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Abstract

It is well known that the Boltzmann equation is related to the Euler and Navier-
Stokes equations in the field of gas dynamics. The relation is either for small Knud-
sen number, or, for dissipative waves in the time-asymptotic sense. In this paper, we
show that rarefaction waves for the Boltzmann equation are time-asymptotic stable
and tend to the rarefaction waves for the Euler and Navier-Stokes equations. Our
main tool is the combination of techniques for viscous conservation laws and the
energy method based on micro-macro decomposition of the Boltzmann equation.
The expansion nature of the rarefaction waves and the suitable microscopic version
of the H-theorem are essential elements of our analysis.

1. Introduction

Consider the one space dimensional Boltzmann equation

fi+& =0 ) (fi1,x, 8 e RxRY xRx R, (1.1)

where f (¢, x, &) represents the distributional density of particles at time-space (¢, x)
with velocity &€, and Q(f, f) is a bilinear collision operator, cf. [5]. We consider
the hard sphere model, for which Q(f, g) is:

1
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It is well known that the Boltzmann equation is related to the systems of fluid
dynamics, i.e., Euler equations and Navier-Stokes equations (cf. [4, 6, 7, 14, 21,
22, 29, 34, 35, 38, 41] and references therein). The relation is usually studied in
the limit of zero mean free path, when the Boltzmann solutions become locally
thermally equilibrated away from shocks, cf. [7, 29, 34, 41]. In this paper we con-
sider the rarefaction waves of the fluid equations. Owing to its expansive nature, a
rarefaction wave tends to constant states locally in space as the time variable goes to
infinity. Thus, it would expect that there is a corresponding Boltzmann wave that is
time-asymptotically in local thermal equilibrium and tends to the fluid rarefaction
wave. The purpose of the present paper is to confirm this correspondense rigor-
ously. Our analysis is based on the micro-macro decomposition of the Boltzmann
equation introduced in [29] and further elaborated in [28]. The Boltzmann equation
is decomposed into a conservation law mainly for the fluid components, together
with an equation mainly for the non-fluid component. Similarly, to the studies of
the Boltzmann shocks in [29] & [41], the decomposition allows for the application
of the theory of the nonlinear stability of rarefaction wave for the fluid dynamics.
Unlike the study of shock waves, for which locating the waves through the conserva-
tion laws is a primary concern ([26, 41]), the construction of accurate approximate
rarefaction Boltzmann waves is essential for our stability analysis. Even though
time-asymptotically, the Euler, Navier-Stokes and Boltzmann equations are equiv-
alent on the level of the rarefaction waves, there are basic differences between these
equations. For Euler equations, the rarefaction waves can be constructed exactly.
For Navier-Stokes and Boltzmann equations, we can approximately construct rar-
efaction waves which are only accurate time-asymptotically. For the Boltzmann
equation, accurate approximate rarefaction waves are in thermo-equilibrium only
time-asymptotically. The key element for the fluid theory of the stability of rarefac-
tion waves is the expansiveness of these waves, see [27, 32, 30, 36] and references
therein.

For a given solution f(¢,x,&) of the Boltzmann equation, there are five
conserved macroscopic quantities: the mass density p(f,x), momentum
m(t, x) = p(t, x)u(t, x), and energy density E(z, x) + %|u(t, x)|2:

p(t,X)E/ f@, x, §)d§,

R3

mi(t, x) = /%Eif(t,x,é)dé, fori =1,2,3,
RS

1 2 1 2
[p (E+5|u| )](r,x) z/ Lerra,x e)de. (12)
R32

The local Maxwellian M associated to the Boltzmann solution f (¢, x, &) is defined
in terms of the conserved fluid variables:

M=M (t, x s)zﬁex (_—|§—u(t,x)|2> (1.3)
= [o,u, 0]\, A, - (27TR9(t, x))3 p 2R9(l, x) ’ .

Here 0(¢, x) is the temperature which is related to the internal energy E by
E = 3 RO = 0 with the gas constant R taken to be % in this paper for convenience,
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and u(t,x) = (u1(t, x), ua(t, x), uz(t, x))" is the fluid velocity. It is well known
that the Boltzmann equation is reduced to the compressible Euler equations when
the gas is in local thermo-equilibrium i.e., f = M:

pt + (pul)x = 05

(pur); + (pu% + p) =0,
X

(pu2): + (puiuz)x =0,

(pu3): + (pujuz)y =0,

[ |- _
[p<5|u| +E)l+(u1(p (5|u| +E>+p)>x_0’ (1.4)

The equation of the state is that for the monatomic gases (with the above choice of
the gas constant R = %):

p = 30E.

The entropy S is constant across the Euler rarefaction waves, [13],

S=—2tptmn(dre) 11
=—=1In n|= .
3P 3"

The Euler waves propagate with Euler characteristics

N v 15k %ex S
= U1 — 3 —_ s
1 1 3 1Y p )
A2 =uq,

v 15k S
A3 =up+ 3 ,0% exp <§)

_ 1
where k = T

The first and third characteristic fields are genuinely nonlinear and can give rise
to rarefaction waves, [23]. Time-asymptotically, all the rarefaction waves for the
Euler equations are equivalent to centered rarefaction waves with jump initial data,
[25]:

P (o1 u,61), x <0,
(psu )t 0)lr=0 = (P, up. 65) () = (15)
(prs Ur, 9}'), X > 0

Notice that since we are concerned with plane waves x € R, we will assume
u; = (u11, 0,0), u, = (uy,, 0, 0) in the following.

We are interested in the situation where the solution of the Riemann prob-
lem (1.4), (1.5) consists of a 1-rarefaction wave (,oRl, ul, GRl) (x/t) connecting
(p1,uz, 6;) and (o4, U, B;), and a 3-rarefaction wave (,oR3, uks, 9R3) (x/t) con-
necting (om, Um,0m) and (or, u,,6,). The wave (,oRl, ufl 9R1) (x/t) (or
(,OR3, uks, 9R3) (x/1)) of first (or third) type travels with speed x/t = Ay (or



336 TAI-PING L1U, TONG YANG, SHIH-HSIEN YU & HUI-JIANG ZHAO

x/t = XA3) and takes values along the Riemann invariant curves (o, Un, Om) €
Ry (o1, ur, 6) (Or (Om, Um, Om) € R3(pr, ur, 6,)), [131, [37]:

1
Ri(p1, u;,01) = { (o,u,0) S =S5, uy ++15kp3 exp (%)

1
= uy + ~/15kp;’ exp (%) Jup =u3 =0,
> uy, p < pz},
1
R3(py. tty, 6,) = { (0, u,0) ‘ S =S8, uy — /T5kp3 exp (5)

1
= uy, — +/15kp? exp (%) sup =u3z =0,

up < utr, p<pr}- (1.6)
Set
(#.600%) ()= (a0 () (00 00) )
— (Pm> Um, Om) -

In fact, more general Euler i-th rarefaction waves can be constructed along any
given R; curve when the i-th characteristic satisfies the inviscid Burgers equation,
[24, 26],

Air + Aidix =0,

with increasing initial data. Here we adopt the construction introduced in [32] with
an initial value with a gradient that is proportional to the parameter ¢ > 0:

At 4 Aikiy =0,
200, x) = %(m Tal) + %(m —ai)tanh(ex), i=1,3, (1.7)
where
M- = Ao, ur, 01), Ay = A (Om, Um, Om),
A3— = A3(Pms m, Om), A3+ = A3(pr, ur, 0y).

This gives rise to two smooth rarefaction waves, (pAl,uAl,OAl)(t,x) and
(pA3, u4s, 0A3)(t, x), which are defined as follows:

_ i V/15k 5 S
W) + (1) 2 (pAt‘(r,x))%xp(E)=xi(z,x), i=13,

3 S 1 S
u?l (t, x)+~15k (pA‘ (¢, x))3 exp <5> =uy+~15kp;’ exp <§> ,

1 3 1 S
u‘l“3 (t,x)—~'15k (,oA3(t,x))3 exp (5 =u1, —~ 15kp; exp N E

3 i . .
6% (1. x) =k <pAf(r,x))3 exp(S), uli =ufi =0, i=1,3. (18
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We set the approximate rarefaction waves as the linear superposition of the above
two rarefaction waves. Since we are interested in the time-asymptotic behavior,
and also for the consideration of the accuracy of the approximation, we start with

l —
a large time g = rlgz, dy = —V?kp,ﬁl exp (%) > 0:

(p.u,0) (r,x)

1.
= (P 4 p™ — pmo ™+ ut —uyy, 64 464 —6,) (1 + 10, x), (19

An approximate Boltzmann solution is defined to be in local thermo-equilibrium
based on the Euler approximate rarefaction waves:

LIGEIN <_|s —ﬁ(r,xnz)
V2T RO, x)3 2RO(t, x)
Another way of constructing approximate rarefaction wave profiles is to start with

the Navier-Stokes equations. In this case, the characteristic values are well approx-
imated by the Burgers equation, [24, 26],

My, 59, §) = (1.10)

Air + Aidiy = UAjxx.

As mentioned previously, all these approximate rarefaction wave profiles are time-
asymptotically equivalent and tend to the centered rarefaction waves. We choose
to use the Euler equations for simplicity. In fact, for our stability analysis, we will
later need to construct more accurate approximate Boltzmann rarefaction waves
which are not in local thermo-equilibrium. The function space for the difference

g(tyx, %—) = f(t’xv E) - M[ﬁ’ﬁyg](t’x’ 5)9

is the following:

AP
L lrd) ¢ B, (RT, L2, (R RY) )

M- (&)
4+ N TN
H;, (R") =1g(t x,§) VIFE 00y g(t,x.8) c lex ) (R x R x R3)
VM) s
ag+a; s

We also use the notation f(§) € Lg (ﬁ) to mean that % € Lé. Here

M_ =M,_,_6_jis a global Maxwellian satisfying
10t x) < 6_ < 0(t, x),
lp(t, x) = p—| + |u(t, x) —u_| +16(z, x) =6 < no (1.11)

for all (¢, x) € Ry x R.

Moreover, we use R(g, no; o1, Ui, 6;) to denote the class of approximate rar-
efaction waves which are of the form (1.7)—(1.9) with the following amplitude
condition

8 =lpr— prl+ lug —ur| + 16 — 6,1 < no,

sup  O(t,x) < inf (¢, x). (1.12)
(t,x)eRy xR (t,x)eRy xR

N =
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Notice that ¢ appears in the initial data for (1.7), while no enters the amplitude
condition (1.12).

For any approximate rarefaction wave (ﬁ(l, x),u(t, x), 0(t, x)) € R(e, no;
o1, ur, 0p), we define T (e, €, no; 0, %, 0) to be the class of initial data fo(x, &)
satisfying

H Jox: §) = Miz0.,0.0.80.0] H s ( 12 ( | )) S €0 (1.13)
X 3 \/I\T
for a global Maxwellian M_ which satisfies (1.11).
Then, the main result of this paper can be stated as follows:

Theorem 1.1. Given (p;, u;, 6;) with p; > 0,6; > 0, let (ﬁ(r, x),u(t,x), §(t, x))
€ R(e, no; p1, uy, 61), and pick € and ey small enough. Then, for each fo(x,§&) €
A (80, &, N0 P, U, 5), the Cauchy problem for the Boltzmann equation (1.1) with
initial data fo(x, &) yields a unique global solution f(t,x,§) € Hf,x,& (RT) sat-
isfying, for some positive constant §g = O (1)(gg + ¢),

Hf(t,x,g) ~Mp; 27 H ol S, (1.14)
(12 )
and tends to the local thermo-equilibrium rarefaction waves time asymptotically:
lim Hf(t, X, 8) = Mk 4 o] LOO(L2< ] )) —0. (1.15)
x 3 M

Remark 1.2. The constants > 4 in Theorem 1.1 is any given integer, the constant &
comes from the definition of the approximate rarefaction wave profile in (1.7). The
existence of the global Maxwellian M_ is a consequence of the energy estimate.
The constant ng > 0 is mainly for validity of the microscopic H-theorem, (1.17),
and will be specified later in Lemma 4.2.

For the energy method, the Boltzmann equation and its solutions are decom-
posed into fluid, and non-fluid, parts (see Section 2). The fluid part of the Boltzmann
equation contains Navier-Stokes type dissipations. The complete understanding of
the dissipation requires the decomposition of the H-theorems, see Section 4. A basic
element here, beyond [28, 29], comes from the fact that the strength of a nonlinear
wave pattern may not be small. In its simplest form, the micorscopic H-theorem
states that the linearized collision operator Ly, around a fixed Mawellian state Mg
is negative definite when applied to an non-fluid element G, [8],

GLm,G 1 G?
_/ I e > &dé (1.16)
r: Mo rR? Mo
for a positive constant o.
Here, with the varying Maxwellian M, we show that
GLumG 1 G?
_/ M d€ > o ﬂdé&’ 1.17)
R3 M_ R3 M_
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for a global Maxwellian M_ with /2 < 6_ < 6. The restriction § < 719 on the
strength & of the rarefaction wave is mainly to ensure that this microscopic version
of H-theorem holds for some & = o(p,u,0; p—,u_,0_) > 0. Clearly, (1.17)
would hold for M varying over a small neighborhood of a fixed Maxwellian. We
will show in Section 4 that it holds for rarefaction waves that are not necessarily
small in strength.

The accurate approximate Boltzmann rarefaction waves are constructed based
on a Chapman-Enskog type expansion, see Section 3. These waves are not in
thermo-equilibrium. As in [29], the fluid component is first estimated by the en-
tropy method, as for the Navier-Stokes equations (see Section 5), and then we make
use of the coupling property of the Euler equations to complete the estimate of the
density function, omitted by the entropy estimate because of the degeneracy of the
Navier-Stokes dissipations, see Section 5. The microscopic H-theorem (1.17) is
used in Sections 6 and 7 to estimate the non-fluid component.

For the entropy estimate with respect to local Maxwellian (see Section 5) the
key monotonic property of the characteristic fields across rarefaction waves is used.
To treat the nonlinear term by Sobolev analysis, we need to carry out the energy
estimates up to fourth-order differentiations in Section 6. However, a complication
arises because the microscopic H-theorem, (2.13) and (1.17), has dissipation on

! 1 G
the microscopic component of the order of / / / %dédxd T where
0 JRJR?

the order of growth in £ is only 1. However, the energy estimate by using the weight
of local Maxwellian has error terms with a polynomial of & with order greater than
1 because of the derivatives on the local Maxwellian. Hence, another set of energy
estimates based on a global suitably chosen Maxwellian M_ is needed to complete
the analysis, see Section 7. When we perform the energy estimates with respect to

t
the local Maxwellian M, there is a typical error term wM,dé dxdrt
P 0 JRJR3 M2

which appears and satisfies

t a2
19°G|
/O /R /R apMidédxdr

¢
§C(G—G_,p,u,p_,u_)(e—i—(So)//
0 JRJR?

0°GP?

vl d&dxdr, (1.18)
where M, = 3;M, 9% = 9;°9;" fora = (ap, 1) = 0. Notice that the error term in
the above inequality is now an integral with the weight M_ and a small factor of the
order of ¢ 4 6. We thank the anonymous referee who pointed out [6], where argu-
ments similar to this last estimate have been used. Although an additional term in
the form of integrals of the fluid components and their derivatives appears because
the orthogonality property of M and G fails with respect to weight M_, the small
factor ¢ + §p in (1.18) helps to yield the desired estimates. For the higher-order
energy estimates on the macroscopic component M, there is no need for the use of
a global Maxwellian M_ because all polynomials of £ (if any) can be absorbed by
the local Maxwellian M.

Before the energy method based on the decomposition (2.5) is used, an elegant
analysis using the spectral properties of the linearized collision operator Ly is
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used to obtain the existence and large-time behavior of solutions to the Boltzmann
equation, see [21, 35, 39] and references therein.

2. Micro-macro decomposition and fluid equations

The collision operator has five collision invariants v, (§), cf. [5]:

Yo(§) =1,

Yi(E) =& for i =1,2,3, or yr(§) =&, Q.1)
1

W®3W,

satisfying
/ V;j()Q(h,g)d§ =0forj=0,1,2,3,4.
R3

In the following, we define an inner product in £ € R? with respect to the local
Maxwellian M as:

1
h,g)= —h d
g = [ h©seds
for functions h, g of £ such that the above integral is well defined. With respect to

this inner product, the following functions spanning the space of macroscopic, i.e.
fluid components of the solution, are pairwise orthogonal:

1
x0&; p,u,0) = —M,

P
%—i_ui
Xl(évP?qu)E M fOr i=1,2,3,
VRpo 2.2)
1 (1 —ul?
; ) ,9 = — _3 M,
x4 o, u,0) @< R0

<Xi7Xj> = (Sij,fOI‘i,j = 0, 1,2,3,4.

The macroscopic projection Py and microscopic projection Py can be defined as:

4
Poh = h, xi)x;,
0 /E:O( Xj)Xj (2.3)
Pih=h—Poh.

Notice that the operators Py (and therefore P ) are orthogonal (and thus self-adjoint)
projections for the inner product (-, -).

A function /(&) is called microscopic, or non-fluid, if it has no fluid components,
i,€.

/ h@E)Y;j)dsE =0, for j=0,1,2,3,4. 2.4
R3
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It is clear that such a function is in the range of the microscopic projection Pj.

The solution of the Boltzmann equation f (¢, x, &) is decomposed into the mac-
roscopic (fluid) component, i.e. the local Mawellian M = M(¢, x, §) = M, 4,0
and the microscopic (non-fluid) component, i.e. G = G(¢, x, £):

f@,x,6) =M, x,8§) +G@,x,8), Pof =M, P f=G. 2.5)
The Boltzmann equation hence becomes:
M+G)+E M+ G), = LmG + Q(G, G), (2.6)
where Ly is the linearized collision operator around the local Maxwellian M:
Lvg = Lipung =200, M).

With the micro-macro decomposition, the Boltzmann equation (2.6) can be
decomposed as follows: the conserved variables are governed by the conservation
laws, which are obtained by taking the inner product of the Boltzmann equation
with the collision invariants ¥y (£):

pr+ (pup)x =0,

(pu1); + (pu? + p)x =

(),
R3 X
—( / slszGds) ,
R3 X
—( / slsscds) ,
R3 X
[p(%lulerE)]tvL(ul(p (31u® + E) +p)> == (/RfllflzGd$> :

Another component of the Boltzmann equation, the microscopic equation for G, is
obtained by applying the microscopic projection P to (2.6):

(pu2)r + (puyuz)x
2.7)

(puz): + (puiu3z)y

G +Pi1(61Gx + §1M,) = LmG + 0(G, G), (2.8)

whence

G = Ly (PIEMD) + Ly (G + P1&1G) - 0(G. 6))

m 2.9)
= Ly (P, (slMx)) ey
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Substitute (2.9) into (2.7), the conservation laws now become:
pl + (Pul)x = 07
(pun)s + (put +p) = ( /R Ly (Pl@Mx))ds)
. X

(puz); + (puiuz)y = —

R}SlézLi/ll (Pl(glMx))d§>

(
(
- < R3§1€2®d$)x,
(
(

X

(pu3): + (purus)s E163 Ly (Pl(slMa)ds) (2.10)
R3

X

=4 ([ ey (Pieo)ac
([ sierod) .

The fluid equations can now be viewed as being a part of the Boltzmann equation. In
(2.7), if the gas is assumed to be in thermo-equilibrium, that is, setting G to be zero,
then the conservation laws become the Euler equations for gas dynamics, (1.4). If
we neglect all the terms containing ®, then (2.10) becomes the Navier-Stokes equa-
tions for gas dynamics. By rewriting the Boltzmann equation in this form, we can
later construct the time-asymptotic rarefaction waves for the Boltzmann equation
based on the fluid equations. It also allows us to perform the energy analysis, based
in part, on the energy estimate for the fluid equations.

The approximate rarefaction waves for the Boltzmann equation, as defined by
Euler equations in Section 1 and studied later in Section 3, are locally Maxwell-
ian. However, to carry out the energy method, we will need to include the non-
equilibrium Navier-Stokes effects of the viscosity and heat conductivity through
the microscopic component G in (2.10). To this end, we subtract from G(z, x, &)
the term G(¢, x, &):

G(t, x, £)
L;;{P] (61 (50,0 + & T ) M, )] }
- . @1
a(t, x)

which is the first term in the Chapman-Enskog expansion, cf. (2.9) and (2.10). The
reason for this subtraction is that the approximate rarefaction waves defined by the
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Euler equations through the inviscid Burgers equation are not sufficiently accurate
— = 2 . . .
(ux, Gx) (1) || 12 1s not integrable with respect to ¢.

for the energy method. In fact, |
Thus we include the Navier-Stokes term from E(t, x, &) here.

For later use, we now collect some properties of the linearized collision operator
Ly in the following lemma (cf. [17, 19]).

Lemma 2.1. Ly has the following properties:
(i) Lwm is self-adjoint, that is, to say:
(h, Lmg) = (Lmh, g).
(ii) The null space N of Ly contains only the macroscopic fluid variables x j, j =

0,---,4.
(iii) For the hard sphere model, Ly takes the form, cf. [19, 17],

h
(Lmh) (§) = —v(&: p, u, O)h(E) + vVM(§)Km ((J_ﬁ) (E)) - (212)

Here KM (1) = —Kim () + Kom(©) is a symmetric compact L? operator, and
v(&; p,u,0) and Kim(-) have the following expressions

. o) — 2p RO e /Iéul _y2 J
w0 = Lo (G v ul) [T e (<5 )

& —ul?
+ ROexp| — 2RO ,

B P & —ul® |6 —ul?
kim(§, &) = J(zn—WE — &xlexp <_ 4RO  4R0 ) ’
2p _ E — &1 (&7 — &P
kzM(é,E*)=ﬁ|§—5*| 1exp<— 8RO 8R9|§'—’§*|2)’
where kivi(§,€:)(i = 1,2) is the kernel of the operator Kim(i = 1,2),
respectively.

(iv) There exists oo(p, u, 0) > 0 such that for any microscopic, non-fluid function

h(§) e N*
(h, Lmh) = —oo(p, u, 0)(h, h),
which implies, cf. [17],
(h, Lmh) = =0 (p,u, 0)((1 + ED)h, h), (2.13)

with some constant o (p, u, 6) > 0.
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Before concluding this section, notice also that the projections Py and Py have
the following basic properties:
Po(y;M) = y;M, P1(yM) =0, j=0,1,2,3,4,
LmPy =PiLm = Lm, P1(Q(h, ) = Q(h, h),
LmPy = PoLm =0, Po(Q(h, h)) =0,
(Y;M, h) = (M, Poh), j=0,1,2,3,4,
(h, Lmg) = (P1h, Lm(P1g)),

(h Ly ®19)) = (L5 @), Prg) = (Pr, Ly Prg)).

3. Approximate rarefaction waves

The solutions of the Riemann problem for the Euler equations are self-similar
and governed by the inviscid Burgers equation fori = 1, 3,

R; Riy Ri __
Aif A A =0,
® & i, x<0
A0, x) = A (x) = 3.1
Ay, x>0

with A;— < A;, which have continuous solutions of the form A (%) given by
hiey TS hio,
Wi =1z - <z< g, (3.2)
Xits T2 A

In [32], it is shown that A, ( %) is approximated by the solution to the Cauchy
problem (1.7) with decay rates when ¢ is sufficiently large. This approximation is
summarized in the following lemmas (the interested reader is referred to [32] for
the proof).

Lemma 3.1. Let §; = Aj — Aj— be the wave strength of the i-th rarefaction wave,
and have that the Cauchy problem (1.7) has a unique global smooth solution i (t, x)
which satisfies the conditions:

1) Ai— < Ai(t, x) < Aig, Aix(t,x) >0, V(t,x) € R4 xR
(ii) For any p(1 < p < 00), there exists a constant C(p), depending only on p,
such that

1o
lAix (2, )lLr = C(p) min {&‘81 v, 8/t ]+1’},

/ . i1 ‘_l_l _ .
%j)»i(l,x)HLp < C(p)mln{(Sigj p,el ey 1}’ =2,
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and in the region between two waves, we have
[(A1(t, x) — A1g) A3z (2, x)| = O(1)8183¢ exp (—2d¢t) ,
[(A3(t, x) — A32) Ax (2, X)| = O(1)8183¢ exp (—2d1¢t) .

Specifically, there exists a constant C (p) > 0 such that for p > 1

_1 1
1 (2, x) = h1s) Asx (6, Dl 1o < C(p) ($1838)" ’ exp (—le (1—;) 8t> ,

_1 1
l(A3(t, x) — A3-) A1 (8, )l = C(p) (8183¢)" ’ exp (—2d1 (1—;) 81‘) .

(i) Lim sup |A;(t, x) —

11— OOXGR

From Lemma 3.1 and (1.8), we can easily deduce that (p(z, x), u(t, x), 6(t, x))
is globally (with respect to # and x) defined and smooth. As we mentioned before,
from (1.7) and (1.8), (p, u®, 647) (t,x)(i = 1,3) is an exact solution of the
Euler equations, [26],

o +(pA a7 )x=0,
91 =

ult +u1 u1x+ QA +3,0A 'Ox ’

(3.3)
A A; 2 A;
0. +uiio +30 il = 0.

Moreover, from (3.3), (1.9) and (1.8), we have the following expressions of the
approximate rarefaction waves which we list here for later use:

+ _TSkﬁ%(t,x)CXP (‘g) 2+ 10, %) + E1 (1, ),
(1, x) = { 3 p%(t,x)ﬁ(t,x)exp (—S) —5(1,)6)} iy (1 + to, )
15k ’ )
~ { 135]{5% (.0 x)exp (~3) +ﬁ(t,x)} w3 (t + 10, x)
+ Ex(t, x),

3 V15k
uy(t,x) =
~ {«/151(
3

ﬁ% (t, x) exp (g) —uy(t, x)} uy, (t + 1o, x)

_1 S _ Az
p3, x)exp |5 ) +ui(t, x)pup;(t+to, x)

+ E3(t, x), (3.4)
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where
E _ 3 A 3 3 2 I
1, x) =— {E (,0 (t+n1, x)) —ﬁ;ﬂ (t,x)} exp( )ulx (t+19, x)
3exp —§> 2

T {(pA3(t +t0,x)>j —ﬁg(t,x)} ulx(t + 19, X),

2 _
Er(t,x)= { |:— (,OAI (t+10, x)) ’ u’f' (t+19, x) exp (—%)—pA‘ (t + 19, x)]

_2 _ 5\ — |
15k,03 (t, x)up(t, x)exp (—%)—p(t, x)i| }u'{‘x (t+t0, x)

3 2
- [\/ﬁ (pA3 (t+t0, x)) S ufP (e 419, x) exp (—§)+p*‘3 (t+10, x)}

i /—35,(/)3“ x)u(t, x)eXP( )+p(r x)} }uﬁ?(wrro,x),

B0 =] [ufwo,x)—@( Mt )] exp()}

«/15k5% (t, x)exp <§>:| }”1x (t+19, x)

— | ui(t, x)—

_ |:u‘143 (t+10, x) + @ (PA3(t+to,x))% oxp <%>:|

- ﬁl(tax)+

.f15k5% (1, x) exp (g)} }u;“; (t + 10, x). (3.5)

From these expressions and Lemma 3.1 we find that (p(z, x), u(t, x), 6(t, x))
has the following decay properties in the L” norms. Note also that all the space
and time derivatives of (p(t, x), u(t, x), 6(t, x)) are dominated by i, which is
positive as stated in the following lemma from [32].

Lemma 3.2. The approximate rarefaction wave (p, u, 0)(t, x) constructed in (1.9)
has the following properties:

() uli(r,x) >0, ¥(t,x) e Ry xR, i =1,3.
(ii) For any p(1 £ p < 00), there exists a constant C(p) > 0, depending only on
p, such that

-1

|(7.7.8), . 0], < CEyminfe' ™7, @ +10)77 ],

-] . 1
H 5.1, 0) (1, x) §C(p)min{ef7,sf”*ﬁf‘],jzz,

Lr
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and

|(By.6x) (1. x)| £ O(1) @1 (1, x) + | E1])
o 1 L\ 36
ICE1, Bz, E3) (6, 0)o < 0! 7 exp (=2 (L +dier) (1= 1)).

ST ) R R R\ (x)| —

(iii) t—lgrfoojlelg ’(,0, i, 0) (t,x) — (p%, u®, 6F) (7)} =0.

Remark 3.3. Notice that the quantities E; (i = 1, 2, 3) measure the interactions of
rarefaction waves from different families and (3.6), means that if we introduce a
positive parameter fo = ?182 in the approximation of the rarefaction waves profile as
in (1.9), such quantities can be suitably controlled. This choice of 7y simply implies
that if two rarefaction waves are seperated enough initially, then the interactions
between them are sufficiently weak.

Precisely, Lemma 3.2 implies that for ¢ > 0 sufficiently small

t 5 _ 3
/0 (u(mx, EDN + s + IE U, + || Grex, 60| 2|> (v)de

< 0(1)es,
5 (3.7)

dt
L2

t _ 3 -
/ (u(mx, EDI: + | @, exx>||§1) @ | .a.8)

<o [ (0t} +etexp(-3d .6 ,a
<om [ (a+0 +eew=3dien) G0 ar,

where
(5(;, X), iz, %), é(r,x)) = (p(z,x)—ﬁ(t,x), u(t, x)—Ti(t, x), 0(1, x)—0(t, x)).

4. H-Theorem

The H-theorem of the Boltzmann equation is based on the special property of
the bilinear structure of Q(f, f) which satisfies

| ot pmae <o

and the equality only holds when the solution f(¢, x, &) is a Maxwellian, i.e.
ft, x,&) =M, 40 According to the dissipative effects on the macroscopic and
microscopic components, the H-theorem can be viewed as two aspects. The first
mainly considers the linearized collision operator Ly acting on the microscopic
components stated in (2.13) and (1.17) which is called the microscopic H -theorem.
The second originates from the nonlinear collision operator, where by the viscosity
and heat conductivity can be expressed.

In the following, we first give a proof of (1.17). To do this, we need Lemma
B.1in [29], cf. also [15].
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Lemma 4.1. There exists a positive constant Co > 0 such that

A+HED'Q(£.0)? je < C2 A+EDS2 ge | &4
/R3 wsetag < G [ oplac. [ Gas

Lge. | alEbg? 4
+\/I;3M E /1;3 M g ’

where M can be any Maxwellian so that the above integrals are well defined.

“.1)

Lemma 4.2. If % < 0_ < 0, then there exist two positive constants @ = o (p, u, 0;
p—,u_,0_)andno =no(p,u,0; p—,u_,0_) such thatif |p — p—| + |u —u_| +
16 — 6_| < no, we have for h(¢) € N1,
_[ hLmh (1+ |s|)h2d
R3

MR e >
M_ R3 M_

Where, here, M = M|, 401, M_ =M[,_ 4_ 6]

£,

Proof. By Lemma 4.1, we have

hLyv_h _
_/ hLyh e :_/ 28 d§+2/ HOM_M.A)
R3 B R3 B R3 B
(1+]ghn? hQM_—M,h)
2 (oo 6o) [ OHDEdg 42 [ PO g
2
> %o(p_,u_,e_)fm%#ds

_ 4 (I+ED"T oM —M,h)? dE
o(p—,u_,0-) RS M_

2
s

4C (141D (M_—M)? (1+[gDhA?
- o(,o_,ui,e_)/R3 M_ df'/m M_ d§.
0

Since 5 < f_ < 6, we can choose a positive constant C3 = C3(p, u, 0;
o, u_,0_) such that

/ (1 + [E])(M_ — M)? o(p_,u_,0_)%
|E]=C3

4.2)

1\

dg¢ < . 4.3
M_ 53 16C, +3)

On the other hand,
1 M_—M)? 2
/ UHEDPEME g < £ (1o — ool lu —u-| +16 = 6-1) (4.4)
[E1SC3
holds for some positive constant C4 = C4(p, u,0; p—,u_,0_).

By substituting (4.3) and (4.4) into (4.2), and choosing

_ o(pu_b)
 V/2Ca(p,u. 0 p_u_,6_)

(4.2) gives the statement of the lemma.

1o
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The following is a direct corollary of Lemma 4.2 and the Cauchy inequality.

Corollary 4.3. Under the assumptions listed in Lemma 4.2, we have

2 ~1,2
L+|&] |7 -1 -2 A+IEN " h7(E)
/R3_M ‘LMh’ dés <o /R3 M dé&,

1] 1, |7 (+EDTh2®) *+)
— _72 -
fR3 Mo ‘LM h‘ ds <o fR3 e dé,

which holds for each h(£) € N'*.

Finally, we include the following lemma for later use.

Lemma 4.4. Under the conditions in Lemma 4.2, there exists a constant C5 > 0,
such that for each k € Z1 and constant . > 0 we have

aPiElFe) - [ alele e| < /A|g1|2+r'|gz|2
'/Rs—M dt /RS—M* ds'zcs M = de. (4.6)

Proof. Since

Py (Ig1"g2) — 161°g2 = —Po (161 g2) = — 24:<|§|"gz, Xi) 1

J=0

we have from the assumption that %G(t, x) < 0_ < (¢, x) and Holder’s inequality
thatfor j =0, 1,2,3,4

v\ [ lElFgax
N R e
&3 % |%-|2kX12M_ %
= (/l;zM_dé) (/1;3 M2 ds
<0(1><f &2 dé) ,
2 % 2 %
81 Xj
(o) ()

1

2 2
81
o(1) (/RSM—dg) .

and

[IA

81X,
—=d
fm M %

A
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From the above two inequalities, we conclude for each A > 0 that

1
g1P1(IE* g2) g1lElF g < gl : g :
/1;3—M_ B M "f‘-‘”” o %) Jom @

Mgil? + 271 gl?
<cC d&.
= 5/123 v §

This completes the proof of Lemma 4.4.

In order to study the nonlinear wave behavior of the solutions, we also need to
use the macroscopic version of the H-theorem studied in [28], see also [3]. To be
self-contained, we include the macroscopic version as follows. Set the macroscopic
entropy S by

3
—ZpS=| MInMdé. 4.7)
2 R3

Here, we have normalized the gas constant R to be % sothat E=0and p = % p0.
Direct calculation yields

—3(pS): — 3(pur S)x + ( /R (& 1nM>Gds)

GPy (610, M)
- [R R e (4.8)

and

2
S = ~3 Inp +In(27 RO) + 1,

2 1
p=—-pf= k,o% exp(S), k=-—, 4.9)
3 2mwe
3
E = —R6.
2
A convex entropy-entropy flux pair (1, ¢) around a Maxwellian M = M (5.@
(u; = 0,1 = 2, 3) can be given as follows. Denote the conservation laws (2.7) by
| sicas
R3
m;, +n, =— /Rfl&(}df . (4.10)
| asiGas
R3
3| &11E1°GdE
R3
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Here

m = (mo, my, my, m3, ma)’

1 t
= (p, put, piz, pu3, p <§|u|2 +9>> :

n = (ng, ny, na, n3, ng)’

3

, 2 15 5AY
= ,Oul,/ml+§P970M1u2,pu1u3,pu1 EIMI +50)]) -

We now define an entropy-entropy flux pair (7, ¢) as

n=06{-305+ 355+ 3Vm(0S) m=m(m — M)} ,
g =0{-3pu15+ 3p11S + 3V (0S) lm=m(n — M)} .

Since
_ P s
(0S)mg = S+ 1= 3,
(PS)n = = i = 1.2.3,
PS)ms = 5.
we have

_ — _ _2 —
nzg{pe—eps+p[(5—§)0+ ] + 35 }
g =un+ @ —uy) (p0 —pb).

351

@.11)

4.12)

The entropy-entropy flux thus constructed has the following properties:
n@m) = 0,Vypn(@m) = 0, and the Hessian V,znn is positive definite for any
m satisfying p, 8 > 0 (cf. [28]). Thus, for m in any closed bounded region in

Y ={m:p > 0,60 > 0}, there exists a positive constant C¢ such that

Cs'Im—m* <7 < Colm —m|*.

(4.13)

From (4.12), it is straightforward to derive the following entropy equation

Mt qx = {V(ﬁ,ﬁ,i)” (P .8), + Vprsa - (p.4,5), }

+ / [glax(élnM) - gmxsf](;ds
R3

- {A}(ElélnM— SEIE - %Efﬁl)Gdé} :

X

(4.14)
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Integrating the above identity over [0, £) x R x R yields

/n(r)dx
R

=t p
. = /(; A[v(ﬁ,ﬁ,g)n . (ﬁ, ﬁ, S)[ + V(ﬁ,ﬁ,g)q . (ﬁ’ ﬁ’ @x ]dxd‘c
T=

t
+ / / f [slax(élnM)—%ﬁlxsf]Gdgdxdf
0 JRJR3

=1 + b. (4.15)

Here and in what follows, we denote the corresponding terms in the summation by
I; or I] without any ambiguity.

We now use the microscopic H-theorem from Lemma 4.2 to get an estimate
on I>. The corresponding estimates on /1 uses the particular expansion property of
the rarefaction wave and will be given in Section 5.

Noticing that

— 3
Py [(slax @InM) — Eﬁus%)M]

3 O, _/1E —ul?
=P, (sl (s-aﬁ%@—uﬂ)Mme('s . )M)
3 O,
Pi(610,M) = P, (sl (s e u|2> M

(5 ame) )
+& Oy +&uix ) M),

20
we have from (2.9), Lemmas 2.1, 3.1, 4.1, 4.2 and Corollary 4.3 that ;

, o Pi (&1 (& + G516 —uP) M)
ne [ [

x Ly (P1 (gl (g iy + %'E - u|2) M)) dédxdr

! - Z12
Hf /(lﬁx|2+|0x|2+ﬁ1x 9‘ )dxdt
0 JR

t 2 2 —1 2
+0(1)/ / / G + (1 4+1EDGy + (1 +[§) Q(G, G) dédxdr
0 JRJR?

M

2
dt
L2

t 3
+o | (n(mx, EN@I3 + H(ﬁm,@m><r>||zl> [Vno)|

t s
+ 0(1)/0 (II(ﬁu, ED@I7, + (@3

_ 5
+ | @ o) @O |2+ 1 Ex <r)||iz) dr. (4.16)
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Here we have used the fact that the derivatives of (ﬁ(t, x),u(t, x),0(, x)) are

dominated by w1y > 0 in Lemma 3.1 and A > 0 denotes a sufficiently small
constant.

In the above identity, the term

[ i (61 (&t 3ple — ul) M) L' (P (& (& + 3516 ) M))
R3

M 3

0y
= <P1 (sl (s Sl + %|s—u|2>> :
M (P1 (sl (s iy +§—;|s —u|2) M>)> 4.17)

represents the entropy dissipation.

By Lemma 2.1, the operator Lg,ll : Nt — Nt is one-to-one and bounded on
any finite dimensional subspace of N. Since the non-fluid function

P, (51 (é;‘ cUy + g—glé — u|2)) is of finite dimension in the & variables, there exists
a positive constant C > 0 such that

c” <P1 (a(s ux+—|s—u|2)) (a(s x+—|s—u|2>)>
= <Li£ <P1 (El (s ux~+ —|s - u|2> M))
Lyt (p] (sl (s-ax+?—;|s—u|2>M) > |
§c<P1 (51 (s-ﬁx+§—;|s—u|2>>,P1 (sl(é~ax+§—;|s—u|2)>>.

The above inequalities, together with the microscopic version of the H -theorem
imply that there exist some positive constants o1 and o7 such that,

LI L)

M

- Pi(gr (6ot 515 —ul) M) Ly (P (6 (& -t 516 —ul) M))
R3

M 3

RS ) S

M (4.18)
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The first inequality in (4.18) follows from (iv) of Lemma 2.1:
(& (et Gyt M) Ly (P (e (80 S 16— M)
__jL3 s £
B / Lo (Lt (Pr (&1 (&t 16— )M) ) i (P (61 (8 4 Gy M) ) :
== M
R3
z@/ﬁﬂwﬂﬂﬁwwmyﬁ
R3

2 ‘71/1;3 ‘Pl<$1<§'[‘x+%\$—u\z>)‘2ds.

M

The second inequality of (4.18) follows from the boundedness of the operator LK,II
on Py (& (& i+ G51é — ul?)).
Note that the dissipation order in (4.18) is

[ Py (51 (& - + Gl - ul))[
R3

_ -2 A2
i dg = o)(1a,> +16,12), @4.19)

for some positive function O(1). The left-hand side of (4.19) gives exactly the

dissipative effect of the fluid components through viscosity and heat conductivity
in the solution of the Boltzmann equation.

Putting (4.16), (4.18), and (4.19) together imply

t B t
125—@/(/Q@F+umﬂ¢mr+x/l/mx
0 JR 0 JR
t _ 3 2
+om [ (n(mx, EN@ I + | @1, exx)<r>||zl> N e

t s
+ 0(1)/0 (II(ﬁu, ED@I7, + a1 (@3

t 2 2 -1 2
" 0(1)/ / / G+ +EDGy + A +EDTQ(G, G) dédxdr
0o JRJR3 M

~12
9‘ dxdr

_ 5
+ | @ e @2+ 1 Ex <r)||iz) dr (4.20)

for a positive constant d; of the order of the viscosity and heat conductivity of the
fluid. Here A is a small constant.

5. Entropy estimates and lower-order estimates

The purpose of this section is to initiate the proof of Theorem 1.1 using the
entropy pairs, (4.12), (4.15) and (4.19), for the first-order estimate of fluid vari-
ables. This, and the subsequent two sections, will complete the energy estimates.
First we set up the overall framework for these estimates. Denote 9* the differential
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operator 9% = 9 (@0.a1) — 3,“0 97", || = ag+ay, where ag and o are non-negative
integers. Set

p(t, x) = p(t,x) —p(t, x),

u(t,x) =u(t,x) —u(t,x),

6(t,x) = 60(t, x) — (1, x),
G(t.x,8) = G(t,x, &) — G(t, x, &)

as usual, in order to extend the standard local existence theory of the Boltzmann
equation (cf. [40, 18]) to the global existence theory, we need to close the following
a priori assumption

GZ aaMZ aaGZ oY 2
N@? = sup /RmeJr Y ! )MH )+Z(Mf) (1)ddx

05t

151053 |oc|=4

+ sup {/n(r)dx}
05 LR

< 8. (5.1)

Here §p > 0 is a suitably chosen, sufficiently small, constant.
From (2.7), (5.1) yields the following L‘(’lO x) estimates by the Sobolev imbedding
theorem:

sup > % w0 0| + e 0
t€[0,1],xeR 1<121<3 o , VM_(z, x) L§
+ s (|@aoe))
7el0,¢],xeR
< O(D)(e + o), (5.2)

where ¢ is the constant in the definition of the approximate rarefaction waves.

Under the a priori assumption (5.1), by choosing §p and ¢ to be sufficiently
small, there exists a constant state (po—, u_, 6_) with p_ > 0 and — > 0 such that
for all (7, x) €[0, ] xR

1
50(1, x) <0_ <0(t,x),
10(t, x) — 0| + u(r, x) —u_| +|p(r, x) — p—| < no. (5.3)

Thus, the microscopic H-theorem (1.17) holds for the global Maxwellian M_ =
Mip_u_6-1-

We now start with the entropy estimate. From (4.15) and (4.20), to obtain the
entropy estimate around the approximate rarefaction wave profile, we only need to
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estimate /1. It is worth pointing out that the expansion of the rarefaction waves, i.e.
i1, > 0, plays an important role in the following estimation. In fact, notice that

V(ﬁ,ﬁ,i)” ) (ﬁ’ u, E)t + V(ﬁ,ﬁ,i)q ) (ﬁ’ u, gx
= npEa + i, E3 + qzE1 — Hy (p.u, 035, 7,0) )|
—Hy (o, u,0;5,7,0)u)>. (5.4)

Here

Hy (o u,0:7.7.8) = 3p (ur = @)* + 3k (07 exp($) = 57 exp (5))

_ §kﬁ% exp _) (o —p) — %kﬁ% exp (E)p (S _E)
3«/15 -

Wexp( )o@ =) (s-73).

Hy (p.u.6:7.7.8) = 5p(u1 ~ w7 + 3k (0 exp(s) — 7 exp (5))

—3kp3 exp (S) (p — ) — kD7 exp (5) p (S - S)

3«/15 B
+ 73 exp( ),o(ul —w) (5-73). (5.5)

From (4.12) and (5.5), we obtain

M= =3k exp(8) p (S —5) — Skexp ()73 (0 - D).
M, = —3p (g — 1),
g7 = —3kp~3 exp (S) pur (S—35) — Skexp (8) 773 (pur—p ). (5.6)

Veoun,5)Hi (7.7.0:7.7.6)
%kﬁ’é exp () 0 kB3 exp (S) B
: 0 3 S e (3) | 60

kp3 exp (5) SCDNVIH53 eXP( ) %kﬂ?exp( )

Since V(zp’ul’s) H;,the Hessian of H; are positive definite at (p, u, 6) = (ﬁ, u, 5).

Thus around the approximate rarefaction waves profile (ﬁ, u, 5), there exists a pos-
itive constant 3 such that

—Hl(pue,o, jul Hz(p,u,e;ﬁ,ﬁg)ulx
< —dstiy, (167 + 1l +161%) (58)
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Furthermore, (4.13), (5.6), and Lemma 3.2 imply
t
/ / (nﬁEz + g E3 + qﬁEl)dxdr
0 JR
t
<om [ vl
0
t
<o) ([ WE, B2 En @l 2dn
0
t 2
+ [ Vi@ e e v dr)
0
_1 1
SOoMe 2exp|—-
£

1 t
+O(1)«/§exp< >/0 exp(—ed; 1) an(f)

&

L2 1(E1 Ea, E3) (D)l 2 dT

2
dt.  (5.9)
L2

Putting (3.7), (5.8), and (5.9) together, we can deduce that
[ ~
S / / (1612 + 1l 416 )dxd
0 JR3
+O(e 2 exp (—1)
t
2
+0(1)/eexp (1) /0 exp(—edi7) [vn(@) |2 dr. (5.10)

Inserting (4.20) and (5.10) into (4.15), we have, from Gronwall’s inequality,
the following entropy estimate:

t
[onwax+ [ [ (il + 16,2 + 700058 + 1P + 151 dxde
R 0 JR

<o) (/ 1(0)dx + sé>
R

‘ 2 2 —1 2
n 0(1)/ / / G +(1+EDGL+(1+1EDT0(G, G) dedxdr. (5.11)
0o JRJR3 M

We now finish the lower-order estimate. As well as (5.11) on the macroscopic
component, we still need to estimate the microscopic component G and to obtain
the double integral for |5 |*>. As mentioned in the introduction, ||G||i2 is not inte-

grable with respect to time. Thus, we will first derive the lower-order estimates for
the microscopic part G by using the microscopic H -theorem. We will then combine
the microscopic part G with the entropy estimate on the fluid component in the last
section and the coupling terms to obtain the lower-order estimate of the solution to
the Boltzmann equation. For this estimate, G solves

RO 26
—P1(§1G0) + 2(G, G) - G, (5.12)

)
Gt_LMGZ—LP] [S]('S u éx+§'ax>Mi|
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Multiplying (5.12) by % and integrating the product over [0, 1] xR x R3, we
obtain from (2.13)

G? i ' (1+&DG?
/I;/R}Mclédx TIO—{—U/(;/R R3—M dédxdrt
t (;2
- /0 /R /R 3WMld§dxdr
¢ [Pre (55L0 + i) m]
I ffosn R@

+ P1(51Gy) — O(G, G) + G, ¢ dédxdr. (5.13)

From (2.11), (5.1),(5.2), Lemma4.1 and Corollary 4.3, direct calculations yield

~2 =t t 2
1
// G—dédx +f/ ﬂdgdxdf
R R3M =0 0 R JR3 M

! t G2
< 0Mes +0()(e +30)[ / / —dédxdt
0 R JR3 M,

! ~ |2
w0 [ [ (@ a1 P + [ 80 ) axar
0 JR
t 2 -1 2
vou [ [ LI QHEI0GOR by, 514
R JR3 M

For later use in the higher-order estimates in Section 7, we also need the fol-
lowing estimate with respect to the weight M_ instead of M which can be obtained

similarly:
1 G?
// 1+ &) U+ DG e grae
R3 M_

G2
| —dgdx
R R3M,

t
< O(Det + 0(1)/ / ((8 +80) 1/xI* +
0 JR

(I:i.X7 X

2
) dxdt

t 2 . 5
+0(1)// (1+1EDG; + (1 +1ED"'0(G, G)
0 JrJRS M_

dédxdr. (5.15)
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Since for M; = M_ or M, we have from Lemma 4.1 and (5.2) that

/’/ (1+16D7'0(G, G)*
R3

7 dédxdt

¢ 2 2
< 0(1)/ / ( w) . </ G—) dxdt
o JR\JR3S M, M,
t ~2 o2 A2 w2
go(])//< (1 + DG +G)d§).</ udé)dxdr
0o JR \JR? M; RZ M

(1+1ENG2
o dsdxdr. (5.16)

t
§0(1)sé+0(1)(e+ao)//
0 JR

From (5.11), (5.14), and (5.15) the following two estimates on the entropy n and

G hold:
! ~ ~
4 [ (1608 + 0015, 1. 0P ) dnae
0 JR

2 =t
n(t)dx+// —d&dx
/R RJ/RZ M =0

! (1+1ENG?
+/0/l.{ R3—M dédxdt

t
< 0(1) (sé +/n(0)dx) 4 0(1)(a+30)f / 152 dxdt
R 0 JR

2 2
+0<1>/// <<a+5) (H'g');f +G))dsdxdr,

(5.17)

and

(”';2 =t
d +// —d&d
/Rn(t) A e M 3 xtzo
2
f/ (+1EDG ——————dé&dxdr
R3 M_

t
<o) (eé —i—/n(O)dx) + 0(1)(8—}-80)/ / 152 dxdt
R 0 JR

2 2
+0(1)/ / (+ 1D (G +G )ddedr. (5.18)
R3 M

t
[ [ (10 + 71015, .0 v
0 JR

Finally the double integral of ,5)% and ,5,2 is obtained from the coupling through
the conservation laws as in [20]. From (2.7), (1.9), and (3.3), since (,5, u, é) (t, x)
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solves
151‘ + (ﬁﬁl)x = —Eqy,
B o 2. 20 £2G
iy iy + =0+ —py = — | 1—dt — Es,
3 3p RS P
- - G .
figy + iy iy = —f S8 e i, (5.19)
RS P
. - - 165G .
Uz + U3y = — 515 ~dE — Uiz,
RS PO
S 2. g (& -u—1EP)G
b + 0 + 16, = ( 2167 ~d — Ee,
3 R} Iy
where

—~ — ~ A A
Eq = (pily +19)y + p (M13 - Mlm) + pis (Mll - Mlm)
A A
e (=) (o =)
Es =tjuy +Uuiitiy —|—u‘14x1 (uf* — ulm) +u‘14; <u‘141 — u1m>

n E{ﬁé -~ §ﬁp N P (04 = 6) =041 (0™ — pu) A
3l oo T pphi *

P (6% = ) = 6% (o™ = pu)
ppts Fx

+

3

E¢ = % {@F, + 800 + i (64 =00 ) +uf (6% — 60)]

@8+ @8 + 01 (=) + 60 (u] =)} 520

Thus we have by Lemma 3.2:

t
/ /|ﬁx|2dxdr < 0(l)st + 0<1)f G, 501 ()dx
0 R R

+o<1>/R|(ﬁ,ﬁx>|2<0>dx

+0(1)/ f (|9x| + ity |2 +f xdé)dxdt

t
+0()(e +50)/ /mx (1812 +10P+151) dxd,
0 JR
(5.21)
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and

' 1
/ / 15> dxdt < O(1)e™% exp (—-)
0 JR €

t
+o(1) / f (12 )P + 1 15, D)) dxd. (5.22)
0 JR

Hence, (5.17)—(5.18) and (5.21)—(5.22) give the complete lower-order esti-
mates:

froer [

2
/ / (1+15DG ST BV jedxdr < 0(1) <sé +/n(0)dx>
rR? M- R

2 2 2
/ / G (O)déder 0(1)/ / / d+ |E|) G TG )dexdr (5.23)
R3 R3 M

2 t
C Ot [ [ (160508 + 701G 7.0 s
0 JR

6. Higher-order estimates with respect to M

To close the energy estimate, we need to consider the estimates on the deriva-
tives of M and G with respect to x and 7. As mentioned in the Introduction, both
estimates with respect to the weight functions M and M_ are necessary. We will
also make use of both the equations for the fluid and non-fluid components M and
G together with the conservation laws.

Since the local Maxwellian depends on (7, x), the linearized operator Ly is
also a function of (7, x, §). Thus, the derivatives on the equation contain terms of
derivatives on this operator. Moreover, the highest-order derivative, i.e. the fourth-
order should be taken on the equation for f (¢, x, &) instead of the equations for the
macroscopic or microscopic components, respectively. Otherwise, the fifth-order
derivatives will appear and the estimates cannot be closed. However, the estima-
tion on the lower-order estimates should be sharp on both the macroscopic and
microscopic components, respectively, in order to obtain the dissipation on the
fluid component in the form of viscosity and heat conductivity, and the dissipation
on the non-fluid component by the linearized collision operator.

In this section, we will consider higher-order energy estimates of 0*M, 0“G
and 32 f for 1 < |a| £ 3,2 < |B] £ 4 with respect to the local Maxwellian
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M = M, 9] First, from (5.2) and (5.3), we have

T+ [£[0°G
VM

sup
7€[0,],xeR

2
0<a|<3 Lg

<o0() sup > G
- rel0rxeR | (S ~vM_ L2
< 0()(e + 8). 6.1)

To obtain the estimates on 9“M, we apply Py to (2.6) to yield

M, + Po(610M) + Po {610, [ Ly 1 @a. M) ]|

= —Po {610: [ Ly (G +P1&10:6) - 06G. 6]} 62)

Applying 8% (1 < |a| £ 3) to (6.2) and integrating its product with "HTM over
[0, f] xR x R yields

1/ |8"‘M|2d€d
2 R JR3 M *

=t

=0

! ERY & M _,
:_/0 /R/w< o M, + i 9 [Po(élaxM)]>d$dxdt

) /0 n 0“M* {Po {&10, [I\Lf;(l’l@laxM))]}}dédxdr

t B“MB“{PO {51 Ox [Lil (G:+P; (£19:G)— O(G, G))]}}
_/0 ./R/m . ZM dédxdr.
6.3)

Notice that

o -1

o{iyn) = Lyt @ m = 30 3 coyiy! (0 (0 (La'n) 9o m) )

J=0 lajl=j
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where Cy; are some positive constants, and the dissipation is from

! Po(3*M)a% | &1, | Ly, (P1(518:M))
—f// - e EWM = ]}dgdxdr
0 JRJR3
t P [£19, (Po(3*M))13% | Ly, [P1 (519, M)]
_f /f 1[10x(Po M{ M [P1(&1 }d‘f;“dxd‘[
0 /JRJR3

t P1[£1Po(0*M)]0% | LT [P (810, M)]
+f//31'° L e }deédxdr
R

M2

t
—d4/ /|a“<ux,9x>|2dxdr+o<1)g%
0 JR

+ > |aﬁ(p,u9)| dxdr.
1<|B1<]

t
+0<1)<e+ao)f / (B . 6,
0 JR

6.4)

Forj =1,2,3, straightforward calculations yield

// 1ZMI7 M' ds,:dx //|a“(ux,9)| dxdt
= R? =0 Ia\ =j

4 ~ 12
come+an [ [ ||
0 JR

+ Y [P0, u,0) | dxdx
1<IBIS]

t aa 21 19 2
+0(l) ¥ / /f WHED( GG g gxgie + 0 (1)t
la|=j R /R

+0(1)(s+80)f// QHEDGE | 5 HEDIPGE | g,

ISIBIS)
(6.5)

Similarly, we have the following estimates on %G by using (2.8):

// eGP dgdx /// UHEDGE g g g
loj=j /R JR? =0 \a| =j R}

t
comeran [ [ ||,
0 JR

+ Y |00, u,0)| | dxdr
1<IBI<)

t
(I+IED (18 Gx [*+18° Gy ?)
1
+0( )|a2_j/<) /R/w = d&dxdt

+0(1)(s+30)/// <1+|s|>GzJr ) (1+|s|>\aﬂG|2 dedxdt

1SI81S )

+o(h) ¥ / /|aa(ux,ex)|2dxdr+0(1)g%. (6.6)
= Jo Jr
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In summary, by appropriate combination of (6.5) and (6.6) for j = 1, 2, 3, we
have

a2 o 2 T=t
Z / 109G +|8 M| deds
1<]a]<3 =0
a 2
N Z // (1+|€I)|8 G| A+ EDIGI ot e
1</al<3 R
+ > //|8“(ux,9x)| dxdt
1<510]S3
1 t 2
§0(1)s§+0(1)(e+80)f/ ‘(ﬁx,ﬁx,ex) + Z |aﬂp|2 dxdt
0 JR 1<|BI<4
! (1+16NG? (1+ |€D|9PGI?
vome oy [ [ [ [ 57 CEEUEEE ) deanar
0JR R3 M_ 1< < M_
113
(1+ €D (10“G«|* + 10°G, %)
+0(1)Z// N = dédxdr. 6.7)

|a|=3

To have the dissipative estimate on the fourth-order derivatives of the non-fluid
component G, we need to consider the original equation for f (t, x, ). By applying
9%(2 £ |a| £ 4) to (1.1) and integrating its product with f over [0, 7] xR x R3

we obtain
[ 197 £ 12
_»/0 /R/RSW (M; + §1My) dédxdt

T=t
o £12
%f/ %d&'dx =
R JR3 =0
t 1 a0 £ad
+/ // 3f31\§[LMG)d%-dxdr+/ // PLINQGCG) yegrdr. (6.8)
0 R R3 0 R l{3

By calculations similar to those for M and G, we have

3 // Mdgdx
ria<a R IR N

+ oy //[ UHEDIGE g g g
=0 2<a<470 R’

2 2
+ X [P (p.u,0)| | dxde
1<|pI<4

t
§0(1>(s+50>// [
0 R

t A2 B r2
+0(1)(8+80)/ //3 HEDG |y~ (BRI ) ggdxde
0 /JRJR

25|BI=4

+O(1)ek. (6.9)
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By suitable linear combination of (6.5), (6.6) and (6.9), and choosing & and Jg
sufficiently small we obtain

3*G|*+9*M|?
Z //I [+ |d$dx
R R3 M

1<]a] <3

! (14]£)|0%G|? oo i
+ Z /()/R R3Td§dxd‘r+ Z /0/1;‘3 (ux,ex)| dxdt

1< 0| <4 1<]a] <3

T=t =t

0 £
+ / d&dx
2 ke ™

25 ja|<4

=0

=

Y o) | dvar
1<IBI<4

! (1+1&)G? (1+1ED1PG|?
vomeran [ [ [ [ ESES 3 CERAEED ) dedar,

1S18124 a

t
<owstrome+an [ [ [ i
0 JR

(6.10)

Similar to the discussions, (6.8)—(6.11), on the integral of ,5% and ,53 in Section
6, we can recover the estimate on |80‘,o|2 with |o| = 4 by using the conservation
laws (2.7). Notice also that

B £2
[07 f1 dt
R3 M
B |aﬂM+aﬂG|2dE_ |a/3M|2JrzaﬂMaﬁGJr|aﬂG|2dé
o R3 M - R3 M
[ [Po (0PM)| + Py (88M) | + 2Py (8PM) 0°G + |aﬁG|2d
o R3 M é
P, (6PM) |
zflp%dg. 6.11)
Thus we have
! 2
Z //|8°‘,ox| dxdt
1€ji<3 0 IR
1 - 12
<o) (st +807) + 0 [ [ (@480 .
0 JR
B 2
+ Y <|aﬂ(u,9)|2+/ '81&;' d§>>dxdr
1<IBI<4 R
t |aolf|2
+0(1) Z // M dédxdr. (6.12)
0 JRJR’

1S|a|S4
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Finally, from (5.17), (5.21), (5.22), (6.10), and (6.12), we have

/n(t)dx—l—// —d%‘dx

t
o o 2
+/0/R [P fix, )12 + 1x | (B, i1, ) > + Z |8’3(,0,u,9)‘ dxdt

1<IBIS4
on2 o 2 a r£12
+Z/ |0 |+|3G|d§d+2//|af|d§d
1S|a|S3 |o|=4
! (14 |£DG? (1 +&D]0°G|?
+/// SEEUE ST BV B gedxdr
0o JRJR3 M 1§§§4 M
<o) (¥ + N 0?)
2 o 2
+0(1)(8+50)/ /f & G jededr.  (6.13)
R 1<| < M-

Here, we have used the fact that, because of _ < 0,

72 £2
/R3 I ds < 0<1>/R3 I ag.

A direct consequence of (6.13) is

t
-~ o~ = 2
/O/R B i, 001>+ Y (0P (0, u, 0)]" | dxde

1<|pI=4

<o) (¥ + N0?)

+0x)( +a)/f/ L
e+ 8o - M_ M Edxdr. .

1<|a|<4 h

With (6.14), it remains to estimate the terms to non-fluid component G and its
derivatives with respect to the weight function M_ which will be discussed in the
next section.

7. Higher-order estimates with respect to M _

Finally, we will give the higher-order energy estimates with respect to the global
Maxwellian M_ = M;,_ ,_ ¢_] to close the a priori estimate in (6.14). For this,
we need to use the variation of H-theorem for non-fluid component G as stated in
(1.17).
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For brevity of presentation, we will only point out the main differences from
those arguments in Section 6, and then give the corresponding estimates instead of
giving all the detailed proofs.

The first main difference is that the fluid part Pp(0“M) and the non-fluid part
G are no longer orthogonal with respect to the global Maxwellian M_, i.e.

Py(3°M) - G
/R s #0.

As a result, there is an extra error term, in the form of

t
o [ [ ||
0 JR

The second difference is that the corresponding a priori estimate similar to
(6.1), i.e.

g > 8%, u.0)|? | dxdr.
25 0l <4

J1T+1€10°G
sup SRS < oy + o),
rel0r].xeR | 0 S VM- L2

does not hold. The estimate on the derivatives on Q (G, G) is then different without
the weight »/1 + |€]in the a priori estimate. For illustration, we give the estimate on
the following typical term when we differentiate Q(G, G), after applying Lemma
4.1:

|or|

el afasz
hi=2 2. f A ( ngdf)(/m'am—_‘df)“"f

J=0leejl=j

||

_Z Z 111’ < o] £4. (7.1)

Jj= Ola]‘ =Jj
For |o — «j| < 2, then we have from (5.2) that

1 < 0()es + 0(1)(e +5 t by iy, Ox)|2dxd
11 = 0) 0 R|(vau)n )| “dxdt

! (1+]&))G? (1HEDIIPGI?
+0(1)(8+50)/0 /1;/113 T+ Z M— dxdr.

1181 e | -

For |o —aj| 2 3, the above analysis does not apply, at least for o; = 0, because
(5.2) holds only for |a| < 3. However, from (6.11), we have

°G M
> <oy (‘ + H )
ol VM=lia ) lor|=4 —lzay  IVM-liza
<o Y
L2(L2)

1<]a|<4
< O(1)(e + bo). (7.2)
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With (7.2), we now estimate I;xlj for the case |a — a 2 3 as follows. Since

1
ai~2 ai~2 2
Jo e s o ([ e e
R3 R JR3

1
o 2 2
X(// W\L#ledgdx) ,
R JR3 B

2 ! ll[ H JTFEN% 9EG
0 VM

we have for |o | =1

aj

I < 0(1) sup {H s

A

€l0,1] L3(LD) k=0 L3(L})
t A2 | Al 2
e N I e
Notice that ||G||2 is not in Ltl (R1), when r; = 0. We need to factor out the

L2 (Lg)
supremum of Lg norm of G when it appears. Besides this, similar to the case when

aj =1, we have

. TG |* o |VTFEAG
s om [ |5 ITEBRG]
0 | vM- L3(LY) k=0 vM- L2(LY)
<0(1)/f G |? «/—1+|§|axG'
- 0 Il vM- L%(Lg) vM_ L}((Lg)
y H¢—1+|5|G +H«/—msﬁ o
VM L§(L§) VM- L}(Lg)
(1+|s|)<(;2+ )> |aﬂG|2)
! 1181< el
< 0(1)(e + o) f / f dedxds.
0o JRJR3 M_

In summary, we have the estimate on (7.1) which is similar to (6.9).

Keeping in mind the above two differences, we have, similar to previous esti-
mates with the weight function M, the following estimate on derivatives with the
weight function M_:

99G|? + [0*M|?
Z //I [“+] |d.§dx
R R3 M,

1S|e|=3

9% f1?
+ > /R/m i dédx

25 | S4

! (1 + [ED]3*G?
+ ) /O/R R3Td§dxdr

1| <4

T=t

=0

=t

=0
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1
§0(1)/0 /RO(ﬁx,zzx, s > |a“(,ox,ux,9x)\2)dxdz

1S]a|S3
2
+0(1)(s+50)// 1+ DG LBV gedxdr + 0(es.  (1.3)
R3

M_

We obtain the final energy estimate from (5.18), (6.14) and (7.3):

GZ
d-i-//—dd
/anx ] deds

t
+//(|<ﬁx,ﬁx,ex)|2+ﬁ1x|<ﬁ,a,e>|2+ y }aﬁ(p,u,mf)dxdr
0 JR

1<|BI<4
o 2 o 2 o £12
. Z // |0*M] +|8G|d§d +Z// |8f|
1<510|S3 |oe|=4
(1+1€NG? (14 |£D]3°G|?
///m( T > — >d§dxdr
1<]|<4
< 0(1) <s% + N(0)2) . (7.4)

This closes the a priori estimate (5.1) provided that we choose ¢g > O and ¢ > 0
sufficiently small such that

N(0) < g,
o) (e% +s§) <82

Combination of (7.4) and the convergence property on (p, u, 0) to (pR ,u® 08yin
Section 3 give the global existence and the time asymptotic behavior of the solution
as stated in Theorem 1.1.
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