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Abstract: Given any smooth, suitably small initial data, which decays polynomially
at infinity, we prove global regularity for the 3D relativistic massive Vlasov–Maxwell
system. In particular, the compact support assumption, which was widely used in the
literature, is not imposed on the initial data. Our proofs are based on a combination of
the Klainerman vector field method and the Fourier method, which allows us to exploit
a crucial hidden null structure in the relativistic Vlasov–Maxwell system.
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1. Introduction

One of the most important systems in plasma physics is the 3D relativistic Vlasov–
Maxwell system (RVM), which describes the evolution of a sufficiently diluted ionized
massive gas under the effect of the electromagnetic forces created by particles them-
selves. After normalizing the mass of particles and the speed of light to be one, the 3D
RVM with given initial data ( f0(x, v), E0(x), B0(x)) reads as follows,
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(RVM)

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∂t f + v̂ · ∇x f + (E + v̂ × B) · ∇v f = 0,

∇ · E = 4π
∫

R3
f (t, x, v)dv, ∇ · B = 0,

∂t E = ∇ × B − 4π
∫

R3
f (t, x, v)v̂dv, ∂t B = −∇ × E,

f (0, x, v) = f0(x, v), E(0, x) = E0(x), B(0, x) = B0(x),

(1.1)

where f (t, x, v) denotes the density distribution function of particles, (E, B) stands for
the classical electromagnetic field, and v̂ := v/

√
1 + |v|2 denotes the relativistic speed

of particles, which is strictly less that the speed of light.
Due to its importance, there is a large literature in the study of RVM. For our interest,

we mainly concern with the Cauchy problem of RVM. We mainly restrict ourselves to
the three dimensions case and refer readers to [14,29,30] for the corresponding results
in other dimensions.

An interesting line of research is the continuation criterion for the global existence of
RVM, which is devoted to studying the large data problem. A remarkable result obtained
by the Glassey–Strauss [15] says that the classical solution can be globally extended as
long as the particle density has compact support in v for all the time. A new proof of
this result based on Fourier analysis was given by Klainerman–Staffilani [25], which
adds a new perspective to the study of the 3D RVM system, see also [13,32,39]. In
[18], Glassey–Strauss showed that the lifespan of the solution of the relativistic Vlasov–
Maxwell system can be continued if the initial data decay at rate |v|−7 as |v| → ∞ and
‖(1 + |v|) f (t, x, v)‖L∞

x L1
v
remains bounded for all time. An improvement of this result

was given by Luk–Strain [30], which says that a regular solution can be extended as long
as ‖(1 + |v|2)θ/2 f (t, x, v)‖Lq

x L1
v
remains bounded for θ > 2/q, 2 < q ≤ +∞, see also

Kunze [26], Pallard [33], and Patel [34] for the recent improvements on the continuation
criterion.

For the small data problem, we understand more. The first positive result of Glassey–
Strauss [17], roughly speaking, says that if the initial particle density f (0, x, v) has a
compact supports in both “x” and “v” and also the electromagnetic field (E(0), B(0))
has compact support in “x”, and the initial data are suitably small, then there exists a
unique classical solution. Later, an interesting improvement was given by Schaffer [37],
which removed the assumption of compact support in “v”.

An interesting question one can ask is that is it possible to remove the compact
support assumption completely? The main goal of this paper is devoted to answering
the above question in 3D for small data. More precisely, we show global regularity and
scattering properties of the 3D RVM for suitably small initial data without any compact
support assumption. We also refer readers to our first paper [42] for a more detailed
introduction, which also includes related discussion on other Vlasov-wave type coupled
systems. After the completion of this paper and its companion [42], Bigorgne [3] also
showed sharp decay estimates for the 3D massive RVM for small initial data, see also
Wei-Yang [45] for global existence of the 3D RVM for the partial large initial data, more
precisely, the initial particle distribution is small and the initial electromagnetic field is
large.

1.1. A review of the framework developed in the first paper. The main difficulty of
doing energy estimate for the Vlasov equation is caused by∇v f in the acceleration term
because ∇v doesn’t commute with the transport operator ∂t + v̂ · ∇x .
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To improve the understanding of ∇v f and to get around this difficulty, in our first
paper [42], we developed a framework that combines the strength of the vector field
method and the Fourier method for the Vlasov-wave type coupled system. Comparing
with the pure classical vector field method, a benefit of this method is that it allows us
to exploit the benefit of delicate oscillation in time. We refer interested readers to the
seminar works of Klainerman [23,24] for a more detailed introduction of the vector field
method and to the work of Germain–Masmoudi–Shatah [12] and the work of Ionescu–
Pausader [22] for a more detailed introduction the Fourier method.

In [42], we studied the following 3D relativistic Vlasov–Nordström (RVN) system,
which is a toy model for the more complicated and more physical Einstein–Vlasov
system,

(RVN)

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(∂2t − �)φ =
∫

R3

f
√
1 + |v|2 dv

∂t f + v̂ · ∇x f − (
(∂t + v̂ · ∇x )φ(t, x)

)
(4 f + v · ∇v f )

− 1
√
1 + |v|2∇xφ · ∇v f = 0.

(1.2)

Now, we explain somemain ideas used in [42] and themain difference between RVM
and RVN that causes new difficulties. First of all, instead of studying the vector field ∇v

directly, we study the following vector field,

K̃v := ∇v + (t −
√
1 + |v|2ω(x − v̂t, v))∇vv̂ · ∇x ,

�⇒ ∇v = K̃v − (t −
√
1 + |v|2ω(x − v̂t, v))∇vv̂ · ∇x , (1.3)

where “ω(x, v)” is designed such that the coefficient “(t − √
1 + |v|2ω(x − v̂t, v))”

almost vanishes on the light cone “|t | − |x | = 0”, see Sect. 3 for more details.
Note that K̃v commutes with the linear operator “∂t + v̂ · ∇x”. It is more promising to

control the energy of K̃v f than∇v f over time. Based on this idea, we constructed a new
set of vector fields in [42], which not only commute with the linear operator “∂t + v̂ ·∇x”
of the relativistic Vlasov equation but also help to understand the bulk derivative ∇v f
inside the nonlinearity of the Vlasov equation.

Recall (1.3). Now, it remains to control the difference between K̃v f and ∇v f , which
is (t − √

1 + |v|2ω(x − v̂t, v))∇vv̂, in the energy estimate. Note that

d̃(t, x, v) = t

1 + |v|2 − ω(x, v)
√
1 + |v|2 , �⇒ |d̃(t, x, v)| � 1 + ||t | − |x + v̂t ||. (1.4)

Moreover, we notice that “v̂” decreases much faster in the radial direction. More pre-
cisely,

v

|v| · ∇vv̂ = 1

(1 + |v|2)3/2
v

|v| ,

(ei × v

|v| ) · ∇vv̂ = 1

(1 + |v|2)1/2 (ei × v

|v| ), i ∈ {1, 2, 3}, (1.5)

where ei , i ∈ {1, 2, 3}, denote the standard unit vectors of the Cartesian coordinates
system in R

3, see (2.4). From (1.4) and (1.5), we have

(t −
√
1 + |v|2ω(x − v̂t, v))

v

|v| · ∇vv̂ = d̃(t, x − v̂t, v)
√
1 + |v|2

v

|v| , (1.6)
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(t −
√
1 + |v|2ω(x − v̂t, v))(ei × v

|v| ) · ∇vv̂ =
√
1 + |v|2d̃(t, x − v̂t, v)(ei × v

|v| ).
(1.7)

Thanks to the good coefficient “1/
√
1 + |v|2” in the RVN system (1.2), the loss of

weight of size “1+ |v|” in the rotational direction (1.7) is not an issue for RVN. However,
it indeed is an issue for the RVM. We will elaborate on it in the next subsection.

Lastly, it remains to control the size of the distance to the light cone from the coeffi-
cients. Note that, the classical decay rate of the scalar field suggested by theKlainerman–
Sobolev embedding, which is ((1+|t |)−1(1+||t |−|x ||)−1/2, is insufficient. To get around
this issue, after using a Fourier based method to carefully study the low-frequency-part
of the scalar field, we prove a stronger decay estimate for the scalar field, which is
((1 + |t |)−1(1 + ||t | − |x ||)−1.

1.2. The losing weight of size “|v|” issue. Unfortunately, unlike the RVN system (1.2),
the benefit of the good coefficient is not available in the relativistic Vlasov–Maxwell
system, see (1.1).

Recall the decomposition used in (1.3) and the equality (1.7). We restate this decom-
position as follows,

(ei × v

|v| ) · ∇v f = (ei × v

|v| ) · K̃v f +
√
1 + |v|2d̃(t, x − v̂t, v)(ei × v

|v| ) · ∇x f.

(1.8)

From the above equality (1.8) and the first equality in (1.5), we know that the issue
of losing a weight of size “|v| ”, which is very problematic when |v| is extremely large,
only appears for the directional derivatives along directions that are perpendicular to v.

Alternatively, instead of using the vector field K̃v , we can use the rotational vector
field �̃i := (ei × x) · ∇x + (ei × v) · ∇v , which also commutes with the linear operator
of the relativistic Vlasov equation “∂t + v̂ · ∇x”. More precisely,

(ei × v

|v| ) · ∇v f = 1

|v| �̃i f − (ei × x

|v| ) · ∇x f. (1.9)

Note that the coefficients are small when |v| is extremely large.
Unfortunately, there exists a regime that it doesn’t make the essential difference

by choosing either the decomposition (1.8) or the decomposition (1.9) to control the
rotational in v directional derivative of f (t, x, v). For example, the decomposition (1.8)
and the decomposition (1.9) doesn’t make any essential difference in the case |x | = |t |,
|d̃(t, x − v̂t, v)| ∼ 1, and |v| ∼ √

1 + |t |. Because the coefficients in the decomposition
(1.8) and the decomposition (1.9) are all of size

√
1 + |t |.

To control this case, we show a hidden null structure inside the Vlasov equation
of the RVM system (1.1). It’s worth pointing out that the null structure we show in
RVM is very subtle and also different from the classical sense. For the nonlinear wave
equations, generally speaking, the existence of null structure is inherentwith nonlinearity
and is independent of how one takes derivatives for the solution. We understand the
null structure in RVM in the following sense: the symbol of the rotational derivative
(ei ×v/|v|)·∇x is small near the time resonance set of the nonlinearity of theVlasov part,
which allows us to exploit the oscillation in time by doing normal form transformation.
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A more detailed discussion about this observation will be carried out in Sect. 7.1. For
the intuitive purpose, we give an example here. Before that, to better see the oscillation
of the electromagnetic field, we study the profiles of the RVM system, which are defined
as follows,

g(t, x, v) := f (t, x + v̂t, v), h1(t) := eit |∇||∇|−1(∂t − i |∇|)E(t),

h2(t) := eit |∇||∇|−1(∂t − i |∇|)B(t).

Intuitively speaking, we have the following bulk term when we study the evolution
of (ei × v/|v|) · ∇x∇α

x f (t, x, v),

∂t (ei × v/|v|) · ∇x∇α
x g(t, x, v) = ai (x + v̂t, v)e−i t |∇|(ei × v/|v|) · ∇xh1(t, x + v̂t),

×(ei × v/|v|) · ∇x∇α
x g(t, x, v) + other terms, (1.10)

where |α| is very large and the coefficient ai (x + v̂t, v) comes from the decomposition
(1.9), which satisfies the following estimate,

|ai (x + v̂t, v)| � |x + v̂t ||v|−1. (1.11)

We restrict ourselves to the case |v| ≈ √
1 + |t |, where |t | 
 1. Define

gα(t, x, v) := (ei × v/|v|) · ∇x∇α
x g(t, x, v),

g̃α(t, x, v) := |v|ai (x + v̂t, v)gα(t, x, v). (1.12)

Now, we can rewrite the bulk term in (1.10) as follows,

bulk term := e−i t |∇|(ei × v/|v|2) · ∇xh1(t, x + v̂t)g̃α(t, x, v). (1.13)

A key observation for the above bulk term is that there exists an oscillation phase,
which only depends on the profiles of the electromagnetic field. More precisely, after
rewriting the bulk term in (1.13) on the Fourier side, we have

F(bulk term)(ξ) :=
∫

R3
e−i t |η|+i t v̂·ηi

(ei × v

|v|2 · η
)
ĥ1(t, η) ̂̃gα(t, ξ − η, v)dη.

(1.14)

Note that the oscillation phase “|η| − v̂ · η” in (1.14) satisfies the following estimate,

|η| − v̂ · η �
∑

i=1,2,3

|η|( 1

1 + |v|2 +
(ei × v

|v| · η

|η|
)2)

. (1.15)

From the above estimate, we know that the symbol in (1.14) is very small near the time
resonance set, which means that the directional derivative (ei × v/|v|) · ∇x plays the
role of null structure. Moreover, from (1.15), the following estimate holds for any fixed
v ∈ R

3,

(ei × v

|v|2 · η
)

� 1

1 + |t | , if η ∈ {η : |η| − v̂ · η ≤ 1/(1 + |t |)}.

Therefore, from the estimate (1.11), we know that the symbol of the bulk term in (1.13)
exactly covers the loss caused by the coefficient “|v|ai (x + v̂t, v)” of g̃α(t, x, v) (see
(1.12)) near the time resonance set.
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1.3. The main result of this paper. Before starting the main theorem, we define the
Xn-normed space as follows,

‖h‖Xn := sup
k∈Z

2(n+1)k‖∇n
ξ ĥ(t, ξ)ψk(ξ)‖L∞

ξ
, n ∈ {0, 1, 2, 3}. (1.16)

Moreover, we define the following classic set of vector fields,

P1 := {S,�i , Li , ∂xi , i ∈ {1, 2, 3}}, (1.17)

where S := t∂t + x · ∇x denotes the scaling vector field, �i := (ei × x) · ∇x denotes the
rotational vector field, and Li := t∂xi +xi∂t denotes theLorentz vector field, i ∈ {1, 2, 3}.
Theorem 1.1. Let N0 = 200, δ ∈ (0, 10−9]. Suppose that the given initial data ( f0(x, v),

E0(x), B0(x)) of the 3D RVM system (1.1) satisfies the following smallness assumption,
∑

|α1|+|α2|≤N0

‖(1 + |x |2 + (x · v)2 + |v|20)30N0∇α1
v ∇α2

x f0(x, v)‖L2
x L

2
v

+
∑

|α|≤N0

∑

�∈P1

∑

n∈{0,1,2,3}
‖�αE0(x)‖L2

+‖�αB0(x)‖L2 + ‖�αE0(x)‖Xn + ‖�αB0(x)‖Xn ≤ ε0, (1.18)

where ε0 is some sufficiently small constant. Then the 3D RVM system (1.1) admits a
global solution and scatters to a linear solution in a lower regularity space and the
high order energy of the nonlinear solution grows at most at rate (1 + |t |)δ over time.
Moreover, we have the following decay estimates for the derivatives of the average of
the distribution function and the derivatives of the electromagnetic field,

sup
t∈[0,∞)

∑

|α|≤N0−20

(1 + |t |)(3+|α|)/p
∣
∣
∣

∫

R3
∇α
x

∣
∣ f (t, x, v)

∣
∣pdv

∣
∣
∣
1/p

� ε0,

where p ∈ [1,∞) ∩ Z, (1.19)

sup
t∈[0,∞)

∑

|α|≤10

(1 + |t |)(1 + ||t | − |x ||)|α|+1(∣∣∇α
x E(t, x)

∣
∣ +

∣
∣∇α

x B(t, x)
∣
∣
)

� ε0. (1.20)

The rest of this paper is organized as follows.

• In Sect. 2, we introduce the notations used in this paper and then record a linear
decay estimate for the half-wave equation and a decay estimate for the average of the
distribution function.

• In Sect. 3, we introduce the framework of the vector field method for Vlasov-wave
type coupled system developed in [42]. More precisely, we introduce two sets of
vector fields for the Vlasov equation, the commutation rules between these vector
fields, and the process of trading regularities for the decay rates of the distance to the
light cone.

• In Sect. 4, we set up the energy estimate, classify the nonlinearities of the high
order derivatives of the distribution function into the non-bulk term and the bulk
term, and define appropriate low order energy and high order energy for both the
electromagnetic field and the distribution function.

• In Sect. 5, we estimate the low order energy and the high order energy for the
electromagnetic field over time.
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• In Sect. 6, we estimate the loworder energy and the high order energy of the non-bulk
terms for the distribution function over time.

• In Sect. 7, we estimate the high order energy of the bulk terms over time under the
assumption that a key Lemma, Lemma 7.9, holds.

• In Sect. 8, we finish the proof of Lemma 7.9.
• In Sect. 9, we use a bootstrap argument to prove our main theorem, Theorem 1.1.

2. Preliminaries

For any two numbers A and B, we use A � B, A ≈ B, and A � B to denote A ≤ CB,
|A − B| ≤ cA, and A ≤ cB respectively, where C is an absolute constant and c is a
sufficiently small absolute constant. We use A ∼ B to denote the case when A � B and
B � A. For an integer k ∈ Z, we use “k+” to denote max{k, 0} and use “k−” to denote
min{k, 0}. For any two vectors ξ, η ∈ R

3, we use ∠(ξ, η) to denote the angle between
“ξ” and “η”. Moreover, we use the convention that ∠(ξ, η) ∈ [0, π ].

For an integrable function f (x), we use both f̂ (ξ) andF( f )(ξ) to denote the Fourier
transform of f , which is defined as follows,

F( f )(ξ) =
∫

e−i x ·ξ f (x)dx .

We use F−1(g) to denote the inverse Fourier transform of g(ξ). Moreover, for a
distribution function f : R

3
x × R

3
v → C, we use the following notation to denote the

Fourier transform of f (x, v) in “x”,

f̂ (ξ, v) :=
∫

R3
e−i x ·ξ f (x, v)dx .

Basically, “v” is treated as a fixed parameter during the Fourier transform.
We fix an even smooth function ψ̃ : R → [0, 1], which is supported in [−3/2, 3/2]

and equals to one in [−5/4, 5/4]. For any k ∈ Z, we define

ψk(x) := ψ̃(x/2k) − ψ̃(x/2k−1), ψ≤k(x) := ψ̃(x/2k) =
∑

l≤k

ψl(x),

ψ≥k(x) := 1 − ψ≤k−1(x).

Moreover, we use Pk , P≤k and P≥k to denote the projection operators by the Fourier
multipliers ψk(·), ψ≤k(·) and ψ≥k(·) respectively. We use fk(x) to abbreviate Pk f (x).

For any integrable function f , we define

f + := f, P+[ f ] := f, f − := f̄ , P−[ f ] := f̄ . (2.1)

Define the cutoff function ψl;l̄(·) with the threshold l̄ as follows,

ψl;l̄(x) :=
{

ψ≤l̄(x) if l = l̄
ψl(x) if l > l̄.

(2.2)

In particular, if the threshold l̄ = 0, we use the following notation,

ϕk(x) := ψk;0(x), k ∈ Z+, ϕ[k1,k2](x) :=
⎧
⎨

⎩

∑
k1≤k≤k2 ψk(x) ifk1 > 0

ψ≤k2(x) ifk1 ≤ 0.
(2.3)
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We define the unit vectors of the Cartesian coordinate system in R
3 as follows,

e1 := (1, 0, 0), e2 := (0, 1, 0), e3 := (0, 0, 1). (2.4)

Moreover, for any i ∈ {1, 2, 3}, we define the following vectors,

Xi = ei × x, Vi = ei × v, V̂i = ei × v̂, Ṽi = ei × ṽ, ṽ := v

|v| ,
ṽi := ṽ · ei , v̂i := v̂ · ei . (2.5)

As a result of direct computations, we have

u = (ṽ · u)ṽ +
∑

i=1,2,3

(Ṽi · u)Ṽi , u ∈ R
3, ṽ · ∇vv̂ = ṽ

(1 + |v|2)3/2 ,

Ṽi · ∇vv̂ = Ṽi
(1 + |v|2)1/2 , i ∈ {1, 2, 3}. (2.6)

For any k ∈ Z, we define the S∞
k -norm of symbols and a class of symbols as follows,

‖m(ξ)‖S∞
k

:=
∑

l=0,1,...,10

2lk‖F−1[∇l
ξm(ξ)ψk(ξ)]‖L1 , S∞ := {m(ξ) :

‖m(ξ)‖S∞ := sup
k∈Z

‖m(ξ)‖S∞
k

< ∞}. (2.7)

For any given Fourier symbol m(ξ) ∈ S∞, we define its corresponding Fourier
multiplier operator as follows,

T ( f ) :=
∫

R3
eix ·ξm(ξ) f̂ (ξ)dξ.

We call the linear operator T as the Fourier multiplier operator with the Fourier symbol
m(ξ), see also [40].

Definition 2.1. We define a linear operator as follows,

Qi := −Ri |∇|−1, Q := (Q1, Q2, Q3), i ∈ {1, 2, 3}, (2.8)

where Ri , i ∈ {1, 2, 3}, denote the Riesz transforms. Hence,

I d = ∇ · Q. (2.9)

It is well known that the density of the distribution function decays over time. Now, there
are several ways to prove this fact, e.g., performing the change of variables, using the
vector fields method.We refer readers to a recent result byWong [44] for a more detailed
discussion. In [43], we used a Fourier based method to derive two decay estimates as in
the following Lemma,

Lemma 2.1. For any fixed a(v) ∈ {v, v̂}, x ∈ R
3, a, t ∈ R, s.t, |t | ≥ 1, a > −3, and

any given symbol m(ξ, v) ∈ L∞
v S∞, the following decay estimate holds,

∣
∣
∫

R3

∫

R3
eix ·ξ+i ta(v)·ξm(ξ, v)|ξ |a ĝ(t, ξ, v)dvdξ

∣
∣ �

∑

|α|≤5+�a�

( ∑

|β|≤5+�a�
‖∇β

v m(ξ, v)‖L∞
v S∞

)

×[|t |−3−a‖(1 + |v|)5+|a|∇α
v ĝ(t, 0, v)‖L1

v
+ |t |−4−a‖(1 + |v|)5+|a|

(1 + |x |)∇α
v g(t, x, v)‖L1

x L
1
v

]
. (2.10)
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Proof. See [43, Lemma 3.1]. ��
In the latter argument, we will reduce the Maxwell equation to a nonlinear half-wave

equation, which is convenient to study on the Fourier side. For the linear half-wave
equation, we have the following L∞

x -type decay estimate.

Lemma 2.2 (The linear decay estimate). For any μ ∈ {+,−}, the following estimate
holds,

∣
∣
∫

R3
eix ·ξ−iμt |ξ |m(ξ) f̂ (ξ)ψk(ξ)dξ

∣
∣ � min{2k− , (1 + |t | + |x |)−1}2k‖m(ξ)‖S∞

k

×( ∑

|α|≤1

2k‖∇̂α
x f (t, ξ)ψk(ξ)‖L∞

ξ
+ 22k‖∇ξ f̂ (t, ξ)ψk(ξ)‖L∞

ξ

)
. (2.11)

Proof. See [42, Lemma 2.2]. ��

3. Two Sets of Vector Fields for the Relativistic Vlasov–Maxwell System

In this section, we review the framework we introduced in the first paper [42] for the
study of 3D relativistic massive Vlasov–Nrodström system. This framework is very
general and suitable for the study of Vlasov-wave type coupled systems.

In [42], we used two sets of vector fields for the relativistic Vlasov equation. The first
set of vector fields for the distribution function f (t, x, v) is given as follows,

P1 := {S, �̃i , L̃i , ∂xi , i ∈ {1, 2, 3}}. (3.1)

Correspondingly, we define the following set of vector fields for the electromagnetic
field (E(t, x), B(t, x)),

P1 := {S,�i , Li , ∂xi , i ∈ {1, 2, 3}}, (3.2)

where

S := t∂t + x · ∇x , �i = Xi · ∇x , �̃i := Vi · ∇v + Xi · ∇x , i = 1, 2, 3, (3.3)

Li := t∂xi + xi∂t , L̃i := t∂xi + xi∂t +
√
1 + |v|2∂vi , L := (L1, L2, L3),

L̃ := (L̃1, L̃2, L̃3), (3.4)

where “S”, “�i”, and “Li” are the well-known scaling vector field, rotational vector
fields, and the Lorentz vector fields, which all commutate with the linear operator of the
nonlinearwave equation, see the classicworks ofKlainerman [23,24] for the introduction
of the original vector fieldmethod and the works of Fajman–Joudioux–Smulevici [8–10]
for more detailed introduction of vector fields in P1.

The second set of vector fields constructed in [42] aims to better understand ∇v f in
the nonlinearity of the Vlasov equation. To better see the structure of ∇v f , we studied
the profile g(t, x, v) of f (t, x, v). More precisely, we define

g(t, x, v) = f (t, x + v̂t, v),�⇒ (
∂t + v̂ · ∇x ) f (t, x, v) = (

∂t g
)
(t, x − v̂t, v),

∇v f (t, x, v) = (Dvg)(t, x − v̂t, v), where Dv := ∇v − t∇vv̂ · ∇x .

Therefore, for any given vector field that commutes with ∂t , we can find a corresponding
vector field that commutes with “∂t + v̂ · ∇x”. With this intuition, we are looking for a
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good unknown ω(x, v), which doesn’t depend on t . Instead of decomposing Dv into ∇v

and −t∇v · v̂ · ∇x , we decompose it as ∇v − ω(x, v)∇x and ω(x, v)∇x − t∇vv̂ · ∇x .
The choice of good unknown ω(x, v) depends on an observation of the light cone

Ct := {(x, v) : x, v ∈ R
3, |t | − |x + t v̂| = 0} in (x, v) space. In [42], we defined an

inhomogeneous modulation for the light cone |t |2 − |x + v̂t |2 = 0 in (x, v)-space as
follows,

Definition 3.1. We define the homogeneous modulation d(t, x, v) and the inhomoge-
neous modulation d̃(t, x, v) as follows,

d(t, x, v) := t

1 + |v|2 − x · v +
√

(x · v)2 + |x |2
√
1 + |v|2 , (3.5)

d̃(t, x, v) := t

1 + |v|2 − ω(x, v)
√
1 + |v|2 , where ω(x, v) = ψ≥0(|x |2 + (x · v)2)

×(
x · v +

√
(x · v)2 + |x |2). (3.6)

The main intuition behind the above definition is that |t |2 − |x + v̂t |2 = 0 if and only if
d(t, x, v) = 0. More precisely, the following identity holds,

|t2| − |x + v̂t |2 = t2

1 + |v|2 − 2t x · v
√
1 + |v|2 − |x |2 = d(t, x, v)

×(
t −

√
1 + |v|2(x · v −

√
(x · v)2 + |x |2)). (3.7)

Moreover, from (3.5), (3.6), and (3.7), it is easy to check that the following estimate
holds,

|d(t, x, v)| + |d̃(t, x, v)| � 1 + ||t | − |x + v̂t ||. (3.8)

With the above motivation, we define,

Kv := ∇v −
√
1 + |v|2ω(x, v)∇vv̂ · ∇x , Sv := ṽ · ∇v, Sx := ṽ · ∇x ,

�v
i = Ṽi · ∇v, �x

i = Ṽi · ∇x , (3.9)

where i ∈ {1, 2, 3}, ṽ and Ṽi are defined in (2.5). Moreover, we define a set of vector
fields as follows,

Ŝv := ṽ · Kv = Sv − ω(x, v)

1 + |v|2 S
x , �̂v

i := Ṽi · Kv = �v
i − ω(x, v)�x

i , Kvi := Kv · ei .
(3.10)

Note that the vector fields defined in (3.10)will be applied on the profile “g(t, x, v) :=
f (t, x + v̂t, v)” instead of the original distribution “ f (t, x, v)”. Note that

Kvg(t, x, v) = (∇v −
√
1 + |v|2ω(x, v)∇vv̂ · ∇x

)(
f (t, x + v̂t, v)

)

= (∇v f )(t, x + v̂t, v) + (t −
√
1 + |v|2ω(x, v))∇vv̂ · ∇x f (t, x + v̂t, v)

=: (K̃v f )(t, x + v̂t, v),
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where

K̃v := ∇v + (t −
√
1 + |v|2ω(x − v̂t, v))∇vv̂ · ∇x . (3.11)

Since Kv commutates with ∂t , we know that K̃v commutates with the linear operator
∂t + v̂ · ∇x of the Vlasov equation.

To sum up, we define the following set of vector fields, which will be applied on the
profile g(t, x, v) instead of the original distribution function f (t, x, v),

P2 := {�i , i ∈ {1, . . . , 17}}, (3.12)

where

�1 = ψ≥1(|v|)Ŝv, �2 := ψ≥1(|v|)Sx , �i+2 := ψ≥1(|v|)�̂i , �i+5 := ψ≥1(|v|)�x
i ,

(3.13)

�i+8 := ψ≤0(|v|)Kvi , �i+11 := ψ≤0(|v|)∂xi , �i+14 := �̃i , i = 1, 2, 3. (3.14)

Correspondingly, we can find the following associated set of vector fields which will be
applied on the original distribution function f (t, x, v),

P2 := {�̂i , i ∈ {1, . . . , 17}}, (3.15)

where

�̂1 = ψ≥1(|v|)ṽ · K̃v, �̂2 := ψ≥1(|v|)Sx , �i+2 := ψ≥1(|v|)Ṽi · K̃v,

�̂i+5 := ψ≥1(|v|)�x
i , (3.16)

�̂i+8 := ψ≤0(|v|)Kvi , �̂i+11 := ψ≤0(|v|)∂xi , �̂i+14 := �̃i , i = 1, 2, 3.

(3.17)

For convenience, we define notations to uniformly represent those vector fields. The
notations were introduced in [42]. For readers’ convenience, we redefine them here.

Definition 3.2. We define a set of vector fields as follows,

X1 : =ψ≥1(|v|)ṽ · Dv, Xi+1=ψ≥1(|v|)Ṽi · Dv, Xi+4=ψ≤0(|v|)Dvi , i = 1, 2, 3,

(3.18)

From (3.18), we have

Dv = ṽX1 + Ṽi Xi+1 + ei Xi+4 :=
∑

i=1,...7

αi (v)Xi , (3.19)

where

α1(v) := ψ≥1(|v|)ṽ, αi+1(v) := ψ≥1(|v|)Ṽi , αi+4(v) := ψ<1(|v|)ei , i = 1, 2, 3.
(3.20)

For any vectors e = (e1, . . . , en) ∈ Rn, f = ( f1, . . . , fm) ∈ R
m , where e1, . . . , en,

f1, . . . , fm ∈ R, we define

e ◦ f := (e1, . . . , en, f1, . . . , fm), |e| :=
∑

i=1,...,n

|ei |, �⇒ |e ◦ f | = |e| + | f |.



726 X. Wang

Definition 3.3. Let

A := {�a : �a ∈ {0, 1}10, |�a| = 0, 1}, �0 := (0, . . . , 0),

�ai := (0, . . . , 1︸︷︷︸
i-th

, . . . , 0), if �0, �ai ∈ A, B := ∪k∈N+Ak .

�
�0 := I d, ��a1 := S, ��ai+1 := ∂xi , ��ai+4 := �i , ��ai+7 := Li , i = 1, 2, 3,

(3.21)

�̃
�0 := I d, �̃�a1 := S, �̃�ai+1 := ∂xi , �̃�ai+4 := �̃i , �̃�ai+7 := L̃i , i = 1, 2, 3.

(3.22)

Hence, we can represent the high order derivatives of the first set of vector fieldP1 and
P1 (see (3.1) and (3.2)) as follows,

�̃α1◦α2 := �̃α1 �̃α2 , �α1◦α2 := �α1�α2 , α1, α2 ∈ B. (3.23)

Definition 3.4. We define

K := {�e : �e ∈ {0, 1}17, |�e| = 0, 1}, �0 := (0, . . . , 0), �ei := (0, . . . , 1︸︷︷︸
i-th

, . . . , 0),

if �0, �ei ∈ K,

S := ∪k∈N+Kk, �
�0 := I d, ��ei := �i , �i ∈ P2, �ei ∈ K,

whereP2 is defined in (3.12). Hence, we can represent the high order derivatives of the
second set of vector fields for the profile “g(t, x, v)” as follows,

�e◦ f := �e� f , e, f ∈ S.

Definition 3.5. For any κ, γ ∈ S, we define the equivalence relation between “κ” and
“γ ” as follows,

κ ∼ γ and�κ
∼ �γ , if and only if�κh(x, v)

= �γ h(x, v) for any differentiable functionh(x, v), (3.24)

κ � γ and�κ
� �γ , if and only if �κh(x, v)

�= �γ h(x, v) for some non-constant differentiable functionh(x, v).

(3.25)

Very similarly, we can define the corresponding equivalence relation for α1, α2 ∈ B.
Note that, for any β ∈ S and α ∈ B, there exists a unique expansion such that

β ∼ ι1 ◦ · · · ι|β|, ιi ∈ K, |ιi | = 1, i ∈ {1, . . . , |β|},
(3.26)

α ∼ γ1 ◦ · · · γ|α|, γi ∈ A, |γi | = 1, i ∈ {1, . . . , |α|}. (3.27)

Definition 3.6. For any ι ∈ K/{�0} and β ∈ S, we define two indexes as follows,

c(ι) =
{
1 if�ι

∼ Ŝv, or�x
i , i ∈ {1, 2, 3}

0 otherwise
, i(ι) =

{
1 if�ι

∼ �x
i , i ∈ {1, 2, 3}

0 otherwise ,

(3.28)
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c(β) =
∑

i=1,...,|β|
c(ιi ), i(β) =

∑

i=1,...,|β|
i(ιi ), whereβ ∼ ι1 ◦ . . . ι|β|, ιi ∈ K/{�0}.

(3.29)

Remark 3.1. The indexes c(β) and i(β) defined above are same as the index cvm(β) and
i(β) defined in [42]. The index “c(β)” indicates the total number of “good derivatives”,
which are Ŝv and �x

i , i ∈ {1, 2, 3}, inside the total derivative “�β”. We will explain
with more details about in what sense derivatives Ŝv and �x

i are “good” in Sect. 7.1.
The index i(β) counts the total number of �x

i , i ∈ {1, 2, 3}, derivatives inside �β .

With the above defined notation and the vector fields defined in P1 (3.1) and P2
(3.12), as in the following Lemma, we can view the bulk derivative “Dv” as two linear
combinations of the above defined vector fields with good coefficients.

Lemma 3.1. The following two decompositions for “Dv” holds,

Dv =
∑

ρ∈K,|ρ|=1

dρ(t, x, v)�ρ =
∑

ρ∈K,|ρ|=1

eρ(t, x, v)�ρ, (3.30)

where

dρ(t, x, v) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ṽψ≥−1(|v|) if �ρ
∼ ψ≥1(|v|)Ŝv

ṽd̃(t, x, v)(1 + |v|2)−1/2ψ≥−1(|v|) if �ρ
∼ ψ≥1(|v|)Sx

Ṽiψ≥−1(|v|) if �ρ
∼ ψ≥1(|v|)�̂v

i , i = 1, 2, 3

Ṽi d̃(t, x, v)(1 + |v|2)1/2ψ≥−1(|v|) if �ρ
∼ ψ≥1(|v|)�x

i , i = 1, 2, 3

ψ≤2(|v|) if �ρ
∼ ψ≤0(|v|)Kvi , i = 1, 2, 3

−d̃(t, x, v)(1 + |v|2)∇vv̂iψ≤2(|v|) if �ρ
∼ ψ≤0(|v|)∂xi , i = 1, 2, 3

0 if �ρ
∼ �̃i , i = 1, 2, 3

,

(3.31)

eρ(t, x, v) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ṽψ≥−1(|v|) if �ρ
∼ ψ≥1(|v|)Ŝv

−ψ≥−1(|v|)( d̃(t, x, v)ṽ

(1 + |v|2)1/2 +
Ṽi (Xi · ṽ)

|v|
)
if �ρ

∼ ψ≥1(|v|)Sx

0 if �ρ
∼ ψ≥1(|v|)�̂v

i , i = 1, 2, 3

−ψ≥−1(|v|)|v|−1Ṽ j (X j + V̂ j t) · Ṽi if �ρ
∼ ψ≥1(|v|)�x

i , i = 1, 2, 3

ψ≤2(|v|) if �ρ
∼ ψ≤0(|v|)Kvi , i = 1, 2, 3

−ψ≤2(|v|)d̃(t, x, v)(1 + |v|2)∇vv̂i if �ρ
∼ ψ≤0(|v|)∂xi , i = 1, 2, 3

ψ≥−1(|v|)|v|−1Ṽi if �ρ
∼ �̃i , i = 1, 2, 3

.

(3.32)

From the detailed formula of dρ(t, x, v) in (3.31), we have
∑

ρ∈K,|ρ|=1

∣
∣(1 + |v|)−c(ρ)dρ(t, x, v)

∣
∣ � 1 + |d̃(t, x, v)|. (3.33)
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Proof. See [42, Lemma 3.4]. ��
As stated in the following Lemma, a very interesting property of the inhomogeneous
modulation “d̃(t, x, v)” is that its structure is stable when the vector fields in P2 (see
(3.12)) act on it.

Lemma 3.2. For any ρ ∈ S, |ρ| = 1, the following equality holds,

�ρ(d̃(t, x, v)) = eρ
1 (x, v)d̃(t, x, v) + eρ

2 (x, v),

Dv(d̃(t, x, v)) = ê1(x, v)d̃(t, x, v) + ê2(x, v), (3.34)

where the coefficients satisfy the following estimate,

|eρ
1 (x, v)| + |eρ

2 (x, v)| + |ê1(x, v)| + |ê2(x, v)| � 1, |ê2|(x, v)ψ≥2(|x |) = 0.

(3.35)

Moreover, the following rough estimate holds for any β ∈ S,
∑

i=1,2

|�βeρ
i (x, v)| + |�β êi (x, v)| � (1 + |x |)|β|(1 + |v|)|β|. (3.36)

Proof. See [42, Lemma A.1]. ��
Through using the vector fields in P1 in (3.2), we can trade one spatial derivative for

the decay of the distance to the light cone in the following sense,

(|t | − |x |)∂i =
∑

j=1,2,3

−x j
|t | + |x |�i j +

t

|t | + |x | Li − xi
|t | + |x | S, i ∈ {1, 2, 3},

(3.37)

where �i j = xi∂x j − x j∂xi ∈ {±�i , i ∈ {1, 2, 3}}.
We will use this idea to prove that the electromagnetic field (E(t, x), B(t, x)) decays

at rate 1/
(
(1+|t |)(1+||t |−|x ||), which is slightly stronger than the Klainerman–Sobolev

embedding. To this end, instead of dealing with a perfect spatial derivative, we will deal
with Fourier multiplier operators. For any given symbol m(ξ) ∈ S∞ and the associated
Fourier multiplier operator T , we derive an analogue of (3.37) in the following Lemma.

Lemma 3.3. For any k ∈ Z and any given Fourier multiplier operator Tk with the
Fourier symbol mk(ξ), the following equality holds,

(|t | − |x |)3Tk[ f ](t, x) =
∑

i=0,1,2,α∈B,|α|≤3

c̃iα(t, x)T̃ i
k,α(∂ it f

α)

+(|t | − |x |)eα(t, x)T̃ 3
k,α((∂2t − �) f ), (3.38)

where the coefficients c̃iα(t, x), i = 0, 1, 2, and eα(t, x), satisfy the following estimates

|c̃iα(t, x)| + |t∂t c̃iα(t, x)| + |eα(t, x)| + |t∂t eα(t, x)| � 1,

|∇x c̃
i
α(t, x)| + |∇xeα(t, x)| � (|t | + |x |)−1. (3.39)

Moreover, the symbols m̃i
k,α(ξ) of the Fourier multiplier operators “T̃ i

k,α(·)”, i ∈
{0, 1, 2, 3}, satisfy the following estimates

∑

i=0,1,2

2ik‖m̃i
k,α(ξ)‖S∞ � 2−3k, ‖m̃3

k,α(ξ)‖S∞ � 2−4k . (3.40)
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Proof. See [42, Lemma 3.6]. ��
In the energy estimate of the profile g(t, x, v), we will use the commutation rules

between Dv

(
equivalently speaking, Xi , i ∈ {1, . . . , 7}, see (3.19)

)
and �β , β ∈ S,

which are summarized in the following Lemma.

Lemma 3.4. The following commutation rules hold for any i ∈ {1, . . . , 7}, and β ∈ S,

[Xi ,�
β ] = Y β

i +
∑

κ∈S,|κ|≤|β|−1

[
d̃(t, x, v)ẽκ,1

β,i (x, v) + ẽκ,2
β,i (x, v)

]
�κ, (3.41)

where Y β
i denote the top order commutators. More precisely,

Y β
i =

∑

κ∈S,|κ|=|β|,|i(κ)−i(β)|≤1

[
d̃(t, x, v)ẽκ,1

β,i (x, v) + ẽκ,2
β,i (x, v)

]
�κ. (3.42)

Moreover, for any i ∈ {1, . . . , 7}, and κ ∈ S, the following estimates hold for the
coefficients ẽκ,1

β,i (x, v) and ẽκ,2
β,i (x, v),

|�ρ ẽκ,1
β,i (x, v)| + |�ρ ẽκ,2

β,i (x, v)| � (1 + |x |)|ρ|+|β|−|κ|+2(1 + |v|)|ρ|+|β|−|κ|+4, (3.43)

|ẽκ,1
β,i (x, v)| + |ẽκ,2

β,i (x, v)| � (1 + |x |)|β|−|κ|+2(1 + |v|)|β|−|κ|+4, when |κ| ≤ |β| − 1,

(3.44)

|ẽκ,1
β,i (x, v)| + |ẽκ,2

β,i (x, v)| � (1 + |v|)c(κ)−c(β), when |κ| = |β|. (3.45)

Moreover, if i(κ) − i(β) > 0 and |κ| = |β|, then the following improved estimate holds
for the coefficients ẽκ,2

β,i (x, v) of the commutation rule in (3.41),

|ẽκ,2
β,i (x, v)| � (1 + |v|)−1+c(κ)−c(β). (3.46)

Proof. See [42, Lemma 3.9]. ��

4. Set-Up of the Energy Estimate

Recall (1.1). We can reduce the equation satisfied by the electromagnetic field into
standard nonlinear wave equations as follows,

(RVM)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂t f + v̂ · ∇x f + (E + v̂ × B) · ∇v f = 0,

∇ · E = 4π
∫

f (t, x, v)dv, ∇ · B = 0,

∂2t E − �E = −4π
∫

∂t f (t, x, v)v̂dv − 4π
∫

∇x f (t, x, v)dv,

∂2t B − �B = 4π
∫

v̂ × ∇x f (t, x, v)dv,

f (0, x, v) = f0(x, v), E(0, x) = E0(x), B(0, x) = B0(x).

(4.1)

Let

K (t, x, v) = E(t, x) + v̂ × B(t, x). (4.2)



730 X. Wang

As a result of direct computations, we have

∇v · K (t, x, v) = 0. (4.3)

From (4.1) and (4.3), we can rewrite one of the nonlinearities inside (4.1) as follows,
∫

∂t f (t, x, v)v̂dv = −
∫

v̂ · ∇x f (t, x, v)v̂dv +
∫

f (t, x, v)K (t, x, v) · ∇vv̂dv.

Therefore, we reduce the equation satisfied by the electric field in (4.1) as follows,

∂2t E − �E = 4π
∫

v̂ · ∇x f (t, x, v)v̂dv − 4π
∫

∇x f (t, x, v)dv

+4π
∫

f (t, x, v)K (t, x, v) · ∇vv̂dv. (4.4)

4.1. The equation satisfied by the high order derivatives of the profile of the Vlasov
equation. For the sake of readers, as the starting point of doing energy estimate, we
compute the equation satisfied by the high order derivatives of the profile of the Vlasov
equation step by step.

Note that the following commutation rules hold for any i, j ∈ {1, 2, 3},
[∇v, S] = 0, [∂vi , �̃ j ] = ∂vi V j · ∇v, [∂vi , L̃ j ] = [∂vi , t∂x j + x j∂t

+
√
1 + |v|2∂v j ] = vi

√
1 + |v|2 ∂v j . (4.5)

From the above commutation rules, we know that the following equality holds for any
α ∈ B,

�̃α
(
(∂t + v̂ · ∇v) f

) = −
∑

β,γ∈B,β+γ=α

(�βE + �̃β(v̂ × B)) · �̃γ (∇v f ). (4.6)

For simplicity in notation, we use the following abbreviation,

f α(t, x, v) := �̃α f (t, x, v), uβ(t, x) := �βu(t, x), u ∈ {E, B}. (4.7)

From the commutation rules in (4.5) and (4.6), the following equation satisfied by
f α(t, x, v) holds,

(∂t + v̂ · ∇x ) f
α =

∑

β,γ∈B,|β|+|γ |≤|α|

(
âα;β,γ (v)Eβ + b̂α;β,γ (v)Bβ

) · ∇v f
γ (t, x, v),

(4.8)

where âα;β,γ (v) and b̂α;β,γ (v) are some coefficients, whose explicit formulas are not
pursued here. Moreover, the following equalities and the rough estimate holds for any
α, β, γ ∈ B,

âα;0,α(v) = −1, b̂α;0,α(v) = −
⎡

⎣
0 −v̂3 v̂2
v̂3 0 −v̂1

−v̂2 v̂1 0

⎤

⎦ , |âα;β,γ (v)| + |b̂α;β,γ (v)| � 1.

(4.9)
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Define the profile of f α(t, x, v) as follows,

gα(t, x, v) := f α(t, x + v̂t, v), �⇒ f α(t, x, v) = gα(t, x − v̂t, v).

From (4.8), we have

∂t g
α(t, x, v) =

∑

β,γ∈B,|β|+|γ |≤|α|

(
âα;β,γ (v)Eβ(t, x + v̂t)

+b̂α;β,γ (v)Bβ(t, x + v̂t)
) · Dvg

γ (t, x, v). (4.10)

Define

Kα;β,γ (t, x + v̂t, v) = âα;β,γ (v)Eβ(t, x + v̂t) + b̂α;β,γ (v)Bβ(t, x + v̂t). (4.11)

In particular, from (4.9) and (4.2), we have

Kα;�0,α(t, x, v) = −E(t, x) − v̂ × B(t, x) = −K (t, x, v). (4.12)

Recall the decomposition of Dv in (3.19), we have

Kα;β,γ (t, x + v̂t, v) · Dvg
γ (t, x, v) =

∑

i=1,...7

Ki
α;β,γ (t, x + v̂t, v)Xi g

γ (t, x, v),

(4.13)

where

Ki
α;β,γ (t, x + v̂t, v) = αi (v) · Kα;β,γ (t, x + v̂t, v), i = 1, . . . , 7. (4.14)

Therefore, we can rewrite (4.10) as follows,

∂t g
α(t, x, v) =

∑

β,γ∈B,|β|+|γ |≤|α|

∑

i=1,...7

Ki
α;β,γ (t, x + v̂t, v) · Xi g

γ (t, x, v). (4.15)

Now, we apply the second set of vector fields on gα(t, x, v). For any β ∈ S and any
α ∈ B, we define

gα
β (t, x, v) := �βgα(t, x, v), β ∼ ι1 ◦ ι2 ◦ · · · ◦ ι|β|, ιi ∈ K, |ιi | = 1, i = 1, . . . , |β|.

(4.16)

Note that [∂t ,�β ] = 0. From (4.12) and (4.15), based on the order of derivatives, we
classify the nonlinearity of the equation satisfied by gα

β (t, x, v) as follows,

∂t g
α
β (t, x, v) = −K (t, x + v̂t, v) · Dvg

α
β (t, x, v) + h.o.tαβ(t, x, v) + l.o.tαβ(t, x, v),

(4.17)

where “h.o.tαβ(t, x, v)” denotes all the terms in which the total number of derivatives
acts on g(t, x, v) is “ |α| + |β| ” and “l.o.tαβ(t, x, v)” denotes all the terms in which the
total number of derivatives acts on g(t, x, v) is strictly less than “ |α| + |β|”. We remind
readers that the total number of derivatives act on the electromagnetic field is possible
to be |α| + |β| in “l.o.tαβ(t, x, v)”.



732 X. Wang

Based on the source of the top order terms, we classify “h.o.tαβ(t, x, v)” further into
three parts as follow,

h.o.tαβ(t, x, v) =
∑

i=1,2,3

h.o.tαβ;i (t, x, v), (4.18)

where h.o.tαβ;1(t, x, v) arises from the case when only one derivative of �β hits

Ki (t, x, v), h.o.tαβ;2(t, x, v) arises from the case when the entire derivative of �β hits
gγ (t, x, v)where |γ | = |α|−1, and h.o.tαβ;3(t, x, v) arise from the top order commutator

between Xi and �β , see (3.41) in Lemma 3.4. More precisely,

h.o.tαβ;1(t, x, v) =
∑

ι,κ∈S,i=1,...,7,ι+κ=β,|ι|=1

�ι(Ki (t, x + v̂t, v))Xi g
α
κ (t, x, v),

(4.19)

h.o.tαβ;2(t, x, v) =
∑

|ρ|≤1,|γ |=|α|−1

∑

i=1,...,7

Ki
α;ρ,γ (t, x + v̂t, v)Xi g

γ
β (t, x, v), (4.20)

h.o.tαβ;3(t, x, v) =
∑

i=1,...,7

Ki (t, x + v̂t, v)Y β
i g

α(t, x, v). (4.21)

Next, we will identify the bulk term which appears in the high order terms
h.o.tαβ(t, x, v). Based on the possible vector field of “�ι” in (4.19), we separate
h.o.tαβ;1(t, x, v) further into two parts as follows,

h.o.tαβ;1(t, x, v) = h.o.tα;1
β;1(t, x, v) + h.o.tα;2

β;1(t, x, v), (4.22)

where

h.o.tα;1
β;1(t, x, v) =

∑

j=1,2,3,i=1,...,7

∑

ι+κ=β,ι,κ∈S,|ι|=1,�ι�ψ≥1(|v|)�̂v
jorψ≥1(|v|)�x

j

�ι(Ki (t, x + v̂t, v))Xi g
α
κ (t, x, v), (4.23)

h.o.tα;2
β;1(t, x, v) =

∑

j=1,2,3,i=1,...,7

∑

ι+κ=β,ι,κ∈S,|ι|=1,�ι∼ψ≥1(|v|)�̂v
jorψ≥1(|v|)�x

j

�ι(Ki (t, x + v̂t, v))Xi g
α
κ (t, x, v). (4.24)

Note that the following equality holds if �ι ∼ ψ≥1(|v|)�̂v
j or ψ≥1(|v|)�x

j , where
j ∈ {1, 2, 3},

�ι(Ki (t, x + v̂t, v)) = Ki
ι;1(t, x + v̂t, v) + Ki

ι;2(t, x + v̂t, v), (4.25)

where

Ki
ι;1(t, x + v̂t, v) = (√

1 + |v|2d̃(t, x, v)
)1−c(ι)

αi (v) · �x
j

(
E(t, x + v̂t)

+v̂ × B(t, x + v̂t)
)
ψ≥1(|v|), (4.26)

Ki
ι;2(t, x + v̂t, v) = (1 − c(ι))ψ≥1(|v|)[Ṽ j · ∇v(αi (v))

(
E(t, x + v̂t)

+v̂ × B(t, x + v̂t)
)
+ αi (v) · ((Ṽ j · ∇v)v̂ × B(t, x + v̂t)

)]
. (4.27)
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Motivated from the above decomposition, we can separate “h.o.tα;2
β;1(t, x, v)” further into

two parts as follows,

h.o.tα;2
β;1(t, x, v) = bulkα

β(t, x, v) + errorαβ(t, x, v), (4.28)

where

bulkα
β(t, x, v) :=

∑

j=1,2,3,i=1,...,7

∑

ι+κ=β,ι,κ∈S,|ι|=1,�ι∼ψ≥1(|v|)�̂v
jorψ≥1(|v|)�x

j

K i
ι;1(t, x + v̂t, v)Xi g

α
κ (t, x, v), (4.29)

errorαβ(t, x, v) :=
∑

j=1,2,3,i=1,...,7

∑

ι+κ=β,ι,κ∈S,|ι|=1,�ι∼ψ≥1(|v|)�̂v
jorψ≥1(|v|)�x

j

K i
ι;2(t, x + v̂t, v)Xi g

α
κ (t, x, v). (4.30)

Recall (4.17). Lastly, we classify the low order term l.o.tαβ(t, x, v) and decompose it
into four parts as follows,

l.o.tαβ(t, x, v) =
∑

i=1,...,4

l.o.tαβ;i (t, x, v), (4.31)

where

l.o.tαβ;1(t, x, v) =
∑

i=1,...,7

∑

κ∈S,|κ|≤|β|−1

Ki (t, x + v̂t, v)
[
d̃(t, x, v)ẽκ,1

β,i (x, v) + ẽκ,2
β,i (x, v)

]

×�κgα(t, x, v),

l.o.tαβ;2(t, x, v) =
∑

ι+κ=β,|ι|=1
i=1,...,7,ι,κ∈S

[
�ι(Ki (t, x + v̂t, v))[�κ, Xi ]gα(t, x, v)

+
∑

|γ |≤|α|−1

�ι(Ki
α;0,γ (t, x + v̂t, v))�κ Xi g

γ (t, x, v)
]

(4.32)

+
∑

|ρ|=1

[ ∑

|γ |=|α|−1

Ki
α;ρ,γ (t, x + v̂t, v)

([�β, Xi ]gγ (t, x, v)
)

+
∑

|γ |≤|α|−2

Ki
α;ρ,γ (t, x + v̂t, v) × �β

(
Xi g

γ
)
(t, x, v)

]
, (4.33)

l.o.tαβ;3(t, x, v) =
∑

ρ,γ∈B,|ρ|+|γ |≤|α|
ι+κ=β,ι,κ∈S

i=1,...,7,|ι|+|ρ|≥12

(
�ιKi

α;ρ,γ (t, x + v̂t, v)
)
�κ

(
Xi g

γ (t, x, v)
)
, (4.34)

l.o.tαβ;4(t, x, v) =
∑

ρ,γ∈B,|ρ|+|γ |≤|α|
ι+κ=β,ι,κ∈S

i=1,...,7,1<|ι|+|ρ|<12

(
�ιKi

α;ρ,γ (t, x + v̂t, v)
)
�κ

(
Xi g

γ (t, x, v)
)
,

(4.35)
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where l.o.tαβ;1(t, x, v) arises from the low order commutator between Xi and �β ,
see (3.41) in Lemma 3.4; l.o.tαβ;2(t, x, v) arises from the commutator between Xi and

�κ , κ ∈ S, |κ| = |β| − 1 or between Xi and �β when there is only one derivative hits
on Ki (t, x, v), or all other low order terms which have at most one derivative on the
electromagnetic field; l.o.tαβ;3(t, x, v) arises from the case when there are at least twelve
derivatives hit on the electromagnetic field, and l.o.tαβ;4(t, x, v) denotes all the other low
order terms, in which there are at most twelve derivatives and at least two derivatives
hit on the electromagnetic field and the total number of derivatives hit on g(t, x, v) is
strictly less than |α| + |β|.

Recall (4.11) and (4.14). To analyze “�ι
(
Ki

α;ρ,γ
(t, x + v̂t, v)

)
” in (4.34) and (4.35),

the following Lemma is useful.

Lemma 4.1. The following identity holds for any ρ ∈ S,

�ρ
(
f (t, x + v̂t)

) =
∑

ι∈B,|ι|≤|ρ|
cι
ρ(x, v) f ι(t, x + v̂t) (4.36)

where the coefficients cι
ρ(x, v), ι ∈ B, satisfy the following estimate,

|cι
ρ (x, v)| � (1 + |x |)|ρ|−|ι|(1 + |v|)|ρ|−|ι|(1 + |v|)|ρ|−c(ρ), where |ι| ≤ |ρ|, (4.37)

|cι
ρ (x, v)| � (1 + |v|)−c(ρ), if |ρ| = 1, �ρ

� ψ≥1(|v|)�̂v
j , orψ≥1(|v|)�x

j , j ∈ {1, 2, 3}.
(4.38)

Moreover, the following rough estimate holds for any κ ∈ S,

|�κ
(
cι
ρ(x, v)

)| � (1 + |x |)|κ|+|ρ|−|ι|(1 + |v|)|κ|+|ρ|−|ι|(1 + |v|)|ρ|−c(ρ). (4.39)

Proof. See [42, Lemma 4.1]. ��

4.2. The equation satisfied by the profiles of the electromagnetic field. In this subsection,
we mainly compute the equation satisfied by the high order derivatives of the electro-
magnetic fields. Recall (3.1) and (3.2). Note that the vector fields we will apply on the
distribution function f (t, x, v) and the electromagnetic field are not exactly the same.
As a preliminary step before computing the equation satisfied by the high order deriva-
tives of the electromagnetic fields, we compute the difference between the high order
derivatives �α and �̃α, α ∈ B, see (3.23).

Recall (3.21), (3.22), and (3.23). We have

�α − �̃α =
∑

β,γ∈B,|β|+|γ |≤|α|,|β|≥1

aα;β,γ (v) · ∇β
v �̃γ , (4.40)

where “aα;β,γ (v)”, β, γ ∈ B, are some determined coefficients, whose explicit formulas

are not pursued here and the vector “∇β
v ”, β ∈ B, is defined as follows,

∇β
v := ∇γ1

v ◦ · · · ∇γ|β|
v , β ∼ γ1 ◦ · · · γ|β|, γi ∈ A, |γi | = 1, i ∈ {1, . . . , |β|},

∇γ
v =

⎧
⎨

⎩

Vi · ∇v if γ = �ai+4, i = 1, 2, 3√
1 + |v|2∂vi if γ = �ai+7, i = 1, 2, 3

I d otherwise
, where γ ∈ A. (4.41)
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Due to the fact that ∇v is possible to hit the coefficients during the expansion, we have
|β| + |γ | ≤ |α| instead of |β| + |γ | = |α| in (4.40). From (3.3) and (3.4), we know that
the following rough estimate of the coefficients aα;β,γ (v) holds,

|aα;β,γ (v)| � 1, β, γ ∈ B, |β| + |γ | ≤ |α|, |β| ≥ 1. (4.42)

Let
aα:�0,α(v) := 1,�⇒ �α =

∑

β,γ∈B,|β|+|γ |≤|α|
aα;β,γ (v) · ∇β

v �̃γ . (4.43)

Recall (4.1) and (4.4). From (4.43), we have

�α
(
∂2t E − �E

) =
∑

|β|+|γ |≤|α|

∫

4πv̂ ·
(
aα;β,γ (v) · ∇β

v �̃γ ∇x f
)
v̂

−4πaα;β,γ (v) · ∇β
v �̃γ ∇x f (t, x, v)

+
∑

β+γ=α

∑

|ι|+|κ|≤|γ |
4π∇vv̂ · (Eβ + v̂ × Bβ)aγ ;ι,κ (v) · ∇ ι

v�̃
κ f dv, (4.44)

�α
(
∂2t B − �B) =

∑

|β|+|γ |≤|α|

∫

4πv̂ × (
aα;β,γ (v) · ∇β

v �̃γ ∇x f (t, x, v)
)
dv.

(4.45)

Note that

[∂2t − �, S] = −S, [∂2t − �,�i ] = 0, [∂2t − �, Li ] = 0.

From the above commutation rules, after doing the integration by parts in “v” for the
integral on the right hand side of (4.44) and (4.45) to move around the derivatives “∇β

v ”,
we know that the following equations satisfied by Eα(t, x) and Bα(t, x) hold,

(∂2t − �)Eα = N α
1 , (∂2t − �)Bα = N α

2 , (4.46)

where

N α
1 =

∑

β,γ∈B,|β|+|γ |≤|α|

∫

R3
ãα;γ (v)∇x f

γ (t, x, v) +
(
b̃α
β,γ (v)Eβ(t, x)

+c̃α
β,γ (v)Bβ(t, x)

)
f γ (t, x, v)dv, (4.47)

N α
2 =

∑

γ∈B,|γ |≤|α|

∫

R3
d̃α;γ (v)∇x f

γ (t, x, v)dv, (4.48)

where ãα;γ (v), b̃α
β,γ (v), c̃α

β,γ (v), and d̃α;γ (v) are some determined coefficients, whose
explicit formulas are not pursued here. Moreover, from the equality (4.41) and the rough
estimate of coefficients in (4.42), we have the following rough estimate,

|ãα;γ (v)| + |b̃α
β,γ (v)| + |c̃α

β,γ (v)| + |d̃α;γ (v)| � 1. (4.49)

Define the half-wave part of the electromagnetic field as follows,

uα
1 (t, x) := |∇|−1(∂t − i |∇|)Eα(t, x), uα

2 (t, x) := |∇|−1(∂t − i |∇|)Bα(t, x).

(4.50)
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As a result of direct computations, we can recover the electromagnetic field from the
above-defined half-wave as follows,

∂t E
α = |∇|

2

(
uα
1 + uα

1

)
, ∂t B

α = |∇|
2

(
uα
2 + uα

2

)
, Eα = −uα

1 + uα
1

2i
, Bα = −uα

2 + uα
2

2i
.

(4.51)

From (4.46) and (4.50), we have
{

(∂t + i |∇|)uα
1 (t, x) = |∇|−1N α

1 =: Ñ α
1

(∂t + i |∇|)uα
2 (t, x) = |∇|−1N α

2 =: Ñ α
2 .

(4.52)

Correspondingly, we define the profiles of uα
i (t), i ∈ {1, 2}, as follows,

hα
1 (t) := eit |∇|uα

1 (t), hα
2 (t) := eit |∇|uα

2 (t). (4.53)

On the Fourier side, from (4.52), the following equations satisfied by the profiles hold,

∂t ĥα
1 (t, ξ) = N̂ α

1;1(t, ξ) + N̂ α
1;2(t, ξ), (4.54)

∂t ĥα
2 (t, ξ) =

∑

γ∈B,|γ |≤|α|

∫

R3
eit |ξ |−i t v̂·ξ d̃α;γ (v)

iξ

|ξ | ĝ
γ (t, ξ, v)dv, (4.55)

where

N̂ α
1;1(t, ξ) =

∑

γ∈B,|γ |≤|α|

∫

R3
eit |ξ |−i t v̂·ξ ãα;γ (v)

iξ

|ξ | ĝ
γ (t, ξ, v)dv, (4.56)

N̂ α
1;2(t, ξ) =

∑

β,γ∈B,μ∈{+,−}
|β|+|γ |≤|α|

∫

R3

∫

R3
eit |ξ |−i tμ|ξ−η|−i t v̂·η cμ

|ξ |
(
b̃α
β,γ (v)

̂
Pμ[hβ

1 ](t, ξ − η)

+c̃α
β,γ (v)

̂
Pμ[hβ

2 ](t, ξ − η)
)
ĝγ (t, η, v)dηdv, (4.57)

where the operator Pμ[·], μ ∈ {+,−}, is defined in (2.1) and cμ = iμ/2.

4.3. The modified profiles of the electromagnetic field. Note that both the equations
(4.54) and (4.55) contain a linear term, which is the density (i.e., the average of the
distribution function). To adjust the growth effect that comes from this part, we add the
correction terms to the profile and define the modified profiles as follows,

̂̃hα
1 (t, ξ) = ĥα

1 (t, ξ) −
∑

γ∈B,|γ |≤|α|

∫

R3
eit |ξ |−i t v̂·ξ ãα;γ (v)ξ

|ξ |(|ξ | − v̂ · ξ)
ĝγ (t, ξ, v)dv,

(4.58)

̂̃hα
2 (t, ξ) = ĥα

2 (t, ξ) −
∑

γ∈B,|γ |≤|α|

∫

R3
eit |ξ |−i t v̂·ξ d̃α;γ (v)ξ

|ξ |(|ξ | − v̂ · ξ)
ĝγ (t, ξ, v)dv.

(4.59)
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Correspondingly, for any α ∈ B, we can define the modified electromagnetic field as
follows,

Ẽα(t) = c+e
−i t |∇|h̃α

1 (t) + c−e−i t |∇|h̃α
1 (t), B̃α(t) = c+e

−i t |∇|h̃α
2 (t) + c−e−i t |∇|h̃α

2 (t).

(4.60)

Define

EE
α;γ ( f )(t, x) := F−1[

∫

R3
e−i t v̂·ξ ãα;γ (v)ξ

|ξ |(|ξ | − v̂ · ξ)
f̂ (t, ξ, v)dv

]
(x), (4.61)

EB
α;γ ( f )(t, x) := F−1[

∫

R3
e−i t v̂·ξ d̃α;γ (v)ξ

|ξ |(|ξ | − v̂ · ξ)
f̂ (t, ξ, v)dv

]
(x). (4.62)

Recall (4.51), we have

Eα(t) = c+e
−i t |∇|hα

1 (t) + c−e−i t |∇|hα
1 (t), Bα(t) = c+e

−i t |∇|hα
2 (t) + c−e−i t |∇|hα

2 (t).

(4.63)

From the equalities (4.51), (4.53), (4.58), and (4.59), for any α ∈ B, we can link the
relation between the electromagnetic field and the modified electromagnetic field via
the equalities as follows,

Eα(t) = Ẽα(t) −
∑

γ∈B,|γ |≤|α|
Im

[
EE

α;γ (gγ )(t)
]
, Bα(t) = B̃α(t)

−
∑

γ∈B,|γ |≤|α|
Im

[
EB

α;γ (gγ )(t)
]
. (4.64)

Recall the equations satisfied by the profiles hα
1 (t) and hα

2 (t) in (4.54) and (4.55).
From (4.58) and (4.59), it is easy to derive the equations satisfied by themodified profiles
h̃α
1 (t) and h̃α

2 (t) on the Fourier side as follows,

∂t
̂̃hα
1 (t, ξ) =

∑

|γ |≤|α|
N1

α;γ (t, ξ) + N̂ α
1;2(t, ξ), ∂t

̂̃hα
2 (t, ξ) =

∑

|γ |≤|α|
N2

α;γ (t, ξ),

(4.65)

where

N1
α;γ (t, ξ) := −

∫

R3
eit |ξ |−i t v̂·ξ ãα;γ (v)ξ

|ξ |(|ξ | − v̂ · ξ)
∂̂t gγ (t, ξ, v)dv,

N2
α;γ (t, ξ) := −

∫

R3
eit |ξ |−i t v̂·ξ d̃α;γ (v)ξ

|ξ |(|ξ | − v̂ · ξ)
∂̂t gγ (t, ξ, v)dv. (4.66)

Recall (4.10). After plugging in the equation satisfied by ∂t gγ , we have the following
equality for any fixed α, β, γ ∈ B,
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N1
α;γ (t, ξ)=

∑

ι,κ∈B,|ι|+|κ|≤|γ |

∑

μ∈{+,−}

∫

R3

∫

R3
eit |ξ |−iμt |ξ−η|−i t v̂·η −cμãα;γ (v)ξ

|ξ |(|ξ | − v̂ · ξ)

× (
âγ ;ι,κ (v)P̂μ[hι

1](t, ξ − η)

+b̂γ ;ι,κ (v)P̂μ[hι
2](t, ξ−η)

) · (∇v−i t∇v(v̂ · η))ĝκ (t, η, v)dηdv

=
∑

ι,κ∈B,|ι|+|κ|≤|γ |

∑

μ∈{+,−}

∫

R3

∫

R3
eit |ξ |−iμt |ξ−η|−i t v̂·η

× ∇v · [ cμãα;γ (v)ξ

|ξ |(|ξ | − v̂ · ξ)

(
âγ ;ι,κ (v)P̂μ[hι

1](t, ξ − η)

+ b̂γ ;ι,κ (v)P̂μ[hι
2](t, ξ − η)

)]
ĝκ (t, η, v)dηdv. (4.67)

In the above equality, we did the integration by parts in “v” tomove around the derivative
“∇v” in front of ĝκ(t, η, v). With minor modifications, we can reduce “N2

α;γ (t, ξ) ” in
(4.66) as follows,

N2
α;γ (t, ξ) =

∑

ι,κ∈B,|ι|+|κ|≤|γ |

∑

μ∈{+,−}

∫

R3

∫

R3
eit |ξ |−iμt |ξ−η|−i t v̂·η

× ∇v · [ cμd̃α;γ (v)ξ

|ξ |(|ξ | − v̂ · ξ)

(
âγ ;ι,κ (v)P̂μ[hι

1](t, ξ − η)

+ b̂γ ;ι,κ (v)P̂μ[hι
2](t, ξ − η)

)]
ĝκ(t, η, v)dηdv. (4.68)

From the above equalities and the detailed formula of N̂ α
1;2(t, ξ) in (4.57), we know

that the nonlinearities of the equation satisfied by the modified profiles in (4.65) are
quadratic, which are more favorable in the energy estimate.

4.4. The energy functionals for the Vlasov–Maxwell system. In this subsection, we con-
struct the energy functionals for the Vlasov–Maxwell system. The energy functionals
we will use for the Vlasov–Maxwell system are similar to the energy functionals used
in the Vlasov–Nordström system, see [42]. For the sake of readers, we elaborate on the
ideas behind the construction of energy functionals.

We define the high order energy for the profile g(t, x, v) of the distribution function
as follows,

E f
high(t) := E f ;1

high(t) + E f ;2
high(t), E f :1

high(t) :=
∑

α∈B,β∈S,|α|+|β|=N0

‖ωα
β(x, v)gα

β (t, x, v)‖L2
x,v

,

(4.69)

E f :2
high(t) :=

∑

α∈B,β∈S,|α|+|β|<N0

‖ωα
β(x, v)gα

β (t, x, v)‖L2
x,v

, (4.70)

where gα
β (t, x, v) is defined in (4.16) and the weight function ωα

β(t, x, v) is defined as
follows,

ωα
β(t, x, v) = (1 + |x |2 + (x · v)2 + |v|20)20N0−10(|α|+|β|)(1 + |v|)c(β)(φ(t, x, v))|β|−i(β),

(4.71)
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where the indexes c(β) and i(β) are defined in (3.28) and the time dependent weight
function φ(t, x, v) is defined as follows,

φ(t, x, v) := 1 − x · v

1 + |x | f ((1 + |t |)/(|x ||v|))η(x · ṽ)ψ≥1(|v|), (4.72)

whereη(x) :R → R is supported inside (−∞,−10] and equals to one inside (−∞,−20]
and the function f (x) : R+ → R is a bump function defined as follows,

f (x) :=
{
e−1/(1−25x) 0 ≤ x < 2−5

0 x ≥ 2−5 ,�⇒ f ′(x) ≤ 0. (4.73)

Themain ideas of choosingweight function as in (4.71) canbe summarized as follows:
(i) For different order of derivatives of the profile, we set up a hierarchy for the order
of the associated weight function. For the profile with more derivatives, we propagate
less weight inside the energy. The choice of such a hierarchy makes the estimate of
lower order terms easier in the estimate of the high order terms. (ii) Comparing with
the ordinary derivatives of the profile, we expect that the good derivatives of the profile,
which are Ŝv and �x

i , are capable of propagating more weight in “|v|”; (iii) We used an
anisotropic weight in x in (4.71) instead of a radial weight |x | to guarantee that the first
estimate (4.74) in Lemma 4.2 holds, which plays an important role for the case when
all the derivatives hit on Dvg(t, x, v), see Proposition 6.1 for more details; (iv) We used
φ(t, x, v) in the weight function ωα

β(t, x, v) to capture the fact that the inhomogeneous

modulation d̃(t, x, v) is much smaller than the distance to the light cone ||t | − |x + v̂t ||
if x · ṽ < 0, |v| � 1, and |x | ≥ (1 + |t |)/|v|, see the second part of the estimate (4.74)
in Lemma 4.2. This observation is also crucial for the estimate of the worst scenario
after exploiting the null structure by doing integration by parts in time, see the proof of
Lemma 8.6 in Sect. 8.2.

Lemma 4.2. For any α ∈ B, β ∈ S, s.t., |α| + |β| ≤ N0, the following estimate holds
for any x, v ∈ R

3,

∣
∣
∣
Dvω

α
β(t, x, v)

ωα
β(t, x, v)

∣
∣
∣

1

1 + ||t | − |x + v̂t || � 1,
∣
∣
∣
d̃(t, x, v)φ(x, v)

1 + ||t | − |x + v̂t ||
∣
∣
∣ � 1. (4.74)

Proof. Recall (4.71). Let

ω̂α
β(x, v) := (1 + |x |2 + (x · v)2 + |v|20)20N0−10(|α|+|β|)(1 + |v|)c(β).

From [42, Lemma 4.2], we know that the following estimate holds,

∣
∣
∣
Dvω̂

α
β(x, v)

ω̂α
β(x, v)

∣
∣
∣

1

1 + ||t | − |x + v̂t || � 1. (4.75)

Therefore, to prove our desired first estimate in (4.74), it would be sufficient to con-
sider the case when Dv hits the weight function φ(t, x, v). Recall (4.72). Note that the
following estimates hold for any fixed x, v ∈ supp(φ(t, x, v) − 1),

x · ṽ ≤ −10, |x | ≥ 10, |v| � 1,
1 + |t |
|x ||v| ≤ 2−4, |x | ≥ 24(1 + |t |)/|v|. (4.76)

Based on the possible destination of Dv , we separate into three cases as follows.
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• The case when Dv hits the coefficient (x · v)/(1 + |x |). Recall the equalities in (2.6).
The following decomposition of Dv holds,

Dv = ṽSv − t

(1 + |v|2)3/2 S
x +

∑

i=1,2,3

Ṽi�
v
i − t

(1 + |v|2)1/2�x
i . (4.77)

As results of direct computations, the following equalities hold for any i ∈ {1, 2, 3},
Sv

(
x · v

) = x · ṽ, �v
i

(
x · v

) = x · Ṽi , Sx
(
x · v

) = |v|, �x
i

(
x · v

) = 0,

(4.78)

Sx
( 1

1 + |x |
) = − x · ṽ

|x |(1 + |x |)2 , �x
i

( 1

1 + |x |
) = − Ṽi · x

|x |(1 + |x |)2 . (4.79)

Therefore, from the above equalities, the following estimate holds for any fixed x, v ∈
supp(φ(t, x, v) − 1),

[∣
∣
Sv

(
(x · v)/(1 + |x |))

φ(t, x, v)

∣
∣ +

t

(1 + |v|2)3/2
∣
∣
Sx

(
(x · v)/(1 + |x |))

φ(t, x, v)

∣
∣ +

∑

i=1,2,3

∣
∣
�v

i

(
(x · v)/(1 + |x |))
φ(t, x, v)

∣
∣

+
t

(1 + |v|2)1/2
∣
∣
�x

i

(
(x · v)/(1 + |x |))
φ(t, x, v)

∣
∣
] 1

1 + ||t | − |x + v̂t ||
� 1 +

|t |
(1 + |x |)(1 + |v|) +

[ |t |
(1 + |v|)3

1

|x · ṽ| +
|x |

|x · v|
] 1

1 + ||t | − |x + v̂t || . (4.80)

If x · ṽ ≤ −2−10|x |2/t , from (4.76), we know that the following estimate holds for any
fixed x, v ∈ supp(φ(t, x, v) − 1)

t

(1 + |v|)2
1

|x · ṽ| +
|x |

|x · v| � |t |
(1 + |v|)|x | +

t2

(1 + |v|)2|x |2 � 1. (4.81)

If x · ṽ ≥ −2−10|x |2/t , then from (4.76), the following estimate holds for the distance
with respect to the light cone,

1

1 + ||t | − |x + v̂t || = 1 + ||t | + |x + v̂t ||
1 + ||t | − |x + v̂t || + ||t | + |x + v̂t || + | t2

1+|v|2 − 2t x · ṽ − |x |2|

� |t | + |x |
|x |2 . (4.82)

Therefore, from the above estimate and the estimate (4.76), we have

( t

(1 + |v|2) +
|x |

|x · v|
) 1

1 + ||t | − |x + v̂t || � 1 +
|t |

(1 + |v|)|x | +
t2

(1 + |v|)2|x |2 � 1.

(4.83)

To sumup, from the estimates (4.81) and (4.83), inwhichever case, the following estimate
holds if Dv hits the coefficient (x · v)/(1 + |x |),

(4.80) � 1. (4.84)

• The case when Dv hits the cutoff function η(x · ṽ).
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For this case,we know that x ·ṽ ∈ (−20,−10) inside the support. Recall the equalities
in (4.78) and (4.79). We know that the following estimate holds for any fixed x, v ∈
supp(φ(t, x, v) − 1) ∩ supp(η′(x · ṽ)).

∣
∣Dv(η(x · ṽ))

∣
∣ � 1

|v| +
|x |
|v| +

|t |
1 + |v|3 . (4.85)

We first consider the case when |x | ≤ 210|v|. Since |x | ≥ (1 + |t |)/|v| (see (4.76)), for
this case, we have |v| � (1 + |t |)1/2. From the estimate (4.85), we have

∣
∣Dv(η(x · ṽ))

∣
∣ � 1. (4.86)

It remains to consider the case when |x | ≥ 210|v|. For this case we have |x |2 ≥
210|x ||v| ≥ (1 + |t |), which implies that |x | ≥ 25(1 + |t |)1/2. Therefore, from the
equality in (4.82), we have

1

1 + ||t | − |x + v̂t || � |t | + |x |
|x |2 .

Therefore, from the above estimate and the estimate (4.85), the following estimate holds,

∣
∣Dv(η(x · ṽ))

∣
∣ 1

1 + ||t | − |x + v̂t || � 1 +
t

|x ||v| +
t2

|x |2|v|2 � 1. (4.87)

• The case when Dv hits the cutoff function f ((1 + |t |)/(|x ||v|)). From the decompo-
sition of “Dv” in (4.77), as a result of direct computations, we know that the following
estimate holds for any x, v ∈ supp(φ(t, x, v) − 1),

|Dv

(
f ((1 + |t |)/(|x ||v|))| � t

|x ||v|2 +
t2

|x |2|v|2 � 1. (4.88)

To sum up, from the estimate (4.84), (4.86), (4.87), and (4.88), we have the following
estimate,

∣
∣Dvφ(t, x, v)

φ(t, x, v)

∣
∣ 1

1 + ||t | − |x + v̂t || � 1. (4.89)

Recall the definition of ωα
β(t, x, v) in (4.71), our desired first estimate in (4.74) holds

from the estimates (4.75) and (4.89).
Now, we proceed to prove the second part of the desired estimate (4.74). Recall the

equality (3.7). Note that the following estimate holds,

∣
∣ d̃(t, x, v)φ(x, v)

1 + ||t | − |x + v̂t ||
∣
∣ � 1 +

1 + |t | + |x + v̂t |
(t + (|1 + |v|)(|x · v| + |x |)

|x · v|
|x | f ((1 + |t |)/(|x ||v|))

� 1 +
|t | + |x |

|x |(1 + |v|) f ((1 + |t |)/(|x ||v|)) � 1. (4.90)

Hence finishing the proof of our desired second estimate in (4.74). ��
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From the estimate (2.10) in Lemma 2.1, we know that the zero frequency of the
profile plays the leading role in the decay estimate of the density type function. With
this intuition, similar to the study of the Vlasov–Poisson system in [43] and the study of
Vlasov–Nordström system in [42], we define lower order energy for the profile g(t, x, v)

as follows,

E f
low(t) :=

∑

γ∈B,|α|+|γ |≤N0

‖ω̃α(v)
(∇α

v ĝ
γ (t, 0, v) − ∇v · g̃α,γ (t, v)

)‖L2
v
,

ω̃α
γ (v) := (1 + |v|)20N0−10(|α|+|γ |). (4.91)

where the correction term g̃α,γ (t, v), which is introduced to avoid losing derivatives for
the study of the time evolution of ∇α

v ĝ
γ (t, 0, v), is defined as follows,

g̃α,γ (t, v) :=

⎧
⎪⎨

⎪⎩

∫ t

0

∫

R3
−K (s, x + v̂s, v)∇α

v g
γ (s, x, v)dxds if |α| + |γ | = N0

0 if |α| + |γ | < N0,

(4.92)

where K (t, x, v) is defined in (4.2).We remark that, despite there are the top order vector
fields applied on the profile, E f

low(t) only controls the zero frequency of the profile. We
call it low order energy in the sense of frequency instead of counting how many vector
fields are applied.

We define a high order energy of the electromagnetic field as follows,

Eeb
high(t) :=

∑

α∈B,|α|≤N0

∑

i=1,2

[
sup
k∈Z

2k‖ĥα
i (t, ξ)ψk(ξ)‖L∞

ξ
+ 2k‖ ̂̃hα

i (t, ξ)ψk(ξ)‖L∞
ξ

+2k/2‖∇ξ
̂̃hα
i (t, ξ)ψk(ξ)‖L2

ξ

]
+ ‖ĥα

i (t, ξ)‖L2
ξ
+ ‖ ̂̃hα

i (t, ξ)‖L2
ξ
. (4.93)

The first part of energy Eeb
high(t), which is stronger than L

2 at low frequencies, controls

the low frequency part of the profiles hα
i (t), i ∈ {1, 2}; the second part of energy Eeb

high(t),

which has the same scaling level as the first part of energy Eeb
high(t), aims to control the

first order weighted norm of the modified profiles h̃α
i (t), i ∈ {1, 2}; the third part of

energy Eeb
high(t), controls the high frequency part of the profiles hα

i (t), i ∈ {1, 2}.
Moreover, we define a low order energy for the profiles hα

i (t), i ∈ {1, 2}, of the
electromagnetic field as follows,

Eeb
low(t) := [ ∑

n=0,1,2,3

∑

i=1,2

∑

α∈B,|α|≤20−3n

‖hα
i (t)‖Xn

+(1 + t)‖∂t hα
i (t)‖Xn + (1 + t)2‖∂t∇x (1 + |∇x |)−1hα

i (t)‖Xn

]
, (4.94)

where the Xn-normed space, n ∈ {0, 1, 2, 3}, is defined as follows,

‖h‖Xn := sup
k∈Z

2(n+1)k‖∇n
ξ ĥ(t, ξ)ψk(ξ)‖L∞

ξ
. (4.95)

To show that the electromagnetic field decays at rate 1/
(
(1+ |t |)(1+ ||t |− |x ||)) over

time, from the decay estimates in Lemma 4.3, it would be sufficient to show that the low
order energy Eeb

low(t) doesn’t grow over time.



Propagation of Regularity and Long Time Behavior 743

Lemma 4.3. For any given Fourier multiplier operator T with symbol m(ξ) ∈ S∞, the
following estimate holds,

∑

α∈B,|α|≤10,u∈{Eα,Bα}
|T (u)(t, x)| + (1 + ||t | − |x ||)∣∣∇x T (u)(t, x)

∣
∣

+
∑

|α|≤10,v∈{E,B}
(1 + ||t | − |x ||)|α|∣∣∇α

x T (v)(t, x)
∣
∣

� (1 + |t |)−1(1 + ||t | − |x ||)−1‖m(ξ)‖S∞Eeb
low(t), (4.96)

∑

α∈B,|α|≤10,u∈{Eα,Bα}
|Pk ◦ T (∂t u)(t, x)| + |Pk ◦ T (|∇|u)(t, x)|

� (1 + |t |)−1(1 + ||t | − |x ||)−12k−4k+‖m(ξ)‖S∞
k
Eeb
low(t). (4.97)

Proof. With minor modifications in the proof of [42, Lemma 6.3], the desired estimates
(4.96) and (4.97) hold from the linear decay estimate (2.11) in Lemma 2.2. The main
idea of the proof lies in the process of trading one spatial derivative for the decay of
modulation of size “

(
1 + |t | − |x |)−1” in the sense of equality (3.37) and the equality

(3.38) in Lemma 3.3. ��

5. Energy Estimates for the Electromagnetic Field

This section is devoted to control both the low order energy and the high order energy
of the profiles of the electromagnetic field over time, i.e., controlling Eeb

high(t), which is

defined in (4.93), and Eeb
low(t), which is defined in (4.94), over time.

Although there is little essential difference between the nonlinear wave part of the
Vlasov–Maxwell system and the Vlasov–Nordström system, for the sake of readers,
we still give concise proof here. The main ingredients of the energy estimate of the
electromagnetic field are a linear estimate and several bilinear estimates, which have
been derived and proved in [42]. We first record these multilinear estimates here and
then use these general multilinear estimates as black boxes to estimate the increment of
the high order energy Eeb

high(t) and the low order energy Eeb
low(t) over time.

5.1. Some multilinear estimates. Recall (4.54) and (4.55). To estimate the Xn-norms,
n ∈ {0, 1, 2, 3}, of the linear terms inside the nonlinearities of ∂t ĥα

i (t, ξ), i ∈ {1, 2}, α ∈
B, we use the following Lemma.

Lemma 5.1. Given any given n ∈ N+, n ≤ 10, and any given symbol m(ξ, v) that
satisfies the following estimate,

sup
k∈Z

∑

i=0,1,...,10,|a|≤15

2ik−(n−1)k‖(1 + |v|)−20−4i∇ i
ξ∇a

vm(ξ, v)ψk(ξ)‖L∞
ξ L∞

v
� 1,

(5.1)

then the following estimate holds for any i ∈ {0, 1, 2, 3},
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‖
∫

R3
eit |ξ |−iμt v̂·ξm(ξ, v)ĝ(t, ξ, v)dv‖Xi

�
∑

|α|≤i+n

(1 + |t |)−n‖(1 + |v|)30∇α
v ĝ(t, 0, v)‖L1

v

+
∑

β∈S,|β|≤i+n

(1 + |t |)−n−1‖(1 + |x |2 + |v|2)20�βg(t, x, v)‖L2
x L

2
v
. (5.2)

Moreover, for any differentiable vector value function g̃(t, v) : Rt × R
3
v → R

3, the
following L∞

ξ -type estimate holds for any fixed k ∈ Z,

2k‖
∫

R3
eit |ξ |−iμt v̂·ξm(ξ, v)ĝ(t, ξ, v)ψk(ξ)dv‖L∞

ξ

� 2nk
(‖(1 + |v|)20(ĝ(t, 0, v) − ∇v · g̃(t, v)

)‖L1
v

+(1 + |t |2k)‖(1 + |v|)20 g̃(t, v)‖L1
v
+ 2k‖(1 + |x | + |v|)30g(t, x, v)‖L2

x L
2
v

)
. (5.3)

Proof. See [42, Lemma 5.1]. ��
Recall (4.54), (4.57), (4.65), (4.67), and (4.68).Motivated from theVlasov-wave type

interaction structure of quadratic terms, we study a bilinear form that will be suitable

for the estimate of all quadratic terms in ∂t ĥα
i (t, ξ) and ∂t

̂̃hα
i (t, ξ), i ∈ {1, 2}. More

precisely, for any l ∈ {0, 1} and any given symbol m(ξ, v) that satisfies the following
estimate,

sup
k∈Z

∑

n=0,1,2,3

∑

|α|≤5

2lk+nk‖(1 + |v|)−20∇n
ξ ∇α

v m(ξ, v)ψk(ξ)‖L∞
v S∞

k
� 1, (5.4)

we define a bilinear operator as follows,

Tμ(h, f )(t, ξ) :=
∫

R3

∫

R3
eit |ξ |−iμt |ξ−η|−i t v̂·ηm(ξ, v)ĥμ(t, ξ − η) f̂ (t, η, v)dηdv.

(5.5)

For the above-defined bilinear operator, we have several bilinear estimates in different
function spaces, which will be used in the low order energy estimate and the high order
energy estimate.

Lemma 5.2. Given any n ∈ {0, 1, 2, 3}, any l ∈ {0, 1}, and any given symbol “m(ξ, v)”
that satisfies the estimate (5.4), the following estimate holds for the bilinear form
Tμ(h, f )(t, ξ) defined in (5.5),

sup
k∈Z

2(n+1)k‖∇n
ξ

(
Tμ(h, f )(t, ξ)

)
ψk(ξ)‖L∞

ξ
�

∑

β∈S,|β|≤n+3

∑

|a|≤n+3

(1 + |t |)−3+l

× ( ∑

0≤c≤n

∑

0≤b≤n−c

∑

|α|≤c

‖hα‖Xb

)

× ‖(1 + |x |2 + |v|2)20�β f (t, x, v)‖L2
x L

2
v
. (5.6)

Proof. See [42, Lemma 5.2]. ��
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Lemma 5.3. Given any symbol “m(ξ, v)” that satisfies the estimate (5.4) with l = 1,
the following estimate holds for the bilinear form Tμ(h, f )(t, ξ) defined in (5.5),

sup
k∈Z

2k‖Tμ(h, f )(t, ξ)ψk(ξ)‖L∞
ξ

�
∑

n=0,1,2,α∈B,|α|≤4

(1 + |t |)−2+δ‖hα(t)‖Xn

×‖(1 + |x |2 + |v|2)20 f (t, x, v)‖L2
x L

2
v
. (5.7)

Moreover, the following L2-type estimate holds,

‖Tμ(h, f )(t, ξ)‖L2
ξ

� min
{ ∑

n=0,1,α∈B,|α|≤4

(1 + |t |)−1‖hα(t)‖Xn

×‖(1 + |x |2 + |v|2)20 f (t, x, v)‖L2
x L

2
v
,

∑

β∈S,|β|≤3

(1 + |t |)−2‖h(t)‖L2‖(1 + |x |2 + |v|2)20�β f (t, x, v)‖L2
x,v

}
. (5.8)

Proof. See [42, Lemma 5.3 & Lemma 5.4]. ��
Lemma 5.4. Given any symbol “m(ξ, v)” that satisfies the estimate (5.4) with l = 1,
the following estimate holds for the bilinear form Tμ(h, f )(t, ξ) defined in (5.5),

2k/2‖∇ξ

(
Tμ(h, f )(t, ξ)

)
ψk(ξ)‖L2 �

∑

0≤n≤3

∑

α∈B,|α|≤4

(
(1 + |t |)−12k− + (1 + |t |)−2+δ

)‖hα(t)‖Xn

×‖(1 + |x |2 + |v|2)20 f (t, x, v)‖L2
x L

2
v
. (5.9)

Moreover, we have

sup
k∈Z

2k/2‖∇ξ

(
Tμ(h, f )(t, ξ)

)
ψk(ξ)‖L2 � (1 + |t |)−2( sup

k∈Z

2k‖ĥ(t, ξ)ψk(ξ)‖L∞
ξ

+2k/2‖∇ξ ĥ(t, ξ)ψk(ξ)‖L2
)

×( ∑

β∈S,|β|≤4

‖(1 + |x |2 + |v|2)20�β f (t, x, v)‖L2
x L

2
v

)
. (5.10)

Proof. See [42, Proposition 5.3]. ��
Moreover, as summarized in the following Lemma, we also have a bilinear estimate

for the Vlasov–Vlasov type interaction.

Lemma 5.5. For any symbols m1(ξ, v),m2(ξ, v) that satisfy (5.4) with l = 1, and any
two distribution functions f, g : Rt × R

3
x × R

3
v −→ R, we define a bilinear operator as

follows,

Kμ(g, f )(t, ξ) :=
∫

R3

∫

R3

∫

R3
eit |ξ |−iμt û·(ξ−η)−i t v̂·ηm1(ξ, v)m2(ξ − η, u)

× ĝ(t, ξ − η, u) f̂ (t, η, v)dηdudv. (5.11)

Then the following bilinear estimate holds for any fixed k ∈ Z,

2k/2‖∇ξ

(
Kμ(g, f )(t, ξ)

)
ψk(ξ)‖L2

ξ

�
∑

β∈S,|β|≤5

(1 + |t |)−2‖(1 + |x |2 + |v|2)20g(t, x, v)‖L2
x L

2
v
‖(1 + |x |2 + |v|2)20�β f (t, x, v)‖L2

x L
2
v
.

(5.12)



746 X. Wang

Proof. See [42, Lemma 5.9]. ��
With the previous preparation, we first control the increment of the low order energy

estimate of the electromagnetic field over time.More precisely, the following proposition
holds.

Proposition 5.1. Under the bootstrap assumption (9.2), the following estimate holds for
any t ∈ [1, T ],

Eeb
low(t) � E f

low(t) + |t |−1E f
high(t) + ε0. (5.13)

Proof. Recall (4.94). We first estimate the Xn-norm of ∂t hα
i (t). Recall (4.54) and (4.55).

Form the estimate of coefficients in (4.49), the estimate (5.2) in Lemma 5.1, which is
used for the linear terms, and the estimate (5.6) in Lemma 5.2, which is used for the
quadratic terms, we have

∑

n=0,1,2,3

∑

i=1,2

∑

α∈B,|α|≤20−3n

(1 + |t |)‖∂t hα
i (t)‖Xn + (1 + |t |)2‖ ∇x

1 + |∇x |∂t h
α
i (t)‖Xn

� E f
low(t) + |t |−1E f

high(t)

+|t |−1E f
high(t)E

eb
low(t) � E f

low(t) + |t |−1E f
high(t) + ε0. (5.14)

Now, it remains to estimate the Xn-norm of hα
i (t), i ∈ {1, 2}. Recall (4.58) and

(4.59). As a result of direct computations, we know the symbol ξ/
(|ξ |(|ξ | − v̂ · ξ)

)

verifies the estimate (5.1). From the estimate of coefficients in (4.49) and the estimate
(5.2) in Lemma 5.1, we have

∑

n=0,1,2,3

∑

|α|≤20−3n

‖h̃α
i (t) − hα

i (t)‖Xn � E f
low(t) + |t |−1E f

high(t). (5.15)

Therefore, it would be sufficient to estimate the Xn-norm of the modified profiles

h̃α
i (t), i ∈ {1, 2}. Recall the equations satisfied by ∂t

̂̃hα
i (t, ξ) in (4.65) and the detailed

formula of the quadratic terms in (4.57), (4.67), and (4.68), we know that ∂t h̃α(t, ξ) is a
linear combination of bilinear forms defined in (5.5). Therefore, from the estimate (5.6)
in Lemma 5.2, we have

∑

n=0,1,2,3

∑

i=1,2

∑

|α|≤20−3n

‖∂t h̃α
i (t)‖Xn � (1 + |t |)−2Eeb

low(t)E f
high(t) � (1 + |t |)−2+δε21 .

(5.16)

Hence, from the above estimate (5.16) and the estimate (5.15), we have

∑

n=0,1,2,3

∑

i=1,2

∑

|α|≤20−3n

‖h̃α
i (t)‖Xn + ‖hα

i (t)‖Xn � E f
low(t) + |t |−1E f

high(t) + ε0

+
∫ t

1
|s|−2+δε21ds. (5.17)

To sum up, our desired estimate (5.13) hold from the estimates (5.14), and (5.17). ��
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Proposition 5.2. Under the bootstrap assumption (9.2), the following estimate holds for
any t ∈ [1, T ],

Eeb
high(t) � E f

high(t) + (1 + |t |)δε0. (5.18)

Proof. Recall the definition of high order energy Eeb
high(t) in (4.93). Based on the different

types of norms in the high order energy of the electromagnetic field, we split into three
cases as follows.

• Case 1: The L∞
ξ -estimates of the profiles and the modified profiles.

Recall (4.58) and (4.59). From the estimate of coefficients in (4.49), we know that
the following estimate holds for any α ∈ B, |α| ≤ N0,

sup
k∈Z

2k‖(̂̃hα
i (t, ξ) − ĥα

i (t, ξ)
)
ψk(ξ)‖L∞

ξ
�

∑

γ∈B,|γ |≤|α|
‖(1 + |v|)5+4(|α|−|γ |) ĝγ (t, ξ, v)‖L∞

ξ L1
v

� E f
high(t). (5.19)

Now, it would be sufficient to estimate the L∞
ξ -norm of ̂̃hα

i (t, ξ). Recall (4.65). From
the estimate (5.6) inLemma5.2,which is usedwhen hi (t) has relativelymore derivatives,
and the estimate (5.7) in Lemma 5.3, which is used when g(t, x, v) has relatively more
derivatives, we have

sup
k∈Z

2k‖∂t̂̃hα
i (t, ξ)ψk(ξ)‖L∞

ξ
� (1 + |t |)−2+δ

(
Eeb
high(t) + Eeb

low(t)
)
E f
high(t) � (1 + |t |)−2+3δε21 .

(5.20)

From (5.19) and (5.20), we have

sup
k∈Z

∑

|α|≤N0

∑

i=1,2

2k‖ ̂̃hα
i (t, ξ)ψk(ξ)‖L∞

ξ
� ε0, sup

k∈Z

∑

|α|≤N0

∑

i=1,2

2k‖ĥα
i (t, ξ)ψk(ξ)‖L∞

ξ

� E f
high(t) + ε0. (5.21)

• Case 2: The L2-estimates of the profiles and the modified profiles.
By using the first estimate in (5.8) in Lemma 5.3 for the case when there are more

derivatives on the distribution function g(t, x, v) and using the second estimate in (5.8)
in Lemma 5.3 for the case when there are more derivatives on the electromagnetic field,
we have

sup
k∈Z

‖∂t ̂̃hα
i (t, ξ)ψk(ξ)‖L2

ξ
� (1 + t)−1E f

high(t)E
eb
low(t) + (1 + t)−2E f

high(t)E
eb
high(t)

� (1 + t)−1+δε21 � (1 + t)−1+δε0. (5.22)

Moreover, from the estimate (5.19), which is used at low frequencies, and theMinkowski
inequality, which is used at high frequencies, we have

‖( ̂̃hα
i (t, ξ) − ĥα

i (t, ξ)
)‖L2

ξ
�

∑

k≤0

2k/2E f
high(t)

+
∑

|γ |≤|α|,k≥0

2−k‖(1 + |v|)5+4(|α|−|γ |)ĝγ (t, ξ, v)‖L1
vL

2
ξ
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� E f
high(t) +

∑

|γ |≤|α|
‖ω�0

γ (t, x, v)gγ (t, x, v)‖L2
x L

2
v

� E f
high(t). (5.23)

From the estimate (5.22) and the estimate (5.23), we have

sup
k∈Z

∑

α∈B,|α|≤N0

‖ĥα
i (t, ξ)ψk(ξ)‖L2

ξ
+ ‖ ̂̃hα

i (t, ξ)ψk(ξ)‖L2
ξ

� E f
high(t) + (1 + t)δε0.

(5.24)

• Case 3: The weighted L2-estimate of the modified profiles.

Recall the equations satisfied by ̂̃hα
i (t, ξ), i ∈ {1, 2}, in (4.65).

We use different strategies for different types of nonlinearity. If the total number
of derivatives act on the profiles is less than ten, then we use the estimate (5.9) in
Lemma 5.4. If the total number of derivatives act on the profiles is greater than ten,
by using the equalities (4.58) and (4.59), we first decompose the profiles ĥι

i (t, ξ − η),
i ∈ {1, 2}, in (4.57), (4.67), and (4.68) into two parts: the modified profile part and the
density type function part. Thenwe use the estimate (5.10) in Lemma5.4 for themodified
profile part and use the estimate (5.12) in Lemma 5.5 for the density type function part.

As a result, the following estimate holds for any α ∈ B, |α| ≤ N0, i ∈ {1, 2},

sup
k∈Z

2k/2‖∂t∇ξ
̂̃hα
i (t, ξ)ψk(ξ)‖L2

ξ
�

(
(1 + t)−12k− + (1 + t)−2+δ

)
Eeb
low(t)E f

high(t)

+(1 + t)−2(Eeb
high(t) + E f

high(t)
)
E f
high(t)

� (1 + t)−1+δ2k−ε21 + (1 + t)−2+2δε21 � (1 + t)−1+δ2k−ε0 + (1 + t)−2+2δε0.

(5.25)

Hence, from the above estimate, we know that the following estimate holds for any
i ∈ {1, 2} and any fixed k ∈ Z,

∑

|α|≤N0

2k/2‖∇ξ
̂̃hα
i (t, ξ)ψk(ξ)‖L2

ξ
� ε0 + (1 + t)δ2k−ε0. (5.26)

To sum up, recall (4.93), our desired estimate (5.18) holds from the estimates (5.21),
(5.24), and (5.26). ��

6. Energy Estimates for the Non-bulk Terms

In this section, we mainly finish the following two tasks: (i) Estimate the increment of
the low order energy E f

low(t) over time. (ii) Recall the equation satisfied by gα
β (t, x, v) in

(4.17) and the decompositions of h.o.tαβ(t, x, v) in (4.18), (4.22), and (4.28).We estimate
the high order energy of all nonlinearities except the bulk term bulkα

β(t, x, v), see (4.29).
We refer those terms as non-bulk terms.

Because the issue of losing |v| caused by the bad coefficient doesn’t appear in the
low order energy estimate and the high order estimate of the non-bulk terms, there is
little essential difference between these estimates and the corresponding estimates in
the study of Vlasov–Nordström system in [42]. We only give concise proofs for these
estimates in this section.
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Recall (4.69), (4.70), and (4.17). As a result of direct computations, the following
equality holds for any fixed t ∈ [1, T ], α ∈ B, β ∈ S, s.t., |α| + |β| ≤ N0,

1

2
‖ωα

β(t, x, v)gα
β (t, x, v)‖2L2

x,v
− 1

2
‖ωα

β(1, x, v)gα
β (1, x, v)‖2L2

x,v

= K α
β (t) + Re

[ ∫ t

1

∫

R3

∫

R3

(
ωα

β(t, x, v)
)2
gα
β (t, x, v)∂t g

α
β (t, x, v)dxdv

]

= K α
β (t) +

∑

i=1,2,3,4

Re[I α
β;i (t)], (6.1)

where

K α
β (t) =

∫ t

1

∫

R3

∫

R3
ωα

β(s, x, v)∂tω
α
β(s, x, v)

∣
∣gα

β (s, x, v)
∣
∣2dxdvds, (6.2)

I α
β;1(t) = −

∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)K (s, x + v̂s, v) · Dvg

α
β (s, x, v)dxdvds,

(6.3)

I α
β;2(t) =

∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)l.o.tαβ(s, x, v)dxdvds, (6.4)

I α
β;3(t) =

∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)

(
h.o.tαβ(s, x, v) − bulkα

β(s, x, v)
)
dxdvds,

(6.5)

I α
β;4(t) =

∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)bulkα

β(s, x, v)dxdvds, (6.6)

where bulkα
β(t, x, v) is defined in (4.29). Recall the definition of ωα

β(t, x, v) in (4.71)
and the estimate (4.73), we have

K α
β (t) ≤ 0, (6.7)

which is a good sign. Hence, there is no need to estimate this term.We defer the estimate
of bulk term I α

β;4(t) to the next section and estimate all other terms; i.e, I α
β;i (t), i ∈

{1, 2, 3} in this section.
Proposition 6.1. Under the bootstrap assumption (9.2), the following estimate holds for
any t ∈ [1, T ],

∑

α∈B,β∈S,|α|+|β|=N0

|I α
β;1(t)| � (1 + t)2δε0,

∑

α∈B,β∈S,|α|+|β|<N0

|I α
β;1(t)| � (1 + t)δε0

(6.8)

Proof. Note that

gα
β (t, x, v)Dvg

α
β (t, x, v) = 1

2
Dv

(
gα
β (t, x, v)

)2
, Dv = ∇v − t∇vv̂ · ∇x .

Recall (4.3). After doing integration by parts in x and v to move around the derivative
“Dv”, the following equality holds,

I α
β;1(t)=

∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)gα
β (s, x, v)

)2 K (s, x+v̂s, v) · Dvω
α
β(s, x, v)

2ωα
β(s, x, v)

dxdvds.
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Therefore, our desired estimate (6.8) holds from the L2
x,v − L2

x,v − L∞
x,v type multilin-

ear estimate, the estimate (4.74) in Lemma 4.2, and the L∞ decay estimate (4.96) in
Lemma 4.3. ��

The main ingredients of the estimate of non-bulk terms, i.e., the estimate of I α
β;2(t)

and I α
β;3(t), are several bilinear estimates, which have been studied and obtained in the

study of Vlasov–Nordström system in [42]. We record those bilinear estimates in the
following two Lemmas respectively.

Lemma 6.1. Given any fixed signs μ, ν ∈ {+,−}, fixed time t ∈ R+, fixed k1, k2 ∈ Z.
Moreover, given any functions f1, f2 : Rt × R

3
x → C, and any distribution function

g : Rt × R
3
x × R

3
v → R, we define a trilinear form as follows,

T ( f1, f2, g) :=
∫

R3

∫

R3
e−iμt |∇|Pk1 [ f1](t, x + v̂t)e−iνt |∇|Pk2 [ f2](t, x + v̂t)g(t, x, v)dxdv. (6.9)

Then the following estimate holds,

|T ( f1, f2, g)| �
∑

|α|≤4

(1 + |t |)−5‖(1 + |x |)2(1 + |v|)25∇α
v g(t, x, v)‖L1

x,v

× (
2−k1,−‖ f̂1(t, ξ)ψk1 (ξ)‖L2

+ ‖∇ξ f̂1(t, ξ)ψk1 (ξ)‖L2
)(
2−k2,−‖ f̂2(t, ξ)ψk2 (ξ)‖L2 + ‖∇ξ f̂2(t, ξ)ψk2 (ξ)‖L2

)
.

(6.10)

Moreover, if |k1 − k2| ≥ 5, then the following estimate holds,

|T ( f1, f2, g)| �
∑

|α|≤4

(1 + |t |)−52−max{k1,k2}‖(1 + |x |)2(1 + |v|)25∇x∇α
v g(t, x, v)‖L1

x,v

× (
2−k1,−‖ f̂1(t, ξ)ψk1 (ξ)‖L2

+ ‖∇ξ f̂1(t, ξ)ψk1 (ξ)‖L2
)(
2−k2,−‖ f̂2(t, ξ)ψk2 (ξ)‖L2 + ‖∇ξ f̂2(t, ξ)ψk2 (ξ)‖L2

)
. (6.11)

Proof. See [42, Lemma 6.4]. ��
For any fixed sign μ ∈ {+,−}, any two distribution functions f1(t, x, v) and f2(t, x, v),
any fixed k ∈ Z, any symbol m(ξ, v) ∈ L∞

v S∞
k , and any differentiable coefficient c(v),

we define a bilinear operator as follows,

Bk( f1, f2)(t, x, v) := f1(t, x, v)E(Pk[ f2(t)])(x + a(v)t), (6.12)

where

E(Pk[ f ])(t, x) :=
∫

R3

∫

R3
eix ·ξ e−iμt û·ξ c(u)m(ξ, u)ψk(ξ) f̂ (t, ξ, u)dξdu.

For the above-defined bilinear operator, we have
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Lemma 6.2. For any fixed t ∈ R, |t | ≥ 1, and any localized differentiable function
f3(t, v) : Rt×R

3
v −→ C, the following bilinear estimate holds for the bilinear operators

defined in (6.12),

‖Bk( f1, f2)(t, x, v)‖L2
x L

2
v

�
∑

|α|≤5

(‖m(ξ, v)‖L∞
v S∞

k
+ ‖m(ξ, v)‖L∞

v S∞
k

)

× [|t |−22k‖(|c(v)| + |∇vc(v)|) f3(t, v)‖L2
v

+ |t |−32k‖(1 + |v| + |x |)20c(v) f2(t, x, v)‖L2
x L

2
v
+ |t |−3‖c(v)

(
f̂2(t, 0, v) − ∇v · f3(t, v)

)‖L2
v

]

× ‖(1 + |v| + |x |)20∇α
v f1(t, x, v)‖L2

x L
2
v
, if k ∈ Z, |t |−1 � 2k ≤ 1. (6.13)

Alternatively, the following rough bilinear estimate holds for any k ∈ Z,

‖Bk( f1, f2)(t, x, v)‖L2
x L

2
v

�
∑

|α|≤5

min{|t |−3, 23k}‖m(ξ, v)‖L∞
v S∞

k

× ‖(1 + |v| + |x |)20c(v) f2(t, x, v)‖L2
x L

2
v

× ‖(1 + |v| + |x |)20∇α
v f1(t, x, v)‖L2

x L
2
v
. (6.14)

Proof. See [43, Lemma 3.2& Lemma 3.3]. ��
With the above bilinear estimates, we are ready to estimate the high order energy of the
non-bulk terms.

Lemma 6.3. Under the bootstrap assumption (9.2), the following estimate holds for any
t ∈ [1, T ],

∑

α∈B,β∈S,|α|+|β|=N0

‖ωα
β(t, x, v)

(
h.o.tαβ(t, x, v) − bulkα

β(t, x, v)
)‖L2

x L
2
v

� (1 + |t |)−1+δε21 ,

(6.15)
∑

α∈B,β∈S,|α|+|β|<N0

‖ωα
β(t, x, v)

(
h.o.tαβ(t, x, v) − bulkα

β(t, x, v)
)‖L2

x L
2
v

� (1 + |t |)−1+δ/2ε21 .

(6.16)

Proof. Recall the decompositions of h.o.tαβ(t, x, v) in (4.18), (4.22), and (4.28).We have

h.o.tαβ(t, x, v) − bulkα
β(t, x, v) =

∑

i=2,3

h.o.tαβ;i (t, x, v) + h.o.tα;1
β;1(t, x, v) + errorαβ(t, x, v).

(6.17)

Motivated from the above equality, we separate into three cases as follows.
• The estimate of h.o.tαβ;2(t, x, v) and h.o.tαβ;3(t, x, v).

Recall (4.20) and (4.21). Moreover, recall the first decomposition of Dv in (3.30) in
Lemma 3.1, the detailed formula of dρ(t, x, v) in (3.31), and the detailed formula of Y β

i
in (3.42). From the estimate of coefficients in (3.33), (3.45), and (3.46), the second part
of the estimate (4.74) in Lemma 4.2, and the decay estimate (4.96) in Lemma 4.3, the
following estimate holds from the L2

x,v − L∞
x,v type bilinear estimate,
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∑

i=2,3

∑

α∈B,β∈S,|α|+|β|=N0

‖ωα
β(t, x, v)h.o.tαβ;i (t, x, v)‖L2

x,v

�
∑

γ∈B,κ∈S,|γ |+|κ|≤N0

∑

ρ∈B,|ρ|≤3,u∈{Eρ ,Bρ }
‖ωγ

κ (t, x, v)gγ
κ (t, x, v)‖L2

x,v

×‖(1 + ||t | − |x + v̂t ||)u(t, x + v̂t)‖L∞
x,v

� (1 + |t |)−1E f
high(t)E

eb
low(t) � (1 + |t |)−1+δε21 .

• The estimate of h.o.tα;1
β;1(t, x, v).

Recall (4.23). For this term, we use the first decomposition of “Dv” (3.30) in
Lemma 3.1. Recall the detailed formula of dρ(t, x, v) in (3.31). From the equality (4.36),
the estimate of coefficients in (4.38) and (3.33), the second part of the estimate (4.74) in
Lemma 4.2, and the decay estimate (4.96) in Lemma 4.3, the following estimate holds
from the L2

x,v − L∞
x,v type bilinear estimate,

∑

α∈B,β∈S,|α|+|β|=N0

‖ωα
β(t, x, v)h.o.tα;1

β;1(t, x, v)‖L2
x,v

�
∑

γ∈B,κ∈S,|γ |+|κ|≤N0

∑

ρ∈B,|ρ|≤3,u∈{Eρ ,Bρ }
‖ωγ

κ (t, x, v)gγ
κ (t, x, v)‖L2

x,v

×‖(1 + ||t | − |x + v̂t ||)u(t, x + v̂t)‖L∞
x,v

� (1 + |t |)−1E f
high(t)E

eb
low(t) � (1 + |t |)−1+δε21 .

(6.18)

• The estimate of errorαβ(t, x, v).
Recall (4.30) and (4.27).We use the first decomposition of “Dv” (3.30) in Lemma 3.1.

Recall the detailed formula of dρ(t, x, v) in (3.31). From the estimate of coefficients
(3.33), the second part of the estimate (4.74) in Lemma 4.2, and the decay estimate
(4.96) in Lemma 4.3, the following estimate holds from the L2

x,v − L∞
x,v type bilinear

estimate,

∑

α∈B,β∈S,|α|+|β|=N0

‖ωα
β(t, x, v)errorαβ(t, x, v)‖L2

x,v

�
∑

γ∈B,κ∈S,|γ |+|κ|≤N0

∑

ρ∈B,|ρ|≤3,u∈{Eρ ,Bρ }
‖ωγ

κ (t, x, v)gγ
κ (t, x, v)‖L2

x,v

×‖(1 + ||t | − |x + v̂t ||)u(t, x + v̂t)‖L∞
x,v

� (1 + |t |)−1E f
high(t)E

eb
low(t) � (1 + |t |)−1+δε21 .

(6.19)

Hence finishing the proof of the desired estimate (6.15).
With minor modifications, our desired estimate (6.16) holds after redoing the above

argument for fixed α ∈ B, β ∈ S, s.t., |α| + |β| < N0. ��
Lemma 6.4. Under the bootstrap assumption (9.2), the following estimate holds for any
t ∈ [1, T ],

∑

|α|+|β|=N0

‖ωα
β(t, x, v)l.o.tαβ(t, x, v)‖L2

x L
2
v

� (1 + |t |)−1+δε21 , (6.20)
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∑

|α|+|β|<N0

‖ωα
β(t, x, v)l.o.tαβ(t, x, v)‖L2

x L
2
v

� (1 + |t |)−1+δ/2ε21 . (6.21)

Proof. Recall (4.31). Based on the total number of derivatives act on the electromagnetic
field, we split into two cases as follows.
• The estimate of l.o.tαβ;i (t, x, v), i ∈ {1, 2, 4}.

Recall (4.32), (4.33), and (4.35). Note that there are at most twelve derivatives hit
on the electromagnetic field. Recall the commutation rule between �β and Xi in (3.41)
and the equality (4.36). From the estimate of coefficients in (3.44), (3.45), and (4.37),
the following estimate holds from the linear decay estimate (4.96) in Lemma 4.3 and
the L2

x,v − L∞
x,v type bilinear estimate,

∑

i=1,2,4

∑

|α|+|β|=N0

‖ωα
β(t, x, v)l.o.tαβ;i (t, x, v)‖L2

x L
2
v

�
∑

|γ |+|κ|≤N0,|ρ|≤12,ρ,γ∈B,κ∈S,u∈{Eρ ,Bρ }
‖ωγ

κ (t, x, v)gγ
κ (t, x, v)‖L2

x,v

×‖(1 + |d̃(t, x, v)|)u(t, x + v̂t)‖L∞
x,v

� (1 + |t |)−1E f
high(t)E

eb
low(t) � (1 + t)−1+δε21 .

(6.22)

• The estimate of l.o.tαβ;3(t, x, v).
Recall (4.34), (4.11), and (4.14). From the equality (4.36) inLemma4.1, the following

equality holds,

l.o.tαβ;3(t, x, v) =
∑

ρ,γ∈B,|ρ|+|γ |≤|α|,|ι′|≤|ι|
ι+ κ=β,|ι|,|κ|>0,ι,κ∈S
i=1,...,7,|ι|+|ρ|≥12

(
α̂

ι,i;ι′,1
α;ρ,γ

(x, v)Eρ+ι′ (t, x + v̂t)

+α̂
ι,i;ι′,2
α;ρ,γ

(x, v)Bρ+ι′ (t, x + v̂t)
)
�κ

(
Xi g

γ (t, x, v)
)
, (6.23)

where “α̂ι,i;ι′,1
α;ρ,γ

(x, v)” and α̂
ι,i;ι′,2
α;ρ,γ

(x, v) are some determined coefficients, whose explicit
formulas are not pursued here. From the estimate of coefficients in (4.9) and (4.37), the
following rough estimate of coefficients holds,

|̂αι,i;ι′,1
α;ρ,γ

(x, v)| + |̂αι,i;ι′,2
α;ρ,γ

(x, v)| � (1 + |x |2 + |v|2)2|ι|. (6.24)

From the equalities (3.41) and (3.42) in Lemma 3.4 and the first decomposition of
Dv in (3.30) in Lemma 3.1, we have

�κ
(
Xi g

γ (t, x, v)
) = [

αi (v) · Dv ◦ �κ + [�κ, Xi ]
]
gγ (t, x, v)

=
∑

ρ∈K,|ρ|=1

αi (v) · dρ(t, x, v)�ρ◦κgγ (t, x, v)

+Y κ
i g

γ (t, x, v) +
∑

κ ′∈S,|κ ′|≤|κ|−1

[
d̃(t, x, v)ẽκ ′,1

κ,i (x, v) + ẽκ ′,2
κ,i (x, v)

]
�κ ′

gγ (t, x, v).

(6.25)
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From (6.23) and (6.25), and the detailed formula of dρ(t, x, v) in (3.31), we can rewrite
“l.o.tαβ;3(t, x, v)” as follows

l.o.tαβ;3(t, x, v) =
∑

ρ∈S,κ1,κ2∈B,u∈{E,B},|ρ|≤|β|
|ρ|+|κ1|+|κ2|≤|α|+|β|,|κ2|≤|α|

|ρ|+|κ2|≤|α|+|β|−12
(
d̃(t, x, v)̂eu;1

κ1,κ2,ρ
(t, x, v) + êu;2

κ1,κ2,ρ
(t, x, v)

)
uκ1(t, x + v̂t)gκ2

ρ (t, x, v), (6.26)

where the coefficients êu;i
κ1,κ2,ρ

(t, x, v), i ∈ {1, 2}, satisfy the following estimate for any
i ∈ {1, 2}, and any u ∈ {E, B},

|̂eu;i
κ1,κ2,ρ

(t, x, v)| � (1 + |x |2 + |v|2)|α|+2|β|−2|ρ|−|κ2|+10,
(6.27)

which can be derived from the estimate (6.24) and the estimates (3.44) and (3.45) in
Lemma 3.4.

Themain difficulty of estimating l.o.tαβ;3(t, x, v) is that we cannot use the decay of the
electromagnetic field or trade regularities for the inhomogeneous modulation because
the electromagnetic field can have the maximal number of vector fields. Moreover, the
loss caused by the coefficient is possible of size “1 + |t |”, e.g., when x, v ∼ 1. To
get around this issue, we exploit the smallness of the space-resonance set by using the
estimate (6.10) in Lemma 6.1, which allows us to gain some extra decay rate over time.

Recall (6.26). We first do dyadic decomposition for the electromagnetic field. As a
result, we have

l.o.tαβ;3(t, x, v) =
∑

k∈Z

Hk(t, x, v), (6.28)

where

Hk(t, x, v) :=
∑

ρ∈S,κ1,κ2∈B,u∈{E,B},|ρ|≤|β|
|ρ|+|κ1|+|κ2|≤|α|+|β|,|κ2|≤|α|

|ρ|+|κ2|≤|α|+|β|−12
(
d̃(t, x, v)̂eu;1

κ1,κ2,ρ
(t, x, v) + êu;2

κ1,κ2,ρ
(t, x, v)

)
uκ1
k (t, x + v̂t)gκ2

ρ (t, x, v).

Based on the possible size of k, we separate into two cases as follows.
• If k ≤ 0.

Recall the equalities (4.58) and (4.59). From the estimate of modified profiles in
(5.21), the estimate of correction terms g̃α,γ (t, v) in (9.3), and the estimate (5.3) in
Lemma 5.1, the following estimate holds after using the volume of support of ξ ,

∑

α∈B,|α|≤N0

∑

i=1,2

‖ĥα
i (t, ξ)ψk(ξ)‖L2

ξ
� 2k/2ε1 + |t |23k/2ε1.

From the estimate of coefficients in (6.27), after using the L2
x − L∞

x L2
v type estimate,

the volume of the frequency support of the electromagnetic field, and the decay estimate
(2.10) in Lemma 2.1, the following estimate holds if 2k ≤ |t |−1,
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‖ωα
β(t, x, v)Hk(t, x, v)‖L2

x L
2
v

�
∑

|ρ|+|κ|≤N0−5

|t |−1/2(2k/2 + |t |23k/2)ε1‖ωκ
ρ(x − v̂t, v)gκ

ρ(t, x − v̂t, v)‖L2
x L

2
v

� |t |−1/2+δ/2(2k/2 + |t |23k/2)ε0. (6.29)

It remains to consider the case |t |−1 ≤ 2k ≤ 1. From the decomposition (4.64), the
following decomposition holds for Hk ,

Hk(t, x, v) = H1
k (t, x, v) + H2

k (t, x, v), (6.30)

where
H1
k (t, x, v) :=

∑

ρ∈S,κ1,κ2∈B,u∈{E,B},|ρ|≤|β|
|ρ|+|κ1|+|κ2|≤|α|+|β|,|κ2|≤|α|

|ρ|+|κ2|≤|α|+|β|−12
(
d̃(t, x, v)̂eu;1

κ1,κ2,ρ
(t, x, v) + êu;2

κ1,κ2,ρ
(t, x, v)

)
ũκ1
k (t, x + v̂t)gκ2

ρ (t, x, v), (6.31)

H2
k (t, x, v) :=

∑

ρ∈S,κ1,κ2,η∈B,u∈{E,B},|η|≤|κ1|
|ρ|+|κ1|+|κ2|≤|α|+|β|,|κ2|≤|α|
|ρ|+|κ2|≤|α|+|β|−12,|ρ|≤|β|

−(
d̃(t, x, v)̂e1κ1,κ2,ρ(t, x, v) + ê2κ1,κ2,ρ(t, x, v)

)
Im[Eu

κ1;η(g
η
k )(t, x + v̂t)]gκ2

ρ (t, x, v).

(6.32)

Note that the following estimate holds from the estimate of coefficients in (6.27),

‖ωα
β(t, x, v)H1

k (t, x, v)‖2L2
x L

2
v

�
∑

κ,γ∈B,|κ|≤N0,|ρ|+|γ |≤N0−12,|γ |≤|α|,u∈{E,B}

(1 + t)2
∫

R3

∫

R3
|ũκ

k (t, x + v̂t)|2Gγ
ρ (t, x, v)dxdv, (6.33)

where

Gγ
ρ (t, x, v) := |ωγ

ρ (t, x, v)gγ
ρ (t, x, v)|2(1 + |x |2 + |v|2)2|α|+4|β|−4|ρ|−2|γ |+20.

Recall (4.60). From the estimate (6.33), themultilinear estimate (6.10) in Lemma 6.1, the
estimates of modified profiles in (5.21) and (5.26), the hierarchy between the different
order of weight functions and the Sobolev embedding in v, we have

‖ωα
β(t, x, v)H1

k (t, x, v)‖L2
x L

2
v

�
∑

|ρ|+|κ|≤N0−8

2−k/2(1 + t)−3/2‖(1 + |x |2 + |v|2)|α|+2|β|−2|ρ|−|γ |+30ωα
β(t, x, v)gκ

ρ (t, x, v)‖L2
x L

2
v

×(
ε0 + (1 + t)δ2k−ε0

)
� 2−k/2(1 + t)−3/2+δ/2(1 + (1 + t)δ2k− )ε0. (6.34)

Recall (6.32), (4.64), (4.61), and (4.62). Note that the terms inside H2
k (t, x, v) have

the same structure as the bilinear form that we will define in (6.12). From the estimate of
coefficients in (6.27), the estimate of correction terms g̃α,γ (t, v) in (9.3), and the bilinear
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estimate (6.13) in Lemma 6.2, we know that the following estimate holds for any k ∈ Z,

s.t., |t |−1 ≤ 2k ≤ 1,

‖ωα
β(t, x, v)H2

k (t, x, v)‖L2
x L

2
v

�
∑

|ρ|+|κ|≤N0−5

(|t |−1 + |t |−22−k + |t |−2+δ
)
ε1‖ωκ

ρ(x, v)gκ
ρ(t, x, v)‖L2

x L
2
v

�
(|t |−1+δ/2 + |t |−2+δ/22−k + |t |−2+2δ)ε0. (6.35)

To sum up, from the decompositions (6.28) and (6.30) and the estimates (6.29), (6.34),
and (6.35), we have

∑

|α|+|β|≤N0

∑

k∈Z,k≤0

‖ωα
β(t, x, v)Hk(t, x, v)‖L2

x L
2
v

�
∑

2k≤|t |−1

|t |−1/2+δ/2(2k/2 + |t |23k/2)ε0 +
∑

|t |−1≤2k≤1

(|t |−1+δ/2

+|t |−3/2+δ/22−k/2 + |t |−2+δ/22−k + |t |−3/2+2δ2k/2 + |t |−2+2δ)ε0 � (1 + t)−1+δ/2 log(1 + t)ε0.

(6.36)

• If k ≥ 0.
From the estimate of coefficients in (6.27) and thebilinear estimate (6.14) inLemma6.2,

we have
∑

k≥0,k∈Z

‖ωα
β(t, x, v)H2

k (t, x, v)‖L2
x L

2
v

� (1 + t)−2(E f
high(t)

)2 � (1 + t)−2+2δε0.

(6.37)

Now, it remains to estimate “H1
k (t, x, v)”. Recall (6.31), we have

‖
∑

k∈Z,k≥0

ωα
β(t, x, v)H1

k (t, x, v)‖2L2
x L

2
v

�
∑

k1,k2∈Z,k1,k2≥0

(1 + t)2Kk1,k2 , (6.38)

where

Kk1,k2 :=
∑

κ,γ∈B,|κ|≤N0,u1,u2∈{E,B}
|ρ|+|γ |≤N0−12,|γ |≤|α|

∣
∣
∣

∫

R3

∫

R3
Gγ ;u2

ρ;u1 (t, x, v)(ũκ
1 )k1 (t, x + v̂t)(ũκ

2 )k2 (t, x + v̂t)dxdv

∣
∣
∣,

(6.39)

where Gγ ;u2
ρ;u1 (t, x, v), u1, u2 ∈ {E, B}, are some determined function that satisfies the

following estimate,
∑

u1,u2∈{E,B}

∑

ι∈S,|ι|≤5

|�ι
(
Gγ ;u2

ρ;u1 (t, x, v)
)|

�
∑

ι∈S,|ι|≤5

|ωα
β(t, x, v)gγ

ι◦ρ(t, x, v)|2(1 + |x |2 + |v|2)2|α|+4|β|−4|ρ|−2|γ |+30.

(6.40)
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Wefirst consider the casewhen |k1−k2| ≥ 10. Recall (6.39). From the above estimate
(6.40), the trilinear estimate (6.11) in Lemma 6.1 and the Sobolev embedding in “v”,
we know that the following estimate holds,

∑

k1,k2∈Z,k1,k2≥0,|k1−k2|≥10

|Kk1,k2 | �
∑

k1,k2∈Z,k1,k2≥0,|k1−k2|≥10

∑

|ρ|+|γ |≤N0−12
∑

u1,u2∈{E,B}

∑

|α|≤4

2−max{k1,k2}

×(1 + |t |)−5(Eeb
high(t)

)2‖(1 + |x |2)(1 + |v|25)∇x∇α
v G

γ ;u2
ρ;u1 (t, x, v)‖L1

x,v

�
∑

ρ∈S,γ∈B,|α|+|ρ|≤N0−5

(1 + |t |)−5‖ωγ
ρ (x, v)gγ

ρ (t, x, v)‖2L2
x L

2
v

(
Eeb
high(t)

)2

� (1 + |t |)−5+4δε20 . (6.41)

Lastly, we consider the case when |k1−k2| ≤ 10. Recall (6.39). Again, from the estimate
(6.40), the trilinear estimate (6.10) in Lemma 6.1, the Cauchy–Schwarz inequality, and
the Sobolev embedding in “v”, we know that the following estimate holds,

∑

k1,k2∈Z,k1,k2≥0,|k1−k2|≤10

|Kk1,k2 |

�
∑

k1,k2≥0,|k1−k2|≤10
|α|≤4,u1,u2∈{E,B}

i=1,2,3,|ρ|+|γ |≤N0−12

(1 + |t |)−5‖(1 + |x |2)(1 + |v|25)∇α
v G

γ ;u2
ρ;u1 (t, x, v)‖L1

x,v

×(
2−k1/2Eeb

high(t) +
∑

ι∈B,|ι|≤N0

‖ĥι(t, ξ)ψk1 (ξ)‖L2 )
(
2−k2/2Eeb

high(t)

+
∑

ι∈B,|ι|≤N0

‖ĥι(t, ξ)ψk2 (ξ)‖L2 )

�
∑

ρ∈S,γ∈B,|α|+|ρ|≤N0−5

(1 + |t |)−5‖ωγ
ρ (x, v)gγ

ρ (t, x, v)‖2L2
x L

2
v

(
Eeb
high(t)

)2 � (1 + |t |)−5+4δε20 .

(6.42)

From the estimates (6.38), (6.41), and (6.42), it is easy to see that the following estimate
holds,

‖
∑

k∈Z,k≥0

ωα
β(t, x, v)H1

k (t, x, v)‖L2
x L

2
v

� (1 + |t |)−3/2+2δε0. (6.43)

Recall the decompositions (6.28) and (6.30). From the estimates (6.36), (6.37), and
(6.43), we have

∑

α∈B,β∈S,|α|+|β|≤N0

‖ωα
β(t, x, v)l.o.tαβ;3(t, x, v)‖L2

x,v
� (1 + t)−1+δ/2 log(1 + t)ε0.

(6.44)

Recall the decomposition in (4.31). Our desired estimate (6.20) holds from the estimates
(6.22) and (6.44).
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Recall (4.92). Since the correction term g̃α,γ (t, v), which contributes the logarithmic
growth in the estimate (6.36), equals zero if |α| + |γ | < N0, with minor modifications
in the above argument, the desired estimate (6.21) holds similarly.

��
Proposition 6.2. Under the bootstrap assumption (9.2), the following estimate holds for
any t ∈ [1, T ],

∑

α∈B,β∈S,|α|+|β|=N0

|I α
β;2(t)| + |I α

β;3(t)| � (1 + t)2δε0, (6.45)

∑

α∈B,β∈S,|α|+|β|<N0

|I α
β;2(t)| + |I α

β;3(t)| � (1 + t)δε0. (6.46)

Proof. Recall (6.4) and (6.5). From the estimate (6.15) in Lemma 6.3 and the estimate
(6.20) in Lemma 6.4, we know that the following estimate holds from the L2

x,v − L2
x,v

type estimate,
∑

α∈B,β∈S,|α|+|β|=N0

|I α
β;2| + |I α

β;3| �
∑

α∈B,β∈S,|α|+|β|=N0
∫ t

1
‖ωα

β(s, x, v)gα
β (s, x, v)‖L2

x L
2
v

[‖ωα
β(s, x, v)l.o.tαβ(s, x, v)‖L2

x L
2
v

+‖ωα
β(s, x, v)

(
h.o.tαβ(s, x, v) − bulkα

β(s, x, v)
)‖L2

x L
2
v

]
ds

�
∫ t

1
(1 + s)−1+2δε0ds � (1 + t)2δε0.

Hence finishing the proof of the desired estimate (6.45). With minor modifications, the
desired estimate (6.46) holds similarly from the estimate (6.16) in Lemma 6.3 and the
estimate (6.21) in Lemma 6.4. ��

As a natural generalization of the aforementioned methods used in the estimate of
non-bulk terms, we prove the following two lemmas,whichwill be helpful in the estimate
of the bulk term in the next section.

Lemma 6.5. Under the bootstrap assumption (9.2), the following estimate holds for any
t ∈ [1, T ],

∑

α∈B,κ,ρ∈S,|ρ|=1,|α|+|κ|≤N0−1

‖ωα
ρ◦κ(t, x, v)�ρ

(
h.o.tακ (t, x, v)

−bulkα
κ (t, x, v)

)‖L2
x L

2
v

� (1 + |t |)−1+δε0, (6.47)
∑

α∈B,κ,ρ∈S,|ρ|=1,|α|+|κ|≤N0−2

‖ωα
ρ◦κ(t, x, v)�ρ

(
h.o.tακ (t, x, v)

−bulkα
κ (t, x, v)

)‖L2
x L

2
v

� (1 + |t |)−1+δ/2ε0, (6.48)

Proof. Recall the decomposition (6.17) and the corresponding detailed formulas in
(4.20), (4.21), (4.23), (4.28), and (4.30). Moreover, we recall the detailed formula of
Y β
i in (3.42). Based on the order of derivatives acting on the profile g(t, x, v), we de-

compose �ρ
(
h.o.tακ;i

)
, i ∈ {2, 3}, �ρ

(
h.o.tα;1

κ;1
)
, and �ρ

(
errorακ

)
as follows,

�ρ
(
h.o.tακ;i

)
(t, x, v) = ˜

h.o.tα;ρ
κ;i (t, x, v) +

˜
l.o.tα;ρ

κ;i (t, x, v), i ∈ {2, 3}, (6.49)
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�ρ
(
h.o.tα;1

κ;1
)
(t, x, v) = ˜

h.o.tα;ρ
κ;1 (t, x, v) +

˜
l.o.tα;ρ

κ;1 (t, x, v), (6.50)

�ρ
(
errorακ

)
(t, x, v) = ˜

errorα;ρ
κ;1 (t, x, v) +

˜
errorα;ρ

κ;2 (t, x, v), (6.51)

where

˜
h.o.tα;ρ

κ;2 (t, x, v) =
∑

|ι|≤1,|γ |=|α|−1

∑

i=1,...,7

Ki
α;ι,γ (t, x, v)αi (v) · Dv�

ρgγ
κ (t, x, v),

(6.52)

˜
l.o.tα;ρ

κ;2 (t, x, v) =
∑

|ι|≤1,|γ |=|α|−1

∑

i=1,...,7

�ρ
(
Ki

α;ι,γ (t, x, v)
)
Xi g

γ
κ (t, x, v)

+Ki
α;ι,γ (t, x, v)[�ρ, Xi ]gγ

κ (t, x, v), (6.53)

˜
h.o.tα;ρ

κ;3 (t, x, v) =
∑

ι∈S,|ι|=|κ|,|i(ι)−i(κ)|≤1

∑

i=1,...,7

Ki (t, x, v)
(
d̃(t, x, v)ẽι,1

κ,i (x, v)

+ẽι,2
κ,i (x, v)

)
�ρgα

ι (t, x, v), (6.54)

˜
l.o.tα;ρ

κ;3 (t, x, v) =
∑

ι∈S,|ι|=|κ|,|i(ι)−i(κ)|≤1

∑

i=1,...,7

�ρ
[
Ki (t, x, v)

(
d̃(t, x, v)ẽι,1

κ,i (x, v)

+ẽι,2
κ,i (x, v)

)]
gα
ι (t, x, v), (6.55)

˜
h.o.tα;ρ

κ;1 (t, x, v) =
∑

j=1,2,3,i=1,...,7

∑

ι+κ=β,ι,κ∈S,|ι|=1,�ι�ψ≥1(|v|)�̂v
jorψ≥1(|v|)�x

j

�ι(Ki (t, x, v))αi (v) · Dv�
ρgα

κ (t, x, v),

˜
l.o.tα;ρ

κ;1 (t, x, v) =
∑

j=1,2,3,
i=1,...,7

∑

ι+κ=β,ι,κ∈S,|ι|=1,

�ι�ψ≥1(|v|)�̂v
jorψ≥1(|v|)�x

j

�ρ◦ι
(
Ki (t, x, v)

)
Xi g

α
κ (t, x, v) + �ι(Ki (t, x, v))[�ρ, Xi ]gα

κ (t, x, v),

˜
errorα;ρ

κ;1 (t, x, v) =
∑

j=1,2,3,i=1,...,7

∑

ι+κ=β,ι,κ∈S,|ι|=1,�ι∼ψ≥1(|v|)�̂v
jorψ≥1(|v|)�x

j

K i
ι;2(t, x, v)αi (v) · Dv�

ρgα
κ (t, x, v),

˜
errorα;ρ

κ;2 (t, x, v) =
∑

j=1,2,3
i=1,...,7

∑

ι+κ=β,ι,κ∈S,|ι|=1

�ι∼ψ≥1(|v|)�̂v
jorψ≥1(|v|)�x

j

�ρ
(
Ki

ι;2(t, x, v)
)
αi (v) · Dvg

α
κ (t, x, v) + Ki

ι;2(t, x, v)[�ρ, Xi ]gα
κ (t, x, v),

(6.56)

where Ki
ι;2(t, x, v) is defined in (4.27).

We use the the first decomposition of Dv (3.30) in Lemma 3.1 and the equality

(4.36) in Lemma 4.1 for
˜
h.o.tα;ρ

κ;i (t, x, v), i ∈ {1, 2, 3}, and ˜
errorα;ρ

κ;1 (t, x, v). Then from
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the linear decay estimate (4.96) in Lemma 4.3, the estimate of coefficients in (3.33),
(3.45), (3.46), and (4.38), the second part of the estimate (4.74) in Lemma 4.2, and the
L2
x,v − L∞

x,v type bilinear estimate, we have

∑

α∈B,κ,ρ∈S,|ρ|=1,|α|+|κ|≤N0−1

∑

i=1,2,3

‖ωα
ρ◦κ (t, x, v)

˜
h.o.tα;ρ

κ;i (t, x, v)‖L2
x,v

+‖ωα
ρ◦κ (t, x, v)

˜
errorα;ρ

κ;1 (t, x, v)‖L2
x,v

�
∑

γ∈B,κ∈S,|γ |+|κ|≤N0,ρ∈B,|ρ|≤3,u∈{Eρ,Bρ }
‖ωγ

κ (t, x, v)gγ
κ (t, x, v)‖L2

x,v
‖(1 + ||t | − |x + v̂t ||)u(t, x + v̂t)‖L∞

x,v

� (1 + |t |)−1E f
high(t)E

eb
low(t) � (1 + |t |)−1+δε21 . (6.57)

Recall (3.41), (3.34), (4.36), (4.11), and (4.14). From the estimates of coefficients in
(3.36), (3.43), (3.44), (3.45), and (4.37), the following estimate holds from the L2

x,v−L∞
x,v

type bilinear estimate,

∑

α∈B,κ,ρ∈S,|ρ|=1,|α|+|κ|≤N0−1

∑

i=1,2,3

‖ωα
ρ◦κ(t, x, v)

˜
l.o.tα;ρ

κ;i (t, x, v)‖L2
x,v

+‖ωα
ρ◦κ(t, x, v)

˜
errorα;ρ

κ;2 (t, x, v)‖L2
x,v

�
∑

γ∈B,κ∈S,|γ |+|κ|≤N0,ρ∈B,|ρ|≤3,u∈{Eρ,Bρ }
‖ωγ

κ (t, x, v)gγ
κ (t, x, v)‖L2

x,v
‖(1 + |d̃(t, x, v)|)u(t, x + v̂t)‖L∞

x,v

� (1 + |t |)−1E f
high(t)E

eb
low(t) � (1 + |t |)−1+δε21 .

Hence, our desired estimate (6.47) follows from the above estimate and the decomposi-
tions in (6.49), (6.50), and (6.51). With minor modifications, our desired estimate (6.48)
holds very similarly as we only allow E f ;2

high(t) grows at rate (1 + t)δ/2 over time. ��
Lemma 6.6. Under the bootstrap assumption (9.2), the following estimate holds for any
t ∈ [1, T ],

∑

ρ∈S,|ρ|=1,|α|+|β|≤N0−1

‖ωα
ρ◦β(t, x, v)�ρ

(
l.o.tαβ(t, x, v)

)‖L2
x L

2
v

� (1 + |t |)−1+δε21 ,

(6.58)
∑

ρ∈S,|ρ|=1,|α|+|β|≤N0−2

‖ωα
ρ◦β(t, x, v)�ρ

(
l.o.tαβ(t, x, v)

)‖L2
x L

2
v

� (1 + |t |)−1+δ/2ε21 .

(6.59)

Proof. Recall (4.31), (4.32), (4.33), (4.34), and (4.35). We have

�ρ(l.o.tαβ)(t, x, v) =
∑

i=1,2,3,4

l.o.tα;ρ
β;i (t, x, v), (6.60)
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where

l.o.tαβ;1(t, x, v) =
∑

i=1,...,7

∑

κ∈S,|κ|≤|β|−1

�ρ
(
K i (t, x + v̂t, v)

×[
d̃(t, x, v)ẽκ,1

β,i (x, v) + ẽκ,2
β,i (x, v)

]
�κgα(t, x, v)

)
, (6.61)

l.o.tαβ;2(t, x, v) =
∑

ι+κ=β,|ι|=1
i=1,...,7,ι,κ∈S

�ρ
[
�ι(K i (t, x + v̂t, v))[�κ, Xi ]gα(t, x, v)

+
∑

|γ |≤|α|−1

�ι(K i
α;�0,γ (t, x + v̂t, v))�κ Xi g

γ (t, x, v)
]

+
∑

|ρ|≤1

�ρ
[ ∑

|γ |=|α|−1

K i
α;ρ,γ (t, x + v̂t, v)

([�β, Xi ]gγ (t, x, v)
)

+
∑

|γ |≤|α|−2

K i
α;ρ,γ (t, x + v̂t, v)�β

(
Xi g

γ
)
(t, x, v)

]
, (6.62)

l.o.tαβ;3(t, x, v) =
∑

ρ,γ∈B,|ρ|+|γ |≤|α|,ι+κ=β,ι,κ∈S
i=1,...,7,|ι|+|ρ|≥12

�ρ
[(

�ιK i
α;ρ,γ (t, x + v̂t, v)

)
�κ

(
Xi g

γ (t, x, v)
)]

,

(6.63)

l.o.tαβ;4(t, x, v) =
∑

ρ,γ∈B,|ρ|+|γ |≤|α|,ι+κ=β,ι,κ∈S
i=1,...,7,1<|ι|+|ρ|<12

�ρ
[(

�ιK i
α;ρ,γ (t, x + v̂t, v)

)
�κ

(
Xi g

γ (t, x, v)
)]

.

(6.64)

Same as we did in the proof of the estimate (6.20), we split into two cases as follows.

• The estimate of l.o.tα;ρ
β;i (t, x, v), i ∈ {1, 2, 4}.

With minor modifications in the proof of the estimate (6.22), we obtain the following
estimate,

∑

α∈B,β,ρ∈S,|ρ|=1,|α|+|β|≤N0−1

∑

i=1,2,4

‖ωα
ρ◦β(t, x, v)�ρ l.o.tα;ρ

β;i (t, x, v)‖L2
x L

2
v

� (1 + t)−1+δε21 .

• The estimate of l.o.tα;ρ
β;3 (t, x, v).

With minor modifications in the proof of the estimate (6.44), we obtain the following
estimate,

∑

α∈B,β,ρ∈S,|ρ|=1,|α|+|β|≤N0−1

‖ωα
ρ◦β(t, x, v)�ρ l.o.tα;ρ

β;3 (t, x, v)‖L2
x L

2
v

� (1 + t)−1+δ/2ε0.

Hence finishing the desired estimate (6.58). With minor modifications, the desired esti-
mate (6.59) holds very similarly because we only allow E f ;2

high(t) grows at rate (1 + t)δ/2

over time and the correction term g̃α,γ (t, v), which contributes the logarithmic growth
in the estimate (6.36), equals zero if |α| + |γ | < N0, see (4.92). ��

Lastly, we estimate the increment of the low order energy of the Vlasov part over
time as follows.
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Proposition 6.3. Under the bootstrap assumption (9.2), the following estimate holds for
any t ∈ [1, T ],

E f
low(t) � ε0 +

∫ t

1
(1 + s)−3/2+4δε21ds � ε0. (6.65)

Proof. Recall the definition of the low order energy E f
low(t) in (4.91) and the definition

of the correction term g̃α,γ (t, v) in (4.92). Since the set-up of the low order energy
estimate is same as we did in the Vlasov–Nordström system setting and the issue of
losing “|v|” plays no role in the low order energy, with minor modification in the proof
of [42, Proposition 6.2], our desired estimate (6.65) holds very similarly.

To give a sense, we summarize the key idea of the proof here. The key idea is that the
decay rate of electromagnetic field is improved because of the extra spatial derivative
in the worst scenario. Recall (4.15). Intuitively speaking, in the equation satisfied by
∂t
(∇α

v ĝ
γ (t, 0, v) − ∇v · g̃α,γ (t, v)

)
, we can move the spatial derivative ∇x in front of

“t∇vv̂ · ∇x gι(t, x, v)” in Ki
γ ;β,ι

(t, x + v̂t, v) · Xi gι(t, x, v) to the electromagnetic field
by doing integration by parts in “x”. Hence, comparing with the sub-polynomial growth
of the high order energy, the low order energy doesn’t grow over time. ��

7. The High Order Energy Estimate of the Bulk Terms

This section is devoted to controlling the bulk term of the high order energy estimate,
I α
β;4(t) (see (6.6)), which is also the last term to be estimated in the high order energy
estimate.

The essential new ingredient of controlling the bulk terms is the hidden null structure
we mentioned in the Sect. 1.2. In this section, we will explain in what sense the hidden
null structure means and how to make use of the hidden null structure. More precisely,
we will lay out a step by step strategy to control I α

β;4(t) and reduce the estimate of bulk
terms to the proof of a multilinear estimate in Lemma 7.9, which will be carried out in
the Sect. 8.

From the decay estimate (4.96) in Lemma 4.3, we know that the electromagnetic
field decays faster in time if localized far away from the light cone. We can reduce the
estimate of bulk terms further by ruling out the far away from the light cone case, e.g.,
||t | − |x + v̂t |∣∣ ≥ 2−10|t |, so that we can focus on the near light cone case later. More
precisely, we decompose I α

β;4(t) into two parts as follows,

I α
β;4(t) = Ĩ α

β;1(t) + Ĩ α
β;2(t), (7.1)

where

Ĩ α
β;1(t) =

∑

j=1,2,3
i=1,...,7

∑

ι+κ=β,ι,κ∈S,|ι|=1

�ι∼ψ≥1(|v|)�̂v
jorψ≥1(|v|)�x

j

∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)

(√
1 + |v|2d̃(s, x, v)

)1−c(ι)
ψ≥1(|v|)

×ψ≤−10(1 − |x + v̂s|/|s|)αi (v) · �x
j

(
E(s, x + v̂s) + v̂
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×B(s, x + v̂s)
)
αi (v) · Dvg

α
κ (s, x, v)dxdvds, (7.2)

Ĩ α
β;2(t) =

∑

j=1,2,3
i=1,...,7

∑

ι+κ=β,ι,κ∈S,|ι|=1

�ι∼ψ≥1(|v|)�̂v
jorψ≥1(|v|)�x

j
∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)

(√
1 + |v|2d̃(s, x, v)

)1−c(ι)
ψ≥1(|v|)

×ψ≥−9(1 − |x + v̂s|/|s|)αi (v) · �x
j

(
E(s, x + v̂s) + v̂

×B(s, x + v̂s)
)
αi (v) · Dvg

α
κ (s, x, v)dxdvds. (7.3)

Lemma 7.1. Under the bootstrap assumption (9.2), the following estimate holds for any
t ∈ [1, T ],

∑

α∈B,β∈S,|α|+|β|=N0

| Ĩ α
β;2(t)| � (1 + t)2δε0,

∑

α∈B,β∈S,|α|+|β|<N0

| Ĩ α
β;2(t)| � (1 + t)δε0.

(7.4)

Proof. Recall the second decomposition of Dv in (3.30) in Lemma 3.1, we have

Ĩ α
β;2(t) =

∑

j=1,2,3
i=1,...,7

∑

ι+κ=β,ι,ρ,κ∈S,|ι|=|ρ|=1,

�ι∼ψ≥1(|v|)�̂v
j or ψ≥1(|v|)�x

j

∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)

× (√
1 + |v|2d̃(s, x, v)

)1−c(ι)
ψ≥1(|v|)

× ψ≥−9(1 − |x + v̂s|/|s|)αi (v) · �x
j

(
E(s, x + v̂s)

+ v̂B(s, x + v̂s)
)
αi (v) · eρ(s, x, v)�ρgα

κ (s, x, v)dxdvds, (7.5)

where eρ(s, x, v) is defined in (3.32). Recall (4.71). For any ι ∈ K, κ ∈ S, s.t., |ι| = 1
and ι + κ = β, the following estimate holds,

∣
∣
∣

ωα
β(s, x, v)

ωα
ρ◦κ(s, x, v)

∣
∣
∣ � (1 + |v|)c(ι)−c(ρ)(φ(s, x, v))ι(ι)−ι(ρ). (7.6)

Note that the following estimate holds inside the support of the cutoff function “ψ≥−9(1−
|x + v̂s|/|s|)” in Ĩ α

β;2(t),

|s − |x + v̂s|| ∼ |x | + |s|. (7.7)

Hence, from the above estimate and the linear decay estimate (4.96) in Lemma 4.3, we
have

(|∇x E(s, x + v̂s)| + |∇x B(s, x + v̂s)|)ψ≥−9(1 − |x + v̂s|/|s|) �
(|x | + |s|)−2

(1 + s)−1ε1.

(7.8)

From the estimates (7.6), (7.7), and (7.8), the second estimate in 4.74 in Lemma 4.2,
and the detailed formulas of coefficients eρ(s, x, v), ρ ∈ K, in (3.32), we know that our
desired estimate (7.4) holds from the L2

x,v − L2
x,v − L∞

x,v type multilinear estimate. ��
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Finally, the high order energy estimate is reduced to the estimate of bulk term Ĩ α
β;1(t).

To be precise about the size of frequencies of the electromagnetic field and the size of the
distance with respect to the light cone “||t | − |x + v̂t ||”, for any fixed α ∈ B, β ∈ S, we
localize both the frequencies of the electromagnetic field and the distance with respect
to the light cone “||t | − |x + v̂t ||” for Ĩ α

β;1(t) as follows,

Ĩ α
β;1(t) =

∑

d∈Z,d≥0

∑

k∈Z

Hk,d(t), (7.9)

where

Hk,d(t) =
∑

j=1,2,3
i=1,...,7

∑

ι+κ=β,ι,κ∈S,|ι|=1

�ι∼ψ≥1(|v|)�̂v
jorψ≥1(|v|)�x

j
∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)

(√
1 + |v|2d̃(s, x, v)

)1−c(ι)
ψ≥1(|v|)

×ψ≤−10(1 − |x + v̂s|/|s|)ϕd
(||s| − |x + v̂s||)αi (v) · �x

j

(
Pk[E](s, x + v̂s) + v̂

×Pk[B](s, x + v̂s)
)
αi (v) · Dvg

α
κ (s, x, v)dxdvds, (7.10)

where the cutoff function “ϕd(·)” is defined in (2.3).
For any fixed k, d, s.t., k ∈ Z, d ∈ Z+, our strategy is to prove two estimates for

Hk,d , which are stated in Lemmas 7.2 and 7.3. Those two estimates will help us to get
around a summability issue in the frequency variable of the electromagnetic field, which
is equivalent to an issue of logarithmic growth in time.

To improve presentation,we define the following quantity,whichmeasures the energy
of profiles and the energy of non-bulk terms in a region with the localized distance to
the light cone Ct = {(x, v) : x, v ∈ R

3, |t | − |x + v̂t | = 0},
Eα

β;d (t) :=
∑

ι,κ,ρ∈S,ι+κ=β,|ρ|=|ι|=1

‖ωα
β(t, x, v)gα

β (t, x, v)ϕ[d−1,d+1]
(||t | − |x + v̂t ||)‖2L2

x L
2
v

+(1 + t)2
[‖ωα

β(t, x, v)
(
h.o.tαβ(t, x, v) − bulkα

β(t, x, v)
)
ϕ[d−1,d+1]

(||t | − |x + v̂t ||)‖2L2
x L

2
v

+‖ωα
ρ◦κ (t, x, v)�ρ

(
h.o.tακ (t, x, v) − bulkα

κ (t, x, v)
)
ϕ[d−1,d+1]

(||t | − |x + v̂t ||)‖2L2
x L

2
v

+‖ωα
β(t, x, v)

(
l.o.tαβ(t, x, v)

)

×ϕ[d−1,d+1]
(||t | − |x + v̂t ||)‖2L2

x L
2
v
+ ‖ωα

ρ◦κ (t, x, v)�ρ

(
l.o.tακ (t, x, v)

)
ϕ[d−1,d+1]

(||t | − |x + v̂t ||)‖2L2
x L

2
v

]
. (7.11)

Due to the fully nonlinear nature of the problem, the non-bulk terms�ρ
(
h.o.tακ (t, x, v)

−bulkα
κ (t, x, v)

)
and�ρ

(
l.o.tακ (t, x, v)

)
in (7.11) will appear when we utilize the hidden

null structure by doing integration by parts in time once in the later argument, see Sect. 8.
We separate out the localized energy “Eα

β;d(t)” to help us identify the main enemy when
estimating “Hk,d(t)”.

Lemma 7.2. For any k ∈ Z, d ∈ N+, t ∈ [1, T ], we have the following estimate,
|Hk,d (t)| � (2k/2+d/2 + 22k+2d )2−4k+ε1

[ ∑

τ∈{1,t}
Eα

β;d (τ ) +
∫ t

1
(1 + s)−1Eα

β;d (s)ds
]
.

(7.12)
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Proof. See Sect. 7.1. ��
Lemma 7.3. For any k,∈ Z, d ∈ N+, d ≥ 10, t ∈ [1, T ], we have the following estimate

|Hk,d(t)| � (2−k−d + 2−7k/2−7d/2)2−4k+ε1
[ ∑

τ∈{1,t}
Eα

β;d(τ ) +
∫ t

1
(1 + s)−1Eα

β;d(s)ds
]
.

(7.13)

Proof. See Sect. 7.1. ��
Assuming the validities of the estimate (7.12) in Lemma 7.2 and the estimate (7.13) in
Lemma 7.3, as summarized in the following Lemma, we finish the estimate of the last
term Ĩ α

β;1(t).

Lemma 7.4. Under the assumption that the Lemmas 7.2 and the 7.3 hold, we have
∑

α∈B,β∈S,|α|+|β|=N0

| Ĩ α
β;1(t)| � (1 + t)2δε0,

∑

α∈B,β∈S,|α|+|β|<N0

| Ĩ α
β;1(t)| � (1 + t)δε0.

(7.14)

Proof. Recall (7.9). From the estimate (7.12) in Lemma 7.2 and the estimate (7.13) in
Lemma 7.3, the following estimate holds,

| Ĩ α
β;1(t)| �

∑

d≥0

( ∑

k≤−d

(2k+d + 22k+2d) +
∑

k≥−d

(2−k−d + 2−7k/2−7d/2)
)
ε1

× [ ∑

τ∈{1,t}
Eα

β;d(τ ) +
∫ t

1
(1 + s)−1Eα

β;d(s)ds
]
. (7.15)

Recall (7.11). From the estimates (6.15) and (6.16) in Lemma 6.3, the estimates (6.47)
and (6.48) in Lemma 6.5, the estimates (6.20) and (6.21) in Lemma 6.4 and the estimates
(6.58) and (6.59) in Lemma 6.6, we have

∑

d∈N+

∑

α∈B,β∈S,|α|+|β|=N0

Eα
β;d (t) � (1 + t)2δε21 ,

∑

d∈N+

∑

α∈B,β∈S,|α|+|β|<N0

Eα
β;d (t) � (1 + t)δε21 .

(7.16)

Therefore, our desired estimate (7.14) holds from the estimates (7.15) and (7.16). ��

7.1. Reduction of the proof of Lemma 7.2 and the proof of Lemma 7.3. This section is
devoted to lay out a strategy to prove the estimate (7.12) in Lemma 7.2 and the estimate
(7.13) in Lemma 7.3.

Intuitively speaking, there are twomain ingredients in proving these two desired esti-
mates. Firstly, by doing integration by parts in time, we exploit the hidden null structure
by taking the advantage of high oscillation of phase in time, which solely depends on
the electromagnetic field. Secondly, by using the equality (3.38) in Lemma 3.3, we can
trade the spatial derivative for the decay rate of the distance with respect to the light cone
“||t | − |x + v̂t ||”. After comparing the gain and the loss, we decide whether to do the
trading process. More precisely, to prove our desired estimate (7.12) in Lemma 7.2, we
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don’t do the trading process. However, to prove the desired estimate (7.13) in Lemma 7.3,
we do the trading process.

To better explain our strategy, as an example, we use the following term inside
Hk,d(t),

∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)ψ≤−10(1 − |x + v̂s|/|s|)

×
√
1 + |v|2d̃(s, x, v)ψ≥1(|v|)αi (v) · Dvg

α
κ (s, x, v)

× ϕd
(||s| − |x + v̂s||)αi (v) · �x

j

(
Pk [E](s, x + v̂s) + v̂ × Pk [B](s, x + v̂s)

)
dxdvds,

(7.17)

where β = κ + ι and �ι
∼ ψ≥1(|v|)�̂v

j , see (7.10). To make the coefficient
√
1 + |v|2 in

(7.17) controllable when “|v|” is extremely large, we use the second decomposition of
Dv in (3.30). After replacing Dv in (7.17) by the second decomposition of Dv in (3.30),
as an example, we consider the following term,

∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)ψ≤−10(1 − |x + v̂s|/|s|)

×
√
1 + |v|2d̃(s, x, v)ψ≥1(|v|)ϕd

(||s| − |x + v̂s||)αi (v) · eρ(s, x, v)

× �ρgα
κ (s, x, v)αi (v) · �x

j

(
Pk[E](s, x + v̂s) + v̂ × Pk[B](s, x + v̂s)

)
dxdvds,

(7.18)

where �ρ
∼ �x

i , i ∈ {1, 2, 3}.
Since�ρ is a good derivative, from (4.71) and the second part of the estimate (4.74) in

Lemma 4.2, we know that the following estimate holds for the case we are considering,

∣
∣
∣

ωα
β(s, x, v)

ωα
ρ◦κ(s, x, v)

∣
∣
∣

∣
∣
∣

d̃(s, x, v)

1 + ||s| − |x + v̂s||
∣
∣
∣ ∼ 1

1 + |v| . (7.19)

Thanks to the dyadic localization of the distance with respect to the light cone, we
know that the size of “||s| − |x + v̂s||” is at most “2d+2”, d ∈ N+. Let

Fα
β (t, x, v) := 2−d(ωα

β(t, x, v)
)2
gα
β (t, x, v)�ρgα

κ (t, x, v)ψ≤−10(1 − |x + v̂t |/|t |)
×

√
1 + |v|2d̃(t, x, v)ϕd

(||t | − |x + v̂t ||). (7.20)

From the above definition and the estimate (7.19), we have

‖Fα
β (t, x, v)‖L1

x L
1
v

�
∑

α∈B,β∈S
‖ωα

β(t, x, v)gα
β (t, x, v)ϕd

(||t | − |x + v̂t ||)‖2L2
x,v

.(7.21)

From the definition of Fα
β (t, x, v) and the detailed formula of eρ(s, x, v) in (3.32),

we can rewrite the integral in (7.18) as follows,

−
∫ t

1

∫

R3

∫

R3
2d Fα

β (s, x, v)αi (v) · Ṽ jψ≥1(|v|)|v|−1(X j + V̂ j s) · Ṽi
× αi (v) · �x

j

(
Pk[E](s, x + v̂s) + v̂ × Pk[B](s, x + v̂s)

)
dxdvds. (7.22)
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Since the magnetic field can be handled in the same way as the electric field, it would
be sufficient to estimate the following term,

∫ t

1

∫

R3

∫

R3
F̃α

β (s, x, v)ψ≥1(|v|)|v|−1 · �x
j Pk[E](s, x + v̂s)dxdvds, (7.23)

where

F̃α
β (s, x, v) := Fα

β (s, x, v)(X j + V̂ j s) · Ṽi2dαi (v) · Ṽ jαi (v).

To better see the hidden null structure, we write the integral in (7.23) on the Fourier
side. Here, we do Fourier transform in “x” and view “t” and “v” as fixed parameters.
As a result, we can reduce the integral in (7.23) as follows,

∑

μ∈{+,−}
icμ

∫ t

1

∫

R3

∫

R3
Fx [F̃α

β ](s, ξ, v)eisv̂·ξ−iμs|ξ |ψ≥−2(|v|)Ṽ j · ξ |v|−1ψk(ξ)ĥ1(s, ξ)dξdvds,

(7.24)

where h1(t) is the profile of electric field E(t), see (4.50) and (4.53). Note that

|ξ | − μv̂ · ξ � |ξ |( 1

1 + |v|2 + (1 − cos(μv, ξ)) �
∣
∣
Ṽ j · ξ

1 + |v|
∣
∣. (7.25)

From the above estimate, we know that the price of doing integration by parts in time can
be paid exactly by the symbol “ψ≥1(|v|)Ṽ j · ξ |v|−1” in (7.24). As a result, the integral
over time doesn’t grow dramatically.

Moreover, from the estimate (7.25), it is easy to see that both∠(μv, ξ) and (1+|v|)−1

acts like the null structure. Note that Ŝv contributes the smallness of (1 + |v|)−3 and �x
i

contributes a symbol Ṽi · ξ ∼ |ξ |∠(μv, ξ) when these derivatives hit the pulled-back
electromagnetic field u(t, x + v̂t), where u ∈ {E, B}. Because of this fact, we call these
derivatives as “good derivatives”.

In practice, we will use a more delicate version integration by parts in time. Instead of
doing integration by parts in time on the Fourier side directly, we will compare the size
of phase “|ξ |−μv̂ ·ξ” with the size of “t”. Moreover, since it is more convenient to work
in the physical space due to the presence of complicated weight function associated with
the energy, we will formulate the Fourier based integration by parts in time into equality
on the physical space, which is the equality (7.29) in Lemma 7.5.

Definition 7.1. For any given Fourier symbolm(ξ) and any function h(t, x) ∈ {hα
i (t, x),

i ∈ {1, 2}, α ∈ B, |α| ≤ 10}, we define

Tμ
k (m(ξ), h)(t, x + v̂t, v) :=

∫

R3
ei(x+t v̂)·ξ−i tμ|ξ | −im(ξ)ψk(ξ)

v̂ · ξ − μ|ξ | ĥ(t, ξ)ψ>10
(
t (|ξ | − μv̂ · ξ)

)
dξ,

(7.26)

Hμ
k (m(ξ), h)(t, x + v̂t, v) :=

∫

R3
ei(x+t v̂)·ξ−i tμ|ξ | im(ξ)ψk(ξ)

v̂ · ξ − μ|ξ | ∂t ĥ(t, ξ)ψ>10(t (|ξ | − μv̂ · ξ))dξ,

(7.27)

Kμ
k (m(ξ), h)(t, x + v̂t, v) :=

∫

R3
ei(x+t v̂)·ξ−i tμ|ξ |m(ξ)ψk(ξ )̂h(t, ξ)

×[ − iμψ ′
>10(t (|ξ | − μv̂ · ξ)) + ψ≤10

(
t (|ξ | − μv̂ · ξ)

)]
dξ. (7.28)
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With the above definition, now we can decompose the good derivative of the elec-
tromagnetic field into good errors and the time derivative of a linear operator. More
precisely, we have

Lemma 7.5. For any α ∈ B, u ∈ {Eα, Bα}, k ∈ Z, j ∈ {1, 2, 3}, and any Fourier
multiplier operator T with symbol m(ξ), the following equalities hold for some l ∈
{1, 2},

�x
j Tk[uα](t, x + v̂t) =

∑

μ∈{+,−}
cμ

[
∂t T

μ
k (i Ṽ j · ξm(ξ), (hα

l )μ)(t, x + v̂t, v)

+Hμ
k (i Ṽ j · ξm(ξ), (hα

l )μ)(t, x + v̂t, v)

+Kμ
k (i Ṽ j · ξm(ξ), (hα

l )μ)(t, x + v̂t, v)
]
, (7.29)

�x
j Tk[∂t uα](t, x + v̂t) =

∑

μ∈{+,−}

1

2

[
∂t T

μ
k (i Ṽ j · ξ |ξ |m(ξ), (hα

l )μ)(t, x + v̂t, v)

+Hμ
k (i Ṽ j · ξ |ξ |m(ξ), (hα

l )μ)(t, x + v̂t, v)

+Kμ
k (i Ṽ j · ξ |ξ |m(ξ), (hα

l )μ)(t, x + v̂t, v)
]
. (7.30)

Proof. Recall (4.51) and (4.53). Note that, for any j ∈ {1, 2, 3}, α ∈ B, and u ∈
{Eα, Bα}, the following equalities hold for some l ∈ {1, 2},

�x
j Tk[uα](t, x + v̂t) =

∑

μ∈{+,−}

∫

R3
ei(x+t v̂)·ξ−i tμ|ξ |icμṼ j · ξm(ξ)(̂hα

l )μ(t, ξ)ψk(ξ)dξ,

(7.31)

�x
j Tk[∂t uα](t, x + v̂t) =

∑

μ∈{+,−}

∫

R3
ei(x+t v̂)·ξ−i tμ|ξ | i

2
Ṽ j · ξ |ξ |m(ξ)(̂hα

l )μ(t, ξ)ψk(ξ)dξ.

(7.32)

Hence, our desired equalities (7.29) and (7.30) hold from (7.31), (7.32), (7.26), (7.27),
and (7.28). ��

With the above preparation, we are ready to lay out the strategy for the proof of the
desired estimate (7.12) in Lemma 7.2. Recall (7.10). Firstly, we will using the equality
(7.29) for �x

j Pk[u](t, x + v̂t), u ∈ {E, B}. Then, we do integration by parts in time once

to move the time derivative in front of ∂t T
μ
k (i Ṽ j · ξ, hl)(t, x + v̂t). The rest of terms in

the equality (7.29) will be good error terms.
Now, we proceed to lay out our strategy for the proof of the desired estimate (7.13) in

Lemma 7.3. Same as the proof of the desired estimate (7.12) in Lemma 7.2, we will also
use the oscillation in time for the electromagnetic field. The only extra procedure we will
do is trading the spatial derivatives for the decay of the distance to the light cone, which
will provide the factor of 2−3k−3d + 2−4k−4d and also explains the difference between
the desired estimates (7.12) and (7.13).

We summarize the main result of the trading process in the following Lemma.

Lemma 7.6. For any j ∈ {1, 2, 3}, u ∈ {E, B}, and k ∈ Z, the following decomposition
holds after trading the spatial derivatives for the decay of the distance to the light cone,

�x
j (uk)(t, x + v̂t) = L1

k, j [u](t, x + v̂t) + L̃k, j [u](t, x + v̂t, v) +
∑

i=1,...,5

Ei
k, j [u](t, x + v̂t, v), (7.33)
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where the leading terms L1
k, j [u](t, x + v̂t) and L̃k, j [u](t, x + v̂t, v) are given in (7.44)

and (7.51) respectively, and the error terms Ei
k, j [u](t, x + v̂t, v), i ∈ {1, . . . , 5}, are

given in (7.43) and (7.52) respectively.

Proof. From the equality (3.38) in Lemma 3.3, we can rewrite �x
j (uk(t, x + v̂t), u ∈

{E, B}, as follows,

�x
j (uk(t, x + v̂t)) = (|t | − |x + v̂t |)−3�x

j

(
(|t | − |x + v̂t |)3uk (t, x + v̂t)

) − 3
(
�x

j (|t | − |x + v̂t |))

((|t | − |x + v̂t |))−1uk (t, x + v̂t)

=
∑

α∈B,|α|≤3

∑

i=0,1,2

((|t | − |x + v̂t |))−3�x
j

[
c̃iα(t, x + v̂t)T̃ i

k,α(∂ it u
α)(t, x + v̂t) + (|t | − |x + v̂t |)eα(t, x + v̂t)

×T̃ 3
k,α((∂2t − �)u)(t, x + v̂t)

] − 3
(
�x

j (|t | − |x + v̂t |))(|t | − |x + v̂t |)−4[c̃iα(t, x + v̂t)T̃ i
k,α(∂ it u

α)(t, x + v̂t)

+(|t | − |x + v̂t |)eα(t, x + v̂t)T̃ 3
k,α((∂2t − �)u)(t, x + v̂t)

]

=
∑

α∈B,|α|≤3

∑

i=0,1,2

(|t | − |x + v̂t |)−3c̃iα(t, x + v̂t)�x
j

(
T̃ i
k,α(∂ it u

α)(t, x + v̂t)
)
+ c j

α;i (t, x + v̂t)T̃ i
k,α(∂ it u

α)(t, x + v̂t)

+̂eα
j,1(t, x + v̂t)T̃ 3

k,α((∂2t − �)u)(t, x + v̂t) + êα
j,2(t, x + v̂t)�x

j

(
T̃ 3
k,α((∂2t − �)u)(t, x + v̂t)

)
, (7.34)

where

c j
α;i (t, x + v̂t) = (|t | − |x + v̂t |)−3�x

j

(
c̃iα(t, x + v̂t)

)

−3
(
�x

j (|t | − |x + v̂t |))(|t | − |x + v̂t |)−4c̃iα(t, x + v̂t), (7.35)

êα
j,1(t, x + v̂t) = (|t | − |x + v̂t |)−3�x

j

(
(|t | − |x + v̂t |)eα(t, x + v̂t)

)

−3
(
�x

j (|t | − |x + v̂t |))(|t | − |x + v̂t |)−3eα(t, x + v̂t), (7.36)

êα
j,2(t, x + v̂t) = (|t | − |x + v̂t |)−2eα(t, x + v̂t). (7.37)

To better estimate the coefficients, we classify and decompose ĉ j
α;i (t, x, v), i ∈

{0, 1, 2}, and êα
j,1(t, x, v) into two parts as follows,

c j
α;i (t, x + v̂t) = �x

j (|t | − |x + v̂t |)̂c1α;i (t, x + v̂t) + ĉ j;2
α;i (t, x + v̂t), êα

j,1(t, x + v̂t)

= �x
j (|t | − |x + v̂t |)̂eα;1

1 (t, x + v̂t) + êα;2
j,1 (t, x + v̂t),

where

ĉ1α;i (t, x + v̂t) = −3(|t | − |x + v̂t |)−4c̃iα(t, x + v̂t), ĉ j;2
α;i (t, x, v)

= (|t | − |x + v̂t |)−3�x
j

(
c̃iα(t, x + v̂t)

)
, (7.38)

êα;1
1 (t, x + v̂t) = −2(|t | − |x + v̂t |)−3eα(t, x + v̂t), êα;2

j,1 (t, x, v)

= (|t | − |x + v̂t |)−2�x
j

(
eα(t, x + v̂t)

)
. (7.39)

Note that

�x
j (|t | − |x + v̂t |) = − Ṽ j · x

|x + v̂t | . (7.40)
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As a result of direct computations and the estimate (3.39) in Lemma 3.3, the following
estimate holds,

∑

i=0,1,2

(|t | − |x + v̂t |)3 |̂c j;2
α;i (t, x, v)| + (|t | − |x + v̂t |)2 |̂eα;2

j,1 (t, x, v)| �
( 1

t + |x + v̂t |
)
.

(7.41)

Recall (7.34). For the term T̃ 2
α (∂2t u

α)(t, x + v̂t), we decompose it further into two
parts as follows,

T̃ 2
k,α(∂2t u

α)(t, x + v̂t) = T̃ 2
k,α(�uα)(t, x + v̂t) + T̃ 2

k,α((∂2t − �)uα)(t, x + v̂t).(7.42)

From the equalities (7.34) and (7.42), we identify the leading terms of �x
j uk(t, x + v̂t)

and classify the error terms into four parts as follows,

�x
j (uk)(t, x + v̂t) =

∑

i=1,2

Li
k, j [u](t, x, v) + Errork, j [u](t, x + v̂t), Errork, j [u](t, x + v̂t)

=
∑

i=1,...,4

Ei
k, j [u](t, x + v̂t), (7.43)

where

L1
k, j [u](t, x, v) =

∑

α∈B,|α|≤3

(|t | − |x + v̂t |)−3[
∑

i=0,1

c̃iα(t, x + v̂t)�x
j

(
T̃ i
k,α(∂ it u

α)(t, x + v̂t)
)

+c̃2α(t, x + v̂t)�x
j

(
T̃ 2
k,α(�uα)(t, x + v̂t)

)]
, (7.44)

L2
k, j [u](t, x + v̂t) =

∑

α∈B,|α|≤3

∑

i=0,1

�x
j (|t | − |x + v̂t |)[ĉ1α;i (t, x + v̂t)T̃ i

k,α(∂ it u
α)(t, x + v̂t)

+̂c1α;2(t, x + v̂t)T̃ 2
k,α(�uα)(t, x + v̂t)

]
, (7.45)

E1
k, j [u](t, x + v̂t) =

∑

α∈B,|α|≤3

∑

i=0,1

ĉ j;2
α;i (t, x + v̂t)T̃ i

k,α(∂ it u
α)(t, x + v̂t)

+̂c j;2
α;2(t, x + v̂t)T̃ 2

k,α(�uα)(t, x + v̂t), (7.46)

E2
k, j [u](t, x + v̂t) = (|t | − |x + v̂t |)−3c̃2α(t, x + v̂t)�x

j

(
T̃ 2
k,α((∂2t − �)uα)(t, x + v̂t)

)

+̂eα
j,2(t, x + v̂t)�x

j

(
T̃ 3
k,α((∂2t − �)u)(t, x + v̂t)

)
, (7.47)

E3
k, j [u](t, x + v̂t) = �x

j (|t | − |x + v̂t |)̂c1α;i (t, x + v̂t)T̃ 2
k,α((∂2t − �)uα)(t, x + v̂t)

+�x
j (|t | − |x + v̂t |)̂eα;1

1 (t, x + v̂t)T̃ 3
k,α((∂2t − �)u)(t, x + v̂t), (7.48)

E4
k, j [u](t, x + v̂t) = ĉ j;2

α;2(t, x + v̂t)T̃ 2
k,α((∂2t − �)uα)(t, x + v̂t)

+̂eα;2
j,1 (t, x + v̂t)T̃ 3

k,α((∂2t − �)u)(t, x + v̂t). (7.49)

Moreover, from the equality(7.40), we can split L2
k, j in (7.45) into two parts on the

Fourier side as follows,

L2
k, j [u](t, x + v̂t) = L̃k, j [u](t, x + v̂t, v) + E5

k, j [u](t, x + v̂t, v), (7.50)

L̃k, j [u](t, x + v̂t, v) =
∑

α∈B,|α|≤3

∑

μ∈{+,−}

∑

i=0,1

∫

R3
ei(x+v̂t)·ξ−i tμ|ξ | −tμξ · Ṽ j

|x + v̂t ||ξ |
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(
cμĉ

1
α;0(t, x + v̂t)m̃0

k,α(ξ)

−cμĉ
1
α;2(t, x + v̂t)m̃2

k,α(ξ)|ξ |2 + 1

2
ĉ1α;1(t, x + v̂t)m̃1

k,α(ξ)|ξ |)P̂μ[hα
l ](t, ξ)dξ, (7.51)

E5
k, j [u](t, x + v̂t, v) =

∑

α∈B,|α|≤3

∑

μ∈{+,−}

∑

i=0,1

∫

R3
ei(x+v̂t)·ξ−i tμ|ξ | −1

|x + v̂t |
(
x − tμ

ξ

|ξ |
) · Ṽ j

(
cμĉ

1
α;0(t, x + v̂t)m̃0

k,α(ξ)

−cμĉ
1
α;2(t, x + v̂t)m̃2

k,α(ξ)|ξ |2 + 1

2
ĉ1α;1(t, x + v̂t)m̃1

k,α(ξ)|ξ |)P̂μ[hα
l ](t, ξ)dξ, (7.52)

where l ∈ {1, 2} is uniquely determined by the type of input u ∈ {E, B}.
To sum up, our desired decomposition (7.33) holds from the decompositions (7.43)

and (7.50). ��
Motivated from the decomposition (7.33) in Lemma 7.6, we decompose Hk,d sim-

ilarly (see (7.10)) into three terms after trading the spatial derivatives for the decay of
the distance with respect to the light cone as follows,

Hk,d(t) = H̃1
k,d(t) + H̃2

k,d(t) + Ẽrrork,d(t), Ẽrrork,d(t) =
∑

l=1,...,5

Ẽrror
l
k,d(t),

(7.53)

where

H̃1
k,d (t) :=

∑

ι+κ=β,|ι|=1, j=1,2,3,i=1,...,7

�ι∼ψ≥1(|v|)�̂v
j orψ≥1(|v|)�x

j

∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)

(√
1 + |v|2d̃(s, x, v)

)1−c(ι)
ψ≤−10(1 − |x + v̂s|/|s|)

×ψ≥1(|v|)ϕd
(|s| − |x + v̂s|)αi (v) · (L1

k, j [E](s, x + v̂s) + v̂ × (
L1
k, j [B](s, x + v̂s)

))
αi (v)

·Dvg
α
κ (s, x, v)dxdvds, (7.54)

H̃2
k,d :=

∑

ι+κ=β,|ι|=1, j=1,2,3,i=1,...,7

�ι∼ψ≥1(|v|)�̂v
j orψ≥1(|v|)�x

j

∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)

(√
1 + |v|2d̃(s, x, v)

)1−c(ι)
ψ≤−10(1 − |x + v̂s|/|s|)

×ψ≥1(|v|)ϕd
(|s| − |x + v̂s|)αi (v) · (L̃k, j [E](s, x + v̂s, v) + v̂

×(
L̃k, j [B](s, x + v̂s, v)

))
αi (v) · Dvg

α
κ (s, x, v)dxdvds, (7.55)

Ẽrror
l
k,d :=

∑

ι+κ=β,|ι|=1, j=1,2,3,i=1,...,7

�ι∼ψ≥1(|v|)�̂v
j orψ≥1(|v|)�x

j

∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)

(√
1 + |v|2d̃(s, x, v)

)1−c(ι)
ψ≤−10(1 − |x + v̂s|/|s|)

×ψ≥1(|v|)ϕd
(|s| − |x + v̂s|)αi (v) · (Elk, j [E](s, x + v̂s, v) + v̂

×Elk, j [B](s, x + v̂s, v)
)
αi (v) · Dvg

α
κ (s, x, v)dxdvds. (7.56)

We summarize the estimate of error term Ẽrrork,d(t) in the following Lemma.
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Lemma 7.7. The following estimate holds,

|Ẽrrork,d | �
(
2−3k−3d + 2−k−d)2−4k+

∫ t

1
(1 + |s|)−1Eeb

low(s)Eα
β;d(s)ds. (7.57)

Proof. Postponed to Sect. 7.2. ��
From the equalities (7.44), (7.51), (7.29), and (7.30), modulo the coefficients and the

symbol of the Fourier multipliers, we know that both the leading term Lk, j [u](t, x + v̂t)

and L̃k, j [u](t, x + v̂t, v), which appears in H̃1
k,d and H̃2

k,d , and �x
j (uk)(t, x + v̂t), which

appears in Hk,d , can be viewed as a good derivative �x
j acting on a Fourier multiplier

operator. Motivated from this observation and the decompositions (7.29) and (7.30)
for the good derivative “�x

j ” acting on a Fourier multiplier, we define the following
multilinear operator.

Definition 7.2. For any fixed t1, t2 ∈ R, i ∈ {1, . . . , 7}, j ∈ {1, 2, 3},α ∈ B,β, ι, κ ∈ S,
μ ∈ {+,−}, s.t., ι + κ = β, |ι| = 1, and �ι ∼ ψ≥1(|v|)�̂v

jorψ≥1(|v|)�x
j , any given

Fourier multiplierm(ξ), any given coefficients a : Rx → C, s.t., a′(x) = 0 if |x | ≤ 2−5,

and c : Rt × R
3
x × R

3
v → C, and any given profile h(t, x) ∈ {hα

i (t, x), i ∈ {1, 2}, α ∈
B, |α| ≤ 10}, we define three multilinear forms as follows,

T (m, a, c, h) :=
∑

�ι∼ψ≥1(|v|)�̂v
jorψ≥1(|v|)�x

j

∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)

(√
1 + |v|2d̃(s, x, v)

)1−c(ι)

×Cd(s, x, v)∂sT
μ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)αi (v) · Dvg

α
κ (s, x, v)dxdvds,

(7.58)

H(m, a, c, h) :=
∑

�ι∼ψ≥1(|v|)�̂v
jorψ≥1(|v|)�x

j

∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)

(√
1 + |v|2d̃(s, x, v)

)1−c(ι)

×Cd(s, x, v)Hμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)αi (v) · Dvg

α
κ (s, x, v)dxdvds,

(7.59)

K (m, a, c, h) :=
∑

�ι∼ψ≥1(|v|)�̂v
jorψ≥1(|v|)�x

j

∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)

(√
1 + |v|2d̃(s, x, v)

)1−c(ι)

×Cd(s, x, v)Kμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)αi (v) · Dvg

α
κ (s, x, v)dxdvds,

(7.60)

where the bilinear operators Tμ
k (·, ·), Hμ

k (·, ·), Kμ
k (·, ·) are defined in Definition 7.1 and

the coefficient Cd(s, x, v) is defined as follows,

Cd (s, x, v) := a(||s| − |x + v̂s||)c(s, x, v)ψ≤−10(1 − |x + v̂s|/|s|)ϕd (||s| − |x + v̂s||)ψ≥1(|v|).
(7.61)
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Now our goal is to show that the following two Lemmas hold for the above defined
three multilinear operators.

Lemma 7.8. For any given Fourier multiplier m(ξ), any given coefficients a : Rx → C,
s.t., a′(x) = 0 if |x | ≤ 2−5, and c : Rt × R

3
x × R

3
v → C, and any given profile

h(t, x) ∈ {hα
i (t, x), i ∈ {1, 2}, α ∈ B, |α| ≤ 10}, the following estimate holds,

|H(m, a, c, h)| + |K (m, a, c, h)|
� (2k+d + 22k+2d )2−4k+‖a‖Y ‖m(ξ)‖S∞

k

[
∫ t

1
(1 + s)−1‖c(s, x, v)‖L∞

x,v
Eeb
low(s)Eα

β;d (s)ds
]
,

(7.62)

where‖a‖Y := supx∈R |a(x)| + |xa′(x)|.
Proof. Postponed to Sect. 7.3. ��
Lemma 7.9. For any given Fourier multiplier m(ξ), any given coefficients a : Rx → C,
s.t., a′(x) = 0 if |x | ≤ 2−5, and c : Rt × R

3
x × R

3
v → C, and any given profile

h(t, x) ∈ {hα
i (t, x), i ∈ {1, 2}, α ∈ B, |α| ≤ 10}, the following estimate holds,

|T (m, a, c, h)| � (2k/2+d/2 + 22k+2d)2−4k+‖a‖Y
∫ t

1
(1 + |s|)−1(‖c(s, x, v)‖L∞

x,v

+s‖∂sc(s, x, v)‖L∞
x,v

+‖Dvc(s, x, v)‖L∞
x,v

)‖m(ξ)‖S∞
k
Eeb
low(s)

(
1 + Eeb

low(s)
)
Eα

β;d (s)ds. (7.63)

Proof. Postponed to Sect. 8. ��
Assuming that the estimates in Lemma 7.9, Lemma 7.8, and Lemma 7.7 hold, we

can prove the desired estimate (7.12) in Lemma 7.2 and the desired estimate (7.13) in
Lemma 7.3.

Proof of Lemma 7.2:. Recall (7.10). From the equality (7.29) in Lemma 7.5, we know
that Hk,d is a linear combinationof the trilinear formsT (1, 1, ai (v), hi ),H(1, 1, ai (v), hi ),
and K (1, 1, ai (v), hi ), i ∈ {1, 2}, where ai (v), i ∈ {1, 2}, are some explicit coefficients
that satisfies the following estimate,

∑

i=1,2

‖ai (v)‖L∞
v
+ ‖(1 + |v|)∇vai (v)‖L∞

v
� 1.

Therefore, the desired estimate (7.12) follows directly from the estimate (7.63) in
Lemma 7.9 and the estimate (7.62) in Lemma 7.8. ��
Proof of Lemma 7.3:. Note that we have d ≥ 10 for the case we are considering. Recall
the decomposition (7.53) and the equations (7.54) and (7.55). From the equalities (7.29)
and (7.30) in Lemma 7.5, the detailed formulas of L1

k, j [u](t, x + v̂t) in (7.44) and

L̃k, j [u](t, x+v̂t) in (7.51) and the formulas of the coefficients ĉ1
α;i (t, x+v̂t), i ∈ {1, 2, 3},

in (7.38), we know that we can write H̃1
k,d and H̃2

k,d as linear combinations of multilinear
forms as follows,
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H̃1
k,d =

∑

α∈B,|α|≤3

∑

i=0,1,2,l=1,2

T
(
m̂i

α(ξ), |x |−3ψ[d−2,d+2](x), c̃iα(t, x + v̂t)a1i,l(v), hα
l (t)

)

+H
(
m̂i

α(ξ), |x |−3ψ[d−2,d+2](x),
c̃iα(t, x + v̂t)a1i,l(v), hα

l (t)
)
+ K

(
m̂i

α(ξ), |x |−3ψ[d−2,d+2](x), c̃iα(t, x + v̂t)a1i,l(v), hα
l (t)

)
,

H̃2
k,d =

∑

α∈B,|α|≤3

∑

i=0,1,2,l=1,2

T
(
m̂i

α(ξ)|ξ |−1, |x |−4ψ[d−2,d+2](x), ĉiα(t, x + v̂t)a2i,l(v), hα
l (t)

)

+H
(
m̂i

α(ξ)|ξ |−1,

|x |−4ψ[d−2,d+2](x), ĉiα(t, x + v̂t)a2i,l(v), hα
l (t)

)
+ K

(
m̂i

α(ξ)|ξ |−1,

|x |−4ψ[d−2,d+2](x), ĉiα(t, x + v̂t)a2i,l(v), hα
l (t)

)
,

where the symbols m̂i
α(ξ) and the coefficients ĉiα(t, x + v̂t), i ∈ {0, 1, 2}, are defined

as follows,
m̂0

α(ξ) = m̃0
α(ξ), m̂1

α(ξ) = m̃1
α(ξ)|ξ |, m̂2

α(ξ) = m̃2
α(ξ)|ξ |2,

ĉiα(t, x + v̂t) := t

|x + v̂t | c̃
i
α(t, x + v̂t)ψ≤−5(1 − |x + v̂t |/|t |), (7.64)

and ani,l(v), i ∈ {0, 1, 2}, l, n ∈ {1, 2}, are some explicit coefficients that satisfy the
following estimate,

∑

i=0,1,2,n,l=1,2

‖ani,l(v)‖L∞
v
+ ‖(1 + |v|)∇va

n
i,l(v)‖L∞

v
� 1.

From (7.64) and the estimate (3.40), we know that the following estimate holds,
∑

i=0,1,2

‖m̂i
α(ξ)‖S∞

k
� 2−3k . (7.65)

Recall the definition of Y -norm in Lemma 7.8. We have

‖|x |−3ψ[d−2,d+2](x)‖Y � 2−3d , ‖|x |−4ψ[d−2,d+2](x)‖Y � 2−4d , when d ≥ 5.

(7.66)

From the above estimates (7.65) and (7.66) and the estimate (3.39) for the coefficients
c̃iα(t, x, v), i ∈ {0, 1, 2}, we know that the desired estimate (7.13) follows directly from
the estimate (7.63) in Lemma 7.9, the estimate (7.62) in Lemma 7.8, and the estimate
(7.57) in Lemma 7.7. ��

To sum up, we reduce the proofs of Lemma 7.2 and Lemma 7.3 to the proofs of
Lemma 7.7, Lemma 7.8, and Lemma 7.9. We will prove Lemma 7.7 and Lemma 7.8 in
next two subsections. For clarity, the proof of Lemma 7.9, which is more complicated,
is postponed to Sect. 8.

7.2. Proof of Lemma 7.7. In this subsection, we estimate the error term which arises
from the process of trading the spatial derivative for the decay of modulations and finish
the proof of Lemma 7.7. The main ingredient of the proof is the following Lemma.

Lemma 7.10. The following estimate holds for any j ∈ {1, 2, 3}, i ∈ {1, . . . , 5}, ρ ∈
K, |ρ| = 1, d ∈ N+, d ≥ 5,

‖(1 + |v|)1−c(ρ)eρ(t, x, v)Ei
k, j [u](t, x + v̂t, v)ϕd

(|t | − |x + v̂t |)ψ≤−10(1 − |x + v̂t |/|t |)‖L∞
x,v

� (1 + t)−1(2−4d−4k + 2−2d−2k)2k−4k+ Eeb
low(t). (7.67)
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Proof. Note that the following estimate holds from the detailed formula of eρ(t, x, v)

in (3.32),
∑

ρ∈K,|ρ|=1

‖(1 + |v|)1−c(ρ)eρ(t, x, v)ψ≤−10(1 − |x + v̂t |/|t |)‖L∞
x,v

� (1 + |t |).

(7.68)

Recall (7.46), (7.47), and (7.37). From the estimates of coefficients in (7.41) and
(3.39), the estimates of the symbols m̃i

k,α(ξ) of the linear operator T̃ i
k,α(·) in (3.40), and

the linear decay estimate (2.11) in Lemma 2.2, the following estimate holds,
∑

u∈{E,B},i=1,2

‖Ei
k, j [u](t, x + v̂t)ϕd

(|t | − |x + v̂t |)‖L∞
x,v

� (1 + t)−2(2−2d−2k + 2−3d−3k)2k−4k+Eeb
low(t). (7.69)

Now, we proceed to estimate E3
k, j [u](t, x + v̂t) and E4

k, j [u](t, x + v̂t),u ∈ {E, B}.
Recall their detailed formulas in (7.48) and (7.49) and the detailed formulas of corre-
sponding coefficients in (7.38) and (7.39). From the equality (7.40), the estimates of the
symbols m̃i

k,α(ξ) of the linear operator T̃ i
k,α(·) in (3.40), the estimate of coefficients in

(7.41), and the definition of low order energy in (4.94), we have
∑

u∈{E,B},i=3,4

‖E3
k, j [u](t, x + v̂t)ϕd

(|t | − |x + v̂t |)‖L∞
x,v

� (1 + |t |)−2(2−4d−4k + 2−3d−3k + 2−2d−2k)2k−4k+Eeb
low(t). (7.70)

Lastly, we estimate E5
k, j [u](t, x + v̂t, v), u ∈ {E, B}. Recall its detailed formula in

(7.52). Note that the following equality holds,

ei(x+v̂t)·ξ−i tμ|ξ |(x − tμ
ξ

|ξ |
) · Ṽ j = −i Ṽ j · ∇ξ

(
ei(x+v̂t)·ξ−i tμ|ξ |).

Hence, after doing integration by parts for ξ in Ṽ j direction, we have

E5
k, j [u](t, x + v̂t, v) =

∑

α∈B,|α|≤3

∑

μ∈{+,−}

∑

i=0,1

∫

R3
ei(x+v̂t)·ξ−i tμ|ξ |

−i

|x + v̂t | Ṽ j · ∇ξ

[(
cμĉ

1
α;0(t, x + v̂t)m̃0

k,α(ξ)

−cμĉ
1
α;2(t, x + v̂t)m̃2

k,α(ξ)|ξ |2 + 1

2
ĉ1α;1(t, x + v̂t)m̃1

k,α(ξ)|ξ |)P̂μ[hα
l ](t, ξ)

]
dξ.

From the above formula, the detailed formula of coefficients in (7.38), the estimate of
coefficients in (3.39), the estimate of symbols in (3.40), the linear decay estimate (2.11)
in Lemma 2.2, the following estimate holds,

‖|E5
k, j [u] (t, x + v̂t, v)ψ≤−5(1 − |x + v̂t |/|t |)ϕd

(|t | − |x + v̂t |)‖L∞
x,v

� (1 + |t |)−22−4d−4k2k−4k+Eeb
low(t). (7.71)

To sum up, our desired estimate (7.67) holds from the estimates (7.68), (7.69), (7.70),
and (7.71). ��



776 X. Wang

:

Proof of Lemma 7.7. Recall (7.53) and (7.56). We use the second decomposition of
“Dv” in (3.30) in Lemma 3.1. From the estimate (7.67) in Lemma 7.10, the second
part of the estimate (4.74) in Lemma 4.2, and the L2

x,v − L2
x,v − L∞

x,v type multi-linear
estimate, we have

∑

l=1,...,5

|Ẽrrorlk,d | �
(
2−3k−3d + 2−k−d)2−4k+

∫ t

1
(1 + |s|)−1Eeb

low(s)Eα
β;d(s)ds.

(7.72)

Hence finishing the proof of the desired estimate (7.57). ��

7.3. Proof of Lemma 7.8. In this subsection, we prove our desired estimate (7.62) in
Lemma 7.8. The main tools that we will use are two linear estimates associated with the
bilinear operators defined in (7.27) and (7.28), which will be stated in Lemma 7.11 and
Lemma 7.12. We will first derive these two estimates and then use these two estimates
to prove the desired estimate (7.62).

Lemma 7.11. The following estimate hold,

‖Hμ
k (Ṽ j · ξm(ξ), h)(t, x + v̂t, v)‖L∞

x,v
� min{(1 + |t |)−122k,

(1 + |t |)−22k}2−4k+‖m(ξ)‖S∞
k
Eeb
low(t). (7.73)

Proof. Recall (7.27). For any fixed x and v, we do dyadic decomposition for the angle
between ξ and μv. As a result, we have

Hμ
k (Ṽ j · ξm(ξ), h)(t, x + v̂t, v) =

∑

n∈Z,n≤2

∫

R3
ei(x+t v̂)·ξ−i tμ|ξ | i Ṽ j · ξm(ξ)ψk(ξ)

v̂ · ξ − μ|ξ |
×ψ>10(t (|ξ | − μv̂ · ξ))∂t ĥ(t, ξ)ψk(ξ)ψn(∠(ξ, νv))dξ.

Hence, after using the volume of support of ξ and the definition of the low order energy
Eeb
low(φ) in (4.94), we have

|Hμ
k (Ṽ j · ξm(ξ), h)(t, x + v̂t, v)| �

∑

n∈Z,n≤2

23k+n‖∂t ĥ(t, ξ)ψk(ξ)‖L∞
ξ

‖m(ξ)‖S∞
k

� min{(1 + |t |)−122k, (1 + |t |)−22k}2−4k+‖m(ξ)‖S∞
k
Eeb
low(t). (7.74)

��
Lemma 7.12. The following estimates hold for any t ∈ [2m−1, 2m], m ∈ Z+, i, j ∈
{1, 2, 3},

‖(1 + |v|)−1Kμ
k (Ṽ j · ξm(ξ), h)(t, x + v̂t, v)‖L∞

x,v
� 2−2m+k−4k+‖m(ξ)‖S∞

k
Eeb
low(t),

(7.75)

‖Kμ
k (Ṽ j · ξm(ξ), h)(t, x + v̂t, v)‖L∞

x,v
� 2−m+2k−4k+‖m(ξ)‖S∞

k
Eeb
low(t),

(7.76)

‖(Xi · ṽ)Kμ
k (Ṽ j · ξm(ξ), h)(t, x + v̂t, v)‖L∞

x,v
� 2−m+k−4k+‖m(ξ)‖S∞

k
Eeb
low(t).

(7.77)
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Proof. Recall (7.28). From the support of ξ and the estimate (7.25), we know that the
size of |ξ | − μv̂ · ξ is less than 2−m , which implies that the angle between ξ and μv is
less than 2−m/2−k/2 and the size of v is greater than 2m/2+k/2. As a result, the following
estimate holds,

(1 + |v|)−1|Kμ
k (Ṽ j · ξm(ξ), h)(t, x + v̂t, v)|

�
∑

l≤−m/2−k/2

2−m/2−k/22k+l23k+2l‖ĥ(t, ξ)ψk(ξ)‖L∞
ξ

‖m(ξ)‖S∞
k

� 2−2m+k−4k+‖m(ξ)‖S∞
k
Eeb
low(t). (7.78)

Similarly, we have

|Kμ
k (Ṽ j · ξm(ξ), h)(t, x + v̂t, v)| �

∑

l≤−m/2−k/2

2k23k+2l‖ĥ(t, ξ)ψk(ξ)‖L∞
ξ

‖m(ξ)‖S∞
k

� 2−m+2k−4k+‖m(ξ)‖S∞
k
Eeb
low(t). (7.79)

Hence finishing the proofs of the desired estimates (7.75) and (7.76).
Lastly, we prove the desired estimate (7.77). Recall (7.28). We have

(Xi · ṽ)Kμ
k (Ṽ j · ξm(ξ), h)(t, x + v̂t, v) = I1 + I2,

where

I1 :=
∫

R3
ei(x+t v̂)·ξ−i tμ|ξ |i Ṽ j · ξm(ξ)

(
(Xi + t V̂i ) − i tμ

ei × ξ

|ξ |
)

·ṽ[ − iμψ ′
>10(t (|ξ | − μv̂ · ξ))

)
+ ψ≤10

(
t (|ξ | − μv̂ · ξ)

)]
ĥ(t, ξ)ψk(ξ)dξ,

I2 :=
∫

R3
ei(x+t v̂)·ξ−i tμ|ξ |i Ṽ j · ξm(ξ)

(
i tμ

ei × ξ

|ξ |
)

·ṽ[ − iμψ ′
>10(t (|ξ | − μv̂ · ξ)) + ψ≤10

(
t (|ξ | − μv̂ · ξ)

)]
ψk(ξ )̂h(t, ξ)dξ.

(7.80)

From the volume of support of “ξ”, we have

|I2| �
∑

l≤−m/2−k/2

2m2k+2l23k+2l‖ĥ(t, ξ)ψk(ξ)‖L∞
ξ

‖m(ξ)‖S∞
k

� 2−m+k−4k+‖m(ξ)‖S∞
k
Eeb
low(t).

(7.81)

Note that

(
(Xi + t V̂i ) − i tμ

ei × ξ

|ξ |
) · ṽ = (

x + t v̂ − i tμ
ξ

|ξ |
) · Ṽi .

Hence, we can do integration by parts in ξ once in the Ṽi direction for I1 in (7.80). As
a result, we have

I1 =
∫

R3
ei(x+t v̂)·ξ−i tμ|ξ |Ṽi · ∇ξ

[
Ṽ j · ξm(ξ)ψk(ξ )̂h(t, ξ)

( − iμψ ′
>10(t (|ξ | − μv̂ · ξ))

+ψ≤10(t (|ξ | − μv̂ · ξ))
)]
dξ.
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By using the volume of support of “ξ”, we have

|I1| �
∑

l≤−m/2−k/2

(
2m+k+2l + 1

)
23k+2l‖ĥ(t, ξ)ψk(ξ)‖L∞

ξ
‖m(ξ)‖S∞

k

+24k+3l‖∇ξ ĥ(t, ξ)ψk(ξ)‖L∞
ξ

‖m(ξ)‖S∞
k

� 2−m+k−4k+‖m(ξ)‖S∞
k
Eeb
low(t). (7.82)

Therefore, our desired estimate (7.77) holds from the estimates (7.81) and (7.82).
Hence finishing the proof.

��
Proof of Lemma 7.8:. • The estimate of H(m, a, c, h).

Recall (7.59). For this case, we use the second decomposition of “Dv” (3.30) in
Lemma 3.1 for the term “Dvgα

κ (t, x, v)” in (7.59). From the estimate (7.68), the second
part of the estimate (4.74) in Lemma 4.2, and the estimate (7.73) in Lemma 7.11, the
following estimate holds after using the L2

x,v − L2
x,v − L∞

x,v type multilinear estimate,

|H(m, a, c, h)| �
∫ t

1
(1 + |s|)2d‖a‖Y ‖Hμ

k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)‖L∞
x,v

‖c(s, x, v)‖L∞
x,v

Eα
β;d (s)ds

� 2k+d−4k+‖a‖Y ‖m(ξ)‖S∞
k

∫ t

1
(1 + |s|)−1‖c(s, x, v)‖L∞

x,v
Eeb
low(s)Eα

β;d (s)ds.

(7.83)

• The estimate of K (m, a, c, h).
Recall (7.60). For this case, we use the second decomposition of “Dv” (3.30) in

Lemma 3.1 for the term “Dvgα
κ (t, x, v)” in (7.60). Recall the detailed formulas of

eρ(t, x, v), ρ ∈ K, |ρ| = 1, in (3.32). From the estimates (7.75), (7.76), (7.77) in
Lemma 7.12, the following estimate holds,

∑

ρ∈K,|ρ|=1

‖(1 + |v|)1−c(ρ)eρ(t, x, v)Kμ
k (Ṽ j · ξm(ξ), h)(t, x + v̂t, v)ϕd

(|t | − |x + v̂t |)ψ≤−10(1 − |x + v̂t |/|t |)‖L∞
x,v

� (1 + |t |)−1(2k + 22k+d)2−4k+‖m(ξ)‖S∞
k
Eeb
low(t). (7.84)

Therefore, from the above estimate, the second part of the estimate (4.74) in Lemma 4.2,
and the L2

x,v − L2
x,v − L∞

x,v type multilinear estimate, we have

|K (m, a, c, h)| � (2k+d + 22k+2d)2−4k+‖a‖Y ‖m(ξ)‖S∞
k

∫ t

1
(1 + |s|)−1‖c(s, x, v)‖L∞

x,v
Eeb
low(s)Eα

β;d(s)dt. (7.85)

To sum up, our desired estimate (7.62) holds from the estimates (7.83) and (7.85). ��
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8. Proof of Lemma 7.9

The main goal of this section is devoted to proving our last desired estimate (7.63) in
Lemma 7.9. Hence finishing the whole argument.

Recall (7.58). To take the advantage of oscillation in time for the electromagnetic
field, we do integration by parts in time to move around the time derivative in front of
“∂t T

μ
k (Ṽ j · ξm(ξ), h)(t, x + v̂t)”. The proof of Lemma 7.9 will be very complicated by

the fact that many terms will be created when “∂t” hits gα
β (t, x, v) or Dvgα

κ (t, x, v), e.g.,
see the equation satisfied by ∂t gα

β (t, x, v) in (4.17).
For clarity, we first classify those terms. More precisely, after doing integration by

parts in time for (7.58), we have

T (m, a, c, h) = T̃1(m, a, c, h) + T̃2(m, a, c, h) + Error, (8.1)

where

T̃1(m, a, c, h) =
∑

�ι∼ψ≥1(|v|)�̂v
j orψ≥1(|v|)�x

j

−
∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2

∂s g
α
β (s, x, v)

(√
1 + |v|2d̃(s, x, v)

)1−c(ι)

×Cd (s, x, v)Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)αi (v) · Dvg

α
κ (s, x, v)dxdvds, (8.2)

T̃2(m, a, c, h) =
∑

�ι∼ψ≥1(|v|)�̂v
j orψ≥1(|v|)�x

j

−
∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)

(√
1 + |v|2d̃(s, x, v)

)1−c(ι)

×Cd (s, x, v)Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)αi (v) · ∂s

(
Dvg

α
κ (s, x, v)

)
dxdvds, (8.3)

Error =
∑

�ι∼ψ≥1(|v|)�̂v
j orψ≥1(|v|)�x

j

−
∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)Tμ

k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)

×∂s
[(√

1 + |v|2d̃(s, x, v)
)1−c(ι)

Cd (s, x, v)
]
αi (v) · Dvg

α
κ (s, x, v)dxdvds,

+
∑

i=1,2,t1=1,t2=t

(−1)i
∫

R3

∫

R3

(
ωα

β(ti , x, v)
)2
Tμ
k (Ṽ j · ξm(ξ), h)(ti , x + v̂ti , v)

(√
1 + |v|2d̃(ti , x, v)

)1−c(ι)

×Cd (ti , x, v)gα
β (ti , x, v)αi (v) · Dvg

α
κ (ti , x, v)dxdv. (8.4)

Recall the equation satisfied by gα
β (t, x, v) in (4.17), the classification of h.o.tαβ in

decompositions (4.18), (4.22), and (4.28). We decompose T̃1(m, a, c, h) into four parts
as follows,

T̃1(m, a, c, h) =
∑

i=1,...,4

T̃ i
1 (m, a, c, h), (8.5)

where
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T̃ 1
1 (m, a, c, h) =

∑

�ι∼ψ≥1(|v|)�̂v
j

orψ≥1(|v|)�x
j

∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2(

K (s, x + v̂s, v) · Dvg
α
β (s, x, v)αi (v) · Dvg

α
κ (s, x, v)

)

×Cd (s, x, v)
(√

1 + |v|2d̃(s, x, v)
)1−c(ι)

Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)dxdvds, (8.6)

T̃ 2
1 (m, a, c, h) =

∑

�ι∼ψ≥1(|v|)�̂v
j

orψ≥1(|v|)�x
j

∫ t

1

∫

R3

∫

R3

−(
ωα

β(s, x, v)
)2

αi (v) · Dvg
α
κ (s, x, v)

(√
1 + |v|2d̃(s, x, v)

)1−c(ι)

×Cd (s, x, v)Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)bulkα

β(s, x, v)dxdvds, (8.7)

T̃ 3
1 (m, a, c, h) =

∑

�ι∼ψ≥1(|v|)�̂v
j

orψ≥1(|v|)�x
j

∫ t

1

∫

R3

∫

R3

−(
ωα

β(s, x, v)
)2

αi (v) · Dvg
α
κ (s, x, v)

(√
1 + |v|2d̃(s, x, v)

)1−c(ι)

×Cd (s, x, v)Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)

(
h.o.tαβ(s, x, v) − bulkα

β(s, x, v)
)
dxdvds,

(8.8)

T̃ 4
1 (m, a, c, h) =

∑

�ι∼ψ≥1(|v|)�̂v
j

orψ≥1(|v|)�x
j

∫ t

1

∫

R3

∫

R3

−(
ωα

β(s, x, v)
)2

αi (v) · Dvg
α
κ (s, x, v)

(√
1 + |v|2d̃(s, x, v)

)1−c(ι)

×Cd (s, x, v)Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)l.o.tαβ(s, x, v)dxdvds. (8.9)

It remains to classify terms inside T̃2(m, a, c, h). Recall (8.3). Note that

[Dv, ∂t ] = [∇v − t∇vv̂ · ∇x , ∂t ] = ∇vv̂ · ∇x ,�⇒ ∂t (Dvg
α
κ ) = Dv(∂t g

α
κ ) − ∇vv̂ · ∇x g

α
κ .

(8.10)

Recall the equation satisfied by ∂t gα
β (t, x, v) in (4.17). Since the most problematic

term insideh.o.tαβ(t, x, v) isbulkα
β(t, x, v),wefirst study the structure of “Dvbulkα

β(t, x, v)”,
which is summarized in the following Lemma.

Lemma 8.1. The following equality holds,

Dv(bulk
α
κ (t, x, v)) = b̃ulk

α

κ (t, x, v) + ẽrror
α

κ (t, x, v), (8.11)

where the detailed formula of b̃ulk
α

κ (t, x, v) and ẽrror
α

κ (t, x, v) are given in (8.12) and
(8.14) respectively.

Proof. Recall (4.29). We have

Dv(bulk
α
κ (t, x, v)) = b̃ulk

α

κ (t, x, v) + ẽrror
α

κ (t, x, v),
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where

b̃ulk
α

κ (t, x, v) =
∑

j=1,2,3,i=1,...,7

∑

ι′+κ ′=κ,ι′,κ ′∈S,|ι′|=1,�ι′∼ψ≥1(|v|)�̂v
jorψ≥1(|v|)�x

j

K i
ι′;1(t, x + v̂t, v)αi (v) · DvDvg

α
κ ′(t, x, v), (8.12)

ẽrror
α

κ (t, x, v) =
∑

j=1,2,3,i=1,...,7

∑

ι′+κ ′=κ,ι′,κ ′∈S,|ι′|=1,�ι′∼ψ≥1(|v|)�̂v
jorψ≥1(|v|)�x

j

Dv

(
Ki

ι′;1(t, x + v̂t, v)αi (v)
) · Dvg

α
κ ′(t, x, v). (8.13)

Note that we used the fact that [Dvm , Dvn ] = 0, for any m, n ∈ {1, 2, 3}. After using
the first decomposition of “Dv” in (3.30) in Lemma 3.1 and the detailed formula of
Ki

ι′;1(t, x + v̂t, v) in (4.26), we have

ẽrror
α

κ (t, x, v) =
∑

j=1,2,3,i=1,...,7
ρ1,ρ2∈K,|ρ1|=|ρ2|=1

∑

ι′+κ ′=κ,ι′,κ ′∈S
|ι′ |=1,�ι′ ∼ψ≥1(|v|)�̂v

j orψ≥1(|v|)�x
j

dρ1 (t, x, v)dρ2 (t, x, v)�ρ2 (gα
κ ′ (t, x, v))

×[
�ρ1

(
αi (v)

(√
1 + |v|2d̃(t, x, v)

)1−c(ι)
αi (v)

) · �x
j

(
E(t, x + v̂t) + v̂ × B(t, x + v̂t)

)

+αi (v)
(√

1 + |v|2d̃(t, x, v)
)1−c(ι)

αi (v) · �ρ1
(
�x

j

(
E(t, x + v̂t) + v̂ × B(t, x + v̂t)

)]
.

(8.14)

��
Wewill show that both “Dv(h.o.tακ (t, x, v)−bulkα

κ (t, x, v))” and “Dv(l.o.tακ (t, x, v))”
are non-bulk terms. Motivated from this expectation and the decomposition (8.11) in
Lemma 8.1, we decompose T̃2(m, a, c, h) into five parts as follows,

T̃2(m, a, c, h) =
∑

i=1,...,5

T̃ i
2 (m, a, c, h), (8.15)

where

T̃ 1
2 (m, a, c, h) =

∑

�ι∼ψ≥1(|v|)�̂v
j

or ψ≥1(|v|)�x
j

∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)

×(√
1 + |v|2d̃(s, x, v)

)1−c(ι)
Cd (s, x, v)

×Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)αi (v) · Dv

(
K (s, x + v̂s, v) · Dvg

α
κ (s, x, v)

)
dxdvds, (8.16)

T̃ 2
2 (m, a, c, h) =

∑

�ι∼ψ≥1(|v|)�̂v
j

or ψ≥1(|v|)�x
j

∫ t

1

∫

R3

∫

R3
−(

ωα
β(s, x, v)

)2
gα
β (s, x, v)

×(√
1 + |v|2d̃(s, x, v)

)1−c(ι)
Cd (s, x, v)

×Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)αi (v) · b̃ulkα

κ (s, x, v)dxdvds, (8.17)

T̃ 3
2 (m, a, c, h) =

∑

�ι∼ψ≥1(|v|)�̂v
j

or ψ≥1(|v|)�x
j

∫ t2

t1

∫

R3

∫

R3
−(

ωα
β(s, x, v)

)2
gα
β (s, x, v)
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×(√
1 + |v|2d̃(s, x, v)

)1−c(ι)

×Cd (s, x, v)Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)αi (v) · Dv

(
h.o.tακ (s, x, v) − bulkα

κ (s, x, v)
)
dxdvds,

(8.18)

T̃ 4
2 (m, a, c, h) =

∑

�ι∼ψ≥1(|v|)�̂v
j

or ψ≥1(|v|)�x
j

∫ t

1

∫

R3

∫

R3
−(

ωα
β(s, x, v)

)2
gα
β (t, x, v)

×(√
1 + |v|2d̃(s, x, v)

)1−c(ι)

×Cd (s, x, v)Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)αi (v) · Dv

(
l.o.tακ (s, x, v)

)
dxdvds, (8.19)

T̃ 5
2 (m, a, c, h) =

∑

�ι∼ψ≥1(|v|)�̂v
j

or ψ≥1(|v|)�x
j

∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)

×(√
1 + |v|2d̃(s, x, v)

)1−c(ι)
Cd (s, x, v)

×Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)αi (v) · [∇vv̂ · ∇x g

α
κ (s, x, v) − ẽrror

α

κ (s, x, v)
]
dxdvds.

(8.20)

Since there are many terms to be controlled to finish the proof of Lemma 7.9, for the
sake of readers, we provide the following plan of this section.

• Under the assumption that the L∞
x -type decay estimate (8.124) in Lemma 8.12

holds for the operator Tμ
k (·, ·) and the validity of Lemma 8.6, we finish the proof of

Lemma 7.9 by estimating terms in the decompositions (8.1), (8.5), and (8.15) one by
one in Sect. 8.1.

• Under the assumption that the L∞
x -type decay estimate (8.124) in Lemma 8.12

holds, we finish the proof of Lemma 8.6 in Sect. 8.2.
• We finish the proof of Lemma 8.12 in Sect. 8.3. Hence complete the whole proof.

8.1. Proof of Lemma 7.9. Recall the decomposition in (8.1). As summarized in the
following Lemma, the estimate of the error term “Error” in (8.21) holds.

Lemma 8.2. The following estimate holds,

|Error| �
(
2k+d + 22k+2d

)
2−4k+‖a‖Y ‖m(ξ)‖S∞

k

[ ∑

τ∈{1,t}
‖c(τ, x, v)‖L∞

x,v
Eα

β;d(τ )Eeb
low(τ )

+
∫ t

1
(1 + |s|)−1

×(‖c(s, x, v)‖L∞
x,v

+ s‖∂sc(s, x, v)‖L∞
x,v

)
Eα

β;d(s)E
eb
low(s)ds

]
. (8.21)

Proof. Recall (8.4). Since there are many possible destinations of the time derivative
“∂t”, we first classify terms inside the error term “Error”. Note that

∂t d(t, x, v) = ∂t d̃(t, x, v) = (1 + |v|2)−1, ∂t
(|t | − |x + v̂t |) = ∂t

(
t2

1+|v|2 − 2t x · v̂ − |x |2
|t | + |x + v̂t |

)

=
∑

i=1,2,3

ci (t, x, v), (8.22)
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where

c1(t, x, v) := −|t | − |x + v̂t |
|t | + |x + v̂t |

( t

|t | +
(x + v̂t) · v̂

|x + v̂t |
)
+

−2x · v̂(|t | − |x + v̂t |)
t2

1+|v|2 − 2t x · v̂ − |x |2
[
ψ≥20(x · v̂(1 + |v|2)/|t |)1[−10,∞)(x · v̂)

+ψ≥20(x · v̂(1 + |v|2)/|t |)1(−∞,−10)(x · v̂)ψ≥2((1 + |t |)/|x ||v|)],
c2(t, x, v) = 2t

(1 + |v|2)(|t | + |x + v̂t |) +
−2x · v̂

|t | + |x + v̂t |ψ<20(x · v̂(1 + |v|2)/|t |),

c3(t, x, v) = −2x · v̂

|t | + |x + v̂t |ψ≥20(x · v̂(1 + |v|2)/|t |)1(−∞,−10)(x · v̂)ψ<2((1 + |t |)/|x ||v|).
(8.23)

From the above detailed formula, we know that the following estimate holds,

|c1(t, x, v)| � 1 + ||t | − |x + v̂t ||
|t | , |c2(t, x, v)| � 1

1 + |v|2 . (8.24)

Hence, from the equalities in (8.22) and the detailed formula of Cd(t, x, v) in (7.61), we
can decompose the error term into three parts as follows,

Error = Error1 + Error2 + Error3, (8.25)

where

Error1 =
∑

�ι∼ψ≥1(|v|)�̂v
j

or ψ≥1(|v|)�x
j

−
∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v) (8.26)

×Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)

(√
1 + |v|2d̃(s, x, v)

)1−c(ι)

×ψ≥1(|v|)[∂s
(
c(s, x, v)ψ≤−10(1 − |x + v̂s|/|s|))a(||s| − |x + v̂s||)

×ϕd (||s| − |x + v̂s||) + c1(s, x, v)
(
a′(||s| − |x + v̂s||)

×ϕd (||s| − |x + v̂s||) + 2−da(||s| − |x + v̂s||)
×ϕ′

d (||s| − |x + v̂s||))]αi (v) · Dvg
α
κ (s, x, v)dxdvds

+
∑

i=1,2,t1=1,t2=t

(−1)i
∫

R3

∫

R3

(
ωα

β(ti , x, v)
)2
Tμ
k (Ṽ j · ξm(ξ), h)(ti , x + v̂ti , v)

×(√
1 + |v|2d̃(ti , x, v)

)1−c(ι)
c(ti , x, v)ψ≥1(|v|)

×a(||ti | − |x + v̂ti ||)ψ≤−10(1 − |x + v̂ti |/|ti |)ϕd (||ti | − |x + v̂ti ||)
×gα

β (ti , x, v)αi (v) · Dvg
α
κ (ti , x, v)dxdv,

Error2 =
∑

�ι∼ψ≥1(|v|)�̂v
j

or ψ≥1(|v|)�x
j

−
∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)

×Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)ψ≤−10(1 − |x + v̂s|/|s|)

×ψ≥1(|v|)c(s, x, v)
(√

1 + |v|2)1−c(ι)[
∂s
(
d̃(s, x, v)

)1−c(ι)

×a(||s| − |x + v̂s||)ϕd (||s| − |x + v̂s||) + c2(s, x, v)
(
d̃(s, x, v)

)1−c(ι)

×(
a′(||s| − |x + v̂s||)ϕd (||s| − |x + v̂s||) + 2−da(||s| − |x + v̂s||)
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×ϕ′
d (||s| − |x + v̂s||))]αi (v) · Dvg

α
κ (s, x, v)dxdvds.

Error3 =
∑

�ι∼ψ≥1(|v|)�̂v
j

or ψ≥1(|v|)�x
j

−
∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)

×Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)ψ≤−10(1 − |x + v̂s|/|s|)

×ψ≥1(|v|)c(s, x, v)
(√

1 + |v|2d̃(s, x, v)
)1−c(ι)

c3(s, x, v)

×[
a′(||t | − |x + v̂s||)ϕd (||t | − |x + v̂s||) + 2−da(||t | − |x + v̂s||)

×ϕ′
d (||s| − |x + v̂s||)]αi (v) · Dvg

α
κ (s, x, v)dxdvds.

Very importantly, recall that a′(x) = ϕ′
d(x) = 0 if |x | ≤ 2−10, we can localize away

from zero.
For the first part of error term “Error1”, we use the second decomposition of “Dv” in

(3.30) in Lemma 3.1. From the estimate (8.24) and the estimate (8.124) in Lemma 8.12,
the following estimate holds,

|Error1| �
∑

τ∈{1,t} ‖a‖Y
×[∑

ρ∈K,|ρ|=1 2
d‖(1 + |v|)1−c(ρ)eρ(τ, x, v)

×Tμ
k (Ṽ j · ξm(ξ), h)(τ, x + v̂τ, v)‖L∞

x,v

]‖c(τ, x, v)‖L∞
x,v

Eα
β;d(τ )

+
∫ t
1

[∑
ρ∈K,|ρ|=1 2

d‖(1 + |v|)1−c(ρ)Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)

×eρ(s, x, v)‖L∞
x,v

]
(1 + |s|)−1‖a‖Y Eα

β;d(s)

×(‖c(s, x, v)‖L∞
x,v

+ s‖∂sc(s, x, v)‖L∞
x,v

)
ds �

(
2k+d + 22k+2d

)
2−4k+

×‖a‖Y ‖m(ξ)‖S∞
k

[∑
τ∈{1,t} ‖c(τ, x, v)‖L∞

x,v
Eα

β;d(τ )Eeb
low(τ)

+
∫ t
1 (1 + |s|)−1

(‖c(s, x, v)‖L∞
x,v

+ s‖∂sc(s, x, v)‖L∞
x,v

)

×Eeb
low(s)Eα

β;d(s)ds
]
. (8.27)

For the second part of error term “Error2”, we use the first decomposition of Dv

in (3.30) in Lemma 3.1. From the estimate of coefficients in (3.33) in Lemma 3.1,
the estimates(8.22) and (8.24), and the estimate (8.125) in Lemma 8.13, the following
estimate holds,

|Error2| � 2k+d−4k+‖a‖Y ‖m(ξ)‖S∞
k

∫ t

1
(1 + |s|)−1‖c(s, x, v)‖L∞

x,v
(8.28)

×Eeb
low(s)Eα

β;d (s)ds.

Lastly, we estimate Error3. Recall (8.27). For this case, we use the first decomposition
of “Dv” in (3.30) in Lemma 3.1. Recall the detailed formula of “dρ(t, x, v)” in (3.31)
and the detailed formula of c3(t, x, v) in (8.23). From the equality (3.7), we have

( |d̃(t, x, v)c3(t, x, v)|
||t |−|x+v̂t ||

)
ψ≤−5(1−|x+v̂t |/|t |) � t

t + (1+|v|)(|x · v|+|x |)
|x · v̂|

|t | + |x + v̂t |
� 1

1 + |v|2 . (8.29)
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Recall the definition of φ(t, x, v) in (4.72). The following estimate holds for any fixed
x, v ∈ supp(c3(t, x, v)ψ≥1(|v|)),

|c3(t, x, v)|ψ≥1(|v|)
φ(t, x, v)

� |x |
|t |(1 + |v|) . (8.30)

From the above estimates (8.29) and (8.30), the estimate (8.127) in Lemma 8.13, and
the estimate (8.140) in Lemma 8.14, the following estimate holds

|Error3| �
∫ t

1
2d

(‖ 1

1 + |v| T
μ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)‖L∞

x,v

+‖ |x |
s
Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)‖L∞

x,v

)‖a‖Y ‖c(s, x, v)‖L∞
x,v

×Eα
β;d (s)ds � 2k+d−4k+‖a‖Y ‖m(ξ)‖S∞

k

∫ t

1
(1 + |s|)−1‖c(s, x, v)‖L∞

x,v
Eeb
low(s)Eα

β;d (s)ds,

(8.31)

To sum up, recall the decomposition (8.25), our desired estimate (8.21) holds from
the estimates (8.27), (8.28) and (8.31). ��
Lemma 8.3. The following estimate holds,

|T̃ 1
1 (m, a, c, h) + T̃ 1

2 (m, a, c, h)| � (2k+d + 22k+2d)2−4k+‖a‖Y
×‖m(ξ)‖S∞

k

( ∫ t
1 (1 + |s|)−1

(
Eeb
low(s)

)2
Eα

β;d(s)
×(‖c(s, x, v)‖L∞

x,v
+ ‖Dvc(s, x, v)‖L∞

x,v

)
ds

)
. (8.32)

Proof. Recall (8.6), (8.16), and (4.3). As a result of direct computations, we have

[Dvm , Dvn ] = 0, Dv · K (t, x + v̂t, v) = 0, m, n = 1, 2, 3.

Hence, we have

K (t, x + v̂t, v) · Dvg
α
β (t, x, v)αi (v) · Dvg

α
κ (t, x, v)

+gα
β (t, x, v)αi (v) · Dv

(
K (t, x + v̂t, v) · Dvg

α
κ (t, x, v)

)

=
∑

m,n=1,2,3

Kn(t, x + v̂t, v)Dvn g
α
β (t, x, v)(αi (v))mDvm g

α
κ (t, x, v)

+gα
β (t, x, v)(αi (v))mDvm Kn(t, x + v̂t, v)Dvn g

α
κ (t, x, v)

+gα
β (t, x, v)(αi (v))mKn(t, x + v̂t, v)Dvn Dvm g

α
κ (t, x, v)

= gα
β (t, x, v)

[(
αi (v) · ∇vv̂

) × B(t, x + v̂t)

−(
K (t, x + v̂t, v) · ∇vαi (v)

)] · Dvg
α
κ (t, x, v)

+Dv · [K (t, x + v̂t, v)gα
β (t, x, v)αi (v) · Dvg

α
κ (t, x, v)

]
. (8.33)
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From the above equality, the following equality holds after doing integration by
parts in x and v to move the derivatives “Dv” outside “K (t, x + v̂t, v)gα

β (t, x, v)αi (v) ·
Dvgα

κ (t, x, v)” in (8.33),

T̃ 1
1 (m, a, c, h) + T̃ 1

2 (m, a, c, h) :=
∑

l=1,...,4, j=1,2,3,i=1,...,7
∑

ι+κ=β,ι,κ∈S,|ι|=1,�ι∼ψ≥1(|v|)�̂v
jorψ≥1(|v|)�x

j

I lι,κ,i, j , (8.34)

where

I 1ι,κ,i, j = ∫ t
1

∫

R3

∫

R3

[
gα
β (s, x, v)αi (v) · Dvgα

κ (s, x, v)
]

×K (s, x + v̂s, v) · Dv

(
(ωα

β(s, x, v))2
)(√

1 + |v|2d̃(s, x, v)
)1−c(ι)

×Cd(s, x, v)Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)dxdvds, (8.35)

I 2ι,κ,i, j = ∫ t
1

∫

R3

∫

R3

[
(ωα

β(s, x, v))2gα
β (s, x, v)αi (v) · Dvgα

κ (s, x, v)
]

×K (s, x + v̂s, v) · Dv

[(√
1 + |v|2d̃(s, x, v)

)1−c(ι)
Cd(s, x, v)

]

×Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)dxdvds, (8.36)

I 3ι,κ,i, j = ∫ t
1

∫

R3

∫

R3

[
(ωα

β(s, x, v))2gα
β (s, x, v)αi (v) · Dvgα

κ (s, x, v)
]

×(√
1 + |v|2d̃(s, x, v)

)1−c(ι)
Cd(s, x, v)

×K (s, x + v̂s, v) · Dv

(
Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)

)
dxdvds,

(8.37)

I 4ι,κ,i, j = ∫ t
1

∫

R3

∫

R3(ω
α
β(s, x, v))2

[(
αi (v) · ∇vv̂

) × B(s, x + v̂s)

−(
K (s, x + v̂s, v) · ∇vαi (v)

)] · Dvgα
κ (s, x, v)gα

β (s, x, v)Cd(s, x, v)

×(√
1 + |v|2d̃(s, x, v)

)1−c(ι)
Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)dxdvds.

(8.38)
• The estimate of I 1ι,κ,i, j .

Recall (8.35). For the term “Dvgα
κ (t, x, v)” in “I 1ι,κ,i, j”, we use the second decom-

position of Dv in (3.30). From the estimate (4.74) in Lemma 4.2, the decay estimate
(4.96) in Lemma 4.3, and the estimate (8.124) in Lemma 8.12, the following estimate
holds from the L2

x,v − L2
x,v − L∞

x,v type multilinear estimate,

|I 1ι,κ,i, j | �
∑

ρ∈K,κ∈S,γ∈B,|ρ|=1

∫ t
1 2

d
∥
∥ Dvωα

β (s,x,v)

ωα
β (s,x,v)

×K (s, x + v̂s, v)
∥
∥
L∞
x L∞

v
‖ωγ

κ (s, x, v)gγ
κ (s, x, v)

×ϕ[d−1,d+1](||s| − |x + v̂s||)‖2
L2
x L

2
v
‖a‖Y ‖c(s, x, v)‖L∞

x,v

×‖(1 + |v|)1−c(ρ)eρ(t, x, v)ϕd (||s| − |x + v̂s||)
×Tμ

k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)‖L∞
x,v
ds

�
(
2d+k + 22d+2k

)
2−4k+‖a‖Y ‖m(ξ)‖S∞

k

∫ t
1 (1 + |s|)−1

×‖c(s, x, v)‖L∞
x,v

(
Eeb
low(s)

)2
Eα

β;d (s)ds.
(8.39)
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• The estimate of I 2ι,κ,i, j .
Recall (8.36). From the second equality in (3.34), the estimate of coefficients in

(3.35), the second part of the estimate (4.74) in Lemma 4.2, we know that the following
estimate holds,

(
φ(t, x, v)

)1−c(ι)∣∣Dv

[(
d̃(t, x, v)

)1−c(ι)
ψ≥1(|v|)a(||t | − |x + v̂t ||)

×ϕd(||t | − |x + v̂t ||)ψ≤−10(1 − |x + v̂t |/|t |)c(t, x, v)
]∣
∣

� 2d‖a‖Y
(‖c(t, x, v)‖L∞

x,v
+ ‖Dvc(t, x, v)‖L∞

x,v

)
. (8.40)

For the term “Dvgα
κ (t, x, v)” in “I 2ι,κ,i, j”, we use the second decomposition of Dv in

(3.30). From the estimate (8.40), the decay estimate (4.96) inLemma4.3, and the estimate
(8.124) in Lemma 8.12, the following estimate holds from the L2

x L
2
v − L2

x L
2
v − L∞

x L∞
v

type multilinear estimate,

|I 2ι,κ,i, j | �
∑

κ∈S,γ∈B,|κ|+|γ |≤N0

∑
u∈{E,B}

∫ t
1 (2k+d + 22k+2d )2−4k+ (8.41)

×‖a‖Y ‖ωγ
κ (s, x, v)gγ

κ (s, x, v)ϕ[d−1,d+1](||s| − |x + v̂s||)‖2
L2
x L

2
v

×‖u(s, x + v̂s)‖L∞
x,v

‖m(ξ)‖S∞
k
Eeb
low(s)

×(‖c(s, x, v)‖L∞
x,v

+ ‖Dvc(s, x, v)‖L∞
x,v

)
ds

� (2k+d + 22k+2d )2−4k+‖a‖Yd ‖m(ξ)‖S∞
k

∫ t
1 (1 + |s|)−1

×(‖c(s, x, v)‖L∞
x,v

+ ‖Dvc(s, x, v)‖L∞
x,v

)(
Eeb
low(s)

)2
Eα

β;d (s)ds.

• The estimate of I 3ι,κ,i, j .
Recall (8.37) and (7.26). We know that the following equality holds,

Dv

(
Tμ
k (Ṽ j · ξm(ξ), h)(t, x + v̂t, v)

) = ∫

R3 ei(x+t v̂)·ξ−i tμ|ξ |

×∇v

[−i Ṽ j ·ξm(ξ)ψk (ξ)

v̂·ξ−μ|ξ | ψ>10
(
t (|ξ | − μv̂ · ξ)

]
ĥ(t, ξ)dξ. (8.42)

Note that

∇v = ṽṽ · ∇v + Ṽi Ṽi · ∇v, Ṽi · ∇v(v̂ · ξ) = 1
√
1 + |v|2 Ṽi · ξ, ṽ · ∇v(v̂ · ξ) = ṽ · ξ

(1 + |v|2)3/2 .

(8.43)

Recall (8.42). From the above equalities (8.43) and the decay estimates (8.126) and
(8.127) in Lemma 8.13, we have

∥
∥(1 + |v|)Dv

(
Tμ
k (Ṽ j · ξm(ξ), h)(t, x + v̂t, v)

)∥
∥
L∞
x,v

� 2k−4k+‖m(ξ)‖S∞
k
Eeb
low(t).

(8.44)

For the term “Dvgα
κ (t, x, v)” in “I 3ι,κ,i, j”, we use the first decomposition of Dv in (3.30).

From the above estimate (8.44), the estimate of coefficients in (3.33) in Lemma 3.30,
the decay estimate (4.96) in Lemma 4.3, and the L2

x L
2
v–L

2
x L

2
v–L

∞
x L∞

v type multilinear
estimate, the following estimate holds,
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|I 3ι,κ,i, j | �
∑

κ∈S,γ∈B,|κ|+|γ |≤N0

∑
u∈{E,B}

∫ t
1 2

d‖ωγ
κ (s, x, v)gγ

κ (s, x, v)

×ϕ[d−1,d+1](||s| − |x + v̂s||)‖2
L2
x L

2
v
‖a‖Y ‖c(s, x, v)‖L∞

x,v

×‖u(s, x + v̂s)(1 + ||s| − |x + v̂s||)‖L∞
x,v

×∥
∥(1 + |v|)Dv

(
Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)

)∥
∥
L∞
x,v
ds

�
∫ t
1 (1 + |s|)−12d+k−4k+‖a‖Y ‖m(ξ)‖S∞

k
‖c(s, x, v)‖L∞

x,v

×(
Eeb
low(t)

)2
Eα

β;d (s)ds. (8.45)

• The estimate of I 4ι,κ,i, j .
Recall (8.38). As a result of the direct computation, we have

∣
∣(1 + |v|)∇vv̂

∣
∣ +

∣
∣(1 + |v|)∇vαi (v)

∣
∣ � 1.

For the term “Dvgα
κ (t, x, v)” in “I 4ι,κ,i, j”, we use the first decomposition of “Dv” in

(3.30). From the L2
x,v−L2

x,v−L∞
x,v typemultilinear estimate, the estimate of coefficients

in (3.33) inLemma3.30, the decay estimate (4.96) inLemma4.3, and the estimate (8.126)
in Lemma 8.13, we have

|I 4ι,κ,i, j | �
∑

κ∈S,γ∈B,|κ|+|γ |≤N0

∑
u∈{E,B}

∫ t
1 2

d‖a‖Y ‖ωγ
κ (s, x, v)gγ

κ (s, x, v)

×ϕ[d−1,d+1](||s| − |x + v̂s||)‖2
L2
x L

2
v
‖c(s, x, v)‖L∞

x,v

×‖u(s, x + v̂s)
(
1 + ||s| − |x + v̂s||)‖L∞

x,v

×‖Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)‖L∞

x,v
ds

� 2d+k−4k+‖a‖Y ‖m(ξ)‖S∞
k

∫ t
1 (1 + |s|)−1

×‖c(s, x, v)‖L∞
x,v

(
Eeb
low(s)

)2
Eα

β;d(s)ds. (8.46)

To sum up, our desired estimate (8.32) holds from the decomposition (8.34) and the
estimates (8.39), (8.42), (8.45), and (8.46). ��
Lemma 8.4. The following estimate holds for any fixed i ∈ {1, 2} and j ∈ {3, 4},

|T̃ j
i (m, a, c, h)| �

(
2k+d + 22k+2d

)
2−4k+‖a‖Y ‖m(ξ)‖S∞

k

×( ∫ t
1 (1 + |s|)−1‖c(s, x, v)‖L∞

x,v
Eeb
low(s)Eα

β;d(s)dt
)
. (8.47)

Proof. Recall (8.8), (8.9), (8.18), and (8.19). For these terms, we use the second decom-
position of “Dv” in (3.30) in Lemma 3.1. From the L2

x,v − L2
x,v − L∞

x,v type multilinear
estimate, the second part of the estimate (4.74) in Lemma 4.2, and the estimate (8.124)
in Lemma 8.12, we know that the following estimate holds,

|T̃ j
i (m, a, c, h)| �

∑

ι,κ,ρ∈S,ι+κ=β

|ρ|=|ι|=1

∫ t
1 2

d‖a‖Y ‖c(s, x, v)‖L∞
x,v

×‖ωα
β(s, x, v)gα

β (s, x, v)ϕ[d−1,d+1](||s| − |x + v̂s||)‖L2
x L

2
v

×‖(1 + |v|)1−c(ρ)ϕd(||s| − |x + v̂s||)eρ(s, x, v)
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×Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)‖L∞

x,v

[‖ωα
β(s, x, v)

×ϕ[d−1,d+1](||s| − |x + v̂s||)(h.o.tαβ(s, x, v)

−bulkα
β(s, x, v)

)‖L2
x L

2
v
+ ‖ωα

β(s, x, v)
(
l.o.tαβ(s, x, v)

)

×ϕ[d−1,d+1](||s| − |x + v̂s||)‖L2
x L

2
v
+ ‖ωα

ρ◦κ(s, x, v)�ρ
(
h.o.tακ (s, x, v)

−bulkα
κ (s, x, v)

)
ϕ[d−1,d+1](||s| − |x + v̂s||)‖L2

x L
2
v
+ ‖ωα

ρ◦κ(s, x, v)

×�ρ
(
l.o.tακ (s, x, v)

)
ϕ[d−1,d+1](||s| − |x + v̂s||)‖L2

x L
2
v

]
ds

�
(
2k+d + 22k+2d

)
2−4k+‖a‖Y ‖m(ξ)‖S∞

k

∫ t
1 (1 + |s|)−1

×‖c(s, x, v)‖L∞
x,v

Eeb
low(s)Eα

β;d(s)ds. (8.48)

Hence finishing the proof of the desired estimate (8.47). ��
Lemma 8.5. The following estimate holds,

|T̃ 5
2 (m, a, c, h)| � 2d+k−4k+‖a‖Y ‖m(ξ)‖S∞

k

∫ t
1 (1 + |s|)−1

×‖c(s, x, v)‖L∞
x,v

Eeb
low(s)Eα

β;d (s)(1 + Eeb
low(s))ds. (8.49)

Proof. Recall (8.20) and (8.14). Note that, as a result of direct computations, the fol-
lowing equality holds,

∇vv̂ · ∇x = ṽ

(1 + |v|2)3/2 S
x +

Ṽi
(1 + |v|2)1/2�x

i .

Recall the first equality in (3.34) in Lemma 3.2 and the equality (4.36) in Lemma 4.1.
From the estimate of coefficients in (3.36) and (3.33), the second part of the estimate
(4.74) in Lemma 4.2, the decay estimate (4.96) in Lemma 4.3, the estimate (8.125) in
Lemma 8.13, and the L2

x,v − L2
x,v − L∞

x,v type multilinear estimate, we have

|T̃ 5
2 (m, a, c, h)| �

∑
α∈B,β∈S,|α|+|β|≤N0

∫ t
1 2d‖a‖Y ‖c(s, x, v)‖L∞

x,v

×‖ωα
β(s, x, v)gα

β (s, x, v)ϕ[d−1,d+1](||s| − |x + v̂s||)‖2
L2x L

2
v

×[∑
ρ∈B,|ρ|≤4

∑
u∈{Eρ ,Bρ } 1 + ‖(1 + ||s| − |x + v̂s||)2

×∇x u(s, x + v̂s)‖L∞
x,v

]

×‖ 1
1+|v| T

μ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)‖L∞

x,v
ds

� 2d+k−4k+‖a‖Y ‖m(ξ)‖S∞
k

∫ t
1 (1 + |s|)−1

×‖c(s, x, v)‖L∞
x,v

Eα
β;d (s)Eeb

low(s)(1 + Eeb
low(s))ds.

In the above estimate, we used the fact that we can gain at least (1 + |v|)−3 from the
hierarchy of the weight functions when estimating the error term ẽrror

α

κ (t, x, v). ��
Lemma 8.6. The following estimate holds,

|T̃ 2
1 (m, a, c, h)| + |T̃ 2

2 (m, a, c, h)| �
(
2k/2+d/2 + 22k+2d

)
2−4k+

×‖a‖Y ‖m(ξ)‖S∞
k

[ ∫ t
1 (1 + |s|)−1

×‖c(s, x, v)‖L∞
x,v

(
Eeb
low(s)

)2
Eα

β;d(s)ds
]
. (8.50)
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Proof. Postponed to Sect. 8.2. ��
Assuming the validity of Lemma 8.6 holds, we finish the proof of the desired estimate

(7.63) in Lemma 7.9.

Proof of Lemma 7.9. Recall the decompositions of T (m, a, c, h) in (8.1), (8.5), and
(8.15). Our desired estimate (7.63) in Lemma 7.9 follows directly from the estimate
(8.21) in Lemma8.2, the estimate (8.32) in Lemma8.3, the estimate (8.47) in Lemma8.4,
the estimate (8.49) in Lemma 8.5, and the estimate (8.50) in Lemma 8.6. ��

8.2. Proof of Lemma 8.6. Recall the detailed formula of T̃ 2
1 (m, a, c, h) in (8.7) and the

detailed formula of bulk terms in (4.29). Since new bulk terms are introduced because
of the integration by parts in time process, there is an issue of losing another weight of
size “|v|” caused by the new introduced bulk terms.

To get around this issue, intuitively speaking, we observe that there exists a hidden
null structure inside a bilinear form of the type “�x

j u1(t, x+v̂t)�x
i u2(t, x+v̂t)”, u1, u2 ∈

{E, B}. To better explain this observation, we first do dyadic decompositions for E(t, x+
v̂t) and B(t, x + v̂t) inside T̃ 2

1 (m, a, c, h). As a result, we have,

T̃ 2
1 (m, a, c, h) =

∑

k1∈Z

Kd
k1,k, (8.51)

where

Kd
k1,k

:= ∑

j ′=1,2,3
i ′=1,...,7

∑

�ι∼ψ≥1(|v|)�̂v
j

or ψ≥1(|v|)�x
j

∑

ι′+κ ′=β,ι,κ∈S,|ι′|=1

�ι′∼ψ≥1(|v|)�̂v
j ′or ψ≥1(|v|)�x

j ′
∫ t
1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2

αi ′(v) · Dvgα
κ ′(s, x, v)

×αi ′(v) · �x
j ′
(
Ek1(s, x + v̂s) + v̂ × Bk1(s, x + v̂s)

)

×αi (v) · Dvgα
κ (s, x, v)

(√
1 + |v|2d̃(s, x, v)

)2−c(ι)−c(ι′)

×Cd(s, x, v)Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)dxdvds, (8.52)

Recall (8.17), (8.12) and (4.26). Similarly, we do dyadic decomposition for E(t, x +
v̂t) and B(t, x + v̂t) and have the following decompositions for T̃ 2

2 (m, a, c, h),

T̃ 2
2 (m, a, c, h) =

∑

k1∈Z

Sdk1,k, (8.53)

where

Sdk1,k :=
∑

j ′=1,2,3
i ′=1,...,7

∑

�ι∼ψ≥1(|v|)�̂v
j

orψ≥1(|v|)�x
j

∑

ι′+κ ′=β,ι,κ∈S,|ι′|=1

�ι′ ∼ψ≥1(|v|)�̂v
j ′ orψ≥1(|v|)�x

j ′

∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2

(√
1 + |v|2d̃(s, x, v)

)2−c(ι)−c(ι′)

×gα
β (s, x, v)αi (v) · �x

j ′
(
E(s, x + v̂s) + v̂ × B(s, x + v̂s)

)
αi (v) · (αi (v) · DvDvg

α
κ ′ (s, x, v)

)

×Cd (s, x, v)Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s, v)dxdvds. (8.54)
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We remark that similar to the dyadic decomposition we did in (7.9), we did the above
dyadic decomposition for the new introduced electromagnetic field in (8.51) and (8.53),
to get around a technical summability issue in the frequency.

From the detailed formulas in (8.52) and (8.54). We know that there exists a bilinear
form of type “�x

j uk1(t, x + v̂t)Tμ
k (Ṽ j · ξm(ξ), h)”, u ∈ {E, B}. Motivated from this

type of product, we define a more general multilinear operator as follows.

Definition 8.1. For any fixed k, k1 ∈ Z, fixed j, j ′ ∈ {1, 2, 3}, fixed aμ ∈ {1/2, iμ/2,
−iμ/2}, any fixed f, g ∈ {hα

1 (t), hα
2 (t), α ∈ B, |α| ≤ 10}, where hα

1 (t) and hα
2 (t) are

the profiles of the electromagnetic field, and any given symbol a1, a2 ∈ S∞, we define
a multilinear form T ν(·, ·, ·, ·) as follows,

T ν( f, g, a1, a2)(t, x, v) = ∑
μ∈{+,−}

∫

R3

∫

R3 ei(x+t v̂)·ξ−i tμ|ξ−η|−i tν|η| (8.55)

×iaμ f̂ (t, ξ − η)ĝ(t, η)
Ṽ j ′ ·(ξ−η)Ṽ j ·η

|η|−νv̂·η
×a1(ξ − η)a2(η)ψ≥10(t (|η| − νv̂ · η))ψk(η)ψk1 (ξ − η)dηdξ.

In particular, the multilinear form T ν( f, g, a1, a2)(t, x, v) can be represented as a
product of two integrals as follows,

T ν( f, g, a1, a2)(t, x, v) = ∑
μ∈{+,−} aμ�̃x

j ′
(F−1[e−i tμ|ξ |a1(ξ)ψk1(ξ) f̂ (t, ξ)](t, x + v̂t)

)

×T ν
k (Ṽ j · ξa2(ξ), g)(t, x + v̂t, v), (8.56)

where the operator T ν
k (·, ·) is defined in (7.26).

To reveal the hiddennull structure inside themultilinear formT ν( f, g, a1, a2)(t, x, v),
we decompose T ν( f, g, a1, a2)(t, ξ, v) into two parts as follows,

T ν( f, g, a1, a2)(t, x, v) = T ν;1( f, g, a1, a2)(t, x, v) + T ν;2( f, g, a1, a2)(t, x, v),

(8.57)

where

T ν;1( f, g, a1, a2)(t, x, v) =
∑

μ∈{+,−}

∫

R3

∫

R3
ei(x+t v̂)·ξ−i tμ|ξ−η|−i tν|η|iaμ f̂ (t, ξ − η)Ṽ j ′ ·

( ξ − η

|ξ − η| − μν
η

|η|
)
ĝ(t, η)

×|ξ − η|Ṽ j · η
|η| − νv̂ · η

a1(ξ − η)a2(η)ψ≥10(t (|η| − νv̂ · η))ψk(η)ψk1 (ξ − η)dηdξ, (8.58)

T ν;2( f, g, a1, a2)(t, x, v) =
∑

μ∈{+,−}

∫

R3

∫

R3
ei(x+t v̂)·ξ−i tμ|ξ−η|−i tν|η|iaμ f̂ (t, ξ − η)

μνṼ j ′ · η

|η| ĝ(t, η)
|ξ − η|Ṽ j · η

|η| − νv̂ · η

×a1(ξ − η)a2(η)ψ≥10(t (|η| − νv̂ · η))ψk(η)ψk1 (ξ − η)dηdξ (8.59)
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= F−1[e−i tν|ξ | ĝ(t, ξ)
−νṼ j ′ · ξ Ṽ j · ξ

|ξ |(|ξ | − νv̂ · ξ
)a2(ξ)ψ≥10(t (|ξ | − μv̂ · ξ))ψk(ξ)](t, x + v̂t, v)

×F−1[a1(ξ)ψk1 (ξ )̂u(t, ξ)](t, x + v̂t), (8.60)

where u ∈ {∂t Eα, ∂t Bα, |∇|Eα, |∇|Bα, α ∈ B, |α| ≤ 10}.
We understand the hidden null structure of the above-defined multilinear form in the

sense that the decay rate over time can be improved. More precisely, for the first part
“T ν;1( f, g, a1, a2)(t, x, v)”, we can gain “1/t” by doing integration by parts in “η”.
Meanwhile, for the second part, we have one more good derivative �x

j ′ acts on “g”,
which improves the decay rate.

Note that, as a result of direct computations, the following equality holds,

ei(x+t v̂)·ξ−i tμ|ξ−η|−i tν|η|Ṽ j ′ · ( ξ − η

|ξ − η| − μν
η

|η|
)

= −iμ

t
Ṽ j ′ · ∇η

(
ei(x+t v̂)·ξ−i tμ|ξ−η|−i tν|η|). (8.61)

Hence, after doing integration by parts in “η” for T ν;1( f, g, a1, a2)(t, x, v), we have

T ν;1( f, g, a1, a2)(t, x, v) = t−1(I 1ν ( f, g, a1, a2)(t, x, v) + I 2ν ( f, g, a1, a2)(t, x, v)
)
,

(8.62)

where

I 1ν ( f, g, a1, a2)(t, x, v) =
∑

μ∈{+,−}
−

∫

R3

∫

R3
ei(x+t v̂)·ξ−i tμ|ξ−η|−i tν|η|μaμṼ j ′

·∇η

(
f̂ (t, ξ − η)|ξ − η|ψk1 (ξ − η)a1(ξ − η)

)

×ĝ(t, η)
Ṽ j · η

|η| − νv̂ · η a2(η)ψ≥10(t (|η| − μv̂ · η))ψk(η)dηdξ. (8.63)

I 2ν ( f, g, a1, a2)(t, x, v) =
∑

μ∈{+,−}
−

∫

R3

∫

R3
ei(x+t v̂)·ξ−i tμ|ξ−η|−i tν|η|μaμ f̂ (t, ξ − η)Ṽ j ′

·∇η

(
ĝ(t, η)

Ṽ j · η
|η| − νv̂ · η

×a2(η)ψ≥10(t (|η| − μv̂ · η))ψk(η)
)|ξ − η|ψk1 (ξ − η)a1(ξ − η)dηdξ

= F−1[a1(ξ)ψk1 (ξ )̂u(t, ξ)
]
(t, x + v̂t)

×F−1[e−i tν|ξ |Ṽ j ′ · ∇ξ

( −Ṽ j · ξ

|ξ | − νv̂ · ξ
ĝ(t, ξ)a2(ξ)ψ≥10(t (|ξ | − νv̂ · ξ))ψk(ξ)

)](t, x + v̂t, v),

(8.64)

where u ∈ {∂t Eα, ∂t Bα, |∇|Eα, |∇|Bα, α ∈ B, |α| ≤ 10}.
To sum up, from the decompositions (8.57) and (8.62), we have

T ν( f, g, a1, a2)(t, x, v) − t−1 I 1ν ( f, g, a1, a2)(t, x, v)

= T ν;2( f, g, a1, a2)(t, x, v) + t−1 I 2ν ( f, g, a1, a2)(t, x, v). (8.65)
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Recall the product formulas of T ν;2( f, g, a1, a2)(t, x, v) and I 2ν ( f, g, a1, a2)(t, x, v) in
(8.60) and (8.64). From the decay estimate (4.97) in Lemma 4.3, the estimates (8.126)
and (8.127) in Lemma 8.13, we know that the following estimate holds,

∣
∣T ν

1 ( f, g, a1, a2)(t, x, v) − t−1 I 1ν ( f, g, a1, a2)(t, x, v)
∣
∣

×ψ≤−5(1 − |x + v̂t |/|t |)
� (1 + |t |)−2(1 + ||t | − |x + v̂t |)−12k1+k2−4k1,+−4k+‖a1(ξ)‖S∞

k1

×‖a2(ξ)‖S∞
k

(
Eeb
low(t)

)2
. (8.66)

With the above preparation, we are ready to estimate Kd
k1,k

and Sdk1,k . Recall the

detailed formulas of Kd
k1,k

and Sdk1,k in (8.52) and (8.54). For notational simplicity, we
define the following quantities.

Definition 8.2. For any fixed i, i ′ ∈ {1, . . . , 7}, ν ∈ {+,−} α ∈ B, β, ι, κ, ι′, κ ′.γ,∈ S,
s.t., ι + κ = ι′ + κ ′ = β, ι′ + γ = κ , |ι| = |ι′| = 1, �ι

∼ ψ≥1(|v|)�x
j or ψ≥1(|v|)�̂v

j ,

�ι′
∼ ψ≥1(|v|)�x

j ′ or ψ≥1(|v|)�̂v
j ′ for some j, j ′ ∈ {1, 2, 3}, we define four integrals

as follows,

K̃ d,1
k1,k

:=
∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2

αi ′(v) · Dvg
α
κ ′(s, x, v)αi (v) · Dvg

α
κ (t, x, v)

(√
1 + |v|2d̃(s, x, v)

)2−c(ι)−c(ι′)

×Cd(s, x, v)
[
s−1 I 1ν ( f, g, a1, a2)(s, x, v)

]
dxdvds, (8.67)

K̃ d,2
k1,k

:=
∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2

αi ′(v) · Dvg
α
κ ′(s, x, v)αi (v) · Dvg

α
κ (s, x, v)

(√
1 + |v|2d̃(s, x, v)

)2−c(ι)−c(ι′)

×Cd(s, x, v)
[
T ν( f, g, a1, a2)(s, x, v) − s−1 I 1ν (s, x, v)

]
dxdvds, (8.68)

S̃d,1
k1,k

:=
∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)αi ′ · (αi (v) · DvDvg

α
γ (s, x, v)

)

(√
1 + |v|2d̃(s, x, v)

)2−c(ι)−c(ι′)

×Cd(s, x, v)
[
s−1 I 1ν ( f, g, a1, a2)(s, x, v)

]
dxdvds, (8.69)

S̃d,2
k1,k

:=
∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)αi ′ · (αi (v) · DvDvg

α
γ (s, x, v)

)

(√
1 + |v|2d̃(s, x, v)

)2−c(ι)−c(ι′)

×Cd(s, x, v)
[
T ν( f, g, a1, a2)(s, x, v) − s−1 I 1ν ( f, g, a1, a2)(s, x, v)

]
dxdvds.

(8.70)

Lemma 8.7. For the integrals K̃ d,1
k1,k

and S̃d,1
k1,k

defined in (8.67) and (8.69), the following
estimate holds,

|K̃ d,1
k1,k

| + |S̃d,1
k1,k

| �
∫ t

1
(1 + |s|)−1‖c(s, x, v)‖L∞

x,v

(
Eeb
low(s)

)2
Eα

β;d(s)ds

×2d+k1
(
2k+d + 22k+2d

)
2−4k+−4k1,+‖a‖Y ‖a1(ξ)‖S∞

k1
‖a2(ξ)‖S∞

k
. (8.71)
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Proof. • The estimate of K̃ d,1
k1,k

. Recall (8.67). For all the vector fields “Dv” in
(8.67), we use the second decomposition of Dv in (3.30) in Lemma 3.1. Note that the
following estimate holds for any ρ ∈ K, |ρ| = 1 from the detailed formulas of eρ(t, x, v)

in (3.32),

‖(1 + |v|)1−c(ρ)eρ(t, x, v)ψ≤−5(1 − |x+v̂t |/|t |)‖L∞
x,v

� (1 + t). (8.72)

Recall (8.63). For any ρ ∈ K, |ρ| = 1, after representing the mulitlinear form
I 1ν ( f, g, a1, a2)(s, x, v) as a product form, we know that the following estimate holds
from the linear decay estimate (2.11) in Lemma 2.2 and the estimate (8.124) in
Lemma 8.12,

‖(1 + |v|)1−c(ρ)eρ(t, x, v)ϕd(||t | − |x + v̂t ||)I 1ν ( f, g, a1, a2)(t, x, v)‖L∞
x,v

� (1 + t)−12k1(2k + 22k+d)2−4k+−4k1,+‖a1(ξ)‖S∞
k1

‖a2(ξ)‖S∞
k

(
Eeb
low(t)

)2
.

(8.73)

Therefore, from the estimate (8.72), the estimate (8.73), the second part of the estimate
(4.74) in Lemma 4.2, and the L2

x,v − L2
x,v − L∞

x,v type multilinear estimate, we know
that the following estimate holds,

|K̃ d,1
k1,k

| �
∑

γ∈S,|α|+|γ |≤N0
2d+k1

(
2k+d + 22k+2d

)
2−4k+−4k1,+‖a‖Y

×[ ∫ t
1 ‖ωα

γ (x, v)gα
γ (s, x, v)ϕ[d−1,d+1](||s| − |x + v̂s||)‖2

L2
x L

2
v

×(1 + |s|)−1‖a1(ξ)‖S∞
k1

‖a2(ξ)‖S∞
k

×‖c(t, x, v)‖L∞
x,v

(
Eeb
low(s)

)2
ds

]
. (8.74)

• The estimate of S̃d,1
k1,k

. Recall (8.69). As in the estimate of K̃ d,1
k1,k

, we use the second
decomposition of “Dv” in (3.30) in Lemma 3.1 for all the vector fields “Dv” in (8.69).
As a result, the following equality holds,

DvDvg
α
γ (t, x, v) =

∑

ρ1,ρ2∈S,|ρ1|=|ρ2|=1

eρ1(t, x, v)�ρ1
(
eρ2(t, x, v)�ρ2gα

γ (t, x, v)
)
.

(8.75)

Note that the following estimate holds if ι + ι′ + κ ′ = β, ρ, ρ′ ∈ K/{�0},
∣
∣

ωα
β(x, v)

ωα
ρ′◦ρ◦κ ′(x, v)

∣
∣ ∼ (1 + |v|)c(ι)+c(ι′)−c(ρ)−c(ρ′)(φ(t, x, v)

)i(ρ)+i(ρ′)−i(ι)−i(ι′)
. (8.76)

Recall (3.32). From the equality (3.34) and the estimate (3.36) in Lemma 3.2, the fol-
lowing estimate holds,

∑

ρ1,ρ2∈S,|ρ1|=|ρ2|=1

‖(1 + |v|)1−c(ρ2)�ρ1eρ2 (t, x, v)ψ≤−5(1 − |x + v̂t |/|t |)‖L∞
x,v

� (1 + t).

(8.77)

From the estimates (8.72) and (8.77), the estimate (8.73), and the estimate (8.76), the
following estimate holds for fixed γ ∈ S, s.t., ι + ι′ + γ = β,
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‖ωα
β(x, v)

(√
1 + |v|2d̃(t, x, v)

)2−c(ι)−c(ι′)
DvDvgα

γ (t, x, v)

×Tμ,ν
2 ( f, g, a1, a2)(t, x, v)ϕd(||t | − |x + v̂t ||)

×ψ≤−5(1 − |x + v̂t |/|t |)‖L2
x,v

�
∑

κ∈S,|α|+|κ|≤N0
2d+k1

(
2k+d + 22k+2d

)
2−4k+−4k1,+

×‖a1(ξ)‖S∞
k1

‖a2(ξ)‖S∞
k

(
Eeb
low(t)

)2

×‖ωα
κ (x, v)gα

κ (t, x, v)ϕ[d−2,d+2](||t | − |x + v̂t ||)‖L2
x L

2
v
. (8.78)

Therefore, from the above estimate (8.78) and the L2
x,v − L2

x,v − L∞
x,v type multilinear

estimate, the following estimate holds,

|S̃d,1
k1,k

| � 2d+k1
(
2k+d + 22k+2d

)
2−4k+−4k1,+

∫ t
1 (1 + |s|)−1‖a‖Y

×‖a1(ξ)‖S∞
k1

‖a2(ξ)‖S∞
k

‖c(s, x, v)‖L∞
x,v

(
Eeb
low(s)

)2
Eα

β;d(s)ds. (8.79)

To sum up, our desired estimate (8.71) holds from the estimates (8.74) and (8.79). ��
Lemma 8.8. For the integral K̃ d,2

k1,k
defined in (8.68), the following estimate holds,

|K̃ d,2
k1,k

| �
(
2k1/2+k/2+d + 23(k1+k)/2+3d

)
2−4k1,+−4k+‖a‖Y

×‖a1(ξ)‖S∞
k1

‖a2(ξ)‖S∞
k

( ∫ t
1 (1 + |s|)−1

×‖c(s, x, v)‖L∞
x,v

(
Eeb
low(s)

)2
Eα

β;d(s)ds
)
. (8.80)

Proof. Recall the detailed formula of K̃ d,2
k1,k

in (8.68). Based on the possible size of “|v|”,
“x · v”, and “|x |”, we separate into fours cases by utilizing the following partition of
unity,

1 =
∑

i=1,...,4

ηi (t, x, v), η1(t, x, v) := ψ≤(k+k1)/4+10
(|v||t |−1/2), (8.81)

η2(t, x, v) := ψ>(k+k1)/4+10
(|v||t |−1/2)ψ≤10

(|x |/(|t |/|v| + |t |1/2)), (8.82)

η3(t, x, v) := η̃(x · ṽ|t |/|x |2)ψ>(k+k1)/4+10
(|v||t |−1/2) × ψ>10

(|x |/(|t |/|v| + |t |1/2)),
(8.83)

η4(t, x, v) := ψ>(k+k1)/4+10
(|v||t |−1/2)(1 − η̃(x · ṽ|t |/|x |2)) × ψ>10

(|x |/(|t |/|v| + |t |1/2)),
(8.84)

where η̃(x) : R −→ R is a smooth function such that it equals to one inside (−∞, 2−4]
and it is supported inside (−∞, 2−5]. Correspondingly, we define the following corre-
sponding integrals,

Ji (t) =
∫

R3

∫

R3

(
ωα

β(x, v)
)2

αi ′(v) · Dvg
α
κ ′(t, x, v)αi (v) · Dvg

α
κ (t, x, v)

(√
1 + |v|2d̃(t, x, v)

)2−c(ι)−c(ι′)

×Cd(t, x, v)
[
T ν( f, g, a1, a2)(t, x, v) − t−1 I 1ν ( f, g, a1, a2)(t, x, v)

]
ηi (t, x, v)dxdv,

(8.85)
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where i ∈ {1, 2, 3, 4}. Hence, from the detailed formula of K̃ d,2
k1,k

in (8.68) and the
partition (8.81), we have

K̃ d,2
k1,k

=
∑

i=1,...,4

∫ t

1
Ji (s)ds. (8.86)

⊕ The estimate of J1, i.e., the case when 1 ≤ |v| ≤ 2(k+k1)/4+10(1 + |t |)1/2.
For this case,weuse thefirst decomposition of Dv in (3.30) inLemma3.1 for all vector

fields “Dv” in (8.85). From the estimate of coefficients in (3.33), the second part of the
estimate (4.74) in Lemma 4.2, the estimates (3.8) and (8.66), and the L2

x,v − L2
x,v − L∞

x,v
type multilinear estimate, we know that the following estimate holds for any fixed time
t ∈ [t1, t2],

|J1(t)| � 2k1+k+3d2−4k1,+−4k+(1 + |t |)−1(Eeb
low(t)

)2
Eα

β;d(t)‖a‖Y
×‖a1(ξ)‖S∞

k1
‖a2(ξ)‖S∞

k
‖c(t, x, v)‖L∞

x,v

×(
2−d + (1 + |t |)−1‖|v|2ψ≤(k+k1)/4+10

(|v||t |−1/2)‖L∞
v

)

� (1 + |t |)−1(23(k1+k)/2+3d + 2k1+k+2d
)

×2−4k1,+−4k+‖a‖Y ‖a1(ξ)‖S∞
k1

‖a2(ξ)‖S∞
k

×‖c(t, x, v)‖L∞
x,v

(
Eeb
low(t)

)2
Eα

β;d(t). (8.87)

⊕ The estimate of J2, i.e., the case when |v| > 2(k+k1)/4+9|t |1/2 + 1 and |x | ≤
210

(|t |/|v| + |t |1/2).
For this case, we use the second decomposition of “Dv” in (3.30) in Lemma 3.1 for

all the “Dv” derivatives in (8.85). Recall the detailed formula of eρ(t, x, v) in (3.32).
From the estimate (8.66), the second part of the estimate (4.74) in Lemma 4.2, and the
L2
x,v − L2

x,v − L∞
x,v type multi-linear estimate, the following estimate holds for any fixed

t ∈ [t1, t2],
|J2(t)| � 2k1+k+d2−4k1,+−4k+

(‖|v|−2ψ>(k+k1)/4+10
(|v||t |−1/2)‖L∞

v
+ (1 + |t |)−12d

)

×‖a‖Y ‖a1(ξ)‖S∞
k1

‖a2(ξ)‖S∞
k

‖c(t, x, v)‖L∞
x,v

(
Eeb
low(t)

)2
Eα

β;d(t). (8.88)

⊕ The estimate of J3, i.e., the case when |v| ≥ 2k1/2+9|t |1/2 + 1, |x | ≥ 210
(|t |/|v| +

|t |1/2), and x · ṽ ≤ −2−4|x |2/|t |.
Recall the definition of φ(t, x, v) in (4.72). We have (x, v) ∈ supp(φ(t, x, v) − 1)

for the case we are considering. Recall the equality (3.7). We know that the following
estimate holds for the case we are considering,

| d̃(t, x, v)

||t | − |x + v̂t || | � t

t +
(
1 + |v|)(|x · v| + |x |) � t2

(1 + |v|)2|x |2 ,

1

φ(t, x, v)
� |x |

|x · v| � t

|v||x | . (8.89)

For this case, we use the second decomposition of Dv in (3.30) in Lemma 3.1 for all
vector fields “Dv” in (8.85). From the above estimate (8.89), the detailed formulas of
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eρ(t, x, v) in (3.32), the estimate (8.66), and the L2
x,v − L2

x,v − L∞
x,v type multi-linear

estimate, we have the following estimate holds for any fixed time t ∈ [1, T ],
|J3(t)| � 2k1+k+d2−4k1,+−4k+

(‖|v|−2ψ>(k+k1)/4+10
(|v||t |−1/2)‖L∞

v
+ (1 + |t |)−12d

)

×‖a‖Y ‖a1(ξ)‖S∞
k1

‖a2(ξ)‖S∞
k

‖c(t, x, v)‖L∞
x,v

(
Eeb
low(t)

)2
Eα

β;d(t). (8.90)

⊕ The estimate of J4, i.e., the case when |v| ≥ 2(k1+k)/2+9|t |1/2 +1, |x | ≥ 210
(|t |/|v|+

|t |1/2), and x · ṽ ≥ −2−4|x |2/|t |.
Recall the first equality in (3.7). We know that the following estimate holds for the

case we are considering,

∣
∣|t2| − |x + v̂t |2∣∣ ≥ |x |2, �⇒ 1

|x |2|t |
( t2

|v|2 +
t |x |
|v| + |x |2) � 1

|t | . (8.91)

For this case, we use the second decomposition of “Dv” in (3.30) in Lemma 3.1 for all
the “Dv” derivatives in (8.85). Recall the detailed formula of eρ(t, x, v) in (3.32). From
the estimates (8.66) and (8.91), the second part of the estimate (4.74) in Lemma 4.2, and
the L2

x,v − L2
x,v − L∞

x,v type multi-linear estimate, the following estimate holds for any
fixed t ∈ [1, T ],

|J4(t)| � 2k1+k+2d2−4k1,+−4k+(1 + |t |)−1‖a‖Y ‖a1(ξ)‖S∞
k1

‖a2(ξ)‖S∞
k

×‖c(t, x, v)‖L∞
x,v

(
Eeb
low(t)

)2
Eα

β;d(t). (8.92)

To sum up, recall the decomposition in (8.86), our desired estimate (8.80) holds from
the estimates (8.87), (8.88), (8.90), and (8.92). ��
Lemma 8.9. For the integral S̃d,2

k1,k
defined in (8.70), the following estimate holds,

|S̃d,2
k1,k

| �
∫ t

1
(1 + |s|)−1‖c(s, x, v)‖L∞

x,v

(
Eeb
low(s)

)2
Eα

β;d(s)ds

×(
2(k1+k)/2+d + 23(k1+k)/2+3d

)
2−4k1,+−4k+‖a‖Y ‖a1(ξ)‖S∞

k1
‖a2(ξ)‖S∞

k
. (8.93)

Proof. Recall (8.70). From the two decompositions of Dv in (3.30), we know that the
following decomposition holds for the second order derivative “DvDv”,

DvDv = P1(DvDv) + L1(DvDv) = P2(DvDv) + L2(DvDv), (8.94)

where Pi (DvDv), i ∈ {1, 2}, denotes the principle term of “DvDv”, which is a second
order derivative and Li (DvDv), i ∈ {1, 2}, denotes the lower order term of “DvDv”,
which is a first order derivative. More precisely, we have

P1(DvDv) =
∑

ρ1,ρ2∈K
|ρ1|=|ρ2|=1

dρ1(t, x, v)dρ2(t,x,v)�
ρ1◦ρ2 ,

P2(DvDv) =
∑

ρ1,ρ2∈K
|ρ1|=|ρ2|=1

eρ1(t, x, v)eρ2(t,x,v)�
ρ1◦ρ2 , (8.95)
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L1(DvDv) =
∑

ρ1,ρ2∈K
|ρ1|=|ρ2|=1

dρ1(t, x, v)�ρ1
(
dρ2(t,x,v)

)
�ρ2 ,

L2(DvDv) =
∑

ρ1,ρ2∈K
|ρ1|=|ρ2|=1

eρ1(t, x, v)�ρ1
(
eρ2(t,x,v)

)
�ρ2 , (8.96)

From the detailed formulas of dρ(t, x, v) and eρ(t, x, v) in (3.31) and (3.32), the first
equality in (3.34), and the estimate of coefficients in (3.35) and (3.36), we know that the
following estimate holds,

∑

ρ1,ρ2∈K,|ρ1|=|ρ2|=1

|dρ1(t, x, v)�ρ1
(
dρ2(t, x, v)

)| �
(
1 + |d̃(t, x, v)|)2(1 + |v|)2,

(8.97)
∑

ρ1,ρ2∈K,|ρ1|=|ρ2|=1

|eρ1(t, x, v)�ρ1
(
eρ2(t, x, v)

)|ψ≤3(|x |/(1 + |t |) � (1 + |t |)2.

(8.98)

Similar to the estimate of K̃ d,2
k1,k

in Lemma 8.8, by using the cutoff functions ηi (t, x, v),

i ∈ {1, . . . , 4}, defined in (8.81), (8.82), (8.83), and (8.84), we decompose S̃d,2
k1,k

into
four parts as follows,

S̃d,2
k1,k

=
∑

i=1,...,4

∫ t

1
Si (s)ds, (8.99)

where

Si (t) :=
∫

R3

∫

R3

(
ωα

β(x, v)
)2
gα
β (t, x, v)αi ′ · (αi (v) · DvDvg

α
γ (t, x, v)

)

(√
1 + |v|2d̃(t, x, v)

)2−c(ι)−c(ι′)

×Cd(t, x, v)ηi (t, x, v)
[
T ν( f, g, a1, a2)(t, x, v)− t−1 I 1ν ( f, g, a1, a2)(t, x, v)

]
dxdv.

Similar to the estimate of Ji (t), i ∈ {1, 2, 3, 4}, in the proof of Lemma 8.8, we use
the first decomposition of “Dv” for S1(t) and use the second decomposition of Dv for
Si (t), i ∈ {2, 3, 4}. More precisely, we separate into two cases as follows.
⊕ The estimate of S1. For this case we use the first decomposition of Dv . Equivalently
speaking, we use the first decomposition of DvDv in (8.94). As a result, the following
decomposition holds,

S1(t) = S1,1(t) + S1,2(t), (8.100)

where

S1,1(t) =
∫

R3

∫

R3

(
ωα

β(x, v)
)2
gα
β (t, x, v) (8.101)

×αi ′ (v) · (αi (v) · P1(DvDv)g
α
γ (t, x, v)

)

×(√
1 + |v|2d̃(t, x, v)

)2−c(ι)−c(ι′)
Cd (t, x, v)η1(t, x, v)

×[
T ν( f, g, a1, a2)(t, x, v) − t−1 I 1ν ( f, g, a1, a2)(t, x, v)

]
dxdv,
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S1,2(t) =
∫

R3

∫

R3

(
ωα

β(x, v)
)2
gα
β (t, x, v)

×αi ′ (v) · (αi (v) · L1(DvDv)g
α
γ (t, x, v)

)

×(√
1 + |v|2d̃(t, x, v)

)2−c(ι)−c(ι′)
Cd (t, x, v)η1(t, x, v)

×[
T ν( f, g, a1, a2)(t, x, v) − t−1 I 1ν ( f, g, a1, a2)(t, x, v)

]
dxdv. (8.102)

Recall the detailed formula of P1(DvDv) in (8.95) and the detailed formula of S1,1(t)
in (8.101).We know that S1,1(t) and J1(t) are of the same type.Withminormodifications
in the estimate of J1(t) in (8.87), the following estimate holds,

|S1,1(t)| � (1 + |t |)−1(2k1+k+2d + 23(k1+k)/2+3d
)
2−4k1,+−4k+

×‖a‖Y ‖a1(ξ)‖S∞
k1

‖a2(ξ)‖S∞
k

×‖c(t, x, v)‖L∞
x,v

(
Eeb
low(t)

)2
Eα

β;d(t). (8.103)

Recall the detailed formula of L1(DvDv) in (8.96) and the detailed formula of S1,2(t)
in (8.102). Since L1(DvDv) is a lower order derivatives, we can gain at least (1+ |v|)−10

from the hierarchy of the weight functions between different order derivatives. As a
result, from the estimates (8.66) and (8.97) and the L2

x,v − L2
x,v − L∞

x,v type multilinear
estimate, we have

|S1,2(t)| � (1 + |t |)−12k1+k+2d2−4k1,+−4k+‖a‖Y ‖a1(ξ)‖S∞
k1

‖a2(ξ)‖S∞
k

‖c(t, x, v)‖L∞
x,v

(
Eeb
low(t)

)2
Eα

β;d(t). (8.104)

⊕ The estimate of Si , i ∈ {2, 3, 4}. For these three terms, we use the second decom-
position of DvDv in (8.94). As a result, the following decomposition holds,

Si (t) = Si,1(t) + Si,2(t), i ∈ {2, 3, 4}, (8.105)

where

Si,1(t) =
∫

R3

∫

R3

(
ωα

β(x, v)
)2gα

β (t, x, v)αi ′ · (αi (v) · P2(DvDv)gα
γ (t, x, v)

)

(
√

1 + |v|2d̃(t, x, v)
)2−c(ι)−c(ι′)

×Cd (t, x, v)ηi (t, x, v)
[
T ν( f, g, a1, a2)(t, x, v) − t−1 I 1ν ( f, g, a1, a2)(t, x, v)

]
dxdv,

(8.106)

Si,2(t) =
∫

R3

∫

R3

(
ωα

β(x, v)
)2gα

β (t, x, v)αi ′ · (αi (v) · L2(DvDv)gα
γ (t, x, v)

)

(
√

1 + |v|2d̃(t, x, v)
)2−c(ι)−c(ι′)

×Cd (t, x, v)ηi (t, x, v)
[
T ν( f, g, a1, a2)(t, x, v) − t−1 I 1ν ( f, g, a1, a2)(t, x, v)

]
dxdv.

(8.107)

Recall the detailed formula of P2(DvDv) in (8.95) and the detailed formula of Si,1(t)
in (8.106). We know that Si,1(t) and Ji (t), i ∈ {2, 3, 4}, are of the same type. with minor
modifications in the estimate of Ji (t), i ∈ {2, 3, 4}, in (8.88), (8.90), and (8.92), the
following estimate holds for any i ∈ {2, 3, 4},
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|Si,1(t)| � (1 + |t |)−1(2(k1+k)/2+d + 2k1+k+2d
)
2−4k1,+−4k+‖a‖Y ‖a1(ξ)‖S∞

k1
‖a2(ξ)‖S∞

k

×‖c(t, x, v)‖L∞
x,v

(
Eeb
low(t)

)2
Eα

β;d(t). (8.108)

Recall (8.107) and (8.96). Again, since L2(DvDv) is a lower order derivative, we
can gain at least (1 + |v|)−10 from the hierarchy of the weight functions between the
difference of the orders of derivatives. Note that |v| > 2(k+k1)/4+9|t |1/2 inside the support
of ηi (t, x, v), i ∈ {2, 3, 4}. Therefore, the following estimate holds from the estimates
(8.66), (8.98), and the L2

x,v − L2
x,v − L∞

x,v type multi-linear estimate,

∑

i=2,3,4

|Si,2(t)| � 2k1+k+d2−4k+−4k1,+‖(1 + |v|)−2ψ>(k+k1)/4+10(|v||t |−1/2)‖L∞
v

‖a‖Y ‖a1(ξ)‖S∞
k1

×‖a2(ξ)‖S∞
k

‖c(t, x, v)‖L∞
x,v

(
Eeb
low(t)

)2Eα
β;d (t)

� (1 + |t |)−12(k1+k)/2+d2−4k+−4k1,+‖a‖Yd ‖a1(ξ)‖S∞
k1

×‖a2(ξ)‖S∞
k

‖c(t, x, v)‖L∞
x,v

(
Eeb
low(t)

)2Eα
β;d (t). (8.109)

To sum up, recall the decompositions (8.99), (8.100), and (8.105), our desired estimate
(8.93) holds from the estimates (8.103), (8.104), (8.108), and (8.109). ��
Lemma 8.10. The following estimate holds,

|Kd
k,k1 | + |Sdk1,k | �

(
2(k+k1)/2+d + 23(k+k1)/2+3d + 2k1+2k+3d

)
2−4k+−4k1,+‖m(ξ)‖S∞

k
‖a‖Y

×[
∫ t

1
(1 + |s|)−1‖c(s, x, v)‖L∞

x,v

(
Eeb
low(s)

)2
Eα

β;d(s)ds
]
. (8.110)

Proof. Recall (8.52) and (8.54). Note that, for any u ∈ {E, B}, the following equality
holds from some i ∈ {1, 2},

�x
j ′uk1(t, x + v̂t)Tμ

k (Ṽ j · ξm(ξ), h)(t, x + v̂t) = Tμ(hi (t), h(t), 1,m).

From the above equality, we know that the desired estimate (8.110) follows directly from
the estimate (8.71) in Lemma 8.7, the estimate (8.80) in Lemma 8.8, and the estimate
(8.93) in Lemma 8.9.

��
To get around the summability issue in k1, same as what we did in the decomposition
(7.53), we also use the process of trading spatial derivatives for the decay of the distance
to the light cone “||t | − |x + v̂t ||”. As a result, we have
Lemma 8.11. The following estimate holds for any d ∈ N+, d ≥ 10,

|Kd
k,k1 | + |Sdk1,k | �

[(
2(k+k1)/2+d + 23(k+k1)/2+3d + 2k1+2k+3d

)(
2−3k1−3d + 2−4k1−4d)

+2k−k1
(
1 + 2−2k1−2d

+2k−2k1−d + 2k+d
)]
2−4k+−4k1,+‖m(ξ)‖S∞

k
‖a‖Yd

[
∫ t

1
(1 + |s|)−1‖c(s, x, v)‖L∞

x,v

(
Eeb
low(s)

)2
Eα

β;d(s)ds
]
. (8.111)
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Proof. Recall the decomposition (7.33) in Lemma 7.6. For any u ∈ {E, B}, we have

�x
j ′uk1 (t, x + v̂t) = L1k1, j ′ [u](t, x + v̂t) + L̃k1, j ′ [u](t, x + v̂t, v) +

∑

i=1,...,5

Eik1, j ′ [u](t, x + v̂t, v),

where L1
k1, j ′ [u](t, x, v) and L̃k1, j ′ [u](t, x + v̂t, v)were defined in (7.44) and (7.51) and

Ei
k1, j ′ [u](t, x + v̂t, v), i ∈ {1, . . . , 5}, were defined in (7.43) and (7.52).

Correspondingly, we decompose Kd
k,k1

and Sdk,k1 into three parts as follows,

Kd;1
k,k1

=
∑

i=1,2,3

Kd;i
k,k1

, Kd;3
k,k1

=
∑

i=1,...,5

Kd;3
k,k1;i , Sdk,k1 =

∑

i=1,2,3

Sd;i
k,k1

, Sd;3
k,k1

=
∑

i=1,...,5

Sd;3
k,k1;i ,

(8.112)

where

Kd;1
k1,k

:=
∑

j ′=1,2,3
i ′=1,...,7

∑

�ι∼ψ≥1(|v|)�̂v
j

orψ≥1(|v|)�x
j

∑

ι′+κ ′=β,ι,κ∈S,|ι′ |=1

�ι′ ∼ψ≥1(|v|)�̂v
j ′ orψ≥1(|v|)�x

j ′
∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2

αi ′ (v) · Dvg
α
κ ′ (s, x, v)

×αi ′ (v) · (L1
k1, j ′ [E](s, x + v̂s) + v̂ × L1

k1, j ′ [B](s, x + v̂s)
)
αi (v) · Dvg

α
κ (s, x, v)

×Cd (s, x, v)
(√

1 + |v|2d̃(s, x, v)
)2−c(ι)−c(ι′)

Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s)dxdvds, (8.113)

Kd;2
k1,k

:=
∑

j ′=1,2,3
i ′=1,...,7

∑

�ι∼ψ≥1(|v|)�̂v
j

orψ≥1(|v|)�x
j

∑

ι′+κ ′=β,ι,κ∈S,|ι′ |=1

�ι′ ∼ψ≥1(|v|)�̂v
j ′ orψ≥1(|v|)�x

j ′
∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2

αi ′ (v) · Dvg
α
κ ′ (s, x, v)

×αi ′ (v) · (L̃k1, j ′ [E](s, x + v̂s, v) + v̂ × L̃k1, j ′ [B](s, x + v̂s, v)
)
αi (v) · Dvg

α
κ (s, x, v)

×Cd (s, x, v)
(√

1 + |v|2d̃(s, x, v)
)2−c(ι)−c(ι′)

Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s)dxdvds, (8.114)

Kd;3
k1,k;i :=

∑

j ′=1,2,3
i ′=1,...,7

∑

�ι∼ψ≥1(|v|)�̂v
j

orψ≥1(|v|)�x
j

∑

ι′+κ ′=β,ι,κ∈S,|ι′|=1

�ι′ ∼ψ≥1(|v|)�̂v
j ′ orψ≥1(|v|)�x

j ′
∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2

αi ′ (v) · Dvg
α
κ ′ (s, x, v)

×αi (v) · Dvg
α
κ (s, x, v)αi ′ (v) · (Ei

k1, j ′ [E](s, x + v̂s, v) + v̂ × Ei
k1, j ′ [B](s, x + v̂s, v)

)

×Cd (s, x, v)
(√

1 + |v|2d̃(s, x, v)
)2−c(ι)−c(ι′)

Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s)dxdvds, (8.115)

Sd;1
k1,k

:=
∑

j ′=1,2,3
i ′=1,...,7

∑

�ι∼ψ≥1(|v|)�̂v
j

orψ≥1(|v|)�x
j

∑

ι′+κ ′=β,ι,κ∈S,|ι′|=1

�ι′ ∼ψ≥1(|v|)�̂v
j ′ orψ≥1(|v|)�x

j ′
∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)

×αi (v) · (Lk1, j ′ [E](s, x + v̂s) + v̂ × Lk1, j ′ [B](s, x + v̂s)
)
αi (v) · (αi (v) · DvDvg

α
κ ′ (s, x, v)

)

×Cd (s, x, v)
(√

1 + |v|2d̃(s, x, v)
)2−c(ι)−c(ι′)

Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s)dxdvds, (8.116)
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Sd;2
k1,k

:=
∑

j ′=1,2,3
i ′=1,...,7

∑

�ι∼ψ≥1(|v|)�̂v
j

orψ≥1(|v|)�x
j

∑

ι′+κ ′=β,ι,κ∈S,|ι′|=1

�ι′ ∼ψ≥1(|v|)�̂v
j ′ orψ≥1(|v|)�x

j ′
∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)

×αi (v) · (L̃k1, j ′ [E](s, x + v̂s, v) + v̂ × L̃k1, j ′ [B](s, x + v̂s, v)
)
αi (v) · (αi (v) · DvDvg

α
κ ′ (s, x, v)

)

×Cd (s, x, v)
(√

1 + |v|2d̃(s, x, v)
)2−c(ι)−c(ι′)

Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s)dxdvds, (8.117)

Sd;3
k1,k;i :=

∑

j ′=1,2,3
i ′=1,...,7

∑

�ι∼ψ≥1(|v|)�̂v
j

orψ≥1(|v|)�x
j

∑

ι′+κ ′=β,ι,κ∈S,|ι′|=1

�ι′ ∼ψ≥1(|v|)�̂v
j ′ orψ≥1(|v|)�x

j ′
∫ t

1

∫

R3

∫

R3

(
ωα

β(s, x, v)
)2
gα
β (s, x, v)

×αi (v) · (Ei
k1, j ′ [E](s, x + v̂s, v) + v̂ × Ei

k1, j ′ [B](s, x + v̂s, v)
)
αi (v) · (αi (v) · DvDvg

α
κ ′ (s, x, v)

)

×Cd (s, x, v)
(√

1 + |v|2d̃(s, x, v)
)2−c(ι)−c(ι′)

Tμ
k (Ṽ j · ξm(ξ), h)(s, x + v̂s)dxdvds. (8.118)

• The estimate of Kd;i
k,k1

and Sd;i
k,k1

, i ∈ {1, 2}.
Recall (8.113), (8.114), (8.116), and (8.117).Moreover, recall again (7.44) and (7.51).

For any u ∈ {E, B},we know that the following equality holds for some i ∈ {1, 2},
L1k1, j ′ [u](t, x, v)Tμ

k (Ṽ j · ξm(ξ), h)(t, x + v̂t)

=
∑

α∈B,|α|≤3

(|t | − |x + v̂t |)−3[c̃0α(t, x + v̂t)Tμ
1 (hα

i (t), h(t), m̃0
k1,α

,m)

+i c̃1α(t, x + v̂t)Tμ
1 (hα

i (t), h(t), |ξ |m̃1
k1,α

,m) − c̃2α(t, x + v̂t)Tμ
1 (hα

i (t), h(t), |ξ |2m̃2
k1,α

,m)
]
,

L̃k1, j ′ [u](t, x, v)Tμ
k (Ṽ j · ξm(ξ), h)(t, x + v̂t)

=
∑

α∈B,|α|≤3

−3(|t | − |x + v̂t |)−4 i t

|x + v̂t |

×[
c̃0α(t, x + v̂t)Tμ

1 (hα
i (t), h(t), |ξ |−1m̃0

k1,α
,m) + i c̃1α(t, x + v̂t)Tμ

1 (hα
i (t), h(t), m̃1

k1,α
,m)

−c̃2α(t, x + v̂t)Tμ
1 (hα

i (t), h(t), |ξ |m̃2
k1,α

,m)
]
.

Therefore, from the estimate of coefficients c̃iα(t, x + v̂t), i ∈ {1, 2, 3}, in (3.39), the
estimate of symbols m̃i

k1,α
(ξ) in (3.40), we know that the following estimate holds from

the estimate (8.71) in Lemma 8.7, the estimate (8.80) in Lemma 8.8, and the estimate
(8.93) in Lemma 8.9,

|Kd;1
k,k1

| + |Sd;1
k1,k

| + |Kd;2
k,k1

| + |Sd;2
k1,k

| �
(
2(k+k1)/2+d + 23(k+k1)/2+3d + 2k1+2k+3d

)

(
2−3k1−3d + 2−4k1−4d)2−4k+−4k1,+

×‖m(ξ)‖S∞
k

‖a‖Y
[
∫ t

1
(1 + |s|)−1‖c(s, x, v)‖L∞

x,v

(
Eeb
low(s)

)2
Eα

β;d(s)ds
]
.

(8.119)

In the above estimate, we used the fact that d ≥ 10 and ‖|x |−3ϕ[d−2,d+2](x)a‖Y �
2−3d‖a‖Y .
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• The estimate of Kd;3
k,k1

and Sd;3
k,k1

.
Recall (8.115) and (8.118). Moreover, we recall the estimates of error terms (7.67)

in Lemma 7.10. For each fixed i ∈ {1, . . . , 5}, we use the second decomposition of Dv

in (3.30) in Lemma 3.1 and the second decomposition of “DvDv” in (8.94). From the
estimate (7.67) in Lemma 7.10 and the estimate (8.124) in Lemma 8.12, the following
estimate holds for any fixed ρ1, ρ2 ∈ S, s.t., |ρ1| = |ρ2| = 1,

‖(1 + |v|)2−c(ρ1)−c(ρ2)eρ1 (t, x, v)eρ2 (t, x, v)Ei
k1, j ′ [u](t, x, v)Tμ

k (Ṽ j · ξm(ξ), h)(t, x + v̂t)‖L∞
x,v

� (1 + t)−1(2−4d−4k1 + 2−2d−2k1
)
2k1 (2k + 22k+d )2−4k+−4k1,+‖m(ξ)‖S∞

k

(
Eeb
low(t)

)2
.

(8.120)

Moreover, from the estimate (8.77), the estimate (7.67) in Lemma 7.10 and the
estimate (8.125) in Lemma 8.13, the following estimate holds for any fixed ρ1, ρ2 ∈ S,

s.t., |ρ1| = |ρ2| = 1,

‖(1 + |v|)1−c(ρ1)−c(ρ2)eρ1 (t, x, v)�ρ1eρ2 (t, x, v)Ei
k1, j ′ [u](t, x, v)ϕd (||t | − |x + v̂t ||)

Tμ
k (Ṽ j · ξm(ξ), h)(t, x + v̂t)

×ψ≤−5(1 − |x + v̂t |/|t |)‖L∞
x,v

� (1 + t)−1(2−4d−4k1 + 2−2d−2k1
)
2k1 (2k + 22k+d )2−4k+−4k1,+

‖m(ξ)‖S∞
k

(
Eeb
low(t)

)2
. (8.121)

Recall (8.115) and (8.118). From the above estimates (8.120) and (8.121), the second
part of the estimate (4.74) in Lemma 4.2, and the L2

x,v − L2
x,v − L∞

x,v type multilinear
estimate, the following estimate holds,

|Kd;3
k,k1;i |+|Sd;3

k,k1;i | � 2k−k1
(
1 + 2−2k1−2d+2k−2k1−d+2k+d

)
2−4k+−4k1,+‖m(ξ)‖S∞

k
‖a‖Y

×[
∫ t

1
(1 + |s|)−1‖c(s, x, v)‖L∞

x,v

(
Eeb
low(s)

)2
Eα

β;d(s)ds
]
. (8.122)

To sum up, recall the decomposition (8.112), our desired estimate (8.111) holds from
the estimates (8.119) and (8.122). ��
Proof of Lemma 8.6. Recall the decomposition of T̃ 2

1 (m, a, c, h) and T̃ 2
2 (m, a, c, h) in

(8.51) and (8.53). From the estimate (8.110) in Lemma 8.10, we know that the desired
estimate (8.50) holds directly if d ≤ 10. If d ≥ 10, then from the estimate (8.110) in
Lemma 8.10 and the estimate (8.111) in Lemma 8.11, the following estimate holds,

|T̃ 2
1 (m, a, c, h)| + |T̃ 2

1 (m, a, c, h)| �
∑

k1∈Z

|Kd
k1,k | + |Sdk1,k | �

(
2k/2+d/2 + 22k+2d

)
2−4k+

[( ∑

k1≤−d

2k1/2+d/2 + 22k1+2d
)

+
[ ∑

k1≥−d

((
2k1/2+d/2 + 22k1+2d

)(
2−3k1−3d + 2−4k1−4d) + 2−k1−d(1 + 2−2k1−2d)])]

×‖m(ξ)‖S∞
k

‖a‖Y
[
∫ t

1
(1 + |s|)−1‖c(s, x, v)‖L∞

x,v

(
Eeb
low(s)

)2
Eα

β;d(s)ds
]
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�
(
2k/2+d/2 + 22k+2d

)
2−4k+‖m(ξ)‖S∞

k
‖a‖Y

[
∫ t

1
(1 + |s|)−1‖c(s, x, v)‖L∞

x,v

(
Eeb
low(s)

)2
Eα

β;d(s)ds
]
. (8.123)

Hence finishing the proof of the desired estimate (8.50) in Lemma 8.6. ��

8.3. The L∞
x -type decay estimate for the operator Tμ

k (·, ·) . In this subsection, by prov-
ing several L∞

x -type decay estimates for the operator Tμ
k (·, ·) defined in (7.26), we

finish the proof of Lemma 8.12, which have been used as black boxes in the previous
subsections for the proof of Lemma 7.9.

Lemma 8.12. The following estimate holds for any profile h(t, x) ∈ {hα
i (t, x), i ∈

{1, 2}, α ∈ B, |α| ≤ 10} and any ρ ∈ K, s.t., |ρ| = 1

‖(1 + |v|)1−c(ρ)eρ(t, x, v)Tμ
k (Ṽ j · ξm(ξ), h)(t, x + v̂t)ϕd(||t | − |x + v̂t ||)‖L∞

x,v

�
(
2k + 22k+d

)
2−4k+‖m(ξ)‖S∞

k
Eeb
low(t). (8.124)

Proof. Recall the detailed formulas of the coefficients eρ(t, x, v) in (3.32) in Lemma3.1.
We know that the desired estimate (8.124) holds directly from the estimates (8.125) and
(8.126) in Lemma 8.13 and the estimate (8.140) in Lemma 8.14. ��
Lemma 8.13. For any i ∈ {1, 2, 3}, the following decay estimate holds,

1

1 + |v|
∣
∣
∣

∫

R3
eix ·ξ−iμt |ξ | m(ξ)Ṽi · ξ

|ξ | − μv̂ · ξ
f̂ (ξ)ψ≥10(t (|ξ | − μv̂ · ξ))ψk(ξ)dξ

∣
∣
∣

�
∑

α∈B,|α|≤5

2−4k+‖m(ξ)‖S∞
k
min{2k(1 + |t |)−1(‖ f α‖X0 + ‖ f α‖X1

)
, 22k‖ f α‖X0}.

(8.125)

Moreover, the following estimates also hold for any n ∈ N+,i, j ∈ {1, 2, 3},∣
∣
∣

∫

R3
eix ·ξ−iμt |ξ | m(ξ)

(|ξ | − μv̂ · ξ
)n+1 f̂ (ξ)ψ≥10(t (|ξ | − μv̂ · ξ))ψk(ξ)dξ

∣
∣
∣

�
∑

α∈B,|α|≤5

2−4k+2k(1 + |t |)n‖m(ξ)‖S∞
k

(‖ f α‖X0 + ‖ f α‖X1

)
, (8.126)

1

1 + |v|
∣
∣
∣

∫

R3
eix ·ξ−iμt |ξ | m(ξ)Ṽi · ξ

(|ξ | − μv̂ · ξ
)n+1 f̂ (ξ)ψ≥10(t (|ξ | − μv̂ · ξ))ψk(ξ)dξ

∣
∣
∣

+
∣
∣
∣

∫

R3
eix ·ξ−iμt |ξ | m(ξ)(Ṽ j · ξ)(Ṽi · ξ)

|ξ |(|ξ | − μv̂ · ξ
)n+1 f̂ (ξ)ψk(ξ)ψ≥10(t (|ξ | − μv̂ · ξ))dξ

∣
∣
∣

�
∑

α∈B,|α|≤5

2−4k+ (1 + |t |)n‖m(ξ)‖S∞
k
min{2k(1 + |t |)−1(‖ f α‖X0 + ‖ f α‖X1

)
, 22k‖ f α‖X0 }.

(8.127)

Proof. After utilizing the volume of support of ξ , we know that the desired estimates
(8.125), (8.126), and (8.127) hold easily if |t | ≤ 1. Hence, from now on, we restrict
ourself to the case when |t | ≥ 1. Note that, for any fixed t , s.t., |t | ≥ 1, there exists a
unique m ∈ Z+, s.t., t ∈ [2m−1, 2m].
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We first prove the desired estimate (8.125). Note that

|ξ | − μv̂ · ξ � |ξ |
1 + |v|2 + |ξ |(1 − cos(∠(ξ, μv))) � |ξ |∠(ξ, μv)

1 + |v| . (8.128)

On one hand, after doing dyadic localization for the angle between ξ and μv and using
the volume of support of ξ and the above estimate (8.128), we have

∣
∣
∣

∫

R3
eix ·ξ−iμt |ξ | m(ξ)Ṽi · ξ

|ξ | − μv̂ · ξ
f̂ (ξ)ψ≥10(t (|ξ | − μv̂ · ξ))ψk(ξ)dξ

∣
∣
∣

�
∑

l∈Z,l≤2

23k+l‖m(ξ)‖S∞
k

‖ f̂ (t, ξ)ψk(ξ)‖L∞
ξ

�
∑

α∈B,|α|≤5

22k−4k+‖m(ξ)‖S∞
k

‖ f α‖X0 .

(8.129)

On the other hand, for any fixed x and v, we define ξ0 := μx/|x | and l̄ := −m/2 −
k/2− 10. Note that there exists a unique constant lx,v , which depends on x and v, such
that

∠(ξ0, μv) ∈ (2lx,v−1, 2lx,v ]. (8.130)

Using this observation, we know that the following partition of unity holds,

1 = ψ≤l̄(∠(ξ, ξ0)) + ψ>l̄(∠(ξ, ξ0))ψ≤l̄(∠(ξ, μv)) + ψ>l̄(∠(ξ, ξ0))ψ>l̄(∠(ξ, μv))

= ψ≤l̄(∠(ξ, ξ0)) + ψ>l̄(∠(ξ, ξ0))

×ψ≤l̄(∠(ξ, μv)) +
∑

l1>l̄

ψl1(∠(ξ, ξ0))ψ≥l1−10(∠(ξ, μv))

+
∑

l̄<l2<l1−10

l̄<l1≤2,|l1−lx,v |≤10

ψl1(∠(ξ, ξ0))ψl2(∠(ξ, μv)). (8.131)

Hence, the following decomposition holds,

∫

R3
eix ·ξ−iμt |ξ | 1

1 + |v|
m(ξ)Ṽi · ξ

|ξ | − μv̂ · ξ
f̂ (ξ)ψ≥10(t (|ξ | − μv̂ · ξ))ψk(ξ)dξ

=
∑

l̄≤l≤2

Il +
∑

l̄<l2<l1−10

l̄<l1≤2,|l1−lx,v |≤10

Il1,l2 , (8.132)

where

Il̄ =
∫

R3
eix ·ξ−iμt |ξ | 1

1 + |v|
m(ξ)Ṽi · ξ

|ξ | − μv̂ · ξ
f̂ (ξ)ψ≥10(t (|ξ | − μv̂ · ξ))ψk(ξ)

[
ψ≤l̄(∠(ξ, ξ0)) + ψ>l̄(∠(ξ, ξ0))ψ≤l̄(∠(ξ, μv))

]
dξ,

Il =
∫

R3
eix ·ξ−iμt |ξ | 1

1 + |v|
m(ξ)Ṽi · ξ

|ξ | − μv̂ · ξ
f̂ (ξ)ψ≥10(t (|ξ |

−μv̂ · ξ))ψk(ξ)ψl(∠(ξ, ξ0))ψ≥l−10(∠(ξ, μv))dξ, if l > l̄,
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Il1,l2 =
∫

R3
eix ·ξ−iμt |ξ | 1

1 + |v|
m(ξ)Ṽi · ξ

|ξ | − μv̂ · ξ
f̂ (ξ)ψ≥10(t (|ξ | −

μv̂ · ξ))ψk(ξ)ψl1(∠(ξ, ξ0))ψl2(∠(ξ, μv))dξ.

From the volume of support of ξ and the estimate (8.128), the following estimate holds
for Il̄ ,

|Il̄ | � 23k+2l̄‖m(ξ)‖S∞
k

‖ f̂ (ξ)ψk(ξ)‖L∞
ξ

�
∑

α∈B,|α|≤5

2−m+k−4k+‖m(ξ)‖S∞
k

‖ f α‖X0 .

(8.133)

For Il1,l2 and Il , l > l̄, we do integration by parts in “ξ”. As a result, we have

Il = I 1l + I 2l , Il1,l2 = I 1l1,l2 + I 2l1,l2 , (8.134)

where

I 1l =
∫

eix ·ξ−μi t |ξ |i
x
t − μ

ξ
|ξ |

t
∣
∣ x
t − μ

ξ
|ξ |

∣
∣2

· ∇ξ f̂ (ξ)
1

1 + |v|
m(ξ)Ṽi · ξ

|ξ | − μv̂ · ξ

ψ≥10(t (|ξ | − μv̂ · ξ))ψk(ξ)ψl(∠(ξ, ξ0))ψ≥l−10(∠(ξ, μv))dξ,

I 2l =
∫

eix ·ξ−μi t |ξ |i f̂ (ξ)∇ξ · [
x
t − μ

ξ
|ξ |

t
∣
∣ x
t − μ

ξ
|ξ |

∣
∣2

1

1 + |v|
m(ξ)Ṽi · ξ

|ξ | − μv̂ · ξ

ψ≥10(t (|ξ | − μv̂ · ξ))ψk(ξ)ψl(∠(ξ, ξ0))ψ≥l−10(∠(ξ, μv))
]
dξ,

I 1l1,l2 =
∫

eix ·ξ−μi t |ξ |i
x
t − μ

ξ
|ξ |

t
∣
∣ x
t − μ

ξ
|ξ |

∣
∣2

· ∇ξ f̂ (ξ)
1

1 + |v|
m(ξ)Ṽi · ξ

|ξ | − μv̂ · ξ

ψ≥10(t (|ξ | − μv̂ · ξ))ψk(ξ)ψl1(∠(ξ, ξ0))ψl2(∠(ξ, μv))dξ,

I 2l1,l2 =
∫

eix ·ξ−μi t |ξ |i f̂ (ξ)∇ξ · [
x
t − μ

ξ
|ξ |

t
∣
∣ x
t − μ

ξ
|ξ |

∣
∣2

1

1 + |v|
m(ξ)Ṽi · ξ

|ξ | − μv̂ · ξ

ψ≥10(t (|ξ | − μv̂ · ξ))ψk(ξ)ψl1(∠(ξ, ξ0))ψl2(∠(ξ, μv))
]
dξ,

For I 2l and I 2l1,l2 , we do integration by parts in ξ one more time. As a result, we have

I 2l =
∫

eix ·ξ−μi t |ξ | − ∇ξ ·
[ x

t − μ
ξ
|ξ |

t
∣
∣ x
t − μ

ξ
|ξ |

∣
∣2

f̂ (ξ)∇ξ

·[
x
t − μ

ξ
|ξ |

t
∣
∣ x
t − μ

ξ
|ξ |

∣
∣2

1

1 + |v|
m(ξ)Ṽi · ξ

|ξ | − μv̂ · ξ
ψ≥10(t (|ξ | − μv̂ · ξ))

×ψk(ξ)ψl(∠(ξ, ξ0))ψ≥l−10(∠(ξ, μv))
]]
dξ,

I 2l1,l2 =
∫

eix ·ξ−μi t |ξ | − ∇ξ ·
[ x

t − μ
ξ
|ξ |

t
∣
∣ x
t − μ

ξ
|ξ |

∣
∣2

f̂ (ξ)∇ξ
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·[
x
t − μ

ξ
|ξ |

t
∣
∣ x
t − μ

ξ
|ξ |

∣
∣2

1

1 + |v|
m(ξ)Ṽi · ξ

|ξ | − μv̂ · ξ
ψ≥10(t (|ξ | − μv̂ · ξ))

×ψk(ξ)ψl1(∠(ξ, ξ0))ψl2(∠(ξ, μv))
]]
dξ.

Therefore, from the estimate (8.128) and the volume of support of “ξ”, the following
estimate holds,

|I 1l | � 2−m−l+3k+2l‖m(ξ)‖S∞
k

‖∇ξ f̂ (t, ξ)ψk(ξ)‖L∞
ξ

, (8.135)

|I 1l1,l2 | � 2−m−l1+3k+2l2‖m(ξ)‖S∞
k

‖∇ξ f̂ (t, ξ)ψk(ξ)‖L∞
ξ

, (8.136)

|I 2l | � 2−2m−2l+3k+2l‖m(ξ)‖S∞
k

(
2−2k−2l‖ f̂ (t, ξ)ψk(ξ)‖L∞

ξ
+ 2−k−l‖∇ξ f̂ (t, ξ)ψk(ξ)‖L∞

ξ

)
,

(8.137)
|I 2l1,l2 | � 2−2m−2l1+3k+2l2‖m(ξ)‖S∞

k

(
2−2k−2l2‖ f̂ (t, ξ)ψk(ξ)‖L∞

ξ

+2−k−l2‖∇ξ f̂ (t, ξ)ψk(ξ)‖L∞
ξ

)
, (8.138)

Recall that l̄ := −m/2 − k/2 − 10. From the estimates (8.135), (8.136), (8.137), and
(8.138), we have

∑

l̄<l≤2

|I 1l | + |I 2l | +
∑

l̄<l2<l1−10

l̄<l1≤2,|l1−lx,v |≤10

|I 1l1,l2 | + |I 2l1,l2 |

�
∑

α∈B,|α|≤5

2−m+k−4k+‖m(ξ)‖S∞
k

(‖ f α‖X0 + ‖ f α‖X1

)
. (8.139)

To sumup, recall the decompositions (8.132) and (8.134), our desired estimate (8.125)
holds from the estimates (8.129), (8.133), and (8.139). With minor modifications, all
other desired estimates (8.126) and (8.127) hold very similarly, we omit details here.

��
Lemma 8.14. For any i, j ∈ {1, 2, 3}, the following estimate holds for any fixed x ∈ R

3,

|x |
∣
∣
∣

∫

R3
ei(x+t v̂)·ξ−iμt |ξ | m(ξ)Ṽ j · ξ

|ξ | − μv̂ · ξ
f̂ (ξ)ψ≥10(t (|ξ | − μv̂ · ξ))ψk(ξ)dξ

∣
∣
∣

�
∑

α∈B,|α|≤5

2k−4k+‖m(ξ)‖S∞
k

(‖ f α‖X0 + ‖ f α‖X1

)
. (8.140)

Proof. Recall the first equality in (2.6). The following decomposition holds,

|x | = x

|x | · (ṽx · ṽ +
∑

i=1,2,3

Ṽi x · Ṽi
)
. (8.141)

Therefore, to prove the desired estimate (8.140), it would be sufficient to control both
the radial part and the rotational parts. Note that the following decomposition holds for
any i, j ∈ {1, 2, 3},

(x · Ṽi )
∫

R3
ei(x+t v̂)·ξ−iμt |ξ | m(ξ)Ṽ j · ξ

|ξ | − μv̂ · ξ
f̂ (ξ)ψ≥10(t (|ξ | − μv̂ · ξ))ψk(ξ)dξ = J1 + J2,

(8.142)



808 X. Wang

(x · ṽ)

∫

R3
ei(x+t v̂)·ξ−iμt |ξ | m(ξ)Ṽ j · ξ

|ξ | − μv̂ · ξ
f̂ (ξ)ψ≥10(t (|ξ | − μv̂ · ξ))ψk(ξ)dξ = K1 + K2,

(8.143)

where

J1 =
∫

R3
ei(x+t v̂)·ξ−iμt |ξ |(x − μtξ

|ξ |
) · Ṽi m(ξ)Ṽ j · ξ

|ξ | − μv̂ · ξ
f̂ (ξ)ψ≥10(t (|ξ | − μv̂ · ξ))ψk(ξ)dξ,

(8.144)

J2 =
∫

R3
ei(x+t v̂)·ξ−iμt |ξ | μtξ

|ξ | · Ṽi m(ξ)Ṽ j · ξ

|ξ | − μv̂ · ξ
f̂ (ξ)ψ≥10(t (|ξ | − μv̂ · ξ))ψk(ξ)dξ, (8.145)

K1 =
∫

R3
ei(x+t v̂)·ξ−iμt |ξ |(x + t v̂ − μtξ

|ξ |
) · ṽ

m(ξ)Ṽ j · ξ

|ξ | − μv̂ · ξ
f̂ (ξ)ψ≥10(t (|ξ | − μv̂ · ξ))ψk(ξ)dξ,

(8.146)

K2 =
∫

R3
ei(x+t v̂)·ξ−iμt |ξ | − t

(
v̂ − μξ

|ξ |
) · ṽ

m(ξ)Ṽ j · ξ

|ξ | − μv̂ · ξ
f̂ (ξ)ψ≥10(t (|ξ | − μv̂ · ξ))ψk(ξ)dξ.

(8.147)

Note that

ei(x+t v̂)·ξ−iμt |ξ |(x − μtξ

|ξ |
) · Ṽi = −i Ṽi · ∇ξ

(
ei(x+t v̂)·ξ−iμt |ξ |), ei(x+t v̂)·ξ−iμt |ξ |

(
x + t v̂ − μtξ

|ξ |
) · ṽ = −i ṽ · ∇ξ

(
ei(x+t v̂)·ξ−iμt |ξ |).

Therefore, we do integration by parts in ξ in the Ṽi direction for J1 and do integration
by parts in ξ in the ṽ direction for K1. As a result, we have

J1 = J̃1 + J̃2, K1 = K̃1 + K̃2, (8.148)

where

J̃1 :=
∫

R3
eix ·ξ−iμt |ξ |i Ṽi · ∇ξ

[ m(ξ)Ṽ j · ξ

|ξ | − μv̂ · ξ
ψ≥10(t (|ξ | − μv̂ · ξ))ψk(ξ)

]
f̂ (ξ)dξ, (8.149)

J̃2 :=
∫

R3
eix ·ξ−iμt |ξ |i Ṽi · ∇ξ f̂ (ξ)

m(ξ)Ṽ j · ξ

|ξ | − μv̂ · ξ
ψ≥10(t (|ξ | − μv̂ · ξ))ψk(ξ)dξ. (8.150)

K̃1 :=
∫

R3
eix ·ξ−iμt |ξ |i ṽ · ∇ξ

[ m(ξ)Ṽ j · ξ

|ξ | − μv̂ · ξ ψ≥10(t (|ξ | − μv̂ · ξ))ψk(ξ)
]
f̂ (ξ)dξ, (8.151)

K̃2 :=
∫

R3
eix ·ξ−iμt |ξ |i ṽ · ∇ξ f̂ (ξ)

m(ξ)Ṽ j · ξ
|ξ | − μv̂ · ξ

ψ≥10(t (|ξ | − μv̂ · ξ))ψk(ξ)dξ. (8.152)

Recall (8.145) and (8.149). From the estimates (8.126) and (8.127) in Lemma 8.13, we
have the following estimate,

|J2| + | J̃1| �
∑

α∈B,|α|≤5

2k−4k+‖m(ξ)‖S∞
k

(‖ f α‖X0 + ‖ f α‖X1

)
. (8.153)
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Now, we proceed to estimate K2 and K̃1. Recall (8.147) and (8.151). Note that

∣
∣
(
v̂ − μξ

|ξ |
) · ṽ∣∣ � |ξ | − μv̂ · ξ

|ξ | ,
∣
∣ṽ · ∇ξ

(|ξ | − μv̂ · ξ
)∣
∣ = ∣

∣ ṽ · ξ

|ξ | − μṽ · v̂
∣
∣ � |ξ | − μv̂ · ξ

|ξ | .

Therefore, from the above estimate and the estimate (8.127) in Lemma 8.13 and the
estimate (2.11) in Lemma 2.2, we have

|K2| + |K̃1| �
∑

α∈B,|α|≤5

2k−4k+‖m(ξ)‖S∞
k

(‖ f α‖X0 + ‖ f α‖X1

)
. (8.154)

Lastly, from the volume of support of ξ , the following estimate holds for J̃2 and K̃2,

| J̃2| + |K̃2| �
∑

l∈Z,l≤2

23k+l‖m(ξ)‖S∞
k

‖∇ξ f̂ (t, ξ)ψk(ξ)‖L∞
ξ

�
∑

α∈B,|α|≤5

2k−4k+‖m(ξ)‖S∞
k

(‖ f α‖X0 + ‖ f α‖X1

)
. (8.155)

To sum up, recall the decompositions (8.141), (8.142), (8.143), and (8.148), our
desired estimate (8.140) holds from the estimates (8.153), (8.154), and (8.155). ��

9. Proof of the Theorem 1.1

To prove our main theorem, we use the standard bootstrap argument. From the local
existence theory, we know that the lifespan of the solution is at least of size (1/ε0)1/2 if
the given initial data is of size ε0, where ε0 � 1. Moreover, the assumption imposed on
the initial data in (1.18) is strong enough to guarantee that the initial energy is of size ε0.
For convenience, the starting time of our bootstrap assumption is one. More precisely,
the following estimate holds,

sup
t∈[0,1]

(1 + t)−δ
(
E f ;1
high(t) + Eeb

high(t)
)
+ (1 + t)−δ/2E f ;2

high(t) + E f
low(t) + Eeb

low(t) � ε0.

(9.1)

We expect that the high order energy grows sub-polynomially and the low order energy
doesn’t grow over time. Therefore, we make the following bootstrap assumption,

sup
t∈[1,T ]

(1 + t)−δ
(
E f ;1
high(t) + Eeb

high(t)
)
+ (1 + t)−δ/2E f ;2

high(t) + E f
low(t) + Eeb

low(t) � ε1 := ε
5/6
0 ,

(9.2)

where T > 1.
Recall the definition of the correction term g̃α,γ (t, v) in (4.92). From the L2

x,v − L∞
x,v

type bilinear estimate, the equality (3.37) and the decay estimate (4.96) in Lemma 4.3,
the following estimate holds for the correction term,

∑

|α|+|γ |≤N0

‖ω̃α
γ (v)g̃α,γ (t, v)‖L2

v
�

∫ t

0
(1 + s)−2

×Eeb
low(s)E f

high(s)ds �
∫ t

0
(1 + s)−2+δε21ds � ε0. (9.3)
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Recall the decompositions (6.1) and (7.1). From the estimate (6.7), the estimate (6.8)
in Proposition 6.1, the estimates (6.45) and (6.46) in Proposition 6.2, the estimates (7.4)
in Lemma 7.1, and the estimate (7.14) in Lemma 7.4, we have

sup
t∈[1,T ]

(1 + t)−δE f ;1
high(t) + (1 + t)−δ/2E f ;2

high(t) � ε0. (9.4)

From the above estimate (9.4), the estimate (5.13) in Proposition 5.1, the estimate (5.18)
in Proposition 5.2, the estimate (6.65) in Proposition 6.3, the following estimate holds,

sup
t∈[0,T ]

(1 + t)−δEeb
high(t) + E f

low(t) + Eeb
low(t) � ε0. (9.5)

From the estimates (9.4) and (9.5), we know that our bootstrap assumption (9.1) is
improved. Hence, we can keep extending the length of the lifespan of the nonlinear
solution, i.e., T = +∞. Moreover, the following estimate holds,

sup
t∈[0,∞)

(1 + t)−δ
(
E f ;1
high(t) + Eeb

high(t)
)
+ (1 + t)−δ/2E f ;2

high(t) + E f
low(t) + Eeb

low(t) � ε0.

(9.6)

Since the loworder energy doesn’t growover time, from the definition of the loworder
energy of the electromagnetic field in (4.94) and the estimate (6.65) in Proposition 6.3,
we know that the nonlinear solution scatters to a linear solution in a low regularity space.

Moreover, the desired decay estimates (1.19) and (1.20) holds directly from the decay
estimate (2.10) in Lemma 2.1, the decay estimate (4.96) in Lemma 4.3, and the fact that
the low order energy E f

low(t) and Eeb
low(t) do not grow over time, see the estimate (9.6).

Hence finishing the proof of the main theorem.
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