So
&Qk = (R+ 0, °)Bk, —6; Py = (6 " g2n — R)By,
are projections, by Proposition 4.16. Note that

Ry, = (A + By)R(A} + By) = A{ RA{ + ByRBy,
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so '« Ry = Ry, by Proposition 4.20. Furthermore by Proposition 4.22, we have

F xRy =0, A RA} — 0, 'B(Af RAY) + 6, ' ByRBy, — 05°8~*(BLRBy,).
Thus

AfRAS =6, 2Af RA} — 6,28~ (BLRBy,).
Then
AfRAS = =6, 871 (BkRBy) = =6, ' 87" (Pr + Qx) = P + Qi
By Proposition 4.22, we have
Al gon = B (Brgan) = 871 (=04 Pr + 06Qk) = 03 P — 6 Qr,
and 83 P, —02Qy are projections. Then
AL(R+ 0, %g20) A = (Pe 4 Qi) + (0p Py — Qi) = 02 Py..

By Proposition (4.16)(4.23) and proposition (1), we have

AL (R+06,%920) Ay Ay (R+6,°920)AF ] _ [6,°A5 920 Us
AF(R+ 6, 2g0m) A AF(R+ 6, 2g00) A Uy 52 Py

Recall that R + &, ®gon is a projection, so Ag(R + &, *g2n) is a projection. Then the
matrix

0, AL gon Uy
U; 67 Py

is a projection. While A, g2, and JgPl are projections, so 511'5Uk is a partial isometry
from 5§P1 to A, g2n. Then

(6 °UR)* (65 °Ur) = 63 Pri (84 °Uk) (84 °Ur)* = A}, gon-
Therefore
UiUy = Py, and U, U} = 3, > A7 gon.

Observe that [a1a04n04n—1 " - G2n+202n+102n+2 * * * Qan]c 18 & subprojection of A ga,. So
A7 gon, # 0. Then U; # 0. By Lemma 4.24, we have

U, = ,ul(5b_1‘5L1, for some py € C, |pu1| = 1;



Z. Liu / Advances in Mathematics 279 (2015) 307-371 345

Symmetrically
Usn = 120y **Ls, for some piz € C, |pa| = 1;
Note that

Bi(z+ F) = (Byx)* F, Vo € %o +,
SO
§;Pr+ F = (ByR) * F — 8,(Bigon) * F = B(R* F) — 6,By(g2n * F') = ByR = Py, + Q.
Observe that

BNy *F)=6""(y) * F, Vy € By +,
SO
62Py x F = Py, + Qy.

By Proposition 4.22, we have

62F % P, = P, — 6,8(Py) = Py, + Py.
So

SpF % Pox F = 62(P, + Py)* F
=Py + Qr+ P+ Qs
= A} RA} + RB,
= (A} + By)R(A] + By)
= Ry.

Note that p induces a one onto one map from the loops of %gm_;_(A; + Byg) to loops
of A,;+1€42n7+A+ for1<k<n-1.So

k41>
P(RUAT + B) = Ay p(RIAT, .
Then by proposition (4’), we have
p(R(Af + Bi)) = wA;  RA[, .
While

R(Af + By) = (A{ + By)R(A}; + By) + A, R(A}) = Ry + Uy,
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thus
Ups1 = w ' p(Ry, + Uy).

By a similar calculation, we see that

Usn—i, = w ' p(Ran—it1 + Uzn—k41)-

Finally

R= Z (Ak + Bk)R(Ak + Bk)
1<k<2n

= > (A, + A} + BoR(A; + A + By)

1<k<2n

= Z AL RA + AL RA; + (Af + Br)R(AS + By)
1<k<2n

= Y Ux+Ui+ R
1<k<2n

Given pq, po and w, Uy, Py, Ry could be obtained inductively. So R is uniquely
determined by p1, g2 and w. 0O

Remark 4.29. Note that the dual principal graph has a Zs symmetry. When py = po =

w = 1, the above process for calculating R is also symmetric. Thus the coefficient of a
loop in R does not change by switching asi—1 to a4n—2k+1-

4.8. Solutions

Definition 4.30. Based on Lemma 4.28, for fixed p1, po,w € C, |p1]| = |p2] = |w| =1, let
us construct the unique possible generator R, 1,. € %2, + inductively,

Up = 16, "°Ly;
Usn = pi26, " Lo;

P, = U Uy, for 1 <k < 2n;
Ry = 0}F % P, + F, for 1 <k < 2n;
Ugi1 = w_lp(Rk + Ug) and
Usn—k = w™ ' p(Ran—r+1 + Usn—it1), for 1<k <n-—1;

Rul,qu = Z Uk"rU,:-ﬁ-Rk.
1<k<2n
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We hope to check proposition (17)(27)(3")(4") for Ry, u,w- Actually propositions (1°)(2’)
(3’) are satisfied, but not obvious. Proposition (4’) fails, when n > 4. We are going to
compute the coefficients of loops in R, .. If proposition (4’) is satisfied, then their
absolute values are determined by the coefficients of loops in Ry.

Lemma 4.31. R, .., s totally uncappable.
Proof. Note that U; is totally uncappable. So
g2nU1g2n = Us.
Then
9onP1gon = P1.
By the exchange relation of the biprojection, we have

gon(F x Py x F)gop = F % (gon % Py * goy) * F = F % py x F.

As an a/b-colour diagram, it is

Therefore Ry = F % P, * F is totally uncappable. Then Us = w™!p(R;) is totally
uncappable. Inductively we have Uy, Ry are totally uncappable, for £k = 1,2,--- n.
Symmetrically U;, R; are totally uncappable, for ¢ =2n,2n —1,--- ,n4+ 1. So Ry, j,0 =
Y 1<k<on Uk + U + Ry, is totally uncappable. 0O

Lemma 4.32. For 1 < k < 2n, Ry does not depend on the parameters py, pa and w.

Proof. Note that P, = U;U; does not depend on the parameters, so Ry = (5§F * P« F
does not depend on the parameters. We use the second principle of mathematical in-
duction. For k =1,2,---,n — 1, assume that R;, for any 7 < k, does not depend on the
parameters. Note that

Py =UpUy
= p(Ry + Ur)*p(Ry, + Uyg)
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= p(Ri)"p(Rr) + p(Uk)"p(Uk)

= p(Rp)*p(Ri) + p*(Ri—1)*p*(Ri—1) + - - + p"(R1)*p" (R1) + p" (U1)*p*(U1)*.

Moreover p*(Uy)*p*(Uy) does not depend on the parameters. So Pyy1 does not depend
on the parameters. Then Ry = 5,‘)1F * Pri1 * F' does not depend on the parameters.
For n +1 < k < 2n, the proof is similar. O

To compute Ry, we can fix the parameters as p; = pz = w = 1 first. Now let us
compute the coeflicients of loops in R = Ry11.

Definition 4.33. For a loop | € %, +, let us define Cr(l) to be the coefficient of ! in
R = Rj11. Let us define Cp(l) to be the coefficient of [ in P = Zl§k§2n P.

If a loop I’ has a cusp point bg;_1, then we can substitute bg;_1 by ag;_1 to obtain
another loop I. By Proposition (4.20)(4.22) and Lemma 4.31, we have Cr(l’) is deter-
mined by Cr(1). Essentially we only need to compute the coefficients of loops whose cusp
points are just a;s. Their relations are given by the following lemma.

Lemma 4.34. For a loop I} € %oy 1, 1] = [x0 -+ - bai—1 -+ - Ton)e(Tan - - - Tole, we have
1
Cr(ly) = —d; Cr(l),
where ly = [Xo -+ a2i—1 - Tan)e(Tan -+ - Tole @S the loop replacing the given point by;—1 by
a2;—1 in lll

For a loop ly € A} Gony A, lo = [ask—1- asm—1)c{@2m—1 - G2k—1]c, we have

52Cp(la), when the middle point as,,_1 is a flat point;
Cp(l2) — Cp(ly), when the middle point azm—1 s a cusp point,

CR(ZQ) = {

where 1y = [agg—1 bam—1)c{bam—1--"a2k—1]c s the loop replacing the middle point

a2m—1 bY bam—1 in lo.
Proof. For a loop I} € %,

!
I = [0 zok—1b2i—1Tont1 - Ton)e(T2nTont1 - - Tan—1Z0]c,

we take I3 to be the loop

= [500 C o T2k—102,—1T2k+1 '£E2n>c<932n332n+1 ce $4n—1$0]c-

Assume that

li
lo = [b2ic1Tok41 - - Tant2k)e{Tant2k - Tan—120 - - - Tap—1b2i—1]c
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and

lo = [a2i—1$2k+1 T $2n+2k>c<$2n+2k c Thn—1T0 " 0 $2k—1a2i—1]c-

Then the coefficient of I, in p~*(R) is

N (@0) X (22n) .
\/)‘,(bﬂi—l)x(x2n+2k) Cr(l1);

and the coefficient of Iy in p~*(R) is

\/ )\/(xo))\/(.’bgn) CR(ll)

N(agi—1)N (Ton+2k)

By Proposition 4.20, the linear space spanned by g, I{, is invariant under the coproduct
of F on the left side. By Lemma 4.31, we have

F(p 5 (R) = p*(R).

So

\/X()\/(:co))\/(awn) )CR(Z,l)lé+\//\/()\/(330))\/(1‘%) Cr(ly)lo

bai—1) N (Ton+2k a2i—1)N (Tan+2k)

is invariant under the coproduct of F' on the left side. By Proposition 4.22, we have

\/ N (zo) N (x2n) CR(lll) I 6b\/)\/()\’(330))\/($2n) Cr(ly) = 0.

N (b2i—1) N (T2n+2k) az;i—1)N (Tont2k)

Thus
1
Cr(l}) = =62 Cr(l).
For a IOOp lg S Azggn_;_A:, lz = [agk_l e agm_1>c<a2m_1 s CLQk_l]c, we have

tr(RIl3)  tr(Rpl3) 2 ((F * Py x F)I3)

tr(loly) — tr(laly) — ° tr(lol})

Cr(l) =
Note that

tr((F * Py x F)I3) = tr(Py(F =15 % F))
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by a diagram isotopy. So

2 r(Pe(F x5+ F)) A tr(Pi(F xlg x F)*)

Orlle) = 0=y % tr(lal3)
If a1 is a flat point, then Iy« F = I3, by a direct computation. By Proposition 4.22,
we have
Fxly =6,y — 8, ' 8(la).
So

o tr(Prl3)

Cr(le) = 52‘6; (ol

= 67Cp(ly).
If asy,—1 is a cusp point, then
lox F =6, %l — 6, ',

by Proposition 4.22 and an 180° rotation, where I} = [a2k—1 - - b2m—1)c(b2m—1 -+ a2k—1]c
is the loop replacing the middle point as,;,—1 by ba;,—1 in ls. Again by Proposition 4.22,

we have
Falyx F=0,"1—67°B(la) — &, %l + 6, > B(I4).
So
_ cac—atr(Pel3) 453 tr(Pxly")
Cr(l2) = 09, tr(lol) %9 tr(laly)

Observe that
tr(laly) = Sptr(1515).
Therefore
Cgr(l2) = Cp(l2) — Cp(13). O

Note that P, = U} Uy, to compute the coeflicient of a loop in P we only need the
coeflicients of loops in Uy. They are determined by the coefficients of loops in Rj_1.

Definition 4.35. For 1 < k < n, let us define [ask_1,¥y). to be the set of all length 2n
paths from asg_1 to y starting with asg_1as,—2. For a path n = [2021 - - 2k—12k)e, let us
define n* to be the path (zx, zk_1, -, 21, 20]c-
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Lemma 4.36. For a loop mn; € A;E%,WFA: whose first point is ask_1, suppose its middle
point is y. Then we have

Cp(mms)= > Cr(mn")Cr(nm3).

n€lazk—1Y)e

Proof. Note that a length 2n path 7 € [agg_1y). starts with asg_1a25—2, so Cr(n*n2)
is the coefficient of n*ne in Uy and Cr(mn*) is the coefficient of nn* in U}'. Then the
statement follows from the fact P, = U;U;. O

When the initial condition g1 = ps = w =1 is fixed, given a loop
U= [ak, Q2n+ky Q2n—ky ** A2tk Oy, fOr 1< Ka Koy oo ko <20 — 1,

we can compute Cg(l) by repeating Lemma (4.34)(4.36). A significant fact is that the
computation only depends on kq, ks, - -, kot, in other words, Cg({) is independent of n.
We list all the coefficients for k; < 7 in Appendix A. This is enough to rule out the 4th fish
by comparing the coefficients Cr([asagasagas].) and Cg([araii1araiiar]e). It is possible
to rule out finitely many Bisch—-Haagerup fish graphs by computing more coefficients.
To rule out the nth Bisch—Haagerup fish graph, for all n > 4, we need formulas for the
coefficients of two families of loops which do not match the proposition (4’). Then only
the first three Bisch—Haagerup fish graphs are the principal graphs of subfactors.

Lemma 4.37.
Cr([azk—1a2n+2k—102k-1]c) = 0, >, V1 < k < n.
Proof. For 1 < k <n, by Lemma 4.34, we have

Cr([agk—102nt2k—102k—-1]c)

= Cp([azk-102n+2k-102k-1]c) — Cp([a2k—1b2nt2r-102k-1]c)-
By Lemma 4.36, we have
Cp([azk—102n+2k—102k—1]c)
= Cr([agg—1 " aan—1a0 - azr_102k—2]c)Cr([a2k—102k—2 - - A0Qan—1 - - - A2k]c),
because
[a2k71a2n+2k71a2k71]c = [a2k71a2n+2k71>c<a2n+2k71a2k71]c;

and agk_1G2k—2 - A0Q4n—1 - A2ni2k—1 IS the unique path in [agx_1,d2n12k—1)c. Note
that

*
[ok—1 """ Qan—100 - - G2k—102k—2]; = [A2k—102k—2 - - AOQdn—1 - - - A2k)cs



352 Z. Liu / Advances in Mathematics 279 (2015) 307-371

and R = R*, so

CR([GQk—l crrQ4n—10a0 sz—lazk—z]c) = CR([a2k—1a2k—2 cap4n—1 - an]c)-
Observe that

P[a1a0a4n—1 s az]c

_ ¢ X (a)X (azn 1)

N(agk—1)N (a2n42k-1) lazk—1a2k—2 -+ - @10004n—1 - - - a2k]c

= [a2k—102k—2 - - - A1A0A4n—1 - - A2k] e,
and p(R) = R, (we assumed that p1 = us = w =1), so

Cr(lagk_1a98—2 - a0aan_1 - - agg)e) = Cr([a1a0aan_1 - - - az)e) = 517—1.5'
Then
Cp([a2k—102n+2k—102k—1]c) = 6; .

On the other hand,

[a2k—1b2n+26—1a26—-1]c = [a2k—1b2nt2k—1)c(b2nt2k—102%—1]c,s

but there is no path in [a2x—1, bant2k—1]c, SO

Cp([azk—1b2nt2k—1026-1]c) = 0.

Then
Cr([agk—1a2n+2k—102k-1]c) = 0y °. O
Lemma 4.38.
—5
Cr([a2k—102n+102n—2k+302n+102k—1]c) = 0y V2<k<m
_5.5
Cr([a2k—102n+102n—102n+26—302k—1]c) = 05 777, V3<k<m
Cr([aok—1a2n+2k—302n—1a2n+1026—1]c) = 0 >, V3<k<n

Proof. For 2 < k < n, by Lemma 4.34, we have

CVP ( [042]@7 102n+102n—2k+302n+1 a2k71}c)

= CP ( [a2k— 1 a2n+1a2n—2k+3>c <a2n—2k+3a2n+1 0,2]@_1}0)
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= CRr([a2k—102n 11020 —2k+3)c(@2n—2k+30102K-1]c)
x Cgr c)
c)
)

X Cr([agk—1b102n—2k+3) (@20 —2k+302n+102k—1]c

A2%—10102n—2k+3) (A2 —2k 130204102k —1

a2k—1 a2n+1a2n72k+3>c <a2n72k+3 bl a2k —1

(1l ]
(1l ]
+ Cr(] ]
(1l ]

By Lemma 4.34, we have

CR([azk— 101 a2n—2k+3>c <a2n—2k+3 204102k — 1] c

0.5
= *51, CR([azk—lala2n—2k+3>c<(12n—2k+3(12n+1(12k—1]c~
So the formula is simplified as

Cp([a2x—102n+102n—2k+302n+102k—1]c)
= 6;Cr([a2k—102n+1a2n—2k+3)c (A2n—2k+3012k—1]c)
X Cr([agk—10102n—2k+3) c(A2n—2k+302n+102k—1]c)s
where 07 is given by 1+ (—4)-°)? = 67.
We see that the cusp point of a path in [asg_1a2,—2k+3)c could be a; or by, but we

can ignore the path with the cusp point b; by adding a factor 55.
Moreover,

Cr([agk—1a1a2n1102k-1]c)

_ \/ N (a1)N (azn+1)

C a102n+10a1 ¢
N(QQk—1)>\’(a2n_2k+3) R([ 142n+1 1] )

— (5;0'56;3

=5, 3.
So
Cp([a2k—102n+102n—2k+302n11026-1]c) = 07 (5, >°)* = 5, °.
On the other hand, there is no path in [agr—1b2n—2k+3)c, SO
Cp(lagk—102n+1b2n 2k +302n 1102k -1]c) = 0.
Then

Cr([agk—102n+102n—2k+302n1102k—1]c) = 0; °.
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For the formula Cr([agk—102n+102n—102n+2k—302k—1]c), When k& = 3, we have

Cr([azazni1a2n—1a2n1103]c) = 0, °.
When k > 3, by Lemma 4.34, we have
CP([azk—l(lzn-;-laQn—102n+2k—3(l2k—ﬂc)
= CP([a2k—la2n+1a2n—1a2n+2k—5>c<a2n+2k—5a2n+2k—3a2k—1]c)

= 5201?,([a2kf1a2n+1a2n71a2n+2k75>c<a2n+2k75a2k73a2k71}c)

X Cr([a2k—102k—302n+2k—5)c(A2n+2k—502n+2k—302k—1]c),

where the factor (52 comes from the choice the cusp point asg_3. Moreover,

Cr([a2k—102n+102n—102n+2k—302k—1]c)

= Cr([agk—102n+102n—102n42k—5)c(Q2n+2k—502k—302%—1]c)

N(aok—3) N (@2n4+26—7)
N(agk—1)N (a2n+2k—5)

_ {51,_0'501%([a3azn+1a2n—1a2n+1as}c) =6,"" when k = 3;
Cr([a2k—302n+102n—102n+2k—502k—3]c) when k > 4.

CR([a2k—3a2n+1a2n—1a2n+2k—5a2k—3]c)

Cr([a2k—102k—302n+2k—302k—1]c)

)‘/(a2k’*3)>\l<a2n+2k73) s )
= C A2k 3027 —302k—3|c) = (5 6 == 6 .
A,(a2k—1)A/(a2n+2k_5) R([ 2k—3U2n42k—-3U2k 3] ) b Vb b

Note that the middle point ag,42r—5 is a flat point, by Lemma 4.34, we have

CR([a2k—1a2n+1a2n—1a2n+2k—3a2k—l]c) = 5gCP([a2k—1a2n+1a2n—1a2n+2k—3a2k—1]c)-

Then

—5.5
Cr([a2k—102n+102n—102n+26—302k—1]c) = 0y when k = 3;

Cr([a2k—102n+102n—102n+2k—302k—1]c)
= Cr([a2k—3a2n+102n—102n+42k—502%—3]c) when £ > 4.
Therefore we have Cgr([a2k—102n+102n—102n+2k—302k—1]c) = 5,7_5'5 inductively, for 3 <

k<n.
« . —5.5
Take the adjoint, we have Cr([agk—10a2n12k—302n—102n+102k—1)c) = 0, °°. O



Z. Liu / Advances in Mathematics 279 (2015) 307-371 355

Lemma 4.39.

-8
Cr([agk—102n1102n—102n 12k —502n 10201102k —1]c) = =05 *, V3 <k < n.

Proof. For 3 < k < n, by Lemma 4.36, we have

Cp([a2k—102n+102n—102n+2k—502n—102n+102k—1]c)
= Cp([a2k—102n+102n—102n+2k—5)c(@2n+2k—502n—102n+102k—1]¢)
= 6 Or([a2k—1020+1020 1020+ 2k—5) (A2 4 2k —502k 302k 1))
X CR([azk—1a2k—3azn+2k—5>c<€12n+2k—5(12n—102n+1a2k—1}c),

where 67 is given by the choice of agj_3.
On the other hand

CP([QQk—chZn—i-laQn—lb2n+2k—5a2n—la2n+1a2k—1]c)
= Op([azk—102n1102n—102n12k—5) c (D2nt2k— 50201020 1102k —1]c)
= 67Cr([agk—102n+102n—1b2n+2k—5) e (D2nt2k—502k—3a2K—1]c)
X Cr([agk—102k—3b2n+2k—5)c(b2nt2k—502n—102n+102k—1]c),

where 65 is given by the choice of ask_3.
Note that

CR([a2k71a2n+1a2nf1b2n+2k75a2k73a2k71]c)
= 0, 'Cr([a2k—1a2n+1a20—102n+2k—502k—302%—1)c);

Cr ( [02k71a2k73 b2n+2k75a2n7 10214102k — 1]c)

= 6, 'Cr([azk—1a2k—302n 12k —502n—102n+102%—1]c)-

By Lemma 4.34, we have

CR([a2k71a2n+1a2n71a2n+2k75a2n71a2n+1a2k71}c)
= Cp([a2k—102n4102n—102n 12k —502n 1020 1 102k—1]c)
— Cp([a2k—1a2n+102n—1b2n+2k—502n—102n+102k—1)c)

—152
=0, 0, Cr([a2k—102n+102n—102n+2k—5) (A2 42k —502k—302k—1]c)
x Cr([aok—102k 3020 12k—5)c(@2n 420 —502n— 10204102k —1]c),
where —0, is given by 1 — (5;1)2 = —0p.
We see that if the middle point is a cusp point, and both as,y2r—5 and bapiok—5

contribute to the middle point of a loop in the multiplication, then we can ignore the
loop with middle point by, +2k—5 by adding a factor —dy.
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While
Cr([agk—1a2k—302n+2k—502n—102n+102k—1]c
= i:gzzz?;i:gzzzzz3CR([a2k—3a2n+2k—5a2n—1a2n+1a2k-1]c)
_ { 6, P Cr(lasaznt1a2n—1a2n41a3]c) = 8 °° when k = 3;
COr([azk—3a2n+2k—502n—1a2n1102k-1]c) = 05 > when k > 4.
So
Cr([agk—102n+1020 1020425502012, 11025—1]c) = —0p02 (5, >°)?

-5,% VE>3. O
Lemma 4.40. For 5 < k < n, we assume that

Nk1 = an—102n+2k—5a2n+2k—9>c;

A2%—102k—502n+42k—9) ¢

[

Nk2 = [A2k 1020110201020+ 2k~ 702042k —9)c;
k1 = |
[

fk2 = [A2k—1G2k—302n+102n—102n+2k—9) c-
Then

Cr(m1 1) CR(??klﬁZz)] _ [ 5 ° 5b6‘5}

Cr(m2mir)  Cr(mk2mis) 65 =50 ]
Proof.

Cr(k7z1) = Cr([a2r—102n 12k —502% 5028 —1]c)

= 0, *Cr([azk—5a2n+2k—502k—5]c)

= 5,3_5, by Lemma 4.37
Cr(Me1Me) = Cr([02k—102n+2k—5020—102n+1A2k—302%—1]c)

=6, 'Cr([azk—3a2n+2k—502n—102041026—3)c)

=6,%2, by Lemma 4.38;
Cr(Mi2Mi1) = Cr([a2k—102n41020—102n 2k —702k—502k—1]c)

= 6(:10R([a2k—5a2n+1a2n—1a2n+2k—7a2k—5]c)

= 51;6'57 by Lemma 4.38;
Cr(Mk2Tlk2) = Cr([a2k—1020+1020-102n+2k 70201020 +102k—302k—1]c)
= 51)_1CR([a2k—3a2n+1a2n—1a2n+2k—7a2n—la2n+1a2k—3]c)

=-4,7, by Lemma 4.39.
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Lemma 4.41. For 5 < k < n, we assume that

M3 = [A2%—102n4102n—102n+102n—102n42k—9) ¢}

N4 = [a2k—1a2n+3a2n—1a2n+2k—9>c;

Nks = [a2kf1a2n+1a2n73a2n+2k79>c~

357

Then
k= 50+5 5] 4+ 6 50+ 7 51+ 8 504+ 9
Crlnkings) 0 0 65,8 -5, 5,8
CR(WI@Q"]Z:),) _6b—10.5 6b—9.5 _51)—10.5 6b—11.5 5;11.5
Crlmaniy) 6 °° 0 &, *° 5% 0
Cr(mkanyy) 0 0 &, ° =00 9"
CR("?kang,) 0 5b—5.5 0 5b—6.5 5b—645
Cr(manis) 6, ° 0 0 & ° —0, "
Crlmanis) 6 N S
Cr(maniy) 0 0 0 6, 6, 1
Crlmsnis)  6,°° 0 0 0 &, 10
Cr(mramyy) =0, ° 5, —6,° 0 0
Cr(nkangs) 0 0 0 0 5,°
Cr(msnis) 0 6" & —6° 0

Proof. For 5 <k <n,i=3,4,5, we assume that

[akl} _ {CR(%WZD} '

Bri Cr(nr2my;)
Then
[am} _ |:CR(nk177]ti):| _ 52 {CR(nklﬁZﬂ
Bri Cr(nk2my;) " | Cr(nkafiyy)  Cr(neafify)

Furthermore we have
Cr(ng;) = Cr(p™2 (Mk-21M{k—2)1)) = CrR(Th—2)17
Cr(Tkani2) = CR(Pil(ﬁ(k—l)ﬂﬁk_m)) = Cr(f(k-1)2n

So

CR(Wlﬁ/E) } {5501?(%17713) ]
5 Cr(ikami;)

2)1*) = Q(x—2)i, When k > 7.

_1)i) = B(k—1)i» when k > 6.

25l -6 S
Bki b 5;6.5 _5;9 655(1@—1)1’ 5;2.5 _5;1

Bk—1)i
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Substituting B; by ag;, we have

sy + 0 Lai — 0y tap—1yi — Qk—2yi = 0.

1 + \/g -1 2 —1 Ami 67i
2

Recall that &, =
So

7sox3—|—5b % — 0, x —1=0 has three roots 1, e™5 , e 5 .

4kmi 6kmi
Qi = T14 + 1€ 5 + r3i€ 5 )

for some constant r1;, ro;, 73;. Therefore the periodicity of ay; is 5 with respect to k.
Based on the results listed in Appendix A, the initial condition is

fass]  [Cr(isiniz)] [0, °
ous | = | Crliinis) | = | &° |
LBaz ]  LCRr(752m53) L6, 1
[u3q ] [Cr(f51m54) | 6, %
asa | = | Cr(emzs) | = | 0 |
L Baa | L Cr(7521m34) L 5, °
[ass ] [Cr(751m55) | 6, 7
ass | = | Cr(lenis) | = | 6, °°
[Bis ] LOrisonis)] 16,7

For example,

azz = Cr(i51753)
= CORr([a9a5a2n+102n 1020 4102n—102n1109)
= 6b_10R([a5a2n+1a2n—1a2n+1a2n—1a2n+1a5]0)
=—4,".

The others are similar.

Then [a;ﬂl is obtained inductively. The result is listed in the following table

ki
k= 50+ 5 50+ 6 50+ 7 50+ 8 50+ 9
k3 0 0 5, ° -5, 8, °
Bra 7517—10.5 5{)—9.5 751)—10.5 51)—11.5 5b—11.5
Qg 5b—545 0 6b—6.5 51)—6.5 0
Bra 0 0 5, ® 5, 5,8
ks 0 5(;5.5 0 5;6.5 5;6.5
Brs 5,8 0 0 5,8 -5,?
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For 5 <k <n,3<4,j <5, by Lemma (4.34)(4.36), we have
Cr(ming;) = =06 (05 Cr (ki1 ) Cr(Tkamis;) + 68 Cr (ki) Cr (Tkani ;)
+ 6, Cr(Mi{a2n426—902n+2K—702k—302%—1)c)
x Cr([az2k—1a2k—3a2n+2k—702n+2k—9) ;)
= =04 (05 Cr (ki1 ) Cr(Tkami;) + 05 Cr(Mkifina) Cr (Tk2mis;))
+ 6 CR(n(kH)M(kH )CR(7] k+1)177k])
= =0 Qu(k—2)iC(k—2)j — 0p Bk—1)iB—1); + Op Q(k—1)iC(k—1);-
Then
k= 50+ 5 50+ 6 50+ 7 50+ 8 50+ 9
Crlmsmis) & ° =07 =77 &0 =g
Cr(manis) 0 0 0 & =600
Cr(manis) 67 0 0 0 —6, 10
Crlmeaniy) — —6° & =6, 0 0
Cr(mkamis) 0 0 0 5"
Cr(ksnys) -5y -5, 0 _
Lemma 4.42.

Cr (a2n—1 A4n—702n-102n+102n—102n+1021n—102n4+102n—1 )

—5;13‘5 when n = 200 + §;
—13.5 _ .
_511115 when n = 201 + 13; V> 0.
—0, 7  when n = 201 + 18;
—6;11'5 when n = 201 + 23;

Proof. When 7 < k < n, we assume that

Ero =
€z =

fks
Ep1 =
po =

A2k —102n+42k—702n+2k— 13>
A2k—1A2n+102n—102n+2k—902n+2k— 13>

A2k—1A2n4+1021n—102n+102n—102n+2k—1102n+2k— 13>

A2k—102n+1021n—302n+2k—1102n+2k— 13>

=
[
[
[CL 1a2n+3a2n71a2n+2k711a2n+2k713>c§
[
[a2k—102k—702n12k—13) ¢}

[

A2k —102k—502n+102n—102n+2k—13) ¢}
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Ek3 = [A2k—102k—302n+102n—102n+102n—102n+2k—13) ¢
Eka = [Q2k—102%—302n 43020 —102n42k—13)c}

Eks = [A2k—102K—3020 11020 —302142k—13 ) c-

By Lemma (4.40)(4.41), we can compute Tk, for k > 7, where

Cr(&m&) Cr(én&ia) Cr(Gri&is) Cr(Sis) Cr(€niéfs)
Cr(r2&i) Cr(&r28ia) Cr(Gk28is)  Cr(Sr2€is)  Cr(€r2éfs)
T = | Cr(&ks&i1) Cr(&kséia) Cr(&rséis) Cr(&rsSis)  Cr(Erséis)
Cr(&ra&h1) Cr(&rabia) Cr(Era&lis) Cr(&raia)  Cr(€raéfs)
Cr(&rs&1)  Crérsra) Cr(Erséis) Cr(&rs&is) Cr(&rs&is)

For 1 <i,5 <2, we have

Cr(&ri€i;) = 0, "CRONk—1)iTTo—1);) YR > T.
For 1 <i<5,3<j <5, we have

Cr(&ki€i;) = 6 'Cr(ne—1)ifilx_1y;) Yk >T.
For 3 <1i <5, 57 =2, we have

Cr(&ri&;) = 6, 'Cr(k—2)ifT{k_2y;) Yk >T.
For 3 <i <5, 5 =1, we have

Cr(&ri&;) = 6, 'Cr(k—3)ifT(x_s);) Yk > 8.
Based on the results listed in Appendix A, we have

Cr(€r3&n) =0, Cr(&a&s) =05 Crl&rsély) =6, 7P,

For example,

CR(f?sg;l) = CR([013a2n+1aQn—1a2n+1azn—1a2n+3a7a13]c)
= 6, " Cr([ara2n 4102010204102, 1020+ 3] )

=4, .
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The others are similar. Then

T =

T, =

Ty =

Ty =

Ty =

5o
6b—7.5
5, °

0

—7.5
_6b

- 6;6
5b—7.5
0
5;6.5

0

_ 51)—6

6[}—7.5

_5710
b

—7.5
6b

—7.5
L 6b

—7.5
5b
—10
_5b

—11.5
_5b

51)—7.5
_5;10
517—12.5
—6;10

85,0

—7.5
61)

—10 —11.5
_6b _617

—12.5
6b
—9
51)

—10
_617

0
617—10‘5
_5{;13

0

5, °

_ior
61) 12.5
—617_15
_6b—11.5

—(5;11'5
0

—14
6b

0
§105

0 517—6.5 A
0 0
0 0 |,
5% 0
0 =5, ]
&% 07
&2 0
0 0 |,
-5, 0
0 &%
6;7.5 6;7'5 B
75;10 5;9
§10-5 0 7
0 0
0o —5°
0 5b—7.5 —
(5;9 _(5;10
7517—11.5 7517—11.5
0 ;0
& ° 0 |
517—6.5 0 -
0 5,0
0 6[;10.5 ’
-5 0
0 0

361

when k = 50 + 7;

when k& = 5] + 8;

when k = 51 +9;

, when k = 5] + 10;

when k = 50 + 11.

Take &, to be [a2x—102n+102n—102n+102n—102n+102n—102n42k—13)c, then

[Cr(&k1&5) ] [ 52CR(EmED) T
Cr(&k26}) S8 Cr(Er2t})
Cr(&rs&)) | = 62T | 01°Cr(&rsés)
Cr(&raé}) S8 Cr(Ekay)

| Cr(&ks&3) | | 65CR(EsE}) |

, Vk> 1.
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Furthermore
Cr(€r&i) = Cr(§n-31&i—s), when k > 10;
Cr(&2és) = Cr(§r—2)285—2), when k >9;
Cr(&s&t) = Cr(Ek—1)3&)_1), When k > 8;
Cr(&raéy) = Cr(§(k—1)48k—1), when k > 8;
Cr(Es&i) = Cr(€e-1)56k-1), when k > 8.

So we can compute it inductively. By Lemma (4.40)(4.41) and a direct computation, the

initial condition is

Cr(6n&) Cr(&s1&) Cr(€01)T e
Cr(&m2&7)  Cr(&s263) R

) _ 617_14'5

)

)

—14
_5b

—14
_6b

For example,

Cr(£01&3)
= Cr([a170110204502n 1020110201020 +1020—1020+1017) )
= 0, "5 Cr([a1102n+502n—102011020—10204+102—1020+1011] )
=6, 9%(6; Cr(la11a2n+505011]c) Cr([01105 02041020 —102n+102n 102041011 ]c)
+ 65 Cr([a11a2045020—3a2n+1a9a11]c)
x Cr([a1109a2n+102n—302n+1020—10204102n—-102n+1011]c)
- 6b6§CR<[a‘lla2n+5a2n71a2n+1a7a11]c)
x Or([a110702n 11020 1020410201020 11021020 1+1011]c)
— 0u0y Cr([a11a2045020—1a204+3a9a11] )
X CR([a11a9a2n+3a2n7102n+1a2n71a2n+1a2n71a2n+1a11}c)
- 5b5§CR([(111a2n+5112n—1112n+1&2n—1(12n+109011]c)
X CR([a11a9a2n+1a2n—1a2n+1a2n—1a2n+1a2n—1a2n+1a2n—1a2n+1a11]c))
=0, (678, 206,26, 10 (=6, %) + 656, P Cr(nsinis) &, O Cr(nssnis)
- 555175_1 55_7 55 15_11 - 5b5b5 09 6’1*2(77517754)(s CR(’?547753)
— 640350, " Cr(ns1133)8, *°Cr(ns3nss))
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= 0, “0(858, 208, 20, 1O (=8, %) + 0 = 0050, 108, 706, 1oy 4+ 0 4 0)

_ —12.5
= 5,125,

The others are similar.
Then we have

k= 7 8 9 10 11 12 13
Cr(Emér) 0 ' 75;13.5 (5;12:5 751:125 75;125 5;125 75;1&5
CR(&ngZ) 611—13 76;15 6;16 6;12 6;15 0 6[}—16
CR(&‘I{S&-Z) _5})—1545 6b—14.5 6[7—1745 —6;16'5 6b—16.5 _5b—15.5 6—1545
CR(€k4§Z) _5;14 (51:15 5;12 —6;14 6;15 51:15 _61:14
CR(ka)fZ) 6;13 (5;13 _51: 13 6[;14 —6;14 5[;12 6;12
14 15 16 17 18 19 20 21
0 5;12 5 0 6(;12.5 _6;11.5 0 0 0
5;13 + 5716 6;13 _5;14 6;14 5;13 + 5;16 6;14 0 0
75;1845 6;15‘5 5;14.5 75;145 6;17‘5 76;15‘5 _ 517—18.5 6;15‘5 6;13‘5
6b—14 76;14 6[]—1‘3 61)—13 76;13 5b—14 0 0

—13 —15 —14 —14 —14 —15 —12
5= 5 0 5 5; —5; 5 0
22 23 24 25 26 27 28 29
0 _5b—115 5—125 0 _5b—125 0 —6_135 5—125
5; 12 61:14 —(5;15 5; 14 6713 51;13 _5;15 6716
—6;14'5 6}:15'5 —6;16'5 —6;16'5 6,:14'5 —5;15'5 5;14.5 6;17.5
0 0 6;12 0 75;14 75;14 5;15 6;12
0 0 0 6;12 76;14 6;1; 6;13 76;15

Note that the periodicity is 20. So

CR(aan1a4n77a2n71a2n+1a2n71a2n+1a2n71a2n+1a2n71)

—5;13'5 when n = 201 + §;

—5;13'5 when n = 20! + 13;

N —5;11‘5 when n = 201 + 18;
—5;11‘5 when n = 201 + 23.

Theorem 4.43. Whenn > 4, the nth Bisch—Haagerup fish graph is not the principal graph
of a subfactor.

Proof. By Lemma 4.32, to compute the coefficients Cg of loops in A;%ngrA;, we can
fix the initial condition as u; = po = w = 1.

When n = 4, from Appendix A, we have Cg([asagasagas]l.) = 6b_5 and
Cr(lararraraiiar].) = 0. Recall that the coefficient of loops in R can be computed
inductively from the initial condition u; = po = w = 1. By the symmetry of the dual
principal graph and the symmetry of the initial condition g1 = pus = w = 1, we can
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substitute 2k — 1 by 4n — 2k + 1, see Remark 4.29. Then Cg([agasagasagl.) = 0. By
Lemma 4.32, these coefficients are independent of the parameters 1, po, w. If R, 11,0 is
a solution of Proposition 4.9, then

X(a5

N (ag) Cr(lasagasagas).) = WQCR([a9a5a9a5a9]c)_

So

|5;1C'R([a5aga5a9a5]c)\ = \C’R([aga5a9a5a9]c)\.

It is a contradiction. That means the 4th Bisch-Haagerup fish graph is not the principal
graph of a subfactor.
When n > 5, by Lemma 4.39, we have

Cr([a5a2n+1020—102n+102n—102n4+105]c) = —51,_8~
By the symmetries of the dual principal graph and the initial condition, we have
CR([a4n—5a2n—1a2n+1a2n—1a2n+1a2n—1a4n—5]c) = —51,_8-
If R, 1,0 is a solution of Proposition 4.9, then by Lemma 4.32, we have
|Cr([a2n—1a4n—502n—102n+1020—1020+102n—1]c)|

= |51,_1CR([a4n—5&2n—1a2n+1a2n—1a2n+1a2n—1a4n—5]c)|

=6,".
On the other hand, by Lemma 4.41, we have

|CR(Mm1nss)| = |Cr([a20—104n—5020—1020 410201020 4+102n-1)c)| = 0 °

which implies 5|n — 3.
When n > 8 and 5|n — 3, from Appendix A, we have

—11
CR([a702n+1&2n—1&2n+102n—102n+1a2n—1a2n+1a7]c) = 5,, .

By the symmetries of the dual principal graph and the initial condition p; = po = w =1,
we have

—11
CR([a4n—7a2n—1a2n+1a2n—1a2n+1a2n—1a2n+1a2n—1a4n—7]c) = 5(, .

So

|CR([a20—104n—7020—1020+1020— 102041020 —102n+102n—1]c)| = 05 22,
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On the other hand, by Lemma 4.42, we have

—11.5 ~13.5
|Cr([a2n—104n—702n 102041020 1020410201020 1102n—1]c)| = 0, or 6, 7.
It is a contradiction.

Therefore the nth Bisch-Haagerup fish graph is not the principal graph of a subfactor
whenever n > 4. 0O

4.4. Uniqueness

Theorem 4.44. There is only one subfactor planar algebra whose principal graph is the
nth Bisch—Haagerup fish graph, forn =1,2,3.

It is easy to generalize the Jellyfish technic [2] for Fuss—Catalan tangles, or tangles
labelled by the biprojection. We are going to check the Fuss—Catalan Jellyfish relations for
the generators S and R. Before that let us prove two lemmas which tell the Fuss—Catalan

Jellyfish relations.

Lemma 4.45. If R is a solution of Proposition 4.9 in a subfactor planar algebra with a
biprojection, then

P = §2Pey, P,
where P = 5;19271 — R.

Proof. Note that P = 51;19277, — R is a projection. It is easy to check that §%Pey, P is a
subprojection of P. Moreover they have the same trace. So P = 5%2Pes, P. O

Remark 4.46. This is Wenz!’s formula [39,23] for the minimal projection P.

Lemma 4.47. If S is a solution of Proposition 4.6 in a subfactor planar algebra with a
biprojection, then

Q = 66(1@17271@’
where Q@ = 3(fan + 9).

Proof. Note that Q = % (fa, +5) is a projection. It is easy to check that 66,Qp2,Q is a
subprojection of Q). Moreover they have the same trace. So Q = §0,Qp2,Q. O

Proof of Theorem 4.44. We have known three examples whose principal graphs are the
first three Bisch—Haagerup fish graphs. We only need to prove the uniqueness.
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For n =1,2,3, suppose R, ... is a solution of Proposition 4.9. Note that the loop

[a2n71a2n+1 tee a2n71a2n+1]c

n

is rotation invariant. Moreover its coefficient in R is non-zero. So w = 1.

If (S, R,wp) is a solution of Proposition (4.6)(4.9), then (—S, R, —wyg) is also a solution.
Up to this isomorphism, we can assume wy = 1.

Suppose A is a subfactor planar algebra whose principal graph is the nth Bisch—
Haagerup fish graph, and its generators R, S satisfy Proposition (4.6)(4.9), such that
wo = 1. Let us consider the linear subspaces Vi of %a,1,+ generated by annular Fuss—
Catalan tangles acting on R. We claim that the space V. satisfies Fuss—Catalan Jellyfish
relations. Therefore the subfactor planar algebra is unique.

Obviously V4 is * closed and rotation invariant. The multiplication on Vi is implied
by Lemma 4.45. Now let us check the Fuss—Catalan Jellyfish relations.

When we add one string in an unshaded region, for example, we add one string on
the right of R, where R € V_ is the diagram adding one string on the right of R. Then
by Lemma 4.45, we have 5;192,1 — R € Sopio,—, where Soy, o _ is the two sided ideal of
PBon,— generated by the Jones projection. That implies the Jellyfish relation of R while
adding one string on the right. Other Jellyfish relations are similar.

When we add one string in a shaded region, for example, we add one string on the
right of S, where S € V, is the diagram adding one string on the right of S. Then by
Lemma 4.47, and the fact that pa, € Hopy2 4+, where Fop, 40 1 is the two sided ideal of
PBon,+ generated by the Jones projection, we have %(fgn +5) € Hopio 4. That implies
the Jellyfish relation of S while adding one string on the right. Other Jellyfish relations
are similar. O

It is easy to check that the possible solution (R, S), for u1 = ps = +1, wg = 1, in the
graph planar algebra does satisfy Proposition (4.6)(4.9). The skein theoretic construction
of the three subfactor planar algebras corresponding to the first three Bisch—Haagerup
fish graphs could be realised by the Fuss—Catalan Jellyfish relations of the generating
vector space V1 mentioned above. We leave the details to the reader.

5. Composed inclusions of two A4 subfactors

In this section, we will consider composed inclusions N' C P C M of two A4 subfac-
tors. Let 4d be the trivial (P, P) bimodule, and p;, p2 be the non-trivial (P, P) bimodules
arise from A" C P, P C M respectively. Then p? = p; @ id, for i = 1,2. If it is a free
composed inclusion, i.e., there is no relation between p; and p2, then its planar algebra
is FC(dp,0p); Otherwise take w to be a shortest word of p;, pa which contains id. If
w = (p1p2)"p1, and n is even, then by Frobenius reciprocity, we have

dim(hom((p1p2) p1, (p1p2) %)) = ¢ > 1.
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So

dim(hom((p1p2)? pi, (p1p2)?)) = dim(hom((p1p2)® p1, (p1p2)? p1)) > c+ 1.

Note that p? = p @ id, we have

dim(hom((p1p2)?, (p1p2)?)) > 1.

So (p1p2)™ contains id, which contradicts to the assumption that w is shortest. It is
similar for the other cases. Without loss of generality, we have w = (p1p2)", for some
n > 1.

Considering the planar algebra % of N' C M as an annular Fuss—Catalan module,
then it contains a lowest weight vector T' € %, + which induces a morphism from (p1p2)"
to id. So T is totally uncappable.

Remark 5.1. There is another proof without using bimodules. The lowest weight vector
T € Pp 4 is totally uncappable, for n > 2, see [24]. For the case n = 1, to show it
is totally uncappable, we need the fact that the biprojection cutdown induces a planar
algebra isomorphism [7].

Definition 5.2. Let us define Q,,, for n > 1, to be the (N, P, M) coloured graph with

parameter (dp, dp) as

where the black vertices are N, M coloured, and the white vertices are P coloured, and
the number of white vertices is 2n.

Lemma 5.3. Suppose & is a composition of two Ay Temperley—Lieb planar algebras. Then
either A is Fuss—Catalan, or its refined principal graph is Q,, for some n > 1.

Proof. If % is not Fuss—Catalan, then it contains a lowest weight vector T' € %,, + which
is totally uncappable, for some n > 1. So the refined principal graph of # is the same
as that of FC(dy,dp), until the vertex corresponding to f,, splits, where f,, the minimal
projection of FC(dy, dp)n,+ with middle pattern abba - - - abba(ab).

By the embedding theorem, T" is embedded in the graph planar algebra. Similar to the
proof of Lemma 4.28, the loop passing the vertex, corresponding to the middle pattern
aaa, has non-zero coefficient in S. Similar to the proof of Lemma 4.24, it has to be a
length 2n flat loop, a loop whose vertices are all flat. Via computing the trace, there is
a unique way to complete the refined principal graph as
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aqa
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For n = 1,2, 3, it is easy to check that 2, is the refined principal graph of the reduced
subfactor from the vertex as, corresponding to the middle pattern baab, in the (refined)
dual principal graph of the nth fish factor.

Comparing this refine principal graph with the one obtained in Lemma 4.10, they
share the same black and white vertice and the same dimension vector on these vertices.
Similar to Proposition 4.9, we have the following result.

Proposition 5.4. Suppose £ is a planar algebra as a composition of two A4 planar alge-
bras, and it is not Fuss—Catalan. Then there is a lowest weight vector T € A, ;, such
that

(1) Tx =T;

(2) T+ 5;2]"” is a projection;
(3) T is totally uncappable;
(4) p(T) =T,

where fp, is the minimal projection of FC(0p, 0y )n,+ with middle pattern abba - - - abba(ab).

Note that the dual of Z is still a composition of two A4 planar algebras. So the refined
dual principal graph is the same as €2,,. Then there is a lowest weight vector T' € %, _
satisfying similar propositions. Solving this generators T, T” in the graph planar algebra
is the same as solving R for the compositions of A3 with A4, while the rotation is replaced
by the Fourier transform. Therefore we have the following result.

Theorem 5.5. There are exactly four subfactor planar algebras as a composition of two
Ay planar algebras.

Proof. Suppose £ is a planar algebra as a composition of two A4 planar algebras. If &
is not Fuss—Catalan, then there is a lowest weight vector T € %, , satisfying proposition
(1)(2)(3)(4), and T" € A, . satisfying similar propositions. Comparing with the process
of solving R in the graph planar algebra for the composition of A3 and A4, we have
the Q,,, for n > 4, is not the refined principal graph of a subfactor.

For n = 1,2,3, three examples are known as reduced subfactors. We only need to
prove the uniqueness. Similar to the proof of Theorem 4.44, by comparing the coefficient
of the rotation invariant loop, we have T' = F(T") = p(T). So w = 1. Furthermore the
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linear subspaces Vi of %,,;1,+ generated by annular Fuss—Catalan tangles acting on T’
satisfy Fuss—Catalan Jellyfish relations, which are derived from Wenzl’s formula similar
to Lemma 4.47 and Theorem 4.44. Therefore the subfactor planar algebra is unique. O

Similarly we can construct the generators (7, 7") in the graph planar algebra. The
skein theoretic construction of the three subfactor planar algebras could be realised by
the Fuss—Catalan Jellyfish relations of the generating vector space V..
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Appendix A. The initial conditions
Up to the rotation, we only need Cr(l) for a loop [ € Azg2n7+Az. Now we list of

results up to adjoint for 1 < k < 4. They are obtained by a direct computation by
Lemma, (4.34)(4.36).

When n > 1,
Cr([a1a2n+41]c) = 6, °.
When n > 2,
Cr(lagaznssle) = 6, %;
Cr(lagagn+102n102n11]c) = 6, .
When n Z 37
Cr([asaznis)e) = 6, %
Cr([asazn+1a2n—3a2n41]c) = 0, °;
CR([a5a2n+1a2n—1a2n+1a2n—1a2n+1]c) = _517_85
CR([a5a2n+1a2n—1a2n+3]C) = 51)_5.5'
When n > 4,

Cr(larasni7]e) = 6; %
CR([a7a2n+1a/2n75a2n+1]c) = bf ’

0
CR([a7a2n+3012n—la'2n+3]c) =0;
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Cr([a702n+302n-102n 410201020 41]e) = &, "

Cr([a7a2n1+1020—1020+1020— 1020410201020 +1)c) = 0p
Cr
Cr

[A7G2n 41020 —302n4+102n—102n+1]c) = —5;8'5?
[a7a2n4+102n—302n13]c) = 51;_65

Cr([a7a2n 15020 102n11]) = 6 >

(
(
(
(
(
(

-8
Cr([arazns102n 102043020 —102n41]c) = =0, ©.
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