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EXACT SECOND-ORDER CONE PROGRAMMING RELAXATIONS
FOR SOME NONCONVEX MINIMAX QUADRATIC
OPTIMIZATION PROBLEMS*
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Abstract. In this paper, we study, for the first time, nonconvex minimax separable quadratic
optimization problems with multiple separable quadratic constraints and their second-order cone
programming (SOCP) relaxations. Under suitable conditions, we establish exact SOCP relaxation
for minimax nonconvex separable quadratic programs. We show that various important classes of
specially structured minimax quadratic optimization problems admit exact SOCP relaxations under
easily verifiable conditions. These classes include some minimax extended trust-region problems, min-
imax uniform quadratic optimization problems, max dispersion problems, and some robust quadratic
optimization problems under bounded data uncertainty. The present work shows that nonconvex
minimax separable quadratic problems with quadratic constraints, which contain a hidden closed
and convex epigraphical set, exhibit exact SOCP relaxations.
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1. Introduction. Nonconvex quadratic optimization problems involving multi-
ple quadratic constraints are a class of important and computationally hard global
optimization problems that arise in many practical applications. They have been ex-
tensively studied in the literature. Especially, in recent years, a great deal of attention
has been focused on studying them using their semidefinite programming (SDP) re-
laxation problems and second-order cone programming (SOCP) relaxation problems
[2, 3, 5, 10, 21, 23, 28, 27, 30].

In this paper, we consider the following class of nonconvex minimax separable
quadratic optimization problems of the form

1
(P) inf max {ng (USUT) z +a]x+ 041-}

z€Rn 1<i<p

1
s.t. 5:;;T(UAjUT)a:+bfa;+ﬁjgo,j:1,...,q,

where U is an orthogonal matrix; ¥;, 4 =1,...,p, and A;, j = 1,...,¢, are diagonal
matrices with diagonal elements given by o7, ..., 0" and u}, ..., Wy, respectively, that
is, ¥, = diag(o},...,0") and A; = diag(ujl-,...,u;?); a;, @ =1,...,p, and b;, j =
1,...,q, are n-dimensional vectors; a;, ¢ = 1,...,p, and B, j = 1,...,q, are real
numbers.
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The problem (P) is termed the minimax separable quadratic optimization problem
because the problem (P) can equivalently be reformulated as a separable quadratic
optimization problem by making a linear change of variables. Indeed, letting « by Uz
we can reformulate (P) as

. 1
inf max { - E ol +dl'z + o
z€R™ 1<i<p | 2 pt

1 ¢ ,
s.t. 52/15—;6[2—1—"/;;10—1—5]»§0,j:1,...,q,
1=1

where d; = UTa;, v; = UTb;, US,UT = diag(a},...,00),and UN,;UT = diag(ujl, e
1)

The separable model problem (P) covers various important classes of specially
structured minimax quadratic optimization problems (see sections 3, 4, and 5) such
as some minimax extended trust-region problems, minimax uniform quadratic opti-
mization problems, max dispersion problems, and some robust quadratic optimiza-
tion problems under bounded data uncertainty. These minimax seprable nonconvex
quadratic problems (P) are, in general, NP hard problems as the max dispersion prob-
lem is known to be an NP-hard problem [18]. In the very special case of problem (P),
where p = 1 and ¢ = 2, the separable model problem (P) has recently been studied in
[10], whereas an algorithmic procedure for converting classes of quadratic programs
into the separable form (P) was given in [25].

As an illustration for the model problem (P), consider a simple uncertain quadratic
optimization problem

min {ale + agas 23 + a3 < 1} ,
(z1,22)ER?

where the data (a1,az) € R? is uncertain and it belongs to the interval uncertainty
set

U={\1~1)+(1-N)(-1,1): A€ [0,1]}.

Then, its robust counterpart [8, 9, 22], which finds the worst-case solution of the
uncertain problem, can be formulated as

. 2 2 2 2
min max qa1x] +asrspir;+a5 <15p.
(21,72)ER? {(al,a2)eu{ 127 2 2} 1 2 = }
This problem is equivalent to the problem

min {max{x% — a3, 75 — x%} caf + a3 < 1}
(z1,z2)ER?

which is a special case of (P). For a class of robust quadratic optimization problems
of this form, we refer the reader to section 5 later in the paper.
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The SOCP problem associated with (P) is described as follows:

(SoCP) sup 1
HER,EEA ;>0
vER™ 51 €ER

P q
s.t. Z(Sicrf—l—Z)\juézO,l:l,...,n,
i=1 j=1
P q
v = UT Zélaz + Z )\jbj y
i=1 j=1
p q n
(1.1) 2 Z(Sioq—kz/\jﬁj—u —ZSZZO,SZZO,
i=1 j=1 1=1
P q
(1.2) 2uy, 81 — Zéiaf - Z /\jué-
i=1 j=1

P q
< Sz+z5icf§+z}\ju§-,l: 1,...,n,
i=1 j=1

where oil, ...,of and u}, ...,y are given as in problem (P) and A, is the simplex
in R? given by A, = {z € R?: >"¥ 2, =1,2; > 0}. As we show in Lemma 2.1, the
value of (SOCP), denoted by sup(SOCP), provides a lower bound for the optimal
value of (P), inf(P), as inf(P) > sup(SOCP) always holds, by construction. So,
(SOCP) serves as a SOCP relaxation problem for (P).

Unfortunately, the equality between inf(P) and sup(SOCP), in general, fails
for minimax nonconvex separable quadratic optimization problems (see also Exam-
ples 2.2 and 2.3). We say that ezact SOCP relazation holds for (P) whenever inf(P) =
sup(SOCP).

While exact SDP relaxation results have been known (see [5, 15, 16, 21, 23, 14,
28, 27, 30]) for the standard quadratic optimization problems with simple quadratic
inequality constraints in the special case where p = 1 in (P), an exact SOCP relax-
ation has only recently been established for standard quadratic problem with one or
two constraints [10]. Previous studies suggest that exploiting hidden convexity of (P)
in the form of convexity of an epigraphical set often permits the development of such
results (see [6, 17, 19, 20, 21, 24, 29]). However, to the best knowledge of the authors,
the study of an exact SOCP relaxation for minimax quadratic optimization problems
(P) appears to be new in the literature of quadratic optimization.

In this paper, we first establish the role of an epigraphical set (see section 2)
associated with (P) in the study of exact SOCP relaxation between (P) and (SOCP)
by exploiting hidden convexity of (P). We also provide examples for illustrating the
importance of the hidden convexity assumption for the exact relaxation of (P). By
providing easily verifiable conditions for the existence of a closed convex epigraphical
set, we show that various classes of specially structured minimax quadratic optimiza-
tion problems enjoy exact SOCP relaxation under these verifiable conditions. They
include some minimax extended trust-region problems, uniform minimax quadratic
optimization problems, max dispersion problems, and some classes of robust quadratic
optimization problems.
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The organization of this paper is as follows. In section 2, we provide sufficient
conditions for exact SOCP relaxation of (P) in terms of epigraphical convexity. In sec-
tion 3, we present easily verifiable conditions under which minimax uniform quadratic
optimization problems admit exact SOCP relaxations. In section 4, we show that un-
der suitable conditions, minimax extended trust-region problems and max dispersion
problems exhibit exact SOCP relaxations. In section 5, as an immediate application
of our results, we obtain exact SOCP relaxation for some simple robust quadratic
optimization problems.

2. SOCP relaxations and epigraphical sets. In this section, we provide a
general sufficient condition for exact SOCP relaxation for problem (P). We begin by
fixing the notation and definitions that will be used later in the paper. The real line is
denoted by R and the n-dimensional real Euclidean space is denoted by R™. The set
of all nonnegative vectors of R is denoted by R’;. The space of all (n x n) symmetric
real matrices is denoted by S™. The (n x n) identity matrix is denoted by I,,. The
notation A > B means that the matrix A— B is positive semidefinite. The cone which
consists of all positive semidefinite matrices is denoted by S;I. For a matrix A € S™,
Ker(A) := {d € R" : Ad = 0}. For a set M, the convex hull (resp., closure) of the
set M is denoted by co M (resp., cI(M)). For a subspace L, we use dim L to denote
the dimension of L. Moreover, we use spanC' to denote the span of the set C' which
is defined by spanC = {Zle Xici, \i € Ry¢; € C,k € N}. We use A, to denote the
simplex in RP, that is, A, = {z € RP : ¥  2; = 1,2, > 0}.

LEMMA 2.1 (SOCP relaxation). For (P), let the feasible set be nonempty. Then,
inf(P) > sup(SOCP).

Proof. Let x be feasible for (P) and let p € R,§ € Ap, N >0, 5 =1,...,q,
veER s eR, I =1,...,n, be feasible for (SOCP). Then,
le 510{ + E?:l /\jué > O,Z = 1, ey Ny
V= UT( ;:-7:1 dia; + E?:l Ajbi),
2.1) 2300 i + 205 NiBy — ) — 20, st > 0,
' s5>0,01=1,...,n,

(201,50 = Y0, it — 20, A

<si+Y0 60! +Z?:1 )\jué-, l=1,...,n.

The last relation of (2.1) together with t? < a8, o, >0 < ||(2t,a— B)|| < a+ B,
implies that

P q
(2.2) v} < 5 Z&ioé—l—Z/\jué ,l=1,...,n.
i=1 j=1
In particular,

p q
(2.3) D Siot+> Nph=0 = v =0.
i=1 j=1
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Define L = {l € {1,...,n} : 30_, dioj + >9_, Ajp; > 0}. Note from the third
relation of (2.1) that

p q n
0<2 Z(Siai-i-Z/\jﬂj—u —ZSl
i1 j=1 =1

p q

§2 Zdiai+z/\jﬁj_# —ZSZ
i=1 j=1

leL

2

P q
(24) <2 ;0 + AN — n
; ng " Z 50 +ZJ 1 J“J

leL

where the second inequality follows from s; > 0,7 =1,...,n, and the last inequal-
ity follows from (2.2). Denote M = diag(}_"_, d;0} + Z LA s 2y B0+
Zg—:l Ajp}). For the matrix M and the index L deﬁned as above let My, = (Mij)ijer
and vy, = (v;)1er. Note that My, > 0. Schur’s complement together with (2.4) implies
that

ML vrL

(2.5) P a = 0.

U% 2 Z(Siai—kz:/\jﬁj—,u -
i=1 j=1

Combining this with (2.3), we have (% 2(2":1&@#1)2‘4:1 Ajﬁru)) > 0. Define, for
simplicity,

(2.6) A; =US,UT and B; = UA;UT.

Then, one has

p q p q
Z(SlAz-l-Z/\jBJ Z(siai-l-Z/\jbj
i=1 j=1 i=1 j=1

T

p q p q
S Giai+ > Aibs 2D b+ NiBj -
i=1 j=1

UMUT Uv
P

q
(U’U)T 2 Z(Siai-i-Z/\jﬂj—u
j=1

M v

(D] 2 (Soeey (
0 1 ’UT 2 Z(Siai—kz:/\jﬁj—,u
i=1 7j=1

SR
—= O

T
) =
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Now, as x is feasible for (P) and § € A, it follows that

1
max {ixTAix + a;fpa: + ozi} — I

q

1 1
2 Z d; <§CETA1’CE +al T+ Oéi) + Z Aj <§xTBjx +bjx+ ﬂj) —

j=1
p q P q
T Z(SlAZ—FZ)\JBJ Z(Siai—FZ)\jbj
=1 j=1 =1 j=1

() (e o Ve (1)=0

p q p q
Z(Siai—FZ/\jbj 2 Z(Siozi—kZ/\jﬁj—,u
i=1 j=1 i=1 j=1

This shows that inf(P) > sup(SOCP). O

Next, we examine when SOCP relaxation is exact in the sense that inf(P) =
sup(SOCP). To see this, we first introduce the notion of an epigraphical set. Let
e, = (1,1,..., )T € RP, fi(x) = %xTAix +alz + a; for i = 1,2,...,p, and let
gj(x) = %xTBjx + b;‘rx +5;,7=1,...,q, where

(2.7) A; =US;U" and B; = UA;UT.
DEFINITION 2.1 (epigraphical set). For (P), the epigraphical set is given by
E(fi,.o, fp:91,---19q)
={(y,2) e RP x R?: 3z € R" such that fi(z) <y, i=1,...,p,
and gj(xz) < zj, j=1,...,q}.

This set has a close connection with the epigraph of the value function of the
underlying minimax optimization problem. Indeed, for each z € R?, consider the
following parameterized minimax optimization problem

1
(P,) inf max { 2T Ajx+alz+ oy
zeR" 1<i<p | 2

1
s.t. ExTBjx—Fb;fpa:—kﬁj <zj,j=1,...,q.

Let v : R? — R U {400} be defined by v(z) = val(P,) and let epiv be the epi-
graph of the function v. Denote C' = E(f1,..., fp,91,---,9¢) N (A x R9), where
A={(y1,-..,yp) €RP :yy = --- = y,}. Then, we see that C' C L(epiv) C cl(C),
where L : R9T1 — RPTY ig a linear map given by

L(z1,...,2¢,t) = (tep,2) = (t, ..., b, 21,..., 2q)-

We also note that when p = 1, the epigraphical set can be written as the sum of
the nonnegative orthant and the so-called joint-range set given by

R(fagla"'agq)
={(y,2z) € R xR?: 3z € R" such that f(z) =y, and g;(z) =25, j =1,...,¢}.

The convexity of the joint range set has been studied extensively in the literature (see
for example [6, 1, 12, 29] and the reference therein). Clearly, if the joint range set
is convex, then the epigraphical set is also convex when p = 1. On the other hand,
when f,g; are all convex, the epigraphical set must be convex while the joint range
set can be nonconvex.
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Note that, if inf(P) = —oo then, inf(P) = sup(SOCP) = —oo as inf(P) >
sup(SOCP), by construction. So, to avoid triviality, we assume that inf(P) > —oo
throughout this paper.

THEOREM 2.1 (exact SOCP relaxation). Let fi(z) = 12T Ajx + al'z + a; for
i=1,2,...,p and let g;(x) = %xTBjx—l—bfx—i—Bj, j=1,...,q, where A; and B; are
defined as in (2.7). For (P), suppose that the set E(f1,..., fp,g1,--.,9q) s closed
and convez. Then, min(P) = sup(SOCP).

Proof. Step 1: Guaranteeing exact SDP relaxation by the epigraphical condition.
Let € > 0. As E(f1,..., fp,91,---,9q) is a closed and convex set, by the definition of
inf(P), we have

((lnf( ) )epv )¢E(fla"'afpvglv"'vgq)'

Then, by the strong separation theorem, there exists (u1,. .., fp+q) € RPT2\{0} such
that for all (y,2) € E(f1,..., fp:91,--.,9¢) CRP x RY,

(2.8) (inf(P) — € Z Mi < Z HiYi + Z Hp+5%;-

Note that if (y1,...,Yp, 21,---,2¢) € E(f1,-- -, fps 91, ---,9q), then

(yl +’f’1,...,yp+7'p,2+81,...72q+8q) EE(fla"'afpagla"'agq)

for any 71,...,7p > 0 and s1,...,84 > 0. The standard argument shows that p; > 0,
i=1,...,p+q. We now see that > | u; > 0. Otherwise, >.¥_| y; = 0 and so (2.8)
implies that

q
(2.9) Z”PHZJ >0 for all (y,z) € E(f1,.., fp,91,---59q)-
j=1

As inf(P) > —o0, the feasible set of (P) is nonempty and so there exists g € R™ such
that

1 )
§$(7;Bj$0+b?$0+ﬁjSO,]:l,...,q

Then, (¢,04) € E(f1,..., fp, g1, ---,9q) Withc = (c1,...,¢p) € RPand ¢; = 12l A; xo—|-
al'ro + a; This contradicts (2.9). Thus, >0_, ;> 0 Let & = pi/ ZZ 1,u1, i=
L...,p,and Aj = pipys/ >0 ps, 5 =1,...,q. Then, 6 € A,. Dividing by > %_, u;
on both sides of (2.8), we have, for each € > 0, that there ex1st deA,and XA € RY
such that for all x € R"

q

¢ 1
251( 2T Ay + a] a:—l—ozz) +Z/\j (ExTBj$+b?$+ﬁj>

i=1 =
= Z difi(z) + Z Ajg5(x)
i=1 j=1
> inf(P) —e.
Note that
1
(2.10) (Z}; 211;>>0<:> §xTWx+wa+"/20forallxeR”.
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This shows that, for each € > 0, there exist 6 € A, and X € RY such that

p q p q
Z(SlAZ—FZ)\JBJ Z(Siai—FZ)\jbj

=1 =1 j=1
(2.11) , . T = 0.

D diai+ Y A ZM#ZA@ (inf(P) —€)
i=1 j=1

It also implies that inf(P) = sup(SDP), where (SDP) is an SDP relaxation of (P)
given by

p q p q
Z5iAi+Z)\ij Z5iai+2’\jbj

=1 j=1 =1 Jj=1
(SDP) sup | p: » . T » . =0

Z(Siai—f—z)\jbj 2 Z5iai+z)\jﬁj -
i=1 j=1 i=1 J=1

Step 2: Exact SOCP relazation from SDP relaxzation. Recall from (2.7) that
A; =Ux,U" and B; = UN;UT,

where ¥;,A; are diagonal matrices given by %; = diag(o},...,0l) and A; =

»

diag(ujl-, e ,M;Z) Let M = Zle 0 A; + Zj‘:l )\ij, U = Zle d;a; + Zj‘:l )\jbj,
and 6 = 2(3°7_, i +>°7_; A;8; — (inf(P) — ¢)). Note that

Mu>_O®U0TMu U 0\_(UTMU UTu)
ul 8§ ) = 0 1 ul 5 0 1)\ J'U o )=

It follows from (2.11) that
(2.12)

P q P q P q
diag (Z&ioil + Z )\ju}, e ,Z&iai" + Z )\j/lz?) vt (Z&iai + Z )\jbj>
i=1 j=1 i=1 j=1 i=1 j=1
T >~ 0.
P q P q
(Z&Z‘ai-i-Z)\jbj) U 2 (Zazaz +Z)\j/8j _(inf(P)_6)>
=1 Jj=1 i=1 j=1

We now show that there exist s; € R, [ = 1,...,n, such that
leéiaf—kzgzl)\jué- >0,l=1,...,n

v=UT(3]_ diai + Z?:l Ajbs);

2( 220 dici + 229 XjBj — (inf(P) —€)) = X211, 1 > 0,

s1>20,l=1,....,n

(2.13)

1201, 810 — 220_ diop — 201 Al
gsl+§j L ;0 +231 juj,lzl,...,n

To see this, we first note that (2.12) implies that > 7_, §;0! + P jul > 0,0 =
L...,n Let v =UT(30_) diai +220_) Ajbj). Moreover (2.12) also gives us that

p q
(2.14) Z(Sicrf + Z)\jﬂé =0 = vy =0.
i= =1
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Define L ={l € {1,...,n}: >0 6ol + Z?:l /\jué > 0} and

2
o = 7 LU+Z vy ifl e L,
0 otherwise.

The construction of s; implies that s; > 0 and

P q
Ufgsl Z&pi—l—Zx\jué ,l=1,...,n.
i=1 j=1

Using the following relationship
(2.15) t*<aB, a,3>0 < ||2t,a—B)| < a+p,

it follows that

P q
2vl,sl—z5iaf—2)\ju§- <sl+z5a —I—Z)\Juj, cey M.
i=1 j=1

Denote M = diag(}_7_, dio} + D20_y Ajpif, -y >y 6o + D27, Ajuft). For the
matrix M and the 1ndex L deﬁned as above, let My = (Mij)ijer and vp = (v)ier.
Then, (2.12) implies that

M; vr, >
2.16 = 0.
( ) < ’U% 2( le (5iOZi + Z?:l /\jﬂj - /L) -

Note that M, > 0. Schur’s complement shows that 2( le ;0 + 23:1 AiBi — ) —
UEMEle > 0. This implies that

p q n
Z(Siai—FZ/\jﬁj — W —ZSZ
i=1 j=1 =1

p q
=2 Z(&ai—l—Z)\jﬁj—u —ZSZ
i=1 j=1

leL

2

P q
=2( D _dioi+ D NBi—p) = 7 5a+2
i=1 =1

1
leL J“J’

p q
=2 Z(&ai—l—Z)\jﬁj—u —U%MgleZO.

Thus, (2.13) holds. So, we see that sup(SOCP) > inf(P) —e. As € > 0 is arbitrary,
sup(SOCP) > inf(P). This together with the fact that sup(SOCP) < inf(P) gives
us that sup(SOCP) = inf(P).

Step 3: Guaranteeing the attainment of the minimum of (P) To see the attain-
ment of inf(P) , let {x} C R™ be a sequence satisfying

1 1
—a:gBja:k—l—bTxk—Fﬁj <0,57=1,...,q, and max —x{Aiajk + a;ka + ay; p — inf(P).
2 J 1<i<p | 2
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Then, there exists €, — 0 such that

((nf(P) + €x)ep, 0g) € E(f1,-- s [psG1,---1Gq)-

Letting & — oo and noting that E(f1,..., fp,91,...,94) is closed, we see that
(inf(P)ep,04) € E(f1,---, fp,g1s---,9q)- Then, there exists T € R™ such that

1 1
55:TBj§:+bJT§;+ﬁj <0,j=1,...,q, and §£TAi£+a;fF§:+o<i <inf(P), i=1,...,p.

This together with the definition of inf(P) implies that Z is a minimizer for (P). O

Remark 2.1. Let fi(z) = 327 Aix + al v + oy for i = 1,2,...,p and let g;(z) =
537 Bjr +bTx+ 35, j =1,...,q, where A; and B; are defined as in (2.7). An alter-
native approach for studying the exact SOCP relaxation for the minimax quadratic
optimization problem is to reformulate the problem (P) as a standard quadratic op-
timization problem in a higher dimensional space as follows:

inf t
(z,t)ER™ XR
1 .
s.t. ngBjx+b;‘ra:+ﬁj§0,j:1,...,q,
1
ngAix—l—a;Tpx—i—ai—tSO,i: 1,...,p.

Then, using similar arguments as in the proof of Theorem 2.1, an exact SOCP re-
laxation result can also be achieved by imposing the closedness and convexity of the
following set in a higher-dimensional space:

U(fl,...,fp,gl,...,gq)
={(r,y,z) e RxRP x RY: J(x,t) € R" x R such that t <r, fi(z) <y;,i=1,...,p,
and gj(z) —t <z, j7=1,...,q}.
We note that the supremum in the relaxation problem (RP) is in general not
attained even when the epigraphical set E(f1,..., fp, 91, .-, 9q) is closed and convex.

Ezample 2.1 (nonattainment of the SOCP relaxation problem). Consider the one-
dimensional problem mingeg{max{z,2z} : 22 < 0}. This is of the form (P), where
fi(x) =z, fo(x) = 22, and g1(x) = 2? with U =1, ¥; = £3 = 0, and A; = 2. Direct
verification shows that

E(f1, fo,91) = {1, 92, 21) : Iz € R, fi(x) <y, fo(x) <y and g1(x) < 21}
={(y1,y2,21) : Jz € R, x < 91,22 < yp and 2% < 2}

is a closed and convex set.
Clearly, inf(P) = 0. Its SOCP relaxation problem is

sup  p
HER,FEAS,X1>0
vER,s1 ER
s.t. v =01 + 209,
(2.17) —2u— 581 >0,81 >0,

(20, 81 — 2A1)|| < 51+ 2.

For cach k € N, letting (61,82) = (1,0), Ay =k, v =1, 51 = 57, and p = —1, we
see that the constraints in (2.17) are satisfied. So, sup(SOCP) > —+ for all k. This
together with inf(P) > sup(SOCP) shows that sup(SOCP) = 0. We now see that
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sup(SOCP) is not attained. (Otherwise, there exist 6 € Ay, A\ > 0, v1 € R, 81 € R

such that
v =01 + 2682,

51 = 0,
(20,81 — 2X1)|| < s14 2.

This implies that d; + 26, = v = 0 which contradicts (d1,d2) € As.)

We have seen that the closedness and convexity of the epigraphical set
E(fi,.--, fp»91,---,9q) guarantees the exact SOCP relaxation for (P). Now, we pro-
vide two examples which show that exact SOCP relaxation can fail if the epigraphical
set is a nonconvex or a nonclosed set.

Ezample 2.2 (failure of exact SOCP relaxation for nonconvex epigraphical set).
Let fi(z) = —2* +x, fo(z) = —2% — 2, and g1(z) = 2* — ;. Then, f;(z) = 327 Az +
a?x—l—ozh 1 = 1,2, with Ay = Ay = =2, a1 =1, ao = -1, a1 = as = 0, and
g1(z) = %a:TBla: + b2+ By with By =2, b, =0, and ) = —%.

Now we see that E(f1, f2,91) is not convex. Indeed, it is easy to check that

(0.0 ) = (20) 200, 51(0)) € B fos)

and

(-2-2.7) = (). £2) + 4.0:(2) € B, o)

But their midpoint (-1, -1, %) ¢ E(f1, f2, 1) as the following inequality system

7
—x2+x§—1,—x2—x§—1, and 72 — SZ’

Ry

has no solution.
Consider the following minimax quadratic optimization problem

min{max{ fi(z), f2(2)} : g1(x) < 0}.

It is of the form (P), where U = 1, 31 = ¥3 = —2, and A; = 2. In this case,
inf(P) = 0. The corresponding SOCP relaxation becomes

sup I
PER,0EA2,X1 >0
v1€ER,s1€ER
s.t. —2(61 + d2) +2A1 >0,
v = 51 — 52,
1
(218) 2 <_Z)\1 - /J,) — 81 2 0,81 2 0,

||(211, S1 + 2(51 + 6y — 2/\1))” < s — 2(51 + 6y — 2)\1)

Note that §; + 02 = 1. So, any feasible point of the relaxation satisfies —1 + A\; > 0
and —% — > 0 and, hence, u < —%. As (N, 01,02, pu,v,81) = (1, %, %,—i,0,0) is a
feasible point, the optimal value of the relaxation problem is —%. Thus, exact SOCP
relaxation fails.

Ezample 2.3 (failure of exact SOCP relaxation for nonclosed epigraphical set).
Let fi(z) = z122, fo(z) = 22, and g1(z) = 21. Then, f;(z) = 2T Az + al'z + o,
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1 = 1,2, With A1 = (?6), AQ = (88), a; = (O,O)T, ag = (0,1)T, a1 = g = 0, and
g1(z) = 32T Biz + bTx + By with By = (39), by = (1,0)7, and 8 = 0.
Now we see that E(f1, f2,91) is not closed. Note that, for all k € N,

(-1-13) = (8 (Got) 2o (5ob) 01 (5 8) ) € B o)

However, its limit (—1,—1,0) ¢ E(f1, f2, 1) as the following inequality system has
no solution:
1o < —1,290 < —1, and z; <0.

Now, consider the following minimax quadratic optimization problem
min{max{f1(z), f2(x)} : g1(z) < 0}.

It is of the form (P), where U = (‘\/“;/22 g;) S = (519), and £ = Ay = 0gy0.

In this case, inf(P) = 0. Its SOCP relaxation becomes

sup 0
LER,5EAS, A1 >0

’UGR2781782€R
s.t. 51 = 0,

()= %) (V)= (o))

—2p— 51 — 82 20,851,852 >0,
|(2v1, 51 — 1) < 81+ 61,
||(2U2, So + 51)” < 89 — 01.

So, any feasible point of the relaxation satisfies 61 = 0 (and so, d = 1), vo = gég =

g, and

1(V2, 52)[| = [|(202, 82 + 61)|| < 52— 61 = 52,
which is impossible. So, the optimal value of the SOCP relaxation is —oo, and the
exact SOCP relaxation fails in this case.

We now show that, in addition to the convexity of the epigraphical set, if a strict
feasibility condition is also satisfied for (P), then the exact SOCP relaxation holds
with attainment of the relaxation problem. We follow the standard method of proof
using separation hyperplane arguments. For a similar method of proof for a convex
optimization problem, see, for example, [4, Theorem 12.7].

PROPOSITION 2.1 (exact SOCP relaxation with attainment of sup(SOCP)). For
(P), suppose that the set E(f1,..., fp,91,--.,9q) is convez, and there exists xo € R"
such that g;(x0) < 0, j = 1,...,q. Then, inf(P) = max(SOCP). Moreover, if
E(fi,---, fp,91,---,9q) is further assumed to be closed, then min(P) = max(SOCP).

Proof. Without loss of generality, we assume that inf(P) is finite. Let C =
{(y,2) e RP x R? : y; <inf(P),i=1,...,p,2; <0,j=1,...,q}. It is clear that C
is a convex set with nonempty interior. By the definition of inf(P), we have

intCﬂE(fl,...,fp,g1,~-~,9q) =0.

Then, by the convex separation theorem [31, Theorem 1.1.3], there exists
(W1, -y foptq) € RPTI\{0} such that for all (y,2) € E(f1,..., fp,g1,---,94) € RP x
R, inf(P) 320 i < 301 paYyi + 25—y Hp+j2j- Clearly, p; > 0,4 =1,2,...,p+q.
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As (fi(x),..., fp(x),01(x),...,94(x)) € E(f1,..., fp,91,---,9q), it follows that, for
all x € R™

(2.19) WE(P) Y2 i 32 afie) + Do 0

We now observe that 37, u; > 0 (otherwise, °7_) p; = 0and so 327, 1p4595(x) > 0
for all x € R™ and (fpt1;---,tpt+q) 7 Og. This contradicts the strict feasibility
assumption). Dividing both sides of (2.19) by >-7_, p; > 0, we see that

D bifi(x) + Y Ajgy(x) — inf(P) >0,
i=1 j=1

where §; = <#— >0 with ;" 6; =1 and \; = <+ > 0. By (4.2), we obtain

that L 1M L 1M
(2.20)

P q P q P q
diag (z&ioil + z )\ju}, e ,Z&iai" + z )\j/lz?) vt (z dia; + z )\jbj>
i=1 j=1 i=1 j=1 i— i=
P q T
(ZaiaﬁZAjbj) U (Z&az-i-z}\ Bi — 1nf(P>
i=1 j=1

Now, using a similar argument as in Theorem 2.1, we see that inf(P) = sup(SOCP)
and the optimal value of (SOCP) is attained, that is, inf(P) = max(SOCP).

In addition, if E(f1,..., fp.91,--.,9q) is further assumed to be closed, then, The-
orem 2.1 shows that the optimal value of (P) is also attained and, hence, min(P) =
max(SOCP). 0

As we have seen in Theorem 2.1, the epigraphical condition plays an important
role in our derivation of exact SOCP relaxations. On the other hand, we note that
verifying the epigraphical condition can be, in general, difficult for general minimax
quadratic problems. In the next three sections, we provide several important classes
of minimax quadratic optimization problems for which the epigraphical condition is
easily satisfied.

= 0.

3. Minimax uniform quadratic optimization problems. Consider the fol-
lowing minimax uniform quadratic optimization problem:

1
(UP) inf max {ixTAx +alz+ ozi}

z€R™ 1<i<p

s.t. %xTAa:+b;‘-Fx+ﬁjgO,j:l,...,q,

where A = UoXUY is a symmetric (n x n) matrix and p; € R, j = 1,...,q, Uy is
an orthogonal matrix, ¥ = diag(c!,...,0") is a diagonal matrix, and the diagonal
elements are the eigenvalues of A. So, the problem (UP) is a special case of the model
problem (P) with U = U4, X; =%,i=1,...,p,and A; =p; X, j=1,...,q

To avoid triviality, we assume that (p1, ..., pq) # 0. We note that, for the mini-
max uniform quadratic optimization problem, the Hessian of the quadratic functions
of the objective function and the constraint functions only differ from each other by
a constant multiple. In the special case where p = 1, the exact SDP relaxation prop-
erties have been examined in [7] and they found applications in solving the smallest
enclosing ball problem.
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The SOCP relaxation of (UP) can be stated as follows:

(SOCPyp) sup 1

HER,GEALA; >0

vER™,5;€ER
q
s.t. 1+Z/\jpj ot >0,1=1,....n,
j=1
p q
U:UZ; Z(slal—f—Z/\jbj ,
i=1 j=1
p q n
(3.1) 2 i+ > NBi—p]| =D s >0,5 >0,
i=1 j=1 =1

l
q
vy, 81 — 1+Z)\jpj ol
J=1

q
Ssi+ [14) Npj | ol l=1,....n,
j=1
where A = UsXUJ.
THEOREM 3.1. For problem (UP), suppose that A is negative definite,

{deR":(a; —a1)Td=0,i=2,...,p, (bj —pja1)'d=0,j=1,...,q} # {0},

and there exists xg € R™ such that %ngxo + b?xo +pB; < 0,5 =1,...,q, then
inf(UP) = max(SOCPyp). Moreover, if we further assume that there exists jo €
{1,...,q} with p;, <0, then min(UP) = max(SOCPyp).

Proof. Let fi(x) = %xTAx—i—asz—i—ai, i=1,...,p,and g;(z) = %xTAx—i—b;‘-Fx—i—ﬁj,
j =1,...,q. We first establish that the epigraphical set E(fi,..., fp,91,--.,94) 1S
convex. To see this, let

R(flv'-'vfpvglv'-'vgq) = {(fl(x)v"'vfp(x)vgl(x)a"'794(1;)) ERM:z e Rn}

Then, E(f1,---s fp,915---+9¢) = R(f1,-- s fpr 915+, 9q) —|—Rﬂ’_+q. Next, let

1 T — =T -
C = { (ngAx—f—afx—i—al,dgx—i—@g,...,d;‘,rx—i—@p,blx—i—ﬂl,...,qu—i—ﬂq)

ERPM: g € R”},

where @; = a; —a1 ER", o = —a1 €R, i =2,...,p, Ej =b; — pja; € R™ and
B; =B —pjar €R, j=1,...,q. We now verify that C is convex. To see this, let
U= (Ul,...,Uptq) € C, v = (V1,...,Vptq) € C, and A € [0,1]. Then, there exist

y, z € R™ such that

1 _ _ . T = .
ulzinAy—Fa{y—kal, ui:a?y+aivz:27"'ap7 up-‘rJ:bjy_'_ij.]:lav(Ia
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and

1 . T =
vlzngAz—i—a{z—l—al, Ui=§?2+ai,122,...,p, Vptj =bjz+B5,0=1,...,¢q

Let x = Ay + (1 — A)z. Then,

alz4a; = \ui+(1-Nv;, i = 2,...,p, and ij+3j = Mupyi+(1-Nvpyj, j=1,...,q.
Moreover, by the negative definiteness of A

%xTAx + a{a: + a1 > Aug + (1 — Aoy

Now, let d # 0,, be such that

ald=(a; —ay))Td=0,i=2,...,p, andﬁfd: (bj — pja1)fd=0,7=1,...,q.
Consider z(s) := = + sd with s > 0. It then follows that, for all s > 0,

alz(s)+ @ =M+ (1 —Nvg, i =2,...,p, and

_T —_ .
by x(s) + B = Mpyj + (1= Nvpgj, 5 =1,...,¢q.

Moreover, as d” Ad < 0 (thanks to the negative definiteness assumption of A), one
has

lim {%x(s)TAx(s) +aTa(s) + al} — .

s——+oo

It then follows from the intermediate value theorem that there exists sy > 0 such
that, for z(sg) := x + sod,

1
gx(so)TAx(so) +ala(se) + a1 = Mug + (1 — Ny

This together with the fact that
alz(so) +a; = My + (1 — Nvg, i =2,...,p, and
-T — .
b] 13(80) +B] = Aup-i-j + (1 - A)UP-‘rjv J = 17" -5 4,
implies that Au+ (1 — A)v € C. So, C is convex. Now, note that
R(flv" '7fpvgla' .. agq) = L(O)a
where L is a linear mapping given by
L(21,%2,««, Tpy Tpt1s - - o5 Tpig)
= (21,02 +X1,..., Tp + L1, Tpy1 + P121, .., Tpig + PgT1)

Thus, R(fi,..., fp,91,---,9q) is convex and, hence, E(fi,..., fp,91,--.,94) s also
convex. Clearly, the strict feasibility assumption is satisfied. It then follows from
Proposition 2.1 that inf(UP) = max(SOCPyp).

Moreover, if there exists jo € {1,...,q} with p;, < 0, then p;;A > 0. So, the
feasible set of (U P) is bounded. Thus, the optimal value of (P) is attained and, hence,
min(UP) = max(SOC Pyp).! O

I This can also be obtained from Proposition 2.1 by verifying E(f1,. .., fp,g1,---,3dq) is closed in
this case.
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Remark 3.1. Theorem 3.1 provides an improvement to the exact SDP relaxation
result of the uniform quadratic optimization problem of [7] where an exact SDP
relaxation is obtained in the case p = 1 under the condition that A is negative definite
and ¢ <n—1.

Here, we obtained an exact SOCP relaxation by assuming a slightly weaker as-
sumption. To see this, note that, if ¢ <n — 1, then

{deR": (bj — pjar)Td=0,j=1,...,q} # {0},
and so, the assumption in Theorem 3.1 is satisfied with p = 1.

4. Minimax QPs with generalized trust-region constraints. In this sec-
tion, we consider the following minimax quadratic programming problem with the
generalized trust-region constraint

1
(P) min max {ngAx +alz+ ai}

zeRm 1<i<p
st lz —xo0l)* < p,
blz+8;<0,j=1,...,m

where the matrix A is a given symmetric (n x n) matrix, zg € R", p > 0, a;,b; €
R", and o;,8; € R, i =1,...,p, j = 1,...,r. Here, we note that, the solution is
always attained (due to the norm constraint), and all the quadratic functions f;(z) =
%xTAx +afr+a;,i=1,...,p, have the same Hessian matriz.

In the special case where p = 1, the model problem (P) reduces to the nonconvex
quadratic optimization problem with extended trust-region problem discussed in [2,
21]. Moreover, this model problem (P) covers the max dispersion problem [13, 18]
which will be examined later in this section .

We first see (P) is indeed a special case of our model problem (P). To do this,
write A = UsXU7Y, where Uy is an orthogonal matrix and ¥ = diag(c!,...,0") is a
diagonal matrix whose diagonal element o', [ = 1,...,n, are eigenvalues of A. Then,
(]5) is a special case of our model problem (P) with U =U,x, &, =%, i=1,...,p,
and Aj = 21, j =1, and Aj = Opx, for j > 2. Its corresponding SOCP relaxation
problem (1.1) reduces to

(S0CP) sup ]
HER,EEA,,A; >0
veER™,5;€R
s.t. ol 4+22>0,1=1,...,n,

p T
v = Uz; Z d;a; — 210 + Z )\j+1bj R
i—1 =1

p T
2 (S dioi + ([l = p) + D N1 By —

i=1 j=1

n
_Zsl >0, >0,
=1

(2, s — o —2\)|| < s +ol 420, 1=1,...,n,

where A = U4XU%. We now show that, for the specially structured model (P), a
relaxed assumption of Theorem 2.1 leads to an exact SOCP relaxation result in terms
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of the subepigraphical set, E(fi,..., fpsg1,---s9r+1) N (A x R™1). To do this, let
file) = g7 Awtalwtai,i=1,...,p, g1(x) = |z —xo|*—p, and gj41(x) = b] 2+ 55,
j=1,...,7. We also denote A = {(y1,...,yp) ERP 1y =--- =y, }.

_ LEmMMA 4.1 (exact relaxation under a subepigraphical condition). For problem
(P), suppose that the subepigraphical set E(fi,..., fpsq1s---ygr41) N (A x R™T1) 4s

convex. Then, min(P) = sup(Sm),
Proof. Let C = E(f1,..., fpsG1s---»gr+1) N (A x R™). We first show by con-

struction that C'is a closed set. To see this, let (yf,...,yh, 2F,...,2F, ;) € C and
(y’f,...,y];,zf,...,zfﬂ) = (Y1 s Yps 21y e - oy Zrt1)-
Then, there exists {x;} C R" such that, for all k € N, yf = - =gk, fi(ar) < yF,

i=1,...,p, and g;(zx) < z ci=1,...r+1. As gi(zp) = ||z —zo||? —p < 2F — 21,
we see that {z}} is a bounded sequence. By passing to subsequences, we may assume
that xp — . Letting k — oo, we have, y1 = -+ = yp, fi(T) <y, i =1,...,p, and
g;(@) <z;,j=1,...,7+1. So, C is closed.
Now, from the deﬁnition of C, we observe that ((val(P) — €) e,,0,41) ¢ C where
= (1,1,...,1)T € RP. As C is closed and convex, it follows from the strong

separation theorem [31, Theorem 1.1.5] that there exists a vector (p1,. .., fptri1) €
RPFT™H1\10} such that, for all (y,z) € C,

r+1 r+1
(4.1) (val(P) —¢) Z Mg < Z Hiyi + Z Hp+jZzj = <Z Nz> Y1+ Z Hp+jZ5s

where the last equality follows from the fact that y; = --- = 1y, and
(Y153 Yps 21, - - -, 2zr41) € C. Using the same line of argument as in the proof of The-
orem 2.1, we see that > 0 |y, > 0 and pipy1,. .., fptrs1 > 0. Let & = i/ D0 s,
i=1,...,p,and N\j = ppi;/ >0 pi, 5 =1,...,q. Dividing >-¥_; p, on both sides
of (4.1) and noting that, for all z € R™,

(max (@)} max (i )},gl(m>,...,gr+1<x>) e

1<i<p 1<i<p

we obtain that, for all x € R",

1 T
Ea:TAa: + jmoax {alz+ai} + M (|2 —20l* — p) + J:Zl Aj1 (] =+ B;)
r+1 N
= max {fZ )+ Z Ajgj(z) > val(P) —e.

In particular, this shows that A+2A; 1, > 0 (otherwise, there exists d € R™ such that
dT(A+ 2X\1,)d < 0. This implies that, for each fixed a € R",

r+1
max{fl(a—i—td}—i—Z/\jgj (a+td) — —o0 as t — oo,
j=1

which is impossible). Define h : R™ x RP — R by

1 o -
h(z,9) = ngACC + Z(Si (a;fx + Oéi) + M ()|lx - :E()Hz —p)+ Z Aj+1 (bfx + BJ) .
i=1 Jj=1
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Then, h(zx,-) is affine for each fixed z € R™ and h(-,d) is convex for all § € RP. So,
the convex minimax theorem shows that

max inf h(z,Jd)

SEA, wER™

= inf max h(z,J)
TER SEA,

1 -
= zlenu{n {§a:TAa: + jmoax {alz+a;} + M (|2 — 20l* — p) + Z Aj1 (b] =+ B;) }

j=1

> val(P) —e.
Hence, there exists § € A, such that, for all z € R,

p T
1
Z 6i(§xTA:c +alz+ al) + A1 ([|lz —2o* — p) + Z A1 (b;fx + Bj) = h(z, )
i=1 j=1
> val(P) — e,

where the first equality follows from the assumption that § € A,. Thus, it follows
from (2.10) that
(4.2)

p T
A+2\1, Zéiai —2)\1x0+2)\j+1bj
i=1 j=1

= 0.

T
p T p T
(Z éiai — 2)\1%0 + z >\j+1bj> 2 (Z 61'0{7; + )\1(||$0||2 — p) + Z )\]'+1B]' — (val(P) — 6))
i=1 i=1 Jj=1

Jj=1

Now, using the same method of proof as in Theorem 2.1, we see that min(P) =
sup(SOCP). 0

Next, we provide a lemma to show that problem (P) admits an exact SOCP
relaxation under an abstract boundary attainment condition. A simple sufficient
condition, expressed in terms of the original data, will be given after this abstract
result.

LEMMA 4.2 (boundary attainment condition and exact SOCP relaxation). For
problem (P) and its relazation problem (SOCP), let

L 7 T
() = 11;1%)(17{5;16 Az +a; z+ «o;}

and let

D={zcR":|z—2?< p+z1,b?x+ﬁj < zjt1,5=1,...,7, for some x € R"}.

Suppose that, for each z = (z1,...,2,41) € D, the convex minimization problem
(4.3)

" Amin(A .
min {f(ar) Al g2 — ol < pot Wy € 2y = L }

attains its minimum at some T € R™ with |T — zo||> = p + z1. Then, min(P) =
sup(%).

Proof. The conclusion will follow from Lemma 4.1 if we show that
E(fiyeo oy for Gy grr1) N (A x R™1) is a convex set, where A = {(y1,...,yp) €
R g = ).
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To see the convexity of E(fi,...,fp,d1,---,gr+1) N (A x R™1) we note
that, if A is positive semidefinite, then f; and g; are convex functions, and so
E(fi,eooy fps g1y gre1) N (A x R is always convex. Therefore, we may as-
sume that A is not positive semidefinite and hence Apin(A4) < 0. Recall that f(z) =
maxi<i<p{327 Az + alz + o;} and

D={zecRT: ||z —x?* < p+z1,bfa:+ﬁj < zjt1,5=1,...,r, for some x € R"}.

Clearly, D is a convex set. Define the value function h of (P) by

h(z) = min{f(a:):|\x—x0||2§p+z1,b?x+ﬁjSzj+1,j:1,...,r}, zeD,
+00, otherwise.

Then, E(f1,..., fps91,---,gr+1) N (A x R™T1) = II(epih), where epih denotes the
epigraph of h and II : R"™*! x R — R? x R"*! is a linear map given by Il(z,t) =
(tep,2) = (t,...,t,2) for all (z,t) € R""1 x R. As a linear map preserves convexity, D
is convex and h(z) = +oo for all 2 ¢ D; to see E(f1,..., fp,G1s-- -5 Gr+1) N (A xR
is convex, we only need to show that the value function h is convex on D. From our

assumption, we have for each z = (z1,...,2,41) € D,
h(z) = min{f(2) : ||z = wo[* < p+ 21,00 + B < zjs1, = 1,7}
> iy { Fo) = 258 o -] o - o
<p+21,blx+ B §2j+1,j:1,...,r}+)\rni+(m(p+z1)
= f@) - 2oty Al ) = @) 2 ace),

Hence, for each z € D,

A min A
p(e) = min { (o) = 2228 o2 o — o

§p+zlvbfx+6j SZjJ,.l,j:l,.-.,'r}

)\min (A)

(4.4) + T(p + 21).
Note that
o)~ 2y g2
= %xT(A — Amin(A) L)z + 1121?<xpa T+ Amin(A)zd z — )\m%wxgxo

and A — Amin(A)I, is positive semidefinite, f(z) — A“%(A)Hx — x0||? is convex. Thus,
for each z € D, the optimization problem (4.3) is a convex optimization problem. It
then follows from (4.4), h(z) = 400 for all z ¢ D, and the convexity of D that h is
a convex function. Hence E(f1,..., fp,91,...,9r+1) = II(epih) is also a convex set.
Now, the conclusion follows from Lemma 4.1. a
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We show that a simple dimension condition, expressed in terms of the original
data of the problem, guarantees exact SOCP relaxation for (P).

THEOREM 4.1 (generalized dimension condition for exact SOCP relaxation). For
problem (P) and its relaxation problem (SOCP), define the matriz

Q= (A= Amin(A) I, by, ..., b)) " e ROVFIXN,

Suppose that dim (KerQ) > p. Then, min(ﬁ) = sup(S/é\C/P).

Proof. The conclusion will follow from the preceding lemma if we show that the
minimum of the auxiliary problem (4.3) is attained on the sphere. We do this by
the method of contradiction. Assume to the contrary that any minimizer x* of the
problem

. A )\min A .
i { 7o) = 225 o — o~ ol < p+ a0 B4 By < 2010 = Lr)

satisfies ||2* — 2|2 < p + 21. Note that
dim (KerQ) >p>p—12>dimspan{a; + Amin(A)Z0, - - -, Gp—1 + Amin(A)Z0 }-

Then, there exists ¥ # 0 such that ¥ € KerQ and (a; + Amin(A)20)T0 = 0, i =
1,...,p—1 (otherwise, (KerQ) N L+ = {0} where

L = span{ai + Amin(A)Z0, - - -, Gp—1 + Amin(A)z0}
and L' is the orthogonal complement of L. This shows that
n+1l=p+(n—(p—1)) =dim(KerQ) + dim(LJ‘) = dim(KerQ 4+ L") < n,
which is impossible.) In particular, we have
(A= Anin(A)L,)o=0and bjo=0,j=1,...,r

and, hence, ¥ is an eigenvector associated with Apin(A4). By replacing © with —o if
necessary, we may assume that (a, + Amin(A4)20)70 < 0. It follows that

111§11a§xp al® + Amin(A)2d 0 = 112?§Xp {(ai + )\min(A)xo)TT)} <0.
So, ¥ is a nonzero vector that satisfies maxi<i<p a; 0 + Amin(A)zf 0 < 0 and b7 v =
j =1,...,7. Note that ||2* — z0|*> < p + 21 and b;‘-rx* + B < zjip1, 5 =1,...,
Then we can find ¢ > 0 such that [|2* +t0 — 20 * = p + 21 and b] (z* + t0) + 5;
j=1,...,7. Moreover, we have

0,
T.
0,

IN

(4.5)
h )\min A * _
fla® +tv) - %Hx +10 — ao|®
_ 1 * T * — T, % — Amin(A) * 2
= 2(;10 +t0)" A(z™ +tv) + 111§11a§xp{a1- (z* +t0) + a} 5 |lz* — zo||
2
~ Din(A) (" = 20)70 — S Ain ()70
1 «T * T % )\mln(A) * 2 *«T 4 — « T —
< 3% Az + max {a] " +a} - TH@“ — ||+t (x AD — Apin(A)z v)

2
+ % (07 AD — Amin(A)070) + ¢ ( max alv + /\min(A)a:gv) .

1<i<p
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Since Av = Amin(A)v and maxi<;<p al v + Amin(A)zdv < 0, we have,

A Amin (A) Amin (A)

fla® +10) = ZEE la” 410 — wo| | < f(a*) — TS |t — o

This shows that z* + ¢ also solves the minimization problem and |z* + to — z¢|*> =
p + z1, which contradicts our assumption.

In the special case where p = 1, that is, the quadratic optimization with the
extended trust-region constraints, problem (P) reduces to

~ 1
(P1) min 2% Az +afz 4+ oy
z€R™ 2
st |lz —zo0)* < p,

bjo+3;<0,j=1,...,r

Its SOCP relaxations are given, respectively, by

(SOCPy) sup ]
HER,EEA,,A; >0
veER™,s;€R
s.t. ol4+22>0,1=1,...,n,

v=UT a1 —2)\1$0+Z)\j+1bj ,
j=1

n

2 lax + Mi(llwoll® = p) + D NjaB — | = 50> 0,5 >0,
j=1 =1

H(2’U1,81 — gt —2/\1)” < s + ¢ +2X, 1=1,...,n.

As a corollary, we obtain an exact SOCP relaxation result for (P;) under the
condition that “dim (Ker@) > 1, where Q = (A—Apin(A) 1, b1,...,b.)T € R(ntr)xn »
We note that, in the special case where b; =0 and r; =0, 7 =1, ..., r, this condition
is automatically satisfied, and so our result collapses to the exact SOCP relaxation

result obtained in [10] for a standard quadratic optimization problem under a single
quadratic constraint.

COROLLARY 4.1. For problem (P;) and (56\6_631), define
Q= (A= Amin(A) L, by, ..., b)) € RO,

Suppose that dim (KerQ) > 1. Then, min(P;) = sup(S/é\C/Pl).
Proof. The conclusion follows from Theorem 4.1 by letting p = 1. O

Remark 4.1 (comparison with known dimension condition). Corollary 4.1 im-
proves the recently established exact SDP relaxation result of the quadratic opti-
mization problem with extended trust-region constraints in [21] where an exact SDP
relaxation is obtained under a slightly stronger dimension condition:

(DC) dimKer(A — Apin(A)I,) > s + 1 with s = dimspan{by,...,b,}.

Here, we make two improvements. Firstly, we obtain exact SOCP relaxation
(and so, in particular exact SDP relaxation) under a weaker condition. To see the
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dimension condition of Corollary 4.1 is weaker than the condition (DC), let Q =
(A = Apin(A) L, b1, ..., b)T € ROFT-DX" with s = dimspan{by,...,b,}. From the
condition (DC'), there exists z € R™\{0} such that

(A= Amin(A) L)z =0and b]z2 =0, j=1,...,r
As A is symmetric, A — Apin(A)I, is also symmetric. So, we have
Qz = ((A — /\min(A)In)Tz, b{z, e bfz) =0.

Thus, dim (KerQ) > 1. Second, we showed that under the dimension condition of
Corollary 4.1, an exact SOCP relaxation holds which is a stronger conclusion com-
pared to the exact SDP relaxation result derived in [21].

Moreover, the following simple example shows that condition (DC) is, in general,
strictly stronger than the condition “dim (Ker@) > 1” used in Corollary 4.1 for a
standard quadratic optimization problem.

Ezample 4.1. Consider min,, 4,)er2{a} — 23 : 21 + 23 < 1, -1 < 0}. Clearly,

the optimal value of this problem equals —1. Moreover, in this case, A = (% ,02),
o =0,p=1,and by = (—1,0)7. Then, dim Ker(A—Apin(A4)I,) = dimKer (3 §) =1
and s = dimspan{b;} = 1. So, condition (DC) fails. On the other hand, @ =
(A= Amin(A) L, 0)T = ( ) §) So, dim Ker(Q) = 1.

Max dispersion problems. Recall that the max dispersion problem (or max-
min location problem) over a polyhedral constraint with Euclidean metric or a ball
constraint is given by [13, 18]:

(Pyp) max min ||o — w;l|?
zeR™ 1<i<p
st lz— 0] < p,
bje+ 8 <0,j=1,...,m

where u;, ¢ = 1,...,p, b;, j = 1,...,r, and z¢ are given points in R". Its SOCP
relaxation problem can be formulated as

RP inf -
(RPyp) uen{,&elgp,/\jzo H
veER™,s5;€R
s.t. )\1 > 1,
p T
V= Z 20;u; — 2A120 + Z Aj+1bj,
i=1 j=1

p T n
2> =billuil> + M (llzoll® = p) + D> AjaBi—p| =Y si>0,
i=1 j=1 =1
512> 0,[[2Quysi +2=2M)| <5y —2+2\, [ =1,...,n.
It was recently shown in [18] that the max dispersion problem (or max-min location

problem) over a box constraint, is an NP-hard problem. Note that the max dispersion
problem over a box constraint is a special case of (Pyp) with xg = 0, p = \/n, r = 2n,
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bj = €5, ﬁj :—1,j: 1,...,71, and bj = —¢€y, ﬁj = —1,j:n—|—1,...,2n. SO, (PMD)
is also an NP-hard problem, in general. Below, we provide a simple condition that
guarantees exact SOCP relaxation for (Pap).

COROLLARY 4.2 (max dispersion problem). For problem (Pyrp) and its relazation
problem (RPyp), let s = dimspan{bs,...,b.}. Suppose that p + s < n. Then,
min(Pyp) = sup(RPup)-

Proof. We note that min(Py;p) equals the negative of the optimal value of the
following minimax quadratic optimization problem:

inf max —||z||* + 2ulz — |ju;||?
zeR™ 1<i<p

st lz— 0] < p,

(4.6) bjz+ 8 <0,j=1,...,r
Let A= —1I,. As p+ s <n with s = dimspan{b, ..., b}, we see that
Q = (A= Amin(A) L, b1, ... b)) = Onxn, by, ... b0) ",

and dimKer(Q) = n — s > p. So, applying Theorem 4.1 with U = I,, implies that the
optimal value of (4.6) equals the optimal value of the following SOCP problem

(RPmp) sup — 1
HER,0EAL,A; >0
veER™,5;€R
s.t. )\1 > 1,
P T
v = Z 25Zu1 — 2)\12110 + Z )\j+1bj,
i=1 j=1

Z =6illuil® + M (llzolI* — p) + ZA 1B —pf =Y s =0
=1

s120,[|(2u,s1+2—-2\)|| <s1—2420, l=1,...,n

Thus, the conclusion follows by noting that the negative of the optimal value of the
above problem is equal to sup(RPysp). d

5. Applications to some robust quadratic problems. In this section we
provide some robust quadratic optimization problems which admit exact SOCP re-
laxation under some easily verifiable conditions.

The first class of minimax quadratic programming problems with the generalized
trust-region constraints arises when we study the following uncertain trust-region
problem via robust optimization [9]:

1
(TR) min ngAx +aTz+a

rER™
st ||z — zol|? < p,
bjz+ 8 <0,j=1,...,r
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where the data (A,a,a) € S" x R™ x R are uncertain, A belongs to the spectral
norm uncertainty set V = {A+ M : | M||spec < 1} and (a, ) belongs to the polytope
uncertainty set

P
(5.1) W= {(ao,ao) + Zuj(ai,ai) S(ut, ..., up) € Ap} for some p € N.

=1

Here, Mjpec is the spectral norm given by |1 M ||spec = \/Amax(MT M) and Apax denotes
the maximum eigenvalue; A € S™, n > 0, and (a;, ;) € R" xR, i =0,1,...,p. The
robust counterpart of the problem (T'R) can be formulated as

1
(TR;) min max {—xTAx +alz + a}
z€ER™ AeV,(a,0)eW | 2

st |lz—z0)* < p,
biz+p;<0,j=1,....r

Let A = USU”, where U is an orthogonal matrix and ¥ = diag(c',...,0") is a
diagonal matrix whose diagonal element o', [ = 1,...,n, are eigenvalues of A. We
associate an SOCP relaxation problem for the above robust counterpart (T'P,) as
follows:

(SOCP) sup 1
PER,GEA,A; >0
veER™,5;€R

s.t. ol+n+22>0,1=1,...,n,

P T
V= UT CLQ‘FZ(SZ'CLZ' —2)\1$0+Z/\j+1bj y

i=1 j=1
P T n

2 (a0 + > i+ M(llzoll? = p)+ D Njs1B — n) =D s >0,
i=1 j=1 =1

5120, 2u,si—0' —n—2M)|| < si+o'+n+20, [=1,...,n,

where A = USUT and ¥ = diag(o?,...,o").

THEOREM 5.1 (robust trust-region problems). For problem (T'R,) and its SOCP
relazation problem (SOCP,), let

Q= (A Amin(A) Lo, by, ..., b) " € ROFIXR,

Suppose that dim (KerQ) > p, where p is defined as in (5.1). Then, we have min(TR,) =
sup(SOCP,).

Proof. We first note that maxacy 27 Az = 27 (A+nI,)x for all z € R"™. Moreover,
as (A,a) — 2T Az + « is linear and any linear function attains its minimum over a
polytope on some extreme points of the polytope, we have

(;71(112)1)6(‘; {aTa: + a} = (aOTx + ao) + 12152{}){@?33 + 041-} for all z € R™.
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So, problem (T'R,.) can be equivalently rewritten as
. 1 p, 2 T
min max {595 (A4+nl)x+ (ap +a;)" =+ (ap + ai)}
st |z —xo0l)® < p,
biz+3;<0,j=1,...,r
The above problem can be rewritten as a form of (]5) with A replaced by A+ nl,, a;

replaced by ag+a;, and a; replaced by ap+a; i = 1,...,p. Note that US+nL)UT =
A+ nl, and

(A+ 01 = Amin(A 4+ 0T )T, by, - 0) T = (A= Apin(A) L by, )

Thus, the conclusion follows from Theorem 4.1. a

Finally, to illustrate our example in the introduction, we establish the exact SOCP
relaxation for a robust least squares optimization problem under polytope objective
uncertainty. Recall that the weighted least squares optimization problem can be
stated as

L
(LS) fenn Zwla:l —|—lz;ulxl+oz

n
s.t. Z’ylja:lz <rj,j=1,...,q,
=1

where, wi, 5,7 € R, I =1,...,n, 5 =1,...,¢q, u € R", and o« € R. Let w =
(w1, ...,w,)T € R™. Suppose that the coefficients (w1, ...,w,) € R" of the objective
function are uncertain and they belong to a polytope uncertainty set given by w €
U, = co{w',...wP}. Then, the robust counterpart of (LS) can be formulated as

(RLS) znelﬁg lIunezzmlx {Z wla:l + Zulajl + oz}

n
s.t. Z’Yljl‘[z <rjy, j=1,...,q,
=1

which is equivalent to the following minimax quadratic optimization problem
n n
RLS7) min ma; wia? W + o
( l)meR"1<i<Xp{; ! l+; vt }

n
s.t. Z’yljxlz <rj,ji=1,...,q
=1

We note that the example in the introduction is a special case of (RLS) with u; =0,
l=1,...,n

As all the Hessian matrices of the associated quadratic functions in (RLS;) are
diagonal matrices and, hence, (RLS) is a special case of problem (P) with U = I,,.
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Its associated SOCP relaxation is

(SOCPgLs) sup 1
HER,GEA,,X;>0
vER™,5;€R

P q
s.t. Zdiwli—i—Z)\j’ylij,l:l,...,n
i=1 j=1

q
(5.2) a—=> Nrj—p Zsl > 0,5 >0,
j=1

H 2uy, 81 — 25 wj — Z/\JWJ H
p .
gs[+26iw}+2)\mj,l:l,...,n
i=1 j=1

COROLLARY 5.1 (robust weighted least squares problems under polytope uncer-
tainty). For the problem (RLS) with r; > 0, j = 1,...,q, and its SOCP relazation
problem (SOCPrrs), we have inf(RLS) = max(SOCPrrs). In addition, if we fur-
ther assume that there exists jo € {1,...,q} such that v;;, > 0 for alll =1,...,n
then min(RLS) = max(SOCPrrsg).

Proof. Let fi(z) = Y wiai + > wx +a, i = 1,...,p, and gj(z) =
Sy gt —rj, i = 1,...,q. We now verify that E(f1,..., fp,g1,...,94) is con-
vex. To see this, using the variable transform x; = —sign(w;)/5;, one can directly
verify that

E(flv"'vfpvgla"'agq)

{(szsﬁz —lwlv/s1) + szSH'Z —lwlv/s1) +
Z’msz—ﬁu.,Z"ﬂqSl—TqISl>0}+Rﬂ+q-
=1

=1

Note that t — —+/t is convex on R. This implies that, for all i = 1,...,p, fl(s) =
S wisi — Yo lwly/S +  are convex on R7 and, for all j = 1,...,q, §;(s) =
Sy st —ry are affine. So, E(f1,..., fp, g1, -.,9q) s a convex set. Thus, the first
conclusion follows from Proposition 2.1.

If we further assume that there exists jo € {1,...,q} such that ~;;, > 0 for all
l=1,...,n, then the feasible set is compact. Thus, the second conclusion follows. 0

6. Conclusion. In this paper, we have established exact SOCP relaxations for
nonconvex minimax separable quadratic optimization problems with multiple sepa-
rable quadratic constraints under an epigraphical condition. We exploited hidden
convexity in the form of a convex epigraphical set to achieve our results. We have
also provided various classes of minimax problems for which our results hold under
easily verifiable conditions.

In the cases where exact SDP relaxations are not possible, convergent hierarchies
of SDP relaxations are known [26, 11] for various classes of hard nonconvex optimiza-
tion problems. It would be of interest to study hierarchies of SOCP relaxations for
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minimax quadratic optimization problems with multiple quadratic constraints. This
will form an interesting topic for further study.
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