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Abstract. In this paper, we propose a filter active-set algorithm for the minimization problem
over a product of multiple ball/sphere constraints. By making effective use of the special structure of
the ball/sphere constraints, a new limited memory BFGS (L-BFGS) scheme is presented. The new
L-BFGS implementation takes advantage of the sparse structure of the Jacobian of the constraints
and generates curvature information of the minimization problem. At each iteration, only two or
three reduced linear systems are required to solve for the search direction. The filter technique
combined with the backtracking line search strategy ensures the global convergence, and the local
superlinear convergence can also be established under mild conditions. The algorithm is applied
to two specific applications, the nearest correlation matrix with factor structure and the maximal
correlation problem. Our numerical experiments indicate that the proposed algorithm is competitive
with some recently custom-designed methods for each individual application.
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1. Introduction. In this paper, we consider a class of optimization problems
of minimizing a (at least) twice continuously differentiable function (probably non-
convex) f(x) : R™ — R over a product of multiple balls/spheres constraints. Upon
rescaling the balls/spheres, we cast without loss of generality such class of minimiza-
tion problems in the following form:

min  f(z)

(BCOP) ¢ st.  ¢i(z):= |lap? —1=0, i €€,
ci(x) = ||xm||2 —-1<0, 1 €T,

where £ = {1,2,...,m1}, T ={m1+1,m1 +2,...,m}, x; € RV, 2 = (a?a],x[Tz],...,
af, )" n = 3% pi, and || - || stands for the f5 vector norm. Here, we introduce
the notation x;; € RP* to represent the ith subvector of z € R™ and formulate the
product of multiple ball/sphere constraints as a set of equality and inequality con-
straints. To simplify subsequent presentation, we call the above programming the
ball/sphere constrained optimization problem (BCOP). We emphasize that this prob-
lem does not allow overlap among the variables z; and therefore the constraints are
separable. However, these variables z(; may be linked together through the objective
function f(x).
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The reason that we are interested in BCOP is twofold: on the one hand, many
practical applications that arise recently from, for example, correlation matrix approx-
imation with factor structure [4, 25], factor models of asset returns [11], collateralized
debt obligations [2, 12], multivariate time series [28], and the maximal correlation
problem [9, 45, 46] can be recast in such form; on the other hand, general algorithms
for nonlinearly constrained optimization may not be efficient as they generally do not
take much advantage of the special structure of BCOP. Therefore, a custom-made
algorithm for BCOP can provide a uniform and much more efficient tool for these
applications. Very recently, Bai, Qi, and Xiu [3] proposed and studied an interesting
problem of data representation on a sphere of unknown radius; the problem is relevant
to BCOP but has its own structures and will not be considered in the present paper.

Relying upon the framework of the sequential quadratic programming (SQP)
method, e.g., [5, 18, 19, 20, 27, 29, 37, 38], and making heavy use of the special
structure of BCOP, we will refine the SQP method to propose a custom-made im-
plementation. It is known that SQP is one of the most widely used methods for
the general nonlinearly constrained optimization. In particular, it generates steps by
solving quadratic subproblems (QPs). Traditional SQP method (see, e.g., [18]) takes
a certain penalty function as the merit function to determine if a trial step is accepted
or not. One known problem in this procedure is that a suitable penalty parameter is
difficult to set. To get around that trouble, Fletcher and Leyffer [15] introduced the
filter technique to globalize the SQP method, which turns out to be very efficient and
effective, and is proved to be globally convergent [14, 16]. The filter technique was
later applied to various problems and combined into other methods; examples include
Ulbrich, Ulbrich, and Vincente [39], Karas et al. [24], Ribeiro, Karas, and Gonzaga
[34], Wachter and Biegler [40, 41, 42], and Chiang and Zavala [8].

Unfortunately, when it is directly applied to solve BCOP, the classical SQP
method based on QP subproblems encounters numerical difficulties if m and p; get
large. For instance, in the problem of the nearest correlation matrix (NCM) with
p =p; (i =1,2,...,m) factors structure [4, 25] to be discussed in section 5 (see
(5.1)), solving the corresponding QP subproblem is both time-consuming and mem-
ory demanding as m and p increase. It is nearly intractable with dimensions, say,
m = 500, p = 250. As indicated in [4], both the Newton method and the classical
SQP method fail to solve BCOP when m and p are large. The spectral projected gra-
dient method (SPGM) is thus proposed in [4] to alleviate such heavy computational
burden and uses less memory and computational costs at each iteration. The numer-
ical results [4] show that SPGM is efficient for many medium-scale tested instances,
but the number of iterations probably varies drastically from instance to instance and
can perform worse in the case when p is close to m than in other situations.

Fortunately, the standard SQP method can be improved largely for BCOP by ex-
ploiting the special structure contained in the constraints. One of remarkable features
is that the Jacobian matrix Ve(x) is sparse and structured, which can be utilized to re-
duce computational amounts and memory requirements at each iteration. To do so, we
employ the active-set technique [44, 43] to estimate the active set of inequalities associ-
ated with the minimizer and then, similar to QP-free methods [7, 17, 31, 32, 36, 43, 44],
transform the QP subproblem into relevant linear systems. As m and p get large, the
size of the resulting linear system can naturally be large too, but the limited memory
BFGS (L-BFGS) [26] plus duality technique [38] can be effectively employed, which
dramatically reduces the computational costs and memory requirements for the as-
sociated linear systems. By counting the detailed computational complexity for this
procedure, we will see that there is a large amount of flops saved at each iteration. On
the other hand, the local fast convergence can be preserved due to the SQP framework
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and the L-BFGS technique, and the global convergence is also guaranteed with the
aid of filter technique. We apply this implementation to two specific practical applica-
tions: the correlation approximation problem [4, 25] and maximal correlation problem
[9] in section 5; our numerical experiments demonstrate that the proposed method
is robust and efficient and is competitive with some recently custom-designed meth-
ods for each individual application, including SPGM, the block relaxation method [4]
and the majorization method [4] for the correlation approximation problem, and the
Riemannian trust-region method [46] for the maximal correlation problem.

The rest of this paper is organized as follows. In the first part of section 2, we
first reformulate the QP subproblem into a relevant linear system by duality and then
introduce the L-BFGS technique to alleviate the computational burden in solving
these linear systems; the detailed implementation by exploiting the sparsity of the
Jacobian matrix Ve(x) is stated; then we discuss the filter technique to globalize
the SQP method; the overall algorithm is presented in the last part of section 2. In
sections 3 and 4, we establish the global convergence and the local convergence rate of
the proposed algorithm, respectively. The numerical experiments on the two specific
applications are carried out in section 5, where we report our numerical experiences
by comparing the performance of our algorithm with others. Concluding remarks are
finally drawn in section 6.

There are a few words for notation. We denote the feasible region of BCOP by

O = {z|c;(x) =0,i € &; ¢i(x) <0,i €T}.

For the constraints ¢;(z) for i = 1,2,...,m, we let c¢(z) = (c1(z),...,cm(2)T : R® —
R™ and
Ve(z) = (Vey (), ..., Ven(z)) € R™™;

for a particular index subset J = {i1,42,...,%;} of {1,2,...,m}, we denote by |7|
the cardinality of J and denote ¢y () = (¢;, (2),...,¢;,(z))" : R" — R/ and

Veg(x) = (Ve (), ..., Vcij (z)) € Rnxj;

thus the definitions of cg(x), cz(x) and Az follow naturally. Finally, suppose {n;} and
{vx} are two vanishing sequences, where 7, v, € R, k € N; we denote
e 7, = O(vy) if there exists a scalar ¢ > 0 such that |ng| < c|vg| for all k
sufficiently large,
o = o(vg) if limg— 400 Z—’: =0, and
o 0, = O(1y) if both v, = O(ny,) and 7, = O(vy,) hold.

2. Algorithm.

2.1. The working set. We begin with the first-order optimality conditions (or
the KKT conditions), which can be written as

(2.1) VoL(z,\) = Vf(z) + Ve(x)\ =0,
(22) )\ZCZ(JT) =0,1€Z,

(2.3) ci(r) <0, A\; >0, i €T,
(2.4) ci(z) =0, i €&,

where

L(z,\) := f(x) 4 c(z)TX

is the Lagrange function and A € R™ is the Lagrange multiplier.
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As our method is based on the active-set approach, we next state the strategy
to identify the active set. To this end, similar to [13, 21, 30], we first introduce the
following function ¢ : R* ™™ — R,

o(z,A) = VI[¥(z, A,
where ¥ : R*T™ — R™+™ ig defined by

VaL(z,\)
U(x,\) = ce(x)
min{—cz(x), Az}

Thus the set
(2.5) Ar(z,A) = {i €T | ¢;(z) > —min{¢(z, \),107°}}

provides an estimation of the active set I(z*) = {i | ¢;(z*) = 0,7 € Z} of inequality
constraints, where (z*, \*) is the KKT point at the minimizer of BCOP. It is true
that when (z, ) is sufficiently close to (z*,A*), the estimate Aj(z,\) is accurate,
provided both the Mangasarian—Fromovitz constraint qualification and the second-
order sufficient condition (SOSC) hold at (x*, A*) (see [30, Theorem 2.2]).

Now, suppose the current iteration (z*, A\¥) is an approximation to (z*, \*); then
we define

(2.6) Ay = .A](:Ek, )\k) ué

as our working set, which includes all equality constraints, nearly active indices of
inequality constraints, and the indices of the violated inequality constraints. This
choice of the working set is similar to [17, 43, 44] and is based on the following
observations: it is reasonable to include i € Z whenever ¢;(z¥) is close to zero (say,
lc;(z%)| < 107°); as for equality constraints and those violated inequality constraints
(say c;(z¥) > 1076), we include them in the working set in the hope of reducing the
violation. After identifying the working set A, a QP subproblem can be formulated
which, by the QP-free technique [7, 17, 31, 32, 36, 43, 44], can alternatively be solved
by solving a relevant linear system (details on the linear systems are discussed in the
next subsection). The solution of the resulting linear system yields the search direction
and generates curvature information of BCOP at (z*, \¥). One issue related to the
linear system is the consistency, which is equivalent to the linear independence of the
gradients of constraints corresponding to the working set Aj. Due to the structure of
BCOP, we prove in Lemma 2.1 that Ve, (z%) is of full column rank as long as z¥ is
confined to the set
Q, = {x\||xﬁ]||2 > 0.5 for all i € £}.

Based on this fact, we can say that our choice of working set A; does not in-
voke any complicated procedure as those in [36, 43, 44], where the working sets Ay
should be determined via calculating the rank of Ve, () or the determinant of
Ve, (#%)TV e, (%) for each trial estimate Ay, until Ve, (2%) is of full column rank.

LeEMMA 2.1. If 2% € Q,, then the vectors Vc;(a¥), i € Ay, are linearly indepen-
dent, where Ay is defined in (2.5)—(2.6).

Proof. Since z* € ,, it follows that Hxﬁ]Hz > 0.5 for all ¢ € £ and therefore
xﬁ.] #0forallie€ & Forie A, NI, c;(z¥) = Hxﬁ]Hz —1> —1075 and therefore
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xﬁ] # 0. Suppose that there exist scalars I; € R, i € Ay such that >
0. Note that

i€ Ay lchi(zk) =

0
> LVeia®) =Y | 2laf,
€A €A .

0

Because xﬁ.] # 0 for all i € Ay, we have that [; = 0 for all ¢ € A, which implies that
Vei(x*), i € A are linearly independent. 0
Analogously, we have the following lemma.

LEMMA 2.2. Suppose that {x*', \¥1} is a subsequence of {z*, \¥} with {z*} C Q,
such that {z*'} converges to x* and A, = A* is a constant set for all sufficiently
large 1. Then Veax(x*) is of full column rank.

Proof. Since 2% € Q, and z* — 2*, we have that ||CEE;]||2 > 0.5 foralli € &
and therefore zf, # 0 for all i € €. For i € A" NI, ci(z%) > —1075, and then
ci(x*) > —107% as k; — oco. By the definition of ¢(z), we also have that p # 0 for
all i € A* NZ. Analogous to the proof of Lemma 2.1, V¢;(2*), ¢ € A*, are linearly
independent as was to be shown. 0

2.2. The QP subproblem and its reformulation. In this and the next sub-
sections, we discuss how to compute the search direction at 2*. After the working set
Ay, is determined, the search direction d¥ and its associated Lagrange multiplier \*
can be determined via solving equality constrained QP subproblem(s) (probably two
or three with different perturbed vectors wy, € R™ where m = | Ax|) in the form of

deRn”

27) min  +d" Byd + Vf(2*)7d
) st. Vea, (#8)Td = wy,

where B, € R™*" is symmetric and positive definite that is an approximation of
the Hessian of the Lagrangian function L(z*, A\¥). We point out that By can be
updated by the BFGS formula [29]. The strategy of choosing different perturbed
wy, is similar to [44, 43] and they correspond to two types of search directions d*,
which are designed for the purpose of the global convergence and locally superlinear
convergence. In order to simplify the subsequent presentation, we identify these two
cases by a boolean variable FAST, i.e., FAST=FALSE (for the global convergence) or
FAST=TRUE (for the locally superlinear convergence), respectively. Details of the
choice of wy, for the search direction are delayed until Algorithm 3 and Remark 2.2,
and we next will discuss an efficient procedure for solving the solution d* of (2.7).

It is evident that the equality constrained quadratic programming (2.7) is equiv-
alent to the linear system

(2.8) { Byrd + Ve, (2F)\ = =V f(aF),

Ve, (29)1d = wy.
However, as n gets large, solving the linear system (2.8) can be expensive. In addition,

without effectively exploiting the underlying sparse structure, the associated coeffi-
cient matrix could occupy too much memory. To resolve these numerical difficulties,
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we make use of the duality technique and solve the dual problem of (2.7)

INTW A + bL A,
(2.9) max  3A" WA+ b
Note that (2.9) is an unconstrained optimization problem with relatively smaller size
m, where

(2.10) Wy, = Vea, (2%) B, 'Vea, (25),

(2.11) b, = wi + Ve, () B 'V f(2%).

Note that By is positive definite and therefore strong duality follows, which implies
that the guess AF of the associated Lagrange multiplier can be obtained from solving
(2.9), instead of (2.7). In particular, observing that W € R™*™ and m < m is much
smaller than n, solving the KKT condition of (2.9) or, equivalently, solving a much
smaller linear system,

(2.12) Wi = —bg,

is inexpensive. Once A* is obtained from (2.12), putting it into the first equation in
(2.8) yields

(2.13) d* = =B (Vf(a") + Vea, (2)NF) .

The above procedure resolves most numerical difficulties. The last issue is how
to calculate Wy, efficiently. The idea is to adopt the L-BFGS techinique, which is the
topic of the next subsection.

2.3. Compute the search direction based on the L-BFGS formula. The
limited memory BFGS method [29, Chapter 9] is one of the most effective and widely
used methods in the field of large-scale unconstrained optimization. The main ad-
vantage is that the L-BFGS approach does not require one to calculate or store a full
Hessian matrix, which might be too expensive for large-scale problems. For BCOP,
we have pointed out that the matrix Wy = Ve, (#%)T B, ' Ve, (%) in (2.10) needs
to be computed. Note that Vcy, (z¥) is large but sparse and structured, and if we
adopt the L-BFGS formula to update the inverse of the Hessian approximation By,
much storage space and computational costs can be saved.

To describe the detailed procedure, let

Sk = [Sk—ts---sSk—1)s Y = [Uh—15- - Yn—1],

where s; = 2°t! — 2% and y; = VL(z*t1,\Y) — VL(2*,\%), i =k —1,...,k— 1. One
may notice that the solution A\’ to (2.12) is in R™ rather than in R™, and plugging \¢
into VL(x*,\") is inappropriate. Nevertheless, we can augment A* by setting A’ = 0
for j € T\A; = Z\Az(z%, \¥). With this augment scheme, in what follows, we will
use A* to denote the estimate multiplier in R™ as long as no confusion is caused.
By the L-BFGS formula, the matrix By resulting from [ updates to the basic matrix
By = v 1 is given by

STS, Li \ ' [vuST
st (5 5) (5F)
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where Ly, D € R™! are defined by
(Li)s; = (sk—1-140)T (Wh—1-144) if i >4,
kJij 0 otherwise,

Dk’ = diag(slz:—lyk—la sy Sg—lyk—l)a

Yo 1Yk-1
Sz,lyk—l
damped BFGS technique to modify yx so that sy is “sufficiently” positive. Let
Yk < Okyr + (1 — 0)) Bisg, where the scalar 0, is defined as

and v, = . To ensure the positive definiteness of By1, we adopt the so-called

0, — 1 if sgyk > CQS%BkSk,
k (C18F Bisg)/ (st Brsy — styr)  if styr < Cosk Bysy,

where C; € (3,1) and Cs € (0,1) are two scalars. In our numerical experiment, C;

and Cy are set to 0.98 and 0.02, respectively. We then use s; and the modified y; to
update Sk41 and Yj41, respectively.
Let Hy, denote the inverse of By; then the update formula for Hy is given by

(2.14) Hiyq = VkTHka + pksksg,

where pi, = y,f%k and V, =1 — pkykskr. Using the information (Sj and Y}) of the last

l iterations and choosing ;I with §; = i as the initial approximation H}Y, we obtain
by repeatedly applying (2.14) that

Hy = H] + H;,
where
] = 6.5y - Vi) (Vi -+ Vi)
and
H} = pk—l(VkT—l T VkT—l+1)5k—lS£—l(Vk—l+1 o Vio1)
Fore—t1 (Vi1 Vil o) sk—i15h o0 (Vemigz -+ Vim1) 4 -+ + pr—15k—154 1.
For simplicity, we denote Ve, (#¥) by Ay. It then follows from (2.10) that
(2.15) Wi = AFHy Ay = ATH] Ay + ALH} A,

Since the matrix Ay is sparse (no more than n nonzero elements) and Vj, is structured,
we are able to accomplish matrix-chain multiplication for AT H ,f Ay and AT HZ A,
rather efficiently, through transformation of the rightmost side of (2.15). In particular,
it is straightforward that

(Vie—i -+ Viem1) A = Ag

T
— Pk—1Yk—15p—1 A%k

— Phmt41Yk— 141511 (Vimia2 -+ V1) Ay,
— prmtYk—15t—(Vie—i41 -+ Vim1) Ag.
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Let ¢; = pisl (Vig1 - Vi—1)Ag for i =k —1,...,k —2 and qx—1 = pr_15;_Ag. It
then follows that

k—1 k—1
ALH] A = 6 (Af - qiTyiT> (Ak - > yi%‘)

i=k—1 i=k—1
k—1 k-1 k—1
2.16 =6, ATA Se(vTuNaLa: — SilaTvT A+ ATw. 0
(2.16) RATAL+ Y Y aewlyal g — Y onlal vl Ak + Al vias).
imh—1 j—k—1 i=k—1

Using ¢;, the last item in (2.15) can be rewritten as

k—1

T,
(2.17) ATH A =Y —qlpfh.
i=k—1 "

Consequently, based on (2.16) and (2.17), the whole procedure for computing Wi, =
AT Hy Aj, can be summarized by the pseudocode in Algorithm 1. We remark that the
procedure between lines 2 and 13 computes W} = AgH it A and between lines 15 and

25 computes w = AgH,fAk, and line 26 finally forms Wj.

Remark 2.1. We finally count the computational complexity of computing Wy
in Algorithm 1. For this purpose, we assume p; = p for i = 1,2,...,m, only for
simplicity. First, it requires at most (because m < m)

(202 + 1+ 2)mp + 2lm?* + O(m) flops

for computing W = AT H; A, (lines 2-13) and costs at most

3, 7 3, 7 9
(21 + 2l+3> mp + (2l + 2l> m* + O(m) flops

for ka = AgH{Ak (lines 15-25). Note that mp = n, and this implies that for | < n,
computation of Wy, requires at most O(m? + mp) = O(m? + n) flops. As for by in
(2.11) and d* in (2.13), the main computational effort is to compute the matrix-vector
product Hyz. Applying [29, Algorithm 9.1], it is easy to know that 6lmp = 6ln flops
are required for computing Hyz, and therefore, computation of by and d* needs at
most 12imp + 6mp = (121 4 6)n flops.

2.4. The NLP filter. Suppose we have the search direction d¥; then the step
size o is the next important ingredient that determines the iterate

= gk oFdh.

In choosing a*, we will use the filter method and the backtracking line search proce-
dure. In particular, we will generate a decreasing sequence of trials for o* € (¥, 1]
until our preset acceptance criterion is fulfilled or the feasibility restoration phase
(subsection 2.5) is called. Here, af. > 0 is a lower bound of a* and we will give an
explicit formula of o in the next subsection.
Let
i=af radt, ac (a1

denote a trial point. Using

1) = (e )

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/27/16 to 202.120.224.19. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

A FILTER ACTIVE-SET ALGORITHM 1437

Algorithm 1: Procedure for computing W} based on the L-BFGS formula.
Data: Sy, Yy, Ax, 0k
Result: W,
% Compute Wj = AT H} Ay,
fori=k—-1,...,k—1do

| pi =1/ylsi;
end
Wy =0
fori=k—-1,...,k—1do
u=sl;
for j=4,...,k—2do

‘ uU=u-— Pj+1(uyj+1)3;"r+1§
end

© 00 N O AW N -

-
= o
(=)
S
\
)
S
IS
b
ES

st (Vigr - Vie)Ag, i=k—1,... k=2
o pkflsg_lAk, i=k—1
12 | Wi =Wi+q (ai/pi);
13 end
f _ AT g f
14 % Compute W, = A; H; Ay,
15 W/ = 6,AT A,
16 fori=k—-1+1,...,k—1do

17 forj=k—-1+1,...,ido
18 B = oyl yj);
19 Wi =W/ + (8a:) a5
20 if j <i then
21 | W =W +q] (Bg:);
k k J 1)
22 end
23 end
2a | W =W/ = (5ua]) (] Ar) — (AT 9:)(0ras);
25 end

26 Wk:W,erW,f;

as a measure of infeasibility at the point z, we now give relevant definitions about the
filter. The first one, Definition 2.1, is a variant of [16, (2.6)].

DEFINITION 2.1. For given 3 € (0,1) and v € (0,1), a trial point & (or equiva-
lently the pair (h(), f(£))) is acceptable to x! (or equivalently the pair (h(x'), f(z'))),
if
(2.18) h(z) < Bh(z!) or
(2.19) f(@) < f(a') = ymin{h(2), h(2)*}.

In the original paper of Fletcher and Leyfler [15], a pair (h(Z), f(£)) is said to
dominate (h(z'), f(x')) if both (2.18) and (2.19) hold with 8 = 1 and v = 0, and a
filter is defined as a list of pairs (h(z!), f(«!)) such that no pair dominates any other

in this filter [15, Definition 2]. The condition (2.19) is a variant of [16, (2.6)] where
f(#) < f(2') — yh(2). Note that (2.19) is equivalent to f(2) < f(z!) — yh(2) if
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h(2) > 1 and f(2) < f(a') —vh(2)? otherwise. The reason to introduce this modified
condition on h(Z) is that we prefer to accept the trial point & for the purpose of
convergence whenever the violation of the feasibility is not severe, i.e., h(Z) < 1.

Similar to the original definition of the filter in [15], based on Definition 2.1, we
define our filter, denoted by F at the iteration k, as a set of pairs (h(z!), f(z')) such
that any pair in the filter is acceptable to all previous pairs in Fj in the sense of
Definition 2.1. Initially with & = 0, the filter F} can begin with the pair (x, —o0),
where x > 0 is imposed on h(Z) as an upper bound to control the constraint violation
[15]. At the start of iteration k, the current pair (h(z*), f(2*)) ¢ Fi but must be
acceptable to it, while at the end of iteration k, the pair (h(z*), f(2*)) may or may
not be added to Fy, depending on our acceptance rule to be discussed in Remark 2.3.
But once (h(z*), f(«*)) is added to F, we remove all pairs in the current filter Fj
which are worse than (h(z*), f(2*)) with respect to both the objective function value
and the constraint violation; the detailed procedure for updating the filter Fj will be
described in Algorithm 3 and Remark 2.3.

DEFINITION 2.2. A trial point & (or a pair (h(z), f(Z))) is acceptable to the filter
Fi, if & (or a pair (h(2), f(2))) is acceptable to x' in the sense of Definition 2.1, for
alll € Fp, .= {l] (h(z"), f(2')) € Fi}.

The trial point Z is to be accepted as the next iteration if it is acceptable both
to 2 (by Definition 2.1) and to the filter 7 (by Definition 2.2). Nevertheless, such
acceptance rule for the trial £ may cause the situation that we always accept the
points that satisfy (2.18) alone, but not (2.19). This would result in an iterative
sequence converging to a feasible, but nonoptimal, point. To avoid this situation, we
impose an additional condition on Z:

Case 1. When FAST=FALSE! or & < 1,
(2.20) it —avf(ahTd* > sh3 (),
then accepting # as the next iterate 2**! while the following condition holds
(2:21) f(&) < f(@") +anV f(zh)Td".

Case 2. When FAST=TRUE? and & = 1,
(2.22) if —Vf@"Td* > 6h%(2%) and h(z®) < ¢ ||d¥||%,
then accepting & as the next iterate ¢! while the following condition holds:
(2.23) f(@) < f(@") = nmin{ =V f(«*)"d", €]|d"||},

where (1 > 0, {2 € (2,3), £ >0, € (0,4), and § > 0 is chosen to satisfy
§>/n.

Note that Case 1 and Case 2 are mutually exclusive. The motivation for these
conditions is from [35, section 2]. The switching condition for Case 1 and Case
2 and the sufficient reduction conditions (2.21) and (2.23) are useful for the global
convergence and the fast local convergence as well: If (2.20) for Case 1 is satisfied, then
the direction d* is descent for f(z), and therefore imposing the reduction condition
(2.21) on f(z) is helpful for the global convergence; if (2.22) for Case 2 is satisfied,

I FAST=FALSE indicates that d* is a step contributing to global convergence.

2 FAST=TRUE indicates that d* is a step contributing to fast local convergence.
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implying d* a search direction for fast local convergence, the full step (i.e., & = 1) is
expected so that the fast local convergence can be achieved. Note that the condition
(2.23) is more relaxed than (2.21) as we prefer to accept the full step.

Finally, we are able to state our rule for accepting the trial point & as the next
iterate.

Acceptance rule.

A trial point & is accepted as the next iterate x**1 if it is acceptable to Fj,U
{(h(z*), f(*))}, and one of the following two conditions holds:

(1) either (2.20) and (2.21) for Case 1 or (2.22) and (2.23) for Case 2 are
satisfied;

(ii) (2.20) for Case 1 or (2.22) for Case 2 is not satisfied.

If the trial point # does not satisfy & € 2, or the acceptance rule, we shrink &
until the trial point is accepted or & < ok . . Once the latter occurs, the feasibility
restoration phase is called, which is discussed in the next subsection.

2.5. Feasibility restoration phase. Motivated by [40], we define the lower
bound oF . of & by
: h(z® Sh2(z"
(224) aﬁlin — min {1 - ﬂv - V}Y(I(k)T)dk s T Vf(x(k)T)dk } ) vf(xk)Tdk < O,
g otherwise,

where ay is a positive scalar. Through shrinking &, if we cannot find a step size
S (Ozfnin7 1] such that the trial point Z is accepted by the acceptance rule, we then
turn to the feasibility restoration phase. Note that when the iteration gets into the
restoration phase, z* is infeasible. If 2* is feasible, h(z*) = 0 and there must be some
& € (a®; ;1] so that # is accepted (see Lemma 3.9). Based on these facts, in the
restoration phase, we project ¥ onto Q to get the next iterate 2**! = Pq(2*). Since
the feasible set €2 is of special structure, projecting =¥ onto € (Algorithm 2) is easy
and costs only at most 3n flops.

Algorithm 2: Pq(x*): projection ¥ onto .

1 Given z¥;

2 fori=1,...,m do
3 if (i§m1&||xﬁ,]||7é1) 0r(i>m1&||wﬁ]||>1)then
o || afy e s/l s
5 end
6 end
7

return xk;

2.6. The statement of algorithm. We now state the overall algorithm.

Remark 2.2. In Algorithm 3, lines 3-18 state the procedure for computing the
search direction d, the guess of Lagrange multiplier A*, together with some other
quantities (say, d®0, AF0 gkt A\k10@k2 and AF2) etc.) related to d* and A*, while
lines 19-23 describe the procedure for the step size a®. In computing the search
direction between lines 3 and 18, there are two different cases:

(i) FAST=TRUE. The pair (d*, \*) = (d*°, \¥:%) solves

{ Bpd®0 + Vey, (2F)AR0 = —V f(2F),

(2'26) chk (xk)Tdk,O = —cq, (xk),

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1440 CHUNGEN SHEN, LEI-HING ZHANG, AND WEI HONG YANG

Algorithm 3: Filter active-set method (FilterASM).

Downloaded 07/27/16 to 202.120.224.19. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

1 Given 2 € Qp, x > h(z°), v € (2,3), B€ (0,1), 7y € (0,1), n € (0,5), 6 > 3, £>0,
ag € (0, %)7 ¢1>0,¢ €(2,3), r€(0,1). Initialize Fo with the pair (x, —00);

2 for k =0,1,2,...,maxit do

3 Determine the working set Ayg;

4 Compute A0 by (2.12) with wy, = —cA, (z¥) and d*° by (2.13) with A¥ = \k:0

5 | ifd"® =0and \"0 >0 (Vi€ 4, NT), stop

% Termination condition

6 if
(2.25) A0S0 vie AT,
then
7 Set FAST=TRUE, d* = d*9, \¥ = X\¥9_ and
wy = —ca, (2%) — ca, (@ + d¥) — [|d"0)Ve;
8 else
9 | Set FAST=FALSE, and wy, = 0;
10 end

11 Compute pL by (2.12) with wj and compute dkt by (2.13) with 2= \kolL,
12 if FAST=TRUE then

N e i a1 — 50 > [la*0],
dkl — gk otherwise;
14 else
15 Set
: k k,1 k,1 .
—Ca © ° . T
gl = min{ zjl(x ), 0+ A5, Ay <0 (i € A NI), where Ay, —
—cj, (x%), others,
{1 dja b
16 Compute A2 by (2.12) with wy, = uy, and compute d¥? by (2.13) with
\E = yk2,
17 Set d* = d*?, AF = AB1;
18 end

19 if FAST=FALSE or z* + d* + d* does not satisfy the acceptance rule, or
a* +d* +d* ¢ Qp then

20 Find o > O‘ﬁﬁnv the first number o of the sequence {1, 7, r2, ...} such that
& = 2F + o*d" satisfies the acceptance rule and & € Qyp;

21 else

22 ‘ Setﬁc:xk+dk+&kandak:1;

23 end

24 if the above of (i.e., ¥ > ok ) does not erist then

25 Go to the feasibility restoration phase to get gt = PQ(xk) and add
(h(a®), f(*)) to Fi;

26 else

27 if (2.20) for Case 1 or (2.22) for Case 2 does not hold then add
(h(a*), f(@*)) to Fy ;

28 Set #F 1 =2, 55, = 2Pt —2F gy = VL(xk+1,)\k) - VL(xk,Ak), and
update Sy, Y to Ski1, Yiy1-

29 end

30 end
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which is a quasi-Newton equation of KKT system (2.1)—(2.4) at the working set Ay.
To achieve fast local convergence and to overcome the Maratos effect, we adopt the
second-order correction technique. In particular, we compute the second-order cor-
rection step by setting dr = dk1 — dF0, where d*! is from

(2.27) { Brdb! + Vey, (28) AR = —V f(2F),
' Vea, (@9)Td5 = —(ca, (a¥ +d¥) + ca, (2%) + [|d50]|7e).
Here, e = (1,1,....,1)T with appropriate dimension. Then we check if & = x* +

d* + d* satisfies the acceptance rule. If it fails, this second-order correction step d* is
discarded, and the backtracking technique is invoked to find a step size o* such that
z* + o*d* is accepted.

(ii) FAST=FALSE. The search direction d* = d*? is computed by solving

k2 k2 k
(2.28) {Bkd + Vg, (xP)A\F2 = -V f(2F),

Ve, ()T dr? = uy,

where uy, (line 15) uses the information of A*'! from the system

k1 E\ykl — k
(2.29) { Byd™' 4 Vea, (x SA V ("),

Ve, (19)TdH =

We explain the above two linear systems as follows: the solution d*! of (2.29) is in
the null space of Vcy, (z%)T and targets improving f(z) rather than h(z); because
d*! may be close to zero with a negative multiplier \*!, a slight perturbation system
(2.28) of (2.29) is to be solved and yields a new direction d*-2, which aims at improving
h(z) instead, and prevents the unwelcome effect caused by a negative multiplier. In
all, d* in this case contributes to the global convergence.

Remark 2.3. The filter F is updated in either line 25 or line 27. In other words,
the pair (h(z*), f(z¥)) is added to F; and we remove all other pairs in Fj domi-
nated by (h(z*), f(z*)) if (2.20) for Case 1 or (2.22) for Case 2 is not fulfilled or the
restoration phase is invoked.

Remark 2.4. For the sake of convenience for analyzing the convergence, we borrow
the terminology from Fletcher, Leyffer, and Toint [16]: we call an iterate an f-type
iterate if z*1 = 2F + oFdF (or 2Pt = zF 4 dF 4 d¥) is accepted according to (i)
of the acceptance rule; otherwise, we call the iterate an h-type iterate, which means
that 2F1! is accepted according to (ii) of the acceptance rule or is recovered from the
feasibility restoration phase.

3. Global convergence. In this section we show the global convergence of Al-
gorithm 3 under the following two assumptions:
(A1) The objective function f(z) is twice continuously differentiable.
(A2) The matrix By is bounded and uniformly positive definite for all k; that is,
there exists a scalar 7 > 0 such that 1||d||* < d”'Byd < 7||d||* holds for any
d € R" and any k.
We begin with the boundedness of the iterates.

LEMMA 3.1. The sequence {x*} generated by Algorithm 3 is bounded.

Proof. Since all iterates from Algorithm 3 satisfy the upper bound condition
h(z*) < x because Fy = {(x, —c0)}, combining with the definitions of h(z) directly
leads to the boundedness of {z*}. d
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THEOREM 3.2. Suppose that assumption (A1) holds. Let {x*'} be an infinite
subsequence of {x*} on which (h(z*), f(x*)) is added into the filter. Then

lim h(z*) = 0.
k}LA)OO
Proof. From assumption (A1) and Lemma 3.1, we know that {f(z*')} is bounded
from below. Applying [35, Lemma 3.1] yields the assertion. 0

Theorem 3.2 implies that all accumulation points of {z¥} on which (h(z*'),
f(z*1)) is added into the filter are feasible points for BCOP.

LEMMA 3.3. Suppose that assumptions (A1)—(A2) hold. If FAST=TRUE, then
the sequence {(d*° \*0)} is bounded; if FAST=FALSE, then both sequences
{(d®1, \FDYY and {(d*2,\2)} are bounded.

Proof. From Algorithm 3, A\*0 = —W,;lbk with
b = —ca, (z*) + Ve, (xk)TB,;1Vf(xk)

in the case of FAST=TRUE, where W), = Vey, (¢*)T B, 'Vey, (2%) is uniformly
positive definite for all k due to Lemmas 2.2, and 3.1 and assumption (A2). Again
using Lemma 3.1 and assumption (A2), by, is bounded and therefore A*¥ is bounded
too, which together with the boundedness of B, L2k, and A%0 implies that d¥ in
(2.13) is bounded for all k.

Analogously, in the case of FAST=FALSE, W}, and its inverse are bounded for all
k. Lemma 3.1 and assumption (A2) ensure the boundedness of Ve 4, (2%)7 B, 'V f (2%).
Since Nl = —W, 'Vey, (2%)T B, 'V f(2*) and dP! = =B, (Vf(2*) + Ve, (zF)AF),
it follows that both A*! and d*! are bounded for all k. In view of the definition of wuy,
(see line 15 of Algorithm 3) and the boundedness of {z*}, uy is bounded too, which im-
plies the boundedness of \¥2 = —W, ! (uy + Vey, (2%)T B, 'V f(2*)). Consequently,
d*? in (2.13) with A\¥2 is bounded for all k. 0

Remark 3.1. Based on the previous lemmas, for the convenience of further refer-
ence, we assume ||d*7|| < My, j =0,1,2 and ||A\*7|| < My, j =0, 1,2 for all k, where
My > 0 and M)y > 0 are two constants.

LEMMA 3.4. Under assumptions (A1)—(A2), the following two statements are true:

(i) If FAST=TRUE and d* = 0, then x* is a KKT point of BCOP.

(ii) If FAST=FALSE, h(z*) = 0 and V f(2*)Td* = 0, then 2* is a KKT point of
BCOP.

Proof. (i) Since A¥0 is from (2.12) with by = —ca, (z¥) + Ve, (2%)T B, 'V f(2F),
rearranging (2.12) leads to ca, (#%) = Wi *0 + Ve, (%) B, 'V f(2*) which, using
(2.13) and the definition of Wy, gives

ca, (27) = Ve, (@) B (Ve (F)N0 4 V f(2*) = —Vey, ()T dH0.
Putting d*° = d* = 0 into the above equation yields c4, (z¥) = 0; now combining with
the definition of A; implies that z* is feasible, that is, cg(z¥) = 0 and cz(2*) < 0.
From assumption (A2) and (2.13), d*° = 0 leads to Vey, (z%)A\80 + Vf(zF) = 0,
which shows the dual feasibility at 2*. In addition, the nonnegativeness of A9 is
guaranteed by the mechanism of Algorithm 3 (in the case of FAST=TRUE). Thus,
o* satisfies a variant of the KKT conditions (2.1)—(2.4) and therefore is a KKT point.
(ii) By Algorithm 3, if FAST=FALSE, then
A = W Ve, (28) BV (),
(3:2) A"t = =B (Vf(a*) + Veg, (z)A1),
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(3.3) N2 = Wy + AP
d*? = d*' + B, 'Vea, (aF)W, g,

From (3.4) and (3.1), we have that

Vi@*)Tdb? = Vfah)Tdb + V()T B ' Ve, ()W, by,
(3.5) = V) Td"t — (AT,

By premultiplying the first equation of (2.29) by (d*!)” and using the second equation
of (2.29), we get Vf(xF)Tdh! = —(d"1)T Bd*!. Substituting it into (3.5) yields

(36) Vf(l‘k)Tdk’2 _ _(dk,l)TBkdk,l _ ()\k,l)Tuk.

According to hypothesis (ii) of this lemma, cg (z%) = 0, cz(2*) < 0, and V f(2¥)Tdk2 =
0. Combining with the definition of uj at line 15 in Algorithm 3, the second term in
the right-hand side of (3.6) can be changed to

S IR fmax{ A @), 00 - Y ARe(h),

AelcoieA,nT Ael>0ieA,nT
and then

0=—(@")TBd™ = 3 [(APN? 4 max{-APei(a"), 0}
Al<oieArnT

+ Z )\f’lcl-(xk).

Ael>0i€A,NT

It is easy to see that the first two terms (the sign excluded) in the right-hand side
are nonnegative and the last term is nonpositive, which implies that all terms in the
right-hand side must be zero. In particular, the first term (d*!)” B,d*! = 0 implies
the primal optimality condition Vg, (z¥)A\F! + V f(2*) = 0 due to assumption (A2)
and (3.2); the second term is indeed absent, because otherwise from

ST IR+ max{-Ae (), 04 = 0,

APlcoieALnT

it implies )\f’l = 0, which is a contradiction; and the third term equal to zero implies
)\f’lci(xk) =0, i € A, NZ, which gives the complementarity condition. Thus, z* is a
KKT point of BCOP. O

Remark 3.2. Since By, is uniformly positive definite and uniformly bounded, by
Lemma 2.2, the conclusion of Lemma 3.4 can be extended to its limit form:
(i) if FAST=TRUE and d* — 0, then any limit point z* of {z*'} is a KKT
point of BCOP, where {k;} is an infinite subsequence of {k};
(ii) if FAST=FALSE, h(z*) — 0 and V f(z*)Td* — 0, then any limit point 2*
of {z%} is a KKT point of BCOP, where {k;} is an infinite subsequence of

(k).

We next establish a series of lemmas concerning the f-type iterates.
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LEMMA 3.5. Suppose that assumptions (A1)—(A2) hold. Then there exist scalars
My, My >0 and of € (0,1] such that

(3.7) B + ad¥) — (1 — a)h(z*) < Mha Mne” g2
holds for all a € (0,ak], and
(3.8) Fa* + ad®) — F(z%) — oV () d"] < Mfa b2

holds for all a € (0, 1], where d* is generated by Algorithm 3.
Proof. 1If FAST=TRUE, (d*, \¥) = (d*°, \*0) solves (2.26), implying that

(3.9) ca, (2%) + Ve, (2M)Td" =0,

and if FAST=FALSE, (d*,\F) = (d*2, A\*2) solves (2.28), which together with the
definition of uy, yields

=0, i €&,

(3.10) ci(xF) + Ve (2T dP = ei(a®) + [ur)s { <0, ic AuNT.

Since ¢;(z%), i € Ay, are quadratic functions, it follows that for i € Ay

2
ci(z® + ad®) = ¢;(a*) + aVe;(aF)Td" + %(dk)TQidk,

where @; is the Hessian of ¢;(x). As aresult, for either FAST=TRUE or FAST=FALSE,
using (3.9) and (3.10) we have

2
e +ad") = (1 —a)e(a) + (@) Qud* Viek,
2

ci(z® 4+ ad®) < (1 = a)e;(2%) + %(dk)TQidk Vie Ay, NZ.

Therefore, it is straightforward to get that for all i € £
M
(3.11) lei(z" + ad")| < (1 - a)le;(a®)| + —— ha la*||?
and for alli € A, NZT
E k k Mha k|2

(3.12) max{0, ¢;(z" + ad®)} < (1 — o) max{0, ¢;(z")} + ——||d"||7,

where M), > 0 is a scalar satisfying ||Q;]] < M}, for all ¢ € Ai. On the other hand,
for i € I\ Ag, ci(z¥) < 0 due to the definition of Aj; by the continuity of c¢;(x),
there exists a scalar af € (0,1] such that ¢;(z* + ad¥) < 0 for all i € Z\ A, and all

€ (0,aF]. Consequently, in view of the definition of h(z), for all a € (0,aX], we

=it o). =izt ).
and

k ky _ ce(@F + ad") ce(x +ad’“)
h(a" + ad”) = H (max{cz(x + adk ),0} max{c4,nz(z* + ad®),0}
3.7).

which together with (3.11) and (3.12) gives (
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As for (3.8), it readily follows from Taylor’s theorem that
2
(313)  fla* +ad) — @) - aVI (@) d* = T (@) V(e

where ¢* € R™ lies in the line segment from z* to x* + d*. Since z* and d* are
bounded for all k, and the objective function f(z) is twice continuously differentiable,
there exists a scalar My > 0 such that |[|[V2f(&¥)|| < M for all ¥, and thus using
(3.13) gives (3.8). 0

We remark that o in Lemma 3.5 is related to z¥; however, with some addi-
tional conditions, aﬁ can be reduced to a constant, which is shown in the following

corollary.

COROLLARY 3.6. Suppose that assumptions (A1)—(A2) hold. Let {x*'} converge
to a nonoptimal point x* and Ay, keeps unchanged for all k;. Then there exist scalars
My, > 0 and ay € (0,1] such that

M 2
(3.14) Wz + ad™) — (1 — a)h(z™) < hTand’ﬂ |12

holds for all a € (0, ], where d¥ is generated by Algorithm 3.

Proof. According to the hypothesis of this corollary, A, = A* for all k;, where
A* is a finite index set independent of k;. Recalling the definition of A* (i.e., Ayg,)
and z¥ — 2*, we obtain that ¢;(z*) < 0 for all i € Z\.A* and by continuity of
¢i(x), there exists an open ball B(z*;7) of radius 7 > 0 centered at z* such that for
any y € B(z*;7), ci(y) < 0, i € T\ A*. Again using ¥ — z*, and |d*| < My
due to Remark 3.1, there exists a scalar & > 0 and an integer k; > 0 such that
ci(x® + adkt) < 0, i € T\ A* for all @ € (0,a] and all k; > k;. Thus for all a € (0, a]

and k; > kg,
kl
max{cA*mI ), 0}

ky Ky ce(aM + ad)
h(z™ + ad™)= H(maX{CA*OI( kl+0[dkl ),0}

Following the proof of Lemma 3.5, for all ¢ € £, (3.11) holds with k; in place of
k, and for all i € A* NZ, (3.12) holds with k; in place of k, and therefore (3.14)
holds for all & € (0,&] and k; > kj. On the other hand, for those iterations with
ki < kg, it follows from Lemma 3.5 that (3.14) holds for all a € (0,af]. Define
oy = min{ak k2 . al7' a}. We therefore conclude that (3.14) holds for all
a € (0, o], which completes the proof. |

Define the quantity

|d*°]|, FAST =TRUE,
Ty = k k\T gk,2

h(z®) + |V f(x®)'d™?|, FAST = FALSE,
which is actually another first-order optimality measure due to Lemma 3.4. The
proofs of the following lemmas and theorem are related to the optimality measure
Y. In particular, the next lemma reveals that the search direction d* generated by
Algorithm 3 is descent for the objective function if a point is “nearly” feasible but
nonoptimal.
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LEMMA 3.7. Suppose that assumptions (A1)—(A2) hold. Let {x*'} be a subse-
quence of {z*} for which Yy, > € with a constant € > 0. Then there exist two scalars
€1 > 0 and €3 > 0 such that the following statement is true: if

(3.15) h(zM) < €,
then
(3.16) Vi) Tdh < —e,.

Proof. We first consider the case FAST=TRUE. In this situation, T, = ||d*°| >
€, and (dFt, \Ft) = (d¥00, \k1:0) solves (2.26). Premultiplying the first equation of
(2.26) by (d*9)T, we have that

Vf(mkl)Tdkl — _(dkl,O)TBkdkl,O _ (dkl,O)Tchkl (xkl)Akl’O,

while premultiplying the second equation of (2.26) by (\**®)T and substituting it into
above equation yield

(3.17) Vi) d" = —(d )T Brd™ 0 + Y AP Oei(ak).
iE.Akl

Due to FAST=TRUE, we have A\*:0 > 0, and using Remark 3.1 gives [|A\*:0|| < M,.
It is straightforward that

>0 A 0ei(aM) < Vmh(aR) N0 < V/mMyh(a*),

iGAkl

which together with (3.17), assumption (A2), and ||d**:|| > € gives
2
Vi) Td < —S 4 /mMyh(zh).
T

Let ¢ := 2\/%727% If h(xz*) < €1, we then get (3.16) with e := %

Next, we show the assertion for the case FAST=FALSE. In this situation, d** =
d¥-2 and Yy, = h(z*) + |V f(aF)Td" 2| > e. If h(zF) < &, then

(3.15) IV F )T = 9 )T >
From (3.6) and the definition of wuy,

Vf(l’kl)Tdkl’z _ 7(dkl’1)TBkldkl’1 o Z [()\fz,l)z + max{f)\f”lci(xk’),()}]
AUt <0ie Ay, NT
+ Z )\f”lci(l‘k’) +Zx\f“lci(xkl).
A >0 i€ Ay, NT ieg

By assumption (A2), one has

Vf(ackl)Tdk“2 < Z )\f’lci(xkl) + Z )\?“lci(a}kl)

AN >06€ A, NI i€l

< Vmh(a) N
(3.19) < VmMyh(zF),
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where the third inequality follows from Remark 3.1. Let €; := min{$, W} and

€2 := 5. If (3.15) is true, then \/mMyh(z*) < &, which combining with (3.19) and

(3.18) yields (3.16). O

LEMMA 3.8. Suppose that assumptions (A1)-(A2) hold. If h(z*') > 0 and (3.16)
holds, then x*' + ad® is acceptable to the kith filter for all a < &, where a* =
min{q h(z*), g2, af'}, ¢ = ﬁMg’ and qz = ﬁf@

Proof. The mechanism of Algorithm 3 (lines 19-23) ensures that (h(z*), f(2%))
is acceptable to the k;th filter. We now show that ¥ 4+ ad® is no worse than x*!
for all sufficiently small o > 0 in both feasibility and the objective function, implying
that z% + adk' is acceptable to the k;th filter. Since ||d*!|| < M, due to Remark 3.1,
it follows from (3.7) in Lemma 3.5 that

OéQMhMg

(3.20) h(zM + ad™) — h(z®) < —ah(z*) + 5

for a € (0, '], which turns out to be

h(zM + ad™) < h(zk)

if 0 < a < min{q h(z*), ok} with ¢, := ﬁMﬁ Similarly, using (3.8) in Lemma 3.5
and the boundedness of d*, we have that
2M M2
Fa 4 ad") = fa*) < av flab)Td 4 L
which together with the assumption Vf(2z%)Td* < —e; yields
2M M2

Fh + ad) — fa) < ~acy + UM

Define g9 := MQf61€42' If 0 < a < g9, then f(z% 4+ ad®) < f(2*). Therefore, z¥ + ad"
d

is acceptable to the k;th filter for all @ < & := min{q;h(z*), ok ¢, }. o

With the help of Lemma 3.8, the following two lemmas show that there always
exists some acceptable step size a such that 2¥ + adF is accepted as an f-type iteration
point under certain conditions.

LEMMA 3.9. Suppose that assumptions (A1)-(A2) hold. If x* is feasible but not
optimal, then either ¥ +d* +d* is an f-type iteration point or there exists aft > o'
such that z* + algl d* is an f-type iteration point.

Proof. The conclusion follows immediately if z** + d* + d* is an f-type iteration
point. Otherwise, we need to prove that z* + algldkl is an f-type iteration point for
some algl > aﬁfin. Since x* is feasible but not optimal, we must have that h(z*!) =0

and Yy, > € with some scalar € > 0. Let

7 .= min{h(aP)|(h(zP), f(zP)) € F,}.

By the mechanism of Algorithm 3 (line 27) and Lemma 3.7, the condition (2.20) is
always true if h(zP) = 0 for the iterate xP, and therefore only pairs with h(zP) > 0
can possibly be added into the filter. Thus 7% > 0. According to Lemma 3.5 and
lld™ | < Ma,

O‘QMthQ

(3.21) h(z® + ad™) < 5
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holds for all a € (0,a]. If 0 < a < min {aﬁl, \/ %}, then h(z* + ad®) < Bk,

which implies that 2* + ad® is acceptable to the kjth filter. Since z* is feasible,
it follows from the definition of , that z* is in the interior of Q,, which together
with the boundedness of d* shows z¥! + ad® € Q, for all a in some subinterval of
(0,1], and therefore, we can assume without loss of generality that z* + ad* € Q,
for all a € (0,aX]. By Lemma 3.7, h(z*') = 0 implies (3.16), which means that the
switching condition for Case 1 and Case 2 holds trivially no matter & < 1 or a = 1.
It follows from (3.8) in Lemma 3.5 and the boundedness of d* that

2M M2
Fa + ad) — F(a) - an¥ F@H)Td < —a(1 e + ML
Thus, the sufficient reduction condition (2.21) holds if 0 < a < 2%27;’4)262 When
d
0 < a < min{ak, 7]6&6;43 }, it is true from (3.21) that
h(l‘kl 4 Oédkl> < %
Combining with (2.21) and (3.16) yields
fa™ +ad™) = f(a™) < —yh(z™ + ad™),
i.e., z¥ +ad is acceptable to ¥, From (2.24) and the above proof, we have o . =0,

and we can choose any « in (0, a*] as algl such that z* + alg’dkl is an f-type iteration

point, where
@kz -— min Oékl 267‘-’61 2(1 - 77)62 27762 )
CON MyM3T MpM? My M?

LEMMA 3.10. Suppose that assumptions (A1)—(A2) hold. Let {x*'} be an infinite
subsequence of {x*} on which (h(z*1), f(x*)) is added into the filter, and assume that
{x*} converges to x* and Ay, keeps unchanged for all ky. If x* is not a KKT point,
then for all sufficiently large ki, either x* + dF + d* is an f-type iteration point or
there exists 0/0“ > oM such that z* + algl d* is an f-type iteration point.

min

O

Proof. If zFt + dP + d* is an f-type iteration point, the conclusion follows im-
mediately. It suffices to prove the assertion for z® + ad®. Since z* is not a KKT
point, it follows from Remark 3.2 that there exists a scalar e > 0 such that Ty, > ¢
for all sufficiently large k;. In the case of h(z*') = 0, the conclusion follows from
Lemma 3.9.

We now consider the remaining iteration k; with h(xz*) > 0. As Ty, > e, if
h(z*1) < €1, then by Lemma 3.7, (3.16) holds. If h(z*) < €; and a < min{qh(z™),
ot gp}, it follows from Lemma 3.8 that z*' + ad® is acceptable to the k;th filter.
Since {z*'} converges to z* and Ay, keeps unchanged for all k;, Corollary 3.6 implies

okt is independent of k; and we therefore drop the superscript k; in ¥t for simplicity
in the following proof. Analogous to the proof of Lemma 3.9, if 0 < a < 25&;;\74)52,

the sufficient reduction condition (2.21) is fulfilled. Again using Corollary 3.6 and the
boundedness of d*, for 0 < a < ay,, (3.20) holds, and therefore h(z* +adk!) < h(z*)
if 0 < a < min{q1h(z"), a, }, where ¢; is defined as Lemma 3.8. On the other hand,
if (2.20) is true, it follows from (2.21) that
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f@™ 4 ad") — f(zM) < anv f(ak)Tdm

< —noh*(z™)
—noh?(z* + ad™)

—'th(xkl + adkl),

IAIA

where the last inequality follows from & > /5. Hence, 2*' +ad*® is acceptable to x*.
Since h(z*) — 0 due to Theorem 3.2, according to the definition of Qp, z* is in the
interior of 2, for all sufficiently large k;, which together with the boundedness of dk
implies 2% + ad* € Q, for all a in some subinterval of (0, 1] and all sufficiently large
ki, and we assume without loss of generality that 2% +ad* € Q, for all a € (0, av,,] for
all sufficiently large k;. Therefore, we have now shown that for all sufficiently large k;,
¥ 4+ ad® is acceptable to z® and the k;th filter, 2 + ad® € Q,, and the sufficient
reduction condition (2.21) holds if (2.20) is satisfied, 0 < a < &%, and

(3.22) h(z*) < min {1, e, (12 } ,

1)
where
2(1 —n)ea }

a" .= min {qlh(xkl)a(h, Oy Msz
d

and 7 is from line 20 in Algorithm 3. Let af! denote the first trial step size in the
sequence {1,7,72,...} that satisfies

In view of Theorem 3.2, h(x*!) tends to zero as k; — oo, and therefore &% = q; h(z*")
and (3.22) is satisfied for all sufficiently large k;. It is evident that

(3.23) afl > ra® = rq h(a*)

for all sufficiently large k;. Using (3.16) and (3.23) we have

—algl Vf(xkl )Tdk’ > quegh<$kl ),

which together with (3.22) implies that the switching condition (2.20) for Case 1 is
satisfied.
Last, we show af' > ofL . Noting the definition (2.24) of o’ |

and Theorem 3.2, we know

and using (3.16)

ki Sh(z)?

for all sufficiently large k;. By (2.20), we have algl > aﬁiin and overall, z* + ozgl dF is

an f-type iteration point for all sufficiently large k;. ]

Now we are in a position to present the main result of this section, the global
convergence of Algorithm 3.

THEOREM 3.11. Suppose that assumptions (A1)—(A2) hold. Let the sequence {z*}
be generated by Algorithm 3. Then one of the following outcomes occurs:

(i) a KKT point of BCOP is found at some iteration,

(ii) there exists an accumulation point of the sequence {x*} that is a KKT point
of BCOP.
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Proof. Tt is sufficient to prove (ii) only. We divide the following proof into two
cases.

Case (a) There is a finite number of iterations entering in the filter. Without
loss of generality, all iterations are assumed to be f-type and therefore the sufficient
reduction condition (2.21) for Case 1 or (2.23) for Case 2 holds, implying that {f(z*)}
is monotonically decreasing. Since {z*} is bounded, it follows from assumption (A1)
that f(z) is bounded and thus the sequence {f(x*)} is convergent. Because all iter-
ations are f-type, either (2.20) and (2.21) for Case 1 or (2.22) and (2.23) for Case 2
hold for all k, each to be considered separately.

Subcase (a-1). If there exists an infinite index set K such that (2.22) and (2.23)
for Case 2 hold for all k € K, this implies that

f(@®) = @) > pmin{ -V f(z*)"d", [|d*|} >0 VK € K.

Using the fact that {f(x*)} is convergent, and letting k& € K tend to infinity in both
sides, we obtain that
: i k\T gk ki[C21 —
poim _ min{ =V f(27)7d" £l } = 0.
If there exists an infinite index set G C K such that min{—V f(z*)Td*, ¢||d*||%} =
€||d¥||°= for all k € G, then we have, by noting FAST=TRUE and d* = d*° for k € K,
that d*° — 0 as k — oo and k € G; this together with Remark 3.2 gives the conclusion
(ii). Otherwise, we have that
24 li M dh =
(3.24) i V") dT =0,
and combining with (2.22), we know that all accumulation points of {*} are feasible.

Since FAST=TRUE for all k € K, d* = d*° and \*° > 0. Premultiplying the first
equation of (2.26) by (d*°)T gives that

(325) vf(mk)Tdk _ Vf(l'k)Tdk’o _ _(dk,O)TBIkC,Odk,O _ ()\k,O)TVCAk (.’L’k>Tdk’O,

and premultiplying the second equation of (2.26) by (A\¥*)7 and putting it into (3.25)
yield

(3.26) ViR Tdd = ViR Td = —(@)TByPdR0 + (AR T ey, («F).

By Lemma 3.3 and assumption (A2), {z*}x, {d*°}k, {\*}k, and { By} each have
convergent subsequences, and we assume without loss of generality that z*, d*, \*,
and B* are the limits of {z¥}, {d* ), {A\*O)k, and {By}x, respectively. The
fact A*0 > 0 and assumption (A2) ensure that \* is nonnegative and B* is positive
definite. Since there are only finitely many choices for the subsets Ay C EUZ ;| we
can assume also that A, = A*, k € K, where A* is a constant set. Letting k tend to
infinity and using (3.24) and (3.26), we obtain

(d)"B*d" = (\) eas(a),

whose right-hand side is nonpositive because of A* > 0 and the feasibility of 2*. Thus,
(d*)T B*d* < 0, which together with the positive definiteness of B* leads to d* = 0,
and from Remark 3.2, we know z* is a KKT point.

Subcase (a-2). Since (2.20) and (2.21) for Case 1 hold for all k, we obtain that
f@F) — f(a*+th) > —a*nVf(2*)Tdd > néh(x*)?, which using the convergence of
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{f(z*)} gives h(z¥) — 0 as k — oco. Thus, all accumulation points of {z*} are
feasible. Let z* be any accumulation point of {z*¥} and we assume, without loss of
generality, that z*¥ — z*, k € K. The proof is complete if 2* is a KKT point of
BCOP; otherwise, similar to the earlier proof, we can assume that A; = A*, k € K,
is a constant set. We next show that o generated from Algorithm 3 is larger than
some positive scalar for all k£ € KC. Since z* is not a KKT point, by Remark 3.2, there
exists a scalar € > 0 such that T; > € for all sufficiently large k£ € K. Lemma 3.7
shows that if h(z*) < €, then Vf(zF)Td* < —ey, and combining with Lemma 3.5
and ||d*|| < My, we know that the sufficient reduction condition

(3.27) fa® +ad®) — f(a*) < anV f(a*)Td*

holds if 0 < a < 25\41;7;’/[)262 By Corollary 3.6 and ||d*|| < My, it follows that for
d

0 <a<a,and k € K, (3.20) holds with k in place of k. If h(zF) < % and

0 < a < min{ay,, W?TQM{?}, then

(3.28) h(z* + ad®) < 212

Substituting V f(z*)Td* < —ey into (3.27) and using (3.28) yield
f@* +ad®) = f(z%) < —yh(z" + ad®),

which means that z* + ad® is acceptable to z*. Similar to the proof of Lemma 3.10,
using h(z*) — 0, k € K, we know z* + ad® € , for all o in some subinterval
of (0,1] and all sufficiently large k € K. Without loss of generality, we assume that
zF+ad* € Q, for all a € (0, o] and for all sufficiently large k € K. Since all iterations
are assumed to be f-type, the filter includes the only pair (, —oo). If h(z*) < Bx and
a< min{%ﬁg, oy}, (3.20) with k in place of k; gives
h(z® + ad®) < (1 — a)Bx + aBx
< px VkeKk,

which implies that for k € K, 2* 4+ ad® is acceptable to the kth filter. Therefore, we
have shown that if

(3.29) h(z*) < min {61, BX; 02762}
Y

and

0<a<

QI

o { 2(1 —nle2  mez 26x }
L mln au’ 2 b) 2’ 2 b)
M;M2 Y MuM2 My M2

then, for all sufficiently large k € K, 2* + ad” is acceptable to x* and the kth filter,
zF + ad® € Q,, and the sufficient reduction condition (3.27) holds. Since h(z*) — 0
and & > 0, the condition (3.29) with oo = ra is satisfied for all sufficiently large k € IC,
where 7 is from line 20 in Algorithm 3. By Algorithm 3, we know that o > ra for
all sufficiently large k € K.

Since {f(z*)} is convergent, it follows from (3.27), (2.20), and o* > ra that (3.24)
is true. If FAST=TRUE for all k € IC, our previous argument has shown that z* is a
KKT point and results in a contradiction with the previous assumption. Otherwise,
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there exists an infinite subset Iy of K, say, K itself, such that FAST=FALSE for all
k € Ko. By Algorithm 3, d* = d*?2 for k € K. As h(z*) — 0, it follows from (3.24)
that
. . k ENT 7k,21) _
kailc%e)c T = k—><1>lor,rllcEIC (h(z") +[Vf (") d]) = 0.
In view of Remark 3.2, z* is a KKT point, which again is a contradiction. Hence, we
have proven that the second conclusion of this theorem is true for Case (a).

Case (b) There are infinitely many iterations entering in the filter. Let K be
an infinite index set such that all pairs (h(z*), f(z¥)) with & € K are added into
the filter (though some of them are removed later). Without loss of generality, we
assume that {z¥}x — 2* and {Tr}x — Y. If T = 0, it follows from Remark 3.2
that z* is also a KKT point of BCOP; otherwise, there must exist a scalar ¢ > 0
such that Yy > € for all k£ € K. Since there are only finitely many choices for the
subsets A, C Z, k € K, we can assume that {z¥}x — z* and A, = A* for all
k € K is a constant set. Upon using Lemma 3.10, we obtain that for sufficiently large
k € K, either 2* + d* + d* or ¥ + a’gdk is accepted as an f-type iterate which together
with the mechanism of Algorithm 3 implies that (h(z*), f(2*)) cannot be added into
the filter. This contradicts the definition of the sequence {z*}xex, indicating that
the assumption T > 0 is not true. Therefore, there exists an accumulation point
of the sequence {2*} being a KKT point of BCOP and we complete the proof for
Case (b). d

4. Local convergence. In this section, we prove the locally superlinear conver-
gence of Algorithm 3. Theorem 3.11 has already shown that there exists a subsequence
{2*}pex of {x*} converging to a KKT point z*; let \* be a corresponding Lagrange
multiplier. The local convergence is established upon additional assumptions:

(A3) The strict complementarity condition holds at (z*, \*), that is, Af > ¢;(z*)
for all ¢ € 7.
(A4) The SOSC holds at (z*, A\*); that is, there exists a scalar 7 > 0 such that

dTv2 L(z*,\*)d > 7||d||?

for any d € C(z*), where C(z*) = {d|Ve;(z*)Td = 0, i € EUI(z*)} is the
critical cone at x*;

g2 * * k
i IP(Be = T L XN
koo "]l

0,

where Py = I — Ve, (2%)(Vea, (25)T Ve, () 71Vey, (2%)T is the projec-
tion onto the null space of Vcy, (z%)7.

We remark that assumptions (A1)-(Ab) are standard for SQP algorithms (see,
i.e., [29, Chapter 18]). Since x* is feasible, similar to the proof of Lemma 2.1, we
know that Ve;(z*), i € £ U I(z*), is linearly independent, which implies that the
LICQ condition holds at z*. Hence, A* is the unique multiplier corresponding to x*.
By [29, Theorem 12.6], the LICQ and the SOSC (i.e., assumption (A4)) imply x*
is a strict local solution of BCOP, and from [35, Lemma 4.2], the whole sequence
(z%, \*) converges to (z*,\*). Furthermore, assumption (A3) and the LICQ ensure
that A, = & U I(z*) and the condition (2.25) is satisfied for all sufficiently large k,
which implies that FAST=FALSE never occurs after some iterations. Therefore, for
all sufficiently large k, (d*, \¥) = (d¥°, \*-0), and (d*!, \!) solves the linear system
(2.27). Due to (2.26), assumption (A2) and z* — x*, we have d* — 0. Moreover,
from the definition of €, z* is in the interior of €1, when k is sufficiently large. Based
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on these facts, in what follows, we assume k is sufficiently large so that all above
conclusions hold.
First, we show that the full step ensures the superlinear convergence.

LEMMA 4.1. Suppose that assumptions (A1)—(A5) hold. Then it follows that

l=* +d* — 2*|| = o([la" — 2|

and

12| = ©(||z"* — z*|)).
Proof. See the proof of [35, Lemma 4.3]. O
The next lemma reveals the relationship between d* and d*.

LEMMA 4.2. Suppose that assumptions (A1)—(A5) hold. Then ||d*| = O(||d*|?).
Proof. From (2.26) and (2.27), we have that

(4.1) { Brd" + Ve, (aF)(ABL = \F) =0,

Ve, (@9)Tdd = —ca, (zF + d*F) — ||d*|7e.
By Taylor’s theorem and the linear system (2.26),
(4.2) ci(z® 4+ d¥) = ¢i(a%) + Ve ()T dx + O(||d*|)?) = O(||d*|)?), i € Ag.

Since Ay, is fixed for all k, it follows from Lemma 2.2 and assumption (A2) that the
inverse of the coefficient matrix of (4.1) is uniformly bounded, which together with
(4.1), v € (2,3), and (4.2) leads to the desired result. |

LEMMA 4.3. Suppose that assumptions (A1)—(A5) hold. Then
ci(z® + dF + dF) = o(||d¥|?), i € EUI(z").
Proof. From Taylor’s theorem,
ci(a® +d" +d¥) = ci(a® + d¥) + Ve ()" d* 1+ O(|d" || d]]) + O(lld*]?)
O(lld*[[Ild" 1)) + O(lld*|1?)
= o([ld*[*),

where the second equality follows from (2.26) and (2.27), and the third equality follows
from Lemma 4.2. d

To prove the local convergence of Algorithm 3, in the next lemmas we make use
of two conclusions in [10], which is concerned with the second-order correction steps
on the exact penalty function

(4.3) Py (z) = f(z) + ¥h(z),

where the penalty parameter 1 is chosen to be no less than m||A*||o.. The introduction
of the exact penalty function (4.3) is only for a technical proof but is not involved in
Algorithm 3.

LEMMA 4.4. Suppose that assumptions (A1)—(A5) hold. Then there exists an in-
teger Ky > 0 such that if (2.22) for Case 2 is satisfied for all k > Ky, the sufficient
reduction condition (2.23) holds.
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Proof. We only have to prove that
(4.4) fla +d" 4 d%) + gl d"| < fab)

holds for all sufficiently large & whenever the switching condition (2.22) for Case 2 is
fulfilled. By the definition of L(z, A),

flab+db4d*) = L@ + d* + d* X)) =L* X)) + fa)— Y M +d* +d¥)

i€EUI(z*)
=fl@)— > Nea@h+d +dY)+O(|ab +db +dF - 27)?)
i€EUI (z*)
= f(@*) + o(||d*|]*) + O(|]z* + d* + d* — =*||?)
(4.5) = f(@*) +o([lz* —z*|?),

where the second equality follows from the KKT conditions of BCOP and Taylor’s
theorem, the third equality follows from Lemma 4.3, and the fourth equality follows
from Lemmas 4.1 and 4.2. Hence, combining with Lemma 4.1 and (2.22) yields

(4.6) fa* + d¥ 4 d") + g d" || + gh(a®) = f@®) +o(|a* —2*|?).

On the other hand, from [6, Lemma 1] and assumptions (A1)—(A5), we know that
there exists a scalar ¢ > 0 such that when z is sufficiently close to z*,

(4.7) Oy(x) > f(a") + o — 2™,
Hence, it follows from (4.6) and (4.7) that there exists an integer K7 > 0 such that
(4.4) holds for all k£ > K. o

The following two lemmas give preparations for proving acceptance of the full
steps.

LEMMA 4.5. Suppose that assumptions (A1)—(Ab5) hold. Then there exists an in-

teger Ko > K1 such that for all k > K>
~ 1 ~
(48)  Dy(zF) — Dy, (xk rdk dk) > (v n (5 - 1) w) h (xk rdb dk) .
Proof. From (4.5),

Dy (a* + dF +d*) + <7+ <; - 1> ¢> h(z® + d* + d¥)

= f(zF +d* + d*) + (7+ g) h(z® + d* + d*)
= )+ (o 5 ) hat o ) ol -t )

= f@@*) +o(|lz" —2*|?),

where the last equality follows from Lemmas 4.1, 4.2, and 4.3. This together with
(4.7) yields (4.8). d

LEMMA 4.6. For any two points x and x', if

By (o) — Dy (x) 2 (w (; - 1) w) h(w),

then x is acceptable to x'.
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Proof. See the proof of [35, Lemma 4.7]. |

k& z* d¥ = 0, and d* — 0, it follows from the definition of €2, that
2% + d* 4+ d* is in the interior of Q for all sufficiently large k, and therefore we assume
from now on that 2% + d* + d* is contained in the interior of €. Next, we show that
the full step is accepted eventually.

Since

LEMMA 4.7. Suppose that assumptions (A1)—(A5) hold. Then there exists an in-
teger K5 > Ko such that for all k > K3, 2811 = 2% + d* + d* is accepted.

Proof. Let
ke = min zb) + Yh(zhH)},
5= min 76 )
where Fj is defined in Definition 2.2. Since all iterates z!, | € Fx, U {Ky} are
nonoptimal, then FK2 > f(x*), and therefore there exists an Kg > K5 such that

(4.9) Oy (x2) <TH2

If all iterates after Ky are never included into the filter, then F; = Fk, for
all k > Ky. Due to Lemma 4.5, (4.8) is satisfied for all k¥ > K3, and therefore
(%) < 1"1152 for all k > K. Applying Lemma 4.6, 2% + d* + d* is acceptable to z*
and Fj, for all £ > K3, which together with Lemma 4.4 implies the desired conclusion.

If there exist infinite many iterations entering in the filter, we assume without
loss of generality that K3 is the first iteration K3 > Kz such that (h(z3), f(2¥3))
is added into the filter and (4.9) is satisfied. By the mechanism of Algorithm 3,
]:Ks - sz U {(h(xK2)7f(xK2))}

First, we show that zF+! = 2% + d* + d* is accepted for k = Kj3. In view of
Lemma 4.5, the inequality (4 8) is satisfied for k = K3, which together with Lemma
4.6 implies that 253 +d%3 +d%s is acceptable to 2. Accordmg to (4 9), the definition
of I‘K2 and the choice of K3, we have that ®,,(z53) < Iy K2 < @ (2t for all | € F,.
Applymg Lemma 4.6 one gets that %3 4 d%s + dks is acceptable to Fk,. Therefore,
aRstl = pKs 4 4Ks 1 K5 s accepted as an h-type iteration since (h(z'3), f(2553)) is
added into the filter.

Next, suppose that zF+! = z Fydk4d* is accepted for k = K3, K3+1,...,K3+j—1
for some j > 0. By induction, we attempt to prove that zF+!1 = :E]’C—%dk—i—dlc is accepted
for k = K3 + j. To this end, from Lemma 4.5, we have that

(I)w(xk)_q)w(xl(g-‘rj +dK3+j +CZK3+j) > (’Y+ <; _ 1) w) h($K3+j+dK3+j _’_JK3+j)

for all k = K3, K3+ 1,...,K3+j and all k € Fg,, and applying Lemma 4.6 yields
that 2+ 4 @Ksti 4 JKs+7 is acceptable to z* with all k € Fg, U {Ks, K3 +
1,..., K3+ j}, which implies that z%3+7 4 ¢Ks+J 4 §Ks+7 is acceptable to Fg,4; U
{(h(xKsH7), f(xK3+7))}. Moreover, at the iteration K3 + 7, if the switching condi-
tion (2.22) for Case 2 is met, it follows from Lemma 4.4 that the sufficient reduction
condition (2.23) holds, and therefore an f-type iteration z*t! = 2% + d¥ + d* with
k = Ks + j is generated; otherwise, an h-type iteration zF+1 = zF + d*F + d* with
k = K3 + j is generated. Thus, we have proved that zF+1 = 2% 4+ d*F 4 d* is accepted
for k = K3 + j, and by induction, we assert that z**! = 2% + d* 4 d* is accepted for
all k > Kj. d
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Consequently, we can state the main result of this section whose proof follows
directly from Lemmas 4.1 and 4.7.

THEOREM 4.8. Suppose that assumptions (A1)—(A5) hold. Then {z*} converges
to x* superlinearly.

5. Numerical experiment. In this section, we test FilterASM on two specific
practical applications: the correlation matrix approximation problem [4, 25] and the
maximal correlation problem [45], upon MATLAB 7.10 on a PC with Intel Core i5-
2320 CPU (3.0 GHz) and 4 GB memory. For the stopping criteria, we terminate
Algorithm 3 whenever

h(z*) <e, Hrnin@\'ﬂ—c(x'ﬂ}“Oo <e and ||[Vf(a*)+ Vc(wk))\kHoc <eg,
where € = 1075;

other parameters in FilterASM are set as follows:

x = max{10, h(z?)}, mazit=2000, Gz =v=25,0=E,=( =1,r=0.5,
n=10"2,=v=10"% a, = 1075,

5.1. Approximation problem of correlation matrix with factor struc-
ture. We first apply FilterASM to solve the problem of the NCM with p factor
structure:

XcERmMmXp

- min |G — (I + XX” — Diag(XXT))||%
' s.t. diag(XXT) < 1,

where G is a given real symmetric m-by-m matrix. The structure in (5.1) mainly
arises in factor models of asset returns [11], collateralized debt obligations [2, 12],
and multivariate time series [28]. The problem (5.1) is posed in the context of credit
basket securities by Anderson, Sidenius, and Basu [2]; recently, Borsdorf, Higham,
and Raydan [4] analyzed the properties of the problem and its data matrices in some
special case, and they also proposed some numerical algorithms. Later, Li, Qi, and Xiu
[25] proposed two numerical methods (the alternating block relaxation method and
the alternating majorization method) for this problem. More details and references
about this problem can be found in [4]. To apply FilterASM, we reformulate (5.1) as

xeR"™

min  f(z) :=||G — (I + XXT — Diag(XX7T)||%
st clr) = X2 -1<0,i=1,2,...,m,

where

and n = mp.
Test problems.
El. G is a random correlation matrix generated by gallery(’randcorr’,m).
E2. G occurring in annual forward rate correlations associated with LIBOR mod-
els [1] is generated by G;; = exp(—|i —j|),4,j =1,...,m.
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E3. G is a random correlation matrix generated by G = Diag(I — YY7?) +YY7T,
where Y € R™*P is generated in a two-stage scheme: we first generate a
random matrix with elements from the uniform distribution on [—1,1] and
then project it onto {Y € R™*P|||Y;||? < 1,i=1,2,...,m} to get Y.

E4. G is a random correlation matrix generated by G = 1(B+ B+ Diag(I — B),
where B is the first matrix out of a sequence of random matrices with elements
from the uniform distribution on [—1, 1] such that G has a negative eigenvalue.

E5. G is the 387 x 387 one-day correlation matrix (as of October 10, 2008) from
the lagged datasets of RiskMetrics.

5.1.1. Numerical results and comparison with other solvers. To verify
the efficiency of FilterASM, in this subsection we first compare its numerical perfor-
mance of FilterASM with three other methods:

e SPGM: the spectral projected gradient method [4];
e BRscg: the block relaxation method [25]; and
e Major: the majorization method [25];

The stopping criteria for SPGM and BRscg are

| Po(z® — Vf(z*) — 2% <1075 and <1074,

respectively, where Pqo(x) denotes the projection of x onto the feasible region €.
Major has the same stopping criterion with BRscg. In [4, 25|, the NCM strategy
is shown to produce effective starting points for accelerating their algorithms, where
NCM employes the semismooth Newton method [33] to generate starting points. In
our numerical experiment on E1-E5 in this subsection, we adopt the NCM strategy
to produce starting points for all solvers. In Tables 1-6, we report results averaged
over two instances of each problem since some problems (say, E1, E3, and E4) are
related to random matrices. To understand these numerical results, we point out that
f*, time(s), iter, and * stand for the computed optimal solution, the computational
time (seconds), the number of (outer) iterations, and the failure of a solver in finding
a solution within 1800 seconds, respectively.
We now make several comments on the results in Tables 1-6.

e Tables 1-3 give the numerical results of test problems E1-E4 with m = 1000
and p varying from 5 to 500. The test problem E5 is a correlation matrix
from the real market, and its numerical results are listed in Tables 4-6.

e From these tables, we observed that SPGM needs more iterations than Fil-
terASM, Major, and BRscg. Nevertheless, the number of outer iterations
alone is not sufficient for measuring the performance of the algorithm as dif-
ferent solvers need different computational effort for each iteration. In partic-
ular, Major and BRscg require many inner iterations at each outer iteration,
especially for large p.

e The CPU time is then another factor for the efficiency of the algorithm. We
observe that FilterASM is the clear winner among these solvers in terms of
CPU time. Except for SPGM and Major, all other algorithms solve all in-
stances within 1800 seconds (see Table 3), but the accuracy of some solutions
is not satisfactory. For problems E1, E2, E4, and E5, the CPU time used
in each solver increases as p does, but the CPU time required by FilterASM
increases much more slowly than others.

e The problem E3 is an exception as the objective function is nearly zero at
the global solutions. The initial points generated by the semismooth Newton
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TABLE 1

Results for approximation problem of correlation matriz.

Prob. m = 1000, p=5 m = 1000, p = 10

Algorithm f* time(s) | iter || Algorithm f* time(s) | iter
FilterASM | 1.80132e+1 3.3 127 || FilterASM | 1.77820e+1 7.5 255
SPGM 1.80132e+1 7.2 216 SPGM 1.77820e+1 21.0 602

Bl Major 1.80134e+1 6.3 3 Major 1.77824e+1 8.5 3
BRscg 1.80135e+1 6.8 3 BRscg 1.77825e+1 9.1 3
FilterASM | 1.74848e+1 2.7 85 FilterASM | 1.72848e+1 2.7 79
E2 SPGM 1.74848e+1 3.7 106 SPGM 1.72848e+1 3.9 110
Major 1.74889e+1 4.2 2 Major 1.72915e+1 8.5 3

BRscg 1.74889%e+1 4.6 2 BRscg 1.72915e+1 9.0 2

Filter ASM 7.97512e-5 5.3 30 Filter ASM 2.95352e-5 2.9 11

B3 SPGM 1.15455e-8 0.7 14 SPGM 2.64062e-9 0.6 7
Major 5.32996e-5 9.1 5 Major 3.25934e-5 7.5 2

BRscg 4.37226e-2 9.8 4 BRscg 1.42947e-3 7.7 1
FilterASM | 4.04293e+2 2.9 107 || FilterASM | 4.00305e+2 4.1 118
B4 SPGM 4.04293e+2 9.9 304 SPGM 4.00305e+2 10.5 312
Major 4.04300e+2 6.3 3 Major 4.00320e+2 8.5 3

BRscg 4.04300e+2 6.9 3 BRscg 4.00321e+2 9.2 3

TABLE 2
Results for approzimation problem of correlation matriz.
Prob. m = 1000, p = 50 m = 1000, p = 100

Algorithm f* time(s) | iter || Algorithm f* time(s) | iter
FilterASM | 1.66560e+1 7.2 110 || FilterASM | 1.53840e+1 19.7 183
Bl SPGM 1.66560e+-1 11.6 233 SPGM 1.53840e+1 51.5 567

Major 1.66570e+1 40.8 4 Major 1.53855e+1 91.0 5

BRscg 1.66572e+1 42.2 4 BRscg 1.53855e+1 94.1 5
FilterASM | 1.55955e+1 28.0 372 || FilterASM | 1.33235e+1 19.2 146

E9 SPGM 1.55955e+1 | 219.2 | 3781 SPGM 1.33235e+1 47.8 566

Major 1.55992e+1 51.3 3 Major 1.33244e+1 | 113.5 3

BRscg 1.55991e+1 52.4 3 BRscg 1.33244e+1 | 1154 3

FilterASM | 2.82704e-13 0.1 0 FilterASM | 2.45434e-13 0.1 0

B3 SPGM 5.68309e-13 1.0 1 SPGM 5.75110e-13 1.7 1

Major 2.82704e-13 0.0 0 Major 2.45434e-13 0.0 0

BRscg 2.82704e-13 0.0 0 BRscg 2.45434e-13 0.0 0
FilterASM | 3.74448e+2 72.1 195 || FilterASM | 3.65310e+2 76.8 165
B4 SPGM 3.74448e+2 | 233.3 | 3257 SPGM 3.65310e+2 | 328.7 | 3941

Major 3.74477e+2 28.7 3 Major 3.65313e+2 39.1 3

BRscg 3.76348e+2 29.6 3 BRscg 3.67540e+2 40.1 2

method [33] are almost the global solutions for p = 50, 100, 250, and 500,
and we observed from Table 6 that nearly all solvers terminate at the initial
points.

e From all these tables, we observed that SPGM and FilterASM are better than
Major and BRscg in terms of the quality of solutions. Overall, FilterASM
obtained satisfactory solutions using the least computational time.

5.1.2. Further evaluation of the behavior of Filter ASM. To evaluate the
performance of the active-set strategy in FilterASM, we next conduct more experi-
ments on test problems E1-E5 with m = 400 (m = 387 for E5) and p varying from
100 to 350. Unlike the previous experiments, we use rand to generate the random
vector, project it onto the feasible region, and then take the projection vector as the
starting point for each test problem. The detailed numerical results are summarized

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/27/16 to 202.120.224.19. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

A FILTER ACTIVE-SET ALGORITHM

TABLE 3

Results for approximation problem of correlation matriz.
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Results for approximation problem of correlation matriz.

m = 387, p = 250

Prob.
Algorithm f* time(s) | iter
FilterASM | 4.93719e-5 0.1 0
E SPGM 4.93719e-5 1.5 1
b Major | 4.93719¢-5 | 0.0 0
BRscg 4.93719e-5 0.0 0

Prob. m = 1000, p = 250 m = 1000, p = 500
Algorithm f* time(s) | iter || Algorithm f* time(s) | iter
FilterASM | 1.19373e+1 33.4 127 || FilterASM 6.32102 96.9 174
o SPGM 1.19373e+1 90.1 356 SPGM 6.32102 396.7 | 427
Major 1.19399e+1 | 248.4 7 Major * * *
BRscg 1.19387e+1 | 260.9 6 BRscg 6.32373 789.0 9
FilterASM 7.18086 31.8 106 || FilterASM | 2.56446e-1 114.3 136
E9 SPGM 7.18086 69.0 284 SPGM 2.56446e-1 360.5 429
Major 7.18144 582.5 5 Major * * *
BRscg 7.18223 589.1 3 BRscg 2.56544e-1 | 1114.5 | 41
FilterASM | 2.26022¢-13 0.2 0 FilterASM | 2.39635e-13 0.5 0
B3 SPGM 6.34100e-13 4.5 1 SPGM 6.97391e-13 27.2 1
Major 2.26022e-13 0.0 0 Major 2.39635e-13 0.0 0
BRscg 2.26022e-13 0.1 0 BRscg 2.39635e-13 0.1 0
FilterASM | 3.63335e+2 0.2 0 FilterASM | 3.63398e+2 0.4 0
B4 SPGM 3.63335e+2 2.0 1 SPGM * * *
Major 3.63335e+2 20.5 1 Major 3.63398e+2 33.0 1
BRscg 3.63335e+2 22.4 1 BRscg 3.63398e+2 38.6 1
TABLE 4
Results for approximation problem of correlation matriz.
Prob. m =387, p=5 m = 387, p =10
Algorithm f* time(s) | iter || Algorithm f* time(s) | iter
FilterASM | 2.57370e+1 0.1 29 || FilterASM | 1.27045e+1 0.2 44
B SPGM 2.57370e+1 0.4 62 SPGM 1.27045e+1 0.6 104
Major 2.57411e+1 1.6 2 Major 1.27108e+1 6.5 6
BRscg 2.57371e+1 1.8 2 BRscg 1.27046e+-1 6.9 3
TABLE 5
Results for approximation problem of correlation matriz.
Prob. m = 387, p =50 m = 387, p = 100
Algorithm i time(s) | iter || Algorithm rF time(s) | iter
FilterASM | 2.25928e-1 11.8 547 FilterASM | 4.08981e-3 0.6 22
B SPGM 2.25925e-1 93.0 7247 SPGM 3.78499e-3 | 1231.4 | 38923
Major 2.34394e-1 | 164.6 90 Major 4.13419e-3 76.7 38
BRscg 2.31586e-1 166.3 5 BRscg 4.17553e-3 77.2 1
TABLE 6

in Table 7, where nls stands for the number of linear systems solved, and initial,
final, min, max, mean, and std stand for the first element, the final element, the
smallest element, the largest element, the mean value, and the standard deviation of
{JAk| }k=0.1,... iter, respectively.

Table 7 partially reveals the numerical behaviors of FilterASM. There are four
observations. First, on average 2.6 linear systems are needed to solve at each iteration.
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TABLE 7
Further numerical results of FilterASM for approzimation problems of correlation matriz.

Prob. m p iter nls initial | final | min | max | mean std
400 | 100 72 146 400 0 0 400 27 101.7
400 | 150 | 83 168 400 0 0 400 29 103.6
E1l 400 | 200 | 64 132 400 2 0 400 38 116.4
400 | 250 | 92 201 400 13 0 400 31 97.6

400 | 300 | 92 221 400 54 0 400 46 95.6

400 | 350 | 133 337 400 143 0 400 90 85.2

400 | 100 | 80 162 400 0 0 400 25 96.9
400 | 150 75 152 400 0 0 400 32 108.6

E2 400 | 200 | 94 228 400 142 0 400 63 98.9
400 | 250 | 121 294 400 75 0 400 42 85.9
400 | 300 | 65 132 400 0 0 400 36 115.9
400 | 350 | 54 110 400 0 0 400 44 125.9
400 | 100 | 47 117 400 379 0 400 175 157.6
400 | 150 | 66 182 400 392 0 400 181 146.6
E3 400 | 200 78 209 400 355 0 400 161 141.3
400 | 250 | 86 226 400 320 0 400 128 131.2
400 | 300 | 147 | 367 400 284 0 400 128 110.3

400 | 350 | 103 259 400 122 0 400 67 94.2
400 | 100 | 101 205 400 400 0 400 359 108.7

400 | 150 | 91 184 400 400 0 400 369 97.1

o 400 | 200 75 153 400 400 0 400 374 96.6
400 | 250 | 69 143 400 400 0 400 349 131.5
400 | 300 | 69 142 400 400 0 400 349 134.1
400 | 350 | 69 141 400 400 0 400 357 118.2

387 | 100 | 896 | 2539 387 25 0 387 56 48.7

387 | 150 | 527 | 1531 387 268 0 387 265 56.8

E5 387 | 200 | 494 | 1381 387 361 0 387 307 75.7
387 | 250 | 438 | 1199 387 365 0 387 325 68.7

387 | 300 | 314 | 856 387 377 0 387 347 70.1

387 | 350 | 303 851 387 376 0 387 346 68.6

Second, we noted that the initial and maximum size of the working set Aj are the
number of constraints for all test problems; this situation is due to the fact that our
starting points are the projections of random vectors onto the feasible region. Third,
min = 0 for all test problems, which indicates that at least for some k the working set
Ay, is empty during the entire iteration process in Filter ASM. Last, except for several
extreme cases, the mean value of the working set Ay is smaller than the final value,
while the standard deviation is large in comparison with the mean value.

5.2. The maximal correlation problem. We next test FilterASM on the
maximal correlation problem, which is of the form

max f(z):=z2TGx
(5.2) (MCP) ¢ =€R» .
st ci(x) = llaylP—-1=0, i=1,2,...,m,

where G € R™™™ is a given matrix with n = pm, =z = (xji],x[q;],...,x[j;n})T, and
€ RP, i = 1,2,...,m. A brief introduction about the statistical background
of the maximal correlation problem can be found, e.g., in Chu and Watterson [9,
section 2.

In our experiment, we use the command randn to generate a matrix which is then
symmetrized to get a test G. Since the Horst—Jacobi algorithm and the Gauss—Seidel
algorithm [45] perform much worse than the other solvers for large n, we only com-
pare FilterASM with the Riemannian trust-region algorithm (RTR) [46] and adaptive
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feasible BB-like (AFBB) method [23]. In our experiment, RTR terminates if
|Pa(V £(@*)]] <5 % 1075,

For AFFB, it terminates if one of the following three conditions is met:

LR )
Y {5 R

We first test the instances with m = 2 and p varying from 500 to 2000; the
numerical results averaged over two random tests are profiled in Figures 1 and 2, where
o ax denotes the best (maximum) f* computed by FilterASM, RTR, and AFBB.
We observed that, compared with RTR and AFBB, FilterASM obtains fairly good
solutions with reasonable CPU time.
Last, we test the situation p = 100 when m varies; the numerical results averaged
over two random tests are summarized in Table 8. The following observations are

from Table 8.

”xk-i-l _ka

<1075, |[Po(VF@ER)]| < x1077.
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TABLE 8
Numerical results of FilterASM, RTR, and AFBB for MCP.

m * FilterASM RTR AFBB

max rax — | time(s) [ iter | fE . — F* [ time(s) [iter | f . — 7 | time(s) [ iter
10 | 4.44e+42 1.4e-8 0.4 94 0 3.0 15 2.0e-4 0.1 72
20 | 1.26e+43 3.1e-8 1.2 133 0 15.7 17 4.7e-4 0.3 124
30 | 2.31e+43 6.8e-8 2.2 121 0 37.1 16 1.2e-4 0.5 105
40 | 3.56e+3 7.0e-8 4.3 143 0 106.2 | 18 2.9e-3 1.2 162
50 | 4.98e+-3 1.3e-7 6.5 147 0 155.6 | 18 1.3e-3 2.2 185
60 | 6.54e+43 4.5e-7 11.3 | 178 0 271.5 | 20 8.0e-3 3.2 188
70 | 8.25e+3 3.4e-7 16.3 | 194 0 382.0 | 20 3.4e-3 4.1 178
80 |1.0le+4 3.5e-7 18.4 | 167 0 518.7 | 18 1.3e-3 4.9 163
90 | 1.20e+4 0 32.8 | 244 5.3e-1 1105.5 | 24 5.4e-1 14.2 | 370
100 | 1.41e4+4| 9.1e-7 39.3 |233 0 1136.4 | 20 5.0e-2 10.0 |201

In terms of CPU time, AFBB is best, FilterASM is second, and RTR is third.
In terms of the objective function values, RTR is best (except for one case),
FilterASM is second but much closer to RTR, and AFBB is third.

Overall, FilterASM obtains satisfactory solutions with moderate CPU time,
though it requires more iterations than RTR and AFBB.

6. Conclusion. In this paper, we proposed the FilterASM for the ball/sphere
constrained optimization problem, which uses economic computational costs at each
iteration but guarantees the global convergence and locally superlinear convergence.
The active-set technique is used to generate the working set, and at each iteration,
only two or three reduced linear systems need to be solved for the search direction.
Taking advantage of the structure of BCOP, a new L-BFGS scheme and duality tech-
nique are exploited to reduce the computational effort for solving the resulting linear
systems; the L-BFGS formula also provides approximate second-order information to
accelerate the speed. We used the filter technique to globalize the convergence of the
iteration, where an economic feasibility restoration phase is embedded. Under some
mild conditions, the global and local convergence is established. Finally, we conducted
preliminary numerical experiments on two specific applications and our numerical re-
sults show that FilterASM is competitive with some custom-made methods proposed
recently for each individual application.
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