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algebra on state dimension four and rank of one*
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ABSTRACT

Ever since the technique of Kalman-Bucy filter was popularised, finding new classes of finite dimen-
sional recursive filters has drawn much concern. The idea of using estimation algebra to construct finite-
dimensional nonlinear filters was first proposed by Brockett and Mitter independently in the late 1970s,
which has been proven an invaluable tool in tackling nonlinear filtering (NLF) problems. Once the estima-
tion algebra is finite dimensional, one can construct the finite dimensional filters (FDFs) for NLF problems
by Wei-Norman approach. In this paper, we give the construction of finite dimensional estimation algebra
(FDEA) with state space dimension 4 and linear rank equal to 1, and further obtain a new class of NLF systems
with FDFs. Importantly, we show that there is a class of polynomial FDF system in state space dimension 4
with linear rank one, but the coefficients in Wong’s Q-matrix are polynomials of degree two, or higher. In
particular, these are the first examples of polynomial filtering systems not of Yau type (i.e. the drift term is
not gradient plus affine functions) but with FDFs. Furthermore, we write down several easily satisfied suf-
ficient conditions for the construction of more special classes of FDFs. Additionally, we derive the FDFs for
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the proposed NLF systems by using the Wei-Norman approach.

1. Introduction

The NLF problem involves how to estimate the states of a
stochastic dynamical system from noisy observations, partially
or fully associated with the states. This problem is of central sig-
nificance in science and engineering, and has been widely used
in many fields including navigation, radar tracking, sonar rang-
ing, satellite and airplane orbit determination, and forecasting in
weather, econometrics and mathematical finance. Generally, the
filtering problem we consider is based on the following signal
observation model

dxt =f(xt) dt + G(xt) th,

(1)
d}/t = h(xt) dt + th,

where x; € R" is referred to as the state vector of the system
at time t, y; € R™ is the observation at the instant t. Assume
that {v;, t > 0},{w;, t > 0} are Brownian motion processes
taking values in R?, R™, with the covariance matrices Q(¢)
and S(t) respectively. We further assume that f : R” — R",
h:R" - R™ G:R" - R"P are C* smooth functions, and
n=p, Gis an orthogonal matrix. Moreover, yo = 0,and {v¢, t >
0}, {wr, t > 0}, the initial state xo are mutually independent.

In 1960, Kalman firstly devised a linear filtering that has
great impact on modern industry, which is so-called Kalman
filter (KF) (Kalman, 1960). One year later, the continuous ver-
sion of KF was investigated by Kalman and Bucy (1961). Since
then, the Kalman and Kalman-Bucy filter have been widely
used in science and engineering. However, the Kalman and

Kalman-Bucy filter have limited application due to the linear-
ity assumptions of the drift term f(x;) and the observation
term h(x;) with respect to the states x;, and with the Gaus-
sian assumption of the initial state xp. The main objective of
NLE in general, is to determine the conditional expectations,
or perhaps even to compute the conditional density p(x; | V)
of states x; based on the time history of observations (or fil-
tration) Vs := o {ys : 0 < s < t}. On the account that p(x; | J})
embodies all the statistical information of x;, such as its con-
ditional expectation, conditional covariance and all its high
order moments, it is clear that p(x; | J}) is the complete solu-
tion of the filtering problem. Whereas, the NLF problems is
an essentially more difficult problem since the existing opti-
mal filter is generally infinite-dimensional, i.e. the conditional
density p(x;|):) depends on all its moments. The success
of KF for the linear Gaussian estimation problem encouraged
many researchers to generalise Kalman’s results to nonlinear
dynamical systems, and the existing approximate filters for
NLF problems include the extended Kalman filter (EKF), the
unscented Kalman filter (UKF), the ensemble Kalman filter
(EnKF), particle filter and the splitting up method; see Crisan
and Lyons (1999), Gillijns et al. (2006), Kan (2008) and Wan
and Van der Merwe (2000). All of these methods have their own
deficiencies. UKF and EnKF shall need to assume that the prob-
ability density of the states is Gaussian. Since re-sampling step in
PF is applied at every iteration, which leads to a rapid shortfall
of diversity in particles, PF could be heavy computational load
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and is sensitive to outliers. Moreover, PF are more applicable
at low-dimensional and moderate high-dimensional systems,
while PF has obstacles to high dimensional cases shown by Bud-
hiraja, Chen, and Lee (2007). However, the splitting up method
requires G and & in the system (1) to be bounded, which even
excludes the linear case.

It is shown in Kushner (1967) that p (x; | ;) satisfies an It
stochastic differential equation (SDE), which is called Kush-
ner’s equation. After suitable change of probability measure, the
unnormalised conditional density o (x; | ;) satisfies a linear It6
SDE, which is the so-called Duncan-Mortensen-Zakai (DMZ)
equation (Duncan, 1967; Mortensen, 1966; Zakai, 1969). Appar-
ently, solving DMZ equation for general dynamic systems is
the more preferable one. And the solution to the Kushner’s
equation p(x¢|)s) and that to the DMZ equation o (x; | V)
is one-to-one correspondence. During the last few decades,
various approaches are available to directly or numerically
solve the DMZ equation for general NLF problems. The idea
of estimation algebra method to directly and globally solve
DMZ equation originated from the Wei-Norman approach
(Wei & Norman, 1964), which took advantage of the Lie alge-
braic method to solve time-varying linear differential equations.
This idea is due to Brockett (1981), Brockett and Clark (1980),
and Mitter (1979) independently. More details about the
Wei-Norman approach and its connection with the NLF prob-
lems can be seen in Dong, Tam, Wong, and Yau (1991) and Tam,
Wong, and Yau (1990) and the survey article Marcus (1984). The
most important advantage of the estimation algebra approach
for NLF problems is that as long as the estimation algebra is
finite-dimensional, not only can the finite dimensional recursive
filters be constructed, but also the filter so constructed is uni-
versal in the sense of Maurel and Michel (1984). When applying
the Wei-Norman approach to the NLF problems, however, we
need to explicitly know the basis of the Lie algebra generated by
the operators of the DMZ equation in order to reduce the DMZ
equation to a finite system of ordinary differential equations
(ODEs), Kolmogorov equation, and several first-order linear
partial differential equations (PDEs). In Wong (1987), the non-
linear filtering system (1) with states valued in R? is considered,
where the components of f (x) are defined by f1 (x) = x; + x2 +
x3 + Y (x1, %2, %3), f2(x) = x1 + x3,f3(x) = x2 — x3 respectively
and the observation valued in R! with h(x) = x, — x3, where
y is a C* function with a bounded, non-zero first derivative
and v = (v1, v, v3) and w are independent, standard Brownian
processes. As is shown in Section 2.1, the FDEA of this filter-
ing system is a four-dimensional Lie algebra with basis given
by {Lo, Dy — D3,x2 — x3, 1}. Therefore, it is very meaningful to
clarify the classification of FDEAs in order to construct FDFs
for NLF problems.

For the classification of FDEAs with maximal rank, in a
series of research works (Chen & Yau, 1996; Chiou & Yau, 1995;
Tam et al., 1990; Yau, 1994, 2003; Yau & Hu, 2005; Yau, Wu,
& Wong, 1999), Yau and his co-workers have completely clas-
sified all FDEAs of maximal rank with arbitrary state space
dimension, which included both Kalman-Bucy and Benés fil-
tering systems as special cases (Yau & Hu, 2005). One of the key
steps that Yau and his coworkers were able to classify all FDEAs
with maximal rank, is that they were able to show that Wong’s
Q-matrix is a matrix with polynomial degree 1. When the rank

of FDEA is not maximal, the problem is still open. Wu and Yau
have classified FDEAs of non-maximal rank with state dimen-
sion 2 (Wu & Yau, 2006). Recently, Shi et al. give new classes of
FDFs for state dimension 3 and linear rank 1 (Shi, Chen, Dong,
& Yau, 2017), in which the Wong’s Q-matrix is unnecessary to
be a constant matrix. In Shi and Yau (2017), the authors con-
sider FDEAs with state dimension 3 and linear rank 2, where
the main theorem says that if E is the FDEA of system (1) with
state dimension 3 and linear rank 2, then the Wong’s Q-matrix
has linear structure; i.e. all the entries in the Wong’s Q-matrix
are degree 1 polynomials at most.

In this paper, we find a novel class of FDF systems for NLF
problems by estimation algebra method, and especially obtain
a new class of polynomial filtering systems with FDFs. Firstly,
we give the construction of FDEA with basis of {Lg, D1, x1, 1} in
state space dimension 4 and linear rank equal to 1. For the con-
struction of more special classes of NLF systems with FDFs in
state space dimension 4 and linear rank equal to one, we write
down several easily satisfied sufficient conditions in Section 3.
More importantly, we shall show that there exists a polyno-
mial filtering system in state space dimension 4 with linear rank
one, but the coefficients in Wong’s 2-matrix are polynomials of
degree two, or higher. In particular, these are the first examples
of polynomial filtering systems not of Yau type (i.e. the drift term
is not gradient plus affine functions) but with FDFs. Moreover,
we derive the explicit solution for the robust-DMZ equation by
using the Wei-Norman approach, which solution is the FDFs
for the proposed NLF systems. This derivation is presented in
the main theorem of Section 4.

The paper is organised as follows: In Section 2 some basic
concepts about estimation algebra and NLF problem are pre-
sented. In Section 3 new classes of FDF systems and structure
results of estimation algebra in state space dimension four with
non-maximal rank are exposited. In Section 4 the FDFs for
the robust-DMZ equation of the proposed NLF systems are
derived by the Wei-Norman approach. And we finally arrive at
conclusion in the last section.

2. Basic concepts and preliminary results
2.1 Ducan-Mortensen-Zakai’s equation for NLF problem

In the filtering problem, the infinitesimal generator L* of the
state {x;, t > 0} defined in the system (1) is considered,

0 = 1 3606 6 xny o 4 i 22
T2 4 ok A o
i,j=1 i=1

where f; and x; are the ith component of the vector-value func-
tion f and the vector state x;, respectively. The filtering problem
is then able to be interpreted as how to find a recursive or
finite-dimensional method to compute the conditional density
of states x; with the filtration )y, i.e. p(x; | V).

Under certain mild conditions, the unnormalised condi-
tional density o (x; | V) of states x; given observations ) for the
system (1), defined as o (t,x) := o (x¢ | J;) for simple notation,
satisfies the DMZ equation (Duncan, 1967; Mortensen, 1966;
Zakai, 1969)

do(t,x) = L(o(t,x)) dt + o (t, x)h " (x)S~L(t) dyy,
0 (0,x) = op(x),

()



where oy (x) € C°(R") is the probability density of the initial
state xo, and L is the adjoint operator of L*, i.e.

1« 02
Zaxax

The normalised conditional density p(x;]);) is then given by

L(o) :=

"~ 3(f0)
[(GQGT )ijo] _Z;a_xz 3)

o (t,x)

ol | V) = m-

Remark 2.1: The covariance matrices Q(¢) and S(¢) of Brown-
ian motion processes {v;, t > 0}, {w;, t > 0} respectively in the
nonlinear model (1), without loss of generality, are assumed to
be identity matrices in the sequel.

In the subsequent sections the aim is to solve the DMZ
equation (2) for the NLF problems. The DMZ equation (2) can
be equivalently expressed as the following form

do (t,x) = Loo (t,x) dt + Y 1" | Lio (¢, x) dyi(1),

o (O> -x) = 0y (x), (4)

where Ly is the second-order differential operator defined as

1 SN afi 1
Lozzzga—x%—;ﬁ-a—;———z}z (5)

and L; is the zero-order differential operator of multiplication
by hj,fori=1,...,m

For each arrived observation, taking an invertible exponen-
tial transformation (Davis & Marcus, 1981)

u(t,x) = exp [—hT(x)S_l(t)yt] o (t, x), (6)

u(t, x) satisfies the following ‘pathwise-robust’ DMZ equation
(7) which involves y; only in the coefficients of the PDE.

Lut,x) = Lout, ) + 1 yi(D)[Lo, Lilu(t, x)
+3 30 eri1)/i(t)J’j(t)[[L0aLi];Lj]u(tax)a (7)
u(0,x) = op(x),

where [, -] is the Lie bracket. Furthermore, the estimation alge-
bra E of a filtering problem (1), specifically associated with
the robust-DMZ equation (7), is defined to be the Lie algebra
generated by {Lo, L1, ..., Lpn}.

2.2 Preliminaries

Definition 2.1: If X and Y are differential operators, the Lie
bracket of X and Y, [X, Y], is defined by [X, Y]¢ = X(Y¢) —
Y (X¢) for any C* function ¢.

Definition 2.2: A vector space F with the Lie bracket operation
F x F — F denoted by (x, y) +> [x, y]is called a Lie algebra if

the following axioms are satisfied

(1) The Lie bracket operation is bilinear;
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(2) [x,x] =0forallx € F;
3) [x 2l + s [z x]] + [z, [%,y]] = 0 (x, 3,2 € F).

Definition 2.3 (Wong, 1987): The Wong’s Q-matrix is the

matrix Q = (wjj), where
ofi  0f;
w;jzi—i, V1<i, j<n
3x,' 3x]'

+ awk’ 4 o _ =0, for

Obviously, €2 is skew symmetric and T

every 1 < i,j,k < n.If we define

3 n 8f n m
J Y o —_ ~Jr 2 2
D= —fo n=) gt Y ®
i=1 i=1 i=1

then we have a more compact form of Lo,
1 n
—5<ZD?—n). (©)
i=1

Definition 2.4: Let U be the vector space of differential opera-
tors in the form
i1 i '
A= ail,iz,...,inDllDzz e D;”,

2

(i15i25..in) €17

where nonzero functions a;,;, i, € CCR"), I4 = {(iy, iz,

..»in)} is the finite index set of A and i; are nonnegative inte-
gers. The order of A is denoted by ord(A) := max;ej, |i|, where
ii= (i in)s [ = 20 .

Remark 2.2: Let Ui be the subspace of U consisting of the
elements with order less than or equal to k, where k < 0. In
particular, Uy := C*®(R").

Lemma 2.5 (Wu & Yau, 2006, Lemma 3.1): Let g,h e
C®@®R") andletiy,...,inf1,. . .,jn be nonnegative integers with
Yoir=12 L j1=s, andr+s > 2. Let 8 be the kronecker
symbol, then

(gD ...Din)hpfl ...DI"]
a . . . .
B I
= X
mod Uy4s—». (10)

Remark 2.3: Here, (-) mod Uj represents a member of the
affine class of operators obtained by adding members of U to
the argument. Generally, mod is used to denote the equivalence
class, i.e. if Uj is a subspace of U,

A=B mod U< A—BeU.

Remark 2.4: We give an example to illustrate how to obtain the
estimation algebra with finite dimension, once the NLF system
is given.
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In Wong (1987), the following filtering system defined in R3
is considered,

dxi (1) = (x1 +x2 + x3 + ¥ (x1, %2, x3)) dt + dv1 (),
dxz(t) = (x1 + x3) dt + dva (1),

dxz(t) = (x1 + x2) dt + dv3(2),

dy(t) = (x2 — x3) dt + dw(p),

(11)
where y is a C* function with a bounded, non-zero first
derivative and v = (v1, v2, v3) and w are independent, standard
Brownian processes.

Then its corresponding Wong’s 2-matrix and drift terms are

0 -1 -1
Q=11 0 0
1 0 0

Y (x1 + % + x3),

fi(x) = x1 + x2 + x3 + Y (x1, %2, X3),
f(x) =x1 +x3,

f(x) = x1 +x2, (12)
h(x) = X2 — X3,
0 .
Dizf—ﬁ(x), 1<i<3,
1 2
=3 ZD o
where
3 o
1
=;—xl+2f, + h(x)?
=14y (x1 +x2 + x3)
4+ [x1+x +x3+ Y +x2 —|—x3)]2
+ (1 4+ x3)% + (61 +x2)2 + (2 — x3)% (13)

According to the Definition 2.1 of Lie bracket, (9) and
Lemma 2.5, it is easy to compute that

[L03h(x)] = [L07x2] - [LO,X3] = D2 - D3a
and
[Lo, Dy — D3] = [Lo, D2] — [Lo, D3]
3
1 dwy; 1 dn
fr— D' — ——
P <(1)21 i+ 2 dx; ) 2 0x,

1 361)21 1 377 1 861)31
= wy Dy + = -1 -
e 2 8x1 2 0x; LTS 0x1

1 an
2 0x3
1 an 1 dn
=L " 30— x9). (14)

Therefore, the estimation algebra E of this filtering system (11)
is a four-dimensional Lie algebra with basis given by {Lg, D, —
D3) X2 — x3$ 1}

3. Novel classes of NLF systems with FDFs
3.1 The derivation of a new class of FDF system

Definition 3.1 (Wu & Yau, 2006, Definition 3.4): LetL(E) C E
be the vector space consisting of all the homogeneous degree
one polynomials in E. Then the linear rank of estimation algebra
E is defined by r := dim L(E).

In this section, we consider the finite dimensional NLF systems
which is constructed from the non-maximal rank estimation
algebra, denoted by E, with state space dimension of four and
linear rank equal to 1.

Lemma 3.2: Assume E with state space dimensionn=4 andr =
1, without loss of generality, we may assume that there exists con-
stant ¢y, such that x1 + ¢; € E, and for any constants Cj» Xj +¢j ¢
E, 2 <j < 4, then we have

[Lo,x1 4+ c1] = D1 € E,

[D1,x1 +¢c1]=1€E,

(Lo, D1] = w12D2 + @13D3 + w14Dy

(15)
mod Uy € E.

Proof: According to the Definition 2.1 of Lie brackets, the
compact form of the two-order differential operator Ly and
Lemma 2.5, it can be computed that

4
1
|:5 (ZD,Z - TI) , X1 + C1i|
i=1

1
= E[D%;xl + ¢l

[LO) X1+ Cl]

= Dl € E, (16)
since Ly € E. Furthermore,
[Di,x1 +ca]l=1€E (17)
Y1 :=[Lo, D1]
A
2
i=1
1 8w12
= w12D) + w13D3 + w14Dy + - —
2 axz
10w 10w 10
_dos | Z00u T on cE
2 8x3 2 8x4 2 8x1
= wi2D> + w13D3 + w14Dy mod Uy € E.
(18)
where Uy = C*(R"). |

Remark 3.1: On the assumptions of Lemma 3.2, it is noted that
Pi(x1) C E, where P;(x) is degree one polynomial of x;.



Lemma 3.3: Under the assumptions of Lemma 3.2, if in addition,
we impose the following conditions:

(i) w12 =wi3 =wi =0,
(i) 1 =Py(x1) + ¢ (x2,x3,%4),

where P, (x1) denotes the polynomial at most degree two with
respect to x1, then the estimation algebra E is finite dimensional
with basis given by {Lo, D1, x1, 1}.

Proof: This conclusion can be arrived at easily. From Lemma
3.2, we can know that Ly, Dq,x1,1 € E. Since wi; = w13 =
w14 = 0 and n = P(x1) + ¢ (x2,x3,x4), then Y7 = 0, and fur-
ther 0 mod Uy € E means that E contains affine function of x;
at most. Therefore, the estimation algebra E is formed by the
basis of {Lg, D1, x1, 1}. [ |

Next we construct a class of NLF system which satisfies the
conditions all above. By condition (ii),

4

=2 (e

i=1

(19)

)i

is degree 2 at most with respect to x;, then we may assume that
fi’s are polynomials at most degree 1 of x;, i.e. we assume that
forl <i<4,

fi = ai(x2, X3, x4)x1 + @i(x2, X3, X4), (20)

where a;(x;,x3,x4) and ¢;(x;,x3,x4) are C* functions of
X2, X3, 4. By condition (i), we have

o N day 1
= = —— = —_ —_— _— = 0,
@12 8x1 3)(72 @ 8x2 ¥+ 8x2
d d d d
w13=£—i az — ﬂxﬁ-ﬂ =0, (21)
8x1 8x3 8x3 8x3
d d d d
a)14:£_i=a4_ ﬂxl ¢1 :0)
0x1 0x4 RE ax4
hence we have
8&1 _ 3(11 _ 3(11 _
d d dxg
X2 X3 X4 (22)
I a1 a1
=4y o —— = a4.
8x2 3)(73 3)64

From (22), we know that a; must be a constant. Now

4

=R () L

2 2
— (ax 4+ 6 + <?x1 + ¢2) + <%x1 +¢3>
X2 0 X3

INTERNATIONAL JOURNAL OF CONTROL e 5

2
da d
+ ﬂxl—i-qm +a1+—2x1+ﬂ
0X4 ax2 0x)

8¢4 S th

91
dx 2

3(13
Al

3X3

8(14

ad
3¢5 | a4

0x3 8x4

= (2:1: a,-z) 24 (2 > i+

32¢1
8x§

32
+ (121 ) X1
0xy

8¢4 - 2
SR

(23)

Since the estimation algebra has linear rank 1, we assume that
hi, 1 < i < m are degree one polynomials of x;. Now condition
(ii) implies:

(a) (gle + (3¢1 )+ (3"{71 )2 is a constant;

(d) h;, 1 <i<mare degree one polynomials of x;;
(c) the following expression:

3 d d 2
2aid+ 225+ 2 50+ 2+ O
X4 8x2
32 32
+ —¢21 + —¢21 (24)
0x5 0xy

is a constant.
To summarise, if the following conditions are satisfied,

(Cl) fi=ami+¢i 1 <i< 4

91 _ I _ 91 _ .
(CZ) 3x2 az, 39(3 — U3, 9xs ag;
(C.3) aj isa constant, and Z? 1 a2 isa positive constant;

2a1¢1 +2 Y1, 6 1"‘21 283¢1

hi, 1 <i < mare degree one polynomlals of x1;

(C4)
(C.5)

is a constant;

then the conditions (i) and (ii) are satisfied, and the corre-
sponding estimation algebra E is finite dimensional with basis
{Lo, D1, x1, 1}. Moreover, the system (1) satisfying these condi-
tions shall possess FDFs, which will be concretely illustrated by
Section 4.

3.2 Special classes of polynomial NLF systems with FDFs

Special classes of polynomial systems with FDF are constructed
which satisfy these conditions above. Without loss of gen-
erality, we may assume that the observation term is valued
in R!, namely h(x) = cx;, ¢ is a constant and G(x) is an
identity matrix. These assumptions are satisfied by all special
classes of polynomial NLF systems constructed in the following
sequel.

Example 3.4: Let all the a;’s be constants, for example, we take
ar=1, ap =1, a3 =1, a4 = 1, then condition (C.3) is satis-
fied and from (C.2) we can assume that ¢; is a degree at most
1 polynomial of x7, x3, x4. Thus we can take ¢; = x2 + x3 + x4.
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Now the condition (C.4) which says

4 4 4

2
2a1¢1+22¢18"’1 Za 7 —2Z¢i+2%
i=2 i

i=1 j=2

is a constant can be easily satisfied. If we take ¢y = —x — 6x3 +
3x4 — xg +xi + xx3,  ¢3 = —x3 — 3x4 — xg —xi — Xpx3 +
X3X4, Pg = 6X3 — X4 + xg + xg — X3X4, then the condition (C.4)
is satisfied. Condition (C.5) is easily satisfied by letting the
observation term hj(x) =bjx1 +¢, 1 <j<m, where b G ’s are
constants. Now the Wong’s Q-matrix is given by

0 0
Q- 0 0
o 3x§—3x§+x2+x3—6
0 —3x5 +3x5 +3
0 0
—3x§+3x§—x2—x3+6 3x§—3xﬁ—3
0 3x§+3xﬁ—x3—x4+9
—3x3 =32+ X3+ x4 —9 0
(25)

andn = 4x% + y (x2, x3, x4), where y (x3, X3, x4) is the C* func-
tion of x,x3,x4, then the estimation algebra corresponding
to this class of NLF system is finite dimensional with basis
given by {Loy, D1, x1, 1}. It is apparent that the entries of Wong’s
€2-matrix (25) are polynomials of degree two at most.

Then we can get the signal observation system (1) shown as:

dx1 () = (x1 4+ x3 + x3 + x4) dt + dvy (8),
da () = (x1 — x2 — 6x3 + 3x4 + X2%3 — X3
+x3) dt + dva (1),
do3(t) = (1 — x3 — 3x4 — X2X3 + X34
—xg — xi) dt + dvs (),
dxs(t) = (x1 + 6x3 — X4 — X3X4 + x% + xg) dt + dvy(t),
dy(t) = cxp dt + dw(t),

(26)
where v(t) = (v1(8), ..., va()) " and w(¢) are mutally indepen-
dent, standard Brownian motions.

Let us give another example to explain that the Wong’s Q-
matrix can be higher degree polynomials, not just as Exam-
ple 3.4 showed that the Wong’s 2-matrix is polynomial of degree
two.

Example 3.5: If

(1) let all the a;’s be constants, for instance, we take a; =
1, a =1, a3 = 1, a4 = 1, then condition (C.3) is satisfied;

(2) for condition (C.2), we may assume that ¢, is a degree at
most 1 polynomial of x3, x3,x4. Thus we take ¢; = x; +
X3 + X435

(3) set ¢ = —xz x3 + x4 +x2x3, o3 = —x3 g xZ +
xgxi — x2x3, Py = —x4 + x2 + x3 — x3x4, then the condi-
tion (C.4) is easily satisfied;

(4) condition (C.5) is easily satisfied by letting the observa-
tion term hj(x) = bjxl +c, 1 <j<m, where bj, cj’s are
constants;

Now the Wong’s Q2-matrix is given by

0 0
Q. 0 0
— 1o 2x3 + 8x2x3 + Sx2 - 7x3
0 8x2 + 7x4
0
—5x2x3 — 89(2963 - 8x2 + 7x3
0
6x3x4 + 3x3x4 — 7x3 — 7x4
0
8x2 — 7x4
27
—6x3x4 — 3x3x4 + 7x3 + 7x4 (27)
0

andn = 4x% + v (x2, x3, x4), where y (x2, X3, X4) is the C* func-
tion of x7, x3, x4, then the estimation algebra corresponding to
this class of NLF system is finite dimensional with basis given
by {Lo, D1, x1, 1}. It can be noted that the Wong’s 2-matrix (27)
is polynomial of degree higher than two.

Therefore, the signal observation system (1) is obtained as
follows:

dx; (1) = (x1 + x2 + x3 + x4) dt 4 dvi (8),

dxr(t) = (x1 — x — X3 + X4 + x2x3) dt + dv, (1),

dxs(t) = (x1 — x3 — xg — x4 + x3x4 — x2x3) dt + dvs (),

dxs(t) = (67 — x4 + x2 + x3 — x3x4) dt + dvy(t),

dy(t) = cx; dt + dw(t),

(28)

where v(t) = (v (t),...,v4(t))" and w(t) are independent,
standard Brownian motions.

Generally, we can construct an arbitrary degree polynomial
NLF system, which satisfies all conditions above, while the
Wong’s Q-matrix can be any degree polynomials. For Vk > 1,a
NLF system can be established as follows.

Example 3.6: We give the following NLF system which satisfies
all conditions above, and its Wong’s Q-matrix can be any degree
polynomials for any given positive integer k > 1.

The signal observation system (1) shall be specifically
expressed as:

dx;(t) = (x1 + x + x3 + x4) dt + dvy(t),
dxy (1) = (x1 — x2 — X3 + X4 + X§+1 k+3) dt + dv, (1),
dxs(t) = (%1 — x3 — k“ — x4 + x§+5x§

—xit k+3)dt+ dV3(t)
dxs(t) = (x1 — x4 + xk+2 + x3
dy(t) = cx; dt + dw(s),

KOy de + dvg(t),

(29)
where v() = (v (D),...,va(®))T and w(t) are independent,
standard Brownian motions.



It is easily to verify that the Wong’s 2-matrix is as follows:

0 0 0 0
. 0 0 w73 w4
2= 0 —w3 0  wul]’ (30)
0 —wy —wiy O
where a)23 =—(k+ Zv)xk'H k+2 —(k+ 1)x§x§+3 (k+2)
k+1 —I— kx , wy = (k+ Z)XIZH_I kxlj_l, w34 = —kx§+5

— (ke + 5) T kb 4 R

Remark 3.2: For the Example 3.6 above, it is easily illustrated
that it satisfies all the conditions (C.1)-(C.5). Without loss of
generality, let all the a;’s be constants, for instance, we take a; =
1, ap =1, az = 1, a4 = 1, then condition (C.3) is satisfied and
from (C.2) we can assume that ¢; is a degree at most 1 polyno-
mial of x, x3, x4. Thus we can still take ¢1 = x; + x3 + x4. Now
the condition (C.4) which says

4

52 4 4 a2
za1¢1+22¢13¢1 Z ¢1 quﬁz%
i=1 j)

j=2

isa constant can be easily satisfied. For example, if we take ¢, =
k+2

—Xp — x3 + x4+ x]2‘+1 k+3,¢ —X3 — X, x4 + x§+5 ]j
k+1 k+3 s P4 = —x4 + x]fr2 + ok — k+5 xk, then the condition

(C 4)i 1s satisfied. Condition (C.5) is easﬂy satisfied by letting the
observation term hj x) = bjxl +c,l <j<m, where bj, cj’s are
constants.

And further let n = 4x% ~+ y (x2, x3, x4), where y (x2, X3, X4)
is the C* function of x7, x3, x4, then the estimation algebra cor-
responding to this class of NLF system is finite dimensional with
basis given by {Ly, D1, x1,1}. It can be noted that the Wong’s
Q2-matrix (30) can be polynomial of degree higher than k.

In this section, we obtain a new class of NLF system with FDF,
especially a set of polynomial filtering system, when we consider
the FDEA on state space dimension of four with non-maximal
linear rank of one, whose basis is formed by {Lo, D;,x;,1}.
Moreover, as presented in the polynomial systems above, it is
notable that the coeflicients in Wong’s £2-matrix are shown not
to be constant, even not necessary to be a polynomial of degree
one.

In some sense, the coefficients in Wong’s Q-matrix which
are polynomials of two, or higher can be seen as higher non-
linearity of the filtering systems. The previous results for non-
maximal rank cases are shown that the coefficients in Wong’s
2-matrix are polynomials of degree at most one. However, we
find a class of polynomial NLF system with FDF, but the coef-
ficients in Wong’s ©2-matrix are polynomials of two, or higher.
Therefore, we find a class of highly nonlinear FDF system in this

paper.

4. The construction of finite dimensional filters by
Wei-Norman approach

4.1 Wei-Norman approach

Before we proceed, we briefly introduce the Wei-Norman
approach (Wei & Norman, 1964) which was first introduced to
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solve the linear PDEs by Lie algebra. Suppose that the linear
operator A(t) can be expressed in the form

m
A(t) = Zai(t)Xi, m is finite,
i=1

(31)

where the a;(t) are scalar functions of time, and X1, X5, ..., X
are time-independent operators. We shall denote the G as the
Lie algebra generated by X;,X>,. .., X, under the operations
of the Lie bracket, and further assume G is of the finite dimen-
sion [, thus without loss of generality, we may assume that
X1,X5,...,X; form the basis of G, then there exists a neigh-
bourhood of t=0 in which the solution of the differential
equation

4 _ sz v =1 (32)
i ®»zZ, U0 =
can be expressed in the form
Z(t) = exp(s1(H)X1) exp(s2(H)X2) - - - exp(sy(DX1),  (33)

where the s;(t) are scalar functions of time ¢, and I is identity
matrix. Moreover, the s;(t)’s satisfy a set of differential equations
which depend only on the Lie algebra G (i.e. the basis of G), and
the a;(t)’s.

4.2 The construction of FDF for the new class of NLF
system

In this section, we use the structure results of Section 3 to
derive FDFs explicitly for the robust-DMZ equation by the
Wei-Norman approach, if FDEA is considered with the state
space dimension # = 4 and with non-maximal linear rank r = 1.
The main theorem is presented as follows.

Theorem 4.1 (Main Theorem): Suppose that the state space
of the NLF system (1) is of state dimension four and the
FDEA is denoted as E with non-maximal linear rank 1. With-
out loss of generality, the basis of E is given by {Lo, D1, x1, 1}.
Furthermore, we assume that the NLF system (1) satisfies the
conditions (C.1)-(C.5), G is an identity matrix, n = azx% +
a1x1 + ao(x2,x3,%4), and h; = cix1 + cjo, 1 < i < m, where
Ci1» Cio> A2, A1 are constants and ag(x2, x3, x4) is a C*> function of
X2, X3, X4. Then its robust-DMZ equation (7) has a solution of the

form
u(t,x) = o0 o (Dx1 or2(HD1 etLOO'o,

where 1;’s satisfy the following ODEs for all t > 0,

r(t) = axra(t),

R =r®+ Y _ cyi(®),

i=1
1’1(1‘)2

ro(t) = 2(t)2 + aﬂz(t)

1
+ Z ciyi(®)ri(f) + 3 Z cicryi(tyj(t).  (34)

i=1 ij=1
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Table 1. Lie bracket multiplication of E.

1
= @ en®n (Lo —r(t) (ale + E‘“)

Lo Dy X1 1
Lo 0 ax + 5 D 0 ()2
D —ayx — 4 0 1 0 —ﬂaz) en2(MOD1 etLoao

2
X —D -1 0 0 2
1 0 0 0 0 1
= 00 enx g D1 glog, (rz(t) (a2x1 + —a1>
2

Proof: As described in Section 3, the estimation algebra E of (4) e (t)? (t.%) (40)
satisfies conditions (C.1)-(C.5) with basis of {Lgy,D1,x1,1}. 2 @ | ulh,%).
First, we give the basis calculation of estimation algebra E in
Table 1. Putting (38) and (39) into (40), we have

By differentiating u(¢, x) with respect to t, we have
I = Lou(t,x) — r1(t)Diu(t, x)

u
—(t,x) = &M 131 2D} ello 5 n®?*  n)? 1
ot - ay — () | axx1 + —ay ) ) u(t, x).
+75(t) - e on (t)xlDl e2(OD1 etLOUO 2 2 2 (1)
41
+ (ro(t) + 71(H)x1) u(t, x)
= I+ I + (ro(t) + F1(D)x1) u(t,x), (35) Similarly, we have
where we denote I := (1) 0 O D, 201 ethogyy
_ ro(f) _ ri(H)x1 ,r2(t)D1 ,tLo
.= ero(t) e’ (t)x1 erz(t)D1L0 etLoo-O) - T'Z(t) ¢ (D1 rl(t)) ¢ ¢ €700
(36) = 12()Dru(t, x) — r2(O)r1 (D u(t, x). (42)

I := iy (t) - 0D O p, 2O gthog
Putting (41) and (42) into (35), we have
Recall the classical Baker—Campbell-Hausdorff type relation,
ie. ou .
= (t,%) = Lou(t, x) + (2(t) — r1(¢)) D1u(t, x)
1) ot

e"WEiE e WE = (Ek + r(t)[Ei, Ex] + T[Ei, [Ei> Ex]] + -« ) + (7’1(1‘)2 ra(t)?

1
—n(t) <a2x1 + 5a1> - @

+ 1o(t) +11(t)x1 — ?2(1‘)?1(1‘)) u(t, x). (43)

er(t)Ei es(t)Ej’ (37)

where E;, Ei, E; are elements of a Lie algebra. The following

calculations basically come from (37), thus we have ) . . i .
Notice that L; is the zero degree differential operator of multi-

0O Lo enOx1 oD etlog — [t x), plication by h;, then (7) becomes

(38)
O (1)Dy &1 2O Mooy — 1y (1) Dy u(t, x), du "
—(t,%) = Lou(t,x) + [ D _ cayi(t) | Dru(t,x)
dat ‘
and i=1
1 m
&0 g1 o (OD1 gtlo g +15 Z cinciyi(Oy;(t) | u(t,x). (44)
ij=1
r1(t)?
= e <L0 + ri(®)[x1, Lol + [x1, [x1, Lo]]
Comparing (43) and (44), we have
. e"1(®x1 gr2(H D1 etLo(70
m
2 .
— o <L0 — (D + %) (O Gra(ODy otlo () — () = X;Cuyi(t), (45)
i=
(39)
and
Consequently,

. . ay a 2
(r1(t) — azr2(t)) x1 + 1o(t) — ?fz(t) - ?fz(f)
[ =eo®en®x (Lo 4 4 (1)[Dy, Lo]

ra(t)?
2

r1(t)?

1 m
— () = 3 Z cincj1yi()y;(t). (46)
ij=1

+

+ (D1, (D1, Lo]] + - > e (OD1 tlo



From (45) and (46) we have
r1(t) = axra (),

() =r() + Zcil)/i(t),

i=1

. 1 e a
mo=7wf+§hmmmn+§mﬁ
1 1 &
+ 50172(1‘) + 5 ; cinciryi(®)y;(t). (47)

It is clear that (47) have solutions for all ¢ > 0. Note that
r1(¢), r2(t) is uniquely determined by the first two equations
of (47), then by the last equation of (47), we know that r(¢) is
unique up to a constant. |

The algorithm in Table 2 illustrates how to combine the
FDEA method with Wei-Norman approach to solve the NLF
problems proposed in this paper.

4.3 The construction of FDFs for a novel class of
polynomial filtering system

As we know, it is of much hardness to solve the DMZ
equation (2) or even robust-DMZ equation (7) explicitly. How-
ever, we find a novel class of FDF system by establishing
FDEA, shown in section 3, and its corresponding robust-DMZ
equation has an explicit solution by means of Wei-Norman
approach, which is presented in the main theorem of this paper
completely and further illustrated by the algorithm shown in
Table 2. Now we show how to compute the explicit solution of
robust-DMZ equation with respect to the system constructed in

Table 2. Finite dimensional filtering algorithm for a class of nonlinear system.

Algorithm

1 For NLF system (1) which satisfies the conditions (C.1)-(C.5),
one can write out its corresponding DMZ equation (4)
(or (2));
2: By taking transformation (6), we get the robust-DMZ
equation (7) of the related NLF system (26);

3: By the construction of FEDA in Section 3, one can obtain
the basis {Lo, D1, x1, 1} of robust-DMZ equation of NLF
system;

4 By the Wei-Norman approach shown as the main theorem
in Section 4, the solution of robust-DMZ equation (7) is

u(t,x) = efo(®) g (X gr2(HDr etLOO'()(X),
where r;’s satisfy the following ODEs forall t > 0,
h(t) = ara(b),
h(t) = f1 0+ X0, cryi(t),
o= "9 4 2 4 e
2 21 2
+ 2 i () + 3 =1 cncnyiOy; o)
5: Then by taking inverse transformation
o (t,x) = explh T ()y:u(t,x),
the solution of DMZ equation (4) is
o (t,x) = explh T (x)y;] e0® e X1 e OD1 gtlo 5 ().

6: Finally, the normalised conditional density function of

state p(x¢| ) is given by

Pt Vo) =

o (t,x)

Jotx)
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Example 3.4.

dx; (1) = f1 (%) dt +dv; (1),
dx; (1) = fo(x) dt + dva (1),
dx3 (1) = f3(x) dt + dvs (1),
dxg(t) = fa(x) dt + dva(t),
dy(¢) = h(x) dt + dw(?),

where v(t) = (vi(1),...,v4())T and w(t) are mutually inde-
pendent, standard Brownian motions, x = (x1,x2,X3,X4).
) =x14+x+x3+x4,  fol) =x1 —x — 6x3 + 304 +
XrX3 — xg + xi, f3(x) = x1 — x3 — 3x4 — X2X3 + X3%4 — x% —
xi, and fa(x) = x1 + 6x3 — x4 — X3X4 + xg + xg. In addition,
h = cx;, where c is constant. It is worth noted that this exam-
ple satisfies all conditions of Theorem 4.1, then we can write out
its corresponding DMZ equation according to (4) as,

do (t,x) = Loo (t,x) dt + ho (t, x) dy(1),
(49)
0 (0,x) = oo(x),
where Ly in this system is defined by
4
1o 02 af, 1,
== — =) ——-h. 50
2 ; ax Zf Z 2 (50)

After taking the transformation of u(t,x) = exp(—h(x)y(t))o
(t, x) according to (6), one can obtain the corresponding robust-
DMZ equation according to (7) as follows,

%u(t, x) = Lou(t,x) + y(t)[Lo, h]u(t, x)
+300)2[[Lo, bl Klu(t, ), (51)
u0,x) = op(x),

Where Ly is defined in (50). From the compact form of L
(see (9)), and the assumption of 1 in Example 3.4, we can write

out
1 4
2
:§<E Di—n).
i=1

Thus after simple computations, the robust-DMZ equation of
system (48) can be more clearly written as

: (Z?Zl D? — 77) u(t, x) + cy(t)Dyu(t, x)

+3 (cy()?u(t, x),
u(0,x) = 09 (),

%u(t, x) =

(52)
withn = 4x% + ¥ (x2,x3,x4),and b = cx1,inwhich y (x3, x3, x4)
is the C* function of x;, x3, X4, and c is a constant.

According to the Theorem 4.1, we can get the solution of (52)
as

u(t, x) = e0® n®x1 en2(MOD1 gtlo 5
where r;’s satisty the following ODEs for all t > 0,
() = 4r (1),
r(t) = () + cy(d),
1( )?

(53)

Fo(t) = + 2 (6 + cy(t)ry (t) + —c 2(y(1))>.
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It can be seen that the robust-DMZ equation of system (26) is
solved by a finite number of ODEs and SDEs. Therefore, the
FDFs for the robust-DMZ equation of Example 3.4 in Section 4
can be successfully constructed by Theorem 4.1.

5. Conclusion

The idea of using estimation algebra to construct FDF for NLF
problem has been proven to be invaluable in the study of NLF
problems. Once we obtain the FDEAs, we can construct FDFs
by Wei-Norman approach for a class of NLF problems. By
interpreting the DMZ equation or its robust form as a partial
differential equation with time varying parameters, one derives
an approach to filtering based on Lie algebra as well as the theory
oflinear differential operators. In this paper, we find a novel class
of FDF system for NLF problems by estimation algebra method.
When we consider FDEAs with state dimension 4 and linear
rank equal to 1, we establish several conditions for FDEA which
can be used to construct special classes of filtering systems of
finite dimension, especially constructing a class of polynomial
NLF systems, where the Wong’s Q-matrix is shown not neces-
sary to be a polynomial at most degree one, and further, it can be
polynomial of degree two, or higher. Furthermore, by using the
Wei-Norman approach, we derive the explicit solution for the
robust-DMZ equation of the proposed finite dimensional NLF
systems.
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