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Abstract

For each simple Lie algebra g, we construct an algebra embedding of the quantum
group U, (@) into certain quantum torus algebra Dy via the positive representations of
split real quantum group. The quivers corresponding to Dy is obtained from an amal-
gamation of two basic quivers, each of which is mutation equivalent to one describing
the cluster structure of the moduli space of framed G-local system on a disk with 3
marked points on its boundary when G is of classical type. We derive a factoriza-
tion of the universal R-matrix into quantum dilogarithms of cluster monomials, and
show that conjugation by the R-matrix corresponds to a sequence of quiver mutations
which produces the half-Dehn twist rotating one puncture about the other in a twice
punctured disk.
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1 Introduction

For any finite dimensional complex simple Lie algebra g, Drinfeld [5] and Jimbo [27]
associated to it a remarkable Hopf algebra U, (g) known as quantum group, which
is certain deformation of the universal enveloping algebra. To better understand the
structure of U, (@), a very natural problem is to find certain embeddings into simpler
algebras. In [14,15], through the generalization of Gelfand—Tsetlin representations,
embeddings of the whole quantum group U, (g) into certain field of rational functions
C(T,) of quantum torus have been found. Another well-known result is provided
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by Feigin’s homomorphism [1,18,40] which embeds the lower Borel part U4, (b_) of
Uy, (g) directly into a guantum torus algebra C[T,]. However, the explicit extension
of Feigin’s map to the whole quantum group, i.e. given by polynomial embeddings of
U, (g) into certain quantum torus algebra, appears to be much more subtle. While the
case for U (s[,,) is known previously [30], the cases for general types have only been
solved recently with the introduction of positive representations of split real quantum
groups.

1.1 Quantum group embeddings via positive representations

The notion of positive representations was introduced in a joint work with Frenkel
[11] as a new research program devoted to the representation theory of split real
quantum groups U, (gr) and its modular double U{,5(gr) introduced in [6,7], in the
regime where |g| = 1. It is motivated by the simplest case U5 (s[(2, R)) which has
been studied extensively by Teschner et al. [3,38,39] from the point of view of non-
compact conformal field theory. Explicit construction of the positive representations
Py, of U,z (gr) associated to a simple Lie algebra g has been obtained for the simply-
laced case in [11,20,21] and non-simply-laced case in [22], where the generators of
the quantum groups are realized by positive essentially self-adjoint operators acting
on certain Hilbert spaces.

As a consequence of the construction, if one forgets the real structure of such
representations, one can express the generators in terms of Laurent polynomials of
certain g-commuting variables, and we obtain a full embedding of quantum groups

Uy (g) — C[T,] (1.1)

into certain quantum torus algebra, thus solving the long-standing problem of gener-
alizing the Feigin’s homomorphism.

The construction of the positive representations of U, (gr) relies heavily on
Lusztig’s total positivity of reductive groups and is closely related to the structure of
the quantum principal affine space O,[G/N]. Its harmonic analysis on L2(G;]%(R))
through the Gauss-Lusztig decomposition [24,26] also involves the structure of the
coordinate ring O, [ G] and the double Bruhat cell O, [G"-*?]. Therefore the theory of
positive representations is long considered to have a strong connection to the theory of
quantum cluster algebra [2] in which these objects represent [13,16]. In particular both
theories share a similar positivity phenomenon under some mutation operations, where
for example the generators of U, (gr) are always represented as Laurent polynomials
of positive operators with positive g-integral coefficients, thus naturally acting on P;,
as positive self-adjoint operators.

In a recent work of [41], Schrader and Shapiro found explicitly an embedding
of U, (sl,) into certain quantum torus algebra Dy, generalizing the well-known
result of Faddeev [6] in the case of U, (sl2). This arises from quantizing the Fock and
Goncharov’s construction of the cluster coordinates on the moduli spaces of framed
P G L,-local systems on the punctured disk with two marked points, where the struc-
ture can be nicely summarized into certain quiver diagrams given by n-triangulations
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[10]. It turns out that their construction fit nicely into the framework of positive rep-
resentations, and one can carry over the explicit constructions of P, and obtain a new
quantum torus algebra embedding for arbitrary type of U, (g).

Our first main result (Theorem 4.15) states that there is a polynomial embedding
of algebra

Uy (g) = Dy/ ~ (1.2)

into a quantum torus algebra (modulo some central elements), which can be repre-
sented by some quiver diagrams associated to Dg. The embeddings of the generators
of U, (g) can then be expressed explicitly by certain paths on the quiver. In particular,
the previously rather ad hoc explicit expressions, especially in the exceptional types,
can now be visualized in a very simple manner (see Figs. 4,5,6,7,8,9, 10, 11, 12, 13).
We expect that such new visualization of the embedding of U/, (g), especially for type
E,, will provide more insight into their combinatorial aspects in general.

Furthermore, a change of words of the reduced expression of the longest element
wo € W of the Weyl group, which induces unitary equivalences of the positive
representations, correspond to certain quiver mutations and hence quantum cluster
mutations of Dy. This makes the connection between positive representations and the
theory of (quantum) cluster algebra much more explicit. It strongly suggests that in
fact we have an embedding into the global functions on the corresponding cluster
X-variety

Uy(@) — [ Dy/ ~ (1.3)

associated to all the seed equivalence class of Dy, where the generators of U, (g)
stay polynomial in any cluster. However this requires a separate proof and will be
considered in future works.

Finally, the proof of injectivity of the embedding in type A, by [41] involves
explicitly some combinatorial hive-type conditions related to the work of Knutson—
Tao [33]. It will be interesting to see the analogues of such combinatorics coming from
other types of quantum groups from our construction using positive representations.

1.2 Basic quivers and framed G-local systems

The quiver corresponding to Dy is naturally associated to the triangulation of a punc-
tured disk with two marked points. It can be constructed by gluing (amalgamating)
two copies of “basic quivers” Q associated to a triangle. It turns out that the basic
quiver is mutation equivalent to the quiver giving a (classical) cluster algebra structure
on the moduli space of framed G-local system, or the configuration space Conf3.4s
of triples of principal flags, recently discovered for classical types [35] and type G2
[34]. Both constructions require the use of elementary quivers associated to simple
reflections appearing in the reduced decomposition of the longest element wy.

In particular, by providing a different construction than the ones in [34,35], the
description of Q in this paper may allow us to construct quantum higher Teichmiiller
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theory in full generality in a representation theoretical setting of quantum groups,
where the quiver describes the coordinates of the framed G-local system and their
Poisson structure, and hence also the quantization of these coordinates. The uniqueness
of O can also potentially be used to solve the series of conjectures proposed in [34].
We also expect that such geometric description of the basic quivers will let us better
understand the geometric construction of another quantum group embedding via the
Grothendieck-Springer resolution proposed by [43], which turns out to be quite hard
to write down explicitly.

The basic quiver plays an important role in the description of the universal R-matrix
realized as half-Dehn twist, which we will described next.

1.3 Universal R-matrix as half-Dehn twist

Using the quantum cluster embedding (1.2), our second main result (Theorem 9.5
and Corollary 9.6) of the paper gives the factorization of the reduced R matrix into
products of quantum dilogarithms such that the arguments are given by monomials of
the quantum cluster variables X; € Dy associated to the chosen reduced expression
of wy, and the factorization is invariant under the change of reduced expression.

This result generalizes the factorization of [41] in type A,, for a specific choice of
wy, and the earlier well-known result for ¢, (s[2) by Faddeev [6]. Itis different from the
usual multiplicative formula discovered independently by Kirillov-Reshetikhin [32]
and Levendorskii-Soibelman [36,37], which was further extended to the superalgebra
case in [31]. Since each factor is expressed in terms of quantum cluster variables, in
fact it can be viewed as a sequence of quiver mutations on two copies of the Dg-quiver
associated to a disk of two punctures and two marked points.

Our final main result of the paper (Theorem 10.1) shows that the conjugation by the
universal R-matrix corresponds to a sequence of quiver mutations which produces the
half-Dehn twist rotating one puncture about the other in the twice punctured disk. This
factorization can also be split into 4 blocks such that each block corresponds to a flip of
triangulations of the twice punctured disk, where the basic quiver Q associated to each
triangle is being mutated to a different configuration. This new description of the flip
of triangulations by quiver mutations associated to the reduced R-matrix provides a
new and important tool to study the long standing conjecture of the closure of positive
representations under taking tensor product, which has been tackled recently for type
A, in [42], as well as the restriction to the quantum Borel subalgebra in general types,
which will appear in a separate publication [19]. (See also the remarks about split real
setting in Sect. 1.4 below).

In the case of U, (s1»), such identification of the factorization of the R-matrix appears
in quantum Teichmiiller theory [28] as an element of the mapping class group, and
the corresponding factorization is also used to re-derive Kashaev’s knot invariant [17].
For general Hopf algebra A, Kashaev has constructed an embedding ¢ : D(A) —
H (A)® H(A)°P of the Drinfeld’s double D(A) into a tensor square of the Heisenberg
double H (A), and the image of the universal R-matrix can be similarly decomposed
into a product of 4 variants of the S-tensors [29]:
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P®*(R) = $1,5135455; € (H(A) ® H(A)P)®2. (1.4)

This has been utilized for example to construct new quantum invariant for “colored
triangulations” of topological spaces recently [44]. Although the two factorizations
are realized on different tensor spaces, we believe there is a strong connection between
the two different factorizations, where A is identified with the Borel part of ¢4, (g), and
it will be interesting to find an explicit relationship between them. We hope that the
factorization in this paper opens up a new class of invariants which can be explicitly
constructed.

1.4 Generalization to the split real setting

The embeddings of quantum groups as well as the factorization of R-matrix in this
paper is treated in a formal algebraic setting. However, as the construction comes
from the positive representations of split real quantum groups, it is natural to conclude
that the theory developed in this paper can be generalized to the split real setting.
For example, the monomials of the embedding constructed out of the quantum cluster
variables X; € Dy are all manifestly positive self-adjoint if we put back in the split
real form.

In particular, throughout the paper, we use the correspondence (see Remark 3.7 for
more details):

W (x) ~ g, (x) 1.5

to identify both the compact and non-compact quantum dilogarithm functions. This
suggests that in fact all the quiver mutations and R-matrix decomposition work in the
split real setting. In this case the non-compact version is well-defined as the quantum
cluster variables are manifestly positive self-adjoint, therefore the formal power series
manipulations can be replaced by actions of unitary operators.

Furthermore, Faddeev’s modular double can be easily recovered by applying the
transcendental relations [6,11] to the quantum cluster variables:

1

X=X/, (1.6)

and the simple analytic version of the Langlands duality [22] interchanging the long
and short roots can then be easily recovered as well (this is made more explicit in the
quiver diagrams of type B,,, C,, and G7). The perspectives of the applications of such
phenomenon in the split real case look very promising, and will be explored elsewhere.

1.5 Outline of the paper

The paper is organized as follows. In Sect. 2, we fix the convention used throughout
the paper and recall the definition of quantum group U, (g). In Sect. 3, we recall the
definition and properties of quantum torus algebra, the associated quivers, and their
cluster structure. In Sect. 4, we recall the construction of the positive representations of
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splitreal quantum groups, and define the new quantum torus algebra Dy in which 4, (g)
embeds. In Sect. 5 we construct explicitly the Dg-quiver associated to the algebra Dy
using the elementary quivers, and in Sect. 6 we give an explicit embedding of i, (g)
for all each simple types of g, where the generators are represented by certain paths
on the quivers.

In Sect. 7 we discuss the quiver mutations associated to a change of reduced expres-
sion of the longest element wg € W of the Weyl group, and we use this to show in
Sect. 8 that the basic quiver associated to a triangle of a triangulation is uniquely
defined.

In Sect. 9 we recall the definition of universal R-matrix, and using the quantum
group embedding, we give a factorization formula of R, which is proved in Sect. 11.
Finally in Sect. 10, we show that the factorization of R can be realized as half-Dehn
twist of a twice punctured disk with two marked points, where the basic quiver asso-
ciated to each triangle is mutated to certain new configurations, and we give explicitly
its sequence of mutations.

2 Notations and definitions of L/, (g)

In order to fix the convention we use throughout the paper, we follow the notations
used in [22,23] for the root systems and recall the definition of the quantum group
Uy (g), where g is of general type [4], as well as the Drinfeld’s double D 4 of the Borel
part.

Definition 2.1 Let / denote the set of nodes of the Dynkin diagram of g where
|I| =n = rank(g). 2.1
Let wo € W be the longest element of the Weyl group of g, and let
N :=1l(wg) =dimn_ 2.2)
be its length, which is also the dimension of the unipotent subgroup n_ of g.
We call a sequencei = (i1, ...,iN) € IV areduced word of wq if wg = Siy - - Siy

is a reduced expression, where s;, are the simple reflections of the root space.! We
denote by R the set of all reduced words of wy.

We let n? € Z-~o be the number of letter i appearing in i. We will write n; := n:
if no confusion arises. If we have another reduced word i’ € R, we will sometimes
. . . . i/
write i’ = (i{,...,iy) and n} := n}.

Clearly we have

Zn,‘ = N. (2-3)

! We will sometimes omit the commas in i for typesetting purpose.
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Definition 2.2 We index the nodes I of the Dynkin diagrams as follow, where black
nodes correspond to short roots, and white nodes correspond to long roots.

e Type A,:
o—O0——0—_0CO—0-0
1 2 3 4 5 n
e Type By:
—0O—10O——C0CO——0-0
1 2 3 4 5 n
e Type Cy:
o———0 9 0
1 2 3 4 5 n
e Type D,:
1
..... O
0 2 3 4 5 n-—-1
e Type E,:
1 2 3 4 n-1
O—O—E—O ----- O
0
e Type Fy:
o—C—e—o
1 2 3 4
e Type Gj:
=0
1 2
Definition 2.3 Let ¢ be a formal parameter. Let {¢;};<; be the set of positive simple
roots. Let (—, —) be the W-invariant inner product of the root lattice, and we define
2 » .
aij = e, o)) (2.4)
(ot o))

such that A := (a;;) is the Cartan matrix.
We normalize (—, —) as follows: we choose the symmetrization factors (also called
the multipliers)

—

i is long root or in the simply-laced case,

1
di .= E(a,-, o) = i is short root in type B, C, F, 2.5)

W= N —

i is short root in type Go,
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and (a;, @j) = —1 when i, j are adjacent in the Dynkin diagram, such that

d,‘cl,‘j =djaj,-.

We then define
ai = q%, (2.6)
which we will also write as
q =9, @7
q% if g is of type B, Cp, Fa,
W= q% if g is of type Gr;, n @9

for the g parameters corresponding to long and short roots respectively.

Definition 2.4 Let A = (g;;) denote the Cartan matrix. We define ® 4 to be the C(g;)-
algebra generated by the elements

{Ei, Fi, K K[ Fi e 1y

subject to the following relations (we will omit the relations involving K;" 'K ! -
below for simplicity):

KiE;=q,"EjKi, KiFj =q; “FiK;, (2.9)
KE; =q; “E;K|, K/Fj =q" F;K], (2.10)
KiK; = K;K;, K/K; = KK], KiK} = KKi, (2.11)
Ki — K]
[ElvF]_Slj 17 (212)
]

together with the Serre relations fori # j:

1—a;;

[1—a;il;!
Z( 1y dijla, EXEE/ TN~ o, (2.13)
(1 — aij — klg;'[k]g;!
l*aij [1 . a__] !
> L FEEE T =0, (2.14)
paar [1—aij —klg; 'kl !
q“—q

where [k], = ,k is the g-number and [n],! : HZ:] [k], the g-factorial.

q9—q
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The algebra D is a Hopf algebra with comultiplication

AE)=1®E +E ®K;, A(K;) = K; ® K;, (2.15)
A(F)=F®1+K ®F;, A(K]) = K/ ® K|, (2.16)

the counit
€(E;) =e(F;) =0, e(Ki) =e(K)) =1, (2.17)

and antipode
S(E)) = —K;'E;, S(Ki) = K", (2.18)
S(Fi) = —FiKi, S(K)) = (K))~\. (2.19)
Definition 2.5 The quantum group U, (g) is defined as the quotient
Ug(9) =Dy /(KiK] =1]i € 1), (2.20)

and it inherits a well-defined Hopf algebra structure from D .

Remark 2.6 % is the Drinfeld’s double of the quantum Borel subalgebra ¢4, (b) gen-
erated by E; and K;.

Definition 2.7 We define the rescaled generators
—1 —1
v —1 V-1
e = (—_1 El', fl' = — Fi. (221)
qi — qi qi — qi
By abuse of notation, we will also denote by D the C(gy)-algebra generated by
{ei.f;, Ki, K[|i € I}

and the corresponding quotient by 4, (g). The generators satisfy all the defining rela-
tions above except (2.12) which is modified to be

lei, £;1=38ij(qi —q; K] — Ky). (2.22)

3 Quantum cluster X -tori

We recall the definition of the quantum cluster X-tori following [10,41] and their
properties that are needed, as well as some notations and modification that fit the
needs of this paper.
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Fig. 1 Arrows between nodes ( ) N Yo =2y v
and their algebraic meaning @ XiXj = q XX
Illllllll XlXJ:ql_lX]Xl
O———@ xx-atnx
—————————— 0 =

3.1 Quantum torus algebra and quivers

Definition 3.1 (Quantum torus algebra) A seed i is a triple (I, Iy, B, D) where 1
is a finite set, Iy C I is a subset called the frozen subset, B = (b;;); je1 a skew-
symmetrizable Q-valued matrix called the exchange matrix, and D = diag(d;)icy is
a diagonal matrix such that DB = —BT D is skew-symmetric.

Let g be a formal parameter. We define the quantum torus algebra X; associated to
the seed i to be an associative algebra over (C(qd), where d = min;¢1(d;), generated
by {X;}ic1 subject to the relations

PixiXi, i jel G.1)

-2
XiX j=4;
where g; := g% . The generators X; are called the quantum cluster variables, and they
are said to be frozen if i € Iy. We call d; the multipliers of the variables X;. We denote
by T; the non-commutative field of fraction of A;.

The structure of the quantum torus algebra Aj associated to a seed i can be conve-
niently encoded in a quiver:

Dgﬁnition 3.2 (Quiver associated to i) We associate to each seed i a generalized quiver
Q' = (Qo, w) with vertices Qg labeled by I, and for each pair i, j € Q¢ a weight

wij = d,'bij = —Wwjj. (3.2)

We will draw arrows from i ﬂ jifw;; > 0. We will call anisomorphismz : § >~ Qg
from a finite set S an external label of the quiver Q.

We will use squares to denote frozen nodes i € Iy and circles otherwise. In the
sequel, when g; = g, or g; given by Definition 2.3, we will distinguish the arrows by
thick or thin arrows instead of writing the weights. We will also use dashed lines to
denote arrows with weight w;; = %, which only occurs between frozen nodes (Fig. 1).

We introduce the following notations which will be useful throughout the paper:

Definition 3.3 We denote by

. Cym mpy
Ximl,..‘,l‘,’lnn = q X 1 e X N (33)
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where C is the unique rational number such that

qCX?I” . X::l" = q_CX;Zn - Xml .

i1
Explicitly, if X; X ; = ¢“/ X ; X;, then
1
C=-3 > mpmgciyi,- (3.4)
p>q

If we introduce a -structure such that ¢* = ¢~ and X ¥ = X; (and positive), then
the expression X,»1 ma is also (positive) self-adjoint.
1 n

.....

n
X, onin) =Y Xip i (3.5)
k=1

Definition 3.4 A permutation of a seed o : i —> i’ is a bijection o : I —> T’ such
that

o(p) =1,
bij = bo(i)o(j)s
d = dy ).

It induces an isomorphism o* : Ty — T;j by
" (Xo@)) = Xi,
where 5(\0(,) denotes the quantum cluster variables of Tj.

3.2 Quantum cluster mutation

Next we define the cluster mutations of a seed and its quiver, and the quantum cluster
mutations for the algebra. Here we will use the notion that keeps the indexing I of the
seeds, which ensures the consistency of the relation Mﬁ = Id.

Definition 3.5 (Cluster mutation) Given a pair of seeds i = (I, Iy, B, D), i’ =
I, X, B', D") with I = I', Iy = Ij), and an element k € I\ly, a cluster mutation
in direction k is an isomorphism py : i —> i’ such that u; (i) =i foralli € I, and

_bij ifi:kOI‘j:k,

b = 3.6)
bik|brj|+|bik by . :
Y bij + birlby 1 +1biklbrs k"zl ik b otherwise,

d =d. 3.7)
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Then the quiver mutation Q' —> o corresponding to the mutation pj can be
performed by:
(1) reverse all the arrows incident to the vertex k;
Wik Wi
. . Wik Wij Wit .
(2) for each pair of arrows i —> k and k —> j, update the arrow i —— j.
(3) delete any arrows with weight w;; = 0.

Definition 3.6 (Quantum cluster mutation) The cluster mutation in direction k, uy :
i —> i, induces an isomorphism /LZ : Ty —> T; called the quantum cluster mutation,
defined by

x;! ifi =k,
[Dki |
. x,»]_[(l +q7 " Xp) ifi # kand by <O,
(X =1 (3.8)
byi
X,»]_[(1+ql.2’—1x,;1)—1 if i # k and by; > 0,
r=1

where we denote by X, ; the quantum cluster variables corresponding to Ay with
exchange matrix B’,i.e. b; = —by; forevery i € L

The quantum cluster mutation MZ can be written as a composition of two homo-
morphisms

i = g o ug 3.9
where ) : Ty — Tj is a monomial transformation defined by

x; ! ifi =k,
up(X) = | X ifi # kandby; <0, (3.10)
gl X XD i i # kand by > 0,

and ,uf,f : T; — T;j is a conjugation by the quantum dilogarithm function
/)L#Z = Ad\qu(xk), (311)
where WY (x) is given by a formal power series in x:
o
i) =[] +4* 07 (3.12)
r=0

In the remaining of the paper, however, we will use the notation

b (x) 1= Wk (x) 1, (3.13)
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g () 1= g, (¥) = W (x) (3.14)

instead, in accordance to the universal R-operator formula given in [23]. The various
identities of g, (x) that are needed in this paper are summarized in “Appendix A”.

Remark 3.7 We remark that in the split real setting where |g| = 1 is given by ¢ =
VL hz, gp(x) is the notation for the non-compact quantum dilogarithm, which plays
a central role in the theory of positive representation, various quantum Teichmiiller
theories [10,28] and non-rational conformal field theories [3,38,39]. It is composed
by two commuting copies, associated to the so-called Faddeev’s modular double, of
the compact quantum dilogarithm W (x) [6,8], and it is a unitary operator when x is
positive self-adjoint.

In this paper however, we are only interested in the formal algebraic theory, hence
one may consider only the compact part and think of the correspondence

g(x) ~ W)~ = ]_[(1 +q; %) = Exp, (—#) , (3.15)
where
>
Exp,(x) := —_—, (3.16)
! k>0 (K)q!
1— qk
(k) := e (3.17)

The use of the notation g, (x) suggests that the theory of the current paper can be nat-
urally applied to the case of the non-compact split real setting, where all the algebraic
relations are satisfied, and naturally the positivity and self-adjointness of the operators
are automatically taken care into account, which makes the choice extremely natural.

The following version of the useful Lemma from [41, Lemma 1.1] is rewritten in
the notation of the current paper:

Lemma3.8 Let 1, ..., i, be asequence of mutations, and denote the intermediate
seeds byij := i, ... i, (). Then the induced quantum cluster mutation /L?l ... u,?k :
T;, —> T;j can be written as

M?l ...M?k = ;0 My, (3.18)
where My : Ty, —> Tj and @y : Ty —> Tj are given by

My = i, - 4, (3.19)

= Adgy (x,)Ad (3.20)

i ... Ad i1,
85, (M1(X;)) 8, Me1 (X571

and X:’ denotes the corresponding quantum cluster variables of the algebra X;;.
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3.3 Amalgamation

We also recall the procedure of amalgamation of two quivers [9]:

Definition 3.9 Let Q) := QU and Q> = Q@ be a pair of quivers associated to
the seed i; = (Il, I(l), B, Dl), i = (12, I%, B2, D2) and with edge weights wl, w?
respectively, and let J; C I(l), J2 C 1(2) be certain subsets of the frozen nodes of Q1 and
Q> respectively. Assume there exists a bijection ¢ : J; —> J such thatdy ;) = d; for
i € J1. Then the amalgamation of Q1 and Q» along ¢ is a new quiver Q constructed
as follows:

(1) The vertices of Q are given by Q1 Uy Q> by identifying vertices i € Q7 and
¢ (i) € Q> and assigned with the same weight d;,

(2) The frozennodes of Q are given by (I(l) \Jpu (I(% \J2),i.e. we “defroze” the vertices
that are glued.

(3) The weights w of the edges of Q are given by

0 ifi e I"\J;and j e P"R\Jo_ fork = 1,2,
wij = \ W ifi e I'\Jyor j e I\Ji fork = 1,2,
1 2 g e
Wi+ Wowey T €T

Amalgamation of a pair of quiver induces an embedding X — A1 ® &> of the
corresponding quantum cluster X'-tori by

Xi®l1 ifi € O1\J1,
Xi—>11®X; ifi € 02\J2, 3.21)
X ® X¢(l’) otherwise.

Visually this is just gluing two quivers together along the chosen frozen nodes, such
that the weights of the corresponding arrows among those nodes are added.

4 From positive representations to quantum group embedding

In this section, we recall the explicit structure of positive representations of estab-
lished in the previous works, and from their explicit expressions we provide the main
construction of this paper, where we embed U4, (g) into certain quantum torus algebra
Dy.

g

4.1 Positive representations P, of U, (gr)

In [11,21,22], a special class of representations called the positive representations is
constructed for split real quantum groups U, (gr) (and its modular double, which is
not needed in this paper). Here U, (gr) is a Hopf x-algebra, defined to be the real form
of U, (g) equipped with in addition the star structure
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e =e, =1, K'=K;, “.1)

1 l l

and necessarily |gi| = 1 for every i € I, whence we let ¢; = V=1 € C for
b,‘ e R.

Remark 4.1 In the setting of positive representations, we assumed the ¢;’s are not root
of unity for simplicity, such that the quantum dilogarithm function g (x) consists only
of simple zeros and poles, and the intertwiners involving g (x) are well-defined. In
the remainder of the paper however, we will treat g; as formal variables and hence
such assumption can be dropped.

Theorem 4.2 (Positive representations) There exists a family of irreducible represen-
tations Py, of U, (gr) parametrized by the Rxq-span of the cone of dominant weights,
S Pﬁ' C by, or equivalently by A := (A1, ..., Ay) € RL, where n = rank(g), such
that -

e Foreach reduced wordi € ‘R, the generators e;, f;, K; are represented by positive
essentially self-adjoint operators acting on L*(RN),

e Each generators can be represented by a sum of monomials generated by the
positive operators

{eiﬂb,‘xi , ej:an,»pl- }i=1,..,,N7

where p; = h\;ﬁdixz are the momentum operators such that [p;, x;j] = hj—m
and each monomials are positive essentially self-adjoint. These expressions depend
on the choice of reduced word i € *R.

e There exists a unitary equivalence ® between positive representations correspond-
ing to different reduced words, hence the representation does not depend on the

choice of reduced expression of wy.

In the theory of positive representations of split real quantum groups, the represen-
tation carries a real structure and the operators are represented by unbounded positive
operators on certain Hilbert spaces. However in this paper, we will only be dealing
with the representations formally, so all the generators and relations are treated on the
algebraic level only. In particular, if we define formally

U!.:‘:1 = T mhixi , Vl.:l:1 = oT2hipi s “4.2)
then algebraically we have fori =1,..., N:
UiVi =q:ViUi,

Uiv; =V;U, i#j. 4.3)

As a corollary, if we just consider the quantum torus algebra C[T, ] generated by the
elements {U', VE'};_;  y subjected to (4.3), then the irreducibility of 7, implies
that
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Corollary 4.3 [21,22] The positive representations give an embedding of U, (g) into
CI[T,], generalizing the Feigin’s homomorphism U, (b_) — C[T].

Remark 4.4 In [21,22], we showed that one can shift the generators e;, f; by some
appropriate K; factors such that the “modified quantum group” U, (g) embeds into

the “true” quantum torus algebra (C(Ul.ﬂ, Vl.il) with the relations U;V; = q[.ZV,-U,-
instead.

4.2 Explicit construction of P,

The positive representations P, were computed explicitly for all types of g. Let us
first recall some notations used in [21,22].

Definition 4.5 We denote by p, = and

_ 1 9
27v/=T 9
e(u) = b, [u] := q%e(u) + qiée(—u), 4.4)

so that whenever [p, u] = ﬁ’

[u]e(—2p) = (q%e”b“ + q_%e—ﬂbu)e—anp
= enbu—anp + e—2nbu—2nbp

=e(u —2p)+e(—u—2p)

is self-adjoint.

Definition 4.6 (Notation) Leti = (i1, ...,iy) € R be a reduced word for wg. We
associate to i a set of N variables indexed in two ways:

. uf‘ denotes the k-th variables from the left? in i corresponding to the root index i.

o v; denotes the j-th variable from the leftin i, i.e. corresponding to i ;, and i is the
root index corresponding to v;.

e We denote the corresponding momentum operators as pf‘ and p; respectively if
no confusion arises.

e v(i, k) denotes the index such that uf = Uy(i,k)-

Example 4.7 For type Az, leti = (1,2, 1,3,2,1). Then the 6 variables are ordered
as:

1 1 2 1 2 3
(uy, uy, uy, uz, us, uy) = (v, v2, V3, v4, Vs, V6).

Definition 4.8 By abuse of notation, we denote by

[uv + Ml]e(—2pv _ Zpl) = e”bs(_us—2ps)+77bl(_”l_2pl) + eﬂbs(us—2Ps-)+77b1(ul—2171)’
4.5)

2 This differs from the previous notation used in [21,22] where the variables read from the right. This
version will be more convenient in this paper.
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whenever u; (resp. u;) is a linear combination of the variables uf‘ and the parameters
Ai, corresponding to short (resp. long) root index i. Similarly ps (resp. p;) are linear
combinations of the momentum variables pf corresponding to short (resp. long) root
index i. This applies to all simple g, with the convention given in Definition 2.3.

Now we can summarize the construction of the positive representations as follows:

Theorem 4.9 Given a reduced word i € R, the positive representation Py, ~ L*(RN)
of Uy (gr) is parametrized by . = (1;) € RY,, and the generators are represented in
the form

P Y - S ) 4.6)
N
Ki:=e|2r — Zai_/.,ivj , 4.7)
j=1
where
v(i k)
flk = | - Z ai_i,ivj + I/t;( —+ 2)\., e(2plk) (48)
j=1
(i k) v(i k)
=e|— Z ai;,ivj + uf + 2X; +2pl]~‘ +e Z ai; ivj — uf + 2A; +2p£‘
j=1 j=1
. pk,— k,+
= 4, “9)

splitting according to Definition 4.8.
The representation of e; is explicitly written case by case. In general, if j = i,
then

e; = [vyle(—pn), (4.10)
Otherwise
ej = doluyle(=2py) o ®7, 4.11)

where we recall ® is the unitary transformation, expressed in terms of quantum dilog-
arithms, that relates P), to another representations corresponding to a reduced word
i e Rwithiy = j.

Theorem 4.10 Each generator e; is expressed as a Laurant polynomial in U; and V;
[(cf. (4.2)], with a unique initial term of the form [uf]e(—2pf‘ + - -+) for some index
i and k. One determines this initial term by applying the transformation (4.11) and
tracing the changes of the corresponding initial term by the following rules:
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o if j =i, then from (4.10) the initial term is [v;, ] by definition.
e [fwe have a change of word (...1, j,i,...) <— (..., ],i,],...), inducing a
change of variables

k 1 k+1
(...,ui,uj,ui+,...)<—>(...,u

then the initial term changes from [uf.‘] <« [u
e [fwehaveachangeofword(...,i, j,i,j,...) <— (..., j,i,],1,...), inducing
a change of variables

ko1 k+1 1+1 k41 k+1
(...,ui,uj, ALY ...)<—>(...,uj,ui,uj Ju; ),
then the initial term changes from [u',] <— [u'T].

e In type G», for the change of word (2,1,2,1,2,1) «— (1,2,1,2,1,2), the
initial term for ey is [u*f] <~ [u%] and initial term for e is [u%] <~ [u%].

From the explicit expression (4.8), we have

Proposition 4.11 If we write f; as
= T T T T T

then each term qi_z-commute (i.e. AB =gq; ’BA ) with all the terms on the right, and

2

each term q; ~-commute with K l._l.

Remark 4.12 Feigin’s homomorphism U, (b_) —> C[T,] is given by the expression
of K; and half of f;:

£ o=t T et
only, so the expression of Theorem 4.9 is really a “double” of Feigin’s homomorphism.

4.3 Embedding of 14;(g) into quantum torus algebra D

Now we are ready to construct the quantum torus algebra Dy in the flavor of [41] that
will provide a clear description of the embedding of the generators of the quantum

group Uy (g).

Definition 4.13 Define 2N + 2n variables indexed by

S={f" ., f"Yier UleMier = {1,...,2N +2n}
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as follows: For each i € I, we take the consecutive “ratio” of the monomial terms of
f; as:

£ = —n;,
gtt ") k<o,
X g = gt T k=0, (4.12)
gt e k>0,
gk @O k=n

Let the initial term of e; be

[vnle(=2pn) = e(vy — 2pn) + e(—vy — 2pp)

—- e[ T4 el(t,+

as in Theorem 4.10. Then we define
X = gie (e = e(—2vy). (4.13)

We note that the g; factors are chosen such that each X is self-adjoint. Moreover,
since all Xy, are expressed formally as a monomial of {Uiil , Viil } asin (4.2), we have

XiXe=q; XX, (4.14)

for some skew-symmetrizable exchange matrix B = (bjx) and ¢, := ¢; if j = f} or
e?. By abuse of notation, we will use the same variables for the definition below:
Definition 4.14 We define the quantum torus algebra Dy to be the algebra generated
by the N + 2n variables

X X X0, i=1,n
Ji i 1

subject to the relations (4.14).
The corresponding Dg-quiver is associated to the seed (S, So, B, D) with frozen
nodes

So = {f7 " Yier UL Yier U{ed)ier

The multiplier D = diag(d;) jes is defined by d; :=d; if j = fl.k or e?, and d; for
i € [isgiven asin (2.5).
Now we can state our first main result of the paper.

Theorem 4.15 We have an embedding of algebra

t:9Dg < Dy, (4.15)
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which induces an embedding of the quantum group into a quotient of Dy
Uy (g) — Dg/<L(K,')L(Kl')/ =1). (4.16)
Proof By construction from (4.12), we can write (cf. Definition 3.3)
= 4 g X n X g g L -
f,_Xf[;n,—i—q,Xfi ,Xfin[Jrl‘i‘ +gq; Xf.- ,...Xfin,l
—ni  p—ni+l i—1
=X LT
g . n:
K; —Xfi—n, ’’’’’ £
Given areduced word i = (i1, ..., iny) € R, if i = iy, then one computes explicitly

1 1
e = [u;le(—2p;)
— enb,-u1172nb,~pil _i_enbiu}onb;pil

f;
=X(f", D),
Ki=X

:X in[ +quf

i X 0
1 i

ni

—n; .
fitel i

Otherwise, from the construction of positive representation, each mutation of the
reduced expression of wq correspond to a unitary transformation @ given by the
quantum dilogarithm function with an argument given by a consecutive difference of
the f"’s in the corresponding mutated quiver. (This is described in detail in Sect. 7.)
Hence e; will be expressed as a sum of monomials, each of which is expressed as a
product of X P and the ratios between the initial term, which is given by X & The

explicit expression is given in the next section.

Furthermore, the unitary transformation ® has the properties that for any reduced

word i € R, if e; is expressed as a sum
e =X; +---+Xiy, i

then the leading term X;; = X . and the ending term satisfies

f;

Xil,.A.,ikX —nj :qi_ZX

f~ Xl'l,---vik'
1

—n:
fi i

The unitary transformation &, while inducing a change of variables given by a

linear transformation, will preserve the monomial K;. Hence from the relation

lei, f:1= (¢ —q; N(K] — K)),
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we see that the term Xl,l . —n; does not vanish. Since we already have K =

ik, f;
X -

f n; , We must have
. !

R

Ki=X

; LR
i1yeensiks f

hence giving the desired homomorphism of D into Dy.

To see that ¢ is an embedding, we first note that the positive representation P, is a
faithful irreducible representation coming from the quantization of the induced repre-
sentation of the left regular representation. Then by choosing explicitly the parameters
A such that

2W—1r € Qi + BN, Qi :=b +b, 4.17)

we recover every finite dimensional highest weight irreducible representation for the
compact quantum group U, (g). (see [25], where this fact has been utilized to calculate
the eigenvalues of the positive Casimir operators.) In particular, all the PBW basis
cannot be identically zero in the representation, hence the homomorphism ¢ is indeed
an embedding.

Finally, we note that the monomial L(Ki)L(Ki/ ) lies in the center of the algebra
Dy. Hence taking the quotient with (¢(K;)t(K!) = 1),i € I we obtain the desired
embedding of U, (g) as well. O

Remark 4.16 This result is stronger than the embedding given by Corollary 4.3 since
we do not require to take inverses of the generators of Dy, i.e. it is a polynomial
embedding.

Remark 4.17 Note that by the Cartan involution, one can also define another embed-
ding

1 Dg —> Dy,
e — u(f),
fi = u(e),
Ki — «(K)),
K (K;).

This interchanges the expressions of the explicit embeddings of e; and f; in the quantum
torus algebra Dy.

Remark 4.18 In [41], the proof of the injectivity of ¢ for type A, is explicitly checked
on the PBW basis. The expression relating the PBW exponents to those of the g-
tori generators turns out to involve some combinatorial hive-type conditions from the
work of Knutson—Tao [33]. It will be interesting to see explicitly analogues of such
combinatorics in other types.
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5 Construction of the D-quiver

In the previous section, we show the embedding of the quantum groups into a quan-
tum torus algebra Dy, where the g-commutation relations are encoded in the exchange
matrix B. In this section, let us describe the general construction of the quiver associ-
ated to the Dy algebra for g of all types in more details.

5.1 Relation among cluster variables

First we have the obvious relations.
Lemma5.1 X 0 and X ,0 mutually commute with each other.
1 1

Proof By Definition 4.13, the formal expression of all the X f_o’s and X 0’s do not
contain any momentum operators e(2p), hence they commute with each other. O

Next we have the following observation:
Lemma 5.2 Recall that F\"= is defined in (4.8). We have

k£ ol £ Faij pl,+ ok,
R A A .1)

ifv(i, k) <v(j,D).
Proof Let us consider the + case, while the — case is similar. By definition, if
v(i, k) < v(j,1I), then there are no terms of ulj appearing in Fl.k’+, hence e(2plj)
. 1,+ . . . k,+ . k k,+
in F ;" commutes with everything in F;"™, while e(2p;) from F;"" g-commutes
with e(- -+ + a;;uk + - - ) from Ff+ giving the factor ql._a"’. a

Thus one can derive the commutation relation directly between the variables X i
and X ;. First, by construction we have

J

XpXp= qi—zxfl_,xfik (5.2)
whenever [ = k + 1 and commute otherwise.
Corollary 5.3 Assume i # j,k,1 > 0and v(i, k) < v(j,1), we have:

XfikaJl' =quXle.Xfi"" (5.3)

where

2a;; v, k) <v(j, D) <v@, k+1) <v(j,l+1),
0 v, k) <v(j,l) <v(j,l+1) <v@i,k+1),
0 v(i, k) <v@,k+1) <v(,) <v(,l+1),

ajj k=mn;andl =nj,
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where in the inequalities we let the boundaries be v(i, 0) := —ooand v(i, n;) := +o0.

Next, we observe that by construction, the cluster variables X £k and X ! with

k,l < 0 have exactly the commutation relations opposite to (5.3), while if &, l #0
have different signs they commute with each other.

Finally, the cluster variables X 0 is given by e(—2u';) where [u’}] is the initial term
of the positive representation of e; which is determined explicitly by Theorem 4.10.
Then we have

2
Xe’(.)Xf]/.‘ =gq; ij’.‘Xe?’

1X,0,  k#EL

)
Xel(_)Xf]]_(—l =gq; ij

Combining the above relations among Xy, this completes the description of the Dy-
quiver. From Figs. 4,5, 6,7, 8,9, 10, 11, 12, 13, we can also conclude:

Corollary 5.4 For specific choices of wo, the Dy-quiver is plannar when g is of type
Ay, By, Cpn, F4 and Gy, i.e. when the Dynkin diagram has no branches.

5.2 Elementary quiver associated to simple reflections

With the above observations, a more conceptual way of constructing the Dy quiver
motivated by [34] is as follows. We define the following quiver:

Definition 5.5 The elementary quiver Q;‘ associated to the k-th simple reflection s;

with root index i of the reduced expression of wy, i.e. to the variable uf.‘, is constructed
by the frozen nodes

k—1 d; k
i Ji
and for every j € I with a;; < 0 we have in addition
1
i
7’ K\
—1| 3
/i Ji

for the unique [ with v(j, 1) < v(i, k) < v(j,! + 1), and the nodes fi“ have weight
d;.

Recall from Definition 3.2 that the weight of the dashed arrows are w = %
For example, in type A3, an elementary quiver associated to s, is drawn as in Fig. 2,
where we indicate the corresponding simple reflection.

Proposition 5.6 The subquiver of the Dy-quiver generated by f!" with n > 0 corre-
sponding to the reduced word i = (i, ...,iyN) € R is given by amalgamation of the



Cluster realization of L4g(g) and factorizations of the... 4485

Fig.2 Elementary quiver in type b
Az fl
. v,
4 N
4 ~
4 N
fa 52 | ra+1
2 12
~ 4
~ 4

elementary quivers Q{F in the same order as i along vertices with the same indices,
ignoring the arrows between fio ’s.

The subquiver of the Dy-quiver generated by f" for all n corresponding to the
reducedword (i1, ..., in) € Risobtained by amalgamation of the elementary quivers
Qik in the same Order as ii along vertices with the same indices, where Q are the

elementary quivers corresponding to the opposite wordi = (i, . . ., i1) of the opposite
—k

nodes f;

Proof This follows directly from Corollary 5.3. O

The Dy quiver is then obtained by the above amalgamation together with additional
arrows connecting the nodes e?.

6 Explicit embedding of 44 (g)

In this section, we apply the construction of the previous section for each type of g
and display graphically the embedding U/, (g) <> Dy explicitly as certain paths on
a quiver diagram. In particular one can write down immediately a Heisenberg-type
representation of U, (g) just by looking at the quiver diagram.

In the previous section, we constructed the Dg-quivers as amalgamation of the
elementary quivers Q;‘ together with the arrows joining the nodes e?. In particular,
they can be presented in a way that is symmetric along a vertical axis, where the
arrows are flipped over. It turns out that this can be expressed as an amalgamation
of a pair of basic quivers associated to g, and that these basic quivers are mutation
equivalent to the cluster structure of framed G-local system associated to the disk with
3 marked points, recently discovered by [34,35]. We will determine and describe the
basic quivers in Sect. 8.

By Theorem 4.15, the action of K; (resp. K/) are obtained by multiplying X s

(resp. X n; ) to the last term of e; (resp. f;), hence we will omit it from the descrlptlon
below for simplicity.

Definition 6.1 (E; and F;-path) Since f; = X(f; ", ..., ]‘l."i_l), we will call the path
of the quiver given by the nodes
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_fl-_ni f;—n,'-i-l N ﬁn,’—l ‘fini

an F;-path.
On the other hand, if ¢, = X(m1, ma, ..., mg) (or similar variants in type C,, Eg,
F4 and G»), we call the path of the quiver given by the nodes

—n;
m1—>m2,...—>mk—>fi

an E;-path. From the relations [e;, f;] = (i — g, 1)(K t’ — K;), one can derive the fact
that the path always begin with m; = f/".

Remark 6.2 In [41], the E;-paths and F;-paths are also known as the V;-paths and A;-
paths respectively in type A,, which describe the corresponding shapes of the paths,
see Fig. 4.

6.1 Toy example: type A,

In this section, we illustrate the method of recovering the Dy-quiver. Let g = sl3,
and recall the notation from Definition 4.5. For simplicity we label the variables
(u}, ué u%) below by (u, v, w).

Proposition 6.3 [21] The positive representation Py, of U,z (s1(3, R)) with parameters
A= (A, A) € Rzzo, corresponding to the reduced word i = (1,2, 1) acting on
fu,v,w) € L2RY), is given by

e; = [wle(—2py),

e = [ule(—2py — 2py + 2py) + [v — wle(—2py),

fi =[—u—2x01e@py) + [2u +v —w — 2x1]1e2py),
fr =[u—v—2x]e2py),

Ki=e(—2u+v—2w —2X1y),

Ky =e(u—2v+w—21).

In the expanded form, we have

e; =e(w —2py) +e(—w —2py),

e =e(u —2py —2py +2py) +e(v —w —2py)
+e(—v+w—2py) +e(—u—2p, —2py +2pw),

fi=e(—2u+v—w—2% +2py) +e(—u —2x +2py,)
+e(+2x +2p,) +eQu —v 4w+ 2x +2py),

fr =e(w —v—21 +2py) +e(—u+v+2A; +2py).

We recover the following cluster variables following Definition 4.13 by taking
successive ratios of the f; generators, which by definition are positive self-adjoint
monomials:
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Xffz =e(—2u+v—w—2% +2py),
1
Xpr=el—v+w+2py —2puw),
Xflo =eQu +4xry),
Xfll =e(u—v+w—2p, +2py),
X2 =e(w = 2py),
X, 1=e(u—v—2x 4+2py),
Xfo =e(—2u +2v+4xr),
Xfl =e(v—w —2py).
Taking the ratio of the initial terms of the e; generators (i.e. the first and last terms in
the expanded form) we have
Xe? = e(—2w),
Xf(z) = e(—2u).

Hence treating the operators as formal algebraic variables, from their commutation
relations we recover the quiver describing the quantum torus algebra Dy, in Fig. 3.

N

Fig.3 As-quiver, with the E;-paths colored in red (color figure online)
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Using the notation from Definition 3.3, we see that the F;-path is expressed as
V -shaped paths in the quiver diagram.

fi = Xfl_z + Xfl_2>f1_l + Xf1_2!f1_l’f10 + Xf1_2’f1_1’f10!f2

1
=X(f5 N A D,
f, = sz_' + sz_lvfzo

—1
=X(f; " ),
[
Ky=Xpo2 pot g0 gt g2
/ —
Kz = sz—l’fzo)le.

Since the exponents of the variables {X 4 }x0 and X ,o fori = 1, 2 forms a complete

basis of the linear space spanned by (u, v, w, py, Pv, Pw, *1, A2), one can solve for
the e; action in terms of these cluster variables. As a result, we obtain

€ =X+ Xpa
= X(f. eD).

e = Xf21 + szl’fll + szl’f]lyeg + szl,fl',eg,fl_l
= X(f3, fil. e D),

K| = Xflz’e?vffz’

o=Xg st

which gives the E;-path (highlighted in red) as A-shaped paths in the quiver diagram

as desired.
Let us now turn to the general cases.

6.2 Type A,

The quiver associated to type A, and the quantum group embedding U, (s,41) is fully
described in [41]. Let us choose the reduced word

i=1213214321...n(n—=1) ... 1).

Then n; = n + 1 — i. Using the explicit expression of the positive representations
from [21] in type A,, we have

fi — X(‘fi—n-H'—l’ el f‘i}’l—i),

—i+1 —i+1 —i+1 —n+i—1 —n+i—1
e = X(f T e L .

i
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Fig.4 As-quiver, with the E;-paths colored in red (color figure online)

Here the initial terms are given by
X = e(—2ul 170,

The quiver is shown in Fig. 4. We see that the F;j-path follows a A-shaped path,
while E;-path follows a V-shaped path in the quiver (highlighted in red). The quiver
can obviously be generalized to arbitrary rank.

6.3 Type B,

Using the explicit expression of the positive representations from [22], we choose the
reduced word

i=(1212321234321234...n(n—1) ...1... (n—1) n). 6.1)
Here recall that 1 is short and all other roots are long. Thenn| = nandn; = 2n+2-2i.

f=X(" e T,
f; =X(f,'_2n+2i_2 ..... fi2n_2i+l) i>2,
=X L AT B B,

2n—2i+2 2n—2i—1 2n—2i 2n—2i-3 1 2 0 -2 -1 —2n+2i+1 .
e = X(f2E g2l g2 2223 AR R et SUUURN to (e B
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Fig.5 Bs-quiver, with the E;-paths colored in red (color figure online)

The initial terms are given by

e(=2uly i=1,
X = ( ;) ‘
i e(—2uj) 1> 1

The quiver is shown in Fig. 5. Both the E;-path and F;-path follow a zig-zag shaped
path in the quiver. Moreover, the quiver can naturally be generalized to arbitrary rank.

6.4 Type C,
We choose the same word as type Bj:

i=(1212321234321234..n(n—1) ...1... (n— 1) n).
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Here 1 is long and all other roots are short. Then the expression for f; is the same>

as type B,,, while e; are the same for i > 2, but modification is made to e;:

2n—3 -1 215 1 71 0 -1 -1 —2n+3
el = X(fl 5 A kT oy flael f] xSy ek ),
where X (..., a, xb, ...) means adding the extra factors as follows:

o+ X+ X o F Rl Xap X a2t X gp2
1 1
= +X. + (X'%"a + X2 a b2)2 + Xm,a,bz,..‘ T (6.2)

The initial terms are same as type By:

e(=2uly i=1,
X = ( é) .
i e(—2uy) i>1

The quiver is shown in Fig. 6. We see that the quiver is exactly the same as type
B, case, except that the weights of the arrows are modified, displaying the Langlands
duality. Furthermore, the E;-path for e; now “stops” at certain vertices [corresponding
to (6.2)], which we highlighted in red.

6.5 Type D,
We choose the word corresponding to splitting of type B, —1:

i =(012012 320123 43201234...(n — 1) ...2012... (n — 1)), (6.3)

where 0 and 1 are the splitting nodes that are paired.
Thennyg=n; =n—1andn; =2n — 2i fori > 2:

fo=X(f" . 10,
fl :X(f17n+1""7 1’172)’
fl — X(fl—2n+217 o fl2n—21—1) l Z 2’

3 Although the algebraic expressions are the same, the g-commuting relations are not due to different long
and short roots.
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Fig.6 Cs-quiver, with the E;-paths and the repeated nodes of e colored in red (color figure online)

and

-1 £2n-5 -2 r2n-7 -3 r2n-9 —4

eOZX(f(? ’fzn vf]n ’fzn ’f(;l vfzn ’fln ’
2n—11 1 1 0 ,—1 -1 —2n+5

fzn 7"'3f21f€’e()’f€ 3f2 7"-7f2 " )’

-1 ,2n-5 -2 2n-7 -3 2n-9 —4
€] =X(f1n ’fzn vf(? ’fzn ’fln vfzn ’f(;l ’

2n—11 1 1 0 —1 —1 —2n+3
2 7---,f27f1_€761,f1_€,f2 ’---7f2 ),
2n—2i 2n—2i—-3 2n-2i—2 ,2n—2i—-5 1 2 0 -2
& =X(fi T fin T T i T s S f e T
—1 —2n+2i—1 .
fisto-n i) iz,

where € = n(mod 2) € {0, 1}.
The initial terms are given by

e(—2u)) i =0,1,niseven,
Xo=1{e(-2uj ;) i=0,1nisodd,
e(—2uiz) i>1.
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Y
GOSN

Fig.7 Dg-quiver, with the E;-path of ep and e colored in red and green respectively (color figure online)

The quiver is shown in Fig. 7. Note that the action of E; and F; are the same as type
By,—1 fori # 0, 1. Furthermore, it follows naturally that the B, _1-quiver comes from
a folding of the D,-quiver, with the weights of the arrows appropriately adjusted. In
the quiver, we highlight the Eg-path in red and E-path in green, where we see that
Ey-path alternates between root 0 and root 1, while the E-path interchanges 0 and 1.

6.6 TypeE,

For type E,, we let 0 be the extra node (cf. Definition 2.2). The explicit expression
of the positive representations for the generators f; and K is given by Theorem 4.9
and Theorem 4.15, while the expression for the generators e; is given in the Appendix
of [21] reproduced from the author’s Ph.D. Thesis [20].* The explicit expression is,
however, rather ad hoc.

4 Here we choose i to begin with 343 instead of 434 for technical convenience.
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Using the procedure describe in the beginning of this section, we can solve for
the cluster variables X; to rewrite the expression as certain E-paths on some quiver
diagrams, which is a lot easier to visualize. Interestingly, we see that unlike type A to
D, most of the actions of e; actually pass through rows corresponding to other roots
throughout the whole quiver. We expect that such new visualization of the embedding
of U, (gEg,) will provide more insight into the combinatorial aspects of Lie algebra of
type E, in general.

Asbefore, we only list the representations of e; and f;, while again the representation
of the K; and K/ variables are expressed as the product of the last term of e; and f;

with X £ and X P respectively.

6.6.1 Type Es
Following [20], we choose the longest word to be
i = (343034230432 12340321 5432103243054321),
which comes from the embedding of Dynkin diagram
A1 C Ay CA3C Dy C Ds CEs

by successively adding the nodes 3,4,0,2,1,5 to the diagram.
Then the f; variables are expressed as

fi=X(4 D),
f=X(fT, . 9,
f5=x(5" L B0,
fo=X(f;7 . £,

fs = X(fs2 5 2 1,
fo=X(f> ..., £,

while the e; variables are expressed as certain paths on the quiver:

e = X(fi.e)).
e =X L I o L e
L PR SR N SN S TR
=XKL B 1A BB R B AL A,
N R R P P AN N A R R
e = XA A S B B AL S T B A0,
es=X(f5 £ 15 5 e 12 150 50 100,
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eOZX(f()Sv 3]0’ f46 f51 ff f36 f()zvf349f429689f4_27f3_49f0_21
VRN R N R )

The initial terms are given by
X9 = e(=2u}), X = e(=2u3), X = e(=2u3),
Xy = e(=2u3), X = e(=2ui), Xy = e(=2uj).

The quiver is shown in Fig. 8, where the labeling of each row is given by
fi_"’, ey f;”, hence each F;-path is represented as a horizontal path. The differ-

ent E;-paths, starting from fi"" and ending at f;"", are shown in different colors.

6.6.2 Type E7
Following [20], we choose the longest word to be
i= (343034 230432 12340321 5432103243054321 654320345612345034230123456),
which comes from the embedding of Dynkin diagram
A1 CA CA3C Dy CDs CEeCEy

by successively adding the nodes 3,4,0,2,1,5,6 to the diagram.
Then the f; variables are expressed as

fi=X(0 D)
=X A0,
=X(f5 LAY,
fo =X "% 6.
= X(f5% ... fD),
fo=X(fo7 ... /D
fo=X(fy % ... f).

while the e; variables are expressed as certain paths on the quiver:

=X ARG A f B R B e

T RT 7R A ey e e S SeU )
= XL A AL RSB R S f38 LI 15,

T U T A A S N N ety S A N
=X AL B R B BB R H BB R 6
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f3—l, f471,f373, f{l’ f3757 f{B, f377, f4*5, f3797f276’
R P S Al Fa S )
es=X(f2 15 B0 B RS B LR B S S fe £,
f3_2, fo—l’ f3_4, f4_3, f3—6’ fo—s’ f3—8’ f2_5, fl—zy f2_7, f3_12, f0—67 f3_14, f4_10, f5_5),
es= XS, 12 1) 13 B i e T S R A I S,
e = X(f¢. eQ).
eo=X(fo. 10 L0 S0 5 B S B B S S fE e
/R PR e R R R R I A S I SR N

The initial terms are given by
Xg=e(=uD), Xg=e(-2u3), Xg=e(2u3), Xy =e(-2u3),
Xy = e(—=2u?), Xy = e(—2ud), Xy = e(—2u?).

The quiver is shown in Fig. 9, again the labeling of each row is given by
f;n", cees f;”, hence each F;-path is represented as a horizontal path. The differ-

ent E;-paths, starting from fi"" and ending at f;n", are shown in different colors.

6.6.3 Type Es
Following [20], we choose the longest word to be

i = (343034 230432 12340321 5432103243054321 654320345612345034230123456
765432103243546503423012345676543203456123450342301234567),

which comes from the embedding of Dynkin diagram
Al CAy CA3C Dy CDs CEqCE7CEg

by successively adding the nodes 3, 4, 0, 2, 1, 5, 6, 7 to the diagram.
Then the f; variables are expressed as

f=x" D),
H=X5H" . 50,
3= X(f; ... f30),
fs= X2 1),
fs = X(fs "4 ),
fo = X(f5 ", ... fO).

f7=X(f57. ... D).

fo=X(f" L ).



I.C.H.Ip

(auruo 2In3y 10]09) SIO[0 JUIIHIP Ul PAIojod syied-7 oy yum ‘10Amb-Lg 6 °bI4

&
lo
<

0
Lo
o

4498



Cluster realization of L4g(g) and factorizations of the... 4499

while the e; variables are expressed as certain paths on the quiver:

e = X0 A8, £ 10 f 2 A 30 2 hB i A0 A S O A A0 rd i r2 8 A B
IS Ao O T a0 S N0 g 2 10, S S 10 T g2,
05T 5,

e = X(f30 28 53 B0 0 p AT S 0 g I8 0 s AR i i3 r ] A0 s A8 i A2

2 S O T R T I I8 O 0, S 0 Y
fs_l1~f4_19-f3_26,f0_13~f:;28)=

3= XU S TR P O P B P AT N RS P RN R R AR

N B R o N e e O e e A N P T NP S R
f3’17,f4’13.f{lg,fz’w,f;“,f;m, f3—23’f4—18'f3—25’f2—17’ f§27.f;21),

ey = XUP B3 0 20 2 2 i B R0 A i i 0 f s A ] s A
F RN R0 I N e P P P P e N o N N P L O A S P
ST T 0 g0 R S A 12, 0, 0, g3y,

es = X4 18 f 12 0 B A0 S g A S Bt s st ] R A
DRI R e e e el e e L N A

e6 =X 2. 58 1 130 AV g i B B P s R B a0 T 0 0 i s8R
[P N L A N e I L e e L L Pt et B T P
L Nl s

&7 = X(f3. ),

o = XU s, 738, 10 A0 i3 R B B A R i8S 130 10 1 A8 R A8 A0 A8
FNS a0 e 00 I o U e e e B B R e e T T

f;lG.f(;g,f;lg,f{lz,ff7.f{l4,f;22,f(;ll,f§24, f{lé.ffg,f{lg,fgzx),
Here for the action of eg, the path corresponding to ... [A, B, A]... is split as:
e+ X+ X a+X p+X . ap+X o aB.. o

We see that the path for eg is special in the sense that it revisits certain nodes twice.
The same phenomenon also appear in type F4 below.
Finally the initial terms are given by

X = e(—2u?), Xy = e(—2u3), Xy = e(—2ul), Xy = e(—2u3),
Xy = e(—=2u?), Xy = e(—2ud), X = e(—2u3), Xy = e(—2u?).

The Eg-quiver is shown in Fig. 10, where we have highlighted the different E;-paths
of the e; generators except eg. For the special case of eg, we highlight it separately in
Fig. 11.
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6.7 Type F4

The explicit expression for type F4 positive representations can be found in [22], where
we choose

i= (3232 12321 432312343213234),
where 1,2 is long, 3,4 is short, corresponding to the embedding of the Dynkin diagram:
By C B3 C Fy.

Then the f; variables are expressed as

fi =X D),
£ =X ),
f3=X(f;7 ... ),
fs=X(f .. D,

while the e; variables are expressed as certain paths on the quiver:

e =X f o f 15 e T Bk ks .
e =X(f3. +f3. . fi x5
flls fzzs 6(2)’ fz_z’ f1_17 f2_4, * 3_4’ f2—5’ fl_s’ f2_7’ * 3_8)7
e =X(f3. f7. 15 1 18 1 5 L 1 5 L L S
[ SR S P P P N S
580,
es = X(f7. e,

where we recall from type C,, that X(..., a, *b, ...) corresponds to the extra factors
as follows:

e+ X+ X...,a + [2]qSX...,a,b + X.,,,a,bz + X..,,a,lﬂ,.,, + -

1 1
= X X2+ X X e e

a,b?
The initial terms are given by
X = e(—2u?), Xy = e(—2u3), Xy = e(—2ub), X = e(—2u3).

The quiver is shown in Fig. 12, where the repeated nodes * are highlighted. We note
that the E1 and E3 paths overlapped a little bit.
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Fig. 13 G»-quiver, with the E;-paths colored in red (color figure online)

6.8 Type G,

The explicit expression for type G, positive representations can be found in [22]. We
choosei = (2,1,2,1,2,1). Then we have

fi=X(f D,

£ =X(f . D,

e = X(f7. e,

e = X(f3, fLxf5 A 1o &8 L e fy D),

where again X(...,a, *b, ...) corresponds to the extra factors:

e X+ X e+ 2], X

-------
)

The inital terms are given by
3 1
X@? = e(—2uy), Xeg = e(—2u,).

The quiver is shown in Fig. 13.

7 Quiver mutations for different choice of wg

Recall from the construction of the positive representations that a change of reduced
expression of wq corresponds to a unitary transformation ® [cf. (4.11)]. This is
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Fig. 14 The s;5;s; quiver

expressed in terms of conjugation by quantum dilogarithms, followed by a linear
transformation on the variables uf‘ As we have seen in Sect. 3, conjugation by the
quantum dilogarithms naturally correspond to mutations of the quiver diagram. In
this section we will describe the corresponding mutation associated to a change of
words. In particular, by extending the mutations below to the full quiver, we obtain

an alternate proof of Theorem 4.10 for the rules of finding the initial term X o of the
J
generators ;.

7.1 Quiver mutation in simply-laced case

First we note thatif a;; = 0,1.e.s5;5; = s;s;, there is no mutation or change of variables
occurring. That is, swapping the reflections does not affect the quiver diagram at all.

In the simply-laced case, the unitary transformation ® corresponding to the change
of words

w():...s,'SjS,‘... <> ...s./sis.i...

is expressed in terms of conjugation by a single quantum dilogarithm.

Consider the following amalgamation Q of elementary quivers corresponding to
s;sjs;i, where we exclude the nodes outside the root indices i and j (Fig. 14):

This corresponds to the representation of the f; generators in the full quiver Dy as

fi=---+ X--Af,-k_l + X“_fl_k—l’fl_k + X___f;_k—l’fik’fl_k-*-l + .-

-1+ X e g4

j ~fi A

Then the mutation corresponding to the unitary transformation ® giving the change
of words s;5;s; <—> s;s;s; is given by mutation at fl.k , followed by a renaming of
variables, where we have defined a new external labeling for the mutated quiver Q by
the rules:

=" 1=k
f=f" =141,
7= 1f

and stays the same otherwise (Figs. 15, 16).
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Fig. 15 After mutation at fik

Fig. 16 Rearranging and
renaming the quiver

‘/
211 Sj 5j (7141
@ V@ ] fj

In the representation level, a change of words corresponds to a unitary transforma-
tion @ by the conjugation of the quantum dilogarithm g5 (X f,-k):
Adgb(Xfik) A= 4 meikfl + X'“f/‘*',f,-",f;"“ +...
= M/fik(' ey X‘.Afik—l + meikfl’fikﬂ +-4)
= M/fik(' ot X..,ﬁ(—l + X”.fik,l’ﬁ( +.0),
Adgb(Xf[k) fi= 4 me.ll_—l’f[_k + X"'f,H + X“'fjH,f} +..
= M/fik(~ ot Xf/lfl + X___fjlfl’fl_k + X“'f,l-fl»ﬁk,fj’- +-0)

Hence using /,LZ = Ang(Xj) o /‘;w we have

>
5’;2

>
:;2

-1 1

f; =

S

S+ + .+
S+ + +X

<)
-*’:2

)
-*.:2

f;=-- ~1 -1

R R TR P
S NN L

!

j J j

where we denote the mutated cluster variables by X j = ,u'jck (X ) associated to the

mutated quiver Q , and we see that the representation of the f; generators are invariant
under the quiver mutation.

When we take into account the whole quiver Dy, we see that the nodes precisely
come in pair. Hence we have

Corollary 7.1 The cluster embedding . : © y —> Dy corresponding toi = (...iji...)
andiV = (... jij...) is related by quiver mutations at the pair of nodes {fl.k, fl._k}
(the order does not matter).
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Fig. 19 After mutation at fl.k

7.2 Quiver mutation in doubly-laced case

Following the notation above, we consider the following amalgamation of quiver
corresponding to s;s;s;s; where the root i is long and j is short. All the arrows are
thick except the two corresponding to s; (Fig. 17).

The unitary transformation & of the positive representations corresponding to the
change of words

S;SjSiSj <—> S;jSiS;S;

is expressed as 3 pairs of quantum dilogarithm transformations [21]. The mutation
corresponding to @ is then given by mutation at f ]l fl.k, f]l., with the weights d; of
each nodes taken into account (Figs. 18, 19, 20).

No renaming of the variables is necessary after the last step, and again we have
expressed the generators f; in terms of the mutated cluster variables X j associated to
the mutated quiver. Similarly as before, for the full quiver we have



4508 I.C.H.Ip

£ (! SN »

Fig.22 After mutation at f12 fll, f22 f|2

Corollary 7.2 The cluster embedding « : Dy —> Dy corresponding to i =
(...ijij..)and V' = (... jiji...) is related by quiver mutations at the pairs of

nodes {1, f;'y, (f5, £7*Y and (£, £71).

7.3 Quiver mutation in type G,

We consider the following amalgamation of quiver corresponding to s35152515251
where the root 1 is long and 2 is short. All the arrows are thick except the three

corresponding to so (Fig. 21).
In [21], we found that the unitary transformation ® changing the words

8285182818281 <> S15251525152

is given by conjugations by 11 quantum dilogarithms. This corresponds to the follow-
ing sequence of mutations (starting from the left) (Figs. 22, 23, 24, 25):

N o o o o o Y o
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Fig. 24 After mutation again at f12 fll, f22 f12

( ::) S1 } S 51
A\ \ﬁ %,
* fg S2 @ S2 S¢ : '

@

Fig. 25 Rearranging the quiver

We see that we have to permute the index:
71, 2 72 . 1
L=hL =5

at the end. Similarly as before, this expresses the generators f; in terms of the mutated
cluster variables X ;, and for the full quiver we have

Corollary 7.3 The cluster embedding « : ©y3 — Dy corresponding to i =
(2,1,2,1,2, ) andi = (1,2, 1, 2, 1, 2) is related by quiver mutations at the pair of
nodes

U A A B U U A A
U 2 U A AT U A U 12

Remark 7.4 In [34], it is also found that the above change of words can be realized by
12 mutations coming from a more natural geometric consideration:

LS D (2 f s AL DL (AL R 13 D),
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Fig.26 Amalgamating the quivers Q and é in standard form

where the groups correspond to the permutations (12)(23)(12) of the vertices of the
triangle where the quiver is attached in the framed G-local system. The end result
differs from the above quiver by an additional permutation of f11 and flz, but such
difference will not play arole in this paper. A similar sequence with 11 quiver mutations
has also appeared previously in [12].

8 Basic quivers

In Sect. 6, we obtain explicitly the Dg-quiver corresponding to the embedding of
the quantum group U4, (g) associated to the reduced word i = (iy, ..., iy). By their
symmetric presentations, we observe that the Dg-quiver is given by amalgamatlon of
some quivers Q and O where Q is obtained by a mirror image of Q along the vertical
axis together with flipping all the arrows.

More precisely, let us arrange the quiver Q so thatits frozen vertices {e?, fl.o, fl."" Yier
are fixed on a triangle ABC as shown in Fig. 26. Let O be the mirror image of O with
frozen vertices {e?, £, f; "'}ies fixed on a triangle A’B’C’, but such that all arrows
are flipped (i.e. with the same indexing, it has the exchange matrix — B instead). Then
the Dy-quiver is obtained by amalgamating Q and é along the frozen vertices at

{e%, £0)ier. We will call such external labeling of the basic quivers Q and QO the
standard form.

We note that there are some freedom of choices of the quivers Q, namely, we can
choose arbitrary arrows among the nodes e? and fl.o. In order to fix the ambiguity, we
first note that such amalgamation of two triangles give a triangulation of the disk with
one puncture and two marked points (Fig. 27):

Therefore in order to realize the embedding naturally as associated to triangulations
of such surface, the quiver Q associated to the triangle ABC, should be mutation
equivalent to the quiver Q associated to triangle B’A’C’ in this clockwise order.
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Fig. 27 Triangulation of a disk
with one puncture and two
marked points

Let M be the mutation sequence reversing the reduced word (iy,...,ixy) —
(in,...,i1). If Q' is the subquiver of Q with nodes {fik}, then M (Q’) is naturally
given by a mirror image of Q' with all the arrows flipped, or in terms of Fig. 26, the
triangle is flipped from ABC to B’A’C’. It turns out that we have to identify the frozen
nodes with its Dynkin involution

0:1— 1,
where by definition, the longest element acts on simple roots as
wo - o = —0g(j)- (8.1)
Hence if we let My be the mutation sequence changing the reduced word

o:(@1,...,iy) — (B(i1),...,00nN)),

then we naturally also want to identify Q with My (Q).
With these observations, we made the following definition.

Definition 8.1 A basic quiver Q for Dy corresponding to the word i = (i, ..., in)
is a quiver associated to the triangle A BC such that
e the amalgamation of Q and Q along {el i 0} gives the Dgy-quiver,
e M(Q) isidentical to the quiver Q where the frozen nodes {fo, f"’ ?} of M(Q)
is identified with the frozen nodes { f;” i f ee(l)} of Q
e ( isidentical to the quiver My (Q), where the frozen nodes { fl.o, fl."" , e?} of Qs
identified with the frozen nodes {f(;)(l.), f@(z)’ ee(i)} of My(Q).

Note that when 6 = id, the third condition is trivial.
Theorem 8.2 For each g of simple Lie type, there exists a unique basic quiver Q.

Proof Let us spell out the required relations among the nodes {e?, fl.o} forced by the
definition of a basic quiver. First of all, by the construction of the elementary quivers
in Sect. 5.2, we can naturally determine the arrows between { fio} already by reading
wo from the left.

Furthermore, Theorem 4.10 implies that any quiver mutations preserve the relations
below whenever the initial term X N = e(—2u7) for a > 1 in the quantum group
embedding:
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Hence for the basic quiver, we see that in order for M (Q) to be identical to é , we
must also have the above subquiver for a = 1, and this establishes the arrows between
{e?} and { fio}. Therefore it remains to determine the arrows among the nodes {e?}.

Since quiver mutation is a bijection, it suffices to construct the basic quiver for
some reduced word i € fR. Hence throughout the proof, we will use the same reduced
word for i in Sect. 6 for each type of g in the construction of the Dy-quiver.

Let O denote the subquiver of Dy containing the nodes { " },>0,ics and {e?}ie I
The mutation sequences M and My are obtained by recursively bringing the required
index to the right of i using the swapping s;s; = sjs;, or the Coxeter moves.

Type A, This is a very special case as the change of words
i=(121321...n,(n—1),...1) «— (123...n,123...(n — 1), ...123121)

does not require any Coxeter moves, but only swapping between commuting reflec-
tions. Therefore M = id, and the definition of basic quiver requires that Q associated
to ABC is the same as Q associated to B’A’C’, where the order of {e?} is reversed.
In particular it says that the sides AC and BC of Q is the same as the sides B'C

and A’C’ of Q, which by definition is just the sides C B and C A of Q. This uniquely
determines the arrows among the nodes { fio}, and between the nodes {e?} and { fio}.
The Dynkin involution is given by

0@) =n+1-—i. 8.2)
By considering the mutation My of the Dynkin involution
(121321...n,(n—1),...1) — (n,(n—1),n,(n —2),(n — 1), n,....123...n)

which in a sense is just flipping the diagram upside-down, we observe that the
arrows between consecutive {e?} are mutated once whenever there is a change of
word (...121...) «<— (...212...). The arrows among {e?} are chosen such that
0 = My (Q). The end result forces Q to have a magical Z3 symmetry, and we recover
the well-known basic quiver for type A, associated to n-triangulation first studied by
[10].

More precisely, the basic quiver Q is obtained by attaching to O the additional
arrows (Figs. 28, 29):

Type B, and C, The change of words M for

i=(121232123 ...n(n—1)...1...(n — 1)n)
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- B -] - - - [
e B (A3} ----- [3}----- 77

Fig. 28 Additional arrows attaching to Q4 to give Q in type A,

Fig. 29 Basic quiver in type A, with Z3 symmetry

consists of %n(n — 1)(n — 2) simply-laced mutations, and %n(n — 1) doubly-laced
mutations. Recall from Sect. 7.2 that each doubly-laced mutation corresponds to 3
quiver mutations. Hence the change of words M corresponds to

2 3 1
gn(n —1D(n—-2)+ En(n —1) = gn(n —1D@n+1)

quiver mutations. ~
By comparing M (Q) with Q, we found that the basic quiver is obtained by adjoin-
ing Q. the following arrows in type B, (Fig. 30):
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Fig.30 Additional arrows attaching to Q4 to give Q in type B,

[F]€mmmad ] ----- {A)«----- 19 B

Fig.31 Additional arrows attaching to O+ to give Q in type C,

and the following arrows in type C, (Fig. 31):
Type D,,. The change of words M for

i= (012012320123 ... (n —1)...2012...(n — 1))

consists of %n(n — 1)(n — 2) mutations. When n is even, we have § = id, and
the condition M(Q) = Q uniquely determines the arrows among the frozen nodes.
Otherwise when 7 is odd, the condition M(Q) = Q uniquely determines the arrows
among the frozen nodes except 88 and e(]). In this case the Dynkin involution is given
by

—i i=0,1,
otherwise,

0(i) = {ll (8.3)

hence we see that from our choice of wg, My is trivial. This means that we cannot
have arrows between 68 and e?.

The resulting basic quiver Q is then obtained by taking Q4 and adjoining the
following arrows (Fig. 32):

Type Es. The change of words M for

i = (343034230432 12340321 5432103243054321)
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i

Fig.33 Additional arrows attaching to Q4 to give Q in type Eg

consists of 78 mutations. The Dynkin involution is given by

wo-{3 120

whence the change of words Mg consists of 42 mutations. After comparing the quiver,
we found that the basic quiver Q is obtained by taking O and adjoining the following
arrows (Fig. 33):

Type E7. The change of words M for
i= (343034230432 12340321 5432103243054321 654320345612345034230123456)

consists of 336 mutations. By comparing M (Q) and @, the basic quiver Q is found
to be obtained by taking Q4 and adjoining the following arrows (Fig. 34):

Type Eg. The change of words M for

i = (343034 230432 12340321 5432103243054321 654320345612345034230123456
765432103243546503423012345676543203456123450342301234567)
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f{) ————— > ————— >4 ————— 4 ————— 4 ————— 4 ————— f$

fo
Fig.35 Additional arrows attaching to Q4 to give Q in type Eg
Fig.36 Additional arrows 0 0 0 0
attaching to Q4 to give Q in ‘ = ‘ e ] *

type Fy4

....*....>¢ 77777 19

consists of 1120 mutations. By comparing M (Q) and @, the basic quiver Q is found
to be obtained by taking Q. and adjoining the following arrows (Fig. 35):

Type F4. The change of words M for
i = (3232 12321 432312343213234)

consists of 32 simply-laced mutations and 18 doubly-laced mutations, hence it corre-
sponds to 32 4+ 3 x 18 = 86 quiver mutations. The resulting basic quiver is obtained
by adjoining to Q4 the following arrows (Fig. 36):
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Fig. 38 Basic quiver for wg = s15251525152, i.e. M(Q)

Type G». Finally, the change of words M for
i=2,1,2,1,2,1) — (1,2,1,2,1,2)

is described in Sect. 7.3, which consists of 11 or 12 quiver mutations (Fig. 37). The
basic quiver Q can be presented as follows for the two cases in Fig. 38. This is identical
to the G quiver found in [34]. In particular, it demonstrates the Langland’s duality of
the change of short and long roots as a change of weights of the quivers in the diagram.
Also as mentioned before, M(Q) is a mirror image of Q with all arrows flipped as
desired.

This completes the proof of the Theorem. O
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Corollary 8.3 The basic quiver is mutation equivalent to the Conf3z Ag quiver for G
of type Ay, By, Cy, Dy, Go described in [34,35].

h
Proof The Conf3.Ag quivers described in [34,35] correspond to the words wg = w?
where w, is the Coxeter element and /4 the Coxeter number. Hence one can check
directly the mutation sequence from the change of words of wo and compare the
quivers. O

Remark 8.4 As we can see, the arrows joining the nodes {e?} and the arrows joining the
nodes { feo(i)} turns out to be opposite to each other. This should reflect some internal
symmetries of the moduli spaces Conf3.4¢ of the configurations of triples of principal
flags, and one should be able to find a more conceptual way to fix the basic quiver.
We believe that this uniqueness theorem can be used to solve the series of conjectures
regarding the uniqueness of the cluster structure proposed in Section 3 of [34].

The mutation M corresponds to the transposition interchanging the sides AC and
BC of the triangle where { fl.o} and { fi"i } are attached respectively (cf. Fig. 26). On the
other hand, in order to realize S3 symmetry, we also want a mutation sequence cor-
responding to transposition of sides AB and AC, where {eg( l.)} and { fl.o} are attached
respectively. Also note that fini = ¢ "™ in the quantum group embedding. Hence
such mutation should correspond to the longest Lusztig’s transformation (see Defini-

tion 9.1):

T\ T, ... Tiy (&) = qz'fe(i)K&J)
Ty, T, ... Tiy(£) = giei K;

In [23], we showed that these transformations 7; are represented by certain unitary
transformation given by conjugation of the Weyl elements. Hence we conjecture that

Conjecture 8.5 The Lusztig’s isomorphisms T; are represented by a sequence of quiver
mutations.

This will also give a representation theoretic meaning of the mutation sequences found
explicitly for type A,, By, Cn, D, [35] and G, [34], as well as proving the conjecture
of S3 symmetry regarding type E, and F4 proposed in [34].

Remark 8.6 In the product formula of R described in the next section, the transforma-
tions 7; generate the split-real version of the so-called quantum Weyl group introduced
in [36], which is a byproduct of the representation theory of the quantized algebra of
functions on G, and is based on a choice of “good generators” for certain repre-
sentations of the quantized enveloping algebra. Through this conjecture, it will be
interesting to recast the concept of quantum Weyl group into the language of cluster
transformations. We thank Yan Soibelman for the remarks.
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9 Factorization of the R-matrix

In this section, we will prove a factorization formula for the universal R matrix such
that it is expressed in terms of products of quantum dilogarithms, with the arguments
given by monomials of the quantum cluster variables. This generalizes the factorization
in type A, found in [41], which in turn is a generalization of the factorization given
in [6] for U, (s[>), where it has been used to construct new continuous braided tensor
category of representations of U/, (s[(2, R)) [3,38,39].

9.1 Positive Lusztig’s isomorphism

First we recall the positive version of Lusztig’s isomorphism giving the expression of
non-simple root generators:

Definition 9.1 [23] We define the “positive version” of Lusztig’s isomorphism on the
simple generators by:

Ti(K;) = K;K, ‘7,
Ti(ei) = qi fiK; ",

i —ajj
Ti(e;) == (—1)% {ei,...[e,-,ej] 2,] wer | o Tlaf =477
T;(£) := giei K,
_ Ca
i) = (D% [f" -1 1] } | o [@ =a797
i 4%° dg 7 g k=l
where

[X,Y], :=qXY —q~'YX.
Proposition 9.2 [23] Leti = (i1, ...,in) € R be a reduced word. Let
€y, = Til Tiz o Tik71 (eik)

and similarly for f,,. Then ey, and fy, are positive self-adjoint operators under the
positive representation P, for everyk =1,..., N.

9.2 Coproduct of © 4 and the Z;-quiver

The coalgebra structure of U4, (g) can naturally be represented by amalgamation of two
Dy quivers, associated to triangulations of a disk with two punctures and two marked
points on the boundary (Fig. 39):
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Fig.39 Triangulation of a disk
with two punctures and two
marked points

Definition 9.3 The Z; quiver is obtained by amalgamating two Dy-quivers, where the
frozen nodes fl.ni of the first quiver is identified with f;n" of the second quiver. For sim-
plicity, we will denote the vertices of the second Dg-quiver by { £/ ... f", e/?} icl
such that fl"’ =f'; " in Z4. We will also denote by Z; the corresponding quantum
torus algebra.

Then one can easily observe the following

Proposition 9.4 We have an embedding
t®YoA:Dyg—> Z3 CDyg®Dy ©.1)

where the coproduct A(e;) (resp. A(f;)) can be represented in the Z g-quiver by con-
catenating the E;-path (resp. Fi-path) of the two Dy quivers and ignoring the last
vertex. The coproduct A(K;) (resp. A(K])) is given by the product of the monomials
along the E;-paths of A(e;) (resp. Fi-paths of A(f;)).

The iterated coproduct A" (X), X € Dy can be obtained by amalgamating n + 1
copies of Dy in the same way.

Proof We will consider A(f;), where the other statements are similar. Recall that
Af)=fi®1+ K, ®f;.

Then the first half of the F;-path in Zy is the Fj-path in the first Dy quiver, which
gives the polynomial f; ® 1. On the other hand, the second half of the F;-path in Z is
obtained by multiplying the F;-path in the second copy of Dy quiver, and the product
of the first half of the F;-path, which by definition represents K. Hence combining it
gives K/ ® f;, and hence the concatenation of the F;-path represents A(f;) as desired.

O

9.3 Standard description of the universal R-matrix

Recall that the universal R-matrix of the quantum group U, (g) is an element in certain
completion of the tensor square

R € Uy ()8 (9) 9.2)
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and it gives the braiding relation:
RA(X) = AP(X)R, X elUy(g) 9.3)

In [23], a natural expression of R in the split real case is constructed. Given a reduced
wordi = (i1, ...,iy) € R, We have the well-known decomposition

R=KR 9.4

Here the Cartan part is given by

Iy HQH:

K=[]a" """ ©.5)

ij
where A is the Cartan matrix, and formally we write K; =: qui . The reduced R-matrix

is given by
N

R=[]"sn, ey ® 1) 9.6)

k=1

where ey, = T;, T}, ... T;,_,€;, and similarly for f,,. The product I1°" is taken with
k =1 from the right.
Note that (see Remark 3.7) if we write g,(x) = Equ_z(_q—XT)’ then (9.6)

coincides with the well-known formula [31,32,36,37]. Also R naturally extends to

H

Dg4 by replacing H; ® H; in K with —H; ® Hj’. instead, where K} =iq, ..
The action of the Cartan part on Dy is easy to describe (see Sect. 11). In particular,
it describes a monomial transformation on the quantum torus algebra Aj, where X Fm

and X i on both Dy components of the Zg-quiver is modified, and this does lnot

change the underlying quiver. Hence we will focus on studying the reduced R-matrix,
which corresponds to certain quiver mutations.

9.4 First factorization of the reduced R-matrix

Now we can state our second main result of the paper. Under the embedding ¢t ® ¢ :
Dy ®Dy —> Dy ® Dy, we have the following factorization of the reduced R-matrix,
which generalizes the case of U (sl2) first described by Faddeev [6], as well as the
type A, case by [41].

Theorem 9.5 Leri = (i1, ...,in) € R be a reduced word. Let us rewrite the embed-
ding of f; from Proposition 4.11 as

fi=F"" +...+F

1

T FMT L ET
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=2 X+ XX
1<k<N 1<k<N
ixr=i ix=i

where the new monomials are defined as

+ . gkt
XE = FOE ©.7)

Then under the embedding  Q t, the reduced R matrix factorization is given by
R = gn,, (€iy ® X3) ... gb, (€, ® X7)g, (e, ® XT)

- 8b;, (€i) ® X1)gp;, (€ ® Xy) ... 8p;, (€iy @ X ). 9.8

We will prove the Theorem in Sect. 11.
Since ¢; = ®[ule(—2p)d* for some unitary transformation by (4.11), and

[u]e(_zp) — eﬂb,‘(u—zp) +€7rb,—(—u—2p)
each e; can also be split into
e =e¢ + el.+
such that
—at — 2ot o=
€ € =4q; €¢€,
where
e;lz — cDenb,-(ZFupr)q)*
. .
Then we have

Corollary 9.6 Under the embedding 1 ® t, the reduced R matrix can also be factorized
as

ﬁ=R4'R3-R2-R1 9.9)
where
Ry =gy, (&} @ X1)... gn, (€} @ X )gp, (e} ® X,
Ry = gi, (€] ® X3)...gn, (€, ® XT)gn, (¢ ® X7,
Ry, = 8b;, (e: ® Xl_)gbzz (e,—; ® Xz_) - 8biy (e,—; ® X;[)v

Ry = gp;, (&, ® X\)gn;, (e, ® Xy) ... g, (¢, & Xy).
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Proof Note that from the remark above,
8b;, (€, ® Xp) = gp, (€] @ Xp)gn,, (€, ® Xy).

Hence it suffices to show that we can arrange all the el.+ to the left hand side of e~ in
R1 and R, (similarly for R3 and Ry to the right). This is equivalent to the statement:

[e;@Xn_,e;;@X;’n']zO, n>m.

This follows from Lemma 5.2 and

Yoo — 4% g—at
ei ej =dq; ejei

by conjugating it to the rank 2 case. O

This simplies the proof of [41, Theorem 7.4] as well as generalizing it to arbitrary
type.

9.5 Full factorization of the reduced R matrix

In order to realize the R matrix factorization as certain quiver mutation sequences, we
have to decompose the terms gy, (efC QX ﬁ) in the decomposition in Corollary 9.6.
In other words, we have to decompose gj, (¢;). Then for the monomial terms that we
obtain after the decomposition, we compare it with Lemma 3.8 in order to obtain the
mutation sequence.

Proposition 9.7 For every generators e; € U, (g), consider the explicit embedding
given in Sect. 6 for the chosen reduced word i. Then we can decompose gy, (eii) into
products of the form

g (€)= [ er(X.). (9.10)
(in type G we also need gy ) where each argument is given by certain cluster mono-
mials X ..

Proof 1t suffices to consider g, (e;"), while the decomposition for gp, (ei+) is just a
reflection. For the generators

€; Ay, By, Dy, E,,
e,i =1 C,,
€4 Fy,
€ G,

let us write the embedding of the generators of ;" as a sum of monomials in the form

e =e) +e +---+e

1 [
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where e? =X P and ends before the next term e =X o0
L

Note that e, in type Fy and e, in type G> is just a monomial, hence the statement
is trivial.

For all generators except e in type B, and eg in type Eg, we have ef‘ e = qzef ef.‘
for k > [, hence we can apply (A.8) to obtain
-\ mi 1 0
8 (€;) = gp; (&) ... 8n(€;)gn, (€). 9.11)
For e; in type By, since e%"“ 2n — q2e%” 2n+1 , using (A.12) we obtain

g, (€7) = g, (€]") ... g1, (€))gn(qe] €} gn, (€]) gb, (e} gn(qele) 2, (€)).
For e¢ in type Eg, the path comes in blocks as follows

e, = ng + (Xfé;’f%z + Xf()g,f;’fg) + - (me418 + X_.,f323)
+ (me3z4 + X..,,f%“,f(}') + (X...,f324,f215 + X..,,f324,f215,f0”)
+ (me322 + me323) + -+ (X...f(f + X...fé)) + me71 + me63.

One can check that each block q’2-commutes with all the blocks to the right of it,

and within each block the two terms also ¢ ~>-commute with each other. Hence apply
repeatedly (A.8) we arrive at the decomposition of the same form as others.
For the long generators

€] Cm
e, e Iy,

let us write the embedding of the generators e, as
e;:e?+e}+ té +[2]qb(q2kk+l)2+ek+l+ N
=e e+ ()2 + e +
whenever we have the double term (. .. a, b, ...) appear in the E; path such that
ef.‘ =X _a (clef‘e“'l)l/2 X .abs ekl .— X ap

Then each block ¢ ~2-commutes with the terms on the right, and since ek+l k

g*ekef ™! by (A.12), we have

gv(€) = ... g gy ((geiet ™) ) gy(eh) ... gnle])gn(el)

whenever the double term appears in the E;-path.
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The remaining two special cases are as follows: the generator e3 in type Fy is given
by:
& =Xp+Xp p+Xp g m+ X g+X 40

where each blocks g2 commute with all the blocks to the right of it. Within each
block, the terms inside the single brackets g, 2 commute, while the terms inside double
brackets (f2 commute. Hence by (A.8) and (A.12) we can decompose gp, (€5).

For the generator e in type G, we have to involve conjugations, which gives

b, (€;)

=eX g 2uprad T Eg A T R X g 2 g X g g X )

=X 2 2l 80 X2 2 B TG X g gt X g X )

=80 X2 2 22 DX D80 X 3 2 22 T Pl X g 2 2+ X3 2+ Xpa g2 g1
+ X e(X )

= &b, (szzvffy(fZZ)nyll’le)g;:(Xfll)gZ(Xfll_’fIZ)gbs X2t (214, Xpp 2 +tXp g
HX e (X g1 p2)8p (X p1)

=80 X2 2 27 1 80X 8 X 1 285 (X 2den X s o+ X3+ X3 p2)
8by (Xf22)gb(Xf11’f12)gb(Xfll)

= 8by (szz’flz’(fzz)z*fll ) )gZ(Xfll )gZ(Xfll ’flz)g},ks (szz)gZ(Xflz)gbs (Xf23 + sza’fzz)
gb(Xflz)ng (szz)gb(Xfllyflz)gb(Xfll)

= 8b, (Xf227f]2’(f22)2,f|1,f21)g;(Xfll)gZ(Xflyf]z)gZS(szz)gZ(Xflz)gbs (szs)ghs (Xff»fzz)gh(xff)

8bs (Xf2z )gb(Xfll ’fl2)gb(Xfll ).

10 Universal R-matrix as half-Dehn twist

Finally we state the final main result of the paper. Consider the Zy-quiver associated
to the triangulation of the disk with two marked points A, C and two punctures B, D
as before, where the basic quiver Q and its mirror image 0 are put onto the triangles
according to Sect. 8, and we label the nodes using the standard form. Let P be the
permutation

PX®Y)=YQ®X. (10.1)

Note that P o Adr acts as identity on the coalgebra structure, hence it naturally
corresponds to an automorphism of seed i — 1i.
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A
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Fig.40 Half-Dehn twist

Theorem 10.1 We have
PoAdp = u! ...ul oo ' =" oul .. ul (10.2)

for some mutation sequence i, ... Wi, : i —> 1 realizing the half-Dehn twist, and
o : i >~ iis a permutation of the quiver returning to the original seed. In the second
equality we have used the relation (/LZ)Z =1Id.

More precisely, recall from Lemma 3.8 that

Mlql M:IT :q)TOMT.
Then we have

Adg = @7, (10.3)
PoAdgc = (0*) "o M, (10.4)

The factors R, Ry, R3, R4 in (9.9) correspond to the sequences of quiver mutations
realizing the 4 flips of triangulations giving the half-Dehn twist as follows (Fig. 40):

Remark 10.2 We note that the mutation sequence is not unique, for example, using
(A.7) one can replace 2 g;,’s with 3 g;’s, thus giving the same mutation (with different
permutation index at the end) but with a longer sequence.

In terms of the quiver associated to the triangulations, the 4 flips are realized as
follows. Let us write pg, for the sequence of quiver mutations (starting from a stan-
dard form) corresponding to R;, and o; the permutation bringing the labeling of the
basic quivers back to the standard form. Then we have the following configurations
(Figs. 41,42, 43, 44):

After the 4 flips, the quiver comes back to the original configuration with B <— D,
Q <— O, Q <— @', and we have (Fig. 45)

0 =0400300700]. (10.5)

We observe that for each flip, one can think of the quiver mutation as rotating both
basic quivers (viewed as lying on equilateral triangles) clockwise by 30 degree, and
then stack the right quiver on top of the left one. In the next subsection, we will show
how to obtain such mutation sequences.
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Fig.43 Flip of triangulations corresponding to R3

10.1 Explicit mutation sequence for the half-Dehn twist

By the symmetry of the decomposition (9.9) as well as the mutation configurations,
we can see that R» and R3 commute, and the mutation sequence corresponding to Ry
and R3 in some sense are just “mirror images” to those of R; and R, respectively.
Using the explicit decomposition from Proposition 9.7, we arrive at the following
more precise description of the quiver mutation giving the half-Dehn twist:
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040 R, C/*

Fig.44 Flip of triangulations corresponding to R4

A

C

Fig.45 Half-Dehn twist of the quiver Zg

Proposition 10.3 The mutation sequence is a mirrorved palindrome:

1Ry = (P01 (1g,), o4 = pulo] ),
1Ry = (po2)+(1tg)), o3 = palos ),

where p is the permutation given by the reflection fik <« flfk N

k 0 — —k 0
p Ak e, ey «— (7R e N e, (10.6)

and for a permutation 7 we denote by . (X) :=m o X o~ L.

Hence below we will only study the mutation sequences corresponding to R and
R>.

To describe the mutation sequences, let us define the following notation:

Definition 10.4 Let S = (so,...,s,), T = (fo, ..., t,) be two sequences (of the
nodes of some quiver). If s,, and #; denote the same node in the quiver, then we define
a new sequence of length n + m + 1:
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(S —T) i=(50s s Sp =105+ Im)

to be the concatenation of the two sequences, and it is indexed from —n to m such
that

(S—=T)o=s, =10.
If P is a sequence constructed in this way, then we define its flip to be

FP):=(T -3S)
whenever t,, = 5o in some other quiver in which this sequence is indexing.
Definition 10.5 If

KT 2= Hjp o - Mjy
is a mutation sequence, we alternatively write it as

ur ={j1 — jpo— ... — jul}

Then given a sequence P, we denote the k-shifted mutation subsequence of length m
by

Plk,m] :={P1—k —> P2k — ... —> Pm—i}.
Definition 10.6 We define the sequences
P = (f". ... e,
PE = (... ),
PL = (f" . D),
PE =0 )

to be the E; and (reverse of) F; paths of the quiver Q and é respectively. Similarly
we use " to denote the corresponding paths in the second quiver 1 ® Dy C Zg.

Finally, given a reduced word i, we denote by i’ the reversed word, and recall that
(cf. Definition 4.6)

V@i, k) =m (10.7)

if i, is the k-th appearance of the root index i from the left of ¥/, i.e. right of i.



4530 I.C.H.Ip

Fig.46 Z4,-quiver

10.1.1 Toy example: type A;

To demonstrate the procedure, let us first look at the toy example in type A, in detail
using the notation of our paper. This has also been worked out in detail in [41] with
slightly different notations (Fig. 46).

Recall the embedding of type A, from Sect. 6.1. First of all, the g, (e;) can be easily
decomposed using (A.8) with g,(e;) = gp (e;r) gn(e; ) as

gp(e]) = 8b(X g2 0),

gv(ey) = gr(X p2),

gp(ey) = 8o(X 1 1 o0 ;m1)8(X g1 g1 0),
8v(€y) = 8p(Xp1 r1)8h(X p1).

Hence by Corollary 9.6, the reduced R matrix decomposed as:

Re=arXpp g @ X2 ot o )80 X gt 2 it @ X ot g0)
86Xyl 2.8 ® X 1 p0)8b(Xp2 0 @ X g2 ot g0)-
Ry =gp(Xp2 @ X2 ro1)8b (X1 1 @ X p-1)8p(X gt @ X p-1)8p(X 2 @ X 12).
Ry, = gb(Xflz,e? ® Xfl—z,fl—l)8b(Xf21,f12,eg,fl’1 ® sz’l)gb(szl’flzveg@
X080 (X g2 0 @ X 2).
Ri=gp(Xp2 ® X o2 (o0)gp(X g1 1 ® X (-1)86(X 1 ® X 1-1)86(X p2 ® X y2).
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KRy

(F=r2m=r

Fig.47 The flipping of triangle u g, of the basic quivers, before changing the index back to standard form

Then we calculate term by term the corresponding mutation sequence (recall that f;”
is glued to f/;"):
Xp®Xpa~ g
X ®X o1 = Mfflz(X?ZI ® X.l;{‘)) ~ g
Xppp®X = Mfflzu}-zl (X;j ® 1) ~ i
Xp®X o o1 = u’flzu«’le u’fll 1® Xf,l) ~

P S

and so on, where we denoted by X 1" the corresponding mutated quantum cluster
variables after n mutations (but we do not change the labels). Then we obtain (Fig. 47):

0 —1 -2 -1 0
129:31 :Mf/lflﬂfllﬂf/zflﬂf/rL o1 :(f/zv f/2 vf117e(2))(e(1)9f/1 vf/l vf/l)v
0 —1 —1 -1 2 -2 —1 0
KR, zﬂf/flﬂflflﬂf/glﬂf/lfﬁ O‘2:(]6/27 f/2 vf] ’fz )(f] sf/l ) /1 7f/1)v
1 0 0 1 2
KRy = Hoprt i g0 10, o3 = (f'5. 3. fl. el £, 1 fD.

1 0 —1 —1 -2 0 1 2
MR4=H«f/}Mf1*1H«f/(2)Mf/?, (74=(f/2, /2’f1 ,fz )(fl , /1’ /17f/1)~

Note that o; are given by shifting along the concatenation of the F; path in the right
quiver and E; path in the left quiver, and that the mutation corresponding to R3 and
R4 are the mirror reflections of R and R satisfying Proposition 10.3. We display the
configurations in Fig. 48, omitting R3 and R4. Also recall that Q = Q in type A, due
to the S3 symmetry, hence in fact under this identification all 4 flips are identical.
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KRy

—2 1
(6(1]: gl >€g:f/2 )

Fig.48 The flipping of triangle j g, of the basic quivers, before changing the index back to standard form

10.1.2 Type A,
Leti= (1213214321...n...1) be the usual reduced word. To study R; and R», let
PP = (Pg -P2).  PLY = (PE —PE) (10.8)

1

be the concatenation of the F;, E; path of the right and left quiver respectively. Then

the mutation sequences ug;, j = 1, 2, are given by

KR, = {77{ — Pg — ...771<,}
where for v/(i, k) = m, ’P,{'1 are the k-shifted subsequences

m 1

P =P2%%%, i1, P2 =Pk, il.

Let

A A Q A0 A A/
=FPIO = (PR —PE), PP =FPP?)=(PE —PE) (109)

i

2

l

be the concatenation of the E;, F; path of the bottom and top quiver respectively after
the flip of triangulation. The permutations o1, o> are then defined by renaming the

corresponding sequence:
’ D0 Q
. PLY PL. o PiQQ > Pf
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For example, in type A3, we havei = (1,2,1,3,2, 1) and
0’ 0 =1 =2 -3
PN T T T = e,
0 0 =1 =2
PEE (Y Y = D,
0 0 -1
733QQ (5 f'5 =6 e,
and hence the mutation sequence giving the first flip of triangulations is
3 2 2 1 1 1
ur, ={fi — fi = fHL—H—F5HL—%
-2 —1 —1
— 17— f —>f22—>f'1 ).
10.1.3 Type B, and C,

Let the reduced word i be as in (6.1). It turns out that type B, and type C,, have identical
mutation sequences. Define the sequence

S:i=(f e,
S =, LR,

and let

Then the mutation sequences g s j =1, 2, are given by
KR = {73{ — P{ — -~‘P1</}
Fori # 1 and v/'(i, k) = m, P,il are the k-shifted subsequences
Ph=P%m1. P2 =PItk m,

where m; = 2(n — i) 4 1 is the length of the E; path.
Fori =1and v'(1, k) = m, let

fln N 22)173 N f]l’l*l N 221175 N ]}’lfz . f12 N le fll
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be the E; path of e in Q (ignore the double count in type C,). Then

P =Pl —k) — 2 — P —k) — P2 — k)
— S pe 0o
L — PlQQ,(n —k—1) — le — PIQQ,(n —k—1) — PIQQ/(n —k).

be the E; path of e in é Then

P2 =P% U —k)— P02 -k — £ — P02 -k
— PLY3 k) — £ —PLYB k) —
=Pl — — O — P ).
Let

~, o

0 ~ 0 ~
Pe =FPP%). P! =FPLY)

Then the permutations o7, 07 are again defined by renaming the corresponding
sequence:

/

e

A/ é’ Y1l
o1 :PP% P, 0P s PP

1

For example, in type B3, we havei = (1,2,1,2,3,2,1,2,3) and

PRE (T T = B,
P = B A B,
N N R )
and hence the mutation sequence giving the first flip of triangulations is (spacing
according to i'):
UR, = {f32 -
f—fh—5—
R—=F—=F—=RF—h—%F—
R e

-1
f/3 -



Cluster realization of L4g(g) and factorizations of the... 4535

-2 -3 4
f/z B f/z — fi —
I - L N I [

-1
I
=2 1 =2

 — L= — = — 1

— = —

10.1.4 Type D,

The description of the D, mutation sequences is a lot more complicated. Let the
reduced word i be as in (6.3). For i # 0, 1, define as before

PeY = (PE —PE).

1
Let
n:=n(mod3)e{0,1,2}

and define the following sequences, which are constructed by repeating in blocks of
4:

y—3k+n-2 1—3k—n—1 1—3k—n—1 1—3k—n r—n+1
Si=Xy, ..., fo o 0 Y N f R
1—3k—n—1 1—3k—n 1—3k—n 1—3k—n+1 1—n—+1
S =Xz, .-+, fo oo S s S0 ),
y=3k—n  =3k—n+1 ,/—3k—n+1 ,/—3k—n+2 —n+1
SOZ(XOv ~1f() va ) 1 ) 1 s"-afO )s

where the starting terms are given by

X._{f/? n=i,
P =

f'5 otherwise.
Let
-1 -1 -2 -2 -3 -3 1 1 0
%:(f(;l ’ ]n ’ ]n ’fon 7f(;1 ’ ]n ""7f€7f17€’el)

where € := n (mod 2) € {0, 1}. Let 7; = Pg# denote the E path in Q, but with the
1

last term e? replaced by eg, and let 7, = Pgo.
Finally, we define

U =(S;-T)), j=012
Then the mutation sequence for R; is given by

URr, ={P1 — P, — ... — Pn}.
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Fori # 0,1 and v/(i, k) = m, we have as before
P = P22k, mi]

where m; = 2(n — i) — 1 is the length of the E; path.
Fori =0, 1and v'(i, k) = m, we have

Pm =Z/[m[K;<,2n—3]
where
k—2 — k—1 _
K =dl5+k=242 Kl =4l +k-1

ie. K=1(0,2,3,4,6,7,8,10,11,12...)and K' = (0,1,2,4,5,6,8,9,10...).
Then the permutation is given by

-, o
o1 :PPC > Pe. 40,1

1

and

O]ZUjI—)(Tm—Sﬁ), j=0,1,2.

The second flip R; is described similarly, where all the sequences 7; are reversed
and the root indexes 0 <— 1 interchanged, and S; are replaced by S-—.
For example, in type D4, we havei = (0,1,2,0,1,2,3,2,0, 1, 2, 3), and

PEC = (1S fy T = B AL e,
PE = (£ 13 13 = 1R e,
U= I SO ST T = B e A e,
Ur = (F0. F0 I P = F B B 1),
U= (o FN IS0 F0” = J3 f 1 5 1 f D),
and hence the mutation sequence giving the first flip of triangulations is (spacing
according to i'):
nry = {f5 —
e e
R—F—=f—fh—f—
f—R— 1= 65— f—

f’;3 — f24 — f31 —
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2 -2 3 3 2
— T =5 — f5—

o
1—1 =2 1—3

fo — o —fy —

TR e e T i

-1 -1 -2
fo — 7 — T — f— )
10.1.5 Exceptional types

The mutation sequences can be worked out in the exception type, but there are no
apparent patterns, so we will not present here. We know that the reduced R matrix
corresponds to

n
T = 41_[n,~5,-
i=1

mutations, where &; is the number of factors in the g (e;) decomposition as in Propo-
sition 9.7. One check explicitly that indeed the mutation sequences give the half-Dehn
twist. Combining with the classical types, we have

Proposition 10.7 The half-Dehn twist can be represented by T quiver mutations,
where

%n(n + 1D +2) Type Ay
%n(4n2 —1) Type Byand C,
in(n—1)@dn —5) Type D,

T — 1196 Type Eg
3464 Type E7
12064 Type Eg
976 Type Fy4
144 Type G»

and each flip of triangulations are given by % quiver mutations.
In type G2, from the factorization of g (e>), we see that it involves the factor
glfY (X ..). We use the fact that
MZ = Adg;(xk) o M,
i
= Adgb(Xk_l) o [,Lk,
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Fig.49 Basic quiver in type G attached to a triangle

where /LZ is the same as p but with b;; — b ; inverted in the formula. With slight
modification of Lemma 3.8, we obtain a mutation sequence g, of length 36 given
by

T T e R T e e i e e R

R e e R R e R e B

s—1 . 2 —1 -2 -1 .
R e i e B e e e e i e I B

where f;" and f’;"" are identified.
The basic quiver (cf. Fig. 37) can be attached to a triangle as in Fig. 49. Then the
mutation g, appears as in Fig. 50, and we can determine o to be:

o1 (S —T) = (T =-8), i=12,
where

Sl _ 7)}%’ _ (f/?, l—l’ /1—2’ f/1_3), 7—1 — (f13,e(1)),
S =PL =(fS 15 L= (f3. 13 fr. ).
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F=r08=r"

Fig. 50 The flipping of triangle 11 g, of the basic quivers in type G, before changing the index back to
standard form. The basic quivers are stacked according to Fig. 41

Similarly, the description for g, is given by

-3 =3 —2 —1 —2 -2 —1 —2 —2 —1 —1 =2
uR2={/1 — ot T T o T T = — T —
-2 =2 — — — — — — — —

f/l *)f/z *)flzﬂfll*}fzl*}f12*>e(2)*>f21*>f12*>6(2)*>f1 1*>f12~>

=2

-1 —1 — — — =2 —
/ / *)flzﬁfllﬁeg*)flzﬁf/z *)eg*)flzﬂfz

=1 — it =
where el(.) and f’ i_"i are identified. The permutation is then given by
00 (S =T > (T = S)), i=1,2,

where S; is the same as before, while (Fig. 51)

T =, L= 55550

10.2 Alternative factorization of the reduced R matrix

From Remark 4.17, one can use the Cartan involution and replace the first factor e; ® 1
in the reduced R matrix with the embedding by the F; paths. Then the embedding ("’ ®:
induces a very simple factorization of the reduced R matrix, where

i, —

gr(e) = gp(t 7). g7,
greh) = g @) g,

and hence by Corollary 9.6,
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pr—3 pr—3
@ =it =13

Fig. 51 The flipping of triangle 11 g, of the basic quivers in type G, before changing the index back to
standard form. The basic quivers are stacked according to Fig. 42

Corollary 10.8 Under the embedding 1" & i, the reduced R matrix factorizes as

R=Rs-R3-Ry Ry,

where
N a7 )
Ri=[]"]]7eF " ®x0).
k=1 j=1
N iy )
— Jo— +
Re=T171TeF, ™ X,
k=1 j=1
N T
L
Ry=T]]]"eF " ®Xxp),
k=1 j=1
N Ty )
Ri=T]]Ts(F™ @ Xp).
k=1 j=1

and recall that T1°P means multiplying from the right.

The embedding (¥ ® ¢ corresponds to a new quiver 2;, which is another amalga-
mation of the two quivers Dy, where the nodes { f;”} of the first quiver are glued to
{r :”' } of the second quiver instead (see Fig. 52). Then one can describe for every type
of g the mutation sequence giving the flip of triangulations on z?g easily:
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A A

C c

Fig. 52 Half-Dehn twist of the quiver gg

Proposition 10.9 Let

be the concatenation of the F;-paths in the corresponding subquivers of Zgy. Then the
mutation sequence giving the flip of triangulation is

ur, ={P1 —> P — ... Pn},

where as before if iy, is the k-th appearance of the root index i from the right of i, then
P = PLC [k, ny].

When i corresponds to the Coxeter element of the Weyl group, wog = w? / 2, this
coincides with the mutation sequence of the flip of triangulations (where two quivers
mirrored to each other are glued) described in [35] in the classical type. Hence this
construction generalizes those of [35], and at the same time provides a representation
theoretic meaning of the sequences giving the flip of triangulations described there.

Although the description of the R matrix factorization is very nice, we see that
after 4 flips it does not return to the original quiver, but rather a mirror image with all
the arrows flipped. A full Dehn twist, however, return us to the original configuration.
If Conjecture 8.5 is true, which gives a quiver mutation equivalence between ¢ and
(¥ (with Dynkin involution), this will relate such nice presentation of the R matrix
factorization to the canonical one found in the main theorem.

11 Proof of Theorem 9.5

Let R denote the right hand side of (9.8). The strategy is to show that KR also gives
the braiding relations (9.3) as well. First of all, we have
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Adc(1Qe+¢ QK)=K; Qe +¢ 1, (11.1)
Adc(E; @1+ K @f) =i K/ + 1 ®f;, (11.2)
AdiA(Ki) =K, ® K;. (11.3)
Hence in order to prove the braiding relations, it suffices to show
RA() =(1Qe +€ ®K)), (11.4)
RAG) =\ @1+ K ®f), (11.5)
RA(K;) = K; ® K;, (11.6)

where the last one is trivial. We begin with several Lemmas:

Lemma 11.1 For any sl triple (e, f, K, K'), and any self-adjoint element X, we have

Adgeex)yf®1+K' ®@X)=f®1+ K ® X.

11.7)

Proof This is a well-known result by considering the formal power series expansion
of g (recall that we restrict ourselves to the compact case, but it holds for the non-

compact case as well). Recall

1
u (_1)nq§n(n—1)un
= s () VA
! a—q7') @ —a...(g—q7h

and that we have
e'f — fe' = (qn _ q—n)(qn—lK/ _ ql—nK)en—l.
Hence we can work out

gEeX)f®1+K' @X)—fQ1+ K ®X)gr(e® X)

X" |f®1+K ®X)

Z (_l)nq%n(n—l)en
@ —q™.(a—q7h

(_l)nq%n(n—l)en
@ —q™...(g—q7H

~ERI+K®X) D

n>0

(_an%n(n—l)en
=f®1
C®D) = a—aD

n>0

® X"

® X"




Cluster realization of L4g(g) and factorizations of the... 4543

(— l)nq%n(3+n)en

Xn
(g"—q™...(q—q™hH @

+(K'®X)).

n>0

- @K' —q7"K)

n>0

(_1)nq%n(n+1)en

Xn+1
(g"—q™)...(g—q7hH

(_l)nq%n(n—l)en

- fR1+K®X) ® X"
; (@ —q™...(g—q"H
=0.
O
For simplicity, let us define
vk A (11.8)
Tl ks |

such that f; = Y! + Y2 + ... + Yl.zn".
Lemma 11.2 We have for 1 <k < 2n;,

k—1 2n;
Ady, @ orh) (f,- ®I+Ki®Y Y +K @) Y;)
=1 I=k

k 2n;
=i®l+Ke) Y +Kie Y v
=1 I=k+1

and invariant under Adgb(ej@,;) forj #i lfY]Z. comes after Yl.k_1 and before Yik in
the decomposition (9.8). '

Proof We observe that by Lemma 5.2,
Adgb (e;®Y}

Adgb (e @YK

)(Ki®Yl~l)=Ki®Yil [ <k,
(KI®Y)=K/®Y 1>k

Hence we only care about the term (f; ® 1 + Kl’ ® Yl.k). By Lemma 11.1

Adgb(ei®Y,«k)(fi ®1+K® Yik) =i®1+K® Yl.k

and we are done.
Finally, again by Lemma 5.2 it is easy to check that ¢; ® le. commute with

2n;

k
l [
Ki®) Y +Kl® >
=1 I=k+1
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whenever Y Jl comes after Yl.k_1 and before Yl.k in the decomposition (9.8). ]
Lemma 11.3 For the reduced wordi = (i1, ...,in) € R, ifiy = i, then

KRA(e;) = A (e))KR.
Proof Note that if iy = i, then X ]jf, =X

X 0 -n; . We have
fite S

nj, € = Xf_”i + X

n o and K; =
J; P !

S

2
Xfifni Xe? = qi Xe})Xf;n,‘

Hence

3
= Adg,,(e,@xf,n[)(l X m +1Q@X i 0+ e ®Ki)

Ad b(ei®X;/)(1 ®e +e R K;)

=1@X i + (1@ X o +e @K)(1+qiei @X -y X!
=1® Xfin,- +1® Xf,-ni,e,(-)(l + gieBi @ Xfifn,-)(l +gie; ® Xf;n[ Xe}))*l
=1Q®e.

One then check directly that 1 ® e; commutes with all the factors e; ® X f for every
J, k, except the last term ¢; @ X ;, where we have the reverse of the above:

Ad

weoxh(l®e)=1®e +€® K],

and hence
KRA(e) =K(1®e +e @ K)R = A% (e))KR

as required. O

In general, we use the fact that the decomposition of R is invariant under the change
of words M. Letf; := )" fl.k * denote the representation of f; using the mutated cluster
variables X; := M (X;) under the change of words M (cf. Sect. 7)

Lemma 11.4 We have the following identities:

(1) For the change of words M : (...iji...) <— (... Jij...) we have

grer @ T ) g @ £ F)gp(er @ F5F) = gper @B )
gr(er T Hgp(er @) )

forv(i, k) < v(j,1) < v(i,k+ D).
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(2) For the change of words M : (...ijij...) <— (... jiji...) where i is short
and j is long, we have
2b, (€ ® T F)gy(e; @1 ) gy (6 @1/ F)gn(e; @)

= go(e; ®F ") (e T ) gi(e; ®F )i, (e @)

forv(j,l) <v(i,k) <v(j,l+1) <v@,k+1).
Proof We will prove the + case, while the — case is similar.
Proof of (1) In the simply-laced case, recall that we have
k+1,+¢k, k,+pk+1,
fl' + +fi + — qui +fi + +’

fik,+fjl,+ — q_lf;’+f.k’+.

Hence
1+ k,+
e, f ", ¢, @f 7]
J : i —eje; ®fl+fk+ ee; ®fik,+fg,+
q9—q9 '
ejei ® —q 'eje;
— J v q_] J vl ®f{’+f.k’+
q9—49
- I+gpk,
=¢€;Qq 1/2fj +fi +

where e;; = T;(e;) is given by the Lusztig’s isomorphism.
Hence using (A.9), we have
gvle @ Mg (e ® 1) gnle; @1T)
= gp(e @ f T gy @ )gnley; @ g2 T g e @ 1))
= g(ei ® BT + 1)) gn(er; ® T g (e @ 1)),
Similarly, we have
gr(e; ®T " Mgp(e; ®F T)gu(e; T, ™)
= gp(e; ® T )gpler; ® ¢~ g (e @ F)gnie; T
= go(e: ® T Ngley; @ g T T Ngne; @ @ +1,)).
If we write down the quantum cluster variables as
ff = X, £ = X1 ,, fj~=X3,

' =X, fi = Xs, fi =X34,
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then we have

e~

X1 =X1(1+4gX2),
X3=X3(1+¢Xx;H7
Xy =X;",
and one can see that
k+1,+ kA4 _ kot
f; +107 =17,
L4gpk+ _ pl+1,+pk+
A A
I+ _ pl+1,4+ |, ¢+
fj = fj + fj
as required.

Proof of (2) We have fik’Jrfjl’Jr = q’lfjl’Jrfik’+ whenever v(j, ) < v(i, k). Let

V=g ®fik’+,
u==e; ®fjl’+,
1/2 —1/2
c _ [u, v] _4 / eje; —q / €e; ®q*‘/2f.l*+f.k’+ = ey ®q*1/2f.l’+f.k*+,
2lg, g—q7! q—q! S s

qs_lcv — gsvc eye; —e;ey

1

d =

-4 s — s

where ex := T;(e;) and ey := T;T;(e;) are given by the Lusztig’s isomorphism. We
have

eyex = qgexey,
€xe = qge;ey,
ejey =qgeye;j,
[ej, ex]
J = e% ’
q9—49
and hence u, c, d, v satisfies the condition for (A.10). Applying (A.10) repeatedly and
rearranging, we have (we underline the terms to be transformed):

an (& ® fik+l'+)gb(ej ® f;+l'+) g, (& ® fik‘Jr)gb(ej ® f}'+)

f;+l,+ —1/2f;+l,+fik+l,+ —lfjl+l,+(fik+l,+)2)

= (A.10)8(€; ® V&b, (ey ® g )gh(ex ® q

x g, (e @ F )
gole; @1 F)gn, ey ® g™ 8] T g (ex @ ¢ (A1) gn, (e @ 15T

= A.10,80(€; @ T )y (ey ® g7 2AITIF R
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x go(ex @ g~ 1A g e, @1

g ey @7 P g ex @A)

gv, (& DT gy (ey ® g7 T D gnex @ g I (AT g, (6 @ 8T

= a7 g, ey @ g7 AT gy (e @ 1)
x gb(e%/ ®fj+1$+fjl,+(fik+l,+)2)

b (ex ®q_1f,?+l’+(f,-k+l’+)2)ghs (ey ®q_1/2f}’+f,-k+l’+)gh(ex ®q—1fj{,+(fl{c+1,+)2)
gv,(ey ® q_l/zf,{’+f,-k’+)gbs (ex ® f}‘+f,-k’+f,-k+l'+)
2o, (€ @ Dgylex @ g7 T A D) (e @11

= A.8)8(€; ® (" +1/T)

—1/2¢l4+1,+pk+1,+ 2 I+1,4pl,+ pk+1,42 —1/2¢l,+pk+1,+

8, (ey ® q fj f,‘ )gn(ey ®fj fj (f,‘ )78, (ey ® g fj f,‘ )

—1/2p 14kt
J 1

8h,(ey @ ¢q Ygp(ex ® q*1f1{+1,+(fik+l,+)2)

golex @ T ATT g (ex @S gy (ex @ )T (1T

g, (& @ (BT 4 £0T))
= A12,8(e; @ ETT 4 £0)
X b, (ey ®q71/2(fj1+1,+ +fjl,+)fik+1,+)gbx(ey ®q71/2f;,+fik,+)

grlex @ g AT g ex @ g7 T AT 45D g (e @ (T 4+ £5h)

— (AS)gb(eJ ® (f;+l,+ +f]{’+))gbs (eY ®q—l/2(fjl+1,+ +f},+)fik+1,+ +q—1/2fj?,+fik,+)
go(ex ® g TTETI 4 g T AT 15 e 0 (T - £1)),
where in the last line, we observe that the terms ¢> commute, hence we can apply
(A.12).
On the other hand, by applying (A.10) once, we have
Tl+1, Tk+1, <1, Tk,
gr(e; @F T Mgy (e @F T ) gp(e; @) Mgn, (6 @)
Fl+1+ | B, —1/251 k41,
= gp(e; ® BT +T, )en ey @ ¢~ PH T
—1pl+ k41, ek+1, Tk,
glex ® g @ gh, @ © @ 1))

To compare, again we write out the quantum cluster variables as

f,»k’Jr = X1, f,-kH’+ = X1,2, fjH = X3, fle’+ = X34,
fl»k’Jr = X1, fik+l’+ = X1.2, /f\lj’+ = X3, /sz’Jr = X34.

Recall that we need to do mutation three times according to Sect. 7.2, which gives at
the end

< -1
X1 =D, X124,
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X2 = X;,D1.
)?3 = Dl_lX3D3,
X4 = D7 Xu,

where

Dy = (1+q,X2)(1 + ¢ X2) + X 4,
Dy =(1+qsX2+g5X2.4),
Dy =(1+q, X2+ g X20) 1+ X2 +¢2X2.4).

Now we can check directly that

4L+ | el _pll+ | Fl+
414 | elA\ek+l4+ | —1/2¢l+ek+ _ FLAFK+L+
L e A A T
1,4 pk+1, L4 cpk+1, k, T+ pk+1,
fj+ (e +)2+fj A R SER @2,

and this completes the proof. O

Remark 11.5 In type G, using the mutation sequence that gives the half-Dehn twist
from Sect. 10.1.5, one can conjugate the representation of A(e;) by (9.8) and check
the braiding relation directly. Using the fact that the standard form of the universal
R matrix is invariant under the change of words, we conclude that the analogue of
Lemma 11.4 also holds in type G».

Proof of Theorem 9.5 First it is obvious that K and R commute with both A(K;) and
A(K?) by direct calculation.
As a consequence of Lemma 11.2, we have

KRAE) =KE @1+ K' @ )R = AP ()KR (11.9)

as required.
As a consequence of Lemma 11.4, we can choose freely the reduced word i with
any choice of index on the right of i, and by Lemma 11.3, we obtain

KRA(e;) = A% (e))KR

for every root index i, thus completing the proof of the braiding relations.

Finally, recall that by the construction of the positive representations P, one can
choose appropriate discrete parameters A and restrict it to give any irreducible highest
weight finite dimensional representations of 4, (g) [21]. Then KCR satisfies the braiding
(9.3) on every finite dimensional representations of 4, (g), and as a formal power series
it has constant term equals 1, hence we conclude that /JCR equals the universal R matrix.
O
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A Quantum dilogarithm identities

The compact quantum dilogarithm function is defined to be the infinite product

wi) =[Ja+4¢" "0, (A.1)
r=0

which is well defined for 0 < ¢ < 1. In the split real case, where g = €™ ib* with
0 < b < 1, the infinite product is not so well-behaved. To treat this case, the non-
compact quantum dilogarithm g, (x) is composed of two commuting copies, associated
to the so-called Faddeev’s modular double, of the compact quantum dilogarithm W (x)
[6,8]. It is a meromorphic function that can be represented as an integral expression:

o 1 / x5 dt A2)
x):=exp| - — 1, .
&b P\ 4 Jirio sinhGebr) sinh(eb—11) 1

such that by functional calculus, it is a unitary operator when x is positive self-adjoint,
and there is a b-duality:

L

gp(x) = gp-1(x7%). (A.3)

In this paper however, we are only interested in the formal algebraic calculation,
hence one may consider only the compact part and think about the correspondence in
terms of formal power series

gp(x) ~ i) = 10"1(1 +q7'x) = Expy (—q_”T) : (A4)
where
xk
Expy(x) := g W (A.5)
(k) == 11__qk. (A.6)

In particular, we can rewrite the identities of Exp,(x) derived in [31] for the
quantum dilogarithm function g,(x) that are needed in this paper. In particular, by
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writing in this way, the argument of g, (x) are all manifestly positive self-adjoint so
that the identities are well-defined in the split real setting.

We will be interested in two types of identities: the pentagon equation (PE) and the
quantum exponential relation (QE), together with their generalizations.

Simply-laced case Let u, v be self-adjoint variables. If uv = g”vu, then we have the
pentagon equation and the quantum exponential relation:

(PE):  gh(v)gr() = gr(w)gn(q ™~ uv)gp(v), (A7)

(QE):  gp(u+v) = gp(u)gy(v). (A.8)
Let again u, v be self-adjoint and

w0l
T g—q

T
such that
uc = q*cu, cv = q>ve.
Then we have the generalized pentagon equation:
(PE):  g(v)gpu) = gr(u)gn(c)gn(v). (A9)

in which (A.7) is a special case.

Doubly-laced case In the doubly-laced case we have g; = ¢'/2. Letu, v be self-adjoint
variables, and let

c:= vl v],l ., d:= 4 v gsve —7q1svc’
qs — (gs q9—4q
such that
7] 2
d—qd
uc = CIZCM, cd = qzdc, dv = qzvd, 4 “ C{ “ = c2 .
q9—9q9- (21,
We have
c
(PE): &b, (V)gp(u) = gp(u)gp, (W) gv(d)gp, (v), (A.10)
qs
(QE): &b, (¢ +v) = gp, (c)gp([2]4,d) &b, (V). (A11)

In particular if uv = g%vu and substitute u quv_l/[Z]qs, we have:

b, (1 + v) = gb, () g (g~ 'uv)gp, (v), (A.12)
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g ((u +v)?) = gr ) gp, (¢~ Puv)gp(0?). (A.13)

These two relations are related by the b-duality (A.3).

Triply-laced case For completeness we also translate the type G identity of [31] to
gb(x), which becomes more natural looking.
Letgs; = ql/ 3. and let u, v be self-adjoint. Define
—1

gy uv — gsvu
ci=—> ),

)
613 — s
d = q;zcv — qszvc
S R
qs — 4s
d = qs_zuc - qszcu
=T T
qs — 4s
such that these relations are satisfied:
ud' = qzd’u, dc= qzcd’, cd = qzdc‘, dv = qzvd,
2 g 'ud — qdu 2 g 'd'v — qud’ 3 g7 2d'd — q*dd’
q—q7! q—q7! g—q '
Then we have
(QE): g, (u+v) = gp, (u)gp(d) g, (c)gn(d) gn, (V). (A.14)
In particular if uv = g%vu = qgvu, we have
8, (u +v) = g, () gp(q > uv)gn, (¢~ uv)gn (g 2uv?)gn, (v). (A.15)
g ((u +v)%) = gy u)gn, (g uv)gp (g uv ) g, (g P uv)gr (), (A.16)

which are related by the b-duality (A.3).

On the other hand, let ey, e; be the generators of U, (g¢,) with e; long and e; short,
and let 1, ¢ be positive variables satisfying 12> = g~ '¢2¢1. Let the non-simple root
generators be

e, e
[e2 1]%3/2

ew =Ti(e) = ———+,
s —d4s
[ey, eW]q;l/z
ex :=TNhe) = ————,
qs — 4s
[e2, eW]qu/Z
ey =111 (ex) = ﬁ,
qs — s

le2, ey] 112
ez :=TN1DLNThe) = ———
qs — 4s
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Then we have (PE):
8b, (€2 ® £2)gp(e1 @ 1)
= gu(e1 ® £1)8, (6w ® q'/70180)8p(ex ® 47¢1¢3) 8,
(ey ® qC183)8n(ez ® ¢°/20103) g, (€2 ® {2). (A.17)
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