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1. Introduction

Let f be a positive function on the unit sphere S™. In this paper we are concerned with the
solvability of the equation

on S", (1.1)

det(V2H + HI) =

where H is the support function of a bounded convex body K in the Euclidean space R"*!, | is the
unit matrix, V2H = (VijH) is the covariant derivatives of H with respect to an orthonormal frame
on S".
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Eq. (1.1) is the L,-Minkowski problem of Lutwak [16] with p = —n — 1. It is called the cen-
troaffine Minkowski problem in [9], and is of particular interest due to its invariance under projective
transformations on S™. This equation also arises in a number of applications. It describes self-similar
solutions to the anisotropic curve shortening flow [3,10]. The associated parabolic equation also re-
ceived considerable interest in image processing [2]. Eq. (1.1) corresponds to the critical case of the
Blaschke-Santalo inequality [18], and its existence of solution is a rather complicated problem. The
situation is similar, in some aspects, to the Nirenberg problem and the prescribing scalar curvature
problem on the sphere, which involve critical exponents of the Sobolev inequalities and have been
extensively studied [6,8,12,14,15]. For Eq. (1.1), it is known that when f is constant, all ellipsoids
centered at the origin are solutions to (1.1) [5]. So one cannot obtain a priori estimates for solutions
without additional assumptions on f. Similarly to the prescribing scalar curvature problem, there
exist obstructions for the existence of solutions, such as a Kazdan-Warner type one in [9].

Eq. (1.1) has been studied in a number of papers, see [1,7,11,13,20] for the case n =1, and [9,16,17]
for n > 1. When n =1, (1.1) is a nonlinear ordinary differential equation, which arises in the inves-
tigation of self-similar solutions to the anisotropic curve shortening flow [3,10]. Sufficient conditions
for the existence of solutions have been found in [1,7,11,13,20] by different methods. In this paper
we study the n-dimensional case of Eq. (1.1) for n > 1, especially when f is a rotationally symmetric
function.

First we have the following volume estimates.

Theorem 1.1. There exist positive constants C,, Cn, depending only on n, such that for any solution H to
Eq. (1.1), we have

Cn\/ fmin < |K| < 6nv fmaXa (1-2)

where fmin = infsn f, fmax = supgn f, and

1
K| = —/Hdet(VzH + HI)
n+1

Sl’l
is the volume of the corresponding convex body K.

Next we consider a priori estimates and existence of rotationally symmetric solutions, that is,
solutions which are rotationally symmetric with respect to the x,,{-axis in R™!, In the spherical
coordinates, a rotationally symmetric function f on S" can be regarded as a function on [0, 7], such
that f(0) = f(x1,...,X+1) with x,41 = cosé. In particular f(0) is the value of f at the north pole
and f () is the value of f at the south pole. Using the superscript  to denote %, we introduce the
following two quantities associated with f,

-f"(3), n=2,

W= 5 r@nanos, not

and

pi(f) = / f'(6) coto db.
0

Note that by the rotational symmetry, we have f’(0) = f'(;r) =0.
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Theorem 1.2. Assume that f € C*(S") whenn # 2 and f € C5(S") whenn = 2, that f is positive, rotationally
symmetric, and that f'(%) =0, ni(f) # 0 and pi(f) # 0. Then there exist positive constants C, C depending
only onn and f, such that for any rotationally symmetric solution H to Eq. (1.1), we have

C<HKLC. (1.3)
By the above a priori estimate, we then have the following existence result.

Theorem 1.3. Under assumptions of Theorem 1.2, if ni(f) < 0 and pi(f) > 0, then Eq. (1.1) admits a rotation-
ally symmetric solution.

The proof of the a priori estimates (1.3) is inspired by [1,13], which treats the one dimensional
case of the above problem, and by [6], which treats prescribing scalar curvature problem on the
sphere. For this approach, we need the rotational symmetry to conclude the uniqueness of solutions
in a limiting procedure. For the prescribing scalar curvature problem, the corresponding uniqueness
is a consequence of the Liouville theorem.

With the a priori estimates, one can study the existence of solutions by the topological degree
theory, as was in [1,13] for the one dimensional case. In this paper we choose a different approach
to the existence, namely by a blow-up analysis. However, additional conditions are needed in this
approach, just as in the approach by the degree method [1,13]. The blow-up analysis is of some
interest itself, as it may apply to the non-rotationally symmetric case as well. We plan to explore this
approach further in a subsequent work. In this paper we use the Kazdan-Warner type obstruction
to establish the a priori estimates (1.3) and will restrict ourselves to the rotationally symmetric case
only. Note also that even in the case n =1, our conditions are different from those in [1,13,20].

The paper is organized as follows. In Section 2, we recall an obstruction for the existence of solu-
tions in [9] and prove Theorem 1.1. Then we prove the a priori estimates, Theorem 1.2, in Section 3,
and the existence Theorem 1.3 in Section 4. In Section 5, we prove an existence result for the rotation-
ally symmetric solutions to L,-Minkowski problem, in the super-critical case of the Blaschke-Santalo
inequality.

The first author would like to thank his supervisor, Professor Huaiyu Jian, for many discussions.

2. A necessary condition and volume estimates
In this section we recall a necessary condition introduced in [9] and give an upper and lower
bounds for volume estimates.

Let B be an arbitrarily given (n + 1) x (n 4+ 1) matrix. The matrix generates a projective vector
field &, given by

£(x)=Bx— (x"Bx)x, xeS". (2.1)
It was proved that a solution to Eq. (1.1) must satisfy the following necessary condition.

Proposition 2.1. Let H be a C3-solution to Eq. (1.1). Then for the projective vector field & given by (2.1), we
have

/ Vel (2.2)

Hn+1
SH

This proposition was proved in [9] using the gnomonic projection. Here we prove it by the moving
frame method. The idea of the proof is essentially the same. First we prove the following integral
identities on S".
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Lemma 2.2. For any C3-function u on S", and any tangent vector field £ of form (2.1), we have

/udet(v2u+u1) dive :(n+1)/det(V2u+u1)V§u, (2.3)
Sn n
/qu det(VZu +ul) = —(n+2)[det(V2u +ul)Veu. (2.4)
Sn n

Proposition 2.1 follows readily from this lemma. Indeed, if H is a solution to Eq. (1.1), then

Vif [ Ve(H"™det(V2H + HI))
Hn+H1 T Hn+1
sn sn

= /(n +2)det(V2H + HI) V¢ H + HV; det(V2H + HI)
sn
=0.

In the following we will denote by u ; = Vju and u ;; = Vj;u the covariant derivatives of u, in an
orthonormal frame on S". We also denote as usual that §;; =1 if i = j and §;; =0 if i # j.

Proof of Lemma 2.2. For simplicity we denote (u j; + uéd;j) by (A;;), and by Al the cofactor of Ajj.

One easily sees that Ajj, is a symmetric tensor and A”j = 0. Hence the following integration by parts
holds for any smooth functions ¢, ¢ on S7,

/A”fp,ijwz—fAijtp,iI/f,j=/Aif¢w,ij- (2:3)

All integrals in the proof of Lemma 2.2 is over the unit sphere S".
Write & = £key, then gk = kaBx. Calculating its covariant derivatives, we get

k—x ka, — xTBx8y; = (xTBx,,-),k, (2.6)
&= —S"Su — €98 — X" BX 18k — X BX ;. (27)

Hence
n/det(Aij)vgu=/A"f(v2u+u1).§’<u,,<
uk ij +Aiju8ij€ku.l<

uA 1] ‘éi_,]uk‘i'ékuk}'i‘s iU ki +§& ul<1])+UA151]§ Uk

uAYu g (5 + £58) + 2uATEN U 1 + uAVE  (Awi j — 1)

\\\
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Taking into account of (2.7) and the symmetry of Ajj x, the above equality reads
n/det(Aij)Vgu:/—uAiju_k(Ejéki +xTBx ;8 + X" BX j8i)
+ / 2uAYER Y 1+ uATER Ay — uATu jE
= f —2uAlu j&" — 2uAYu ;X" BX ; + 2uATE U ; + ut* (det Ay)
= f —Aif(u2)’j(€i +xTBx ) +2uAlieku ; + / uVe det(Ajj). (2.8)

By virtue of (2.5) and (2.6), the first integral can be simplified as follows,

/uzAij(éi+xTBx,i)7j+2uA’7§’§u,kj=/u2A"j(§ij+§jlz)+2uA"j§7’§u_kj

:/.ZuA"j(uS,]l: +$"§u,k]~)
=/2uA"f;’§Akj
= / 2udet(Ay)8g"
:2/udet(Aij)divé.
Hence (2.8) becomes
nfdet(A,-j)V,gu =2/udet(Aij)diV€+/qu det(Ajj). (2.9)
On the other hand, the divergence theorem gives
/det(A,'j)Vgu +/uV§ det(Ajj) —I—/udet(Aij)divg =0. (2.10)

Now the lemma follows immediately from (2.9) and (2.10). O

An important property of Eq. (1.1) is its invariance under the projective transformation group
SL(n + 1). More precisely, let H be a solution to this equation and K the associated convex body
in R™1, Then after making a unimodular linear transformation AT € SL(n + 1), the convex body K is
changed to K4 with support function H,4. We have

Ax n
Ha(x)=|Ax|-H[ — ), xeS". (211)
|Ax|
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Indeed, by the definition of support function,
Ha(x)= sup phix
pa€Ka

= sup(ATp)Tx
pek

=supp’ Ax
pek

Ax
=|Ax|-H| — ).
|Ax|

One can also verify, see [9], that H,4 solves the equation

A
dEt(VZHA‘i‘HAI):%, fA(X)=f<|A—il)- (212)
A

To understand formula (2.11), it is helpful to consider the corresponding convex body. The support
function is the distance from the origin to the tangent plane, and (2.11) is the formula which tells
how the distance changes under linear transformation.

It is known that for any non-degenerate convex body K, there is a unique ellipsoid E which attains
the minimum volume among all ellipsoids containing K [19]. This ellipsoid E is called the minimum
ellipsoid of K [19], which satisfies

! ECKCE (2.13)
n+1 ’ '

where oE = {ar(x — x0) + X0 | X € E} and xg is the center of E. We say K is normalized if E is a ball.
Next we consider the volume estimate for the solution H. Let K be the convex body with support
function H. Recall that the volume of K is given by

1
K| = —— / Hdet(V?H + HI)
n+1
Srl

1 f

=n+1 Hn+1®
Sn

Lemma 2.3. There exists a positive constant C,, depending only on n, such that for any solution H to Eq. (1.1)
we have

Hmin'Hn ' |K| >Cnfmin~ (2-14)

max

Proof. By extending H to R"*! such that it is homogeneous of degree one and by the convexity of H,
one sees that |[VH| < Hpax := supg» H. Hence for any fixed point xo € S", we have

H(X) < H(X0) + Hmax|x — Xo| Vx € S", (2.15)

where | - | means the standard metric in R™t1,
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Direct computation shows

1 1
=
/ Hr+l / (H(x0) + Hmax|x — x0))"+1
sn sn

.

opsin® 16
= / L — do
(H(X0) + Hmax2 sin 5)"+1
0
Cn9n7]

de
(H(X0) + Hmax0)"*!

H(Xo)Hmax / a+ f)”“ (216)

where the spherical coordinate system with respect to xg is used and o, is the area of unit sphere
in R". Thus we have

1
H(XO)HmaX/ Hret = Cy
Sn

for a different constant C,. Since xg is any given point, we obtain

1
Hmin - Hmax/W > Cy. (217)
STI
Therefore
1 f
Hmm Hmax |K| Hmln Hmax n+1 Hn+1 / nfmm O
Sl’l

Proof of Theorem 1.1. As the estimates (1.2) are invariant under unimodular linear transformation, we
only need to prove it for normalized H. Let R be the radius of the minimum ellipsoid of H (actually
a ball), then

R n+1
— <IK| < R™1, 218
wn+1(n+1) |K| < wn41 (2.18)

where wp41 is the volume of unit ball in R,
Noting that

(2n +2)"H1
Hmin - oy < HEEL < QRMT < ———IK],

max X
n+1

by virtue of Lemma 2.3, one immediately gets the first inequality.
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On the other hand,

1
K| = —— | Hdet(V?H + HI
K= g [ Hdee(V2H + Hi)

sl‘l
1 n+1
] a2 5 n+2 2 n+2
<o\ H det(V*H + HI) det(V*H + HI)
n
sn sn
1 n+1
1 / =) /d t(VZH N HI) n+2
= e .
n+1 f
sn sn
The last integral is equal to the area of the convex hypersurface 9K with support function H, namely
n+1
2 n+2 n+1 n n+l
(/det(v H+HI)> = area(H)™2 < (041 R") 2.

sn

Hence we obtain

n+l1

K| < Ca( fmax) ™7 (RT) 2.

Namely
1
R < Cnfrac »
which together with (2.18) leads to the second inequality of (1.2). O

We note that when n = 1, similar volume estimates were obtained in [1] for centro-symmetric
solutions. For normalized solution we then have

Corollary 2.4. There exist positive constants Cy, C;, depending only on n, such that for any normalized solu-
tion H to Eq. (1.1),

2n+1 1
. f 22 ~ £one2
Cn fminfmax ~ < H < Cnfmax -

3. A priori estimates

From now on we only consider rotationally symmetric solutions to Eq. (1.1). In this case, f must
also be rotationally symmetric, and the obstruction (2.2) can be written as

Proposition 3.1. Let H be a rotationally symmetric C3-solution to Eq. (1.1). Then

b1
f'(6) sin" 6 cos @

ety 20 =0 (3.1)
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Proof. When n =1, (3.1) can be proved directly by integration by parts [1,13].
Let & be the vector field given by (2.1) with B = (bgp). Then

Ve f = f/(0)x,Bx = f'(6)(cotox” — v(6))Bx,

where v(0) = (0, ..., 0, cscf). Therefore

xT Bx,

/ Veif [ fl®)de

Hn+1 ) Hn+1 )

sn So

where Sy = {x € S": x;+1 = cosd}. Direct computation shows

/x%Bx:cotQ/xTBx—v(G)B/x

Y Se So
= cotfd Zbaa/x“x"‘da — bpt1.n41 cot@/ do
o So So
n
_+b .
- (@ - bn+1,n+1> cotd sm29/ do

So

_ trB—(n+Dbny1nt
n

- oy sin" @ cosé.

Hence

n

T
Vef trB— @+ Dbpy1ns f'(6) sin™ 6 cos O
Hn+1 n "0 H™1(9)

0

gn

Thus (3.1) holds. O
For a rotationally symmetric solution H to (1.1), one can choose matrix

A=diag(aﬁ,...,a$,a’$) (3.2)

such that Hy is normalized, where a > 0, and Hjy, fa are defined in (2.11) and (2.12). To prove
Theorem 1.2, we have two cases to consider, that is either a — oo or a — 0.
From (2.12), we can write f4 as

fa® = f(ra®), (33)

where

Ya(0) = arccos(?ose )
iq(0)

ig(0) = +/a?sin® 6 + cos2 6. (34)
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In fact,

1 1 _n T
Ax = (a™TX1,...,a" Xy, @ T Xpy1)

|Ax] = a7 T a2 ()2 + -+ (n)2) + ()2, (3.5)

Therefore in the spherical coordinates we have

Ax _( cosG)T
|AX| Tig(0))

which implies

cosf

fa®) = f(w ia(9)> = f(va®).

First we prove two auxiliary lemmas.

Lemma 3.2. Let ¢, € C[0, 7r] be a sequence of uniformly bounded functions. If ¢, converges to a constant
¥oo > 0 locally uniformly in (0, 7r) as a — +oo, then

r 3 sin" 6 cos 0
/ aO) (' (va®)) — (0 /2)) —g”
J 2()
Copoo(ni(f) +0(1), 123,
=1 ¢oologa®mi(f) +o(1)), n=2, (3.6)
goca(i(f) +o(1),  n=1,

where C, = [, sin" > 6 cos? 6 do.

Proof. Let A, denote the integral on the left hand side of (3.6).
If n > 3, we write A, as

T o 2
Aq =/<Pa(9) . (f’()/a(e)) _ f/(YT/Z))atan(; . %dg
0 a

When a — +00, one easily verifies that

)

|(f/()/a(9)) — f/(n/Z))atan9| < sup |f//
[0,7]

(f'(va®) = f'(r/2))atand — — " (7 /2),

where the convergence is uniform on any closed interval of (0,7). By the bounded convergence
theorem, we obtain

/g

lim Aq= / Yoo - (—f"(/2)) - sin" 20 cos? 0 dO = —Cnipoo " (77 /2).

a—+00
0
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Namely
Ag=Cnoo - (= " (1 /2) + 0(1)).

If n =2, we shall use Taylor expansion to evaluate A,. Denote f(t) = f(arccost). Then f €
C3[—1,1]if f e C8(s?)! and

£ (va®) = — ¥ <c059> ~asing

ia(0) ) ia(0)

(f 0+ "0 +O( )3

cos? 6 ) asin@
a(9) i2(0)

iq(0)

Hence

b
~ a*sin® 9 cos? 9 atsin® 0 cos3 9
Ag=— 2(0) (0 do — do
/(o()f() a6 f() 50

r asin a3sin 0 cosd
_O/§0a(9)<f (0) i) +f( /2 ))igT‘m

Noting f(0) = —f'(3) and f7(0) = f"(3), one sees that, as a — 400,

Aq = (9o +0(1) f (71 /2)(1 +0(1)) loga® + 0 (1)

_/” (9)f/(7r/2)<1 _ aSi“9)a3sin20cosed9
0 " iq(0) 13(9)
= oo - (—f"(/2) + 0(1)) loga® _a/0(1)< azzg)e)cosede

= @oo - (—f"(T/2) +0(1)) loga® + 0(1)
= @oo - (—f"(/2) + 0(1)) loga®.

1 We note that f € C2 is not sufficient. For example, let f/(t) =1+t — (1 —t2)3/2, Then f is C2 but not C3. Observing that
f/(0)=0 and f”(0) =1, one can compute

pis
7

~,(cos6\acos® m+1+2log2
/,( ) _mAlt2lg2
0

i0(0) ) ia(®) 2

but

; . 0s 60 cosf \acosf w
/( O+ O +o ()taw)) W@ 2 o0
0

They are not equal. The reason is that the o(1) above is not really small near 6 =0.
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If n =1, applying the variable substitution 6 = y,-1(t) (more details of this substitution is given
below), we find that

a3sintcost

g
Ag = a\Va—1 © - f 2 sin?t 4 a2 cos? ¢
0/ Ga(yar ©)(F'© = /2) — =
_a[” ( (t))(f’(t)—f’(n/Z))ta“f'ﬂdt
B 0 PaVa sint +a2cos?t

Noting that

’

[(f'® = f'(r/2)) tant| < [%up]|f”

we have

a——+0o0

lim a~'Aq =/<Poo (f'(® — f'(r/2)) tant dt.
0
Hence
Ag=Pooa- (/(f’(t) - f'(/2)) tantdt+o(1)).
0

This lemma is proved. O

Lemma 3.3. Let ¢, be a sequence of continuous, uniformly bounded functions on [0, 7r]. Assume that ¢,
converges a.e. to a function ¢g > 0 as a — 0. Then

T

/%(O)f'()/a(G))

0

sin 6 cos 0

20) d6 = @o(r/2) - (pi(f) +o(1)). (3.7)

Proof. Let A, denote the integral on the left hand side of (3.7). Consider the variable substitution

(% t) arccos(a cost)
= -1 = . ’
Ya ja©

where

ja(t) =+/sin® t + a2 cos? t. (3.8)

Direct computation shows

acost

cosf = ——,
Ja(t)
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. sint
sinf = ——,
]a(t)
a(6
WO =
a
do = —
iG]

Then we find that

r sint \" acost ja(t)>2 a
(Yo ) f O = Rl e dt
Of“" Yt © f()(w)) Ja® ( a ) 2o

sin t cost

a(Va1 ) f' () ————dt
o/(O 2 9) it

s on+1
, sin"t ¢
0
Observing that

| f(t) cott| <

Pa(Var1 () = @o(/2) ae,
we obtain by the bounded convergence theorem that

e

11%1 Aa_/(po(ﬂ/Z)-f’(t)cottdt.

a—
0

Hence
Ag=¢o(m/2)- ([ f/(t) cottdt +o(1)>. m]
0

Now we use Lemmas 3.2 and 3.3 to obtain the a priori estimates (1.3).

Proof of Theorem 1.2. By Theorem 1.1, we only need to obtain a uniform positive lower bound for
rotationally symmetric solutions. Suppose to the contrary that there exists a sequence of rotationally
symmetric solutions Hy to Eq. (1.1) such that ming» H, — 0T as k — oo. For each k, there exists a
matrix

1 1 n

Ac=diag(a]™,....aq] " q, T, (3.9)

such that Hga,, given by (2.11), is a normalized rotationally symmetric solution to (2.12). We have
either a — oo or ap — 0F.
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By virtue of (3.1), we have the following equalities

T f//%k (0)sin" @ cos @ :

O =
f H 1(9)
0

Ak
[ (v ®) agsin”6cosd
B Yar a sin" 6 cos
_/ H'* o)  i20) (310)
Ak ag

By Blaschke’s selection theorem, we may assume that H,, converges uniformly to some support
function Ha,, on S", which is also normalized and rotationally symmetric. By the weak convergence
of the Monge-Ampére equation, Ha_, is a generalized solution to

2
det(V*H + HI) = iz On s, (3.11)
where
f(m/2) if a — oo,
fa, = { oo (3.12)
FO) X100 + F OO X xpy1 <0y if g — 0T,

where x is the characteristic function.

In the case of ax — +o00, fa,, = f(7r/2) is a constant. In this case, a solution to (3.11) is an elliptic
affine sphere. Hence it must be an ellipsoid [5]. But the solution is normalized, so it must be a sphere.
Hence Ha = f(7/2) 72 . Applying Lemma 3.2 to (3.10) and recalling our assumption that f'(5) =0,
we have ni(f)=0.

In the case ap — 0%, fa_, is equal to two different constants on the north and south hemispheres.
In this case, the solution Ha to (3.11) is strictly convex and C! smooth[4]. Applying Lemma 3.3
to (3.10), we see pi(f) =0. In both cases we reach a contradiction with our assumptions on f. Thus
the theorem is proved. O

Remark. From the above proof, one sees that estimates (1.3) holds uniformly for € € (0, 1] for rota-
tionally symmetric solutions to the following equation

1+¢f

det(V2H + HI) = Ty

ns", (3.13)

provided f satisfies the conditions in Theorem 1.2.
4. Existence of solutions

In this section we prove the existence of solutions to Eq. (1.1). First we recall the existence of
solutions to the equation

A
det(V2H + HI) = H—]; on S, (41)

where p € (0,n + 2) is a constant, f is a bounded, measurable function satisfying 0 < fiin < f <
fmax < 00, and A is the Lagrange multiplier. This is the p-Minkowski problem introduced by Lut-
wak [16]. When p <n + 2, Eq. (4.1) corresponds to the sub-critical case of the Blaschke-Santalo
inequality, and the existence of solutions to (4.1) for p € (0,n 4+ 2) was established in [9]. It was
proved that for any given § :=n+2 — p € (0,n + 2), there exists a solution Hs to (4.1) with volume
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1
K5l = f Hsdet(V2Hs + Hsl) =1, (42)
Sn

and

f -1
sn

where K; is the convex body associated with Hs. The solution Hg is a maximizer of

inf J(H — & - x), 4.4
\Is<l|]£15121<]( §-X) (44)

where the supremum is taken among all convex bodies K with volume 1, the infimum is taken among
all points & € K, and H is the support function of K. The functional J is given by

1 f
p—1/) Hp1

J(H) = ifp#1;

and

](H):—/flogH ifp=1.

The above existence was proved in [9] for general function f. If f is rotationally symmetric, then
one may restrict to rotationally symmetric convex bodies such that the solution obtained in [9] is
also rotationally symmetric. In the following we assume that f is rotationally symmetric and consider
rotationally symmetric solutions only.

We want to prove that as § — 01, Hs converges to a solution Hg of (1.1). Making a unimodular
linear transform Ag such that Kj := Ag(K,;) is normalized, let hs denote the support function of Kj.
Then by (2.12), hs satisfies,

s f5(Hs)?

det(V2h +hl) = e,

on S", (4.5)

where f5(0) = f(;35) and A (x) = Hy(;75)-

Lemma 4.1. There exists a constant cg > 0, depending only on n, fiin, and fmax, such that

As < Co. (4.6)

Proof. The upper bound for s follows from its definition (4.3) and the fact that the solution Hj is a
maximizer of (4.4). O

Lemma 4.2. There exists a constant ¢1 > 0, depending only on n, fuin, and fmax, such that as § — 07,

As = Cq. (4.7)
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Proof. One can prove (4.7) easily if Hs is uniformly bounded. Indeed, if s — 0 as § — 0, then the
right hand side of (4.1) vanishes on the part {x € S" | Hs(x) > 0}. It implies /H5>O det(VZH; + Hs),
that is the area measure of dKs N {Hs > 0}, vanishes. But this is impossible by the volume restric-
tion (4.2).

In the following we consider the case when Hg is not uniformly bounded. Since the solution is
rotationally symmetric, as before we express Hs as a function of 6 € [0, ], such that Hs(0) is the
value of Hs at the north pole and Hs(7r) the value at the south pole. Then there are two possibilities:
Ha(%) — 0 and Hs(%) — 0.

Denote

BT =Hs0), B =-Hs(m), B=p"—p", and r:H(;(%);
and
ot =hs(0), o~ = —hs(m), a=a"—a", and R:hl;(%).

Then the convex body K is contained in the cylinder
n
Cs= {(Xl,---,xnﬂ) eR™M! ‘ B~ <xnp1 < BT, ZX,Z <T2};
i=1
and the normalized convex body K; is contained in the cylinder
n
Cs= {(X1,...,xn+1) eR"™! ’of <t <at, Y < RZ}.
i=1

Since K; is normalized, we have C; < «, R < C, for some positive constants C1, C; depending only
on n.

Casel. Ha(%) — 0. In this case, for any given t > 0, and any point z€ A1 :=3dKN{B~ +tB8 < xny1 <
B+ —tB}, by the rotational symmetry and the convexity of Kj, one easily verifies that

T
tHs(yz) < Ha(;

) <t Hy (), (48)
where y; € S" is the unit outer normal of Kj at z. Denote

M= 0Ks N o™ +to <xppr <ot —tal,

which corresponds to A; ¢ before the normalization. Then hs(y;) > C > 0 on I, here we also use y;,
to denote the unit outer normal of 0Ks at z. Hence if A5 — 0, the right hand side of (4.5) converges
uniformly to zero on {y; € S" | ze I'1 ¢} =: I'}",. It means by Eq. (4.5) that the area measure

|| = / det(V2h +hI) — 0.

*
rl,t

This is impossible as K; is normalized.
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Casell. H(g(%) — o0. In this case, both Hs(0) and Hs(r) converge to 0. Without loss of generality we
assume that Hg(0) > Hs (7). Denote by S™* and S™~ the north and south hemispheres, respectively.
For any given t > 0, and any point z € A}, :={x € 3K | }i_; ¥* < (1 —0)*r%, y, € S"T}, similarly to
(4.8) we have

tHs(y;) < Hs(0) <t 'Hs(yy). (4.9)

Hence (Hs(y,))® is uniformly bounded. Denote
n
Iy, = {z € 9Ks ( Y Z<A-0R, y, € s”i}.
i=1

By the volume constraint (4.2) and recall that Hs(0) > Hs(7Tr), we have

hs(y2) >C>0 Vzely). (4.10)

Hence if A; — 0, the right hand side of (4.5) converges to zero uniformly on {y, € S" |z € I’2+t}. It
means by Eq. (4.5) that the area measure of szt converges to zero, which is a contradiction as Kj is
normalized. O '

Lemma 4.3. Suppose p € [n,n + 2). If Hs < C on S™ for some positive constant C > 0, then Hs > C’' > 0,
where C’" depends only onn, C, cg, €1, fmin and fmax.

Proof. By (2.15), one sees that if p € [n,n+2) and if infs» Hs is small, then [, AF‘;—pf is very large. But
8
on the other hand

As f 2
sn 8 sn

is equal to the area of dKs, which is uniformly bounded. O

Lemma 4.4. There exist two positive constants ca, c3 such that for § € (0, 2],

c2 < (Hs)® <c3 onS™ (411)

Proof. If the solution Hy is uniformly bounded, by Lemma 4.3, we have (H;s)? — 1 uniformly on S"
and (4.11) holds. Therefore it suffices to consider the case when Hj is not uniformly bounded. As in
the proof of Lemma 4.2, we express Hs as a function on [0, 7r], and consider the two separate cases,
namely Hs(%) — 0 and Hs(5) — oo.

By the volume constraint (4.2), we have

—n
sup Hs < Cn[ian(;] .
sn sn

Hence the second inequality of (4.11) follows from the first one.
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We prove the first inequality of (4.11) by contradiction. In the first case, namely when 1:15(%) — 0,2

note that by (4.8), (I:IB()/Z))‘S converges to the same limit uniformly for all z € I'1 ;. If the limit is zero,
the right hand side of (4.5) converges to zero uniformly on I7:. Hence the area measure of I7;
converges to zero, which is a contradiction.

In the second case, namely when I:I,;(%) — 00, we see that by (4.9), (I:I(g(yz))‘S converges to

the same limit uniformly for all z € 1“;3. If the limit is zero, by (4.10), the right hand side of (4.5)
converges to zero uniformly on szt. Hence the area measure of F;ft converges to zero, also a contra-
diction. Therefore (I:I(;()/z))‘S converges to a positive constant on 1“2*,'[.

The above proof also applies to I, provided (4.10) holds on I, . In the following we prove
(4.10) on Iy, By (2.11), hs(xp) = |A5(x0)|ﬁ5(x0), where xg is the north pole of S". By (4.10) and
since Ks is normalized, there is a positive upper and lower bound for hs(xo) = hs(6)9—0. Hence

lims_.0 |As(x0)|® = lims_o |F15(xo)|5, which is positive by the last paragraph. In the rotationally sym-
metric case, the matrix As has the form

1 1 n

—di n+1 n+1 n+i
As =diag(aj™,...,af " ay "T).

Hence if |As(xo)|® converges to a positive constant, then |As(x)|® converges to positive constants for
all x e S™.
By (2.11) we can write Eq. (4.5) in the form

Ao f5lAsx®

= e s (412)

det(V2h +hi) =
We have shown that |Asx|® converges uniformly to a positive constant. As K is normalized, hs is

uniformly bounded. Hence by the argument of Lemma 4.3, hs > C on S", namely (4.10) holds on
I, O

We can strengthen Lemma 4.4 to the following

Lemma 4.5. There exists a positive constant c4 > 0 such that for any x € S™, not on the equator,

(H5(x))’ = ca ass— 0. (413)

Proof. In the proof of Lemma 4.4, we have shown that hs is uniformly bounded and strictly positive,
and |Ax|® converges to a positive constant. Hence (Hs(y,))® converges to the same positive constant
on I’2+t and I ,. Since the right hand side of (4.5) is uniformly bounded and strictly positive, the

hypersurface 9Kj is strictly convex and C! smooth [4]. Hence (4.13) holds as the constant t > 0 is
arbitrarily chosen. O

Remark. Lemma 4.5 can be strengthened to

(H5(x)" > 1 ass— 0, (4.13a)

uniformly on the whole sphere S". Indeed, one can prove that the sup of (4.4) is continuous for
p € (0,n+ 2], up to p =n+ 2. Therefore A5 is continuous as § — 0. From the proof of Lemma 4.4, we
have c4 < 1. If ¢4 < 1, namely if (4.13a) is not true, from Eq. (4.5) one can show that sup of (4.4) is
not continuous at p =n+ 2.

2 Recall the relation I:Ig(X) = H5(|:§§\ ). For points on A and Ay, the corresponding function is Hs, and for points on I7 ¢

and I, the corresponding function is I:I;, where A1, Il etc. are the notation introduced in the proof of Lemma 4.2.
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We are in position to prove the existence of solutions to (1.1) (Theorem 1.3). It suffices to prove
the following

Lemma 4.6. Under assumptions of Theorem 1.3, the sequence of solutions Hs is uniformly bounded as § — 0.

Proof. Write Eq. (4.1) as

AfHO
det(V2H + HI) = % on S". (4.14)

Let Hs be the solution of (4.14) and regard it as a function of 6 € [0, 7r]. Suppose there is a sequence
8 — 0 such that supsn Hs — 0o. Denote as ~ [Hs (7/2)17""! and make the linear transform

1 1 n

As =diag(a;™", ... a]" ,a; ")

such that K5 = A({(Ka) is normalized. Then hg, the support function of K, satisfies the equation

Afs(Hs)®

det(V2h +hl) = s

n Sn, (415)

where by (2.11) and (2.12),

A A A A
fa(X)=f<—8x>, hs(x) = |Asx|Hs(x), Ha(x)=H5<Lx>.
|Asx| |Asx|

For simplicity we will drop the subscript § if no confusion arises. In the spherical coordinates, by (3.3)
and (3.5), we see

f50) = f(va®),  h=EqHs, Eq=a mig.
Denote
f=fED,
then
fs(Hs)® = fh°.

Applying the necessary condition (3.1) to Eq. (4.15), we get

S £y
/(h f) sin" 9c059d9
hn+1 ®)
r 9 9 (%) f sin" 6 cos 6
sin” @ cos sin” @ cos
/ / o do. (4.16)

0
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Note that

(h®y b v/
i =1 )

and use integration by part, we see that the second integral of (4.16) becomes

b
p/ (h'=P)' f sin" 6 cos 6 d6
0

hp—1 hp—1
0

T A T A
8 "sin" 6 cos @ sin™ 6 cos9)’
(/! an [T ).
0
Substituting it into (4.16), and multiplying both sides by p — 1, we have

T A
/
:(n+1)/ f sin” 0c059 /f(sm 0 cos6) 0.
hp-1
0

Using that

Fr=E f5 =85k’ T Ey
=E° f'(va®)aig? — 8 fsE° ' EL,

we can write (4.17) as

z -4 |
n+1) / fa -f’(yaw))%de

Let Is denote the integral on the right hand side of (4.18), then we see

v
-8 2
a?sin?9 —ncos? 9
15:/ aJs sin"~16 do.

hP=1 g2 sjn? 9+c0529
0

0
T
E;‘Sfa 1 s sn . n ’
=38 —=[(+1)E; " E;sin" 6 cos6 — (sin 6 cos6)" | d6.
0

(4.17)

(4.18)

(4.19)

On the other hand, by Blaschke’s selection theorem, we may assume that hs converges uniformly
to some support function hg on S™, which is also normalized and rotationally symmetric. By the weak

convergence of the Monge-Ampére equation, hg is a generalized solution to

caho fo
hn+2

det(V2h +hl) = ns",

where

(4.20)
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f _{f(ﬂ/Z) if as — oo,
0= F(0) Xixy 150 + F ) Xixuy1 <0y ifas — 0.

In the case of as — 400, fp is a constant. In this case, a solution to (4.20) is an elliptic affine
sphere. Hence it must be an ellipsoid [5]. But the solution is normalized, so it must be a sphere.
Therefore hg = (caro f (7t /2)) 2+2. Recalling that E 8 5 ¢4, by the bounded convergence theorem we
obtain from (4.19) that

e

lim I; :,/C4xalf(ﬂ/2)/sin”_1 6do =: Co.

0

By our assumption that f’(;r/2) =0 and applying Lemma 3.2 to the left hand side of (4.18), we see
that (4.18) becomes into

mi(f)+o(1)%, n=3,

(C1+0(M)s=1 (i) +0(1)' %L, n=2, (421)
mi(H)+o(M)g,  n=1,

where C; is a positive constant depending only on n, c4, Ao and f (v /2).

In the case a; — 0%, fo is equal to two different constants on the north and south hemispheres. In
this case, the solution hg to (4.20) is strictly convex and C! smooth [4]. By the bounded convergence
theorem, we obtain from (4.19) that

g

0
limIs = —n/ cafo(9) sin" 19 do =: —Co.
§—0 hg“(@)

0

Applying Lemma 3.3 to the left hand side of (4.18), we see that (4.18) becomes into

(—=C1+0(1))8 = (pi(f) +o(1))a, (4.22)

where Cy is a positive constant depending only on n, c4, A9, f(0) and f (7).
By our assumption, ni(f) < 0 and pi(f) > 0. Hence neither (4.21) nor (4.22) holds. In both cases
we reach a contradiction. Thus the lemma is proved. O

Remark. Using the topological degree argument [1,13], one may also prove the existence when
ni(f) > 0 and pi(f) < 0. In the high dimensions the degree argument is more complicated than
that in [13] as one needs to work out the kernel of the linearized operator of (4.1). Here we choose
the above blow-up argument and we plan to explore this approach further in a subsequent work for
the case when f is not rotationally symmetric, using the fact that H; is a maximizer of (4.4).

5. Rotationally symmetric solutions in the super-critical case

In this section we consider the existence of rotationally symmetric maximizers of

inf J(H—£ -x), 5.1
\Is(l|1£15121<j( &%) (5.1)

where as in Section 4, the supremum is taken among all convex bodies K with volume 1, the infimum
is taken among all points & € K, H is the support function of K, and the functional J is given by
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1

== [

p>n+2,

where p > n+ 2 corresponds to the supercritical case of the Blaschke-Santalo inequality.

When p > n + 2, the supremum is usually equal to infinity. But in the special case when convex
bodies K are rotationally symmetric and f vanishes at & =0, % and m, we show that the supremum
can be attained by a convex body. From the argument in [9], the associated support function satisfies
the Euler equation (4.1) with the Lagrange multiple A given by (4.3), if f vanishes only at finitely
many points. If f vanishes in an open set, the solution must be understood in a generalized sense.

Theorem 5.1. Let f € C[0, 7r] be a bounded, nonnegative function satisfying f (0) = f(5) = f(w) =0 and
f # 0 elsewhere. Suppose

f(©) <CO% neard =0,

f©) <Clmr —6|% nearf=m,

fO)<CO—m/2|1* neard=m/2, (5.2)
where o > %(p —n — 2). Then there is a maximizer of (5.1).

Proof. We denote infgcx J(H — & - x) by Mg. Let K; be a maximizing sequence of (5.1), and E;j be
an ellipsoid such that E; C Kj C (n+ 1)Ej, see (2.13). One easily sees that Mg; < Mg;. To show that
K; is uniformly bounded, it suffices to show that E; is uniformly bounded. Since K; is rotationally
symmetric, E; is also rotationally symmetric and so it can be given by

2 2 2

X+ xa X

Ej:{(x1,...,x,1+1)e]R”Jrl 1—2”-1- ";1 <1}.
a; b].

Since the supremum is invariant by a translation of the convex body, we assume that the origin is the
center of Ej. Let

)1/2

Ci={®1,....xn31) eR™ | (x] +---+x2) ' <aj, |xn41] <bj}

be a cylinder. We show that if max(aj, bj) — oo, then M¢; — 0. It implies that Mg; < Mc¢;/2 — 0 (by
the homogeneity of the functional J). But since f >0 and f # 0, the supremum of (5.1) is positive.
This contradiction implies that K; is uniformly bounded.

First we consider the case a; — oo. Denote H; the support function of C;. Then

H;(6)=bjcosé +ajsing, 6 €(0,7/4],
Hj©)>a;/2, 6¢ln/4, /2]

Note that by the homogeneity of the functional J, we may assume that agb j = 1. Note that for 6
[t /2, ], the computation is the same. Hence we have

Mc; < J(H))

/4 a+n—1
<ca' P4 C / T
J (b ~|—aj0)P*1
0
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/4

1 9a+n71
(@;" +a;6)P
/4

B 9a+n—1
< Ca} Pyc /

a;n(p*‘l)(l + a?-‘r]e)p—l ’
By direct computation, we then obtain

Ca}fp ifo>p—n—1,
Me; < Ca‘;‘("ﬂ)*"(p*"*z) loga; ifa=p-n—1,

g HD-n(p=n-2)
j

— 0 asaj— oo.

ifa<p—n—1

Next we consider the case b; — oo. In this case, we have

Hj()=ajsinf +bjcost, 0¢cl[m/4,7/2],
Hj©®)>bj/2, 6¢<[0,m/4].

Making the change ¢ =7 /2 — 6, we obtain by the above computation that M¢; — 0 as bj — co. This
completes the proof. O
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