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Abstract

The Boltzmann equation without Grad’s angular cutoff assumption is believed
to have a regularizing effect on the solutions because of the non-integrable angu-
lar singularity of the cross-section. However, even though this has been justified
satisfactorily for the spatially homogeneous Boltzmann equation, it is still basi-
cally unsolved for the spatially inhomogeneous Boltzmann equation. In this paper,
by sharpening the coercivity and upper bound estimates for the collision operator,
establishing the hypo-ellipticity of the Boltzmann operator based on a generalized
version of the uncertainty principle, and analyzing the commutators between the
collision operator and some weighted pseudo-differential operators, we prove the
regularizing effect in all (time, space and velocity) variables on the solutions when
some mild regularity is imposed on these solutions. For completeness, we also show
that when the initial data has this mild regularity and a Maxwellian type decay in
the velocity variable, there exists a unique local solution with the same regularity,
so that this solution acquires the C* regularity for any positive time.
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1. Introduction

Consider the Boltzmann equation,

Jo+v-Vof =0(f ), (1.1)

where f = f(t, x, v) is the density distribution function of particles with position
x € R3 and velocity v € R3 at time 7. The right-hand side of (1.1) is given by the
Boltzmann bilinear collision operator

Q(g,f)Z/ / B (v —vs,0) {g) f(V) = g(v2) f (v) } doduy,
R3 J§?

which is well-defined for suitable functions f and g specified later. Notice that the
collision operator Q(-, -) acts only on the velocity variable v € R?. In the following
discussion, we will use the o —representation, that is, for o € s?,

/ VA Uy |U_U*| / U+ Uy |U—U*|
= o, V,= — g,
2 2 2 2

which give the relations between the post- and pre-collisional velocities.

It is well known that the Boltzmann equation is a fundamental equation in sta-
tistical physics. For the mathematical theories on this equation, we refer the readers
to [16,17,27,31,46], and the references therein, also, for the physics background.

In addition to the special bilinear structure of the collision operator, the cross-
section B(v — vy, o) varies with different physical assumptions on the particle
interactions, and it plays an important role in the well-posedness theory for the
Boltzmann equation. In fact, except for the hard sphere model, for most of the
other molecular interaction potentials, such as the inverse power laws, the cross
section B(v — vy, 0) has a non-integrable angular singularity. For example, if the
interaction potential obeys the inverse power law r ~?~D for 2 < p < oo, where r
denotes the distance between two interacting molecules, the cross-section behaves
like

— U T
B(|v — va],c080) ~ [v— 0,702, cosf={—" o), 0<o<L,
[V — vyl 2
with
_5 1
Bey=P"2_1 0<s=— <1
p—1 p—1

As usual, the hard and soft potentials correspond to 2 < p < Sand p > 5,
respectively, and the Maxwellian potential corresponds to p = 5. The fact that the
singularity #2729 is not integrable on the unit sphere leads to the conjecture that
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the nonlinear collision operator should behave like a fractional Laplacian in the
variable v. That is,

O(f, f) ~ —(—Ay)* f + lower order terms.
Indeed, consider the Kolmogorov type equation
frtv - Vif =—(=A)"f.

Straightforward calculation by Fourier transformation shows that the solution is in
the Gevrey class when 0 < s < % and is ultra-analytic if % < s < 1 for initial data
only in LZ(R;E X R%) if it admits a unique solution (see [40] for a more general
study). However, for the Boltzmann equation, establishing Gevrey regularity of
solutions is a long lasting open problem which has only been proved, so far, in the
linear and spatially homogeneous setting, see [38].

The mathematical study of inverse power law potentials can be traced back
to work by PAo [42] in the 1970s. In the early 1980s, ARKERYD, in [12], proved
the existence of weak solutions to the spatially homogeneous Boltzmann equation
when 0 < s < %, while UkaAI in [43] applied an abstract Cauchy—Kovalevskaya
theorem to obtain local solutions in the functional space of functions which are ana-
Iytic in x and Gevrey in v. However, the smoothing effect of the collision operator
was not studied at that time.

Since then, this problem has attracted increasing interest in the area of kinetic
theory, and much progress has been made on the existence and regularity theories.
More precisely, that the long-range interactions have smoothing effects on the solu-
tions to the Boltzmann equation was first proved by Desvillettes for some simplified
models, compare [21,22]. This is in contrast with the hard sphere model and the
potentials of Grad’s angular cutoff assumption. In fact, for the hard sphere model,
the cross-section has the form (in the o representation)

B(Jv — vy, cos0) = qolv — v/,

where g is the surface area of a hard sphere. For singular cross-sections, GRAD [31]
introduced the idea to cut off the singularity at & = 0 so that B(Jv — v,|, cosf) €
L'(S?). This assumption, now called Grad’s angular cutoff assumption, has been
widely accepted and has influenced a few decades of mathematical studies on the
Boltzmann equation. Under this angular cutoff assumption, the solution has the
same regularity, at least in the Sobolev space, as the initial data. In fact, it was
shown in [28], that the solution has the form

ft,x,v) =a(t,x,v)f(0,x —vt,v) + b(t, x, v),

when the initial data f(0, x, v) is in some weighted Lf?,v space. Here, a(t, x, v)
and b(z, x, v) are in the Sobolev space H;S!x,v for some § > 0. And the term
f(0, x — vt, v) simply represents the free transport so that it is clear that f(z, x, v)
and f(0, x, v) have the same regularity.
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One of the main features of the Boltzmann equation is the celebrated Boltz-
mann’s H-theorem saying that the H-functional

H(t) =/ flog fdx dv,
R3 xR3

satisfies

dH (1)
dr

+ D(t) =0,
where

D(t) = — / O(f. f)log fdxdv =0,
R3xR3

which is called the entropy dissipation rate. Notice that D(¢) is non-negative and
vanishes only when f is a Maxwellian. The non-negativity of D indicates that the
Boltzmann equation is a dissipative equation. This fact is a basic ingredient in the
L' theory of the Boltzmann equation, see for example [27].

By using the entropy dissipation rate D and the “Q% smoothing property”, the
formal smoothing estimate was derived by L1oNS [34] (see the complete references
in [4])

VT ™)

=l (11 + D) s= S =
gz = IR L P

for any constant m > 3. Notice that the above regularity estimate is on 1/ f, not f
itself. Later, some almost optimal estimates together with some extremely useful
results, such as the cancellation lemma, were obtained in the work by ALEXANDRE
et al. [4]. By using these analytic tools, the mathematical theory regarding the reg-
ularizing effect for the spatially homogeneous problems may now be considered as
quite satisfactory, see [8,9,23,24,26,32,38,45], and the references therein.

However, for spatially inhomogeneous equations, there are far fewer results.
The main difficulty comes from the coupling of the transport operator with the
collision operator, and the commutators of the differential (pseudo-differential)
operators with the collision operator. Two inroads have been achieved so far. One
regards the local existence of solutions between two moving MAXWELLIANS in [2],
obtained by constructing upper and lower solutions. The other regards the global
existence of renormalized solutions with defect measures constructed in [10], which
become weak solutions if the defect measures vanish. Some results on similar but
linear kinetic equations were also given in [7] and [15]. In particular, a generalized
uncertainty principle a la FEFFERMAN [29] (see also [35-37]) was introduced in [7]
in order to prove smoothing effects of the linearized and spatially inhomogeneous
Boltzmann equation with non-cutoff cross sections, and to get partial smoothing
effects for the nonlinear Boltzmann equation. In the following analysis, this partial
regularity result, together with its proof, will also be used.

This paper can be viewed as a continuation of our recent work [7]. Under
some mild regularity assumptions on the initial data, we will prove the existence
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of solutions and their C* regularity with respect to all (time, space and velocity)
variables.

Even though, on the initial data, it is still not known whether only some natural
bounds, such as total mass, energy and entropy, can lead to the C? regularizing
effect, as far as we know, the results shown in this paper are the first to justify the
C®° regularizing effect for the nonlinear and spatially inhomogeneous Boltzmann
equation without Grad’s angular cutoff assumption.

In order to state our theorems, let us first introduce the notations and assump-
tions used in this paper.

The non-negative cross-section B(z, o) (for a monatomic gas, which is the
case considered herein) depends only on |z| and the scalar product (|Z7'|, o). In most
cases, the collision kernel cannot be expressed explicitly, but to capture the essential
properties, it can be assumed to have the form

— Uy

(SR

B(|v — vy|, cos0) = ®(Jv — vy|)b(cos ), cosb :< v

,a>, 0=6=
[V — vy

Furthermore, to keep the presentation as simple as possible, and in particular to
avoid the difficulty coming from the vanishing of the cross-section at zero relative
velocity, we assume that the kinetic factor ® in the cross-section is modified as

Y
O(v — vy]) = (1 tlv— v*|2)2 , yeR. (1.2)

This point can certainly be removed using our whole calculus, at the expense of
technical and more complicated details.
Moreover, the angular factor is assumed to have the following singular behavior

sinb(cosO) ~ KO~ 7%, when 6 — 0+, (1.3)

where 0 < s < 1 and K is a positive constant. In fact y = 0 corresponds to the
Maxwellian molecule, y < 0 corresponds to the modified soft potential, and y > 0
corresponds to the modified hard potential. The singularity will be called mild for
0<s < % and strong for % < s < 1. The case s = % is critical in the sense
that different computations are required in many parts of our proofs for mild and
strong singularities, as will be seen below. This is similar to the known fractional
Laplacian studies.

It is now well known from the work [4] that the singular behavior of the col-
lision kernel (1.3) implies a sub-elliptic estimate in the velocity variable v. In the
following analysis, we shall need a somewhat precise weighted sub-elliptic esti-
mate in the velocity variable. We shall show that for y € Rand 0 < s < 1, if
f20,#£0, f e Lé () Llog L(R%), there exists a constant C > 0 such that for

any function g € H'! (]R%) we have
CTHAYWy 291172y S (—Q(F9). D2 + C||f||L;(R3>||g||§i+/2(m),

where 7 = max(y",2—yT),yT = max{y, 0}. Here W, = W;(v) = (1 +
lv|?)2 = (v)!, 1 € R, is the weight function in the variable v € R3.
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Similar sub-elliptic estimates, first proved in [4] and then developed in many
other works, such as [41], in a linearized context, have been used crucially at least
for the following two aspects:

i) the proof of the regularizing effect on the solutions to the spatially homoge-
neous Boltzmann equation, see [8,9,26,32,38];

ii) the proof of existence of solutions to the nonlinear and spatially inhomoge-
neous Boltzmann equation [2,10,46].

In this paper, we will apply this tool in order to study the complete smoothing
effect for the spatially inhomogeneous and nonlinear Boltzmann equation.

Itis now well understood (see [11] and references therein) that the Landau equa-
tion corresponds to the grazing limit of the Boltzmann equation. However, while
the Landau operator involves conventional partial differential operators, it should
be kept in mind that fractional differential operators appear in the Boltzmann case,
see [1,3]. Therefore, the analysis on the Boltzmann equation appears much more
involved because it requires the unavoidable use of harmonic analysis. In particular,
we shall use a generalized uncertainty principle which was introduced in [7], and
the estimation of commutators used in the work [39] for the study of hypo-elliptic
properties.

Throughout this paper, we shall use the following standard weighted (with
respect to the velocity variable v € R?) Sobolev spaces. For m, [ € R, set R =
R; x Ri X }R% and

H'®) = [ f e S®: Wi f e H" @)},

which is a Hilbert space. Here H™ is the usual Sobolev space. We shall also use
the functional spaces Hlk (Rg, ,) and Hlk (R?)), specifying the variables, the weight
being always taken with respect to v € R>.

Since the regularity property to be proved here is local in space and time, for
convenience, we define the following local version of weighted Sobolev space. For
—00 £ T} < T» £ 400, and any given open domain Q C R, define

' (1T, Tl x RY)
= {7 eD'an. BIxQ x B p(0w (0 f € H' R,
Vg e AT, T, ¥ e CP@) |-

Our first main result is about the smoothing effect on the solution and can be
stated as follows

Theorem 1.1 (Regularizing effect on solutions). Assume that0 < s < 1, y € R,
—00 ST <Th £ +ocoandlet Q C R; be an open domain. Let f be a non-neg-
ative function belonging to HIS (T, Tr[x 2 x Rg) for alll € N and solving the
Boltzmann equation (1.1) in the domain 1Ty, To[x 2 x R% in the classical sense.
Furthermore, if f satisfies the non-vacuum condition

I f@,x, ')”LI(R%) > 0,
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forall (t,x) €Ty, To[x 2, then we have
feH ™ (]Tl, Ty[xQ x Rg) ,
foranyl € N, and hence

fec® (]Tl, To[xQ: S(Ri)) .

With this result in mind, a natural question is whether the Boltzmann equation
has solutions satisfying the assumptions imposed above. Let us recall that solu-
tions constructed in [2, 10] do not work for our purpose because of the lack of the
weighted regularity HZS. For Gevrey class solutions from [43], there is, of course,
nothing to prove.

Thus, our second main result is about the local existence and uniqueness of
solutions for the Cauchy problem of the non-cutoff Boltzmann equation.

We consider the solution in the functional space with Maxwellian type expo-
nential decay in the velocity variable. More precisely, for m € R, set

'R ={ge D®RE,): 3p0 > 0.0 e g e H'®S )},
andfor T > 0
em ([0, T] x Rg,v) - {f e 0 ([0, T; D/(ij)) 23p >0
s.0.eP’ f e 0 ([0, T): H™ (Rgv))} .
Theorem 1.2. Assume that 0 < s < 1/2 and y +2s < 1. Let fo = 0 and

Jfo € Sgo (R®) for some 4 < ko € N. Then, there exists Ty, > 0 such that the Cauchy
problem

[f,—{—v-fo:Q(fvf)a (1.4)

fli=o = fo,

admits a non-negative and unique solution in the functional space EX ([0, T, ] x R).

Furthermore, if we assume that the initial data fy is in Eg (R®) and does not
vanish on a compact set K C R, that is,

Il fo(x, ')”Ll(Rg) >0, VxeKk,

then we have the regularizing effect on the above solution, that is, there exist 0 <
To £ Ty and a neighborhood Vy of K in Rf’c such that

fec® (]0, Tolx Vo: S(Rg)) .
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Moreover, if y < 0, the non-negative solution of the Cauchy problem (1.4)
is unique in the functional space CO([O, T:l; HI’,” (R(’))for m > 3/2+2s, p>
3/2 4 4s.

Remark 1.3. For the inverse power law potential ~(?~1 | the condition 0 < s <
1/2, y + 2s < 1 corresponds to 3 < p < oo which includes both soft and hard
potentials.

At the moment, it is not clear whether we can relax the regularity assump-
tion initially made on the solutions. Note that, for example, the condition that
f e L' N L®(R7) is enough to give a meaningful sense to a weak formulation
for the spatially inhomogeneous Boltzmann equation. However, the analysis used
here cannot be applied to this case, and so further study is needed. On the other
hand, the above two theorems give an answer to a long lasting conjecture on the
regularizing effect of non-cutoff cross-sections for the spatially inhomogeneous
Boltzmann equation.

To conclude the introduction, let us review some related works on the regular-
izing effect and the existence of solutions for the Landau equation. The regular-
izing effect from the Landau collision operator has been rather well studied. See
[11,18,25] for the spatially homogeneous case. For the spatially inhomogeneous
problem, a regularizing result was obtained in [20], where the H® regularity is
assumed on the solutions to start with. Similar results were also recently proved for
the Vlasov—Maxwell-Landau and the Vlasov—Poisson—Landau systems, compare
[19] and the references therein. As for the existence of solutions, see [25] where
unique weak solutions for the spatially homogeneous case have been constructed
with rather general initial data, and see [30] where the classical solutions for the
spatially inhomogeneous case have been constructed in a periodic box with small
initial data.

The rest of the paper will be organized as follows. First of all, in the next section,
we will use pseudo-differential calculus to study the upper bounds on the collision
operator. We shall give a precise coercivity estimate linked to the singularity in
the cross-section, and estimate the commutators between some pseudo-differen-
tial operators and the nonlinear collision operators. In Section 3, the regularizing
effect will be proved under the initial regularity assumption on the solution. The
strategy of the proof is as follows. We first choose some suitable mollifiers such
that the mollified solutions can work as test functions for the weak formulation
of the problem. We then establish a small gain of the regularity in the velocity
variable, by using the coercivity estimate coming from the singularity of the cross
section. On account of the generalized uncertainty principle, a small gain of the
regularity in the space and time variables can be derived. The H ™ regularity will
follow from an induction argument. Finally, in Section 4, local solutions to the
non-cutoff Boltzmann equation which meet the initialization condition of Theorem
1.1 are constructed, using a family of cutoff Boltzmann equations with time local
uniform bounds independent of cutoff parameter in some weighted Sobolev space.
In particular, the uniform bounds are established with the help of time dependent
Maxwellian type weight functions which were introduced in [43,44]. The conver-
gence of the approximate solutions follows from compactness argument , while the
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uniqueness of the solutions can also be proved by using our sharp upper bounds on
the collision operator.

2. Pseudo-differential calculus

Under the non-cutoff cross section assumption, the Boltzmann collision opera-
tor is a (nonlinear) singular integral operator with respecttov € R% .Inthe linearized
case, it behaves like a pseudo-differential operator.

In this section, we study the pseudo-differential calculus on the Boltzmann oper-
ator, which is one of the key analytic tools for proving the regularizing effect of the
non-cutoff Boltzmann equation. Even though the regularity proved in this paper is
local in space and time variables, note that the collision operator is non-local in the
space of the v variable. Moreover, since the kinetic factor in the cross-section is
of the form (v)”, which might be unbounded, we need to consider multiplication by
the weight function W;(v) of the pseudo-differential operators. Hence, they are not
the standard pseudo-differential operators of order O on the usual Sobolev space. In
other words, we shall consider pseudo-differential operators with unbounded coef-
ficients on the weighted Sobolev space H;" (R%). The variables (¢, x) are considered
as parameters for the collision operators in this section.

2.1. Upper bound estimates

We shall need some functional estimates on the Boltzmann collision operator
in the existence and regularization proofs below. The first one regards boundedness
of the collision operator in some weighted Sobolev spaces, see also [3,5,32].

Theorem 2.1. Let 0 < s < 1 and y € R. Then for any m, o € R, there exists
C > 0 such that

< )
”Q(fv g)”H&”(R%) = C||f||LL++(y+2v)+(Rg)||g||H’Z+2A +(R3) (211)

(a+y+2s)

forall f € LY., o+ RY) and g € HIE ) L (R)).

Remark 2.2. (1) The collision operator Q( f, g) behaves differently with respect
to f and g: (2.1.1) shows that, in some sense, it is linear with respect to the
second factor in the velocity variable v because the action of differentiation
of Q(f, g) with respect to v goes only on g when considered in the Sobolev
space. This is clear for the Landau operator which is the grazing limit of the
Boltzmann operator.

(2) The estimate (2.1.1) is in some sense optimal with respect to the order of dif-
ferentiation (exact order of 2s) and also with respect to the order of the weight
in v coming from the cross-section. In [32], the cases of both the modified
hard potential and Maxwellian molecule type cross-sections corresponding to
0 £ y < I are discussed. Let us also mention that a similar estimate was given
in [6], but it is not optimal in terms of weight and differentiation. However, its
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proof is more straightforward as it uses only the Fourier transformation of the
collision operator (Bobylev’s type formula [13] and see also the Appendix of
[4]). For our purpose, the full precise estimate (2.1.1) will be needed.

Proof of Theorem 2.1. Firstly, we consider the case when o = 0. To prove (2.1.1)
in this case, it suffices to show that for any m € R

<
(Q(f, g),h)Lz(Rg) = C||f||LEy+zs)+(R%)||g||H$ﬁi)+(R%)||h||H_m(R%)' (2.1.2)

The proof needs some harmonic analysis tools based on the dyadic decomposition.
It is similar to the proof in [32], where the hard potential case y = 0 was studied.
Interested readers may refer to the papers [3,4,32] for more details, though we will
keep this paper self-contained.

Recall that

QU 9. W 2wsy = /Ré /Szb(cow)f(v*ﬂb(lv — vx))g(v)
x{h(v') — h(v)}dodv,dv,
where @ (v — vi]) = ©(|v/ — v ]) = (v — v})V. Set
F(v,ve) = @(Jv — vi)g(v),

and write

Q(fs 9). Mgy = /Rﬁ /SZ b(cosO) f (v4) F (v, v){h(V') — h(v)}dodv.dy

=/ f () (U1 — Uz)dv.
R3

Then we have (formally) by inverse Fourier formula,
U = / / b(cos8)F (v, v )h(v)dodv
R3 J§?

_ / / HE, 1, v) P, v)h(ndedn,
R3 JR3

where (also formally)

H(Ev n, U*) == / / b(k . o‘)eiv'g_iv/'ndo. dU
R3 Js2

=/ efVE—I / b(k-o)eiv;*”'”da} dv
R3 | JS?

'”z”*""""’“da] dv, (i =n/lnl)

:/ eivffiwzl'*'n /b(ﬁ-a)eii
R3 | JS?

:/ VE—I T /b(ﬁ-a)e_”"'v;*"’da]dv
R3 | JS?

=/ b(ij - o)e [/ ei”'(g_”+)dv:| do
S2 R3

N / b(ij - a)e™ M do 85 — ™),
S2
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with

n _1 (n —Inlo) n _1 (m + Inlo)
= o), = + |nlo),
2 2

so that
Ui :/ [/ b(7 - g)e—i”*‘”_da} F(nt, voh(mdn.
R3 S?
On the other hand,

UZE/ /b(cos@)F(v, vye)h(v)dodv
R3 J§?

= [/ b(cos@)d0i|/ Fn, vo)h(ndn
§? IR3

:/ [/ b(ﬁ-o*)da} F(n,v*)ﬁdn,
R3 S2

because (formally) we have

/ b(cosO)do =/ b(n - 0)do = const.
S? S?
Therefore, we have obtained the following generalized Bobylev formula

(Q(fs g)v h)LZ(R%)

= / f(vs) |:/ / b(7-0) {e_iv*"fﬁ(n“', v) — F(, v*)}

xh (n)dnda:| dv,

= / fvy) [ / / b(ii- o) {e " Byt v — e, v |
R3 R3 JS?

xei”*‘"fz(n)dndo] du,. (2.1.3)
Notice that the above derivation is formal only for non-cutoff cross-sections because
we can not split the gain and loss terms in this case. However, the derivation can
be easily justified as a limit process of cutoff cross-sections when combining the

gain term and loss term together.
We now introduce a dyadic decomposition in R% as follows:

D) =1, gw) =92 Fv). k=1,
k=0

with 0 < ¢, ¢ € C°(R?), and

supp ¢o C {lv] <2}, supp¢ C {l < |v| < 3}.
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Take also ¢ and ¢ € Cg° such that

¢o=1 on{lv] £2}, supp o C {|v] <3},

d=1 on{l/2<|v| <3}, suppo C {1/3 < |v| < 4.

We assume that all these functions are radial. It follows from |v/ — vy | £ |[v—vy| <
V2|V — vy, that

k(v — 1P (v — v,) = B (v — Vi) = BV — V)PV — ), k=0,

and thus we get

QU9 W@ =D / / b(cos 0) f (vs) Fi (v, vs)
k=0 Rﬁ SZ

x{hi(V', vy) — hi (v, vy)}dodv,dv,
where

Fr(v,v) = ¢ (v — )@ (v — v )g(v), hie(v, vi) = P (v — v)R(V).
(2.1.4)

Similarly to (2.1.3), we also obtain

(Q(fsQ)?h)Lz(R%)
-> f<v*>[/ b0 fe " At v = e i)
=R R3 Js?

x eV (1, v*)dndoi| dv,

:/R3 f(v*)gKk(v*)dv*.

In the following, we will estimate > po | K k(v,)], regarding v as a parameter.
By setting

Q=loesioz1-2"%mn72,
and

Fr(n, v) = eV ME(n, vs), (), vs) = €V Ty (1, vs),

we split K k(vy) into
K () = / / b(ii- o) {Felrt, v = Fun, v | ik(n, vo)dndo
R3 JS2nQy

+// b(ii- o) {Futn®, v.) = Fetn, v} hi(n, vo)dndo
R3 JS2nQg

= K{(vs) + K5 (v).
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Note that

/ 6% b(cos 0)do
S2NQ;

= Zn/
{6€l0,7/2]; sin(0/2)§2’k(n)’l}
SCm»202kE=D 0 o <s <1, (2.1.5)

/ b(cos0)do
$2NQ

= 271/
{0€[0,7/2]; sin(6/2) =2~k (n)~1}
< cm¥2%s,  foranys > 0. (2.1.6)

sin6 b(cosH)6%do

sin6 b(cosH)do

It follows from (2.1.6) that

iCn, 02y

5 1/2
) dndo

K@l < [ [ b0 At v — Adn. v ando
R3 Js2nag

([ L e (Aot
R3 JS2NQy

X // b<n)—2m—25‘
R3 JS2nQy

<

2 =
+ ‘Fk(n, Us)

1/2
2
a’nda)

(D)% Fi (v, ”*)}Hu [{Dw) " hi(v, v 2 - (2.1.7)

i (1, vs)

Here, we have used the change of variables  — 1™, which is regular because the
Jacobian can be computed, with 7 = n/|n|, as

)| (1,1, o DM B
- —0 =- o -1)=-cos” —.
(1) 27PN =3 =3

2 2
It should be noted that after this change of variable, 6 no longer plays the role of
the polar angle, because the “pole” 77 now moves with o and hence the measure
do is no longer given by sin 6d6d¢. However, the situation is rather good because
if we take 77 = n*/|n™"| as a new pole which is independent of o, then the new
polar angle v defined by cos ¢ = ;" - o satisfies

v = g, do = sinydyde, e [0, %]

and thus 6 almost works as the polar angle. Therefore, since (n) < 2(n*) < 2(n)

we have
/ / b7 - o) () >+
R3 JS2ney

=C / Do) | Fer, v.)
R3,

n

g 2
Fr(™,v)| dndo

2
dn+
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with
Do(n*) = / b(ii - o) (n(nt. o))" P do
$2NQg

é C/ <n(n+’ U) >2m+239—2—2xd0,

/4

§ C<n+)2m+2s/ /

5 k( . 1 w*Z*ZS sin wdl/f g 221{5 (n+>2m+4s’
—k () -

which implies (2.1.7). Notice that for p =0, 1, 2,

2TV — v P (v — v )Py — vl | 0 =)
<U*)(V+2‘Y)+ = <U*>(},+2S)+ ¢k(U — Vy)
SCWYT g —v). (2.1.8)

Then, recalling (2.1.4) and using (2.1.8) with p = 0 we have

Kk < C (}/+25)+ <Dv>m+2s 22kSF D 7mh
K7 ()] = Cluy) W{ k(v, v} L2||< v) (U, vl 2
< Clo) 2" (nd?k(v — v)(Dy)" g7,
(y+29)T

1/2
+27K (DY g2, )

(y+25)t

7 —my 2 —k —my 2 172
x (I6e v = v (D) I, + 271D I
= CT(vy),
where 'y (v, ) stands for the quantity defined by this right-hand side up to a constant

multiple.
On the other hand, in order to estimate K {‘ (vy), write

[Feort. v = Fun v} hn, v

= {En*, v - Fen, w0 [ii}(n, v) — he(n*, v*)]
0 VR vt v) - /O1 [VEGrt + o=, 00
— VEGr, vz} 6= 1t va).
Correspondingly, we decompose K ’f (vy) into

Kfw.) = K ) + K2 (00 + K ().
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"e\'l"o;(’?lj

7" (1)

o1

Yo, ()
Fig. 1. Symmetry of o and o7 in Fourier variable

For the variable transformation n — n+ = %(n + |nlo), we denote its inverse
transformation n* — 5 by ¥, (n™). Then

o + 3(1ﬂa(n+))
Kk,2*:_// b(lﬁ(n).)‘
1) ® Jsng el 7)1 a0

xn”(@) - (VFL) OrF, volie(rt, vodn* do
=0, with 17 (0) = Yo (1) — 1",

because o1, 02 € S% N are symmetric with respect to each other in the sense
that, compare Fig. 1,

N (0) = Ve, — " = =W, — 1) = =17 (02).
Write K{(’l(v*) into

K5 ()

1 rl ~
[ L (o Lo a0 ((FR) 0 =000
0 0 R3 SzﬂQk

X I(W;) Mt +sn—nT),ve) - (7 — n*)] dn dcr) dr ds.

Since |n — nt 12 = |n~ |2 = |n|?sin(6/2) and the change of variable

n—>nt+tn—n")
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is also regular (see Page 2044 of [7]), (2.1.5) implies

1
IKE (00

1 1 _
éc/ / (// 02 b - o) n)? |(VEe) Ot + v = 0, v
0 0 R3 SzﬂQk

X ‘(VhAk) T 4+ s —n"), vy dnda) drds

1 rl
0 JO R3 JS2nQy

x ‘(V;k) T+t —n"), ) dnda)l/2

([ L o b o2
R3 JS2NQy

1/2
dnda) drds

X ‘(VhNk) m* +sm—n"),v)

[~ (Vi)

Hence, we have obtained, by using (2.1.8) with p =1

L2(R3) L2R3)

K @)
D >m+2s
< (y+29)* (Dy {k(2s—l) _ }
S C(vs) AL 2 (v — Vi) Fie (v, vs) L
x| w - vomw v
5 5 1/2
1 ~ _ '

< Clu) 0+ (H¢>k(v—v*><Dv>m”Sg L 27| )
L
(y425)F (y+25)F

2 B B 5 1/2
P [LRRT A

x (th(v — v (D) "

which has the same bound I'x (v,) as in the previous case, up to a constant factor.
Finally, we consider

1 1
koo == [ [ ([ [ e
0 Jo R3 JS2nQy

X {(VZFT;() mt +1stn—nh), voT(n — n+)2}

X {hrk(nﬂ v*)] dnda) dzds.
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Then, by using (2.1.8) with p = 2, we have

‘Kk’3(l} ) < Cv )(V+2s)+ (Dv>m+2S [zk(2372)(v —v )sz(U v )}
1 *)| = * —<U*)(J/+25)+ * > Uk L2
X[k (v, v:)ll pm
< CTk(vy).
Therefore, it follows from Schwarz’s inequality that
(f. 9. W2y
<C
<Clfl .
00 1/2
(> [||¢3k(v — v (D) g2, 27D 17, ]
k=0 (y+25)t (y+25)t

00 1/2
x (Z {Idew = v (D) hIZ + 2k||<Dv>’”h||iz})

k=0
<cC 1 2 ||l g-m
<Cllfly Mol Wilon,

which yields (2.1.2). Now the proof of Theorem 2.1 is complete for the case @ = 0.

O
To prove (2.1.1) for the case o # 0, it suffices to show that
(Qf: 9. 0)h) 12z,
< Sy —m 3) . B Y
= C||f||Ll11++(y+2S)+(Rg)||g||H(rg:2;a+2x)+(Rg)||h||H (R3) (2.1.9)

The argument is similar to the one for « = 0, up to the estimation on %y (v, vy) in
(2.1.4) which must be replaced by

k(v — v) (V) (V) = (V) he(V, vy).
We can write
(V)R (v, vy) = ((v*)“ n 2"“) Ui (v, vl (0, vy), ifa >0,  (2.1.10)

(U) min{(y4+2s)",—a}
. ) Ui, vhe(v, vy), ifa <0.  (2.1.11)

(V)" hi (v, vy) = (2T

with a suitable ¥ (v, v,) belonging to leo (R?}), uniformly with respect to k, vy.
For p =0, 1, 2, we have

2K@A25=P) |y — p, 1P (v — 1) D (v — v4])

(v*)(01+1/+2s)+
<v _ v*>a+y+2s
<c-— —
= C <v*>(a+y+2s)+ ¢k(v U*)

é C<v)(a+y+2s)+¢k(v _ U*), (2112)
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which is similar to (2.1.8). We first consider the case a > 0. It follows from (2.1.6)
that

K@)

—
-

Yihi(m, vy)

1/2
2
) dndo)

< (e +2+) b+ o) |[Felrt, v = FeGr, v.) dndo
R3 JS2NQy

< (a2 ( [ L s (At
R} JS2nQ¢
5 1/2
X // b(n)~2m=2s dndo
R? JS2nQg

< €25 ({0 +2%) (D)™ Fuw, w0 |, 10D " e v, 02

2 x
+ | Fen, v

Yihe (1, vs)

L2
Then, recalling (2.1.4), and using (2.1.8) and (2.1.12) with p = 0, we have
<Dv)m+2S
(U*)(V+2S)+
(Dv>m+25
<U*>(a+y+2s)+
x|[(Dy) ™" hic(v, v:)ll 2

C<v*>0l+()’+2S)Jr

Kk £ C [(w)“‘“ﬁm+

{22 Fuw, v}

L2

+ <v*>(a+]/+2S)+ {2k((1+2s) Fk(v, U*)}

.|

[IA

x (nq?k(v —v)(Dy)" g7,

(a+y+25)T

(a+y+25)T

1/2
+275 (DY > g3, )
7 —my 2 —k —my 2 172
x (Ide (v = v (D) RIZ, + 271D I
= C F]? (v*)a
where I'} (v) stands for the quantity defined by this right-hand side up to a constant
multiple.

Performing the same computation as above for K § (v4), it follows from (2.1.5)
that

K @ < CT¥(v,),

+ ‘K{cg(v*)

so that (2.1.9) holds in this case.

The estimation on the case o < 0 is also similar by using (2.1.11) if one con-
siders the cases ¥ + 25 < 0,0 < y +2s < —« and y + 25 = —« separately.
Details are omitted. And this completes the proof of Theorem 2.1.

In the following, we also need estimates on the commutator between the colli-
sion operator Q and the weight W;. For this purpose, estimations on |W; — W/| are
needed.
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Lemma 2.3. Let [ € N. There exists C > 0 depending only on [ such that
’W W/ < : 9 / / < . 9 / /
} — W/| < Csin 3 (W) +W/,) < Csin 2 ) Wil (21.13)
and
W, W/ < : 0 / / / s 1—1 0 /
| — W/| < Csin )\ Wi+ Wi Wi sin = 2 )WL) @114

Proof. It follows from |v — v,| = [v/ — v and |v]? + |v4|? = [v/|?> + |v.|? that,
forany A > 0

P < WP+ LR W S22 (W + W)

0
2 _ 2 2
[v —V|” =sin (z)lv—vﬂ ,

where 0 < 6 < /2. The Taylor formula yields

On the other hand

Wi — Wl/’ < Clv—7/| (Wl,] + Wl’_l)
=D
lv— v*|(W[_1 + (1 +lv—v+ v/|2) ’ )
v = v (Wz/q + v — v/llfl)
4 / / . 1—1 6 , /i
(Wi + W1,*) W,_| + sin 2 W — v

0 0
< Csin (5) (W/ + W/ W{ , +sin""! (5) Wz’,*) ;

which gives (2.1.14). (2.1.13) follows from this by the interpolation inequality. And
this completes the proof of the lemma. O

[IA
aQ
=z
=

< Csin

IA

a

2.

=
NN N
R D D D
N N N’

Lemma2.4. Letl e N, m € R.
(1) If0 < s < 1/2, there exists C > 0 such that

(W0 (£, ) = O Wig)) . ey,
< C"f”LIIJrVJr(R%)”g|lL12+y+(Rg)”h”LZ(R%)' (2.1.15)

Moreover, if | 2 3 (actually, we need only | > % + 2s), then

[(Wi0(f. 9) — Q(f. Wig) . ) 23 |
< C”f”L12+y+(R3))||g”L[2+y+(R3)”h||L2(R3)' (2.1.16)
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If1/2 < s < 1, then for any ¢ > 0, there is a constant C, > O such that

((WIQ(f, 9) = Q(F, Wigh) ) 2ey,

<
s Cs|If|IL11+2H+y+(R3)IIQIIleiZ—XiiW(Rg) Il 23y, (2.1.17)

and
(W0, 9) = OF Wig)) ) 2y

< s—14e . N
= Ca||f||L11+25_1+y+(R%')”g”L12+2;_1+y+(R3)”h“H/b I+e (R3) (2.1.18)

When s = 1/2, we have the same estimates as (2) with 2s — 1 replaced by any
small k > 0.

With Lemma 2.2, we immediately have the following improved upper bound

estimate with respect to the weight.

Corollary 2.5. (1) When0 < s < 1/2, we have

@)

3

1O Dl w3y = CIf N

3 +2s ,
max(1+y+‘(y+2s)+](Rv)”g”Hm S (R%)

I+Q2s+y)T
provided thatm < 0 and 0 < m + 2s.
When 1/2 < s < 1, we have
1QCf, DNl r3)
<ClIflp @l e w119

max{{+2s—1+yt,2s+y)T [+max{2s—1+yt,2s+y)T

provided that —1 < m < 0.
When s = 1/2, we have the same form of estimate as (2.1.19) with 2s — 1
replaced by any small k > 0.

In fact, this corollary is a direct consequence of Theorem 2.1 and Lemma 2.4.

Proof of Lemma 2.4. (1) the case 0 < s < 1/2. By using ®(|v' — v}]) <

) (v

+ +
Y, we have

((WLQ(f, 9) = Q(F, Wigh) , ) 2ey,

= V//bcbf;g/(w,/ — W)hdvdv,do

= C///bI9II(Wz+y+f);I |(Wigy+9)l|h]dv dv, do

= C///b|9||(W1+y+f)*||(W[+y+g)| |h/|dvdv*dg

1/2
<c ( / / / bIOT |(Wiiyt £)al | (Wi 9)Pdv du, da)
1/2
x (///b|9| |(Wigy+ )il [*dv dv, dcr)

=CJy x Jb.
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Clearly, one has

2 < 2
RECIf Iy ol

I+yt

< 2
| beosoyioida < iy ol
Next, by the regular change of variables v — v’, compare [4,10], we have

J3 = / / Do Vs, V)| (Wyyy+ )l |02 dvy dv'

where
Do(v, v)) 2/ 0@V, 0) s, v, o))d
v, V) = c0s O (vy, V', 0))do
0 2 cos2(0(vs, V', 0)/2) *
/4
<cC Y172 sin ydy,
0
and
vV — vy )
cosYy =— .0, ¥ =6/2, do =sinydyde.
[V — vyl
Thus,

2 2
J5 = CIIfIIL;H+ 17072

and this, together with the estimate on Jp, gives (2.1.15).
We now prove (2.1.16) by using (2.1.14) instead of (2.1.13). We have

(((WzQ(f, 9 — O(f. Wi9)) . h) 2,
<c [///b|e|’|<Wz+y+f>;||<wy+g>’||h|dvdv* do
+///b|9| Wiyt L1 [(Wiz 14y, )] 1hldv du, do

+///b|9| |(Wy £l Wiy, 90| |hldv dus d(f]
= M+ My + Msj.
My, M3 can be estimated similarly to (2.1.15), and we have
<
M, = CIIfIlL}+y+ IIQIIleiHy+ IAllz2,

M3 C hllgz.
s S CIFl Ngllz el

M can be estimated as follows. Firstly, we have

2
M = C? ( / / / BIOT | (Wiy £)al(W,.. )] 11 ]dv du, da)

3
<c? ///b 10172 [(Wy, (Wi, £)«l*dv dv, do

x /// bl6" T2 [(W,y, )| 2dv vy, do

= Ml,l X Ml,z.

I+yt

59
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Then, if [ — % —2s — 1> —1,thatis, [ > 25 + %, we have
M1 ZCliglly 2
LIS ||g||Ly+||f||le+y+

On the other hand, for M > we need to apply the singular change of variables
vy — v'. The Jacobian of this transform is, with k = (v — v,)/|v — V4],

8 8 4
- = =— <1602, 0 €[0,7/2].
I —k®o| |I—-k-o| sin20/2)

0Vx
av’

(2.1.20)

Notice that this gives rise to an additional singularity in the angle 6 around 0.
Actually, the situation is even worse in the following sense. Recall that 6 is no
longer a legitimate polar angle. In this case, the best choice of the pole is k" =
(v' — v)/]v" — v| for which polar angle ¥ defined by cosy = K’ - o satisfies
(compare [4, Fig. 1])

T —0

V==

T
. do =sinydy dp, ¥ e [—, —].
42
This measure does not cancel any of the singularity of b(cos @), unlike the case in
the usual polar coordinates. Nevertheless, this singular change of variables yields

— 143 12
Mip=C b1612|(Wy, 9l |h'|"dv dv, do
= C// Dy (v, V)|(Wy, )| |h'[Pdvdv/,

when [ > % + 2s because

/2

(n )—2—2s+l+%—2 q
2

Di(v, ) =/ 0'+32p(cos §)do < C/
S? /4

Y = C.

Therefore,
Mi2 = Cligly 117

Now the proof of (2.1.16) is completed by embedding the estimate for [ > %

1 = 2 .
” ”Ly = ” ”L[ y

(2) the case 1/2 < s < 1. Since we look for an upper bound estimate and & > 0,
it is sufficient to assume s > 1/2 for our purpose. Write

(WiQ(f. 9)— O, Wig) . ) 2y = / / / B £1g (W= W) h dv dv, do

= /// B fig(W; — W) k' dvdv, do
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Yo, (V')

251

Uy

02

¢Uz (vl)

Fig. 2. Symmetry of o and o7 in velocity variable

= /// Bf.g' (W, — W) h'dvdv, do
+///B fx(g—g (W —W)) h' dv dv.do

=1+ Db.

The Taylor expansion gives
1
W, — W, = VW (v))(v — V) —/ (1 —)V2Wi (v + t(v — v))dr (v —v')?,
0
so that

1
——/ (1 - r)/// Bf. {VZW,(U’ - u’))} (v — v')2g'h'dv dv, do dr.
0

By using the symmetry property shown in Fig. 1 (see also Fig. 2, and §3 in [32]),
the first order term in the Taylor expansion vanishes, that is,

/// Bfgd VW, (V) (v — v)h'dv dv, do
Yo (V') /
* P o - Ux
//f [/s (wo(v’)— N (’) (Vo lv) =D

(Yo (v
X
()
Here, we have used the notation that for a transformation v — v/, its inverse trans-
formation is denoted by v/ — v, (v') = v. And 01, 07 are symmetric with respect

to each other, in the sense that ¥, (V') — v/ = — (¥4, (") — V).
Furthermore, since

))‘(Wa() v)do]- VW, (v) ¢'h'dv’ dv, = 0.

{v?wie + - o)} - vy
< CO? vy — V' PAWi—2 () + Wima (v + T (v — V') — v4)}
< COXHWi(vi) + Wi ()} £ CO*Wi (v ) Wi (V)
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+
and ®(Jv — vy]) < (V200 — v*))VJr <2’ (v*)7+(v’)7+, we get by the regular
change of variables v — v’ and the Schwartz inequality

S Clfll mlollzz, @bl (2.121)

In order to estimate />, we shall apply the Littlewood—Paley decomposition
{A j}?io, which is a dyadic decomposition in the Fourier variable (see also [3,14,
47)),

Ajgw)y =F ' (¢;ma(m), g= Zﬁjgv
0

and form € R,
1Ajgllam ~ 2™ 1A gl 2. Nglgm ~ D 2% ™A,gll7,.

Then we have the following decomposition

ol
b= B fiVy(4A; ! —_ ")) . o
2 j;o/o (/Rf,{/gj [V (A0 + (v =) - (v =)

x (W — W) h/da} dv dv*)dr
+Z/Rﬁ I/Q B f {(8;9)(0) = (L9 (W)} (Wr — W) h/da} dv dv,
Jj=0 i

o
1 2
=2 (’2,1' + ’z,j) :

j=0
where

Q; = Qj(v.v,) = [a es?, LT 5> —21_2j(v—v*)_2].
[V — vl
Note thatif 1/2 < s < 1, then

/ b(cos0) 6*do = 2 sin @ b(cos 6)0>do
S’Z.

J

/{eelo,n/zl; sin(6/2) <277 (v—v,) 1)

< CUE Dy —p,) 72, (2.1.22)
and
/ b(cosh)Odo = Zn/ sin @ b(cos ) Hdo
Qs {6€[0,7/2]; sin(6/2) 227 (v—v,)~1}

< 2/ Dy — )L (2.1.23)
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To estimate 121 jwe need the change of variables

1+1 +1—r
v
2 2

voz=v+1(0=2) = (Jv — vilo + vy). (2.1.24)

The Jacobian of this transform is bounded from below uniformly in v, o, 7, because

9 1 1— -
@) | _ det( 77 4 ' ok k=
a(v) 2 2 v — vyl
(1+1)? 1—1 1+1)3]| 2t -t ,6
= 1 k-o|l= 2 -
S L P 2 |1xc T4 2
(1+1)3| 2t 1—1 (1+r)3>1
= 23 1+7 1+4¢< 23 = 23

Recall, compare [4], that the cross-section B(v — v, 0) is assumed to be supported
in 0 < 6 < 7/4. Furthermore, we have

1+7 1-—
(v —vy) +

14+71 2+ 1—1 2+1—rzk
2 2 2 7

1/2

T
|z — vl = [v — vilo

172

= v — vy

29

= |v — vy r2+(1—r2)cos 3

\/_|v—v*| (2.1.25)

which implies (v—v,) 2 ® (Jv—vy|) < C(2)> 7+ (v,) >+, We have from (2.1.22)
that for any ¢ > 0

1
‘121,/" g C/O ///Q b02|(Wl—l+2S+)/+f)>k|
J

x| (Wim 142547, (Vo j9)) )| (v = 0:)* 7|1 |do dv dv, de

C / (// (/ bO? |(Wit4254y, Pi| | (Wi 14254y, (Volrj9)) (z)|

172
x{v — v*)z_hldo)dv dv*) dt

12
x [ /] ( PRGN v*>2—2f|h’|2da)dvdv*]
Q,

C27| i

A

A

b2ty (R3 )||9||HZY l+s (R%)”h”Lz(R%’
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where we have used
| — V)W — W) £ CO*o — v P(Wi—1(2) + War—1)
< CO* v — v P W1 (@) Wi,
the regular change of variables v — z defined by (2.1.24) and the regular change of
variables v — v’. The estimate (2.1.23) yields the same bound for Ii Iz Therefore,
we obtain
1B S ClIFIlgy,,  @yll9ll e s 2 @)- (2.1.26)

Estimates (2.1.21) and (2.1.26) together give the desired estimate (2.1.17). O

For the convenience of the readers, we postpone the proof of (2.1.18) to the end

of Section 2.3. This completes the proof of Lemma 2.2 because (3) comes from (2)
for the case s = 1/2 + «.

2.2. Coercivity estimates

We establish coercivity estimates of the Boltzmann collision operator. We will
show that the angular singularity in the cross-section yields sub-elliptic estimates
which are lower bounds of the collision operator, see [4]. Notice that we need pre-
cise weighted sub-elliptic estimates as given in the following theorem. For more
detailed explanations and notations, interested readers can refer to [3,32].

Theorem 2.6. Assume thaty eR,0<s<1. Let g € Lrlnax{y+ 1) N L log L(R*z),

g 2 0, % 0. Then there exists a constant C, > 0 depending only on B(v — vy, 0),
lgll ;1 o and ||gllL 10g L, and C > 0 depending on B(v — vy, 0) such that
max{yT,2—yT}

for any smooth function f € H)l 2 (R%) N Lf/Jr P (R%), we have

— Q9. ). Nr2@y) Z ColWy 2/ s )
. 2
Cllgl |Lllnax(y+,2—y+)<Rg> ”f”Lf/*/Z(R%')' 2.2.1)
Remark 2.7. From the proof of the theorem, the constant C, is seen to be an increas-
ing function of g1, ||§||le and ||§||Z]logL where § = (v)~1”lg. If the function
1

g depends continuously on a parameter T € &, then the constant Cy depends on
infrez (V)™ lgell 1, sup, ez llgr Iz 10g £ and sup, <z llgll 1 - Inthelater
ma: Y

application, we take T = (z, x).

X(y+ —

Proof. Firstly, we have

Q. .11 = [ [ @lv = v.Dbieoserg(wa) W) = F0))do du.do

! / / (v — ve))b(cos g f ) — £(v)*)do du, dv
2 Jrs Js2

—l/ / @ (Jv — v:))b(cos O)g () {f (V) = f ()} do dv, dv
2 RO JS2
=Ri —Ra.
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For R, according to the cancellation lemma, Corollary 2 of [4], we have

- l/c /2 ®(Jv — ve)b(cos ) g(v){f (V)* — f(v)*}do dv, dv
R

/ / I ( |) 1 0 _cp(lv_v*D]bg(v*)f(v)zdvda du,
R6 JS? COS 2 COS3 5
U*| 1 5
/ / 30 1t bg(vs) f(v)"dv do du,
R6 JS2 coS 5 cos’ 5
/ / [ ( U*|)_<b(|v_”*|)]bg(v*)f(v)zdvda dv,
RS J§? cos 3

=Rn + R

For the first term R, from 1 — cos? % < 3(1 — cos %) = 65sin? %, it follows that

Rit £ Cligh 117,
by W

because ® < 1 when y < 0. For the second term R, we first note that the mean

value theorem gives

v — vyl
o =20 )~ oy — vy
COSE
v
2

1 — v\’ 2
:—( —l)lv—v*lz(l—k(M)) —
cos 5 a a

>

2

1
< C( - —1)d>(|v—v*|),
COSi

where @ < cos% < a < 1. Similar to R, we can obtain

Ri2 £ Clgll 1f1%
L+ Loinp

For the term R, noting that

[STh3

Y
o —ub =1+l —u )’ 2 0,

we have

Ra= 1 / / (I — v,)b(cos O)g(v.) { () — ()} dor dv, dv

//b( 0s6) 90) ) {f@) — @) do dv, dv

h/\

/ / beos o), g( ) {<v>7f(v/)—(vﬁf(v)}zdadv*dv
RO JS?

\y\

H\/
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= C/ / b(cosb) 9(v) {(v’ﬁf(v/) - (U)%f(v)
RS Js2 ()71

nI ) - <v/>%f(v/)}2 do dv, dv,

and then, by using the fact that (a — b2 > 42 /2 — b2, we have

\VI

Ry = Cl/ /zb( se) 9(ve) (W2 V) — () F(v))2do dus dv
S

_Cz/ / b(co g( *) (v f( - f(v )}zdadv*dU—Rzl—Rzz
RO vy) 71

For the first term R21, by using Corollary 3 and Proposition 2 of [4], we have

Y Y 2
R =1 [ [ beos) 280 {0 £ - rw)) dodu.aw

2c [ iFnnn©r| [ 0E -0 oo - FaE)] o

> CyllWy 2 f 15 — CII§||L1||f||iz+,
yT/2

where §j = (v)~17lg. Here C’y is an increasing function with respect to ||g|| 1, |G| Z;

and || gn;}og 1» according to the proof in the last part of [4] (see also Lemma 2.1
of [38]).
For the second term Ry», note that for some 7 € (0, 1), we have

L 4 ’ o Y22
WE = W)F o WATOo VN Ry
(U*>T (vg) 2
(v )‘2%—%
=C u v — v tan(6/2)
W+tw—-2v) - v*)
= C(U*)@ (v — vs) 7 tan(6/2)

<c [ () 2 W) F tan(9/2), ify 20,
- (v4) tan(6/2), otherwise.

Hence, we get
n% 2
Rzzzcz/ / b(cose)g(u*)[w] Fv')2do dv, dv
R() SZ (

N 2
< c2/6/ b(cos 0) tan? (6 /2) (v:) > g(vy) [(v/)yzf(v’)] do dv, dv
R

= CzllgllL‘l2 ||f||L2
yt

T2

This completes the proof of Theorem 2.6. O
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In the following analysis, we shall also need the following interpolation inequal-
ity between weighted Sobolev spaces in v, see for instance [26,32].

Lemma 2.8. Foranyk e R, p e Ry, § > 0,

2
”f”Hg(R%) § CSHf”H;p_a(Rg)”f”H(I;'HS(Rz)

2.3. Commutator estimates

We are now going to study the commutators of a family of pseudo-differential
operators with the Boltzmann collision operator. This is a key step in the regularity
analysis of weak solutions because it requires mollifiers defined by pseudo-differ-
ential operators. Below, we denote (-, -) L2(R3) by (-, -) for simplicity of notation,
without any confusion.

Proposition 2.9. Let . € R and M (&) be a positive symbol of pseudo-differential
operator in Si\,o of the form of M (&) = M(|&|%). Assume that for any ¢ > 0 there
exists a constant C > 0 such that for any s, t > 0

< i<e implies c'<Z <c. 2.3.1)
T M(z)
Furthermore assume that M () satisfies
|M@&)| = 0f M(E)] < CoME)(E), (2.3.2)

for any a € N3. Then the followings hold.
() If0 < s < 1/2, forany N > O there exists a Cn > 0 such that

(M(Dy)Q(f.9) — Q(f, M(Dy)g), h) 2 r3)

2) If1/2 <s < 1, forany N > 0 and any ¢ > O there exists a Cy ¢ > 0 such
that

((M(D)O(S 9) = O, MDY, )2z

<Cy 1 3
< Cwellfls, @

X (||M9||H<2§c+ly+_€|>+(R3)) + ||g”H;‘+N(R3))) ”h”L2(R%)' (2.34)

(3) Ifs = 1/2, we have the same estimate as (2.3.4) with (2s + y — 1) replaced
by (y + k) for any small k > 0.
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Proof. Firstly, set ®,(v) = ®(|v — v4|) and write

(M(Dy)Q(f,9),h) —(Q(f, M(Dy)g), h)
=/ / B(lv — vsl, 0) f(0:)g(v) ((M W) — (Mh) (v)) do dv, dv
RO JS?

_/ / B(lv = vil, 0) f (vs) (M g) (v) (W - W) do dv, dv
R6 Js2
= /R° /Sz b(cos G)f(v*)[((b*g)(v) (Mh)(V')—{M(P.g)} (U)m] do dv, dv
+/ / b(cos 0) f (vi) {M(Dxg)} (v) (W - W) do dv, dv
R6 Js2
_/ / b(cos ) f (vy) { P (M 9)} (v) (m — W) do dv, dv
R6 SZ
= / / b(cos e)f(v*)[(cb*g)(v)(Mh)(U/)'_{M(cp*g)} (v)m] do dv, dv
R6 Js2

+/ / b(cos0) f(vi) (M, P4]g) (v) (h(v’) - h(v)) do dv, dv
R J§?
=11 +1.
The above computation is justified with cutoff approximation, see the remark given

after (2.1.3) and also [32]. The first term Z; can be rewritten by using the Bobylev
formula (see for example [4]) as

_ & R
Il—/RG/SZb(IEI G)f(v*)(M(é) MES)

< F(®,9)EH)e " do dvy h(€)dE,

where

. %o
g =2

Notice that in the case of a Maxwellian molecule type cross section with y = 0,
thatis ®(jv —v|) = 1,7, = 0.

Since M'(|€|*) = 26 - VM (£)/|§|* and |§*
(2.3.1) and (2.3.2) that

< |&| £ 2)ET, it follows from

2
IME) -MEDI=C MED), (2.35)

. 0
sin —
2

and

2

%
sinz do £ C < +o0.

Lo (o)
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Thus,

II1I§C/ Vs V*If(v*)l// (— U)Sln QM(E+)
Rr?  \I&] 2

X[ F (@ (0) 7 ) (€] 1h(©)]dE do du,

<C(/ [(v-) ”f(”*)'/ /R (|s| ")Sinzg

172
K IMEDF (D, (0) " g) (D) PdE do dv*)

1/2
x ( / (V)7 f (0] / / (— a) sin —|h(s>|2ds dodv*)
RR3 2 Jr3  \I§]

< Cllfllyy, (sup ||M<DU><1>*<v*>—V+g<v>||L;+) Il 2.
Vx

where we have used Plancherel’s equality, the change of variables £ — &% for
which dé ~ d&* uniformly with respect to o, the estimate @, (v,) 7+ < (v)7+
Then by using the expansion formula of the pseudo-differential calculus

1 @
[M(Dy), 2] g = D, —PaeyM O (Do)g + 7y, (v, Doi v)g, (236)
1<[a|<N;

with N; > A, and the condition (2.3.2), we obtain
sup | M(Dy) @ (vs) " g()| . £C (||Mg||Lz + ||g||Hml) .37
Vs Y+ Y+ »

Hence,

il = CllfllLy, (IIMQIIL;+ + ||g||H’AlN1) 7l L2 (2.3.8)

v

We now turn to the term Z». Firstly, set
F,vy) =[M, ®,]g(v),

and decompose
Iz=/ / b(cos6) f(vs) {F (v, v)h(V') — F (v, v)h(v)} do dv, dv
R6 JS?

+/6 /2 b(cos0) f (vs) (F (v, vs) — F(V', v,)) h(v")dv, dv do
RO JS
=Ji1+ /.

According to the cancellation lemma [4], we obtain

/3 /2 b(cos0) {F(V', v,)h(v") — F (v, v)h(v)} dodv
R3JS
= (S * {F (-, v)h}) (vs),
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where the convolution product is in v € R3, and in this case,

/2 1
S = 271/ sinfb(cosf) | —— —1|do
0 cos3(0/2)

is a constant function. Consequently,
J1 = /]W F i) (S *{F(-, v)h}) (ve)dvye = S/]RG f () F (v, ve)h(v)dv dv,.
By (2.3.6) and (2.3.7), we get
1] = C/R3 Lf @OF G, vl 21l 2dvs
= Clflly, (IIMglng+ + ||g||H:;Nl) Al 2. (2.3.9)

To estimate the term J,, we need to consider the following two cases.
Case 1: 0 < s < 1/2. Since the mean value theorem yields

1
F(u,vy) — F',v,) = (v =) / Vy(F(v' 4+ (v —v), vy)dr,
0
by noticing that
[V —v] = |v — vg|sin(@/2) = |V — vy tan(8/2),

we have

1
|J2|§/ (/ b(cos )V — vllf wllh(W)]
0 R6xS?

x| (Vy FYW + t(v — ), vy)|dv do, da) dr.

12
=C (/ b(cos 0)[0](v,)7* | f ()17 (V)] *dv dus dU)
R6xS?

1
x/ (/ b(cos 0)16] (v)7* | f (vy)|
0 ROxS2

1/2
[V — vy 2 /
dvdv, do dr

(Vg ¥+

= CJy X Jo.

(Vo F)(V' + (v = v'), vy)

By the change of variables v — v’ for which dv ~ dv’ uniformly in v, € R3, ¢ €
S? (see [4]), we get

I3 S ClLS Ny, 1Al (23.10)
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To estimate Jpy, we apply the change of variables (2.1.24) and use (2.1.25).
Setting

(v —vy)
(V)7

Y (v) =

we get

1
I3 < C/O [/R b(cos 0)10](v.)* | f ()] [¥* () (Vo F) (2, )| dz du, do}dr

2n «§2

< Cllflley, sup 19OV F) )7

On the other hand, it follows from the expansion formula of pseudo-differential
operators that, with @, (v) = (1 + |v — v*|2)V/2 we have for any N; € N

(Vy F) (v, vy)
= Vy[M, Py]g(v)
1 .
= 3 VMO D)g+ 0 MO (D) Vug |+, (v, Dz v)g
11| <Ny
F; (v, Dy; 0:)g(v) + 7y (v, Dy; v4)g(v), (2.3.11)

where 7y, is a pseudo-differential operator with symbol belonging to S?BN‘ uni-

formly with respect to v, € R (compare [33]). Since

(v — vy)
(V)7

[V * @] < Co (v — v, < Cy (),

by (2.3.2), we have for o # 0 that,
M@ (&) &] £ CaME)(E)TMT < CuM(®).

Hence

J5 S Cllfly, (uMgni§+ + ||g||i,ml). (2.3.12)

yt

Now, it follows from (2.3.9), (2.3.10), and (2.3.12) that

2l = CllfllLy, (”Mg||L)2,+ + IIQIIHA—NI) 1712, (2.3.13)

yt

holds when 0 < s < 1/2.
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Case 2: 1/2 < s < 1. We now decompose J> as follows:

1
b= / (/ b(cos6) f (v)h (V')
0 ROxS?

x( =) - (V,F)V + t(v =), ve)dv du, do) dr

= / b(cos0) f (v )h(V)(v — V) - (Vo F)(V', vy)dv dvy do
R6xS?

1
+/ (/ b(cos0) f(vs)h (V')
0 RO xS?

x( =) {(Ve )" + (v =), v) = (Vo F)(V', v,) } dvdo, da) dr
=+,

The essential feature of this decomposition is that Jé) vanishes by symmetry as in
the proof of Lemma 2.4. Indeed, we have

0= / Yo @) —v ) [0We (V) .
J2 _/Rﬁf(v*)h(v)[/Szb(|1ﬁg(v/)—v*| U)‘—B(U/) ’(wg(v) U)do']

(Vo F)Y(W, vy)dv' duy = 0,
because of the symmetry in o; and o7 in the sense that ¥, (V') —v' = — (Y, (V') —
v’), compare Fig. 2.

Now, by the change of variable v — z = v/ + 7(v — V') defined by (2.1.24),
we consider

I (1) = /6 , bf (v)h(V) (W — V") - {(VuF)(z, v) — (Vu F)(V', vy) }dv doy do.
R6xS

By recalling the expansion formula (2.3.11) of (V, F)(v, v,), we first consider

h(t.a) = / bf ()h (")
RO6xS?
x(v—"1)- {Q*(Q)M(“)va(z) — Q*(a)M(“)va(v’)} dvdv, do
= /RGXSZ bf (W )h(V) {Pu(a)(2) — Py (V) }

x(v =) MYV, g(z)dvdv, do + / bf (v )h(V) P (e (V)
2

R6x S
x(v =) - {(MPV,g(z) — MOV, g(")}dv dv, do
=15 a) + (1, ).

Notice that the case in which |a| = 1 is the most difficult one, in the sense that
M@ (D,) V, is a pseudo-differential operator of order A with symbol bounded by
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CM (&) due to the assumption (2.3.2). By writing (1) instead of («) when || = 1,
we have

{®s1)(2) — Puy W)} v = V|| £ Clz —v,)76%,
which gives
130 (1)

1/2
< ( / bO?[(v4) 7 f (v)||h(v)*do dv dv*)
R6xS?

) 1/2
X (/ b0 (v)"* f (v do dv dv*)
R6xS?

S ClIfMey, 1M gl 1Rl (2.3.14)

(z — U*>y (o)
WM Vu9(2)

In order to evaluate the term le (z, (1)), we take the same Littlewood—Paley
partition of unity {y;(§)} as in the proof of Lemma 2.4 and write

J3(z, (1))

_ / b (Wh(W)® (1)) (v—1') - {M(”vvg(z)—M(”vvg(v’)}du du, do
RO xS?

= Z/]Ro - bf(v*)h(v/)qD*(l)(v’)(v — v/) . (gj(Z) _ gj(v/)) dv dv, do
Jj=0 x

o0
=> 10,
=0

where g;(v) = ij(Dv)M(l)(DU)va(v). For each j we apply the following
decomposition by using €2; introduced in the proof of Lemma 2.4 to have

1
I (1) =/<) (/R() (/Q bf (w)h(0) Pu1) (V) (W — V)

(z=V)Vg;(v +5(z — v’))da)dv dv*)ds

+/Rs (/QE bf (0)h (V) Puqy (V) (0 —0") - (gj (Z)—gj(v/)) do)dv dv,

= I} () + L7 (o).
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By setting v ; = v’ +5(z — v), we have

1
s | (/ (/ bleos )|V’ — v f (o)l A(V)]
0 \/RE\JQ;

J

x|<b*(1)(v’)||ng(v;,s)|da)dvdv*)ds
1
éc/ (/ (/ b(cos 0)6% (v — v,)2 72 (v,) BTV D+ £ (v,
0 \JRS \Jgq;

J
da)dv dv*)ds
<278 / / b(cos §)0227 2729 (y — p, )22
RS Qi

A

x[h (V)|
(Vs

/
Y25ty =D+ Vgjr)

J

12
x<v*><2s+y—”+|f<v*)||h(v/)|2do)dvdv*)
1 .
x/ / /b(cos 0)6%27 2729 (y —0,) 272 (0, ) BT D4 £ (0|
0 RS\ J;
5 1/2
do Jdvdvs ds

By using the same change of variables as for J> 1 in the previous case, it follows
from (2.1.22) that

% ‘<U;’S>(2s+y71)+2j(2s72+s)vgj (U;,s)

=278 le";’l(r) x jzl”}’z(f).

L@ SClIfly, k. (2.3.15)

@s+y—

/

Similarly, by taking the change of variables v — v’ ,

(2.1.22) leads to

again as in the previous case,

71,1 2 2 2
B SC A, (||Mg||Hésm +llgll )

s+y—D4 H(25+y—1)+

(2.3.16)

where we have used

2
js=2-e)g,
[e=ova ],

@2s+y—D4

<c (||Mg||i,2x_l+g + 11912 N) :
@

s+y—14 Hogry—1yy

Hence, it follows from (2.3.15) and (2.3.16) that, for Ny > A+ 2s — 1 4+ ¢, we have

~1,1 < H—tj , _
@] s e s, (||M Allggrve, + “9"Héxfy_l>+) [l 2.
(2.3.17)
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On the other hand, for J~21”j2(t), note that

L= /]R ) ( /gZ Df IR Py ()0 = V) - g; (z)da)dv du,.

by the symmetry in Q? We have

1137 ()] < c/ (/ b(cos0)0 (v — vy) "2 (0, ) BT D £vy)]
| RO\ /%

da)dv du,
<278 ( / ( / b(cos0)027 1729 (yy — p Y1728 (3, ) s Hr =D+
RO Q¢
J

1/2
X If(v*)llh(v’)lzdo)dv dv*)

X(/ (/ b(cos 8)027 172 (y — v, ) 1725 (0, ) B HY =D £,
R6 Q¢

J

(Z _ U*)2s+yfl

/
x|h(v)] (0 @D+

9j(2)

1/2
. 2
% ‘<Z)(2s+y—l)+21(2s—l+s)gj(Z)‘ da)dv dv*)

<c27d h M s ite -
< IIfIILgM_mI 2 {1l gIIHéS+1y+_el)++Ilglle .

@2s+y=D+

because of (2.1.23). This together with (2.3.14) and (2.3.17) yield

)+

1
.a ]S M gl asotse . .
7. () <Clfly,, (n dlggeee oy )l L2

Itis easy to see that all other terms coming from Fy, (v, Dy; v«)g(v)in(2.3.11) have
the same upper bound estimates. All the terms coming from 7y, (v, Dy; v4)g(v) can
be estimated by

C . hl|; 2.
1, V6l Vel
Therefore, we finally obtain
= 1 S M §— & - h .
[2] = /5] = CIIfIILézw_l)+ (II g||Héx+'y+_‘.>+ + ”g”Hésfy_n) dive
In summary, when 1/2 < s < 1 we obtain, instead of (2.3.13), that
L<C M s—lte - hl|l;2. (2.3.18
212 €, (I, ol ). 318

By combining (2.3.8), (2.3.13) and (2.3.18), the proof of Proposition 2.9 is
completed. O
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The rest of this section is devoted to the proof (2.1.18) of Lemma 2.4.

Proof of (2.1.18) of Lemma 2.4. Form = 2s — 1 + ¢ > 0, we have with A =
(1—an'”?
Wi O(f, 9) — Q(f, Wig), h)
= ((AT"Q(f. 9) — Q(f, A™"g)), Wi A"h)
+ (Wi Q(f, A™™g) = Q(f, Win™"g)), A™h)
+((Q(f; A" W g) = AT"Q(f, Wig)), A™h)
+(([aA™™ W] of, 9 — Q (£, [A™™, Wi]g)). A™h)
=M+ +B3+@.
It follows from (2.3.4) with M (§) = A™™ that

W CIfll, 2 | g,
ISCIFly, gz Ikl

A= Clfllp IWigll 2 172\l e
(2s+ (2s+

y—ht | 1/71)*"

By means of (2.1.17), we have
) =C h|gm.
@IS CIfly, Mol Wkl
To estimate (4), we first note that

AT Wil =D (W) (A7) + WisiR(v, Dy),

la|=1

where R is a pseudo-differential operator which belongs to S| ¢ ~2. Write

W= ({(A*M)“’) O(f, 9) — O(f, (A~ g)} (WD) Amh)

la|=1
+ 2 (M 0 (A7) 9 = 0. Wiy (A7) 9} A7)
=1
+ (R, DO, 9), Wiet A" h) + (O, Wit R(v, Dy)g), A" h)
= @+ B)+ (@) + @)

It follows from (2.1.1) that

o) SC , a|lallge. S C 1 2 hllgm
1] = CIAf, Dllg—2llRl g, ||f||L(y+2S)+||9||L(V+2S)+ 1Al g

-1 —

(@] = CIOf, Wit RN 2 |hllam = ClLf Il llglly2 Al g
(y+25)+ I-1+(y+25)F

(r+

By exactly the same method as the one for (2.1.17), namely, by replacing W; by
(W)@ which is bounded by W;_|q|, we have

(A" gl g e

142524yt

&I CIfly

S C 1 2 h Hm.
SCIfly Mol Il

254yt ”



Non-Cutoff Boltzmann Equation 77

The estimation on (a) is the same as the argument in Proposition 2.9 by replac-
ing M(D) by (A™)@ except for the term corresponding to Z. Notice that
DY (()™™) := M@ (&) is no longer a function of |&|%. Instead of (2.3.5), we

£
have only

(M@ - M9EH| < c

sin g‘ gy, (2.3.19)

Thus, we need to use the symmetry property as in the proof of Theorem 2.1. The
term corresponding to Z is

/RG/SZ (E o) f(vs)

x (M) = M@ (E)) F(@ug)E e do duig(§)dé,

where hg = (W}) ) A™h. By letting

Dl — i) _ ho(v)
F(v,vy) = WQ(U% h(v, vy) = o
we write
= [ 0™ fw) [/ [ b o (0@ - )
Xew*é F(§'+, U*)e’v*éh(é‘_» vy)do d%‘] du,
=/ W) T F(0) L(vs)dvs.
RS
Set
FEvy) = PR E v, hE v = e™hiE. v,),
and write

cwo=[ [ b ( ) (MO@© - MDED) FEr v
r3Js2  \I&|
< ~ 1! 3
x(h(s,v*)—h<s+,v*))dadé+5/ (1—r){/ /szb(ﬁ")

x (VEM®) (6% + 16 — ) 6 PFET, v)h(E*, v)do ds]
= Ll (ve) + £2(v*).

By the same symmetry property as shown in Fig. 1 in the proof of Theorem 2.1,
we have

/ / ( )(%M“’%(&*)-é(o)?(sﬂv*)ﬁ(s%v*)dads=0.
we Jor” \Jg]
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Then it follows from (2.3.19) that
sup | £ (vl £ Cligll2 lholl 2 £ Cligll2, 1Al
Vg y y

and

sup | £ (v,)] < Cliglz Nholir2 = Cligh2 N1Rlay
Y Y

Ux

whence we obtain
%1 C 1 gll;2 Al gm-
175 = ||f||[1 , I ||[y 71l

In summary, we obtained the desired estimate (2.1.18). O

3. Regularizing effect

In this section, we will prove the regularizing effect on solutions to the non-
cutoff Boltzmann equation starting from f € H)(1Ty, To[ xQ2 x R3})). This will
actually be proved by using an induction argument in the subsections which follow.
In the first step, we will show the gain of regularity in the variable v mainly by
using singularity in the cross-section, that is, the coercivity property in (3.1.3). In
the second step, we will apply the hypo-elliptic estimate obtained by a generalized
version of the uncertainty principle to show the gain of regularity in the (x,¢)
variables. Then an induction argument will lead to at least one order higher regu-
larity in (x, t) variables. By using the equation and an induction argument again,
at least one order higher regularity can be obtained in the v variable. Therefore,
the solution is shown to be in H?(]Tl, T x2 x Rg) which by induction leads to
HPAT, Tol xQ x R3).

Let f € HIS (T, Tr[ x2 x R%)), for all I € N, be a (classical) solution of the
Boltzmann equation (1.1). We now want to prove the full regularity of ¢(¢)y (x) f
for any smooth cutoff functions ¢ € Cg°(1T1, T2[), ¥ € C°(2).

3.1. Initialization

Here and below, ¢ denotes a cutoff function satisfying ¢ € C°and0 < ¢ = 1.
The notation ¢y CC ¢, stands for two cutoff functions such that ¢» = 1 on the
support of ¢;.

Take the smooth cutoff functions ¢, ¢, @3 € Cgo (171, T»[) and ¥, Y2, Y3 €
C5°(S2) such that 9 CC ¢ CC @3 and ¥ CC Yo CC ¥3. Set fi = (Y (x) f,
fr=@OY2x) f and f3 = @3(1)¥3(x) f. Fora € N7, |a| < 5, define

g =03 (p(VY(x)[) =, , (pY(x)f) € LF[R).

Firstly, the translation invariance of the collision operator with respect to the vari-
able v implies that (see [26,31,43]), for the translation operation t in v by h, we
have

uwG(f, 9) = Ot f, thg)-
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Then the Leibniz formula with respect to the 7, x variables yields the following
equation in a weak sense

g +v-9,9=0(fH.9)+G, (t,x,v) e R, (3.1.1)
where

G= D Cho@h 9h)

arton=c, 1< g

+3% (@ (X) f +v - Y ()(0) f) + [8%, v - 3 (@)Y (x) f)
= (A) + (B) + (C). (3.1.2)

To prove the regularity of g = 9%(@(t)¥ (x) f), the natural idea would be to
use g as a test function for equation (3.1.1). But at this point, g belongs only to
LIZ(R7) so that it is only a weak solution to equation (3.1.1). By using the upper
bound estimate on Q, we have Q( f>, g) € L2(R* : H™% (R%)). Thus, we need to

£,x°

choose the test functions at least in the space L2(R* : H* (R%)). For this, we will

1,x°
use a mollification of g with respect to the variables (x, v) as a test function.

For this purpose, let S € C°(R) satisfy 0 = § < 1 and
Sty=1, 7| 1; S(t)=0, |t]=2.
Then
SN(D)SN(Dy) = SQ2NDy)SQN D)+ H®(R®) — H (R,
is a regularization operator such that
I(SN(DOSN (D) f) = fll sy = 0, as N = oo,
Choose another cutoff function ¥y CC y; CC ¥ and set
Py, 1= Y1 (x)SN(Dx) Wi Sy(Dy).
Then we can take
g =P} (Pyig) € C'(R; HY™(R®))

as a test function for the equation (3.1.1).
It follows by integration by parts on R’ = R} x Ri X R?) that

([SN(Dy), v] - VSN (D) gs Y1 (Wi PN,19) 2 g7,
= (Pnvi Q(f2.9). PN 9) ooy + (Go D 2wy -
which implies that
—(Q(f2. Pn.19). PN,IQ)Lz(R7)
=~ ([SN(Dy), v+ VaSn(D2)g, Y1(IWIPN.I 9) g7,
+(Py.1 Q(f2,9) = Q(f2. Pn.19)s Prig) paany + (Go Dr2ry - (313)

By using (3.1.3), we can deduce the regularity of g from the coercivity property
of the collision operator on the left-hand side and the upper bound estimate on the
right-hand side. The detailed argument will be given in the next subsection.
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3.2. Gain of regularity in v

In this subsection, we will prove a partial smoothing effect of the cross-section
on the weak solution g in the velocity variable v.

Proposition 3.1. Assume that 0 <s < 1,y € R. Let f € Hls(]Tl, [ x2 x R%)
be a solution of the equation (1.1) for all | € N. Assume furthermore that

f(t,x,v) 20 and | f(t x, )l w3 >0, (3.2.1)
forall (t,x,v) €]T, To[ xQ x Rg. Then one has,
ASfi € HP(R), (3.2.2)
foranyl e N, where fi = () (x) f with ¢ € C°(1T1, T2]), ¥ € C* ().
Proof. Firstly, the local positive lower bound assumption (3.2.1) implies that

inf Il f2(t, x, -)||L1(R3) =co > 0.
(t,x)€supp ¢ xsupp ¥ v

Thus, the coercivity estimate (2.2.1) in Theorem 2.6 gives that forany y € R, 0 <
s <1,

- (Q(f27 PN,Z 9)9 PN,[ g)LZ(R7)

= —/ / (Q(f2s PN19)s PN G) gy dx dr
tesupp ¢ J xesupp ¥ !

> (ColWy /2Pyt g2, 3y e
_/R /Ri v/ , H5 (R3)

P . . 2
Clax g, o elPrrg, )”Li+,z<R%>) dx dr
2 Coll AWy 2 Pr.i 9172 g,

2
_C”fZHLOO(R?-X;L.lm +.2—y+}(R3))”ng”LJz/Jr/z(RU’ 3.2.3)

x{y
where Cg depends on co, sup, . [ f2(t, x, )| 1 a3, and sup, .| f2(t, %, ) 1og L3,
see Remark 2.7.

For the terms in (3.1.3), note first of all that

[Sn(Dy), v]- Vy Sny(Dy)
=272N (), (Dy)Dy - Vi Sy(Dy) : L*®RS ) — L*RS), (324)

is a uniformly bounded operator so that

(IS (DY), 0] Vi Sw(D)g. viOWIPr.19) 12,

< Cll il ey
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Hence, by using (3.1.3), we get, for/ > 3/2 + 2,

AWy 2P 9”22(11%7)

<c [(1 + ||f2||H12:5+(R6)) 171 ”31,5(11@7)
Y

+1(G. D2 |+ [(Pra Q12 9) = Q(fs. Pr19): Pyt 9) o,

(3.2.5)

The above constants C > 0 are independent of N.
We complete the proof of Proposition 3.1 by estimating the last two terms in
(3.2.5) through the following three Lemmas. 0O

Lemma 3.2. Assume 0 < s < 1,y € R. Let f € Hls(]Tl, Tr[ X2 x Rg), 1=
3/2 4 2. Then, for any o € N7, la| £ 5, we have, for any & > 0,

~ < 4 N 2
|(G1 g)Lz(R7)| = CS ||f3 ||HIS+4+\V|(R7) + €||AUW)’/2PN, lg||L2(Rt7xL) (326)

Proof. Firstly, we prove that

£,x°

G e L2 (R B @), (32.7)

for any I € N, where (25 — 1 + 8)T = max{2s — 1 + §,0} and § > O satisfying
2s — 1+ 6 < s. By using the decomposition in (3.1.2), it is obvious that

(B) = 3 (@ (X) f +v- Y (0)o(t) f) € LF(RT),
and
IB 3@ = Cllfllys, @y
Since [0%, v - 9] is a differential operator of order |«|, we have
1Ol2@ry < Cllfall sy

For the term (A), recall that o) + a2 = o, |a| < 5 and |az| < 5. In the follow-
ing, we will apply Theorem 2.1 with m = 1 — § — 2s. We separate the discussion
into two cases.

Case 1. If |a;| = 1, 2, we have

/R | /R Q@ fo. 02 )13 My g A

=C 0 falt, %)l I fi(t, x, ), dxdr
e[ LIy A

I+@2s+y) +Q2s+)t

2 2
g C”aa]fZHLOO(R;{X;lA )+(Rl3)))/R ‘/]Rfé ||8Dt2f1 (tv X, )”Hl )+(Rg)dx dr
t X

I+Q2s+y I+Q2s+y
2
é C||f2||H2+4/2+5

2
il s
7
z+3/z+s+<2s+y)+(R ) f

7
l+(2s+y)+(R )
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Case 2.If |a1| = 3, then |az| < 2, it follows that

03] az
// 0% f2(z, x, )||L1+(2+y)+(Rz 1072 f1(z, x, )||H1 s (gaydxdr

I+Qs+y)T
< clop / / 1690 fo(t, %, )12 dx dr
R3 2 R3
LoRY +(23+y)+( v)) ]+3/2+5+(2A+V)+( v)
2
§C||f1|| 24+1-8+4/2+8/2 RS ||f2|| (R7)"
I+Q2s+y) T R®) 1+3/2+6+(2r+1/)+

By combining these two cases, we have proved (3.2.7).
Now if 2s — 1 < 0, then (3.2.7) implies that

(G D2 S ClBlGs gy

I+4+y+
On the other hand, if 0 < 25 — 1 and y < O (the case y > 0 is easier), then (3.2.7)

implies that

|(G7 g)Lz(R7)| ||G||L2(]R |2Y‘ 5 (R?)”W—WVZPN lg||L2(R4 s H25—143 (R3))

<
= C||f3”H15+4+|V‘(R7) ll W—|y|/2 PN, l g”Lz(R;“x; H25=14+5(R3))
because 2s — 1 + & < s. Therefore, the proof of Lemma 3.2 is completed. O

We now turn to the estimates of commutators between the mollification opera-
tors and the collision operator, which are given in the following two lemmas.

Lemma 3.3. For any y € R, we have

(1) If0 < s < 1/2, then for any suitable functions f and g with the following
norms well defined, one has

ISV (DY Q(f, ) = Of: SN P2y < CILF sy llolez sy
(3.2.8)

for some constant C independent of N.
2) If1/2 < s < 1, then for any § > 0 there exists a constant Cs > 0 such that
IS8 (D) Q(f, 9) — Q(f, SN (DDl 2R3)
<cC - , 329
= L3 Ilf”L(lszry,l)Jr(R%) ||g||1.[(22&*—1;161)4r (R3) ( )

and

SN (Dy)Q(f, 9) — Q(f, SN(Dv) @)l g1-25-5(Rr3)
<cC . 3.2.10
= SHf”LEZHy— (Rg)||g||L?2S+V71)+(R3) ( )

nt

(3) Whens = 1/2, we have the same form of estimate as (3.2.9) with 2s +y — 1)
replaced by (y + k) for any small k > 0.
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Before giving the proof of this lemma, we notice that when y = 0 in the Max-
wellian molecule case, the following proof of Lemma 3.3 is similar to Lemma
3.11n [38] (see also Lemma 5.1 in [6]) by using the Fourier transformation of the
collision operator. However, here we consider the case for y € R.

Proof of Lemma 3.3. The proof is a slight modification of the proof for Proposi-
tion 2.9. Set

M) = Sy (E]) = SN g]?).

Then Sy € Slo’O uniformly. Even though it does not satisfy (2.3.2), we have

10°Sn(IED] < CoSy41(E]) < & >~

with C, independent of N € N. Thus, (2.3.3) implies (3.2.8) and (2.3.4) implies
(3.2.9) respectively.
For (3.2.10), note that with m = 2s — 1 + § we have

(SNO(f. 9) = Q(f. Sng), h) = (A" Q(f, 9) — Q(f, A" g)), A" Syh)
+(SNQ(f, A"g) — Q(f, A" Sng)), A™h)
+((Q(f, SNAT"g) = A" Q(f, Sng)), A™h)

= (I) + (1) + (I3).

By applying (2.3.4) with M (§) = (¢§)™" to (1) and (/3), we obtain

l+I)=C hllgm,
(DI S CIfly - gllz Al

because Sy € S? 1.0 uniformly. The same bound on (/,) follows from (3.2.9).

Notice that the case of s = 1/2 follows from the case of s = 1/2 4 « for any
positive k because the main concern here is the upper bound. And this completes
the proof of the lemma. O

The following lemma is on the commutator of the collision operator with a
mollifier in the x variable.

Lemma 3.4. Let0 < s < 1 and y, m € R. For any suitable functions f and h with
the following norms well defined, one has

”SN(DX)Q(f’ h) - Q(f7 SN(DX) h)”Lz(]R4 i Hm72s(R3))
g C27N”V)Cf”L°°(R?‘X,L1 +(Ri))”h”LZ(R m (R%)) (3211)

for a constant C independent of N.
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Proof. Let us introduce Ky (z) = 23V S§(2N7)2V ;. Note that Ky € L'(R3) uni-
formly with respect to N. Then for any smooth function 4, one has

(SwDDQ(f. 1) = (. Sw(Dh) )

1
L LR
0 R, JR} xR}

x((Var . y+rte—y). 2. 27V htt, . ). hie, x, -))LZ(R%) dr dx dy] dr.

L2(R7)

By applying Theorem 2.1 with m — 2s, the right-hand side of this equality can be
estimated from above by

sup ||V . K 27 Nue, M ym
C{?}f” ©f )||L(12W)+(Rg)} /R /Rz(| 12 Vha, )||H(2S+y)+(Rg)) ()

X ||fl(t, X, )||H2r—m(R%)dx dr
<c2~N i
=C2 ||V)cf||Loo(]R;{X;LEZHV)Jr (R3)) A ”LQ(R;{xi H(’;.v+y)+ (R3)) | |h||L2(RﬁX;H2.v—;rz (R3))
which completes the proof of the lemma. O
We now apply (3.2.11) with h = Sy (D, )g and m = 1, we get

ISn(Dx)Q(f, SN(Dv)g) — O(f, SN(D)C)SN(DU)g)”LZ(RiX, H1-25(R3))

<
S CIV £l ooty aelloloms 2 @) (3.2.12)

Here, we have used the fact that a mollification operator Sy (D,) in the v variable
has the property that

=N . < .
1277 Sy (Dy)g(z, x, )||H<'zs+y>+(R3) s Cllg(e, x, )IIL%MW(R%,

where C is a constant independent on N.
Now we are ready to complete the proof of Proposition 3.1.

Completion of proof of Proposition 3.1. We now study the commutator terms in
(3.2.5). For this purpose, note that

(Pn.1Q(f2,9) — Q(f2, PN19)s PN G) 12wy
= (SN (Dy) Q(f2, 9) = Q(f2, SN(Dy) 9), Sy(DIV1IWiPN.1 9) 27,
(SN (D) Q(f2, SN(D2)9) = Q(f2, SMDx) SN (D) 9), Y1 (Wi Py 19) 12 )
+ (V1O Wy Q(f2, SN(DX)SN(Dy) 9) = O(f2, PN.19)s PN.19) o -
=)+ Q)+ ?3). (3.2.13)

Note that AS[¥1(x), Sy(Dyx)]1Sn(Dy) is an L? uniformly bounded operator with
respect to the parameter N for 0 < s < 1, and that [W;, Sy (D,)] is also a uni-
formly bounded operator from L? to L12—1 with respect to the parameter N. The
discussion on (3.2.13) can be divided into the following two cases.
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Case 1.0 < 5 < 1/2. In this case, for | > max{4, (y + 2s)*} Lemma 3.3 implies
that,
3
IS Cl A, 1, @n ol l9lig @ < AN oy
And Lemma 3.4 implies that
[(2)] < C”VXf2||L°C(R?,x’L:,++2S(R?;))||g”L2(R?.x’L)2,+(R%))||g”L%l(R7)
< 3
< Clfslg oy
As for the term (3), we use Lemma 2.4 to have
<
[3)] = C”fz”LOO(R;},X’L[]+V++2S(R%J)) ||g||L12+y++2s(R7)”PN’lg”LZ(R7)
< 3
< Clfsls oy
Case 2. 1/2 < s < 1. By using (3.2.10), we have
<
(D] = C”fZ”LOC(R?‘X,L]‘Jr +y (RS )”g”L

I+yt+2s 1(R7)

X|Wy 2Py, 1 gl LZ(R;fX,H2~‘*1+5(R%))

A

K 2 4
< SNA Wy 2P gz, + Cell Bl oy
We can use (3.2.12) to show that
|(2)| g C”VXfZHLOO(R?,X,Ll (R3 )”g”L2(Rtx’ ZS(R?J))

X || W[ PN,] g”Lz(R?’X’HZx—I(]RS))

[IA

AWy 2P agoagy )+ ol
Then, (2.1.17) implies that

I3 = Cllfall oo s

XIVIOSNDISN DD gllgs, et @l Pl

2s+1—

IN

oLy, BY)

< el A Wy 2 Priglagy +Cs||f3||H5(R7

In summary, we have obtained the following estimate for the second term on the
right-hand side of (3.2.5).

(Pt Q(f2 ) = O(for Pri9): Pra9) o)

S el|ASWy 0Py gll?

2K
L2(R7 + Cs||f3||Hlfl(R7)'
Finally, it holds that
A3 Wy/zPnglle(Rv) < C||f3||H5 ®7)’ (3.2.14)

where the constants C, k, and k’ are independent of N. Therefore, Proposition 3.1
is proved by taking the limit N — oco. O
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3.3. Gain of regularity in (¢, x)
First of all, let us consider a transport equation in the form of
fi4+v-Vof =ge D R¥M, (3.3.1)

where (f, x,v) € R+ = R?"*1 n [7], by using a generalized uncertainty
principle, we proved the following hypo-elliptic estimate.

Lemma 3.5. Assume that g € H_S/(R2"+1), for some 0 < s’ < 1. Let f €
L2(R?>"*1Y be a weak solution of the transport equation (3.3.1) such that A} f e
L2(R*"*1) for some 0 < s < 1. Then it follows that

AS(I S)/(S"'l)f c LZ_ (RZn-H) As(l S)/(S“Fl)f c L2 s (RZn-H)

H—I
where Ay = (1 + |D.|2)1/2.

As mentioned earlier, this hypo-elliptic estimate, together with Proposition 3.1,
is used to obtain the partial regularity in the variable (¢, x). With this partial reg-
ularity in (¢, x), by applying a Leibniz type formula for fractional derivatives, we
will show some improved regularity in all variables, v and (z, x). Then the hypo-
elliptic estimate can be used again to get higher regularity in the variable (z, x).
This procedure can be continued to obtain at least one order higher regularity in
(t, x) variable.

For the details, we first recall a Leibniz type formula for fractional derivatives
with respect to variable (z, x).

Lemma 3.6. Let 0 < A < 1. Then there exists a positive constant C, % 0 such
that for any f € S(R"), one has

Dy ) =F " (IEP ®)

/ fQ-—ry+h (33.2)

|h|n+)»

Indeed, note that

thé
fW=ry+hn . F&)e ’Uf/ 1= dhe,
Rn Rn

Rn |h|”+)‘ |h|"+)‘

while
£

| —e Mt W[ 1—e 'V
/n |h|n+x dh = |&| Rn |u|”+)‘ du,

so that (3.3.2) follows from

ok
l—e 'R
o St

which is a positive constant depending only on A and the dimension n, but inde-
pendent from &.
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Using this Lemma, we have the following Leibniz type formula,

— h h
e
= gWIDyI* f () + fFW)IDyl*g(y)

(fy) — fy+h)(gly+h) — g(y))dh
|h|n+)» :

+C;,
]Rn

(3.3.3)

We now turn to the analysis of the fractional derivative with respect to (¢, x) of
the nonlinear collision operator. Denote the difference with respect to (¢, x) by

fult,x,v) = f(t,x,v) — f((t,x) +h,v), heR} .

It follows that for the collision operator (where n = 1 + 3),
1D " Q (f,9) = Q (IDrx]" £ 9)
+0 (f.1D1xI"g) + Cs /]R TR0 (fu gn) dh. (3.3.4)

This kind of decomposition will be used extensively below in order to obtain
partial regularity with respect to the (¢, x) variable.

First of all, we have the following proposition on the gain of regularity in the
variable (z, x) through the uncertainty principle.

Proposition 3.7. Under the hypothesis of Theorem 1.1, one has
AP, fi € HY (R, (3.3.5)

s(1—s)
(s+1) *

foranyl e Nand 0 < sog =
Proof. In fact, for any / € N, it follows from Proposition 3.1 that
ASWig € LA2R7).

Then the upper bound estimation given by Corollary 2.5 with m = —s implies that

Wi0(f2.g) € L (R HO(RD)).
On the other hand, Proposition 3.2 and (3.2.7) gives
WG e L* (R} s H™ @~ 1T(RY)).
By using (3.1.1), it follows that
3 (Wig) +v - 0. (Wig) = W Q(f2, 9)+ WG € H*R). (3.3.6)

Finally, by using Lemma 3.5 with s’ = s, we can conclude (3.3.5) and this com-
pletes the proof of the proposition. 0O
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Therefore, under the hypothesis f € HIS (T, Th[x 2 x Rg) foralll e N, it
follows that for any / € N we have

Ay ) f) e HHRY), AL ey (x)f) e HHR.  (33.7)
We now improve this partial regularity in the (¢, x) variable.

Proposition 3.8. Let 0 < A < 1. Suppose that f € ’Hls (7T, T x2 x Ri) isa
solution of the equation (1.1) for alll € N. Furthermore, assume that for any cutoff
functions ¢, Y,

Ay () f) € HHRY, Al ()Y (x)f) € HH[RT).  (33.8)

Then, one has
ASAL (oMY (x) f) € HY (R, (3.3.9)

for anyl € N and any cutoff functions ¢, .
Proof. Set

gN.g = Pn.ig = Y1 (x)Sn(Dx) WSy (D)% (@) (x) £),
where o € N7, || £ 5and ! € N. Then (3.3.8) yields

1A 9Nl 2@y < CIAY® (@Y @) Nl 2@y
and
1AL cgnall 2@y S CIAL D (@Y ) Ol 2 7).

where the constant C is independent of N.
It follows that gy ; satisfies the equation

9 (gn,1) +v-0x (gn,) = Q(f2, gn) + G, (3.3.10)
where Gy ; is given by
Gni = Y1 ()W [Sy(Dy), v] - ViSn(Dyx)g

+ (Pni0Q (f2.9) — Q (f2. Pn.19))
+ (v - Vo)1 (x)) W Sy (Dx)Sn(Dy)g + Py G,

with G defined in (3.1.2).
We now choose | D; |* sz (x)| Dy x |ng,1 as a test function for equation (3.3.10).
It follows that

(v @) 1D x| gnots V2 (O De 9w 1) 12 gy
= (V2D " { QS gn.D) + Gt} V2D a*gnit) oy - (3311
It is sufficient to prove that, for any / € N,

ASA} Pyige L*R),
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and is uniformly bounded with respect to N. In the rest of the proof, we use C to
denote a constant independent of N.

We first consider the linear terms in (3.3.11). On the left-hand side of (3.3.11),
the hypothesis (3.3.8) implies that

[0+ @xv2) 1Dl gn ] f2gr) = Cl AP0 (@Y ) Pl 2, 7)-
For the linear terms in Gy 7, by using (3.2.4), one has
[ 21Dy {91 YWy [Sn (D), ] - ViSN (DG 1 g,
< CllAL 3 (@Y ) Ol 2wy
and
W21 xI* v - (Ve Y1) () Wi Sy (D) Sw (Do) 27,
< CllAL 0" (@Y N Pl 2, w7)-
Similarly, concerning the linear terms (B) and (C) in G, we have
[92)IDe* Pyt ((B) + ()| 2ry = CllIAL 3 (0OW () P12, r)-

For the nonlinear terms in (3.3.11), we shall use the formula (3.3.4). First of
all, the coercivity estimate (2.2.1) gives, as in (3.2.3), that

— (2, Y1 Dexl"gn .0 Y1 OIDrx*gn.t) 1o oy
= Coll AWy 291 () Dr* g a1 > )

A 2
_C”f2“LOO(R?V‘;Lrlnax{y+,2—y+}(R%’)) ||1ﬁ1 (X)|Dt,x| gn.,i ||L?/+/2(R7). (3.3.12)

On the other hand, the upper estimate of Theorem 2.1 with m = —s and
o = —y/2 > 0 (the case y > 0 is easier) gives,

(QUDL AT 20 91 Vg0, V1 ) Do) i

< cn|Dt,xMfz||Lm(Rix,mmw(ﬂ@g))||1/u ANl
x 11 ()| Dy [* AWy 29 il L2 w7

< el Y1 Dex " A Wy 298 11172 g,
+CelllDexl* ol ooes 12 o S ®)

Pyl 24yt 2s+4 Iyl/2+yt+2s+

For the cross term coming from the decomposition (3.3.4), by again using estimate
(2.1.1) withm = —s and @ = |y|/2, we get

/ 1177 (s Gan.om, YE@ID g .1)
R4
< Il ) D AL Wy 2 g il 2 e

X/ |h|74i)\”(f2)h||Loo(R4 Ll (RS))”Af}(gN,l)h”LZ
R4 x> v

lyl/2+yT+2s Iv1/24yt+2s

dh‘
L2(R7)

(R7)dh .
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Furthermore,

4> N
/ L [T P T

< / Bl et
|h|<1

HAC f2ll oo s

(R3)) ||Af;(QN,l)h||L2

lyl/24+yt+2s

(R7 ) dh

(R3)) ”A (9w, l)h||L2 (R7 )dh

| |/2+yT+2s /24yt 425

1 sy AN 11l 2 7
)"L\y|/2+y+-¢-2v(]R D LI 1/2+y +-¢-2r(]R )

(R3 ))”AUQN l||L2 (R7)dh

Iy1/2+yt+2s

= 2/h || 4 ||Vz,xf2||L00(R;‘x L
|

1
<1 X H 124yt 428
+4C, |l 2 4 g syl A 9Nl 2 7y
. L@ xo Ly gyt 1o, RO vd L2yt 42 ®D

Thus

L (W, v, R WIDEW, )

< e]|y1 (x)| Dy |)LAS9NZ||i2(R7)
+Cel AL o

dh‘
L2(R7)

( 3))||AvgNl|| 2 ( 7)'

[o¢]
L (R \y|/2+1/++2v R

|y\/2+y++2v+4

Hence, the formula (3.3.4) yields

\(|Dt,x|*Q(fz,w1 @ gn.) = QUDixl* .41 (DN, W1 Dy 9w 1) 12
< el Y1) Dex " Ay Wy 29 11172

+CellA; PN s s A5 gll .
¢ Lo®R; \y\/2+y++2€+4(R3)> v |y\/2+y++2s+l(R7)

In conclusion, we get from the coercivity property (3.3.12) that

1AWy 291 () Dy g 172

< CIA ol

11D gll3 )
( * 1+|y\/2+y++2s(R7)

+‘(|D,,x|A (PwiQ(f2e 9= O (f2. Pri9)). V3@)IDralgn.r)

R3))

|y\/2+V++2s+4

2
+ 1A%l
/+\y\/2+y++2v(R7)

L2(R7)

A 2 A
+‘(|Dt,x| PN,I (A)7 wZ(x)IDt’X| gN’l)LZ(R7)

= (I) + I) + (II). (3.3.13)

For Ehe term (II), since [| Dy x I*, Y1 (x)]is a bounded operator, we can replace Py
by Py = W; Sn(Dx)Sy(Dy). Again, the formula (3.3.4) yields
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(120l (Pri@ (2. )= 0 (fo. Prag)). V3@IDLsFoN) o
= ((PvsQ (1D £ 9) =0 (1D1al* 12 Prag)). V3OIDex"gn)
+((Pyse (£20 1D =0 (for PralDil™9)) . V31l gn.)

L2(R7)
L2(R7)
4o [ 07 ((Pus© e o

R4
—0 (s Prwvagh)), V311l g1

dh
L2(R7)

As for (3.2.14), in the case when 1/2 < s < 1 (the other case when 0 < s < 1/2
is similar and easier to handle), by applying Lemmas 2.4, 3.3 and 3.4, we have

‘((ﬁN,lQ (1Dl f2. 9) = © (IDexl f2. Prag) ) 3G D1l g

L2(R7)

< o A
C||A f2||Loo(R4 Ll " 1)+(R3))||g||LZ(R;{A_,H(Q)’H‘:_‘S]#(R%))|||Dt,x| 9||L%I(R7)-

By using (3.2.10) of Lemma 3.3, we can get, for 2s — 1 + 6 < s,

‘((ﬁN,lQ (f2:1D1xl"g) = @ (f2. Pral Diclg) ) W31 Dyl g )

L2(R7)

<
S CllArx f2||L°°(R4 ) it (R3)) 1Dy, x| g”LZ(R I+(V+2A 1)+(R ))

X D 19N,1 4 25—146
11Dl v1g ”LZ(R H T+ B

< e[| AS Wy 291 ()| Dy i gN,l||L2(R7)

+C€ ||A f2 ||L°°(R 3/2+5+(y+25 bt (R3)) ” |Dt x| g||L2(R4 L%l (R3))

and

/ |h| =4 ((ISN,ZQ (f2.1.90) — O (fz,h,ﬁN,zgh)) ,sz(x)lelngj)

dh '
L2(R7)

<C||At,xA f2”L°°(R,x- Lt l+(R3))”g”L2(R4 st 1+6 (R3))|||Dtx| g||L2(R7

= Cllfall yavarss nlAygl2 7 I| Iszl 9l 27y
- H s pras—n+ ®D Y L gras+ ®D ’ Li®Y)

Thus, we have

amn < snAf,Wy/zwl W Dr gy 1122 g,

+CAAIY g, (|||Dtx| gl

1+y +25+4

oy Il +25<R7))

We now consider the last term (III) of (3.3.13). Recall that (A) stands for the
nonlinear terms from G given in (3.1.2). Precisely

A= > CUofH07h).

ajt+ay=aa; #0

k1+}/ +2s
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By using (2.1.1) (we also consider only the case 1/2 < s < 1) and formula (3.3.4),
we have

‘(wl,m (Q (9 2. 0™ 11)) , P3| D g

S CIA" Wy 2 (x)|Dt,x|AgN,l||L2(R7)
[IIQ(Iszl 0 2 9 ) s

+]Q (0% fa. 1D0xl"0™ 1) | 2 I (RD)

L2R7)

+W/h””Q@“u»mW%ﬁmﬁm

L2RY i Hfyy p (RS ”}

We divide the discussion into two cases.
Case 1. || = 1, 2. Take m = —s. We have

o] (%)
|Q (1D "0 fa, 9 f1)|‘L2(R,X,H,+M/2(R )
o] az
+Q (0 £ 1Dl 0 ) oot
<c| Al,xamfZ”Lw(R“ ;Ll " (R3))” AUAx3a2f1||L[2+y++25(R7)

S Clfallgpraranss gAY f1||H4+A Ry’
H syt 4os 2

and

”/}1{4 h=440 (0" (f)n. 9°2(fi)n) dh

Lz(Rﬁx;Hl:—jylﬁ(R?’))
< C/|h|74 M) O (fInll oo ms, Ll @l Aiaaz(fl)hIIL[2+V++2S(JR7)dh
< Cll 91 f2||L00(R ®3) )|| AS B‘XZVI xf1)||L2 iz (R7)

S Cllfall yorarss AL fill s 7y
1+3/2+8+y++2\'(R ) v H1+y++2s(R )

z++2

Case 2. |a1| = 3. By the same argument as above, one has

A
10 (190 o9 A et i,
o o)
+ ||Q (a fZa |Dtx| 0 f1)||L2(R l+\y|/2(R3))
S CUNLI Pllws oot @yl AVALL il e

< CIAY, fallgs @I fill i g

1+3/24+8+y 1 +2s I+yt42s

R3
Pl i ®D)
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When || = 3, 4, we have

H /R R (0 (s 9 ()

LARY i Hiy D)
<c [ 3al(f2)h||Lz(R;1X;Lll
ol A0l e s

< ClI Vs foll ot p

+yt42s &)

dh

P2 (B)

o 1+ o (W))”A ,0% fl)”LOC(]R,x, 1+ 12 (R3))

S Cllf2llys ISl 244724548 7, s
H sy taas ®D H Y R

while when |o1| = || = 5, we have

H/R“ R0 (3% (f2)n, (fi)n) dh

L2RY G H 2 (RY)
< —4—1| qo
S C/ Al o (fz)h||L2(R§‘,x:L,l+y++2S(R3))
XA Ol a2, eppdh
o
§ C” 0 fZ||L2([[g;‘_x;L11+yJr ” (R3))|| A} vt xfl)”LOO(R

S Clfallys WIS, 144724545 ,
1l il s,

®R3))

1+ +42s

Thus, by the Cauchy—Schwarz inequality, we obtain
() < el AS Wy 291 ()1 Dy g 122 0,
Ce (n Af . f3 ||H5 Lan A ||H251+ 7(R7)) :
Finally, we get from (3.3.13) that
1AWy 291 0IDr o g i1 2 g

éC( f3|| + 1AL f3ll

&7 2[+y++7(R7)) .

Therefore, we complete the proof for Proposition 3.8. O

k+y +7

We are now ready to prove the following regularity result on the solution with
respect to the (¢, x) variable.

Proposition 3.9. Under the hypothesis of Theorem 1.1, one has
AE 0y (D) ) € HY(RD), (3.3.14)

foranyl € N and some ¢ > 0.
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s(1—s)
(s+1)

Proof. Fix sy = . Then (3.3.7) and Proposition 3.8 with A = so imply

ASAY g € HP(RY).
It follows that,
(A9 + v (A g) = A Q(f2, 9)+ ALG € HT(R).
By applying Lemma 3.5 with s" = s, we can deduce that
APS (oY (x) ) € HY (RT),

for any / € N. If 259 < 1, by using Proposition 3.8 with A = 25y and Lemma 3.5
with s/ = s, we have

Ay @Y @) ), ALY f) € HHRT) = A ey @) f) € B (R).
Choose ky € N such that

koso <1, (ko+1Dso=14+¢>1.
Finally, (3.3.14) follows from (3.3.5) and Proposition 3.8 with A = kgso by induc-

tion. And this completes the proof of the proposition. O

3.4. Proof of Theorem 1.1

In this subsection, we give the proof of Theorem 1.1 with the above preparations.
The proof is also based on an induction argument.
From Propositions 3.1 and 3.9, it follows that for any / € N,

AS (@YX f), Vixlpy(x) f) € H(RT).

These facts will be used to get the high order regularity with respect to the
variable v.

Proposition 3.10. Let 0 < A < 1. Suppose that, for any ¢ € Cy°(1T1, T2[),
Y e CiP(R)andalll € N,

AylpV ) ). VilpOy () f) € HY (R, (3.4.1)
Then, for any cutoff function and anyl € N,
AP @Y () f) € HY (RD).
Proof. Recall that g = 3%(@(¢)¥ (x) f) with |a| < 5 and
9N = Pnig = ¥1(x)SN(Dx) WSy (Dy)g.
Choose A%)‘gN,l as a test function for equation (3.3.10). Then, one has

([Aﬁ v] - dcgn.i, AﬁgN,z)Lz(Rg = (AL\ {O(f2.9n) + G}, AﬁgN,z)Lz(Rv) .
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Since
[AL, v] -8y = AAL 20y - 0y,

and Aﬁ_zav are bounded operators in L2, for any 0 < A < 1, we have, by using
the hypothesis (3.4.1) that

(A% 0] b, A gna) o | S CIAG 912 g IV gl 2oy

andwhen1/2 < s < 1,

‘ (AﬁGN,ly Ai;gN,l)LZ(R”

t25— 148
AT gn il gy

< A

= C||f2||1—175(]R7) ||AUg||L12+,/++2s(R7)|

< el AWy 2 ASgw 172y + Cgllleli,;(mllf\ﬁ a1 oy
k'l

By setting M = A’ in Proposition 2.9, we have

A 3 £ oA A
‘(AUQ(f, ox.) = O(F. Nygn.). Nygwr) o
é Cllf2 ||L®(Rix;L{/+ (R3))

A 2 2 A 2
X (”AvgN,l “LZ(R;"X;L%/_*_(R?})) + ”gN,l ”LZ(R7)) ”AvgN,l ||L2(R7)

< A2
< Cllfillgar) 183 912

when 0 < s < 1/2. Moreover when 1/2 < s < 1, we have

(A3 020 gw) = Q(fa, A, Nbgn.1) o

<
SClfr ”LOQ(R?,X;L&;H?U_*_ (R3))

A 2 2 A+2s—1+6 2
x| |IA A
(” UgN'l||L2(R;‘.x;l‘(225+y_1)+(R%)) + ||gN'l||L2(R7)) ” v gN,l||L2(R7)

= el AV Wy 285gna 2y + Cell ills o 1A 915 g
Now the coercivity estimate (2.2.1) gives,
—(Q(f2s ASgn.0)s Asgn.t) oy Z Coll AWy 2 AL gN 1117 g,

_C , A)\. 2 .
||f2 ”LOO(RiX’Lrlnax +,2—}/+)(Rg)) ” vIN.,I ||L?/+/2(R7)

{r

Thus, Proposition 3.10 is proved by the following estimate
, 2
| AWy 2 Asgn | 2ar, S € (||f3||i,75(R7) + ”Aﬁg”i'%,,(m) . (342

where C is independenton N. O
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We can now conclude the following regularity result with respect to the vari-
able v.

Proposition 3.11. Under the hypothesis of Theorem 1.1, one has
A @Y (0 f) € HYRD), (3.4.3)

foranyl € N and some ¢ > 0.

Again, this result follows by induction. Indeed, notice that there exists kg € N such
that

kos <1, (ko+Ds=14+¢e> 1.

Then we get (3.4.3) from (3.2.2), Proposition 3.10 with A = kos and (3.4.2), by
induction.

High order regularity by iterations From Proposition 3.9 (more precisely
(3.3.14)) and Proposition 3.11, we can now deduce that, for any / € N, and any
cutoff functions ¢(¢) and ¥ (x),

e (x) f € HA(R).

The proof of Theorem 1.1 is then completed by induction.
Indeed, if f is a solution of the Boltzmann equation satisfying the assumptions
of Theorem 1.1, then, when m = 5, we have

FEHMTI, To[xQ2 x R}, VIeN = f e H'"M' (11, To[x 2 x RY), VI € N,

Thus, the full regularity of Theorem 1.1 is obtained by induction from m = 5.

4. Existence and uniqueness of local solutions

The local existence of solutions to the spatially inhomogeneous Boltzmann
equation without angular cutoff has not been well studied to date. The strategy of
proving the existence in this section is to approximate the non-cutoff cross-section
by a family of cutoff cross-sections and to approximate the Boltzmann equation by
a sequence of iterative linear equations. Then by proving the existence of solutions
to these approximate linear equations and by obtaining a uniform estimate on these
solutions with respect to the cutoff parameter in some suitable weighted Sobolev
space, the compactness will lead to the convergence of the approximate solutions
to the desired solution for the original problem. One of the techniques used here is
to introduce a transformation defined by the time dependent Maxwellian developed
previously in [44]. The purpose of this transformation is to get an extra gain of one
order higher weight in the velocity variable at the expense of the loss of the decay
in the time dependent Maxwellian. Moreover, the uniqueness of the solution is also
proved in some function space.
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4.1. Modified Cauchy Problem
By taking «, p > 0, we set, for 0 < r < Ty = p/(2«),

pae(t) = (1, v) = e~ PN,

and
=g, TG, 9) = me® ™ Quc()g, 1 (1)g)-
Then the Cauchy problem (1.4) is reduced to

. 2yg =Tt
{gt+v Veg + 11+ v =T"(g. 9). GLD)
gli=0 = go.
Our existence theorem can be stated as follows

Theorem 4.1. Assume that 0 < s < 1/2, vy +2s < land k,p > 0. Let gy €
Hlk (R®), go = 0 for some | = 3 and k = 4. Then there exists Ty, €10, To] such that
the Cauchy problem (4.1.1) admits a unique non-negative solution

g e (10, T.J; Hf ®) () L2 (10, Tls Hf (R)).

We shall prove Theorem 4.1 by cutoff approximations. For simplicity of nota-
tion, we will denote w (f) by () without any confusion.

Recall that the cross-section is of the form of B(Jv — vy|, cosf) = O(jv —
v« |)b(cos 0) which satisfies (1.2) and (1.3). For 0 < ¢ < < 1, we approximate (cut
off) the cross-section by

b(cos @), if|0] = 2e,

be(cosO) =1 cose). if 0] < 26

Denote by I'’.(g, g) the collision operator corresponding to the above cutoff cross-
section B, = ® (v — v, )b (cosh).
By using the collisional energy conservation,

L2+ V12 = [uel® + )2,

we have (1) = w='(t) wl, (t) W' (t). Then for some suitable functions U, V, it
holds that

rLu, v)(@)

=pu '@, v)//R% Bo(v — vy, 0) (W (DU () V' = () U (1) V) dvy do

*XS%.
= // Be(v — vy, o)1) (ULV' — UyV) duy do
R3, xS2
=7.(U, V, n()
= Q:(unU, V) Jr//]R3 o Bs (v — vs, 0) (1 (t) — pi())U,V'dvy do.
v*X o

(4.1.2)
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Then we have the following formula coming from the Leibniz formula in the x var-
iable and the translation invariance property in the v variable. For any o, 8 € N3,
3%9PTL (U, V)

= Z Calyaz,ﬁlwﬁz,ﬂzz(aglafl U, a;;%{?zv, 353M(t))
ajtor=a;B1+pr+B3=p

= Q. (U, 33 V)
+ / / Be(v = ve, 0) (1 1) — () ULOZDE V) dvodo
Rfj* xS2

+ z Coraz.81.52.8: 1 (3?1 351 U, 3?23532 Vv, 3533//‘@))
loz|+1B2 | Sle+B]—1
= A1+ Ay + A3, 4.1.3)

Firstly, we give the following upper weighted estimate on the nonlinear collision
operator with cutoff.

Lemma4.2. Let y € R. Then forany ¢ > 0, k = 4,1 = 0, there exists C > 0
depending on ¢, k, | such that for any U, V belonging to Hlk (R%)

o

t j—

ITECU. V)l g sy = C||U||H1k+y+<R6)||V||Hlk+y+(R6), 0=t=Tp= e
(4.1.4)

Proof. To prove (4.1.4), put

g1 =03100'U, hy =092V, ua(t) =9 ),
Te(g1, ha, p3(0)) = T, =T,

Throughout this section, the estimates
(e, v), a0 = 0P, v £ Cpre™ P 1 e(0,T), ve R,

will often be used.
Firstly, we compute 7, as follows.

4
(W T,h| < C//(IU —vi|)7 3 (, U*)|W|(ngl);||(Wlh2)/|dU* do

WP 1/2
< AL S—
—C[//"“(I’ RTARUAY d”*da}

1/2
x [//(v/ — 02 [(Wign), (Wiha)' P, da]

12
<c. [ ] 1000 Wiy oy Pt da] ,
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_ — v — v /Y i
whf:re we have used [v — vy| = |V — v, | and WLy = 1. Since the change of
variables
(v, v5,0) > (V,v,0"), o =@—v)/lv—uvsl, (4.1.5)

has a unit Jacobian, we get
umzﬂ@m26[ﬁ"mmmeMHMJ%ww@w
=C / / / |(Wisyt g0 (Wipy+ o) |2dv), do’ dv’ dx
< cx/ﬂuwa+y+goni%R9n(wo+y+hgniqkﬁdx.
If |y + B1| < k/2, then we have
||Wl7;+||L2(R6) = C||(Wl+y+gl)”LOC(Ri;LZ(Rg))”(Wl+y+h2)”L2(R§(qv)
< :
= C“U”Hl]:rer(R()) ||V||H11<+y+(R6),

because of the Sobolev embedding theorem and the fact k/2 + 3/2 < k when
k = 4. When |az + B2| < k/2, the proof is similar. This completes the proof of the
lemma. O

4.2. Cutoff approximations
We now study the following Cauchy problem for the cutoff Boltzmann equation

. 2 = t
g +v-Veg+«(v)?g =Ti(g, 9). 4.2.1)
gli=0 = 9o,

for which we shall obtain uniform estimates in weighted Sobolev spaces.
We first prove the existence of weak solutions to this cutoff Boltzmann equation.

Theorem 4.3. Assume that y < 1. Letk = 4,1 2 0, ¢ > 0 and Dy > 0. Then,
there exists T, €]0, To] such that for any non-negative initial data go satisfying

90 € HF R®). llgoll t ms) < Do,

the Cauchy problem (4.2.1) admits a unique non-negative solution g° having the
property

g€ € CO(]O, TS[? Hlk(R6))s ||gs||L00(]0’T£[;Hlk(R6)) § 2D()
Moreover, this solution enjoys a moment gain in the sense that

¢ € L (]0, .0 H/‘H(Rﬁ)) . 42.2)

Remark 4.4. (1) Notice that we do not assume gg € H/‘Jrl (R®) and the gain of
the moment will be essentially used below in the proof of uniform estimates
to compensate for the singularity in the cross-section.
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(2) The regularity of g® with respect to the ¢ variable follows directly from the
equation (4.2.1).

(3) Fixy, k, [ asin the theorem. Then T is a function of ¢ and Dy. In the following,
when we need to emphasize this dependency, we shall write

T =T.(Do).

(4) If y £ 0, we may take k = 0. In this case, we do not have the moment gain
(4.2.2), which is not needed anyway.

Proof of Theorem 4.3. We prove the existence of non-negative solutions by suc-
cessive approximation that preserves non-negativity, which is defined by using the
usual splitting of the collision operator (4.1.2) into the gain (+) and loss (—) terms,

Fé’+(gv h) = //R3 @ Be (v — vy, O’)M*(t)g;h/dv* do,
vy X0

Io7 (g, h) = hL:(g),

L:(g) = //R* o B:(v — vy, o) u(t, v4)gsdv, do.
3 xS2

Vs

Evidently, Lemma 4.2 applies to ng, and in view of (1.2), the linear operator L,
satisfies

020 L (9)(t, x, v)] < C) T PN0% gl 2 sy, 1 €10, Tol,  (4.2.3)

for a constant C > 0 depending on ¢, because | (t, v*)af(v — 07| < Clu)r 18l
We now define a sequence of approximate solutions {g"},cn by

9° = go;
atgnJrl +v- ngﬂ+l +K(|v|>29n+l

_ 4.2.4
=TLH(g", ¢") —TL=(¢", ¢"), (4.24)

9" =0 = go.
Actually, in view of (4.2.3) we consider the mild form
gn+l(t’x’ V) = e—K(|v|)2t—Vn(t,0)gO(x — v, v)
t
+/0 e_“l”l)z(t_s)_vn(t’s)Fg’+(g", g (s, x — (t — s)v, v)ds,

(4.2.5)

where
t
Vi, s) = / Lo(g") (s, x — (£ — s)v, v)ds.

First, we note from Lemma 4.2 that for any T €10, Ty], To = p/(2«), go = 0,
and

g e 1% (10, T HERY), 9" 20,
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the mild form (4.2.5) determines ¢" ! in the function class
g e 1 (10,71 HE, RY)), g™+ 20, (4:26)

and solves (4.2.4). Thus ¢" ! exists and is non-negative, but appears to have a loss

of weight in the velocity variable. We shall now show that the term « (v)2¢"*! in

(4.2.4) not only recovers this weight loss but also creates a higher moment. More
precisely, we have the following lemma. Introduce the space and norm by

X =L% (]0, T H,k(R6)) N L2 (]0, TL: H/;](Rﬁ)) :

+lgl?

2
|||g||| - ”g”Loo(]O T[; Hk R6)) LZ(]O Tl; Hk (RG))

This norm depends on k, /, T, x, but we omit this dependence in the notation for
simplicity. 0O

Lemma 4.5. Assume that y < 1 and letk = 4,1 2 0,5 > 0. Then, there exist
positive numbers C1, Cp such thatif p > 0, k > 0 and if

90 € Hf (R®), ¢" € L®(0, T[; Hf (R%), (42.7)
with some T < Ty, the function g"' given by (4.2.5) enjoys the properties
gn+1 e X,

n+1112 < ,C1K,T Cz
g2 < e (ngou,,k(m) 19140171 ,,k(Ré)))

where K, is a positive constant depending on || g" Il oo 0.7 H(RS)) and k.

4.2.8)

Proof. Put
h" =hl, =38%g".
Differentiation of equation (4.2.4) yields

o hn+l +v-V, hl’l+l + K(v>2hn+l = Gi’_ — Gl_ + G2 + G3,
G+ 8°‘Ft +(g gl‘l) Gl_ = 8(11—*2,—(9"’ gn+1)a
Gr=—[9%, v Vilg"",
=k > Czob)2ae 0P g,
1Bl=1,2

Let x; € C§° (R3), j € N, be the cutoff function

TS
Xf(”)—[o, W2+ 1.
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We remark that (4.2.6) does not necessarily imply W1+1h"+1(t) € L2(R6), but
xjWisth" (1) € L>(R®) for all j € N. Hence, we can use x]ngszz\,(Dx)h”H as
a test function to get

1d
2dt
_ (Gl+ — Gy + Gy + G, SN(DX)ZX}W,%"“) . (4.2.9)

IS (D) x; Wih™ 1|1 + ke | Sy (D) x j Wi B2

Here, and in what follows, the norm || || and inner product (, ) are those of L? (Rgv)
unless otherwise stated. We shall evaluate the inner products on the right-hand side.
Observe that Lemma 4.2 gives, for ¢t € [0, T,

(GF. S3GWRR | = |(Svag Wiet GF L S Wi 1) |
< CIWi1 G IS X Wit h" |

< CITEH " g g ey 15w Wesah" |

Cllg" 151 o Il 1S3 X Wi |
HJ(RS)

A

A

C K
— 19" Wyt ey + IS G Wegrh" 1.

On the other hand, Lemma 4.2 is not enough to evaluate G| because G| contains
g1 which is not known, at this point, to have moments required by Lemma 4.2.
However, this obstacle is only superficial. Observe that

Gi= 2, Capn (8“29”“)(35%(3)‘3”9”))-
(a1, B1)+or=a

Define,

Hii(g) = D lxjWid%gll,
loe| Sk

and write H]’.’J = H]’.'J(t) = H;;(gn(1)). By recalling (4.2.3), we get

(Gr.swen )< 3 Cumali @) P gamg
(oep,B1)+ar=a
X191 g™ NI Sw x; Wi A" |

1
< Cllg™ gty ICH D V218w Wigah" |
C’ K
< ny2 ntl . n+1)2
< 09" o) o+ Z1Sw0t Wi "2

Here C, C’ are positive constants independent of «.
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The estimate on the remaining two inner products are more straightforward and
can be given as follows.

(G2 + G3, Syx; W] < CllxjWi-1(Ga + Ga)| ISy x Wi k|
1/2
< Cl+ 1) () IS Weadh ™

(k + 1?2 K
S O T IS g Wi bR

The constants C, C” are independent of ¢ and «.
Putting together all the estimates obtained above in (4.2.9) yields

1d K
5 ISV W™ LI 4 S o Wik
< 1 ny2 n+1 c n4
< " et (119" Wyt ) | T+ 1 Ut
Summing up estimates for 1" ! = h%F! over || < k then yields,

d G
3 NG + ik Hja (Sng™™) < CLRaH (g™ D) + == 19" g s,

where
1 ny2
Ko =+ — (19" ot ey + 1)

and C; > 0 is a constant independent of ¢, k while C; is independent of « but
depends on ¢. By integrating the above estimate over [0, #] and taking the limit
N — oo, we get

t
Hﬁrl(t)—i-/c /0 Hj'fﬁ](r)dr
< gn+l ! n+1 G ! n 4
< HT' O+ Ky | H @d 22 |l @l gy de, €107,
which gives a Gronwall type inequality

t
H]l?j_l(l‘)-FK/ eClK”(t_f)Hj’%ﬂl(t)dr
0

Cy [?
< ,Ci1Kut gyn+1 C1K,(t—1) n 4
Se Hj,l ©0) + ” /0 e Ilg (T)”H,"(R%dt’ (4.2.10)
forallt € [0, T] and j € N. Since
HITH0) < lgoll?

ko
Hl

and 1 < eC1Knt=0) < oCikat (4.2.10) gives, for ¢ € [0, T,

t C t
n+1 n+1 < ,Ci1Kpt 2 _2 n 4
HIF ) + /0 HIFL (0)dr < lllgollHlmL - /O lg (r)nHlk(RG)dr].
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Since the right-hand side is independent of j, {x; 9% gt }jeNs lee| < k is weakly*
compact in L*°(]0, T'[; L%(Rﬁ)) and weakly compact in L2(0, TT; LZZ_H(Ré)).
Take a convergent subsequence. Apparently, its limit is 4”1 (). This is true for all
|| < k so that we can now conclude that

gt e x =1 (10, 71 HE®®) 0 L2 (10, 7L Hfyy (RY)
and by Fatou’s theorem,

"2 < liminf | H T + k liminf | H!})
g™ 1" = im in I1H5 ) e qo,Tp im in 1 Lo,

C
C1K, T 2 4
é e! (llgOHHIk + 7”9” ||L4(]0,T[;H1k(R6)) .

Now the proof of Lemma 4.5 is completed. O

We are now ready to prove the convergence of {¢"},en. Fix « > 0, let Dy, go
be as in Theorem 4.3 and introduce an induction hypothesis

n
”g ”L"C(]O,T[; Hlk(]R())) g 2DO- (4211)
for some T € ]0, Ty]. Notice that the factor 2 can be any number > 1.
(4.2.11) is true for n = 0 due to (4.2.7). Suppose that this is true for some

n > 0. We shall determine 7 independent of n. A possible choice is given by

24 2Dg + 1
eC1K0T — o jTD(% “ 1 where Ko =k + 221 4212
K K

or

. log2 K
T =min{ ——, .
C1Ko' 24C, D}

In fact, (4.2.8) and (4.2.11) yield that ¢"*! € X and

G
n+l12 <« ,C1KoT 2 el n 4
|||g ||| =€ (”gO”Hlk(R6) + P T||g ||L°O(]0,T[; H[k(RG)))
< eCrkoT (Dg - 2T24D3) <4D3.
K

That is, the induction hypothesis (4.2.11) is fulfilled for n 4 1, and hence holds for
all n.
For the convergence, set w" = ¢"(t) — ¢" ' (¢), for which (4.2.4) leads to

v Ve (Pt S T ) + T )
t— t—( n—
_Fg (wn’ gn+ )_ Fg (gn ) er— )’
wn+l|t=0 =0.
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By the same computation as used for (4.2.9), but more directly since we can now
use test functions as Sy (DX)QWZB“ w™t we get

1
n+12 < C]K()T n+1

n—1 2
+||g ”Loo(]() Tl Hlk(RG))} ||U) ||L°°( 0,7[; Hlk(Ré))’

with the same constants C1, Cy and K as above. Then, (4.2.11) and (4.2.12) give

1 2 4 2 -1 —12
|||gn+ - g"||| § 2 CZDOK T”gn _g” ”Loo(]O’T[; Hlk(Ré))'

Finally, choose T smaller,if necessary, so that

2°CyD3 T <

Bl

Then, we have proved that for any n = 1,

ll]g"+! — g|||< g" — g" Il (4.2.13)

Consequently, {g"} is a convergence sequence in X, and the limit
g° e X,

is therefore a non-negative solution of the Cauchy problem (4.2.1). The estimate
(4.2.13) also implies the uniqueness of solutions.
By means of the mild form (4.2.5), it can be proved also that for each n,

g" € € (10. T1; Hf (R®))
and hence so is the limit g°. The non-negativity of g¢ follows because ¢g" = 0. Now
the proof of Theorem 4.3 is completed.
4.3. Uniform estimate

We now prove the existence of solutions for the Cauchy problem (4.1.1) by the
convergence of the approximation sequence {¢°} as ¢ — 0. The first step is to prove
the uniform boundedness of this approximation sequence. Below, the constant C
represents various constants independent of ¢ > 0.

Theorem 4.6. Assume that 0 <'s < 1/2, y +2s < 1. Let go € HF(R%), g0 = 0
for some k 2 4, | = 3. Then there exists Ty €10, Ty] depending only on ||g()||Hlk

and independent of ¢ satisfying the following property: If for some 0 < T < Ty,
¢ e (]0, T1: H,k(Rﬁ)) nL? (]o, T[: H/fH(Rﬁ)) , 4.3.1)

is a non-negative solution of the Cauchy problem (4.2.1) and if Ty, = min{T, T},
then it holds that

lg® ||L°°(]O,T**[;Hlk(]R6)) S 2”90”H/‘(R6)' (4.3.2)
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Remark 4.7. The case T, < T gives a uniform estimate of local solutions on
the fixed time interval [0, T,] while the case T < T, gives an a priori estimate
on the existence time interval [0, T'] of local solutions. The latter is used for the
continuation argument of local solutions, in Section 4.4.

In the following, p > 0,k > 0 are fixed. Furthermore, recall Ty = p/(2x). We
start with a solution ¢° subject to (4.3.1) for some T € ]0, Ty]. Fora € N, la| <k,
the differentiation of the equation (4.2.1) implies

3 (3g%) + v - Vo (39g°) + k (v)3 (8% ¢°)
= 8“1"2(98, gs) —[0%, v - Vx]gg — k[0%, (v)z]gs. 4.3.3)

Since 3% g® only belongs to L?, now as in Section 3, we take,
P Pn.i(3%9%)

as a test function in (4.3.3), where / = 3 and Py, = Sn(Dx)Sn(Dy)W; (we do
not need the cutoff functions ¢, ¢ here). Then we have

1d
55||PN,z(a“gg>(r)||iz(R6) + Wi P10 g (D172 g,
2 o & a &
i (ISN (D). P11 @9%). SN DO PNIEG) |, o
= (A1 + Ay + A3 + As+ As, Py Pni(379%)) o e (43.4)
where A1, As, Az are defined in (4.1.3) with U =V = g and

Ay =—[0%v-Vilg". As=—c D Czaf(w)?a* Py
1Bl=1,2

We have firstly,

‘(A4, P;\(/,IPN,I(BQQS))LZ(RG)

< Cllg* Ol ey (43.5)

and

* a e < & 2 f e 2
(45, PR Pwa060)) oy | S OIS Oy + S0 DI g

(4.3.6)

We also have

< (1SN (D), WPIWE 379%), Sy (D) Py.1(06"))

L2(RS)

K
< Ckllg" Ol oy + 7 19° O3 g0 (4.3.7)

We now study the term A by using the non-negativity of g¢ and the coercivity of
collision operators.



Non-Cutoff Boltzmann Equation 107

Proposition 4.8. Assume that 0 < s < 1/2, y € R. There exists C > 0 indepen-
dent of € such that for any « € NO, |a| <k, k > 4,1 > 3,

(A1 PRIPN.IGU) 2oy S Cllo" Ol e 19 Ollgt ey 438)

forany0 <t < T < Ty.

Proof. By setting & = 3%¢°, we have,

(Al’ PI,\(/,ZPN»lh)Lz(Rs)
= (PN,IQE(I'LQS’ h), (PN,lh))LZ(RG)
= (QS (/’L(t)ggs (PN,lh)) s (PN,lh))LZ(R())

+ (PN,IQ{:‘ (:u(t)gsv h) - Qé‘ (:u(t)gsv (PN,lh)) ’ (PN,lh))LZ(Rﬁ)
= B1 + B3.

Since u(t) g°(t, x, v) = 0, we have, in the same way as Theorem 2.6 with the
cancellation lemma,

B

21 //// & (M(t)gg)* ((1 N,l‘l)/ (1 N,l”))2 dU* do dvdx
. RixR%ng*ng
21 //// e (u(®) ;8)* {((1 N, l)/)z (1 N 1”)2} dvy do dvdx
Rﬁngng*ng ’ ’ >
21 ﬂ// Bg (u(t) 98)* {((1 N lh)/)2 - (PN lh)z} dvy do dvdx
. RixR%ng*ng ’ ’

+
cfl] (10 6% (0 — 07" (P 1) 2dv dus. dx
REXR%* XR%

< C||;LWy+gs(l)||Loo(R§C;L1(R%)) ||Wlh(t)||L2(R)6( v)”Wler*'h(t)”Lz(Rg% V)

IIN

A

A

< Cllg® Olisrg )19 Oll ey )Io* Ollgs_gg ) 1 €10, 71,
) X,V +y X, U

where B, = B.(v — vy, 0) anc~1 we used the fact that b. (cos 0) < b(cos ).
By putting Sy = Sy (Dyx) Sy = Sy (Dy), we decompose

By = (SxSx (WiQe (09, ) = 0 (wg". (W)} (Bw.b) |,

+ (SN [SNQS (n()g°, (Wih) = Qe (“(”987 SN(W’h))}’ (PN”h))L%RG)

+ (Sw0e (9", GwWi) = 0c (1()g", SwSyWih). (Py.ih)
= Ba1 + By + Bas.

L*(R®)
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By Lemma 2.4, we get

Bl = ‘({Wl Qs (19", ) = Qe (). (W)}, GusnPyih))

S Clu®g* Ol poors. 11 (w3 Wiy +hll 2wy | PN, ikl 2R3y dx
®ELY, ®D) [ 2 2
< C||gs(f)||LOO(R3;L2(R§))||9£(f)||Hlk(R6)||gs(f)||Hlk+ L (RS)>
: Y

< Cllg* O o 9" Ollys ey, 1 €10, T
14

It follows from Lemma 3.3 that

1/2
|By| < ( / SN Qe (1 (t)g*, (Wih)) — Qe (i(t)g", §N<W1h>>||iz(R3)dx)
R3 3

x 1Py, 1h 12 gs)
< Clr@g" Ol oot @y Winy+ il 2@ 19° Ol )
Y

= Cllg" Ol o) 19" Ollpgr @eys 1 €10, T1.
14
Lemma 3.4 with m = 2s yields

|Bys| < ClISy Q(u(0)g®, (SnWih)) — Q(u(t)g®, Sn (SNWil)ll w3, 123
x| Py, 1hll L2 we)
£ —N ¢
< Cllu(t) Vg ”Lm(Ri’Lézxw)Jr(R%))”(2 SN(Wlh)”LZ(RE,H(ZZ"H)/)_,_(Rg))
X\ PN, ihll 2 we)
< & 2 £
s Cllg (l)IIHlk(Rf,)IIg (l)||H1k+y+(Rs), t€[0, T].

Combining the above estimates proves Proposition 4.8. O
For the term A, and A3, we prove the following proposition.
Proposition 4.9. Assume that 0 < s < 1/2, y + 2s < 1. Then, for any §

>
there exists C > 0 independent of & > 0 such that for any a € N°, |a| < k,
k=4,123,

(A2 + A3 PRy P (@95) 12 gy = Cllg™Olgs g 197 Ot gy,

I4+(y+2548)

fort €10, T].
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Proof. By putting & = 9%¢® and h = sz Py PN, 1(0%g°), we get

-
‘(Az’ Wi h)LZ(Rﬁ)
- ' / / / / Be (1 (1) — i (0) () (WP dv, dor du dx
R xR xR3, xSZ
S //// Bl (1) — w0117, [(Wih) (Wih)|dv, do dv dx
R xR xR3, xSZ

+//// BI (1) = L) 1(g7).] [Wi = W]|
RiXRngg* XS(%

x |k (W;h)|dvy do dv dx
=L+ 1.

To estimate I, we notice that for A € [0, 1], ¢ € [0, Tp],

e, ve) — p(t, v))] S Cloe — V" £ COMo — v < COM — vl 2,
which is elementary for A = 0, 1 and is obtained for general A € (0, 1) by interpo-
lation. Since y 4+ 2s < 1 is assumed in the proposition, there is . € (0, 1) such that

A > 2s,y + A < 1. By the manipulation on the primed and non-primed variables
(see (4.1.5)) we have

I < C//// W — v/>(y+x)+9—2—2s+x
= *
R xR xR3, xSZ

x|(g5),] [(Wih)'| [(Wih)|dvs do dv dx

<c / / / 0725 (W, 0+ 05l
RI xR}, xS2

X {/ |(W,+(},H>+h)(Wlﬁ)’|dv} dv, do dx
R}
< & £ &
= Cllg" Ol oo g LEVW(R%””‘Q Ol gr s 19" Ol e i B

= Cllg Ol oy I19° Oll gt ey )"

for! > (y +A)T + 3/2. In the third inequality we have again used the fact that the
Jacobian of changing of variable v — v’ is bounded.
Using (2.1.13) gives

L < C//// (W =)0 () + wl(0))
R xR xR3, xSZ

x[(g"), (W) W[ ) I (Wih)|dvs do dvdx = C(J; + Jo).
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By the Cauchy—Schwarz inequality and the Sobolev inclusion, we have

J1 = C////R3 - 0_1_2s,u*(t)|(W1+y+gg);(Wl+y+h)’(W1ﬁ)|dv* do dv dx
XX vx .

2
L XSZ

1/2
<c / ( / / / 07172 1 () (Wih) P dw dus do)
R3 R3xR3 xS2

1/2
: (/ / / 0 B (Wi 65, (Wiy ) Pdo do, da) dx
R3xR3 xS2

= C||M||L2(R§) /R3||W1f1(x)||L2(R3)||W1+y+gs(x)||L2(Rg)||W1+y+h(x)||L2(Rg)dx
< Cllg Nl oo ;2 @) | Wity + 1l 2 ey Wi 2 ges)

< Cllgt 2 & )
< Clly oo e

On the other hand, again by the manipulation on the primed and non-primed vari-
ables,

hgc//// 0 2 (W) + g8 Wy +h) (Wih) |dvg do do dx
RI xRI xR3, x52 Hry*d ATy "

<c p—1-2s W, € / Wi +h||(Wh) |dvt dvs do d
< ////R;X]R%*ng (ROWiy g )*|{Rg| Ly BIWRY o} dus dor dx

< C||l/~(t)Wl+y+9€ ”LOO(R;?(;LI(R%,)) ||W[+y+h||L2(]R6) I WZE”LZ(]Ré)

2
é C||98||H[k(R6)”gS”H/:_ +(R6)’
Y

where we have used W,+y+ul/2(t) <cC.
We consider now the term A3. For any a € N®, || < k, k > 4, [ > 3, denote

hy =08"g°% hy=03"g",
where
ar+ar Sa, ay <a.

We shall compute

(T b . WPR)

-1/ Be(jiat) — (D) ()W, (W2h)dv, do dv dx
R xR xR3, xSZ

+//// Be (thy), (Wi — W)) hh(Wih)dv, do dv dx
R%ngng*ng

+ (Qs(llhl, (Wih2)), W’ﬁ)LZ(R% '
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For the last term, by Theorem 2.1 withm = 2s < 1, there exists C > 0 independent
of & such that for |as| < |a| — 1 and § > 0,

1Qe (i1, (Wih2) 172 g,

[ WO IOV W d
25) v

(y+29)F (y+

Clluhl(t)lle(Rg
Clluhl(t)lle(Rg

<
Eap WD O s e Tt |2,

3/2+(y+2r)++5 (y+25)*F

(Wih2) (D112 ;
3/2+(y+2r)++5(R2)) L (RS, H(2 2s>+( )’

C||hl(t)||H’%/2+8(R3 LZ(RS))”(Wth)(t)”Lz(R’j H2Y+23)+(R%'))’ |a1| =

C||h1(t)“L2(R3 LZ(R’%))“(Wth)(I)”H3/2+3(R3 HZv 2;)+(R3)) |Ol]| > 2’

< Cllg* o3, (RG)IIQ O« k=4>342s, 1>(y +25)" +3/2.

RS
(y+23)+( )’

The estimation on the first term is similar to (A2, leﬁ) 12(Rs) by taking into account
the same manipulation concerning «». The estimation for the second term is also
similar to the part J, of I as above. Hence, we have obtained

-
'(A3’ Wi h)LZ(R 6)

This completes the proof of Proposition 4.9. O

< Cllg* Oy ey 19°Oll g, ooy

If (4.3.5), (4.3.6), (4.3.7), (4.3.8) and (4.3.9) are combined, then it follows from
(4.3.4) that

1d 2
SN PRA@ G YOI 2 g, + € IWL Py 10" YO 2 sy = 5 19° Ol oy

=C (ngf(r)ui{lk(m + Callg" Olge o) 19" Ol (go >)
Y

Take the sum over || < k, integrate from O to ¢ € [0, T] and make N — oo.
Then there exists C1, C» > 0 independent of ¢ > 0 such that , for any § > 0 and
1€[0,T],

I9° O sy + 5 / 9 (D) geydT
< llg* )1t ey + € / I9° (O3 e AT

2
+Cs /O I9° ()3 g 19° ()l gedr.  (43.10)

Ity
Remark 4.10. We give here some technical reasons regarding the choice of the
time dependent distribution . (¢) as moment control in the equation (4.1.1). If we
take k = 0 in the definition of Maxwellian distribution w(¢), the above computation
gives also (4.3.10) without the second term on the left-hand side because k = 0.
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But the upper bound estimate, by using Theorem 2.1, always gives the last term in
(4.3.10) with the factor ||g® (t)||Hk (RS)- If y 4+ 2s < 0, there is no loss of
+6

I+(y+2s
moment, we can get (4.3.11) with k = O. If0 < y +2s < 1, we choose § such

that y 4+ 25 + & < 1 so the second term on the left-hand side absorbs the last term
in (4.3.10) because

<
lg® (t)”Hlﬁr s +(R6) < lg* (l)”Hk (RS

In conclusion, the choice of 1 (#) is mainly for the hard potential.

Completion of proof of Theorem 4.6. Set X () = |g (t)||Hk &) and F(t) =

fé X(t)(1 4+ X (r))dr. Since y + 25 < 1, by (4.3.10) there exists a C > 0 inde-
pendent of ¢ > 0 such that

X))+ = / lg® (r)IIHk (R6)dr < X))+ CF(). (4.3.11)

Noticing that F'(r) < (X (0) + CF(¢)) (1 + X (0) + CF(t)), we have

2 Ct
1901131 o€

3 2 <
”g (t)”HIk(R())) = 1 _ (eCt _ 1)

2 9
19001 o,

as long as the denominator remains positive. We choose T, > 0 small enough such
that

oCTx B
E= (€T = 1) 9oyt e
Then
T. ! 1 1+ 3
» = —log — 5
c L+ 4190031 g,

is independent of ¢ > 0, but depends on ||go|| HE(RS) and the constant C which

depends on p, k, k and [. Now we have (4.3.2) for T, = min(7, T,).
From (4.3.2) and (4.3.11), we get also, for « > 0,

£112 < 2
€9 g et oy S 21900 ) (14 2CT: (14200l o)) -
(43.12)

We have proved Theorem 4.6. 0O
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4.4. Convergence and uniqueness

The second step is to prove that, for any 0 < & < 1, we can extend the approx-
imation solution g*, obtained by Theorem 4.2.1, to a fixed interval ]0, T,[ with
Ty > 0 determined in Theorem 4.6 which is independent on ¢ > 0. This sequence
is then convergent.

Theorem 4.11. Assume that 0 < s < 1/2,y +2s < 1, go = 0, go € HF([R®) for
some k = 4,1 = 3. Let T, > 0 be given in Theorem 4.6. Then the Cauchy problem
(4.2.1) admits a unique non-negative solution up to T, satisfying

g e L (10, 7.1 Hf®D) 0 L2 (10, 7oL Hfy ).
Proof. We recall the notation T = T,(Dg) from Remark 4.4. Then Theorem 4.3
asserts that the Cauchy problem (4.2.1) with initial data go admits a unique non-
negative solution
¢ 0 . 17k (6 2 gk (g6 _ !
gi €€ (10,2161 HE®) N L7 (10,2710 1: Hfy  (BS)) . Tie = 5 TeClg0l g s
If T} . = T, then the proof is completed. If 7} ; < T, then Theorem 4.6 implies
“gf(Tl,e)”HIk(Rﬁ) <2 ”.QOHH[k(R())-

We now consider the Cauchy problem (4.2.1) with initial data ¢g°(7T} ). Again
Theorem 4.3 asserts that there exists

1
e = ETS llgo ”H,"(Rﬁ))’
such that the Cauchy problem (4.2.1) admits a unique non-negative solution
£ 0 . gk M6 2 . gk 6
g3 € C*(IT1e, Tie + 27015 HE®D) N L2 (1Tie, Tie + 2T2l: Hfy (RY))

By uniqueness of solution, we obtain a non-negative solution of the Cauchy problem
4.2.1),

g € C (10, T + 2T 1: HERS)) N L2 (10, Tie +2Ta.cl: Hfyy (RY))

If Ty ¢ + 275 ¢ = Ty, we finish the proof. If T} ; + 275 . < T, we again consider
the Cauchy problem (4.2.1) with initial date g°(71 ¢ + T»..). Since Theorem 4.6
gives again

”gg(Tl,a + T2,s)||H[k(R6) <2 ”gOHHIk(Rﬁ)’

the interval of the existence of the solution is the same, that is, 273 ., so that we
can extend the solution to

g* € L% (10, 71 +3T2.0[; HERS)) 0 L2 (10, T + 3720 Hf (RY)
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By iteration, there exists m € N such that
Ted+mhe<Ty, Tio+m+1DD, 2T,
and we extend the solution up to
g €CO (10, Tiot(m+ DTo.cls HERD) L (10, Trc+ (n+ 1) Ta el Hf (R)).
We have proved Theorem 4.11. O
Theorem 4.11 asserts the existence of an approximation solution sequence
{9} © € (10, ks HERS)) 1 22 (10, Tt Hf (R,
and
19° oo, 7. ey = 211900 s,

This implies that it is a weakly* compact set of L*°(]0, T[; H/‘(]R6)). Let
ge L (10, 7.0 HE®RS)),

be a limit of a subsequence of {¢°},-¢-
On the other hand, by using the equation (4.2.1) and Theorem 2.1, we obtain

e < £ &2
”81‘9 ”LOC(]O,T*[;H/:I(RG)) =C (”g ”LOO(]()’T*[;H/C(RG)) + “g ”LOO(]O,T*[;HII‘(Rﬁ)))
< 2€ (1+ 290l s, ) 1901 o)
Thus, {¢g°},~ is a compact subset in
' (10,7 HiS @ < RY),

for any compact bounded open set 2 C Ri and forany § > 0. For the variable v, we
have the weight W;_; with/ — 1 > 3/2. We can then take the limit in the equation
(4.2.1) and also in the mild form (4.2.5). It is then the case that g is a solution of the
Cauchy problem (4.1.1). The limit g belongs to L2(10, T.[; H/‘_H(R6)) deduced
from (4.3.12). Now if g9 = 0, Theorem 4.3 implies that g¢ > 0, so that the limit g
is also non-negative on |0, T, [. We have completed the proof for the local existence
of solutions stated in Theorem 4.1.

It remains to prove the uniqueness of solutions in Theorem 4.1. We state it more
precisely as follows.

Proposition 4.12. Assume that0 < s < 1/2,y +25s < 1,0 < T < Ty,m > 3
and go 2 0, go € HY' (R®). Suppose that the Cauchy problem (4.1.1) admits two
(non-negative) solutions

91,92 € C° (10, T1; HY' ®Y)).

Then g1 = g».
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Set f = g1 — g0, by using (4.1.1), we have

[ fr+tv-Vof +x(+Af =T, £)+T'(f, g,
Sfli=0o =0.

We can now take W3 f as a test function to get
Ea ” W3f(t)”L2(R6) +« ” W4f(t) ||L2(R6)
= (W31, £) + W' (f, 92). W3 f) 2 ms) - (4.4.1)

Recall that

[ (g, h) = Q(u()g, h) + / L B (40, = p@),) g do.do

We estimate the last two terms of (4.4.1) in the following lemma.

Lemma 4.13. Assume that g = 0. Then for any ¢ > 0, there exist constants
Ce > 0and K (e, |92l Lo 0, T[;Hf(Rﬁ))) > 0 such that

(W?th(gla f)9 W3f)L2(]R6)
< el Waf Ol agge) + Cellatlmqo, 7 mp oy W3 Ol 2gey  (442)
‘(Wsrt(f, 92). W3 f) 2

< elWaf OI17 > e, + K (& 921l Lo o, 71 1 oy W3 f D117 2 ey (4:43)

Notice that by using the above lemma with ¢ = /4 and (4.4.1), we get

d
3 IWaf Oz s,

2 2
§ (C”gl ”LOO(]O’ T[;HZI(RG)) + K (e, ”gZHLOO(]O, T[;HZ"(RG)))) ” W3 f(t)||L2(R6)-

Then [|W3 f(0)|| L2(rsy = O implies || W3 f(t) || ;2rsy = O forall 0 < ¢ < T which
gives Proposition 4.12.

Proof of Lemma 4.13. As for (4.4.2), we have

(W3Ft(gl7 f)’ W3f)L2(]R())
= W30(u(n)g1. ). W3.)2re)

+ / / / / B(u(t), — n(0))g}, f' W2 fdv, do dv dx

= (Q()g1, W3 1), W3 ) 2rs)
+W30()gr, ) — Qr®)gr, Waf), W3 )2 e

+ / / / / B(u(t)s — p(0),)g, (W 1) Ws fdv, dor du dx

—I—//// B(u(t)s — (1)) g1, (W3 — W3) f'W3 fdu, do dv dx
= Dy + Dy + D3 + Djy.
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The term D is similar to B in the proof of Proposition 4.8. By using u(t)g; = 0,
we have

D1 £ Cllgrll s ) 1F Oll e ) IF Oz mg
for some small § > 0. The term D, is similar to By and we can obtain

D] < Cllgn @) s | Ollzee )1 Oz s -
The terms D3, D4 are similar to I1, I; in the proof of Proposition 4.9. Namely

D31+ 1041 £ ClgrOll yorss o IFOlizeg WOz g -

3+(y+2s5+6) 34+(y+25+48

Thus, forany 0 <t < T and m > 3, we have
(WSFZ(QI, s WBf)Lz(Re)
< Clg ”LOO(]O,T[;HA{”(RE,U))”WSf(t)”Lz(Rf.,v)||W4f(t)||L2(R2’v)7
which implies (4.4.2). The left-hand side of (4.4.3) can be written as
(W3T'(f. 92)s W5 £) 2 g
= W30u@) f, 92), W3 f)2ws)
+//// B (u(t)s — n(2).) f1ghW3 fdvs do dvdx
= W30u@) f, 92), W3 f)2rs)
+//// B (1) — () fi (W3g2)" W3 fdus do dv dx

+ / / / / B (1u(t) — p(0))) 1 (W3 — WS) gh W3 fdv, do dv dx
=E1 + Ey + Ej.
Using Corollary 2.5 withm = 0,1 = 3 gives

e /R W3 0G0 £, )l 2 ey I W5 £ 230

<C t 3 2 W- 2(R3ydx
e A T P VA P ey T

< Cllgall oo o, rixks: 12 IOl 20 1W3 £ Ol 2 o)

3
3+(y+2s+8)T &y

< s 2
= C”gz”LOC(]O,T[; H;/rz(:iz‘ria)Jr(R%))“W3f(t)”L2(R6)

The term E5 is similar to D3, and we have
Bl = CIF Ol 2@yt @pl9llieqorpaes: 2, @I Waf Oll2ws)

SClf@ Wa f(t
= ” f( ) ”[4§/2+5+(er2§+8>+ (R%)) ”92 ||LOC(]0,T[; H;J/rzy-f (R6Y) ” 3f( ) ” LZ(RG)

2
S Cllg2ll oo, rr; 532+ ey 1 W3 O gs) -
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For the term E3, we can use (2.1.14) with [ = 3. Then

|E3| < //// b(cos®) (v — i) [u(0)s — n(@)l 1]

x |W3 — Wj| 1g5] W3 f1dvy do dv dx
(0
c//// sin (5) b(cosO)(Wypy+ )l I(Wayy,+92) | IW3 f] dvs do dv dx

s [[[[sw (g) D(cos VLN Wap s 1)l IOW, 02| W3 £ v dor o d

IIN

. %]
e / / / / sin3 (5) b(cos0) ()| (Ws s )41 (W, g2)'| W3 f] dvs dor dv dx
=E3 1+ E32+ E33.

Since 0 < 25 < 1 is assumed, for any ¢ > 0 there exists C, > 0 such that

< . . .
|E31] = C/R}( I f(, x, )”L}er"'(R?’) lg2(t, x, )”Lﬁ(Rg) I f(, x, )”L_%(R%)dx

§ C”f(t)”Lz(]R)%; L:+y+(R%)) ”92”L°°(]O,T[><R3Y;L%(R%)) ”f(t)”L%(ngv)

<
= C||f(t)||L§/2+6+l+)/+ (]Rgv) ”gz”l‘oo(]o’T[; Hj/ZH(Rg,U)) ”f(t)“L%(R%U)

< (SIWaf O 2ag ) + CollWa S O ) 1920 o s 125 s -

Similarly
|E32l=C RSIIMU)f(L X, ~)|IL}+y+(Rg) llg2(t, x, .)”L%(R%) [PACEAD] PR T B
= Clg2ll oo o, 71; 1127 s I Oll2e YW F Ol 2ge -

Since 3/2 + (3 + y ) > 4, we cannot estimate E3 3 in the same way as for E3 7.
Instead, we have

|E3 3| = C||Wy+92||Loc(]o,T[><Rg_v)

X////93b(0059) 1 (DI (W3 1+ )] 1IW3 f| dvyg do dv dx

1
2
Clazl g i ivas i foy ([ 0080 a1, a0 )

1

: (/// 69b(c0s0) ()| (W3 s )i P | v dor dv)j dx.

We now take the singular change of variables v, — v. The Jacobian is computed in
(2.1.20) which is of the order of 6 2. Then this singular change of variables yields

/// 0°b(cos 0) 114 ()| (Wsyp+ £, 1% | dvg do dv

<c / / D1 (ves V) s O] (Wi e )47 [ dve dv),
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with D1 (v, v}) = [ 6% 2b(cos0)do < f”/2 — )22y < .
Hence

/// 0°b(cos 0) s ()| (Wsyp+ £, | dvg do dv
S Clu® L @) I Waty+ £ 2 2.
Therefore,

1E351 = Cll92ll oo o, 1 3+ e ) I1W3 F I2ms ) IW3y+ Fll2mg,)-

X,V

By combining the estimates on E1, E», E3, we have proved (4.4.3). Now the proof
of Lemma 4.13 is complete. O

4.5. Proof of Theorem 1.2

Assume that fj € Sk" (R?). Then there exists pp > 0 such that e?0¢ (v)? fo €

H*(R9). Choose 0 < p < po and ¥ > 0 small enough. By setting gy = e " fo
then gg € Hl O(R®) for all / € N. Theorem 4.1 asserts that the Cauchy problem
(4.1.1) with the initial datum g¢ admits a non-negative local solution

gec® ([0, T,]; H (R6)) N (]0, T.[; 1+1(R6)) , VieN,
with 7, €10, Ty] (To = £). Then
Ft,x,v) = e P00y vy e O ([0 T.]: H"O(Rﬁ))
N2 (10. 7.6 HP®D), vien,

is a non-negative solution of the Cauchy problem (1.4). Since for0 < ¢t < T, < T,

p

50 e 0 ([o T.]: HkO(R6)) 4.5.1)

we can conclude f € Eko([O, T,] x Rg’v), which leads to the local existence stated
in Theorem 1.2.

Suppose now for some fy € Eg (R3), the Cauchy problem (1.4) admits two
solutions f1 € £4([0, T1] x RS ) and f> € £4([0, T»] x R ). This implies that
there exist pg, p1, p2 > 0 such that

eV’ fy € HYRS),
and

P10 e 0 ([0 ] H4(R6)), 2 g e 0 ([0 T H4(R6))

Take 0 < p < min{pyp, p1, p2} and ¥ > O sufficiently small such that % > Ty =
min{7y, T»}. Then we have

2
go = "V fo € HH(RY),
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for any / € N, and
g1 = P70 i e €0 (10, Toal: HARD)),
g2 = P00 £ € €0 ([0, Toal: HFRD)),

are two solutions of the Cauchy problem (4.1.1) with the common initial datum gg.
Then Proposition 4.12 gives g; = g2, so that fj = f, for ¢t € [0, T,]. Now the
uniqueness of solutions stated in Theorem 1.2 is obvious since 71 = 15 = T

On the other hand, in view of (4.5.1), || (¢, x, - )|| 1 is continuous for (¢, x) €
[0, T,] x R3. Therefore, if for a compact K C R3, we have

inf || fo(x, )l =co >0,
xekK

then there exist 0 < Ty < 7, and a closed neighborhood of K denoted by V; in Ri
such that

. co
inf ILf@, x, )l Z;
(1,)€l0, T1x Vo

Now Theorem 1.1 implies that
£ e (VH (10. Tolx Vo x B3) < € (10, Tol < Vor S®Y)) .
leN

It remains to prove the uniqueness of solutions of Theorem 1.2 in the soft
potential case y < 0. In this case, uniqueness of solution can be proved in a larger
functional space. We state it as follows.

Proposition 4.14. Assume that 0 < s < 1/2,y £ 0,0 < T < +ooand m >
2s +3/2,1 > 2s +3/2. Let fo = 0, fy € l+2v(R6) Suppose that the Cauchy
problem (1.4) admits two non-negative solutions

fi, o€ L0, T[; HLy (R%)).
Then f1 = fa.

Proof. The proof is similar to the one for Proposition 4.12. Set F' = f| — f2, by
using (1.4), we have

Fi+v-VoF = Q(f1, F)+ Q(F, f2),
Fli=o = 0.

We can now take W, F as a test function to have
d
5 3 I E O e = Wi Qs F) + Wi Q(F. f2). WiF) s,

Since f; = 0andy < 0, similar to the analysis on Bj in the proof of Proposition 4.8,
we have

(Q(f1, WiF), Wi F)2@e) = C||f1(f)||L0<>(]R3 LI(R?))”F(I)HLz(RG D
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Using (2.1.16) with y T = 0 gives

(Wi Q(f1. F) — Q(f1, WiF), WiF) 2 gs)|

2
§ C”fl (I)HLOO(R;C; L,z(Rﬁ))“F(t)“le(Rg D)’
and

|((WiQ(F, ) — Q(F, Wi f2), Wi F) 2 ge)|
S CIFOl2@s ) 12O 2@ I FOll2gs -

Finally, for/ > 3/2 4 2s, we have

[(Q(F, Wi 2), WiF) 2 s) |
< CIQF., Wif)ll 2qes) IF Ol 2o

1/2
SIFO 3 s) ( /IR F@x, DI g 120, ->||i,lzi2s(m))

< CUF O o) I 2Ol oo, 1z, @3-

Thus, we have, forany 0 < ¢ < T and § > 0 small enough,
I FO1 g,

< , 2
= C (”fl ||L°°(]O,T[; H[3/2+6(R)6c,v)) + ||f2||L°C(]0,T[;H13_'{§:5+25 (Rgv))) ”F(t)”le(RG)

Therefore, || F(0)]] 2 ze, = 0 implies || F(1)]| 2 gs) = O for all # € [0, TT. O
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