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SEIDEL REPRESENTATIONS
AND QUANTUM COHOMOLOGY OF TORIC ORBIFOLDS

HSIAN-HUA TSENG AND DONGNING WANG

ABSTRACT. We use Seidel representation for symplectic orbifoldsstmicted in[[TW)] to compute
the quantum cohomology ring of a compact symplectic torifotd (X', w).
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1. INTRODUCTION

In this paper we apply the Seidel representations for cotgawplectic orbifolds, constructed
in [TW], to give a description of quantum cohomology ringssyimplectic toric orbifolds. The
main idea in this work can be briefly summarized as follows. (L& w) be a compact symplectic
orbifold. Denote byHam(X,w) the @-)group of Hamiltonian diffeomorphisms ¢ft', w). The
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Seidel representation 0, w) is a group homomorphism

S: ﬂ-l(Ham(X7 w)) — QH;rb(Xv W>X
from the fundamental group df am (X, w) to the groupQ A}, (X, w)* of multiplicatively invert-
ible elements in the quantum cohomology ring(&f,w). Suppose there is a collection of loops
ay, as, ..., ax in Ham (X', w) which compose to the identity loap namely

ay - ag: ... A = €,

SinceS is a homomorphism, we have

S(ay) * S(az) * ... * S(a) = S(e) = 1.
This gives a relation i) H ., (X, w).

SupposéX’, w) is a compact symplectic toric orbifold. Théhcan be defined by a combinatorial

object called thestacky fan>> = (N, ¥, §), see Section 211 for a more detailed discussion. Every
element € N in the latticeN determines & *-action onX’ and hence a loop i am (X, w). Let

S, € QH} (X, ,w) denote the Seidel element corresponding to this loop. Asudised above, if
U1, Vs, ..., v, € N are such that; + v + ... + v, = 0 in N. Then we have

Sy * Sy * .. %S, = Sp = 1.
This allows us to make use of additive relationdNrto give a presentation @4 (X, w).
We now describe our results in more details. Bétbe a compact symplectic toric orbifold

associated with a labeled polytdpa and let® = (N, X, ) be the stack fan associatedAo Let
y1, ..., ynv € N be minimal generators of the raysih For each cone in X, define

SBox(o) := {beN\b:Zaiyi,Ogai<l},

Yi €0
and let Gefw) C SBox(o) be the set of elements which cannot be generated by othieelptints
in o. The union Ge(X) := U,cxGeno) is afinite set and we write GéB) = {yy1, ..., ya }. FOr
eachy; we introduce a variablg;.

Theorem 1.1(See Theorerin 4.4)There is an isomorphism of graded rings

Close,((Pel€ = 1,...n) + SR, + T(X)) QH;

orb

(X7 A)?

where

(1) A is the Novikov ring in Definition3l1;

(2) The symbolios,, (—) indicates that the closure with respect to the valuatigrin (3.4).
(3) Pe € A[Xy, ..., Xu],€ = 1,2,...,n are constructed in Theorem 4.4;

(4) SR, is thequantum Stanley-Reisner idealDefinition[4.2.

(5) J(X) is thecone ideabefined in[(2.5).

Quantum cohomology rings of toric orbifolds have been ®ddn various cases. The case of
weighted projective lines is computed in [AGV, Section 9helquantum cohomology ring of an
arbitrary weighted projective space is computed as a comseg of a mirror theorem in [CCLT].
The case of orbifold projective lines with at most two cydibifold points is computed in [MiTs].

See Theorei 2.2 for the correspondence between sympledtiotbifolds and labeled polytopes.
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The quantum cohomology ring of a weak Fano toric orbifold asnputed as a consequence of
the mirror theorem in_ [CCIT]. For an arbitrary toric orbifid, the quantum cohomology ring is
computed in[[GW] using the quantum Kirwan map![W]. These s works use various methods
algebraic in nature. The method in this paper, based on [Sepl®sentation, is symplectic.

The rest of this paper is organized as follows. Sedtion 2aionstreviews of preparatory mate-
rials including the basics of symplectic toric orbifoldéh-Ruan cohomology, and Hamiltonian
loops. In Sectiof 3]1 we review the resultslin [TW] on the ¢ardion of Seidel representation for
symplectic orbifolds. In Sectidn 3.2 we calculate Seideh&nts arising from circle actions on a
symplectic toric orbifold. This calculation is used in Sen{4.1 to derive a presentation of quantum
cohomology ring of a symplectic toric orbifold. In SectiorP4ve discuss the case of Fano toric
orbifolds.

Throughout this pape#’(X) is the2n-dimensional compact symplectic toric orbifold assodate
with a labeled polytopé\ in the sense of Section 2.2. A= (N, X, 3) is the stack fan associated
to A.
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2. PRELIMINARY ON TORIC ORBIFOLDS

In this section we review some basic constructions and &msit symplectic toric orbifolds. In
this paper we only consider compact toric orbifolds whoseege stabilizer group is trivial, and
we limit our discussion to that case.

2.1. Construction via Stacky Fans. In algebraic geometry, toric orbifold are constructed gsin
the combinatorial object callestacky fansin this subsection we review this construction following
[BCS].

By definition, astacky farconsists of the following data
¥ =(N,%5),
where
(1) N is afinitely generated free abelian group of rank
(2) ¥ € Ng = N ®z Q is a complete simplicial fan, witp, ..., py being its1-dimensional
cones;
(3) 3: Z" — N is a map determined by the elemefits, - - - , by} in N satisfing thab; € p;.
More precisely, let,, ...,exy € Z" be the standard basis, thé(x;) := b,.
We assume that has finite cokernel, anfb,, ..., by} C N C Ng generate the simplicial fan.

The toric orbifold (also known as toric Deligne-Mumfordah®. X' (X) associated t& is defined
to be the following quotient stack

(2.1) X() = [2/G),
whose definition may be explained as follows:
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(1) Z is the open subvarietg@” \ V(Js). HereJy, is the irrelevant ideal of the fan, defined as
follows: let C[z1, ..., zx| be the coordinate ring df", thenJs, is the ideal ofC|zy, ..., 2]
generated by the monomidl§, ., z; whereo run through all cones iix.

(2) G is an algebraic torus defined Ioy= Hom, (NV, C*), whereN" appears in the Gale dual
BY : ZN — NV of 5 (see[BCS]). The7-action onZ is given by a group homomorphism
a : G — (C*)N obtained by applying the functor Herfr-, C*) to the Gale duab¥ : Z¥ —
NV of j.

The quotient[(2]1) may be taken in different categorieshis paper we deal with symplectic toric
orbifolds. For this reason we consider the quotient dsfarentiable stackindeed the&~-action on

Z defines a groupoi@' x Z := (G'x Z = Z) where the source and target maps are the projection to
the second factor and tlie-action respectively. It is easy to see thak Z is a proper Lie groupoid
and the quotient stack (2.1) is the differentiable stacka@ased to this Lie groupoid.

The toric orbifoldX' (X) has a collection of naturally defined étale charts which escdbe. Let
o € ¥ be ak-dimensional cone generated by, , ..., b; }. Define the open subsgt(c) c CV as
U(o) = {(21, .., 2n) € CN|z; #0Vj ¢ {iy,...,ix} }. ThenU(c) C U(d’) if o is contained inv’,
and{U(o)|c € ¥, dim o = n} is an open cover of .

Eachn-dimensional cone induces an orbifold chart ot'(3) which coversl, := U(0)/G.
More explicitly, letN,, be the sublattice dN generated by{b;,, ..., b;, }, N be the dual lattice of
N,, and{u;}7_, be the dual basis d¥}; so that(b;,, u;) = d ;, then we have a map frob, to C"
by

wj = zibl’“ﬂ e zijN’uﬂ, j=1,..n.
The image ofU (o) under this map, denoted &5, carries a group action by, := N/N,:
g-wj = 62”@’“”1,0]- for g € Nlifting g € N/N,, j=1,...n.
ThenG, x V,, defines an orbifold chart oveér, .

Now if 7 is ak-dimensional cone contained in ardimensional cone, then the orbiD, deter-
mined byr has a neighborhood., the orbifold chart7, x V,, restricted to/, defines an orbifold
chart of U,.. Note that this chart is not effective. After reduction, wet gn orbifold chart, x V,
whereG, = (N, ®7 Q) NN /N,, V., is an open set of".

Given an orbifoldX one can consider its inertia orbifoldY := X x y.x X, where the fiber
product is taken over the diagonal map — X x X. In the toric case we can give a more
combinatorial description of the inertia orbifolds, follimg [BCS]. LetX'(X) be the toric orbifold
defined by the stacky fak := (N, X, 3). For a coner € ¥, define

Box(7) := {UEN\U:ZTibi,Ogm < 1},

b eT

and set BokX) := |, .,

(1) The set Box>:) indexes the components of the inertia orbifoldfX):
ITX(X) = Uyeox®) Xw)-

Hereo(v) € ¥ is the minimal cone containingandX|,) = X'(X/o(v)) is the toric orbifold
associated to the stacky fay/o(v) defined in [BCS, Section 4]. Each componény is
called atwisted sectarand Xy ~ X’ is called the trivial twisted sector or untwisted sector.

Box(7). Then we have:
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(2) There is a natural involutio : IX — IX defined byZ((z,v)) := (z,v™'), where
v € Box(7) andv~! is the unique element in Béx) such thaw~! + v € N,. Note that
v~! and—v are different, the later does not lie in Boy.

2.2. Symplectic Toric Orbifolds via Labelled Polytopes. Intrinsically a symplectic toric orbifold
is a symplectic orbifold with a Hamiltonian action by a hdlfnensional compact torus. In [LT]
symplectic toric orbifolds are classified by the combinaiiarbjects called labelled polytopes. This
is a generalization of the classification of symplecticdonanifolds by Delzant polytopes. In this
subsection we review the relation between symplectic torfolds, labelled polytopes, and the
stacky fan construction in the previous subsection.

Let (X, w) be a2n-dimensional (compact) symplectic orbifold. There is a Heomian7"-action
on X with moment map

DX > tF
wheret is the Lie algebra of ™ with a latticel andt* is the dual vector space tf The imageb(X)
of the moment map is a rational simple convex polytope wisalefined as below:

Definition 2.1. A convex polytopeA C t* is rational if

N
A= m{a € ' (a,n;) < N}
i=1
for somen; € | and\; € R.

A (closed) facet is a face @k of codimension one il\. An open facet is the relative interior of
a facet. An n dimensional polytope is simple if exactlfacets meet at every vertex.

A convex rational simple polytopA such thatZimA = dim t, plus a positive integer attached
to each open facet, is calledabeled polytope Two labeled polytopes are isomorphic if one can
be mapped to the other by a translation and the corresporgieg facets have the same integer
labels.

The following result is due to Lerman and Tolman.
Theorem 2.2([LT], Theorem 1.5)

(1) A compact symplectic toric orbifoldt’, w, T, ®) naturally corresponds to a labeled poly-
tope, namely the image of the moment nk&g’), which is a rational simple polytope. For
every open facet’ of ®(.X') there exists a positive integer: such that the structure group
of everyz € &1 (F) is Z/n .

(2) Two compact symplectic toric orbifolds are isomorpliiand only if their associated la-
beled polytopes are isomorphic.

(3) Every labeled polytope can be realized as the image ofnttient map for some compact
symplectic toric orbifold.

Now, we consider a symplectic toric orbifoler’, w, T, ) determined by a polytop& C t* with
labelsm; on facetsF;. Lety; be the primitive outward normal vectors Bf. For each facé” of A,
letor € ¥ be the cone determined by the collection of vectar$F C F;}. Define
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e 3 = {op|F aface ofA},
® andbi = M;Y;, i.e. 5(62') = mM;Y;.

Then the datdN, %3, {b;} Y ) give a stacky fan. In this way every labelled polytope givss to a
stacky fan.

Every corner (0O-dimensional facé) of A determines a point € X which is fixed by the torus
action. Letoo be the cone correspondingtt theno determines an orbifold chaft,y x V)
coveringz as in Sectio 211. Lefu§|j = 1,...,n} C t* be the dual basis dofy;|y; € o(C), 1 <
j < N}. Then the following lemma is an orbifold version of Theorerh.3 in [dS].

Lemma 2.3. The pointz is covered by an orbifold charf¥- x V- such that

e G¢ X Vg isisomorphic taG, ) X Vi cy;
¢ the symplectic form can be written as

n
j=1

e The moment map can be written as
D(P1s ooy P Q1 s o) = () = > u§ (07 + ¢7).
j=1

2.3. Chen-Ruan orbifold cohomology of toric orbifolds. In this subsection we describe the cal-
culation of the Chen-Ruan orbifold cohomology ring of taribifolds, following [BCSE.

Let X'(X) be a compact symplectic toric orbifold given by a stacky ¥an= (N, ¥, 5). Recall
that the Chen-Ruan orbifold cohomolog. ,(X (%), Q) is defined as the direct sum of the coho-
mology groups of its inertia orbifold with a shifted gradirfgprv = >_, _,, rib; € Box(X). The
corresponding twisted sectdt,) is associated with a number= 3", _ ., r; called age or degree
shifting number. We have

Hip(X(X),Q) = @veBox(z)H*_m” (X, Q).

There is a product o/ (X (X), Q), called the Chen-Ruan cup product, which is defined using
genu9) degred) three-point Gromov-Witten invariants &f(3). We refer to[[CR1] for more details
of the definition of this product. This construction makés, (X (X), Q) into a graded algebra.

LetM = N* = Honmy (N, Z) be the dual olN. Let Q[N]* be the group ring oN, i.e. Q|N]* :=
PB.cn QN Nis the formal variable. AQ-grading onQ[N]* is defined as follows. Far € N, if
U=} }.co( Tibi Whereo(v) is the minimal cone irt containingu andr; are nonnegative rational
numbers, then we define

(2.2) deg\”) == Y 7

bico(v)

2Strictly speaking what is computed in [BCS] is the orbifoldd® ring. However the computation for Chen-Ruan
orbifold cohomology ring is identical.
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Define the following multiplication o[ N]>:

(2.3)

Aoy Avtvz - if there is a coner € X such thaty, vs € o,
o otherwise

Let Z(X) be the ideal ifQ[N]* generated by the elemenXs!_, 6(b;)\*, 0 € M. Then by [BCS,
Theorem 1.1], there is an isomorphism(@fgraded algebras:

2.4 Hep (29,0 = S50

We will rewrite (2.4) in terms of a quotient of polynomial grby some ideal. Denot&; = \Vi
fori=1,...,N.

Let
SBox(o) := {beN\b:Zaiyi,Ogai < 1},

Yyi€o
and Gefic) C SBox(o) be the set ofminimal elementswhich means these elements cannot be
generated by other lattice points in the cenébviously ifo C ¢’ then Gerio) C Geno’).

Then GenY) := U,exGen(o) is afinite set. For convenience, we denote GBn= {yx .1, ..., Yar }
and defineXy,; = A+ .. Xy = A%, We calll C {1,..., M} ageneralized primitive collec-
tion if

e {y;| € I} is not contained in a cone,
e any proper subset dfy;|i € I} is contained in some cone.

Note that when a generalized primitive collectibiis a subset of 1,...N}, then it is a primitive
collection in the sense df [Ba]. Denote G the set of all generalized primitive collections.

For top-dimensional cones, j = 1, ..., N, define an ideal

J(0j) == < H X7 — H X" Z tiyi =0, t; € Z,T # 6)>

t;>0,y,€0; t;<0,y;€0; Yi€0;

Set
N

(2.5) J(Z)=> T(0;).
j=1

We call 7 (%) thecone ideal and elements it/ (X) the cone relations.
Now the Chen-Ruan cohomology can be rewritten as:
Q[[X1, ..., Xnd]]
Hip(X = .
o= FE T e X 1 € GP) + (D)

Moreover, since we knod /., (X', Q) is finite dimensional, a monomial iy, ..., X, in the right
side vanishs if its degree is large enough. Thus we have tlosving lemma:

Lemma 2.4.
Q[X1, ..., Xu]

Hep(X,Q) = IX)+ (e X : T e GPY+ T(X)




8 HSIAN-HUA TSENG AND DONGNING WANG
Remark 2.5. The grading ofQ[ X1, ...X,] is not the usual grading of polynomial ring.

2.4. Hamiltonian Loops of Toric Orbifolds. Now, we consider a symplectic orbifold’, w, T', @)
determined by a polytopA C t* with labelsm; on facetsF;. In this case, we give an explicit
description of Hamiltonian loops defined in [TW, Section]2.3

Every integer vector € | C t determines a Hamiltonian function
H,: X >R, Hy(x):=(®(x),v),
whose flow determines a Hamiltonian logp : 1 x X — X with some 2-morphism, |0y xx =

bul1yxx. Let oy, ¢, be the Hamiltonian loops determined by’ € |, then the composition
product of the two loo@., -, ¢., IS generated by

H(z) = (®(x), 01) + (B(Pu, (1, 7)), v2) = (@(2), v1) + (P(2), v2),

where the second equality holds because the moment mapaisantzunder the torus action. So
H(z) = (®(x), v + v2), ando,, -, v, is determined by the vector + v, € I.

Now we give a local description of Hamiltonian functions dddmiltonian loops. Let” be a
corner ofA, then it determines a chari x V> centered at the fixed point, corresponding to’ as
in Lemmd2.B. On this chart, the Hamiltonian loop generated bectorv € | can be represented
by a groupoid morphism

y :[0,1]XG0|><VC—)GCI><VC,
Yo(t, W) = D(tv),
Yot, T2 h-@) = (DG h- D(tv)d).
wherew = (wy, ..., w,), andD(tv) is the diagonal matridiag(e=2wtv) | e=i2m(un;tv)),
Lemma 2.6. The natural transformation, = (v|q13xcoxve = Idaeoxv,) iS given by
a, Vo = Ge,
T — D(—v):= diag(e_i2”<“17”>, - 6_i2“<“"’”>).
Example 2.7. Consider the weighted projective lifigP(1, k) := C? \ {0}/C*, whereC* acts on

C2\ {0} by 2 (wy, wy) = (2w, 2*wy). The corresponding moment polytope is a line segment with
one end labeled with.

0 0 v
1———k >

Labelled Polytope -1 Stacky Fan K
FIGURE 1. Labelled Moment Polytope and Stacky FarCa?(1, k).

The point[0, 1] has non-trivial isotropy groufi,. There is a groupoid cha#, x C covering
|C(1, k)| \ {[1, 0]}, such that the Hamiltonian loop determined by the vectior Figure 1 is given

by
vy I[O,l]XZkKC%ZkKC,
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2.5. Hamiltonian Orbifiber Bundles over Sphere. Given a Hamiltonian loop, one can construct
a Hamiltonian orbifiber bundle ove#? as explained in [TW, Section 2.5]. In this section we will
consider the Hamiltonian orbifiber bundles determinedvbyg GenX), because later we shall
compute Seidel element for these corresponding loops.

Denote byH, = (®,v) : & — R the Hamiltonian functionp, the Hamiltonian loop determined
by H,, and&, the corresponding orbifiber bundle. M, attends the maximum at € X, thenx
is fixed by the Hamiltonian loop, thus| € |X'| determines a sectiof, of the topological fiber
bundle|&,| — S? underlying€, — S2. The main purpose of this section is to study the properties
of sectional morphisms ifi, which lift s,.

It is easy to see that iff, attends the maximum at then®(z) € F,, whereF, is the face ofA
determined by the minimal cone containimgccording to the cone-face correspondence in Section

2.2.

Let C' be a corner of\ such thatC C F,, and letz be the fixed point whose image under the
moment map i€’. Recall from Sectiop 212 that there is a chalgtix V- centered at. The orbifold
(G x V] can be regarded as an open suborbifold’afontainingr andz. The Hamiltonian loop
7, restricts to a Hamiltonian loop 97 x Vi]. Then we have an orbifiber bundfe(C) — S?
determined byy, with fiber |G- x V¢]. Then&,(C) is an open suborbifold of,. We will study
sectional morphisms i, lifting s, inside&,(C) since it has a nice groupoid chart.

Recall from the Sectidn 2.4 that the Hamiltonian leggrestricts to a Hamiltonian loop of: - x
Ve] represented by:

y :[0,1]XG0|><VC—)GCI><VC,
Yo(t, W) = D(tv)w,
ot TS hw) = (DG S h- D))

Up = {e™t € (0,1)} = Q, Ur = {e*™t € (—%, %)} = Q

DefineUg: by
Ob(Ug)) = Ui UUg,
MO’/’(USl) = U xa U, UUrxs1Ugp U Up xg1t Up U Ug x51 Uy,

ULX51UL:Q , URXglURZQ,
UxsiUp=( N U \U/J |, UsxalU,=/ N\ u \_/J

We denotge?™), € U, andg = (™), — (™), € U, xs1 U,, for x, @ = R, L, where

ot/ =t—1,ifge UCULxglUR;

et/ =t+1,ifge UCURXsl UL,
e ' = ¢, otherwise.

Let

Note that
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Then define a groupoid morphisin Us: x G x Vo — G x Vi by:

Fo((e*™),@) = 0(t, @) = D(tv)yw,  te(0,1), (™) € Ur;
. 11
’3/0((62”“)3,’117) = D(t’U)Uj, t e (—5, 5), (627mt) c UR,
(X, — (), i 2 @) = D(t)d 2 k- D(tv)@, t e (0,1);
. . 11
(@™ = ()R, @ S b @) = D(t)d = he D(t)d, t€ (=3, 3);
. 1
(€Y = (2 g i 2 W) = D(tv)id 2 h - D(to)w, t € (0, 5)
. . 1
(@R = ()T 5 hD) = D(to)d S b D(to)d, ¢ € (0,5);
. . D(—v 1
A (), — (DY) e m B h @) = Dto)yd P25 b D((t— Do), te (5: )
. . .D(v 1
A (€2 g — (2™, m gy = Doyd Z2YS b D+ V)o)d, t e (—5+0)

Consider the following groupoid chart 6f:

<
Ob(Us2) = U U L
<
a o
Mor(Us2) = U L L L L
= S
@ @S o
L L L L
= S
&
U U U L
<
Define a Lie groupoide, ., by

Ob(Ge, ) = x Vo '—'(@ x Ve U ﬂ x Ve)/relop: U

<>

x Vo I_I(@ x Vo U ﬁ x Vo) /relops

MOT’(ggU’C) = X GC X VC L X GC X VC L

(@ x Go x Vo um x Go x Vo) /relaor
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& .
L x Go x Vo U X G x Vo

L XGOXVC|_| XGOXVC|_|

(@ X GC X VC Um X GC X VC)/'relMorQ

P 7= N
L XGOXVC|_| XGCXVC'

L XGOXVC U(@Xch‘/C UQXch‘/C)/TelMong
~—

<>

LJ XGOXVCU(@XGOXVC U@Xch‘/C)/TelMOTA.

For notational convenience, we identify hemispheres with disks.
The glueing along the boundary is givenfy: Us: x G X Vo — G x V. More explicitly,

e reloyq: for (e, ) in the boundary o@x Ve, (€7 1) in the boundary omx

Vo, (€2 45) ~ (e ") if and only ift' = —t, ' = D(—tv)w. Note that here € (0,1)
andt’ € (—1,0).

e reloyo: for (e, ) in the boundary o@x Ve, (e ') in the boundary oﬁx

Vo, (€27 15) ~ (2 ') if and only if ' = —t, @ = D(—tv)w. Note that here, ' €
(_%7 %)
o relyrori, @ = 1,2,3,4: for boundary elementg:>™ — 22 @ % g . ) and (™ —
6i27rt,2,’tl7/ 9_/> g/ X lU/),
(€2 — ei2mtz o ENp @) ~ ( 2Ty oi2nth N g )
if and only if
th=—t, , la=—1y,
W' = D(—tyw)d ¢ - = D(—tyv)g - .
We denoten,, := ord(D(—v)) = ord(D(v)). ThenD(—v) generates a cyclic subgroup Gt
which is isomorphic t&,,, . We denote : Z,,, — G the inclusion of the subgroup.
Note that whenv = y;, i = 1,..., N, m, is the number labeling the corresponding facet of the
polytopeA.

Proposition 2.8. If s, : (S2,,p) — &, is a sectional orbifold morphism from an orbisphere with

one orbipoint (possibly a trivial one) lifting,, then the orbifold structure group atis Z,,,, .
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Proof. Given any orbifold morphism from a sphere with at most onefoldb point atp, it deter-
mines an orbifold morphism away fromp by restriction. Without loss of generality, we may
assume to be the north pole of the sphere. Since there is no othefotatpoint on the sphere and
s lifts the zero sections can be represented by the groupoid morphism:

80 = (id,0) : Ob(Ug) = - U Ou C

id,0,n): Mor(Us) = L u@ u
(id,0,n) or(Us:) > Y

w L W LI@ —  Mor(Ge)
o0
~

nre® - re?) = D(—v)eGe  for re? - re? e m (whered' = 6 + 27r)

51

where

Id € Ge everywhere else
To extends to p, we defines on
< <
Zmu X = Go X x Vo

by
so(re?) = (re®,0),
si(re® 4 g-re) = (re™,0) 2 (re®,0).
It is straightforward to verify the morphism above togetheth s define a morphism from an
orbisphere witl¥,, -orbipoint atp to G¢.

This is the only representative orbifold morphism extesidd/e refer the readers to [TW, Propo-
sition 2.47] for a detailed reason in an explicit example. O

Now we describe the pullback bundier’e, which is the same as 7€, - since the image of,
is contained irf, . The pullback is obvious 0A? since there is no orbipoint on the domain. The
orbipoint north pole is covered by:

<
Ly, X x CxC"

Note thatg acts on theC component trivially since it acts on the horizontal (basegation of
&y ¢ trivially.
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Remark 2.9. We remark that the horizontal direction of the pullback Hengf7°€,, is not the
tangent bundle o€ P'(1, m,).

The following Lemma follows from a direct computation.

Lemma 2.10. The evaluation map of, at the north pole (possibly an orbipoint) 6f lies in the
twisted sectof, (,-1).

Now we describes:T&,)%, the desingularized bundle sfT&,. Let {4}, ...,i¥} C {1,..., N}
be the subset such that the cone spanne@b@j/j = 1,...,n} overQ is the minimal coner(v)
containingu. Then(s*T&,)% is constructed by glueing two copies of the trivial vectontigs over
disk D x (C x V.) — D along the boundaries, where the glueing mags! — Sp(C x V., wy) is
given by
i27rt) i27r-(—2t)’ 6i27r[7’f]t’ - 62’27rﬁ“;’b]t)7

ple = diag(e

where{r}}7_, is defined by =

n
rv

i1 Jbiy, [r7] is the smallest integer no less than

Lemma 2.11. (1) The first Chern number of the desingularized bundle is
c1((81TE)%) = 2 — dimo (v).

(2) Each summand @¢8*7€,)% has Chern number at least].

Proof. To show([(1), note that the chern number can be computed frefuéslov index of the loop
p~!in the group of symplectic matrices. The later is

n

wip™) =2 — Z[rﬂ =2 Z 1=2—dimo(v).

j=1 U0

The desingularized bundle splits into line bundles whose@hern numbers are 2 andr{], ..., —[r?].
Thus we have (2). O

The desingularized bundle of the vertical subburg[E*"*E, is the same as the vertical sub-
bundle of the desingularized bundl€ T, )%, which is constructed by glueing two copies of the
trivial vector bundles over disk x (C x V.) — D along the boundaries, where the glueing map
p: St — Sp(C x V,,wp) is given by

p(6i27rt) _ diag(ei%rﬁ“ﬂa - 6i27r[r’7‘ﬂt).

Now since the first Chern number of an orbibundle and the fingr@ number of its desingular-
ized bundle differ by the degree shifting number, we have:

Lemma 2.12.

c1(8;TE,) =2 —dimo(v) + ty-1,
and

(ST E,) = —dimo(v) + ty-1.
Moreover whenn,, # 1, ¢, (s:TE,) = 2 — 1, andc, (85T E,) = —i,,.
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In this paper, the Hamiltonian loops we consider is alwaysitanian circle action in the sense
of [LM]. In this case, the orbifiber bundle has an alternatescription:

Let St actonS3 by e - (21, z5) 1= (€2, € 2y), where|z;|? +|2|? = 1. Then&, = S3 x X /S*,
where theS* action onX corresponds to the lattice pointi.e. generated by7,.

To see that the quotient construction is equivalent to theigh construction, we need the fol-
lowing lemma:

Lemma 2.13. For any atlas{U, } of S?, there exists arb-invariant atlas{U,} of S such that
U, = U, /S

Proof. Let y : S® — S? be the Hopf map. An atlas ¢f? determines an atlas & by pullback of
x. This is the atlas with the required property, siteacts onS? preserving the fibers. U

Now the abstract construction &f, by glueing stacks can be carried out by glueing Lie grouﬁoids
as the following. LeG. be the translation groupoi@ x Z. The mapy, associated to the Hamil-
tonian loop is represented by: Usi x Gy — Gy WhereUg: is the groupoid determined by an
atlas ofS*'. Take an atlas of? which gives arise the atlas 6f when cut along the equator, denote
the corresponding groupoid chart 8f to beUs: andUg;, Ug, the groupoid charts of the two half
disks. Theng, is represented by the groupoid glued fréfm, x Gx andUg, x Gy using~y. A
concrete example of this construction can be foundin/[TW].

Note that Lemma&a_2.13 defines an atlasSéffor the atlas ofS? used above. Denotég: as the
groupoid chart ofS® determined by this atlas. It is straightforward to constart Lie groupoid
isomorphism

Uss X Gu/S' = UL x X UUg x X[~ .
Passing to stacks we have an diffeomorphism fighw< X /S! to £,. Consequently there is an

obvious orbifold morphism fron$® x X to £, determined by the quotient. We denote the morphism
aspr: S3 x X — &,.

The coupling formu, has the following description: Let € Q'(S®) be the usual contact form
on the unit sphere, normalized so thiat = x*(7) wherer is the standard area form ¥ with
total areal. Then,

(2.6) U, = pri(w — dH,«).
From the definition of the coupling class, it is easy to check the following:

Lemma 2.14.
uv([sx]) = —H,(x).

Lemma 2.15.u,(0 4. B) = u,(0)+w(B) wherec € H5*°(|E,|,Z), B € Hy(|X|,Z),0: X — &,
is the inclusion of a fiber at the north pole and : H(|X|,Z) — Hs(|&,|,Z) is the induced
pushforward map.

3See [TW, Appendix] for definitions and details
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3. SEIDEL ELEMENTS

3.1. Review of Seidel RepresentationFirst we recall the notion of Novikov ring.

Definition 3.1. Define a ringA“** as

Aum'v — {Z Tka|rk c Q’ #{k‘ < C|”r’k 7& 0} < oo Ve e R}

kER
and equip it with a grading given hieg(T) = 0.

Let C be the Mori cone oft’ which is a finitely generated monoid. Then there is a maximal
fraction1/a with a € Z, such that; (TX)(C) C Q is contained in the monoid generated b:.
DefineA := A“"*[q«, ¢~ «] with the grading given byieg(¢) = 2/a.

The Gromov-Witten theory of symplectic orbifolds is comsted by Chen-Ruan in [CR2], to
which we refer the readers for more details. Let

<041, Qg a3>0,3,A

be the3-point genus) degreeA Gromov-Witten invariants oft’ with insertionsay, s, ag €
H*(1X,Q). We may assemble these genus zero orbifold Gromov-Witieriamts with 3 marked
points using the Novikov ring:

(o, am08) = D (g, ag)g 4 ¢

A€Hs(|X|,Z)
This is used to define thgguantum produgtan associative multiplicationon H*(1.X,Q) ® A, as
follows:

(a1 * g, a3),,p = (a1, 0, a3) , fora; € H*(IX,Q).
The resulting ring, denoted bQH (X, A), is called the orbifold quantum cohomology ring of
(X, Q).

LetQH (X, A)* be the group of invertible elements (with respect to the tprarproduct %”)
inQH! ,(X,A). In[TW], the authors construct a group homomorphism:

S:m(Ham(X,w)) — QH, (X, A)*.

Generalizing the manifold case, this is called the Seidetegentation for symplectic orbifold
(X,w). We briefly explain its construction. Represent a homotdpgs: € m(Ham(X,w))

by a Hamiltonian loopy, then we can construct Hamiltonian orbifiber bunélleas in Section 2]5.

Let { f;} be an additive basis af*(1X), { f*} another additive basis df*(1.X) dual to{ f;} with
respect to the orbifold Poincaré pairing. Denot€ "' £) by ¢°"*. Let. be an inclusion of a fiber
over a point inS? (we choose the north pole throughout this paper). There igsinGnap induced

by this inclusion:., : H*(1X,Q) — H**?(I£,,Q). One can think of this map as a union of maps
from H*(X,, Q) to H***(&, (4, Q), which makes sense because there is not orbifoldness along
the horizontal direction.

Definition 3.2. Seidel representation for a symplectic orbifold, w) is defined as:

&4 Sa):= >, (Z <L*fi>§71,ofi> @ i),

oeH3 (&5 [.Z) \ 1
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The definition ofS does not depend on the choice of Hamiltonian lgappresenting the homo-
topy class, thus is a well-defined map. Moreover it is a group homomaphi

Theorem 3.3([TW], Theorem 1.2) The mapS has the following properties.

(1) Triviality:
(3.2) S(e) =1;
(2) Composition:
(3.3) S(a-b) = 8(a) «S(b).

3.2. Seidel Element for Toric Orbifolds. In this section we consider a symplectic toric orbifold
X associated to a labelled moment polytope:

A= ﬂ{oz €t (a,b;) < \i},

=1
with m; the labeling number on theth facet,y; the primitive outward normal vector and= m,y;.

There is a naturally defined complex structurénduced from the complex structure @H".
For any orbifiber bundl€ — S? considered in Sectidn 2.5, this complex structiirdetermines a
complex structurd on the total orbifoldt, such that the projection: £ — S? is j-J holomorphic,
wherej is the complex structure o when identified withCP!.

Recall from Sectiof 213 that the Chen-Ruan cohomology ofia twbifold can be expressed as
a quotient of a polynomial rin@[ X, Xs, ..., X,/]. Define the following valuation

027 A @[Xl,Xg, ...,X]\/[] (29 A — Q;

(3.4) 0r()_ aax ® ¢'T") = min{k|3d : dus. # 0}.
d,k

This induces a valuation on the quantum cohomol@gy’ , (X, w) which we still denote asr
when there is no ambiguity.

In this section we compute the Seidel elements for Hamitotoops determined by lattice points
yr € GenX), k=1,..,M. Let H, : X — R be the Hamiltonian associatedyp. Let £* be the
Hamiltonian bundle associated t@. Leta, € m (Ham(X,w)) be the homotopy class of the
Hamiltonian loop generated hy.. Denote byo(y,) the minimal cone iR containingy;, and

= Eb colun) rribi. Let h.o.t.(T") be terms of order- r with respect to the valuation, on

Q orb( ) Then
Theorem 3.4.
S = S(an) = X ® g Zvicotn) W™ Dicotng WAy b, (T Dticotn W),

Proof. All we need is to computé., f2>0 |.o- Denotex; = (5’C ,1)) Let F,,... be the (non-effective)

suborbifold of X on which H,, is maximized. This suborblfold is fixed by the Hamiltoniaofo
Every |z| € |F...| defines a section class € Hy(EF,Z) of the topological bundlég®| — S2.

It is easy to check that, does not depend on the choice|of € |F,
homology class as,,.,. Note thatF,,.. swipes out a suborbifold F,,... C &. which is also
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fibered overS?. It also determines a submanifo$dF,,,.. 4 in each straturﬂ’“ of I€*, which is a
topological bundle ove$? with fiber | 7,4, (g) |-

The computation o{L*fi>§jl,o is divided into the following steps:

Step 1: Every element imo,l(sk,am, J,X;) is represented by a constant sectional morphism.
This follows from the same computation as [MT, Lemma 3.1].
Step 2: The domain of the constant sectional morphis@$1, my), with my, = ord(D(—yx)).
This is a direct conclusion from Proposition2.8.
Step 3: The constant sectional morphism is Fredholm regular
Before prove Step 3, we run a quick check by dimension formula

’Ud'imﬂo,l(gkv Omaz Jv Xk) = dszgk + 261(T€k)(0'max) +2 - 2Ly;1 —6
= 2(n+1)+2(2 —dimo(yx) + Lygl) +2— 2Ly;1 —6
= 2(n— dimo(yp)) + 2.

On the other hand, by the above discussioh (£, 0., J,x;) can be identified with
SF maa, ) SO its dimension ign — codim®(F,,, (,-1)) + 2 = 2n — 2dimo(yx) + 2.
Therefore the virtual dimension and the actual dimensiottma his gives an evidence for
Fredholm regularity of constant sectional morphisms.

Letp : CPY(1,m;)) — CP! be the coarse moduli space map. Thes TE" is the
desingularized bundlg*T %)% of s*T'E. This vector bundle ovet P! splits into a direct

sum of line bundles, as discussed in Lenimal2.11.

Lemma 3.5. If each summand af.s*TEX has Chern number at least1, then the lin-
earizedd; operatorD,d; is onto.

Proof. To show thatD, is onto we need the cohomology grofifd (s*T'€*) to vanish. By

a general property of, we haveH'(s*TE*) = H'(p.s*TEF). Sincep.s*TEF splits,
H(p.s*TEF) splits into a direct sum ofi* of ths summands. Let L be any summand
of p.s*TEX. We need to show that the cohomology grdiif L) vanishes. By Serre duality
this group is isomorphic té/°(L* ® K)* whereK is the canonical line bundle &P!. We
neede; (L* ® K) < 0in order for this group to vanish. Now

Cl(L* & K) = —01<L) + Cl(K) = —01<L) —1-—1.
So we need-¢;(L) — 1 —1 < 0, namelyc, (L) > —2,i.e.c;(L) > —1. O

The above lemma together with Lemma 2.11 complete the pfétep 3, i.e., the moduli
spaceM (EF, 0., J, ;) is regular.
Step 4: The image aM 1 (E¥, 0,naz, J, Xi.) Under the evaluation lies in the twisted secﬁ?{iyr,l).
This follows from Lemm&2.10. *
Step 5: Show thal, (.. fi)5,,  f'=Xi =\ € Hip(X,Q).
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From the previous steps, we have.[M, (€, 0., J, X;)] = [SF naz,y1)] @S cycles in
Z&E*. Then
S f) = Y / . Lf) f

p i Mo, 1(EF 0 maz, X))

- > £ f
ev«[Mo,1(EF ,o0maz,JXk)]

fiEH (X, 1),0)

- X (. wr
ZszH*(X(y'I:l),Q) [Fmaz,(ylzl)]
= X;
Step 6: Any.J-holomorphic non-constant sectional morphisrr a constant sectional morphism
constructed from a point not i#,,,,, satisfies

uy, ([s]) > uy, (Omes) = —max Hy, = — Z ThiNi-
bico(yx)

If s is a constant sectional morphism determined by a poinith H(x) > max H, by
Lemmd2.14n,, ([s]) = —Hi(x) > —max Hy = vy, (Omaz)-

If s is a non-constant sectional morphism, compufg([s]) by integrating the pullback
of u,,. Recall from [[2.6) that the coupling form is given by, = w — dH,«. We choose
the complex structurd on X’ which is induced from the complex structure /. Con-
sequently./ is invariant under the Hamiltonian circle action generdbgdy,. Let j be
the standard complex structure 6l induced fromC2. Every non-zero tangent vector
¢ € T, )S? x X/S* can be uniquely represented by a veejor v € T(, ,)S? x X with
n € keraandv € T, X. Then

Uy, (£, J€) = w(v, Jv) — dHpa(n + v, jn + Jv) = w(v, Jv) — Hida(n, jn) > —maz Hy,.
Integrating overS? we getu,, ([s]) > uy, (Gmaz)-
Thus we complete the proof of Theorém]3.4. O
Definition 3.6. For a toric orbifoldt’, thereduced Seidel elemerdse defined as:
Sp =S, ® quZ—ea(yk) TR €0 (yy) TRiA

Corollary 3.7. S, = X, + h.o.t.(T°).

4. QUANTUM COHOMOLOGY OF TORIC ORBIFOLDS

In this section we give an explicit description of the quamitohomology ring of toric orbifolds
using the Seidel elements computed in Sedfioh 3.2.

4.1. Main Result. Recall that fork = 1,..., N, y;, is the primitive vector of the-th ray, and
fork = N+ 1,...M, y. € GenX). Leto(yx) be the minimal cone ift containingy,, we
havey, = Ebieo(yk) rr:b;, Wherer,; are positive rational numbers. Note that when- 1, ..., V,

.



SEIDEL REPRESENTATIONS AND QUANTUM COHOMOLOGY OF TORIC ORBOLDS 19

For a generalized primitive collectianC {1, ..., M}, leto(7) be the minimal cone i contain-
ing > ,c; ¥k, then there existéc;} C Z, such that

Dve= D
kel yj€o(l)
since the fan is complete.
Write both sides in terms df’s:

Z Z rribi = Z Cj Z T4ibi = Z Z cjribi.

kel b;eo(yy) yj€o(I)  bi€o(y)) yjco(l) bico(y;)
Let
(4.1) Cro = > ™~ D, D ol
kel biea(yy) yj€o(I) bico(y;)
(4.2) Q=)D mhi— Y Y gk
kel b;eo(yk) yj€a(I) bi€a(y;)

Lemma 4.1. For Q; defined as above, we hate > 0.

Proof. Define a piecewise linear functiaf, : t — R as:
= Z —Xi(b),u), ifué€oa,
bEoc
for o any full dimensional cone of the fan and{b; } the dual basis of;|b; € o}.
Then
(4.3) Q==Y dulun) +ou( Y ).

kel yj€o(l)

On the other handj,, corresponds to the symplectic fororof the toric orbifoldX under the iso-
morphism betweer/?(X,R) = R[by, ..., b5/ (O i, 0(b:)bY, 6 € M). Sincew lies in the Kahler
cone ofX, ¢, is a strictly convex funct|on (in the sense thatif v, are not contained in the same
cone, thery,, (v1 + vg) > ¢ (v1) + ¢, (v2)). Together with[(413), we have; > 0. d

Definition 4.2. The quantum Stanley-Reisner relati@ssociated with the generalized primitive
collection/ is defined to be

(4.4) [12 -1 [[ 27 =o0.

kel yj€o(l)
Let SR, be the ideal generated by expressions as the left-hand fside above equationSR,, is
called thequantum Stanley-Reisner ideal

From the composition property of Seidel representationhawes

Theorem 4.3. The reduced Seidel elemeiis k = 1, ..., M, satisfy the quantum Stanley-Reisner
relations and the cone relations.
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Let
N

P = (ee,b)X™ . € =1,..,n, where{ec};_, is a basis oM.

i=1

Theorem 4.4.For { = 1, ..., n, there exisB, € A[X}, ..., X] such that

(1) Pe(Si, ..., Sar) = 0in H*(1X, A);
(2) Pe = B + hot(T°);
(3) The ring homomorphism
v AIXy, s X
CClose, ((Bel€¢ =1,...,n) + SR, + T (X))
is an isomorphism.

— QH:rb(X7 A)7 XZ = Sk

Proof. Let W : A[Xy, .., Xy ] ® A — QHZ*,(X,A) be the map sending; to S;. Letdy be a
positive number such that the symplectic area of any nosteon/-holomorphic curve is bounded
below byd .

We first show thatl is surjective. For any € QH*, (X, A), Let L(«) be the leading term of
a, namelyvr(L(a)) = vr(e) andor(L(a) — a) > vp(e). ThenL(a) = 32, LI (X, ..., X)),
andV¥(L(a)) = >, L¥(Sh, ..., Su)q’. Definecy = a — ¥(L(«)). The leading terms i and
U(L()) cancell, s (ay) > vr(a) + 6. We repeat the above procedure usingand continue
the argument inductively, them-(«y) — oo, and

¥ (l}Lm (L(@) + L(ay) + L{as) + ... + L(ak))) = a.
This proves surjectivity.
Next we show the kernel oF is
Closy, ((Belé =1,...,n) + SR, + (QuIn=1,..., M — N)).

We need the following lemma which is analogoud.to [MT, Lemnig:5

Lemma 4.5. Let
¢ 1 QIX1, X, ., Xat] = Hip(X, Q)
O QX1 Xo, ., Xy @A — QHJ (X, A)

be ring homomorphisms such thatX;) = &(X;) = X; fori = 1,...,M. Letw,..w, €
Q[X, Xa, ..., X/ generate the kernel ef, and supposey, ...v,, € Ker® and

(4.5) or(w; —v;) > 0 forall 4.

Then the kernel ob is
Ker®d = Closy, (U1, ..., U)).

Proof. Since in the orbifold case there is still a universal loweunrb for symplectic area of non-
constant/-holomorphic curves, thus we have [MT, Lemma 5.1] for orloifquantum cohomology
without any modification of the proof. U
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From Lemmad 2J4, we know thdter¢ is generated by the Stanley-Reisner relations, cone rela-
tions, ancmgo)'s. We have shown in Theorelm 4.3 that the quantum StanlegARerelations and
cone relations lie in the kernel é. Moreover they satisfyi {41 5).

Now we construciB,’s which lie in the Kernel ofb and satisfy the high order conditidn_(4.5).

Let \o = 0. By Corollary(3.7, there is &; > )¢ + v, such that

n

48)  PO(S1 . Su) =D e, bi)Si =D e, b) X" + R T + hoot (TV),

=1 =1
with v7(R') = 0. Then definep{! = P — B! TV SinceR' = Y, RM(X1, ..., Xa1)¢*, P} is
again a polynomial inX7, ..., X, with coefficients inA. Replaceltéo) with ‘I?él) in (4.6), we get

n

mél)(gl, ...,S~J\/[> = Z<€5, bz>)(zmZ —+ Rl(Xl, couy XM) TAl -+ h.o.t — (Rl(gl, ceey g]\/[) + hOt(TAQ))

= (ee, b)) X" + B> T* + h.o.t.(T7),
=1
for some\y, > A\ + 0x.
Then we can constru@B?’ as before. Continue the procedure inductively, we consmé@,
k=0,1,2, ... Then definé = limy_,. P
By Lemmd4.b, we conclude thaterd is generated by quantum Stanley-Reisner relations, cone
relations, and3¢|{ = 1, ..., n). This completes the proof. O

Remark 4.6. We remark that the quantum cohomology ring can also be destas some sort of
quantization of the group rin@[N]* by reversing the procedure in Sectfon|2.3. QN> be the
ring with the same elements @N|* ® A and the product defined as the following:

)\81 * )\82 = qc(elve2)TQ(31,€2))\67

wheree;, es € N, e = e1 + ey, Ceq, e5) andQ(eq, e2) are numbers defined in a similar fashion as
(@.1). The mamQ[N]|Z — QH*(X) defined by sending® to the reduced Seidel elemesit is a
surjective ring morphism. The kernel is generatedihy\¥', ..., A\¥)’s.

4.2. The Fano Case.When the toric orbifoldYt’ is Fano, namely every effective curve has positive
Chern number, we have the following lemma.

Lemma 4.7.1f B # 0, then)_, <L*fi>g7k170mw+w3 fi=0.

The following is an immediate consequence of Lenima 4.7.
Corollary 4.8. S, = X;.

Theorem 4.9. The orbifold quantum cohomology rir@H;,, (X', A) of a Fano toric symplectic
orbifold (X, w) is isomorphic to

ALXy, ooy X o]
€=1, .. n> + <er1 Xi — qOTUT], oy XN € g7>> +J(%))

Close, (S0 (ec,bi) X"
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Proof of Lemm&4]7If y, € GenX) such that,, # 0, then
vdimMo 1 (EF, Omas + 1B, J, (5(’2))) = vdimMo1(EX, Ormaz, I, (X)) + 2¢7 (B)
=242+ 2(c} (B) — 1y — 1y, ).
For f € H*(X),Q), degt.f < 2n+ 2 — 2dimo(v). Then by Fanoness,
vdimMo 1 (EX, 0 e + 1B, J, (8@))) —degu. f > 2(c;(B) — 1y, — 1) + 2dimo(v) > 0.

Consequently(., f >§k1

| = 0.
,O'ma:v"l‘L*B
Now if y, € GenX) such that,, = 0, theny, lies in a ray of the fark anddimo(y,) = 1.

Therefore
vdimMo 1 (EF, Ormas + 1B, J, (5(]2)))) = 2n + 2 — 2dimo (yi) + 2(cy (B) — 1)
=2n +2(c] (B) — 1)
Compute
vdimMo1(E¥, 0 e + 1B, J, (8@))) —degt.f  >2n+2(cf(B) — 1) — (2n+ 2 — 2dima(v))
=2(c*(B) — ty) — 2 + 2dimo(v).

By Fanoness2(c(B) — 1,) — 2 + 2dimo(v) = 0 only if dima(v) = 0, i.e. v = 0. Thus
vdimMo 1 (EX, 0 paz + 1B, J, (E(kv))) — degu.f = 0onlyif ¢ (B) = 1 anddege. f = 2n + 2.

In particular, we have shovwm*f)gﬁmmwB # 0for B # 0is possible only when the evaluation
map lands in the trivial twisted sector. Thus from now on theopis similar to the manifold case
as in [MT]]. We will sketch the idea below.

Becausedege. f = 2n + 2, f = kPD([X|g]) for some nonzera: € Q. Then homological
interpretation of

gk
<L*f)>071,a7,m+L*B #0
is X
ek
(L [pt]>>071,o'maz+L*B [X(O)] # 0.
In particular, its intersection product with a point classion-zero. So

gk
(ealpt], Lg[pt]>072,amam+uB 70,

where.* is the inclusion of a fiber at the south pole. We represent thegdoint class by the point
Tmaz € Frmaz,(0) @Nd the second point class by, € Foin,0)-

Let ¢ : ST x S? — S? be the rotation ofS? with respect to the south pole and north pole.
Consider a circle action oé* given by¢|p, x 4 and¢|p_ x Idx. This action induces a circle
action on the moduli spadﬁo,z(gk, omaz+t«B). Then by a version of localization proven in[MT],
(te[Tmaz], 12 [xmm]>§k2 o 1p 7 00Nlyifthere existS!-invariant stable orbifold morphisms which
consists of constant section determinedihy,, and a branch component lying in the south pole.
The branch component is &ft-invariant J-holomorphic curve i, representings. It is the orbit
of a gradient flow ofHy, from z,,;,, t0 Z,0.. SOB = p(Omar — Omin)/q fOr p € Z andq € Zo.
Thusw(B) = p(minH; — maxHy)/q. Becauseu(B) > 0 andminH — maxHy < 0, sop > 0.

On the other sidé = ¢ (B) = p(Mumin — Mimaz ), Wherem,,;, andm,,.... is the weight of the circle
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action atfF,,,;,, and F,,,., respectively. Thereforei,.;, = Mes + % < 0, which contradicts the
weight atF,,;, is always positive. O

Now we look at some examples. As a convention we always pubdingcenter of the moment
polytope at the original.

Example 4.10.Weighted projective lin€ P(a, b) whena andb are coprime.

0 ,
A - 0 b

FIGURE 2. Labelled Moment Polytope and Stacky FarCd?(a, b).

A[Xq, Xy

QH:rb(CP(a'7 b)v A) = - .
Clos,, ({(—aX® + bXE) + <X1X2 - qa+zTA>)

Example 4.11.Weighted projective spadeP(1, 1, 2).

Ys
A{ h
(=20, -1 ———— (3N, =N & (0,0)

FIGURE 3. Moment Polytope and Fan &t.

Then the orbifold quantum cohomology riagH: ,(CP(1,1,2), A) is isomorphic to

A[X17X27X37X4]
CZOSUT(<—X1 + Xg, —X2 + 2X3> + <X1X2X3 — qCTQX4> + <X1X3 — X42>)7

where
1 1

C=1+4+1+1--—--=2
+H1+l-5-o=2

2 1 2 1 2 1 2

Note that the generalized primitive collections in thisryde are{y:, y», y3} and{ys, y4}. But the
quantum Stanley-Reisner relation associatef};toy, } is already contained in

<X1X2X3 — qCTQX4> + <X1X3 — XZ> .
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