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Abstract: Consider the following elliptic system:

—2Auy + Muy = mud + a4+ Buduy in Q,
—1 .

— 2 Aug + Aug = poud + asul ' + Buduy in Q,

U, uz >0 il’lQ, U =ugy =0 onaﬁ,
where Q C R* is a bounded domain, \;, 15, a; > 0 (i = 1,2) and 3 # 0 are constants,
€ > 01is a small parameter and 2 < p < 2* = 4. By using variational methods, we
study the existence of ground state solutions to this system for sufficiently small € > 0.
The concentration behaviors of least-energy solutions as ¢ — 07 are also studied.

Furthermore, by combining elliptic estimates and local energy estimates, we obtain the
locations of these spikes as e — 0.
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1 Introduction
In this paper, we study the following elliptic system:

— 2 Auy 4+ Mug = pyud + aluf_l + Buiuy in Q,
— &2 Aug + Agug = ppud + a2u§71 + Buugy in Q, (Se)

u,up >0 inQ, wu; =uy=0 ondf,
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Zou)



where 2 C R* is a bounded domain, \;, yt;,; > 0 (i = 1,2) and 3 # 0 are constants,
€ > 01is a small parameter and 2 < p < 2* = 4.

The solutions of (S;) (e, e = 1)in RV with 1 < N < 3fora; = ay =
0 are related to the solitary wave solutions of the following two coupled nonlinear
Schrodinger equations, which are also known in the literature as the Gross-Pitaevskii
equations (e.g., [21,40]):

0
- LE‘IH = AUy + py [U1]2 Ty + B0, 2Ty,

)
— 15, Vo = Ay + 1o | U Uy + B0 0,
U, = U,(t,x) € H'(RY;C), i=1,2, N=1,2,3.

Here, ¢ is the imaginary unit. This system appears in many physical problems. For
example, in Hartree-Fock theory, the Gross-Pitaevskii equations can be used to describe
a binary mixture of Bose-Einstein condensates in two hyperfine states: |1) and |2)
(cf. [18]). Solutions ¥;(j = 1, 2) are the corresponding condensate amplitudes and 1;
are the intraspecies and interspecies scattering lengths. 3 is the interaction of the states
|1) and |2) and the interaction is attractive if 5 > 0 and repulsive if 5 < 0. The Gross-
Pitaevskii equations also arise in nonlinear optics (cf. [1]). To obtain solitary wave
solutions, we set W; (¢, z) = e“**iw; () for both i = 1,2. Then, u; satisfy (S;) (i.e.,
e = 1) for &3 = ay = 0. Due to important applications in physics, system (S7) (i.e.,
€ = 1) in low dimensions (1 < N < 3) for &1 = as = 0 has been studied extensively
in the last decades. Since it seems almost impossible for us to provide a complete list
of references, we refer the readers only to [3,9, 12, 16,25,27,29,30,35,38-40,44,46]
and the references therein, where various existence theorems of solitary wave solutions
were established.

Recently, (S;) (i.e.,e = 1) fora; = ap = 0in RY with N > 4 has begun to attract
attention (cf. [10,41]). The cubic nonlinearities and coupled terms all exhibit critical
growth for NV = 4 and even super-critical growth for N > 5 with respect to the critical
Sobolev exponent. Thus, the study of these cases is much more complicated than that in
low dimensions from the viewpoint of calculus of variations. By applying a truncation
argument, Tavares and Terracini in [41] proved that the k-component system (S;) (i.e.,
€ = 1) for y = as = 0 has infinitely many sign-changing solutions for all N > 2 and
k > 2 with pq, pa, - -+, e <0, whereas A\; > Oforallt =1,2,--- |k appeared as the
Lagrange multipliers, which are not specified in advance. In [10], by establishing the
threshold for the compactness of the (PS) sequence to the 2-component system (S)
(i.e.,e = 1) for oy = as = 0 and N = 4 and performing a careful and complicat-
ed analysis, Chen and Zou proved that the 2-component system (S;) (i.e., e = 1) for
a1 = ag = 0 has a positive least-energy solution for N = 4 and —o; < \; < 0 for all
i = 1,2, where o is the first eigenvalue of —A in L?(£2) with Dirichlet boundary con-
ditions. There are other studies on elliptic systems with the critical Sobolev exponent;
see, for example, [2, 11-15,32,36,37,48] and the references therein, which contain
many interesting results.

When £ > 0 is a small parameter, the solutions of (S.) are called semi-classical



bound state solutions. Such solutions have been studied extensively for single equa-
tions in the past thirty years. Since it seems almost impossible for us to provide a
complete list of references and many results are well known, we refer the readers only
to [6,8,34,42,49] and the references therein. To the best of our knowledge, the first re-
sult for such solutions of the elliptic system is contributed by Lin and Wei in [26], where
(Se) with @ = g = 0for 1 < N < 3 is studied. By using variational methods, the
authors proved that this system has a least-energy solution for sufficiently small € > 0.
They also studied the concentration behaviors of least-energy solutions and described
the locations of spikes as € — 0T. Since then, many works have been devoted to semi-
classical solutions of elliptic systems in low dimensions (N = 1, 2, 3) and various sim-
ilar results have been established. We refer the readers to [7,23,27,28,31,33,45,51]
and the references therein for such studies. In particular, in [51], by using the radial
symmetry of the annulus A = {x € R* | a < |z| < b}, Zhang and Marcos do O
reduced (S.) in A for a; = ap = 0 to a new system in R3. Then by using variational
methods, they showed that (S.) in A for @; = a5 = 0 has a solution for sufficiently
small € > 0 with 8 > 0 being in a range. Moreover, the solutions found by them are
spiked solutions will concentrate on the sphere |z| = a as e — 0.

Motivated by the above discussion, we pose the following questions: What happens
to (S;) for N = 4 in a generally bounded domain Q2? Do similar results hold? For N =
4, (S:) is of critical growth, namely, cubic terms u3, u3 and coupling terms u3uy, u3us
are all of critical growth in the sense of the Sobolev embedding, and it is well known
that, for a Sobolev critical equation or system, the existence of a nontrivial solution is
delicate. Indeed, if one wants to take positive A1, A2 in (S:) in a generally bounded
domain €2 then a1, a3 > 0 seems to be necessary in the sense that (S ) has no solution
when (2 is star-shaped for A1, A2 > 0 and o; = a = 0. This nonexistence result can
be obtained by applying the Pohozaev identity, as in [10]. On the other hand, o1, g >
0 also seems to be necessary in observing the concentration behavior of solutions of
(S.) as € — 0T. An interesting phenomenon in the semi-classical setting e — 07 is
that solutions will concentrate around their maximum points and convergence strongly
to the nontrivial solution of the limit equation or system under a suitable scaling that is
centered at the maximum point. Thus, the existence of nontrivial solutions of the limit
equation or system is very important for observing this phenomenon. Inspired by [26],

it is natural to conjecture that
—Au+)\iu:uiu3 in R, (w1
u > 0in R?, ’

and
— Auy + Mug = ulu“;' + 5u§u1 in R4,

— Aug + Agug = ugug + Bu%ug in R, (1.2)
Uy, uz > 01n R4,
are the limit equation or system of (S;) if a3 = a3 = 0. Applying the Pohozaev iden-

tity as in [13] and [50] yields that (1.1)- (1.2) have no solution for A1, Ay > 0. Thus,

a1, > 0 seems also to be necessary for observing the concentration behavior of so-
. .. 1 —1
lutions as e — 0. Another reason for the appearance of subcritical terms u} ™~ u}



in our study on (S.) comes from the viewpoint of the calculus of variations. Recall
that cubic terms u3, u3 and coupling terms u3u1, ufus are all of critical growth in the
sense of the Sobolev embedding, thus, a major difficulty in studying (S.) via varia-
tional methods is the lack of compactness. In this scenario, a typical strategy, which is
proposed by Brezis and Nirenberg in [5], is to control the energy level to be less than a
threshold that is always generated by the energy level of the ground states of the pure
critical “limit” functional. In this argument, the negativity of the subcritical terms in
the energy functionals plays an important role in controlling the energy value to be less
than the threshold. Since we take A;, A2 > 0 in (S;.), a1, g > 0 seems to be neces-
sary for our study on (S.). For these reasons, the subcritical terms u} -1 ub ~! seem to
play an important role in the study of (S ) for the case N = 4. We have observed that
the subcritical terms uf - ug_l have additional strong effects on the structure of the

solutions of (S, ), which we will report elsewhere.

Let us present the necessary notations and definitions before we state our existence
results for (S.). Let H; . o be the Hilbert space of H{(£2) that is equipped with the
inner product

(U, V)i e0 = / 2VuVu + \uvdz.
Q

Fori = 1,2, since A; > 0 and € > 0, H; . o are Hilbert spaces with the corresponding
1

norm |[ul; .0 = (u,u)}?. o Set He o = Hi 0 X Ha e 0. Then H. q is also a Hilbert

space with the inner product

2

<ﬁ7 7>67Q = Z<U'La Ui>i,s,Q

i=1

1
and the corresponding norm of H. g is expressed as || W||..o = (W, W)Z2,,. Here,
u;, v; are the ¢th components of ﬁ, v, respectively. For simplicity, we denote the
subscript ; 1.0 by ;.. Define

[\

1 (e%; i
Feol®) = DGk~ ek~ Lo

i=1

B
—§||U1U2||2L2(Q)7
where ||ullL») = (Jq |u[Pd) 7 is the typical norm in LP(£2). Then, J. o(W) is of
class C? in H, q.

Definition 1.1. (uj,uy) = U is called a nontrivial critical point of J.o(W) if
js/,sz(ﬁ) =0in 7—[;%2 with up # 0 and uy # 0. (u1,up) = W is called a posi-
tive critical point of Js,ﬂ(ﬁ) if W is a nontrivial critical point and vu; > 0 for both
i = 1,2. Here, ja’Q(ﬁ) is the Fréchet derivative of J..o(W) and %5_512 is the dual
space of H. q.

By the above definitions, positive critical points of ._769(3) are equivalent to solu-
tions of (S;).



Definition 1.2. (u1,u) = U is called a least-energy solution of (S.) if Je.o(W) <
j57ﬂ(7)f0r all nontrivial critical points V.

Now, our existence results for (S.) in R* can be stated as follows.

Theorem 1.1. Let A\, pi;,; > 0 (i = 1,2) and § # 0. Then there exist three positive
constants, namely, o, By and (1 with By < (1 such that (S:) has a least-energy
solution . when ¢ > 0 is sufficiently small and one of the following three cases
holds:

(1) B> pi,

(2) —vHipz < B < Po

(3) B < —/Iifiz and | 3| < ay,
where @ = (a1, az).

Remark 1.1. We mainly use Nehari’s manifold approach to prove theorem 1.1. How-
ever, due to the appearance of subcritical terms % K% ||1£,, @) the related fibering maps
of js,gz(ﬁ) are highly complex. In this scenario, we will apply the implicit function
theorem as in [47] and Miranda’s theorem as in [12] to prove that the Nehari manifold
of J-.o(W) is a natural constraint in H. ¢, which is crucial for proving theorem 1.1.
The existence of oy is essential in our argument for this property of the Nehari manifold

in the case B < —\/u1 2. Indeed, in the case 8 < — /142, the functional
palluallza ey + pzlluzlTagq) + 28 urusl|7z(q) (1.3)

is indefinite in the working space H. q. Since 2 < p < 4, it is difficult for us to show
that the Nehari manifold of J. o (ﬁ) is a natural constraint in H. q for all oy, 00 > 0

T2e4

; . . . |2
in the case 8 < —./p1[12. Hence, we introduce the truncation functional x g ( e z.0 )

to deal with the subcritical terms <t Hui||1£p(9) by regarding them as perturbations of
the following functional

2

Tra(®) = Yl

=1

Hi B
?,s,ﬂ - ZHui”%‘*(Q)) - 5”“1“2”%2(9)

in the case B < —./u1 s, since it has been proved in [10] that the Nehari manifold of
j*Q(ﬁ) is a natural constraint in H. o for all B < 0.

g

To the best of our knowledge, the concentration behaviors of least-energy solutions
and the locations of spikes of (S.) with N = 4 as ¢ — 0™ have yet to be studied in the
literature. Thus, we shall also explore these two problems in the current paper. Since
the concentration behaviors depend on 3, we re-denote ﬁg by 357 8-

Theorem 1.2. Let pf’ﬁ be the maximum point of uf’ﬁ , respectively, for 1 = 1,2, where

. 5= (uS? usP) is a least-energy solution of (S.), which is found in theorem 1.1.
Then, the following hold:



(a) If B <0, then (u5" (ey+p5?), u5? (ey+p57°)) — (09, 09) strongly in H' (R*) x
HY(R*) as e — 07, where v? is a least-energy solution of the following equa-

%

tion:
— Au+ Nu = pu® + auP1 in RY, (1.4)
u>0inRY, w—0as|z| = +oo ‘
cB_c8
fori = 1,2. Moreover, w — +ooase — 0t

(b) IfB > 0, then (uS” (ey+p57°), us” (ey+p57)) — (vt v3) strongly in H (R*) x
HY(R*) as ¢ — 0%, where (v},v3) is the least-energy solution of the following
elliptic system:

— Aup + Mug = pyud + agud T+ Budn in R?,
— Aug + douy = pous + a2u§71 + Buduy in R?, (1.5)
u,up > 0inR*, wp,ug — Oas |x] = +o0.

cB_ B
Moreover, w —0ase — 0t.

Remark 1.2. As in [26], by Theorem 1.2, the concentration behaviors of ﬁs,g as
e — 0% are differ between B3 < 0 and 3 > 0, which is caused by the different
limits of the coupled term [,,(u5”)?(uy”)2dx as ¢ — OF. Indeed, based on ob-
servations of the limit of energy values as ¢ — 0% (see Lemma 4.1), we deduce that

fQ(ui’B)Q(u;’ﬁ)Zd:r — 0for B < 0ase — 0%, This, together with a suitable scaling

that is centered at maximum points pi’ﬁ , pg’ﬁ and uniformly elliptic estimates, implies

that spikes will repel each other and behave like two separate spikes for B < 0, that
cB_ 5.8
is w — 400 as € — 0. In the case B > 0, by observations of the limit of

energy values as € — 0T (see also Lemma 4.1), we deduce that [, (u5”)? (uy”)?dz >

C+o(1). Together with a suitable scaling that is centered at maximum points p‘i’ﬁ , pg’ﬂ ,
this implies that the spikes will attract each other and behave like a single spike, that is,

e,8__,¢&.B
Imgipz\ is bounded as € — 0. Combining with the radial symmetry of the solutions

P} .8 &p

B _psB| )
21 — 0ase — 0% since p7”, p;

of the limit system for 8 > 0, we obtain that
are the maximum points of ui’ﬁ and ug’ﬁ , respectively. However, compared with the
argument in [26] for such results, an additional difficulty in proving Theorem 1.2 is
that the uniform boundedness of uf’B (ey+ pf’B ) in L>°(R*), which is crucial for prov-
ing the result, can not be obtained by directly applying the Moser iteration due to the
critical growth of cubic nonlinearities and the coupled term in dimension four. By Lem-
ma 4.1, {uS" (ey + o)} is bounded in H*(R*) for both i = 1,2. Thus, to show the
boundedness of {uf’ﬁ(sy + pf’ﬁ)} in L= (RYN) for both i = 1,2, we prove the strong
convergence of (uS” (ey + p>°),u5” (ey + p5?)) in HY(R*) x HY(R*) as e — 0F
and apply the Moser iteration as in [8, 10].

Finally, we study the locations of the spikes p$ as e — 0.



Theorem 1.3. Let pf”B be the maximum points of u?’ﬂ , respectively, fori = 1,2, where

3575 = (ui’ﬂ7 ug’B) is a least-energy solution of (S¢), which is found in theorem 1.1.
Then, the following hold:

(a) If B> 0, then lim,_,o+ D= = D, where

D= meagdist(p, 0Q), D =dist(po®,00Q), i=1,2.
P

(b) If B <0, then lim. o+ o(p7”, p3"”) = (P}, P§), where
QO(Ph PQ) = III%HQ{D’I]D{\/ )\2|P1 - 132|7 vV Aldzst(P“GQ)}}

and (Py, P3) satisfies o(P{, Py) = max(p, p,)caxo ¢(P1, P2).

Remark 1.3. The argument in [26] for proving a similar result to (b) of Theorem 1.3
is based on the nondegeneracy of v (i = 1,2) in the case 1 < N < 3, where v{ is
specified in Theorem 1.2. To the best of our knowledge, it is unknown whether v? (i =
1, 2) is nondegenerate or not in the case N = 4. Thus, the method of [26] is invalid in

our case. By Theorem 1.2, the spikes satisfy Ipi”—p3 ") — +ooase — 0T for B <0,
which yields that the two components of the least-energy solution 357 g will separate
little by little as ¢ — 0T. This phenomenon is very similar to the phenomenon of phase
separation of elliptic systems as  — —oo, i.e., the two components of solutions to
elliptic systems will separate little by little as 8 — —oc. Since it has been observed
in [11, 12,40, 44, 46, 47] and the references therein that the phenomenon of phase
separation in elliptic systems is related to the sign-changing solutions of the single
equation, inspired by [17], where a similar scenario was faced in the study of the
locations of the spikes in a sign-changing solution of a single equation with jumping
nonlinearities, we introduce the function oy (p§, %), which is specified by (5.16)
and the set Ay, b, (p3, p3), which is specified by (5.19), for our case to prove (b) of
Theorem 1.3.

Remark 1.4. Via various necessary modifications, Theorems 1.1-1.3 can be general-
ized slightly to the following system:
2 _ 3 p1—1 2 .
—e"Aug + Mug = pug + oquy + Busuy in Q,
— €2AU2 + Aaug = ugu; + OégUSQil + ﬁu%uz in Q,
u,uo >0 inQ, u;=uy=0 ondQ,
where 2 < p1,pa < 4. However, we do not want to become trapped in unnecessarily

complex calculations due to py # po. For this reason, we only present the proofs of
Theorems 1.1-1.3 for p1 = p2 = p.

Notations. Throughout this paper, C' and C’ are indiscriminately used to denote
various absolute positive constants. We also list notations that are used frequently



below.

‘|u||Z£P(Q) = fQ |U|pdl’7 ﬁ - (u17u27 te ,uk)7
%
tod = (tyug, toug, -, tpug), B, (x)={y € R? ||y — x| <},
o = (tug,tug, - -, tug), ﬁn: (uf,ul, - uy),

Rﬁ_ = {2z = (21,72, 23,74) € R* | 24 > 0}, R* = (0, +o0).

- - -
O(| b ) is used to denote quantities that tend toward zero as | b | — 0, where | b | is

—
the typical norm in R of the vector b. Other cited quantities, for example, d; . o and
A, can be found in the appendix.

2 Existence result
Let x3(s) be a smooth function in [0, +-00) such that x5(s) = 1 for 5 > —, /1112 and

(s) = beesh @1
Xpis) = 0, s>2 ’

for 8 < —\/J1f12. Moreover, we require —2 < x3(s) < 0in [0, +00). Let

(16 + Z (2.2)
=1 ,U/Z

be a constant and define

2 2
a0 (T2 W
Tear(®) = Z( sl — pxra( 2 Y lall gy — B il )

1=

/3 5
_§”u1u2HL2(Q)7

Then, J. o.r(W) is of class C? and

2 o2
Tar@V = 3 (1= 23l (s ) i

i=1

12,0 -
_ai)m( T2€€4’ /Q|ui|10 QUiUidx_,U/i/Qu?Uidx

—5/(u§u11}1 + udugvy)de
Q

for all ﬁ, Ve He o

Definition 2.1. The vector (uy,us) = e He o is called a nontrivial critical point of
\757Q7T(ﬁ) zj‘jé,Q7T(?) =0in Ha_%l with u; Z 0 and ug % 0. The vector (uy,ug) =



W € H.gq is called a semi-trivial critical point of J. o7 (W) ifjs”QyT(ﬁ) =0in
7—[8 o With uy # 0 or ug # 0. The vector (u1,us) = U € H. . Is called a positive
critical point of js,Q,T(ﬁ) if U is a nontrivial critical point and w; > 0 for both
i =1,2. Here, JE’QT(ﬁ) is the Fréchet derivative of J. o7 (W) and ’HE’Q is the dual
space of H. q.

By Definition 2.1 and the construction of x4 that is specified by (2.1), critical points
of jEQT(ﬁ) are also critical points of J; o (ﬁ) for 3 > —/uip2 whlle critical points
of Tz, (W) will be critical points of Jz o (W) for 8 < —/fifiz if | W2, < €172

Without loss of generality, we assume 0 €  and set . = {z € R | ex € Q}.
Now, let

Near ={T = (u,u2) € Hen | T (W)W = T g r(W)W* = 0},

with He o = (H1..0\{0}) X (Hac0\{0}), W' = (u1,0) and W2 = (0,up). It
follows that N; o r # (0. We also define

N o ={T = (u1,u2) € Heg\{O} | TLon (W) T =0}

Lemma 2.1. We have N. o1 C Ne’)Q’T and \7579,71(?) is bounded from below on
N ar

Proof. By the definitions of Nz o7 and N g 7, Noar C N g 7. Now, let o e
N o - Then, by the construction of x5 and the Holder inequality,

Tear(i) —% (W)

ja,Q,T(ﬁ)

= Hﬁ”aQ_FW ZM”WHM(Q) +25||U1U2||L2(Q))

v

H?IIEQ (2.3)
> 0

for B > —./p1 iz since 2 < p < 4. In the case 8 < —, /1 2, we have

Teor(d) = je,Q,T(ﬁ)_lje/,Q,T(ﬁ)ﬁ

4
2

_ (L )2, .
- (1+Z2pT2 wll 1||LP(Q)XB T2.4 NAIZ o

112,
Zal”u’L”LP(Q Xs\ ~paa ) 2.4

It follows from the construction of y 4 that 7. o () > 0 for ||7||§Q > 2¢4T2. For
|2, < 2672, we have that 37, |||, < 272 and

_p
2

luill} ) = e NTillp ey < els, [Tl < 8,0 T Juil2es 25



for both i = 1,2. Here, u;(x) = u;(cx) and we regard u; as a function in H!(R*) by
defining w; = 0 in R*\(2. and S, ; is the optimal embedding constant from H;re —
LP(R*), which is defined by

Spii = inf{””z‘”?,w | u € Higs, l|ullLersy =1}

Thus, by (2.4), js’g(ﬁ) > e4Cforall W € N;Q,T inthe case 8 < —\/upe. O

Set

ceor=__ inf  J.or(d) and c’E’Q,T:ﬁm/f Tea.r(W)

eNza,r eENlar
/
Then by Lemma 2.1, c. o7 > Ceqr > —00.

Lemma 2.2. Assume  # 0 and let e > 0 be suﬁ‘iczenﬂy small. Then there exists ap >
0, which only depends on T, such that e*C < cE or <cor < et Zl 1 4}L S2in
the following two cases:

1. 8> —\/uipe and ay, as > 0,
2. B < —/pipz and oy, g > 0 with |E>| < arg.

Proof. Let B, (z;) C Qfori = 1,2 and B, (z1) N B,,(z2) = 0. Then, by Propo-
sition 7.2, there exists g > 0 such that for ¢ < €y, there exists a solution U; . of
equation (P; ) in B, (x;) such that &; . 5 (wl)(U- ) < 45—482 It follows from a s-

”IB (@ < 2(p 2 82 i = 1,2. Now, we regard U; .

as a function in H}(Q2) by defining U; . = 0 in Q\IB% .(z;) and set ﬁ (U1, Uze).
By B, (z1) N B,,(xz2) = 0 and the construction of yg, it follows from (2.2) that

. € N o,r. Hence,

tandard argument that ||U;

2 2
1
Ce.Q,T < j&,Q,T(ﬁa) = Zgi,e(Ui,a) < 54 Z ESQ (26)
i=1 i=1 "t

for all 5. Now, let U eN E'QT Then, by the Holder and Young inequalities, it follows
that

i
2 2
il iy < il gafy luall 20 < 5 NuillZaay + Clluill oy 2.7)

It follows from the construction of x g that

[\~]

_ 2(p—2)
Yolmlia, < Zaz 1T T2 b il 35707 + 2181113 40y T2 4
i=1
2 s
Z(EZHE‘H%Z(QE) + C||ﬂi||%4(ns)) + 2|5|||ﬂ1||2L4(QE) ||ﬂ2||%4(95)a
i1

IN

10



where T;(x) = u;(ex). It follows from the Sobolev inequality that
[@1 |74,y + [Tl sq.) > Cs >0, (2.8)

Here, Cj only depends on 3. Thanks to (2.3), we have ¢, , p > &*Cp for all 3 >

— /2. For B < —. /12, by (2.4) and (2.5), there exists cep > 0 such that c’E’Q’T >
£1Cs with || < ap. Now, the proof is completed by (2.6) and ¢. o1 > ctor O

By (2.8), both NV o 1 and Ne/,Q,T are bounded away from 0 for B > —\/11j2,
which implies that both N, o and N ¢, 1 are closed in H. o for 3 > —/fi112. In the
case < —,/u1pe, by taking ar > 0 sufficiently small if necessary, it follows from

(2.5) that both N o 7 and NV ¢, ;- are also bounded away from 0 for B < —Hipe
with || < ar, which implies that both N- o7 and V! , . are also closed in H. ¢ for
B < —\/fipiz with |E>| < ag. Now, by Ekeland’s variational principle, there exists
{7n} C M o 1 such that

(1) Teqr(dn) = cear +0n(1),

2) Teor(V) > Tear(d,) — %HV — W, |0 forall V e Mg
There also exists { U’} C N g such that

(1) Ter(W}) = g r +0n(1),

(2) Teor (V) = Teor (W) = AV = W leo forall V€ Vg 1.
Define

0u(¥) = Tear (Vo) and @u(1) = Lo ((W)),

where ¢ o U, = (bu?, toul) and t07, = (¢(ul), t(ul)").
Lemma 2.3. Let € > 0 be sufficiently small and o1, e > 0. Then,

(7) HﬁanQ < e*T? and Hﬁ;HEQ < e*T? in one of the following two cases:

(a) B> —\/uijia,

(b) B < —/fiifiz and | @| < oo, where o is specified in Lemma 2.2.

(ii) There exists By € (0, min{su, po}) that is independent of € such that {W ,} is a
(PS) sequence of \757Q,T<ﬁ) at the energy level c. o 1 in one of the following
two cases:

(a) —\/pip2 < B < Po,
(b) B < —\/1pz and \3\ < ag, where ar is specified in Lemma 2.2.

That is,
\75,97’1"(?”) =ceor + on(l); \7;)977«(?”) = o, (1) strongly in ’H;Sl)

Moreover, (Dn(?) > @n(?)far alln€Nand T € (RT)2.
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(ii1) {U’} is a (PS) sequence of J. o.r(W) at the energy level cLgrforall 3> 0.
Moreover, ®,,(1) > ®,,(t) foralln € Nandt > 0.

Proof. (i) We only present the proof for U, since that of W’, is similar. By Lem-
ma 2.2, it follows from (2.3) and je,Q,T(?n) = ¢e,0,1 + 0, (1) that

2

2 1
20< 54]9%”2 3 8t oa(1) 2.9)
=1

o

in the case 8 > —./p1p2. For 8 < —./uijiz, by Lemma 2.2 and JEQ:T(?”) =
Ce.0.1 + 0n(1), it follows from (2.4) and (2.5) that

2
a~ L

S%+0,(1
_14/~Li +0()

1 |

2
(673 -z 2\ =2 2 / nlle, Q2 2
> (g gy 195 ||?7L|€,Q><B(T254>>llﬁnllan

2
4—-p -z p—2
—— S, 221 W

By choosing o sufficiently small if necessary, we have from the construction of x g
that

2
iy~ L

: Ap;

1
S?+0,(1) > §||ﬁn||§Q (2.10)

=1

for |E>| < arg in the case § < —,/uip2. Combining (2.9)—(2.10) and (2.2) yields
|6 ]|? o, < T in the following two cases:

1. B> —\/pipz and a1, > 0,
2. B < —/fnpz and ay, o > 0 with |[d| < ar.

. —
(i) Let W € H.q. Forevery n € N, we consider the system 3,1(?, )= 0,
where W, (T, 1) = (U2 (T, 1), ¥3(T, 1)) with
n - n n n
UHE ) =t + lwillf o — ailltiad + i}, o) — palltiud + lwil|7aq)

=B (truf + lwr) (truh + lws) 720 -

ﬁn(?, 1) is of class C'*. Moreover, since {U,,} C N o1, we also have that
T, (1.0)=0.

By a direct calculation, it follows from () and the construction of x5 that

2w (71,0)
ot;

= 20} lFc0 = pailluf 70 q) — 4uillui | 1a ) — 28]uius (|72

n

—(p = 2aifju;

||ip(9) - 21‘1‘””?”14(9) (2.11)

12



fori=1,2and

our(T,0)  0w(T,0)
Oty N ot

= —28|ujus|72 (- (2.12)
Set

On = (07})ij=12 (2.13)

au™(T,0
with G?j = % Then, by (2.11) and (2.12), it follows from p > 2 and the Holder
inequality that

det(©,) > d(papiz — B2 s o 15 [ - (2.14)

If —/uipz < B < 0, then by a similar calculation for (2.7) and the Sobolev and
Holder inequalities, it follows from {ﬁn} C M o 1 and the construction of x5 that

VT 120y < Uil e < CllufllTaq) < ' CIVET 720, (2.15)
for both 7 = 1, 2, which implies
@ 240 = C (2.16)

for both ¢ = 1,2 in the case — /12 < 8 < 0. Here, ;(x) = u;(ez). On the other
hand, when 8 > 0, by similar arguments to those that are used in (2.15),

@t 3 o, < CW?H%(QE) +5\@?“%4(95)||ﬂ§||2L4(szs)7

[a5l5 0. < Clslzaq.y + BlatIZs o [T 171 0.

It follows from the Sobolev inequality that

C <@g, + BlEs 174, (2.17)
C < @574 q.) + BIET 1740,y (2.18)

By (1) and (2.3), it follows from Lemma 2.2 that
C' > |[ag 124y + @7 1740, (2.19)

for > 0. Combining (2.17)—(2.19), there exists 5y € (0, /111 p2) that is independent
of € such that

@} 1710y = C (2.20)

for both 7 = 1,2 in the case 0 < 8 < By. From (2.14), (2.16) and (2.20), it follows
that det(©,,) > ¢*C > 0 in the case — /12 < B < Bo. For 8 < —./fi1ji2, by
{ﬁn} C M o1 and (2.5), it follows from the construction of gz that

1— ,8752112%72 n|2 < s n |4 n, ni2
( QiOp 277) =) |lui ||i,g,Q < pilluj HL4(Q) + Blluyug ||L2(Q)
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for both ¢« = 1,2. By taking o sufficiently small if necessary, it follows from the
Sobolev inequality that

pillui 1 2a 0y + Bllutusl|7z () > e'C (2.21)
for |E>| < ar inthe case 8 < —,/p1jiz, both i = 1,2. Hence,

2
H(uiHu?Hti)) = B?|luius| 72 (o) > e°C

i=1
for \3\ < ar in the case 8 < —,/u1 2. Thus, by p > 2, we also have that det(0,,) >
e8C > 0 for |a>\ < ar in the case 8 < —./u1jiz. Since det(©,) > 8C > 0
always holds, by the implicit function theorem, there exist o, > 0 and ?n(l) €

CY([~0n, 04, [%, 2]?) such that {?n(l) o U, +IW} C N.qr in the following two
cases:

1. —/pips < B < Poand ag, s > 0,
2. B8 < —\/uipe and a1, ag > 0 with |E>| < arg.

Since (2) holds and det(©,,) > £%C > 0 for the above two cases, by applying

the Taylor expansion to jEA’LT(?n(Z) o U, + ZW) in a standard way (cf. [10]),

we obtain that JE”Q’T(ﬁn) = o0,(1) strongly in H;é In what follows, we will

show that @n(?) > P, ?) foralln € Nand t € (R*)2. Consider the system
W(T,7) = 0, where T (T, 7) = (03T, 7), [3(T, 7)) with

n

_>
LE(t,7) = [t |7 c o — ailltau? 17, o) — palltiud [ 1a o) — Tl (tul) (t2us) 172 q)-

?n is of class C'! with ?,L(?n, 0) = 0 forsome 5, € (R*)? and ?,L(T}, B) = 0.

Moreover,

n

or*(s,,0
TS0 _ 0 o isr

‘ ot;
for both i = 1,2 and

s H;ZP(Q) - 2m\|s?u?||i4(m (2.22)

P OT1(8n,0) _ L, 08(50,0)
Yoty > ot

=0. (2.23)

det((:)n) > 0, where én = (@Z)LJ‘:LQ with 5{3 = %ﬁ”’o). By the implicit function
theorem, there exists a C'* vector-valued function t,(7) with ?n(O) = 5, and
t™(7) > 0 such that ?n(?(T), T) = 0 for sufficiently small 7. Moreover, by (2.20),
7 is uniform in n. Thus, taking 5y sufficiently small if necessary, it follows that 1 is

the unique solution of I',,(t,5) = 0 for0 < 8 < fy. For 8 < 0, we follow the
strategy in the proof of [47, Lemma 2.2] by considering the following set

Z,={r€l0,5]| f)n(?,T) — 0 s uniquely solvable in (R*)?}.
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It follows that 0 € Z,,. Moreover, we claim that {?n(T)}Te =z, is both bounded from
above and below away from 0, where t ,,(7) is the unique solution of n(?, T)= 0.

Indeed, by (i) and (2.16), it follows from 3 < 0 and ?,L(?,L(T), T) = 0 that t(r) >
C with some C' > 0 uniformly for n and 7. On the other hand, if t7(7) — +o0
and t§(7) < C, then from (i) and (2.16), it follows that FT‘(?"(T),T) — —o00,
which contradicts F’f(?n (1),7) = 0. Similarly, it is also impossible if t'(7) < C
and t5(7) — +4oo. The case of t?(r) — +oo remains to be excluded. From
det(0,,) > £8C > 0, it follows that ©,,, which is specified by (2.13), is strictly di-
agonally dominant for 8 < 0 and the first eigenvalue of ©,, is bounded below away
from 0 uniformly for n. Thus, 37_, F?(?W(T),T) — —oo in this case, which is
also impossible because ?n(?n(T), 7) = 0. Now, for every 7 € Z,, by similar
calculations for ©,,, we obtain

AT (T (7). 7)

) S

= —(p — 2ol 2 (L ) — 2uallt ()l 3400 (2:24)
and

n(T T), T n(T T), T
S(T)8F1<g:2( )’ ) _ t;L(T)8F2(g;1( )’ )

= 2Bt (DuD)(ts (Dup)lZa)- (229

By taking o sufficiently small if necessary for 8 < —,/uip2, we obtain via the

~

similar calculations to those for ©,, that det(©,(7)) > 0 for all n and 7, where
~ ~ ~ neg
On(7) = (075(7))i,j=1,2 with 07(7) = It (1)) Now, by applying the implicit

at,
. — . — .
function theorem, we can extend t ,,(7) to 7 = 0 for all n, since { t ,(7)}rez, is

bounded from both above and below away from 0. Since t ,,(0) = S, is unique, by
similar arguments to those that are used in the groof of [47, Lemma 2.2], we obtain

that ? is the unique solution of ?n(?, B) = 0, which implies that ? is the unique
critical point of @n(?) for all n € N. Recall that

2

[Tkl Le ) = Bllutus|f2) > °C and ||uf||3aiq) > *C
i=1

for both ¢ = 1,2. We observe that <I>n(?) — —00 as |?| — +4o00. It follows that

®,,(t) has a maximum point in (R¥)? for all n € N. Since p > 2, by a standard

— =
) — . .
argument, either a%it(lt) > 0 or 5%7;2” > 0 near O(R*)2. Hence, 1 is the unique

maximum point of @n(?) in (R*)2 and <I>n(T>) > <I>n(?) foralln € Nand t €
(RF)2.
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(#9i) Let we H. o. For every n € N, we consider the equation

2

To(t,l) = D (ltuf +lwil. o = ailltu] + twill}, ) — palltu] + lwill s q))
i=1

=2B||(tuf + lwr)(tus + lw2)|[72(q)-

T, (t,1) is of class C'. Moreover, since {u’,} C N o 7> we also have from (i)
and the construction of x g that is specified by (2.1) that T,,(1,0) = 0. By a direct
calculation, we obtain that

AT, (1,0) 2 n
= = 2 (0 = Daluf [ + 2uilluf [ 1a0)) — 4Blluf g T o).
i=1

Since p > 2, by a similar argument to that used for (2.8), m%i(tl’o) < -C<O0
for all 8 > 0. Now, by the implicit function theorem, there exist o,, > 0 and ¢,,(1) €
CY([=0p, 00, [%, 2]) such that {t, ()W, +IW} C N/ g forall 3 > 0. By applying

272
the Taylor expansion to J. o 7(t, (1) W, + W), we can show that Je’QT(ﬁ;L) =

or (1) strongly in 7-[;%1 Since p > 2 and 8 > 0, we can prove ®,,(1) > ®,,(t) for all
n € Nand ¢ > 0 in a standard way. U

We also require the following important energy estimates:

Lemma 2.4. Let ag and By be defined by Lemmas 2.2 and 2.3, respectively. Then, for
sufficiently small € > 0 and a1, g > 0,

(1) we have
< min{d + ! S%d + ! S% A} —€C
c i — — -
E,Q,T 1,6,9 4/112 b Q,E,Q 4M1 9 € ﬁ

under one of the following two cases:

(a) —y/pipz < B < Bo,
(b) B < — iz and |d| < ar,

where d; . o and A, are specified by Propositions 7.2 and 7.3, respectively.

(1) there exists $1 > max{u1, po} that is independent of € such that
. 4
C/E,Q,T < mln{dl’a)g, d2’57Q, AE} — € Cﬁ

for B> pi.
Here, C'3 only depends on 5.
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Proof. (i) By Proposition 7.2, ﬁi’g is a least-energy solution of the following equation:

—2Au+ \u = /MU?’ + auP 1 in €2,
u>0 inf), u=0 onJdf.

Then & e o(Uic) = dicg,i = 1,2. Since dico < £-S?and 2 < p < 4, bya
standard argument, we have

- 1 JU
dica = Ei,s,Q(Uz',s)*ng,E,Q(Ui,s)Ui,s
p—2 ~ 4—p, ~
= WHUZ',EH?,E,Q + WHUi,s”%%Q)-

It follows that

~ 4 . 4
1T:ellbam) < oy a0 Ticlifn < 55 =50 i=1,2.220
(2 K

2(p—2)

On the other hand, by a similar argument to that used for (2.7), we also have that

1Tiell?.q >€'C and  [|Ticl|faq) > 'C. (2.27)
Letzp € Q. and R > 0 satisfy Bsp(zg) C Q.. Take ¥ € CZ(B2(0)) that satisfies
0 < ¥(z) <1land ¥(z) = 1inB;(0). Set pj(z) = \I/<I_F§R> for z € Bog(xg)
and @5 (x) = 0 for z € Q\Bag(zr). Then ¢} (z) € C3(£.) and

() 1, x € Br(zg);
Pr\T) =
R 0, S QS\BQR(.’ER),

2v/20 .

Vo(z) = (CEaPEE Vo (2) = PR(2)Ve(—=—). (2.28)

Here, V, () is the well-known Talanti function, which is also a bubble. Then, it is well
known that v, — 0 weakly in H{ (€2.) N L*(€.) and v, — O strongly in L"(€).) for
alll < r < 4as o — 0. Moreover, by a well-known calculation (cf. [43]), we also
have that

IV0ell320.) = S* +0(0%),  |vell1agq.) =S+ O(c?) (2.29)
and
0ol 0y = C@* 7 + 7). Ilvall3ao,) < C'o?lna] +0(a%).  (230)

Since 0 € 2, we must have ., C ., with &1 > &, which implies that O(c?),
O(c*) and the constants C, C’ in (2.29) and (2.30) can be chosen such that they are
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independent of € < 1. Let us consider the following system

m(ty,to) =t U1} eq — 041||t1(71,a\|gp(9) — |t U1 e[ s e
= Bll(t1 1) (t2t0)[72 (0

n2(t1, t2) =[lt2ucl3 o 0 — @2lltaus |}, o) — p2llt2us )| Lagq)
— Bll(t1U1.¢) (t2uo) 320

where uy () = v, (e~ ). Set

(7 2 2 Uy 2 3
o (Woln ) gy o (Irelien !
M1||U1,5||L4(Q) .LL2||U’O'||L4(Q)
By (2.26) and (2.27), we have t; < C. Moreover, by (2.29), we also have t5 < C for

sufficiently small 0. By the classical elliptic regularity theorem, we have 171,5 € C?.
Thus, from (2.30), 2 < p < 4 and Proposition 7.2, it follows that

BT, (batio ) 172 () — ar 6501 [0 0
< 54”[71,6||%°°(Q)C|6|(02“n‘7| +0(0%) - alHtikﬁLEHI[ip(Q)
<0

Nl=

for all ¢ € [0,3] and

|B|”(tlULE)(t;uU)”%?(Q) - O‘2||t;ua||1£p(9)
< (101 e )12 (@) C1BI(0*|Ina| + O(0?)) — C' (0" 77 + o))
<0

for all t; € [0,t}] with sufficiently small o. It follows that 7 (¢],¢2) < 0 for all
to € [0,t5] and n2(t1,t5) < Oforall 1 € [0,¢]] with sufficiently small o. On the other
hand, by similar arguments to those that were used in (2.15), we have

m(tr,t2) > G([ULelT 0 — CEIUL Loy — BII(Ue) (t3u0) 72 ()
for all t5 € [0,t3] and
na(t1,t2) > t3(||uo 3 o0 — Ct3lluolzaiq) — BI(ETUL:) (uo) 1 72(q)
for all t; € [0,¢]] with 8 > 0 while
m(tr,t2) > ([ULe]F 0 — CEIULN 21 (0)
for all 5 € [0,t3] and
na(tit2) = 3(uell3cq — Ct§|\ua||‘i4(m)

for all t; € [0,¢7] with 8 < 0. Since (2.26)—(2.29) hold, by taking sufficiently small

Bo if necessary and using a standard argument, we obtain that there exist t1*, t3* > C”
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such that n1 (t7*,t2) > 0 for all to € [t5*,¢3] and n2(¢1,t5*) > 0 for all ¢; € [¢7*,¢7]
with 8 < By and o sufficiently small. Now, applying Miranda’s theorem (cf. [12,
Lemma 3.1]), we obtain that there exists (f1.c,%2.) € [ti*,t]] x [t3*, 5] such that

771(t1 . to e) = 7]2(t1 o bo <) = 0. It follows from (2.2), (2.26) and (2 27) that t .
U € N: qr for o sufficiently small, where t = (t1.c,t2.) and U (U1 oy Ug )
By the choice of u,, and Proposition 7.2 in the Appendix, we have

BII(FreT1.) (Focuo) 20y < 1BIClual|Z 20

Since 2 < p < 4, via a standard argument we obtain that

%

—
Ce QT < je,Q,T( t e © Ua)

. 4
S 81e(010) + -8+ (ClBlo o] + |BI0(?) - C'ot )
2
< dioat s -
1,6,Q 4#2 B

with o sufficiently small, where Cg depends only on /3. Similarly, we show that

4

CEQT<d2€Q+rmS2 C@.

It remains to show that c. o 7 < A: — e*C. For 8 < 0, by Proposition 7.3, we have

4 4 X 4
A= -8+ &82. Since d; - o < 457_82 —e*C, wemust have c. g 1+ < A. —e*C

for 8 < 0. For 8 > 0, let
ﬁzf = (\/Eluaa \/%2'“/0)

and consider the following system
ni(ti,te) = |tivkiuo e o — ailltiVhius |7, q) = pilltivVkiue| 1)
—BIl(t1VErus) (t2VE2u) |72 (o),

where k1, ko satisfy (7.9). Since (2.2), (2.29)—(2.30) hold, taking into account k; =
as 8 — 0, we can apply Miranda’s theorem as for 7);(¢;, t2) to show that there ex1sts
ﬁ

%
(t1,e,t2) € [C',C] x [C',C] such that t . o U, € N, o for B > O sufficiently

small. By taking f3, sufficiently small if necessary, we obtain that t o U eMNar
for 0 < 8 < Bp. Thus, it follows from (2.29) and (2.30) that

- =
cear < ja,Q,T( tc.o Ua)

2 3 2 (7. 4 " 207 2
_ 8482(;((751,5\2/1?1) _ Mz(tz,z\/k»z) ) _ 6(t1,a\/ﬁ)2(t2,a\/g) )
e (Co?|Ina| + O(0?) — C(o*7P + oP)). (2.31)
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Since By < /pt1p42, k1, ko uniquely satisfy (7.9) for 0 < 5 < Sy. Since 2 < p < 4
and by a similar argument to that used in the proof of [46, Lemma 3.1], we obtain from
(2.31) and (7.9) once more that

2
ki pik?. Bkik
S T

i=1
+e*(Co?[Ino| + O(c?) — C(6* P + oP))
547]€1 I i S§? —¢tC

for o sufficiently small. It follows from Proposition 7.3 that c. o < A. — e1C for
0 < B < Bp. In summary, we finally have that

4 4

£ £
< min{d £ s L8240 o
Ce.Q,T mln{ 1,5,Q+ 4/142 2,5,Q+ 4,U/1 E} e Lp

in the following two cases:

1. —/pipe < B < Boand o, as > 0,

2. B < —/ifiz and a1, as > 0 with || < ag,
where C'z depends only on f.

(79) Let I?E = ([71,5, (71’5). Since p > 2, by a standard argument, we obtain
from (2.2) and (2.26) that there exists tg > 0 such that tgﬁg € N o - We claim that
tg — 0 as  — +o0. Indeed, suppose the contrary. Then, without loss of generality,
we may assume that tg > C for 3 sufficiently large. It follows from (2.26)—(2.27) that

/ j 442 !
cor < Jeor(tsU:) <e'tz(C - BC") — —o0

as § — +oo, which contradicts Lemma 2.2. Now, since tg — 0 as § — +oo and
p > 2, it follows from th?g € N o r and (2.26) and the Holder inequality that

[ V)

Z 101117 .0 = 26581101 e[| 24y + o(D)e?,
i=1

where 0(1) — 0 uniformly for ¢ < 1 as 8 — +oc. This implies

2
1 _
caor < ja,Q,T(tﬁI?a) < 54t%(1 Z U1l o, +0(1)),
i=1

where Uy o (z) = ﬁlﬁ(sx). Thus, by (2.26) and Propositions 7.2-7.3, there exists
B1 > Po that is independent of € such that

/ . 4
Ceqr <min{di . o,dacq, A} —°Cp

forall 8 > f. U
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By Lemma 2.3 and the construction of x g, we obtain ﬂ — ﬁo and ﬂ — ﬁ’
weakly in H. o asn — oo and J! QT(ﬁo) EQT(ﬁ )=0in ’HE,

Proposition 2.1. Assume oy, a9 > 0. Let ap, By and 1 be defined by Lemmas 2.2-
2.4, respectively. Then, (S.) has a least-energy solution . with sufficiently small
€ > 0 in the following two cases:

1. either —.\/pipiz < 3 < Boor > P,

2. B < —lnfiz with || < ar.
Moreover, jaQ,T(ﬁs) = c..o,1 for < By and jsyg,T(ﬁs) = ¢, qrfor B> B
Proof. Let v, =d,— Uoand 7’ U — ﬁ’ Since U,, — W and ﬁ ﬁ{)

weakly in H. o as n — 0o, we have 771, ; — 0 weakly in H.  as n — oo.
Claim. 1 ﬁ is nontr1v1a1 for 5 > 3.

Indeed, suppose W) = 0. Then, W/, — 0 weakly in H. o as n — oo. It follows
from W/, € N/ .7 and the Sobolev embedding theorem that

2
> I

Let (ul')’ be a function in D12(R*) by setting (u?)’ = 0 outside . Then, by a
standard argument and (2.32), we obtain that

2
e = ZMH ) HL4(Q +28|(uy) (uz)’ HL?(Q +on(1). (2.32)
i=1

2
1
caor = ZZ D7 e + on(1)

1 ( Zz 1 ||Uz||z £ R4
min —
e 4 (Zz 1 :L‘lHqu 4(R4) + 25||UIU2HL2(R4)

Y

Y v
Let

2
1< D i1 Il ?,e,w )2
305 1\ (S, pallulite oy + 28wz e

€8 =
o 4/1Ll 82’ Apz 82}
for /5 sufficiently large. Here, V,(z) = V,(ex) and V, is the well-known Talanti
function, which is specified by (2.28). By taking 3; sufficiently large if necessary, it
follows from a standard argument (cf. [10, (5.43)-(5.44) and (5.46)]) that c. g = A,
for 3 > B1. This 1mphes that ¢, o 7 > Ac in the case 3 > 1, which contradicts
Lemma 2.4. Thus, ﬁ’ =+ O for 5 > 61 Applying Lemma 2.4 once more yields that
U} is also not semi-trivial. Hence, W} must be nontrivial.

Claim.2 U is nontrivial for B8 < Bo-

First, we prove that o #* ﬁ for 8 < fBy. Indeed, suppose the contrary. Then,
U, — 0 weakly in H. o as n — oo. It follows from U, € N o, and the Sobolev
embedding theorem that

Then, by testing c. 5 with (V,, V), we observe that ce8 < e* min{

[uil? 0 = malluf |20y + Blluiug 1720y + on(1), i=1,2. (2.33)
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By setting u? = 0 outside (2, we also regard u* as a function in D'?(R*). From

(2.33), it follows that there exists ?n — T as n — oo such that ?n o ﬂn e V.
(cf. [46]), where V. is specified by (7.8). It follows from Lemma 2.2 and the Sobolev
embedding theorem that

CeQT = je,Q,T(ﬁn)“i’On(l)

Z je,Q,T(?n © ﬁn) + On(l)
= Is(?n © ﬁn) + 0n(1)
> A+ On(l)

for 5 < [y, which contradicts Lemma 2.4. Here, Ig(ﬁ) is specified by (7.7). Next, we

prove that ﬁo is also not semi-trivial for 5 < (3. Suppose otherwise. Then, without

loss of generality, we may assume Wy = (u,0) with u # 0. Let v, = u? — u?.

Then, V,, = (vn,u}) — O weakly in He o as n — oc. By the Brezis-Lieb lemma
and [13, Lemma 2.3], we obtain that

Teor(dn) = Erca@d) + Tear(Va) + on(1), (2.34)

where &1 . o(u) is specified by (7.4). Since U, — U weakly in H. o asn — o0
and uy = 0, it is easy to show that £] _ o (uf) = 0 in H;;Q, where Hfiﬂ is the dual
space of H1 . o. Now, by similar arguments to those that are used above, it follows
from (2.34) that

Ce QT > dl,s,Q + Asu
which also contradicts Lemma 2.4.
Now, since ja’)Qj(ﬁo) = ja’ﬂ’T(ﬁ()) = 0 in H_, and both Uy and W) are
nontrivial, c. o 7 and ¢ ¢, 7 are attained by . and ﬁ’s, respectively, for 5 < By and
B > Bi. Here, W, = (Ju?],ug]) and W’ = (|(u9)'],](u3)’]). Moreover, U, — U,

and W/, — U}, strongly in . ¢, as n — co. By the method of Lagrange multipliers,
there exist p1, p2 and p3 such that

T ar(We) = pi(To (@)UY — po(TL o r(W)UZ =0 (235
and
T ar(d0) = p3(TL o r(A)UL) =0 (2.36)
in H_¢,. Multiplying (2.35) and (2.36) with W and W, respectively, yields
P T or(U)UD) WL+ po(T o r(W)UD)'UL=0,i=1,2 (237
and
p3(TL oz (W)L UL =0, (2.38)

Since det(0,,) > C, which is specified by (2.13), and ﬁn — ﬁo strongly in H. o
as n — oo, we obtain that 0 is the unique solution of the System (2.37). However,
since p > 2, 0 is only solution of Equation (2.38). Thus, by (2.35) and (2.36), we have
ja’ﬂj(ﬁg) = 0 in the following two cases:
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1. —/ipe < B < foand ay, g > 0,
2. 8 < —y/uipe and a1, ag > 0 with |E>| < ar,

and JE’QT(ﬁ’a) =0for 8 > 4y and 1,2 > 0 in ’H;sl) Since Lemma 2.3 holds, by
standard elliptic estimates and the maximum principle, ﬁs and ﬁ’e are also solutions
of (S;). Recall the construction of xg. We also know that . and ﬁ’s are both least-
energy solutions. O

Proof of Theorem 1.1: It follows immediately from (2.2), Lemma 2.3 and Proposi-
tion 2.1. a

3 Limiting problem in R*

In this section, we mainly consider the following system
—1 .
— Aug + Muy = uul + aqud ™+ Budug in R?*,
— Aug + Aqug = ,ugug’ + agug_l + Bu%uz in R?, (S4)
u,ug > 0inRY, up,up — 0as x| — +oo.

Let Hra = H; ga X Ho ra, where H,; g are specified in the Appendix. Then Hg4
is a Hilbert space that is equipped with the inner product

2

(F, V)as = > (s, 0.

i=1

1
The corresponding norm is specified by || ||gs = (U, ﬁ)ﬁ@. Here, w;, v; are the ith
components of ﬁ, v, respectively. Set

2
1 Q; I s Wi
Feer(®) = Sl = Shuluoes (g ) = e
p
—5 a7z g, 3.1
where x(s) is specified by (2.1). JR4,T(3) is of class C2. Define
B= inf Jpip(W) and B’ = Jinf T (W),

where
Naip = {d = (u1,u2) € Haa | Foa (W)W = Fpu p(A) W =0}, (32)
with Hgs = (Hy g \{0}) X (Hars\{0}), W' = (u1,0) and W2 = (0, us) and
Gop = {8 = (u1,u2) € Hea\{0} | T (W)W = 0. (33)

Now, our results for (S, ) can be stated as follows.
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Proposition 3.1. Let ap, 5y and 31 be as specified by Lemmas 2.2-2.4, respectively.
Then,

(i) B= 2?21 d; ga and B can not be attained in one of the following two cases
(@) —/lipz < B <0;
(b) B < — iz and |d| < ar,
where d; gs are specified by (7.3).

(73) There exists ﬁ with U} radial symmetry such that ﬁ* is a solution of (Sy)

and ﬂz attains B for 0 < 8 < By or 8 > (1. Moreover, B < ZZ 1 d; g for
0< B< Boand B = B’ for 8 > f31.

Proof. (i) Let U, (x) = Uy, (x — Rey), where e; = (1,0,0,0). Then,
||U1,R4U2}?R4||2L2(R4) — 0
as R — 4-o0. It follows that

M1M2HU1,1R4||%4(R4)||U2}?R4||‘i4(11@4) - ﬂQHUl,R“UQ}?R“H%?(]R{“) >C
and
ULz | 2s sy = € 1UsTgallzsgesy = C

for sufficiently large R. Since (2.2) holds and d; g4 € (0, 82) we can apply Mi-
randa’s theorem as for 7);(¢1,t2) in the proof of Lemma 2.4 to show that there ex-
ists ?R € (R*)? with ?R — 1 as R — +oo such that ?R o ﬁR € Npar

and Jpa T(?R o ﬁR) = rnax?E]Rz ‘7R4,T(T> o ﬁR) for sufficiently large R, where
ﬁ = (U, R, Uy R4) Moreover, taking into account (2.2), we can use similar argu-

ments to those that are used for @n(?) in the proof of Lemma 2.3 to show that

jR‘l,T(ﬁ) = _r>nax jR4,T(§> (o] ﬁ)
s €RY

forall W € Npa p with T (W) < HSQ + ﬁSQ. Now, since d; gs is attained by

U;rs,?=1,2,and 8 < 0, by a similar argument to that adopted for [10, Theorem 1.5],
we can show that B = Zle d; r+ and this can not be attained for 3 < 0.

(ii) By setting u = 0 outside {2, we can regard any u € H}(Q) as a function in

H'(R*). Now, applying a similar argument for Ug = (U1 <, Ug) to that in the proof
of Lemma 2.4 to (Uy g, v, ) yields B < dy ga + —52 forall 0 < 8 < fy. Similarly,

we can also show that B < d2 R4+ —S 2 for all O < B < By. By following a similar

argument to that used for U (\f 11Uy, Vkauy) in the proof of Lemma 2.4, we can
prove that B < A; forall 0 < 3 < fBy. Thus,

1 1
B < min{d; g« + —8*,dops + —S?, A1} (3.4)
4,[1,2 4[1,1
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forall 0 < B < fBo. Moreover, applying the argument that was used for IT*: =

(Ui,e, Ui ,) in the proof of Lemma 2.4 to (U; g4, U; g4) yields
B' < min{dLRzk, d27]R4, Al} 3.5

for all # > f3;. On the other hand, let {W,,} C Ngip and {W’} C NZ, , be the
sequences that are obtained by Ekeland’s principle. Then, by 8 > 0 and Schwartz’s
symmetrization (cf. [26]), we obtain that ﬂ and ﬂ’ can be chosen to be radially
symmetric. Due to the compactness of the embedding map H; g+ — L, 4(R?) for all
2 < r < 4, by (3.4) and (3.5), we follow similar arguments to those that are used in

the proof of Proposition 2.1 to prove that there exists U, with U;* radially symmetric
such that ﬁ* is a solution of (S,) and ﬁ attains B for 0 < 8 < Sy or § > 1 with
B = B’ for 8 > f1, where L’éad(R‘l) = {u € L"(R*) | uis radially symmetric}.
It remains to show that B < Zf 1d;re for 0 < B < Bp. Indeed, by considering

re = (Uy re, Us ga) and taking into account (2.2), we can apply Miranda’s theorem
as for 7);(t1, t2) in the proof of Lemma 2.4 to show that t ) ﬁRz; € Ngap for >0
sufficiently small with some t € (R*)2. By taking S, sufficiently small if necessary,

we obtain that ? o ﬁw € Npag for 0 < < Sy with some ? € (R*)2. Since
p > 2, by a standard argument, it follows from g > 0 that

2 2
Z di,]R‘l = Z gi,]R4 (Ui,R4
i=1 i=1

where &; ga(u) are specified by (7.1). O

1]R4 tU1R4 >jR4T t OﬁRzL > B,

HMM

Next, we establish a Liouville-type result for the following system:
— Aug + My = 'ulu? + aluf_l + ,Bugul in Ri,
— Aug + Aoug = Mgug + agug—l + ﬂu%ug in Ri, (S.0)
uhquOinRi, uy,ug — 0as |z| — 400, **
u; = ug = 0 on 8Ri,
where R = {z = (21, 22,23, 24) € R* | 24 > 0}. Our result can be expressed as
follows:

Proposition 3.2. (S..) has no solution unless uy, = 0 and uz = 0.

Proof. Suppose the contrary and let W = (u1,us3) be a solution of (S,,) such that
either u; # 0 or us # 0. Then, by the classical elliptic regularity theorem, u; is of
class C2. Thus, by the strong maximum principle, 5 8“’ > 0 on R for either i = 1 or

i = 2. Now, multiplying (S, ) with ( gzi , gﬁj) and 1ntegrat1ng by parts yields
0 iy 1 0
o= [ auSta= ) [ S
RY i=1 T4 2 8R4
which is a contradiction. O
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4 Concentration behavior as ¢ — 0™

By Proposition 2.1, (S.) has a least-energy solution . with e sufficiently small and
a1, as > 0 in the following two cases:

1. either —.\/pipuz < B < Pgorf > 1,
2. 8 < —/u12 with |E>| < ar.

In this section, we will obtain results for ﬁg as € — 0T. First, we present an estimate
fore *c.qrase — 0F.

Lemma 4.1. Let a7, By and (51 be as specified by Lemmas 2.2-2.4, respectively. Then,
the following hold:

(i) e *cc o = B + o(1) in the following two cases:
(@) —\/hipz < B < Boand ay,as >0,
(b) B < —\/mipz and cy, g > 0 with \E>| < ag.
(i1) e g p = B' +o(1) for > p1 and a1,y > 0.
Proof. (1) Let {U,} € Nisp and Jisr(U,) < B + L, where Jpa 7(U) is
specified by (3.1). Since Q. — R* as e — 0", where Q. = {y € R? | ey € Q}, there
exists {U,, .} C Hq, such that ﬁmg — U,, strongly in Hgs as ¢ — 0. It follows

from (2.2), the construction of xg that is specified by (2.1) and Propositions 3.1 and
7.2 that

10713 0 = U1 ) — 1 U7y — BITT=U3

1035113 e 0 = 2llU3 0y — 12llU5 5 (|2 () — BIUT U3

T2y = o(l),

120y =o(1).

Since {ﬁn} is bounded in H, we can apply Miranda’s theorem as for 7);(¢1, t2) in the
proof of Lemma 2.4 to show that there exists t, . with t,. — 1 ase — 0% such
that ?n_ﬁ o ﬁms € M. qr for 8 > 0 sufficiently small. By taking 8y sufficiently
small if necessary, we obtain that ?n’g o ﬁn’g € M. qr for 0 < 8 < (. Taking into
account (2.2), we can use the implicit function theorem as for F?(?, 7) in the proof
of Lemma 2.3 to show that there exists ?n,e with ?n,e — 1 as e — 07 such that
?ms o ﬁnyg € N o for 8 < 0. Since ﬁn € Npa 1 with jR47T(ﬁn) < B+ % we

can use similar arguments to those used for ®,,( t ) in the proof of Lemma 2.3 to show
that

Teir(Un) > Trar(ToU,) forall T e (R

Thus, by a standard argument, lim,_, o+ 5’40579,71 < B+ % under condition (al) or
(a2). Let n — oo. We have lim,_,o+ e %c. o < B. In contrast, by setting u = 0
outside €., we can regard W € Hg_ as in Hpa. It follows that Na. r C Nga 1, which,
together with the standard scaling technique, implies lim, o+ e %c. o1 > B.

(#4) The proof is similar to but simpler than that of (7). O
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Let p§ be the maximum point of u; (¢ = 1, 2) and define
Qi ={r eR* | ex+pf € Q}.

Lemma 4.2. Assume 1,0 > 0. Let ap, By and 1 be as specified by Lemmas 2.2-
2.4, respectively. Then, we have €); . — R* as e — 01(i = 1,2) under one of the
following two cases:

1. either —.\/piipz < B < Boor B > B,
2. B < —\/pipz and |E>| < ag.

Proof. We only present the proof of {2 . since that of €15 . is similar. Suppose the
contrary. Then, as in [26], we may assume 2; , — R4 as ¢ — 01 without loss of
generality, where R = {2 = (21,22, 23,24) € R* | 24 > 0}. However, since . is
a solution of (S.), by a standard scaling technique, we obtain that V. satisfies

= Av§ + Arof = (v])” + aa ()P B(ug) ] in Qe
— A5+ Agvh = pa(v5)” + 02 (v5)P T + B(vD) w5 in Qi (82)
vi,v5 >0 inQ., vi=v5=0 onddi,

where
vi (x) = ui(p] +ex), i =1,2.

Moreover, since |E>| < ar for 8 < —,/u1pt2, by Lemma 2.4, Proposition 2.1 and
Proposition 7.2, it follows from a standard scaling technique and a similar argument to
that used in the proof of Lemma 2.1 that {v{} are bounded in #; gs. Here, we regard
v§ as a function in H; ga by setting v§ = 0 outside §2; .. Without loss of generality,
we assume that V. — Vo weakly in Hgs as ¢ — 0. Since V. satisfies (S7), 70

is a solution of (S**) because €0; . — R+ as € — 0T. By Proposition 3.2, 70 =
Thus, V. — [ weakly in Hga as e — 07, If

2
lim sup/ (v$)?dx =0
e—0*t yER* JB, (y) ;

for all p > 0, then by Lions’ lemma, we have V. — I strongly in £"(R*) for all
2<r<4ase— 0T, where L7 (R*) = (LT(R4))2 It follows from V. satisfies (S7)
that
||VU§||%2(]R4) + )‘1||U1HL2(]R4 ﬂ1||v1||L4(]R4) /BHUT@H%RW) =o(1), 4.1
HVUSH%R(RQ + /\2||UQ||L2(R4) - M2||U2||L4(R4 6‘|U1U2HL2 (R4) = o(1). (4.2)

Since A1, Ao > 0, by similar arguments to those used in the proofs of [46, Lemma 3.1]
and [22, Lemma 5.1], it follows from (4.1) and (4.2) that lim, g+ (cc o r—e 4 4:) > 0
in the following two cases:

—/H1p2 < B < foand aq, g > 0,
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2. B< —/hipz and o, cp > 0 with || < arp.

In the case § > pi, since p > 2, it also follows from a standard argument that
lim._,q+ (¢L g — € *Ac) > 0. However, this is impossible since Lemma 2.4 holds.
Therefore, there exist p > 0 and y° € R* such that

2
/ > (5)*dz > C > 0. (4.3)
B,(y©) j—1

Without loss of generality, we assume that [, (ys)(vf)2dx > C > 0. Since V. — I
P

weakly in Hga as € — 07, by the Sobolev embedding theorem, |y°| — +oo. Let

v$,(x) = vf (x+y°). Then V. = (v§ 1,05 ;) = Vo = (v] 1,09 ) weakly in Hpa as
e — 0" withof; > 0and o, # 0. Let Qf _ = Q. — y° and assume Q} _ — Q* as
e — 0T, where Q* is either the whole space R* or the half-space Ri under rotations

. . . = . . .
and translations. Since V. satisfies (87), v o is a solution of the following system

—1 .

— Auy + Muy = ppud + o™+ Budug in QF,

— AUQ —+ AQUQ = [,LQU% -+ OlQUpil + BU%UQ iIl Q*, (3 )
koK

up,ug > 01in Q% wug,us — 0as |z| = +oo,

Ul = Uy = 0 on 8Q*,

Since v9 | # 0, by Proposition 3.2, Q* = R*.
Case. 135 <0
If v%l # 0, then by Proposition 3.1,

2

g
Tra (Vo) >B= de%

i=1

Let W, = 35 — ?0. Then, W, — 0 weakly in Hga as € — 0. By applying the
Brezis-Lieb lemma and [13, Lemma 2.3], we also obtain that

e ar(Be) = Jor (Vo) = Terr(Vo) + Tron(We) £o(l)  (44)

1,

and
T p(W) WL = Tia o (W)W = 0(1), 4.5)

where W! = (w$,0) and W2 = (0,w5). Since || < ap for 8 < —/h1jiz, by
a similar argument to that used for (2.3) and (2.4) in the proof of Lemma 2.2 for

—/pipz < B < 0and g < —,/p1fig, respectively, jR47T(v_v>E) > 0, which con-
tradicts Lemma 4.1. Thus, 0871 = 0. Then, similar to (4.4) and (4.5),

=
e Tar(W.) = Jo; . w(Ve)=ERa (W) 1) + Tra r(We) +o(1) (4.6)
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and
Ths 7 (WWL = Tl p(Wo)WE = 0(1), 4.7)

where 817R4( ) is specified by (7.1). It follows that &£; R4(v1 1) = 0. Moreover, in this
scenario, w5 = v5 ;. Thus, by a similar argument to that use for (2.15),

[Vws |22 gy + Aol ws ]| 72gay > C + o(1).

It follows from 8 < 0 and (4.7) that there exists 0 < t. < 1 4 o(1) such that t.w§ €
M ga, which is specified by (7.2). Recall that |E>| < ar for 8 < —,/p1p2. Thus,
by a similar argument to that used for (2.3) and (2.4) in the proof of Lemma 2.2 for
—Hipz < B < 0and g < \/m, respectively, it follows from (2.2), (4.6),
Lemma 4.1 and Proposmon 3.1 that w§ — O strongly in H; gs as ¢ — 0T, which
implies v ; — vl | strongly in 7 ga as € — 0T Since V. satisfies the system (S,),
for § < 0 we can apply Moser’s iteration as in [8] to show that v ; is uniformly
bounded in L4(R*) for all ¢ > 2. Since 30 is a nontrivial solution of (S,), by the
classical elliptic regularity, v?)l € L>(R*). It follows from the Taylor expansion that
wi =vi; — v%l satisfies the following equation

—Awi + Mwi < ax(p— 1)1 + 0] )P 70§ + 3 (vf ; + 08 ) s

in R*. Since w§ — 0 strongly in H1,rs, by applying Moser’s iteration as in [8], we ob-
tain that w$ — 0 strongly in L?(R*) for all ¢ > 2. It follows from [19, Theorem 8.17]
(see also [8, Lemma 4.3]) that v{ ; — 0 as |z| — oo uniformly for &, which contra-
dicts v§ ; (—y.) = v{(0) being the maximum value and [y°| — +oo. Thus, we must
have that Q; . — R*ase — 07 for 3 < 0.

Case.2 3 >0

If v%l = 0, then similar to the case 5 < 0, we have that (4.6)—(4.7) hold and

||Vw§‘|%2(R4) + )‘2||w§HLZ(R4) >C+o(1).

If we also have

VWi |72y + A llwi[[72@ey > C + o(1)
in this scenario, then by (4.7), we can apply Miranda’s theorem as for n;(t1,t2) in the
proof of Lemma 2.4 to show that there exists I} € (RT)? with t = 71 as e—0
such that © LoW. € N . for 3 > 0 sufficiently small. Here, ./\/R4 . is specified by

(3.2). By taking fy sufficiently small if necessary, we obtain that t oW, € Npa T
for0 < 3 < [o. It follows that (4.6) contradicts Lemma 4.1 since {W } is bounded in
Hps and v ; # 0 satisfies & ]R4(v§J 1) = 0. Thus, wi — 0 strongly in H; ga as € —
0. It follows from (4.7), the H6lder inequality and || Vw$||3 . 2(ray T )\2||w2|\L2(R4)
C' + o(1) that there exists t. — 1 as € — 0 such that {.w5 € M ga. Thus, by (4.6),

2
5_4u7€,Q,T(ﬁe) > Zdi,R4 + 0(1)
i=1
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which contradicts Proposition 3.1 and Lemma 4.1 for 0 < 8 < fy. For g > f, it
follows from

[Vws|72 ey + Aallws | 72ray > C +o(1)
that there exists s, > 0 such that SEW S J\fﬂ@ o> which is specified by (3.3). It follows
that (4.6) contradicts Lemma 4.1 since v1 1 7 0 satisfies 51 R4 (vl 1) = 0. Thus, we

= .
must have that v2,1 = 0. It follows from Proposition 3.1 and Lemma 4.1 that v is a

. = = .
least-energy solution of (S,) and V. — Vv strongly in Hgs as e — 07. For 8 > 0,
wi =vi — v(fyl satisfies the following equation by the Taylor expansion

—Awi + Mwi < a1 (vfy + ) )P 7wE + (05 ) + 0] )] + B] p)wi +o(1)

in R*. Thus, we obtain a contradiction similar to the case 8 < 0. Hence, Qe — R*
ase — 0T for0 < B < fByor B> Bi. O

Let vf (x) = uf (p§ +ex) and 05 (x) = us (p§+ex) fori = 1,2, respectively. Then,
the following proposition holds:

Proposition 4.1. Let ar, By and 31 be as specified by Lemmas 2.2-2.4, respectively.

(7) 7* = (v5,75) — Vo strongly in Hgs as € — 07 in the following two cases:

€

(@) —\/hipz < B <0andag,az >0,
(b) B < —\/mipz and cy, g > 0 with \E>| < ar,

e_ €
where v? @ — 4o0ase —

0+

(1) For B € (0, o) U (51, +00), 7: — V., strongly in Hga as € — 0%, where V,
is the least-energy solution of (S.). Moreover, ‘pl;ipﬂ —0ase — 0F.

is a least-energy solution of (P;). Moreover,

Proof. (i) By a similar argument to that used in the proof of Lemma 4.2 for 8 < 0,
we can show that either v = 0 or v = 0. By the scaling technique it follows from
Lemma 2.4 and a similar argument to that used for (2.16) that |[vg]|7, a(ray = C both

fori = 1,2. If ||vf||’£,,(R4) = o(1), then by the Sobolev inequality, 5 < 0 and V.
satisfying the system (S, ), we obtain that

le,sa > Z
which contradicts Lemma 2.4 and Proposition 7.2. Thus, we must have
2
Z Hvﬂlip(w) >C
i=1

If Hv1||Lp(R4) = o(1), then ||v2||Lp(R4) > C. By the Holder and Sobolev inequalities,
||1}2||L2(R4 > C. Since V. satisfies the system (S,) and 3 < 0,

—|—0

||Ui||i]R4 S ulHUﬂ|L4(R4) + 0(1)
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and
105113 00 < allv 112, gy + pialloS 1 ey + o(1):

By a standard argument, we deduce that either v§ — 0 strongly in H; g+ as e — 0T or
there exists 0 < s§ < 1+ o(1) such that
M1y e o4 L oo €€
|| 1”1”1 R T Z||51U1HL4(R4) 2 ms i s3v5 € Mo pa.
If0 < s§ <1+ o(1) such that ||s§ U1H1R4 — Bl U1HL4(R4) > 4“ &2 and s5v5 €
M3 ga, then by a similar argument to that used in Lemma 2.3 and 3 < 0,

6_4.75752,7*(?5) > 4\75 Q T( e© o c)
= leYE,T( Seo 75)

1 2!
> SlsTotl e = o llsTvil ey + Eapa (505)

> 8% dye,
4y '
which also contradicts Lemma 2.4. Thus, v§ — 0 strongly in H; g+ as ¢ — 07 in this
case. Since 8 < 0 and V. satisfies the system (S,), by applying Moser’s iteration as
in [8], we can show that v§ — O strongly in L9(R*) as e — 0T for all ¢ > 2. By
the classical LP estimate for elliptic equations and the Sobolev embedding theorem,
we also have that v§ — 0 strongly in C*(R*). Therefore, v$(0) — 0 ase — 07.
However, since p5 is the maximum point of u$, 0 is the maximum point of v¢. By
p > 2, it follows from g < 0 that

A07(0) < aq (v5(0))P 1 + pa (v(0))?, (4.8)

which implies v5(0) > C. This is impossible. Thus, we must have HU§||Z£F(R4) >
C. If we also have ||v§||1£p (R4) > (, then by the Holder and Sobolev inequalities,
||v§||%2(R4) > C for both ¢ = 1,2. Thus, since 8 < 0, there exists 0 < s{ < 1 such
that s§v; € M, g4 both for ¢ = 1,2. By a similar argument to that used in Lemma 2.3
and since 3 < 0, we obtain

5_4\75,Q,T(ﬁa) > 5_4\7E,Q,T(§>E o ﬁe)
= jﬂlwa,T(?s o v6)
2
> Z g’i,]R‘l (S v
i=1
2
> > digs (4.9)
1=1

. . S -
Combined with Lemma 4.1, this implies that 5. = 1 -+ o(1) and ||v§v§|\%2(R4) =
o(1). However, since ||v5 ||}, (ray = C in this scenario, by Lions’ Lemma, there exist
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{y5} C R* such that V. = (vi;,v5,) — Fo = (vf ;09 ;) weakly in Hgs as
e — 0T, wh_e)re vfigx) =v;(z + y?)gr i,j = 1,2. Moreover, v; # 0 fori = 1,2.
Let v_v>5 = V. — V. Then, Wzg — 0 weakly in Hps as ¢ — 0T. Since v?ﬁl £ 0,
by Proposition 3.2, V g is a solution of (S, ). Thus, by the Brezis-Lieb lemma and [13,
Lemma 2.3],

i

=
v

e Teor(We) = Jo, . 7(Ve) = Taar(Vo) + Teap(We) +0(1)  (4.10)

and
T p(W) WL = T (W) W2 = o(1),

where W! = (w$,0) and W2 = (0,w5). As above, we also have Jrs 7(W.) > 0.
Hence, by Proposition 3.1 and Lemma 4.2, it follows from 8 < 0 and Lemma 4.1
that v9 ; = 0. Hence, v{ ; is a solution of (Py). Since v{; > 0and v?, # 0, by
the maximum principle and a standard argument, we must have &; g4 (v?’l) > dj pa.
Similarly, vf , = 0and v3 5 # 0 with & g4 (v9 ) > do ra. Since [|[v7v5 172 ey = o(1),
by translation and a similar calculation in (4.9), we obtain that v; , — vg , strongly in
Higs ase — 07 fori = 1,2. Since 8 < 0 and V. satisfies the system (S4), by
applying a modified Moser’s iteration (cf. [8]), we can show that v ; is uniformly
bounded in L9(R*) for all ¢ > 2. Since vgl =0, v%l is also a nontrivial solution of
(P1). By the classical elliptic regularity, ”(1),1 € L>(R*). By Taylor expansion and
since 3 < 0, we obtain that w] = vf ; — v?’l satisfies the following equation:

—Aw§ + Aw§ < or(p— 1) (v + o) )P 72ws + 3pa (v, + 0] 1)*ws + o(1)

in R%. Since w§ — 0 strongly in H1 g4, by applying the Moser’s iteration as in [8],
we obtain that w{ — 0 strongly in LI(R*) for all ¢ > 2. It follows from [19, The-
orem 8.17] (see also [8, Lemma 4.3]) that v ; — 0 as [z| — +oo uniformly for
e. Since v (—y:) = vi(0), we obtain a contradiction. Thus, we must have that
||v§||’ip(R4) = o(1), which implies v9 # 0 and v§ = 0. Similarly, we can also show

that 90 = 0 and 79 # 0, where 35 — 30 weakly in Hga as ¢ — 07. Now, by Propo-
sition 3.1 and Lemma 4.1, we can easy to show that 7;‘ = (v5,05) — Vo strongly
in Hps as € — 07, where v? is a least-energy solution of (P;), ¢ = 1,2. However,
since 8 < 0 and V. satisfies the system (S, ), by applying Moser’s iteration as in [8],
we can show that 95 — 0 strongly in L4(R*) as ¢ — 0 for all ¢ > 2. By the classical
elliptic regularity, 75 — 0 strongly in C*(IR%). It follows from v5 () = v5(z + pg%pi)

E_, = . .
that w — 400 since v5 — 0in Hogs ase — 0.

(#4) The proof is similar to that of (i); hence, we only identify the differences.
Suppose that Hv§v§||2Lg(R4) = 0(1). Then, by a similar argument to that used in ()
for (4.9), it follows from Lemma 4.1 that B > Z?Zl d; ra, which contradicts Propo-
sition 3.1. Thus, we must have [[vfv5]|72gsy = C for B € (0,50) U (1, +00). By
applying Lion’s lemma as for (4.3), we can show that there exists {y*} C R* such that
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v$,(z) = v (x + y°) = o), weakly in H;ps as ¢ — 0T and vf ; # 0. Now, by
a similar argument to that used in the proof of Lemma 4.2 for § > 0, we obtain that
11871 # O0and v5; — 1181 strongly in H; g+ as e — 0. By applying a similar regularity
argument to that used in (¢), we obtain that vf ; — v, strongly £L>°(R*) N C'(R?) as
e — 0%, where £L2(R*) = L>®(R*) x L>(R*) and C}(R*) = (C'(R*))2. Since 0
is the maximum point of v§, we must have that v # 0, which implies |y¢| < C and
v9 # 0. By a similar argument to that used for (4.10), v§ — v strongly in H; g+ as
e — 0. Also, by applying a similar regularity argument to that used in (7), we obtain
tgat v§ — v? strongly in £2°(R*) N CH(R?*) as e — 0. Similarly, we also gl))tain that
V. — Vg strongly in £2°(R*) N C!(R*) as ¢ — 0, where both ¥V and Vv g are the
least-energy solution of (S, ). By the results in [4], it follows from 5 > 0 that Vo and
v o are both radially symmetric and monotonic. Recall that p; is the maximum point
of uf,i = 1,2, Thus, since 75 — 70 and 75 — 30 strongly in C!(R*) as e — 07,
we must have that 0 is the maximum point of v{ and v for all i = 1, 2. Suppose that
@ — +00. Then, since ¥5(z) = v§(x + B222), it follows from V. — Vo and
35 — 30 strongly in £°°(R*) as e — 07 that v9(0) = 0, which is impossible since

v§ > 0 in R* by the maximum principle. Thus, we must have 12| < C. Without

loss of generality, we assume that @ — po as € — 0T, We claim that py = 0.

Indeed, since v5 () = v5(x+ @), v3(z+po) = 09 (z) for all z € R?; in particular,
v9(po) = 0©9(0) and v9(0) = 29(—po). Since 0 is the maximum point of v§ and v,
we must have v§(0) = 29(0). It follows that vJ(py) = v9(0) and 29(—pg) = 09(0).
Since 9 is radially symmetric, we also have that 9(py) = ©9(0). Now, by iteration,

we obtain that v§(0) = v3(kpy) for all & € N. This is impossible if pg # 0 since

v9(kpo) — 0 as k — oo in this scenario. Now, set vV, = (v?,29). Since @ -0

ase — 0T, V. — Vo and 35 — 30 strongly in Hga N CH(R*) as e — 0, we have

that V: — V., strongly in Hgs N C'(R*) as ¢ — 0F. Moreover, by Ipigipi\ — 0 and
Proposition 3.1, V., is the least-energy solution of (S.). O

Proof of Theorem 1.2: It follows immediately from Proposition 4.1. o

5 Locations of the spikes as ¢ — 07
First, we study locations of the spikes for 8 > 0. Without loss of generality, we assume
that
dist(0, 9) = D = maxdist(p, 092).
pEQ

Then, D > 0 and Bp C 2. Let us consider the following system:

— 2 Auy + Mug = pyud + alu’ffl + Buduy in Bp,
— %2 Aug 4 Agug = ppul + asub ™! + Buuy in Bp, (89)

up,ug >0 inBp, u;=us=0 on OBp.
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Then, by a similar argument to that used for Proposition 2.1, we can show that (S?) has
N~ .
a least-energy solution u. for 0 < 8 < fp or 8 > 1 with Je gy, 7(Ue) = CoBp,T-
= .
Since Bp is radially symmetric and § > 0, by Schwartz’s symmetrization, u . is also
radially symmetric.

_ _ (1-0)y/Xile|
Lemma 5.1. For every sufficiently small ¢ > 0, we have U5 +¢|Vus| < Ce~ QF

with sufficiently small € > 0.

Proof. Since 35 is a solution of (S?), by the classical elliptic regularity theory, 35 €
= .
C*(Bp) = (C?*(Bp))?. It follows that u. = (u5,u5) € C*(Bn) with uS(x) =
U (ex). Moreover, ﬁ}g also satisfies the following system
— Aug 4 Mg = pud + ol 4 Buduy inBop,
— Aug + Aug = Mz’u,g + agugfl + BU%UQ inBo, (820)

ul,u2>0 inIBQ, Uy =ug =0 onOBo.
€ €

By a similar argument to that used for Proposition 4.1, u . — v, strongly in Hga N
L£°(R%) as ¢ — 0T, where ¥, is a least-energy solution of (S,). It follows from
Moser’s iteration as used in [8] and [19, Theorem 8.17] (see also [8, Lemma 4.3]) that

lim @] =0 uniformly for € > 0 sufficiently small.
|z|—+o0
Thus, since A; > 0, by using the maximum principle in a standard way, we obtain
that 7S () < Ce~(1=9)VXil#l with ¢ > 0 sufficiently small for every sufficiently small

- 1—0)y/Ailz|
o > 0. Therefore, u; < Ce~ <
— .
and . satisfies (S%9),

2wE) < @)+ @) < A

for % —-l<r< g with ¢ > 0 sufficiently small. By the results in [4], (u5(r))" < 0.

Thus, (a5 (r))” > 0. If (u$(2))’ < —C, then by the Harnack inequality, (a5 (r))’ <

Cu;(r) for 7 —1 < r < Z. Otherwise, by integrating the above inequality over

the interval [r, 2], we obtain (u$(r))’ < Cui(r) + Ce~(1=0)VXir [t follows that

|Vas| < Ce~(1=o)VAilzl with sufficiently small ¢ > 0 for every o > 0 sufficiently
_ (=o)/Alal -

. = . . .
. However, since u. is radially symmetric

small, which implies ¢|Vug| < Ce

Recall that dist(0, Q) = D = max,cq dist(p, 0£2). Then, we have the following
upper bound of ¢, o 7 with 8 > 0.

Lemma 5.2. Let § > 0 and € > 0 be sufficiently small. Then, for every sufficiently
small o > 0,
2
2(1—0)\/X; D
ceor <e'(B+ CZ e : )

i=1
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with 0 < B < Bg while

2
2(1—0)\/X; D
Ce, QT < 64(B, + Cz e B )
i=1

with 8 > (1.

Proof. Let ¢. be a smooth radially symmetric function such that 0 < ¢. < 1 and

1, .’IJEBQ_I;
e\ L) = °
?e(@) 0, xeR"Bo.

Set U, = (Uioe,Usde), where_)ﬁ* is a least-energy solution of (S,), which is
%

specified by Proposition 3.1. Then U, . € Hq,. Since U, . — ﬁ* strongly in Hpa
as € — 0, by a similar argument to that used in the proof of I;;cmma 4.1, we can show

L= 2 — - =
that there exits t . with t . — 1 ase — 01 such that t . oU,. € NQE’T. It follows
from Lemma 5.1 and a similar argument to that used for Lemma 2.3 that

B = Zwr(U)
> j]R‘l,T(?soﬁ*)

2
— s _ 2(1-0)y/X;D
Jo.r(te0U)=CY e = .

=1

V

By the standard scaling technique, we obtain

2
2(1—0)/2; D
cear < 54(B + CZ@‘ E )

i=1

for 0 < B < fp. Similarly,

2
2(1—0)\/2; D
cear <l (B + C’Ze* L )
i=1
for 8 > ;. O
Recall that W, is a least-energy solution of (S;) for 0 < 8 < 5y or 8 > S.

Lemma 5.3. Let 0 < 8 < By or 8 > 1. Then, for every sufficiently small o > 0, we

A=o)Aile=pfl _ ,
have u§ + e|Vug| < Ce~ : with sufficiently small € > 0 fori =1, 2.

Proof. Recall that v§(x) = u5(p5 +ex) and 05(x) = u§(p§+ex). By Proposition 4.1,
(v5,05) — ¥, strongly in Hgs N L2(R*) as ¢ — 0. It follows from Moser’s
iteration as used in [8] and [19, Theorem 8.17] (see also [8, Lemma 4.3]) that

lim of= lim 95 =0 uniformly for ¢ > 0 sufficiently small.
|z| =400 |z|—+o00
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Since A\; > 0, by applying the maximum principle in a standard way, we can show that
v§ < Ce—(=o)VAilzl  4nq o5 < Ce—(1=0)VXz2|z|

for all sufficiently small o > 0 with sufficiently small € > 0. Hence, by the standard

w for © = 1,2. By Harnack’s inequality,

(1—0)\/Xile—pS| . ]
we also have uf + ¢|Vu§| < Ce™ — with sufficiently small ¢ > 0 for
i=1,2. 0

scaling technique, u; < Ce™

Set Df = dist(p5, 012) for i = 1, 2. Then, Bp: (p§) C (2 for both i = 1,2. Without
loss of generality, by Proposition 4.1, we assume that D — Dy = dist(pg, 02) as
e — 0" withp = popase — 0% for0 < 8 < By or 8 > B1. As in [26], for § > 0,
we choose Df, < Dy + § such that

meas (B (po)) = meas (B, +3(po) 1 ).
We also choose &’ < ¢ such that D < Dy + ¢§’. Now, consider the following smooth
cut-off function
‘() = 1, for0<s<D5+d,
= 0, fors>D;+46

. = e e\ i
with 0 < nf < 1land |(nf)]| < C. Let u. = (u5,u§) with a5 = us(x)ns (|x — p5l).
Then by Lemma 2.3, Proposition 4.1 and Lemma 5.3, we have

_2(1_0),/Ai(vf+zs’)
€

2
Tear(®o) > Toar(T ot —C(¥)Y e (5.1)
i=1

for0 < 8 < B or B> f1. Here, C (?) is bounded from above if ¢ is bounded from

above. Let R, = DT? where 25‘{ is chosen such that
~ 1
meas(IBiﬁf (p7)) = meas(Bp:45(pi) NQ2) and Df > D]+ 55.
Moreover, by Schwartz’s symmetrization and since 3 > 0,

- =
Teor(t ou.)>e'Ts, 1(

Here, ;" is Schwartz’s symmetrization of 4$ in Bp. and Js,, 7(W) = T r(X0).

%
Tod..). (5.2)

Lemma 5.4. Let 5 > 0. Then, for every sufficiently small 6 > 0, we have

2
_ 2(140)/ 2 (D§+36)
Ccar > ef(B+C g e E

i=1

with 0 < 8 < By and sufficiently small € > 0 and

2
_2(1+<7),/,\1-(D§+%5)
cear >t (B +C E e :
i=1

with 8 > (1 and sufficiently small € > 0.
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Proof. The proof is similar to that of [26, Theorem 4.1]; therefore, we only sketch
it and identify the differences. By a similar argument to that used for Lemma 5.1, the

_>
system (S%9) has a radial least-energy solution v . . in Bp_ for 8 € (0, 8o)U(531, +00)
with ¢ > 0 sufficiently small. By Lemma 4.2, Bp_(p;) — R* as ¢ — 0T. Thus, by

a similar argument to that used for Proposition 4.1, v, . — V. strongly in Hga N
L*(R*) as e — 01, where V., is a least energy solution of (S,). It follows from
Moser’s iteration as used in [8] and [19, Theorem 8.17] (see also [8, Lemma 4.3]) that

/\51* p—

0 uniformly for € > 0 sufficiently small.

Now, since A; > 0, by using the maximum principle in a standard way, for every § > 0
sufficiently small, we have

Ce—(lﬂ-ff)m(ﬁ—l) <ot (Zﬁ _ 1> < Ce—(l—o)m(ﬁ—l) (5.3)

%
with & > 0 sufficiently small. Let us extend V . , to the whole space R* as in the proof

%
of [26, Theorem 4.1] and denote it by V . ... Then, V. .. € Hpa. Since p > 2, by a
similar argument to that used in the proof of [26, Theorem 4.1],

Far (V0 Ven) € Jop n(¥ 0 ¥en) = C(F) Y05 ( - 1) (5.4)

i=1
— o - . ,
forall t € (R")* and C( t') is bounded away from 0 if ¢; bounded away from 0 for

i =1,2. Since V., — v, strongly in Hga as ¢ — 0" and V., isa least-energy
solution of (S.), by a similar argument to that used in the proof of Lemma 4.1, there

.o R — - =
exists t. € (RT)? with t. — 1 ase — 0" such that t .0 V.., € Ngar for

- =
0 < B < fBo. In the case 3 > (1, we also have that t§ = t5 and t .o V. . € Nfu 1.
Therefore, by (5.4) and a similar argument to that used in the proof of Lemma 2.3,

for 0 < 8 < By and

2
= D:
B <o 2(3.) —02@?’*(1 - )

DE> 4
=1

for 8 > p1. However, also by a similar argument —t;) that used in the proof of Lem-
. - - ~
ma 2.3, there exists t. € (RT)* such that t.o Q.. € NBRE_,? for0 < B < fo.
- =
In the case 3 > f31, we also have that (¢7)" = (t5)" and t .o .. € Ny . By

.. . ... = —, -, + o
Proposition 4.1, it follows from the definition of u , that t . — tjase — 07 with
(t9) < 1 for both i = 1, 2. Therefore, the conclusion follows from , (5.1)~(5.3). [
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Now, we obtain the following:

Proposition 5.1. Ler € (0,50) U (81,+00). Then, Di — D as e — 0T for all
i=1,2.

Proof. By Lemmas 5.2 and 5.4, it follows from Proposition 4.1 that
2 2(1+0')y/ 2 (D§+36) 2 2(1—0)y/X;D
C’ Z e~ - <O Z e~ E )
i=1 i=1

Since o, 0’ and ¢ are arbitrary, lim inf,_, o+ D§ > D, which implies that lim,_,o+ D =
D. By Proposition 4.1, lim,_,q+ D5 = D. O

In what follows, we study the locations of the spikes for 5 < 0. First, we follow
the ideas in [34] to establish an upper-bound of c. o 7 for sufficiently small ¢ > 0. Fix
P € Q and let uf’P be the unique solution of the following equation

— Au+ )\Z’U, = MZ(U?)S + ai(viO)p—l in Qs,Pa
u>0 inQ.p, u=0 ondfk p.

where Q. p = {y € R* | ey + P € Q} and v{ is a least-energy solution of (P;), i =

1,2, which is specified by Proposition 4.1. Since Q. p — R*ase — 07, uj'" — 0¥

7
strongly in H; as € — 0. Let

_p vEP) .
wf’P(x)elog(s@?P(xe >) and V' =Tl i=12 (55)

where 5" = 9 — uS". Then, as in [34], since uS"" and v? satisfy (PS") and (P;)

for ¢ = 1, 2, respectively, 1/Jf’P and Vf’P respectively satisfy

eAYST — |VyS T2+ 0 =0 in Q,
_p PZ.E’P
Pt = —elog <v? <x>> on 9 ( )
5
and
AVEP NS =00 inQep, ~p
VP (0) =1, )
Set w5 (x) = ud” <””€P> Then, by (PSF), u5" satisfies
3 _
2 A ~€,P ~e,P __ 0,e 0, Pt .
—e"Au; + U =y vp | tailvp in Q, (fg7p)

P >0 inQ, @ =0 ondQ,

€

where v(.)’; =0 (’”—P> ,t=1,2. We also recall that

dist(0,09Q) = D = maxdist(p, 052).
PeEQ

38



Lemma 5.5. For ¢ sufficiently small, we have the following

W) 13712 = = (1o = (o))
)l ) = & (asl8lEa ey — (i + oD (O)).

P P
) T ey = = (o) — (i + o)1),
where v;,7; p and y; 4 are positive constants that are independent of €. Moreover,

dic.0 < *(di s + (ag + o(1))5 (0)),
where ag > 0 is a constant that is independent of ¢.

Proof. Since the proof is similar to that of [34, Lemma 5.2 and Proposition 5.1], we
only sketch it and identify the differences. By the well-known Gidas-Ni-Nirenberg’s
Theorem [20] (see also in [24, Theorem A]), v? are radially symmetric for ¢+ = 1,2. It
follows from p > 2 that

/]lh(aZ( )p ! + pi(v; ) )Vi*’o =7 >0,

/ aip(v; )p IV* 0= =Yip >0, (5.6)

R4

/ i (0))*VH0 =34 > 0,

R4

where Vi*’0 is the unique positive radial solution of the following equation
AV -V =0 inR* ~,
(P;°)

V(0)=1.

Since all the integrals in the proof of [34, Lemma 4.7] also make sense in our case, by
s similar argument with trivial modifications,

Jra (i@ + i (00)P)V; = i,
fR4 041 )p lv = Yi,p»
Jpa pi(09)? Vi =i,

where V; is an arbitrary solution of (75;k 0). However, by [26, Lemma 5.1], Vf’o — V0
strongly in H; as ¢ — 0% fori = 1,2 and

sup |e—\/Ti(1+o)\y|‘/'i6a0(y)| <C

yee
for any 0 < o < 1 and uniformly for sufficiently small €. Since all the integrals in the
proofs of [34, Lemmas 5.2, 5.3 and Proposition 5.1] also make sense in our case, by
similar arguments with trivial modifications and from (2 — p)a; (v9)? — 2u;(v9)? < 0
in R* (since p > 2), we obtain the conclusion. ]
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We make the following observation:

Lemma 5.6. For sufficiently small € > 0,

2 2

e e P P
/ i Py P = (1 4+ o(1) / o (9” B ) v3 ( B ) o
Q 3 3
Proof. With trivial modifications, the conclusion follows from a similar argument to
that used in the proof of (2) of [26, Lemma 5.2]. O

Now, as in [26], for every (Py, P») € 02, we denote

P\ |? P\ |?
I[P, P)] = / oY (m — 1) VY (gc - 2) dz
R4 3 £
and
2
0[P, Po] =Y o7 (0) + L [Py, Po].
i=1
Lemma 5.7. For sufficiently small € > 0,
C/e_w < 6P, Py < Ce_w
for sufficiently small o > 0, where
(p(Pl, Pg) = Iginz{mln{\/ )\1|P1 — P2|7 vV )\Z‘dist(‘PZ', 89)}} (57)

Proof. By [34, Lemma 4.4],

2(1+0)y/X;dist(P;,00) c. P
_ - N

< ;7 (0) < Cem

2(1—0)\/A;dist(P;,00)
€

!
€

(5.8)

for any 0 < o < 1. However, by a scaling technique and [8, Proposition 2.1], for any
0 < 6 < 1, there exists Cs > 0 such that

v? < Cée—u—amm. (5.9

Moreover, since v) satisfies (P;), by (5.9), we can apply the maximum principle in a
standard way to show that for any 0 < 6 < 1, there exists Cj > 0 such that

00 > Cje 1OVl (5.10)

for sufficiently large |z|. By translation, (5.9) and (5.10),

, 2(1+46) min;—1 o{y/X;|P1—P2|} 2(1=8) min;—1 2{/X;|P1 — P2}
€ €

e

SIg[Pl,PQ]gCe_ (511)

The conclusion follows immediately from (5.8) and (5.11). O

Now, we can obtain an upper bound for c. o 7 in the case 5 < 0.
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Lemma 5.8. Let ar be as specified in Lemma 2.2 and £ > 0 be sufficiently small.
Then, for

—/pipz < B < 0and ay,as > 0,
2. B < —\/uipz and oy, ap > 0 with |E>| < ar,
we have
2
2(1—0)p(P{,P)
Ce, QT < 64(2 di}]R‘l +ae Ea— )’

i=1
where P} satisfy o( Py, P5) = maxp, p,)eq? ¢(P1, P2).
Proof. Clearly, p(Pf, Py) > 0and P; # P;. Now, consider & .B. =@,
Then, we must have ﬁ: B.€ ’Hag. By Lemma 5.6 and (5.11), we also have that

||~€ P ~6 P2 ||L2 @ = 0(1) (512)

By (2.2) and since u?’P"* — v strongly in H;prs as € — 07, we can apply Miranda’s
=
theorem as for 7;(¢1,t2) in the proof of Lemma 2.4 to show that there exists t . €

. ~ * =
(R*)? with 0 < t7 < t;" suchthat t .o u_g € N, o, where

~E,Pi* 1
|| i, >

tE,* _ <
i ~g,P}
il ||L4 Q)

are bounded from above by a constant C' that is independent of €. By (5.12) and since

S

Py .
u;" " — v strongly in H; ga as € — 07, we also have that

e ~e,Pf ~&,P} ~¢e, P}
TTwill@s ™ sy = B21a" @ 2 ey > €*Cs 1@ [I7an) = €*C.

Thus, by applying the implicit function theorem as used for I‘”(T> 7) with § < 0 in

=
the proof of Lemma 2.3, we obtain that t te is umque Now, let us consider the system
T(T.7) = O, where T(€,7) = (I (€, 7), I»(t, 7)) with

~7,P}
Lt m) = (a2 g — ol

BT (2w ) 1200

e, P} e,
: HLP(Q i |t o H%‘I(Q)

? is of class C'* and ? t.,e)= 0 Moreover, as stated in the proof of Lemma 5.5,
all the integrals in the proof of [34, Lemmas 5.2] are well-defined in our case; thus, by
similar arguments with trivial modifications, it follows from Lemma 5.6 that

%
Li(t,7) = [t lFs — ailltiv? 17, gy — illtiv? [ Lso

— (vt} — tii(ts) + o(1 )) TP (0) = B3 (1 + o(1)) I[P}, P5],
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where o(1) is uniformly bounded and ¢;, +; are specified by (5.6) and
viti) = / (ip(to)P~ + 4gi (t09)*) V0.
R4

Since p > 2, y;t? — t;7;(t;) < 0 for t; > 1. Thus, by 3 < 0, we can extend the
functions T';( t ,7) to 7 = 0 as continuously differentiable maps for ¢; > 1. Since
p > 2, by applying the implicit function theorem, we obtain that

t2 =1+ 0(5.[P},Py]), i=1,2. (5.13)

Now, by similar computations as in [26, (5.15)] and Taylor’s expansion, we obtain that

=z =
Ce,Q,T < *7€7Q;T( teo us,?*)

g
= «TE,Q,T(§&BJ + Jg/,Q,T(ﬁaﬁ*) <( te— ?) °© ﬁ:,fﬁ)
=
+O(| t e T)

By Lemmas 5.5-5.7, (5.13) and (5.14), we obtain the conclusion. O

1%). (5.14)

Due to the criticality, we do not know whether the solution of (P;) in R* is non-
degenerate, we must establish the lower-bound of ¢, 1o for 8 < 0 using a different
approach from that in [26], which is inspired by [17]. Consider the following equations:

(P57

(2

— &2 Au+ Nu = piu® + oguP ! inB,,(P,),

u>0 inB,(P), u=0 ondB,,(P),
where P; € Q,i = 1,2, are two distinct points. By Proposition 7.2, (Pf’Pi) has a
solution u; p, that satisfies the following:

Eie By, (P)(Ui,p,) = dic s, (P)
and
u; p,(ey + ;) — vy strongly in H; g, (5.15)

where v! is a least-energy solution of (7;) and Eire B, (P) (u), die B, (P, are specified
by (7.6). Moreover, similar to the proofs of Lemmas 5.2-5.4, we also have

20+0)/Air di e B, (Py)
= < _HEPri\i)

2(1—a)\/A;7;
€ .
54

di7R4 + Ce™ < di,R4 + Ce™

where d; g4 is specified by (7.3) and o € (0, 1). For every by, b2 > 0, we also define

Dby bs (DT, P5)

. {\/)\151 + v A2by
=mimny ——————
b1 + b

(5.16)
195 — D51, v/ Madist (05, 09, \/Aadist (v, am},
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where pf is the maximum point of u§ and . = (u§,u§) is the positive solution that
is obtained by Proposition 2.1.

Lemma 5.9. Let ar be as specified in Lemma 2.2 and ¢ > 0 be sufficiently small.
Then, for 3 < 0 and \3\ < ar,

. 2 2(1+0)(0f, 4, (P5.P5) =)
Ce QT 2 € ( E dz’,R4 + Ce G ),

=1

where O(0) — 0 as § — 0 uniformly for e.

Proof. Since p > 2, it is standard to show that there exists ¢ > 0 such that £;u; €
M, c.q, where M, . o is spe01ﬁed by (7.5). Moreover, by Proposition 4.1, we also
have ¢ = 1+ o(1). Thus, since |@| < ap and 8 < 0, by Lemma 2.3, we obtain that

2
%
Ce,Q,T > jE,Q,T( te.o ﬁs) > Zgi,s,ﬂ<t UE)

i=1

D) 05 By 517

for sufficiently small ¢ > 0. By Lemma 5.3, similar to the proof of Lemma 5.4,

2(1+0)y/X;dist(pS,00)
dico > e*(dips + Ce™ ), =12, (5.18)

On the other hand, let p° be the point in Ay, 5, (5, p5) such that
T = p°l + P2 — p°| = Ipi — 153,
where Ay, b, (p5, p§) is defined by
Av, b, (1, p3) = {2 € Q| bilw — pi| = ba|x — p3|}- (5.19)

We re-denote |p; — p| by D;"*. For clarity, we divide the following proof into two
cases.
Case.1 Either

Dby by (P15 D3) \/>dzst (p5,00)

or
Sobl bo p17p2 \/ dlSt p27aQ

Indeed, since 8 < 0, by (5.17) and (5.18),

2
2(140)y/ A1 dist(p],092)
4 -
CeQT = € (E (d;rs + Ce c )
i=1
2 2140)0} . (p5.95)
4 _ bq,by \P1°P2
= € ( E di,R4 + Ce E
=1
VA1bi+vVAaba |, e €
Case.2 op , (p1,p3) = Y0722 [t — pil-
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By Proposition 4.1, for every 6 > 0, Bpe« 5(p;) C € for ¢ > 0 sufficiently
small. Now, let us consider the intersection I': = Bpe.- .5(p7) NBps~ .5(p3). Then,
e C Bpeyes(0f)\Bpes _5(pf). Since Df™ = 5L [pf — p|, by Proposition 4.1
_ (+0)/Xile—pf |

and a standard comparison argument, we obtain that u > Ce in I'.
with sufficiently small € > 0. It follows that
5 g > Ce 2= /RDT" =0+ VAa(D5 )
This, together with (5.17)—(5.18) and 5 < 0, implies
2
2(1+0)y/X1dist(p§,0Q)
Ce QT 2 54(Z(di,R4 +Ce™ =
i=1
4 Cem P VRDT =0+ Ra(D5 " —4)
2 20140) (¢} 5, (P1.95)—6)
= A i Ce
i=1
This completes the proof. O

Now, we can obtain the following:

Proposition 5.2. Let 3 < 0. Then, p(p$,p5) — @(Pf, Py) as € — 0%, where
o(P1, Ps) is specified by (5.7).

Proof. By Lemmas 5.8 and 5.9, it follows from Proposition 4.1 that

(1 — o) (e(P}, P3) = 9)
1+0’ '

im b, b, (P1,93) =
Since o, ¢’ and J are all arbitrary,
Jim g, 4, (05,02) > @(PY, Fy).

The conclusion is obtained by letting b1 — 0T or by — 0. O

Proof of Theorem 1.3: It follows immediately from Propositions 5.1 and 5.2. a
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7 Appendix

In this section, we will list known results that will be used frequently in this paper. Let
‘H; g4 be the Hilbert space I L(R%) that is equipped with the inner product

(u,v);rs = VuVv + \uvdz.
R4
1
The corresponding norm is specified by [|ul|; g+ = (u, u) 4. Define
1 Qg Hi
Eims(u) = 5 lullips — ;lIUIIip(W) = Il 2 sy (7.1

Then it is well known that &; g4 (u) is of class C?in H; 1. Set

M gs = {u € H; g \{0} | & ga(w)u = 0}. (7.2)
and define
di,]R4 = A}[I;i‘l Ei,]R4 (U) (73)

Proposition 7.1. 0 < d; ps < 4%_82 holds for both i = 1,2, where S is the optimal
embedding constant from H*(R*) — L*(R*), which is defined by

S = inf{||vu||2L2(R4) | ue Hl(R4)a ”uH%“(W) =1}

Moreover, d; s is attained by some U; gs € M, gs, which is also a solution of the
following equation

— Au~+ Nu = pud + auP ! in R, )
u > 0inRY, u— 0as |z| = +oo. '
Proof. See the results in [50]. ]

Let Q C R* be a bounded domain, \;, j1;,c; > 0(i = 1,2) constants, ¢ > 0 a
small parameter and 2 < p < 2* = 4. Let

2 Q4 P i 4
> % _ : 7.4
2o~ Sy ~ S ol (.4

1
Eiealu) = 5 [|u

Then it is well known that &; . o(u) is of class C?in Hi e Set

Mi757Q = {U S 7‘[1'7519\{0} | 51-/7579(11,)11, = 0} (7.5)
and define
dicq= inf &)E’Q(u), 1=1,2. (7.6)
i,e,02
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Proposition 7.2. Let ¢ > 0 be sufficiently small. Then, e*C’' < d; « o <3 82 —&tC

for both i = 1,2. Moreover, there exists ULE € M; ¢ o such that €i75,Q(UZ7E) =dic0
which is also a solution of the following equation:

u>0 inQ, u=0 ondQ, (Pic)

{ — 2Au+ \u = pu® + oyuP 7t in Q,

= 1,2, Moreover, U .(cy + ¢¢) — 00 strongly in H; gs as ¢ — 0% and {U; .}

is uniformly bounded in L> (), where ¢ is the maximum point of U; . and v) is a
least-energy solution of (P;).

Proof. By theresultsin [8],e%C’ < d; - o <3 82 e*C forbothi = 1,2. Regarding
the remaining results, we believe that they ex1st but we can not find the references;

thus, we will sketch their proofs here. We only present the proof for (P ) since that of
(P2,c) is similar. Once again, by the resultin [8], d1 . o < 4%52 —&*C for sufficiently
small ¢ > 0. Since p > 2, M, . o is a natural constraint. Hence, by applying the
concentration- -compactness principle in a standard way, we can show that (P; .) has a

least-energy solution Uz - that satisfies UZ c€EM;.qoand &, Q(UZ ¢) = dic 0. Now,

let us consider the functions UZ’E(Ey + ¢f). By a similar argument to that used for
Proposition 3.2, we can show that the only solution of the following equation is u = 0:

— Au+ Nu = pu® + oquP ! in Ri,
u >0 in]Ri, u=20 onBRi.

Thus, if Q;E — Ri ase — 07T, then by a similar argument to that used for Lemma 4.2,
4/1 1 S2 40 fore > 0 sufficiently small.
Hence, Q’; e R*ase — 01. Now, by the result in [8] and a similar argument to that

we can obtain a contradiction since d; .0 <

used in Case. 1 of the proof to Proposition 4.1, we can show that ﬁi,s(ey +¢f) = v)
strongly in H; g+ as € — 0T, where v} is a least-energy solution of (P;). The uniform

boundedness of {U; .} in L>(£2) can be obtained via standard elliptic estimates (cf.

[8,10]). O
Let
2, &2 2 i 4 B 2
L) = 3 (G IVulZmn - Elallbage) = 5wl 0D
i=1

Then Z. is of class C2 in D = DV2(R*) x DV2(R%). Set A, = infy, Z.(W), where
V.={UW eD|Z(d)d, =T,(d)d> = 0} (7.8)

with D = (D"?(R')\{0}) x (D"2(R)\{0}).
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Proposition 7.3. A, = ¢* A, holds. Moreover, A, = i&q + i&q for B < 0 and

A = %Szfor 0 < B < min{p, po} or B > max{uy, po} with k1, ke satisfying

{ pinky + Bk = 1, 79)

foks + Bk = 1.

Proof. See the results in [10]. O
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