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Abstract. In this paper, we show that any compact Kéhler manifold homotopic to
a compact Riemannian manifold with negative sectional curvature admits a Kéhler-
Einstein metric of general type. Moreover, we prove that, on a compact symplectic
manifold X homotopic to a compact Riemannian manifold with negative sectional
curvature, for any almost complex structure J compatible with the symplectic form,
there is no non-constant J-holomorphic entire curve f : C — X.

1. Introduction

In 1970s, S.-T. Yau proposed the following conjecture:

Conjecture. Let (X,w) be a compact Ké&hler manifold with dim¢ X > 1. Suppose
(X,w) has negative Riemannian sectional curvature, then X is rigid, i.e. X has only
one complex structure.

It is a fundamental problem on the rigidity of Kahler manifolds with negative cur-
vature. Yau proved in [Yau77, Theorem 6] that when X is covered by a 2-ball, then
any complex surface oriented homotopic to X must be biholomorphic to X. By using
the terminology of “strongly negativity”, Siu established in [Siu80, Theorem 2] that a
compact Kéhler manifold of the same homotopy type as a compact Kéhler manifold
(X,w) with strongly negative curvature and dim¢ X > 1 must be either biholomor-
phic or conjugate biholomorphic to X. Note that when dim¢c X = 2, the above Yau’s
conjecture has been completely solved by Zheng [Zhe95]. It is well-known that the
strongly negative curvature condition can imply the negativity of the Riemannian
sectional curvature.

Based on Yau’s conjecture, one can also ask a more general question: if a Kéhler
manifold—or complex manifold—X admits a Riemannian metric with negative sectional
curvature, is there any restriction on the complex structure of X7

The first main result of our paper is one important step towards the question:
Theorem 1.1. Let X be a compact manifold homotopic to a compact Riemannian
manifold Y with negative sectional curvature. If X has a Kdhler complex structure

(J,w), then (X, J) admits a Kdhler-Einstein metric of general type. Moreover, each
submanifold of (X,J) also admits a Kdhler-FEinstein metric of general type.
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Indeed, we prove in Theorem 3.1 a more general result. One of the main ingredients in
the proofs is a notion called “Ké&hler hyperbolicity” introduced by Gromov in [Gro91],
and our key observation is that every Kahler hyperbolic manifold has ample canonical
bundle (see Theorem 2.11), which also answers a question asked by Gromov in [Gro91,
p.267].

Recall that a compact complex manifold X is called Kobayashi (or Brody) hy-
perbolic if every holomorphic map f : C — X is constant. Gromov pointed out in
[Gro91] that every Kahler hyperbolic manifold is Kobayashi hyperbolic. On the other
hand, one can also extend these terminologies to symplectic manifolds. Note that for
a fixed symplectic form w, there are many almost complex structures compatible with
w. Our second result is

Theorem 1.2. Let (X,w) be a compact symplectic manifold homotopic to a com-
pact Riemannian manifold with negative sectional curvature. For any almost complex
structure J on X compatible with w, there exists no non-constant J-holomorphic map
f:C— X.

Acknowledgements. B.-L. Chen was partially supported by grants NSFC11521101,
11025107. X.-K. Yang was partially supported by China’s Recruitment Program of
Global Experts and National Center for Mathematics and Interdisciplinary Sciences,
Chinese Academy of Sciences.

2. Background materials

2.1. Positivity of line bundles. Let (X,w) be a smooth projective manifold of
complex dimension n, L — X a holomorphic line bundle and £ — X a holomorphic
vector bundle. Let Op E*)(l) be the tautological line bundle of the projective bundle
P(E*) over X.

(1) L is said to be ample if L* is very ample for some large k, i.e. the map
X — P(H°(X, L¥)*) defined by the global sections of L* is a holomorphic
embedding. L is called semi-ample if for some large positive integer k, LF is
generated by its global sections, i.e. the evaluation map ¢ : H(X, L*) — L*
is surjective. The vector bundle E is called ample if Opg-)(1) is an ample
line bundle.

(2) L is said to be nef ( or numerically effective), if L - C' > 0 for any irreducible
curve C' in X.

(3) L is said to be big, if the Kodaira dimension (L) = dim X where

3 0 m
k(L) := limsup log dime A7(X, L )
m—+00 logm

Here we use the convention that the logarithm of zero is —oc.
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Definition 2.1. X is said to be of general type if the Kodaira dimension x(X) :=
k(Kx) is equal to the complex dimension of X.

There are many examples of compact complex manifolds of general type. For instance,
manifolds with ample canonical bundles.

2.2. Kahler hyperbolicity. Let’s recall some concepts introduced by Gromov in
[Gro91]. Let (X,g) be a Riemannian manifold. A differential form « is called d-
bounded if there exists a form S on X such that a = df and

(2.1) 181l oo (x,9) = sup |B(z)]g < oo
reX

It is obvious that if X is compact, then every exact form is d-bounded. However,
when X is not compact, there exist smooth differential forms which are exact but not
d-bounded. For instance, on R”, o = daz' A--- Ada™ is exact, but it is not d-bounded.

Definition 2.2. Let (X, g) be a Riemannian manifold and 7 L()?,g) — (X, g) be
the universal covering with g=m"g. A form o on X is called d-bounded if m*« is a
d-bounded form on (X,g).

It is obvious that the d-boundedness does not depend on the metric g when X is
compact.

Lemma 2.3. Let (X,g) be a compact Riemannian manifold. If « is d-bounded on
(X,g), then for any metric g1 on X, « is also d-bounded on (X, g1).

Proof. Since X is compact, any two smooth metrics on X are equivalent. ]

Note also that the d-boundedness of a closed form a on a compact manifold X depends
only on the cohomology class [a] € H}, (X, R).

Lemma 2.4. Let (X, g) be a compact Riemannian manifold. Suppose « is J—bounded,
then a; = o+ dy is also d-bounded.

Proof. Let 7 : (X,§) — (X, g) be the universal covering and 8 be the form on X such
that 7*a = df and HBHLw(gm < 0o. Hence, we have

may =d(B+77)
and
18+ 7 M pwzgzy < MBllimzg + 17 ez 5)
= ”BHLoo()Zg) + H’VHLOO(X,g) < 0.
U

Definition 2.5. Let X be a Riemannian manifold. X has d-bounded ith cohomology
if every class in Hjz (X, R) is d-bounded.
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Lemma 2.6. Let f : X — Y be a smooth map between two compact Riemannian
manifolds. Suppose « is d-bounded on Y, then f*a is d-bounded on X.

Proof. Let wx - X — X and Ty Y — Y be the universal coverlngs of X and Y
respectively. Since X is simply connected, there exists a lifting map f X - Y such

X Y
ﬂxl iw
X —Y
f

commutes. On the other hand, we know 7o = df for some L°°-bounded form f

that the following diagram

t,

over Y. Hence

(2.2) Tk (f*a) = [ (rya) = f*(dB) = d(f*B).

Since X and Y are compact, mx and my are local isometries,

(2.3) 1P Bl e Fms o) < OBl ms gy 111
where p is the degree of 5 and C is a constant depending only on X and p. O

(9x.9v) <00

In geometry, various notions of hyperbolicity have been introduced, and the typical
examples are manifolds with negative curvature in suitable sense. The starting point
for the present investigation is Gromov’s notion of Kéhler hyperbolicity [Gro91].

Definition 2.7. Let X be a compact complex Enanifold. X is called Kahler hyperbolic
if it admits a Kéhler metric w such that w is d-bounded.

The typical examples of Kéhler hyperbolic manifolds are locally Hermitian symmetric
spaces of noncompact type.

As we mentioned before, a compact complex manifold is called Kobayashi hyper-
bolic if it contains no entire curves. A fundamental problem in complex geometry is
Kobayashi’s conjecture (e.g. Lang’s survey paper [Lan86)):

Conjecture 2.8. Let X be a compact complex manifold. If X is Kobayashi hyper-
bolic, then the canonical bundle Kx is ample.

Along the same line, Gromov asked the following question in [Gro91, p.267].

Question 2.9. Let X be a compact Kéahler hyperbolic manifold. Is the canonical
bundle Kx ample? Is the cotangent bundle Qﬁ( ample?

We first give a counter-example to the second part of Gromov’s question.

Example 2.10. Let X = (1 x Cs be the product of two smooth curves of genus at
least 2. It is obvious that X is Kahler hyperbolic since both C; and C5 are Kahler
hyperbolic. The cotangent bundle is Q_:g{ = 77{9101 ® W%Qa, which is not ample.
Indeed, its restriction to a curve Cy x {p} has a trivial summand.
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Next, we give an affirmative answer to the first part of Gromov’s question based
on an observation in algebraic geometry. To the readers’ convenience, we include a
straightforward proof here.

Theorem 2.11. Let X be a compact Kdhler hyperbolic manifold. Then the canonical
bundle Kx is ample.

Proof. If X is Kéhler hyperbolic, then X contains no rational curves. Indeed, suppose
f:P' = X is a rational curve. We want to show f is a constant, i.e. f*w = 0. Let
Tx : X — X be the universal covering. Then there is a lifting f P! — X such that
Tx O f f. Since w is d- bounded, i.e. there exists a bounded 1-form £ on X such
that 75w = dp,

(2.4) frw = f*(rkw) = d(f*B).
It implies

ko d~* _
[ yra= [ aFs o,

and so f*w = 0.

Gromov proved in [Gro91, Corollary 0.4C] that if X is Kéhler hyperbolic, then Kx
is a big line bundle, and so X is Moishezon. By Moishezon’s theorem, the Kéahler
and Moishezon manifold X is projective. Since X contains no rational curves, Mori’s
cone theorem implies that Kx is nef. Since Kx is big and nef, by Kawamata-Reid-
Shokurov base point free theorem, K x is semi-ample. Then there exists m big enough
such that ¢ = |mKx| is a morphism. Since Kx is big, there is a positive integer m
such that

mKx =D+ L

where D is an effective divisor and L is an ample line bundle. Suppose Kx is not
ample, then there exists a curve C' contracted by ¢, i.e., Kx - C = 0. Therefore,

D-C=-L-C<O.

Let A = ¢D for some small € > 0, then (X, A) is a klt pair and Kx + A is not ¢-nef.
Then by the relative Cone theorem(e.g. [KM98, Theorem 3.25]) for log pairs, there
exists a rational curve C contracted by the morphism . This is a contradiction since
we have already proved that X contains no rational curves. Therefore, we conclude
that Kx is ample. ]

3. The proof of Theorem 1.1

In this section, we prove Theorem 1.1, which is based on the following result.

Theorem 3.1. Let X be a compact Kahler manifold and Y be a compact Riemannian
manifold with d-bounded H]%R(Y, R). Suppose there exist two smooth maps f1: X =Y
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and fo :'Y — X such that the image of the induced map
(f20 f1)" : HHr(X,R) = HRR(X,R)

contains at least one Kdahler class. Then X admits a Kdhler-FEinstein metric of general
type. Moreover, each submanifold of X is also a Kdhler-Einstein manifold of general

type.
Proof Suppose X and Y are the universal coverings of X and Y respectively. Let
f1 X = Y and fg Y — X be the liftings of f; and fs respectively such that the

following diagram

(3.1) x oy Pox
Tx le lwx
XY X
fi fa

commutes. Let w be a Kéhler metric on X such that [w] is contained in the image of
(2o 1) : Hyp(X,R) — Hpp(X,R).

Then there exist a 1-form v and a closed 2-form w; on X such that

(3.2) w=(f20 f1)w1 +dy.

Since Y has d-bounded H2R (Y, R), for the 2-form w; on X, there exists a 1-form j3
on Y such that

(3.3) Ty © fowy = df
and f is d-bounded on (17, 7™ gy). It implies E‘ omiwy = df and
(34) fi o f3 omkwr = fidp = d(fi ).

Moreover, by (3.2) and (3.4), we have
(3:5) myw = d(wiy) + 7k o ff o fiwn = d(mky) + [ o ff o miwr = d(wky + [ ).

By using a similar argument as in the proof of Lemma 2.6, we know fl 5 is bounded
on X. Hence, 7 yw is d-bounded on X. By definition 2.7, (X,w) is K&hler hyperbolic.
By Theorem 2.11, Kx is ample, i.e. ¢1(X) < 0. Thanks to the Aubin-Yau theorem,
there exists a smooth Kéhler metric w on X such that Ric(w) = —@.

Suppose Z is a submanifold of X. Let wy be the Kéhler metric induced from
(X,w). By Lemma 2.6, (Z,wy) is also Kéhler hyperbolic. By Theorem 2.11 and the
Aubin-Yau theorem again, Z is a Kéhler-Einstein manifold of general type. g

Before giving the proof of Theorem 1.1, we need the following result which refines
a fact pointed out by Gromov|[Gro91]:
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Proposition 3.2. Let (M,g) be a simply-connected n-dimensional complete Rie-
mannian manifold with sectional curvature bounded from above by a negative constant,
1.€.

sec < —K

for some K > 0. Then for any bounded and closed p-form w on M, where p > 1,
there exists a bounded (p — 1)-form 8 on M such that

(3.6) w=dB and |B|re <K 2|w|pe,

where the L*°-norm is given by
(3.7)
|B| oo =sup{|B(v1,- -+ ,vp—1)|(z) 1 x € M,v; € T, M, |vi]lg=1,i=1,--- ,p—1}.

(Note that the norms defined in (2.1) and (3.7) are equivalent.)

Proof. Fix g € M, let exp,, : Ty,M — M be the exponential map, which is a
diffeomorphism by Cartan-Hadamard theorem. Let ¢, : M — M, t € [0,1], be
a family of maps defined by ¢ (x) = exp, (¢ - expy'(x)), z € M. We denote the
distance function from xg by p, then

d
Xt o)== (dt%) lor(@)= P(@)VP |py(a) -

It is clear that ¢ = id and g = xg. Then

88 o= [ (i) @ai= [ aiexerma=a( [ cixo)

where we have used Cartan’s homotopy formula Lx, = doix, +ix, od for differential
forms. If we set

1
.9 5= [ ilixwdt
0
then w = df. We show 8 has bounded L*°-norm. Fix z € M, v, v2,---vp—1 € T, M,
lvi| = 1, (v;, Vp) = 0, we have

1
(3.10)  B(vi,---,vp-1) () :/0 w (Xi, (dpt)(v1), - -+, (dpr) (vp-1)) (1)) dt.
By the standard comparison theorem (e.g. [CE75, Theorem 1.28]), we have

(3.11) el < VR )

for v e T, M, |v| =1 and (v, Vp) = 0. Hence,

Smh@mp@»rl "

1
(3.12) 1B(v1,- s vop_1)(z)] < ‘W|L<>O/O p(z) [sinh(\/fp@?))
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If p(z) > K2, since

(3.13) / b (0 Rp(w))dt < CRVEPE) =L R,

0 VEKp(x)
we have
wlg  cosh(VEp(z) =1 _ 1
VEsmh(VRply Sl

(3.14) B0, -+ s vp-1) (@) <

If p(z) < K2, we have

1 sin T ot
(3.15) /0 () [}W”())] dt < p(z) < K%,

N

sinh(VKp(z))

Combining two cases, we get |3(vi, -+ ,vp—1)(z)] < K_%|w|oo.
On the other hand, if v; is parallel to Vp for some i, then (dy;)(v;) is parallel to
Vp. By the explicit formula (3.10), we see S(v1,--- ,vp—1)(x) = 0. Hence we obtain
1
1Bl < K72 |w|pe. O

The proof of Theorem 1.1. By Proposition 3.2, we see that a compact Riemannian
manifold Y with negative Riemannian sectional curvature has d-bounded ¢ coho-
mology for all ¢ > 2. If X is homotopic to Y, there exist two smooth maps f1 : X = Y
and fa : Y — X such that the induced map (fo0 f1)* is identity on H},(X,R). Hence,
we can apply Theorem 3.1 to complete the proof of Theorem 1.1. O

As an application of Theorem 1.1, we give a slightly shorter proof on the following
rigidity theorem which was proved by S.-T. Yau in [Yau77, Theorem 6].

Corollary 3.3 (Yau). Let N be a compact complex surface covered by the unit ball in
C2. Then any complex surface M that is oriented homotopic to N is biholomorphic
to N.

Proof. Since M is homotopic to the Kahler manifold N with even first Betti number
b1, M also has even first Betti number b; and so it is Kéhler. Since N has a smooth
metric with strictly negative Riemannian sectional curvature, by Theorem 1.1, M
is a Kéhler-Einstein manifold of general type. Hence, the classical Chern-number
inequality (e.g. [Yau77, Theorem 4]) implies ,

3ca(M) > A (M).

Since M is oriented homotopic to N, the signature of M equals that of N. One can
see c3(M) = c2(N) and c3(M) = co(N). Therefore, 3co(M) = c2(M). By [Yau77,
Theorem 4], M is covered by the unit ball in C2. By Mostow’s rigidity theorem
([Mos73]), M is in fact biholomorphic to N. O
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4. Hyperbolicity on compact symplectic manifolds

We begin by recalling some basic definitions. A symplectic form w on a manifold
X tames an almost complex structure J if at each point of X, w(Z,JZ) > 0 for all
nonzero vectors Z. We can define a Riemannian metric by

1
If, in addition,
w(JY,JZ) =w(Y, Z)
for all vectors Y, Z, then we say that w is compatible with J. We establish a more

general result than Theorem 1.2.

Theorem 4.1. Let X bg a compact symplectic manifold and Y be a compact Rie-
mannian manifold with d-bounded H]%R(Y, R). Suppose there exist two smooth maps
fi: X =Y and fo : Y — X such that the image of the induced map

(foo f1)* : HBp(X,R) = Hpp(X,R)

contains at least one symplectic class [w]. Then for any almost complex structure J on
X compatible with the symplectic form w, there exists no non-constant J-holomorphic
map f:C — X.

Proof. Let w be a symplectic form on X such that [w] is contained in the image of
(fao f1)" : Hpp(X,R) = Hpp(X,R).

Then there exist a 1-form v and a closed 2-form w; on X such that

(4.2) w=(fa0 f1)*wr + d.

Now we use the same commutative diagram as in (3. 1) There exists a 1-form 8 on
Y such that Ty o fawy = df and [ is d-bounded on (Y m*gy). Moreover, we have
mhw = d(m%y + f1 B). If we set n = %y + ffﬁ, then 7 is bounded on X, ie., wis
d-bounded.

Let J be an almost complex structure on X which is compatible with the symplectic
form w and f: C — X be a J- holomorphlc ~map. We want to show f is a constant,
i.e. ffw = 0. There is a lifting f C — X of f such that wx of = f. Let g be
the induced Riemannian metric on (X,w) defined as in (4.1). The induced almost
complex structure, symplectic form and metric on X are denoted by J. , wand g
respectively. On the other hand, for any tangent vectors v, w on C,

§(Fofow) = & (Fo, JF ) =8 (fo, f2 (Jow) ) = (f') (v, Jow)
= w(fiv, fidow) = w (fev, J fuw) = (f*g) (v,0),
where Jy is the standard complex structure of C. Hence, we have
(43) f'g=1r4.
9
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Since Ty w = dn,

(4.4) frw=d(f*n)

where 7 is bounded on (X,§). On the other hand, since J is compatible with the
symplectic form w and f : C — X is J-holomorphic, if f is not a constant, then

1
ffw= 5\/—1u(z)dz Ndz

is a Kéhler form which may degenerate at countably many points on C. Moreover,
the potential f*n in (4.4) is still (f*g)-bounded on C. Indeed, since 7 is bounded over
(X,9), for any tangent vector v on C, we have

(Fr)@f = (7o) <c

where we use (4.3) in the last step.
For any bounded domain  C C, we use A,(€2) and L,(0f2) to denote the area of
2 and the length of 02 with respect to the measure u(z)|dz|. Then

fav| = C\v[%*g,

2
g

(4.5) A= [ ru= | Fu<ore

since f*n is (f*g)-bounded. Denote B, = {zeC:lzl<r}, S, ={2€C:|z| =7}

For any r > 0, we have
f o ([ )
B(r) 0 St
r 2 1 r 1
2 —1 — L2 -
[ ([ vi) ema= g [ rsoga

1 " 1
> ~dt.
Z 502 /0 A#(Bt) : dt

Denote F(r) = [ A2(By)dt, then

Au(Br)

v

(4.6) 2Py = 43(B) > (2%24
which implies
d 1 1 1
(47) dt <_F(t)> =m0t
Integrating the above formula over interval [a, b] with b > a > 0, we have
(43) L
F(a) = F(b) 4m2C* “a

Let b — oo, we find F(a) =0 for any a > 0. This is a contradiction. O
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The proof of Theorem 1.2. By Proposition 3.2, we see that a compact Riemannian

manifold Y with strictly negative Riemannian sectional curvature has d-bounded ™t

cohomology for all ¢ > 2. Hence, we can apply Theorem 4.1 to complete the proof of

Theorem 1.2. O
As a special case of Theorem 4.1, one can see

Corollary 4.2. Let (X,w) be a compact Kdihler manifold. If X is Kdhler hyperbolic,
then it is Kobayashi hyperbolic.

On the other hand, the following result on Kobayashi hyperbolicity is fundamental
(e.g. [Kob98, Theorem 3.6.21)):

Theorem 4.3. Let X be a compact complex manifold. If the cotangent bundle QY is
ample, then X is Kobayashi hyperbolic.

One may wonder whether a similar result holds for Kéhler hyperbolicity. Unfortu-
nately, we observe that

Corollary 4.4. Let X be a complete intersection with ample cotangent bundle QY
and dim X > 2. Then X is Kobayashi hyperbolic. However,

(1) X is not Kdhler hyperbolic.
(2) X can not admit a Riemannain metric with non-positive sectional curvature.

Proof. 1t is well-known that complete intersections are all simply connected (e.g.
[Sha94, p.225-p.227]). O

For example, the intersection of two generic hypersurfaces in P* whose degrees are
greater than 35 has ample cotangent bundle ([Brol4, Corollary 4.13]). In particular,
complete intersections are not strongly negative in the sense of Siu.
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