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A FORMULA OF TWO-PARTITION HODGE INTEGRALS

CHIU-CHU MELISSA LIU, KEFENG LIU, AND JIAN ZHOU

1. INTRODUCTION

Let Mg,n denote the Deligne-Mumford moduli stack of stable curves of genus g
with n marked points. Let 7 : Mg,nﬂ — ﬂgm be the universal curve, and let w;,
be the relative dualizing sheaf. The Hodge bundle

E = mow,

is a rank g vector bundle over M, whose fiber over [(C,x1,...,2,)] € My, is
HO(C, we). Let s; ¢ ﬂg’n — ﬂg,n+1 denote the section of m which corresponds to
the i-th marked point, and let
L; = siwx
be the line bundle over M, whose fiber over [(C,z1,...,2,)] € M, is the
cotangent line T); C' at the i-th marked point z;. A Hodge integral is an integral of
the form
/ Ml...qu'ln)\’fl...)\’;g
Mg.n
where ¥; = ¢1(IL;) is the first Chern class of L;, and \; = ¢;(IE) is the j-th Chern
class of the Hodge bundle.

The study of Hodge integrals is an important part of intersection theory on
Mg,n. Hodge integrals also naturally arise when one computes Gromov-Witten
invariants by localization techniques. For example, the following generating series
of Hodge integrals arises when one computes local invariants of a toric Fano surface
in a Calabi-Yau 3-fold by virtual localization [33]:

+ —_
,(\/__1/\)““ W) [T(T+1)]l(u+)+l(ﬂ_)*1

Rut " 2u-

Gur p-(N7) =
I(p* 1 (u~ 1, _
. ﬁ) at1 (BT +a) _ (f—[) [Taly (niz+a)
=1 g =1 ?
. Z)‘Qg_Q/ AJ(MAJ(T)A) (=7 —1)
Vi I(pt (p=) r T
g>0 Mg,l(u‘*')-%—l(u_) HZ(:Hl ) L—%— (# - wi) Hj(gl ) = (_ qpl(u‘*’)-i—j)

By \ B Hi \ My

(1)

)

where A, T are variables, (ut, ") € 773_, the set of pairs of partitions which are not
both empty, and
Ay (u) = u? = Mu?™ 4 (=1)9,.
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We will call the Hodge integrals in G+ ,,- (A\; 7) the two-partition Hodge integrals.
The purpose of this paper is to prove the following formula conjectured in [34]:

(2) G*(NptpTiT) =R (Nspt ),
where

G'(A;p+,p;7)exp< > GM+7M—(/\;T)pj+p;>

(ut.p=)eP?

and

R*(\pt,pT;7)

" _
_ Z Xv+ (‘LL ) Xv- (,LL )e\/f_l(ny+'r+/<o,/7T_l)/\/QWVJr’V ( ‘/_)‘)pu+p
z Zu=
e R "

+ +  + i

p* = (p7,Dp5,...) are formal variables, and

P = Py P,
if u = (u1 >--- > pp > 0). See Section [2 for the notation in the definition of
R*(\;pt,ps7).

Formula (2]) is motivated by a formula of one-partition Hodge integrals conjec-
tured by M. Marifio and C. Vafa in [25] and proved by us in [23]. See [29] for another
approach to the Marino-Vafa formula. The Marino-Vafa formula can be obtained
by setting p~ = 0 in ([2)). In a recent paper [4], D.-E. Diaconescu and B. Florea
conjectured a relation between three-partition Hodge integrals and the topological
vertex [I]. A mathematical theory of the topological vertex will be developed in
[22]. Formula (@) of two-partition Hodge integrals is used to derived a formula of
three-partition integrals [22] Theorem 8.2].

The generating function R®(\;p™,p~;7) is a combinatorial expression involving
the representation theory of Kac-Moody Lie algebras. It is also related to the
HOMFLY polynomial of the Hopf link and the Chern-Simon theory [30] 26]. In
[35], the third author used (@) and a combinatorial trick called the chemistry of
Zy-colored labelled graphs to prove a formula conjectured by A. Igbal in [12] which
expresses the generating function of local Gromov-Witten invariants in all genera of
toric surfaces in a Calabi-Yau threefold in terms of W, ,,. See [12} 1} 4] for surveys
of work on this subject.

Our strategy to prove (2)) is based on the following cut-and-join equation of R*®
observed in [34]:

0 o \/__1)\ + + \/_)\
(3) ER =3 (CT+J7R® — 5 (C™+J7)R®,
where
0
+
c Zj(zﬂ)pz i . Z Jplﬂa :tap]

Equation (B]) can be derived by the method in [32, 23]. In [34], the third author
proved that

Theorem 1 (Initial values).

(4) G*(X\ptp i —1) = R (Aspt,p i —1).
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So (@) follows from the main theorem in this paper:

Theorem 2 (Cut-and-join equation of G*).

5 0 o VDA VI

or 2 272

Both [23] Theorem 2] (cut-and-join equation of one-partition Hodge integrals)
and Theorem [2] are proved by localization methods. We compute certain relative
Gromov-Witten invariants by virtual localization and get an expression in terms
of one-partition or two-partition Hodge integrals and certain integrals of target 1
classes. In [23], we used functorial localization to push forward calculations to
projective spaces, where the equivariant cohomology is completely understood, and
derived [23, Theorem 2] without using much information about integrals of target
1 classes. In this paper, we relate integrals of target ¥ classes to double Hurwitz
numbers (Proposition [5.4]) and use properties of double Hurwitz numbers to prove
Theorem More precisely, for each (p™,u~) € P?H we will define a generating
function

(Ct+JNHG* - (C~+J7)G".

jt - (A)
of certain relative Gromov-Witten invariants of P* x P! blown up at a point, and
use the localization method to derive the following expression:

(6)
= D B (VT2 G )0 (

[vE|=|pt]

£A).

T

In (@), @7, ,(A) is a generating function of double Hurwitz numbers, and z,, is defined
in Section 27l It turns out that (@) is equivalent to the following equation:

° ° —1
(1) G e ir) = 3 @0 (VI 2 K- (V2 @0 ( = )\).

= |

So Theorem 2] (cut-and-join equation of G*) follows from the cut-and-join equations
of double Hurwitz numbers. As a consequence, one can compute K;:ﬂ = (\) in terms
of W+ ,— (Corollary [B.5). The cut-and-join equations of double Hurwitz numbers
can be derived either from combinatorics (Section B3] or from the gluing formula
(Section B.4).

The rest of the paper is arranged as follows. In Section 2] we give the precise
statement of (). In Section Bl we give a combinatorial study of double Hurwitz
numbers and derive Theorem [ (the cut-and-join equation of G*) from (B) and
some identities of double Hurwitz numbers. In Section [ we review J. Li’s works
[19, 20] on moduli spaces of relative stable morphisms and virtual localization on
such moduli spaces [9, [[1I]. In Section B we give a geometric study of double
Hurwitz numbers. In Section[@] we introduce the geometric objects involved in the
proof of ([@). In Section [T we prove () by arranging the localization contribution
in a neat way.

2. THE CONJECTURE

The main purpose of this paper is to prove the following formula conjectured by
the third author in [34].
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Theorem 3. We have the following formula of two-partition Hodge integrals:

@) G*(N\spFpTiT) = R (N pTpT5 7).

The precise definition of G*(\;p™,p~;7) will be given in Section below; the
precise definition of R®*(\;p™*,p~;7) will be given in Section below.

1. Partitions. We recall some notation of partitions. Given a partition

p= (1 = p2 == pp>0),
write I(p) = h, and || = p1 + -+ - + pp. Define
U(k)

K=Y pilpi —2i+1).
=1

For each positive integer j, define

m(p) = [{i: pi = j}.
Then

| Aut(p)] = [ (my ()"

J

Define
Zu = | Aut(p)] = T (mj(u)!jmﬂ#)) ,
j

It is well known that each conjugacy class of Sy, the permutation group of d el-
ements, corresponds to a partition p of d, and the number of elements in this
conjugacy class is d!/z,,.

Let P denote the set of partitions. We allow the empty partition and take

Let
P =P —{(0,0)}.

2.2. Generating functions of two-partition Hodge integrals. For (u™, ™) €

PJQr, define
Gyt - (a, B)
T ﬁ’ “fl( 78+ ac) “1“—[) [T (uy o+ af)
|Aut(,u+ || Aut(p)] 'a‘u’ -1 =1 (,Uj - I)W#;_l

/ Av(a)/\v(ﬁ)/\v(— —ﬁ)(aﬁ(a—|—ﬁ))l (uH)+UT) -1
m.q,l(u*')-f—z(u—) Hi(zﬂf)(a(a — My wl)) Hl(f (ﬂ(ﬂ /‘j P u+)+J)
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We have the following special cases, which have been studied in [23]:

W(ut) i(pt +_
s (ﬁ) b (B + aa)

Gg,,uﬂ@(a,ﬁ) = |Aut(u+)| 11 (uj _ 1)!0&4_71
. / AY (@AY (B)AY (—a — B)(aBla + 3)1 D
M, Upt) Hi(:H;)( (a = My 1/)2)) 7
_ oy I et af)
Goon-(@.f) = T 1} e Sw;—l

/ AV(@)AY(B)AY (—a — B)(ab(a+ §))! ¢+ )7
ﬂ.tzyl(u‘) Hl(#« (5(5 MJ %))

By a standard degree argument, one sees that G
degree 0, so

gt (@, B) is homogeneous of

G (0,0) = Gy (1.2,
Let
Gyt (1) =Gy pu+ - (1,7).
Introduce variables A\, p™ = (pf,ps,...), and p~ = (p;,py,...). Given a parti-
tion u, define

+ _  + +
P =Pr Py

In particular, p% = 1. Define

Gt - (NT) = ng PHEOHED G, (1),
G\sptpTiT) = Y GuruTpLp
(ut,u)eP?

G*(\ptpTiT) = exp(G\pT,p37))
= Z G;+)M— (A T)p:+p;_ )

(nt,p=)ep?
Grv e (Ni7) = > ATHEDHONGE L (7).

m
XE€2Z,x<2(1(pt)+1(p™))

2.3. Generating functions of representations of symmetric groups. Let

q= e\/—ilk7 [m] _ qm/Z _ q—m/Z.
Define
[ L +] (/‘) Hi
Wala) =¢™/*- ] #HH z+l
(8) 1<i<i<i(n) J i=1v=1
ot gl dimg Ry,
[Leu[h(@)] b
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where h(z) is the hook length and dim, R, is the quantum dimension of the irre-
ducible representation R, of S|, associated with the partition u. Define

(9) Wow(a) = d"*Wi(g) - su(Eu(1)),

where
L)

1 Hi—J¢
g.t)=1[ 1++qq - ( +ZHZ @ 1)>

j=1
Such expressions arise in the study of link invariants [26] and Kac-Moody algebras.
In the special case of (u*,u~) = (0,0), we have

Woo =1
The right-hand side of () is defined by

RO i) = Y Xp+ (C(11)) X (C(n7))

z

Z+
v |=|uE[>0 “ "

_e\/f_l(ny+-r+ny,fr_ ))\/QWV+,V ( \/_)\)ppj-p -

3. DOUBLE HURWITZ NUMBERS AND THE CUT-AND-JOIN EQUATIONS OF G*

In this section, we first derive some identities of double Hurwitz numbers, such
as sum formula and cut-and-join equations, which, together with initial values,
characterize the double Hurwitz numbers. Then we combine these identities with
(@) to obtain Theorem @I (cut-and-join equation of G*).

3.1. Double Hurwitz numbers. Let X be a Riemann surface of genus h. Given
n partitions n',...,n" of d, denote by HX(n',...,n")®* and HX(n',...,n")° the
weighted counts of possibly disconnected and connected Hurwitz covers of type

(nt,...,n") respectively. We will use the following formula for Hurwitz numbers
(see e.g. [B]):
. dim R 2—2h n )
(10) Ho = S (Tre) Tl igg
lp|=d

It is sometimes referred to as the Burnside formula.

Suppose C — P! is a genus ¢ cover which has ramification type ut, u~ at two
points pg and p; respectively, and ramification type (2) at r other points. By the
Riemann-Hurwitz formula,

(11) r=2g—2+1p")+1(u).

Denote
Ho ('t p7) = HY (0t ),
Hy ('t p07) = HY (0t ,mh ),

for 771 = ... = 7’]T = (2) We have by (m):
_ X (Cut) XV(C;F)
(12) Hy(p".p™) = fo(2)r =5 :
9 V|Z—d 2yt Zu+
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where r is given by (I, and

Xv(C2))
L (2) = |Croy| —=.
fu(2) =] (2)| dim R,
Define
A29—2+(pT)+H(kT)

= 2 MGt 29—2+l(u+)+l(u‘))!’

g>0

= Hy(utpu

A29—2+U(p")+H(uT)

_ ¥ L
= 29 2+1(pt) +1(p))!
°(N\;pT,p7) Z ‘I)H+’ﬂ M+p;—a
utp=
o (NptpT) =1+ > O (Nplhp, .
=

The usual relationship between connected and disconnected Hurwitz numbers is:
(13) P°(\pT,p7) =log @ (A\;pF,p7).
By ([I2)) one easily gets

Xl/ + C )
I I S DI PR mOy g
-

d>1 | |=d |v|=d

Equivalently,
a9 R
lv|=d
We also have
(16) e = 3 (1o Xl Xl g,
’ B 2+ 2y

3.2. Sum formula and initial values. Recall the orthogonality relation for char-
acters of Sy:

(17) Z X (G2 (Cu) _ =61 0.

It follows from (@) and (7)) that

Proposition 3.1.

(18) D0 s(A 4 A2) Z@N w2 (A1) 22 B0 s (M),

(19) ‘I):L17H3(O) = ;5/‘1)”3

Equation (I8)) is a sum formula for double Hurwitz numbers, and Equation (I9)
gives the initial values for double Hurwitz numbers.
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Corollary 3.2. Denote by ®*(\)q the matriz (5, ,(N))|uj=|v|=a- Then ®*(\)q is
invertible, and
(20) 2y 0N (N = @2 (NaZa,
where Zq = (20,0 || =|v|=d-
Proof. In ([I8) we take Ay = A and Ay = —A. Then by (I9) we have
Z7' =3%(0)g = D*(N\)aZa®® (=)

Taking the determinant on both sides one sees that ®*())g is invertible, and (20)
is a straightforward consequence. O

3.3. Cut-and-join equation for double Hurwitz numbers. Recall for any
partition v of d, one has

X (C 1 0 xv(C
2) : Z Mp,u = 5 Z <(Z +])p1pja + jpz+ja P ) Z
PR i.j P
See e.g. [32 23]. From this one easily proves the following results.

Proposition 3.3. We have the following equations:

008 9208 L 0P8
(21) O\ =5 Z (ijz-',-]a ia i +(7’+])p p api )

i,5>1 i+3

Ho 2@0 Ho
(22) a@)\h:_z ( Z+]a iai"’ ?:-H(; gzﬁ‘f‘( +])pzpj aaih>.
i,5>1 Pitj

The new feature for the double Hurwitz numbers is that there are two choices
to do the cut-and-join, on the + side or on the — side. One can rewrite (2I]) as
sequences of systems of ODEs as follows. For each partition pu~ of d, one gets
a system of ODEs for {®%, _(}) : |ut| = d}; hence they are determined by
{<I>:L+7H,(O) : |uT| = d}. One can also reverse the roles of u* and p~. There are
matrices C'J; such that the cut-and-join equations in degree d can be written as

d

(23) T 8i=Cla- @5 =25 Cj,

Example 3.4. When d = 2, the cut-and-join equation becomes
4 (‘I’.&),@ q’fz»(ﬂ)) _ (0 1) (‘1’32),(2) q’fz»(ﬂ))
dA \Pl12) 2) P2y a2) L0) \®hzy2) Plizy,a2)

_ (%@ Py ( 1).
Pliz)2) Plhizyaz ) \1 0

(‘I’.?z),@) ??2»(12))(0):(% )
Plzy2) Pliz) ) 0

Hence we have the following solution:
‘I)(z) @  Ph).a2) 0 = <%1 cosh A 1% sinh A)
(12) (2) ¢E12)7(12) 5 sinh A 5 cosh A

This is compatible with (1G).

The initial values are

W= O
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3.4. Cut-and-join equation for two-partition Hodge integrals. In Section
[, we will define a generating function K;+ - (M) of relative Gromov-Witten invari-

ants for each (u*, ) € P37, and derive the following identity by relative virtual
localization:

@ K:”v#’()‘): Z (I):t+,v+(_\/__17/\)zu+G;+,w()\§7')Zu—q);ilf(_\/__1/\).

pn
[vE|=[n*]

Each term on the right-hand side depends on 7, which comes from localization
weights, but the sum K;.fﬁu‘ (M) is a generating function of topological invariants
which do not depend on 7.

In matrix form, one has for d*,d~ > 0,

—V/—1
K*Nara- = O (V17N 4 Zar G (N )0 Za- 0° (=)
Hence by 20)) we have

v—1
G*(NiT)a+ a- = P (V—17N)a+ Zg+ K*(N)a+ - Za- ©° (TA) o
Taking the derivative in 7 on both sides, one then gets

0 1
EG.()\;T)d-hd— = \/*1)\ (CJd+ 'G.()\;T)d+7d— - ﬁG.()ﬁT)dtd— CJ;_) .

This completes the proof of the cut-and-join equation for G* and hence the proof
of the formula () of two-partition Hodge integrals.

Corollary 3.5. We have

Zu

. X+ (Cput) —xn, X~ (Cu-)
uﬂu‘o‘) :2"27# .me_(e\/_l/\) EAS/ I T
nE n

Proof. By (@), () and (5] we have
e (A

pt,pu—

= Z <I>:L+7V+(—\/—17’)\),21,+G;+)V,()\;T)le(I);,#,(_—

£ ]=|p*]

I

)

_ Z o~ VL4 (272 X+ (Cu+) Xp+ (Cu+)

S Zy+
Zu+ Z+

vE pE pE

. Xn+ (CV+) 6\/7_1N’7+ T)\/2Wn+,n* (emA)eﬁﬁn*T_1A/2 Xn— (Cl/_)

Zy+ Zy-

. Xp— (Ou*) Xp- (O,u* ) e—lefp_ (2)771x
Zy— z

“Zy-

Z Xnt (Cu"') ) Wn*,n* (e\/__l)\) ) Xn— (Cu‘) .

ZM+ YA

nE W

In the last equality we have used (7). O
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4. RELATIVE STABLE MORPHISMS AND RELATIVE VIRTUAL LOCALIZATION

In this section, we will give a brief review of the moduli spaces of algebraic
relative stable morphisms [19, 20] (see [17, 13} 4] for the symplectic approach) and
virtual localization on such spaces [9, [11].

4.1. Relative stable morphisms. The definitions given in this section are based
on J. Li’s work on relative stable morphisms [19] 20], with minor modifications.

Let Y be a smooth projective variety. Let D', ..., D* be disjoint smooth divisors
inY. For a =1,...,k, define

A(D*) =P(Ope & Npayy) — D,

where Ny denotes the normal sheaf of a subvariety D in Y. The projective line
bundle A(D%*) — D has two distinct sections

D§ =P(Op- ®0), DS =P(0 @Npa/y).
We have

~

Npg/ame) = Npayy, Npajame) = Npeyy.
Let
AD)(m) = A(D*) 1 UA(D*)2U -+ UA(DY)m,
where A(D%); =2 A(D®) for i = 1,...,m. Let D¢, and Df', be the two distinct
sections of A(D%); which correspond to D§ and DS, respectively. Then A(D%)(m)

is obtained by identifying D, with D{,; ; fori =1,...,m—1 under the canonical
isomorphisms

o A~ DA A~
Di,oo =D% = Di+1,0'

Define
Dy = D7y, Dy =ADY); NADY)it1, Dy = Dy oo
where ¢ = 1,...,m — 1. The C*-action on Opa induces a C*-action on A(D%)

such that A(D®) — D¢ is C*-equivariant, where C* acts on D trivially. The
two distinct sections D§, DS are fixed under this C*-action. So there is a (C*)™-
action on A(D®)(m) fixing D, ..., D(,, such that A(D%)(m) — D* is (C*)™-
equivariant, where (C*)™ acts on D? trivially.
The variety
k
Yim',...,m* =Y U (] ADY)(m")
a=1

with normal crossing singularities is obtained by identifying D* C Y with DE}J) C
A(D®%) under the canonical isomorphism. There is a morphism

mlmt, ... omF Y mt, o omM] - Y

which contracts A(D®)(m®) to D®. The (C*)™"-action on A(D)(m®) gives a
(©*)m'++m" on Yim!, ..., mF] such that w[m?, ..., mk] is (C*)™' ++m" _equivar-
iant with respect to the trivial action on Y.

With the above notation, we are now ready to define relative stable morphisms
for (Y; D, ..., DF).

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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Definition 4.1. Let § € H5(Y,Z) be a nonzero homology class such that

o = /ﬁcl(O(Da)) > 0.

Let u® be a partition of d*. Define
MQ7O(Y;D1, DR Bt )
to be the moduli space of morphisms
PO ) = Y]
such that

(1) (C, {x}}i(zﬂll), . {xk}l(# )) is a connected prestable curve of arithmetic

genus g with Za:l (1) marked points.
52; (m[mt, ... ,mF o f).[C] = B € Ho(Y; 7).
3

f m"‘) Z :U’z i

as Cartier divisors. In particular, if d* = 0, then ffl(D(ama)) is empty.

(4) The preimage of D(C;) consists of nodes of C, where 0 < < m® —1. If
fly) € Dfy and Cy and Cy are two irreducible components of C' which
intersect at y, then f|c, and f|c, have the same contact order to D(C;) at y.

(5) The automorphism group of f is finite.

Two morphisms described above are isomorphic if they differ by an isomorphism

of the domain and an element in (C*)™ +~+m" acting on the target. In particular,
this defines the automorphism group in the stability condition (5) above.

Remark 4.2. In [19] 20], the number of divisors k& = 1, but the construction and
proofs in [19] 20] show that
MQ,O(Y;Dla"'ka | 6;/141,"'7,”’k)

is a separated, proper Deligne-Mumford stack with a perfect obstruction theory of
virtual dimension

k
[ e+ (= g)aimy =)+ S - )

a=1
where TY is the tangent bundle of Y.
Definition 4.3. We define the moduli space m;(Y;Dl, o, DF | Byt )
similarly, with (1) replaced by the following (1)®, and one additional condition (6):
(1) (C, {J:zl}i(:“;), . {xk}l(“ ) ) is a possibly disconnected prestable curve with

22:1 1(1®) marked points. Let C1,...,C, be the connected components
of C, and let g; be the arithmetic genus of C;. Then

n

> (2-2g:) = x.

i=1
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(6) Let 5; = s [C;], where C; is a connected component of C. Then (; # 0,
and
[ 0w =0

fora=1,...,k.

By [19] 20], M;(Y;Dl, ..., DF | B;ut, - pF) is a separated, proper Deligne-
Mumford stack with a perfect obstruction theory of virtual dimension

k
[y Sy )+ S - )

a=1

4.2. Tangent and obstruction spaces. This section is based on [20, Section
5.1]. We first introduce some notation. If m® > 0, define line bundles L on
Dgjy C Y[m!,...,m"] by

0,
— (0)
! NDE’;)/A(D“)I X ]\TD(DE)/A(DOC)ZJr1 1< l < mo‘ — 1.

a { ND(DE))/Y ®NDO‘ /A(D*)q

Note that Lj* is a trivial line bundle on Da).

The tangent space T and the obstruction space T? of
ﬂg,O(Y;D:l’"'?Dk | /6;#17"')uk)
at the moduli point
£ At YD) = Vit ]

are given by the following two exact sequences:

0 — Ext°(Qc(R),0¢) — HY(D®) — T*

(24) — Ext'(Qc(R),0¢) — HY(D®*) — T? — 0,
(25)
k \
0 — HO C, f* (QY[ml,...,mk](Zlog D?m‘*))) - HO(D.)
a=1
k m*—1
- P P HoR)
a=1 1=0
k \%
1 * a 1 .
— H (C,f <QY[m17 Amk](zlogD(m&))> —H (D )
a=1
k m*—1
- @ He}t(R?.) — 0,
a=1 [=0
where
k Up™)
R = Z Z x3,
a=1 i=1
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(26)  HIRI)= D T, HAD)) @ T (7 AD)) = CoF,
q€f~1(DG))
(27)  HL(RP*) = HO(DG), L{)®" | HO(DG, L
and nf* is the number of nodes over Df*. In (27)),
HY( - L") — H( (z),La)@nl

is the diagonal embedding.

We refer the reader to [20] for the definitions of H(D®) and the maps between
terms in (24), (25). Here we only explain the part relevant to virtual localization
calculations. The vector space

B; = Ext’(Q¢(R), Oc¢)
is the space of the infinitesimal automorphisms of the domain curve (C, R), and
B, = Ext'(Q¢(R), O¢)

is the space of the infinitesimal deformations of (C, R). Let C be the normalization
of C, R C C be the pull-back of R, and R’ C C be the divisor corresponding to
nodes in C. From the local to global spectral sequence, we have an exact sequence

0— B470 — By —>B4,1 — 0,

where

By =H'(C,Exty (U (R),0c)) = H(C,Qc(R)Y)
is the space of infinitesimal deformations of the smooth pointed curve (C, R+ R'),
and

Byy = H"(C,Extp, (R (R),00) 2 P TyCe Tyl
q€Sing(C)
corresponds to smoothing of nodes of the domain curve. Here Sing(C') is the set of
nodes of C, and ¢',¢" € C are the two preimages of ¢ under the normalization map
C — C. The tangent line of smoothing of the node ¢ is canonically identified with
Tq/é & Tq”é.
The complex vector space

k \%
B2 = HO Ca f* (QY[ml,...7mk](Z IOgD?ma))>

a=1

is the space of infinitesimal deformations of the map f with fixed domain and target,
and

k \%
Bs = Hl Ca f* (QY[ml,...7mk](Z 10gD?m°‘))>

a=1
is the obstruction space to deforming f with fixed domain and target.
Finally, let

m—1

@ et Rao
=0

m*—1 k
D Hi®}"), B =P
=0

a=1

b

a=1
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The complex vector space HYL (R®*) correponds to obstruction to smoothing the
nodes in f*I(Dﬁ)). More explicitly, let

fﬁl(Da)) = {‘h, e 7qn},
and let v; be the contact order of f to Df’g) at ¢; (of either of the two branches of
f near ¢;). Then By — H'(D®) in (4] induces a map

n
P .Cor,.C - HLR?®) = H DG, L7)™" [ H (D), L})
=1

($1y.vy8n) +— [(sTY .. s0m)],
where we use the isomorphisms
A A\ ®vi
HO( (of)sza) = (L) f(an) = (Tqic® Tqi'c)

The first isomorphism follows from the triviality of the line bundle L{* — Da).
We see that the obstruction vanishes iff the smoothing of the nodes qi,...,qy,
is compatible with the smoothing of the target along the divisor Dy, which is
parametrized by the complex line H° (D(%, Ly).

4.3. Relative virtual localization. In this section, we assume that a torus 1" =
(C*)" acts on Y, and D', ..., D* are T-invariant divisors.

Under our assumption, Npe /vy — D% is T-equivariant, and the T-action ex-
tends to A(D?). So T acts on Y[m!,...,m*] and acts on M, o(Y;D!,..., D" |
B;pt, ..., 1F) by moving the image.

The T fixed points set M, o(Y; D!, ..., D¥ | B;pt, ..., pu*)T is a disjoint union
of

{Fr IT €Gyo(Y;D',...,D" | By, ..., ")},
where each I' € Gy o(Y;DY,...,D* | B;ut,...,u¥) corresponds to a connected
component, or a union of connected components, Fr of HQ,O(Y;Dl,...,Dk |
Bipt, ..., uF)T. Let

= (el b)) € Fr € Mgo(YiDY . D | Bt i),
for some I' € G, o(P, p). The T-action on M, o(Y;DY,...,DF | Biput, ..., uk)
induces T-actions on the exact sequences ([24)), [25) which define 7' and T2. Let

T and T%™ denote the fixing part and the moving part of 7% under the T-action,
respectively, where ¢ = 1,2. Then

A
defines a perfect obstruction theory on Fr, and
TLm _ T2,m

defines the virtual normal bundle N}’_—‘Fr of Frin My o(Y; DY, ..., D | Byut, ..., k).
More explicitly, let B]” denote the moving part of B; under the T-action, where
i=1,...,6. Then BT = 0. Note that there are subtleties due to the (C*)™' ++m"_

action on the target Y[m!,... mF]. We have
1 er(T*™) _ er(Bfer(BE)er(BE')
er(Ng¥)  er(Thm) er(By")er(B]")
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In [9], T. Graber and R. Pandharipande proved a localization formula for the
virtual fundamental class in the general context of C*-equivariant perfect obstruc-
tion theory. In [I1], T. Graber and R. Vakil showed that moduli spaces of relative
stable morphisms satisfy the technical assumptions required in the general formal-
ism in [9] and derived relative virtual localization under the assumption that the
divisor is fixed pointwisely under the C*-action [II, Theorem 3.6]. In our context,
the localization formula proved in [J] reads:

vir

(28) [ﬂg7O(Y;D1’...,Dk |ﬂ;u1,...,uk)]T
- > (i0)- (%) ,
PEG,0(Y;D,...,D¥|Bsut ..., uk) er }-F)
where
iz Fr— Myo(Y;DY, ... ,D* | gty .o 1)
is the inclusion, eT(N}éiFr) is the T-equivariant Euler class of the virtual normal
bundle N}‘Fr =Tbm _T2%™ over Fr,

(Myo(Y; DY, ..., DF | Byt )5
€ AT(Myo(Y;DY,...,D* | B, ..., 1¥); Q)

is the T-equivariant virtual fundamental class defined by the T-equivariant perfect
obstruction theory 7% — T2 on M, o(Y; DY, ..., DF | B;ut, ..., pu¥), and

[Frit € AV (Frs Q)
is the T-equivariant virtual fundamental class defined by the perfect obstruction

theory TV/ — T2/ on Fr.
Similarly, we have

(29) [m;(YﬂDlvaDk|ﬂaﬂlaaﬂk)]

_ . []:'F]vir
= Z Mk)( ]—'r)* <7€T(N]\i3§)> .

PeGy(Y;DY,...,Dk|B;pl -

vir

5. DOUBLE HURWITZ NUMBERS AS RELATIVE GROMOV-WITTEN INVARIANTS

In this section, we study double Hurwitz numbers by relative Gromov-Witten
theory.

5.1. Relative morphisms to P'. Let [Zy, Z1] be the homogeneous coordinates of
P!. Let C* act on P! by
t- (2o, Z1] = [tZo, Z1]
for t € C*, [Zy, Z1] € PL. Let
sT=00,1], s~ =[1,0]

be the two fixed points of this C*-action.

Let u* and g~ be two partitions of d > 0. Let [P!] € Hy(P';Z) be the funda-
mental class. Define

Mo (P 1, ) Myo(P 5™, s75d[P'], p*, 7)),
ﬂ;(P1’N+’N7) = M;(PlﬂS+7Si;d[P1]7M+7M7)'
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The virtual dimension of M (P!, ut, ™) is
29 — 2+ 1(p") + (™),
. . . Wi 1 + —N
and the virtual dimension of M, (P*, u™, ™) is

=X+ Un) +Un7).

We extend the C*-action on P! to P'[m™,m~] by trivial action on A*[m*],
which is a chain of m* copies of P'. This induces C*-actions on Mgo(PH ot pu)
and M; (P!, u*, 7). Define the moduli spaces of unparametrized relative stable
maps to the triple (P!, s*,s7) to be

Moot 1) //C = (Mo ut 17)\ Mo (P it 7)) f €,

Myt 1)/ /€ = (MYt w7 ) \ My (P!t w)E) [ €

Then M, (P!, ut, p7)//C* is a separated, proper Deligne-Mumford stack with
a perfect obstruction theory of virtual dimension

29 = 2+1(p") +1(p7) - 1,

and M;(Pl,;ﬁ,u_) //C* is a separated, proper Deligne-Mumford stack with a
perfect obstruction theory of virtual dimension

=X +UpF) +1(p7) - L.

5.2. Target ¢ classes. In the notation in Section A1l we have AT = P! A% (m)
is a chain of m copies of P!, and D(il) is a point, for { = 0,...,m*. Let L* be the

line bundle on M (P!, ut, n7)//C* whose fiber at

[f : (C,I]_, s L(pt)y YLy e e 7yl(p‘*)> - ]P) [m m ]] € Mg70(Pla,U/+?:u_>
is the cotangent line

17+ (Pl [m™, m*])

(m¥)

of P{m*,m~] at the smooth point D(fni). We then define L™ and L~ on
m;(Pl,;ﬁ,u*)//(C*, similarly. Define the target ¢ classes

W =ca(lt), ¢ =ca(l),
The following integral of 4)° arises in the localization calculations in [23]:

/ PO 29=2H 1+ =1
(Mg,0(BL it =)/ /C]vir

In Section (.8 we will relate such integrals of target 1 classes to double Hurwitz
numbers (Proposition [5.4] (.1).
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5.3. Double Hurwitz numbers. Let u*, 1~ be two partitions of d > 0. There
are branch morphisms

Br: My o(P', ut,u™) — Sym29-2HEDHED) pl o p2o-2410a)+H ()

Br ﬂ;(}pl’ AT Sym—x+l(u+)+l(u*) P! o pxH ) (7).

9

The double Hurwitz numbers for connected covers of P! can be defined by

1

— Br*(H29*2+l(u+)+l(u‘))’
| Aut ()] Aut(p)| /[Mg,o(w,m,u—)]vir

H(p*,p™)

where H € H2(P29-2+")+(17); 7)) is the hyperplane class. The double Hurwitz
numbers for possibly disconnected covers of P! can be defined by

1

H® = Br*(H X mH+n7)y
ot = TRGOTATG)] S )

We have
H2.72g,u+,p,— = Hg; (/LJrv Ni)

Recall that Hp(u't, p~), Hy(u', p~) are defined combinatorially in Section Bl
We define generating functions of double Hurwitz numbers as in Section 3:

. \ s A29—2+(p ) +H(u7) (1
v = B e )
. A—XH () H(pT) .
wr-(A) = Z _ T v Hxt
a2,y <mintigeyageyy (X TR 1)
o (NptpT) = Y O -(Mphp,
H
e NptpT) = 1+ Y @ (Mphip-
o~
Then
(N pt,p7) = exp(®°(A;pT,p7)).
Note that
O+ -
30 d°. (0 :&’
(30) - (0) e

where z, = vy -+ vy | Aut(v)|, so

iy
B0 ) =1+ 30 AL
o W

5.4. Gluing formula. Let k™, k™ be positive integers such that

KT+ k™ = —x+1pT)+1(p).

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



166 CHIU-CHU MELISSA LIU, KEFENG LIU, AND JIAN ZHOU

By the gluing formula of algebraic relative Gromov-Witten invariants [20, Corollary
3.16], we have

/ Br (H X HEH)+™))
My (Pt )] vir

_ 3 / Br*(H*")
[ﬂ;d' (]Pl 7M+ >V)]Vir

X () U () =k

i -
L Br*(H* ),
| Aut(v)| /W;- (PY v, )]

where
Ay = V1 Vi(v)-
Therefore, we have the following gluing formula for double Hurwitz numbers:
Proposition 5.1 (Gluing formula). Let k*, k™ be positive integers such that
KT+ k™ = —x+1p) +1(p).
Then
(31) ot = Z Hs e 2o 3y i
—xEH(pE) H(v)=k*

Recall that z, = a, | Aut(v)|.
Let d = |ut| = |u~|. It is straightforward to check that Proposition [5.1] implies
the sum formula

(32) S 0%, (A28, (A2) = Do (A1 + M),
|v|=d
which was derived in Section from the combinatoric definition.
The cut-and-join equations (23]) for double Hurwitz numbers are special cases

ky =1, k_ =1 of Proposition Bl More precisely, differentiate (82]) with repect to
A1, and then set A\; = 0. We obtain a cut-and-join equation:

d () (] [ ]
(33) a@/ﬁ’u‘()‘) - Z Hl(l’«+)+l(”)*1>ll«+xVZV(I)V7M_(A)'
lv|=d

Differentiate ([82) with repect to Mg, and then set A = 0. We obtain another
cut-and-join equation:

d .
(34) P N =D e (N2 H ) i) e
lv|=d

Define the cut-and-join coefficients

(Cw = Hijy) 11wy 1,7
They are the entries of the matrix C'J; in Section 33l The cut-and-join equations

can be written as
d

(85) P (V)= Y (O @, (N) = D 0 ,(N)(C)
|v|=d lv|=d

which is equivalent to (23) in Section
dCl)\(I)d—CJd (I)d_q). CJd
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Remark 5.2. The cut-and-join equation of the Hurwitz numbers Hy (), Hg (1) was
first proved using combinatorics by Goulden, Jackson and Vainshtein [8] and later
proved using the gluing formula of symplectic relative Gromov-Witten invariants by
Li-Zhao-Zheng [18] and Ionel-Parker [14]. The gluing formula of symplectic relative
Gromov-Witten invariants was proved in [I7,[14]. The relationship between Hurwitz

numbers and relative Gromov-Witten invariants of P! is studied extensively in [28].

5.5. Localization. In the rest of this section (Section ), we will fix x, u*, 4~ and
write
r=x ) ), apr - = [Aut(ph)|] Aut(u)].
In the spirit of [23, Section 7], we lift H" € H?"(P";Z) to
[[H - wiew) € HZZ (P 2),
k=1
where w;, € Z, and compute

1 / :
S b = Br* (H — wyu)
o Apton= SIS (Pt )i (H

k=1

by virtual localization.

5.6. Torus fixed points and admissible triples. Given a morphism
fHOAY) @) = Pt m,
which represents a point in ﬂ;(Pl, pt, u)C, let
f=nlm*,m o f:C — P,

and let C* = f~!(s%). Then

C=CTuULuUC,
where L is a disjoint union of projective lines. Let

fF=flet : C*F - AF(m*),  fO=flp:L—P.
Then fO is a morphism of degree
d=|u*| = ||

fully ramified over sT and s~. The degrees of f° restricted to connected components
of L determine a partition v of d.

Let C’1+ ey C’,j be the connected components of C*, and let g; be the arithmetic
genus of C;". (We define g; = 0 if C;" is a point.) Define
k
X =Y (224,
i=1

and define xy~ similarly. We have

—xt+2w)-x =—x.
Note that x* < 2min{l(x*),1(v)}. So

=X ) +1(v) 20,
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and the equality holds if and only if m*™ = 0. In this case, we have v = uT,
xT =2l(u"), and x~ = x. Similarly,

=X 1) +i(p") =0,

and the equality holds if and only if m~™ = 0. In this case, we have v = u~,
X~ =2l(p7), and xT = x. There are three cases:
Case 1: m~ = 0. Then f~ is a constant map, x* = x, v = pu~, and f*

represents a point in
NGB, 1, 7).
Case 2: m™ = 0. Then f* is a constant map, x~ = x, ¥ = 4", and f~ represents
a point in
M (Pt 7))/ /C
Case 3: m*,m~ > 0. Up to an element of Aut(v), fT represents a point in
mX'*' (Pl’ ,u+, v)//C",
and f~ represents an element of
A 1 — *
M- (B, u7)//C
Definition 5.3. We say that a triple (xT,v, x™) is admissible if
o X", xT €2Z;
e v is a partition of d;
o XF < 2min{l(uF),l(v)};
o —xT+2W)—x" =—x-
Let G;((IP’I, ut, 1) denote the set of all admissible triples.
We define
Mx#ﬁﬂ(;f) = m><([P>17 M+’ po)//C,
m2l(p,‘*‘)7;ﬁ',)( = mx(]P)l’ /LJr’ /1“7)//@*7
and define
My - = (M (@1 1,0/ /C) x (My- (B, v,17)/ /)
if (xT,v,x7) € Gy(P', ', u7), and
X" +l(pT)+1v) >0, —x +I1{v)+1(p")>0.
For every (x*,v,x7) € G3(P', u™, u™), there is a morphism
ixﬂl/)xf : MX*J’,X* — WX(IP’l, p+, p_),
whose image F,+ , - is a union of connected components of M; (PL, ut, ,u_)‘c*.
The morphism 4+ , ,~ induces an isomorphism
MX+7VxX_/AX+xV;X_ = Fxtwxs

where

Wp™) Up™)
Axw*,?l(u*) = H Zujv A2l(u+)7u+,x = H Zujv
i=1 i=1
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and for —x* +1(u*) +1(v) > 0, we have
1(v)
1— HZM — Ayt - — Aut(v) — 1.
i=1
Recall that a, = vy --- vy, and z, = a, | Aut(v)|. We have
(A= 210)| = @ Ay ot x| = aprs
and
[ At w1 = 20
if —x* +1(p*) +1(v) > 0.

The fixed points set M} (P, i+, 4~)C" is a disjoint union of

{Fat o | X mx7) € GY(PY ut 7))

5.7. Contribution from each admissible triple. Let (x*,v,x™) € Gy(P', ut,
1~ ). We have
Br(Fyt po-) = (=X +1u") +10)s™ +(=x" +1(v) +1(u7))s~ €Sym" Pt =P,
where 7 = —y + (u™) + (™) as before. So

T T

i;MXBf(IUH—uw>=IB—Vmeﬂ+Mm—wmﬁ
=1 1=1

Let N)‘(’if’m_ on Mxﬂwx‘ be the pull-back of the virtual normal bundle of

Fyt vx- In M;(Pl,;ﬁ,u‘). Calculations similar to those in [23, Appendix A]
show that
1 %
ec (N30 2(u-)) u— P
1 _ O+
ec (Ngll(ruﬂ’uﬂx) —u =90

and for —x* +1(p*) +1(v) > 0, we have

1 - ay ay
ecr (N3 ) w—Uf —u =yl

where 1°, Y9 are the target 1 classes on

Mx+(IP1aM+’V)’ M;_(PI,V7/},_),

respectively.
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Let w = (w1, ...,w;). Then

_ 1 B 2wy B (o (H — wiw))
Ly 21— (w) = a _ . (Nvir )
A N T A ec Ny u=21(pm)
T ur
Lo
11;11 [ﬂxyu’ﬁl(uf)]wr w= ’lﬂoo

r

= He-w [ ey,

M (B, u =) / /CH]vir

—/ Zzl(#”),u*,x v ([T, (H — wyu))

Loty x (W) =

Moty VT éc- (NQVZI(YM),M,X)
u/,"
S | (R B
=1 ['/\/(2l(u‘*'),u‘*'»c]vir U w

- ITw /[, Wy,
=1 (ME (Pt p=)//Ce]vi

and
_ 1 it e B (1= (H — wiw))
Zy [HX_*_YU,X_]vir ec*(N;(/gVX )
a, T
= TAw(r)| (H(—x+ +U(ph) +1Uv) - wl)>
=1
/ v
[MX*»:VYXi]Vir (’LL — wj’ro)(—u — d)g)
a, T o )
~ TAw()] (F[(XJr +Upt) +U(v) wz)) (—1)=x HEHE)
=1
/ 00)*><++l(u+)+l(u)f1
[m;d, (P1,pt,v)//C*]vir
/ (¢0)*X_+1(V)+l(u‘)—1.
(M5~ (B v,um)/ /Co]vir
5.8. Sum over admissible triples. Recall that o+ ,- = | Aut ()| Aut(p).
We have

1 / -
S - = Br* (H — wu)
Xl TH Qpt [ﬂ;(]?l’u+’p‘—)]vir ZI:II
1
= Z IX"'MX‘(w)'

O+ -
R (e vx ) EGL (Pt u—)

Letting w = (0,1,...,r — 1), we have

. _ Lo apy(w) 7! /
ptop Cpt = J MY (Bt =)/ /CH]viE

oco\r—1

Xout,p— a
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Letting w = (1,2,...,r), we have

. B IQl(N+)7M+)X(w) 7!

L _ / ().
ORTH Xt = Qut = SR (Pt =) /€] i
We conclude that
Proposition 5.4.
(]
xoptnm 1 / POt
rl Xt u= JIME (Pt ) / /T
_ 1 / /IZ)OO)T71
Qpt u= JM (Pt p=)/ /CH]Vir

where
r=—x+Ip") +ipT),  aur - =|Aut(ph)||Aut(pT)l.

If we replace ﬂ;(]P’l whou™) by My o(PH ut, ™) in Section B8] we get
Proposition 5.5.
He(ph,p™) 1 T,
g _ /[ (wO) 1

i .
r Qut,u= J[Mgo(PL,pt,u=)//Cx]vir

)
au+7/i7 [ﬂg,O(P17H+1ﬂ_)//C*]Vir

oco\r—1

where

r=2g-2+1p") +UpT), o = Aut(p’)][ Aut(uo)].

6. MODULI SPACES AND OBSTRUCTION BUNDLES

In this section, we introduce the geometric objects involved in the proof of (@)
and fix notation.

6.1. The target X. Let T = (C*)? act on P! x P! by
(36) (t17t2) : ([X17}/1]7 [X27}/2]) = ([t1X17}/1}7 [t2X27}/2])7

where (t1,t2) € T, [X1,Y1] € PL, [Xa,Y3] € PL. Let X be the toric blowup of
P! x P! at ([1,0],[1,0]). Let D5 be the exceptional divisor, and let Dy, Dy, D3, Dy
be the proper transforms of

{[0,1]} xP', {[1,0]} x P, P'x{[0,1]}, P'x {[1,0]},
respectively. Let 3; € Ho(X;Z) be the homology class represented by D;. We have

5
Hy(x:2) = (@D26:)/ (25— Br— ) & L(Bs — Ba — )

= 1B1 D LB3 D LPBs.

Let 3f € H*(X;Z) be the Poincaré dual of 3;, i = 1,...,5. The intersection form
on

H?(X;Z) = LB} ® LG5 ® LP;
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172
is given by
pi B3 B
g 0 1 0
G5 1 0 O
gg 0 0 -1
So

Bs-B5=0B;-Br=-1, B3 -B;=0.
The T-invariant divisor

Kx =—-Dy — Dy — D3 — Dy — Ds
is a canonical divisor of X, so
a(Tx) =267 + 265 — B5.
For (u*,pu~) € P, define
Myo(X, 5, 57) = My o(X; Do, Dy | |5 18s + | |Br; 't 7).

and let M} (X, u*, =) be the subset of
M(X; Do, Dy | |18+ ™ Bt )
which consists of morphisms
f:C— X[m*,m7]

such that for each connected component C; of C, f.[Ci] € Ho(X;7Z) is an element

of
{afBs +b61 | a,b € Z>g,(a,b) # (0,0)}.
The virtual dimension of M o(X, ut,p7) is
=g— L+ + 1) + e[+ 1u0),

Tgut =

and the virtual dimension of H;(X, pt ) is

. X - -
Mot e =~ F ) + [T+ 1),

The moduli space M, o(X, uT, ™) plays the role of Mg (P!, 1) in the proof of

the Marino-Vafa formula [23].
We have
Dy >P' =Dy, Np,/x = Op(—1) = Np,/x,

SO
A(Dy) 2T 2 A(Dy)

in the notation of Section 1] where [F; is the Hirzebruch surface

P(Op1 @ Op1(—1)) — PL.
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6.2. The obstruction bundles. Let
. Vi + -
™ .Ug7u+7u— — Mg’()(X,u , )
be the universal domain curve, and let
. yvi + -
P Ty = — Mgo(X,u,p07)
be the universal target. There is an evaluation map
FUy = = Tg e e
and a contraction map

77,

gt — X

Let Dy ,+ ,— C Uy ,+ ,~ be the divisor corresponding to the I(u™) 4 1(p~) marked
points. Define

Ve = Ri7, <F*(’)X(—D1 ~D3)® Oy, , _ (—Dgw,,)) ,
where F = 7o F :Uy i+ i~ — X. The fiber of V, 4 ,— at
[f : (C7x15 e T(pt) Y1 - ayl(,u’)) - X[m+’ m_]] € m57,0()(7 /j/+7/’(‘_)
is
HY(C, f*Ox(—D; — D3) @ Oc(—R)),

where f = n[m*,m~] o f, and

R=z1+...+xuey+y1+ + Y-
Note that

H°(C, f*Ox(—Dy — D3) ® Oc(—R)) = 0
and

deg f*Ox(=D1 = D3) ® Oc(=R) = —|u*| — |u~| = U(u™) = U(u"),
80 Vit u- — Mg o(X, u, ™) is a vector bundle of rank
Pgut - =9 — L+ [ [+ 1) + [ + 1)

The vector bundle V,, ,+ ,- — Mg o(X, T, 17) plays the role of the obstruction
bundle V — M, o(P!, 1) in the proof of the Marifio-Vafa formula [23, Section 4.4].

Similarly, we define a vector bundle VX’ i of rank

. X .
Mot e =~ F ) + e 4+ 10

on M (X, i, ).
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6.3. Torus action. Recall that T = (C*)? acts on P! x P! by ([B6). It lifts to a

T-action on X such that X — P! x P! is T-equivariant. Let Tk = U(1)? be the

maximal compact subgroup of T. The Tg-action on X determines a moment map
Ky - X — t]ik{a

where t = R? is the dual of the Lie algebra tg of Tk.

We now lift the T-action on X to the line bundle Ox (—D; — D3) as follows. We
only need to specify the representation of T on the fiber of one fixed point of the
T-action. The fixed points of the T-action on X are
20=D1ND3, zy=D3sNDy, z_=D1NDy, zZy=DyND;5, ZzZ_=DyND:s.

Figure 1 shows the image of Dy, ..., D5 and the above five fixed points under the
moment map pug, : X — tg.

D,

20 a

FIGURE 1. The image of pp, : X —

Let (w1, ws) denote the one-dimensional representation given by
(t1,t2) - 2 = t11t5%2
for (t1,t2) € T, z € C. The character ring of T is given by
ZT = Z]a, 5],

where «a, § are the characters of the representations (1,0), (0, 1), respectively. The
representations of T on the fibers of Tx and Ox(—D; — D3) at fixed points are

given by:
20 Z4 Z_ Z4 Z_
Tx of |—afla,-B|B-a-F|a=-p -«
Ox(=D1—Ds) | —a—=B| -8 | -« 0 0
Note that
tg X Ra® RS,

and the representations of T on the fibers of T'x at the fixed points can be read
off from the image of the moment map as in Figure 1. The action of T on A(D-)
and A(Dy) can be read off from Figure 2. This extends the action of 7" on X to
X[m*,m~]. So T acts on M o(X,p", ") and ﬂ;(X, wt, 1) by moving the
image of the morphism.

The T-action on Ox (—D; — D3) induces T-actions on Vg.ut ,u— and on Vx.,uﬂu
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FIGURE 2. The images of pu, : A(Dy) — t; and ,u;R :A(Dy) —

7. PrROOF OF ([6])

Let X be defined as in Section Recall that T = (C*)? acts on X. Let
D1, ..., D5 be T-invariant divisors in X defined in Section

Let
ot — Mo (X 07)
be defined as in Section [6.2] with the torus action defined in Section Define
1
K? - = e(V? -),
ntm | At ()] Aut ()] Jwas (gt oo Vi)
)t
. _ ) (1)
utpu ) = Z AT g W H)+1 (=) T xontop
XE2Z,x<2(U(uH)+1(1)) v—1
In this section, we will compute

. _ 1 /
Xt | Aut(pt) || Aut(po)] M (X )] vie

by relative virtual localization, and derive the following identity:

eT(VX.M”';M_)

Proposition 7.1.

V=1

T

@ Ko N= S @ (VI 2 G ()20, (

lvE|=[n®]

A).

7.1. Torus fixed points. Given a morphism

+ —_
(C a7y ) — X m*m™)

which represents a point in ﬂ; (X, ut, )T let

f=amt,m)of:C— X.
Then

f(C)CD1UD2UD3UD4UD5,

f(‘xl) € {Z+a2+}’ f(yj) € {Z—ag—}'

See Figure 1 in Section [6.3] for the configuration of the T-invariant divisors Dj,
..., D5 and the T fixed points zg, z4,2_,24,2_.
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If

f*(C) =n1D1 +noDy 4+ n3D3 + ngDy + nsDs
as divisors, then
F:[C) = (n1 4+ n2)B1 + (n3 + n4) B3 + (15 — n2 — 14)Bs

as homology classes.
Let

J = {(n1,n9,n3,n4,n5) € Z° | ny > 0,n14+n9 = |~ |, ng+n4 = |p|,n5 = na+n4}.
Given 7 = (n1,n9,n3,n4,n5) € J, let
M;, C M;(X’ pwtop)”t
be the subset which corresponds to
f+(C) = ny Dy + nyDy 4 ngDs 4 nyDy + nsDs.
Then M (X, u*, u~)7 is a disjoint union of
{Mju:ne J}.
We have the following vanishing lemma:

Lemma 7.2. Let n € J, and let in : My — ﬂ;(X, pt,p™)T be the inclusion.
Then

e (Vi u-)

~0
unless i = (|~ |, 0, |11, 0,0).

Proof. We use the notation in Section Let L = Ox(—D; — D3). We have the
following short exact sequence of sheaves on ﬂ;(X ST )

(37) 0— F*L(-D* ) — F*L — (F*L)ps —0.

X, xont =
Let
si: My (X, phopT) = Luﬂu‘
be the section corresponding to the i-th marked point, and let
evi=Fos;: ﬂ;(X,,qu,u_) - X
be evaluation at the i-th marked point. Then ([B7) gives the following long exact

sequence:
o) ™)
0 — RmF'L(-D}, ,)—RFL—- P el
i=1
— R'w.F*L(=D3 s, )— R'F*L -0,
We have ROF*L = 0, so i )
ot = R'F'L

is a vector bundle over ﬂ; (X, p™, 7). We have the following short exact sequence
of vector bundles over M;(X, wtu):

UpH)+H(u7) 3
(38) 0— @ eviL — Vx.w*,u* - x.wﬂu* — 0.

i=1
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The restriction of the above exact sequence to My is

0 L8 & L2 6 L2 6 12N e i

L]
—
ALt 0,

where ¢!, ..., 0% are partitions determined by

(39) {:u; : f(y]) € Z*}v{ﬂ; : f(yj) €z}, {:ujr : f(xZ) € Z+}a{/¢¢+ : ]?(ffz) €21}

respectively. Note that o', 02,03, o*

M, and

are constant on each connected component of

01U02=,u7, USUU4=;L+.

We have seen in Section that
er(L.,)=—p, er(L..)=—a, er(Lz+)=-er(Lz-)=0,

SO

i*eT(Vx.wﬂu— )=0
unless
(40) (0,0%,0% 0") = (u™,0,u",0).

Let 7 = (ny,ng, ng,ng,ns) € J, ns # 0. Let My (k) be the subset of My which
consists of the points
[f:C— Xm",m™]] € M,
such that ([@0Q) is true, and
fHDs — {27,727}
has k connected components, where 1 < k < ns. Each Mj(k) is a union of

connected components of M.
We claim that

er(Vy$ it =)Moy =0
for all & = (ny,n9,n3,nq,ns5) € J, ns #0, k = 1,...,n5. This will complete the

proof.
Let

[f:C — X[m",m™]] € My(k).
Then C' = C,UC5, where C is the closure of f~1(Ds—{z%,27}), which is a disjoint
union of k projective lines, and C is the union of other irreducible components of

C'. By {0), the ramification divisor R C Cs, and C; and Cs intersect at 2k nodes.
‘We have

0 — HC,[*L(~R)) — H’(Cy, f*Llc,) ® H(Cs, f*L(~R)|¢,) — L @ LT
— H'(C.["L(~R)) — H'(Cy, [*Llc,) ® H'(Ca, f*L(~R)|c,) — 0,

where

H(C, f*L(=R)) = 0= H*(Ca, f*L(~R)|c,)-
The restriction of L to Dj is (equivariantly) trivial, so

HO(Cy, frLICy) = LE*, HY(Cy, f*L|Cy) = 0.
We have

0— L2 — HY(C, f*L) — H'(Ca, f*L) — 0,
S0

Vet I May = L @V
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and
er (V3 i+ u=)Ma ey = 0.
O

Lemma tells us that My does not contribute to the localization calculation

of
1

() = — 6T( () 7)
R [ Aut(ut)]| Aut(uo)) /[M;(X,;ﬁ,u)]vir AT
if 2 # (||, 0, x|, 0,0).
7.2. Admissible labels. From now on, we only consider

M = M0+ 10,0y © Mo (X, 5, 5T

Given a morphism

('t I(u® _
(€, {xy ), 2 ) = Xt m)

i=1 >
which represents a point in M, let
C%=f"(20), CF=f"(2s),
where zg, z4, 2— are defined as in Section Then
C=ctuLtuc®uL ucC,
where L™, L™ are unions of projective lines, f|;+ : LT — Dj is a degree d* = |u™|
cover fully ramified over zg and z;, and f|;- : L~ — D; is a degree d~ = |u~|
cover fully ramified over zy and z_.
Define
PE(m*) = n[m*,m™] 7 (2).
Let
fr="fles: CF = PEm*), ft=flp+: LY - Ds, f=flp-:L" — Dy
The degrees of f * restricted to irreducible components of L* determine a partition
vE of d*.
Let CY, ..., C,? be the connected components of C°, and let g; be the arithmetic
genus of C?. (We define g; = 0 if C? is a point.) Define

k
X’ = 2(2 —2g;).
i=1

We define x*, x~ similarly. Then
—xT 2w = x"+20w) —x = —x.
Note that x* < 2min{l(p*),1(v*)}. So
—xT+1t) +1(pt) >0,
and the equality holds if and only if m™ = 0. In this case, we have vT = put,
xT =2l(pt). Similarly,
X ) +1(p7) 20,
and the equality holds if and only if m~™ = 0. In this case, we have v~ = u~,
X~ = 2l(n~). There are four cases:
Case 1: m™ =m~ =0. Then f*, f~ are constant maps, and v+ = p*.
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Case 2: m*™ > 0,m~ = 0. Then f~ is a constant map, v~ = p~, and fT

represents a point in
o

M+
up to an element in Aut(v™).
Case 3: m*™ = 0,m~ > 0. Then f' is a constant map, v* = u™, and f~

represents a point in

(P, ut %)/ /C

M- (B v, 1)/ /T

X
up to an element in Aut(v™).
Case 4: m*,m~ > 0. Then fT represents a point in

mx* (]Pla :u'+a VJr)//(C*

up to an element of Aut(v*), and f~ represents a point in
e o .
M (P, 47)//C

up to an element in Aut(v™).

Definition 7.3. An admissible label is a 5-tuple (xT,v ", x°, v, x7) such that
XX xT €22
vE is a partition of d*;
Y0 < 2mindl(), 1)}, x* < 2min{l(e®), (o))
o —xT+2wh) —x"+20w7)—x" =—x.
Let G5(X, u*, u~) denote the set of all admissible labels.

For a nonnegative integer g and a positive integer h, let Hg,h be the moduli
space of stable curves of genus g with h marked points. M, 5, is empty for (g, h) =
(0,1), (0,2), but we will assume that Mg 1 and My 2 exist and satisfy

Jo im0 =~
ﬂo,ll—dlﬁ 42

1 1

/MO,Z (L= patn) (1 — potha)  pa + pio

for simplicity of notation. Such an assumption will give the correct final results.
For a nonnegative integer g and a positive integer h, let M;’h be the moduli of
possibly disconnected stable curves C' with h marked points such that

o If Cq,...,C} are connected components of C, and g; is the arithmetic genus
of Oi, then
k
> (2-29) = x.
i=1

e Each connected component contains at least one marked point.

The connected components of ﬂ; ;, are of the form

M917h1 X X Mglwhk’

where
k k

Y 2-29)=x, > hi=h

i=1 i=1
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The restriction of the Hodge bundle E — M; 5, to the above connected component
is the direct sum of the Hodge bundles on each factor, and

k
AY (u) = [T Ay (w).
i=1

We define

MQl(u*)»uﬂx,u‘,Zl(u‘) = MX,I(W)H(V)'

For —x* + I(uF) + 1(v*) > 0, we define

mxﬂuﬂx‘),ui?l(u*) = <m;+ (Pla :U’+a V+)//(C*> X Mxo,l(lﬂr)ﬂ(m)v
Moyt 0w x- = Mo auty+ie-) X (M;, (P!, v, /f)//C*) »
Mx*,u*,)@,u*,x* = (m:ﬁ- (Pla ,qua V+)//C*) X ﬂ;((’,l(l/"')-i-l(u_)

A 1. — — *
x (M- (P10, u7)//C7)
For every (x T, v, X%, v, x7) € GY(X, p*, u™), there is a morphism
It b xO = x MXﬂVﬂXO,V‘,X‘ - ﬂX(X, phoum),

whose image F,+ ,+ y0 ,— o~ is a union of connected components of M. The mor-
phism 4, + ,+ o0 ,- ,~ induces an isomorphism
Mot vt X0 0= X~ /AX+7v+,X°,V‘,X‘ = Iyt X0 x—

where Aoy(,+) it ou—i(u-) 18 trivial, and for x* + I(u®) + I(vF) > 0, we have

l(u+)

+
L — H L+ — Axt w30 - 21y — Aub(p™) — 1,
i=1
l(r™)

1 — 1_[1 Zuj_ = Agi(ut)ut x00- x- — Aut(rT) — 1,
‘7:

W) i(v-)
+ —
1— I_Il L+ % 1_[1 Zyj_ — Ayt vt 00— - — Aut(vT) x Aut(v™) — L.
1= Jj=

So for —x* +1(u*) +1(v*) > 0, we have

[ Ayt ot x0 21| = 2u+s [Aaiut),wt x0 = x| = 205

|AX+7V+7XD,V’,X’ ‘ = ZptRy—-
The stack M is a disjoint union of

{fXJr,V*,XO’VTX* : (X+7V+7X03V7’X7) € G;((Xa :U'Jrvui)}'

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



A FORMULA OF TWO-PARTITION HODGE INTEGRALS 181

7.3. Contribution from each admissible label. Let N;ﬂf vt O - Ol

Myt v+ 40—y~ be the pull-back of the virtual normal bundle of F,+ ,+ yo ,— -
in ﬂ; (X, pT, 7). Calculations similar to those in [23, Appendix A] show that

< .
bt t X0 X eT(Vx,/ﬁ,u‘ )

— ATAA-,

eT(N;cir,l/*,xDWﬂx*)

where

A0 = (-~ l(ﬁ) [y @ 8+ a0) l(ly_[) [T, (v +af)

A+ a,- = - = —
o = Dlar i S D
AV(@A(BAY(~a - B)(afla+ H)E T

1% ala — v o) T, B8 — vy i y4y)

9

)i N

RS B ) "X+, o s, X =2l(p™),
(_1)—7+l(y )—H(H )CL,,+ Bfafw‘*" otherwise,

i (1)), x*t = 21(uh),
- (—1)= % HEHW g, aTx T T D jlﬁ(iw)fl(u L otherwise.

From the definitions in Section and Proposition [5.4] we have

Lt vt xo 0 - (@, B)

1 / i;+v+7x v- _eT(V;N+M_)
[ Ayt ot 30,0 x| x ot X0, = =17 (N;L vt x0T x )

W) +H(e™)
V-1
=t - = e Oxowt e (@ 0)

ok (_1)IM+I+W [ TxT Ty
. (—v/=18/a)~x ++l(V+)+l(H+)H.

S e T B 7 I S
. (—v/—1a/B)=—x T )+” )H‘

N [T ) B

where a,+ ,- = | Aut(p™)|| Aut(p™)|. Let 7 = 3/a. Then

ptop

WpT)+(p™)
Lt ot x0 = x- (@, ) = O‘M,um Yot - (T)
(—y/—17) X"+ +)+l(u+)H.
(—XF HUwF) U)X
(—v/—1/7)7X Ty )+l(u‘)H._ -
(=x~ +lv7) +lp) ok

* 2+

'ZV
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7.4. Sum over admissible labels. Let o+ ,— = |Aut(pt)|| Aut(n™)| as above.

. 1 /
Xoutum T S .
Q= JMY(X )] Vi

1 1
=— Z

+ - At ot 30—
Hs (x*,V+,XOW*,x*)GG;(X,uﬂu*)| Xttt x|

er( ot )

3k L]
/ Zxﬂtfﬂx“#ix*eT(Vx,;ﬁ,u*)
R vir
MIEH o+ X0 0= = er(NY¥ o v )
1
~ Z Lt vt x0,0- x- (@, B)

Lo
BB (b ot X0 0= ) EGY (Xt )

\/_—11(M+)+Z(N_)

- (—1) et I+l ( Z Gowt - (7)
(Xt x0 v x7)EGYL (X, uT,pn)

(7\/7_17)*X++l(v+)+l(u+)H.

(—x T+ L) + U h))r Xt

(,\/Tl/T)fx‘Jrl(V_)H(u‘)H.

(X )+ ) X“)

Zy+

v

Recall that

A
- (X)) = > \xHG )Gy (D

_ - __ _ _K° _.
ptop L) +Hi(p—) T xoptw
XE2ZX<2(U () +(p)) V=
‘We have
. ° . . -V -1
N =Y @ (VTN Gl (N T2, ( —A\).

lvE]=|pt]

This finishes the proof of ().
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