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AN EFFICIENT MATRIX SPLITTING METHOD FOR THE
SECOND-ORDER CONE COMPLEMENTARITY PROBLEM*
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Abstract. Given a symmetric and positive (semi)definite n-by-n matrix M and a vector, in this
paper, we consider the matrix splitting method for solving the second-order cone linear complemen-
tarity problem (SOCLCP). The matrix splitting method is among the most widely used approaches
for large scale and sparse classical linear complementarity problems, and its linear convergence is
proved by [Luo and Tseng, STAM J. Control Optim., 30 (1992), pp. 408-425]. Our first contribution
is to prove that, when the general matrix splitting algorithm is applied to SOCLCP with M sym-
metric and positive definite, it also converges at least linearly. Numerically, our second contribution
is to propose a special and efficient matrix splitting algorithm, the block successive overrelaxation
method, for solving the SOCLCP. The algorithm makes good use of the underlying geometry of the
SOCLCP and each iteration only involves solving triangular linear systems and requires O(n?) flops;
moreover, the algorithm does not destroy the sparse structure of M and is able to exploit the sparsity
effectively. Our code BSOR_BN_L based on this method is tested against four other state-of-the-art
methods on problems with dense, ill-conditioned symmetric and positive definite matrices, as well as
on problems with large scale sparse, symmetric and positive (semi)definite matrices. The numerical
results are quite encouraging and BSOR_BN_L exhibits a very good performance in terms of its speed,
accuracy, and efficiency in exploiting the sparsity of M.
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1. Introduction. Let M € R™*" be a symmetric matrix and q € R”. In this
paper, we are concerned with the solution of the following second-order cone linear
complementarity problem (SOCLCP):

(1.1) Find x € K such that Mx+q € K and x' (Mx+q)=0,
where
(1.2) K=K K" x K" x ... x K'm

is the Cartesian product of m second-order cones satisfying > 1", n; = n. A second-
order cone (also known as Lorentz cone) in R! is defined by

K= {(z1,%2) e Rx R [[xof < 21},

where || - || stands for the Euclidean norm. For simplicity of presentation, here and
in what follows, we will denote the problem (1.1) by LCP(/C, M, q) and the set of
its solutions by SOL(XC, M, q). The SOCLCP (1.1) can be viewed as a generalization
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of the classical linear complementarity problem (LCP) [2, 4, 7, 9, 22, 23, 29]. Both
the SOCLCP and the classical LCP belong to the symmetric cone complementarity
problem [12, 13, 14, 19, 25, 34, 35, 36, 43]. There are real-world applications of the
SOCLCP (1.1), for example, in robust Nash equilibria [15] and the three-dimensional
incremental quasi-static problems with unilateral frictional contact [21]. Moreover,
SOCLCPs also arise as systems resulting from the Karush-Kuhn-Tucker conditions
of the second-order programming, which contains a wide range of applications in engi-
neering design, control, finance, robust optimization, and combinatorial optimization
(see, e.g., [1, 28]). To date, fruitful theoretical results for the SOCLCP have been
developed and the reader can refer to, e.g., [6, 10, 15, 16, 17, 32, 34, 44, 42, 45] and
the references therein for comprehensive discussions.

Numerically, there have been various methods for solving LCP(IC, M, q). They
include, for example, the smoothing Newton method [5, 10, 19], the smoothing-
regularization method [16], the semismooth Newton method [32], the interior-point
methods [24, 39, 30], the merit-function-based approaches [3, 6, 33], and the matrix
splitting method [17]. The former four approaches are of local superlinear convergence
but require solving an associated Newton equation in which O(n?) flops are involved.
This might be inefficient when the dimension n gets large; moreover, these methods
could not in general exploit the special structure embedded in M and its sparsity as
well, and thus, they may perform inefficiently for large scale and sparse problems.

The matrix splitting method (see, e.g., [7]), on the other hand, is of some merit for
the large scale and sparse problems. In fact, for the classical LCP, it was demonstrated
recently by numerical experiments [31] that the matrix-splitting-type algorithm (the
projected Gauss—Seidel with subspace minimization) can be implemented very effi-
ciently for medium and large scale LCPs arising in computer game simulations and
American options pricing. Typically, in a matrix splitting algorithm, by choosing a
special structure of B and by splitting the matrix M = B + C, each iteration solves
a related LCP involving the matrix B instead. One attractive feature of the classical
LCP is that when B is chosen properly (for example triangular or block triangular
[8]), the subproblem in each iteration can be solved rather efficiently or even trivially
(see [7]); moreover, as the iteration mainly relies on the matrix-vector manipulation,
the sparsity could be exploited. Thus, one only needs to take care of the speed of the
outer iteration. It has been shown by Luo and Tseng [29] that when the splitting is
regular (see Definition 2.2 in section 2), the convergence is at least linear and, there-
fore, the matrix splitting method is among the most widely used algorithms for large
scale and sparse LCPs.

However, when turning to the SOCLCP (1.1), difficulty arises in the subproblem
where a related SOCLCP associated with the matrix B should be solved. Different
from the classical LCP, even if B is of a certain special structure, such subprob-
lems are not easy to solve. For example, one widely used choice of B is the block
lower triangular (see section 4 for more details), in which the subproblem reduces
to solving sequentially m related SOCLCPs, each defined on a single second-order
cone. This means that how to solve efficiently an SOCLCP LCP(K!, A,u) defined
on K is a bottleneck of the matrix splitting method for the SOCLCP (1.1). Efforts
have been made in [17] to get around that trouble, where a special block successive
over-relaxation (BSOR) method is proposed. In that implementation, the matrix B
is chosen as a block lower triangular and each diagonal block matrix B;; € R™ %™ is
of the form

T —
(1'3) Bii = [f}l % :| . b ER, bye Rmfl’ By € Ri—1D)x(ni=1)
2 [
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It is shown that, with such a structure, every iteration in the matrix splitting algo-
rithm can be decoupled into m subproblems, each of which can be transformed into
equivalent single variable equations and could be solved by a specially designed New-
ton iteration [17]. However, we observe that there are two potential limitations: (i)
The special structure requirement in the diagonal block B;; may restrict the efficiency
of the matrix splitting algorithm, and (ii) solving the ith one of the m decoupled sub-
problems in general still invokes O(n?) flops. Motivated by these two observations, in
this paper, we attempt to improve the efficiency of the matrix splitting algorithm for
the SOCLCP.

The improvement on the matrix splitting algorithm for the SOCLCP (1.1) is pos-
sible based on the authors’ previous work [45], in which an efficient bisection-Newton
(BN) iteration is proposed for solving LCP(K!, A, u) defined on a single second-order
cone K!'. The algorithm makes good use of the underlying geometry properties of
LCP(K!, A,u) when the matrix A has the globally uniquely solvable (GUS) prop-
erty [44]. Roughly speaking, the geometry property of LCP(K!, A, u) permits us to
equivalently transform LCP(K!, A, u) into nonlinear equations with respect to a single
variable s and guides the adjustment of s. It is worth mentioning that the treatment
for our nonlinear equations of the variable s is different from that for the correspond-
ing SOCLCP with the special matrix B;; (1.3) in [17] in that (i) these two treatments
are derived from different aspects, (ii) our method in general does not impose any
requirement on the structure of the matrix, and (iii) when B;; is chosen properly
(for example, lower triangular), solving our nonlinear equations only involves solving
triangular linear systems and requires O(n?) flops.

By imbedding our BN iteration into a block successive overrelaxation (BSOR)
method, we propose an efficient matrix splitting algorithm for the SOCLCP (1.1).
In our implementation, each iteration only involves solving triangular linear systems
and only O(n?) flops are required; furthermore, the sparse structure of M can be
preserved and exploited. These are appealing features, especially for large scale and
sparse SOCLCPs. Our code BSOR_BN_L, based on the combination of BSOR with
BN, is tested against other four state-of-the-art methods. The numerical results are
quite encouraging and demonstrate that BSOR_BN_L has a very good performance in
terms of both its speed and accuracy of the solution.

Another contribution of this paper is to prove that, if M is symmetric and pos-
itive definite, the general matrix splitting algorithm with regular splitting converges
at least linearly, even when the subproblems are solved inexactly. This result general-
izes the well-known linear convergence of the matrix splitting method for the classical
LCP of Luo and Tseng [29]. As our method BSOR_BN_L has both efficient imple-
mentation and global and linear convergence, it appears to be rather attractive and
highly competitive to the SOCLCP (1.1).

We organize this paper in the following way. In the next section, we describe
the general matrix splitting algorithm. In section 3, we will first show the conver-
gence when M is either symmetric and positive definite, or simply positive semidef-
inite; furthermore, we will prove the linear convergence rate of the general matrix
splitting algorithm when applied to the symmetric and positive definite case. In
section 4, we propose the special matrix splitting algorithm, the BSOR method,
and discuss in detail how to solve subproblems in an efficient way, where the BN
iteration [45] is introduced and imbedded efficiently in BSOR. Our encouraging nu-
merical experiments, including the comparison with four other methods, are pre-
sented in section 5, and finally we draw some remarks and conclude the paper in
section 6.
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Notation. Throughout the paper, all vectors are column vectors and are typeset
in bold, and for convenience, we will choose (x,y) or x "y to denote the inner product
of vectors x,y € R". When x € R", we distinguish the ith subvector x};; € R" from
the ¢th element z; € R, and thereby

For a matrix A € R"*™ AT denotes its transpose, and R(A) := {x € R"|x = Ay for
somey € R™} and Ker(A) := {y € R™|Ay = 0} stand for the range and the kernel of
A, respectively. Thus R(A)* = Ker(AT), where R(A)* denotes the orthogonal com-
plement of R(A). As usual, the norm of A is defined by || Al := max 1 [|Ax]|, and
1I,, represents the identity matrix in R™*™; in addition, we define a special matrix J,, by

(1.4) Jp = diag{1, —I, 1} € R™*™,

For a set C' C R™, we denote the boundary and the interior of C' by bd(C) and
int(C'), respectively, and thus

(1.5) bd(K!Y) = {(z1,%x2) € R x RI7L: ||xo|| = 21}

If x € C, then the normal cone (see, e.g., [18, Definition 5.2.3]) of C' at x is defined
by

Ne(x) = {zz" (y —x) <0 Vy € C},
and therefore, if y € int(C), the relation

ZT(

y —x) <0 for all nonzero z € N¢(x)
is evident.

2. The general matrix splitting algorithm. In this section, we will describe
the basic framework of the matrix splitting algorithm by assuming, for the moment,
that the splitting (B, C) of

(2.1) M=B+C

is already given. The question of how to choose the specific (B, C) of a given matrix
M for efficient implementation of the matrix splitting algorithm will be discussed in
detail in section 4.

When the splitting (B, C) of M is given, the problem LCP(XC, M, q) (1.1) can be
equivalently stated as finding x € K such that

(2.2) Bx+ (Cx+q) € K and (x, Bx + (Cx +q)) = 0.

Let x” be the current iteration. The iteration philosophy of the matrix splitting
method is to use the current approximation X" as the value of x in the term Cx, and
then solve the next iteration x"*1 from (2.2). That is,

(2.3) x"t € SOL(K, B,Cx" + q).
By introducing the projection I (x) of a point x € R™ to the nearest point in £, i.e.,

Il (x) := argmin ||x — y|],
() = arg min [x |
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it is known [9, Proposition 1.5.8] (see also [10]) that the solution x" 1 of (2.3) can be
equivalently stated as

(2.4) X" = (x" ! - Bx"™ — Ox" — q),
and similarly
x € SOL(K, M, q) <= x =k (x — Mx —q).

In general, the solution to (2.4) can only be achieved by means of iteration where
rounding errors are unavoidable; therefore, analogous to the matrix splitting method
for the classical LCP [29], we allow inexact computation for (2.4), which is realized
by introducing a term h” to (2.4) that is controlled by the gap ||x"*! — x"||. To be
more precise, we require that the approximation solution x"+! satisfy the condition

(2.5) X" =TI (x" ™ - Bx"™! - Cx" — q+h"),
where
(2.6) 7| < ¢l —x7|

for some nonnegative parameter ¢ > 0 depending on the splitting (B, C'). As has been
pointed out in [29], such an approximation x"* is achievable for any iterative method
that converges to the solution to (2.4). In particular, suppose the current iteration
x" ¢ SOL(K, M, q) and {y*} is the sequence converging to the solution x"*! to (2.4),
then we stop at any point y* satisfying

(2.7) I(In — B)(y* = F(y"))|| < ¢IIx" = F(y")l,
where
F(y) :=Tlx(y — By — Cx" —q).

Condition (2.7) can be fulfilled because as k approaches infinity, y* — x"t! =
F(x"*1) o x". Furthermore, it can be verified that by setting

X" = F(y") and h":=(I, - B)(y" — F(y")),

x"t1 and h" satisfy conditions (2.5) and (2.6).

Overall, the basic framework of the general matrix splitting algorithm can be
summarized as Algorithm 1.

To specify the stopping criterion in Step 3, by considering the SOCLCP (1.1), a
reasonable choice is to terminate the iteration whenever

(2.8) X:= ZmaX{HX[i] (2:m4)|| —x4(1),0}

+3 " max{|g(2 :n)l| — g(1), 0} + [x g < e.
i=1
Here, we use the stylized version of the MATLAB language to denote by x;(2 : n;)
the subvector of x[;, with elements from the second to the n;th, and also define
g:=Mx+q.

It is clear that the first and second terms in the left-hand side of (2.8) measure
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ALGORITHM 1. THE GENERAL MATRIX SPLITTING ALGORITHM.
Given a symmetric matrix M € R"*" and q € R", this algorithm solves the
SOCLCP (1.1) with the splitting (B, C) of M.
Step 1. Select any x" € R”, and set r = 0.
Step 2. Compute a new iteration x" 1 € K satisfying

x" T =TI (x" ™! — Bx"™! — Cx" —q+h"),
where h" satisfies
") < ¢Ix"+ —xT

and ¢ > 0 is a parameter depending on (B, ().
Step 3. Stop if the stopping rule is met; otherwise,  := r + 1 and goto Step 2.

the feasibility of x and g, respectively, whereas the last term measures the comple-
mentarity condition x " (Mx + q) = 0. In our numerical testing, such a stopping rule
is adopted with a recommended range € € [1077,107%] for . The relative accuracy
X is then defined by

X
(2.9) Xr 1= ,
1+ [lally + [[M]]x

For the choice of a proper splitting (B,C), we should ensure both the well-
definedness of the subproblem (2.5) and the convergence of Algorithm 1 as well. For
the former, a sufficient condition is that B is a K-Q-matrix [17] whose definition is
given as follows.

DEFINITION 2.1. IfLCP(K, B, q) has a solution for any q € R™, then B is called
a KC-Q-matriz. Moreover, if B is a K-Q-matriz, then (B, (') is called a K-Q-splitting.

It has been well known that if M is positive definite (not necessarily symmetric),
then it must be a K-Q-matrix; in fact, when M is positive definite, then for any
q € R", LCP(K, M, q) admits a unique solution. For the convergence of Algorithm 1,
on the other hand, one of the most general and widely used conditions of the splitting
(B, C) is the so-called regular splitting defined as follows.

DEFINITION 2.2. Suppose that (B,C) is a splitting of M. If B — C is positive
(semi)definite, then the splitting (B, C) is said to be (weakly) regular.

If (B,C) is a regular splitting of M, then the parameter ¢ involved in Step 2 of
Algorithm 1 is recommended as [29]

where € € (0,7/2] and 7 denotes the smallest eigenvalue of the symmetric part of
B — C. In next section, we will establish the convergence of Algorithm 1 both for the
symmetric and positive definite matrix, and for the positive semidefinite matrix as
well; furthermore, we will also prove the linear convergence when M is symmetric and
positive definite and the splitting (B, C) is regular.

3. Convergence analysis.

3.1. Preliminary properties. To develop the convergence of the matrix split-
ting algorithm, in this subsection, we shall first provide some preparatory results.
To begin with, we point out that the projection Ilx(-) has several simple but useful
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properties: For example, according to the definition of I, one can readily verify that

Hycna (%))

(3.1) Ik (x) = and
Lo (Xpm )

(3.2) (z — g (x),x —Ik(x)) <0 Vzek.

By [5, Proposition 4.3] (see also [10]), I (x) is also a strongly semismooth (for the
definition, see [34, section 3]) function of x. Moreover, we can expand the projection
IIxn(x + d) for any d € R™ up to the second-order term. To be more precise, let
x := IIxn (x). The critical cone [34, p. 48], associated with the projection Ik (x), of
K™ at % is defined as Cxn(X) := Tcn (X) N R(x — %), where Txn (X) is the tangent
cone [9, p. 15] of K™ at x and R(x — x)* is the subspace in R™ that is orthogonal
to x — X. In particular, if 0 # x € —bd(K™), then Ilin(x) = 0 and the critical cone
associated with ITxn (x) is simply [44]

(3.3) Cen (0) = {—tJox | £ > O}

Using the critical cone, it is known [34, Proposition 13] that, for any x,d € R", we
have

(3.4) jn (55d) = ey, (%) (d),

where II)... (x;d) is the directional derivative of IIxn~(x) at x along the direction d.
This together with [34, equation (5)] implies that

icn (x + d) = Iien (x) + e (x3d) + O(]|d]?)
(3.5) =X+ ez (d) +O(d]?),

where the second equality follows from (3.4).
Another two useful lemmas for the convergence are provided as follows.
LEMMA 3.1. Let x,y € bd(K"). Then (J,x,y —x) < ||x — y||2/2.
Proof. By x,y € bd(K™) and (1.5), we have

(3-6) <JnX7Y - X> = $1(y1 - 331) - XQT(YZ - Xz) = T1Y1 — XQTY2
and

Ix —yl* = 27 — 2z191 + 7 + (Ix2l|” — 2x5 y2 + [ly2]?)
(3.7) = 2@% — 11 + yf - XQTY2) > 2(x1y1 — X2TY2)7

where the last inequality is due to 23 — 2x1y1 + y? > 0. Then the assertion follows
from (3.6) and (3.7). a
LEMMA 3.2 (see [44]). The following statements hold:
(i) For nonzero vectors x,y € K™, (x,y) = 0 if and only if x € bd(K"), y €
bd(K™), and y = pJpx for some p > 0;
(ii) let x € K™. Then (x,y) > 0 for all nonzero vector y € K™ if and only if
X € int(K").
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3.2. Convergence. In this subsection, we will establish the convergence of Al-
gorithm 1. For this purpose, we first observe that when M is symmetric, then it is
clear, by the KKT condition, that the SOCLCP (1.1) is equivalent to the following
quadratic second-order cone programming

(3.8) min f(x) :=

min (x, Mx) + {q, X).

N | =

Moreover, if M is additionally positive definite, then for any g € R™, (1.1) has a unique
solution x*. When ¢ = 0 in Step 2 (i.e., exact computation of the subproblem (2.4)),
the convergence of Algorithm 1 is already proved in [17]. In the following theorem,
we further generalize that result by permitting ¢ > 0 and establish the convergence
of Algorithm 1 for the symmetric and positive definite matrix M with any regular
splitting (B, C).

THEOREM 3.3. Let M be a symmetric positive definite matriz and q € R™ be
an arbitrary vector. Let (B, C) be a regular splitting of M. Then for any initial point
x0 € K, the points {x"} generated by Algorithm 1 with  given by (2.10) converge to
x*, where X* is the unique solution of (1.1).

Proof. We first prove there exists k1 > 0 such that

(3.9) X" = x| < m(f(xTTY) - f(xT)) W >1,

where f(x) is given by (3.8). Fix any r > 1. According to (2.5) and (3.2), we obtain
(X" —x"L Bx" + Ox" ' 4 q—h"1) < 0.

Also, from M = B + C and the definition of f(x), we have that

Flx") = fx)
=(x"—x""Bx"+0x"'+q)+ (x" —x""",(C-B)(x"—-x""1))/2.

Combining the above two relations and (2.10), we have

(x" —x"1(C—B)(x —x""1)+2n"1))2
r _Xr71||2.

Hence (3.9) holds with x; = 1/e. Thus we know that the sequence {f(x")} is strictly
decreasing. Since M is positive definite, the sequence {x"} generated by the algorithm
is bounded. Let X be an arbitrary accumulation point of the sequence {x"} and {x"}
be a subsequence of {x"} converging to x. Since {f(x")} is convergent, by (3.9),
{x"~1—x"} converges to 0. Hence, the sequence {x"~'} also converges to X. Because
x" satisfies

x" €K, Bx"+Cx" " '4q-h""t e, (x", Bx" +COx"" 4+ q—h""1) =0,

passing to the limit shows that X is a solution of (1.1). On the other hand, since M
is positive definite, (1.1) has a unique solution x*. Thus, x = x*, which implies that
any accumulation point of an arbitrary subsequence of {x"} is x*, and consequently
x" — x*. g

Before concluding this subsection, we briefly mention that, when M is only pos-
itive semidefinite (not necessarily symmetric) but SOL(K, M, q) # 0, Theorem 5.6.1
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in [7] provides one type of splitting (B, C) for which the matrix splitting algorithm
(Algorithm 1) with ¢ = 0 (i.e., exact computation of the subproblem (2.4)) in Step 2
converges to a solution of LCP(KC, M, q). Though the result [7, Theorem 5.6.1] is a
customized result for the classical LCP, it can be readily verified that the conclusion
also holds true for our SOCLCP (1.1). For the sake of completeness, we state this
result below.

THEOREM 3.4 (see [7, Theorem 5.6.1]). Let M be a positive semidefinite matriz
and SOL(K, M,q) # 0. Let (B,C) be a splitting of M such that B— M is symmetric
positive definite. Then, the uniquely defined sequence of vectors {x"} produced by
Algorithm 1 with ¢ = 0 converges to some solution of the LCP(K, M, q).

Another effective treatment for the positive semidefinite case is the so-called
reqularization. The idea is to add a term vI, (v > 0) to M so that M + vI, is
positive definite and, thereby, LCP(IC, M + vI,,q) admits a unique solution, say
x(v) € SOL(K, M + vI,,q). Upon taking a sequence of positive scales {v} — 0, it
generates a sequence {x(v)}. The following theorem is again originally established for
the classical LCP, but is also valid for the SOCLCP (1.1), whose proof is almost the
same as that for [7, Theorem 5.6.2], and therefore is omitted here.

THEOREM 3.5. Let M be a positive semidefinite matriz and SOL(K, M, q) # 0.
Let v > 0. Then, the solution x(v) € SOL(K,M + vI,,q) converges to the least
la-norm solution of LCP(K, M,q), as v — 0.

3.3. Linear convergence. Now, we are in a position to establish the linear
convergence of Algorithm 1. Our proof borrows the idea from Luo and Tseng [29] for
the classical LCP. Throughout this subsection, we assume that M is symmetric and
positive definite, and the parameter ¢ in Step 2 of Algorithm 1 is given by (2.10). It
has been pointed out that, in this case, SOL(K, M, q) admits a unique solution x*.
That is, (1.1) holds for x = x*, which implies that

(3.10) (X, (Mx" +q)) =0 Vi=1,...,m.
Based on this observation, we can define the following four index sets:

Ev={ie{l,...,m} | x{; # 0 and xf; € bd(K™)},
Ep={ie{l,....,m} | xj; =0and (Mx" +q) € int(K")},
Zs={i€{l,...,m} | xp = 0and (Mx" +q); € bd(K™)},
Eq={i € {1,...,m} | x}; € int(K")},

where xi‘ﬂ € R™ is the ith subvector of x* partitioned according to (1.2). Note that
for any i € =1, by Lemma 3.2(i) and (3.10), we know

(3.11) (Mx* +q)p) = sidn, X

for some s; > 0, whereas for any i € Z4, (3.10) yields (Mx* + q)j; = 0. Moreover, it
is easy to check that these four index sets are mutually exclusive and

51UEQU53UE4={1,...,TL}.

Table 1 gives a clear picture of these four index sets.
The proof of the linear convergence for Algorithm 1 requires some results on error
bounds. One important error bound is to estimate the distance between any x € R™



A MATRIX-SPLITTING METHOD FOR SOCLCP 1187

TABLE 1
Four mutually exclusive index sets for x*.

Index set P €= 1€ Eg 1 €23 1€ =y
X bd(K™i) \ {0} 0 0 int (ki)
(Mx* + q)[i] bd(K™i) int (k™) bd(K™) 0

and the solution x*. For this purpose, we define
FRt(x) :=x — Il (x — Mx — q)

as the natural map [9, p. 83] associated with complementarity problem (1.1). By [9,
Proposition 1.5.8], x* € SOL(M, K, q) if and only if F2**(x*) = 0. Since M is positive
definite, by [9, Theorem 2.3.3], there exists a 7 > 0 such that

(3.12) [x —x*|| < 7||F*(x)|| VxeR™

With this error bound (3.12), we can further estimate the distance between the iter-
ation x” of Algorithm 1 and x* as the following lemma shows.

LEMMA 3.6. Let {x"} be the sequence generated by the matriz splitting algorithm.
There exists an a > 0 such that

(3.13) [|x" — x*|| < OéHXT—XT_ln.

Proof. By (3.12), (2.6), and the nonexpansive property of the projection operator
Ik, we have

[[x" —x"|

< 7llx" — e (x" — Mx" —q)|

= 7|k (x" — Bx" — Ox" "' —q+h"!) — I (x" — Mx" — q|
<7C(x" = x""h) + R

< 7(ICl + Qllx" —x"71],

and the proof is completed. O

The next lemma is the key for the proof of the linear convergence of the matrix
splitting method.

LEMMA 3.7. Let {x"} be the sequence generated by the matrix splitting algorithm
(Algorithm 1). There exist a p > 0 and a positive number r1 such that for all r > rq

(3.14) (Mx* 4 q,x" — x*) < pl|x" —x""1%.
Proof. By (3.10) and Lemma 3.2(ii), for any i € E4, (Mx* + q);;; = 0. Thus,
(3.15) (Mx* +q,x" —x*) = Z (Mx™ +q)p), (X" = %))
1€21 U= UES
For notational convenience, let

y =Bx"+Cx""'4+q—-h""! and
vi=x"—-y" — (x* — Mx" —q).
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According to the iteration scheme (2.5) in Algorithm 1, it follows that
x'=1gx"—y").

By Theorem 3.3, we have x” — x*. This and (2.6) imply that y" — Mx* + q and

V= (1= M) —x7) + Ol — %)
(3.16) = O(|x" —x" 1)),

where the last equality follows from Lemma 3.6.
For i € Zy, from (3.11), we know

(Mx* +q)p) = sidn, X
for some s; > 0, and so

(3.17) Z (Mx* + )y, (x" —x")py) = Z <5iJmXE§],X[Ti] - Xm-

i€E, i€51,5:>0

Fix j € &1 satisfying s; > 0. By 0 # xfﬁj] € bd(K™ ), we have
(X" = Mx" —q)jj) = (In, — 5jJn,)x[;; € K™
Since
(X" =y")py) = (7 = Mx* = q)y,
there exists an 73 such that (x" —y");;; € K" for all 7 > ry. Thus,
x; = Hgns [(x" = y") ] € bA(K™).

Then by Lemma 3.1,
B18) Uy —x) < Iy — w772 < I IP

Because the number of index j € Z; satisfying s; > 0 is finite, by (3.17) and (3.18),
there exist a p; > 0 and an r3 such that for all r > rs,

(3.19) D A"+ @), (x7 = x)gp) < pulx” = x| < pralx” = x|

1€E

where the last inequality follows from (3.13).

Now we prove that for any i € =, x[ri] = 0 for all r sufficiently large, and thereby

(3.20) D A(Mx* + Q) (%7 — %)) = 0.

SE0
Fix any j € Z3. Since X" — x* and er] = 0, we have

(x" —y" )y = —(Mx* 4 q)y; € —int(K™).
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This together with (3.1) and the fact
Iyn;(z) =0 Vze —-K",
shows that for all r sufficiently large,
x(j = [Me(x" =y )y = e [(x" = y")5] = 0.

Since the number of index j € Zy is finite, there exists an r4 such that (3.20) holds
for all r > ry.
For the last case, suppose j € Z3. Since

(x* — Mx" —q)j) = —(Mx* +q);) € —bd(K™),
implying IIjcn; [(x* — Mx* — q)(;] = 0, the relations (3.4) and (3.5) lead to
x(; = [Me(x" =yl = Uxni (X7 =y )l
= e [(x* = Mx™ —a+ V)]
(3.21) = Mens [(x" = Mx" — )] + e, 0) (Vi) + OV 7).
By (3.3) furthermore, we have
e, s 0)(Vj)) = tn,; (Mx" + q)y
for some ¢ > 0, which together with (3.21) implies that
(Mx* + @)y, x[y) = (Mx" + @), tdn, (Mx™ +q)) + O(IV']?)
=O(|lx" —x""1%),
where the last equality follows from (Mx* + q)j;; € bd(K™) and (3.16). Therefore,
there exist a po > 0 and an r5 such that for all » > r5, we have
(3.22) D M+ Q) (x7 = X)) < pelx” —xH2
1€EE3

Since these four scenarios are mutually exclusive, consequently, our assertion follows
from (3.15), (3.19), (3.20), and (3.22). d

LEMMA 3.8. Let {x"} be the sequence generated by the matriz splitting algorithm
(Algorithm 1). Then there exists an ro > 0 such that

(3.23) F(X) = f(x*) <ka|lx" —x""Y2 Vr > 1.
Proof. By the mean value theorem, there exists a w” lying on the line segment
joining x" with x* such that
f) = f(x") = (Mw" +q,x" —x7).

This combined with (3.14) and (3.13) shows that there exists an rg > 0 such that for
all r > ro,

fx") = f(x") = (Mw" +q,x" —x")

= (Mw" — Mx*,x" —x*) + (Mx* + q,x" — x¥)
< [[M]l[[x" - x H2+P||X X"

= ([Mla+ p)[x" — """,

and the assertion follows. a
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The following lemma ([29, Lemma 3.1]) is used by Luo and Tseng, and could also
lead us to the linear convergence of {x"}, in the sense of the R-linear convergence.

LEMMA 3.9. Let {x"} be a sequence of vectors in K satisfying (3.9) for some
scalar k1 > 0. If f(X") converges linearly, then {x"} also converges linearly.

With these preparatory results in hand, we finally are able to prove the linear
convergence of Algorithm 1.

THEOREM 3.10. Let {x"} be the sequence generated by the matriz splitting al-
gorithm (Algorithm 1). Then f(x") converges linearly to f(x*) and {X"} converges
linearly to x*.

Proof. Since (3.9) holds for {x"} generated by Algorithm 1, by Lemma 3.9 we
only need to prove that f(x") converges linearly to f(x*).

By (3.9) and (3.23), it follows that

FX") = f(x) <mma(f(x"1) = f(x7),
which implies that
(k1o + 1)(f(x") = f(x")) <mima(f(x"7) = f(x7))
or, equivalently,

fx") = f(x7) K1k2
Fx—1) = f(x*) < PR <1

and the proof is complete. O
4. The BSOR method.

4.1. The block lower triangular splitting. Now, we focus on the computa-
tional issue of the main procedure, Step 2, in the matrix splitting algorithm (Al-
gorithm 1). Let x" be the current iteration. Recall from (2.3) that this step is to
obtain x" 1 € SOL(K, B,Cx" + q). The flexibility of choosing the splitting (B, C)
makes it possible to decouple the subproblem LCP(IC, B, Cx" 4 q) into m elementary
SOCLCPs, each of which is defined on a single second-order cone. This is realizable,
for example, if we choose the matrix B as block lower triangular and, thereby, M can
be represented in the form:

By

Moy Baa
(4.1) M=Btc=| " T% el

Mp1 ... ... Bpnm

where M;; € R"*™ are the block submatrices of M partitioned according to (1.2).
Here, we have assumed, for the moment, that each diagonal block B;; € R™*"i has
the GUS property. Such splitting is already proposed in [17] and we refer to the
matrix splitting algorithm with such a structure of B as the BSOR method. Keeping
this and the following equivalent relation

xek, yeKandx'y=0 X € K",y € K™, and x;]ym =0

for i = 1,2,...,m in mind, we know that the next iteration x"*' € K in Step 2
of Algorithm 1 can be equivalently obtained via solving sequentially the following
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subproblems for i = 1,2,...,m:
(4.2) X[ € Kri, Biixp) + tr e, X(3) (B“XH + t[ri]) =0,
where

afy ifi=1,

(4.3) ¢, = { i N
g E me“—l—q[] if > 1,
and q" == q+Cx" = [(afy)) - .-, (ap,) "]
Note that for each i = 1,2,...,m, the problem (4.2) solves xf; from the ele-
mentary problem LCP(IC”'i,Bii,t[Ti]). From this point of view, the efficiency of the

approach for such elementary problems could determine the overall performance of
BSOR. Unfortunately, this appears not to be an easy problem in general, and [17]
suggests specifying every diagonal block B;; as the structure (1.3). However, as we
have pointed out in section 1 that there are two potential limitations, in the next
subsections, we shall introduce and integrate the BN iteration [45] (with a slight
modification) to BSOR, which could be implemented rather efficiently and is able to
exploit the sparsity as well.

4.2. The BN iteration for LCP(K', A, u). Before we discuss why and how to
integrate the BN iteration [45] into BSOR in an efficient way, we shall first take some
effort to describe the underlying principle and basic procedures in the BN iteration
for solving an elementary problem LCP(K!, A, u) where A has the GUS property.

Suppose a € R! is the unique solution of LCP(K!, A,u). The BN iteration begins
with the following simple observation (by Lemma 3.2; see also [17, Proposition 4.1]):

(C1) ue K! = a=0;

(C2) —A"luekl = a=—-A"lu;

(C3) u¢g —AK' UK! = 35* > 0 such that a = —(A — s*.J;)tu € bd(K'), where

Ji is defined by (1.4).

As the first two cases are trivial, we can design methods targeting at finding the scalar
s* > 0 for (C3), which, however, is still not an easy problem. Fortunately, the basic
properties [44] for the GUS of A bring us a useful geometry picture of LCP(K!, 4, u),
which serves as the fundamental of the BN iteration. To be precise, for any s > 0,
define Ay := A — sJ; and Ky == ALK = {Ax|x € K!'}. Obviously, K4 is a cone
and Koy = AICl It is shown in [44] that when A has the GUS property, the following
important properties hold.

THEOREM 4.1. For LCP(A,K',u), if A has the GUS property, then

(i) AJ; has nonnegative eigenvalues and has exactly one positive real eigenvalue
7 > 0. Moreover, rank(AJ; — 1)) = 1 — 1. There exists w € int(K') such that
w is the eigenvector of AJ; associated with T;

(ii) there exists a vector v € int(K') such that v is the eigenvector of ATJ; asso-
ctated with T;

(iii) the range R(A;) of A, is a hyperplane in R'. Moreover R(A;) = (Jv)*,
where v € int(K!) is the eigenvector of AT.J; associated with the unique posi-
tive eigenvalue T;

(iv) for all 0 <t < s < 7, K,\{0} C int(KCs) and Ky lies in one side of R(A;);
if s >t >, then ICl\{O} C int(Ks), K \{0} C int(Ky), and K, lies in the
other side of R(A;).
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region of u for s* > 7

IC3
region of u for s* > 1

. “ .
region of u for s* < 7 region of u for s* =7

region of u for s* < 7

Fic. 1. Geometry illustration of the three cases of s* for | = 3.

As an implication of Theorem 4.1 (and see more details in [45, 44]), we consider
the desired value s* > 0 separately in the following three mutually exclusive cases:

=T if (—u)TJ;v =0 or equivalently, u € R(A4,),
s =< <7 if (—u)TJ;v >0,
>T if (—u)"Jv<O0.

As an illustration for [ = 3, Figure 1 provides a geometrical picture of these three
cases.

For the first case s* = 7, a direct method, namely SOCLCPtau in [45], is designed
for efficiently finding the solution a € SOL(K!, A, u), whereas for the others, Theo-
rem 4.1 also suggests an iterative scheme to adjust the current approximation s to
s*. In particular, by defining

(4.4) ab = —(A—sJ)

the adjustment procedure for s; should proceed as follows:
(i) in the case of (—u)TJ;v > 0, the current approximation sj should be de-
creased (resp., increased) if a* € int(K!') (resp., a* ¢ K');
(ii) in the case of (—u)TJ;v < 0, the current approximation sz should be in-
creased (resp., decreased) if a¥ € int(K!) (resp., a* ¢ K!).
This observation then facilitates the construction of a bisection procedure to approxi-
mate the value s*. In fact, we know that for the case (—u)"J;v > 0, it is true that the
lower a and the upper bound /3 of s* is 0 and 7, respectively, while for (—u) " .J;v < 0,
the upper bound /3 can be obtained via detecting the smallest integer ¢ > 0 satisfying

—(A—27J) tu g K.
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Based on Theorem 4.1, one can easily see that 2 =17 < s* < 2‘7 and, thus, in this case,
a = 2"'7 and 8 = 2'7 serve as the lower and the upper bound for s*, respectively.
With the upper bound « and lower bound S of s* in hand, we can halve the length
of (a, ) in each iteration, according to the above adjustment procedure.

To make the above bisection procedure really efficient, we must take care of the
efficiency in solving the linear system of (4.4). Fortunately, we have shown in [45]
that every bisection iteration only requires 212 flops instead of O(I%). Such surprising
saving in computation is possible due to the following simple but vital properties.

LEMMA 4.2. Let Q = diag{1,Q} € R™*! be any orthogonal matriz, i.e., QT Q =
I;. Then it is true that (i) z € K! <= Qz € K!, (ii) a € SOL(K!, 4,u) <= Qa ¢
SOL(KL, QAQT, Qu), and (iii) QT J,Q = J,.

Proof. The proof is straightforward based on the definitions of k!, SOL(K!, A, u),
and the matrix Jj. 0

According to Lemma 4.2, the procedure described in [45] first transforms A, by
an orthogonal matrix in the form Q = diag{1,Q} € R**!, into either an upper or a
lower Hessenberg matrix H and, analogously, transforms a and u to a := Qa and
1 := Qu, respectively. As a result, the linear system (4.4) is equivalently transformed
into

(4.5) (H — sp.J;)a" = —a

for a* := Qa”. Because the bisection procedure only needs to check if a* € K! or
not, and by (i) of Lemma 4.2, it suffices to work directly on a* during the iteration.
Moreover, since the coefficient matrix H — sgJ; of (4.5) remains (upper or lower)
Hessenberg for different sj, the computational costs of each bisection iteration (i.e.,
solving the linear system (4.5)) consequently can be reduced to 2/? flops (note: A
linear system of size [ with an upper (or a lower) Hessenberg coefficient matrix can be
solved in 21 flops [11, section 4.3.4]. See more details in [45]). This is the bisection
procedure.

To accelerate the linear convergence of the bisection iteration, the Newton it-
eration can further be integrated efficiently. Suppose we have already obtained
the orthogonal matrix @Q = diag{1,Q} and focus then on the equivalent problem
SOL(K!, H,u). Again, the Newton iteration is designed for the case (C3) and aims at
finding the solution pair (&, s*) through the following nonlinear system:

(H—-sJ)h+1u
—3hTJh

f (h,s) = l

It is shown in [45] that when A (equivalently H) has the GUS property, then for any
i ¢ —HK'UK!, the Jacobian Dy, 5 F (h, s) at the solution pair (a, s*) of LCP(K!, H, 0
is nonsingular. This ensures the local quadratic convergence of the sequence {(a*, s;.)}
generated by the Newton iteration:

a"t' =aF + Aa and Sktr1 = Sk + As,

where (Aa, As) is the solution to

[H— SkJp —Jlﬁk

(4.6) —(E)T 0

{ﬁ] = —F(@" si).

Denoting f (2%, s;.) :=[F{,F2]" with /1 € Rl and f 5 € R, and rewriting (4.6) as
(H — s J))Aa — Jia"As = —f; and — (Jia")TAa = —fo,
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it can be easily verified that (Aa, As) of (4.6) are

(47) As = [(Jia")T(H — s )7 1+ F2)/[(18%) T (H — sp i)~ 1,8k,
' Aa = (H—Sle)_lJlﬁkAS— (H—Sle)_lFl.

Computationally, (4.7) can be completed via solving two vectors by = (H —sgJ;) " f 1
and by = (H — Sle)_ljlﬁk from (H — Sle)bl = F1 and (H — Sle)bz = Jlﬁk,
respectively. Fortunately again, since the coefficient matrix H — s;.J; of both systems
is upper (or lower) Hessenberg for every s, they can be achieved with 3[2 flops.®
Consequently, by additionally counting the updating for the right-hand side f (a*, s,)
to f (aF1, s,41), we know that a Newton step can be realized using 512 flops.

To combine the bisection and the Newton iteration, we make a slight difference
from that in [45], where the Newton iteration is only triggered after a number of
bisection iterations. Due to the local quadratic convergence and its low costs in
computation, the Newton iteration is indeed preferable. Based on this observation, we
suggest continuing to use the Newton iteration if the resulting iteration (a*+!, sz, 1)
is acceptable, in the sense that s;4; is within the lower bound a and the upper bound
[ of s*. The bisection iteration, on the other hand, would be employed only if sy is
outside [a, 8], which, then is followed by the updating of (a**!, s, ;) and halving of
the length of the interval [, 3].2 Because the bisection iteration converges globally,
such a strategy is of both global convergence and local quadratic convergence. Our
numerical experiments indicate that this type of combination performs slightly better
than that of [45]. In summary, the main steps of the BN iteration based on these
techniques can be presented in Algorithm 2 (BN for short).

We make four remarks for Algorithm 2 to conclude this subsection.

e For step (A) in Algorithm 2, the largest real eigenvalue 7 > 0 of AT.J; and
its corresponding eigenvector v can be obtained by several state-of-the-art
eigensolvers, for example, the Arnoldi method [26, 27], the Jacobi-Davidson
iteration [37], and the conjugate-gradient-type method [20], to name a few.

e Generally, the computational costs for (A) and (B) are O(I3). However, we
will see in the next subsection that the computation in steps in (A) and (B)
could be trivial if we choose a special splitting (B, (), without loss of the
linear convergence of the matrix splitting method.

e For the stopping criterion in (C), we also adopt the one similar to (2.8). That
is, we terminate the iteration either when k > itergy or when

(4.8) max{[|[a(2 : 1)|| — &(1), 0} + max{[|e(2 : 1)[| - ¢(1),0} + [a"¢| < e,

where ¢ = Ha + 4. In practice, we recommend itergy € [30,50] and gy €
[10-8,1079].

e By integrating BN into the matrix splitting algorithm with the BSOR splitting
(B,C) in (4.1), we have finally the following overall BSOR_BN algorithm
(Algorithm 3).

I'We can first use 12 flops to transform H — sj.J; into an upper (or lower) triangular matrix, and
use 212 flops to obtain by = (H — s,.J;)"'F 1 and by = (H — s3,.J;)~1.J;a* from the resulting upper
(or lower) triangular systems.

2In practice, in order to ensure the global convergence, one can trigger the bisection iteration
whenever, for example, more than 5 successive Newton iterations, without convergence, are observed.
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ALGORITHM 2. THE BISECTION-NEWTON(BN) ITERATION FOR
LCP(K!, A,u): FuncTion a = BN(4,u).

INPUT: A matrix A € R™! with the GUS property and u € R
OUTPUT: The solution a € SOL(K!, A, u).
if u € K! then
L a=0 and return
if —A~'u € K! then
[ a=—A"'u and return
(a) Find the eigenpair (7,v) of AT.J; where 7 > 0 and v € int(K!);
Set Index = —u' Jyv;
) Find the orthogonal matrix Q = diag{1, Q} such that QAQT = H is
upper (or lower) Hessenberg and set @ := Qu;
if Index =0 then
% call SOCLCPtau in [45]
L s* =1; a=SOCLCPtau(A,u,7); return
if Index > 0 then
| a=0; B=m;
else
Find the smallest integer ¢ > 0 satisfying —(H — 2'7.J;)"'a ¢ K!;
| Set a=2'"1r; B =2'7;
Set k=0, s = a—JZFB, ak = —(H — Sle)_ll_l;
(c) while the given stopping rule is not met do
% Newton’s step
Solve (Aa, As) by (4.7) and update a**! = a* 4+ Aa, spy1 = sp + As;
if spy1 € [, 8] then
% switch to the bisection iteration
siy1 = 2505 @ = —(H — sj1 ) 7'
if a**! € int(K!) then
if Index > 0 then
| B =skt1;

else
[ = Sk+1;

else

if Index > 0 then
| = Sg+1;
else

i L B =sk+t1;

N Set k ==k + 1;
Set a = Q'a";

4.3. The choice of the diagonal blocks of B. Now, returning to the general
SOCLCP (1.1), we will discuss the last computational issue of the BSOR_BN algorithm
(Algorithm 3) for choosing the diagonal blocks B;; of B. We will see that BSOR_BN
has great flexibility in choosing the structure of B;;, which could play a crucial role
for the performance of BSOR_BN, in the sense that the subproblems in step (D) of
BSOR_BN could be solved quite efficiently, without loss of its linear convergence. In
the following, we will propose three important structures of Bj;.

Lower triangular structure. We first provide a rather effective and useful
structure of Bjy;, for which the dominant computational costs in solving the subprob-
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ALcORITHM 3. THE BLOCK SOR (BSOR) METHOD FOR LCP(K, M, q):
FuncTION X = BSOR_BN(K, M, q).

INPUT: K, a symmetric matrix M € R™*" and q € R".
OUTPUT: The solution x € SOL(K, M, q).
Select any x° € R™ and set r = 0;
while r < itergsor or (2.8) is not met do
fori=1:mdo
(D) L X[TZ.#:BN(Bii,t[Ti]), where t, is given by (4.3);

[4]
Set r =r+1;

lem (D) of Algorithm 3 could be O(n?). To see why this is possible, recall that the
only computational trouble of BN (Algorithm 2) lies in steps (A) and (B), where the
dominant eigenpair (7, v) of AT.J; and an orthogonal matrix @ are needed. However,
if A is positive definite and is further lower triangular, then we have the following.

LEMMA 4.3. If A € R s positive definite and lower triangular, then the
first entry A(1,1) of A is the only positive eigenvalue of AT.J; with the associated
eigenvector ey := [1,0,...,0]T € RL That is, (1,v) = (A(1,1),ey).

Proof. The proof is straightforward. 0

Lemma 4.3 shows that if each Bj; is positive definite and lower triangular, then
the step (A) of Algorithm 2 is trivial; moreover, since B;; is already lower triangular (is
of course lower Hessenberg), the step (B) is trivial too (i.e., @Q is the identity matrix).
In addition, because B;; — siJy, is lower triangular for every sj, completing a single
bisection or a Newton step can further be reduced to n? and 4n? flops, respectively.
These are quite appealing features of the combination of BSOR with the BN algorithm
for the SOCLCP (1.1). To specify B;;, we can rely on the following well-known result
(see, e.g., [7]).

LEMMA 4.4. If My; = D; + L; + U; € R™>™ s symmetric and positive definite,
where D;, L;, and U; are the corresponding diagonal, strictly lower triangular, and
strictly upper triangular parts of M;;, then (By;, Ci;), where By = L; + wi_lDi, 5 a
reqular splitting of My; if and only if 0 < w; < 2. In this case, By; is also positive
definite.

Based on Lemma 4.4, we can split each diagonal block matrix M;; into B;; and Cj;,
where the parameter w; could vary for different ¢ = 1,2, ..., m, provided that they are
within (0, 2). Although the optimal value for w; is difficult to give, a practical range is
[1,1.8]. In our numerical testing, we choose w; = 1.4 for all i = 1,...,m. Noting that

B—-C=L-L"+diag{B11 — Ci1,..., Bium — Coum }

where L € R™*" is the strictly block upper triangular part of M, we can ensure by
Lemma 4.4 that (B, C) is a regular splitting of M. Combining all these techniques to-
gether, we have finally an efficient solver, namely, BSOR_BN_L (the letter “L” indicates
that B;; is lower triangular), for the SOCLCP (1.1) with M symmetric and positive
definite. It deserves to be pointed out that, besides the low computational costs per
iteration and the global and linear convergence, BSOR_.BN_L does not destroy the
sparsity of the original matrix M. This makes BSOR_.BN_L a rather attractive and
highly competitive method for the large and sparse SOCLCP (1.1).
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Fia. 2. Structure of the matriz B resulting from the splittings (4.9) (left) and (4.10) (right),
respectively.

Hessenberg structure. Another type of B;; that deserves to be mentioned is
the Hessenberg structure. If we partition M;; as

My =L + (L) + Df,

where D is the tribidiagonal matrix (i.e., DH (i,j) = 0 for all |i — j| > 1) and LH
satisfies LI (i,7) = 0 for all j > i+ 1 (i.e., elements above the subdiagonal are all
zeroes), then we can choose the splitting (B;;, Ci;) of M;; either as

(49) Bii = Lfl + DlH + Ai, Cm‘ = (LfI)T — Al or
(4.10) By = (LT + DF + A, Ci = LT — A,
where A; = diag{d},..., 9}, } is a certain positive (semi)definite matrix. The struc-

tures of B resulting from (4.9) and (4.10) look like Figure 2. The codes based on
such a splitting will be called BSOR_BN_H (the letter “H” stands for Hessenberg)
to distinguish it from BSOR_BN_L, and in our numerical testing, we will report our
experience using the splitting (4.10). In this case, upon noticing that

Bii+ By = L' + (L{")" + Df' + D' +2A; = M; + (D] +2A;) and
Bii = Cyy = (L) — L' + (DI +24,),

we can always choose the diagonal matrix A; so that DH + 2A; is positive definite
(for example by letting 19§ be sufficiently large) and, thereby, guarantee the linear
convergence of BSOR_BN. According to our implementation of BN, for such types
of splitting, step (B) in Algorithm 2 remains trivial, but we should pay additional
computational costs for step (A). Nevertheless, we may gain a faster outer loop con-
vergence of BSOR_BN_H in return for the computation of step (A). The question of
how to choose proper diagonal matrices A; to accelerate the speed of the matrix split-
ting algorithm BSOR_BN_H is certainly very interesting and may play an important
role in BSOR_BN_H, but is beyond the scope of the present paper. In our numerical
testing in the next section, we will simply choose A; so that DH + 2A; is dominant
diagonally by a factor 0.1, i.e.,

2

to illustrate the working of the idea and also to provide a comparison with algorithm
BSOR_BN_L and other methods.
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Diagonal structure. Last we briefly discuss a special case of the foregoing
lower triangular splitting, in which B becomes simply a diagonal matrix. Because
the diagonal matrix is automatically lower triangular, the computational benefits for
each subproblem in BSOR_BN_L are all inherited.®> On the other hand, this choice of
B has its own advantages in dealing with the SOCLCP (1.1) with M only symmetric
and positive semidefinite. As we have seen in Theorem 3.4, when M is symmetric
and positive semidefinite and SOL(K, M, q) # (), one type of splitting (B,C) that
guarantees the convergence is to ensure B — M is symmetric and positive definite. To
fulfill this condition and also to preserve the lower triangular structure of each By;
(for releasing the computation burden in steps (A) and (B) of Algorithm 2), B should
be diagonal, where one can make B, for example, diagonally dominant by choosing
B(i, 1) > Z?:l |M (i, 7)| to simplify the implementation.

5. Numerical experiments. In this section, we will report our numerical ex-
periments of two types of implementation of the BSOR method: BSOR_BN_L and
BSOR_BN_H. Our objective is to show the efficiency of these methods in solving the
SOCLCP (1.1) for the symmetric and positive definite case, as well as for the sym-
metric positive semidefinite case. In particular, we will evaluate the following three
performances of our methods:
(a) the efficiency for medium scale, dense, ill-conditioned symmetric and positive
definite matrices M

(b) the efficiency for large scale, sparse, ill-conditioned symmetric and positive
definite matrices M

(¢c) the efficiency for large scale, sparse, symmetric positive and semidefinite ma-
trices M.

For this purpose, we carry out the numerical testing upon MATLAB 7.13.0
(R2011b) on an iMac MEOS86CH/A with Intel Core i5@2.7 GHz and 8 GB mem-
ory, and compare the performance of our methods with four other state-of-the-art
algorithms. In the next subsection, we will first briefly describe the test codes and
list the parameters involved in BSOR_BN_L and BSOR_BN_H.

5.1. Test codes. In order to evaluate the numerical performance and demon-
strate clearly the efficiency of our method, we present the numerical results from the
smoothing-regularization method [16] (SRM* for short), the matrix splitting method
proposed in [17] (BSOR_HYYF for short), and two popular MATLAB software pack-
ages: SDPT3 [39, 40, 41] (version 4)° and SeDuMi [38] (version 1.3).5 For the pa-
rameters involved in SRM [16], we use the same values, and adopt the stopping cri-
teria that have been suggested and tested previously in [16]. For BSOR_HYYF, since
we have pointed out that it shares the same outer loop framework with ours, and
thus, in order to give a reasonable comparison, we set a similar stopping criterion for
the outer loop iteration: We terminate the iteration whenever the iteration number
k > itermax = 1000 or the iteration x = x* satisfies (2.8) with ¢ = 10~7. Other param-
eters of BSOR_.HYYF remain the same as those used in [17]. The software packages
SDPT3 and SeDuMi do not directly solve SOCLCP in the form of (1.1), but when M

3In fact, if By; is diagonal, the computational costs in BN can be further reduced, as the linear
system with the coefficient matrix B;; — sgJn,; can be solved using only O(n;) flops.

4The MATLAB code of SRM is available at: http://www-optima.amp.i.kyoto-u.ac.jp/~hayashi/
index_e.html.

5The MATLAB package of SDPT3 is available at: http://www.math.nus.edu.sg/~mattohke/sdpt3.
html.

6The MATLAB package of SeDuMi is available at: http://sedumi.ie.lehigh.edu/downloads.
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TABLE 2
Parameters in BSOR_BN_L and BSOR_BN_H.

Parameter Value Description
€ 10=7 ~ 104 Stopping criterion of (2.8) for the outer loop of BSOR_BN.
itergsor 500 ~ 1000 Maximal number of iterations for the outer loop of BSOR_BN.
€BN 1078 ~ 10-6 Stopping criterion of (4.8) for BN.
itergn 30 ~ 50 Maximal number of iterations for BN.
w; 1.0~ 1.8 SOR parameters for BSOR_BN_L.
192 Given by (4.11) Diagonal elements of A; (4.10) in BSOR_.BN_H.

is symmetric and positive (semi)definite with decomposition
M=MTM,

according to [40, section 4.6] and [38], the equivalent quadratic second-order cone
programming (3.8) can be equivalently converted to the standard programming prob-
lems for SDPT3 and SeDuMi, respectively. The detailed procedures are omitted here
because of the limit on the length of the paper but the reader can refer to [40, sec-
tion 4.6] and [38]. The default values of SDPT3 are used and, for SeDuMi, we set
pars.eps = 10719 as the desired accuracy. For our codes BSOR_BN_L and BSOR_BN_H,
the meanings of the involved parameters and their recommended ranges are summa-
rized in Table 2.

5.2. Testing for medium scale, dense, ill-conditioned symmetric and
positive definite matrices. In this set of tests, for a prescribed positive integer
pair (n,m) satisfying

(5.1) e = T
we generate 10 triplets (M = M M, q,x°), where q and x° are randomly generated

with elements uniformly distributed in the interval [—1,1] and M is generated as
follows:

M =diag([1:6:1+ (n— 1) %6]."0.5) * orth(randn(n,n)), where § = co;d'
We point out that the way we construct M fulfills the following two tasks: (1) it
controls the condition number of M, which is (1 — 1)cond + 1 ~ cond, and (2) it
is convenient to formulate the equivalent programming problems used in SDPT3 and
SeDuMi, as both of them are formulated in terms of M, not M. In this set of testing,
we choose cond = 105 and set the stopping criteria for BSOR_BN_L and BSOR_BN_H
as € = 1076, egn = 1078, itergsor = 500, and itergy = 30.

Thus, for each pair (n,m), we have 10 SOCLCPs LCP(K, M, q). Feeding these
problems into the tested six codes,” we record the number of iterations (# iter), the
CPU time (measured by MATLAB function cputime), and the relative accuracy x,
defined by (2.9) of each algorithm. To report these results, we finally average these
statistics over the 10 cases and present them in Table 3.

These numerical results are quite encouraging. It shows very clearly the high
efficiency of our methods for the SOCLCP (1.1). The following are our observations
based on the numerical results on this set of tests.

"For SDPT3 and SeDuMi, we input the data (K, M, q).
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TABLE 3
Number of iterations, CPU time, and the relative accuracy x, over 10 random tests with con-
dition number 109,

n 2000 4000 5000

m 10 100 200 10 100 200 10 100 1000

BSORBN.L| 11.0 15.3 178.0 13.0 15.3 339.2 12.0 15.3 500
BSORBN.H| 19.7 24.1 23.3 21.0 24.0 25.3 21.3 23.7 500

# iter |BSORHYYF| 12.7 1000 1000 11.0 1000 1000 11.3 1000 1000
SRM 6.0 7.0 6.3 6.5 7.0 7.0 6.7 7.0 7.0

SDPT3 18.7 18.7 26.7 19.0 18.9 19.3 20.0 19.3 30.1

SeDuMi 20.3 27.3 30.7 21.0 26.0 31.3 20.3 26.0 36.3
BSOR_BN_L 1.5 4.5 90.3 7.0 6.4 167.9 10.9 7.4 1240.3
BSOR.BN_H 3.8 9.8 12.7 17.8 11.0 13.6 30.1 11.9 1234.2
CPU(s)|BSORHYYF 6.0 164.1 247.7 29.7 297.2 387.6 49.2 385.5 1283.5
SRM 304.3 387.7 418.6 2378.9 | 2885.2 | 2487.2 | 3941.5 | 5353.5 | 6291.3

SDPT3 48.9 139.9 376.1 2765.6 596.8 1017.1 5667.6 1050.8 | 11969.1
SeDuMi 102.0 137.1 156.3 1063.9 1314.3 1591.9 | 2063.7 | 2639.9 3701.2
BSORBN.L|3.0e — 14(4.2e — 14|2.1e — 11|1.1e — 14|4.3e — 14|1.7e — 11|5.3e — 15|2.2e — 14|5.9¢ — 11
BSORBN.H|6.6e — 14(4.9¢ — 14(5.7e — 14|4.0e — 14|4.3e — 14|4.9e¢ — 14|4.0e — 14|4.4e — 14|4.6e — 10
Xr  |BSORHYYF|1.3e — 15|4.Te — 12|9.8¢ — 12|1.6e — 16|6.9¢ — 13|7.5e — 13]|2.0e — 16|9.8e — 13|3.7e — 11
SRM  [5.7e — 10[3.8e — 10{1.9e¢ — 09|8.6e — 10{1.2e — 09|5.3e — 10(8.2e — 10(1.0e — 09(2.8¢ — 09
spPT3  (3.4e — 14(9.5e — 14(2.8e — 15(2.4e — 14(8.3e — 14(8.5¢ — 14|3.1e — 14|1.2e — 13|1.5e — 12
SeDuMi  [5.1e — 12{1.9¢ — 11{3.4e — 11{1.4e — 12|8.5¢ — 12[1.8e — 12(1.2e¢ — 16(2.4e — 12|3.0e — 11

(1) Table 3 clearly shows the efficiency of both BSOR.BN_L and BSOR_BN_H in
terms of the speeds and the relative accuracy as well. It is encouraging to
note that for (n,m) = (5000, 10) and (n,m) = (5000, 100), BSOR_BN_L and
BSOR_BN_H require only less than 30(s) CPU time to reach solutions with
relative accuracy x, = 107'4, while SRM, SDPT3, and SeDuMi need more
than 1000(s) to obtain the solutions with roughly the same order of accuracy.

(2) Tt is observed that for n = 4000 and n = 5000, both BSOR.BN_L and
BSOR_BN_H use less CPU time for m = 100 than that for m = 10. This
is explainable because when (n,m) = (5000,10), the eigensolver for step
(A) in Algorithm 2 needs to find the dominant eigenpair of matrices of size
n; = 500, which costs more CPU time than that for m = 100 (i.e., n; = 50).

(3) Because SDPT3 and SeDuMi employ the interior-point methods, the super-
linear convergence is guaranteed and, therefore, the number of iterations and
the accuracy change slightly with different (n,m). However, the CPU times
increase very fast as n increases, which is due to the computational complexity
O(n?) of the interior-point methods. By comparison, because the matrix split-
ting iteration converges linearly, the number of iterations increases as m in-
creases. Note that BSOR_BN_H reaches the maximal iteration itergsor = 500
for (n,m) = (5000, 1000). The CPU times of BSOR_BN_L and BSOR_BN_H
increase very fast from m = 100 to m = 1000.

5.3. Testing for large scale sparse, symmetric and positive definite ma-
trices. As we have pointed out that BSOR_BN_L is of advantage in exploiting the
sparsity of M and does not need to employ any eigensolver for step (A) in Algorithm
2, we next conduct our numerical testing on large scale sparse problems with vari-
ous condition numbers and compare it with SDPT3 and SeDuMi. Because the input
data matrix for SDPT3 and SeDuMi is M, the number of nonzeros of M = M T M is
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TABLE 4
Numerical results over 10 random tests with n = 10* and density = 0.0005.

BSOR_BN_L SDPT3 SeDuMi

rc m dar, dyy cond |# iter|CPU(s) Xr # iter|CPU(s) Xr # iter| CPU(s) Xr

10 |2.6e — 3,5.5e — 4|{7.9¢ + 1| 20.0 2.7 |5.4e — 11| 11.7 | 47.4 |6.0e — 07| 17.7 | 1065.2 |3.3e — 08
1071 1100 |3.1e — 3,6.5e — 4|8.3¢ + 1| 22.7 | 12.4 |7.2¢ — 11| 12.0 | 146.7 [1.3e — 07| 21.7 | 1480.0 |1.1e — 07

1000(2.6e — 3,5.5e — 4(8.7Te 4+ 1| 27.7 | 234.1 |8.4e — 11| 16.7 | 258.5 (2.8¢ — 07| 25.7 | 8263.2 |4.6e — 08

10 |2.6e — 3,5.4e — 4(9.2e + 3| 306.7| 64.6 |8.1e — 09| 20.2 | 84.7 |4.4e — 05| 21.7 | 1388.6 |2.9¢ — 06
1072 | 100 |2.6e — 3,5.5¢ — 4/9.0e + 3| 484.3 | 263.5 |1.2¢ — 08| 21.4 | 299.9 |4.6e — 05| 27.0 | 2081.0 |1.0e — 06

1000(7.3e — 4, 3.4e — 3|1.2e 4+ 4| 594.0 | 5001.4 |1.1e — 07| 20.7 | 243.1 |1.3e — 04| 30.0 |10322.6(1.1e — 06

10 [2.6e — 3,5.5e — 4]9.7e + 4| 800 | 191.3 |2.3e — 03| 21.3 | 149.2 |l.1le — 02| 27.7 | 1598.5 |1.1e — 04

10725 100 |3.4e — 3, 7.3¢ — 4|1.5¢ 4+ 5| 800 | 477.6 |1.6e — 03| 20.7 | 263.3 [3.7¢ — 03| 32.3 | 2260.3 |1.7e — 05

1000(3.7e — 3,7.9e — 4[1.8e + 5| 800 |6924.5 |1.3e — 03| 22.7 | 262.2 [1.2e — 03| 29.0 | 9567.6 [5.Te — 04

larger than that of M. We choose to first generate the sparse M with a prescribed
sparsity and condition number, and then form M = MTM. In our testing, it ap-
pears that the number of nonzeros in M is about 5 times that in M. In particular,
for a prescribed positive integer pair (n,m) satisfying (5.1), we generate 10 triplets
(M = MTM, q,x"), where q and x° are randomly generated with elements uniformly
distributed in the interval [~1,1] and M is generated as follows:

(5.2) M = sprandsym(n,density,rc,2).

The MATLAB function sprandsym(n,density,rc,2) returns an n-by-n symmetric
and positive definite random matrix (having less structure than the matrix generated
by sprandsym(n,density,rc,1)) with the prescribed density and an approximate
condition number rl—c (which implies that the condition number cond of M is approx-
imately %) Based on our current hardware environment, in this set of tests, we
choose n = 10*, density = 0.0005, and different rc so that cond varies from 102
to 10°. Furthermore, we relax the stopping criterion of BSOR_BN_L to be € = 1074,
egn = 1077, itergsor = 800, and itergy = 30.

We recorded the numerical results from the three codes and listed in Table 4 the
averages of numbers of iterations (# iter), the CPU times, and the relative accuracy
X over the 10 tests. Moreover, for each pair (n,m), we also provided the average
condition number cond of M as well as the densities dy; and dy; of M and M,
respectively.

Table 4 clearly shows the numerical performance of each method as m and the
condition numbers cond of M vary. In particular, we conclude that

(1) the accuracy of the computed solution decreases as m and cond increase for

all methods, but, overall, BSOR_BN_L achieves more accurate solutions in
most cases;

(2) all methods need more CPU time to converge as m and cond increase, but

overall, BSOR_BN_L uses much less CPU time in most cases;

(3) the number of iterations of SDPT3 and SeDuMi changes slightly as m and

cond increase, while the number of iterations of BSOR_BN_L increases when
m and cond increase;
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TABLE 5
Numerical results over 10 random tests with n = 10* and density = 0.0005.

BSOR_BN_L SDPT3 SeDuMi

rc m dar, dyy # iter|CPU(s) Xr # iter|CPU(s) Xr # iter|CPU(s) Xr

10 |2.6e — 3,5.5¢ — 4| 16.7 | 50.6 |5.2e — 09| 13.0 54.8 |1.1e — 07| 17.3 | 1146.3 3.2e — 08
1071 | 100 [3.4e — 3,7.3e — 4| 15.7 | 23.9 |7.2¢ — 09| 13.3 | 181.9 |1.8e — 07| 23.3 | 1840.0 |5.4e — 08

1000(2.6e — 3,5.5e — 4| 19.0 59.0 |7.2e — 09| 18.0 | 202.0 [1.5e — 09| 26.2 | 8166.7 |4.4e — 08

10 |2.6e — 3,5.5e — 4| 652.3 | 2746.0 |8.2¢ — 09| 18.6 80.2 |2.3e — 05| 22.7 | 1292.5 [1.9¢ — 06
1072 | 100 [3.4e — 3,7.3e — 4] 447.0 | 641.6 |1.8e — 07| 21.3 | 267.7 |2.6e — 04| 28.1 | 1927.9 |2.3¢ — 06

1000(3.7e — 3,7.9e — 4| 585.7 | 1896.7 |2.1e — 08| 23.3 | 267.4 (2.4e — 06| 31.0 | 9715.3 |7.3e — 07

10 |2.6e — 3,5.5e¢ — 4| 800 | 3829.4 |4.1e — 03| 21.3 82.9 |8.3e — 03| 24.7 | 1432.6 |7.5¢ — 05
10725 100 |3.4e — 3,7.3¢ — 4| 800 |1226.4 [6.8¢ — 03| 21.3 | 272.9 [1.3e — 02| 31.7 | 2174.3 |1.5¢ — 06

1000|3.7e — 3,7.9e — 4| 800 | 2626.0 |7.4e — 03| 22.3 | 257.6 |3.1le — 01| 32.0 |10215.2|7.5e — 03

(4) overall, from the achieved accuracy, the CPU time, and the fact that M
contains about 5 times more nonzeros than M, BSOR_BN_L in general is
much more efficient than the other two in this set of tests.

5.4. Testing for large scale sparse, symmetric and positive semidefinite
matrices. In this set of numerical tests, we evaluate our method for LCP(K, M, q)
with the large scale sparse, symmetric and positive semidefinite matrix M. In this
situation, we can first apply Theorem 3.5 to regularize M into a symmetric positive
definite matrix, and then employ BSOR_BN_L for the resulting regularization problem.
In particular, in order to produce a specific such test problem for a prescribed pair
(n,m), we first generate a random matrix M by (5.2) with prescribed density and
rc as well, and then form

M =M"TM, where T =diag{0,...,0,1,...,1,0,...,0}.
——— —— N——

5 n—10 5

The vectors q and x° are randomly chosen.

In our testing, we set the same stopping criteria for BSOR_BN_L as in section 5.3,
and choose n = 10%, density = 0.0005, and rc varying from 10! to 10~2-5. Anal-
ogously, we observed that the number of nonzeros in M is about 5 times more than
that in M. For a given pair (n,m), we generate 10 such test problems and feed
(K,TM,q) to the codes SDPT3 and SeDuMi, while for our codes BSOR_BN_L, on
the other hand, we set the regularization parameter v = 107!, and solve the prob-
lem LCP(KC, M + vI,,q). The numerical statistics are summarized in Table 5. It is
observed that the performances of SDPT3 and SeDuMi are almost the same as that
in section 5.3, but BSOR_.BN_L has a different performance due to the regularization
procedure. Overall, from the achieved accuracy, the CPU times and the fact that M
contains about 5 times more nonzeros than M, BSOR_BN_L in general is very efficient
and highly competitive with the other two in this set of tests.

6. Conclusion. In this paper, we have presented two noticeable contributions
for the SOCLCP LCP(K, M, q). As a well-known and one of the most widely used
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methods in the classical LCP, the general matrix splitting method, when applied to
LCP(K, M, q), is also proved to converge at least linearly, for a symmetric and positive
definite matrix M, even under the present rounding errors. This result successfully
generalizes the linear convergence of Luo and Tseng [29] into the SOCLCP (1.1). To
implement the general matrix splitting method, we next proposed a highly efficient
BSOR algorithm, in which the subproblems can be solved by a BN iteration. We
have shown that, in each iteration, the resulting algorithm BSOR_BN_L only involves
solving triangular linear systems and invokes O(n?) flops. Moreover, the algorithm
does not destroy the sparse structure of M and is capable of exploiting the sparsity
effectively. The efficiency of our methods is demonstrated in our numerical report, by
comparing the numerical performance with other state-of-the-art algorithms.

To conclude the paper, we would like to make one last point clear. Although the
current version of BSOR is not designed for the general SOCLCP where M is not
positive semidefinite, it is able to deal with the case when M is positive semidefinite
(not necessarily symmetric), due to the theoretical convergence result, Theorem 3.4,
and the flexibility to choose the splitting (B, C), provided that B — M is symmetric
and positive definite. Since there is much flexibility in such a choice of (B, C'), we did
not expand this issue in detail in this paper, but will investigate it in the future.
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