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Abstract

It is well known that the Boltzmann equation is related to the Euler and Navier-
Stokes equations in the field of gas dynamics. The relation is either for small Knud-
sen number, or, for dissipative waves in the time-asymptotic sense. In this paper, we
show that rarefaction waves for the Boltzmann equation are time-asymptotic stable
and tend to the rarefaction waves for the Euler and Navier-Stokes equations. Our
main tool is the combination of techniques for viscous conservation laws and the
energy method based on micro-macro decomposition of the Boltzmann equation.
The expansion nature of the rarefaction waves and the suitable microscopic version
of the H -theorem are essential elements of our analysis.

1. Introduction

Consider the one space dimensional Boltzmann equation

ft + ξ1fx = Q(f, f ), (f, t, x, ξ) ∈ R × R+ × R × R3, (1.1)

wheref (t, x, ξ) represents the distributional density of particles at time-space (t, x)
with velocity ξ , and Q(f, f ) is a bilinear collision operator, cf. [5]. We consider
the hard sphere model, for which Q(f, g) is:

Q(f, g)(ξ) ≡ 1

2

∫
R3

∫
S2+

(
f (ξ ′)g(ξ ′∗)+ f (ξ ′∗)g(ξ ′)− f (ξ)g(ξ∗)− f (ξ∗)g(ξ)

)

× |(ξ − ξ∗) ·�| dξ∗d�.
Here S2+ = {� ∈ S2 : (ξ − ξ∗) ·� � 0}, and

ξ ′ = ξ−[ (ξ − ξ∗) ·�] �,

ξ ′∗ = ξ∗+[ (ξ − ξ∗) ·�] �.
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It is well known that the Boltzmann equation is related to the systems of fluid
dynamics, i.e., Euler equations and Navier-Stokes equations (cf. [4, 6, 7, 14, 21,
22, 29, 34, 35, 38, 41] and references therein). The relation is usually studied in
the limit of zero mean free path, when the Boltzmann solutions become locally
thermally equilibrated away from shocks, cf. [7, 29, 34, 41]. In this paper we con-
sider the rarefaction waves of the fluid equations. Owing to its expansive nature, a
rarefaction wave tends to constant states locally in space as the time variable goes to
infinity. Thus, it would expect that there is a corresponding Boltzmann wave that is
time-asymptotically in local thermal equilibrium and tends to the fluid rarefaction
wave. The purpose of the present paper is to confirm this correspondense rigor-
ously. Our analysis is based on the micro-macro decomposition of the Boltzmann
equation introduced in [29] and further elaborated in [28]. The Boltzmann equation
is decomposed into a conservation law mainly for the fluid components, together
with an equation mainly for the non-fluid component. Similarly, to the studies of
the Boltzmann shocks in [29] & [41], the decomposition allows for the application
of the theory of the nonlinear stability of rarefaction wave for the fluid dynamics.
Unlike the study of shock waves, for which locating the waves through the conserva-
tion laws is a primary concern ([26, 41]), the construction of accurate approximate
rarefaction Boltzmann waves is essential for our stability analysis. Even though
time-asymptotically, the Euler, Navier-Stokes and Boltzmann equations are equiv-
alent on the level of the rarefaction waves, there are basic differences between these
equations. For Euler equations, the rarefaction waves can be constructed exactly.
For Navier-Stokes and Boltzmann equations, we can approximately construct rar-
efaction waves which are only accurate time-asymptotically. For the Boltzmann
equation, accurate approximate rarefaction waves are in thermo-equilibrium only
time-asymptotically. The key element for the fluid theory of the stability of rarefac-
tion waves is the expansiveness of these waves, see [27, 32, 30, 36] and references
therein.

For a given solution f (t, x, ξ) of the Boltzmann equation, there are five
conserved macroscopic quantities: the mass density ρ(t, x), momentum
m(t, x) = ρ(t, x)u(t, x), and energy density E(t, x)+ 1

2 |u(t, x)|2:

ρ(t, x) ≡
∫

R3
f (t, x, ξ)dξ,

mi(t, x) ≡
∫

R3
ξif (t, x, ξ)dξ, for i = 1, 2, 3,

[
ρ

(
E + 1

2
|u|2

)]
(t, x) ≡

∫
R3

1

2
|ξ |2f (t, x, ξ)dξ. (1.2)

The local Maxwellian M associated to the Boltzmann solution f (t, x, ξ) is defined
in terms of the conserved fluid variables:

M ≡ M[ρ,u,θ](t, x, ξ) ≡ ρ(t, x)√
(2πRθ(t, x))3

exp

(
−|ξ − u(t, x)|2

2Rθ(t, x)

)
. (1.3)

Here θ(t, x) is the temperature which is related to the internal energy E by
E = 3

2Rθ = θ with the gas constant R taken to be 2
3 in this paper for convenience,
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and u(t, x) = (u1(t, x), u2(t, x), u3(t, x))
t is the fluid velocity. It is well known

that the Boltzmann equation is reduced to the compressible Euler equations when
the gas is in local thermo-equilibrium i.e., f = M:

ρt + (ρu1)x = 0,

(ρu1)t +
(
ρu2

1 + p
)
x

= 0,

(ρu2)t + (ρu1u2)x = 0,

(ρu3)t + (ρu1u3)x = 0,[
ρ(

1

2
|u|2 + E)

]
t

+
(
u1

(
ρ

(
1

2
|u|2 + E

)
+ p

))
x

= 0, (1.4)

The equation of the state is that for the monatomic gases (with the above choice of
the gas constant R = 2

3 ):

p = 2

3
ρE.

The entropy S is constant across the Euler rarefaction waves, [13],

S = −2

3
ln ρ + ln

(
4

3
πθ

)
+ 1.

The Euler waves propagate with Euler characteristics

λ1 = u1 −
√

15k

3
ρ

1
3 exp

(
S

2

)
,

λ2 = u1,

λ3 = u1 +
√

15k

3
ρ

1
3 exp

(
S

2

)

where k = 1
2πe .

The first and third characteristic fields are genuinely nonlinear and can give rise
to rarefaction waves, [23]. Time-asymptotically, all the rarefaction waves for the
Euler equations are equivalent to centered rarefaction waves with jump initial data,
[25]:

(ρ, u, θ)(t, x)|t=0 = (
ρr0, u

r
0, θ

r
0

)
(x) =



(ρl, ul, θl), x < 0,

(ρr , ur , θr ), x > 0.
(1.5)

Notice that since we are concerned with plane waves x ∈ R, we will assume
ul = (u1l , 0, 0), ur = (u1r , 0, 0) in the following.

We are interested in the situation where the solution of the Riemann prob-
lem (1.4), (1.5) consists of a 1-rarefaction wave

(
ρR1 , uR1 , θR1

)
(x/t) connecting

(ρl, ul, θl) and (ρm, um, θm), and a 3-rarefaction wave
(
ρR3 , uR3 , θR3

)
(x/t) con-

necting (ρm, um, θm) and (ρr , ur , θr ). The wave
(
ρR1 , uR1 , θR1

)
(x/t) (or(

ρR3 , uR3 , θR3
)
(x/t)) of first (or third) type travels with speed x/t = λ1 (or
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x/t = λ3) and takes values along the Riemann invariant curves (ρm, um, θm) ∈
R1(ρl, ul, θl) (or (ρm, um, θm) ∈ R3(ρr , ur , θr )), [13], [37]:

R1(ρl, ul, θl) ≡
{
(ρ, u, θ)

∣∣∣ S = Sl, u1 + √
15kρ

1
3 exp

(
S
2

)

= u1l +
√

15kρ
1
3
l exp

(
Sl
2

)
, u2 = u3 = 0,

u1 > u1l , ρ < ρl

}
,

R3(ρr , ur , θr ) =
{
(ρ, u, θ)

∣∣∣ S = Sr, u1 − √
15kρ

1
3 exp

(
S
2

)

= u1r − √
15kρ

1
3
r exp

(
Sr
2

)
, u2 = u3 = 0,

u1 < u1r , ρ < ρr

}
. (1.6)

Set(
ρR, uR, θR

) (x
t

)
=
(
ρR1 , uR1 , θR1

) (x
t

)
+
(
ρR3 , uR3 , θR3

) (x
t

)

− (ρm, um, θm) .

In fact, more general Euler i-th rarefaction waves can be constructed along any
given Ri curve when the i-th characteristic satisfies the inviscid Burgers equation,
[24, 26],

λit + λiλix = 0,

with increasing initial data. Here we adopt the construction introduced in [32] with
an initial value with a gradient that is proportional to the parameter ε > 0:

λit + λiλix = 0,

λi(0, x) = 1

2
(λi+ + λi−)+ 1

2
(λi+ − λi−) tanh(εx), i = 1, 3, (1.7)

where

λ1− = λ1(ρl, ul, θl), λ1+ = λ1(ρm, um, θm),

λ3− = λ3(ρm, um, θm), λ3+ = λ3(ρr , ur , θr ).

This gives rise to two smooth rarefaction waves, (ρA1 , uA1 , θA1)(t, x) and
(ρA3 , uA3 , θA3)(t, x), which are defined as follows:

u
Ai
1 (t, x)+ (−1)

1+i
2

√
15k

3

(
ρAi (t, x)

) 1
3

exp

(
S

2

)
= λi(t, x), i = 1, 3,

u
A1
1 (t, x)+√

15k
(
ρA1(t, x)

) 1
3

exp

(
S

2

)
=u1l+

√
15kρ

1
3
l exp

(
S

2

)
,

u
A3
1 (t, x)−√

15k
(
ρA3(t, x)

) 1
3

exp

(
S

2

)
=u1r−

√
15kρ

1
3
r exp

(
S

2

)
,

θAi (t, x)= 3

2
k
(
ρAi (t, x)

) 2
3

exp(S), uAi2 =uAi3 = 0, i = 1, 3. (1.8)
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We set the approximate rarefaction waves as the linear superposition of the above
two rarefaction waves. Since we are interested in the time-asymptotic behavior,
and also for the consideration of the accuracy of the approximation, we start with

a large time t0 = 1
d1ε2 , d1 =

√
15k
3 ρ

1
3
m exp

(
S
2

)
> 0:

(
ρ, u, θ

)
(t, x)

= (
ρA1 + ρA3 − ρm, u

A1 + uA3 − um, θ
A1 + θA3 − θm

)
(t + t0, x),

(1.9)

An approximate Boltzmann solution is defined to be in local thermo-equilibrium
based on the Euler approximate rarefaction waves:

M[ρ,u,θ ](t, x, ξ) = ρ(t, x)√
(2πRθ(t, x)3

exp

(
−|ξ − u(t, x)|2

2Rθ(t, x)

)
. (1.10)

Another way of constructing approximate rarefaction wave profiles is to start with
the Navier-Stokes equations. In this case, the characteristic values are well approx-
imated by the Burgers equation, [24, 26],

λit + λiλix = µλixx.

As mentioned previously, all these approximate rarefaction wave profiles are time-
asymptotically equivalent and tend to the centered rarefaction waves. We choose
to use the Euler equations for simplicity. In fact, for our stability analysis, we will
later need to construct more accurate approximate Boltzmann rarefaction waves
which are not in local thermo-equilibrium. The function space for the difference

g(t, x, ξ) = f (t, x, ξ)− M[ρ,u,θ ](t, x, ξ),

is the following:

Hs
t,x,ξ (R

+) =



g(t, x, ξ)

∣∣∣∣∣∣∣∣∣∣

∂
α0
t ∂

α1
x g(t,x,ξ)√
M−(ξ)

∈ BCt
(

R+, L2
x,ξ

(
R × R3

) )
√

1+|ξ |∂α0
t ∂

α1
x g(t,x,ξ)√

M−(ξ)
∈ L2

t,x,ξ

(
R+ × R × R3

)

α0 + α1 � s



.

We also use the notation f (ξ) ∈ L2
ξ

(
1√
M−

)
to mean that f (ξ)√

M−
∈ L2

ξ . Here

M− = M[ρ−,u−,θ−] is a global Maxwellian satisfying

1
2θ(t, x) < θ− < θ(t, x),

|ρ(t, x)− ρ−| + |u(t, x)− u−| + |θ(t, x)− θ−| < η0 (1.11)

for all (t, x) ∈ R+ × R.
Moreover, we use R(ε, η0; ρl, ul, θl) to denote the class of approximate rar-

efaction waves which are of the form (1.7)–(1.9) with the following amplitude
condition

δ = |ρl − ρr | + |ul − ur | + |θl − θr | < η0,

1

2
sup

(t,x)∈R+×R
θ(t, x) < inf

(t,x)∈R+×R
θ(t, x). (1.12)
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Notice that ε appears in the initial data for (1.7), while η0 enters the amplitude
condition (1.12).

For any approximate rarefaction wave
(
ρ(t, x), u(t, x), θ(t, x)

) ∈ R(ε, η0;
ρl, ul, θl), we define I (ε0, ε, η0; ρ, u, θ

)
to be the class of initial data f0(x, ξ)

satisfying
∥∥∥f0(x, ξ)− M[

ρ(0,x),u(0,x),θ(0,x)
]
∥∥∥
Hs
x

(
L2
ξ

(
1√
M−

)) � ε0 (1.13)

for a global Maxwellian M− which satisfies (1.11).
Then, the main result of this paper can be stated as follows:

Theorem 1.1. Given (ρl, ul, θl) with ρl > 0, θl > 0, let
(
ρ(t, x), u(t, x), θ(t, x)

)
∈ R(ε, η0; ρl, ul, θl), and pick ε and ε0 small enough. Then, for each f0(x, ξ) ∈
I (ε0, ε, η0; ρ, u, θ

)
, the Cauchy problem for the Boltzmann equation (1.1) with

initial data f0(x, ξ) yields a unique global solution f (t, x, ξ) ∈ Hs
t,x,ξ (R

+) sat-
isfying, for some positive constant δ0 = O(1)(ε0 + ε),

∥∥∥f (t, x, ξ)− M[
ρ,u,θ

]
∥∥∥
Hs
x

(
L2
ξ

(
1√
M−

)) � δ0, (1.14)

and tends to the local thermo-equilibrium rarefaction waves time asymptotically:

lim
t→∞

∥∥∥f (t, x, ξ)− M[ρR,uR,θR]

∥∥∥
L∞
x

(
L2
ξ

(
1√
M−

)) = 0. (1.15)

Remark 1.2. The constant s � 4 in Theorem 1.1 is any given integer, the constant ε
comes from the definition of the approximate rarefaction wave profile in (1.7). The
existence of the global Maxwellian M− is a consequence of the energy estimate.
The constant η0 > 0 is mainly for validity of the microscopic H -theorem, (1.17),
and will be specified later in Lemma 4.2.

For the energy method, the Boltzmann equation and its solutions are decom-
posed into fluid, and non-fluid, parts (see Section 2). The fluid part of the Boltzmann
equation contains Navier-Stokes type dissipations. The complete understanding of
the dissipation requires the decomposition of the H-theorems, see Section 4.A basic
element here, beyond [28, 29], comes from the fact that the strength of a nonlinear
wave pattern may not be small. In its simplest form, the micorscopic H-theorem
states that the linearized collision operator LM0 around a fixed Mawellian state M0
is negative definite when applied to an non-fluid element G, [8],

−
∫

R3

GLM0 G
M0

dξ � σ

∫
R3

(1 + |ξ |)G2

M0
dξ (1.16)

for a positive constant σ .
Here, with the varying Maxwellian M, we show that

−
∫

R3

GLMG
M−

dξ � σ

∫
R3

(1 + |ξ |)G2

M−
dξ, (1.17)



Nonlinear Stability of Rarefaction Waves for the Boltzmann Equation 339

for a global Maxwellian M− with θ/2 < θ− < θ. The restriction δ < η0 on the
strength δ of the rarefaction wave is mainly to ensure that this microscopic version
of H-theorem holds for some σ = σ(ρ, u, θ; ρ−, u−, θ−) > 0. Clearly, (1.17)
would hold for M varying over a small neighborhood of a fixed Maxwellian. We
will show in Section 4 that it holds for rarefaction waves that are not necessarily
small in strength.

The accurate approximate Boltzmann rarefaction waves are constructed based
on a Chapman-Enskog type expansion, see Section 3. These waves are not in
thermo-equilibrium. As in [29], the fluid component is first estimated by the en-
tropy method, as for the Navier-Stokes equations (see Section 5), and then we make
use of the coupling property of the Euler equations to complete the estimate of the
density function, omitted by the entropy estimate because of the degeneracy of the
Navier-Stokes dissipations, see Section 5. The microscopic H-theorem (1.17) is
used in Sections 6 and 7 to estimate the non-fluid component.

For the entropy estimate with respect to local Maxwellian (see Section 5) the
key monotonic property of the characteristic fields across rarefaction waves is used.
To treat the nonlinear term by Sobolev analysis, we need to carry out the energy
estimates up to fourth-order differentiations in Section 6. However, a complication
arises because the microscopic H -theorem, (2.13) and (1.17), has dissipation on

the microscopic component of the order of
∫ t

0

∫
R

∫
R3

(1+|ξ |)|∂αG|2
M dξdxdτ where

the order of growth in ξ is only 1. However, the energy estimate by using the weight
of local Maxwellian has error terms with a polynomial of ξ with order greater than
1 because of the derivatives on the local Maxwellian. Hence, another set of energy
estimates based on a global suitably chosen Maxwellian M− is needed to complete
the analysis, see Section 7. When we perform the energy estimates with respect to

the local Maxwellian M, there is a typical error term
∫ t

0

∫
R

∫
R3

|∂αG|2
M2 Mt dξdxdτ

which appears and satisfies∣∣∣∣
∫ t

0

∫
R

∫
R3

|∂αG|2
M2 Mt dξdxdτ

∣∣∣∣
� C (θ − θ−, ρ, u, ρ−, u−) (ε + δ0)

∫ t

0

∫
R

∫
R3

|∂αG|2
M−

dξdxdτ, (1.18)

where Mt ≡ ∂tM, ∂α = ∂
α0
t ∂

α1
x for α = (α0, α1) � 0. Notice that the error term in

the above inequality is now an integral with the weight M− and a small factor of the
order of ε+ δ0. We thank the anonymous referee who pointed out [6], where argu-
ments similar to this last estimate have been used. Although an additional term in
the form of integrals of the fluid components and their derivatives appears because
the orthogonality property of M and G fails with respect to weight M−, the small
factor ε + δ0 in (1.18) helps to yield the desired estimates. For the higher-order
energy estimates on the macroscopic component M, there is no need for the use of
a global Maxwellian M− because all polynomials of ξ (if any) can be absorbed by
the local Maxwellian M.

Before the energy method based on the decomposition (2.5) is used, an elegant
analysis using the spectral properties of the linearized collision operator LM is
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used to obtain the existence and large-time behavior of solutions to the Boltzmann
equation, see [21, 35, 39] and references therein.

2. Micro-macro decomposition and fluid equations

The collision operator has five collision invariants ψα(ξ), cf. [5]:

ψ0(ξ) ≡ 1,

ψi(ξ) ≡ ξi for i = 1, 2, 3, or ψ(ξ) = ξ, (2.1)

ψ4(ξ) ≡ 1

2
|ξ |2,

satisfying
∫

R3
ψj (ξ)Q(h, g)dξ = 0 for j = 0, 1, 2, 3, 4.

In the following, we define an inner product in ξ ∈ R3 with respect to the local
Maxwellian M as:

〈h, g〉 ≡
∫

R3

1

M
h(ξ)g(ξ)dξ

for functions h, g of ξ such that the above integral is well defined. With respect to
this inner product, the following functions spanning the space of macroscopic, i.e.
fluid components of the solution, are pairwise orthogonal:

χ0(ξ ; ρ, u, θ) ≡ 1√
ρ

M,

χi(ξ ; ρ, u, θ) ≡ ξ i − ui√
Rρθ

M for i = 1, 2, 3,
(2.2)

χ4(ξ ; ρ, u, θ) ≡ 1√
6ρ

( |ξ − u|2
Rθ

− 3

)
M,

〈
χi, χj

〉 = δij , for i, j = 0, 1, 2, 3, 4.

The macroscopic projection P0 and microscopic projection P1 can be defined as:



P0h ≡
4∑
j=0

〈h, χj 〉χj ,
P1h ≡ h− P0h.

(2.3)

Notice that the operators P0 (and therefore P1) are orthogonal (and thus self-adjoint)
projections for the inner product 〈·, ·〉.

A functionh(ξ) is called microscopic, or non-fluid, if it has no fluid components,
i,e. ∫

R3
h(ξ)ψj (ξ)dξ = 0, for j = 0, 1, 2, 3, 4. (2.4)
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It is clear that such a function is in the range of the microscopic projection P1.
The solution of the Boltzmann equation f (t, x, ξ) is decomposed into the mac-

roscopic (fluid) component, i.e. the local Mawellian M = M(t, x, ξ) = M[ρ,u,θ]
and the microscopic (non-fluid) component, i.e. G = G(t, x, ξ):

f (t, x, ξ) = M(t, x, ξ)+ G(t, x, ξ), P0f = M, P1f = G. (2.5)

The Boltzmann equation hence becomes:

(M + G)t + ξ1(M + G)x = LMG +Q(G,G), (2.6)

where LM is the linearized collision operator around the local Maxwellian M:

LMg = L[ρ,u,θ ]g = 2Q(g,M).

With the micro-macro decomposition, the Boltzmann equation (2.6) can be
decomposed as follows: the conserved variables are governed by the conservation
laws, which are obtained by taking the inner product of the Boltzmann equation
with the collision invariants ψα(ξ):

ρt + (ρu1)x = 0,

(ρu1)t +
(
ρu2

1 + p
)
x

= −
(∫

R3
ξ2

1 Gdξ
)
x

,

(ρu2)t + (ρu1u2)x = −
(∫

R3
ξ1ξ2Gdξ

)
x

,

(2.7)

(ρu3)t + (ρu1u3)x = −
(∫

R3
ξ1ξ3Gdξ

)
x

,

[
ρ( 1

2 |u|2 + E)
]
t
+
(
u1

(
ρ
(

1
2 |u|2 + E

)
+ p

))
x

=−1
2

(∫
R3
ξ1|ξ |2Gdξ

)
x

.

Another component of the Boltzmann equation, the microscopic equation for G, is
obtained by applying the microscopic projection P1 to (2.6):

Gt + P1(ξ1Gx + ξ1Mx) = LMG +Q(G,G), (2.8)

whence

G = L−1
M

(
P1(ξ1Mx)

)
+ L−1

M

(
Gt + P1(ξ1Gx)−Q(G,G)

)

:= L−1
M

(
P1(ξ1Mx)

)
+�.

(2.9)
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Substitute (2.9) into (2.7), the conservation laws now become:

ρt + (ρu1)x = 0,

(ρu1)t +
(
ρu2

1 + p
)
x

= −
(∫

R3
ξ2

1L
−1
M

(
P1(ξ1Mx)

)
dξ

)
x

−
(∫

R3
ξ2

1�dξ

)
x

,

(ρu2)t + (ρu1u2)x = −
(∫

R3
ξ1ξ2L

−1
M

(
P1(ξ1Mx)

)
dξ

)
x

−
(∫

R3
ξ1ξ2�dξ

)
x

,

(ρu3)t + (ρu1u3)x = −
(∫

R3
ξ1ξ3L

−1
M

(
P1(ξ1Mx)

)
dξ

)
x

(2.10)

−
(∫

R3
ξ1ξ3�dξ

)
x

,

[
ρ( 1

2 |u|2 + E)
]
t
+
(
u1

(
ρ
(

1
2 |u|2 + E

)
+ p

))
x

= − 1
2

(∫
R3
ξ1|ξ |2L−1

M

(
P1(ξ1Mx)

)
dξ

)
x

− 1
2

(∫
R3
ξ1|ξ |2�dξ

)
x

.

The fluid equations can now be viewed as being a part of the Boltzmann equation. In
(2.7), if the gas is assumed to be in thermo-equilibrium, that is, setting G to be zero,
then the conservation laws become the Euler equations for gas dynamics, (1.4). If
we neglect all the terms containing�, then (2.10) becomes the Navier-Stokes equa-
tions for gas dynamics. By rewriting the Boltzmann equation in this form, we can
later construct the time-asymptotic rarefaction waves for the Boltzmann equation
based on the fluid equations. It also allows us to perform the energy analysis, based
in part, on the energy estimate for the fluid equations.

The approximate rarefaction waves for the Boltzmann equation, as defined by
Euler equations in Section 1 and studied later in Section 3, are locally Maxwell-
ian. However, to carry out the energy method, we will need to include the non-
equilibrium Navier-Stokes effects of the viscosity and heat conductivity through
the microscopic component G in (2.10). To this end, we subtract from G(t, x, ξ)
the term G(t, x, ξ):

G(t, x, ξ)

=
L−1

M

{
P1

[
ξ1

( |ξ−u(t,x)|2
2θ(t,x) θx(t, x)+ ξ1 · u1x

)
M(t, x)

] }

θ(t, x)
, (2.11)

which is the first term in the Chapman-Enskog expansion, cf. (2.9) and (2.10). The
reason for this subtraction is that the approximate rarefaction waves defined by the
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Euler equations through the inviscid Burgers equation are not sufficiently accurate

for the energy method. In fact,
∥∥(ux, θx) (t)∥∥2

L2 is not integrable with respect to t .
Thus we include the Navier-Stokes term from G(t, x, ξ) here.

For later use, we now collect some properties of the linearized collision operator
LM in the following lemma (cf. [17, 19]).

Lemma 2.1. LM has the following properties:

(i) LM is self-adjoint, that is, to say:

〈h,LMg〉 = 〈LMh, g〉.

(ii) The null space N ofLM contains only the macroscopic fluid variablesχj , j =
0, · · · , 4.

(iii) For the hard sphere model, LM takes the form, cf. [19, 17],

(LMh) (ξ) = −ν(ξ ; ρ, u, θ)h(ξ)+√
M(ξ)KM

((
h√
M

)
(ξ)

)
. (2.12)

Here KM(·) = −K1M(·)+K2M(·) is a symmetric compact L2 operator, and
ν(ξ ; ρ, u, θ) and KiM(·) have the following expressions

ν(ξ ; ρ, u, θ) = 2ρ√
2πRθ

{(
Rθ

|ξ − u| + |ξ − u|
)∫ |ξ−u|

0
exp

(
− y2

2Rθ

)
dy

+Rθ exp

(
−|ξ − u|2

2Rθ

)}
,

k1M(ξ, ξ∗) = πρ√
(2πRθ)3

|ξ − ξ∗| exp

(
−|ξ − u|2

4Rθ
− |ξ∗ − u|2

4Rθ

)
,

k2M(ξ, ξ∗) = 2ρ√
2πRθ

|ξ − ξ∗|−1 exp

(
−|ξ − ξ∗|2

8Rθ
− (|ξ |2 − |ξ∗|2)2

8Rθ |ξ − ξ∗|2
)
,

where kiM(ξ, ξ∗)(i = 1, 2) is the kernel of the operator KiM(i = 1, 2),
respectively.

(iv) There exists σ0(ρ, u, θ) > 0 such that for any microscopic, non-fluid function
h(ξ) ∈ N ⊥

〈h,LMh〉 � −σ0(ρ, u, θ)〈h, h〉,

which implies, cf. [17],

〈h,LMh〉 � −σ(ρ, u, θ)〈(1 + |ξ |)h, h〉, (2.13)

with some constant σ(ρ, u, θ) > 0.
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Before concluding this section, notice also that the projections P0 and P1 have
the following basic properties:

P0(ψjM) = ψjM, P1(ψjM) = 0, j = 0, 1, 2, 3, 4,

LMP1 = P1LM = LM, P1(Q(h, h)) = Q(h, h),

LMP0 = P0LM = 0, P0(Q(h, h)) = 0,

〈ψjM, h〉 = 〈ψjM,P0h〉, j = 0, 1, 2, 3, 4,

〈h,LMg〉 = 〈P1h,LM(P1g)〉,〈
h,L−1

M (P1g)
〉
=
〈
L−1

M (P1h),P1g
〉
=
〈
P1h,L

−1
M (P1g)

〉
.

3. Approximate rarefaction waves

The solutions of the Riemann problem for the Euler equations are self-similar
and governed by the inviscid Burgers equation for i = 1, 3,

λ
Ri
it + λ

Ri
i λ

Ri
ix = 0,

λ
Ri
i (0, x) = λ

Ri
i0 (x) =

{
λi−, x < 0

λi+, x > 0
(3.1)

with λi− � λi+, which have continuous solutions of the form λ
Ri
i

(
x
t

)
given by

λ
Ri
i (z) =




λi−, z � λi−,

z, λi− � z � λi+,

λi+, z � λi+.

(3.2)

In [32], it is shown that λRii
(
x
t

)
is approximated by the solution to the Cauchy

problem (1.7) with decay rates when t is sufficiently large. This approximation is
summarized in the following lemmas (the interested reader is referred to [32] for
the proof).

Lemma 3.1. Let δi = λi+ − λi− be the wave strength of the i-th rarefaction wave,
and have that the Cauchy problem (1.7) has a unique global smooth solutionλi(t, x)
which satisfies the conditions:

(i) λi− < λi(t, x) < λi+, λix(t, x) > 0, ∀(t, x) ∈ R+ × R.
(ii) For any p(1 � p � ∞), there exists a constant C(p), depending only on p,

such that

‖λix(t, x)‖Lp � C(p)min

{
δiε

1− 1
p , δ

1
p

i t
−1+ 1

p

}
,

∥∥∥ ∂j

∂xj
λi(t, x)

∥∥∥
Lp

� C(p)min
{
δiε

j− 1
p , ε

j−1− 1
p t−1

}
, j � 2,
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and in the region between two waves, we have

|(λ1(t, x)− λ1+) λ3x(t, x)| � O(1)δ1δ3ε exp (−2d1εt) ,

|(λ3(t, x)− λ3−) λ1x(t, x)| � O(1)δ1δ3ε exp (−2d1εt) .

Specifically, there exists a constant C(p) > 0 such that for p > 1

‖(λ1(t, x)− λ1+) λ3x(t, x)‖Lp � C(p) (δ1δ3ε)
1− 1

p exp

(
−2d1

(
1− 1

p

)
εt

)
,

‖(λ3(t, x)− λ3−) λ1x(t, x)‖Lp � C(p) (δ1δ3ε)
1−1
p exp

(
−2d1

(
1− 1

p

)
εt

)
.

(iii) lim
t→+∞ sup

x∈R

∣∣∣λi(t, x)− λ
Ri
i (

x
t
)

∣∣∣ = 0.

From Lemma 3.1 and (1.8), we can easily deduce that
(
ρ(t, x), u(t, x), θ(t, x)

)
is globally (with respect to t and x) defined and smooth. As we mentioned before,
from (1.7) and (1.8),

(
ρAi , uAi , θAi

)
(t, x)(i = 1, 3) is an exact solution of the

Euler equations, [26],

ρ
Ai
t +

(
ρAiu

Ai
1

)
x

= 0,

u
Ai
1t + u

Ai
1 u

Ai
1x + 2

3
θAix + 2θAi

3ρAi
ρAix = 0,

(3.3)

θ
Ai
t + u

Ai
1 θ

Ai
x + 2

3
θAi u

Ai
1x = 0.

Moreover, from (3.3), (1.9) and (1.8), we have the following expressions of the
approximate rarefaction waves which we list here for later use:

ρx(t, x) = − 3√
15k

ρ
2
3 (t, x) exp

(
−S

2

)
u
A1
1x (t + t0, x)

+ 3√
15k

ρ
2
3 (t, x) exp

(
−S

2

)
u
A3
1x (t + t0, x)+ E1(t, x),

ρt (t, x) =
{

3√
15k

ρ
2
3 (t, x)u1(t, x) exp

(
−S

2

)
− ρ(t, x)

}
u
A1
1x (t + t0, x)

−
{

3√
15k

ρ
2
3 (t, x)u1(t, x) exp

(
−S

2

)
+ ρ(t, x)

}
u
A3
1x (t + t0, x)

+E2(t, x),

u1t (t, x) =
{√

15k

3
ρ

1
3 (t, x) exp

(
S
2

)
− u1(t, x)

}
u
A1
1x (t + t0, x)

−
{√

15k

3
ρ

1
3 (t, x) exp

(
S
2

)
+ u1(t, x)

}
u
A3
1x (t + t0, x)

+E3(t, x), (3.4)
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where

E1(t, x) =−
{

3√
15k

(
ρA1(t+t0, x)

) 2
3 − 3√

15k
ρ

2
3 (t, x)

}
exp

(
−S

2

)
u
A1
1x (t+t0, x)

+
3 exp

(
−S

2

)
√

15k

{(
ρA3(t + t0, x)

) 2
3 − ρ

2
3 (t, x)

}
u
A3
1x (t + t0, x),

E2(t, x)=
{[

3√
15k

(
ρA1(t+t0, x)

) 2
3
u
A1
1 (t+t0, x) exp

(
−S

2

)
−ρA1(t + t0, x)

]

−
[

3√
15k

ρ
2
3 (t, x)u1(t, x) exp

(
−S

2

)
−ρ(t, x)

]}
u
A1
1x (t+t0, x)

−
{[

3√
15k

(
ρA3(t+t0, x)

) 2
3
u
A3
1 (t+t0, x) exp

(
−S

2

)
+ρA3(t+t0, x)

]

−
[

3√
15k

ρ
2
3 (t, x)u1(t, x) exp

(
−S2
)

+ ρ(t, x)

]}
u
A3
1x (t+t0, x),

E3(t, x) =−
{[
u
A1
1 (t+t0, x)−

√
15k

3

(
ρA1(t + t0, x)

) 1
3

exp
(
S
2

)]

−
[
u1(t, x)−

√
15k

3
ρ

1
3 (t, x) exp

(
S
2

)]}
u
A1
1x (t+t0, x)

−
{[
u
A3
1 (t+t0, x)+

√
15k

3

(
ρA3(t+t0, x)

) 1
3

exp
(
S
2

)]

−
[
u1(t, x)+

√
15k

3
ρ

2
3 (t, x) exp

(
S
2

)]}
u
A3
1x (t + t0, x). (3.5)

From these expressions and Lemma 3.1 we find that
(
ρ(t, x), u(t, x), θ(t, x)

)
has the following decay properties in the Lp norms. Note also that all the space
and time derivatives of

(
ρ(t, x), u(t, x), θ(t, x)

)
are dominated by ū1x which is

positive as stated in the following lemma from [32].

Lemma 3.2. The approximate rarefaction wave (ρ, u, θ)(t, x) constructed in (1.9)
has the following properties:

(i) uAi1x (t, x) > 0, ∀(t, x) ∈ R+ × R, i = 1, 3.
(ii) For any p(1 � p � ∞), there exists a constant C(p) > 0, depending only on

p, such that

∥∥(ρ, u, θ)
x
(t, x)

∥∥
Lp

� C(p)min
{
ε

1− 1
p , (t + t0)

−1+ 1
p

}
,

∥∥∥∥ ∂
j

∂xj

(
ρ, u, θ

)
(t, x)

∥∥∥∥
Lp

� C(p)min
{
ε
j− 1

p , ε
j−1− 1

p t−1
}
, j � 2,
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and ∣∣(ρx, θx) (t, x)∣∣ � O(1) (u1x(t, x)+ |E1|) ,

‖(E1, E2, E3) (t, x)‖Lp � O(1)ε1− 1
p exp

(
−2

( 1
ε

+ d1εt
) (

1 − 1
p

))
.
(3.6)

(iii) lim
t→+∞ sup

x∈R

∣∣(ρ, u, θ) (t, x)− (
ρR, uR, θR

) (
x
t

)∣∣ = 0.

Remark 3.3. Notice that the quantities Ei(i = 1, 2, 3)measure the interactions of
rarefaction waves from different families and (3.6)2 means that if we introduce a
positive parameter t0 = 1

d1ε2 in the approximation of the rarefaction waves profile as
in (1.9), such quantities can be suitably controlled. This choice of t0 simply implies
that if two rarefaction waves are seperated enough initially, then the interactions
between them are sufficiently weak.

Precisely, Lemma 3.2 implies that for ε > 0 sufficiently small
∫ t

0

(
‖(u1x, E1)‖

5
2
L2 + ‖u1x‖3

L3 + ‖E1‖2
L2 + ∥∥(u1xx, θxx)

∥∥ 5
4
L1

)
(τ )dτ

� O(1)ε
1
8 ,

∫ t

0

(
‖(u1x, E1)‖3

L2 + ∥∥(u1xx, θxx)
∥∥ 3

2
L1

)
(τ )

∥∥∥(ρ̃, ũ, θ̃ )
∥∥∥2

L2
dτ

� O(1)
∫ t

0

(
(1 + τ)− 3

2 + ε
3
2 exp(−3d1ετ)

) ∥∥∥(ρ̃, ũ, θ̃ )
∥∥∥2

L2
dτ,

(3.7)

where(
ρ̃(t, x), ũ(t, x), θ̃ (t, x)

)
=
(
ρ(t, x)−ρ(t, x), u(t, x)−u(t, x), θ(t, x)−θ(t, x)

)
.

4. H -Theorem

The H -theorem of the Boltzmann equation is based on the special property of
the bilinear structure of Q(f, f ) which satisfies

∫
R3
Q(f, f ) ln f dξ � 0,

and the equality only holds when the solution f (t, x, ξ) is a Maxwellian, i.e.
f (t, x, ξ) = M[ρ,u,θ]. According to the dissipative effects on the macroscopic and
microscopic components, the H -theorem can be viewed as two aspects. The first
mainly considers the linearized collision operator LM acting on the microscopic
components stated in (2.13) and (1.17) which is called the microscopicH -theorem.
The second originates from the nonlinear collision operator, where by the viscosity
and heat conductivity can be expressed.

In the following, we first give a proof of (1.17). To do this, we need Lemma
B.1 in [29], cf. also [15].
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Lemma 4.1. There exists a positive constant C2 > 0 such that
∫

R3

(1+|ξ |)−1Q(f,g)2

M dξ � C2
2

{∫
R3

(1+|ξ |)f 2

M dξ ·
∫

R3

g2

M dξ

+
∫

R3

f 2

M dξ ·
∫

R3

(1+|ξ |)g2

M dξ

}
,

(4.1)

where M can be any Maxwellian so that the above integrals are well defined.

Lemma 4.2. If θ2 < θ− < θ , then there exist two positive constants σ = σ(ρ, u, θ;
ρ−, u−, θ−) and η0 = η0(ρ, u, θ; ρ−, u−, θ−) such that if |ρ − ρ−| + |u− u−| +
|θ − θ−| < η0, we have for h(ξ) ∈ N ⊥,

−
∫

R3

hLMh

M−
dξ � σ

∫
R3

(1 + |ξ |)h2

M−
dξ,

Where, here, M ≡ M[ρ,u,θ ],M− ≡ M[ρ−,u−,θ−].

Proof. By Lemma 4.1, we have

−
∫

R3

hLMh
M− dξ = −

∫
R3

hLM−h
M− dξ + 2

∫
R3

hQ(M−−M,h)
M− dξ

� σ(ρ−, u−, θ−)
∫

R3

(1+|ξ |)h2

M− dξ + 2
∫

R3

hQ(M−−M,h)
M− dξ

� 3
4σ(ρ−, u−, θ−)

∫
R3

(1+|ξ |)h2

M− dξ

− 4
σ(ρ−,u−,θ−)

∫
R3

(1+|ξ |)−1Q(M−−M,h)2

M− dξ

� 3
4σ(ρ−, u−, θ−)

∫
R3

(1+|ξ |)h2

M− dξ

− 4C2
σ(ρ−,u−,θ−)

∫
R3

(1+|ξ |)(M−−M)2

M− dξ ·
∫

R3

(1+|ξ |)h2

M− dξ.

(4.2)

Since θ
2 < θ− < θ , we can choose a positive constant C3 = C3(ρ, u, θ;

ρ−, u−, θ−) such that
∫

|ξ |�C3

(1 + |ξ |)(M− − M)2

M−
dξ � σ(ρ−, u−, θ−)2

16C2
. (4.3)

On the other hand,∫
|ξ |�C3

(1+|ξ |)(M−−M)2

M− dξ � C4
4C2

(
|ρ − ρ−| + |u− u−| + |θ − θ−|

)2
(4.4)

holds for some positive constant C4 = C4(ρ, u, θ; ρ−, u−, θ−).
By substituting (4.3) and (4.4) into (4.2), and choosing

η0 = σ(ρ−, u−, θ−)√
2C4(ρ, u, θ; ρ−, u−, θ−)

,

(4.2) gives the statement of the lemma.
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The following is a direct corollary of Lemma 4.2 and the Cauchy inequality.

Corollary 4.3. Under the assumptions listed in Lemma 4.2, we have

∫
R3

1+|ξ |
M

∣∣∣L−1
M h

∣∣∣2 dξ � σ−2
∫

R3

(1+|ξ |)−1h2(ξ)
M dξ,

∫
R3

1+|ξ |
M−

∣∣∣L−1
M h

∣∣∣2 dξ � σ−2
∫

R3

(1+|ξ |)−1h2(ξ)
M− dξ,

(4.5)

which holds for each h(ξ) ∈ N ⊥.

Finally, we include the following lemma for later use.

Lemma 4.4. Under the conditions in Lemma 4.2, there exists a constant C5 > 0,
such that for each k ∈ Z+ and constant λ > 0 we have

∣∣∣∣
∫

R3

g1P1(|ξ |kg2)
M− dξ −

∫
R3

g1|ξ |kg2
M− dξ

∣∣∣∣ � C5

∫
R3

λ|g1|2+λ−1|g2|2
M− dξ. (4.6)

Proof. Since

P1

(
|ξ |kg2

)
− |ξ |kg2 = −P0

(
|ξ |kg2

)
= −

4∑
j=0

〈
|ξ |kg2, χj

〉
χj ,

we have from the assumption that 1
2θ(t, x) < θ− < θ(t, x) and Hölder’s inequality

that for j = 0, 1, 2, 3, 4

〈
|ξ |kg2, χj

〉
=
∫

R3

|ξ |kg2χj

M
dξ

�
(∫

R3

g2
2

M−
dξ

) 1
2
(∫

R3

|ξ |2kχ2
j M−

M2 dξ

) 1
2

� O(1)

(∫
R3

g2
2

M−
dξ

) 1
2

,

and

∫
R3

g1χj

M−
dξ �

(∫
R3

g2
1

M−
dξ

) 1
2
(∫

R3

χ2
j

M−
dξ

) 1
2

� O(1)

(∫
R3

g2
1

M−
dξ

) 1
2

.
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From the above two inequalities, we conclude for each λ > 0 that

∣∣∣∣
∫

R3

g1P1(|ξ |kg2)

M−
dξ −

∫
R3

g1|ξ |kg2

M−
dξ

∣∣∣∣ � O(1)

(∫
R3

g2
1

M−
dξ

) 1
2
(∫

R3

g2
2

M−
dξ

) 1
2

� C5

∫
R3

λ|g1|2 + λ−1|g2|2
M−

dξ.

This completes the proof of Lemma 4.4.

In order to study the nonlinear wave behavior of the solutions, we also need to
use the macroscopic version of the H -theorem studied in [28], see also [3]. To be
self-contained, we include the macroscopic version as follows. Set the macroscopic
entropy S by

− 3

2
ρS ≡

∫
R3

M ln Mdξ. (4.7)

Here, we have normalized the gas constant R to be 2
3 so that E = θ and p = 2

3ρθ .
Direct calculation yields

− 3
2 (ρS)t − 3

2 (ρu1S)x +
(∫

R3
(ξ1 ln M)Gdξ

)
x

=
∫

R3

GP1

(
ξ1∂xM

)

M
dξ (4.8)

and

S = −2

3
ln ρ + ln(2πRθ)+ 1,

p = 2

3
ρθ = kρ

5
3 exp(S), k = 1

2πe
, (4.9)

E = 3

2
Rθ.

A convex entropy-entropy flux pair (η, q) around a Maxwellian M = M[ρ,u,θ ]
(ui = 0, i = 2, 3) can be given as follows. Denote the conservation laws (2.7) by

mt + nx = −




0∫
R3
ξ2

1 Gdξ
∫

R3
ξ1ξ2Gdξ

∫
R3
ξ1ξ3Gdξ

1
2

∫
R3
ξ1|ξ |2Gdξ



x

. (4.10)
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Here

m = (m0,m1,m2,m3,m4)
t

=
(
ρ, ρu1, ρu2, ρu3, ρ

(
1

2
|u|2 + θ

))t
,

n = (n0, n1, n2, n3, n4)
t

=
(
ρu1, ρu

2
1 + 2

3
ρθ, ρu1u2, ρu1u3, ρu1

(
1

2
|u|2 + 5

3
θ

))t
.

We now define an entropy-entropy flux pair (η, q) as

η = θ
{− 3

2ρS + 3
2ρS + 3

2∇m(ρS)|m=m(m − m)
}
,

q = θ
{− 3

2ρu1S + 3
2ρu1S + 3

2∇m(ρS)|m=m(n − n)
}
.

(4.11)

Since

(ρS)m0 = S + |u|2
2θ − 5

3 ,

(ρS)mi = −ui
θ
, i = 1, 2, 3,

(ρS)m4 = 1
θ
,

we have

η = 3
2

{
ρθ − θρS + ρ

[(
S − 5

3

)
θ + |u−u|2

2

]
+ 2

3ρθ

}
,

q = u1η + (u1 − u1)
(
ρθ − ρθ

)
.

(4.12)

The entropy-entropy flux thus constructed has the following properties:
η (m) = 0,∇mη (m) = 0, and the Hessian ∇2

mη is positive definite for any
m satisfying ρ, θ > 0 (cf. [28]). Thus, for m in any closed bounded region in
� = {m : ρ > 0, θ > 0}, there exists a positive constant C6 such that

C−1
6 |m − m|2 � η � C6 |m − m|2 . (4.13)

From (4.12), it is straightforward to derive the following entropy equation

ηt + qx =
{
∇(ρ,u,S)η · (ρ, u, S)

t
+ ∇(ρ,u,S)q · (ρ, u, S)

x

}

+
∫

R3

[
ξ1∂x(θ ln M)− 3

2u1xξ
2
1

]
Gdξ

−
{∫

R3

(
ξ1θ ln M − 1

2ξ1|ξ |2 − 3
2ξ

2
1u1

)
Gdξ

}
x

. (4.14)
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Integrating the above identity over [ 0, t)× R × R3 yields

∫
R
η(τ)dx

∣∣∣∣
τ=t

τ=0

=
∫ t

0

∫
R

[
∇(ρ,u,S)η · (ρ, u, S)

t
+ ∇(ρ,u,S)q · (ρ, u, S)

x

]
dxdτ

+
∫ t

0

∫
R

∫
R3

[
ξ1∂x(θ ln M)− 3

2u1xξ
2
1

]
Gdξdxdτ

= I1 + I2. (4.15)

Here and in what follows, we denote the corresponding terms in the summation by
Ii or I ji without any ambiguity.

We now use the microscopic H -theorem from Lemma 4.2 to get an estimate
on I2. The corresponding estimates on I1 uses the particular expansion property of
the rarefaction wave and will be given in Section 5.

Noticing that

P1

[(
ξ1∂x(θ ln M)− 3

2
u1xξ

2
1

)
M
]

= 3

2
P1

(
ξ1

(
ξ · ũx + θ̃x

2θ
|ξ − u|2

)
M + ξ1θ̃

( |ξ − u|2
2θ

)
x

M

)
,

P1

(
ξ1∂xM

)
= 3

2θ
P1

(
ξ1

(
ξ · ũx + θ̃x

2θ
|ξ − u|2

)
M

+ ξ1

( |ξ − u|2
2θ

θx + ξ1u1x

)
x

M
)
,

we have from (2.9), Lemmas 2.1, 3.1, 4.1, 4.2 and Corollary 4.3 that ;

I2 �
∫ t

0

∫
R

∫
R3

9

4θ

P1

(
ξ1

(
ξ · ũx + θ̃x

2θ |ξ − u|2
)

M
)

M

×L−1
M

(
P1

(
ξ1

(
ξ · ũx + θ̃x

2θ
|ξ − u|2

)
M

))
dξdxdτ

+ λ
∫ t

0

∫
R

(
|ũx |2 + |θ̃x |2 + u1x

∣∣∣θ̃
∣∣∣2
)
dxdτ

+O(1)
∫ t

0

∫
R

∫
R3

G2
t + (1 + |ξ |)G2

x + (1 + |ξ |)−1Q(G,G)2

M
dξdxdτ

+O(1)
∫ t

0

(
‖(u1x, E1)(τ )‖3

L2 + ∥∥(u1xx, θxx)(τ )
∥∥ 3

2
L1

)∥∥∥√η(τ)
∥∥∥2

L2
dτ

+O(1)
∫ t

0

(
‖(u1x, E1)(τ )‖

5
2
L2 + ‖u1x(τ )‖3

L3

+ ∥∥(u1xx, θxx)(τ )
∥∥ 5

4
L1 + ‖E1(τ )‖2

L2

)
dτ. (4.16)
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Here we have used the fact that the derivatives of
(
ρ(t, x), u(t, x), θ(t, x)

)
are

dominated by u1x > 0 in Lemma 3.1 and λ > 0 denotes a sufficiently small
constant.

In the above identity, the term

∫
R3

P1

(
ξ1

(
ξ · ũx+ θ̃x

2θ |ξ − u|2
)

M
)
L−1

M

(
P1

(
ξ1

(
ξ · ũx+ θ̃x

2θ |ξ−u|2
)

M
))

M
dξ

=
〈

P1

(
ξ1

(
ξ · ũx + θ̃x

2θ
|ξ−u|2

))
,

L−1
M

(
P1

(
ξ1

(
ξ · ũx + θ̃x

2θ
|ξ − u|2

)
M

))〉
, (4.17)

represents the entropy dissipation.
By Lemma 2.1, the operator L−1

M : N ⊥ → N ⊥ is one-to-one and bounded on
any finite dimensional subspace of N ⊥. Since the non-fluid function

P1

(
ξ1

(
ξ · ũx + θ̃x

2θ |ξ − u|2
))

is of finite dimension in the ξ variables, there exists

a positive constant C > 0 such that

C−1

〈
P1

(
ξ1

(
ξ · ũx + θ̃x

2θ
|ξ − u|2

))
,P1

(
ξ1

(
ξ · ũx + θ̃x

2θ
|ξ − u|2

))〉

�
〈
L−1

M

(
P1

(
ξ1

(
ξ · ũx + θ̃x

2θ
|ξ − u|2

)
M

))
,

L−1
M

(
P1

(
ξ1

(
ξ · ũx + θ̃x

2θ
|ξ − u|2

)
M

))〉

� C

〈
P1

(
ξ1

(
ξ · ũx + θ̃x

2θ
|ξ − u|2

))
,P1

(
ξ1

(
ξ · ũx + θ̃x

2θ
|ξ − u|2

))〉
.

The above inequalities, together with the microscopic version of theH -theorem
imply that there exist some positive constants σ1 and σ2 such that,

σ1

∫
R3

∣∣∣P1

(
ξ1

(
ξ · ũx+ θ̃x

2θ |ξ−u|2
))∣∣∣2

M

�−
∫

R3

P1

(
ξ1

(
ξ ·ũx+ θ̃x

2θ |ξ−u|2
)

M
)
L−1

M

(
P1

(
ξ1

(
ξ · ũx+ θ̃x

2θ |ξ−u|2
)

M
))

M
dξ

� σ2

∫
R3

∣∣∣P1

(
ξ1

(
ξ · ũx + θ̃x

2θ |ξ − u|2
))∣∣∣2

M
. (4.18)
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The first inequality in (4.18) follows from (iv) of Lemma 2.1:

−
∫

R3

P1

(
ξ1

(
ξ ·ũx+ θ̃x

2θ |ξ−u|2
)

M
)
L−1

M

(
P1

(
ξ1

(
ξ ·ũx+ θ̃x

2θ |ξ−u|2
)

M
))

M dξ

= −
∫

R3

LM

(
L−1

M

(
P1

(
ξ1

(
ξ ·ũx+ θ̃x

2θ |ξ−u|2
)

M
)))

L−1
M

(
P1

(
ξ1

(
ξ ·ũx+ θ̃x

2θ |ξ−u|2
)

M
))

M dξ

� σ0

∫
R3

∣∣∣L−1
M

(
P1

(
ξ1

(
ξ ·ũx+ θ̃x

2θ |ξ−u|2
)))∣∣∣2

M dξ

� σ1

∫
R3

∣∣∣P1

(
ξ1

(
ξ ·ũx+ θ̃x

2θ |ξ−u|2
))∣∣∣2

M dξ.

The second inequality of (4.18) follows from the boundedness of the operator L−1
M

on P1

(
ξ1

(
ξ · ũx + θ̃x

2θ |ξ − u|2
))

.

Note that the dissipation order in (4.18) is

∫
R3

∣∣∣P1

(
ξ1

(
ξ · ũx + θ̃x

2θ |ξ − u|2
))∣∣∣2

M
dξ = O(1)

(
|ũx |2 + |θ̃x |2

)
, (4.19)

for some positive function O(1). The left-hand side of (4.19) gives exactly the
dissipative effect of the fluid components through viscosity and heat conductivity
in the solution of the Boltzmann equation.

Putting (4.16), (4.18), and (4.19) together imply

I2 � −d2

∫ t

0

∫
R

(
|ũx |2 + |θ̃x |2

)
dxdτ + λ

∫ t

0

∫
R
u1x

∣∣∣θ̃
∣∣∣2 dxdτ

+O(1)
∫ t

0

(
‖(u1x, E1)(τ )‖3

L2 + ∥∥(u1xx, θxx)(τ )
∥∥ 3

2
L1

)∥∥∥√η(τ)
∥∥∥2

L2
dτ

+O(1)
∫ t

0

(
‖(u1x, E1)(τ )‖

5
2
L2 + ‖u1x(τ )‖3

L3

+O(1)
∫ t

0

∫
R

∫
R3

G2
t + (1 + |ξ |)G2

x + (1 + |ξ |)−1Q(G,G)2

M
dξdxdτ

+ ∥∥(u1xx, θxx)(τ )
∥∥ 5

4
L1 + ‖E1(τ )‖2

L2

)
dτ (4.20)

for a positive constant d2 of the order of the viscosity and heat conductivity of the
fluid. Here λ is a small constant.

5. Entropy estimates and lower-order estimates

The purpose of this section is to initiate the proof of Theorem 1.1 using the
entropy pairs, (4.12), (4.15) and (4.19), for the first-order estimate of fluid vari-
ables. This, and the subsequent two sections, will complete the energy estimates.
First we set up the overall framework for these estimates. Denote ∂α the differential
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operator ∂α = ∂(α0,α1) = ∂
α0
t ∂

α1
x , |α| = α0 +α1, where α0 and α1 are non-negative

integers. Set

ρ̃(t, x) = ρ(t, x)− ρ(t, x),

ũ(t, x) = u(t, x)− u(t, x),

θ̃ (t, x) = θ(t, x)− θ(t, x),

G̃(t, x, ξ) = G(t, x, ξ)− G(t, x, ξ)

as usual, in order to extend the standard local existence theory of the Boltzmann
equation (cf. [40, 18]) to the global existence theory, we need to close the following
a priori assumption

N(t)2 = sup
0�τ�t



∫

R

∫
R3


G̃2

M−
+

∑
1�|α|�3

(∂αM)2+(∂αG)2

M−
+
∑
|α|=4

(∂αf )2

M−


(τ )dξdx




+ sup
0�τ�t

{∫
R
η(τ)dx

}

< δ2
0 . (5.1)

Here δ0 > 0 is a suitably chosen, sufficiently small, constant.
From (2.7), (5.1) yields the followingL∞

(t,x) estimates by the Sobolev imbedding
theorem:

sup
τ∈[0,t],x∈R




∑
1�|α|�3


∣∣∂α(ρ, u, θ)(τ, x)∣∣+

∥∥∥∥∥
∂αG(τ, x)√

M−(τ, x)

∥∥∥∥∥
L2
ξ






+ sup
τ∈[0,t],x∈R

(∣∣∣(ρ̃, ũ, θ̃ )(τ, x)
∣∣∣
)

< O(1)(ε + δ0), (5.2)

where ε is the constant in the definition of the approximate rarefaction waves.
Under the a priori assumption (5.1), by choosing δ0 and ε to be sufficiently

small, there exists a constant state (ρ−, u−, θ−) with ρ− > 0 and θ− > 0 such that
for all (τ, x) ∈[ 0, t] ×R

1

2
θ(τ, x) < θ− < θ(τ, x),

|θ(τ, x)− θ−| + |u(τ, x)− u−| + |ρ(τ, x)− ρ−| < η0. (5.3)

Thus, the microscopic H -theorem (1.17) holds for the global Maxwellian M− =
M[ρ−,u−,θ−].

We now start with the entropy estimate. From (4.15) and (4.20), to obtain the
entropy estimate around the approximate rarefaction wave profile, we only need to
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estimate I1. It is worth pointing out that the expansion of the rarefaction waves, i.e.
ū1x > 0, plays an important role in the following estimation. In fact, notice that

∇(ρ,u,S)η · (ρ, u, S)
t
+ ∇(ρ,u,S)q · (ρ, u, S)

x

= ηρE2 + ηu1E3 + qρE1 −H1
(
ρ, u, θ; ρ, u, θ) uA1

1x

−H2
(
ρ, u, θ; ρ, u, θ) uA3

1x . (5.4)

Here

H1
(
ρ, u, θ; ρ, u, θ) = 3

2ρ (u1 − u1)
2 + 3

2k
(
ρ

5
3 exp(S)− ρ

5
3 exp

(
S
))

− 5
2kρ

2
3 exp

(
S
)
(ρ − ρ)− 3

2kρ
2
3 exp

(
S
)
ρ
(
S − S

)

− 3
√

15k

10
ρ

1
3 exp

(
S
2

)
ρ (u1 − u1)

(
S − S

)
,

H2
(
ρ, u, θ; ρ, u, θ) = 3

2ρ (u1 − u1)
2 + 3

2k
(
ρ

5
3 exp(S)− ρ

5
3 exp

(
S
))

− 5
2kρ

2
3 exp

(
S
)
(ρ − ρ)− 3

2kρ
2
3 exp

(
S
)
ρ
(
S − S

)

+ 3
√

15k

10
ρ

1
3 exp

(
S
2

)
ρ (u1 − u1)

(
S − S

)
. (5.5)

From (4.12) and (5.5), we obtain

ηρ = − 3
2kρ

− 1
3 exp

(
S
)
ρ
(
S − S

)− 5
2k exp

(
S
)
ρ− 1

3 (ρ − ρ) ,

ηu1 = − 3
2ρ (u1 − u1) ,

qρ = − 3
2kρ

− 1
3 exp

(
S
)
ρu1

(
S−S)− 5

2k exp
(
S
)
ρ− 1

3 (ρu1−ρ u1) , (5.6)

∇(ρ,u1,S)Hi
(
ρ, u, θ; ρ, u, θ) = (0, 0, 0),

∇2
(ρ,u1,S)

Hi
(
ρ, u, θ; ρ, u, θ)

=




5
3kρ

− 1
3 exp

(
S
)

0 kρ
2
3 exp

(
S
)

0 3ρ 3(−1)i
√

15k
10 ρ

4
3 exp

(
S
2

)

kρ
2
3 exp

(
S
) 3(−1)i

√
15k

10 ρ
4
3 exp

(
S
2

)
3
2kρ

5
3 exp

(
S
)


 . (5.7)

Since∇2
(ρ,u1,S)

Hi , the Hessian ofHi are positive definite at (ρ, u, θ) = (
ρ, u, θ

)
.

Thus around the approximate rarefaction waves profile
(
ρ, u, θ

)
, there exists a pos-

itive constant d3 such that

−H1
(
ρ, u, θ; ρ, u, θ) uA1

1x −H2
(
ρ, u, θ; ρ, u, θ) uA3

1x

� −d3u1x

(
|ρ̃|2 + |ũ|2 + |θ̃ |2

)
. (5.8)
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Furthermore, (4.13), (5.6), and Lemma 3.2 imply
∫ t

0

∫
R

(
ηρE2 + ηu1E3 + qρE1

)
dxdτ

� O(1)
∫ t

0

∥∥∥√η(τ)
∥∥∥
L2

‖(E1, E2, E3)(τ )‖L2 dτ

� O(1)

(∫ t

0
‖(E1, E2, E3)(τ )‖L2 dτ

+
∫ t

0

∥∥∥√η(τ)
∥∥∥2

L2
‖(E1, E2, E3)(τ )‖L2 dτ

)

� O(1)ε−
1
2 exp

(
−1

ε

)

+O(1)√ε exp

(
−1

ε

)∫ t

0
exp(−εd1τ)

∥∥∥√η(τ)
∥∥∥2

L2
dτ. (5.9)

Putting (3.7), (5.8), and (5.9) together, we can deduce that

I1 � −d3

∫ t

0

∫
R3
u1x

(
|ρ̃|2 + |ũ|2 + |θ̃ |2

)
dxdτ

+O(1)ε− 1
2 exp

(− 1
ε

)

+O(1)√ε exp
(− 1

ε

) ∫ t

0
exp(−εd1τ)

∥∥√η(τ)∥∥2
L2 dτ. (5.10)

Inserting (4.20) and (5.10) into (4.15), we have, from Gronwall’s inequality,
the following entropy estimate:
∫

R
η(t)dx +

∫ t

0

∫
R

(
|ũx |2 + |θ̃x |2 + u1x(|ρ̃|2 + |ũ|2 + |θ̃ |2)

)
dxdτ

� O(1)

(∫
R
η(0)dx + ε

1
8

)

+O(1)
∫ t

0

∫
R

∫
R3

G2
t +(1+|ξ |)G2

x+(1+|ξ |)−1Q(G,G)2

M
dξdxdτ. (5.11)

We now finish the lower-order estimate. As well as (5.11) on the macroscopic
component, we still need to estimate the microscopic component G and to obtain
the double integral for |ρ̃x |2. As mentioned in the introduction, ‖G‖2

L2
x,ξ

is not inte-

grable with respect to time. Thus, we will first derive the lower-order estimates for
the microscopic part G̃ by using the microscopicH -theorem. We will then combine
the microscopic part G̃ with the entropy estimate on the fluid component in the last
section and the coupling terms to obtain the lower-order estimate of the solution to
the Boltzmann equation. For this estimate, G̃ solves

G̃t − LMG̃ = − 1

Rθ
P1

[
ξ1

( |ξ − u|2
2θ

θ̃x + ξ · ũx
)

M
]

− P1(ξ1Gx)+Q(G,G)− Gt . (5.12)
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Multiplying (5.12) by G̃
M and integrating the product over [ 0, t] ×R × R3, we

obtain from (2.13)

∫
R

∫
R3

G̃2

M
dξdx

∣∣∣∣
τ=t

τ=0

+ σ

∫ t

0

∫
R

∫
R3

(1 + |ξ |)G̃2

M
dξdxdτ

� −
∫ t

0

∫
R

∫
R3

G̃2

M2 Mt dξdxdτ

−
∫ t

0

∫
R

∫
R3

G̃
M




P1

[
ξ1

( |ξ−u|2
2θ θ̃x + ξ · ũx

)
M
]

Rθ

+ P1(ξ1Gx)−Q(G,G)+ Gt


 dξdxdτ. (5.13)

From (2.11), (5.1), (5.2), Lemma 4.1 and Corollary 4.3, direct calculations yield

∫
R

∫
R3

G̃2

M
dξdx

∣∣∣∣
τ=t

τ=0

+
∫ t

0

∫
R

∫
R3

(1 + |ξ |)G̃2

M
dξdxdτ

� O(1)ε
1
8 +O(1)(ε + δ0)

∫ t

0

∫
R

∫
R3

G̃2

M−
dξdxdτ

+O(1)
∫ t

0

∫
R

(
(ε + δ0) |ρ̃x |2 +

∣∣∣(ũx, θ̃x)
∣∣∣2
)
dxdτ

+O(1)
∫ t

0

∫
R

∫
R3

(1 + |ξ |)G2
x + (1 + |ξ |)−1Q(G,G)2

M
dξdxdτ. (5.14)

For later use in the higher-order estimates in Section 7, we also need the fol-
lowing estimate with respect to the weight M− instead of M which can be obtained
similarly:

∫
R

∫
R3

G̃2

M−
dξdx

∣∣∣∣
τ=t

τ=0

+
∫ t

0

∫
R

∫
R3

(1 + |ξ |)G̃2

M−
dξdxdτ

� O(1)ε
1
8 +O(1)

∫ t

0

∫
R

(
(ε + δ0) |ρ̃x |2 +

∣∣∣(ũx, θ̃x)
∣∣∣2
)
dxdτ

+O(1)
∫ t

0

∫
R

∫
R3

(1 + |ξ |)G2
x + (1 + |ξ |)−1Q(G,G)2

M−
dξdxdτ. (5.15)
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Since for Mi = M− or M, we have from Lemma 4.1 and (5.2) that

∫ t

0

∫
R

∫
R3

((1 + |ξ |)−1Q(G,G)2

Mi

dξdxdτ

� O(1)
∫ t

0

∫
R

(∫
R3

(1 + |ξ |)G2

Mi

)
·
(∫

R3

G2

Mi

)
dxdτ

� O(1)
∫ t

0

∫
R

(∫
R3

(1 + |ξ |)(G̃2 + G
2
)

Mi

dξ

)
·
(∫

R3

G̃2 + G
2

Mi

dξ

)
dxdτ

� O(1)ε
1
8 +O(1)(ε + δ0)

∫ t

0

∫
R

∫
R3

(1 + |ξ |)G̃2
x

Mi

dξdxdτ. (5.16)

From (5.11), (5.14), and (5.15) the following two estimates on the entropy η and
G̃ hold:
∫

R
η(t)dx +

∫
R

∫
R3

G̃2

M
dξdx

∣∣∣∣
τ=t

t=0

+
∫ t

0

∫
R

(
|(ũx, θ̃x)|2 + u1x |(ρ̃, ũ, θ̃ )|2

)
dxdτ

+
∫ t

0

∫
R

∫
R3

(1 + |ξ |)G̃2

M
dξdxdτ

� O(1)

(
ε

1
8 +

∫
R
η(0)dx

)
+O(1)(ε + δ0)

∫ t

0

∫
R

|ρ̃x |2 dxdτ

+O(1)
∫ t

0

∫
R

∫
R3

(
(ε + δ0)

G̃2

M−
+ (1 + |ξ |) (G2

t + G2
x

)
M

)
dξdxdτ,

(5.17)

and
∫

R
η(t)dx +

∫
R

∫
R3

G̃2

M−
dξdx

∣∣∣∣
τ=t

t=0

+
∫ t

0

∫
R

(
|(ũx, θ̃x)|2 + u1x |(ρ̃, ũ, θ̃ )|2

)
dxdτ

+
∫ t

0

∫
R

∫
R3

(1 + |ξ |)G̃2

M−
dξdxdτ

� O(1)

(
ε

1
8 +

∫
R
η(0)dx

)
+O(1)(ε + δ0)

∫ t

0

∫
R

|ρ̃x |2 dxdτ

+O(1)
∫ t

0

∫
R

∫
R3

(1 + |ξ |) (G2
t + G2

x

)
M−

dξdxdτ. (5.18)

Finally the double integral of ρ̃2
x and ρ̃2

t is obtained from the coupling through

the conservation laws as in [20]. From (2.7), (1.9), and (3.3), since
(
ρ̃, ũ, θ̃

)
(t, x)
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solves

ρ̃t + (ρ̃ũ1)x = −E4,

ũ1t + ũ1ũ1x + 2

3
θ̃x + 2θ

3ρ
ρ̃x = −

∫
R3

ξ2
1 Gx

ρ
dξ − E5,

ũ2t + ũ1ũ2x = −
∫

R3

ξ1ξ2Gx

ρ
dξ − u1ũ2x, (5.19)

ũ3t + ũ1ũ3x = −
∫

R3

ξ1ξ3Gx

ρ
dξ − u1ũ3x,

θ̃t + 2

3
θ̃ ũ1x + ũ1θ̃x =

∫
R3

ξ1
(
ξ · u− 1

2 |ξ |2)Gx

ρ
dξ − E6,

where

E4 = (ρũ1 + u1ρ̃)x + ρA1
x

(
u
A3
1 − u1m

)
+ ρA3

x

(
u
A1
1 − u1m

)

+ u
A1
1x

(
ρA3 − ρm

)
+ u

A3
1x

(
ρA1 − ρm

)
,

E5 = ũ1u1x + u1ũ1x + u
A1
1x

(
u
A3
1 − u1m

)
+ u

A3
1x

(
u
A1
1 − u1m

)

+ 2

3

{
ρθ̃ − θρ̃

ρρ
ρx + ρA1

(
θA3 − θm

)− θA1
(
ρA3 − ρm

)
ρρA1

ρA1
x

+ ρA3
(
θA1 − θm

)− θA3
(
ρA1 − ρm

)
ρρA3

ρA3
x

}
,

E6 = 2

3

{
(θ̃u1x + θũ1x)+ u

A1
1x

(
θA3 − θm

)
+ u

A3
1x

(
θA1 − θm

)}

+
{
(ũ1θx + u1θ̃x)+ θA1

x

(
u
A3
1 − u1m

)
+ θA3

x

(
u
A1
1 − u1m

)}
. (5.20)

Thus we have by Lemma 3.2:
∫ t

0

∫
R
|ρ̃x |2dxdτ � O(1)ε

1
8 +O(1)

∫
R

|(ũ, ρ̃x)|2 (t)dx

+O(1)
∫

R
|(ũ, ρ̃x)|2 (0)dx

+O(1)
∫ t

0

∫
R

(
|θ̃x |2 + |ũx |2 +

∫
R3

G2
x

M
dξ

)
dxdτ

+O(1)(ε + δ0)

∫ t

0

∫
R
u1x

(
|ũ|2+|θ̃ |2+|ρ̃|2

)
dxdτ,

(5.21)
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and

∫ t

0

∫
R

|ρ̃t |2 dxdτ � O(1)ε−
1
2 exp

(
−1

ε

)

+O(1)
∫ t

0

∫
R

(
|(ρ̃x, ũx)|2 + u1x |(ρ̃, ũ)|2

)
dxdτ. (5.22)

Hence, (5.17)–(5.18) and (5.21)–(5.22) give the complete lower-order esti-
mates:

∫
R
η(t)dx +

∫
R

∫
R3

G̃2(t)

M−
dξdx +

∫ t

0

∫
R

(
|(ũx, θ̃x)|2 + u1x |(ρ̃, ũ, θ̃ )|2

)
dxdτ

+
∫ t

0

∫
R

∫
R3

(1 + |ξ |)G̃2

M−
dξdxdτ � O(1)

(
ε

1
8 +

∫
R
η(0)dx

)

×
∫

R

∫
R3

G̃2(0)

M−
dξdx +O(1)

∫ t

0

∫
R

∫
R3

(1 + |ξ |) (G2
t + G2

x

)
M−

dξdxdτ. (5.23)

6. Higher-order estimates with respect to M

To close the energy estimate, we need to consider the estimates on the deriva-
tives of M and G with respect to x and t . As mentioned in the Introduction, both
estimates with respect to the weight functions M and M− are necessary. We will
also make use of both the equations for the fluid and non-fluid components M and
G together with the conservation laws.

Since the local Maxwellian depends on (t, x), the linearized operator LM is
also a function of (t, x, ξ). Thus, the derivatives on the equation contain terms of
derivatives on this operator. Moreover, the highest-order derivative, i.e. the fourth-
order should be taken on the equation for f (t, x, ξ) instead of the equations for the
macroscopic or microscopic components, respectively. Otherwise, the fifth-order
derivatives will appear and the estimates cannot be closed. However, the estima-
tion on the lower-order estimates should be sharp on both the macroscopic and
microscopic components, respectively, in order to obtain the dissipation on the
fluid component in the form of viscosity and heat conductivity, and the dissipation
on the non-fluid component by the linearized collision operator.

In this section, we will consider higher-order energy estimates of ∂αM, ∂αG
and ∂βf for 1 � |α| � 3, 2 � |β| � 4 with respect to the local Maxwellian
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M = M[ρ,u,θ]. First, from (5.2) and (5.3), we have

sup
τ∈[0,t],x∈R




∑
0�|α|�3

∥∥∥∥
√

1 + |ξ |∂αG√
M

∥∥∥∥
L2
ξ




� O(1) sup
τ∈[0,t],x∈R




∑
0�|α|�3

∥∥∥∥ ∂
αG√
M−

∥∥∥∥
L2
ξ




� O(1)(ε + δ0). (6.1)

To obtain the estimates on ∂αM, we apply P0 to (2.6) to yield

Mt + P0(ξ1∂xM)+ P0

{
ξ1∂x

[
L−1

M (P1(ξ1∂xM))
]}

= −P0

{
ξ1∂x

[
L−1

M (Gt + P1(ξ1∂xG)−Q(G,G))
]}
. (6.2)

Applying ∂α(1 � |α| � 3) to (6.2) and integrating its product with ∂αM
M over

[ 0, t] ×R × R3 yields

1

2

∫
R

∫
R3

|∂αM|2
M

dξdx

∣∣∣∣
τ=t

τ=0

= −
∫ t

0

∫
R

∫
R3

( |∂αM|2
M2 Mt + ∂αM

M
∂α[ P0(ξ1∂xM)]

)
dξdxdτ

−
∫ t

0

∫
R

∫
R3

∂αM∂α
{

P0

{
ξ1∂x

[
L−1

M (P1(ξ1∂xM))
]}}

M
dξdxdτ

−
∫ t

0

∫
R

∫
R3

∂αM∂α
{
P0

{
ξ1∂x

[
L−1

M (Gt+P1(ξ1∂xG)−Q(G,G))
]}}

M
dξdxdτ.

(6.3)

Notice that

∂α
{
L−1

M h
}

= L−1
M (∂αh)−

|α|−1∑
j=0

∑
|αj |=j

Cαj L
−1
M

(
Q
(
∂αj

(
L−1

M h
)
, ∂α−αjM

))
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where Cαj are some positive constants, and the dissipation is from

−
∫ t

0

∫
R

∫
R3

P0(∂
αM)∂α

{
ξ1∂x

[
L−1

M (P1(ξ1∂xM))
]}

M dξdxdτ

= −
∫ t

0

∫
R

∫
R3

P1[ξ1∂x(P0(∂
αM))]∂α

{
L−1

M [P1(ξ1∂xM)]
}

M dξdxdτ

+
∫ t

0

∫
R

∫
R3

P1[ξ1P0(∂
αM)]∂α

{
L−1

M [P1(ξ1∂xM)]
}

M2 Mxdξdxdτ

� −d4

∫ t

0

∫
R

|∂α(ux, θx)|2 dxdτ +O(1)ε
1
8

+O(1)(ε + δ0)

∫ t

0

∫
R


∣∣∣(ρ̃x, ũx, θ̃x)

∣∣∣2 + ∑
1<|β|�|α|

∣∣∂β(ρ, u, θ)∣∣2

 dxdτ.

(6.4)

For j = 1, 2, 3, straightforward calculations yield

∑
|α|=j

∫
R

∫
R3

|∂αM|2
M dξdx

∣∣∣∣
τ=t

τ=0

+ ∑
|α|=j

∫ t

0

∫
R

|∂α(ux, θx)|2 dxdτ

� O(1)(ε + δ0)

∫ t

0

∫
R


∣∣∣(ρ̃x, ũx, θ̃x)

∣∣∣2 + ∑
1<|β|�j

∣∣∂β(ρ, u, θ)∣∣2

 dxdτ

+O(1) ∑
|α|=j

∫ t

0

∫
R

∫
R3

(1+|ξ |)(|∂αGx |2+|∂αGt |2
)

M dξdxdτ +O(1)ε
1
8

+O(1)(ε + δ0)

∫ t

0

∫
R

∫
R3


 (1+|ξ |)G̃2

M + ∑
1�|β|�j

(1+|ξ |)|∂βG|2
M


 dξdxdτ.

(6.5)

Similarly, we have the following estimates on ∂αG by using (2.8):

∑
|α|=j

∫
R

∫
R3

|∂αG|2
M dξdx

∣∣∣∣
τ=t

τ=0

+ ∑
|α|=j

∫ t

0

∫
R

∫
R3

(1+|ξ |)|∂αG|2
M dξdxdτ

� O(1)(ε + δ0)

∫ t

0

∫
R


∣∣∣(ρ̃x, ũx, θ̃x)

∣∣∣2 + ∑
1<|β|�j

∣∣∂β(ρ, u, θ)∣∣2

 dxdτ

+O(1) ∑
|α|=j

∫ t

0

∫
R

∫
R3

(1+|ξ |)(|∂αGx |2+|∂αGt |2
)

M dξdxdτ

+O(1)(ε + δ0)

∫ t

0

∫
R

∫
R3


 (1+|ξ |)G̃2

M + ∑
1�|β|�j

(1+|ξ |)|∂βG|2
M−


 dξdxdτ

+O(1) ∑
|α|=j

∫ t

0

∫
R

|∂α(ux, θx)|2 dxdτ +O(1)ε
1
8 . (6.6)



364 Tai-Ping Liu, Tong Yang, Shih-Hsien Yu & Hui-Jiang Zhao

In summary, by appropriate combination of (6.5) and (6.6) for j = 1, 2, 3, we
have

∑
1�|α|�3

∫
R

∫
R3

|∂αG|2 + |∂αM|2
M

dξdx

∣∣∣∣
τ=t

τ=0

+
∑

1�|α|�3

∫ t

0

∫
R

∫
R3

(1 + |ξ |)|∂αG|2
M

dξdxdτ

+
∑

1�|α|�3

∫ t

0

∫
R

∣∣∂α(ux, θx)∣∣2 dxdτ

� O(1)ε
1
8 +O(1)(ε + δ0)

∫ t

0

∫
R


∣∣∣(ρ̃x, ũx, θ̃x)

∣∣∣2 +
∑

1<|β|�4

∣∣∂βρ∣∣2

 dxdτ

+O(1)(ε + δ0)

∫ t

0

∫
R

∫
R3


 (1 + |ξ |)G̃2

M−
+

∑
1�|β|�3

(1 + |ξ |)|∂βG|2
M−


 dξdxdτ

+O(1)
∑
|α|=3

∫ t

0

∫
R

∫
R3

(1 + |ξ |) (|∂αGx |2 + |∂αGt |2
)

M
dξdxdτ. (6.7)

To have the dissipative estimate on the fourth-order derivatives of the non-fluid
component G, we need to consider the original equation for f (t, x, ξ). By applying
∂α(2 � |α| � 4) to (1.1) and integrating its product with ∂αf

M over [ 0, t] ×R × R3

we obtain

1
2

∫
R

∫
R3

|∂αf |2
M dξdx

∣∣∣∣
τ=t

τ=0

= −
∫ t

0

∫
R

∫
R3

|∂αf |2
M2 (Mt + ξ1Mx) dξdxdτ

+
∫ t

0

∫
R

∫
R3

∂αf ∂α(LMG)
M dξdxdτ +

∫ t

0

∫
R

∫
R3

∂αf ∂α(Q(G,G))
M dξdxdτ. (6.8)

By calculations similar to those for M and G, we have

∑
2�|α|�4

∫
R

∫
R3

|∂αf |2
M dξdx

∣∣∣∣
τ=t

τ=0

+ ∑
2�|α|�4

∫ t

0

∫
R

∫
R3

(1+|ξ |)|∂αG|2
M dξdxdτ

� O(1)(ε + δ0)

∫ t

0

∫
R


∣∣∣(ρ̃x, ũx, θ̃x)

∣∣∣2 + ∑
1<|β|�4

∣∣∂β(ρ, u, θ)∣∣2

 dxdτ

+O(1)(ε + δ0)

∫ t

0

∫
R

∫
R3


 (1+|ξ |)G̃2

M + ∑
2�|β|�4

(1+|ξ |)|∂βf |2
M−


 dξdxdτ

+O(1)ε 1
8 .

(6.9)
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By suitable linear combination of (6.5), (6.6) and (6.9), and choosing ε and δ0
sufficiently small we obtain

∑
1�|α|�3

∫
R

∫
R3

|∂αG|2+|∂αM|2
M

dξdx

∣∣∣∣
τ=t

τ=0

+
∑

2�|α|�4

∫
R

∫
R3

|∂αf |2
M

dξdx

∣∣∣∣
τ=t

τ=0

+
∑

1�|α|�4

∫ t

0

∫
R

∫
R3

(1+|ξ |)|∂αG|2
M

dξdxdτ+
∑

1�|α|�3

∫ t

0

∫
R

∣∣∂α(ux, θx)∣∣2 dxdτ

� O(1)ε
1
8 +O(1)(ε + δ0)

∫ t

0

∫
R


∣∣∣(ρ̃x, ũx, θ̃x)

∣∣∣2 +
∑

1<|β|�4

∣∣∂βρ∣∣2

 dxdτ

+O(1)(ε+δ0)

∫ t

0

∫
R

∫
R3


 (1 + |ξ |)G̃2

M−
+

∑
1�|β|�4

(1+ |ξ |)|∂βG|2
M−


 dξdxdτ.

(6.10)

Similar to the discussions, (6.8)–(6.11), on the integral of ρ̃2
x and ρ̃2

t in Section
6, we can recover the estimate on |∂αρ|2 with |α| = 4 by using the conservation
laws (2.7). Notice also that

∫
R3

|∂βf |2
M

dξ

=
∫

R3

|∂βM + ∂βG|2
M

dξ =
∫

R3

|∂βM|2 + 2∂βM∂βG + |∂βG|2
M

dξ

=
∫

R3

∣∣P0
(
∂βM

)∣∣2 + ∣∣P1
(
∂βM

)∣∣2 + 2P1
(
∂βM

)
∂βG + ∣∣∂βG

∣∣2
M

dξ

�
∫

R3

∣∣P0
(
∂βM

)∣∣2
M

dξ. (6.11)

Thus we have

∑
1�|α|�3

∫ t

0

∫
R

∣∣∂αρx∣∣2 dxdτ

� O(1)
(
ε

1
8 +N(0)2

)
+O(1)

∫ t

0

∫
R

(
(ε + δ0)

∣∣∣(ρ̃x, ũx, θ̃x)
∣∣∣2

+
∑

1<|β|�4

(∣∣∂β(u, θ)∣∣2 +
∫

R3

|∂βG|2
M

dξ

))
dxdτ

+O(1)
∑

1�|α|�4

∫ t

0

∫
R

∫
R3

|∂αf |2
M

dξdxdτ. (6.12)
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Finally, from (5.17), (5.21), (5.22), (6.10), and (6.12), we have

∫
R
η(t)dx +

∫
R

∫
R3

G̃2

M
dξdx

+
∫ t

0

∫
R


|(ρ̃x, ũx, θ̃x)|2 + u1x |(ρ̃, ũ, θ̃ )|2 +

∑
1<|β|�4

∣∣∂β(ρ, u, θ)∣∣2

 dxdτ

+
∑

1�|α|�3

∫
R

∫
R3

|∂αM|2 + |∂αG|2
M

dξdx +
∑
|α|=4

∫
R

∫
R3

|∂αf |2
M

dξdx

+
∫ t

0

∫
R

∫
R3


 (1 + |ξ |)G̃2

M
+

∑
1�|α|�4

(1 + |ξ |)|∂αG|2
M


 dξdxdτ

� O(1)
(
ε

1
8 +N(0)2

)

+O(1)(ε + δ0)

∫ t

0

∫
R

∫
R3


 G̃2

M−
+

∑
1�|α|�4

|∂αG|2
M−


 dξdxdτ. (6.13)

Here, we have used the fact that, because of θ− < θ ,

∫
R3

f 2

M
dξ � O(1)

∫
R3

f 2

M−
dξ.

A direct consequence of (6.13) is

∫ t

0

∫
R


|(ρ̃x, ũx, θ̃x)|2 +

∑
1<|β|�4

∣∣∂β(ρ, u, θ)∣∣2

 dxdτ

� O(1)
(
ε

1
8 +N(0)2

)

+O(1)(ε + δ0)

∫ t

0

∫
R

∫
R3


 G̃2

M−
+

∑
1�|α|�4

|∂αG|2
M−


 dξdxdτ. (6.14)

With (6.14), it remains to estimate the terms to non-fluid component G and its
derivatives with respect to the weight function M− which will be discussed in the
next section.

7. Higher-order estimates with respect to M−

Finally, we will give the higher-order energy estimates with respect to the global
Maxwellian M− = M[ρ−,u−,θ−] to close the a priori estimate in (6.14). For this,
we need to use the variation of H -theorem for non-fluid component G as stated in
(1.17).
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For brevity of presentation, we will only point out the main differences from
those arguments in Section 6, and then give the corresponding estimates instead of
giving all the detailed proofs.

The first main difference is that the fluid part P0(∂
αM) and the non-fluid part

G are no longer orthogonal with respect to the global Maxwellian M−, i.e.∫
R3

P0(∂
αM) · G
M−

dξ �= 0.

As a result, there is an extra error term, in the form of

O(1)
∫ t

0

∫
R


∣∣∣(ρ̃x, ũx, θ̃x)

∣∣∣2 +
∑

2�|α|�4

∣∣∂α(ρ, u, θ)∣∣2

 dxdτ.

The second difference is that the corresponding a priori estimate similar to
(6.1), i.e.

sup
τ∈[0,t],x∈R




∑
0�|α|�3

∥∥∥∥
√

1 + |ξ |∂αG√
M−

∥∥∥∥
L2
ξ


 � O(1)(ε + δ0),

does not hold. The estimate on the derivatives onQ(G,G) is then different without
the weight

√
1 + |ξ | in the a priori estimate. For illustration, we give the estimate on

the following typical term when we differentiate Q(G,G), after applying Lemma
4.1:

I11 =
|α|∑
j=0

∑
|αj |=j

∫ t

0

∫
R

(∫
R3

(1 + |ξ |) |∂αjG|2
M−

dξ

)
·
(∫

R3

∣∣∂α−αjG
∣∣2

M−
dξ

)
dxdτ

:=
|α|∑
j=0

∑
|αj |=j

I
αj
11 , 1 � |α| � 4. (7.1)

For |α − αj | � 2, then we have from (5.2) that

I
αj
11 � O(1)ε

1
8 +O(1)(ε + δ0)

∫ t

0

∫
R
|(ρ̃x, ũx, θ̃x)|2dxdτ

+O(1)(ε + δ0)

∫ t

0

∫
R

∫
R3


 (1+|ξ |)G̃2

M−
+

∑
1�|β|�|αj |

(1+|ξ |)|∂βG|2
M−


 dxdτ.

For |α−αj | � 3, the above analysis does not apply, at least for αj = 0, because
(5.2) holds only for |α| � 3. However, from (6.11), we have

∑
|α|=4

∥∥∥∥ ∂
αG√
M−

∥∥∥∥
L2
x(L

2
ξ )

� O(1)
∑
|α|=4

(∥∥∥∥ ∂
αf√
M−

∥∥∥∥
L2
x(L

2
ξ )

+
∥∥∥∥ ∂

αM√
M−

∥∥∥∥
L2
x(L

2
ξ )

)

� O(1)
∑

1�|α|�4

∥∥∥∥ ∂
αf√
M−

∥∥∥∥
L2
x(L

2
ξ )

� O(1)(ε + δ0). (7.2)
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With (7.2), we now estimate I
αj
11 for the case |α − αj | � 3 as follows. Since

∫
R3

(1+|ξ |)|∂αj G|2

M− dξ � O(1)

(∫
R

∫
R3

(1+|ξ |)|∂αj G|2

M− dξdx

) 1
2

×
(∫

R

∫
R3

(1+|ξ |)|∂αj Gx |2

M− dξdx

) 1
2

,

we have for |αj | = 1

I
αj
11 � O(1) sup

τ∈[0,t]

{∥∥∥ ∂α−αj G√
M−

∥∥∥2

L2
x(L

2
ξ )

}∫ t

0

1∏
k=0

∥∥∥
√

1+|ξ |∂αj ∂kxG√
M−

∥∥∥
L2
x(L

2
ξ )
dτ

� O(1)(ε + δ0)
2
∫ t

0

∫
R

∫
R3

(1+|ξ |)(|∂αj G|2+|∂αj Gx |2
)

M− dξdxdτ.

Notice that ‖G‖2
L2
x(L

2
ξ )

is not in L1
t (R

+), when αj = 0. We need to factor out the

supremum of L2
ξ norm of G when it appears. Besides this, similar to the case when

αj = 1, we have

I
αj
11 � O(1)

∫ t

0

∥∥∥∥ ∂
αG√
M−

∥∥∥∥
2

L2
x(L

2
ξ )

1∏
k=0

∥∥∥∥
√

1 + |ξ |∂kxG√
M−

∥∥∥∥
L2
x(L

2
ξ )

dτ

� O(1)
∫ t

0

∥∥∥∥ ∂
αG√
M−

∥∥∥∥
2

L2
x(L

2
ξ )

∥∥∥∥
√

1 + |ξ |∂xG√
M−

∥∥∥∥
L2
x(L

2
ξ )

×


∥∥∥∥∥
√

1 + |ξ |G̃√
M−

∥∥∥∥∥
L2
x(L

2
ξ )

+
∥∥∥∥∥
√

1 + |ξ |G√
M−

∥∥∥∥∥
L2
x(L

2
ξ )


 dτ

� O(1)(ε + δ0)

∫ t

0

∫
R

∫
R3

(1 + |ξ |)
(

G̃2 + ∑
1�|β|�|α|

∣∣∂βG
∣∣2
)

M−
dξdxdτ.

In summary, we have the estimate on (7.1) which is similar to (6.9).
Keeping in mind the above two differences, we have, similar to previous esti-

mates with the weight function M, the following estimate on derivatives with the
weight function M−:

∑
1�|α|�3

∫
R

∫
R3

|∂αG|2 + |∂αM|2
M−

dξdx

∣∣∣∣
τ=t

τ=0

+
∑

2�|α|�4

∫
R

∫
R3

|∂αf |2
M−

dξdx

∣∣∣∣
τ=t

τ=0

+
∑

1�|α|�4

∫ t

0

∫
R

∫
R3

(1 + |ξ |)|∂αG|2
M−

dξdxdτ
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� O(1)
∫ t

0

∫
R

(∣∣∣(ρ̃x, ũx, θ̃x)
∣∣∣2 +

∑
1�|α|�3

∣∣∂α(ρx, ux, θx)∣∣2
)
dxdτ

+O(1)(ε + δ0)

∫ t

0

∫
R

∫
R3

(1 + |ξ |)G̃2

M−
dξdxdτ +O(1)ε

1
8 . (7.3)

We obtain the final energy estimate from (5.18), (6.14) and (7.3):

∫
R
η(t)dx +

∫
R

∫
R3

G̃2

M−
dξdx

+
∫ t

0

∫
R

(
|(ρ̃x, ũx, θ̃x)|2 + u1x |(ρ̃, ũ, θ̃ )|2 +

∑
1<|β|�4

∣∣∂β(ρ, u, θ)∣∣2
)
dxdτ

+
∑

1�|α|�3

∫
R

∫
R3

|∂αM|2 + |∂αG|2
M−

dξdx +
∑
|α|=4

∫
R

∫
R3

|∂αf |2
M−

dξdx

+
∫ t

0

∫
R

∫
R3

(
(1 + |ξ |)G̃2

M−
+

∑
1�|α|�4

(1 + |ξ |)|∂αG|2
M−

)
dξdxdτ

� O(1)
(
ε

1
8 +N(0)2

)
. (7.4)

This closes the a priori estimate (5.1) provided that we choose ε0 > 0 and ε > 0
sufficiently small such that

N(0) < ε0,

O(1)
(
ε

1
8 + ε2

0

)
< δ2

0 .

Combination of (7.4) and the convergence property on (ρ, u, θ) to (ρR, uR, θR) in
Section 3 give the global existence and the time asymptotic behavior of the solution
as stated in Theorem 1.1.
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