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INTEGRAL STRUCTURES AND ADE-TODA HIERARCHIES
TODOR MILANOV, YEFENG SHEN, AND HSIAN-HUA TSENG

ABSTRACT. We construct an integrable hierarchy in the form of Hirota quadratic equations (HQE)
that governs the Gromov—Witten (GW) invariants of the Fano orbifold projective curve P}“’agy%.
The vertex operators in our construction are given in terms of the K-theory of P}ll,az,% via Iritani’s
I'-class modification of the Chern character map. We also identify our HQEs with an appropriate
Kac—Wakimoto hierarchy of ADE type. In particular, we obtain a generalization of the famous
Toda conjecture about the GW invariants of P* .
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1. INTRODUCTION

Witten’s conjecture [64], proven by Kontsevich [48] states that the GW theory of X = pt is
governed by the KdV hierarchy. Although Witten was cautious in proposing that there should
be an integrable hierarchy for every target X, several groups of physicists and mathematicians,
including Witten himself [65], have tried to find a generalization of Witten’s conjecture. The next
important discovery was the Toda conjecture [20, 29, [66], proven by [29] 19, [51]. It states that the
GW theory of X = P! is governed by the extended Toda hierarchy (see [L1] for the definition in terms
of a Lax operator and [29, [66] for the bi-Hamiltonian definition). The Toda conjecture was further
generalized by Milanov and Tseng [53] (see also [43, 12]) by allowing the target X to be a projective
line with two orbifold points. The corresponding integrable hierarchy is the extended bigraded Toda
hierarchy, which was introduced and studied by Carlet [L0]. The relationship between topological
field theories and integrable hierarchies is studied in other examples, such as [31], 34}, 22}, 23| 24] 50].

Motivated by GW theory, Dubrovin—Zhang [17] proposed a general construction based on the
theory of semi-simple Frobenius manifolds. While their construction produces flows that are ra-
tional functions on the jet variables, it was expected that for the important classes of semi-simple
Frobenius manifold, such as quantum cohomology, the flows are in fact polynomial and that the
hierarchy can be used to compute uniquely the higher genus invariants. The polynomiality of
the flows for a semi-simple Frobenius manifold associated with a cohomological field theory (this
includes the case of GW theory) was proved recently by Buryak—Posthuma—Shadrin [7), 8] using
the higher genus reconstruction of Givental. In particular, Witten’s conjecture generalizes for all
targets X that have semi-simple quantum cohomology. The discovery of this new class of inte-
grable hierarchies is a major breakthrough in the theory of integrable systems. It is natural to
study further their properties and to look for applications to other areas of Mathematics and even
beyond.

The higher genus reconstruction of Givental which was mentioned above is one of the major
achievements in GW theory. The reconstruction was discovered and proved by Givental in the
equivariant settings when X is equipped with a torus action with isolated fixed points [32]. Based
on his work [32], Givental conjectured a certain higher genus reconstruction formula for the total
ancestor potential of X with semi-simple quantum cohomology. Givental’s conjecture was proved in
various cases in [33] [42], 38, 5], and in full generality by C. Teleman [61]. Givental’s reconstruction
inspires an approach to study the relation between GW theory, representation theory of vertex
algebras, and integrable systems. In this approach one aims at constructing an integrable hierarchy
in the form of Hirota quadratic equations (HQE)EI and show that the generating function of GW
invariants is a tau-function of the hierarchy (i.e. it satisfies the HQEs). This approach has been
successfully worked out for GW theory of X when X = P! [51, 52 and X = P, [53]. See also
[31] 34, 25] for instances of this approach in the setting of singularity theory.

While the construction of Dubrovin and Zhang is general, the approach with HQEs is not so
easy to generalize. The main difficulty is that we have to deal with vanishing cycles and period
integrals whose properties are still not very well understood. This is probably one of the main
motivation to pursue the HQEs approach. It gives us a new motivation and a new view point in
the theory of vanishing cycles and period integrals. Let us point out that there are no examples
of targets X of dimension > 1 for which the HQEs are known to exist, although there are some
indications that such examples exists (see [6]). Even for orbifolds of dimension 1 (with semi-simple
quantum cohomology) the HQEs are not known in general. In this paper, we would like to solve
this problem for Fano orbifolds of dimension 1, i.e., P*-orbifolds P! Las.as (With 3 orbifold points),
s.t., 1/a1 + 1/ag + 1/az > 1. It was already noticed in [11] that the extended Toda hierarchy is
equivalent to an extended Kac—Wakimoto hierarchy of type A;. While KdV is the so called principal

IThe word “quadratic” in HQE was used by Givental in [31]. The equations are also known as “Hirota bilinear
equations.”
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Kac—Wakimoto hierarchy of type Ai, the extended Toda hierarchy is obtained by extending the
homogeneous Kac—Wakimoto hierarchy of type A;. Our main result is that for the remaining
Fano P} 1 as.az-0rbifolds the corresponding integrable hierarchy is an extension of a Kac-Wakimoto
hierarchy as well, but this time it is neither the homogeneous, nor the principal realization, but

something in between.

1.0.1. GW theory of Fano orbifold curves. Let
a:{a17a270‘3}7 ai SG/Q §a37

be a triple of positive integers. Let P} be the orbifold projective line obtained from P! by addinﬁ
ZLa,-, Lqy-, and Zg,-orbifold points. The nature of the problem of constructing HQEs depends on
the orbifold Euler characteristic of PL:

1 1 1
X=—+—+—-1L
aq as as
In this paper we will study the Fano case x > 0, leaving the other two cases x = 0 (elliptic) and
X < 0 (hyperbolic) for a future investigation.

We consider the Chen-Ruan orbifold cohomology of P},
H := Hcr(PL, C).
As a vector space H is just H*(IPL, C), where IP. is the inertia orbifold of P,
P} = {(z,9) | * € P}, g € Aut(x)}.
We can fix a homogeneous basis {¢; };c5 of H, where the index set is defined by
(1) 3= T4 U{(01),(02)} == {(k,p) [ 1 <k < 3,1 <p < a — 1} U{(01),(02)}.

The index set J reflects the structure of the forgetful map IP, — PL, (z,g) — 2. The connected
components of TP, split into several types depending on their fate under the forgetful map. The
entry k enumerates the different types, while p enumerates the cohomology classes supported on
the connected components of type k. Motivated by GW theory, Chen and Ruan (see [13]) have
introduced a new product, called Chen—Ruan or orbifold cup product. It is defined as the degree-0
component of the quantum cup product. It is graded homogeneous with respect to a new grading
denote by degcr. In our notation, ¢g; = 1 is the unit, degor ¢o2 = 1, and degegr ¢rp = p/ak.

The main objects in the orbifold GW theory of P} are the moduli spaces M, ,, (P}, d) of orbifold
stable maps f from a domain orbifold genus g curve ¥ with n marked points, to the target orbifold
PL, such that the homology class of the image of f is d times the fundamental class of the underlying
curve of PL. The descendant GW invariants (see @) are intersection numbers on the moduli space
of stable maps, denoted by

<¢1 ]flv e 7¢n¢7’§n>g,n,d7

where ¢; € H and ; is the j-th ¢-class on the moduli space of stable maps.
Our main interest is in the so-called total descendant potential, defined by the following generating
series of GW invariants:

2) Da(lis t) = exp ( 3ot

g;n,d

Qd
H<t(1/}1)7 s 7t(¢n>>g,n,d>7
where @ is a non-zero complex number called the Novikov variable, t(z) := tq 4+ t12 + to2? + -+ -,
with tg,?1,... € H and h are formal variables. Using the so called dilaton shift g, =ty — 0m,11 we
denote D, (h;t) by Da(h;q) and identify it with a vector in a certain Fock space (see (33)).

The construction of the HQEs is given in Section It relies on the theory of vanishing cycles
and period integrals associated to a Landau-Ginzburg (LG) mirror model of PL. An appropriate

2For example, by root constructions [2], [].
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mirror was constructed in [53] in the case a; = 1 and in general by P. Rossi [55], who managed to
compute the quantum cohomology of P.. We also need to know how to solve the quantum differential
equations in terms of period integrals. This was achieved recently by Ishibashi—Shiraishi—-Takahashi
[41], where the mirror model was constructed from the miniversal deformation space M of the affine
cusp polynomial

1
fa(z1,z2,23) == 2" + 25% + 25° — 696190256&

With such a mirror model at hands we can pursue the same idea as in [31], 25, B4, 51 53] to
construct HQEs for GW theory of P} by studying periods of the mirror model fa.

1.0.2. T'-conjecture for the Milnor lattice. Compared to the earlier works, one novelty of this paper
is that we made use of Iritani’s integral structure [39] (see also [47]), which allows us to express
the vertex operators in our construction in terms of K-theory. This observation seems to be quite
general, so we formulated a conjecture for the general case (see Conjecture below), which we
refer to as the I'-conjecture for the Milnor lattice.

The homology space h of the Milnor fiber at a reference point (0,1) € M x C has a lattice
structure on the vanishing cycles, called the Milnor lattice. Conjecture in the case of P, says
that for each element of the K-group K (P.), there exists a corresponding integral cycle in the
Milnor lattice of the mirror model, such that both integrals structures match. We will give a proof
of this conjecture for the Fano orbifold curves PL, based on Iritani’s proof for the I'-conjecture of
toric orbifolds P2. After inverse Laplace transformations, this allows us to get explicit formulas
for the calibrated periods over the Milnor lattice, in terms of integral structures in the A-model
quantum cohomology, see formula . Then we can embed the root system of vanishing cycles
into the quantum cohomology via period maps. The vanishing cycles form an affine root system of
type A, D, or E, and we can identify the classical monodromy of the Milnor lattice with an affine
Coxeter transformation, see Proposition The calibrated periods over the vanishing cycles are
very important for the construction of the vertex operators later.

1.0.3. The Kac—Wakimoto hierarchy. The triplets a = {a1, a2, a3} with x > 0 are classified by the
Dynkin diagrams of type ADFE together with a choice of a branching node. In the D and F cases
there is a unique choice of a branching node, while in the A-case any node can be chosen. By
removing the branching node we obtain 3 diagrams of typeﬂ Aq -1, k =1,2,3. Let us denote by
H(©) the Cartan subalgebra of the corresponding simple Lie algebra g(®) and define (cf. eqn. (50)))

3
3) ov =TT (sta,1 - skasin),
k=1

where s\ . 50 — §© is the reflection through the hyperplanes orthogonal to 7(0)7 which is the p-
k,p k.p

th simple root on the k-th branch of the Dynkin diagram. The automorphism o, can be extended to
a Lie algebra automorphism of g(°). Let us denote by & the order of ¢}, as an automorphism of g(©.
Due to a mirror symmetry phenomenon the spectrum of oy, is given by the degrees of the cohomology
classes ¢;. More precisely, there exists a oy-eigenbasis {H;}icy of h(), s.t., oy (H;) = e 2mV=1di .
where d; = 1 — degcr(¢:). The index set J admits a natural involution * compatible with the
Poincaré pairing:

d; + di+ = 1.

The oy-eigenbasis can be normalized so that (H;|Hj=) = K 6; ;.
The Kac-Wakimoto hierarchy corresponding to the conjugacy class of o3 in the Weyl group can
be described as follows. Let Cly] be the algebra of polynomials on y = (y;¢), ¢ € J\{(01)} and

3if a, = 1 then the corresponding diagram is empty.
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£ > 0. The vector spaceﬁ Cly]? is equipped with the structure of a module over the algebra of
differential operators in e“ by setting
(ew : T)n = Tn—1, (aw : T)n =NTp, T= (Tn)nGZ € (C[y]z

For every root o € A of g0 we define vertex operators Eéo)(ﬁ) (see (77)) and E%(C) (see

(63))) in Section both acting on C[y]%. Let E,(¢) = E&O)(C)E;(C). The HQE of the oy-twisted
Kac—Wakimoto hierarchy are given by the following bilinear equation for 7 = (7,(y))nez:

3 2
Res<odf( > aa(C)Ea(<)®E_a(<))r®T= (%Z“’f 1+§(aw®1—1®aw)2+

(4) aeA(O) kil
+ Z Z(di* +0)(yie®1-1® yi,f)(ayi,e ®l-1® ayi,é)>7— X T,
i€\ {(01)} £>0
with the coefficients a,({) defined by in Section

a

1.0.4. The main result. We can write the Kac—Wakimoto HQE in terms of the descendant variables
{@n}m>0, using the change of variables between y; , and ¢} (see (79)—(80)). Our main result can
be stated as follows.

Theorem 1. Let D,(h;q) (with a = {a1, a2, as}) be the total descendant potential of an orbifold
projective line PL with a positive orbifold Euler characteristic, then the sequence (7, (h; q)),cz of
formal power series defined by

(B Q) = (kXQ)2" Da(h;q +nVhl), ne€Z.
is a solution to the op-twisted Kac—Wakimoto HQFE , where oy is the element of the Weyl

group of the corresponding finite root system.

In other words, Theorem [1| shows that the GW theory of P} is governed by the Kac-Wakimoto

hierarchy associated to the triple a. Let us emphasize that the variables ¢{!, ¢!, ... appear as
parameters in the differential equations for 7. It is natural to expect that the o,-twisted Kac—
Wakimoto HQE can be extended in order to include differential equations in ¢, ¢9',... as well.

We hope that our work will motivate the specialists in integrable systems and representation theory
to investigate more systematically the possibility of extending the Kac—Wakimoto hierarchies. For
example, in the case of Dynkin diagrams of type A, our hierarchy should agree with a certain
reduction of the 2D Toda hierarchy and the required extension was constructed by G. Carlet [10]
based on the ideas of [I1]. For the type D and F cases, the extension can be constructed with the
same idea as in [52] with a slight necessary modification. The details will be presented elsewhere.
We suggest to call the op-twisted Kac—Wakimoto hierarchy appearing in Theorem [I] the ADE-Toda
hierarchy, and call the corresponding extension the Extended ADE-Toda hierarchy.

Our approach to Theorem [I] systematically explores representation theoretic properties of the
Landau-Ginzburg mirror of P} and realizes these properties in quantum cohomology of P} using the
period maps. A new observation is that we can also use K-theory to obtain explicit formulas for the
leading terms of the period mapping. In particular, this simplifies the analysis of the monodromy
representation. Such an approach should be helpful for more general target spaces as well.

To our knowledge, Theorem [I]is the first case where the problem of constructing HQEs governing
GW theory of a target X is solved for a non-toric X.

Finally, it is very interesting also to investigate the relation between the integrable hierarchies
obtained by applying Dubrovin and Zhang’s construction [I8] to the quantum cohomology of P
and the integrable hierarchies in Theorem [1} It is natural to expect that the two approaches yield
the same integrable hierarchy. We hope to return to this problem in the near future.

4This is a direct product of copies of C[y] indexed by n € Z.
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1.0.5. Outline of the proof of Theorem . First, the hierarchy is shown to be equivalent (via
a Laplace transform) to another hierarchy defined for affine cusp polynomials, see Theorem
Then by Proposition the descendant potential D, satisfies the hierarchy if and only if
the ancestor potential A; (see equation (35])) satisfies another hierarchy . Finally, the most
difficult step is to prove (Theorem that A; indeed satisfies .

Let us point out that although our proof of Theorem [42| follows closely the argument of [34], we
managed to simplify one of the crucial steps in [34]. Namely, there is a certain analyticity property
(c.f. Section of the so called phase factors that was previously established via the theory of
finite reflection groups and their relation to Artin groups. This is one of the main obstacles to
generalize the result of [34] to other singularities. Our argument now seems to apply in much
more general settings, since it relies only on the fact that the Gauss—Manin connection has regular
singularities and that the vertex operators are local to each other (in the sense of the theory of
vertex operator algebras).

The rest of this paper is organized as follows. In Section [2| we recall the orbifold GW theory
for Fano projective curves PL and the corresponding LG mirror model. In Section [3| we recall
Iritani’s integral structure (see [39]) in the quantum cohomology of a smooth projective orbifold
X. Furthermore, we prove that for X = P} the integral structure corresponds to the Milnor lattice
under mirror symmetry. Finally, using the period mapping we identify the root system arising from
the set of vanishing cycles with an affine root system in the quantum cohomology of PL. The inte-
gral structures allows us to obtain an explicit description of the leading order terms of the period
mapping in terms of finite root systems. In Section [ using the results from Section [3| we give a
Fock-space realization of the basic representations of the affine Lie algebras of ADE type. Then we
recall the Kac-Wakimoto hierarchies and construct integrable hierarchies for affine cusp polynomi-
als and show that these hierarchies are related by a Laplace transform (Theorem . In Section
we construct another hierarchy and describe its relation with the hierarchies from previous
sections, see Proposition Then we show that the ancestor potential of P satisfies the integrable
hierarchy and deduce Theorem In Section |§| we consider the example a = {2,2,2}. In
the appendix, we give an alternative proof for the higher genus reconstruction of total ancestor
potential.
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2. ORBIFOLD GW THEORY OF FANO ORBIFOLD CURVES Pl AND THEIR MIRROR SYMMETRY

2.1. Orbifold GW theory of P.. Fano orbifold curves are closed orbifold curves with positive
orbifold Euler characteristics. They are classified by triplets of positive integers a = {a1,az2,as}
where a1 < ag < ag and y = a—ll + % + % — 1 > 0. Each Fano orbifold curve is an orbifold
curve with an underlying curve P! and has at most three orbifold points py (k = 1,2, 3) with local
isotropy groups Z,,. We denote such an Fano orbifold curve by PL. Note that such notation also
includes the smooth curve P! with a1 = as = a3 = 1. It is easy to see that y is the orbifold Euler
characteristic of P}.
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We use the index set J (see (I))) to label a fixed basis of the Chen-Ruan orbifold cohomology
H := Hcg(PL; C) as follows:
o1 =1, o2 =7P
are the unit and the hyperplane class of the underlying P! respectively and
i = Prp, i:=(k,p) € Tpw.
are the units of the corresponding twisted sectors of PL. The cohomology degrees of the classes are:

p . ~
degCR d)Ol = Oa degCR ¢02 = 17 degCR ¢Z = a> v = (kap) € Jtw,

where slightly violating the standard conventions we work with complex degree, i.e., half of the
usual real degrees. There is a natural involution * on J induced by orbifold Poincaré duality

The orbifold Poincaré pairing (—, —) on H is non-zero only for the following cases:
1

(o1, P02) =1, (¢i,¢5) = ;51‘,]‘*,

(2

where i, j € Jw correspond to twisted classes, and we set a; := ay, for i = (k,p) € Ty

GW theory studies integrals over moduli spaces of stable maps. In this paper, we will use both
the descendant invariants and the ancestor invariants. Let us introduce their definitions for Fano
orbifold curves P}. For more details on orbifold GW theory we refer to [13] for the analytic approach
and to [2] for the algebraic geometry approach. Let d € Eff(PL) C H2(PL;Z) = Z be an effective
curve class. By choosing the homology class [P}] as a Z-basis of Hy(PPL;Z) we may identify d with a
non-negative integer. Let M, , (PL, d) be the moduli space of stable orbifold maps f from a genus-g
nodal orbifold Riemann surface ¥ to P}, such that f,[>] = d. In addition, ¥ is equipped with n
marked points z1, ..., z, that are pairwise distinct and not nodal and the orbifold structure of 3 is
non-trivial only at the marked points and the nodes. The moduli space ngn(ﬂbé, d) has a virtual

fundamental cycle [M (P, d)]"**. Its homology degree is
(6) 2((3—dimPy)(g—1)+x-d+n).

The moduli space is naturally equipped with line bundles £; formed by the cotangent linesﬂ
17 X/Aut(X, 21, . . ., 2p; f) and with evaluation map

ev: My n(Ph,d) = IPL x - x TP},

n

obtained by evaluating f at the (orbifold) marked points zi, ..., z, and landing at the connected
component of the inertia orbifold IP} corresponding to the generator of the automorphism group
of the orbifold point z; (c.f. [13]).

The descendant orbifold GW invariants of PL are intersection numbers

(7) (Prf, . dpbkn) g = / eV (P1 @ - @ ) P+,

[(Mg,n(PE,d)]Virt
where ¢; € H := Hor(PL; C), ¢j = c1(L;). The total descendant potential is

d
Da(h ) = exp (32 1 Lton). 60 ).

g,n,d

where @ is a non-zero complex number called the Novikov variable, h, ty,t1,... € H are formal
variables and t(z) :=tg +t12 +t92? 4 ---.

SHere ¥ is the nodal Riemann surface underlying ¥ and z; € ¥ is the i-th marked point on ¥.
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Let m: My, (PL,d) — Mg, be the forgetful morphism and
Ag,n,d (¢17 e 7¢n> = Ty ([Mg,n(ﬂpé, d)]Virt N eV*(¢1 - ¢n)) .

The ancestor orbifold GW invariants of P. are intersections numbers over the moduli space of
stable curves Mg, (29 —2+n > 0):

(8) <¢1 7 ceey ¢n1/;fln>g,n,d = / Ag,n,d <¢17 Ty ¢n) 711%‘1 te 7712717
g,n
where &j is the j-th 1-class over M, ,,. We define the total ancestor potential of P} as follows
QY - =
©) Aa(hit) = exp (30 B9 (4(0), 40 gna).
g:n,d

For each element t € H, it is useful to introduce the double bracket notation:
<<¢1 >---,¢n¢k E 7"'7¢nwkn t >g,n+kd

We define a total ancestor potential that depends on the choice of ¢,
1 _
(10) Ai(;£) = exp (Z B (401, t(00)) (D).

According to [33] the total ancestor potential A;(%;t) and the total descendant potential Da(h;t)
are related by the quantization of a calibration operator S;(z) in Section We will explain the
details of the quantization in Section [2.4]

The quantum cup product is a family of associative commutative multiplications e; (or just e if
the reference point ¢ is mentioned) in H defined for each ¢ € H via the correlators

The degree-0 part of e; at t = 0 is called the Chen-Ruan cup product. We denote it by

Ucr = ®1—0|g=0

Let t;, © € J be the corresponding coordinates of ¢;. The quantum cup product induces on H a
Frobenius structure of conformal dimension 1 With respect to the FEuler vector field

0
E = dit; —
Z +X3t02

i€J
where d; = 1 — degcg(¢), i-e.,

doy =1, dop =0, di=1-2 i=(kp)€Tu.
ag
2.2. Mirror symmetry for the quantum cohomology. The Frobenius structure on H arising
from quantum cohomology can be identified with the Frobenius structure on a certain deformation
space of the affine cusp polynomial

1
(11) fa(z) = 27t + 252 + 25° — —xizow3, = (21,22, x3).

Q
where Q € C* is the Novikov variable. The isomorphism in the case a; = 1 was established in
[53] and the general case can be found in [55]. According to Ishibashi-Shiraishi-Takahashi (see
[41]), the Frobenius structure can be described also in the general framework of K. Saito’s theory
of primitive forms. This is precisely the point of view suitable for our purposes.
Denote the Milnor number of f, (i.e., the number of critical points of a Morsification of f,) b

N+1=a1+as+a3z—1.
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Denote the space of a miniversal deformation of the polynomial f, by
M = (CN+1.

Note that the cardinality of the set J is N 4+ 1, so we can enumerate the coordinates on M via
s = (si)iez. Recall Ty =T\ {(01),(02)}. Given s € M, we put

F(x,s) = o{" + 5> + a5 T1Tox3 + So1 + Z s; @b

b
Qe i=(k,p)ETtw
Let C € M x C? be the analytic subvariety with structure sheaf

Oc = Oprxcs/(0n, F, 03y F, Oy I);

then the Kodaira-Spencer map
0 OF
8757; — 8752 mod (a$1F7 8m2F, 83;3F),

where p : M x C3 — M is the projection onto the first factor, is an isomorphism which allows us
to define an associative, commutative multiplication e on 7js. The main result in [41] is that

V=1
Qeso2
is a primitive form in the sense of K. Saito (see [56]), which allows us to construct a Frobenius

structure on M (see [57]). More precisely, the form w gives rise to a residue pairing on O¢

- 1 ‘ d1¢9 dx1 N\ dxo A dxs
(f1,b2) = 7@ Rebe(CS/M By, F Oy, F O, F )

(12) Tv — p«Oc,

w = dx1 A dxo A dxs

which via the Kodaira—Spencer isomorphism induces a non-degenerate bilinear form on Ty;.
Let us form the following family of connections on Ty

1
v=vho - Z(am ds;,
1€J
where VO is the Levi-Cevita connection associated with the residue pairing and Os,e is the
operator of multiplication by the vector field 9/0s;. Let us also introduce the oscillatory integrals

Ja(s, 2) = (=2m2) 732 zdy, el'@8)/z e T M,
As,z

where djy is the de Rham differential on M, and A is a flat section of the bundle on M x C*, whose
fiber over a point (s, z) is given by the space of semi-infinite homology cycles
H3(C3, {z|Re(F(z,5)/2) < 0};C) = CN*t!,

The fact that w is primitive means that the connection V is flat for all z % 0 and that after
identifying Tys = Ty via the residue pairing, the oscillatory integrals J4 give rise to flat sections
of V. Moreover, since the oscillatory integrals are weighted-homogeneous functions if one assigns
weights d; (i € J), 1/a; (1 < j < 3), and x to s;, 2, and @ respectively, they satisfy an additional
differential equation with respect to z. Let F € TM be the FEuler vector field

0
E = stz A 8302

1€J
Note that under the Kodaira—Spencer isomorphism E corresponds to the equivalence class of F' in
p+Oc. The oscillatory integrals satisfy the following differential equation:

(13) (20, + E) Ja(t,z) = 0J4(t, 2),
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where 0 : Tar — T is the Hodge grading operator defined via
1
(14 o(X) = kO (B) - 5 X

where the constant % is chosen in such a way that 0 is anti-symmetric with respect to the residue
pairing: (0(X),Y) = —(X,0(Y)).

The quantum cohomology computed at ¢ = 0 is isomorphic as a Frobenius algebra with ToM
(see [41l [55]). The identification has the following form

1
pi=ab 4+, o1 =1, ¢02:§x1x2x3+”'-

where i = (k, p) is the index of a twisted class and the dots stand for some polynomials that involve
higher-order powers of ). More precisely, using the Kodaira-Spencer isomorphism we have

(bi:asl__i_...’ ¢01:8501, ¢02:asoz+"'7

where the dots stand for some vector fields depending holomorphically on @ near Q = 0 and
vanishing at () = 0. These additional terms are uniquely fixed by the requirement that the vector
fields ¢; (i € J) are flat, i.e., the residue pairing is constant independent of Q). On the other hand
the flatness of V implies that the residue pairing is flat, therefore we can extend uniquely the
isomorphism H = TyM to an isomorphism

TH=TM

such that the residue pairing coincides with the Poincaré pairing. In other words, the linear
coordinates t;, i € J on H are functions on M such that ¢;(0) = 0, the vector field 9/0¢; is flat with
respect to the Levi-Civita connection, and at s = 0 it coincides with ¢;. The mirror symmetry for
quantum cohomology can be stated as follows.

Theorem 2 ([4I], Theorem 4.1). The isomorphism M = H, s — t(s) is an isomorphism of
Frobenius manifolds, i.e., TsM = Ty H as Frobenius algebras.

Remark 3. Theorem@ can be proved also by using the extended J-function of P (see Sectz’on.
Namely, it is not hard to derive an identification between the quantum cohomology D-module of PL
and the D-module defined by fa(x).

From now on we will make use of the residue pairing to identify T*M = T M. Also the flat
Levi—Civita connection V&€ allows us to construct a trivialization

TM = M x ToM,

and finally, the Kodaira—Spencer map together with the mirror symmetry isomorphism gives
ToM = H. In other words, we have natural trivializations

(15) T*M = TM = M x H.

2.3. The period integrals and the calibration operator. Givental noticed that certain period
integrals (c.f. formula below) in singularity theory play a crucial role in the theory of integrable
systems. In this section, we recall Givental’s construction as well as some of its basic properties.
See [31] for more details.

Put X = M x C? and let

0: X > MxC, (s,x)(s,F(x,s)).
Let
Xs,/\ = ()D_l(sv )‘)
be the fibers of . The set of all (s,\) € M x C such that the fiber X  is singular is an analytic
hypersurface, called discriminant. Its complement in M x C will be denoted by (M x C)'. The
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homology and cohomology groups Ha(X;x;C) and H?(X;;C), (s,\) € (M x C)’ form vector
bundles over the base (M x C)’. Moreover, the integral structure in the fibers allows us to define
a flat connection known as the Gauss—Manin connection.

Let us fix the point (0,1) € (M x C)’ (for @ < 1) to be our reference point. The vector space

b = Hz(Xo,;C)
has a very rich structure, which we would like to recall. Let
ACh

be the set of vanishing cycles, and (-|-) be the negative of the intersection pairing. The negative sign
is chosen so that (a|a) = 2 for all & € A. The parallel transport with respect to the Gauss—Manin
connection induces a monodromy representation

m1((M x C)') — GL().

The image
W c GL(b)

of the fundamental group under this representation is a subgroup of the group of linear transfor-
mations of h that preserve the intersection form. The Picard—Lefschetz theory can be applied in
our setting as well and W is in fact a reflection group generated by the reflections

sa(x) =2 — (a]z)or, €A

The reflection s, is the monodromy transformation along a simple loop that goes around a generic
point on the discriminant over which the cycle « vanishes. Finally, recall that the classical mon-
odromy o € W is the monodromy transformation along a big loop around the discriminant. For
more details on vanishing homology and cohomology and the Picard—Lefschetz theory we refer to
the book [3]. We will see in Proposition [16| below that A is an affine root system.

The main objects in our construction are the following multi-valued analytic functions:

(16) IM(t,\) = —2i O dyy / d~lw,
n [6279N

where the value of the RHS depends on the choice of a path avoiding the discriminant, connecting
the reference point with (¢, ). The cycle oy  is obtained from « € b via a parallel transport (along
the chosen path), d~'w is any holomorphic 2-form 1 on C? such that w = dn, and dy; is the de
Rham differential on M. The RHS in defines naturally a cotangent vector in 73* M, which via
the trivialization is identified with a vector in H.

The period vectors are uniquely defined for all n > —1. For n < —2 there is an ambiguity
in choosing integration constants, which can be removed by means of the following differential
equations:

(17> 8151‘ Ién) (t7 )‘) = _(ZS’L L4 IénJrl) (t7 )‘>7 ? € jv
(18) NIM @A) = 10D N,
(19) (A — E&)IM(t,\) = (9 —n—1 /2)155” (£, N).

Finally, note that the unit vector 1 € H = M has coordinates tg; = 1, t; = 0 for i # (01) and that
the period vectors have the following translation symmetry:

IMEN) =1 —A1,0), VneZ, Vaeh.

The oscillatory integrals are related to the period integrals via a Laplace transform along an ap-
propriately chosen path:

(20) Ju(t, z) = (—2mz) /2 / M1V (8, N)d,

uj
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where wu;(t) is such that (¢,u;(t)) is a point on the discriminant over which the cycle a vanishes.
The differential equations are the Laplace transform of VJ 4 = 0, while the equation is the
Laplace transform of the differential equation ([13]). Using equations and we can express
I™ in terms of I(*1) as long as the operator § —n — 1/2 is invertible. This is the case for n < —2,
which allows us to extend the definition of I to all n € Z.

2.3.1. Stationary phase asymptotic. Let u;(t), 1 < j < N 41 be the critical values of F(z,t). The
set

Mg C M

of all points t € M such that the critical values u;(t) form locally near ¢ a coordinate system is
open and dense. Let us fix some tg € Mg; then in a neighborhood of ¢y the critical values give rise
to a coordinate system in which the pairing and the product e are diagonal, i.e.,

8/8% ° 6/8uj, = 5j,j/8/8uj, (8/81@,6/81@/) = 5j,j’/Aj7

where A; are some multi-valued analytic functions on M. Following Dubrovin’s terminology (see
[16]), we refer to u; as canonical coordinates.

Remark 4. It is easy to see that the critical variety C of the function F' is non-singular, i.e., it
is a manifold. It can be proved that the projection map p: C C M x C* — M is a finite branched
covering of degree N + 1. The branching points are precisely M \ Mss.

Using the canonical coordinates we can construct a trivialization of the tangent bundle
U My x CNTE 2 TMy,  (t,e) = (t,\/A; a
“J

Here My C My is an open contractible neighborhood of tg and {e;} is the standard basis of CN+L
where the j-th component of e; is 1, while the remaining ones are 0. According to Givental (see
[32]), there exists a unique formal asymptotic series W; Ry(z)eVt/* that satisfies the same differential
equations as the oscillatory integrals J 4, where

(21) Ri(z) =1+ iRg(t)ze, Ry(t) € End(CNH).

We will make use of the following formal series

(22) alt, hz) =D It N) (—2)" e €b.

nez

Example 5. Note that for Aj-singularity F(t,2) = 22/2 4+t we have u := u1(t) = t. Up to a
sign there is a unique vanishing cycle. The series will be denoted simply by fa, (t, A; z). The
corresponding period vectors can be computed explicitly:

n n (2n —1)N e
15 (u,2) = (—1) W(A—u) 2 >0
2n+1/2

157w n) =2 (A —w)™2 >0,

(2n 4+ D!
The key lemma (see [31]) is the following.

Lemma 6. Let t € My and ( be a vanishing cycle vanishing over the point (t,u;(t)). Then for
all X near uj = u;(t), we have

f5(t, \;2) = Vi Ri(2) ej fa, (uj, A 2) .
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An important corollary of Lemmafis the following remarkable formula due to K. Saito ([56]):

(23) (alB) = TP (1, 0), (A — E)IJ(t,\)).

To prove this formula, first note that the the differential equations f imply that the RHS
is independent of ¢ and A. In order to compute the RHS, let us fix ¢ € Mg and let A approach
one of the critical values u;(t) in such a way that the cycle 8 vanishes over (¢, u;(t)). According to
Lemma [6] we have

IP(t0) = 22 — ) Y2e; + O((A —uy)V/?).

Similarly, decomposing o = o' + («|8)5/2, where ' is invariant with respect to the local mon-
odromy, we get

I8, 2) = (a]B) 2(A —u;)) e + O((A —uy)'?).
It is well known (see [16]) that in canonical coordinates the Euler vector field has the form F =
> u;jdy,,. Now it is easy to see that the RHS of (23), up to higher order terms in (A — ;) is («|3)
and since the latter must be independent of A the higher-order terms must vanish.

2.3.2. The calibration operator. The calibration of the Frobenius structure on H is by definition a
gauge transformation S of the form

(24) _1+ng 2% Sy(t) € End(H),

such that V = SdS~!'. In GW theory there is a canonical choice of calibration given by genus-0
descendant invariants as follows (see [33]):

(25) (Si(2)0i, B5) = (60, 65) + > _ (it ;)02 ()21
/=0

Here

<<¢zw (bj 02 ZZ ! ¢zw€ ¢]7 g oo >02+md

m=0d>0 "
It is a general fact in GW theory (see [33]) that
(26) Sy(z)~t (8Z — 204+ 2FEe )St(z) =0, — 2z 0+ 272,
where p = x PUcr. By definition the operator p acts on H as follows
(27) p(Po1) = x¢o2, p(¢i) =0, forie I\{(01)}.
We define a new series
(28) fa (s 2) i= Sy(2) " £a(t, A; 2).

Note that the RHS is independent of ¢. Put

(29) fa(h2) =D IO (-

neL

We will refer to I A(n)()\) as the calibrated limit of the period vector I\ (t, N).

In our general set up the Novikov variable @) is a fixed non-zero constant. However, it will be
useful also to allow @) to vary in a small contractible neighborhood and to study the dependence of
the periods and their calibrated limits on ). By definition Lgn)(t, A) depend on Qel02, so we simply
have

QaQ Ién) (ta )‘) atOZ (n) (t >‘)
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Using the divisor equation in GW theory, it is easy to prove (c.f. [33]) that the gauge transformation
Si(z) satisfies the following differential equation:

2Q00 S(2) = 204, St(2) — Si(2) (P Ucr ).

Finally, the gauge identity V = SdS~! and the differential equations f imply that the
calibrated limit of the period vectors satisfy the following system of differential equations:

(30) QIQIT(\) = —P Ucr I\
(31) NI = I,
(32) A= pRI () = (6-n-1/2)I ).

Lemma 7. a) Let {B;}ic3 be a basis of " := H?*(Xo1;C), then the following formula holds
TED() = (Bo, ) (/\1 + (xlog A — log Q) P) + (B ) P+ Y (Bi,a) X% ¢,

1€Ttw
b) The analytic continuation of f(an)()\) along a closed loop around 0 is N(?i)()\), where o is the
classical monodromy.

Proof. a) Recall p acts on H by (27), while the operator ¢ defined in has the form (via (15)))
Note that the H-valued functions that follow the pairings (B;, ) are solutions to the system (30])—

with n = —1. These solutions are linearly independent, therefore they must give a basis in the
space of all solutions.

b) Now the statement follows, because it is true for I () (t,A), for |A| > 1, where

IM N = I Z HITFHO ().

0

2.4. Mirror symmetry at higher genus. A Frobenius manifold is called semi-simple if the
multiplication has a semi-simple basis. The Frobenius manifold (H, (, ), e, ¢o1, F) is isomorphic
to the Frobenius manifold constructed from the mirror model of P} [53, 55, 41], see Theorem
Using the mirror model, it is easy to see that e; is semi-simple for generic t.

For any semi-simple Frobenius manifold, Givental introduced a higher genus reconstruction for-
mula [32] using the symplectic loop space formalism [33]. Furthermore, he conjectured that the
higher genus GW ancestor invariants are uniquely determined from its semi-simple quantum coho-
mology. Teleman [61] has proved this conjecture. Let us recall the construction.

2.4.1. Canonical quantization. Equip the space
H:=H(z)
of formal Laurent series in z~! with coefficients in H with the following symplectic form:

Q(¢1(2), 2(2)) :=Res; (¢1(—2), ¢2(2)) ,  ¢1(2),d2(2) € H

where, as before, (,) denotes the residue pairing on H and the formal residue Res, gives the
coefficient in front of z=!
Let {¢;}ic5 and {¢'};c5 be dual bases of H with respect to the residue pairing. Then

Q(gﬁi(—z)i[il, ¢j2m) = 5ij5€m .
Hence, a Darboux coordinate system is provided by the linear functions q}Z, pe,i on ‘H given by:

= Q(Qsi(_z)_e_lv ) ’ Pei = Q(, ¢izz) .
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In other words,

3(2) = D> ap(d(2)¢iz" + YD pei(d(2))d' (=), b(z) €H.

(=0 i€J =0 i€J
The first of the above sums will be denoted by ¢(z)+ and the second by ¢(z)_.
The quantization of linear functions on H is given by the rules

o ) . 0
@ =n""q,  Pi=h",
) 8q}
where the RHSs of the above definitions are operators acting on the Fock space
(33) Cilal := Cilgo,q1 + 1, q2,---], where Cj:=C(h) g := (q})iea-

Every ¢(z) € H gives rise to the linear function Q(¢4(z),-) on H, so we can define the quantization
o(z). Explicitly,

(34) (i = 20 ()= 2 g
dq,

—_

The quantization also makes sense for ¢(z) € H[[z, z~']] if we interpret ¢(z) as a formal differential
operator in the variables ¢; with coefficients in Cp.

—_—

Lemma 8. For all ¢1(z), p2(z) € H, we have [¢p1(z), p2(2)] = Qd1(2), p2(2)).

Proof. 1t is enough to check this for the basis vectors <Z>i(—z)*€*1, $iz%, in which case it is true by
definition. m

2.4.2. Quantization of symplectic transformations. It is known that both series S;(z) and R;(z)
described in Sections [2.3.1| and [2.3.2] are symplectic transformations on (#,2). Moreover, they
both have the form e4(*), where A(z) is an infinitesimal symplectic transformation.

A linear operator A(z) on H := H((z7!)) is infinitesimal symplectic if and only if the map
H > ¢(z) — A(é(z)) € H is a Hamiltonian vector field with a Hamiltonian given by the quadratic
function

ha(6(2) = SUAAWD(=)), 6(2)).

By definition, the quantization of e*(?) is given by the differential operator eﬁA, where the quadratic
Hamiltonians are quantized according to the following rules:
32
94;0qin
In the case of the orbifold PL, the Frobenius manifold is semi-simple at a generic point t € H.
Teleman’s higher genus reconstruction theorem [61] implies that the total ancestor potential defined
in can be identified with Givental’s higher genus reconstruction formula [33]

R D N
(peiPm,j) = o (Peih) = (@hpei) Zq%@afqi, (90a,) Zﬁ%%-
l

N+l ‘

(35) Ai(lsq(2)) = BRI [ Pou(hdji7a(2)v/A;) € Crgllan, a1 + 1,42 ]
j=1

and the total descendant potentials defined in can be identified with

(36) Da(hia(2)) = " OS  A(hsa(2),

where iq(z) := Z;ioquzg and the coefficents /g, are defined by
N+1

> a¥(es) = didi-
j=1

1€J
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Recall that Dy is the total descendant potential of a point and the factor

oo Qd
FO@) =Y ot thing

d,n=0

is the genus-1 primary (i.e. no descendants) potential. Let us examine more carefully the quantized
action of the operators in formula and .

—

2.4.3. The action of the asymptotical operator. The operator U;/z is known to annihilate the

Witten-Kontsevich tau-function. Therefore, eV*/# is redundant and it can be dropped from the

formula. The action of the operator ]/%t on formal functions, whenever it makes sense, is given as
follows.

Lemma 9 (Givental [32]). We have

R;' F(q) = (egv’f(a’a)F(q)) ‘qHth ,

where Vi(0,0) is the quadratic differential operator

32
dq}0qhn

Vi(@,0) = D > (&' Vim(t)d)

£,m=01,5€7
whose coefficients Vi, (t) are given by

1 — Ry(2)(" Re(w))
Z+w

o0
Z ng(t)szm =

£,m=0
and TRy(w) denotes the transpose of Ry(w) with respect to the Poincare pairing.
The substitution q — R:q can be written more explicitly as follows:

Qo —q, @ +—=Ri(t)go+aq, q— Ra(t)go+Ri(t)g1 +q2,....

The above substitution is not a well-defined operation on the space of formal functions. This
complication, however, is offset by a certain property of the Witten—Kontsevich tau-function, which
we now explain. By definition, an asymptotical function is a formal function of the type:

A(q) = exp (i hlpW (q)> :
9=0

Such a function is called tame if the following (3g — 3 + n)-jet constraints are satisfied:

o F9)

———| =0 if k4 +kn>39-3+n.
aqkl'”aqkn

q=0

The Witten—Kontsevich tau-function (up to the shift ¢; — ¢; + 1) is tame for dimensional reasons:
dimﬂgm = 39 — 3 + n. The total ancestor potential A; is also tame, as it can be seen from its
geometric definition (cf. [33]) or by using the fact that the action of the operator R; on tame
functions is well defined and it preserves the tameness property ([31]).
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2.4.4. The action of the calibration. The quantized symplectic transformation §t_ L acts on formal
functions as follows.

Lemma 10 (Givental [32]). We have

(37) S,1 Fla) = e VP ((Siq)y)
where Wy(q,q) is the quadratic form
Wila,a) = Y (Wem(t)gm, )
£,m=0

whose coefficients are defined by

o0 T

e Se(2)Se(w) — 1
¢ m __ t t
Z Wi (t)z"w™™ = po iy

The subscript + in means truncation of all negative powers of z, i.e., in F'(q) we have to

substitute (cf. (24)):
e qo+ S1(6)qes1 + So(t)qeyo +---, £=0,1,2,... .

This operation is well-defined on the space of formal power series.

3. I'-INTEGRAL STRUCTURES AND THE ROOT SYSTEM

If X is a compact complex orbifold, then using the K-ring K (X) of orbifold vector bundles on
X and a certain ['-modification of the Chern character map, Iritani has introduced an integral
lattice in the Chen-Ruan cohomology group Hcr(X;C) (see [39] and also [47]). If X has semi-
simple quantum cohomology, then it is expected that X has a LG mirror model and it is natural to
conjecture that Iritani’s embedding of the K-theoretic lattice coincide with the image of the Milnor
lattice via an appropriate period map. In our case, when X = PL, we prove the above conjecture
by using the same argument as in [39], where the toric case was proved. Moreover, we obtain an
explicit identification of the set of vanishing cycles with a certain K-theoretic affine root system.

3.1. Iritani’s integral structure and mirror symmetry. Let us recall Iritani’s construction
in the most general case when X is a compact complex orbifold. Let I X be the inertia orbifold of
X, i.e., as a groupoid the points of I X are

(IX)o={(z,9) | z € Xo, g € Aut(z)}

while the arrows from (2/, ¢) to (2", g”’) consists of all arrows g € X from 2’ to 2", s.t., g’ og = gog’.
It is known that X is an orbifold consisting of several connected components X,, v € T :=
mo(|1X|). Following Iritani, we define a linear map

U: K(X)— H(IX;C) = @ H*(X.; C)
veT

via

(38) (V) = (2r) 4me X/2 D(X) U (2rv/—1)%8 inv* ch(V).

Here U is the usual cup product in H*(IX;C). Let us recall the notation. The linear operator
deg: H*(IX;C) - H*(IX;C)
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is defined by deg(¢) = r¢ if ¢ € H?*"(IX;C). The involution inv : IX — IX inverts all arrows
while on the points it acts as (z,g) + (x,g71). If V is an orbifold vector bundle, then we have an

eigenbasis decomposition
‘W =Pv.=-B D vr
veT veT 0< f<1

where pr : X — X is the forgetful map (z,g) — « and V, s is the subbundle of V,, := pr*(V)|x,
whose fiber over a point (x,g9) € (IX)p is the eigenspace of g corresponding to the eigenvalue

e2™V=1f Tet us denote by 0u,fj (1 < j <lyp:=r1k(V, s)) the Chern roots of V,, s, then the Chern
character and the I'-class of V' are defined by

V=3 Y eV en(v, ),

veT 0< f<1

vf

Z H Hr L= f+406u7),

veT 0<f<1 j=1
where the value of the I'-function I'(1 - f+y) at y = J, ¢, is obtained by first expanding in Taylor’s
series at y = 0 and then formally substituting y = d, s ;. By definition I'(X) := I'(T'X).

3.1.1. TheT'-conjecture for the Milnor lattice. We denote by Hog (X; C) the vector space H*(IX; C)
equipped with the Chen—Ruan cup product Ucr. We define a shift function ¢ : T'— Q by

W)= Y fdime(TX), .
0<f<1
The Chen—Ruan product is graded homogeneous with respect to the following grading
degcr(9) = (r +u(v))p, ¢ € H* (X,;C).
The vector space H*(I1X;C) is equipped with a Poincaré pairing, i.e.

(¢1,¢2) = /IX ¢1 Uinv*(¢h2).

This pairing turns both algebras H*(1X;C) and Hcr(X;C) into Frobenius algebras. Let us point
out also that by using the Kawasaki Riemann—Roch formula we can also prove that the map ¥ is
compatible (up to a sign) with the natural pairing on K(X) and the Poincaré pairing

(39) X(Vi @ V') = (710X eV 1oxw (1), W(Va)),
where px = ¢1(TX)Ucr and Ox is the Hodge grading operator of X,

1

On the other hand, if X has a LG-mirror model, then we can define the calibrated periods f‘ﬂ) (A)
in the same way as in formulas and . The main motivation for the above construction
is the following conjecture, which is motivated by Iritani’s mirror symmetry theorem in [39]. To
simplify the formulation we set all Novikov variables to be 1. Using the divisor equation one can
recover easily the Novikov variables.

Conjecture 11 (I'-Conjecture for the Milnor lattice). Given an integral cycle « there exists a class
Vo € K(X) in the K—them“y of vector bundles, s.t. for all £ >0,

T / eI\ dA = s Ox1257rx g (V).
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The conjecture can be refined even further, by saying that if « is a vanishing cycle then V,, can be
represented by an exceptional object in the derived category D’(X) and that the monodromy trans-
formations of « correspond to certain mutation operations in D°(X). See [27] for more discussions.
Now we describe Conjecture [L1]in the case of PL.

3.1.2. The K-ring of PL. Let a = (a1, az,a3) be a triple of non-negative integers and put X = P..
The orbifold P} can be constructed as follows. Put

G= {t = (tlat27t3) € (C*)g | tclll = tC2L2 = tgg}'
We have
Py = [Ya/G], Ya={y=(1,y2,y3) € C°\ {0} | 4" +y5” +15° = 0},

where the quotient is taken in the category of orbifolds, i.e., it should be viewed as an orbifold
groupoid. The K-ring of orbifold vector bundles on P! can be presented as a quotient of the
polynomial ring C[Ly, Lo, L3] by the following relations
L=LP"=L?=L, (1-Ly)(1—Lp)=0(1<k<k <3).
Here L is the pullback of Op:i(1) under the natural map PL — P!, and the product is given by
tensor product of vector bundles. The orbifold vector bundle Ly is the trivial line bundle Y, x C
equipped with the following G-action
G X Ly — L, (t,y,v) — (ty, txv).

It is easy to see that the K-ring is generated by Ly, Lo, L3, L. The first set of relations follows from
the definition of G. To see the remaining ones, note that the coordinate function y; on Y, gives
rise to a section of Lj. The Koszul complex associated with the sections (yx, yx/) is G-equivariaint
and it gives rise to the exact sequence
0— L ® L) — L ® Ly, — Op1 — 0.
This proves that (1 — Lg)(1 — Lg) = 0.
3.1.3. The image of K(X). The connected components of P, are indexed by {(0,0)} U J¢. Let us
denote by P = ¢1(L), then ¢1(Ly) = P/ay. By the adjunction formula TX = L1LoL3L ™!, we get
1 1 1
a(X)=xP, x=—+—+—-1
al a9 as
Furthermore, note that
0 ifk#EKk and f#0
(Li)wpy =140 ifk=F and f # p/ay
C  otherwise.
From here we get that the eigenspace decomposition of T X is
TX ifk=0, f=0,
(TX)k,p,f = C ifk;é(), f:p/ak,
0 otherwise .

Recall that for i = (k,p) € Jtw, di = dip = 1 — p/ay, we get the following formulas

L(X) = T(L+xP)+ Y T(d)es,
1€ Tt
1+ EP—F Z C;npék,j%’p’ = e2mvV—=1/a;

&1 m
( k) ak (jvp)EBtw
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Let us point out that in the above formulas 1, P € H*(Xo,), while ¢y, € H(Xj ) is the standard
generator for the twisted sector. Note that the unit of the algebra (H*(1X;C),U) is

ch(0) =1+ Y ¢
1€ Ttw
Finally, since

- omy/~1 —
@rv DBy (L) =1+ Py ST (g,

ag

(j,p)ejtw
we get the following formula
m 2my/—1m I'(d;p)
(jup)ejtw ]

3.2. I'-conjecture for Fano orbifold curves. Now we give a prooiﬁ of the I'-conjecture for the
Milnor lattice for PL. The proof is obtained by applying Iritani’s argument of the proof of [40]
Theorem 4.11] and [40, Theorem 5.7] and relies on the I'-conjecture for the Milnor lattice for the
Fano toric orbifold (proven in [39])

Y =P; = [(C*\ {0})/G]
and the explicit formulas for the J-functions of X := P} and Y. Note that X is a suborbifold of Y.

Remark 12. There is a natural map p : P2 — P2, The above description of X = P} realizes X as
the locus of zero of a section of the line bundle p*Op2(1) on P2. Applying the recipe of constructing
mirrors of complete intersections in [30], we obtain fa as the mirror of X.

Notice that the line bundles Ly, are restrictions of line bundles on Y and the K-ring of Y is the
quotient of the polynomial ring C[L1, Lo, L3] by the following relations

L=L1""=L>=L5, (1—1Li)(1—Ls)(1—L3)=0.
Put L = p*Op2(1) and P = ¢1(L). We have isomorphisms
Q= Hy(X;Q) = Hy(Y3Q), dw d[F]]
and
HA(Y;Q) 2 HY(X;Q 2Q, o (a,[P)).
The J-function of an orbifold X used by Iritani is
Jx(7,2) = L(r,2) "1,
where 7 € Hor(X),
L(r,2) := Sy(—z)e Ploe@/2
and S is the calibration operator (25). Note that this definition differs from Givental’s one by a

sign and by the exponential factor.

6Note that P} is not covered by results in [39, 40].
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3.2.1. Combinatorics of the inertia orbifolds. The orbifold Y is toric. We describe its stacky fan
as follows. Put

by = (a1,0), by =(0,a3), bs=(—a3,—a3) € Z’.
The fan of Y is
{0, {k},{k,K'} | 1 <k, kK <3}

where each set I on the RHS determines a cone in R? spanned by by, k € I. Note that X is the fan
for P2. The fan map for Y sends the standard basis {e1, ez, e3} of Z3 to Z? by

73 — 7%, e — by.
The connected components of 1Y are parametrized by

Box(X2) = {(c1,¢2,¢3) | 0 < ¢ < 1, chbk € Z? N o for some cones o € ¥},
k

where ¢ € Box(X) determines the twisted sector
Ye=[{y € C® | yp = 0 if ¢y # 0}/G]

which has a generic stabilizer given by the cyclic subgroup of G generated by
(62wﬁ01762wﬁ02’ GQW\/TICS) cq.

The inertia orbifold I X is a suborbifold of IY and the twisted sectors of I X are parametrized by
those ¢ € Box(X) for which dim(Y.) > 0, i.e., at most one component of ¢ is non-zero.

3.2.2. The J-function of Y. Let 1. € HY(Y.) be the dual of the fundamental class for ¢ € Box(%)
and
7 =T11(1/a1,0,0) T 721(0,1/a2.0) T 731(0,0,1/as)-

According to the mirror theorem of [15], the J-function Jy (7, z) depending on 7 is equal to the
S-extended I-function [15, Definition 28] with S = {(1,0), (0,1), (-1, —1)}. This gives

d n
Ty (7, z)—ePlogQ/z(Z Z Q" t(tn) T3n(.2)),

ydegy (Q?) ) zdegy
d=0 ni,n2,n3=0

where we introduced homogeneous parameters ¢ = (t1, t2,t3), whose dependance on 7 and @ can
be determined from the expansion Jy =1+ 7/z + -+, the degrees of ) and ¢ are

1 1

degy (@) := /dcl(TY) =d( -+t alg) degy (ty,) = degy (1) = 1 — 1/ay.

Finally, we denoted n = (n1,n2,n3) and we used the standard multi-index notations
t" =t1"t5%t5%,  n! =nilnglng!.
In order to define the component J 5/ ,, let us define my, € Z and ¢, € Q by

ne —d

=-—mr+cg, 0Zc <l
ag

Then we have

H I'(1—cp+ (Plag)z™1)
zdegy (1c) F 1—ck+mk—|—(P/ak) 1)’

Jd n(T z

where if ¢ ¢ Box(X) then we set 1. = 0. In other words we sum over all (d,n), s.t., at least one of
the numbers ¢, is 0.
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3.2.3. The J-function of X. Since p*Op2(1) is a convex line bundle in the sense of [14, Example
B], the J-function of P} can be computed from that of P2 using the quantum Lefschetz theorem of
[62] and [14].

Using the embedding j : IX — IY we restrict 7 and 1. to H*(IX). Slightly abusing the notation
we use the same notation for the restrictions. Note that now 1. = 0 if ¢ has more than one non-zero
component. The formula for Jx has the same form

d n
_ _PlogQ/z Q t X
JX (T Z) e & ( Z Z degX (Qd) n!ZdegX (tn) Jd,n(T7 Z)) I

d=0 ni,n2,n3=0

where

1. T(1+d+ Pz ﬁ (1 — ¢+ (Plag)z"1)

I3, =
an(7:2) zdegx(le)  T(14 Pz71) I'(1—ck+mg+ (Plag)z—1)

Note that the grading takes the form

1 1
deg(Q9) := /C1(TX)d< +7+7_1)

d a1 a2 as
while the degrees of ¢t and 1. do not change, because the restriction map preserves the grading.
3.2.4. The Galois action. The Picard group Pic(X) of isomorphism classes of (topological) orbifold
line bundles on X can be presented as a quotient

Z? — Pic(X), (r1,79,73) > L' LY2LE

with kernel given by the relations

aiel = aze2 = ases,

where {e1,e2,e3} is the standard basis of Z3. The group Pic(X) acts naturally on the Milnor
fibration via

ve(z,t)=w- -z,v-t), v=I(ry,ryrs) € Pic(X),

where

(V'l‘)k _ e27r\/jlrk/akxk7

and the action on the remaining components is defined in such a way that
Flv-z,v-t)= F(x,t),

ie.,
Wty = e ViImelag - 1<kE<3, 1<p<a—1,
3
.
(V . t)oz = tgo + 271'\/—12 i,
ag
k=1
(v o1 = toi-

Let us fix some (t,\) € M x C with \ sufficiently large, then for every v = (ry,79,73) we can
construct a path from (¢,\) to (v -t,)) as follows. Using the above formulas we let ¢ € R? act
on M. As c varies along the straight segment from 0 to (r1,72,73) € Z> C R3 we get a path in
M connecting t and v - t. The parallel transport along this path with respect to the Gauss-Manin
connection gives an identification Ho(X,.1\;7Z) =2 Ho(X; x;Z). Combined with the Pic(X)-action
on C? we get an action

Pic(X) x Ho(X¢ \;Z) = Ho(Xy x;Z), (v, ) — v(a).

Following Iritani, we refer to the above action as Galois action of Pic(X) on the Milnor lattice.
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Lemma 13. If the I'-conjecture for the Milnor lattice is true for some cycle a and V,, € K(X) is the
corresponding K -theoretic vector bundle, then the conjecture is true for all v(a), v = (r1,7r2,73) €
Pic(X). Moreover,

Vl,(a) =Vo®L,, L,= L? ngng.

Proof. Using the vector space decomposition

Her(X)=H*X)P | P HEX)].

( 7p)€jtw
we define a linear operator
2L
0, : Hor(X Her(X 0, = — ,
cr(X) = Her(X) ;;akphp

where pry , is the projection onto the subspace Hé/l:?k (X). By changing the variables y = v -z in
the period integrals we get

1504 A) = e 2V O g ), e

On the other hand the calibration operator satisfies
Sy-11)(2) = 2™V =100 G, () 2V 100 =2mV/—Tea(Lu) /2

which can be seen easily by using that if the correlator

<a11/}]1€17 ey an¢ﬁn>0,n,d

is non-zero then, since we have at least one stable map f: C' — X, we have

V(L) = /d er(Ly) - ;emj) ez

Since by definition
I(t,3) = Si(=0, HIL(N),
the above formulas imply that
A(Z) )()\) —27r\/79,, 271'\/701( )8)‘16 ()\)

V(a

In particular, after taking a Laplace transform, we get

1 Oo_s— o2 7r c s —8
\/7/ eAj(((f))()\) 2\/70V2F1L)\/%/ A ()\)

On the other hand, using the definition of ¥ we get
V(V @ L,) = e V=10 2nv=la(l)y(y),

It remains only to notice that s™P = (Ps)s~% and that 6, commutes with both § and the Chen-
Ruan product multiplication operators. ]
The Milnor lattice is known to be unimodular with respect to the K-theoretic bilinear form

(,): K(X)®z K(X) = Z, (L1,L2) = x(L1® Ly)

(see [40], Section 2). The above Lemma implies that it is enough to prove that the I'-conjecture
holds for the structure sheaf. Indeed, if this is true, then since K(X) is generated by Pic(X), the
I conjecture correspondence will embed K (X) into a sublattice of the Milnor lattice. Since both
lattices are unimodular, they must coincide.
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3.2.5. The central charge. Iritani’s I'-conjecture for the Milnor lattice looks different since he works
with Lefschetz thimbles. Nevertheless, our formulation is completely equivalent. The reason is the
following. Let us take a Lefschetz thimble A corresponding to a vanishing cycle «, i.e., for fixed
(t,z) € M x C* we fix a path C' in C from u; to oo, s.t., Re(A/z) > 0 for all A € C' and the cycle
oy » vanishes when \ approaches u;. In this way we can identify the Milnor lattice with a lattice
of Lefschetz thimbles.

We claim that

L(t, )" / e MIEO (1 AN = ¢* PlosQ / e M IO (N)dA,
Uuj 0

where L(t,2) = Sy(—z)e > P108Q_ Indeed, one can check easily using the quantum differential
equations that the LHS is independent of £ and ). On the other hand we have

L(t,2) =1—2z"'PlogQ+---, uj=0+--- and ITOtN) =IO\ +---,

where the dots stand for terms that vanish at ¢ = () = 0. So modulo terms that vanish at t = Q =0
the LHS coincides with the RHS. Our claim follows.
We define the central charge of V, € K(X) by

ZOW)(t, 2) = (L(t, 220200 (V) 1) .

Since we will use the result of Iritani, let us clarify the relation between our notations. In Iritani’s
notation, the central charge is defined to be

ZU (V) (t, 2) = 2m2)™2(2my/=1) " (L(t, )20 (Vy), 1), n = dime(X).

For the LG models studied in [39] the I'-conjecture for the central charge is stated as

(2ryv/—1)™" / e F@t/zy = 72 (V) (¢, 2).

A
As we see from the LG model that we use in general one should choose n to be the number of
variables in the LG potentials. For the LG models in [39] the number of variables coincides with
the dimension of the orbifold, so this difference does not matter.
The identity in the I'-conjecture for the Milnor lattice is equivalent to

(41) \/17 / e MO (1 AN = L(t, 2) 2220w (1,).

The number ¢ must be chosen sufficiently large. We will see that in our case £ = 1 works. In general
£ can be chosen, s.t., the number of variables in the LG potential is 2¢ + 1. Recalling the definition
of the period integrals, we transform the LHS into

(_ZdM)(27r)—3/2 / e—F(x,t)/zw7
A

where djs is the de Rham differential on M. In particular, since the Poincaré pairing of the RHS
with 1 corresponds to contracting the LHS with dy; we get

(42) (272)~32 / e FED/2 — 72OVt 2).
A
In order to prove the I'-conjecture for the Milnor lattice it is enough to prove that if V = Ox,
then we can find an integral cycle A, s.t., the identity holds for all parameters ¢ of the form
t=1t11111 + 121121 +131131.

One can check that the partial derivatives of the LHS and the RHS of with respect to any
other parameter t;, can be expressed in terms the same differential operator involving only #x 1,
1 < k < 3. Therefore if holds for all ¢ of the above form, then holds also for all such ¢.
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As it was explained above if the identity holds for a single point ¢t = tg then it holds for all ¢
and it is equivalent to the identity in our I'-conjecture. In other words, the I'-conjecture holds for
the structure sheaf. Recalling Lemma [13| we get that the I'-conjecture holds for the entire Milnor
lattice.

3.2.6. The central charge as an oscillatory integral. It remains only to prove . Following Iritani,
it is convenient to rewrite the RHS of in terms of the so-called H-function

H (1, 2) = ch(H (1, 2),
where the K (X)-valued function
HY : M xC* - K(X)
is defined by the equation
1= L(t,2)2 2O (HD(t, 2)).
For the central charge Zg?)(V) we have
(L(t2)2"2"W(V), L(t, ~2) (=) (=2l W (H (1, —2))) = (2(V), e e Vu(HR)),

where we define (—1)® := (¢"™V~1R) for all linear operators R. Recalling and the Kawasaki
Riemann—Roch formula we get

ZQW)=xHY o vV) = /1 . HO(t,—z) Uch(VY) UTA(TX),

where in the notation of Section [3.1] the Todd class of an orbifold vector bundle is a multiplicative
characteristic class defined by

Z H v—oguoy H H _ —27r\/7fe_5vfa

veT j= 1 0<f<lj= 1

The proof of formula requires a simple lemma. The main ingredient is a slight modification of
the usual Laplace transform defined as follows. Let f(t,@Q;z) be any function, then we define

() (1, Q:2) = /0 T —n2Q: 2)dy

The integral is convergent if for example f depends polynomially on ) and log (), which is the case
that we have. Note that this Laplace transform does not commute with the involution z — —z.

Lemma 14. Let j: IX — IY be the natural embedding, then
JeHY (£,Q5—2) = (—2/2m) /2 (L) U L(HY)(t, Q: —2),

where e(L) = ) o e(Ly) is the orbifold Euler class of L.
Proof. Since j.(j*a) = e(L) U « for every o € H*(IY), it is enough to prove that
(43) 2 (7 HY) (t,@5—2) = (=2/2m) 72 HO(1,Q; —2).
We have

(27)VPT(X) U 2rv—1)Binv HO (1, Q, 2) = 27X 20X Jx (¢, Q; 2)
and

2m) ' T(Y) U @rv=1)%einv B (1, Q, 2) = 277 2% Jy (t,Q; 2)

On the other hand, using the explicit formulas for the J-functions it is easy to check that

LG Q5 =2) = (=2)7 7T (1 = P/2) U Jx(t, Qs =2).
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In order to prove formula , it is enough only to recall the following identities
F(=2) T (=)™ = (—2) TP () N () O

(=2) "X (=2) X (=2) 7P T (1 = P/z) = (=2) T (1 + P)(—2) "X (=2)%,
and
FT(Y) = D(L)T(X).
O

Lemma [14] yields the following relation between the central charges of sheaves on X and Y. Let
V e K(Y), then

ZQGV) = (=z/2m) 22 (20 (V ~ Ve 1))
In particular
(44) ZQ0) = (—z/2m)2e (2001 - L))

Theorem 15. For a Fano orbifold curve X = PL, given a class L' € K(X) in the K-theory of
vector bundles, there exists an integral cycle oy € h, s.t. for all £>> 0,

f/\s _ o—Ox—0-1/2 —px m
I ANdA = s "X sTPXW(LY).
o= | eI (x)
Proof. 1t is enough to prove . Let us look at the corresponding oscillatory integrals. Recall
that the LG model of Y is given by the restriction of
3

Foa(z,t) = ) (a7 + traxy),
k=1
to the complex torus xizox3 = (), while the corresponding primitive form is
N dxld.%'gdl'g
“p = d(xlxgxg) '

Let us assume now that z and @Q are real numbers, s.t., z > 0 and Q < 0. Let C C C? be the chain
C={zcR3|z,>0,k=1,23}.
The oscillatory integral
(277,2)3/2/ Fo)/2, = (272)~3/2(— 1/2/ B n/ —Fa )/ 2 dmd:czdxg( 2)dn,
c om d(xyz913)
where we presented the chain C as a family of cycles

I' .ng ={z €C | z120w3 = —2nQ}.
and used the Fubini theorem. The I'-conjecture for Y was proved by Iritani [39]. Moreover, the
real cycle I'_ ., corresponds to the structure sheaf Oy, so the above integral coincides with

(—1)22(2m2) 3/ / e n(2m2) 20 (1) (¢ —2nQ: )y = (~1)P2(z/2m) 28 (7).

0
Recalling the argument in Lemma [13]it is easy to see that the analytic continuation around @ = 0

in clockwise direction of £ (Z}(,O )(1) is £ <Z§,O ) (L)), therefore the cycle that we are looking for is

c-c¢ , where C is the chain obtained from C via the monodromy transformation around ¢ = 0 in
the clockwise direction. More precisely, C is the family of cycles I'_ ., obtained from I'__, ¢ by the

monodromy transformation around ¢ = 0. It remains only to notice that the boundaries of C and
C are the same. Together with , this proves . O
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3.3. Affine root systems and vanishing cycles. According to Theorem [L5| (recall that we have
to put @ = 1) and formula , we have

&0 1 2w/ —1m I'(d;) o;
—)\S Z _ .
[ maman = g (T - xloes) 5+ Y o

QﬂFmpék gla; gttdip”

717 Ejtw
where d;, =1 —p/a;, v is the Euler’s gamma constant defined by
1 1
vy= lim H, —Inm, H,=1+—-+ -4+ —,
m—00 2 m
If £ > 1, then we can recall the inverse Laplace transform and also the divisor equation to get

~ N Pl 2my/—1m
I(_Z) 71 1 _ _ P
Oék,m()‘) 0 + (E— 1)‘ < an —|—X( og/\ Cy 1)) +

(45) N Z A\ pH=1g2mV/=Tmdy ;d;p 5

where if £ =1 we set Cp := ilog@ and if £ > 1 then Cy = Cp_1 + %.

Proposition 16.
(1) The set of vanishing cycles A C b = Hy(Xo,1;C) is an affine root system of type X( )
where N = a1 4+ a2 + a3 — 2 and
A if al = 1,
X={D ifai=as=2,
E  otherwise.

(2) There exists a basis of simple roots such that the classical monodromy o is an affine Cozeter
transformation.

Part (1) of Proposition |16|is due to A. Takahashi (see [60]). The proof is based on a standard
method developed by Gusein-Zade and A’Campo. We give a proof of Proposition based on
Iritani’s integral structure.

We will be interested in the two maps from the sequence

(46) I™A):p—H, o~ IMQ1)
corresponding to n = —1 and n = 0. According to Lemma [7] we have
Y1) = By (1 - (1ogQ)P) + B P+ Y Biy,
1€JTtw
which proves that the map for n = —1 is an isomorphism. Using I (=1(1) we equip H with an

intersection pairing (-|-), i.e.,
oan o 1 F(=1) n_ F(=1)
(¢'1¢") = (&/|a”), for ¢ =1, (1), ¢" =1, (1)
The period map with n = 0 has a 1-dimensional kernel because (using )
I(1) = (1-p)71 0+ /I (1) = (1 + p)(1 — degep) (1),

so the kernel is C P. We denote the image of T(O)(l) by H©). Let us denote by r : H — H) the
map defined by I (1) = r o I=D(1), i.e.,

r(b) = (1+ p)(1 — degcr)(b).
According to Saito’s formula the intersection pairing on H takes the form

(47) (@'1¢") = (r(¢), 1 = p)r(¢")), ¢'.¢" € H.
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It follows that we can pushforward the intersection form to a non-degenerate bilinear pairing on
H©_ which we denote again by (-|-). More precisely we define

@1¢") = (¢, (1= p)¢"), ¢,¢" € HO.
Let us denote by ACY ¢ H and A© ¢ HO the images of the set of vanishing cycles, i.e.,
ACY =1V 1) [ae A}, AO={1O1) | aec A}
A straightforward computation with formula implies
Lemma 17. Consider oy, as in . Then the cycles oy (1 < k <3, m € Z) satisfy

2 if m = n(mod ay),
(m| k) = .
1 if m # n(mod ay),
and for k # k'
2 if m = 0(mod ay) and n = 0(mod ay),
(kmlag n) =90 if m # 0(mod ag) and n # 0(mod ax),

otherwise.

—_

3.3.1. The toroidal cycle. Let I'. C C? be the torus
Fe = {’$1| = ‘.%'2‘ = 1, ’1‘3| = E}.
If € is sufficiently large, I'. does not intersect the Milnor fiber Xy ;. Hence we have a well-defined
cycle
[T.] € Hs(C*\ Xo,1;Z) = Ha(Xo,15Z),
where the isomorphism is given by the so called tube mapping (for more details see [35]). Let us
denote by ¢ the image of [I'c] under the above isomorphism.

Proposition 18. We have Ié,_l)(t, A) =2my/—1P.

Proof. Increasing ¢ does not change the homology class [I'c], therefore by choosing £ > 0 we may
arrange that I'. does not intersect the Milnor fiber X, 5 for all (¢, \) sufficiently close to (0,1). In
particular, the cycle ¢; ) obtained from ¢ via a parallel transport with respect to the Gauss-Manin
connection coincides with the image of [[';] via the tube mapping. We have (c.f. [35])

1 IENQ) = [ —— =2ry=1 [ 2 =2r/=1 /dlw.

(45) N A Sk P Rl

Comparing with the definition we get

I(ta A, Q) = _(27-()2 V-1 (Ig(p_l) (t7 >‘)7 1)
Using the differential equation , we get

(49) (Mo + E)I(t, A\, Q) =0.
The integral I(¢, A\, Q) is analytic at (¢, \,Q) = (0,0, 0) because it has the form
\/_—1 deldl'Qdmg

. Qelz (G(t,x) — \) — 12973
where G(t,z) is a holomorphic function in ¢ and z. However, equation means that I(¢, A\, Q)
is homogeneous of degree 0 and since the weights of all variables are positive, the integral must be
a constant. In particular, we may set t = () = A = 0, which gives

It,\Q)=—V-1

dwldxgdl'g _ (271_)3‘
[[c] L1273
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Note that equation implies that Ié,o) (t,\) = 0. Recalling again the differential equation ,
we get

ISV = (I5V(tA),1) P = (2m) *V=11(t,A,Q) P = 2rV/~1P.

We immidiately have a corollary -

Corollary 19. The cycle ¢ corresponds to the skyscraper sheaf Op := L — O, i.e.,

6= ’fg;}gk (1) — I, )(1) = 2nV/=1P.
Proof of Proposition (1). The image of the Milnor lattice in H has a Z-basis given by

5, WY, ALY, i€ T,

where for n =0 or —1, and i = (k,p), we get

V{En) = (gz)o(l) (corresponds to O)

71(67713 = f&?_p(l) N ff&i?_pﬂ(l).
It is easy to check that the intersection diagram of the set of cycles 7(71),%-(71),2' € Jiw is given

by the Dynkin diagram on Figure[Il As usual, each node has self-intersection 2, each edge means
that the intersection of the cycles corresponding to the nodes of the edge is —1, and no edge means
that the intersection is 0. It follows that the intersection form of the Milnor lattice is semi-positive
definite with 1 dimensional kernel. This is possible only if A1) is an affine root system. t

In particular we get also that & is a Z-basis for the imaginary roots and that A(©) = T’(A(_l)) is
a finite root system.

3.3.2. Splitting of the affine root system. It is convenient to enumerate the roots ’yén),’yi(n),i € Jtw

also by 'y(n)(l < j < N). The Dynkin diagram on Figure [1|is of type Xy, X = ADE. Let us

J
(=1)

denote by ~, the affine vertex, i.e., the extra node that we have to attach to Xy in order to

obtain the corresponding affine Dynkin diagram XJ(\}).

Vectors ’yj(-o), 1 < j < N, form a basis of simple roots of A, Let W) be the reflection group

generated by ’y(-o). It is well known that there exists a group embedding W(® — W which is induced

J
by the map
0) ._ (-1 _ :
5, = 57;0) sy = 37](_1), 1<j<N

Given a € AO) | let us define a lift @ € ACY as follows

N N
o= Z bjyj(-o) = Q= Z bjfyj(._l).
j=1 Jj=1

Then the root system A~V coincides with the set
{d—l—né |ae A neZ} ,

where § = ’yéfl) + 61 and 6 € A© is the highest root with respect to the basis {'y](p) é\le (see
[44]). Following Kac, we will refer to nd (n € Z) as imaginary roots. Finally, let us denote by

A(_l) = H2 (X071; Z)
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(=1)
M,a1—1

1 -1 1
7§,a2)—1 75,2 ) 75,1 )

*o— .- —@ ®

-1
’Y:E,,z )

(-1)
73,(13—1

FIGURE 1. The branching node

the root lattice of A=V, Given o € AC-Y such that |a|? := (a|a) # 0, recall that the reflection
with respect to « is defined by

Sa(z) =2 —2 (a]z) a.
(afa)
We also define the following translation:
(alz)
T, ‘= Sa+5Sa = 2 0.
() := Sq168a(r) =+ (ala)

This definition induces a group embedding 7' : A® — W. Recall that w s, w™! = Sw(a) for all

we W and o € AV such that |a|? # 0. Therefore, A(©) is a normal subgroup of W and we have
an isomorphism

W2 AO) 5 W),
Let us emphasize that the above isomorphism is not canonical — it depends on the choice of a basis
of simple roots of A(=1),
(0)

3.3.3. The Cozeter transformation. Put o, := o, ’, where

3
(50) O'Z(f) = H (s%lk_l e s(gs%) e Aut(A®), r=-1,0.
k=1
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Note that while the order of the reflections that enter each factor of the above product is important,
the order in which the 3 factors are arranged is irrelevant since they pairwise commute.

Proposition 20. The automorphism of A© induced by the action of the classical monodromy o
coincides with oy.
Proof. The analytic continuation in A around A = 0 of the period f&;ﬁ}b (\) is equivalent to tensoring
the line bundle L;* by TX = L1LyL3L~" and then taking the corresponding periods. Using

(L — 1)Ly =Ly —1, for k#K
it is easy to check that

(Ly™— L™ ™HTX = L™ — L™ YmeZ,

TX' = 14 L7 14 L -1+ L3 -1+ L1,
(L' =1TX = 1-0, " V41-L
According to the above remark, the classical monodromy acts as follows
o(Vkp) = Vep-1, (kD) € Ttw,
o w) = W1+ Y21+ 31+ 6,
o(Ve1) = —Y1— = Vkaz—1 —O.

It remains only to check that the action of oV s given by the same formulas modulo the imaginary
root 4. O

It is known that up to a translation the affine Coxeter transformation coincides with o}, (see
[58, [59]), so part (2) of Proposition [16| follows from Proposition

3.4. Calibrated periods in terms of the finite root system. Let w](-_l) €EHY(0<j<N)be

the fundamental weights of ACY i,
-1) (=
<w(‘ )7 ( 1)> = 5j,m-

¥ m
Using the intersection form we identify H(© and its dual. Let w](o) e H® (1 < j < N) be the
fundamental weights of A i.e.,
@) =6, 1<jm<N.
We have the following relation

Wi 6) = @ r(@) - ki V.6, aea,

where k; (1 < j < N) are the Kac labels defined by

N
s=g VS kY.
j=1

In terms of the fundamental weights, the splitting of the affine root system from the previous section
can be stated also as the following isomorphism

ACD =2 A0 w7 & (a,n), a=ra), n= <wéfl),d>.
Lemma 21. The following identity holds

ap—1

N R e
m=1
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Proof. We have explicit formulas for the simple roots

3 ap—1
2= 1P+ Y S bk
k=1 p=1
ap—1
1
ST S (o e O o
p=1

It remains only to check that the LHS and the RHS have the same intersection pairing with the
above set of simple roots of A©). O
Let k be a positive constant whose value will be specified later on. Put

1 1 .~
(51) Hy := Hoy := Hpp := (kX)?2 wéo), H;:=(ka;)2 ¢y, 1€ T

Note that according to Lemma |7| { H; };c5 is a op-eigenbasis of HO with op(H;) = e_%ﬁdiHi in
which the intersection form takes the form

(52) (Hz‘Hj) Zﬁéi’j*, 1,7 €T
where for ¢ = j = 01 € J we used that wéo) = X*11 + P. Finally, put
_ o0
Po == Z ar ko
k
(kvp)ejtw

Proposition 22. Let @ = (a,n) € AO) x 7 = A, be a vanishing cycle, then the corresponding
calibrated periods are given by the following formulas:

L) = (1) 0alwy»p AP+ 3 (ol Hix)(ds — 1)+ (di — OXN 7/ ai/repr,

1E€Jtw
IV = (w1 + (@lw AP+ 3 (ol Hi)A% " ai [k,
1€ Ttw
. 41 )\ )\Z
=90 = (a|w£0))(£+ 1)!1 + ((Oz|w£ )X 7 = (log A — Cy) +2mv/—1(n+ (ppla)) =~ ) P+
)\di—I—Z

1€Ttw

where £ > 1 and Cp (£ > 1) are constants defined recursively by

1 1
Cr=Cp1+—, C():;logQ.

l
Proof. It is enough to check the statement for the following basis of the Milnor lattice

vé_l), J, %(_1), i = (k,p) € Jiw.

Let us check the last identity for & = ’y,i;l), ie,n=0and a = 7,20])). Recalling the explicit formulas

for Eki Z)()\) and Vi p = O —p — Ok, —pt1, We get (recall that dy,,, =1 —m/ay)
/=T \! ar—1 e m(p—1)
f(—l—() ()\) _ 27‘— LA C

P )\K—l-dk,m -
Teop ak Z f-i-dkm (1t diem) P,

On the other hand, by definition H;.«\/a;/k = a;Pix, so the identity follows from Lemma The
O

remaining two cases are proved in the same way.
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4. ADE-ToODA HIERARCHIES

4.1. Twisted realization of the affine Lie algebra. Let g(¥) be a simple Lie algebra of type
ADE with an invariant bilinear form ( | ), normalized in such a way that all roots have length /2.
By definition, the affine Kac—-Moody algebra corresponding to g is the vector space

g:=gOt ¢ @(CK@(CCZ
equipped with a Lie bracket defined by the following relations:
(X t",Y "] = [X, Y] """ + nd, (X |Y)K
[d, X t"] :=n(X t"), [K,g®]:=0,
where X,Y € g(©@.
We fix a Cartan subalgebra §(® < g and a basis v, (i € J) of simple roots, s.t., the

corresponding Dynkin diagram has the standard shape with 4, corresponding to the branching
node. If the root system is of type A; then we choose any of the nodes to be a branching node and

we have (at most) 2 instead of 3 branches. Let us define oy, := O'ISO) by formula (50).
Let A© < 5 be the root system of g(o), i.e.,

g(o) — @ ((10).
acA0)

The Lie algebra g(®©) can be constructed in terms of the root system via the so-called Frenkel-Kac
construction [26]. Let A  h© be the root lattice. There exists a bimultiplicative function

e: A x A0 5 411
satisfying
e(a, B)e(B,a) = (_1)(a\ﬁ)’ e(a, @) = (_1)|a|2/2’
where |a|? := (a|a). The map («,8) — e(op(),04(8)) is another bimultiplicative function satis-

fying the above properties. It is known that all bi-multiplicative functlons of the above form are
equivalent (see [45], Corollary 5.5). Hence there exists a function v : A() — {#1} such that

(53) v(@)v(B)e(ar, B) = v(a + B)e(op(a), 0y(B)).
There exists a set of root vectors

(54) A, € gl

such that

[An, A_y] = €(a, —a)a
[Aas Ag] = (@, f)Aarp, it (a]f) = -
[Aa, Agl =0, if (a|8)>0.

We can extend o3, to a Lie algebra automorphism of g(©) as follows

op(Aa) = v(a) T A ae A

op(a)s
Let us denote by & the order of the extended automorphism oy, : g(© — g(®. Clearly we have
K = |op| or 2|op|. Since (| ) is both g(®-invariant (with respect to the adjoint representation) and

W) _invariant, we have
(AalA-a) = e(a, —a), (Aa|Ag) := (Aa|H) =0, VB #—a, Heph?
Put n = 2™ =1/% We extend the action of o} to the affine Lie algebra g by
op- (Xt =cp(X)@ ()", o, K=K, op-d=d.
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Let
g Cyg
be the Lie subalgebra of oj-fixed points. According to Kac (see [44], Theorem 8.6.), g°¢ = g. Let

us recall the isomorphism. The fixed points subspace (g(o))"b contains a Cartan subalgebra H(O).
We have a corresponding decomposition into root subspaces

@ =50P( @ ).

aeA©)

where A©) H(O) are the corresponding roots. Note that since the root subspaces are 1 dimensional,
they must be eigen-subspaces of o3,. Therefore, by choosing a set of simple roots o, j = 1,2,..., N

in A® we can uniquely define an integral vector s = (s1,--.,8Nn), 0 < s; < K such that the
(0)

eigenvalue of the eigensubspace 95, is n*. Put

N
Ps : h(o) — b(O)’ Ps = Zsjwja
j=1

where w; € E(O) (1 < j < N) are the fundamental weights corresponding to the simple roots
a; (1 <j<N), ie., (0jla) = d; . The isomorphism

d:g— g
is defined as follows
(55) B(Xt") = "o X 16,0 (ps| X)K
®(K) = kK
. 1
(56) 2(d) = w7 (d=pe = 50dp) K).

t2s X = exp (logt adps)X.
Note that the RHS is single-valued in ¢ and op-invariant in X, because
exp (2%\/—1adps/n> = 0p.

Finally, we make a remark on . There is no a canonical way to extend o, to a Lie algebra
automorphism of g(9). Therefore, the value of x depends on our choice of the cocycle e(a, B) and
the corresponding sign-function v(«). We will see however that replacing x by ms, where m is a
positive integer, does not change the HQEs, so we may assume that « is a sufficiently large integer,
s.t., of = 1. For the sake of completeness, let us fix an extension that seems natural for our
purposes. Put wi o = wp and wy, 4, = 0 and define

S

o1
(W pla) (Wip — Wi pt1]B)-
0

(57) SF(o, B) = Y

3
k=1 p=

Since SF(a, 8)+SF(3, a) = (a|f), the bi-multiplicative function ¢(, ) = (—1)5F(>) is an acceptable
choice for the Frenkel-Kac construction. Note that

(58) U(a) = (_1)Zi:1(wb\a)(wk,1|a)
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satisfies formula (53)), so we get an explicit formula for an extension of o} to a Lie algebra auto-
morphism of g(®. Moreover, since

[T v (@) = (=0)¥,

m=1
we get that k = |op| if x|op| is even and k = 2|oy] if x|op| is odd. Notice that |op| = lem(aq, az, as),
the least common multiple of a1, as, as.

Remark 23. The notation SF is motivated from the notion of a Seifert form in singularity theory
(cf. B, H4]). We do not claim that is a Seifert form, although it would be interesting to
investigate whether definition can be interpreted as a linking number between o and (3.

4.2. The Kac—Peterson construction. Following [46], we would like to recall the realization of
the basic level 1 representation of the affine Lie algebra g corresponding to the automorphism oy.
The idea is to construct a representation of the Lie algebra g on a Fock space, which induces via
the isomorphism ® the basic level-1 representation.

Fix a op-eigenbasis {H; }icio1,, Of 5O, It is convenient to define Hy; := Hpy := Hy and to
assume that the basis is normalized so that (H;|Hj») = k6; j (compare with (52)). Put

mo1 =0, M=k, m;:=dirK, 1€ Tiw,
so that e~ 2mV—1di — 7™ is the eigenvalue corresponding to the eigen vector H;. The elements
H;p:= Ht™"% (i € 3,0 € 7)
generate a Heisenberg Lie subalgebra s C g7, i.e., the following commutation relations hold
[Hi,éa Hj,m] = (m; + ¢K) 5i,j* 5z+m,_1 r K.

Let us also fix a C-linear basis of s

(59) HO = H017 Hi,@? Hi*,—f—l? K7 (/ng) € I—|—7
where the index set is defined by
(60) I =A@, 0) [ 1 € I\{(01)}, £ € Z>o}.

Let & be the subgroup of the affine Kac—Moody Lie group generated by the lifts of the following
loops:

(61) hap = exp (a logt" + 27/ —1 ﬁ),
where o, 8 € h© are such that
op(a) =a, op(8) - B+aecA®.

Let us point out that under the analytical continuation around ¢ = 0, the loop h, g gains the factor
e2mV=1ra  The latter must be 1 because

ko= (a+0p(B8) = B) + op(a + (03(8) = B)) + -+ oy (e + (03(8) — B)) € AL

It follows that h, g is single-valued and oj-invariant, i.e., it defines an element of the affine Kac—

Moody loop group acting on g°* by conjugation. The main result of Kac and Peterson [46] is the

following: the basic representation of g°* remains irreducible when restricted to the pair (s, S).
Let us recall the construction of the representation. Let us denote by

70 HO — f)(()o) and 7, : h© — (h(()O))J_
the orthogonal projections of h(®) onto h(()o) := CHy and (f)(()o))L rospectively. Given & € b, let

xo = 7mo(x), Xy 1= ().
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Let s C s be the Lie subalgebra of s spanned by the vectors H« _¢_1,(4,£) € Iy. The basic
representation can be realized on the following vector space:

(62) V, = S*(5_) ® Cle¥]e™,

where z is a complex number and w := 7y(7p). The first factor of the tensor product in (62)) is
the symmetric algebra on s_, and the second one is isomorphic to the group algebra of the lattice
70(A®) = Z (). We will refer to |0) := 1 ® e™ as the vacuum vector. Slightly abusing the
notation we define the operator

O = T

acting on V,, so that 9, |0) = 0.
Put

Xa(C) =D Aan (" = % DD oM (AT ae A

neL m=1neZ
where A, appears in . Let E}(C) be the vertex operator
m;+Lk Cfmiffn

(63)  EL(Q) = eXp( > (04|Hz')Hi*,—6—1C,7€) eXP( > (a|Hi*)Hivfﬁ)'
GOel, m; + LK (.0els m; K

Lemma 24. There are operators Cy, o € A independent of ¢, that commute with all basis
vectors of s different from Hy, such that

Xa(€) = Xa(QOEL(0),
where
(64) XQ(Q) = ¢rlofPCare, ag = mo(a).
Proof. After a direct computation we get
[Hi, Xa(Q)] = (al Hi) (™ Xa (C).
It follows that X, (¢) = X2(¢)E%(¢), where X2(¢) is an operator commuting with all H; , # Hy.
After a direct computation we get the following commutation relations:
_ 1
hap (=d) hejy = —d+ra+ laf KK,
ha,,B A'y,n h;lﬁ = eQﬂ-\/j(’Bh)A%nJﬂ{(ah) -+ 5n70(a‘A7)/€ K,
and h, g commute with the Heisenberg algebra s except for:
hap Ho hyy = Ho+ (alHo)kK.

Here h, g are given in . In order to determine the dependence on ¢ of X2(¢) we first have to
notice that

1 1
(65) —d= 5|psy2K + §H§ + Y Hp 1 Hiyg,
(Z,0)elt

where Hy = Hgy = Hye. Indeed, if we decompose the basic representation into a direct sum of
weight subspaces of s, then using the above commutation relations, we get that the LHS of
is an operator that preserves these weight subspaces while the difference of the LHS and the RHS
commutes with s and &. The formula follows up to the constant term %| ps|? K, which is fixed by
examining the action of the operator d € g on the vacuum vector. Using formula for Xt" = ps



GW OF FANO ORBIFOLD CURVES, GAMMA INTEGRAL STRUCTURES AND ADE-TODA HIERARCHIES 37

we get that ps (viewed as an element of g°) acts on the vacuum by the scalar —|ps|?/x; then since
the RHS of formula acts by 0 on the vacuum, we get that d € g°® acts by the scalar

1 1
—lp,? S10a2(1/K) = —— | p|2.
Ipsl 5+ 5lpsP(1/%) = Il
Since we have
[d, Xa(Q)] = =C0cXa(C),  [d, EL(Q)] = —COcEL(2),

we easily get —(9: X0 = [d, X2]. On the other hand, X2(¢) commutes with H; , for all i, ¢, except
(66) [Ho, Xa(O)] = (ol Ho)Xg

It follows that

COcXS = k(XDao + [oof” X0>

Solving the above equation we get formula . O
Lemma 25. The operators Cy, in satisfy the following commutation relation
(67) CaC = el /)7 4C0ss:
where
Kk—1
Bag = —(alB) H (1- nm)(ag"(a)lﬂ)_
m=1

Proof. Let us assume first that o # —f are two roots. After a direct computation we get that the
commutator [X,(¢), Xg(w)] is given by the following formula:

K m—1
S T o 60 | el o (9D 0656, )0 Koo (©)
m=1 =1

where 0(z,y) := >, ez 2"y "' is the formal delta function. On the other hand,

wH (o5 (@)18)
¢)

where : : is the standard normal ordering in the Heisenberg group - all annihilation operators H; y
must be moved to the right. Substituting in the above commutator X, (¢) = Xg(C)Ei;(() we get
that the following two expressions are equal:

(68) H (1 B nng>(0£n(a)ﬂ)Xg(C)Xg(w) B H (1 B nmi)(UF(ﬂ)a)Xﬁ( )XO(C)

m=1 m=1

Ex(QB;w) = IT (1=

FEL(QE(w) 5,

and
K m—1

(69) =S T o7 @) | oo (8))0r™¢,w) w0 XS s ©)
m=1 j=1

Both formulas have the form i¢ ,, P1 (¢, w)—i¢ P2 (¢, w), where Py and P, are some rational functions
and i¢,, (resp. iy, ¢) means the Laurent series expansion in the region |¢| > |w]| (resp. |w| < [(]).
Since P, = P, for the second expression, the same must be true for the first one, i.e.,

(07" (@)18) = (a7 (B)la)
(1-m2) " xe0xgw = IT (1-m) ™ KX,

m=1 m=1

K
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Recalling formula and , the above equality implies:
K
(70) CoCp = H (=™ B) Cy .
m=1
Using this equality we can easily write (68)) as a sum of formal delta functions. Comparing with

we get . O

Lemma 26. Let wy, w;, ¢ = (k,p) € Jiw, be the fundamental weights corresponding to the basis of
stmple roots vy, Vi, © € Jtw, then

(wilxws) = diy  mo() = xws,  melW) = = Y divie
’iejtw

Proof. Let {€k7p}gk:1 be the standard basis of C% for any fixed £k = 1,2,3. The root system of
type Aq,—1 is given by {e, — €14} and the standard choice of simple roots is i, = €kp — €k p+1,
1 < p < ar — 1. Note that the fundamental weights corresponding to the basis of simple roots are

_ p p
Wkp = (1 - *) (Era+ - Ferp) = —(Erprr+ -+ eray)-
ag 3

It follows that the pairing between the fundamental weights is

(@ p|@k,q) = min(p, q) — pq/ax.

In particular, we have

~ p
(71) wk,p: (1—7)714_ ,
ay
where the remaining terms involve only v, ..., 74, —1-

In our settings, the roots {'ykm}zkzzl give rise to a subroot system of type Aq,—1. Let us denote
by Wy, the corresponding fundamental weights. Note that

Whp = Whp — (Wk,p|76) Wb,
so the first formula of the Lemma follows from and
wb) = 0.

(Wlkp) = —0p1,  (Wkp

The other two identities follow easily from the first one. O
Using formula we define C,, for all « in the root lattice A(Q); then formula still holds.
Finally, a similar argument gives us that

(72) CoC_o = €(a, —a) B

a,—a)

ie, Cop=1.
Lemma 27. Let ¢, (a € A®)) be operators defined by

(73) Co = co exp ((wb|a)w) exp (27T\/jl (pb|a)8w).
Then [cq, cg) = 0.

Proof. To begin with, note that by definition, the commutator C,CgC, 1051 is given by the fol-
lowing formula:

K

TT (=) (elob (@) = erv=Teold) 2y =T (=)~ aslf),
m=1

On the other hand, using , the commutator becomes
(74) cacocs ezt exp 20v/=T ((pole) (w18) = (prlB) (wrler)).
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Recall that oy is a composition of 3 matrices U’io), k = 1,2,3 whose action on the subspace with

basis {Vk,1;---Vkas—1} is represented by the matrix
—1 1 -~ 0 0]
0 -1 0 . 0 O
10 --- 0 1
-1 0 --- 0 0
It is easy to check that the (p, ¢)-th entry
_ 0 ifp<gq
75 [ 1— (0) 1i| — £ - ’ _ 5
(75) (I—0y7) vi ar €pgs  Epq 1 ifp>q
A straightforward computation using formula and Lemma [26| yields
0)s 1
(1= pl) = ——,
ag
0)y—
((1- Ul(g )) 1’7k,p"7k,q) = Opg — Opt1,qs
_ 1
(1 =o0)  (w)ehing) = " (mod Z),
1 1
(A=) (w)elm) = 1-2x.

Using the above formulas we get

((1—-004lﬂ*ﬁlﬂﬂ)::(Pda)(wdﬁ)-(Pdﬁ)(WHOO-%(QOM%) (mod Z).

For the commutator we get
CaCpCa ' C5" = exp (20 =1( (o) (@18) — (m]8) () ).

Comparing with we get Cancglcgl =1. ([l
Lemma [27] implies that the operators ¢, can be represented by scalars, i.e., we can find complex

numbers ¢,, a € A© such that

(76) cacp = €(a, B) Br;,,lé’ e =27V =1(py|B) (we|ex) Cotp-

For example we can choose c,, arbitrarily for the simple roots «; and then use formula (76) to
define the remaining constants.

The level 1 basic representation can be realized on V,, as follows. Let us represent the Heisenberg
algebra s on C[e“]e®™ by letting all generators act trivially, except for Hy — (Hp|vp) O,,- The latter
is forced by the commutation relation

[Ho, Ca] = (a|Ho) Ca = (wp|ax) (Ho|v) Ca-

In this way V, naturally becomes an s-module. Furthermore, put
(77) EY(Q) = exp ((wla)w) exp  ((wpla) x log (™ + 277/~ (ppla) ) L)
and E,(¢) = E2(¢)E%(C), where EX(() is defined by formula (63]). Thus the representation of the

Heisenberg algebra s on V, can be lifted to a representation of the affine Lie algebra g7 as follows:
Xa(Q) = calOPRPEL(0), aeA®
K — 1/rg,
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d —*|Ps Z Hz ,—l— 1Hzé
(i,0)el+

4.3. The Kac—Wakimoto hierarchy. Following Kac-Wakimoto (see [44]), we can define an in-
tegrable hierarchy in the Hirota form whose solutions are parametrized by the orbit of the vacuum
vector |0) of the affine Kac-Moody group. A vector 7 € V, belongs to the orbit if and only if
Q, (1 ® 1) = 0, where €2, is the operator representing the following bi-linear Casimir operator:

Aan ® A—a Hy® Hy Hiy @ Hip« g1+ Hpx _p 1@ H;yp
et A At A K d d K 9 ) ) 9
2 X Ta  tEedtde K+ ==+ > -

acA) n
On the other hand, we have

Ao ® A_gn ac
Zn: C (AulAs) Res¢=o f%(C)Ea(C) ® E_o(0),

where the coefficients a, can be computed explicitly thanks to formula , ie.,

(z,0)el+

(78) 0(C) = Bao ¢¥100f 2V =T(sl0)(ws]e),

We identify the symmetric algebra S*(s_) with the Fock space Cly], where y = (y; () is a sequence
of formal variables indexed by (i,¢) € I, as defined in (60)), by identifying H« _s—1 = (m; + {K)y; -
Then (note that (Ho|ys) = (kx)Y?)

Hy = (k)% 8., K =1/g,

and

2
K
d=— p25,§| B Txao% - E (mi + LK)y 0y, ,-
(¢,0)ely

The elements in V,, can also be thought as sequences of polynomials in the following way:
Ve 2 Cll"s Y ml®)e™ ™ o 7= (T(y)nez.

nez

The above isomorphism turns C[y]? into a module over the algebra of differential operators in e*:
(€ T =Tn—1, (Ou-T)pn=nm,.
The HQEs of the op-twisted Kac—Wakimoto hierarchy will assume the form stated in Section
1.0.3| provided we prove the following identity.
Lemma 28. The following identities hold
3.2
1 a; — 1 1 1
2,2 k T
— S (f 66 )
lpsl*/ 12;1 o 2w\’

where 0 is the Hodge grading operator .

Proof. Since 7 = |0) is a solution to the hierarchy, we must have

psP/2 = ) aal()-

a: (wpla)=0

Let a € A be such that (wp|a) = 0, then formula reduces simply to

00(0) = Bop = 5 n o @),
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Recall the notation in the proof of Lemma We claim that o must belong to one of the root
subsystems Ag)) of type A,, —1 corresponding to the legs of the Dynkin diagram for some k. Indeed,
let us write «v as a linear combination | kp Ch,p Vh,p for some integers cz, . If this linear combination
involves a simple root 7 ), for some k, then using reflections s, with p > 1 we can transform « to
a cycle o such that the decomposition of @’ as a sum of simple roots will involve -y, ;. Moreover,
we still have (wp|a’) = 0. In other words, we may assume that ¢ 1 # 0 as long as ¢, # 0 for some
p. However, since (a|y,) = — >, ck1 and the coefficients ¢y, have the same sign (depending on
whether « is a positive or a negative root) we get that there is precisely one k for which ¢ # 0.

Assume that o € A,(CO), then since oy is a product of the Coxeter transformations oy = - - - spr 254/ 1,
in the above formula for a, only o; contributes and since the order of o is ay, after a short com-
putation we get

ap—1

_ %2 H 1 o (O‘k )\oa)7 Ne = 6271—\/?1/(1’“.

These are precisely the coefﬁments of the principal Kac-Wakimoto hierarchy of type A,, —1. Let py
be the sum of the fundamental weights of Ag)). It is well known that |pg|? = (ay — 1)ag(ag +1)/12.
According to [25] the sum

3

1 1
P2/ = Y aalQ) = lonf?/al = 5 3 (an = —)-
aea® k=1 *
It remains only to notice (using 67 = —) that
3
1 41 1 1 1 1
i (7 eeT) - —t( 9)(7—9)27 di(l—d) = — ( —7).
VI RGN 2;3: (1= di) 12’; T
7 tw =

4.4. Formal discrete Laplace transform. Let « € A® and a € A be as in Section We

would like to compare the vertex operators E,(¢) and T%()\) := efai2)" where (=)" is the
quantization operation defined in Section and

fah2) =3 IV (—2)",

nez
see . Using the formulas for the calibrated periods from Section we get
LEN) = UsW) TN TE (),
(0))

where (we dropped the superscript and set wj := w,

Uas(\) = exp(i((wb|a)x(log)\—C’g)+27T\/—71(n+(,0b|a))> ‘qgl/\f)

=1
00 = e (((ala)x og A= o)+ 20T+ (fe))) ) s = (et Vigor).
e = exp( > (ayHi)cmf““yi,e) exp( > (a!Hi*)%aZI)

(Z,0)elt (s,0)elt
where A\ = ("/k, and we use the change of variables

1 e s

Vi /EX moa(moz + &) - - - (mog + IK)’

(79) Yo2,¢
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1 k% i ]
(80> Yie = —= % s (Z,g) € Jiw X Zzo.

Vi rai mi(mi + k) -+ (mi + (k)

Comparing with and we get that T¥(\) = E*(¢) and that fg“(A) is a Laplace transform
of E%(¢). We make the last statement precise as follows. Put

V= Ch[[y7x’q?l + 1a qgla .. ']]Z'

The space V contains a completion of the basic representation V,. It has also some additional
variables qO1 ¢ > 1 which will be treated as parameters. Just like before, we identify the elements

of V with formal Fourier series

F= (Fadnez = 32 fuelr,

nez

Given f(h;q) € Cp[q] satisfying the condition
(81) f(h;q)

C Y C
qglzm\/ﬁe h[[Q]] reh

define the formal Laplace transform of f depending on a parameter C' (C' # 0)

1.2 =5

Fo(fg--.)) Zf z+n)Vh,... )Mo eV,

nel

where the dots stand for the remaining g-variables on which f depends. It is easy to check that

(82> fCOCIol/\f—fof(J
and
(83) ]:C o e mf@/aqo — MW sz 24 md,, o ]_—07

where recall that 0, = % — .
Lemma 29. Let C = kX eX0 then
E°(¢) Fo = Fe o~ AB—3BlogC Az fgg?
where
A = (wp|a) x (log A — Cp) 4 20V —1(n + (pp|a)), B = (wp|ar).
Proof. Using and we get that the vertex operators in ¢J' transform as follows:

01 _ 01 1p2
Fo A /\/ﬁe BVhO/0qdt _ eAB+5B%1ogC LAz Bw (A+Blog C)d. Fo.

On the other hand, after a straightforward computation, we get

a\2

oAB+3B?logC _ (2x(Co+log k) ~log C) J2my/~T(wp|a)(pv|ar)

and
(84) A+ Blog C = (wp|a) (Xlog " +1logC — x(Cp + log H)) + 27V =1(n + (pp|)).

Furthermore, note that since the operator e2™~19% acts as the identity on 17, the integer n in
may be set to 0. Finally, it remains only to compare with and to recall our assumption

(85) log C' = x(Cp + log k).
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4.5. Integrable hierarchies for the affine cusp polynomials. For every root a € A ¢ H©)
we fix an arbitrary lift @ € A C b (cf. Section . The subset of affine roots obtained in this way
will be denoted by A’. Following the construction of Givental and Milanov in [34] we introduce the
following Casimir-like operator

O z? al 7 e m m
Qar(A) = == (Z Hom(N) @al = 1@a (V) (0™(A) @a 1 = 1@ ¢™(N)) 3) +
m=1
+ ) ba(MT(N) @ T4 (N) — Lo (Lqp0m
2 4 ’
where the notation is as follows. Let {,,}Y_; and {&™}¥_; be two sets of vectors in b such that

under the projection I (0)(1) :h—» HO they project to bases dual with respect to the intersection
form (-]-), i.e., (&;|@™) = ;m. Then

bV = D Fan(Xi2)™, 6N = (D Fan(Xi2)", 1<m <N
The tensor product is over the polynomial algebra a := Cp[¢}}, g3, .. .], which in particular means
that almost all terms that involve log A cancel.

The first sum in the definition of Qs is monodromy invariant around A = oo and hence it
expands in only integral powers of A. In fact one can check that the corresponding coefficients give
rise to a representation of the Virasoro algebra, which can be identified with an instance of the
so called coset Virasoro constmctioﬂ After a straightforward computation using the formulas for
the periods from Section we get the following formula for the coefficient in front of A=2 (i.e.,
the Lo-Virasoro operator)

X m; , A
7(Q81®a1_1®aQS1)2+ Z (?Z‘i'g) (QE®a1—1®aQ%)(3qg®a1—1®a5q;;)-

2h .
(3,0)el+
The coefficient bs are defined in terms of the vertex operators fd()\) as follows

(86) b=1(\) = lim (1 - §>2§d,_d(x,ﬂ), apeA,

&
where B a, 3()" ) is the phase factor from the composition of the following two vertex operators:

TN (1) = By 5(A ) 1 TSNP () :
After a straightforward computation as in Section 4.2 we get

(BT) By p(h ) = p (ool Coteoldo)—2my=Tele) (i) T (1 nm(u/A)l/H)W?‘(a)'B{
7 m=1
We are interested in the following system of Hirota quadratic equations: for every integer n € Z
dX [~
(88) Resy—co Y (QA/()\) (T ®aq T)) =0
Q' ®1-1®¢3 '=nVh

where 7 € Cplqo,q1 + 1,42...]. The operator Qa/()\) is multivalued near A = oo: the analytic
continuation around A = oo corresponds to a monodromy transformation of each cycles & € A’
of the type & — op(&) 4+ nap, where ng € Z. Using Proposition we get that the analytic
continuation transforms QA/(A) by permuting the cycles & and multiplying each vertex operator
term by 2™V~ 1Ina(e' ®1-1845")  Therefore the 1-form in is invariant with respect to the analytic
continuation near A = co. Moreover, for the same reason the equations are independent of the
choice of a lift A’ of A,

"We are thankful to B. Bakalov for this remark.
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Remark 30. The Hirota quadratic equations are a straightforward generalization of the con-
struction of Givental and Milanov [34] (see also [25], where the coefficients bs were interpreted in
terms of the vertex operators) of integrable hierarchies for simple singularities.

The following is the main result of this section.

Theorem 31. If 7 is a solution to the Hirota quadratic equations , then Fo (1) with C = kXQ
is a tau-function of the op-twisted Kac—Wakimoto hierarchy.

Proof. We just have to find the Laplace transform of the Hirota quadratic equations (4] of the
Kac-Wakimoto hierarchy. Let o € A and & € A be as in Section Using Lemma [29| we get

(4a() EalO) 2 E-a(Q)) (Fo© Fo) = (Fo@ Fo) (b TH ) @ T30,
where the coefficient b4 is given by

log |2

aa(C) §_2H|a0‘2€ x log € ) —4my/=T(wp|e) (pp|ar)

Recalling formula and A = (" /K we get

(89) ba(A) = Baq 71001 glaol* Co g=2nv=T(wpla)(pp]e)

Using and (87), it is not hard to verify that bs(A) = ba(N).
In other words, Fc(7) is a solution to the Kac-Wakimoto hierarchy if 7 satisfies the following
equations:

Resy—o CL; ((.7-"0 ® Fo)ar(\) (T @a T)) —0.

Comparing the coeficients in front of e +2)¢ @ (W' +2)w e get with n =n' —n”. O

5. THE MAIN THEOREM

5.1. Vertex operators. The symplectic loop space formalism in GW theory was introduced by
Givental [33]. We apply this natural framework to describe and investigate further the Hirota
quadratic equations . In this section, we again adopt the notation that «, 5 are in the affine
root system A.

Recall the series . We are interested in the vertex operators

(90) Tt \) = "N aeA,
and their phase factors B, g(t, A, 1) defined by
Tt VTP (t, 1) = Bag(t, A\, ) : T NP (8, ) : a, B € A,

where : - : is the usual normal ordering — move all differentiation operators to the right of the
multiplication operators. Note that

(91) Ba,ﬁ(t, A, M) = eQ(f‘l(th?Z)-&-vfﬂ(ty#;Z)—)_

The action of the vertex operators on the Fock space is not well defined in general. We would like
to recall the conjugation laws from [31] and to make sense of the vertex operator action on the
Fock space.
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5.1.1. Vertex operators at infinity. Let us fix t € M and expand the vertex operators (¢, A) in
a neighborhood of A = co. By definition (see ) we have fo(t,A; 2) = Sify(A; z). Using formula
, it is easy to prove that

(92) T\ ;! = e3 WE+fao) Gl pas ).

In particular, using the formal A~!-adic topology we get that the vertex operator I'“(¢, \) defines
a linear map Cp[q] — K[q], where K is an appropriate field extension of the field C(A~1)).

Let us explain the relation between the phase factors. Recall formula , the RHS is interpreted
as an element in C(A~'/%)((u~'/*)) by taking the Laurent series expansion with respect to A at
A= o00.

Proposition 32. The following formula holds:
Ba 5(t’ A? )LL) - EOL ﬁ(/_,L’ )\)eWt(fv‘a(M)+1¥[3(A)+)‘

Proof. Conjugating the identity I'*(A\)T? () = Eaﬁ()\,p) : T*(A\)TP (1) : by S; and using formula
(192) we get that
6%(Wt@<A)+Ea<A>+>+Wt<¥ﬁ<u>+fﬁ(u>+)) Bu (A 1)

coincides with
Wl 5 () + N+ B (X, ).

The quadratic form W is symmetric, so comparing the above identities yields the desired formula.
O

5.1.2. Vertex operators at a critical value. Let us assume now that A is near one of the critical
values u;(t) and that § is a cycle vanishing over A = u;(t),1 < j < N + 1. According to Lemma [f]
we have f5(t, \; z) = W, R;(2)fa, (uj, A; 2). Using Lemma [9] it is easy to prove (see [31], Section 7)
that

(93) T8, \) U, R, = ez VelEs(t ) fs (b)) G, R, FﬂAZI (uj, ),

where FZ (uj, A) =: e*f41(45:A) + ig the vertex operator of the Aj-singularity, V; is the second order
differential operator defined in Lemma [9] and

o0

ViBs(t, N B3t 0) ) = D7 (15 (60, Vi 15 (8, 1)),
£,m=0

In this case, the action of the vertex operators is well-defined on the subspace spanned by the tame
asymptotical functions and it yields a linear map

Fﬁ(tv )‘) : Ch[[qﬂtame — Kh[[cﬂ],

where K = C(((A — u;)/2)). Furthermore, the phase factor By g(t, A, p) is well defined if 3 is a
vanishing cycle, since it can be interpreted as an element in C(((u — u;)"/?) (A — u;)*/?)). Finally,
similarly to Proposition [32] we have

(94) By gt A 1) = Ba, (uj, A, p)e” V(BN fa (-

where By, (uj, A, 1) is the phase factor of the product Ffjl(uj,/\)Ffl(uj,u). A straightforward
computation gives

2
(95) BAl(uj7)\’M) - <\/\/i\\—:zj+\/\/g> ’
j J

where the RHS should be expanded into a Laurent series with respect to p at p = u;.
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5.2. From descendants to ancestors. Following our construction of the HQEs from Section
we would like to introduce an integrable hierarchy for the ancestor potential A;. Let us introduce
the Heisenberg fields

95t N) = HE°(t, ), Ben,
and the corresponding Casimir operator

9 N
An(t ) = (D0 £ (08, (10 Ba L — 1805, (6, N)(@ (1, 0) Ba 1 — 1@ 6™ (1,0) ¢ ) +
m=1
8 By _ L (L ggr
+6§/b5(t,)\)F (£, \) @ T8(t, \) 2tr(4—|—09 )

where {3,,} and {8} are chosen as {a,,} and {@™} as in Section and the coefficients bg(t, \)
are defined by

2
(96) bs(t,\) ' = lim (1 - %) Bs._s(t, A 1)

Finally, we need also to discretize the HQEs corresponding to the above Casimir operator so that
we offset the problem of multivaluedness. Note that, for the toroidal cycle ¢ in Section [3.3.1
accordmg to Proposition (18| the vector f#(t, A; z) has only negative powers of z, so the quantization
£2(¢, ) is a linear function in q.

Lemma 33. Let ¢ be the toroidal cycle. Then the equation

(97) (60 @1 —1@9(t,\) = 2rv/—1n

s equivalent to

(98) 1S a(2)]om © 1 — 1[5 a(2)]lo0 = nVh

(99) [STta()]eon @ 1= 1@ [S;'a(2)]eon =0, VE=1,

where [S;1q(2)]es denotes the coefficient of Sy 'q(z) in front of ¢;z*
Proof. Note that

£2(\;2) = 2mv/=1 Z <Z502 2~

The equations f can be written equ1valently as
Q(f?(\; 2), S q(2)) = 2mv/—1nVh.
It remains only to recall that S; is a symplectic transformation and that

£9(t, \; 2) = S,E?(\; 2).

We will be interested in the following HQEs: for every integer n € Z

(100) Resy—oo % (QA/(t, \) (7@ T)) —0,

o (tN)@1-18F2 (t,\)=2rv/—1n
where 7 belongs to an appropriate Fock space and we have to require also that the discretization is
well defined. For our purposes the HQES will be on the Fock space Cygo +t,¢1 +1,92,...]-
On the other hand the operator S gives rise to an isomorphism

St Culao +t,a1 + 1,42, ... ] = Chlgo, a1 + L, g2, ... ].

which allows us to identify the HQEs and ({100]).
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Proposition 34. A function 7 is a solution to the HQEs (1 zﬁ”S T is a solution to the HQFs
(38)-

Proof. Using Proposition [32] we get that
Qa (V) (S;te 57 = (571 @ S Qar(t, ).

It remains only to notice that the discretization in both HQEs are compatible with the action of
St, which follows easily from Lemma [10] and Lemma O

5.3. The integrable hierarchy for A;-singularity. It was conjectured by Witten [64] and first
proved by Kontsevich [48] that the total descendant potential of a point is a tau-function of the
KdV hierarchy. The latter can be written in two different ways: via the Kac-Wakimoto construction
and as a reduction of the KP hierarchy. We will need both realizations, so let us recall them.

5.3.1. The Kac-Wakimoto construction of KdV. The Casimir operator (cf. Section for the
Aj-singularity f(z) = :c2/2 + u takes the form

Qa,(u,A) = == 65V (u, Ny =Y (u,A) 1 +

_ - 1
+b5(u, ) (T3, () & T () + 157 (0, ) © T, (1)) - .

where the coefficient

. 2 A
bﬁ(u, )\) = lim (]. — X) B,B,B(uvu’ )‘) = m

LA
We denoted by V' the Fock space Cy[q], and
OV (u,A) 1= d5(u, ) @ 1 — 16 d(u, A).
Witten’s conjecture (Kontsevich’s theorem) can be stated as follows:
(101) Resy=oo 24, (0, A) (Dpt @ Dpt) = 0.
To compare the above equation with the principal Kac-Wakimoto hierarchy of type A;, note that

=2\ —w)" 2 ¢ (2n — 1)
I, (1 3) = exp <2Z_%( ((an—)i)!! )eXp<_QZ - n+1/2ﬁ8”>’

and that the coefficient in front of A=2 in ¢V®V(O )\)¢V®V(0 A) @ is precisely

Z(n"i'%)(Qn@l—1®Qn>(an®1_1®an)a

n=0

where 0,, := 0/0q,. It follows that the above equations coincide with the Kac-Wakimoto form of
the KdV hierarchy up to the rescaling g, = ton+1(2n + 1)1
On the other hand, the total descendant potential Dy satisfies the string equation, which can

be stated as follows (see [33]): e/ Z)ADpt = Dy Using that

(4, (0, )) (e(u/zY@ e(u/z)“) _ (ew/zf@ e(u/zf) Qa, (1, N)
we get that Dy satisfies also the following HQEs:
(102) Resy=oo 24, (1, A) (Dpt @ D) = 0.
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5.3.2. The KdV hierarchy as a reduction of KP. According to Givental [31] the KdV hierarchy
(101)) can be written also as

dA iﬁ/Z T8/2
Resy—o ( T5772(0,0) @ TH72(0,0) ) (Dpt © Dyy) = 0.
( m :I:\ﬁ ! )

Using again the string equation and Proposition we get that Dy satisfies also the following
HQEs:

dA +8/2 ¥6/2
(103) Resyy (>~ T2, \) @ T57 (1, 1) ) (Dpy © D) = 0.
( — VA —u M )

5.4. The phase factors. In this section we will prove Proposition that the phase factors
B p(t, A\, 1) (see ) are multivalued analytic function and that the analytic continuation is
compatible with the monodromy action on the cycles a and 8. To begin with put

2?6 (ta /\7 M) = exp ngﬁ(t: )‘7 /J')a

where
(104) 2t A1) = tymrmn (=1 I (8, A), 15V (8 ),
n=0

where ¢y-1 (resp. ¢,-1) is the Laurent series expansion at A = oo (resp. p = 00). The differential
of (104)) with respect to ¢ is

Wag (A ) == IO (1, 0) 0 I (8, 1) = S (10 (£, 2),0; 0 13 (1, ) dt;,
i€J

which will be interpreted as a 1-form on M depending on the parameters A and p. Furthermore,

for each t € M, put r(t) = max; |u;(t)|, where {u](t)}ﬁv:ﬁl is the set of all critical values of F(z,t).

In other words, r(t) is the radius of the smallest disk (with center at 0) that contains all critical
values of F'(z,t). Let

DL ={(t A\ ) € M xC* ¢ [A—p| <|pl—r(t) <A =r(t)}.
Note that since |A — p| > 0 we have |\ > r(t) and |u| > 7(t) for all (¢, \, u) € DL, which implies
that the Laurent series expansions of 1 (t,\) and I /(30) (t, ) at respectively A = oo and p = oo are

convergent. The first inequality in the definition of D} guarantees that the line segment [\, u] is
outside the disk |z| < r(t). In particular, in order to specify a branch of W, g(\, 1) it is enough
to specify the branches of the period vectors only at the point (¢, ), the branch of the periods at
(t, ) is determined via the line segment [\, p].

Proposition 35. The series (104) is convergent for all (t,\,u) € DL.
Proof. Using Proposition |32| we can write (104)) as a sum of two formal series
(105) on,ﬁ(tv)‘ap“) = gjﬁ()‘ap’) + Wt(fa()‘)+7fﬁ(:u)+)a

where ﬁooﬁ is the Laurent series expansion of log Bq g in the domain |A| > |u|. Since the series

Qooﬂ is convergent for |A| > |u| > |A — p/, it is enough to prove the proposition for the second series
on the RHS of - Recalling the definition of W; and using the fact that modulo @ the series
Si(z) = et Y, where t U means the classical orbifold cup product multiplication by ¢, we get that

lim lim (Wt — tog P) = O,

Re(tgg)—}—oo t—>(0,~~~ ,O,toz)
On the other hand, since

th(?a(A)+7?ﬁ(ﬂ)+) = an,B(tv A, :U’> = I&O) (t7 A)e Ig)) (t, p),
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the series

(106) Wi(fa(N)+, T5(11)+) — toz(aolBo) /X

viewed as a formal Laurent series in A™! and p~! can be identified with the improper integral
t

(107) Jim [ (IO, N) o I (¢, 1) = dtpa(aolo)/x),

&€

where € € M and the limit is taken along a straight segment, s.t., ; — 0 for i # 02 and Re(ep2) —
—o0. More precisely, if we take the Laurent series expansion of the integrand at A\ = oo and
p = oo and integrate termwise, we get . It remains only to notice that the integrand extends
holomorphically at the limiting point € = oo (because we removed the singularity), so the termwise
integration preserves the convergence. g

The proof of Proposition [35] yields slightly more. Namely, we proved that the 2nd summand on
the RHS of is a convergent Laurent series in A™! and ! and that the corresponding limit
is a multi-valued analytic function on

Doo = {(t, \p) € M x C2 : |\ — p| < min(|\ — r(#), || — r(£))}.

On the other hand, the phase factor qu 5(A, p) is also a multivalued analytic function on Do, except
for a possible pole along A = . Hence we have the following corollary (of the proof).

Corollary 36. The series Bg?ﬁ(t,/\,u) extends analytically to a multivalued analytic function on
Do except for a possible pole along the diagonal A = p.

Using the analytic extension of B’s (t, A\, ) we define a multi-valued function with values in the
space C{{&}} of convergent Laurent series at £ = 0 in the following way:

BawB : (M X (C)OO - C{{f}}7 (t7 )‘) = L}L*)\Bg?ﬂ(t7 )‘hu)v
where £ =y — A, 1, is the Laurent series expansion at u = A, and
(M xCloo :={(t,\) € M xC : [N >r(t)}.

It is convenient to introduce the 1-form W, g(§) := Wa g(0,§). Following [31] we call W, g(€) the
phase form. Note that if C C (M x C) is a path from (¢,\) to (¢, \'), then

(108) Ba,ﬁ(tla )‘/) = Ba,ﬁ(t, )\) efC W"’ﬁ(g).

Therefore we can uniquely extend the function B, g to a function on (M x C)’, so that formula
(108)) holds for all paths C' C (M x C)’. Finally, for every (t,\) € (M x C)" and p sufficiently close
to A we define

Ba,lg(t, )\, ,u) = Baﬁ(t, )\)|§=H*)\ s Qaﬂg(t, )\, ,u) = log Baﬁ(t, )\, u).

Note that Ba g(t, A, 1) = B(t, A, p) if (8, A, ) € DL,

Let tg € M be a generic point, so that all critical points of F(x,tg) are of type A; and the
absolute values of the corresponding critical values are pairwise distinct. Let u;(to) be a critical
value of F'(x,tp) with a maximal absolute value, i.e., |u;(t9)| = r(to). There exists a real number
€0 > 0, s.t., if || < €, then 7(tg + 21) = |u;(to) + x|. We fix t = to + 201, A, and pu, s.t., the
line segment [ — u;(to), xo] is contained inside the disk {|z] < e} C C and the line segment
[to,t] x {(A\,p)} C DZ . For example, fix u, s.t., |u| > uj(to) and |p — uj(to)| < o and put
zo = 5(u — u;(to)), then we can find A such that all requirements are fulfilled.

Lemma 37. If § € Ho(Xy 3 Z) is a cycle vanishing over t = to + (1 — uj(to))1, then

t —

(109) Qavg(t, A, ) = lim Wa,g()\, i),
€20 Jio+(e+p—u; (o)1

where the integration is along a straight segment.
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Proof. By definition €, g(¢, A, 1) is the Laurent series expansion near A = oo of the series

= n n —n—1
(110) SO0 A, 15V (),
n=0
while the RHS of (109) is
o)
(111) lim | (IO (o, A = 2), 13 (to, ju — x)) da.
ETH—U;

Using integration by parts (n + 1) times and the fact that the periods I[g_p_l)(to, p — x) vanish at
x = pu — uj, we get that the integral (111)) coincides with

n

SO DPHIP th,A), 1Pt ) +
p=0

Zo
(112) lim (—1)"+! / (LD (b0, A — @), 15" (to, 1 — ) da.

e—0 +u—uj @
The Laurent series expansion of I((Xnﬂ) (to, \—x) = I&nﬂ) (to+21,\) in A1 has radius of convergence
r(to+x1). Hence, it is uniformly convergent for all z that vary along a compact subset of the open
subset in C defined by the inequality

{z eC : |A|>r(to+21)}.

On the other hand, according to our choice of g, A, and p, the point (tg + 21, A\, u) € DF, for all
x on the integration path. In particular, |A| > |u| > r(tp + 1), which means that the integration
path is entirely contained in the above open subset. Hence the integral has a convergent
Laurent series in A~!. Moreover, the leading order term of the expansion is A~¢ for some rational
number e > n. This proves that the Laurent series expansions (in A1) of the integral and of
the series (|110)) coincide. ]

Our next goal is to prove that the analytic continuation of the phase factor B, g(t, A, i) is
compatible with the monodromy representation in the following sense. Recall the monodromy
representation (cf. Section [2.3))

p:m((M x C))— GL(b).

Let U C (M x C)' be an open subdomain and f, g(t, \) be a (vector-valued) function depending
bi-linearly on («, 8) € h x h and analytic in a neighborhood of some point (¢g, A\g) € U. We say
that fo g is multi-valued analytic on U if it can be extended analytically along any path in U.
Furthermore, we say that f, g is compatible with the monodromy representation p, if for every
closed loop C' in U, the analytic continuation of f, g(t,\) along C' coincides with fi,(a).w(g)(t;A),
where w = p(C) is the corresponding monodromy transformation.

Recall that (see Corollary the Laurent series 3° (¢, A, 1) extends analytically to a multi-
valued analytic function Qg (¢, A, 1) defined for all (¢, A, 1) € Do, s.t., A # p.

Lemma 38. Let a and 8 be cycles in the vanishing cohomology, s.t., (a|8) =0 then
Qayﬁ(t? A, M) - Qﬁ7a(t7 s /\) =2mv -1 SF(O&, /8> V(t7 A, :U') S D:oa
where SF is the bi-linear form .

Proof. Since the difference

Qg.a(t, A\ 1) — Qg,a()\,,u), where ﬁg,a()\,,u) = log E@a()\, 1),
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has a convergent Laurent series expansion in D, and it is invariant under switching (5, \) <> («, ),
it is enough to prove the statement for Q4 g(A, ) where (A, i) is a point in the open subset

{IA =l < min(JAl, |u)} € C2.

Recalling formula , the rest of the proof is a straightforward computation (see also the proof
of Lemma where some of the computations were already done). O

Remark 39. If we omit the condition (a|3) = 0 in Lemma |38, then the identity is true only up
to an integer multiple of 2mv/—1(«|B). The ambiguity comes from the fact that the phase factor

Qa s(A, 1) has a logarithmic singularity along A = p of the type (o|f8) log(A — p).

Proposition 40. The phase factor B, g(t, \) is compatible with the monodromy representation in
the domain (M x C)'.

Proof. By definition we have to prove that if ¢! C (M x C)’ is an arbitrary loop based at (¢, \) and
u is sufficiently close to A, then

Bu(ayw(s) (b A 1) = Bag(t, A, ) efe WasOom)
where w = p(C’) and C' C M is the path parametrized by
/+ ()\ _ )\/)17 (t,,A/) c C,.

We may assume that (¢, A\, u) € DI, because by definition the value of B, g at any other point

differs by an integral along the path of the phase form VNVaﬁ()\, 1). Under this assumption the above
equality is equivalent to

(113) Qz)o(oz),w(ﬂ) (t’ A, :U') = on,ﬂ(ta A, M) + /C Wa,ﬁ(Aa M) (mOd 2mv—1 Z)

We first prove a special case of the above formula. Namely, let us choose a generic point £ty € M,
s.t., the absolute values of the critical values of F'(x,ty) are pairwise distinct and let u;(ty) be the
critical value with maximal absolute value (here the notation is the same as in Lemma. We will
assume that ¢ = tg + xo1 is sufficiently close to g+ (1 —u;(t0))1 and that C is a closed loop of the
type to + z1, where the parameter = varies along a small closed loop based at zy € C going around
p—uj(to), so that the line segment [A —x, 1 — x| moves around u;. Let us denote by v € Ha(X; x;Z)
the vanishing cycle vanishing over (tg,u;(tp)), then we have the following decompositions:
(ey) (B v

—O{—F 2 ’77 /8 B—i_

where o/ and /3’ are cycles invariant w.r.t. the local monodromy around the point (tg,u;(to)). After
a straightforward computation we get

Qua),wip) (A 1) = Qap(t, A 1) = = (@l7)Qy 5 (A 1) = (B17)Qar (8 A ),

while fc 0,8\, ) 1s
(114) 56 [ FaraO + 500k [ W+ 3 el (3R [ W00,

where we used that fC o ' (A, 1) = 0, because the periods I(SB) (to, A — x) and I/(;,)) (to, p — x) are
holomorphic respectively at * = A — u; and = p — uj, which means that the phase form is
holomorphic inside the loop C. The last integral in the above formula is easy to compute because

only the singular terms of Iﬁo) (to, A — x) and Iﬁo) (to, p — x) contribute, i.e.,

—~ dx
JACSCVIEEY ] Y TR By e oy R
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According to Lemma

t —

Qv t A1) = | W O\ 12)
to+(pu—u;(to))1
and the integral on the RHS has a convergent Laurent series expansion in A—w;(t) and (u—u; (t))l/ 2
which allows us to evaluate the integral

— t —
/ War (A, 1) = —2/ War (A5 1) = =2Q57 L (8, A, 1) = =200 4 (E, A, ).
c to+(u—u;(to))1

It remains only to evaluate the 2nd integral in (114)). We have

/C‘W%ﬁ'()\mu’) = /CW,BI,’Y(/% )‘) = _295’,7(t7M7A)7

where the 2nd identity is derived just like above when |p| > |A|, and then we use analytic continu-
ation to extend the formula for |p| < |A| as well. Recalling Lemma [38] we get

Qpr o (t, 11, A) = Qy g (8, A, ) + 27V =1 SF(8', 7).
Using that 8/ = 8 — (8]v)7y/2 and that SF(v,~) = 1, we finally get

/0)7\//%/3/(/\, W) = —29%5/(15, A 1) — 4my/—1 SF(8,7) + 27\/jl(ﬂ|7)'

Since SF(3,7) € Z, the proof of formula in the special case is complete.

The general case follows easily, because the fundamental group m1((M x C)’) is generated by
loops like the above one. Indeed, we already know that the affine cusp polynomial f(z) has a real
Morsification F'(x, ), i.e., all critical points of F'(z, t{,) are real and the corresponding critical values
are real as well. In particular, we can find a small deformation F(x,tq) of the real Morsification,
s.t., the critical values u; are vertices of a convex polygon. The fundamental group 1 ((M x C)’) is
generated by simple loops in {#y} x C that go around the vertices of the polygon. Let us pick one of
these loops and let (t9,u;(to)) be the corresponding vertex of the polygon. Since the translations
of the type ty — tg + cl, ¢ € C, do not change the homotopy class of the loop, we can find a
representative (namely, pick ¢, s.t., the |u;(to) + ¢| > |u;(to) + | for all other vertices (to,u;(o)))
of the homotopy class, which has the special form from above. O

Proposition 41. There exists a generic point to € M (i.e. F(x,tg) is a Morse function) and a
critical value uj(to), s.t.,

to+(e+u—u;(to))1 __
(115) By 5(t, A, ) = lim exp ( - / Wayg()\,,u)),
e—0 ¢
where the integration is along any path avoiding the poles of the 1-form Wa,,@()vﬂ); s.t., the cycle

B € Ha(Xyu, Z) vanishes along it.

Proof. Let us assume that ty is a generic point and that w;(t) is the critical value with maximal
absolute value. It is enough to prove the statement for an arbitrary point (¢, \, 1) € DZL, because by
definition the value of B, g(t', A, ) at any other point (¢/, A, i) differs by an integral of Waﬁ(/\, )
along a path connecting ¢t and ¢’, while the RHS of clearly has the same property. Let (¢, A\, u) €
DI be a point such that Lemmaholds and let C? be the straight segment [¢, to+(e+p—wu;(to))1].
Put ¢’ = (C?)"1oC. and w = p(C”), where C. is the integration path (from ¢ to to+(e+u—u;(tp))1),
then by definition the cycle w(8) € Hz(Xy,;Z) is the vanishing cycle along the line segment
[t,to+(—u;(to))1]. According to Lemma formula holds for C" and By, (a),w(g)- Therefore,
we need to prove that

(116) - /C/ Wa,/ﬁ()\v M) - Qa,/)’(ta A, l’[') - Qw(oz),w(,é’) (t7 A, /,L) (mOd 2Ty _IZ)a
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which follows from Proposition O
5.5. The ancestor solution. Now we are in a position to prove
Theorem 42. The total ancestor potential A¢(h;q) is a solution to the HQFEs (100)).

To begin with, put ¢ = q® 1, @’ = 1 ® q, and let us assume that the discretization condition
is satisfied for some integer n. The tameness of A(h;q) implies that the LHS of (100) (for
7 = A(h;q)) is a formal series in g’ and q” with coefficients formal Laurent series in v/7, whose
coefficients are polynomial expressions of the period vectors L(Xn) (t,\). In particular, the residue in
can be computed via the residue theorem, i.e., we have to compute the residues at all critical
points and at A = 0 and prove that their sum is 0.

Let u;(t) be one of the critical points of F', where ¢t € M is a generic point such that all critical
values are pairwise different. Furthermore, we assume that A is near u;(t) and that a path in
(M x C) from the reference point (0,1) to (¢, A) is fixed in such a way that the vanishing cycle §,
vanishing over A\ = u;(t), belongs to the subset A’ of affine roots defined in Section

5.5.1. The Virasoro term. Let us compute
(117) — Resy—y, ¢ d)\ Z Gu2Y (8, A (8, A) 1 AF?,

where ¢Y ¢V := ¢ @1 —1® ¢o. Put By = am + (Bml|B)B/2 and ™ = o™ + (8™|B)3/2, where
(am|B) = (a™|B) = 0. The above operator can be written as the sum of

N N
S ALY (6 OV (10) (D (Bl E719)) 2 05 (1 N (1)
m=1

m=1
and
N
(118) 3 S ((Bnl) = 6YV (L NSYEY (1, 0) : +(5718) : 65 (1 NALEY () ¢ )
m=1

The Picard-Lefschetz formula implies that the periods I&Q (t,\) and Ifﬁ (t,\) are invariant with
respect to the local monodromy around A = w;(t), so they must be holomorphic in a neighborhood

of A =wu;(t). The operator ¢V®V (t, \), where ¢ is the toroidal cycle, vanishes after we impose the
discretization condition (97). On the other hand, since ), (Bm] B)(8™|a) = (B|a), the cycles

-8+ Z(ﬁmwmm and — B+ Z(ﬁm\ﬁ)ﬂm
m=1 m=1

are in the kernel of the intersection form, so they must be proportional to ¢. Hence the operator
(118)) vanishes after the discretization condition is imposed. The residue ((117)) turns into

—Resy—q, (1) AdA o5V (8, Ny 2V (8, A) = Au(h; ) Au(h; ).
To compute the above resuiue note that the expression
Lop OV (8 N0 Y (8, ) ¢ (T Ry) P
can be written as
(T R)®2 2 04V (g, Ny ®Y (ug, A) 1 +2Vi(dp(t, A) =, da(t, M) ).

Let us compute

A A
— Resac (1) 7 IA2Vi(@5(8 ) -, 65(t,A) ) = = Resyc ) §d>\(%0(t)léo)(t N, I9(t, ),
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where we used the fact that only the leading term (w.r.t. z) of ¢g(t, \;2z)_ = —Iéo) (t,\)z"t +
will contribute because the remaining ones have a zero at A = u;(t) of order at least % Furthermore,

the Laurent series expansion of éo) at A = u;(t) has the form

190t 0) = 2200 — ) 2es 4o, e = duy/\/A,,

where the dots stand for terms that have at A\ = u; a zero of order at least % These terms do not
contribute to the residue, so we get

A 2
— Resy—u,; (1) 541 (Voo(t)ey, ej)m = u;(t) (Ra(t)ej, ).

We get the following formula for the residue (117)):
\ N+1
2 V®V V®V ®2
(\I’th) (u R‘” RGS)\ uj Zd)\ ¢ ( )QS ’LL], ) H Dpt ) )

where R{j = (Ryej,¢€j) is the j-th diagonal entry of R;.

5.5.2. The Aj-subroot system. The vanishing cycles {—/, 8} form a subroot system of type A;. Let
us compute the residue of the corresponding vertex operator terms, i.e.,

(119) Resy—u, () 5 (Zbiﬁ (6, T2 (1, 0) @ FjFﬁ(t,A)) AP,

We have bg(t,\) = b_p(t,\) and
by (t, NTHF (¢, ) ®P¢ﬁ<t N (WeR)®? = (W Re)*ba, (uj, VTG (0, A) @ T3 (uz, V),
where we used formula (93]) together with the identity
ba(t, \)eVtEEN L) — )\ (4, ),

which follows immediately from ( . Using that A; = \I/thH Dpt , where the factors Dl(f,;) =

Dpt(hA],J q) are solutions to KdV, we can compute the residue via the Kac-Wakimoto form
of the KdV hierarchy (102). After a short computation we get that the residue ((119)) is

N+1

. A
(q/th)@(S + Resau, AN 1 042V (15, MO (1A ) H Do (hA ;™) %2,

5.5.3. The As-subroot subsystem. Let a € A’ be a cycle such that («|8) = 1. We claim that the
expression

(120) (ba(t, AT (8, A) @ Tt A) + ba_g(t, VPO (t, ) @ D=0+ A (¢, /\))A,?Q
is analytic near A = u;. Using the decompositions

a=d +8/2, a-B=d —-p3/2,

where (a/|3) = 0, the above expression can be written as
v o (aTﬁ/z QT B2 1 'TP2 g FE/Q) AD2,

where the coefficients a’ and a” are given by

) _
d(t,\) = lim (1 _ ﬁ) Baa(t, A w)BY 5t A ),
n—A A ’ s
d'(t,\) = lim (1 . ﬁ)szQ_B st 1) BY (A, 1)
9 H_»\ )\ s IS o ﬁ RS 9
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where the phase factor B 5= epr '8 with

Uj n n —n—1
QY 58 A 1) = tamuy ey O (1) LIS (8, 0), 157V (8, 1)),
n=0

where 1), (resp. t,—y;) is the Laurent series expansion at A = wu; (resp. p = uj). Since the
Laurent series expansions are convergent for A and p sufficiently close to u;, integration by parts
yields

Uj I , o
Qa’,,@(t’ )‘7 /’L) - ;I_I}%) L€ Woc ,ﬂ(ﬂ )‘)7

where L. is the straight segment [t + (¢ + p — A — u;)1,¢ — A1]. On the other hand we have
F:I:ﬁ/Q F$B/2(\Ij R )®2 (‘1, R )@2 Vt(fﬁ/g(t A)— fﬂ/g(t M) ) ilﬁ/Q ®Fjlﬁ/2

The exponential factor can be expressed in terms of the phase factors as follows (cf. Section |5.1.2)):

1
Vi(fs /0 (6N)— 5 /0 (EA)_) _ 1/2
eVtlis/2 B/2 = QM ;11—%\()\ ) Bﬁ/Q 5/2(t’>\"u)’
where the limit is taken in the region |A| > |u|. Recalling the KP-reduction HQEs of KdV ([103])
we get that if the coefficients

Cl(ta )‘) = )‘2 ,LEIHH;()\ - M)_3/2Ba,a(ta )‘7 M)Bzf,—g(t7 )‘a M)BZ;Zfﬁ/Z(t: )‘7 ,u)
and

¢(t,2) = A* Hm (A= p)” 2 Bagap(ts A 1) Byl (6 A 1) Bl g o (8, A, 1)

are analytic near A = u;, and ¢’/¢’ = —1, then the expression is analytic near A = u;.

Let us prove the analyticity of ¢/. The argument for ¢” is similar. Let us choose a small ¢ € C
and a generic point tg € M on the discriminant, so that Proposition [41] holds. Furthermore, we fix
2 paths C., and C? in M' = M \ {discr} from to + (u — XA + €)1 to t — A1 such that the parallel
transport transforms the cycle ¢ vanishing over ty respectively into «, and a— 3. The phase factors
in the definition of ¢’ can be written in terms of integrals along the path as follows

Bao(t, A\ p) = lim exp (/ Wa,a(u—/\)>,
Bu_s(t A\ p) = ;ig%exp(/L Wa,,_ﬁ(u—A)),

Bga—pj2(t, A, p) = limexp /LW5/2,5/2(M—/\))-

e—0

Using these formulas, we can express the coefficient ¢/(¢, \) as the limit ¢ — 0 of the following
expression:

)\2 hni()\ /‘I’ 3/2 exp / Waa ,u )\ / Waa ,LL >\ / Wa al /U/ )‘))
=

Let us examine the dependence on the parameters ¢, A\, and £ := u — A. The difference of the first
two integrals in the above formula does not depend on A, because the paths C. and L. have the
same ending point, while the starting points are independent of A. After passing to the limit the
difference contributes a constant independent of A, and . The last integral is analytic near A = u;,
because the cycle ¢ is invariant with respect to the local monodromy, which means that the period
vector Ig,)) (t',€) and respectively the phase form W, o/ (§) are analytic for ¢’ sufficiently close to
t —u;1 and |{| < 1. This proves the analyticity of ¢'.
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It remains only to prove that ¢//¢” = —1. Using the above path integrals, we can write log(¢//c”)
in the following way:

/ Wa,a_/ Wa,a_/ Waﬂ,a6+/ Waﬁ,a5+/ Wa,a_/ Woc,on
é € g LE 5 =

where 7. is a small loop in M’ based at the starting point of L. (i.e. ¢+ (¢ +p — A — u;)1) that
goes counterclockwise around the discriminant and the branch of the phase form is determined by
its value at the point ¢ — A1 (which belongs to the integration paths of the first 4 integrals and
it is connected via the line segment L. to the contour of the last 2 ones). The above expression

coincides with
f Wa’a _% WO(,O{'
(C")=1oL.ovyeoLz toCl Ve

By definition the cycle « is invariant along the integration contour of the first integral, so the first
integral is an integer multiple of 27v/—1. We get

d /" = lim lim exp ( - j{ W%a(é)).
£—0e—0 e

The limit here is easy to compute because the integral involves only local information. Using again

the decomposition « = o’ 4+ /2 and Lemma |§| we get

-2 44

VA

where the dots stand for higher order terms. On the other hand, the period vector I © (t',€) is

o
analytic for (¥, ¢) sufficiently close (t,u;). Expanding the phase form into a Laurent series about

& =u we get

Ig))(t/’g) = 2(2(§ — u)) +o

lim § Waa() = =

1 2du
1, SAEE e =

ie, d/d =—1.

T =1,

5.5.4. Proof of Theorem[{3 The 1-form

0 (0.0) Ao o) A )

has poles only at A = 0,00, and the critical values u;, 1 < 5 < N + 1. Let u; be one of the
critical values and 3 be the cycle vanishing over A = u;. Note that non-trivial contributions to the
residue at A = u; come only from vertex operator terms corresponding to vanishing cycles that have
non-zero intersection with 3. Recalling our computations in Sections and we get
that the residue at A = u; is (1/8 + u;R}’)AP?, while the residue at A = 0 is —3 tr (£ + 067) AF2.
In order to prove that the residue at A = oo is 0, we just need to check that

N+1 -

Z u; Ry = 3 tr (HHT) .

j=1

The above identity is well-known from the theory of Frobenius manifolds (see [34], 36]). Hence the
ancestor potential A;(%; q) is a solution to the HQEs (100). Theorem [42[is thus proved. O

Proof of Theorem [ Given Theorem Proposition [34] implies that the total descendant potential
Da(h;q) is a solution to the HQEs (88)). Theorem [1] then follows from Theorem O
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.pl
6. AN EXAMPLE: PP,

In this section we consider the example a = {2,2,2}, namely P} = Pj,,. In this case A0
is the root system of type Dy. It is convenient to denote the indexes in the index set Ty =
{(1,1),(2,1),(3,1)} simply by 1,2,3. There are 12 positive roots

Y (1<i<3), e Wty (1<i<3), w+yt+y (1<i<j<3),
Yo+t +73, 0 2%+ m 2+,

where ~; is the simple root corresponding to the branching node of the Dynkin diagram and
vi (1 <4 < 3) are the remaining simple roots. The fundamental weight is wp, = 2, + 71 + 72 + 3.
The eigenbasis for o3 used in our construction is

Hi = —(k/2)Y?%y; (1<i<3), Hy:=(k/2)"%w,
and we have m; = 5, di:%, 1 << 3, where xk = 4.

Let us write the HQEs for 7 = (7,(y))nez. We have

aa(C) = igwb(a)\a)<n|ao|2ezwﬁ<pb\a)<wb|a>

and
( Ea(C)T)O = (ool o=2nV=T(ppl)(sle) = () (nl);

where the subscript 0 on the LHS means the 0-th component of the corresponding vector in our
Fock space. Recall that the HQEs give rise to a system of PDEs in the following way. First we
make a substitution

yi=y®l=x+t, y' =1y=x—t,
which implies that

0 0 0
/ _ " — 2t _ _
y y Y ay/ ay,/ 8t7

and that
Res¢— (aa (QE(O)T® E*Q(OT)

0,0
is the coefficient in front of ¢° in the following expression
9(op(a)|a)=2 o —2mv/=1(pp|a) (w|er) (C—H|a0|2€zi,z 2(04|Hz‘)<mi+£“ti,é)

Cfml-ffm Cfml-fém

=22 el Hyx ) = Oa io(aHox) 2 mmm= 0
(e i ool Hix) LTyl (X F t)) (62 ol Hp) oy Ty (X — t))
By definition the HQEs are

Res¢—o Z (aa(C)Ea(C)T@)E_a(C)T) =

NG o

3 1 )
(§ + g (m—n)”+2 zl;(di* + f)tz‘,e@ti,e)Tm(X + )T (x — t).

Comparing the coefficients in front of the various monomials in t we obtain a system of PDEs
whose equations are some quadratic polynomials in the partial derivatives of 7. Let us specialize
to the case m = n = 0. In order to get non-trivial equations we have to compare coefficients in
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front of monomials that are invariant under the involution t — —t. The simplest case is t°, which

corresponds to the identity
S alm@la)-2 - 3
8

a€AO):(wy|a)=0

Comparing the coefficients in front of the monomial 7%270, we get

& ()7 (x) e P raxttn(x—t)
4——1 =8k—— L 7 4(2 /2 .
8:1:%270 OgT(X) : TQ(X) ( /H) 815170815270({%370 ( TQ(X) ) t=0
Recalling the substitution 7, which in this case is
Yo2,0 = 1 v2 00’
02,0 \/ﬁ Hf O )
\f
0 = —— — 1<i<3,
Yi0 \f - <1 <
we get
0* 4 o(@)r(q) B2 T-1(q +t)mi(q — t)
h—=1 = — 01020
3(q82)2 og7(q) 2 12(q) Tz G102 3( 72(q) > o

where for brevity we put 9; := 0/ 8256. To get a differential equation for the total descendant
potential we just have to substitute

T12(q) = C*D(h; q + 2Vh), 7+1(q) = CV*D(h;q + Vh)

where C = £1/2Q. '
Let us use the above equation to compute the genus-0 primary potential /. Put q; = 0, Vk > 0,
and compare the leading terms of the genus expansion. We get the following PDE for F"

Foo02 = 4Q*e*0101 1 Qeforon (8F01,1F01,2F01,3 + 4(For1,1F 3 + For2F1,3 + F01,3F1,2))7
where F; ; := 0’F/ 6qé(‘9qé. To simplify the notation, let us put ¢; := qé. String equation gives

Fo1,01 = to2, For; = itia

so from the above equation we get the following relation
(121) Foo,00 = 4Q*e*02 4 Qelo2 <t1t2t3 +2(t1 Fo3 + toF1 3 + t3F1,2))-

Equation (121)) allows us to compute the potential F' recursively, by the degree of the Novikov
variable (). Indeed, it is easy to see that up to degree-1 terms, F' is given by

1 1 1
§t31t02 + Ztm(t% +t2 4t + — o6 —(t] 4 t5 + t3) + Qelo2t tots.

Comparing the degree-2 terms in (121)) we get that the degree-2 term of F' must be %(t% + 13+
t%)QQthOQ. Arguing in the same way we get that F' does not have degree-3 terms, while the degree
4 term must be iQ‘le‘“O?. The potential I’ takes the form

1 1 1
F(t) = —titoa+ ~tor(t3 +13 +13) + —(t1 + 13 +t3) + Qe'2tytats +

2 4 96
1 1
+5 Q%M (1 + 15+ 1) + Qe

The above formula agrees with the computation of P. Rossi [55, Example 3.2] based on Symplectic
Field Theory.
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APPENDIX A. AN ALTERNATIVE PROOF OF HIGHER GENUS RECONSTRUCTION

In this subsection, we use the degree of virtual fundamental cycle and tautological relations
to give a simple proof for Teleman’s higher genus reconstruction theorem for the target PL, see
Proposition [44] below. This proof does not require the semi-simple assumption.

We first recall the g-reduction property introduced in [22], which is a consequence of results by
Ionel [37], and by Faber and Pandharipande [21]:

Lemma 43 ([37, 21]). If M (¢, k) is a polynomial of 1-classes and k-classes with deg M > g for
g=>1ordegM >1 fjor g =0, then M, k) can be presented as a linear combination of dual
graphs on the boundary of Mg.r,.

Our second tool is the Getzler’s relation in [28§]. It is a linear relation between codimension two
cycles in H,(M; 4,Q). Here we briefly introduce this relation for our purpose. The dual graph

Ai934 =
2 4
represents a codimension-two stratum in Mj4: A filled circle represents a genus-1 component,
other vertices represent genus-0 components. An edge connecting two vertices represents a node, a

tail (or half-edge) represents a marked point on the component of the corresponding vertex. Ag o
is defined to be the Sy-invariant of the codimension-two stratum in M 4,

Ago = Ajo34 + A1324 + A1g23.

We denote d22 = [Ag ] the corresponding cycle in Hy(M; 4,Q). We list the corresponding un-
ordered dual graph for other strata below, see [28] for more details.

e i
O<c >0

O—=<

In [28], Getzler found the following identity:
(122) 12090 + 4023 — 2024 + 603 4 + 0,3 + 00,4 — 203 =0 € H4(M1,47 Q).
Now we prove the following higher genus reconstruction result.

Proposition 44. The total ancestor potential Aa(h;t) is uniquely determined by the quantum
cohomology of PL when a # {1,1,1} and x > 0.

Proof. We consider the ancestor correlator (¢, ilfl, cy Ot gn,d 1N . According to the degree
formula (@, if the correlator is nonzero, then

l — - 1
(123) §Zdeg¢j+2kj:(3—§dim19>;)(g—1)+x-d+n.
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Now if }7% kj > g for g > 1 or 377 kj > 1 for g = 0, then we can apply Lemma {43) of g-
reduction to rewrite the ancestor correlator as a linear combination of intersection numbers over
the corresponding homology cycles of some dual graphs, each of the dual graph lives on the boundary
of Mg,n- The splitting axiom in GW theory allows us to reconstruct the ancestor correlator in (]
using intersection numbers over each component of the boundaries. We can keep doing this process
until on each component, the g-reduction property does not hold. In other words, all the ancestor
correlators are determined completely by those which satisfies Z?Zl kj <g—1forg>1or
> kj =0for g =0. On the other hand, since deg¢; < 2, x > 0 and dim P. = 1, the formula
implies such intersection numbers must vanish unless g = 0 and all k; =0, or g = 1,d = 0,
all k; = 0 and all deg ¢; = 2.

In order to finish the proof, it only remains to consider genus 1 correlator (P)y 1. Ifa # {1,1,1},
then according to Rossi’s computation [55], we can always find a twisted sector ¢; € H, such that

(124) (Di, Di, ix, Dix)0,a,0 7 0.

Consider the integration of the cohomology cycle A 40(¢s, @i, pix, pi=) over the Getzler’s relation
(122]), with four fixed insertions ¢;, ¢;, ¢+, ¢s=. By the splitting axiom in GW theory, it is not hard
to see that the integration vanishes on those homology classes with a genus-1 component except
that

/(5 A1,4,0(¢i7 ¢i7 ¢i*, ¢2*)

is a multiplication by a nonzero scalar and (P)j 0, because of (124]). Thus the equality ((122])
implies (P)1 10 is reconstructed from genus-0 correlators. ([l

Remark 45. The technique above only uses properties of cohomology field theories and tautological

relations over the moduli space of stable curves. So it also works for the reconstruction of the

ancestor potential in . It also works for elliptic orbifold projective curves PL, where x = 0, see

[49]. The genus-1 correlator (P)11,0 in GW theory can be calculated directly using virtual cycle or
virtual localization, see [63].
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