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Figure 1: Different example-based elastic material behaviours illustrated on deforming cars.

Abstract
Example-based material allows simulating complex material behaviors in an art-directed way. This paper presents
a method for fast subspace integration for example-based elastic material, which is suitable for real-time simula-
tion in computer graphics. At the core of the method is the formulation of a new potential using example-based
Green strain tensors. By using this potential, the deformation can be attracted towards the example-based defor-
mation feature space, the example weights can be explicitly obtained and the internal force can be decomposed
into the conventional one and an additional one induced by the examples. The real-time subspace integration is
then developed with subspace integration costs independent of geometric complexity, and both the reduced conven-
tional internal force and additional one being cubic polynomials in reduced coordinates. Experiments demonstrate
that our method can achieve real-time simulation while providing comparable quality with the prior art.

Categories and Subject Descriptors (according to ACM CCS): I.3.7 [Computer Graphics]: Three-Dimensional
Graphics and Realism—Animation; I.6.8 [Simulation and Modeling]: Types of Simulation—Animation

1. Introduction

Simulating deformable objects is a common task in com-
puter graphics and animation. In some applications, it is pre-
ferred for deformable objects to deform in an artistic way.
Theoretically deformation can be controlled by the material
properties, but setting art-directable materials is a challeng-
ing task.

The concept of example-based material was introduced
to provide artistic control of physically-based animation us-

ing examples [MTGG11, STC∗12]. The basic idea is that
material behaviours can be implicitly specified by provid-
ing deformation examples and this setting is more intuitive
than quantifying the material parameters directly. Martin et
al. [MTGG11] proposed to construct an example space by
interpolating example poses provided by users to identify
how they wanted the object to deform. During the simula-
tion, the current configuration of the object was projected
onto the example space. The projection was used to gener-
ate additional forces which attracted the object towards the
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example space. Since reconstructing 3D shapes from the in-
terpolation in the example space was time consuming, Schu-
macher et al. [STC∗12] proposed incompatible interpola-
tion to bypass the costly reconstruction. However, the new
method is still too slow for real-time applications. It takes
nearly twice the time required by the simulation without ex-
amples. This is because the method uses the projection as
another rest shape and needs to evaluate the additional force
besides the elastic force with respect to the real rest pose.

This paper is targeted at real-time simulation of example-
based material under the finite element framework. To
achieve this, we propose a new method consisting of two
technical components:

• By interpolating the Green strain tensors, we construct
the example-based potential energy directly in the defor-
mation feature space without performing projection. As
a result, the example weights can be explicitly obtained
and the additional internal force induced by the example-
based potential is cubic in the current configuration. The
full-rank simulation only requires modest additional costs
to the simulation without examples.
• A subspace integration is developed, which allows us

to use model reduction to achieve real-time simulation.
Note that model reduction is not readily available for the
example-based material models of [MTGG11, STC∗12].
This is because the example-based potentials there are
based on a changing projection as a rest pose and
model reduction involves a time-consuming precompu-
tation based on the rest pose. A key feature of our
example-based potential is that it is friendly for sub-
space integration. Particularly, the internal potential of our
method can be decomposed into two parts: the conven-
tional St.Venant-Kirchhoff (StVK) elastic potential and
the example-based potential. The former can be evaluated
in real-time using cubic integration [BJ05] or cubature in-
tegration [AKJ08]. The latter is a product of two quadratic
polynomials in the reduced coordinates. Evaluation can
be performed in O(r2) time complexity where r is the di-
mension of the reduced model. The integration cost is then
independent of the geometric complexity.

The experiments have demonstrated the effectiveness and
the efficiency of the proposed method.

2. Related Work

2.1. Simulation of deformable models

Simulating the deformation of soft objects has been stud-
ied extensively in computer graphics [TPBF87, NMK∗06].
An important component in physically-based simulation is
material models that describe the relationship between ge-
ometry deformation and the resulting force [MG04]. Com-
mon material models include Saint Venant-Kirchhoff, Neo-
Hookrean, and Mooney-Rivlin [BW97], each of which is

quantified by a set of material parameters. The user can con-
trol the deformation behaviours by adjusting the parameters,
which is however nonintuitive. To generate desired deforma-
tion behaviours, the animator may need to tune the unwieldy
material parameters. Bickel et al. [BBO∗09] presented an
interesting approach to learning material properties from ex-
periments. For some artistic design, nevertheless, there is
even no real world counterpart.

Martin et al. [MTGG11] proposed example-based elas-
tic materials in an finite element method (FEM) approach,
which allows users to implicitly control the material behav-
ior by specifying a set of example poses to indicate how an
object is expected to deform. Nonlinear Green strain is used
to create a deformation space and the deformable shapes are
computed by minimizing an energy functional consisting of
the elastic energy and an additional energy that reflects the
examples effects. The underlying computation involves non-
linear optimization. Schumacher et al. [STC∗12] eased the
computation by performing element-wise interpolation. Our
work stems from the same objective but aims to achieve sig-
nificant speedup with subspace integration.

Following the similar ideas, Song et al. formulated
example-based deformation based on a modified linear
Cauchy strain, which can avoid complex non-linear opti-
mization [SZW∗14]. Zhu et al. performed example-based
deformation in a shape space spanned by the Laplace-
Beltrami eigenfunctions, which does not require examples
to have the same topology [ZLW14]. Jones et al. proposed
dynamic sprites for creating dynamic objects and characters
from static drawings, in which artistic control is achieved
by allowing the artist to specify a set of example poses and
the navigation among the poses [JPM∗13]. To realize real-
time simulation, Koyama et al. formulated the concept of
example-based materials using the shape matching frame-
work [KTUI12]. With shape matching, the deformation de-
scriptor is defined as a local region’s right stretch tensor and
the pose space is represented as a linear combination of ex-
amples. At each time step the projection is also linear. Dif-
ferent from Koyama et al.’s work, our work follows Martin
et al.’s FEM-based approach. However, we specially design
the example-based potential resulting in a quadratic mini-
mization problem, which is similar to [KTUI12]. The idea
of designing special energy potentials that can be solved effi-
ciently can also be found in [BML∗14] for fast implicit time
integration of general physical systems.

2.2. Fast simulation

A lot of research has been conducted to improve the speed
of simulating deformable models. Condensation is used
to ignore the inner nodes [BNC96]. Embedding methods
use a coarse mesh for simulation while embedding a fine
mesh into the coarse mesh for rendering [SDF07]. Multi-
resolution approaches adaptively refine the mesh based on
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the deformation state [GKS02]. Subspace techniques use a
low-dimensional subspace to simplify the deformation.

In particular, linear modal analysis was introduced to
computer graphics for simple and fast simulation of dy-
namic deformation [PW89]. Via eigendecomposition, a set
of vibration modes corresponding to the low vibration fre-
quencies is used to approximate the dynamic deforma-
tion [HSO03]. The number of the selected vibration modes
is small compared to the size of the model and the resulting
motion equations can be integrated analytically. However,
linear modal analysis leads to distortions for large rotational
deformation. Modal warping was proposed to overcome this
limitation by warping the linear modes with a ramped ro-
tation [CK05]. Efficient subspace integration that preserves
nice properties of linear modal analysis was proposed by
Barbič and James who exploited the fact that for StVK ma-
terial, the elastic forces are cubic polynomials in the reduced
coordinates [BJ05]. Our work proposes a new example-
based potential that retains the benefits of StVK material.

2.3. Controlling animation

Animation satisfying some constraints is important in prac-
tice. Key frame animation requires the user to provide
“keys”: the deformation of the object at certain time
points [WK88, WMT06]. Interpolation is used to gener-
ate in-betweens. Space-time constraints provide this con-
trol to physically based deformation. An optimal control
force is computed to ensure the objects to satisfy the keys.
Such an optimization process is time consuming. Babič
et al. proposed to perform optimization with a subspace
model [BdSP09]. An analytic solution was proposed to gain
high efficiency [HSvTP12]. Coros et al. proposed to use in-
ternal deformations to drive motions [CMT∗12]. Kondo et
al. [KKA05] proposed to edit the motion by keyframing the
rest shape. These methods specify the trajectories the object
should move along and provide fine level control of anima-
tion. Our method, on the other hand, encourages the object
to deform as desired in forward simulation.

2.4. Example-based mesh deformation

While typical mesh editing performs deformation using
some geometric criteria [SCOL∗04, SA07], Sumner et
al. [SZGP05] proposed an example-based approach. An ex-
ample space is constructed by nonlinear span of a set of ex-
ample poses. When the user moves a subset of vertices, the
algorithm searches the example space to find the one that
best satisfies the user’s constraints. High-level information
can be incorporated with example poses. Fröhlich [FB11]
combines physically based deformation with the example-
based approach to elegantly solve the artefact when the de-
formation leaves away from the example space. While these
methods are mostly designed for static geometry deforma-
tion, our work mainly focuses on dynamic simulation.

3. New Example-based Material

The input to our method is a deformable object represented
by a tetrahedral mesh with n vertices and m tetrahedra. The
examples consist of k poses P= {P1,P2, · · · ,Pk}which have
the same connectivity as the input tetrahedral mesh. Our
goal is to achieve real-time simulation for example-based
StVK material for the deformable object. The basic ideas
in our approach include (1) exploring subspace techniques
to accelerate the simulation and (2) designing an example-
based potential that attracts the deformable object towards
the desirable deformation characterized by the examples and
meanwhile supports subspace integration conveniently. This
section focuses on a new formulation of example-based ma-
terial and the next section describes the real-time subspace
integration.

Let x ∈ R3n represent the vertex positions of the current
tetrahedral mesh and X ∈ R3n represent the vertex positions
in the rest configuration. The deformation induced by con-
figuration x can be measured per tetrahedron by Green strain
tensor

G(X,x) = 1
2

(
FT F− I

)
(1)

where F(X,x) = ∂x
∂X is the deformation gradient and I is the

3× 3 identity matrix. G(X,x) is constant per tetrahedron,
and is invariant under translation and rotation. Without caus-
ing ambiguity, denote by Ei the vector representation of the
Green strain tensor G(X,x) for tetrahedron i. Furthermore,
we let E(X,x) = [E1,E2, · · · ,Em]

T ∈ R6m denote a column
vector of dimensional 6m for the global strain, which com-
bines all the elemental strains and forms a descriptor of the
deformation.

The motion of the deformable object can be described by
the second order system of differential equations:

Mẍ+Cẋ+ ∂Win

∂x
= fext (2)

where M is the mass matrix that depends only on the ob-
ject’s mesh and mass density distribution in the rest config-
uration, C is the damping matrix (Rayleigh damping is used
in this paper), Win is the internal potential energy, and fext
is the external force. While in the conventional physically-
based deformation the internal potential energy depends on
the material property of the object, and the current and rest
configurations, the approach of example-based elastic ma-
terial introduces an additional elastic potential that attracts
the object to the example manifold. Similar to previous
work [MTGG11, STC∗12], our approach is to formulate the
internal potential energy as a linear combination of the con-
ventional potential energy and a new example-based poten-
tial that encourages the desirable deformations. Specifically,
we let

Win = (1−α)WStV K +αWE (3)

where WStV K is the StVK potential that will be described in
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Section 3.1, WE is the example-based potential that will be
formulated in Section 3.2, and α∈ [0,1] is the tradeoff factor.

3.1. StVK potential

StVK material is characterized by a linear stress-strain re-
lationship. For tetrahedron i, its elastic energy is ET

i DiEi
where

Di =
Vi

2


λ+2µ λ λ 0 0 0

λ λ+2µ λ 0 0 0
λ λ λ+2µ 0 0 0
0 0 0 µ 0 0
0 0 0 0 µ 0
0 0 0 0 0 µ


encodes the material property with Lamé parameters λ and
µ, and Vi is the volume of the tetrahedron.

We construct a 6m×6m matrix D which concatenates all
Di along the diagonal. Then the StVK potential of the whole
object is written in matrix form as

WStV K = ET DE. (4)

3.2. Example-based potential

While the k input examples serve as a guidance for deforma-
tion, we need some ways to describe the desirable deforma-
tions that reflect the characteristics of the examples. Since
the global Green strain tensor E(X,x) is a good descriptor
of deformation, we can use all the descriptors of the exam-
ples as a basis. For example P j , we compute its global Green
strain E(X,P j). All these descriptor vectors form a linear
space

Ξ = {Eω|Eω =
k

∑
j=1

w jE(X,P j), ω = [w1, · · · ,wk]
T } (5)

where coefficients w j are called the example weights. We
also call Ξ the example-based deformation feature space.

The deformation feature space provides a computational
tool to measure whether the current configuration moves to-
wards the desirable deformations. In fact, we can compute
the distance of the descriptor vector of the current configu-
ration to the deformation feature space. Considering the for-
mulation of the StVK potential, we define the distance met-
ric as follows:

d(E,Ξ) =
√

min
ω=[w1,···,wk ]T

(E−Eω)T D(E−Eω) (6)

where E = E(X,x) is the Green strain vector of the current
configuration x.

The objective function in Eq.6 is quadratic in the example
weights. After a simple derivation (see Appendix), we can
obtain an explicit solution for the optimal example weights:

w = argmin
ω

(E−Eω)
T D(E−Eω) = (ET

p DEp)
−1ET

p DE

(7)

where Ep is a matrix of dimension 6m×k whose j-th column
is E(X,P j). In previous example-based methods [MTGG11,
STC∗12], the optimal weights can be obtained only numeri-
cally. Note that the weights obtained in Eq.7 are not guaran-
teed to be positive. If a convex combination is required, we
can follow Martin et al’s approach [MTGG11] to add sim-
ple quadratic energies to the objective function to enforce
the constraints weakly, which may produce harmless small
extrapolations. Since the added energies are quadratic, an an-
alytic solution is still available.

Given the current configuration x, once its corresponding
optimal example weights w are computed by Eq.7, we can
define our example-based potential to be

WE = (E−Ew)
T D(E−Ew). (8)

The underlying consideration behind this definition is that
when the Green strain vector of x lies in the space of the
example-based deformation feature space, WE = 0; and oth-
erwise, the force caused by WE will pull the Green strain
tensor towards the deformation feature space.

By expanding Eq.8 and substituting it into Eq.3, we arrive
at

Win =WStV K +αWa (9)

where

Wa =−2ET DEw +ET
wDEw. (10)

Eq.9 implies that in our example-based model the internal
potential is modified by adding a new term αWa to augment
the influence of the examples.

3.3. Discussions

Different from previous work [MTGG11, STC∗12], our
example-based potential does not perform non-linear projec-
tion. However, our method still has two important properties.
First, our potential can effectively attract the object towards
the example space by penalizing the deformation outside the
example-based deformation space. Second, the potential is
conservative. In fact, WE is translation and rotation invari-
ant so that it conserves momentum and angular momentum.
This property is important in animation because otherwise
the object may float.

While Koyama et al.’s method [KTUI12] uses the local
region’s right stretch tensor as the deformation descriptor
and defines an example manifold as a convex hull of ex-
ample deforamtion descriptors, our method uses the Green
strain tensor as the deformation descriptor, based on which
we define an example-based deformation feature space. As a
result, both methods lead to a quadratic minimization prob-
lem, whose solution can be explicitly obtained. Though both
methods can achieve real-time simulation for large models,
our method is not supposed to be faster than Koyama et al.’s
method. This is because our method is based on the FEM
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framework and Koyama et al.’s method uses shape matching.
On the other hand, due to its purely gemoetrical-based na-
ture, Koyama et al.’s method is limited in physical accuracy.
By contrast, our method fits the existing FEM framework
well and naturally introduces example-based elastic materi-
als into the FEM framework. Fig. 2 shows an example that
compares our method with [KTUI12]. A box bar is fixed at
the top and deforms under gravity. Fig. 2(a) and (b) show the
rest pose and example pose. Fig. 2(e) shows the deformation
without examples, and Fig. 2(c) and (d) show the deforma-
tions obtained by our method and Koyama et al.’s method,
respectively. It can be seen that our method preserves better
the physical accuracy at the top of the box bar as demon-
strated in the deformation without any example.

Figure 2: Comparison of our method with [KTUI12]: (a)
rest pose; (b) example pose; (c) deformation using our
method; (d) deformation using [KTUI12]; and (2) deforma-
tion without examples.

Similar to the incompatible interpolation [STC∗12], our
method also has “drift” and “resistance” problems as Eω

may not correspond to a real configuration x. For a given
ω, the minimization of WE with respect to x may not be zero
if no x exists for E = Eω. When the object deforms inside
the example space, if the minimization of WE is not zero,
WE will drift the object towards the example poses where
WE is zero. Our method may also generate resistance to de-
formation inside the example space since moving from one
example pose to another needs some amount of work to be
done. To estimate the drift and resistance effects, we run the
same experiment as in [STC∗12]. We interpolate the rest
and twisted poses of a cuboid using equidistance samples
for ω. For each sample we obtain Eω and compute the cor-
responding deformed configuration x = argminWE(E,Eω).
We record the values of WStV K and WE , from which their
derivatives with respect to w are computed using finite differ-
ences. The derivatives represent the generalized forces due
to weight variation and are the source of both drift and resis-
tance effects. As shown in Fig. 3, the generalized force cre-
ated by WStV K is significantly larger than that by WE . Thus
we have the similar conclusion as in [STC∗12]: the drift and
resistance effects are not significant in practice.

Figure 3: Top: Conventional energy (red) vs example-
based energy (green)). Bottom: Conventional force (red) vs
example-based force (green)).

Note that in previous work, the linear combination was
given in the form of Win =WStV K +αWE . This will increase
the stiffness of the model. Consider the situation where Eω =
0 and thus WE is equal to WStV K . The stiffness is scaled by
1+α. By contrast, our formulation is free from this problem.

4. Subspace Integration

4.1. Model reduction

When the deformable object consists of a large number of
vertices, it is very time-consuming to integrate the motion
of Eq.2. Model reduction is a technique widely used to ef-
ficiently speed up the integration. In our case, we use a r-
dimension (r� 3n) displacement vector to approximate the
original model: x = X+Uz, where U ∈ R3n×r is the time-
independent matrix whose columns form a basis of a dimen-
sionally reduced subspace and z ∈ Rr is the reduced (dis-
placement) coordinates. The motion equation of Eq.2 is then
transformed into:

M̄z̈+ C̄ż+ ∂Win

∂z
= f̄ext (11)

where M̄ = UT MU, C̄ = UT CU and f̄ext = UT fext .

In model reduction, how to construct a good reduced
deformation basis is a crucial problem. There is an infi-
nite number of possible choices for the basis matrix U. A
good deformation basis should be able to generate a low-
dimensional subspace that well approximates the original
deformation. However, as pointed out in [BJ05], the gen-
eration of a good deformation basis is a hard problem.
Barbič and James proposed two approaches–modal deriva-
tives and interactive sketching–for generating deformation
bases [BJ05]. Modal derivatives augment the standard linear
modal analysis basis by the derivatives of the linear modal
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basis vectors, and interactive sketching requires the user to
interact with a linear vibration model, records the forces im-
posed by the user and generates deformation samples by an
offline FEM solver.

In our example-based approach, we use examples to gen-
erate extra deformation samples. Specifically, since the de-
formation is expected to reflect the characteristics of the ex-
ample poses, the deformation bases should take these exam-
ple poses into account; otherwise no matter how we choose
α in Eq.9, the examples may not be fully activated. To this
end, for each example pose Pi, we generate a set of shapes
between Pi and the rest pose by

x = argmin
x
(E(X,x)−wE(X,Pi))

T D(E(X,x)−wE(X,Pi))

with uniform sampling values in (0,1] for w. These shapes
are then augmented by the deformation bases generated by
the modal derivatives approach of [BJ05], which determine
the subspace. Finally, we apply mass-PCA on all the re-
sulting shapes to extract the mass-orthonormal deformation
bases.

Figure 4: From left to right: 10 modes, 20 modes, 40 modes
(without considering examples); 20 modes (with examples).

Fig. 4 shows the effectiveness of our deformation ba-
sis selection. The three results on the left correspond to
r = 10,20,40, respectively, using the deformation bases gen-
erated by the modal derivatives method only. Augmented
with examples, the modal derivatives method can produce
better deformatin bases, which result in better deformation
with fewer modes as shown on the right.

4.2. Time stepping

For dynamic simulation, we numerically integrate Eq.11, the
reduced system of motion. The implicit integration of Eq.11
can be reformulated as an optimization problem that mini-
mizes the following objective function

H(zn+1,wn+1) =
1

2h2 (zn+1−y)T M̄(zn+1−y)

+
1

2h
(zn+1− zn)

T C̄(zn+1− zn)

+ WStV K(zn+1)+αWa(wn+1,zn+1)

− zT
n+1 f̄ext

(12)

where h is the step size, zn and zn−1 are the reduced coordi-
nates in previous steps, zn+1 and wn+1 are the reduced coor-
dinates and weights in the current step that are to be solved
for, and y = 2zn− zn−1.

Different from the approach of [MTGG11, STC∗12]
where zn+1 and wn+1 are solved for simultaneously, in our
formulation wn+1 can be analytically expressed in zn+1 by
Eq.7. Hence we can consider wn+1 as a function of zn+1 and
substituting it into Eq.12, which gives

H′(zn+1) =
1

2h2 (zn+1−y)T M̄(zn+1−y)

+
1

2h
(zn+1− zn)

T C̄(zn+1− zn)+WStV K(zn+1)

+ αWa(w(zn+1),zn+1)− zT
n+1 f̄ext . (13)

To minimize H′(zn+1) for zn+1, Newton-Raphson iterations
are performed per timestep, which involve solving a r× r
linear system A∆z =−b with

A = M̄+hC̄+h2K̄StV K +αh2K̄a,

b = M̄(zn+1−y)+hC̄(zn+1− zn)+h2(f̄StV K +αf̄a− f̄ext),

K̄StV K =
∂

2WStV K

∂z2
n+1

, K̄a =
∂

2Wa

∂z2
n+1

, f̄StV K =
∂WStV K
∂zn+1

, f̄a =

∂Wa

∂zn+1
and then updating zn+1 = zn+1 +∆z.

Moreover, due to the formulation of our example-based
potential, the evaluation of the quantities in the above pro-
cesses such as the reduced internal forces can be quickly
computed at runtime. Specifically, f̄StV K and K̄StV K can be
computed by the runtime polynomail evaluation proposed
for subspace integration of StVK deformable models in
[BJ05], which has O(r4) complexity. Similarly, the compu-
tation of f̄a and K̄a can be accelerated by precomputed co-
efficients. Note that w is actually a quadratic polynomial in
reduced coordinates z. For simplicity, we introduce an aux-
iliary variable w′ = ET

p DE. It is a quadratic polynomial in z
and thus can be written:

w′ = 1
2

zT B̄z+ q̄T z+ c

where B̄, q̄ and c are the coefficients of the polynomial,
which can be precomputed. Then w = (ET

p DEp)
−1w′, Wa =

−wT w′, and f̄a and K̄a can be efficiently computed by:

∂w′

∂z = B̄z+ q̄, f̄a =−2wT ∂w′

∂z ,

K̄a =−2wT B̄−2
(

∂w′

∂z

)T
(ET

p DEp)
−1 ∂w′

∂z .

Compared to traditional StVK deformable models, our
method just needs additional costs of evaluating w′, w, f̄a
and K̄a, which is only of O(kr2) complexity.

5. Experiments

This section presents some experimental results to demon-
strate our method. Some results are best seen in the accom-
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panying video. We implement our method using C++. All
examples are run on a computer with Intel i7-2600K. Both
reduced models and unreduced models are implemented.
MKL is used to solve the linear system. The timestep size is
set to 20ms. Vega Library [BSS12, SSB13] is used to com-
pute the tangent stiffness matrix and the internal force result-
ing from WStV K . The collision and global motion are treated
by the method proposed in [HSO03].

Timing. The merit of our method is its computational effi-
ciency. Timing for all the models in the paper is summarized
in Table 1. r = 50 is chosen for all models. If only one itera-
tion is used, the time integration corresponds to the classical
semi-implicit methods [BW98]. More iterations should be
done for higher accuracy. For unreduced models, the compu-
tation cost for multiple iterations is linearly scaled with the
number of iterations. For reduced models, however, this is
not the case. The full-rank external force fext is first projected
to subspace f̄ext and after the Newton-Raphson iterations, the
full-rank deformation is reconstructed with x = X+Uz. For
a single time step, these two computations should be per-
formed only once. For a very large model, these two com-
putations dominate the time cost. Further speedup can be
achieved by using GPU for computing f̄ext and x.

We can find in Table 1 that our example-based method
only adds modest costs compared to traditional deformable
models without examples for unreduced models. This is be-
cause the computation of the additional internal force and
stiffness matrix can be speeded up by precomputation de-
scribed in Section 4.2. The subspace integration can achieve
very large speedups. Table 1 shows that the speedup for the
“dog” model with 1.99K vertices and 2 examples could be
38 times and quickly becomes larger as the mesh complex-
ity increases (for example, the speedup for the “shoe” model
with 42K vertices and 2 examples could be 766 times). Note
that the method of [STC∗12] cannot be faster than the full-
rank simulation without examples.

Table 1: Statistics. From left to right: models, number of
vertices, number of tetrahedra, number of examples, average
time for a single iteration with unreduced models, average
time for a single iteration with reduced models, and average
time for computing f̄ext = UT fext and x = X+Uz.

Model n m k Times(ms) Time(ms)
shoe 42315 212710 0 8025.09 1.439 9.05
shoe 42315 212710 2 8049.16 1.441 9.05
dog 1992 6882 2 54.92 1.441 0.394
cup 1875 7780 0 85.19 1.439 0.381
cup 1875 7780 1 86.87 1.44 0.381
car 70207 364258 0 15961.3 1.439 15.895
car 70207 364258 1 16012.1 1.44 15.895

teddy 11198 54560 0 1109.12 1.439 2.19
teddy 11198 54560 1 1115.2 1.44 2.19

We also evaluate the performance against the number of
modes and the number of example poses (see Table 2). The

computation of f̄ext and x is excluded for better evaluation. It
can be seen that the number of example poses is not the key
factor of our method: 32 examples only increase the time
by 1%. However, the time cost increases drastically with the
number of modes.

Table 2: Running time (in milliseconds) for a single iteration
with different numbers of examples and modes.

r 1ex. 2ex. 4ex. 8ex. 16ex. 32ex.
20 0.0317 0.0319 0.0326 0.0338 0.0356 0.0394
30 0.0829 0.0834 0.0841 0.0854 0.0873 0.909
50 1.44 1.4415 1.4431 1.4457 1.4501 1.4564
70 4.875 4.880 4.886 4.896 4.913 4.945

Effectiveness. Here we provide several examples to show
that our method can effectively simulate example-based
artistic deformations.

In particular, Figs. 1 and 5 showcase the influence of
different examples. Our method can simulate different de-
formation behaviours by providing different example poses.
Modeling the examples is more intuitive and simpler than
tuning the actual material parameters.

Fig. 6 shows that our method can effectively generate
meaningful deformation styles. The hands and legs of the
teddy bear are synchronized by designing appropriate exam-
ples.

Figs. 7, 8 and 9 shows the effects of multiple examples.

Figure 8: Compressed shoes: without examples (left) and
with two local examples (right).

Comparison. We also compare our method with the
example-based materail simulation of [STC∗12]. Since in
general [STC∗12] cannot achieve real time as reported in
its experiments, we here focus on the visual effects. Fig. 10
shows the deformations generated by our method and the
method of [STC∗12], which appear very similar. The com-
parison in animation can be found in the accompanying
video. The qualitative comparison is visualized in Fig. 11,
where the maximum difference is measured over the bound-
ing box’s diagonal of the models: σ =

max(xi−xre f
i )

ρ
where ρ

is the diagonal of the bounding box of the models. For un-
constrained motions, we first align x and xre f to eliminate
translation.
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Figure 5: Deformation of a cylinder guided by different examples.

Figure 6: A teddy bear falls through obstacles. The leg and arm are synchronized by the example-based control.

Figure 9: Animation with four examples, each of which is
activated in response to different impact events.

6. Conclusion

We have described a method for fast simulation of example-
based St. Venat-Kirchhoff deformable models. By using a
new example-based potential, our method allows effective
simulation of artistic deformation by providing example
poses. Real-time subspace integration is readily applicable
since the proposed example-based potential is just a fourth
order polynomial in the reduced coordinates. Experiments
show that our method can achieve real-time simulation for
very large deformation.

Our method can be extended in many aspects. Currently,
our method can only be applied to solid objects. Extend-
ing our method to shell models sees a promising applica-

tion in both animation and geometry deformation. One lim-
itation for subspace decomposition is that the number of
modes should be limited for efficiency. The richness of de-
formation is thus limited. One approach may use substruc-
turing [BZ11] to construct the reduced model for subdo-
mains of an object or adaptive deformation basis with local
deformation [HZ13] to extend our method.
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object animation using reduced optimal control. ACM Trans.
Graph. 28, 3 (2009), 53. 3
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Appendix: Derivation of the optimal weights

Let g = (E−
k
∑

j=1
w jE(X,P j))

T D(E−
k
∑

j=1
w jE(X,P j)). The

optimal weights in (6) should satisfy the following equations
for all h = 1,2, · · · ,k:

1
2

∂g
∂wh

=−E(X,Ph)
T D(E−

k

∑
j=1

w jE(X,P j)) = 0

which give a system of linear equations

k

∑
j=1

(
E(X,Ph)

T DE(X,P j)
)

w j = E(X,Ph)
T DE.

The linear system can be written in matrix form: E(X,P1)
T

...
E(X,Pk)

T

D
[

E(X,P1), · · · , E(X,Pk)
] w1

...
wk


=

 E(X,P1)
T

...
E(X,Pk)

T

DE.

Let Ep = [E(X,P1),E(X,P2), · · · ,E(X,Pk)] be a matrix
of dimension 6m× k whose (i, j) entry is the i-th element of
vector E(X,P j). Then the above linear system can be written
as

ET
p DEp

 w1
...

wk

= ET
p DE.

Hence the optimal weights are w1
...

wk

=
(
ET

p DEp

)−1
ET

p DE.
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