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Abstract. We propose a class of interior proximal-like algorithms for the second-order
cone program which is to minimize a closed proper convex function subject to general
second-order cone constraints. The class of methods uses a distance measure generated
by a twice continuously differentiable strictly convex function on (0,+00), and includes
as a special case the entropy-like proximal algorithm [12] which was originally proposed
for minimizing a convex function subject to nonnegative constraints. Particularly, we
consider an approximate version of these methods, allowing the inexact solution of sub-
problems. Like the entropy-like proximal algorithm for convex programming with non-
negative constraints, we under some mild assumptions establish the global convergence
expressed in terms of the objective values for the proposed algorithm, and show that
the sequence generated is bounded and every accumulation point is a solution of the
considered problem. Preliminary numerical results are reported for two approximate
entropy-like proximal algorithms, and numerical comparisons are also made with the
merit function approach [8], which verify the effectiveness of the proposed method.
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1 Introduction

We consider the following convex second-order cone programming (CSOCP):

min f(C)
st. AC+b >k 0, <1>

where f : IR™ — (—o00,4o0] is a closed proper convex function, A is an n X m matrix
with n > m, b is a vector in IR", x =, 0 means z € K, and K is the Cartesian product
of second-order cones (SOCs), also called Lorentz cones [14]. In other words,

K=K"x K™ x.--x K" (2)
where N,ny,---,ny >1,ni+no+---+ny =n, and
K= {(21,m2) € Rx ™ | 2y > ||}

with || - || denoting the Euclidean norm and K' denoting the set of nonnegative reals IR, .
The CSOCP, as an extension of the standard second-order cone programming, has wide
range of applications from engineering, control, and finance to robust optimization and
combinatorial optimization; see [1, 21, 23] and references therein.

Recently, the second-order cone programming (SOCP) and the second-order cone
complementarity problem (SOCCP) have received much attention in optimization. There
exist many methods for solving the CSOCP, including the smoothing methods [10, 15],
the smoothing-regularization method [17], the semismooth Newton method [22], and the
merit function approach [8]. All of these methods are proposed by using some second-
order cone complementarity function or merit function to reformulate the KKT optimal-
ity conditions of the CSOCP as a nonsmooth (or smoothing) system of equations or an
unconstrained minimization problem. Notice that the CSOCP is a typical convex pro-
gramming problem which has extensive applications. But, to the best of our knowledge,
there are few convex programming methods developed for (or extended to) the CSOCP
except the interior point method [33]. Hence, it is worthy of exploring other types of con-
vex programming methods for the CSOCP which are different from the aforementioned
methods.

One such method is the proximal point algorithm for minimizing a convex function
f(¢) over IR™ which generates a sequence {¢¥} by the following iterative scheme

) 1 _
¢ argmm{ﬂo +ole— ¢t 1H2}, 3)

¢elR™

where p1;, is a sequence of positive numbers. The method was originally introduced by
Martinet [24] with the Moreau proximal approximation of f (see [25]), and then further
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developed by Rockafellar [30, 31]. Later, some researchers [5, 13, 32] proposed and stud-
ied nonquadratic proximal point algorithms by replacing the quadratic distance in (3)
with a Bregman distance or an entropy-like distance.

The entropy-like proximal algorithm was designed for minimizing a convex function
f(C) subject to nonnegative constraints ¢ > 0. In [12], Eggermont first introduced the
Kullback-Leibler relative entropy, defined by

3d(¢,€) = ZQ In(G/&)+ G —& V=0, £>0,
i=1

and established the following entropy-like proximal point algorithm

>0
{ ¢F = argmin { (Q) + pd(¢", Q) (4)

(>0
Later, Teboulle [32] proposed to replace the usual Kullback-Leibler relative entropy with a
new type of distance-like function, called p-divergence, to define the entropy-like proximal
map. Let ¢ : R — (—o00,400] be a closed proper convex function satisfying certain
conditions (see [18, 32]). The p-divergence induced by ¢ is defined as

dsa(C,f) = Zfi@(@/fi)- (5)
i=1
Based on the ¢-divergence, Isume et al [18, 19] generalized Eggermont’s algorithm as
>0
¢ = argmin {£(0) + ™ (G, 7)) (©6)

and obtained the convergence theorems under weaker assumptions. Clearly, when
o(t)=—Int+t—1 (t>0),

we have that d,(¢,§) = d(&, ¢), and consequently the algorithm reduces to Eggermont’s.

Observing that the proximal-like algorithm (6) associated with ¢(t) = —Int +¢ — 1
inherits the features of the interior point method as well as the proximal point method,
Auslender [2] extended the algorithm to general linearly constrained convex minimiza-
tion problems and variational inequalities on polyhedra. Then, is it possible to extend
the algorithm to nonpolyhedra symmetric conic optimization problems and establish the
corresponding convergence results? In this paper, we will explore its extension to the
setting of second-order cones and establish a class of interior proximal-like algorithms

3The convention of 0In0 = 0 is used throughout this paper.
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for the CSOCP. We should mention that the algorithm (6) with the entropy function
tlnt —t+1 (t > 0) was recently extended to convex semidefinite programming [11].

For simplicity, in the rest of this paper, we focus on the case where IC = K". All the
analysis can be carried over to the general case where IC has the direct product structure
as (2). It is known that K" is a closed convex cone with the interior given by

int(K") == {(z1,72) € Rx R | 21 > ||2] }.

For any z,y in IR", we write z =, y if x —y € K"; and write z >, y if x —y € int(K").
In other words, we have x =,, 0 if and only if x € K" and x >,, 0 if and only if
x € int(K"™). We denote F by the constraint set of the CSOCP, i.e.,

F={CeR" | AC+b=,, 0}, (7)
It is not difficult to verify that F is convex and its interior int(F) is given by
int(F) = {¢ € R™ | AC+b =, 0}.

The proximal-like algorithm that we propose for the CSOCP is defined as follows:

¢° € int(F)
¢* = argmin { £(¢) + sy ' D(AC + b, AC*™' + 1)}, )
CEint(F)

where D: R" x IR" — (—00, +0o0] is a closed proper convex function generated by a class
of twice continuously differentiable strictly convex functions on (0, +00), and the specific
expression is given in Section 3. The class of distance measures, as will be shown in Sec-
tion 3, includes as a special case the natural extension of d,(x,y) with p(t) = —Int+t—1
to the second-order cones. For the proximal-like algorithm (8), we particularly consider
an approximate version which allows inexact minimization of the subproblem (8) and
establish its global convergence results under some mild assumptions. Numerical results
are reported for two approximate entropy-like proximal algorithms, which verify the ef-
fectiveness of the proximal method proposed. In addition, numerical comparisons with
the merit function approach [8] indicate that the condition number of the Hessian matrix
V2f(¢) has a great influence on the numerical performance of the proximal-like algorithm
and the merit function approach, but the former seems to have no direct relation with
the dense degree of test problems, but the latter tends to more function evaluations as
the density increases.

The outline of this paper is as follows. In Section 2, we review some basic concepts
and properties associated with SOCs. In Section 3, we state the definition of D(x,y) and
present some specific examples. Some favorable properties of D(x,y) are investigated
in Section 4. In Section 5, we describe an approximate proximal-like algorithm allowing
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inexact minimization in (8) and establish the global convergence of the algorithm. In
Section 6, we report our numerical experiences for the proposed proximal-like algorithm
by solving some convex SOCPs. Finally, we conclude this paper in Section 7.

Throughout this paper, I represents an identity matrix of suitable dimension and IR"
denotes the space of n-dimensional real column vectors. For a differentiable function A on
IR, we denote h’, h” and h" by its first, second and third derivative, respectively. Given a
set S, we denote S, int(S) and bd(S) by the closure, the interior and the boundary of S,
respectively. Note that a function is closed if and only if it is lower semi-continuous and
a function is proper if f({) < oo for at least one ¢ € IR™ and f(¢) > —oo for all ( € R™.
For a closed proper convex function f : R™ — (—o0,+0o0], we denote its domain by
domf :={ ¢ e R™ | f(¢) < oo} and the subdifferential of f at ¢ by

0f(Q) == {w e R™ | £(¢) > f(Q) + (w,¢ = ), ¥¢ € R™}.

If f is differentiable at (, the notation V f({) represents the gradient at ¢ of f.

2 Preliminaries

This section recalls some basic concepts and preliminary results related to second-order
cones that will be used in the subsequent analysis. For any x = (21, 22) € R x R"! and
y= (y1,92) € R x R"! we define their Jordan product as

zoy:=((z,y), 1122 + 11y2). (9)

We write 22 to mean z o z and write x + y to mean the usual componentwise addition
of vectors. Then o, + and e = (1,0,---,0)7 € IR® have the following basic properties
(see [14, 15]): (1) eox =z for all z € R". (2) xoy = youx for all z,y € R". (3)
zro(z?oy) = z?o(zoy) for all z,y € R™. (4) (r+y)oz =zo0z+yoz forall z,y,z € R"™
The Jordan product is not associative. For example, for n = 3, let x = (1,—1,1) and
y=2z=(1,0,1), then we have (roy)oz = (4,—1,4) Axo(yoz) = (4,—2,4). However,
it is power associated, i.e., xo(xox) = (rox)ox for all z € IR". Thus, we may, without

m—+n

fear of ambiguity, write ™ for the product of m copies of x and x =" o 2" for all

positive integers m and n. We stipulate that 2° = e. Besides, K" is not closed under
Jordan product. For example, x = (1,1,0),y = (2,—1,3) € K", but zoy = (1,1,3) € ™.

For each = = (z1,75) € R x R""!, the determinant and the trace of = are defined by
det(z) = 22 — ||zo]|?, tr(x) = 2. (10)

In general, det(z o y) # det(x)det(y) unless x5 = ays for some a € IR. A vector
T = (11,72) € R x R ! is said to be invertible if det(z) # 0. If x is invertible, then
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there exists a unique y = (y1,12) € IR x R"! satisfying zoy = yox = e. We call this y
the inverse of x and denote it by 7!. In fact, we have that

_1—¥x - :; r(rje —x
T A P T e -

Hence, x € int(K") if and only if 7! € int(K"), and (2¥)~! is well-defined if = € int(K").

In the following, we recall from [15] that each x = (x,25) € IR x IR"™! admits a
spectral factorization, associated with K™, of the form

z = Ai(2) - ul) + Ao(w) - ul?),

where \;(x) and u{) for i = 1,2 are the spectral values and the associated spectral vectors
of z, respectively, given by

Ai(x) = 21+ (=1)]|2]],
| ! (1, (~1)i ) if 25 # 0;
W) = 42 2] (12)
5 (1, (=D'z)  if 2 =0,
with Zy being any vector in IR"~! such that ||Zo|| = 1. If 2 # 0, then the factorization is

unique. The spectral decomposition along with the Jordan algebra associated with SOC
has some basic properties, whose proofs can be found in [14, 15]. Here, we list four of
them that will often be used in the subsequent sections.

Property 2.1 For any © = (z1,72) € IR x R"™! with the spectral values \i(x), Aa(z)
and spectral vectors u\M ul? given as in (12), the following results hold:

(a) ul) and u? are orthogonal under Jordan product and have length 1/+/2, i.e.,

ul ou? =0, [[ul’] = uf?|| =1/v2.

(b) ul) and ul?) are idempotent under Jordan product, i.e., ul) o ul) = ul) fori =1,2.

(c) The determinant, the trace and the Fuclidean norm of x can be denoted by A\ (z), Ao(z):

(M ()] + P\Q(@]Q.

det(x) = M\ (2)Xo(2), tr(z) = A\ (z) + Xo(2), |z]|* = 5

(d) Ai(z) are nonnegative (positive) if and only if x € K™ (x € int(K")).

Lemma 2.1 (a) For anyz € R", v =,, 0 <= (z,y) > 0 for any y =, 0.
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(b) For anyxz € R", z >,, 0 <= (z,y) > 0 for any y =xn» 0 and y # 0.

(c) For any z,y € R", let N\i(x) and \;(y) for i = 1,2 be their spectral values. Then,
AL(z)A2(y) + Aa(2) M (y) < tr(zoy) < Mi(@)Ai(y) + Aa(2) Aa(y).

Proof. Part (a) is direct by the self-duality of K", and we next consider parts (b) and
(c)-

(b) Let = (z1,%2),y = (y1,y2) € R x R""!. The necessity follows from

(@,y) = 21+ 239 > 21— [loallllgell = 2191 — mllwa] = yi(21 — [Ja]]) >0,

where the first inequality is by Cauchy-Schwartz, the second is due to y =,,, 0 and the
third is since >, 0 and y # 0, y =, 0. Next, we prove the sufficiency. First, from
(r,y) > 0 for any y =, 0 and y # 0, we deduce that z; > 0 by setting y = e. If
xo = 0, then the conclusion follows. If x5 # 0, then we set y = (1, —”iz”). Clearly,
Y= 0, y#0, and 0 < (x,y) = 1 — ||2|| = M (x). By Property 2.1 (d), we then have
T = 0.

Kxn

(¢) For any = = (21, 22),y = (y1,42) € R x R"!, by (12) we can compute that

A(@) A2 (y) + Ao ()1 (y) = 22191 — 2[|za || ya]|] < 2(z1y1 + 25 10) = tr(z 0 y),
A (@)A1 (y) + Ao (@)A2(y) = 22191 + 2|2 [|yell > 2(@1y1 + 25 y2) = tr(z 0 y)

Combining with the two inequalities above then yields the desired result. O

For any h : IR — IR, the following vector-valued function was considered in [6, 15]:

BoC(x) = h[M\ ()] - ul) + h[Xo(2)] - wl?, Va = (z1,25) € R x R™ (13)

xT

If h is defined only on a subset of IR, then h*°° is defined on the corresponding subset
of R". The definition in (13) is unambiguous whether z5 # 0 or 3 = 0. For the
vector-valued function h*°¢ induced by h, we have the following results.

Lemma 2.2 Given a function h : Ig — R, let h*°¢ : S — IR"™ be the vector-valued
function induced by h as in (13), where Ig C IR and S C R™. Then, the following results
hold:

(a) For any x € S, \[h*°¢(x)] = h[\i(2)] fori = 1,2 and tr[h™(x)] = X7, h[\i(2)].

(b) If h is continuously differentiable on Igr, then h¥°° is continuously differentiable on
the set S, and its transposed Jacobian at x = (x1,x2) € S 1s given by the formula

VR (z) = K (a1)] (14)
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if to =0, and otherwise

b c 2
VE() = | lwll (15)
e~ al + (b—a) T2
21 21
where
, = e(@)] = hi(@)] - P Pe(@)] + M M(2)] - W e(@)] = KA ()]
/\2(1’) — /\1 ([E) ’ 2 ’ 2 ’

(c) If h is continuously differentiable on I, then tr[h*°°(z)] is continuously differentiable
on the set S, and its gradient Vtr[h*°(z)] = 2Vh*°(z) - e = 2(h')*(x).

(d) If h is (strictly) convex on IR, then tr[h®°°(x)] is (strictly) conver on the set S.

Proof. (a) The proof is direct by the definition of A% and the spectral value.
(b) The conclusion follows directly from [15, Propostion 5.2] or [6, Proposition 4].

(c) Since tr[h*°°(z)] = 2(h*°°(z), e), by part (b) tr[h*°(x)] is obviously continuously dif-
ferentiable. Applying the chain rule for inner product of two functions yields

Vir[h*¢(x)] = 2VA**(x) - e,
where Vh*°(z) is given by (14)—(15). By a simple computation, it is easy to verify that
VI (x) e = B (@)]ul) + W Da(@)]ul = (1) (x).

Combining the last two equalities immediately gives the second part of the conclusions.

(d) The proof is similar to that of [26, Lemma 3.2 (d)], and so we omit it. O

To close this section, we review the definition of SOC-convexity and SOC-monotonicity.
The two concepts, such as the matrix-convexity and the matrix-monotonicity in the
semidefinite programming, play an important role in the solution methods of SOCPs.

Definition 2.1 [7] Given a function h : Ig — IR, let h*°¢ : S — IR™ be the vector-valued
function defined as in (13), where Ig C IR and S C IR"™. Then,

(a) h is said to be SOC-monotone of order n on Iy if for any x,y € S,

T t,cn y : hSOC(',L,) i,cn hSOC(y)'

(b) h is said to be SOC-convex of order n on I if for any x,y € S and 0 < 5 < 1,

W (B + (1= B)y) = BE () + (1 = B)A°(y). (16)



We say that h is SOC-convex (respectively, SOC-monotone) on IR if A is SOC-convex of
all order n (respectively, SOC-monotone of all order n) on Ig. A function h is said to
be SOC-concave on Ig whenever —h is SOC-convex on Ig. When h is continuous on IRy,
the condition in (16) can be replaced by the more special condition:

Jysoc (’Z?y) m ;(hsoc<$) + hsoc(y>>_ (17)

Obviously, the set of SOC-monotone functions and the set of SOC-convex functions are
both closed under positive linear combinations and under point-wise limits.

3 Distance-like functions in SOCs

In this section, we present the definition of the distance-like function D(z,y) involved in
the proximal-like algorithm (8) and some specific examples. Let ¢ : IR — (—o0, +00] be
a closed proper convex function with dom¢ = [0, +00) and assume that

(C.1) ¢ is strictly convex on its domain.

(C.2) ¢ is twice continuously differentiable on int(dome) with lim, ¢+ ¢"(t) = +o0.
(C.3) ¢'(t)t — ¢(t) is convex on int(dome).

(C.4) ¢’ is SOC-concave on int(dome).

In the sequel, we denote by ® the class of functions satisfying conditions C.1-C.4.

Given a ¢ € ®, let ¢*° and (¢')*° be the vector-valued function given as in (13). We
define D(z,y) involved in the proximal-like algorithm (8) by

| 0 (y) = 67 (x) — (@) (w) o (y —x)| Vo€ int(K"),y € K7,
bia,y) = { [ +00 } otherwise. (18)

The function, as will be shown in the next section, possesses some favorable properties.
Particularly, D(z,y) > 0 for any =,y € int(K"), and D(z,y) = 0 if and only if z = y.
Hence, D(x,y) can be used to measure the distance between the two points in int(K").

In the following, we concentrate on the examples of the distance-like function D(x, y).
For this purpose, we first give another characterization for condition C.3.

Lemma 3.1 Let ¢ : R — (—o00,4+00] be a closed proper function with dom¢ = [0, +00).
If ¢ is thrice continuously differentiable on int(dome), then ¢ satisfies condition C.3 if
and only if its derivative function ¢ is exponentially convex *, or

#ints) < (0B + (), Vit >0 (19)

4which means the function ¢’(exp(+)) : R — IR is convex on IR
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Proof. Since the function ¢ is thrice continuously differentiable on int(dome), ¢ satisfies
condition C.3 if and only if

" (t) +td"(t) >0 (Vt>0).
Observe that the inequality is also equivalent to
tg"(t) +¢°¢"(t) 2 0 (vt > 0),
and hence substituting by ¢t = exp(f) for 6 € R into the inequality yields that
exp(0)¢” (exp(6)) + exp(20)¢™ (exp(h)) > 0 VO € R.

Since the left hand side of this inequality is exactly [¢'(exp(€))]”, it means that ¢'(exp(-))
is convex on IR. Consequently, the first part of the conclusions follows.

Note that the convexity of ¢/(exp(-)) on IR is equivalent to saying for any 6;,6, € IR,
F(exp(r: + (1 — 1)0) < 1 (exp(0h) + (1 — 1) (exp(6n)), 7 € [0,1],
which, by letting ¢; = exp(#;) and ¢, = exp(fs), can be rewritten as
¢ty < rdl(t) + (1 — 1)@/ (t2), Vti,ta > 0and r € [0,1].

This is clearly equivalent to the statement in (19) due to the continuity of ¢/. O

Remark 3.1 The exponential convezity was also used in the definition of the self-reqular
function [27], in which the authors denote Q by the set of functions whose elements are
twice continuously differentiable and exponentially convex on (0,400). By Lemma 3.1,
clearly, if h € 0, then the function [ h(0)d0 necessarily satisfies condition C.3. For
ezample, Int belongs to 2, and so [y Infdf = tInt satisfies condition C.3.

For the characterizations of the SOC-concavity, the interested readers may refer to
[7, 9]. Here, we present a lemma which states that the composition of two SOC-concave
functions is SOC-concave under some conditions. By this lemma, we may conveniently
obtain some new SOC-concave functions from the existing ones.

Lemma 3.2 Let g : Jg — IR and h : Ig — Jr, where Jg C R and Ig C R. If
g is SOC-concave and SOC-monotone on Jr and h is SOC-concave on IR, then their
composition g(h(-)) is also SOC-concave on Ir. If, in addition, h is SOC-monotone on
Ir, then g(h(-)) is also SOC-monotone on IR.
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Proof. For the sake of notation, let ¢°¢ : S — R™ and h**° : § — S be the vector-
valued functions associated with g and h, respectively, where S C IR" and S C IR"™.
Define g(t) = g(h(t)). Then, for any = € S, it follows from (11) and (13) that

gsoc<hs0c(l-)) — gsoc[h<)\1(x))u§c1)+h(A2<$>>USU2)]
= glh(a(@)]ul) + glh(Aa(2))]ul?
- ) o0

We next prove that g(t) is SOC-concave on Ig. For any z,y € S and 0 < § < 1, from
the SOC-concavity of h(t) it follows that

h(Bz + (1 = B)y) = BR°(z) + (1 — B)R*(y).

Using the SOC-monotonicity and SOC-concavity of g, we then obtain that

g°c [hSOC(ﬁx + (1 . ﬁ)y)} = g*°c [ﬁhsoc(l’) + (1 . ﬁ)hsoc(y)}
Zen BgR(0)] + (1= B)g™ R (y)].

This together with (20) implies that for any z,y € S and 0 < § < 1,

7 (Br+ (1= P)y) men AT()+ (1 - HTW).

Consequently, the function g(t), i.e. g(h(-)) is SOC-concave on Ir. The second part of
the conclusions is obvious. O

Proposition 3.1 (a) The function h(t) = t" with 0 < r < 1 is both SOC-concave and
SOC-monotone on [0, +00).
(b) h(t) = —t=" with 0 < r <1 is SOC-concave and SOC-monotone on (0, +00).
1

u —

(c) Forallu <0, h(t) =

is SOC-concave as well as SOC-monotone on (0, +00).
(d) The function Int is SOC-concave and SOC-monotone on (0, +00).

Proof. (a) The proof has been given by [7, Proposition 3.7], and we here omit it.
(b) The conclusion follows directly from [9, Corollary 4.2].

(c) Let g(t) = —1/t and h(t) = t — u. Then, h(t) = 1/(u —t) is exactly the composition
of the two functions, i.e., h(t) = g(h(t)). From part (b), g(t) is SOC-monotone and
SOC-concave on (0, 400); whereas by [7, Proposition 3.1 (b)] h(t) is SOC-monotone and
SOC-concave on (0,+00). Thus, applying Lemma 3.2, we readily obtain the conclusion.
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(d) The proof can be found in [9]. In view of the importance of Int, we here present a
different proof by following the same line as [3]. Noting that

0 1 U
lt:/ [ _ }d £ 0),
& —oo LU —1 U2+1 Y (>0)

we have for any = € int(K") that

Inx = /0 {(ue — )7 ! 4 } du. (21)

—00 B U,2+1€
For any = = (x1,22), y = (y1,y2) € int(K") and any 0 < 5 < 1, let
w=(Ge+ (1 - B)y) — flne — (1 - B)lny.

Then, by the definition of SOC-concavity, proving the SOC-concavity of In¢ on (0, +00)
is equivalent to showing that w € K£". From (21) and (11), it follows that

w o o= /0 [(ue —px—(1-— ﬁ)y)*l — B(ue — x)’l — (1= B)(ue — y)*l] s

—00

/0 l u—Por—1=B)yr  Blu—z1) (1_@(“_%)]%
— —oo | det(ue — Bz — (1 —B)y)  det(ue — z) det(ue = y)
/0 l By + (1 — By _ b L ] a

det(ue — fxr — (1 — B)y)  det(ue —x)  det(ue — y)

— 00

._ wy
= w, )
where w; € IR and wy € IR"1. However, by Proposition 3.1 (¢) and Definition 2.1,

(ue — Br—(1— ﬁ)y)_l —Bue —z) ' — (1 —B)(ue —y) ' € K",
which implies that
u—fr—(1-Fy _ Blu-—z) (A-Flu-y)_,
det(ue — fxr — (1 — B)y)  det(ue — x) det(ue —y) —
| By + (1 — B)ye B Bo (A =PB)y ‘
det(ue — pxr — (1 — B)y)  det(ue —x)  det(ue — y)
ufr (=B Bu-r) (- Bw-y)

det(ue — fx — (1 — B)y) B det(ue — x) det(ue — )

and

As a consequence,

/0 [ u— By — (1 — B Blu —x1) (1_5)(U_y1)]du

det(ue — Bz — (1 — B)y) B det(ue — x) det(ue — y)

wq

—00

v

0
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and

g
IN

det(ue — fx — (1 — B)y) B det(ue — x) det (ue — H|
/ [U—ﬁwl A=By _ Blu—mz) (1_5)@_%]%

H [ By + (1= B)ys By

—oo |det(ue — Sz — (1 — B)y)  det(ue — x) B det(ue — y)

= ws.

<

This shows that w € K™, and consequently Int is SOC-concave on (0, +00). By a similar
argument, we can prove that Int¢ is SOC-monotone on (0,4+00). O

From Lemma 3.2 and Proposition 3.1, we may obtain the following corollary, which
particularly shows that the modified logarithmic barrier function is SOC-concave.

Corollary 3.1 (a) The modified logarithmic barrier function In(a+t) for ae > 0 is both
SOC-concave and SOC-monotone on (—a, +00).

(b) For any a > 0 and 8 > 0, the functions In(a+ Gt") with 0 < r < 1 are SOC-concave
and SOC-monotone on [0, +00).

t
(c) Foranyu > 0, the functions are SOC-concave and SOC-monotone on (0, +00).
u

(d) Forallu > 0, the functions is SOC-concave and SOC-monotone on (—u, +00).

—1
vu+t
Proof. (a) The proof is due to Proposition 3.1 (d), [7, Proposition 3.1] and Lemma 3.2
by letting ¢ : (0,4+00) — IR be g(t) =Int and h : (—a, +00) — (0,400) be h(t) = a +t.
(b) Let g : (0,400) — IR be g(t) = Int and & : (0,+00) — (0,400) be h(t) = a + [t".
The result follows from Proposition 3.1 (a) and (d) and Lemma 3.2.

(¢)Let g: (—1,0) — (0,1) be g(t) = 1+t and h : (0,400) — (—1,0) be h(t) = —u/(u+t).
Then, we obtain the result from Proposition 3.1 (¢), [7, Proposition 3.1] and Lemma 3.2.
The result also extends the conclusion of [7, Proposition 3.4].

(d) Let g : (0, +00) — (0,4+00) be g(t) = Vtand h : (—u, +00) — (0, +00) be h(t) = u+tt.
Then, from Lemma 3.2 it follows that g(h(t)) = vu+t is SOC-concave and SOC-
monotone on (—u,+00). Using Lemma 3.2 again with g(t) = —1/t and h(t) = Vu + t,
we obtain the desired result. O

Now we present serval examples of D(z,y) to close this section. From these examples,
we may see that the conditions required by ¢ € ® are not so strict and the construction
of the distance-like functions in SOCs can be completed by selecting a class of single
variate convex functions.
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Example 3.1. Let ¢(t) = tlnt —t+ 1 if ¢t > 0, and ¢(t) = oo if t < 0. It is easy
to verify that ¢ satisfies conditions C.1-C.3. Also, by Proposition 3.1 (d), condition C.4
also holds. From formula (13), it follows that for any y € K" and z € int(K"),

»°(y) =yolny—y+e and (¢')°°(z) =Inz.
Consequently, the distance-like function induced by ¢ is given by
Di(z,y) =tr(yolny —yolnzx+z—y), Vrecint(K"),ye K"

This function is precisely the natural extension of the entropy-like distance dy(-,-) with
¢(t) = —Int+t—1 to the second-order cones. In addition, comparing D;(z,y) with the
distance-like function H(z,y) in Example 3.1 of [26], we note that D;(x,y) = H(y,z),
but the proximal-like algorithms corresponding to them are completely different.

Example 3.2. Let ¢(t) =tInt + (1 +¢)In(1+¢) — (1 +¢)In2if ¢t > 0, and ¢(t) = 00
if t < 0. By computing, we can show that ¢ satisfies conditions C.1-C.3. Furthermore,
from Proposition 3.1 (d) and Corollary 3.1 (a), we learn that ¢ also satisfies condition
C.4. This means that ¢ € ®. For any y € K" and = € int(K"), we can compute that

»*(y) = yolny+ (e+y)oln(e+y)—In2(e+y),
(¢')°°(x) = (2—1In2)e+Inx + In(e+ ).
Therefore, the distance-like function generated by such a ¢ is given by
Dy(x,y) = tr[ —Infe+x)o(e4+y)+yo(lny—Inx)+(e+y)oln(e+y) —2(y — x)]

for any = € int(K") and y € K". It should be pointed out that Dy(z,y) is not the

extension of d,(-,-) with ¢(t) = ¢(t) given by [18] to the second-order cones.

Example 3.3. Take ¢(t) =t 2 + > with 0 <7 < Lift > 0, and ¢(t) = +oo if t < 0.

It is easy to verify that ¢ satisfies conditions C.1-C.3. Furthermore, from Proposition

3.1 (a) it follows that ¢ satisfies condition C.4. Thus, ¢ € ®. By a simple computation,
soc 2r+3

¢(y) =y =
Hence, the distance-like function induced by ¢ has the following expression

2r +1 2r4s 9 2r +3 21
T2 +x —yo( T2 +2x)+y

2r+
2

S+ Wy ek and (¢)°(x)

2r4+1
2

r 2 42z Vreint(K").

2r+3
2

3+y2}.

DS(‘%‘7 y) =tr

Example 3.4. Let ¢(t) = t*™! +atlnt — at with 0 < a < 1if ¢ > 0, and ¢(t) = +oo if
t < 0. It is easily shown that ¢ satisfies conditions C.1-C.3. By Proposition 3.1 (a) and
(d), ¢’ is SOC-concave on (0, +00). Hence, ¢ € ®. For any y € K" and = € int(K"),

¢*(y) =y +ayolny —ay and (¢)*°(z) = (a+1)a" +alnz.
Consequently, the distance-like function induced by ¢ has the following expression

Dy(z,y) = tr{a:c“le +ar —yo ((a + 1)z + alnx) +y" M fayolny — ay}.
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4 Properties of distance-like functions

In what follows, we study some favorable properties of the function D(z,y). We begin
with two technical lemmas that will be used in the subsequent analysis. Among others,
the first lemma is a direct consequence of Lemma 2.2 and the definition of ®.

Lemma 4.1 Given a ¢ € ®, let ¢*°° and (¢')*°° be the vector-valued functions given as
in (13). Then, we have the following results:

(a) ¢*(x) and (¢')°°(z) are well-defined on K" and int(K"), respectively, and
A== (@) = @] M) (@) = Su(@)], i = 1,2,

(b) ¢*°(x) and (¢')*°°(z) are continuously differentiable on int(K™) with the transposed
Jacobian at x given as in formulas (14)-(15).

(c) tr[p*°°(x)] and tr[(¢')*°°(x)] are continuously differentiable on int(K"), and

Vir[6*(z)] = 2V (x) - e = 2(¢)(a),
Vir[(¢)(z)] = 2V(¢/)*(x) - e = 2(¢")*(x). (22)

(d) The function tr[¢®°(x)] is strictly convex on int(K™).

Lemma 4.2 Given a ¢ € ® and a fized point z € R™, let ¢, : int(K") — IR be given by

6:(x) = tr] — 20 (¢)*(x)]. (23)
Then, the function ¢,(x) possesses the following properties:
(a) ¢.(x) is continuously differentiable on int(KC™) with V. (x) = =2V (¢')*¢(x) - 2.
(b) ¢.(z) is conver over int(K") when z € K", and furthermore, it is strictly convex

over int(K") when z € int(K").

Proof. (a) Since ¢,(z) = —2((¢')**°(x), z) for any x € int(K"), we have that ¢.(x) is
continuously differentiable on int(KX") by Lemma 4.1 (c¢). Moreover, applying the chain
rule for inner product of two functions readily yields V¢, (z) = —2V(¢')*°(x) - 2.

(b) By the continuous differentiability of ¢.(x), to prove the convexity of ¢, on int(K"),
it suffices to prove the following inequality

0 () < 5(0xt0) + 6:)), Vy € imelc™). (24)
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By condition C.4, ¢ is SOC-concave on (0, +00). Therefore, we have

@ () 2 5[0 @ + @),

(¢/)soc (I;—y> _ ;(¢/>soc<x> _ ;<¢/)soc(y> t/C" 0.

Using Lemma 2.1 (a) and the fact that z € K", we then obtain that

1

(5 @9 (F52) = 3@ @) - 5@ W) 2 0 (25)

which in turn implies that

(=2 @ () < 5( =2 @)+ 5(~ = @)70)

The last inequality is exactly the one in (24). Hence, ¢, is convex on int(K") for z € K.

To prove the second part of the conclusions, we only need to prove that the inequality
in (25) holds strictly for any x,y € int(K") and = # y. By Lemma 2.1 (b), this is also

equivalent to proving the vector (¢')%° (%) — 3(¢)¢(x) — 3(¢')**“(y) is nonzero since

()7 (F22) = 3@ @) = 3@ () € K" and = € ("),

From condition C.4, it follows that ¢’ is concave on (0, 400) since the SOC-concavity
implies the concavity. This together with the strict monotonicity of ¢’ implies that ¢’
is strictly concave on (0, +00). Using Lemma 2.2 (d), we then have that tr[(¢')%°(x)] is
strictly concave on int(/C™). This means that for any x,y € int(K") and x # y,

e (@)= (F2Y)| = Sl @) - e [(6) () > 0. (26)

In addition, we note that the first element of (¢’)%° (%) — () (x) — 2(¢')(y) is

oM (52) + 0 (e(5Y)  dn@)+ M) Fay) + ¢ Oaly)
2 4 4 ’

which, by Property 2.1 (c¢), can be rewritten as

1

st ()] - e @] - gl m).

This together with (26) shows that (¢’)%° (‘Zﬂ) — 2(¢))(x) — 5(¢')™°(y) is nonzero for
any z,y € int(K") and = # y. Consequently, ¢, is strictly convex on int(K"). O

Now we are in a position to study the properties of the distance-like function D(z,y).
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Proposition 4.1 Given a ¢ € ®, let D(x,y) be defined as in (18). Then,
(a) D(z,y) >0 for any x € int(K") and y € K", and D(z,y) = 0 if and only if x = y;
(b) for any fizred y € K™, D(-,y) is continuously differentiable on int(K™) with

VoD(z,y) =2V(¢)(2) - (z — y); (27)

(c) for any fized y € K", the function D(-,y) is convex over int(K"), and for any fized
y € int(K"), D(-,y) is strictly conver over int(K");
(d) for any fized y € int(K"), the function D(-,y) is essentially smooth;

(e) for any fixred y € K", the level sets Lp(y,~y) := {z € int(K") : D(z,y) < v} for all
v > 0 are bounded.

Proof. (a) By Lemma 4.1 (¢), for any x € int(K") and y € K", we can rewrite D(x,y)
as

D(z,y) = tr[¢™(y)] — tr[¢7(2)] — (Ver[p™(2)], y — ).

Notice that tr[¢*°(z)] is strictly convex on int(K™) by Lemma 4.1 (d), and hence D(z,y) >
0 for any z € int(K") and y € K", and D(z,y) = 0 if and only if z = y.

)
(b) By Lemma 4.1 (b) and (c), the functions tr[¢*°(z)] and ((¢")*°(z), x) are continuously
differentiable on int(X™). Noting that, for any x € int(K") and y € K",

D(z,y) = tr[¢*(y)] — tr[¢6™(x)] — 2((¢')(2),y — x),

we then have the continuous differentiability of D(-,y) on int(/C™). Furthermore,

VoD(z,y) = —Vir[¢p™(x)] — 2V(¢')** () - (y — z) + 2(¢')*(x)
= —2(¢)°%(z) + 2V (¢) % (2) - (z — y) + 2(¢))°(2)
= 2V(¢))(a) - (x — p).

(c) By the definition of ¢, given as in (23), D(x,y) can be rewritten as
D(z,y) = tr[(¢')*(z) oz — ¢™(2)] + ¢y (x) + tr[6™(y)].
Thus, to prove the (strict) convexity of D(-,y) on int(K"), it suffices to show that
tr[(¢)*(z) o 2 — ¢*(z)] + ¢y (7)
is (strictly) convex on int(K"). Let ¢ : (0,400) — IR be the function defined by
U(t) = ¢' ()t — (1) (28)
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Then, the vector-valued function induced by ¢ via (13) is (¢/)*°°(x) o z — ¢*°°(x), i.e

() = (¢)(x) 0w — ¢*(x). (29)
From condition C.3 and Lemma 2.2 (d), it follows that tr[(¢')%°(z) ox — $*°(z)] is convex
over int(K"). In addition, by Lemma 4.2 (b), ¢,(x) is convex on int(K") if y € K", and
it is strictly convex if y € int(K"). Thus, we get the desired results.
(d) From [29, P. 251] and part (a)—(b), to prove that D(-,y) is essentially smooth for any
fixed y € int(K"), it suffices to show that |V,D(z*,y)| — +oo for any {z*} C int(K")

with 2% — 2 € bd(K"). We next prove the conclusion by the two cases: z; > 0 and
z1 = 0. For the sake of notation, let 2% = (2}, 2%) € R x R~

Case 1: z; > 0. In this case, ||3]| = 21 > 0 since z € bd(K"). Noting that z¥ — z, we
have x5 # 0 for all sufficiently large k. From the gradient formula (27),

IVaD(k,y)| = [29()°(2%) - (2 = y)|| > [2[V(¢)(a%) - (=" — )],

(30)

where [V (¢')%°¢(z*)- (2% —y)]; denotes the first element of the vector V(¢')%¢(x%)- (2% —y).
By the gradient formula (15), we can compute that

2AV(@)(@t) - (@F =)l = [0 (Na(zh)) + ¢" (M (@h))](@] — 1)

HW@%ﬁ»—wumﬁm@fﬁQ

= ¢ (@) (Na(a®) — g1 — yZ 25/ b))
—¢" (@) (1 — w3 ab/[lbll = Mah)) . (31)

Therefore,

20V (@) (@h) - (@ —yh| = 0" ") (1 — vd 2b/ |25 = M @h)))|
—WMA)M&()—M yaah /|25
> ﬂﬂw—%%M%M—h ")
—"uwﬂ\hz —y — g3 b/l h]

> "A1>M( ) = Ai(2h))
¢ (N2 ﬂw\M —y1 — ys ok /|25

il i

Noting that Ay (%) — A (z) = 0, Ao(z*) — Aa(z) > 0 and Iz ” 23l as k — +o0,
Lo L2

the second term in the right hand side of last inequality converges to a finite value,
whereas the first term approaches to +oo since |¢"(\;(2*))| — 400 by condition C.2 and
A (y) — M (2%) — Ai(y) > 0. This implies that as k — +oo,

2V (¢ (2*) - (a* = y)la| = +o0.
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Combining with the inequality (30) immediately yields ||V,D(z*,y)|| — +oo.

Case 2: x1 = 0. In this case, we necessarily have that x = 0 since z € K". Considering
that 2% — x, it then follows that x5 = 0 or x5 > 0 for all sufficiently large k. If & =0
for all sufficiently large k, then from (14) we have that

IVaD(a*, y)| = [12¢" (1) (=" — )l > 21¢" (@1)] - |21 — .

Since y; > 0 by y € int(K") and z¥ — z; = 0, applying condition C.2 yields that the
right hand side tends to +o0o, and consequently ||V, D(z*,y)| — +oo when k — +o0.

Next, we consider the case that x5 > 0 for all sufficiently large k. In this case, the
inequalities (30)-(31) still hold. By Cauchy-Schwartz inequality,

Ao(a®) =y — g ab /|25l = Aa(@®) —yr = [yl = Aa(2®) — Na(y),
yi —yaas /s = M) >y = el — Ai(@®) = Ai(y) — A ().

Since Ap(z%), \a(z%) — 0 as k — 400 and Ai(y), Xa(y) > 0 by y € int(K"), the last two
inequalities imply that

Mo(@®) =y —wpaa/llaz] — —Aa(y) <0,
yi = paas/llasl = M) — Ai(y) > 0.

On the other hand, by condition C.2, when k — 400,
¢"(Aa(a*)) — +o0,  ¢"(Mi(2")) — +oc.
The two sides show that the right hand side of (31) approaches to —oco as k — +oo,
and consequently, 2|[V(¢')%°¢(z*) - (2% — y)]1| — +oo. Thus, from (30), it follows that
|V.D(z*,y)|| = +o00 as k — +oo.
(e) From the definition of D(x,y), it follows that for any z,y € int(K"),
D(z,y) = tr[¢™(y)] — tr[¢*(x)] — tr[(¢)(2) o y] + tr[ (&) (z) 0 2]
2 2
= > o(Ni(y) = D_d(Ni(x)) — tr[(¢)*(x) o y] + tr[(¢))***(x) 0 2], (32)
i=1 i=1

where the second equality is from Lemma 4.1 (a) and Property 2.1 (c). Since

(@)(z)ox = [¢@)ul) + ¢ Na@)u@] o [M(z)ul) + Aay(z)ul?)]
= FM@)@)ul) + ¢ Qa(@) Aa(w)ul?,

we have from Lemma 2.2 (a) that



In addition, by Lemma 2.1 (c¢) and Lemma 4.1 (a), we have that

(6 (x) 0] < 36 O@DA)

Combining the last two inequalities with (32) yields that

2

Dia,y) > 3 [6(n(y) — 6(M(2) — &' @) Mily) + &/ (@) A(@)]

i=1

= 2 [6®) — oi(@)) — &' Nul@)) (Nily) — Milw))]

i=1
2
= st()\i(y), Ai(z))
i=1
where dp : Ry X IR, — IR is the function defined by

dp(s,t) = ¢(s) — o(t) — &/ (t)(s — 1).

This implies that for any fixed y € K™ and v > 0,

Lp(y,v) C {x € int(K") ‘ ZdB (2)) < 7} (33)

Note that for any fixed s > 0, the set {t > 0 : dg(s,t) < 0} equals to {s} or (), and
hence it is bounded. Thus, from [29, Corollary 8.7.1] and condition C.3, it follows that
the level sets {t > 0: dp(s,t) <~} for any fixed s > 0 are bounded. This together with
(33) implies that the level sets Lp(y,7) are bounded for all v > 0. O

Proposition 4.2 Given a ¢ € ®, let D(x,y) be defined as in (18). Then, for all z,y €
int(K") and z € K™, we have the following inequality

D(x,2) = D(y,2) > 2(V(¢')*(y) - (2 —y), y — )
2V(@)°(y) - (y —2), z— ). (34)

Proof. From the definition of D(x,y) and ¢,(z) and equality (29), it follows that

D(z,z) = D(y,2) = w[(¢')*(x) 0w — ¢™(z)] + ¢:(x)

—tr[(¢)*(y) oy — 0™ (y)] — ¢:(y)

tr[y™(z)] — trW“( )+ ¢=(x) — ¢:(y)
(Vir[p™(y)l, = —y) +(Ve:(y), © —y)

= Q)W) z—y) —QV()* W) -z, z—y)  (35)

v
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where the inequality is due to the convexity of tr[¢)*°(x)] and ¢,(z) and the last equality
follows from Lemma 2.2 (¢) and Lemma 4.2 (a). From the definition of ¢ given as in
(28), it is easy to compute that

(W) (), z—y) = (") (y) oy, = —y). (36)
In addition, by the gradient formulas in (14)—(15), we can compute that
V(@) (y) -y = (¢")(y) oy, (37)

which in turn implies that

/)SOC

V(@)*(y) -z, v —y)

V() (y) - (y+z—y), z—y)

V(@ )(y) -y, v —y) + V(@) (y) - (2 —y), v —y)
(@) (y) oy, ©—y) +(V(¢)*(v) - (2 =), —y).

This, together with (36) and (35), yields the first inequality in (34), whereas the second
inequality follows from the symmetry of the matrix V(¢')*¢(y). O

{
{
{
{

Propositions 4.1-4.2 indicate that D(x,y) possesses some favorable properties similar
to those for d,. In the next section, we will employ these properties to establish the
convergence for an approximate version of the proximal-like algorithm (8).

5 Approximate proximal-like algorithm

The proximal-like algorithm described as (8) for the CSOCP consists of a sequence of
exact minimization. However, in practical computations, it is impossible to obtain the
exact solution of these minimization problems. In this section, we consider an approxi-
mate version of this algorithm which allows the inexact solution of the subproblems (8).
Throughout this section, we make the following assumptions for the CSOCP:

(A1) inf{f(¢) | ¢ € F}:= f. > —oc and domf Nint(F) # 0.

(A2) The matrix A is of maximal rank m.

Remark 5.1 Assumption A1 is elementary for the existence of the solution of the CSOCP.
Assumption A2 is common in the solution of the SOCPs, which is clearly satisfied when

F={C€R"| =k~ 0}. Moreover, if we consider the linear SOCP

min &z
st. Ax=b, zek", (38)
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where A € R™ " with m < n, b € R™, and ¢ € R", the assumption that A has full row
rank m is standard. Consequently, its dual problem, given by

max b’y

st.c— ATy =, 0, (39)

satisfies assumption A2. This shows that we can solve the linear SOCP by applying
the approzimate prozimal-like algorithm described below to the dual problem (39). In
addition, from Lemma 1 in the appendiz, we know that the recession cone of F is given
by 0V F = {d € R™| Ad =, 0}. This implies that assumption A2 is also satisfied when
F is supposed to be bounded, since its recession cone 0T F now reduces to zero.

For the sake of notation, in the sequel, we denote D : int(F) x F — IR by
D((, &) := D(AC+ b, A+ D). (40)

From Proposition 4.1, we readily obtain the following properties of D((, €).

Lemma 5.1 Let D((,€) be defined by (40). Then, under assumption A2, we have that
(a) D(¢,€) >0 for any ¢ € int(F) and £ € F, and D((,€) = 0 if and only if ( =&;
(b) the function D(-,&) for any fized & € F is continuously differentiable on int(F) with

VD((,€) = 24TV (@) (AC + b)A(C — &); (41)

(c) for any fized & € F, the function D(-,§) is conver on int(F), and for any fixed
¢ € int(F), then D(-, &) is strictly convex over int(F);

(d) for any fized & € int(F), the function D(-,§) is essentially smooth;

(e) for any fizred & € F, the level sets L(E,v) = {C € int(F) : D((, &) < 7} for ally >0
are bounded.

Now we describe an approximate version of the proximal-like algorithm (8).

The APM. Given a starting point (° € int(F) and constants ¢, > 0 and up > 0,
generate the sequence {C*} C int(F) satisfying

9" € 0o, f(Ch), (42)

where O.f represents the e-subdifferential of f.
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Remark 5.2 The APM can be regarded as an approximate version of the proximal al-
gorithm (8) in the following sense. From the relation in (42) and the convezity of D(-, &)
over int(F) for any fized £ € int(F), it follows that for any u € int(F),

flu) > F(C") + (u—* ") — e
and
pi D(u, 1) = i "D(CH, ¢ + i (Y D(CE, ¢, w = ).
Adding the last two inequalities and using (43) yields that

Fu) + " Du, 1) = f(CF) + mD(C, ¢ = e
This implies that
¢* € e —argmin { f(¢) + ;' D(¢, ¢ (44)

where for a given function F' and € > 0, the notation

e —argmin F(() := {(* : F(¢") <inf F(¢) + 6}. (45)

In the rest of this section, we focus on the convergence of the APM under assumptions
Al and A2. First, we prove that the APM generates a sequence {¢*} C int(F), and
consequently the APM is well-defined. This is implied by the following lemma.

Lemma 5.2 For any £ € int(F) and p > 0, we have that the following results hold:
(a) The function F(-) := f(:) + pu~'D(-, &) has bounded level sets under assumption Al.

(b) If, in addition, assumption A2 holds, then there has a unique ¢ € int(F) such that

~

¢ = argmin {f(¢) +p'D(C, €}, (46)

CE€int(F)

and moreover, the minimum in the right hand side is attained at E satisfying

~

—2u P ATV (¢)*° (AL + D)A(C — €) € 9F(C). (47)

Proof. (a) Fix £ € int(F) and p > 0. By assumption Al and the nonnegativity
of D((,§), to show that F(() has bounded level sets, it suffices to show that for all
v > f., the level sets L(v) := {¢ € int(F) | F(¢) < v} are bounded. Notice that L(r) C
L& (v — fo)) and L(&,v) := {¢ € int(F) | D((,€) < v} are bounded for all v > 0 by
Lemma 5.1 (e). Therefore, the sets L(v) all v > f, are bounded.

(b) By Lemma 5.1 (b), F(() is a closed proper strictly convex function. Hence, if the
minimum exists, it must be unique. From part (a), the minimizer ¢ exists, and so it is
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unique. Under assumption A2, using the gradient formula in (41) and the optimality
conditions for (46) then yields that

0 € 0f(Q) +2u " ATV () (Al + b)A({ — &) + 95(C | F), (48)

where 0(u | F) = 0 if u € F and 400 otherwise. By Lemma 5.1 (c) and [29, Theorem
26.1], we have 9,D((, &) = 0 for all ¢ € bd(F). Hence, the relation in (48) implies that
¢ € int(F). On the other hand, from [29, Page 226|, we know that

I(u|F)={veR"|v =2k 0, tr(vou) =0}.

Using Lemma 2.1, we then obtain d§(C |F) = {0}. Thus, the proof is completed. O

Next, we investigate the properties of the sequence {¢*} generated by the APM.

Proposition 5.1 Let {ux} be any sequence of positive numbers and o, = > p_y ju. Let
{¢*} be the sequence generated by the APM. Then,

(@) melf(C*) = F(O] < D, ¢) = D(CH, ) + e for all ¢ € F.
(b) D(¢*,¢) < D(C* 1, ¢) + pper for all ¢ € F subject to f(¢) < f(¢CF).
() ou(F(C") = £(C) € D(C%¢) = D(C", Q) + Tjy owe for all ¢ € F.
Proof. (a) For any ¢ € F, using the definition of the e-subdifferential, we have
FQ) = F(EF) +(d" (=) —a, (49)
where g* € 0, f(¢*). However, from (43) and (41), it follows that
g = =2 ATV (¢ (ACE + D) A(CH = ¢* ).
Substituting this ¢* into (49), we then obtain that
il F(CF) = F(O)] < 2( ATV (@) (ACK + B)A(CH = ¢5 1), ¢ = ¢F) + e

On the other hand, applying Proposition 4.2 at the points z = AC*1 + b, y = AC* + b
and z = AC + b and using the definition of D((, &) given by (40) yields that

D(CH,¢) = D(CH, ¢) = 2{ ATV (@) (AC* + B)A(CH — (), ¢~ ¢*).
Combining the last two equations, we immediately obtain the result.

(b) The result follows directly from part (a) for any ¢ € F such that f(¢*) > f(C).
(c) First, from (44), it follows that

¢* € e — argmin { f(C) + 1 "D(¢, ¢}
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This implies that for any ¢ € int(F),

FQ) + 1 "D M) = f(CF) + 1y ' D(CH, M) —

Setting ¢ = ¢*~! in this inequality and using Lemma 5.1 (d) then yields that

P = (68 = mp " D(CE ¢ — e >~

Multiplying the above inequality by o;_; and summing over £k =1,2,--- ., n, we get
Z [O'k 1f(¢ — (on — uk)f(C’“)} > = op_1€,
=1 k=1

which, by noting that o, = pg + o1 (with oy = 0), can be reduced to
onf(C kz:lltkf (") < zi: Ok—1€-
On the other hand, using part (a) and summing over k = 1,2,--- n, we have
“0uf(0) + X () S D) - DO+ X, W EF
Adding the last two inequalities yields
() = S0 € DI Q) = DIC )+ X+ o)
which proves (c) because uy + o1 = 0. O

We are now in a position to prove our main convergence result for the APM. For
convenience, we denote the optimal set of the CSOCP by X {C | f(Q) = }

Proposition 5.2 Let {¢*} be the sequence generated by the APM and o, = 70—, .-
Then, under assumptions Al and A2, the following results hold.
(a) If 0, — +oo and u;, 'orer, — 0, then lim, 1o f(C") — fa.

(b) If the optimal set X # 0, 0, — 0o and 352, prer, < 00, then the sequence C* is
bounded and every accumulation point is a solution of the CSOCP.

Proof. (a) From Proposition 5.1 (¢) and the nonnegativity of D(¢", (), it follows that
F(¢") = f(Q) €0, D(C° ¢ Z owen, VCEF.
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Taking the limit 0,, — 400 to the two sides of the last inequality, we immediately have
that the first term in the right hand side goes to zero. In addition, applying Lemma 2 in
the appendix with a,; := 0, 'ug if & < n and a,y := 0 otherwise and vy, := ,u,;lakek, we
obtain that the second term in the right hand side

n
-1
O, deék = Zankuk — 0
k=1 k

because g, — +00 and ,u,;lakek — 0. Therefore, we have

lim f(¢") < fs.

n—-4o0o

This, together with the fact that f({™) > f., implies the desired result.

(b) Suppose that ¢* € X. For any k, we have f(¢*) > f(¢*). From Proposition 5.1 (b),
it then follows that

D(¢*,¢") < D¢, CY) + pwe.

Since 52, prex < +00, using Lemma 3 in the appendix with vy := D(¢*,¢*) > 0 and
Br := urer > 0 yields that the sequence {D(¢*, (*)} converges. Thus, by Proposition 5.1
(e), the sequence {¢*} is bounded and consequently has an accumulation point. Without
any loss of generality, let { € F be an accumulation point of {¢*}. Then {¢*} — ¢ for
some k; — 400. Since f is lower semi-continuous, we get f(C) = liminfy, f(¢*). On
the other hand, f(¢¥) — f, by part (a). The two sides imply that f(C) = f,. Therefore,
Z is a solution of the CSOCP. The proof is thus completed. O

6 Numerical experiments

In this section, we present some preliminary numerical results for CSOCPs with a spe-
cific version of the concept APM, described as Algorithm 6.1 below, and compare the
numerical performance of the algorithm with that of the merit function approach [8].
The purpose of our numerical experiments is to verify the theoretical results obtained in
the last section and illustrate the effectiveness of the proximal-like method proposed.

Algorithm 6.1

Given a sufficiently small 7 > 0, a sufficiently large M, and constants p > 1 and p; > 0.
Choose a starting point ¢° € int(F) and set k := 1.

For k =1,2,--- until y, > M, do
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1. Use an unconstrained minimization method to solve approximately the problem

min F(¢) = f(O) + 1 DG ), (50)

CeR™
and obtain a ¢* such that ||V f(¢*) + p, ' VeD(CF, Y| < 7.
2. Set pgy1 = pu and k :=k 4+ 1, and then go back to Step 1.

End

Algorithm 6.1 is in fact a special APM with ¢, = 7||¢¥ — ¢*|| and py, = p* 11, where
¢* is the solution of the subproblem (44), since using the strict convexity of F}((), we
have

Fi(¢") = Fr(¢) + (VE(¢), CF = ¢F) = Fil¢") = 7lI¢h = ¢l
which implies that
¥ € €, — argminF,(¢) with e, = 7/¢¥ — ¥
Furthermore, such ¢, and py at least satisfy the assumptions of Proposition 5.2 (a) since

Unzzuk_)+ooa :ulzlo_k_)ila and € — 0.
k=1 P

In our experiments, we employed the entropy-like distance functions from Example
3.1 and Example 3.2, respectively, for Algorithm 6.1. For convenience, let

Di(C,€) i= Dy(AC + b, A6 +b) and Dy(C, &) := Dy(AC + b, AE + D).

All numerical experiments were done at a PC with 2.8GHz CPU and 512MB memory.
The computer codes were all written in Matlab 6.5. We chose a limited-memory BFGS
method with 5 limited-memory vector-updates [4] to solve the minimization subproblem
(50). In addition, we adopted a nonmonotone line search described as in [16] to seek a
suitable steplength, i.e., we computed the smallest nonnegative integer [ such that

F(CF + B'd¥) < Wy + 0BV F(CF) T d,

where d* denotes the search direction at the k-th iterate, and W, = max ka(Cj )
J=k—mp,,
and where, for a given nonnegative integer m and s,
0 if k<s
mp = . N . .
min {my_; + 1,m} otherwise
Unless otherwise stated, we chose 3 = 0.5, ¢ = 107, m = 5 and s = 5 for the

nonmontone line search, and the following parameters for Algorithm 6.1:

7=10"°, M,=1000, p=10, and u = 1.
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We applied Algorithm 6.1 for the following quadratic convex second-order cone pro-
gram:

1
min 5gTMg +q%¢
s.t. C t;cn 0

(51)

where M € IR™™" is a symmetric positive semi-definite matrix and ¢ € IR" is a vector.
In the experiment, the matrix M and the vector ¢ were generated as follows: elements
of ¢ were chosen randomly from the interval [—1,1] and M was obtained by setting
M = DD?T, where D was a sparse matrix with approximately density - n - n nonzero
entries which were chosen from a normal distribution with mean —1 and variance 4. In
this procedure, the number of nonzero entries of D is determined so that the nonzero
density of M can be approximately estimated. To construct different types of IC, we chose
n; and N such that ny +--- 4+ ny = 1000 and n; = --- = ny = 100. For each type of
IC, we have solved 10 test problems with the matrix M of nonzero density 0.5%, 1% and
10%, respectively, and started Algorithm 6.1 from the initial point ¢° = ({™,---, (™),
where (" = (2,w;/||w;|) for i = 1,2,..., N with w; € IR™™! generated randomly by
Matlab’s randn.m. We also employed the merit function approach [8] to solve these
test problems. In other words, we chose the same limited-memory BFGS method as used
by Algorithm 6.1 to solve the unconstrained minimization reformulation for the KKT
conditions of (51)

. 1 2
min Wrs(C) 1= 5 ||(¢* 4+ (MC+ )2 = ¢ = (MC+ g (52)
For the merit function approach, we used the same starting point (° as Algorithm 6.1
and terminated the iterates once /2Wpg(¢) < 1072

The numerical results were listed in Tables 1-3 (see the appendix), where Rcond
denotes the condition number of the matrix M computed by Matlab’s rcond.m, Gap
means the absolute dual gap, i.e., the value of the function |¢? (M(¢+¢q)| at the final itera-
tion, NF represents the number of function evaluations for Fj(¢) or Upg(() to solve each
problem, which for Algorithm 6.1 is the total sum of the function evaluations used for
every subproblem, and Cpu represents the CPU time in seconds for solving each problem.

From Tables 1-3, we see that Algorithm 6.1 with D;(z,y) and Ds(z,y) can solve
almost all test problems within 10° function evaluations, except three test problems in
Table 1 for which the merit function approach can not yield the desired result within
5 x 10* function evaluations, too. Algorithm 6.1 requires more function evaluations than
the merit function approach, especially for the problems with the matrix M of nonzero
density 0.5% and 1%. This is reasonable since the APM is only a primal algorithm,
whereas the merit function approach is a primal-dual one. When comparing Table 1
with Tables 2-3, we find that the condition number of M has a great influence on the nu-
merical performance of Algorithm 6.1 and the merit function approach; for example, the

28



two methods have the worst robustness when the condition number of M equals to 0. In
addition, from Tables 1-3, it seems that the number of function evaluations of Algorithm
6.1 is not influenced by the nonzero density of M, but the merit function approach clearly
requires more function evaluations as the nonzero density of M increases. Moreover, the
merit function approach needs more CPU time at each iteration than Algorithm 6.1 due
to an extra multiplication of the matrix M and the vector V,¢rp((, M+ ¢) involved in
the computation of VWgg((). This accounts for the fact that Algorithm 6.1 is superior
to the merit function approach by the CPU time for the problems with the matrix M of
nonzero density 10%.

We also applied Algorithm 6.1 for a nonlinear convex SOCP taken from [17].

Example 6.1. Consider the following nonlinear convex SOCP:

min exp(¢ — G3) +3(2¢ — G2)* + /1 + (3¢ + 5C)2

s.t. <_41 g _35>C+<_21>EIC2, ¢ e K3 (53)

In order to obtain an initial interior point ¢° € int(F) for Algorithm 6.1, we constructed
the following conic optimization problem:

min w
AC+ b+ weé = 0,
—w 4+ w* >0,
K=K3xK?

(54)

where w* € IR is a constant, and ¢ = ( Zl ),A: lAl ] b= < b > with
2

A = < _41 (75 ? ) L Ay =1, by = (—1,2)", by =(0,0,0)",e; = (1,0)", e3 = (1,0,0).

It is easy to see that ( = 0, w = wy belongs to int(F) only if wg > —A1(b;), ¢ = 1,2 and
w* > wp, and furthermore, when solving (54) with Algorithm 6.1 from ¢ = 0, w = wy,
if some iterate (¥, w*) satisfying w* < 0, then the corresponding ¢* can be used as the
starting point to solve (53). The way can also be used to find the starting interior point
¢° when applying Algorithm 6.1 for other problems with the form of (1). We have solved
the test problem with Algorithm 6.1 from several starting points. The parameters for
Algorithm 6.1 were same as above except My = 10000 and 7 = 107%. The numerical re-
sults were listed in Table 4, where fopt denotes the objective value at the final iteration.
We see that the choice of ¢° has an influence on the numerical behavior of Algorithm 6.1.

From Tables 1-4, we may draw the following conclusions: the approximate proximal-
like algorithm using Dj(z,y) has the better numerical behavior than the one using
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Dy (z,y) whether by the accuracy of solution or the number of function evaluations re-
quired, and the proximal-like algorithm with an appropriate distance measure is superior
to the merit function approach by the CPU time for those dense problems.

7 Conclusions

In this paper, we extended the entropy-like proximal algorithm proposed by Eggermont
[12] for convex programming subject to nonnegative constraints, and proposed a class of
interior proximal-like algorithms for solving the CSOCPs. These algorithms are based
on a distance-like function generated by a closed proper convex function ¢ satisfying
dom¢ = [0,400) and conditions (C.1)-(C.4). The given examples illustrated that the
conditions required by ¢ are not very stringent. For the proposed proximal-like algorithm,
we particularly considered an approximate version which allows inexact minimization
steps, and established the convergence properties under some mild assumptions. Numer-
ical results were also reported for the algorithm with the entropy-like distance functions
from Examples 3.1 and 3.2, and made comparisons with those yielded by the merit func-
tion approach [8], which verify the effectiveness of the proposed method.

In our future research works, we will analyze the convergence rate of the proposed
algorithms, and investigate some practical versions of the algorithms. In addition, we will
consider the extension of the class of interior proximal-like algorithms to general convex
symmetric cone programming problems. It should be pointed out that the extension is
not direct. The main difficulty is how to extend the characterizations of SOC-convexity
[7, 9] to the setting of symmetric cones.

Acknowledge. The authors would like to thank two anonymous referees for their helpful
comments and suggestions on the revision of this paper. In particular, the influence of
the condition number of M is observed by one referee.
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Appendix

Lemma 1 Let F be the set defined as in (8). Then its recession cone 0T F is given by
0*F ={deR™ | Ad =, 0}. (55)

Proof. Assume that d € IR™ such that Ad =_, 0. Then, for any A > 0, AAd =, 0.
Considering that K™ is closed under the “4” operation, we have for any ¢ € F,

A(C+ M) +b=(AC+b) + A(Ad) =, 0. (56)

cn

By [29, P. 61], this shows that every element in the set of the right hand side of (55) is
a recession direction of F. Consequently, {d € R™ | Ad -, 0} C 0" F.

Now take any d € 07 F and ¢ € F. Then, for any A\ > 0, equation (56) holds. By
Property 2.1 (d), we then have A [(AC +0b)+ )\Ad} > 0 for any A > 0. This implies that
A1 (Ad) > 0, since otherwise letting A — +oo and using the fact that

M[(AC+b) +AAd] = (AC+ D)1+ A(Ad) — [I(AC + )z + A(Ad)e|

< (AC+Db)1+ MAd) — (AI(Ad)2ll = [I(AC + b))
= A (Ad) + X\ (AC+ D),
we obtain that A\ [(AC + b) + AAd] — —oo. Thus, we prove that Ad >, 0, and conse-

quently 07 F C {d € R™ | Ad =, 0}. Combining with the above discussions then yields
the result. O

cn
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Table 1: Numerical results for the matrix M with 0.5% nonzero density

D1((,€) Dy((,€) Merit function approach
NO.|Rcond|| Gap Nf Time| Gap Nf Time| Gap Nf Time
1 0 2.32e-3 28524 84.8 ||7.76e-3 37480 127.1 |1.72e-4 6034  47.2
2 0 - >10° - - >10° - - >50000  —
3 0 - > 105 - - > 105 - - >50000 -
4 0 - > 105 - - > 105 - - >50000  —
5 0 1.62e-3 17436 50.9 |4.34e-3 25882 100.9 ||8.91e-4 957 7.56
6 0 1.36e-3 20516 62.4 |3.56e-3 25125 91.2 (6.35e-4 883 5.76
7 0 4.79e-3 53555 168.0 || 1.58e-2 53460 194.3 ||8.24e-4 1506 12.9
8 0 4.95e-3 79164 236.8 || 1.64e—2 99687 378.2 (1.97e-5 4343  36.0
9 0 1.93e-3 29433 91.2 |4.74e-3 31655 112.8 ||3.98e-4 795 6.43
10 0 6.75e-4 57670 168.0 - >10° - |7.39e—4 1492 11.4

Lemma 2 [20, Theorem 2] Let {an;} be a sequence of real numbers satisfying
(1) au>0Vn=1,2,..., k=1,2,...
(1)) S e =1YVn=1,2,..., and lim,_ oo > p_q G =u Vk=1,2,. ...

If {ug} is a sequence such that limy_ oo u, = u, then limg_ oo Gprty = U.

Lemma 3 /28, Chapter 2] Let {v} and {Bx} be nonnegative sequences of real numbers
satisfying (i) vis1 < vk + Bi, (it) Ype B < +00. Then the sequence {vy} is convergent.
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Table 2: Numerical results for the matrix M with 1% nonzero density

D4(¢,€) Ds((,€) Merit function approach
NO.| Rcond | Gap Nf Cpu| Gap Nf Cpu| Gap Nf Cpu
1 0 2.65e-3 24966 117.4|5.48e-3 26395 142.4|/1.19e-3 1695  23.0
2 | 1.64e-8 | 3.44e-3 32540 161.5(6.35e-3 33246 200.4|/1.14e-3 1666  23.1
3 |8.88e-11|1.94e-3 22785 123.7|3.45e-3 24865 137.9|/3.42¢-4 1421 18.8
4 | 2.45e-9 |6.89e-3 60638 325.1|1.34e-2 66483 392.9|/4.78¢-4 2360  35.3
5 16.19e-10(2.97e-3 29612 157.3|5.62e-3 37027 230.3||8.53e-4 1594  24.4
6 |5.22e-11|5.05e-3 22620 116.5|1.05e-2 26916 166.1(/8.09e-4 1259  20.8
7 17.50e-11{2.09e-3 12419 63.6 || 3.75e-3 19326 121.7||2.70e-4 1728  21.2
8 | 4.97¢-9 |2.63e-3 20661 106.4|5.27e-3 30375 187.9(/6.14e-4 1497 19.8
9 |5.16e-114.32e-3 29157 153.9(7.85e-3 42502 266.1|/4.04e—4 1734  24.7
10 | 1.96e-9 ||2.48¢-3 23804 119.5||4.81e-3 34085 201.2|/1.26e-3 1550  22.4

35




Table 3: Numerical results for the matrix M with 10% nonzero density

Dl (ga 5)

DZ(C? 6)

Merit function approach

Z,
o

.| Rcond

Gap

Nf

Cpu

Gap

Nf Cpu | Gap Nf Cpu

—_

4.99¢-9

1.12e-3 21486

671.4

1.37e-3 23255 755.6 ||5.81e-4 15208 1486.4

1.05e—8

1.03e-3 27822

896.8

1.24e-3 36318 1225.4|1.19e-3 21823 2054.5

2.63¢-9

1.08e-3 32345

1031.8

1.33e-3 18571 603.6 ||[1.57e-3 15770 1495.0

9.11e-9

1.03e-3 30856

714.6

1.20e-3 38199 890.0 || 7.05e-4 14742 1372.5

4.68e-10

1.11e-3 26957

869.5

1.34e-3 49756 1713.8|1.52e-3 16949 1691.5

1.13e-8

1.08e-3 33621

799.1

1.26e-3 38470 904.0 ||1.10e-3 17071 1591.9

1.20e-9

8.33e—4 19452

623.7

9.76e—4 22501 728.7 ||1.17e-3 23102 2140.7

1.21e-8

1.04e-3 24345

763.0

1.21e-3 33600 1185.9|1.46e-3 16011 1492.9

O 00| | O O &= W N

1.26e—8

1.04e-3 35613

821.3

1.22e-3 38723 923.2 |1.15e-3 27110 2528.3

—
e}

1.16e-8

8.43e-4 13580

410.8

1.00e-3 33869 1204.91.61e-3 17883 1655.3

Table 4: Numerical results for Example 6.1

Dl (Ca g)

D2(Ca g)

CO

fopt

Nf Time

fopt Nf Time

(1.8860, —0.1890, —0.4081)

2.597580 89804 79.65

2.597584 65165 62.46

(4.3425,0.0875, —0.2332)T

2.597591 40402 32.42

2.597610 35820 31.79

(4.6972, —0.4294, —1.3931)7

2.597587 50889 44.36

2.597601 40404 39.59

(12.3337, —2.6206, —6.2167)"

2.597585 67835 50.06

2.597599 64551 66.98

(3.7282,0.2875,0.2737)7

2.597591 30763 26.58

2.597611 26485 24.48
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