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Unique Fixed Point Theorems for Generalized Hybrid
Mappings in Hilbert Spaces and Applications

BISBBRAZERBEMERE £V 2 —, SBE MU KZICHABESR

Ef&¥ (Wataru Takahashi)

Keio Research and Education Center for Natural Sciences, Keio University, Japan and
Department of Applied Mathematics, National Sun Yat-sen University, Taiwan

Abstract. In this article, we prove unique fixed point theorems for symmetric generalized
hybrid mappings and symmetric more generalized hybrid mappings in Hilbert spaces. Using
these results, we prove unique fixed point theorems for strict pseudo-contractions in Hilbert
spaces. In particular, we obtain an extension of the famous strong convergence theorem with
implicit iteration which was proved by Browder in 1967.

1 Introduction

Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. A
mapping U : C — H is called a widely strict pseudo-contraction [20] if there exists 7 € R with
r < 1 such that

Uz —Uyl* < llo - yl* + 7l - U)e ~ (I - U)yl?, Ve,yeC.

We call such U a widely r-strict pseudo-contraction. If 0 < r < 1, then U is a strict pseudo-
contraction [4]. Furthermore, if r = 0, then U is nonezpansive. In 1967, Browder [3] proved
the famous strong convergence theorem with implicit iteration in a Hilbert space.

Theorem 1.1 ([3]). Let H be a Hilbert space, let C be a bounded closed convex subset of H
and let T' be a nonexpansive mapping of C into C. Let u € C and define a sequence {ya,, } in
C by

Yo, = antt+ (1 — an)TYq,, VYo, €(0,1).

Then {ya, } converges strongly to Pu as o, — 0, where P is the metric projection of H onto
F(T).

If we replace a nonexpansive mapping T in Theorem 1.1 by a strict pseudo-contraction, does
such a theorem hold?

Kawasaki and Takahashi [8] defined the following class of nonlinear mappings in a Hilbert
space which covers contractive mappings and generalized hybrid mappings in the sense of
Kocourek, Takahashi and Yao [9]. A mapping T from C into H is said to be widely generalized



hybrid if there exist a, 8,7, 4,¢,( € R such that

ol|Tz = Tyl* + Bllz — Ty|* + 7| Tz - y|* + 6]z - y||?
+max{efjz — Tw||?, {lly — Ty[|*} <0, Va,yeC.

Motivated by Kawasaki and Takahashi [8], Takahashi, Wong and Yao [21] introduced a more
broad class of nonlinear mappings than the class of widely generalized hybrid mappings in a
Hilbert space. A mapping T : C — H is said to be symmetric generalized hybrid [21] if there
exist o, 8,7,6 € R such that

al|Tz - Ty|? + B(llx — Ty|[>+| Tz — y|?) + [z — ||
+ (e — Tz|® + |ly — TylI*) <0, Vz,yeC.

Such a mapping T is also called (e, 8,7, d)-symmetric generalized hybrid. They proved the
following fixed point theorem for symmetric generalized hybrid mappings in a Hilbert space.

Theorem 1.2 ([21]). Let H be a real Hilbert space, let C be a nonempty closed conver subset
of H and let T be an (a, B,7, 8 )-symmetric generalized hybrid mapping from C into itself such
that the conditions (1) a +28+~v >0, (2) a+ 8 +6 > 0 and (3) 6§ > 0 hold. Then T has
a fized point if and only if there exists z € C such that {T"z : n = 0,1,...} is bounded. In
particular, a fized point of T is unique in the case of a+ 2B + v > 0 on the condition (1).

Furthermore, they introduced the following class of nonlinear mappings which contains
the class of symmetric generalized hybrid mappings. A mapping T from C into H is called
symmetric more generalized hybrid [21] if there exist «, 8,7, 6, € R such that

a|Tz—Tyl* + B(llz — Ty|® + | Tz — y||?) + ]|z — y||?
+ (e — Tzl + ly — TylI*) + ¢le —y — (Tz — Ty)|> <0, Vz,yeC.

Such a mapping T is also called (a, 8,7, §,¢)-symmetric more generalized hybrid. They also
proved the following fixed point theorem.

Theorem 1.3 ([21]). Let H be a real Hilbert space, let C be a nonempty closed convex subset
of H and let T be an (a,B,7,,()-symmetric more generalized hybrid mapping from C into
itself such that the conditions (1) a +28+v >0, (2) a+B+6+¢>0and (3) 6+¢ >0
hold. Then T has a fived point if and only if there exists z € C such that {T"z:n=0,1,.. 3
is bounded. In particular, a fized point of T is unique in the case of o+ 26+~ > 0 on the
condition (1).

In the case when the mappings in Theorems 1.2 and 1.3 have unique fixed points, what kind
of iterations can we use to find such unique fixed points? This question is natural.

In this article, motivated by Theorems 1.2 and 1.3, we prove unique fixed point theorems
for symmetric generalized hybrid mappings and symmetric more generalized hybrid mappings
in Hilbert spaces. Using these results, we prove unique fixed point theorems for strict pseudo-
contractions in Hilbert spaces. In particular, we obtain an extension of the famous strong
convergence theorem with implicit iteration which was proved by Browder [3].
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2 Preliminaries

Throughout this paper, we denote by N the set of positive integers and by R the set of real
numbers. Let H be a real Hilbert space with inner product (-, -) and norm || - ||, respectively.
We denote the strong convergence and the weak convergence of {z,} to z € H by z, = =
and z,, — z, respectively. Let A be a nonempty subset of H. We denote by ¢6A the closure
of the convex hull of A. In a Hilbert space, it is known that

laz + (1 — a)yl? = allzl® + (1 - )lly* - a1 = @)z ~ y|I?
for all z,y € H and o € R; see [16]. Furthermore, in a Hilbert space, we have that
2z —y,2—w) = ||z — wl* + |y — 2l* = |z = 2|* ~ lly — w|l?

for all z,y,z,w € H. Let C be a nonempty subset of H and let T be a mapping from C
into H. We denote by F(T) the set of fixed points of T. A mapping T from C into H with
F(T) # 0 is called quasi-nonezpansive if | Tz — ul| < ||z — ul| for any z € C and u € F(T).
A nonexpansive mapping with a fixed point is quasi-nonexpansive. It is well-known that if
T : C — H is quasi-nonexpansive and C is closed and convex, then F'(T") is closed and convex;
see Ttoh and Takahashi [7]. It is not difficult to prove such a result in a Hilbert space. Let
D be a nonempty closed convex subset of H and z € H. We know that there exists a unique
nearest point z € D such that ||z — z|| = infyep ||z — y||. We denote such a correspondence
by z = Ppz. The mapping Pp is called the metric projection of H onto D. It is known that
Pp is nonexpansive and
(x — Ppz,Ppz —u) >0

for all z € H and u € D; see [16] for more details.

Let I be the Banach space of bounded sequences with supremum norm. Let u be an
element of (I°°)* (the dual space of [°°). Then we denote by u(f) the value of p at f =
(z1,%2,23,...) € 1°°. Sometimes, we denote by pn(zn) or pnzn the value u(f). A linear
functional x on I is called a mean if p(e) = ||| = 1, where e = (1,1,1,...). A mean p is
called a Banach limit on 1% if i, (Tpi1) = pn(zn). We know that there exists a Banach limit
on [®. If u is a Banach limit on [*°, then for f = (21,22, 23,...) € %,

liminf z,, < py(z,) < limsup z,.

n—00 n-+00
In particular, if f = (21,22, 3,...) € [ and z, = a € R, then we have p(f) = pn(zn) = a.
See [15] for the proof of existence of a Banach limit and its other elementary properties. Using
means and the Riesz theorem, we can obtain the following result; see [13], [14] and [15].

Lemma 2.1. Let H be a Hilbert space, let {z,} be a bounded sequence in H and let | be a
mean on 1. Then there exists a unique point zg € €o{zn : n € N} such that

pn{Tn,y) = (20,y), Vye€ H.

Let H be a Hilbert space and let C be a nonempty closed convex subset of H. A mapping
U:C — H is called extended hybrid [6] if there exist «, 3,7 € R such that

a1 +7)|Uz — Uyl + 1 — (1 + 7)) ||z — Uyl
< (B+aN|Uz —y|I> + (1 = (B+ ay))llz — yl|
—(a=B)llz = Uzl —~lly — Uyl®>, Vz,yeC.
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Such a mapping U is called (o, B, v)-extended hybrid. We know the following fixed point
result for strict pseudo-contractions in a Hilbert space.

Lemma 2.2 ([19]). Let H be a Hilbert space and let C' be a nonempty closed convez subset of
H. Let k be a real number with0 < k <1 and let U : C — H be a k-strict pseudo-contraction.
Then, U is a (1,0,-k)-extended hybrid mapping and F(U) is closed and convez. If, in addition,
C is bounded and U is of C into itself, then F(U) is nonempty.

The following lemma was proved by Takahashi, Wong and Yao [20].

Lemma 2.3 ([20]). Let H be a Hilbert space and let C' be a nonempty closed convez subset
of H. Let a > 0 and let A,U and T be mappings of C into H such that U = I — A and
T =20 U+ (1—-2a)l. Then, the following are equivalent:

(a) A is an a-inverse-strongly monotone mapping, i.e.,
al|Az — Ay|® < (z —y, Az — Ay), Vz,y € C;
(b) U is a widely (1 — 2a)-strict pseudo-contraction, i.e.,
Uz = Uyl* < llz —y)* + (1 = 20)(T = V)z — (I - U)y|?, Vz,y€C;
(¢) U is a (1,0,2a — 1)-extended hybrid mapping, i.e.,

20)|Uz — Uyl® + (1 ~ 2a)|lz - Uy|)?
< Q2a-1)Uz - yl* +2(1 - a)|le - y|?
—(2a -1z -Uz|* - 2a -y~ Uy|?, Vz,y€eC;

(d) T is a nonezpansive mapping.
Using Lemma 2.3, we obtain the following result.

Lemma 2.4 ([20]). Let H be a Hilbert space and let C' be a nonempty closed convex subset of
H. Let k be a real number with k < 1 and let A,U and T be mappings of C into H such that
U=I1-AandT = (1-k)U+kI. Then, the following are equivalent:

(a) Aisa lgﬁ—z'nverse-strongly monotone mapping,
(b) U is a widely k-strict pseudo-contraction;
(c) U is a (1,0, —k)-extended hybrid mapping;

(d) T is a nonexpansive mapping.
The following lemma was also proved by Takahashi, Wong and Yao [19].

Lemma 2.5 ([19]). Let H be a Hilbert space and let C be a nonempty closed conver subset
of H. Let a, 3,7 be real numbers and let U : C — H be an (a, B, )-extended hybrid mapping
with 1+~ > 0. If z, = z and z, — Uz, — 0, then z € F(U).

Using Lemmas 2.2 and 2.5, we have the following result obtained by Marino and Xu [12].

Lemma 2.6 ([12]). Let H be a Hilbert space and let C be a nonempty closed conver subset of
H. Let k be a real number with 0 < k <1 and U : C — H be a k-strict pseudo-contraction.
If z, = z and z,, — Uz, — 0, then z € F(U).
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3 Unique fixed point theorems

We first prove the following unique fixed point theorem for symmetric generalized hybrid
mappings in a Hilbert space whose domains are not bounded.

Theorem 3.1 ([18]). Let H be a real Hilbert space, let C be a nonempty closed convex subset
of H and let T be an (o, B,7, 9 )-symmetric generalized hybrid mapping from C into itself such
that the conditions (1) a+28+~v >0, (2) 8<0, (3) B+~v <0, and (4) +0 > 0 hold. Then

(i) T has a unique fized point u in C;
(i) for every z € C, the sequence {T™z} converges to u.

Using Theorem 3.1, we prove the following fixed point theorem.

Theorem 3.2. Let H be a real Hilbert space, let C be a nonempty closed conver subset of H
and let T be an (a,f,7,6,()-symmetric more generalized hybrid mapping from C into itself
such that the conditions (1) a+28+~v>0, (2) 8<¢, (3) B+~ <0, and (4) B+6 > 0 hold.
Then

(i) T has a unique fixed point u in C;
(i) for every z € C, the sequence {T™z} converges to u.

The following is an extension of Theorem 3.2.

Theorem 3.3. Let H be a real Hilbert space, let C be a nonempty closed convex subset of
H and let T be an (a,f,7,96,()-symmetric more generalized hybrid mapping from C into
itself which satisfies the conditions (1) a + 28 +~v > 0, (2) there exists A € [0,1) such that
(a+PB)A+¢(—B8>0,8)B+v<0and (4) B+ >0. Then

(i) T has a unique fized point u in C;
(ii) for every z € C, the sequence {(AM + (1 —AT)*z} converges to u.

Next, we obtain a unique fixed point theorem for symmetric generalized hybrid mappings
in a Hilbert space whose domains are bounded.

Theorem 3.4 ([18]). Let H be a real Hilbert space, let C be a nonempty bounded closed
convex subset of H and let T be an (a, 8,7, )-symmetric generalized hybrid mapping from C
into itself such that the conditions (1) a+28+v >0, (2) a+ B+ 6 >0 and (3) 6 > 0 hold.
Then

(i) T has a unique fized point u in C;
(i) for every z € C, a subsequence {T™z} of {T"z} converges to u.
In particular, if B+ v < 0, then {IT™z} for all z € C converges to u.

Using Theorem 3.4, we prove the following fixed point theorem.

Theorem 3.5. Let H be a real Hilbert space, let C be a nonempty bounded closed convex
subset of H and let T be an (a, 3,7, 6, )-symmetric more generalized hybrid mapping from C
into itself such that the conditions (1) a+28+~v>0, (2) a+B8+6+(>0and (3) 6+¢ >0
hold. Then

(i) T has a unique fized point u in C;
(i) for every z € C, a subsequence {T™z} of {T™z} converges to u.



In particular, if B+~ <0, then {T™z} for all z € C converges to u.
The following theorem is an extension of Theorem 3.5.

Theorem 3.6. Let H be a real Hilbert space, let C' be a nonempty bounded closed convex
subset of H and let T' be an (a, 3,7, d, {)-symmetric more generalized hybrid mapping from C
into itself which satisfies the conditions (1) a+28+~v >0, (2) a+B+5+¢ > 0 and (3)
there exists A € [0,1) such that (o + B)A+ 6+ ¢ > 0. Then

(i) T has a unique fized point u in C;
(i) for every z € C, a subsequence {(Al + (1 — \)T)™z2} of {(A\ + (1 — A\)T)"z} converges
to u.

In particular, if B+~ <0, then {(A[ + (1 — \)T)"z} for all z € C converges to u.

4 Applications

Using Theorem 3.1, we can first prove the following fixed point theorem.

Theorem 4.1. Let H be a real Hilbert space, let C be a nonempty closed convex subset of H
and let T : C — C be a contractive mapping, i.e., there exists a real number r with0 <r < 1
such that

”TJI - Ty“ < 7"”11: - y”: Vz,y € C.
Then the following hold:

(i) T has a unique fized point u in C;
(ii) for every z € C, the sequence {T™z} converges to u.

Let H be a real Hilbert space and let C be a nonempty subset of H. Then U : C — H is
called a contractively strict pseudo-contraction if there exist s € [0,1) andr e Rwith0 <r < 1
such that

Uz = Uy|? < sllz —yl|* +r||(I = U)z = (I = V)yl?, Va,yeC.
Using Theorem 3.3, we prove the following unique fixed point theorem.

Theorem 4.2. Let H be a real Hilbert space, let C be a nonempty closed convex subset of
H and let U be a contractively strict pseudo-contraction from C into itself, i.e., there exist
s€[0,1) and r € R with 0 < r < 1 such that

Uz = Uy|* < slle—yl? + 7| - V)e ~ (I - Uyll*, Ve,yeC.

Then the following hold:

(i) U has a unique fized point u in C;
(ii) for every z € C, the sequence {(AI + (1 — \)U)"z} converges to u, wherer < XA < 1.

Using Theorem 3.1, we have the following theorem for strict pseudo-contractions in a Hilbert
space.

Theorem 4.3 ([18]). Let H be a real Hilbert space, let C be a nonempty closed convex subset
of H and let T be a strict pseudo-contraction from C into itself, i.e., there exists r € R with
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0 <71 <1 such that
ITz — Ty|2 < llo - yl2 + (I — The — (I —Thyll?, Va,yeC.
Letu € C and s € (0,1) withr < s < 1. Define a mapping U : C — C as follows:
Uz=su+(1—s)Tz, VzeC.
Then U has a unique fized point z in C. Furthermore, define a mapping S : C — C as follows:
Sz=rz+(1—-r)(su+(1-3s)Tz), VzeC.
Then, for all x € C, the sequence {S™z} converges to a unigue fized point z.

Using Theorem 3.4, we can prove the following fixed point theorems.

Theorem 4.4. Let H be a real Hilbert space, let C' be a nonempty bounded closed convex
subset of H and let T': C — C be contractively nonspreading, i.e., there exists a real number
swith)<s< % such that

1Tz - Tyl < s{|Tz — y|* + ITy — 2|}, Vz,yeC.

Then the following hold:

(i) T has a unique fized point u in C;
(ii) for every z € C, the sequence {T™z} converges to u.

Theorem 4.5. Let H be a real Hilbert space, let C' be a nonempty bounded closed convex
subset of H and let T : C — C be contractively hybrid, i.e., there exists a real number s with
0<s< % such that

ITz - Ty|? < s{|Te — yI* + | Ty — z|* + |z~ y|*}, Vz,yeC.

Then the following hold:

(i) T has a unique fized point u in C;
(it) for every z € C, the sequence {T™z} converges to u.

Using Theorem 3.4, we obtain an extension of Theorem 1.1.

Theorem 4.6 ([18]). Let H be a real Hilbert space, let C be a nonempty bounded closed convez
subset of H and let T be a strict pseudo-contraction from C into itself, i.e., there exists r € R
with 0 < r < 1 such that

1Tz — Tyl* < llz — ylI> + 7| = T)z — (I - T)y|? Vaz,yeC.
Let u € C and s, € (0,1) for all n € N. Define a mapping U, : C — C as follows:
Unz = spu+ (1 —s8,)Tx, Ve, neN.

Then the following hold:

(i) U, has a unique fized point z, in C;
(i) if s, — 0, then the sequence {z,} converges to Pp(ryu, where Pp(r) is the metric
projection of H onto F(T).



References

(1] S.Banach, Sur les opérations dans les ensembles abstraits et leur application auz équations
intégrales, Fund. Math. 3 (1922), 133-181

[2] K. Aoyama, S. Iemoto, F. Kohsaka and W. Takahashi, Fized point and ergodic theorems
for A-hybrid mappings in Hilbert spaces, J. Nonlinear Convex Anal. 11 (2010), 335-343.

[3] F. E. Browder, Convergence of approzimants to fized points of nonezpansive nonlinear
mappings in Banach spaces, Arch. Ration. Mech. Anal. 24 (1967), 82-90.

[4] F. E. Browder and W. V. Petryshyn, Construction of fized points of nonlinear mappings
in Hilbert spaces, J. Math. Anal. Appl. 20 (1967), 197-228.

[5] K. Hasegawa, T. Komiya, and W. Takahashi, Fized point theorems for general contractive
mappings in metric spaces and estimating expressions, Sci. Math. Jpn. 74 (2011), 15-27.

[6] M. Hojo, W. Takahashi and J.-C. Yao, Weak and strong mean convergence theorems for
supper hybrid mappings in Hilbert spaces, Fixed Point Theory 12 (2011), 113-126.

[7] S. Itoh and W. Takahashi, The common fized point theory of singlevalued mappings and
multivalued mappings, Pacific J. Math. 79 (1978), 493-508.

(8] T. Kawasaki and W. Takahashi, Fized point and nonlinear ergodic theorems for new
nonlinear mappings in Hilbert spaces, J. Nonlinear Convex Anal. 13 (2012), 529-540.

[9] P. Kocourek, W. Takahashi and J. -C. Yao, Fized point theorems and weak convergence
theorems for generalized hybrid mappings in Hilbert spaces, Taiwanese J. Math. 14 (2010),
2497-2511.

(10] F. Kohsaka and W. Takahashi, Ezistence and approzimation of fired points of firmly
nonexpansive type mappings in Banach spaces, SIAM J. Optim. 19 (2008), 824-835.

[11] F. Kohsaka and W. Takahashi, Fized point theorems for a class of nonlinear mappings
related to maximal monotone operators in Banach spaces, Arch. Math. 91 (2008), 166-177.

[12] G. Marino and H.-K. Xu, Weak and strong convergence theorems for strich. pseudo-
contractions in Hilbert spaces, J. Math. Anal. Appl. 329 (2007), 336-346.

[13] W. Takahashi, A nonlinear ergodic theorem for an amenable semigroup of nonexpansive
mappings in a Hilbert space, Proc. Amer. Math. Soc. 81 (1981), 253-256.

[14] W. Takahashi, A nonlinear ergodic theorem for a Teversible semigroup of nonezpansive
mappings in a Hilbert space, Proc. Amer. Math. Soc. 97 (1986), 55-58.

[15] W. Takahashi, Nonlinear Functional Analysis, Fized Point Theory and its Applications,
Yokohama Publishers, Yokohama 2000.

[16] W. Takahashi, Introduction to Nonlinear and Convexr Analysis, Yokohama Publishers,
Yokohama, 2009.

[17] W. Takahashi, Fized point theorems for new nonlinear mappings in a Hilbert space, J.
Nonlinear Convex Anal. 11 (2010), 79-88.

[18] W. Takahashi, Unique fized point theorems for nonlinear mappings in a Hilbert space, J.
Nonlinear Convex Anal. 15 (2014), 831-849.

[19] W. Takahashi, N.-C. Wong and J.-C. Yao, Weak and strong mean convergence theorems
for extended hybrid mappings in Hilbert spaces, J. Nonlinear Convex Anal. 12 (2011),
553-575.

[20] W. Takahashi, N.-C. Wong and J.-C. Yao, Two generalized strong convergence theorems
of Halpern’s type in Hilbert spaces and applications, Taiwanese J. Math. 16 (2012), 1151~
1172.

[21] W. Takahashi, N.-C. Wong and J.-C. Yao, Fized point theorems for new generalized hybrid
mappings in Hilbert spaces and applications, Taiwanese J. Math. 17 (2013), 1597-1611.

169



