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We introduce a new implicit iterative scheme with perturbation for finding the approximate
solutions of a hierarchical variational inequality, that is, a variational inequality over the common
fixed point set of a finite family of nonexpansive mappings. We establish some convergence
theorems for the sequence generated by the proposed implicit iterative scheme. In particular,
necessary and sufficient conditions for the strong convergence of the sequence are obtained.

1. Introduction

Let H be a real Hilbert space with inner product (:,-) and norm || - || and C a nonempty closed
convex subset of H. For a given nonlinear operator A : C — H, the classical variational
inequality problem (VIP) [1] is to find x* € C such that

(Ax*,x—x*) >0, VxeC. (1.1)

The set of solutions of VIP is denoted by VI(C, A). If the set C is replaced by the set Fix(T)
of fixed points of a mapping T; then the VIP is called a hierarchical variational inequality
problem (HVIP). The signal recovery [2], the power control problem [3], and the beamforming
problem [4] can be written in the form of a hierarchical variational inequality problem. In the
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recent past, several authors paid their attention toward this kind of problem and developed
different kinds of solution methods with applications; see [2, 5-11] and the references therein.

Let F : H — H be n-strongly monotone (i.e., if there exists a constant 77 > 0 such that
(Fx - Fy,x-y) > n|lx - y||2, for all x,y € H) and «-Lipschitz continuous (i.e., if there exists
a constant ¥ > 0 such that [|[Fx — Fy| < «|lx — y||, for all x,y € H). Assume that C is the
intersection of the sets of fixed points of N nonexpansive mappings T; : H — H. For an
arbitrary initial guess xy € H, Yamada [10] proposed the following hybrid steepest-descent
method:

Xpa1 := Tpp1 Xy — )tn+1/4F(Tn+lxn)/ Vn > 0. (1.2)

Here, Tk := Tk mod N, for every integer k > N, with the mod function taking values in the set
{1,2,...,N}; that is, if k = jN + g for some integers j > 0 and 0 < g < N, then T} = Ty if
g=0and Ty = T, if 1 < g < N. Moreover, u € (0,217/x%?) and the sequence {1,} C (0,1) of
parameters satisfies the following conditions:

(i) limy, oAy = 0;

(ii) XpioAn = o0;

(iii) X7 [An — Ansn| is convergent.

Under these conditions, Yamada [10] proved the strong convergence of the sequence {x,} to
the unique element of VI(C, F).
Xu and Kim [12] replaced the condition (iii) by the following condition:

(iii)’ limy o o (A / Aen) = 1, or equivalently, limy, —, oo ((Ay = Apsn) /Asn) =0

and proved the strong convergence of the sequence {x,} to the unique element of VI(C, F).

On the other hand, let K be a nonempty convex subset of H, and let {T;} Y, be a finite
family of nonexpansive self-maps on K. Xu and Ori [13] introduced the following implicit
iteration process: for xo € K and {a,},-; C (0,1), the sequence {x,},.; is generated by the
following process:

Xp=opxy1+(1—a,)Tyx,, Vn>1, (1.3)

where we use the convention T, := T, mod N- They also studied the weak convergence of
the sequence generated by the above scheme to a common fixed point of the mappings
{T;}Y, under certain conditions. Subsequently, Zeng and Yao [14] introduced another implicit
iterative scheme with perturbation for finding the approximate common fixed points of a
finite family of nonexpansive self-maps on H.

Motivated and inspired by the above works, in this paper, we propose a new implicit
iterative scheme with perturbation for finding the approximate solutions of the hierarchical
variational inequalities, that is, variational inequality problem over the common fixed point
set of a finite family of nonexpansive self-maps on H. We establish some convergence
theorems for the sequence generated by the proposed implicit iterative scheme with
perturbation. In particular, necessary and sufficient conditions for strong convergence of the
sequence generated by the proposed implicit iterative scheme with perturbation are obtained.
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2. Preliminaries

Throughout the paper, we write x,, — x to indicate that the sequence {x,} converges weakly
to x in a Banach space E. Meanwhile, x, — x implies that {x,} converges strongly to x. For
a given sequence {x,} C E, wy(x,) denotes the weak w-limit set of {x,}, that is,

Wy (Xy) = {x € E : x,; — x for some subsequence {n;} of {n}}. (2.1)

A Banach space E is said to satisfy Opial’s property if

lim inf||x, — x|| <lim inf||x, - y|| Yy €E, y#x, (2.2)

whenever a sequence x, — x in E. It is well known that every Hilbert space H satisfies
Opial’s property; see for example [15].

A mapping A : H — H is said to be hemicontinuous if for any x, y € H, the mapping
g:[0,1] — H, defined by g(t) := A(tx+(1-t)y) (for all ¢ € [0, 1]), is continuous in the weak
topology of the Hilbert space H. The metric projection onto a nonempty, closed and convex set
C C H, denoted by Pc, is defined by, for all x € H, Pcx € C and ||x - Pcx|| = infyec||x - y||.

Proposition 2.1. Let C C H be a nonempty closed and convex set and A : H — H monotone and
hemicontinuous. Then,

(a) [1]VI(C,A) = {x* € C: (Ay,y —x*) >0, forall y € C},
(b) [1] VI(C, A) # @ when C is bounded,

(c) [16, Lemma 2.24] VI(C, A) = Fix(Pc(I-1A)) for all X > 0, where I stands for the identity
mapping on H,

(d) [16, Theorem 2.31] VI(C, A) consists of one point if A is strongly monotone and Lipschitz
continuous.

On the other hand, it is well known that the metric projection Pc onto a given non-
empty closed and convex set C C H is nonexpansive with Fix(Pc) = C [17, Theorem 3.1.4
(i)]. The fixed point set of a nonexpansive mapping has the following properties.

Proposition 2.2. Let C C H be a nonempty closed and convex subset and T : C — C a nonexpansive
map.

(a) [18, Proposition 5.3] Fix(T) is closed and convex.

(b) [18, Theorem 5.1] Fix(T') # @ when C is bounded.

The following proposition provides an example of a nonexpansive mapping in which
the set of fixed points is equal to the solution set of a monotone variational inequality.
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Proposition 2.3 (see [6, Proposition 2.3]). Let C C H be a nonempty closed and convex set and
A: H — H an a-inverse-strongly monotone operator. Then, for any given A € (0,2a], the mapping
Sy :H — H,defined by

Syx:=Pc(I-\A)x, VYxeH, (2.3)

is nonexpansive and Fix(S,) = VI(C, A).
The following lemmas will be used in the proof of the main results of this paper.

Lemma 2.4 (see [18, Demiclosedness Principle]). Assume that T is a nonexpansive self-mapping
on a closed convex subset K of a Hilbert space H. If T has a fixed point, then I — T is demiclosed, that
is, whenever {x,} is a sequence in K weakly converging to some x € K and the sequence {(I —T)x,}
strongly converges to some y, it follows that (I — T)x =y, where I is the identity operator of H.

Lemma 2.5 (see [19, page 80]). Let {ay}yeq, {bn}peq, and {6, ),y be sequences of nonnegative real

numbers satisfying the inequality

ap1 < (1+6y)a, +b,, VYn>1. (2.4)
If 37 6y < c0and Y24 by < 0o, then im,, _, i, a, exists. If in addition {a,},., has a subsequence,
which converges to zero, then limy, _, ,a, = 0.

Let T : H — H be a nonexpansive mapping and F : H — H x-Lipschitz continuous
and 7-strongly monotone for some constants ¥ > 0, #7 > 0. For any given numbers A € [0,1)
and p € (0,217/x?), we define the mapping T* : H — H by

T'x := Tx - \uF(Tx), VYx € H. (2.5)
Lemma 2.6 (see [12]). If0 <A <1and 0 < p < 21/x?, then

”T*x - T)‘y” <A-An)||lx-y|, VxyeH, (2.6)

where T =1 —1/1 - pu(2n — ux?) € (0,1).

3. An Iterative Scheme and Convergence Results

Let {T;} Y, be a finite family of nonexpansive self-maps on H.Let A : H — H be an a-inverse-
strongly monotone mapping (i.e., if there exists a constant a > 0 such that (Ax - Ay, x —y) >
allAx - Ay|?, for all x,yy € H).Let F : H — H be «-Lipschitz continuous and #-strongly
monotone for some constants ¥ > 0, 77 > 0. Let {a,},;2; C (0,1), {Bn};7; C (0,2a], {An};2 C
[0,1), and take a fixed number y € (0,27/x*). We introduce the following implicit iterative
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scheme with perturbation F. For an arbitrary initial point xy € H, the sequence {x,},; is
generated by the following process:

Xn = ApXn1 + (1= an) [T (%0 = PuAxy) = AguF 0 Ty (X, — PuAx,)], VYn>1. (3.1)

Here, we use the convention T}, := T, moa N. If A = 0, then the implicit iterative scheme (3.1)
reduces to the implicit iterative scheme studied in [14].

Let A : H — H be an a-inverse-strongly monotone mapping and s € (0,2a]. By
Lemma 2.6, for every u € H and t € (0, 1), the mapping S; : H — H defined by

Six:=tu+ (1-t)T'X with ¥ = x — sAx, (3.2)
satisfies

I18x = Syl = (1 - p)||T*% - T3
<(1-Ha-an)||F -7
<(1-pllx-7
= (1-H|(x - sAx) - (y - sAY) | (3.3)
=(1-0)]|(x-y) -s(Ax - Ay)|
< @-0\llx~yl* - s2a - )] Ax - Ay|]
<A-t|x-y|, VYxyeH,

where0< A< 1,0 < p<2n/x% and 7 = 1-1/1 — u(2n — pux?) € (0,1). By Banach’s contraction
principle, there exists a unique x; € H such that

xp=tu+ (1-HT% = tu+ (1 - t)[T(x; — sAx;) — \uF o T(x; — sAxy)]. (3.4)

This shows that the implicit iterative scheme (3.1) with perturbation F is well defined and
can be employed for finding the approximate solutions of the variational inequality problem
over the common fixed point set of a finite family of nonexpansive self-maps on H.

We now state and prove the main results of this paper.

Theorem 3.1. Let H be a real Hilbert space, A an a-inverse-strongly monotone mapping, and F :
H — H a x-Lipschitz continuous and n-strongly monotone mapping for some constants x, 1 > 0.
Let {T;} Y, be N nonexpansive self-maps on H with a nonempty common fixed point set "\, Fix(T;).
Suppose VI((']{E1 Fix(T;), A) #0. Denote by Ty, := T, mod n for n> N. Let p € (0, 211/1<2), xo € H,
(A} € [0,1), {an )2y € (0,1), and {Bn}5., C (0,2a] be such that 3,771 Ay < o0, fp < Ay and
a<a, <b,forall n>1,forsomea,b e (0,1). Then, the sequence {x,},.,, defined by

Xp = apxyq + (11— (xn)T,)f"in

3.5
= anXp-1 + (1= ay) [Tn(xn — PuAxn) — \yuF o T, (xy — PnAx,)], Yn>1, (3:9)

converges weakly to an element of N, Fix(T;).



6 Journal of Applied Mathematics

If, in addition, ||x, — T,Xu|| = o(Bu), then {x,} converges weakly to an element of VI
(NE; Fix(Ty), A).

Proof. Notice first that the following identity:

ltx + (1= )y||> = tlx]* + 1 = O|ly|* -t = B)]|x - | (3.6)

holds for all x,y € H and all t € [0,1]. Let X be an arbitrary element of nfﬁl Fix(T;). Observe
that

12 L~  =|?
[ = X||° = ||anxn-1+ (1 —an)T;" Xy — x”
) (3.7)
= anllxn1 = %+ (1= ) | T & = 2| - @ (1 = ) | 00s - T
Since A is a-inverse strongly monotone and {f,}.”, C (0,2a], we have
”xn =X = Pu(Axy - Ai)llz = [lxn - 5Ellz = 2Pn(Axn — AX, xn — X) + pftllen - AJACHZ
<l = ZI* = Bu (2 = ) [ Ax — AZ|? (3.8)
< Jlacn — 2|
By Lemma 2.6, we have
| V%, —xn = ||r=, —T,f"m:r,f"y—f”
< | - T | + || T - |
< (1= X)X — X[ + Lup||F () ]
< (1= 2,7) [[l20n = X = fu(Axy = AR) || + Ball AZI] + Aupel F(2)] 39)
< (1= u7) [lloen = X + Ball AX(] + Anpl| F(2)|
S (A=A llxn = X[ + Pull AX|| + Aupu||E ()l
< (1= A0l = 2]+ Ao (I AZ] + pl F@)])
AX|| + u||F(x
ol ¢y [ FEN)
It follows
2 AZ| + p||E®)|)*
|T,f"5c“n _fn < (1= Ay7)[|xn = Z|P + Ay - (IAZ][ + pl F)11) ' (3.10)

T
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This together with (3.7) yields

lotn = Z|[* < atnllxr = I + (1 —«m[(l = ) = I + A .

(IA%] + mu—mn)z]

~ 2
_“n(l_“n) xn—l_TrJ}nxn , (311)
A _ IAZ]| + pl|F(2)]|
< bt ~FIP 4 (1= ap) g~ 2 + (1 -y, - LA AECOD
_an(l_an) xn—l_Tr){nin 7
and so,
. . Lo (JAZ]| + pllF(®)])* P
||xn—x||2s||xn_1—x||2+(1—an>a—"-( = LR F
n . (3.12)
_ IAZ]| + || F(%)]]
S||xn,1—x||2+)tn'< T”a ) — lotn = 2na |

Since X771 A - [(JJAX] + ‘u||F(J?)||)2/Ta] converges, by Lemma 2.5, lim,, _, .- || x,, — X|| exists. As
a consequence, the sequence {x,} is bounded. Moreover, we have

—0 asn—oo. (313)

~ ~ 2
- - [AX]| + pllF(X) I
1% = -]l < [0t = XU = llacn = X[ + A - ( T# )

a
Therefore,

Tim [l = x| = 0. (3.14)

Obviously, it is easy to see that lim,, _, oo ||x; — Xp4il| = 0 for each i = 1,2,..., N. Now observe
that

(1=b)||xp1 = T % || < (1 = @) |[x01 = Ta" || = |10 = X1l — 0 asn— 0. (3.15)

Also note that the boundedness of {x,} implies that {T,,X,} and {F(T,,X,)} are both bounded.
Thus, we have
Tr):n in - Tnin

~ A~
||xn—1 - Tnxn” < |[xXn-1— Tnnxn

‘|

(3.16)

A, ~
< || %n-1 — Tnnxn

+ Ap||F (T Xp)|| — 0 as n — oo.

This implies

llxn = Tunll < llxn = xXp-1ll + [[Xn-1 = TnXnll — 0 as n — oo. (3.17)
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Consequently,

llxn = Tuxnll < llxn = TuXnll + [ TXn — Tuxnl|

<l = TuXnll + |1 X0 — x|

- (3.18)
= |lxn = TuXnll + Pull Axnl|
<oy = TpuXn|| + Aul|Axy|| — 0 as n— oo,
and hence, foreachi=1,2,...,N,
||xn - Tn+ixn|| < ||xn - xn+i|| + ”xn+i - Tn+ixn+i|| + ||Tn+ixn+i - Tn+i-xn” 3 19)
< 2||xn = Xneill + [1Xnsi = Tusidsil — 0 as n — co. '
This shows that lim,,_, oo ||x;; — T+ix»|| = 0 for each i =1,2,..., N. Therefore,
lim ||x, — Tix,|| =0, foreachl=1,2,...,N. (3.20)
n— oo

On the other hand, since {x,} is bounded, it has a subsequence { X }, which converges
weakly to some X € H, and so, we have lim; _, ||xn/. = Tixy, || = 0. From Lemma 2.4, it follows
that I — T; is demiclosed at zero. Thus, x € Fix(T;). Since [ is an arbitrary element in the finite
set {1,2,...,N}, wegetx € ﬂf\zjl Fix(T;).

Now;, let x* be an arbitrary element of w,,(x,). Then, there exists another subsequence
{xn, } of {x,}, which converges weakly to x* € H. Clearly, by repeating the same argument,
we get x* € (Y, Fix(T;). We claim that x* = x. Indeed, if x* #X, then by the Opial’s property
of H, we conclude that

lim ||x, — x*|| = lim inf||x,, — x*||
n—oo k— o0

< Him infllx,, ¥ = lim o, - %) = lim infl|x, -%] 5

< lim inf
ee)

j—

Xy, —x*“ = lim ||x, — x*||.
/ n— oo

This leads to a contradiction, and so, we get x* = x. Therefore, w,(x,) is a singleton set.
Hence, {x,} converges weakly to a common fixed point of the mappings {T;},, denoted still
by x*.
Assume that ||x, — T,,X,|| = o(B,). Let y € ﬂf\:jl Fix(T;) be arbitrary but fixed. Then, it
follows from the nonexpansiveness of each T; and the monotonicity of A that
~ 2 2
1T = yII” = 1T (xn = PuAAxn) = Tu(y) |
2
< | (xn = y) = BuAxall
= = yII" + 28u{Axn,y = 20) + Bl A | (3:22)
= [lxn = I + 284 ((Ay, y = x0) + (Axi = Ay, y = 20)) + Bl A
< lxa = ylI* +280(Ay, y — xu) + Bl Axal
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which implies that

1 ~
0% 5 (I =yl = T8 - 1) + 2w,y = 52) + pullAxul?

(lxn =yl + 17X

N B e Ll
vl 5,

MHXn—ﬁM +2(Ay,y — xu) + M?B,,

+2{AY, Y — Xu) + Pull Axa|>  (3.23)

IN

where M := sup{||x, — y|| + |TXn — yll + [|[Axy|| : n > 1} < oo. Note that A, — 0, B, <
An, for all n > 1, and ||x, — T, X,|| = 0(B,). Thus, for any € > 0, there exists an integer my > 1
such that M||x, — T,X,||/pn + Mzﬁn < e forall n > my. Consequently, 0 < € + 2(Ay, y — x,)
for all n > my. Since x, — x*, we have € + 2(Ay,y — x*) > 0 asn — oo. Therefore, from the
arbitrariness of € > 0, we deduce that (Ay,y —x*) > 0forall y € nfﬁl Fix(T;). Proposition 2.1
(a) ensures that

N
(Ax*,y-x") >0, Vye[)Fix(T); (3.24)
i=1

that is, x* € VI(NY, Fix(T;), A). O

Corollary 3.2 (see [14], Theorem 2.1). Let H be a real Hilbert space and F : H — Hx-Lipschitz
continuous and n-strongly monotone for some constants k > 0, 17 > 0. Let {T; } N, be N nonexpansive
self-maps on H such that C = (Y, Fix(T;) #0. Let p € (0,21/x%), xo € H, {1,)%, C [0,1), and
{an}oeq € (0,1) be such that 3721 Ay < coand a < ay < b, forall n > 1, for some a,b € (0,1).
Then, the sequence {xy } e, defined by

Xn 1= ApXp + (1= )T %y = ayxno1 + (1 — ay) [Tuxn — AnptF (Tpxn)], Vn>1, (3.25)

converges weakly to a common fixed point of the mappings {T;}~,.

Proof. In Theorem 3.1, putting A = 0, we can see readily that for any given positive number
a € (0,00), A: H — H is an a-inverse-strongly monotone mapping. In this case, we have

N N
v1<ﬂ Fix(Ti),A> = ﬂ Fix(T;). (3.26)
i=1

i=1

Hence, for any given sequence {f,}, C (0,2a] with , < A,(Vn > 1), the implicit iterative

n=1

scheme (3.5) reduces to (3.25). Therefore, by Theorem 3.1, we obtain the desired result. [
Lemma 3.3. In the setting of Theorem 3.1, we have

(a) limy, -, oo||xn — X|| exists for each x € C,

(b) limy, —, o d(x,, C) exists, where d(x,, C) = infyec||lx, — pll,
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(c) liminf, _, 5 ||xn — Tyl = 0,
where C := VI(NX, Fix(T;), A).

Proof. Conclusion (a) follows from (3.12), and conclusion (c) follows from (3.18). We prove
conclusion (b). Indeed, for each x € C,

(IAZ]| + pIF@))” < (1AZ = Axpr || + | Ao || + pIF(R) = F ()| + pIF (o)1)

1 ~ _ 2
< (s = 3+ 1A%l + s = 71+ Wl F o))

1 2 (3.27)
o (CRID IR Ry (PERR I

1 2 - 2
<2(3 4 o = 1 + 201 A%l + HIF o))’

This together with (3.12) implies that

(IAZ] + IF®))?
Ta

R 1 1 2 _
< loepe1 = X + Ay - p [2<; + /uc) lln-1 — Z[I* + 2| Axtpa | +#||F(xn—1)||>2]

26 = X||* < [J2tno1 = X + An

(re 2000 2m

_ 2
= >||xn_1 = FP + A = (A ]+ pF G0l

< (T+yu) %01 = ZI* + s

(3.28)
and hence,
[d(xn, O < (1 +yn) [d(x0-1,C)]* + 1, (3.29)
where
Yo =An- maX{z((lﬁ';_)%K)z, Tz—a(llen-lll +/4||F(xn-1)||)2}f Vn 21 (3.30)

Since 77, A, < oo and both {Ax,_1} and {F(x,-1)} are bounded, it is known that X', y, <
0o. On account of Lemma 2.5, we deduce that lim,, _, .d(x,, C) exists, that is, conclusion (b)
holds. ]

Finally, we give necessary and sufficient conditions for the strong convergence of the
sequence generated by the implicit iterative scheme (3.5) with perturbation F.
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Theorem 3.4. In the setting of Theorem 3.1, the sequence {x,} converges strongly to an element of
VI(NRN, Fix(T;), A) if and only if lim inf,, _. ,,d(x,, C) = 0 where C := VI(NY, Fix(T;), A).

Proof. From (3.28), we derive for each n > 1

o = X < (1 + ) 101 = X+, YXEC, (3.31)

where 3% 1, < o0. Put M = [T, (1 + ). Then 1 < M < co.
Suppose that the sequence {x,} converges strongly to a common fixed point p of the
family {T;}Y,. Then, lim, . ,,||x, — p|| = 0. Since

0 < d(xnlc) < ”xn -P

, (3.32)

we have lim inf,,_, o, d(x,,C) = 0.
Conversely, suppose that lim inf,_,,d(x,, C) = 0. Then, by Lemma 3.3 (b), we deduce
that lim,, , . d(x,, C) = 0. Thus, for arbitrary € > 0, there exists a positive integer Ny such that

£

NG

d(x,,C) <

Vn > No. (3.33)

Furthermore, the condition ;7 v, < oo implies that there exists a positive integer N7 such
that

D0 < <8£~>/ Vn > Ni. (3.34)

Choose N, = max{Ny, N;}. Observe that (3.31) yields

%0 = %7 < (1) (1 + Y1) 1202 = ZI2 + (14 0) Yt + Y

n n-1 n
< TT Gey)loen, =2IP+ > v [T +7) +7a
j=Na+1 =N+ i=j+l (3.35)

sM[nxm—in% > n-].

j=N.+1
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Note that d(xn,,C) <e/V 8M and Z}‘EN* yj < 52/(8M). Thus, for alln,m > N, and all x € C,
we have from (3.35) that

2 = S11\2
2 = X" < (lln = XI| + [l — X[

12 ~12
< 2|jxn = X7 + 2|2 — X|]

[ n m
<M [ flxn, - 2P+ D yj] +2M [ lxn, - 2P+ D yj]
| j=N.+1 j=N.+1 (336)
<AM [ llxn, - 27+ Dy
| j=N.
<4M( ||lxn, - X|* + —
8M
Taking the infimum over all X € C, we obtain
— &2 — [ £ &2
%p — x| <4M( [d(xn., C)? + — ) <4M(| — + — ) = €%, (3.37)
8M 8M 8M

and hence, ||x,—xn|| < e. This shows that {x, },-; is a Cauchy sequencein H. Letx, — pe H
asn — oo. Then, we derive from (3.20) that foreach[=1,2,...,N,

lp = Tipll < llp = xall + 20 = Tixal + || Tixa = Top | -
< 2”x” _P” +||xy = Tixpl| — 0 as n — oo.

Therefore, p € Fix(T;) foreach1=1,2,...,N, and hence, p € ﬂf\zll Fix(T;).
On the other hand, choose a positive sequence {¢,},.; C (0,00) such thate, — 0 as
n — oo. For each n > 1, from the definition of d(x,, C), it follows that there exists a point
pn € C such that
|xn = pn|| < d(x4, C) + €. (3.39)

Since d(x,,C) — Oand ¢, — Oasn — oo, itis clear that ||x, —p,|| — 0asn — oo. Note that
llpn =PIl < llpn = xall + llx =pl| — 0 asn — co. (3.40)

Hence, we get
Tlim ||y —pl| = 0. (341)

Furthermore, for each f, € (0,2a], the mapping S, : H — H is defined as follows:

Sp.x 1= Py gy (I - PuA)x, VYx € H. (3.42)
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From Proposition 2.3, we deduce that Sy, is nonexpansive and

Fix(Sp,) = VI(ﬁ Fix(Ti),A> (= Q). (3.43)

i=1

From Proposition 2.2 (a), we conclude that Fix(Sp,) is closed and convex. Thus, from the
condition VI(ﬂf\l1 Fix(T;), A) #0, it is known that C is a nonempty closed and convex set.
Since {p,} lies in C and converges strongly to p, we must have p € C. O

Remark 3.5. Setting A = 0 in Lemma 3.3 and Theorem 3.4 above, we shall derive Lemma 2.1
and Theorem 2.2 in [14] as direct consequences, respectively.

Acknowledgment

This paper is partially supported by the Taiwan NSC Grants 99-2115-M-110-007-MY3 and
99-2221-E-037-007-MY3.

References

[1] D. Kinderlehrer and G. Stampacchia, An Introduction to Variational Inequalities and Their Applications,
vol. 88, Academic Press, New York, NY, USA, 1980.

[2] P. L. Combettes, “A block-iterative surrogate constraint splitting method for quadratic signal recov-
ery,” IEEE Transactions on Signal Processing, vol. 51, no. 7, pp. 1771-1782, 2003.

[3] H. Iiduka, “Fixed point optimization algorithmand its application to power control in CDMA data
networks,” Mathematical Programming. In press.

[4] K. Slavakis and I. Yamada, “Robust wideband beamforming by the hybrid steepest descent method,”
IEEE Transactions on Signal Processing, vol. 55, no. 9, pp. 4511-4522, 2007.

[5] H.Iiduka, “A new iterative algorithm for the variational inequality problem over the fixed point set
of a firmly nonexpansive mapping,” Optimization, vol. 59, no. 5-6, pp. 873-885, 2010.

[6] H. liduka, “Iterative algorithm for solving triple-hierarchical constrained optimization problem,”
Journal of Optimization Theory and Applications, vol. 148, no. 3, pp. 580-592, 2011.

[7] P-E. Maingé and A. Moudafi, “Strong convergence of an iterative method for hierarchical fixed-point
problems,” Pacific Journal of Optimization, vol. 3, no. 3, pp. 529-538, 2007.

[8] A. Moudafi, “Krasnoselski-Mann iteration for hierarchical fixed-point problems,” Inverse Problems,
vol. 23, no. 4, pp. 1635-1640, 2007.

[9] H.-K. Xu, “Viscosity method for hierarchical fixed point approach to variational inequalities,”
Taiwanese Journal of Mathematics, vol. 14, no. 2, pp. 463478, 2010.

[10] I. Yamada, “The hybrid steepest descent method for the variational inequality problems over the
intersection of fixed point sets of nonexpansive mappings,” in Inherently Parallel Algorithms in
Feasibility and Optimization and Their Applications, D. Butnariu, Y. Censor, and S. Reich, Eds., vol. 8
of Studies in Computational Mathematics, pp. 473-504, North-Holland, Amsterdam, The Netherlands,
2001.

[11] I. Yamada and N. Ogura, “Hybrid steepest descent method for variational inequality problem over
the fixed point set of certain quasi-nonexpansive mappings,” Numerical Functional Analysis and
Optimization, vol. 25, no. 7-8, pp. 619-655, 2004.

[12] H. K. Xu and T. H. Kim, “Convergence of hybrid steepest-descent methods for variational
inequalities,” Journal of Optimization Theory and Applications, vol. 119, no. 1, pp. 185-201, 2003.

[13] H.-K. Xu and R. G. Ori, “An implicit iteration process for nonexpansive mappings,” Numerical
Functional Analysis and Optimization, vol. 22, no. 5-6, pp. 767-773, 2001.

[14] L.-C. Zeng and ]J.-C. Yao, “Implicit iteration scheme with perturbed mapping for common fixed points
of a finite family of nonexpansive mappings,” Nonlinear Analysis, Theory, Methods and Applications, vol.
64, no. 11, pp. 2507-2515, 2006.



14 Journal of Applied Mathematics

[15] Z. Opial, “Weak convergence of the sequence of successive approximations for nonexpansive map-
pings,” Bulletin of the American Mathematical Society, vol. 73, pp. 591-597, 1967.

[16] V. V. Vasin and A. L. Ageev, Ill-Posed Problems with a Priori Information, VSP, Utrecht, The Netherlands,
1995.

[17] W. Takahashi, Nonlinear Functional Analysis, Yokohama Publishers, Yokohama, Japan, 2000.

[18] K. Goebel and W. A. Kirk, Topics in Metric Fixed Point Theory, vol. 28 of Cambridge Studies in Advanced
Mathematics, Cambridge University Press, Cambridge, UK, 1990.

[19] M. O. Osilike, S. C. Aniagbosor, and B. G. Akuchu, “Fixed points of asymptotically demicontractive

mappings in arbitrary Banach spaces,” Panamerican Mathematical Journal, vol. 12, no. 2, pp. 77-88,
2002.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



