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This paper first studies the admissible state set G of relativistic magnetohydrodynamics
(RMHD). It paves a way for developing physical-constraints-preserving (PCP) schemes
for the RMHD equations with the solutions in G. To overcome the difficulties arising from
the extremely strong nonlinearities and no explicit formulas of the primitive variables
and the flux vectors with respect to the conservative vector, two equivalent forms of G
with explicit constraints on the conservative vector are skillfully discovered. The first
is derived by analyzing roots of several polynomials and transferring successively them,
and further used to prove the convexity of G with the aid of semi-positive definiteness of
the second fundamental form of a hypersurface. While the second is derived based on the
convexity, and then used to show the orthogonal invariance of G. The Lax—Friedrichs
(LxF) splitting property does not hold generally for the nonzero magnetic field, but
by a constructive inequality and pivotal techniques, we discover the generalized LxF
splitting properties, combining the convex combination of some LxF splitting terms
with a discrete divergence-free condition of the magnetic field. Based on the above
analyses, several 1D and 2D PCP schemes are then studied. In the 1D case, a first-order
accurate LxF-type scheme is first proved to be PCP under the Courant—Friedrichs—
Lewy (CFL) condition, and then the high-order accurate PCP schemes are proposed via
a PCP limiter. In the 2D case, the discrete divergence-free condition and PCP property
are analyzed for a first-order accurate LxF-type scheme, and two sufficient conditions
are derived for high-order accurate PCP schemes. Our analysis reveals in theory for

*Corresponding author

1871


http://dx.doi.org/10.1142/S0218202517500348

1872 K. Wu & H. Tang

the first time that the discrete divergence-free condition is closely connected with the
PCP property. Several numerical examples demonstrate the theoretical findings and the
performance of numerical schemes.

Keywords: Relativistic magnetohydrodynamics; physical-constraints-preserving schemes;
admissible state set; convexity; generalized Lax—Friedrichs splitting; discrete divergence-
free condition.
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1. Introduction

The paper is concerned with establishing mathematical properties on the admissible
state set and developing physical-constraints-preserving (PCP) numerical schemes
(which preserve the positivity of the density and pressure, and the bound of
the fluid velocity) for special relativistic magnetohydrodynamics (RMHD). The d-
dimensional governing equations of the special RMHDs is a first-order quasilinear
hyperbolic system, see e.g. Ref.[18, and in the laboratory frame, it can be written
in the divergence form

Z 3% =0, (1.1)

together with the divergence-free condltlon on the magnetic field B = (B4, Ba, Bs),
ie.

oB;
Z = (1.2)

where d = 1, or 2 or 3, and U and Fl( ) denote the conservative vector and the
flux in the x;-direction, respectively, defined by

U= (D,mB,E)"
F;(U) = (Dv;,v;m — B;(W?B + (v - B)v)
+ protei,viB — Biv,mg) T, i=1,....d,
with the mass density D = pW, the momentum density (row) vector m = phW?v+
|B|?v — (v - B)B, the energy density E = phW? — pit + |B|?, and the row vector

e; denoting the ith row of the unit matrix of size 3. Here p is the rest-mass density,
the row vector v = (v1, v, v3) denotes the fluid velocity, piot is the total pressure
containing the gas pressure p and magnetic pressure py, := (W ~?|B|? + (v - B)?),
W = 1/4/1 — 22 is the Lorentz factor with v := (v} + v3 + v3)¥/2, h is the specific
enthalpy defined by

h=1+e+ 87
p
with units in which the speed of light ¢ is equal to one, and e is the specific internal
energy. It can be seen that the conservative variables m and E depend on the
magnetic field B nonlinearly.
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The system ([1]) takes into account the relativistic description for the dynamics
of electrically-conducting fluid (plasma) at nearly speed of light in vacuum in the
presence of magnetic fields. The relativistic magneto-fluid flow appears in investi-
gating numerous astrophysical phenomena from stellar to galactic scales, e.g. core
collapse supernovae, coalescing neutron stars, X-ray binaries, active galactic nuclei,
formation of black holes, superluminal jets and gamma-ray bursts, etc. However,
due to relativistic effect, especially the appearance of the Lorentz factor, the sys-
tem (IJJ) involves strong nonlinearity, making its analytic treatment extremely diffi-
cult. A primary and powerful approach to improve our understanding of the physical
mechanisms in the RMHDs is through numerical simulations. In comparison with
the non-relativistic MHD case, the numerical difficulties are coming from strongly
nonlinear coupling between the RMHD equations (I.Tl), which leads to no explicit
expression of the primitive variable vector V. = (p,v,B,p)" and the flux F; in
terms of U, and some physical constraints such as p > 0, p > 0, and v < ¢ = 1, etc.

Since nearly the 2000s, the numerical study of the RMHDs has attracted
considerable attention, and various modern shock-capturing methods have been
developed for the RMHD equations, e.g. the Godunov-type scheme based on the
linear Riemann solver 2 the total variation diminishing scheme the third-order
accurate central-type scheme based on two-speed approximate Riemann solver /I
the high-order kinetic flux-splitting method ¥ the HLLC (Harten Lax-van Leer—
Contact)-type schemes 222830 the adaptive methods with mesh refinement, ™ the
adaptive moving mesh method2' the locally divergence-free Runge Kutta dis-
continuous Galerkin (RKDG) method and exactly divergence-free central RKDG
method with the weighted essentially non-oscillatory limiters®¥ the ADER (Arbi-
trary high-order schemes using DERivatives) DG method®® and the ADER-
WENO-type schemes with subluminal reconstruction? etc. The readers are also
referred to the early review papers, Refs. [T7 and

To our best knowledge, up to now, no work shows in theory that those existing
numerical methods for RMHDs can preserve the positivity of the rest-mass density
and the pressure and the bounds of the fluid velocity at the same time, although
those schemes have been used to simulate some RMHD flows successfully. There
exists a large and long-standing risk of failure when a numerical scheme is applied
to the RMHD problems with large Lorentz factor, low density or pressure, or strong
discontinuity. This is because as soon as the negative density or pressure, or the
superluminal fluid velocity may be obtained, the eigenvalues of the Jacobian matrix
become imaginary, such that the discrete problem is ill-posed. It is of great signifi-
cance to develop high-order accurate PCP numerical schemes, in the sense of that
the solution of numerical scheme always belongs to the (physical) admissible state
set

G:={U=(D,m,B,E)" ¢ R®|p(U) > 0,p(U) > 0,0(U) <c=1}. (1.3)

Because the functions p(U), p(U) and v(U) in (C3), and F;(U) are highly nonlin-
ear and cannot be expressed explicitly in U, it is extremely hard to check whether
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a given state U is admissible, or whether the numerical scheme is PCP. For this rea-
son, developing the PCP schemes for the RMHDs is highly challenging. It is still an
unsolved problem. In fact, it is also a blank in developing the positivity-preserving
scheme with strictly and completely theoretical proof for the (non-relativistic) ideal
compressible MHD.? Studying the intrinsic mathematical properties of the admis-
sible state set G may open a window for such unsolved problem, see e.g. the recent
worksTHIEEY o) the PCP schemes for the RHDs.

Besides three physical constraints ([L3) on the admissible state U, another dif-
ficulty for the RMHD system (L.I)) comes from the divergence-free condition (L.2)).
Numerically preserving such condition is very non-trivial (for d > 2) but important
for the robustness of numerical scheme, and has to be respected. In physics, numer-
ically incorrect magnetic field topologies may lead to nonphysical plasma transport
orthogonal to the magnetic field, see e.g. Ref. Ol The condition ([2) is also very
crucial for the stability of induction equation The existing numerical experiments
in the non-relativistic MHD case have also indicated that violating the divergence-
free condition of magnetic field may lead to numerical instability and nonphysical
or inadmissible solutions 2H4E6I0 Up to now, several numerical treatments have been
proposed to reduce such risk, see e.g. Refs. [T6] 4 27, [ and [28 and references therein.
However, it is still unknown in theory why violating the divergence-free condition
of magnetic field does more easily cause inadmissible solution.

The aim of the paper is to do the first attempt in studying the properties of G
and the PCP numerical schemes for the special RMHD equations (Il). The main
contributions are outlined as follows:

(1) Deriving the first equivalent form of G by analyzing polynomial
roots and transferring successively. The constraints in this equivalent form
of G depend explicitly on the value of U so that the judgment of the admissible
state becomes direct and it is useful to develop the PCP limiter for the high-order
accurate PCP schemes for the RMHDs.

(2) Proving the convexity of G. The convexity of G seems natural from the
physical point of view and is critical for studying the PCP schemes. However, its
proof is non-trivial and suffers from the difficulty arising from the strongly nonlinear
constraints. The key point is to utilize the semi-positive definiteness of the second
fundamental form of a hypersurface, which is discovered to have a proper parametric
equation.

(3) Discovery of the second equivalent form of G based on its convexity.
This equivalent form of G is simple and beautiful with the constraints depending

aAlthough several efforts were made to enforce positivity of the reconstructed or DG polynomial
solutions based on the assumption that the cell average values calculated by the numerical schemes
are admissible, see e.g. Refs. [6] [[0! and [7. However, there is no rigorous proof, especially in the
multi-dimensional case, to genuinely show that those schemes can preserve the positivity. In fact,
the 2D first-order accurate (LxF) scheme is still possibly not PCP, see Example 3.1.
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linearly on U and plays a pivotal role in verifying the PCP property of the numer-
ical scheme for the RMHDs. Moreover, it also implies the orthogonal invariance

of G.

(4) Establishment of the generalized Lax—Friedrichs (LxF) splitting prop-
erties of G. An analytic counterexample shows that G does not have the LxF
splitting property in general. Luckily, we discover an alternative, the so-called gen-
eralized LxF splitting property, which is coupling the convex combination of some
LxF splitting terms with a “discrete divergence-free” condition for the magnetic
field. Since the generalized LxF splitting properties involve lots of states with strongly
coupling condition, their discovery and proofs are extremely technical and become
the most highlighted point of this paper.

(5) Close connection between the discrete divergence-free condition and
PCP property is revealed in theory for the first time. Analytic example
indicates that first-order accurate LxF-type scheme violating the divergence-free
condition may produce inadmissible solution. Our theoretical analysis clearly shows
the importance of discrete divergence-free condition in proving the PCP properties
of numerical schemes.

(6) Theoretical analysis on several 1D and 2D PCP schemes. The 1D
first-order accurate LxF-type scheme is proved to be PCP under the Courant—
Friedrichs—Lewy (CFL) condition and the PCP limiter is developed to propose the
1D high-order accurate PCP schemes. The discrete divergence-free condition and
PCP property are analyzed for the 2D first-order accurate LxF-type scheme, and
two sufficient conditions are derived for the 2D high-order accurate PCP schemes.
Several numerical examples are given to demonstrate the theoretical analyses and
the performance of numerical schemes.

The rest of the paper is organized as follows. Section 2 derives the two equivalent
definitions of G, proves its convexity, and establishes the generalized LxF splitting
properties under the “discrete divergence-free” condition. They play pivotal roles
in analyzing the PCP property of the numerical methods based on the LxF-type
flux for the RMHD equations ([IZTl), see Sec. B, where the PCP properties of the 1D
and 2D first-order accurate LxF schemes are proved, the PCP limiting procedure
and the high-order accurate PCP schemes for the 1D RMHD equations (1) are
presented, and sufficient conditions for the 2D high-order accurate PCP schemes
are also proposed. Section ] conducts several numerical experiments to demonstrate
the theoretical analyses and the performance of the proposed schemes. Section
concludes the paper with several remarks.

2. Properties of the Admissible State Set
Throughout the paper, the equation of state (EOS) will be restricted to the I'-law

p=(I'=1)pe, (2.1)
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where the adiabatic index I' € (1,2]. The restriction of I" < 2 is required for the
compressibility assumptions™? and the causality in the theory of relativity (the
sound speed does not exceed the speed of light ¢ = 1). All results in this paper
can be extended to the general EOS case by the similar discussion presented in

Ref. 411
Lemma 2.1. The admissible state U = (D, m,B, E)" € G must satisfy

D>0, ¢U):=E—/DZ+ |mJ®>0. (2.2)

Proof. Under three conditions of G in (L.3), i.e. p(U) > 0, p(U) > 0, and v(U) < 1,
one has

D= pW >0,
1402 1
E=phW? = p+ — B} - (v B)?
thWQ—p>ph—p=p+%>07
and
1+ 02 1 ?
B2 (D% + ) = |V —p+ ZEE B - L v B

— (pW)? — |(phW? + |B[*)v — (v - B)BJ?
= [(phW? = p)* — (pW)? — (phW? + |B|?)*v7]

1402
2

2 1 2 ° 2
B - v BY| (i - )[4

— (v-B)| - (v B)2BP +2(ohiV? + [B%) (v - B)?.
The first term on the right-hand side of the above identity should be larger than
~(2phW?BJ* +|B|")0?,

because of the inequality
(phW? —p)? > [phW?v|* + (pW)?,

which has been proved in Ref. Thus, one has

E? — (D? 4+ |m[*) > 2phW?[(v - B)® — |B[*¢?]

+(phW? = p)[(1 +?)|BP® — (v - B

2

1 2 1
LB - S(v-B)?| - B[

+|B]*(v-B)? + 5
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= phW?(B]* = o*BI* + (v - B)’] = p[(1 +v*)[B[* - (v B)’]

2
B  *B|" - (v-B)’
2 2

+[BP[(v-B)* — [B[**] +

2
B B~ (v-B)’
2 2

> (ph —p(1+ %)) BJ* +

2-T
> (oh 2B = (p+ 210 ) [B7 >0

which along with £ > 0 yield ¢(U) = E — \/D?+ |m|> > 0. The proof is
completed. O

If the magnetic field B is zero, then (Z2)) is also sufficient for U € G, see
Ref. 40, and ¢(U) is a concave function in terms of U. Those results have played
pivotal roles in the analysis and constructions of the PCP schemes for the RHDs.2?
Unfortunately, ([2:2) is only necessary (not sufficient) for U € G if B # 0. In spite
of this, ([2.2)) is still important and essential in the coming analysis.

Since there is no explicit expression of p(U), p(U) and v(U) for the RMHDs,
the value of V should be derived from given U by solving some nonlinear algebraic
equation, see e.g. Refs. 3, [14) 25| 30, [32| and [33. This paper considers the nonlinear
algebraic equation used in Ref. 30}

fo© =t~ (- ) +1BE - 3

for the unknown ¢ € R*, where the Lorentz factor W has been expressed as a
function of ¢ by

B  (m-B)’

o o | “E=0 (23

W(E) = (€726 + B[*) *fal6) V2, (2.4)
with
fal6) == (€ +[BP) — [€[m[* + (2¢ + |B*)(m - B)°). (2.5)
It is reasonable to find the solution of (23]) within the interval
Qp =R* N {£] fal) > 0}, (2.6)

otherwise, fo(€) < 0 such that W (&) takes the value of 0 or the imaginary number.
If denote the solution of Eq. 3) by & = &.(U), then & = p(U)h(U)W?2(E,) =
p(U)A(U)/(1 — v*(U)) and the values of the primitive variables p(U), p(U) and
v(U) in ([3) can be calculated by

v(U) = (m + &' (m-B)B)/(& + [B?), (2.7)
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oU) = G 28)
WU) = Fra (€~ DW(E). 29

The above procedure clearly shows the strong nonlinearity of the functions v(U),
p(U) and p(U), and the difficulty in verifying whether U is in the admissible state
set G. To overcome such difficulty, two equivalent definitions of the admissible state
set G will be given in the following. The first is very suitable to check whether a
given state U is admissible and constructs the PCP limiter for the development
of high-order accurate PCP schemes for 1D RMHD equations, while the second is
very effective in verifying the PCP property of a numerical scheme. Moreover, the
convexity of G will also be analyzed.

2.1. First equivalent definition

This subsection introduces the first equivalent definition of the admissible state
set G.

Theorem 2.1. (First equivalent definition) The admissible state set G is equivalent
to the following set

={U=(D,m,B,E)" |D > 0,¢(U) >0,¥(U) >0}, (2.10)

where

¥(U) = (@(U) - 2B ~ £))yFO) B~ F | 2 (DB + (m - B)?),

with ®(U) : = /(B2 — E)2 + 3(E2 — D — [m[?).

Proof. The proof of Theorem [2-] is very technical, and will be built on several
lemmas given behind it.

(1) Lemma 22 tells us that three constraints p > 0, p > 0, and v < 1 in G can be
equivalently replaced with

&(U) >0, fi1(&(U)) >0, D>0, ¢U)>0, (2.11)

where the existence and uniqueness of £, (U) have been required, and f4(§) is
a quartic polynomial defined by

f4() = fal§) - D*(€ + BF*)*. (2.12)

For £ € Qy, fu(€) = (W(€)) (€% — D*(W(£))*)(§ + [B[*). The subsequent
task is to prove the equivalence between first two conditions in (Z11)) and the
third one in Gy under (22I).

(2) Lemma P23 shows that €y is an open interval and can be equivalently expressed
as Qy = ({n, +00), where {o = {n(U) denotes the biggest non-negative root of

fa(§) in @Z5).
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Lemma 24 shows that the polynomial f4(¢) has unique positive root in Qy,
denoted by &4, and first two constraints in (B.11]) are equivalently replaced with
&« > &4, that is to say, (2:11) is equivalent to

&(U) > &(U), D>0, ¢(U)>0. (2.13)

Lemma ZH states that the function fyy(§) defined in (23) is strictly monotone
increasing in Qf, and lim¢ 4 o fu(§) = +oo. Hence the first inequality in (Z13))
holds if and only if

2R 2 2

Ju(€s) =8 — Zallsl ;—fz(m B)
1
Here we have used that & € Q¢ and & = DW (&) for the left equal sign.
If defining a cubic polynomial f5(§) by

, _ |BP’D?+ (m-B)’

+ B> - E < 0= ful(&).

file) = €+ (B - E)¢ B e
then f3(&4) = &2 fu(€4) and ([2I3) is equivalent to
f3(&4(U)) <0, D>0, ¢(U)>0. (2.15)

Let us reduce the degree of polynomial in the constraints by transferring suc-
cessively the lower-order constraint on the root of a high-degree polynomial into
the higher-order constraint on the root of a low-degree polynomial. Lemma P
shows that the polynomial f5(£) has unique positive root, denoted by &3. The
continuity of f3(£) implies that for any £ > 0, one has

[3(§) <0 <8 or f3(6) >0 &> & (2.16)
Thus the first inequality in (ZI0) is equivalent to
€4(U) < &(U). (2.17)
Lemma A4 yields

fa(€) >0 & & <&,
for any £ > 0. Therefore, (ZI7) is equivalent to

f4(&(U)) > 0. (2.18)
If defining a quadratic polynomial f2(£) by

f2(6) =36 +4(B* - B)¢ + [B|' + D? + |m|* - 2[B]’E,  (2.19)
then one gets
fa(&s) = €(& + |B[*)? — [D*(& + [B[*)? + & |m[* + (26 + [B[*)(m - B)?]
= & (& + B[))? = &(D? + [m*) — [D?*B]* + (m - B)?|(2&; + [B[?)
= &(& +B*)? = &(D? + |m[*) — 2(& + (B” - B)&3) (26 + [BJ?)
= —&3fa(&s).
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Here the identity f3(£3) = 0 has been used in the third equal sign. Hence, ([2:18)
becomes

f2(€3(U)) <0. (2.20)

(6) Lemma tells us that the polynomial f3(£) has two real roots, denoted by
&1 and &2 g with & 1, < & r. Because the graph of f2(§) opens upward, (2:20)

is equivalent to

2,0.(U) < &(U) < & r(U), (2.21)

which implies
&,r(U) >0,  f3(&2,r(U)) >0, (2.22)

because of ([2I6) and & > 0. Conversely, one can show that (222) also im-
plies (221)), thus they are equivalent to each other. In fact, if ([2:22) holds,

one has & < & g by using (2I6). Assume that (222) holds but ([Z21]) does
not hold, then & r > & 1 > &3. By using Vieta’s formula for the quadratic

polynomial that relate the coefficients of a polynomial to sums and products of

its roots, o0 = 3(&o,L + &2,r) = —2(IB]* — E) > & > 0. Due to (Z16), one
has

f3(&2,01) > 0. (2.23)
On the other hand, because

f5(8) =38 +2(IB* — E)¢ = 3¢(€ — &o,m),

the function f3(&) is strictly monotone decreasing in the interval (0, &2 ar), and
thus

2712 a2
f3(&n) < f3(0) = _IBI*D +2(m B)

which leads to a contradiction with (23). Therefore, (Z2I)) is equivalent
to (Z22) under E22).

Because

<0,

o(U) - 2(B]* - E)

§o.R =

3 )
two inequalities in (Z22) become
o(U) - 2(IB* - E) >0,
o7 (2.24)
(2(U) = 2(1B]” - E))*(®(U) + (B[ - E)) > 7 (D*B[” + (m - B)?),

which are equivalent to ¥(U) > 0 by noting that
®(U) + (B> - E) > [[B]* - E| + (|B]* - E) > 0,

under ¢(U) > 0. The proof is complete. |
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The rest of this subsection gives all lemmas used in the proof of Theorem BT
and two remarks on Theorem 1] as well as a corollary.

Lemma 2.2. U = (D,m,B,E)" € G if and only if fu(£) has unique zero &,(U)
in Qf and satisfies

where f4(§) is a quartic polynomial defined in ([Z12).

Proof. (i) Assume U € G. Lemmal[ZTshows that the first two inequalities in (220
hold. Because p(U) > 0, p(U) > 0, and v(U) < 1, one has

_ »  p(UAU)  p(U) + p(U)
& =pW’ = T =55 = — 1030y

On the other hand, because of (Z3), and the facts that I' > 1 and v < 1, one has
&« > DW (&), which implies f4(&) > 0.

(i) Assume that four inequalities in (228) hold. Because of (2.12) and D > 0,
& > 0, one has

> 0.

fal&) > fa(&) — D*(& + IBI*)* = fa(&) >0,

which implies

W10 - g

Thus v(U) < 1 and W (&) > 1. Thanks to (28) and D > 0, one has p(U) =
D/W (&) > 0. Using 9) and T > 1 gives

)= v (e )

_i &+ - 2177 —2 Y
‘FW@KW@V”O EWE) — 17
f*

> 0.

_r-1 TR
_FW@0<W@0+D) R D

The proof is complete. |

Lemma 2.3. For any U = (D,m,B,E)" € R®, the set Q¢ in 28) is an open
interval and can be expressed as

Qf = (§a, +00), (2.26)

where £q = £q(U) is the biggest non-negative root of fo(§).

Proof. If m- B = 0, then 23) gives fo(¢) = £2(€ + |B|*> + |m|)(¢ + |B|? — |m]),
whose biggest non-negative root is £&n = max{0, |m| — |B|?}. Thus [Z28) holds.
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Assume that m-B # 0 and £ > 0. In this case, |B| # 0 such that the expression
of fo(€) in (1) is reformulated as follows:

m - B)?
fale) = (¢ + [BP) [52|m|2 n %WBF n |B|4>}

(€4 |B]*)2  (2.27)

2 2 2 2 m - B)? m - B)?
=& (¢ + |B] )2_5 <|m| _( |B|2) >_( |B|2)
Define
m-B)2 m - B)?
(@ = (1- B ) (€ B2 - (- PREE) g

which implies fo (&) = £%ga(€) and ga(€) < 0 for 0 < ¢ < |m-BJ|/|B| =: (. It is
also easy to verify that go(§) satisfies

gQ(CO) S 07 51{1}:100 gﬂ(é-) = +OO,

and is also strictly monotone increasing in the interval [(y, +00), because the first
term at the right-hand side of (ZZ8)) is a product of two non-negative and strictly
monotone increasing functions in [y, +00). The intermediate value theorem shows
that go(€) has unique positive root {o(U) in [¢y, +00), which is the biggest positive
root of fo(£) because of the relationship fo (&) = £2gq(€). Therefore, the domain
Q0 can be equivalently replaced with (2:26)). The proof is completed. O

Lemma 2.4. If U= (D,m,B,E)" € R® with D > 0, then the quartic polynomial
fa(&) defined in (ZI2) has unique positive root &4, satisfying £4 > Eq. Moreover,
J4(&) > 0 is equivalent to & < € for any £ € RT.

Proof. If [B| = 0, then f,(§) = £€2(¢% — (D? + |m|?)) has unique positive root
£4(U) = /D? + |m|?, which satisfies £4(U) > |m| = &q. If |B| # 0, then f4(&) is

rewritten as follows:

f4(€) = €9a(6), €>0,

where the rational polynomial

01(6) = (1 — £-262)(¢ + [B2)? — (|m|2 - ﬂ) (2.20)

with

& = /D + (m-B)?/[BF.

Obviously, if € € (0,&p), then one has

n(€) <~ (1mP* - %) <o.
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Thus, the positive zero of g4(£) may be in the interval [y, +00). The existence of
the positive zero of g4(§) is verified as follows. It is easy to get that

92(60) S0, _Tm_gs(€) = +oo.

On the other hand, the function g4(§) is strictly monotone increasing in the
interval [£, +00), because the first term at the right-hand side of (2:29) is a prod-
uct of two positive and strictly monotone increasing functions in [£y, +00). The
intermediate value theorem shows that g4(£) has unique positive root in [£y, +00),
equivalently, f4(£) has unique positive root &,. It satisfies

fa(&a) = fa(&) + D* (&4 + |B[*)* = D*(&4 + [B[*)* > 0,
which implies & € Q. Using Lemma [2.3] completes the proof. O
Lemma 2.5. For any U = (D,m,B,E)" € R® with D > 0, the function fy(€)

defined in (23)) is strictly monotone increasing in the interval Qy = (£q,+00), and
lime . 4o fu(§) = +o0.

Proof. From (23)) and [24), the derivatives of fy(£) and W (&) with respect to &
are calculated as follows:

r-i1/1 2 D
ul§) =5 - —— (m - %W'(S) + WW'(O) (2.30)
and
W(e) = —ys (@ B (362 + 36IBP + BJY) + jm "
e+ B2’ ’
where
= B|*. .B)?
o1 Bl B

Let us prove that Z¢ > 0 for any B € R* and £ € Qy. If B = 0, then Z¢ = 1 > 0.
Assume that B # 0 and thus ([Z27]) is available. Using (227) and fo(£) > 0 gives
IB]2¢2 — (m - B)? > 0 and
&(m[*B]> — (m - B)?)

€+ BP)? > B[22 — (m - B)?

It follows that:
(€+B]?)® — (Im[*|BJ? — (m - B)?)
(€ +1[BJ?)?
(¢ + [BP?) CUBLIB_tnB)  (jm?BJ2 — (m - B)?)
(€ +IB[*)?
(6’ + (m - B)*)(Im[*B]> — (m - B)?)

= €+ BPE(BRE - (m-B))

—_
—

i
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Because I' € (1,2], =7 > 2. Noting that W’'(¢) < 0 for £ € Qy and using (Z30)
give

o6 > 25— (g — WO + )

(m-B)* (m - B)*(3¢2 + 3¢/B|? + [B|!) + |m|?¢? 1
& (¢ +[BJ2)” w2
2 1 fal§)

CWE W @ Py

which implies f{;(§) > 0 and fy(§) is strictly monotone increasing in the interval
2;. Note that

r—-1 1
o> (1- L)

where lime_, oo W (&) = 1 has been used. This implies lim¢_ o fu(§) = +o00 and
the proof is complete. O

B , (m-B)’

W2 52

— FE — 400, as& — +oo,

Lemma 2.6. If U = (D,m,B,E)" ¢ R® satisfying (2, then the cubic polyno-
mial f3(&) defined in (ZI4) has unique positive root &s.

Proof. If B = 0, then f3(¢) = ¢2(¢ — E) with unique positive root &3 = E. If
B # 0, then f3(¢) is rewritten as follows:

f3(6) = €2g3(€), €>0,
with the rational polynomial

_ DB+ (m-B)?
262

93(§) =¢ + B> - E,

which is strictly monotone increasing in RT and satisfies

Elif(r)l+ 93(§) = —o0, gli»inoo g3(&) = +o0.

According to the intermediate value theorem, gs(£) has unique positive root,

and thus f3(¢) has unique positive root in RT. The proof is complete. O

Lemma 2.7. If ¢(U) > 0, then the quadratic polynomial f2(€) defined in (ZI9)
has two real roots.
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Proof. Because the discriminant of the quadratic polynomial f2(&) is
A =16(|B]* — E)? — 12(|B|* + D* 4+ |m|*> — 2|B|*E)
= 4(B]® - B)* + 12(E* — (D* + |m[*))
> 12¢(U)(E + /D2 + |m[?) > 12¢*(U) > 0,
the function f3(§) has two real roots. m|
Remark 2.1. Using (Z24) and some algebraic manipulations, one can verify that

the constraint ¥(U) > 0 is equivalent to two constraints ¢(U) > 0 and ¢(U) > 0,
where

4(U) == o(U) - 2(|BJ* - E)

= V(E — [B[?)> +3(E? - D* — |m[?) + 2(E — |BJ),

4(U) = (V) - ((E B+ 2 (BPD? ¢ m-BP?)
L9(E?— D* — |m)(E - |B|2>) |

Moreover, U(U) = 0 if and only if §(U) > 0 and ¢(U) = 0.

Remark 2.2. The first equivalent definition of G is very important in the following
aspects:

e To guide the initial guess in numerically solving the nonlinear algebraic equa-
tion (2:3)), because the proof of Theorem 2] has shown that &, > & for U € G,
where &, is discussed in Lemma [Z4] and

1 e 1
LEIBE - v B ) - v

I'E —£,(U) = F(phW2 —-p+
> T(phW? —p) — phW? > (I = 1)ph —T'p = (T = 1)p > 0.

e To develop the PCP limiter and high-order accurate PCP schemes for the 1D
RMHD equations (ICTJ), see Sec.
e To prove the convexity of G, see Sec.[Z2] and the scaling invariance.

Corollary 2.1. (Scaling invariance) If the state U = (D,m,B, E)" € Gy, then for
any A € R*, the state Uy := (AD, Am,vAB,\E)" € Gj.

Proof. It can be verified that ¢(Uy) = Ag(U) > 0 and ¥(U,) = \*/2¥(U) > 0.
The proof is complete. |
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2.2. Convexity

This section will prove the convexity of admissible state set Gy = G for the RMHDs.
It will play a pivotal role in analyzing the PCP property of numerical schemes.

Theorem 2.2. The admissible state set Gy is a conver set.

Proof. It is not trivial and cannot be completed by using the convexity definition
of the set because of the strong nonlinearity of the function ¥(U) used in (ZI0).
Instead, it will be done with the aid of the close connection between the set convexity
in RN and the concave-convex character of the region boundary corresponding to
the set, see e.g. Ref. 231

It is easy to show by the proof of Lemma 2.2 in Ref. 40 that the set

G, :=={U = (D,m,B,E)T €R®| D > 0,¢(U) > 0}

is convex. Therefore, the subsequent task is to prove that the hypersurface S in R®
described by

U(U) =0 (2.31)

is convex within the region Go, and the points in Gy are all located in the concave
side of the hypersurface S. Unfortunately, it is impractical to check the convexity
of the hypersurface S by directly using the highly nonlinear equation (23] via the
theory of geometry. To overcome this difficulty, we try to give a parameter equation
for the hypersurface S.

An important discovery is that (Z31]) is equivalent to p(U) = 0 for U € G. In
fact, on the one hand, it can be seen from the proof of Theorem 2] that (2:31)
implies f3(&2,7r(U)) = 0. It means that 5(U) = & z(U) and satisfies f2(&3(U)) =0,
which yields f4(£35(U)) = 0. It follows that £4(U) = £5(U) and satisfies f3(£4(U)) =
0 and fu(&4) = 0. This further implies &, (U) = £4(U), and thus one has that &, =
DW (&) and p(U) = 0. On the other hand, if p(U) =0, then h =1+e+p/p=1,
and

b_ P
V1—0?’
__rv 2
m = 1— 02 + |B| vV — (V-B)B, (232)
E=pW2—p, +|Bp=—L +ﬂ|B|2—ﬂ.
" 1—02 2 2

Thus one has

©*(U) = (E — [B]*)” + 3(E* = D* — [m|*) = (oW? + 2py)?,
2
(E—BI*)° + 77(|BI2D2 +[m-B?) - 9(E* - D* — [m[*)(E — |BJ*)

= (pW2 + 2pm)3a
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which imply that ¢(U) and ¢(U) in Remark B satisfy
4(U) = /(B —TBP)2 + 3(B2 = D% — [m?) + 2(E — [BJ) = 3pW? > 0

and ¢(U) = 0. The conclusion in Remark 2Tl yields (Z3T]).

Based on the above discovery, the hypersurface S defined in (Z31]) can be repre-
sented by the parametric equations (2:32) through seven parameters V := (p,v,B) T
with p > 0,|v| < 1 and B € R3. Obviously, the hypersurface S is not 6-cylindrical.
Based on the theorem in Ref.[23, one only needs to show that its second fundamental
form is positive semi-definite, i.e. prove that the matrix

8
= lz Vi av

is positive semi-definite, where Uy and V;y denote the Ith component of the vector
U and the ith component of the vector V, respectively, and n := (nq,no, ... ,ng)—r
represents the inward-pointing (to the region Gp) normal vector of the hypersur-
face §. Taking partial derivatives of U with respect to V;, gives

X7

9,U = (W, W2y, W2y, W2v3,0,0,0, W?)T
00, U = (pW3v1, pW2(1 + 2W20v?) + B2 + B2,2pW*v 109 — By B,
20W4v1v3 — B1Bs,0,0,0,|B|*0; — By (v -B) 4+ 2pW4u;) T,
90, U = (pW3vy, 20W*v1vy — By Ba, pW?(1 + 2W?03) + B} + B3,
2pW4vgvs — By Bs, 0,0,0, |B|?vy — By(v - B) 4+ 2pW4uwy) T,
Dv, U = (pW3v3, 2pW 0103 — By Bs, 2pW vgv3 — Bo Bs,
pW2(1 4 2W?202) + B? + B2,0,0,0, |B|?v3 — B3(v - B) + 2pWu3) T,
05, U = (0, —Bavs — Bsvs, 2Bjvy — Bovy, 2B1vs — Bsuy,
1,0,0, B1(14v%) —vi(v-B)) "
0p,U = (0,2Byvy — Byvy, —Bivy — Bsvs, 2Bavs — Bsua,
0,1,0, By(1 4 v?) — va(v-B)) "
0p, U = (0,2B3v, — Byvs, 2Bsvg — Bavs, —Bivy — Bavs,
0,0,1, B3(1 4+ v?) —v3(v-B))"

These are seven tangent vectors of the hypersurface S and generate the local tangent
space. Because they are perpendicular to the normal vector n, their inner products
with n should be equal to zero, and thus a linear system of seven algebraic equations
for (ny,na,...,ng)" is formed. Solving this linear system gives

n=(—1-v2-v,—(1-v?)B—(v-B)v,1)". (2.33)
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First, let us check the positive semi-definiteness of II. Taking the second-order
partial derivatives of U with respect to V, and then calculating their inner products
with n give the expression of the matrix IT as follows:

II = diag{0, I1;, II5},
where
I, = pW*[(1 —v®)I3 4+ v'v] + |B[’Is — B'B = pW*II, + |B|’I; - B'B,
My = (1 -0?)I3+v'v.

Here I3 denotes a unit matrix of size 3. The matrix v'v has rank of 1 and eigen-
values of {0,0,|v|?}, so the eigenvalues of Iy are {1 — |v|?,1 — |v|?, 1}, which
imply the positive definiteness of ITs. Similarly, one can show that the eigenvalues
of |B]?I3 — BB are {|B|?,|BJ|?,0}. Because II; is the sum of a positive definite
matrix and a positive semi-definite matrix, it is positive semi-definite. In conclu-
sion, IT is a positive semi-definite matrix with positive inertia index of 6 so that
the hypersurface S described in ([Z31)) is a convex surface in Gs.

Next, let us prove that all the points in Gy = G are located at the concave side
of the hypersurface S, that is to say, the normal vector n in ([233) is the inward-
pointing vector to the region Gy. For this purpose, we need to show that, for any
U € Gy =G and UE€S, it holds that

(U-U)-n>0,
which is equivalent to

f([%ﬁa{f;f”;‘/:B) ::ﬁ'n+pm >Oa

because of (Z32) and (Z33). By defining (¥, B, v, B) := F(0,0,v,B, v, B), one
can infer that

Fo(¥,B,v,B) = (|B|*V — (¥ -B)B) - (—v) + (W ?B + (v -B)v) - (-B)

N (1+9?)B|? — (v - B)? N (1—v%)|B]? + (v-B)?

2 2
_(1=v})B-B]  |v-9PBP?
o 2 + 2
B vomyw B - TP By B)
_Vo9PBE [(v-B) - (v-B)P [(7-B)-(v-B)’
= 2 2 2
_veWPBE (v=v)-BP (v (B-B)®

2 2 2
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Thus for any given U on the hypersurface S, one has
U-n+p,=W1-v-v-W1Iw1

r . . -
+P (ﬁWQ(l —V.v)— 1) + Fo(v,B,v,B)

> pW2(1 — (91,09, 03, WL - (v, va, v3, W)
+p2W2(1 —¥-v) —1)

> W2 (1 — |(y, B, B3, W) |(v1, v2, 03, W H)))
+pRWA(1—[[lv]) - 1)

p(L—|v])
1+ |v|
The proof is complete. |

> peW?(1-|9) - 1) = > 0.

2.3. Second equivalent definition

The convexity of the admissible state set G can give its second equivalent form,
whose importance lies in that all constraints are linear with respect to U so that it
will be very effective in verifying theoretically the PCP property of the numerical
schemes for the RMHD equations (IZTI).

Theorem 2.3. (Second equivalent definition) The admissible state set G or Gy is
equivalent to the set

G1:={U=(D.m,B,E)’ €R*|D>0,U -n"+p,, >0,

for any B*,v* € R3 with |v*| < 1}, (2.34)
where
n* = (—/1—|v*2, —v*, —(1 = \v*|2)B* — (v B v, 1T, (2.35)
(- Iv*lr“)IB"?I2 + (v B (2.36)
Here U* denotes any point on the hypersurface S, and p}, = —=U* - n* and n*

are corresponding magnetic pressure and inward-pointing vector to the region G,
respectively.

Proof. Theorem 2.2]and its proof have shown that Gy = G C G;. The subsequent
task is to prove G; C Gy. For any U € Gy, the convexity of the hypersurface S
in (Z231) implies the constraint W(U) > 0 in Gy. Thus it needs to prove that the
state U € G satisfies ¢(U) > 0. If taking the vectors B*,v* € R3 as

1

VDEFmp

B*=0, v'=
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and substituting them into the second inequality in Gy, one has
0<U-n"+p,=F—-—m-v"—Dy/1—|v*]?
|m|2 D2
VD?+ m]?2 /D2 + |m]?

VDT TP = (V)

The proof is complete. O

Remark 2.3. It is seen that n* in (235) can be rewritten as
* / 2 * * k 7k Lk LK *\ T
n =- 1_|V*| (17u17u2’u3’ 17b2’b3’u0) ’

where v}, and b, denote the velocity and magnetic field in 4D space-time, respec-
tively.

Remark 2.4. Theorems[ZT and Z3 indicate that G = Gy = G;. Thus they will not
be deliberately distinguished henceforth.

Theorem 23 implies the following orthogonal invariance of the admissible state
set Gy.

Corollary 2.2. (Orthogonal invariance) Let T := diag{1, T3, T3,1}, where T3
denotes any orthogonal matriz of size 3. If U € Gy, then TU € G;.

Proof. For any U = (D,m,B, E)" € G, if denoting U = TU = (D, ,B,E)T,
then D = D > 0. For any B*,v* € R? with |v*| < 1, if denoting B* .= B*

V% == v*Ty, then [¥*| = |v*| < 1, p}, = p},, and i* = T~ 'n*. Using Theorem IZZI
for U € G gives

0<U-a"+p;, =(T7'0) - (T"'n") +p}, = U-n" +p],,

where the orthogonality of T~' has been used in the last equality. Hence using
Theorem 2.3 again yields U € G;. The proof is complete. O

Remark 2.5. Corollary implies the rotational or symmetric invariance of
the admissible state set G if Ts is taken as a rotational or symmetric matrix of
size 3.

2.4. Generalized Lax—Friedrichs splitting properties

The section utilizes the second equivalent definition of G in Theorem B3 to present
the generalized LxF splitting properties of the admissible state set G for the special
RMHD equations (T)).
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Lemma 2.8. (LxF splitting) If B = 0, then the special RMHD equations
satisfy the LxF splitting property:

U+a 'F;(U)eg forUeg,
where o > p; and p; denotes a proper upper bound of the spectral radius of the

Jacobian matriz OF;/0U, i = 1,2,3. If B # 0, then the LxF splitting property
does not always hold.

Proof. The first part has been proved in Ref. [40), while the second part is proved
by contradiction as follows.

Assume that the LxF splitting property holds for U € G and T" € (1, 2]. For any
V = (p,v,B,p)" satisfying p > 0, p > 0, and v < 1, one has

U(V)+a 'F,(UV) €G, Ya>p, i=1,23.
Because the speed of light ¢ = 1 is a rigorous bound of the spectral radius of

OF;/0U, one can specially take p = p = ¢ > 0, v = (0.5,0,0), B = (1,0,0),
a=1/6 for § € (0,1], and T" = 5/3, such that:

U*(e,0) :== U+ a 'F (U)

-
V3 144+130 6 11+70 1
3 5 G =G

= (X202 e 2.,0,0,1,0,0, ——€+ =
( 3 ( +9)67 6 G:F 2’070’ 70’07 €+

According to Remark T} one has §(U*(e,6)) > 0, for all € > 0 and 6 € (0, 1].
The continuity of ¢(U) with respect to U further implies that for any fixed 0,
U* (¢, 0) is also continuous with respect to e. Therefore

27
0< lim G(U*(,0)) = 4(U*(0,0)) = — = 6°(6* + 4 <0,
which leads to the contradiction. Hence the LxF splitting property does not hold
for the admissible state set G for the RMHD equations ([I) in general. O

Although the LxF splitting property may not hold for the nonzero magnetic
field, we discover the generalized LxF splitting properties which are coupling the
convex combination of some LxF splitting terms with a “discrete divergence-free”
condition for the magnetic field vector B. However, it is extremely difficult and
technical because of the “discrete divergence-free” condition for the magnetic field
B and the strong nonlinearity in the constraints of the admissible state set and
F;(U), etc. Their breakthrough is made by a constructive inequality in the following
lemma.

Lemma 2.9. If U € G, then for any 0 € [—1,1] and B*, v* € R? with |[v*| < 1 it
holds

(U4 0F;(U)) -n* +p;, +0(vip:, — B;(v" - B*)) > 0, (2.37)
where i € {1,2,3}, and n* and p}, are defined in (Z30) and [Z3G), respectively.
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Proof. (i) First let us prove the inequality (2:37) for the case of i = 1, i.e.
H(p,p,v,B,v*,B* ) := (U +60F(U)) -n* + (14 0v])p;, — 0B (v* - B*) > 0.
(2.38)
Taking partial derivatives of H with respect to p and p respectively gives
0
8_7; — (4 00 W21 — v v — W )

> (1+ le)W2(1 — (v1,v2,v3, Wﬁl) - (v], 03,05, (Wﬁl)*))
> (1 + 001)W2(1 - |(’U17027U37Wﬁl)”(vikvv;vvgv (Wﬁl)*)D =0,

oH T ) . .

where
HpjE =21 v W21 —v-v*) — (1+07)

1

=21+ v )W2—=1—2(14 v )W?|v* e —
(1) o)W ot (o0 % gy o

) + vivg + U§vg]

1 2
2 2| * 2,2
>2(1+v))W*—=1-2(1 £ v)W?|v |\/<vli2(1:|:v1) 2) +v3 + v}

=21 xo)W? =11 = |v*]) > 2(L£v1)/(1 —v]) = 1)1 = |v*])
=21+ v1)2(1 - [v*])/(1 —v?) > 0.

Here we have used that |v| < 1 because of U € G, and the Cauchy-Schwarz
inequality. Thus, together with p > 0, p > 0, one has

H(p,p,v,B,v*, B* 0) > H(0,0,v,B,v* B* 0) =: Ho(v,B,v*,B*,0).

The subsequent task is to show that Hy > 0. This is equivalent to the positive semi-
definiteness of a symmetric matrix A (v, v*,0) for any 6 € [-1,1] and v,v* € R3
with |v|] < 1 and |[v*| < 1, because Ho(v, B, v*,B*,0) can be reformulated into a
quadratic form of (B,B*), i.e.

Ho(v,B,v*,B*,0) = %(B7B*)AH(V,V*,e)(B,B*)T.

Here the diagonal and the upper triangular elements of the symmetric matrix A7 =
[ALL (v, v*,0)]6x6 are

Aﬁ =2(1 —vjvy —v3vs) + (1 — 9711*)(@3 —|—U§ —1),

H 2
Ajy = 103 + va0] — v1v2 + O(viv2v3 — V3V5 + V5 — Vg + V] V1V2),
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H 2
Aps = v1v; + v30] — v1vs + O(vivevs — viv; + V5 — v3 + Vi V1V3),

H
Ary = 0(vivav; +vivsvy —vp) + U2 + U3 -1,

AL = —(1+ 6v7)(v3?

+0i? = 1), AL = (14 6v})vivs,

AL = (14 Gupoies, AL = —(1+00]) (7% + 03° — 1),

AL = (14 0v)osvs, AR = —(1+0v)) (v} + 032 —1).

If taking the upper triangular matrix

one has

PAA (v,v*,0)PT = diag{

O(vs —wve)  O(vs — v3)

1 0 0 1
1+ 6v} 1+ 0vf
1+46
10 o - 0
1+ Ov
1
10 0 +9U1 )
1+ 03
1 0 0
1 0
1

H * H *
1—|—91/IB (v,v*,0),C" (v 79)}7

where B and CH are two symmetric matrices respectively defined by
Bfy B
Bl B |, €= (1+0un) |- VP v TV,

B =

H
Bll
H
B21
H
831

H
832

H
833

1893

AL = 0(vivzv; — va(v3vl +viv} — 1) —v3) — i3,

AL = 0(vivovs — va(v1v] + vavy — 1) — v}) — viv},

AL = 0(—viv? — 2010303 4 201 + vivs — v}) 4+ v} — 2010} + vE — 2uzv) + 1,
AL = 0(vivivg + viv1v3 — vivaws) + vivs — (v — v3)(vs — v3),

A = —(1 4 0v)ojvs, AL = (14 0v1) (v + 037 - 1),

Ase = —(1 4 Ovy)vivs,

AL = 0(—vv} — 2010905 4 201 + ViV — v}) 4+ v} — 2010} + Vi — 2u9v) + 1,
Agy = —(1+0v)ojvy,  Agh = —(1+ fur)vs3,

AL = (14 0v) (07" + 037 — 1),
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with
(1—60%)(vs” +05%)  (0* = 1)v3 (0% — 1wz
B = (1,v9,v3) (6% — 1)v3 1— 6% 4 62052 —02v3v}
(6% — 1)v3 —60%v3v3 1 — 6% + 62v3?

x (1,v9,v3) "
=: (1,v2,v3)B11(1,v,0v3) ",
(1 -2 4 ui2 (6% — Doy +0vs? —(1+ 6v})vs
B = (1,v1,03) | (02 = D)vr +60v5% 1 —60>+60%052 —0(1 + Ovi)vs
T —0(1 + v} )v3 (1+6v;)°

X (17v17v3)T

=: (171)171)3)322(1,1)1,1)3)T7
(1 -2 4u32 (02— 1Dof +60vs2 —(1+ 6vl)vg
B = (1,v1,09) | (02— Dvp +60vs?  1—624+6%5% —0(1+ 6v})vs
—(1+ 0v})us —0(1 + v} )v; (1+ 0v})?
x (1,v1,v9) "

=: (1,v1,v2)Bas(1,v1,v2) ",

Bi} = B3
(02 — Dvivs  (1—6%)vs (1 —6%)vF — Gui? Quivs
(1) 0 02(1 —v3?) —1 6%v3v3
’ 0 (1 + 6v})0v3
—(1 4 0vy)bvs
X (1,V)T,
Biy = Bij
(02 — Dwivs (1 —0%)v3 Ovsvs (1 —62)vr — v3?
1) 0 0>v3v3 02(1 —v3%) — 1
7 —(1 + 6v7)bv; (14 6vy)0vs
0
X (1,V)T,

H H
By = Bay = —(v2 — v5 — Quv; + Ovavy ) (vs — v3 — Bvivs + Ovgol).
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Under the hypothesis, one has that 1+ v} > 1 — |vj| > 0 and thus the matrix
CH(v*,0) is positive definite. Therefore, the subsequent task is to show the positive
semi-definiteness of the symmetric matrix B, or equivalently, the non-negativity
of all principal minors of B¥. It is observed that these minors can be estimated
through the quadratic forms of (1,v) . First check the first-order principal minors

of B, If taking

1 vy v
P, = 1 0|,
1
one has
0 0 0
P1BiP] = |0 1—062+0%352 —0%viv3
0 —0%v5v3 1— 62 + 6%05?
Then using

1— 6%+ 0%5% >0,
1— 6% 4 6%v3?
det

2, % )k
—0%v3v3

1— 6%+ 0% >0,
—02v3v}

1— 02+ 0%v3?

) = (1 =01 -6+ 063> +v3°)] > 0,

yields the positive semi-definiteness of the matrix l§11, which follows that Bﬁ > 0.
Similarly, one has B, > 0 and BZ, > 0. Next we consider the second-order principal
minors of B, Some algebraic manipulations yield

Bt B
det = (v3 —v3)%E, det
(o o)~
B BL
det 2 7% = (v; — v})’E,
B B
where
’U*2
E=(01-6%z" diag{(l — 6% ( !
—uf
with

(14 Ovy)vs

Bfi Bf o
= (v2 —v5)° =,
(Bﬁ Bil (v2 —v3)
_v*
11>,(1+9uf)212}z,

(14 Quvy)vs

)

zZ = <1,U1,U2 -

1+ 0vy

V3 —

;

1+ 0vy

It is not difficult to know that = > 0 by noting the positive semi-definiteness of

2
CER1

(—vf 1

).
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Therefore, all three second-order principal minors of B are non-negative. Finally

we consider the third-order principal minor of B, i.e. det(B). Some algebraic
manipulations yield

B B
det( . ) = (v] —v1)(v2 — v3)E,

Bi  Bi
Bji B

det = (v1 —v7)(v3 — v3)Z,
(B?f{ 51 (v1 — 1) (v — v3)
Bl B

det = (vy —v2)(v3 — v3)E.
(Bf{ Bl (v3 —v2)(v3 — v3)

Based on those first- and second-order principal minors of the symmetric matrix
B one obtains the adjoint matrix of B:

(v1 — vf)? (1 —v7)(v2 —v3) (1 —v])(vs —v3)
adj(B") = E| (1 — v})(v2 — v3) (v2 — v3)? (v2 — v3)(vs — v3)
(v1 —v7)(vs —v3)  (v2 —v3)(vs —v3) (v3 — v3)?
=E(v-v")T(v-v),

which is also a symmetric matrix of size 3 and has rank of at most 1, such that
adj(BH) and B are irreversible and det(Bf) = 0. In conclusion, the matrix BH
is positive semi-definite, and the inequality (Z37) for the case of i = 1, i.e. (Z33)),
does hold.

(i) The inequality ([2-37) for the case of i = 2 or 3 can be verified by using (Z38)
and the orthogonal invariance in Corollary 2.2

For the case of i = 2, we introduce a symmetric matrix T = diag{1, T3, T3, 1}
with the orthogonal matrix

010
Ts=[1 0 0
00 1

Regarding the conservative vector U as a vector function of the primitive variables
V, i.e. U(V), then one has U(TV) =TU =: U, F;(U(TV)) = TF3(U), and

F,(U) = Fy(TU) = F,(U(TV)) = TF2(U).
Thanks to Corollary 22l one obtains U €G. Let v* = v*T3 and B* = B*T}3, then

v =|v| <1, |B*|=|B*, ¥v*-B*=v".B"
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It follows from (2.35) and [2.36) that pj, = p;, and A" = Tn*. Using the
inequality ([2.38) with U € G, v*, and B* gives
0 < (U+6F(0))- 0"+ py, + (3 5y, — B1(¥" - B”))
— (TU + 9TF,(U)) - (Tn*) + pl + 0(v3p}, — Ba(v" - B)
= (U+0Fy(U)) - n* +py, + 0(vypp, — B2(v™ - BY)),

where the orthogonality of the matrix T has been used in the last equality. This
verifies the inequality ([Z37) for the case of i = 2. The case of i = 3 can be similarly
derived by taking the orthogonal matrix

0 0 1
Ts=]0 1 0
1 00
The proof is complete. |

Remark 2.6. Thanks to the second equivalent form of G, Lemma [Z8]tells us that
the inequality

(U +0F;(U)) -n* +p;, >0, (2.39)

does not always hold for any § € [~1,1] and B*,v* € R? with |v*| < 1, where
i € {1,2,3}. Compare (Z39) to the inequality (2:37), the third term at the left-
hand side of (2:37) is extremely technical and crucial in deriving the generalized LxF
splitting properties. Although this term is not always positive or negative, it can be
canceled out dexterously with the help of the following “discrete divergence-free”
condition (2.40) or ([2:42)), see the proofs of following theorems.

Based on the above lemma, we derive the following generalized LxF splitting
properties.

Theorem 2.4. (1D generalized LxF splitting) If U = (l~),rh,]§,l77)—r € G and
U= (D,m,B,E)" € G satisfy 1D “discrete divergence-free” condition

B; — B; =0, (2.40)

for a given i € {1,2,3}, then for any a > ¢ =1 it holds
U= §(I~J—oz_1Fi(I~J)+fI+a_1Fi(fJ)) €q. (2.41)
Proof. It is obvious that
1
2
that is to say, the first component of U satisfies the first constraint in G, see
Theorem 23

(D(1 =% /a) + D(1 +0;/a)) > 0,
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Next, let us check the second constraint in G;. For any B*, v* € R? with v* < 1,
using Lemma 223 gives

U-n*+p;, = l((fJ —a'Fy(0)) -n* +p!,) + l((fj +a 'Fy(0)) -n* +pi)
2 2

(2231 - ]
> —sa”{(Bi(v' BY) —uip,) + 5o (Bi(vT - BY) —vp;,)
e

where n* and p}, are defined in ([Z35]) and ([236]), respectively. Using Theorem 2.3
completes the proof. O

Theorem 2.5. (2D generalized LxF splitting) If U, U, U, U € G fori =

1,2,..., L satisfy 2D “discrete divergence-free” condition
Y wi(Bi - BY) | Y, wiB) — B)

L L =0 2.42

Az + Ay : (2.42)

where Az, Ay > 0, and the sum of all positive numbers {w;}£ | is equal to 1, then
for all o > ¢ =1 it holds

L
_ 1 1 - ~ . ~ . ~ .
oo L wi[—(Ul — o P (0 £ U+ o R (0)
o )

1 . _ o . o .
+ A—y(Ul —a 'Fy (U + U +a 'Fy(UY)) | €6. (2.43)

Proof. The first component of U satisfies the first constraint in G, i.e.

1 i —1~i i -1 z
[Ax(D(l_a )+ D1+ o tol))

1 By —1-7 2 —1v’L
+A—y<D(1 a~1ot) + DI+ a~tii))| > 0.

For any B*,v* € R? with |[v*| < 1, utilizing Lemma 2.9 and ([2.42) gives

U-n*+p), = —F7— Zwl {— o 'R (TY) -0t 4k,
A_ A_
~ ~ 1 _ . _
+ (U +a 'F(TY)) -n* +pr) + A—y((Ul — o 'Fy(UY) -n*

+ 0+ (U7 + ™' F2(UY) -0 +p;,)
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m 1 —1/ P * * * ok
> o 2w | ag (e MBIV BY) —vip;)

1 — N1 * * * %k
(—a™H(By(v" - BY) — v3p},)

+a N(B{(v"-B*) —vip},)) + Ay

Thus U also satisfies the second constraint in G;. Using Theorem P38l completes the
proof. |

Theorem 2.6. (3D generalized LxF splitting) If U, Ui, U, U, I=Jl7 U €g for
i=1,2,..., L, and they satisfy the 3D “discrete divergence-free” condition

L Ri _ Ri L Bi _ Ri ’ ~(:i— Ui)
2z wi(Bi — Bi) n 2 iy wi(B) — Bj) i iz @i (B3 — By

Az Ay Az =0,

where Az, Ay, Az > 0, and the sum of all positive numbers {w;}= | is equal to 1,
then for any o > ¢ =1 it holds

L
1 [ 1 ) . .y . . .
wi |—(U" —a 'F(UY) + U’ + o 'F(TY))
PR v
1 _ o . o .
5,0 - a”'Fy(U") + U+ 'Fo(U"))

+ i ([:IZ — oz_lFs([:Ti) + ﬁTi +a 'F; (IﬁJZ))} €Gg.

Proof. The proof is similar to that of Theorem [Z5] and omitted here. |

Remark 2.7. Because the convex combination U in the above generalized LxF
splitting properties depends on several states, it is very difficult to directly check
whether U belongs to the set G. It is subtly and fortunately overcame by using
the inequality (Z31) in Lemma and the “discrete divergence-free” condition,
which is an approximation to ([[2)). For example, the “discrete divergence-free”
condition (ZZ42) can be derived by using some quadrature rule for the integrals at
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the left-hand side of

Yo

1 1 Yyo+Ay
Az A_y/ (Bu(o + A, y) — Bi(x0,))dy

1 1 zo+Ax
b (L [ Baten+ B0~ Bt

Zo

1 0B, 0B3 B
= AxAy/1< g + 3y )dxdy—O, (2.44)

where (z,y) = (z1,22) and I := [zg, o + Ax] X [yo, yo + Ay].

The above generalized LxF splitting properties are important tools in developing
and analyzing the PCP numerical schemes on uniform meshes if the numerical flux
is taken as the LxF-type flux ([B2). Moreover, it is easy to extend them on non-
uniform or unstructured meshes. For example, the following theorem shows an
extension to the case of 2D arbitrarily convex polygon mesh.

Theorem 2.7. If fori =1,2,...,L and j = 1,2,...,J, UY € G and satisfy 2D
“discrete divergence-free” condition over an J-sided convex polygon

L
> lz wi(BY N{ + By Nj )] t; =0, (2.45)

j=1Li=1

where £; > 0 and ( 7 N3) are the length and the unit outward normal vector of the
jth edge of the polygon, respectively, and the sum of all positive numbers {w;}E | is
equal to 1, then for all « > ¢ =1 it holds

J T L
U= > [Z wi(UY — o (F1 (UY)N] + F2<U“>N5>>] teg
Ej:l ¢ j=1 Li=1

Proof. The rotational invariance property of the 2D RMHD equations (I.1J) yields
F1(UY)N] + F2o(UY )N} = T; 'Fy(T;UY),

where T := diag{1, T3, T3 ;, 1} with the rotational matrix T3 ; defined by

NN o
Ty, = |-N] N/ 0
0 0 1

For each j and any B*,v* € R? with |[v*| < 1, let ¥* = v* T3 ; and B* = B*Ts ;,

one has [v*] = |v| < 1, ¥* - B* = v* . B*, p?, = p’,, and 2* = T;n*. Utilizing



Admissible states and physical-constraints-preserving schemes 1901

Lemma 20 for T;U%, ¥*, and B* gives
0 < (T,;UY — o 'F{(T,;UY)) - &* + pr,
—a N (#py, — (BYN] + BYN3) (¥ - BY))
= (UY — o 'T; 'F1(T;UY)) - n* + p},
—a N ((WiM + o NT)py, — (BYNT + B/ NF) (v -BY)),  (2.46)

where the orthogonality of T; has been used. Hence, one has

J L
[_J .n* +p:1 = 71 Z lz LUI((U” - O(_lTj_lFl(TjUij)> -n* —|—p;‘n) éj

J
Zj:l ¢ j=1Li=1

1
J
e >

1
J
an:1 £ j=1

L
D wil(0EN] + v3 NP},
i=1

~ (BYNY + BYN]( - B) |

J

o Pn
a) ity i

* J , ,
P S™(0iN{ +usNg)e; =0,

_ Pm

7
an:1 £ j=1
which implies that U satisfies the second constraint in G;. On the other hand, U
satisfies the first constraint in G; because

JTL
1 T
', Z[ZwiDj(l_a Yo N + v 5))]@

Zj:l J j=1Li=1

ZEJ = Z[Z”Jﬂ 1—a~ \/715 > 0.

J =1 Li=1

L
> wi(oiN +usNY )] 2

i=1

Thus, the proof is completed by using Theorem 23] |

3. Physical-Constraints-Preserving Schemes

This section applies the previous theoretical results on the admissible state set G to
develop PCP numerical schemes for the 1D and 2D special RMHD equations (ILT).

3.1. 1D PCP schemes

For the sake of convenience, this subsection will use the symbol z to replace the inde-
pendent variable 21 in (IZI]). Assume that the spatial domain is divided into a uni-
form mesh with a constant spatial step-size Az and the jth cell I; = (xj; 1, %1 ),
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and the time interval is also divided into the (non-uniform) grid {to = 0,t,41 =
tn + At,,n > 0} with the time step-size At,, determined by the CFL-type condi-
tion. Let I_J? be the numerical approximation to the cell average value of the exact

solution U(x,t) over the cell I; at t = t,,. Our aim is to seek numerical schemes of
the 1D RMHD equations (1)), whose solution U’ belongs to the set G if U € G.

3.1.1. First-order accurate schemes

Consider the first-order accurate LxF-type scheme

Ut =07 - E(Fl(U” U",,) - F1(07,,T7), (3.1)
where the numerical flux f‘l is defined by

1

Fi(U*,UJF):E(Fi(U*)—i—Fi(U*)—gi(U+—U*)), i=1,2,3.  (3.2)

Here p; is an appropriate upper bound of the spectral radius of the Jacobian matrix
OF;(U)/0U and may be taken as o; = c= 1.

Thanks to the generalized LxF splitting property shown in Theorem [2.4] one
can prove that the scheme (B]) is PCP under a CFL-type condition.

Theorem 3.1. If Ug € G and B?J = Bconst for all j, then I_J?, calculated by
using [B:1) under the CFL-type condition

0 < At, <Azx/c (3.3)

belongs to G and satisfies B{’,j = Beonst for all j and n € N, where ¢ = 1 is the
speed of light.

Proof. Here the induction argument is used for the time-level number n. It is
obvious that the conclusion holds for n = 0 because of the hypothesis on the initial
data. Now assume that I_J? € G with B{’,j = Beonst for all j, and check whether the
conclusion holds for n+ 1. Thanks to the numerical flux in (B2), the fifth equation

in @) gives

_ _ At _ _ _
n+1 n n n n n
Byj' = Bi;j = 5x-(2Br; = Biju = Bi ;1)
At,
= Bconst 2AL (2Bconst Bconst - Bconst) = Bconsta

for all j. If substituting (B2)) into (BII), one can rewrite (3) in the following form
T rTn A= n rn B B
U = (1-0)U07 + §(Uj+1 -F.(Ujy,) + U7 + Fi(U7 L))

= (1-NU} + 5,

where A := At,/Az € (0,1] due to (33). With the induction hypothesis and
Theorem Z4] one has = € G. The convexity of G further yields U?H € G. The
proof is complete. O
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3.1.2. High-order accurate schemes

This subsection discusses the high-order accurate PCP schemes for the 1D RMHD

equations (LT)).

Let us consider the high-order (spatially) accurate scheme for the 1D RMHD

equations (C)):

_ _ At, N

n+1l _ n __ — + o _ +

0t -0 320 (05 B0 )

where the numerical flux F; is defined by (3). Equation (34) may be derived

from high-order accurate finite volume schemes or the discrete evolution equation

for the cell average value {I_J?} in the DG methods. The quantities U7, , and UJT 1
2

are the (K + 1)th-order accurate approximations of the point values U( Tip1,tn )
within the cells I; and I;; respectively, and given by
U= Ul (41 —0), UL% =Uj (x4 1 +0),

where the polynomial vector function U’ (x) is with the cell average value of [_I?,
approximating U(z,t,) within the cell I}, and either reconstructed in the finite
volume methods from {U%} or directly evolved in the DG methods with degree
K > 1. The evolution equations for the high-order “moments” of U;(z) in the DG
methods are omitted because we are only concerned with the PCP property of the
numerical schemes here.

Generally, the solution [_I?H of the high-order accurate scheme (B4)) may not
belong to G even if U} € G for all j. Thus if the scheme (B4 is used to solve some
ultra-relativistic problems with low density or pressure, or very large velocity, it
may break down after some time steps due to the nonphysical numerical solutions
generated by (@) To cure such defect, the positivity-preserving limiters devised
in Refs. [42] 45| and 46l will be extended to our RMHD case and Uj;(z) is limited as
U,(x ) such that the values of Uj(x) at some critical points in I; belong to G. Let
{24 }5-1 be the Gauss-Lobatto nodes transformed into the interval I;, and {@q } 5,
be associated Gaussian quadrature weights satisfying 25:1 wa = 1. Here we take
2L — 3 > K in order that the algebraic precision of corresponding quadrature is at
least K. In particular, one can take L as the smallest integer not less than %

Theorem 3.2. If the polynomial vector U} (x) =: (D;(z), m;(x),B;(z), E; (z)) "
satisfy:

(i) Bi,j(x) = Beonst for any x € I; and all j, and
(i) U}(25) € G for allj and a« =1,2,..., L,

then under the CFL-type condition
0 < At, <Az, (3.5)

it holds that I_J;-’H € G for the numerical scheme ([B2).
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Proof. The exactness of the Gauss—Lobatto quadrature rule with L nodes for the
polynomials of degree K yields

L
r T 1 n A n(so
on = E/Ij Uj (e = 3 00U 69)

Because w; = wr,, one has

O = Y AR (05, U5 R0, )
a=1

> i=3 Ti-
L—1 A
= Y waUpas) + 5 (Ut -~ F (U, ) + U, +F(U7)
a=2
~ Ut ~ T - - + +
+oUr, +aU5, -5 (Un, +Fi (U, ) + U, - (U7 )
L—-1 A
= Yoy a5) + 5 (U, —Fi (U},,) + U, +F (U,)
a=2

L—1
=Y GaUF (#5) + 221 + (&1 + &1 — ) Ea, (3.6)
a=2
where A = At,,/Az € (0,&4], and
1
= .— - (gt _— + - -
== 5 (U - Fu (U + U+ R (U)).
= =~ Ut 2y 71F Ut U~ 2y 71F U
iy U 1( j,%)+ AT 1( j+%>'

Since Bi j(z) is a constant and 2@ /A — 1 > 1, the generalized LxF property in
Theorem 2 tell us that =1, 29 € G. Using w1 +wr — A > 0, (B0), and the convexity
of G gives [_T?H € G. The proof is complete. O

Theorem gives two sufficient conditions on the approximate function (8} (z)
for that the scheme (34]) is PCP. The first condition is easily ensured in practice
since the flux for Bj is zero and the divergence-free condition (I2) in the case of
d =1 implies that Bj is always a constant for the exact solution to (III). To meet
the second condition, we need a PCP limiting procedure, in which (8} (z) is limited

as U, (z) satisfying U, (@$) €g.
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To avoid the effect of the rounding error, we introduce a sufficiently small po-
sitive number® ¢ such that I_J'? € G., where

G.={U=(D,m,B,E)"|D > ¢ q(U) >¢ ¥ (U) >0}, (3.7)

with
¥ (U):=v(U,), U.:=(D,mB,E—¢'.
Then the 1D PCP limiting procedure is divided into the following three steps.

Step (i): Enforce the positivity of D(U). Let Din = min, ¢, Dj(x), where S; :=
{29}5-1. If Din < €, then Dj(x) is limited as

Dj(x) = 61(D;(x) — DY) + DY,

where 0 = (D;’ - e)/(D;L — Dmin). Otherwise, take ﬁ](x) = Dj(x) and 0; = 1.
Denote U;(z) := (Dj(z), m;(z), B;(x), E;(x))T.

Step (ii): Enforce the positivity of ¢(U). Let ¢min = min, g, q(ij (2)). If gmin <€,
then U (x) is limited as

U, (z) = (62(D;(x) — D}) + Dy, 6>(thy;(z) — m}) + mf

J 77
B;(z),02(E;(z) —EI) + EM) T,

where 05 = (¢(U}) — €)/(¢(U}) — guin). Otherwise, set U;(z) = Uj(z) and 6 = 1.

Step (iii): Enforce the positivity of ¥(U). For each z € S;, if ¥ (U, (x)) < 0, then
define 6(z) by solving the nonlinear equation

U ((1-6)U07 +6U;(x) =0, 6elo,1). (3.8)
Otherwise, set f(x) = 1. Let 65 = minmegj{é(ac)} and
Uj(z) = 03(U () — T}) + 0. (3.9)

Remark 3.1. For some high-order finite volume methods, it only needs to recon-

struct the limiting values Uj'[+ 1, instead of the polynomial vector U;(x). For this
2

case, due to the proof of Theorem [3Z] it is sufficient that the limiting values satisfy

U -0, U, -0, U,

- J J—3 Jts3

Ut U, 2 2 g,
=3 Tits 1 — 20, g

for all j. Similar to the discussions in Sec. 5 of Ref. 47, the previous PCP limiting
procedure can be easily revised to meet such condition.

bIn practice, € can be chosen as 1013, and certainly it may be different for three constraints
in ([B7Z). However, for the extreme problems with E > 1, ¢ = 10_13E]7-L is a good choice for the
last constraint.
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If replacing Uji+ , in ([B4) respectively by
2

Ul = Uiy, Uy = Usnlegg),

=

then the resulting scheme is PCP under the CFL-type condition (BH), according
to the conclusion (ii) of the coming Lemma[3.1l The above PCP limiter satisfies

_ 1 1 .

1 . 1 ~
= s /Ij Uj(z)dz Aa /Ij U (z)dz,

and that B; ;(z) remains constant for any « € I; and j if By j(z) is constant for any
x € Ij and j. It also preserves the accuracy for smooth solutions, similar to Ref.
The scheme (B4) is only first-order accurate in time. To achieve high-order accurate
PCP scheme in time and space, one can replace the forward Euler time discretization
in () with high-order accurate strong stability-preserving (SSP) methods” For
example, utilizing the third-order accurate SSP Runge—Kutta method obtains:

U; =0} + A, L(U;(2); ),

— 3 1

— 1 n 2 = Hok (]** 1
Uj+1 _ ng + §(UJ + Atnﬁ(Uj (%);7)),

where Uj(z), fJ;(x) and fJ;*(x) denote the PCP limited versions of the recon-
structed or evolved polynomial vector function at each Runge—Kutta stage, and
£U@9) = (B (U707, ) < (07,07 ).

Since such SSP method is a convex combination of the forward Euler method,
the resulting high-order scheme is still PCP under the CFL-type condition (3.5)) by
the convexity of G. Moreover, similar to Ref. the PCP schemes hold a discrete
L'-type stability for the solution components D;(x), m;(x) and E;(z). It is worth
noting that the set G, in (1) is convex thanks to the convexity of Gy so that the
solution to (B:8) is unique. This allows that one can use some root-finding methods
such as the bisection method to numerically solve (B.8). Moreover, one can show
G. C Gy and lim,_,g+ G. = Go.

Lemma 3.1. (i) Gc C Go. (ii) If U} € G, then U, () defined in B9) belongs to
Ge forallx € S;.

Proof. (i) Let us first prove G, C Gy. For any U = (D,m,B,E)"T € G., one has
D >e>0, ¢(U)>e>0,and ¥(U,) > 0 with U, := (D,m,B,E — ¢) . Taking
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partial derivative of ¥(U) with respect to E gives

v _ (92(0) 3 2(U) —2(|B]* — E) (02(U)
8_E:< OF +2>\/¢’(U)+BI —E+2\/¢(U)+B|2_E< o5 —1)
_ 3 09(U) -
_2\/‘1’(U)+BIQ—E<¢(U) op T U+ 2B E))
- ; 4E — [BP? )
B 2\/¢’(U)+BIQ—E<¢(U) sruy T 2V +2(Bl E))

_ 3(2E+[B]* +2(U))
2,/®(U) + B - E

)

for any U € G,. This implies ¥(U) > ¥(U,) > 0, and concludes that U € Gy.
Therefore, G. C Go. Because (5,0,0, ¢) T belongs to Gy, but it does not in G, one
has G. C Gp.

(i) Next we prove U;(z) € G. for any z € S;. The above PCP limiting procedure
yields

Dj(x) >e€, q(Uj(x)) >e, U (U;(x)) >0,
for x € §;. For any = € §j, one has
Dj(x) = 03(Dj(x) — DY) + D = 0203(D;(z) — D) + D
Z 9293(6 — D;L) + D;L Z €,
by noting 62, 65 € [0,1]. Similarly, making use of the concavity of ¢(U) gives
0(T;(@)) = (00, () + (1 — 05T > bq(U(2)) + (1 - 8)g(T?)
> 03¢+ (1 —O3)e =e.

The proof is complete. |

3.2. 2D PCP schemes

For the sake of convenience, this subsection will use the symbols (z, y) to replace the
independent variables (z1,z2) in (ILI)). Assume that the spatial domain is divided
into a uniform rectangular mesh with cells {I;; = (@1, @i 1) X (y;_1, yj+%)} and
the spatial step-sizes Az and Ay in x- and y-directions respectively, and the time
interval is also divided into the (non-uniform) mesh {tg = 0,t,1 = t, + At,,,n >
0} with the time step-size At,, determined by the CFL-type condition. Let I_J?j
be the numerical approximation to the cell average value of the exact solution

U(z,y,t) over I;; at t = t,,. Our aim is to seek numerical schemes of the 2D RMHD
equations (LT)), whose solution U}, stays at G if U}, € G.
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3.2.1. First-order accurate schemes

Consider the first-order accurate LxF-type scheme

TN rTn Atn (T TN (T rTn
Uin = Uij - Ax (Fl(Uij7Ui+1,j) - Fl(Ui—l,j»Uig‘)
At’ﬂ L /T fIn L (T [
- A—y(F2(Uij»Ui,j+1) - FQ(Ui,j—h Uij)7 (3~11)

where the z- and y-directional numerical fluxes F; and Fy are defined as (32).
If I_JZ» belongs to G for all 4,7, but the magnetic field ]_3?]- is not divergence-free
in the discrete sense, then the solution I_JZ-H of (BII) may not belong to G, see

Example Bl It means that the scheme (BII) is not PCP in general when the
divergence of magnetic field is nonzero.

Example 3.1. For any ¢ > 0, take the primitive variable vectors vV =
(¢,0.5,0,0,0,0,0,¢)" and V = (¢,0.5,0,0,1,0,0,¢)", and let U = U(V) and
U = U(V) be corresponding conservative vectors. If taking Ul = U e G and
Uy =0,,=U0", ;= U € G, then substituting them into (BIT) gives

_ 2V3 (4 2 At At
n+1 _ = n n
Ui o= ( 3 © (3 LT 1)) a0 "0 9as

T
5 4 At,

Because of the continuity of q~([_1?j+1(e)) with respect to ¢, one has

_ _ At \7 [ 27t N
: ~ n+1 o~ n+1 _ n n n
eli%h q<Uij (6)> N q<Uij (0)> =27 (4Ax> ( Ar 1) ( Az 4) <0,

for any time step-size At,, satisfying the linear stability condition % + i—t; <1

The locally sign-preserving property for continuous functions implies that there is

a small positive number ¢ such that qN(I_JZH(eo)) < 0. Hence I_JZ-H(EO) ¢ G thanks
to Remark P11

The above example shows clearly that it is necessary for a PCP RMHD code
to preserve the discrete divergence-free condition, and the locally divergence-free
condition of magnetic field within the cell cannot ensure the PCP property even
for a first-order accurate scheme. The divergence-free MHD code is very important
in the MHDs, see e.g. Refs. [9] [16] B7] etc. The nonzero divergence of the numerical
magnetic field may lead to the generation of nonphysical wave or the negative
pressure or density 236 Although some works, e.g. Refs. 6, [0} [Tl and 31T, have
discussed the positivity-preserving schemes for the non-relativistic MHD equations,
up to now no any multi-dimensional MHD numerical scheme is rigorously proved
to be PCP in theory.
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If the scheme (B:I1l) satisfies a discrete divergence-free condition, then one
can use the generalized LxF splitting property in Theorem 2.5] to prove that the
scheme (3I1]) is PCP.

Theorem 3.3. The solution I_JZ» of BI0) satisfies the discrete divergence-free con-
dition

(Bl)?+1,j B (Bl)?—l,j + (BQ)?,j—Q—l B (32)?,]'—1
2Ax 2Ay

for alln € N and i, j, if BI2) holds for the discrete initial data {UY;}.

div;; B" := =0, (3.12)

Proof. It is proved by the induction argument for the time level number n. The
conclusion is true for n = 0 due to the hypothesis. Now assume that (312]) holds
for a non-negative integer n and all 7, j, and then check whether the conclusion
holds for n+ 1. Using ([3:2]) and noting that the fifth component of F; and the sixth
component of Fy are zero, one can rewrite the fifth and sixth equations in B11) as

R \n R \n Atn R _\n R \n
(Bl)i,;—l = (1 - )‘)(Bl)i,j + E((Bl)iﬂ,j + (Bl)i—l,j)
Aty - At
+ 2Ay((31)i,j+1 +(B1)ij-1) + E(Qi,j+l —Q;-1), (3.13)
D, D _\n At" D \n D _\n
(B2)i,;—1 = (1 -MN(B2)i; + E((BQ)i+l,j + (B2)i1,)
Atn - At
+ m((BQ)i,JA»l + (B2)ij—1) + m(_ﬂﬂ—l,j +Qio1),  (3.14)

where €;; denotes the sixth component of F1(U};), and the fact that Q;; is equal
to the opposite number of the fifth component of FQ(U{;) has been used. Since the

operator div;; in (312 is linear, using (B.I3) and [B14) gives

_ _ Aty = . 5
diVij Bn—i_1 = (1 — )\)le” B" + —(dlvi_._l,j B" + lei_Lj Bn)

2Ax
At, . _ ) B
+ m(lei,j+1 B" + div; j_1 B")
Aty
- M[(Q”lvﬂl = Qit1j-1) = (Qim1j+1 — Qi1,5-1))]
At,
+ M[(_Q”Lj“ +Qi141) = ( Qi1+ Qic15-1)]
: Rn Atn . =n . =
= (]. — )\)leij B" + m(dIVi+1’j B" + lei,Lj B )
At, . _ ) _
+ m(dlvi,jﬂ B" +div; ;1 B") =0, (3.15)

where the induction hypothesis has been used in the last equal sign. Hence (BI2I)
holds for all n € N and j. |
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Theorem 3.4. If [_Ii (DZ"j, _”,BZ,E")T € G satisfies the discrete diver-
gence-free condition [312) for all i and j, then under the CFL-type condition
cAt,, cAt,
<1 1
0< Rt Ry S (3.16)

the solution I_JZH of BII) belongs to G for all i and j, where ¢ = 1 is the speed of
light.

Proof. Substituting (3.2) into (BII) gives

_ A 1 - _ _ _
n+1l __ n n n n
U = % A_x(UiH’j —F1(U}, ;) + UL + Fi(UL, )
1 I rTn rTn rn
+ A_y(Uz j+1 — Fy(T7 ) UL+ Fo(UY )| + (1= AU
= A2+ (1 - MU},

where A := At, (% + Ai) (0,1] due to (BIG). Using the condition BI2) and
Theorem 23] gives = € G. The convexity of G further yields UZH € G. The proof
is completed. O

Let us discuss how to get the discrete initial data which are admissible, i.e.
U?j € G, and satisfy the condition (BI2) for all i and j. After giving initial data
(p,v,B,p)(z,y,0), calculate the cell average values of the initial primitive variables
(p,v,B,p) by

0 <0 (7.\0
0¥ B y) = sy [ (v B ey, (37
and
_ 1 Yj+1 1 Tig1
(Bl)ij:m - Bi(zi,y,0)dy, (Ba)j; = ), By (z,y;,0)dz,
(3.18)

for each i and j, then UY; = U(VY;) belongs to G and satisfies the condition (3.12)
for all 7 and j. In fact, one has pY; > 0, pj; > 0, and

3 2
1
2 .
|sz| — (/ I AzAy Uk(x,y’o)dﬂfdy>
3
<
< (], (i) aean) (J], noni

k=1

1 2
= 1
Ariy (//}U v (x,y,O)dxdy) <
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where the Cauchy—Schwarz inequality has been used in the penultimate inequality.
Moreover, with (BI8), it holds

di BO 1 1 Yi+1 B 0 1 Yi+1 B 0d
1V = 5Ax m/yj_l 1(Tit1,9,0) y—m/ 1(#i-1,y,0)dy

Yi-1

1 1 Tit+1 B d ]. Lit1 B d
+E E/MI 2(2, Yj+1,0)dr — E/MI 2(2, yj-1,0)dx

! s (0By 0By
‘4Amy/m/ ( ay)ddy‘o

where the divergence theorem and ([LZ) for ¢ = 0 have been used. In practi-
cal computations, the integrals in (BId) and (BI8) can be approximately cal-
culated by some numerical quadratures so that the condition (BI2) may not
hold exactly due to the numerical error. Fortunately, the discrete divergence error
EN := max;;{|div;; B"|} does not grow with n under the condition (BI6), because
using (BIH) and the triangular inequality gives

gntl <gn

3.2.2. High-order accurate schemes

This subsection discusses the high-order accurate PCP schemes for the 2D RMHD
equations (LT).

Assume that the approximate solution U (x,y) at time ¢ = ¢, within the cell
I;; is either reconstructed in the finite volume methods from the cell average values

{U .} or evolved in the DG methods. The function U};(z,y) is a vector of the
polynomlal of degree K, and its cell average value over the cell I;; is equal to Uj;.
Moreover, let U;Fi%,j (y) and U;fj jE%(x) denote the traces of U};(x,y) on the four
edges {z;11} X (y;_1,;, 1) and (2,1, @, 1) x {y;11} of the cell I;;, respectively.

For the 2D RMHD equations (I1l), the finite volume scheme or discrete equation
for the cell average value in the DG method may be given by

[_JZ»—H Un - ZWQ (Fl ( 2’5,U+ ﬁ) —Fl (U‘_ 1 5aU+ ﬁ))

(P2 (Vo Olsey) =2 (Vs Uisy))r G19)

which is an approximation of the equation

— At Yird .
n+1l _ n n 2 _ +
Uij Uz] AxAy/y ) Fq (Ui+%7]‘(y)7Ui+%’j(y)>
i
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+ U+ U+
Lit+3 f,j+é 3,j+%
U~ U- U,
Lits 2,5+3 34+3
U~ —9 + U~ ,.—e<—yUt
i—3.3 <« Uz‘fé,s it+3.3 Ui+%,3
U~ + I;; U~ ) +
i—%,2_>'<_Ui—l,2 1 i+%’2—> <_U¢+%,2
U~ -« + U~ —o<UT
z—%,1_>' Ui—l 1 i+1,1 Ui+%,1
Ut Ut Ut
ll,j—% f,j—% f,jf%
U S U, .
1,j—% 2,j—% 3,5—%

Fig. 1. The limiting values at ) Gaussian nodes on four edges of the cell I;; with @ = 3.

At, Tipl B N
B Al’Ay /w . F2 (Ul’j+%($),Ul’7+%(x)>
T2

P, (U (z), U+

L= 3 4J—=

(@) da,

by using the Gaussian quadrature for each integral with () nodes and the weights
{wa}9_, satistying X% w, = 1. In @I, ¥, and F, denote the numerical
fluxes in z- and y-directions respectively, and are taken as the LxF flux defined
in (3:2). Moreover, as shown schematically in Fig.[I the limiting values Uir 18—

+ + +
UH%,j(yf}) and UO“H% = Ui“”%(xq), where {22}%_, and {yf}gzl denote the

(2

Gaussian nodes transformed into the intervals [z;_1,2; 1] and [y;_1,y;, 1], respec-
tively. For the accuracy requirement, @ should satisfy: Q > K + 1 for a P¥-based
DG method™ or Q > (K + 1)/2 for a (K + 1)th order accurate finite volume
scheme.

Let {#¢}L_, and {95 L_| be the Gauss—Lobatto nodes transformed into the

intervals [z;_1, ;1] and [y;_1,y;, 1] respectively, and {@a}L_, be associated
weights satisfying E(Ly:l Wo = 1. Here L > (K + 3)/2 such that the algebraic
precision degree of corresponding quadrature is at least K. Similar to Theorem
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for the 1D case, we have the following sufficient conditions for that the high-order
accurate scheme (3.I9) is PCP.

Theorem 3.5. If U} (z,y) =: (Dij(z,y), my;(z,y),By; (x,y)7Eij(x,y))T satisfy:

(i) the discrete divergence-free conditions:

di mB ng ( B1) . 1—0— 3 (Bl);r_%ﬂ>
Q
Z ( 2)gj+s ~ (Bz)m__) =0, (3.20)

Q
1
out A =+ —

1 & B
+A_yﬁ; o (B s = (Ba)g, 1) =0, (321)

for all i and j, and
(i) U (a0, y)), U(al,95) € G, for all i, j, ., B,
then under the CFL-type condition
Aty Aty
Az Ay —

the solution I_JZ-H of the scheme ([B19) belongs to G.

0<

(3.22)

Proof. The exactness of the Gauss—Lobatto quadrature rule with I nodes and the
Gauss quadrature rule with @ nodes for the polynomials of degree K yields

ij AxAy/ Ul (z,y)dxdy = / ngU T yj dzx

pB=1 i—% B=1 =1
L Q
=3 GawsUg (a8, 1)) (3.23)
a=1p3=1

L Q
U =Y @awsUy (], §9). (3.24)
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By combining ([3:23)) and ([B:24)), and using Uy (21, Y; ) U+ 1 Uy (@ (&}, Yj )

U,y Uli(a Db = Ui Uy (e, §5) = U, . ., and & = &r, one has

B+’
n __ T n, Un
S wowll b woy
N em R
= 2 2 Dews B u)) + 5 D0 D waws UG (@, 45)
x Y a=1 pB=1 x Y a=1 /=1
A L—le: A L_le:
= - w WQU ( €Z; ayj ) + > CDO‘WBUZ(J:’L ’yJ )
)\m—i_)\y a=2 pB=1 )\I—i_)\y (122[3:1
a:wl « U— )\ydjl N U+ U
N +>\ygzlw5( 8T Viry ﬁ)+/\z+/\y;;1wﬁ( -3 T ﬁa+>

where A\, := At,,/Az and A, := At,,/Ay. Substituting the above identity and &2
into (B19) gives

B L-1 Q A L-1 Q
Ulnjﬂ—l:)\ T 2D Gl (@0.97) + 35 D2 D Gaws Uy (af 55
a=2p=1 x Y a=2p=1
At B P N B
/\z+)‘95 1w£<U +Uz+2’ﬁ>+)\m+)\y gz—;%(Uﬁ’ 3 +U53+>

e wa( (Ui Uiss) =B (U040 U0 4 0))

Q
—/\yﬁz::lwf’ (FQ (U;ﬁ U;J"'l) —Fy (Uf;»ﬂ' U;ﬂ"»

= (1 — 2@)1) =+ ()\m + )\y) =5 + (2(211 — (/\z + /\y)) =3, (325)
with

L—1 o Q
51:221—2@1 )\+)\yﬂz:1wﬁUlj<’L’yj> Z: ﬂUzJ(i; ) s

Q

— R + - -

T (L L) Z [Ax ( e (UH-%,B) tU T (Uz‘—%ﬂ»
A A B=1

L + + - -
T Ay (Uﬁ,ﬂ% —F (Uﬁ,ﬂ%) +tUg oy T2 (Uﬁu‘1>>]’

2
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g = ; (Am L ) ZW@[AL ( N L1 — R, (Uﬁzﬁ)
+Ur, 07 (UF L)) +A1 (Usy =07 F2(U5,0)

Bii+3

+ -1 +
FUg oy 0T (Uﬁu‘é»]’

where 0 = )\2_‘:& — 1 > 1. Thanks to the convexity of G and the condition (ii),
E; € G. With U7, i1 57U:5Fji; € G, 0 > 1, and the condition (3:20)), one has Z3 € G
I3

by the generahzed LxF splitting property in Theorem Similarly, utilizing the
condition (FZI)) gives =3 € G. Thus using [B20) and the convexity of G yields
I_JZ-H € G, and completes the proof. |

Remark 3.2. Both (B20) and (32])) in the condition (i) are approximating (44)
by replacing z¢ and yo with x,;_ 1 and y;_ 1 respectively.

Remark 3.3. For some high-order finite volume methods, it only needs to recon-

— + — . _
struct the limiting values U 1 U 15 Uﬁ,j—%’ Uﬂ,j+%’ instead of the polyno
mial vector U, (z,y). In this case, the condltion (ii) in Theorem 3.5l can be replaced
with the following condition:

- . . B
Ul UL, Us LU €6 B=12,...,0,

1 _ wg _
Si= e (UG- Y 2 (A (Ur, L+ s, )
LT g, | v wlﬁgxﬁxy 8T Cirts

+Ay<U;7 UL )) €g,

for all 7 and j.

It is worth emphasizing that the above discussions can be extended to non-
uniform or unstructured meshes by using Theorem R4 Theorem [3.5] provides two
sufficient conditions (i) and (ii) on the function U7, (z,y) reconstructed in the finite
volume method or evolved in the DG method in order to ensure that the numerical
schemes (3.I9) are PCP. The condition (ii) can be easily met by using the PCP
limiter similar to that in Sec. B:I.2, but Eqs. (8:20) and (3:2I)) in the condition (i)
are two constraints on the discrete divergence. By using the divergence theorem,
it can be seen that the discrete divergence-free condition (B20) may be met if the
reconstructed or evolved polynomial vector (B, Bs);j(x,y) is locally divergence-
free, see e.g. Refs. 27land A8l The locally divergence-free property of (B1, B2)i;(z, y)
is not destroyed in the PCP limiting procedure since the PCP limiter modifies
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the vectors U} (x,y) only with a simple scaling. The condition (3.21]) is necessary
for a PCP numerical scheme for the RMHD equations, see Example where
the magnetic vector satisfies (3:20) and the condition (ii). Numerical results in
Sec. M] will further demonstrate the importance of condition (B:2I)). However, it
is not easy to meet the condition B2I)) because (BZI) depends on the limiting
values of the magnetic field calculated from the neighboring cells I;4+1 ; and I; j4+1
of I;;. If the polynomials (B1, B2);j(x,y) are globally or exactly divergence-free, in
other words, it is locally divergence-free in I;; with normal magnetic component
continuous across the cell interface, then (B20) and (BZI) are satisfied. But the
PCP limiter with local scaling may destroy the globally or exactly divergence-
free property of (B1, B2)ij(x,y). Hence, it is non-trivial and still open to design
a limiting procedure for the polynomial vector U}, (z,y) satisfying two sufficient
conditions in Theorem B0 at the same time.

Remark 3.4. As the mesh is refined, it can be weakened that violating the condi-
tion (321) impacts on the PCP property, if the reconstructed or evolved polynomial
vector (By, Bz)ij(w,y) is locally divergence-free, i.e. div;; B = 0. In fact, the proof of
Theorem B3 shows that the condition (BZI) is only related to 23 € G. If assuming
that (B1, B2)i;(x,y) approximates the exact solution (B1, B2)(z,y, t,,) with at least
first order, then the continuity of By (z, vy, t,) across the edge {xH%} X (Y15 ¥4 1)
implies

(B 5= Bi(wis 0 ta) + O8). (B}, 5= B0, t0) + O(A),

where A = min{Az, Ay}. Similarly, one has
(B2); 143 = Ba(] 0y ta) + OA), (Ba) oy = Ba(o] wy0y 1) + O(A).

It follows that div?;lt B = divi’; B+ O(1) = O(1), so that =2 may not belong to
G. However, =5 is very close to G in the sense of that the first component of =5 is
positive, and for any B*,v* € R? with |v*| < 1, it holds

vieBE
S0t +pf, > —————(divi" B) = —O(A),
2a: +a;) 7

whose derivation is similar to that of Theorem 2.5l Therefore, as A approaches 0,
the convex combination in (B:25) becomes more possibly in G.

4. Numerical Experiments

This section conducts numerical experiments on several 1D and 2D challenging
RMHD problems with either large Lorentz factors, strong discontinuities, low
plasma-beta 8 := p/py,, or low rest-mass density or pressure, to demonstrate our
theoretical analyses and the performance of the proposed PCP limiter. Without
loss of generality, we take the (third-order accurate) P2-based, locally divergence-
free DG methods®& together with the third-order SSP Runge-Kutta time disretiza-
tion (BIM0), as our base schemes. According to the analysis in Sec. B2 the 1D-base
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scheme with the proposed PCP limiter results in a PCP DG scheme. As discussed in
Sec. the 2D base scheme with such limiter may not be PCP in general, because
the discrete divergence-free condition (B2I)) in Theorem BAlis not strictly satisfied
even though the locally divergence-free property can ensure the condition (B20).
However, it will be shown in the following that the PCP limiter can still improve
the robustness of 2D DG method. To meet the conditions (B3] and ([B22)), the time
step-sizes in 1D and 2D will be taken as 0.15Ax and 0.15(1/Az +1/Ay) ™!, respec-
tively. Unless otherwise stated, all the computations are restricted to the EOS (2.)
with the adiabatic index I' = 5/3.

Example 4.1. (Smooth problems) A 1D and a 2D smooth problems are respec-
tively solved within the domain [0,1]¢ on the uniform meshes of N¢ cells to test
the accuracy of the P2-based DG methods with the proposed PCP limiter.

The 1D problem describes Alfvén waves propagating periodically with large
velocity of 0.99 and low pressure, and has the exact solution

V(z,t) = (1,0,vs,vs, 1, ko, kv3,1072) T, (,t) € [0,1] x RY,
where vy = 0.99sin(27 (2 +t/k)), v3 = 0.99 cos(2m(z + t/k)), and k = /1 + phW?2,
While the 2D problem’s exact solution is given by
V(z,y,t) = (14 0.99999999 sin(27(z + 3)),0.9,0.2,0,1,1,1,102) T,
(z,y,t) € ]0,1)* x RT,
which describes a RMHD sine wave fast propagating with low density and pressure.
Figure@ldisplays the I'- and [2-errors at ¢t = 1 and corresponding orders obtained
by using the proposed DG methods, respectively. The results show that the theore-

tical orders are obtained in both 1D and 2D cases, and the PCP limiting procedure
does not destroy the accuracy.

+l; errors +l; errors
-*-[* errors ~*-[* errors

10' 0 10’ 0
(a) Errors in vy for 1D smooth problem (b) Errors in p for 2D smooth problem

Fig. 2. Example B} Numerical I'- and I2-errors at ¢ = 1. The horizontal axis represents the
value of N.
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To verify the capability of DG methods with PCP limiter in resolving 1D and
2D ultra-relativistic wave configurations, three 1D Riemann problems (RPs), a
2D shock and cloud interaction problem, and several 2D blast problems will be
solved. For those problems, before using the PCP limiting procedure, the WENO
limiter™ 8 will be implemented with the aid of the local characteristic decompo-
sition? to enhance the numerical stability of high-order DG methods in resolving
the strong discontinuities as well as their interactions. Different from Ref. [48], the
improved WENO proposed in Ref. 8land the “trouble” cell indicator in Ref.[20] are
used here.

Example 4.2. (1D RPs) This example verifies the robustness and effectiveness of
the PCP DG method by simulating three 1D RPs, whose initial data comprise two
different constant states separated by the initial discontinuity at x = 0, see Table [l
The computational domain is [—0.5,0.5] and divided into 1000 uniform cells.

The first two RPs are similar to but more ultra than those 1D blast wave
problems in Refs. Bl and [[Y. Specifically, the stronger magnetic field (|B| ~ 37.108)
appears in the left state of the first problem, while a very strong initial jump
in pressure (Ap := |pr — pr|/pr =~ 10'?) and extremely low gas pressure (the
minimum plasma-beta 3 := p/p,, ~ 1.98 x 1071%) in the second problem. The
numerical results of those problem at ¢ = 0.4 obtained by using the P?-based PCP
DG method are displayed by symbols “o” in Figs. 8] and [ respectively, where and
hereafter the solid lines denote the reference solutions obtained by a second-order
MUSCL scheme with PCP limiter over the uniform mesh of 20,000 cells. It is seen
that the PCP DG method exhibits good resolution and strong robustness, and the
results agree well with the reference ones. Without employing the PCP limiting
procedure, the high-order accurate DG methods will break down quickly within
few time steps due to nonphysical numerical solutions.

The third RP describes the strong collision between two high-speed RMHD flows
with a Lorentz factor of about 223.61. As a result, it is a very strongly relativistic
test problem. Figure [ gives the numerical results at ¢ = 0.4 obtained by using the
P2-based PCP DG method. As the time increases, we see that two fast and two
slow reflected shock waves are produced, and a very high pressure region appears
between the two slow shock waves. Those shock waves are well resolved robustly,
even though there exists the well-known wall-heating-type phenomenon around

Table 1. Initial data of the three 1D RPs in Example Z2]

p vy v2 U3 By By B3 p
RP I Left state 1 0 0 0 5 26 26 30
Right state 1 0 0 0 5 0.7 0.7 1
RP II  Left state 1 0 0 0 10 7 7 10*
Right state 1 0 0 0 10 0.7 0.7 108
RP III  Left state 1 099999 0 0 100 70 70 0.1
Right state 1 —0.99999 0 0 100 —70 =70 0.1
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1
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111
0 .
-0.5 -0.3 -0.1 0.1 0.3 0.5 -0.1 0.1 0.3 0.5
30
q
25
20
151
10F
5k
, ]
0 . . . . 0 . . . .
-0.5 -0.3 -0.1 0.1 0.3 05 -05 -0.3 -0.1 0.1 0.3 0.5

Fig. 3. RP I in Example The density p (top-left), velocity v1 (top-right), magnetic-field Ba
(bottom-left), and pressure p (bottom-right) at ¢ = 0.4 obtained by the PCP DG method. The
solid lines denote the reference solutions.

x = 0, which is often observed in the literatures e.g. Refs. B and 21l It is worth
mentioning that the P?-based DG method fails in the first time step if the PCP
limiting procedure is not employed.

Example 4.3. (Shock and cloud interaction problem) This problem describes
the disruption of a high density cloud by a strong shock wave. The setup is
the same as that in Ref. Different from the setup in Ref. 30, the magnetic
field is not orthogonal to the slab plane so that the magnetic divergence-free
treatment has to be imposed. The computational domain is [—0.2,1.2] x [0, 1],
with the left boundary specified as inflow condition and the others as outflow
conditions. Initially, a shock wave moves to the right from x = 0.05, with the
left and right states V, = (3.86859,0.68,0,0,0,0.84981, —0.84981,1.25115) " and
Vz =(1,0,0,0,0,0.16106,0.16106,0.05) T, respectively. There exists a rest circular
cloud centered at the point (0.25,0.5) with radius 0.15. The cloud has the same
states to the surrounding fluid except for a higher density 30.

Figure [ displays the Schlieren images of rest-mass density logarithm In p and
magnetic pressure logarithm Inp,, at ¢t = 1.2 obtained by using the P?-based DG
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Fig. 4. Same as Fig.[Blexcept for RP II.

method with the PCP limiter over the uniform mesh of 560 x 400 cells. One can
see that the discontinuities are captured with high resolution, and the results agree
well with those in Ref. In this test, it is also necessary to use the PCP limit-
ing procedure for the successful performance of high-order accurate DG methods.
The P?-based DG method without the PCP limiter will fail at ¢ ~ 0.05 due to
inadmissible numerical solutions.

Example 4.4. (Blast problems) Blast problem has become a standard test for
2D RMHD numerical schemes. If the low gas pressure, strong magnetic field or
low plasma-beta 3 := p/p,, is involved, then simulating those ultra-RMHD blast
problems becomes very challenging®? Several different setups have been used in
the literature, see e.g. Refs. 251 [30] [15, [44] and [29. Our setups are similar to that in
Refs. 30} [15, [7 and [44. Initially, the computational domain [—6, 6]? is filled with a
homogeneous gas at rest with adiabatic index I' = %. The explosion zone (r < 0.8)
has a density of 1072 and a pressure of 1, while the ambient medium (r > 1)
has a density of 10™* and a pressure of p, = 5 x 1074, where r = /a2 + 2. A
linear taper is applied to the density and pressure for r € [0.8,1]. The magnetic
field is initialized in the z-direction as B,. As B, is set larger, the initial ambient
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Fig. 6. Example [£3l The Schlieren images of rest-mass density logarithm (left) and magnetic
pressure logarithm (right) at ¢t = 1.2.

magnetization becomes higher (8, := p,/pm becomes lower) and this test becomes
more challenging. In the literatures B0 B js usually specified as 0.1, which
corresponds to a moderate magnetized case (8, = 0.1). A more strongly magnetized
case with B, = 0.5 is tested in Ref. B4l corresponding to a lower plasma-beta
Ba = 4 x 1073, Most existing methods in literature need some artificial treatments
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Fig. 7. Example 4] with B, = 0.1: The Schlieren images of rest-mass density logarithm (top-
left), gas pressure (top-right), Lorentz factor (bottom-left) and magnetic field strength (bottom-
right) at ¢t = 4.

for the strongly magnetized case, see e.g. Refs.[25 and [30L It is reported in Ref. [15
that the RMHD code ECHO is not able to run this test with B, > 0.1 if no ad hoc
numerical strategy is introduced.

Our numerical results of this test at t = 4 are shown in Fig. [7] for the moderately
magnetized case with B, = 0.1, in Fig. §] for the relatively strongly magnetized
case with B, = 0.5, and in Fig. [J for the strongly magnetized case with B, = 20
(corresponding 3, = 2.5 x 1075). All of them are obtained by using the P2?-based
DG method with the PCP limiter over the uniform mesh of 400 x 400 cells. During
those simulations, the present method exhibits very good robustness without any
artificial treatment. For the first two cases, our results agree quite well with those
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Fig. 8. Same as Fig. [ except for B, = 0.5.

reported in Refs. 4] and [7. From Fig. [ it is observed that the wave pattern of
the configuration is composed by two main waves, an external fast and a reverse
shock wave. The former is almost circular, while the latter is somewhat elliptic.
The magnetic field is essentially confined between them, while the inner region is
almost devoid of magnetization. In the case of B, = 0.5, the external circular fast
shock is clearly visible in the rest-mass density and in the magnetic field, but very
weak. When B, is increased to 20, the external circular fast shock becomes much
weaker and is only visible in the magnetic field in Fig. @1 As the magnetization is
increased, the blast wave is confined to propagate along the magnetic field lines,
creating a structure elongated in the z-direction.

To investigate the importance of discrete divergence-free condition (BZI) in
Theorem B.5, we now try to test a much lower plasma-beta case 3, = 10~7 (i.e. B, =
100) on the mesh of 400 x 400 cells. For such extreme case, our method breaks down
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»

at t ~ 0.783. This failure results from the computed inadmissible cell averages of
conservative variables, detected in the three cells centered at points (—0.225, 1.095),
(—0.165,1.095) and (—0.165, —1.095), respectively. Figure [0l displays the Schlieren

image of |div27‘»lt B| at the moment of failure. It clearly shows the subregions with
large values of |div{;" B|, where the condition is violated most seriously,

and the three detected cells are exactly located in those subregions. This further
demonstrates that the condition (3.21I]) is really crucial in achieving completely
PCP schemes in 2D. As mentioned in Remark B4, for the purpose of numerical
simulation, it is possible to weaken the impact of violating (B2I) by refining the
mesh. By numerical experiments, we find that our method can work successfully
on a refined mesh of 600 x 600 cells for the case of B, = 100 and an extremely
strongly magnetized case with B, = 1500 (5, ~ 4.444 x 10’10). The flow structures
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Fig. 10. Example B4 with B, = 100: Close-up of the Schlieren image of |div‘i’J‘-lt B| at t = 0.783
on the uniform mesh of 400 x 400 cells.

in those two cases are similar to the case of B, = 20 and omitted here. To our best
knowledge, the 2D blast test with so low plasma-beta is rarely considered in the
literature.

5. Conclusions

The paper studied mathematical properties of the admissible state set G defined
in (C3) of the RMHD equations (IT]). In comparison with the non-relativistic and
relativistic hydrodynamical cases (with the zero magnetic field), the difficulties
mainly came from the extremely strong nonlinearities, no explicit formulas of the
primitive variables and the flux vectors with respect to the conservative variables,
and the solenoidal magnetic field. To overcome those difficulties, the first equivalent
form of G with explicit constraints on the conservative vector was first skillfully
discovered with the aid of polynomial root properties, and followed by the scaling
invariance. The convexity of G was proved by utilizing the semi-positive definiteness
of the second fundamental form of a hypersurface, and then the second equivalent
form of G and the orthogonal invariance were obtained. It was verified that the LxF
splitting property did not hold in general when the magnetic field was nonzero.
However, by combining the convex combination of some LxF splitting terms with
a “discrete divergence-free” condition for the magnetic field, the generalized LxF
splitting properties were subtly discovered with a constructive inequality and some
pivotal techniques. This revealed in theory for the first time the close connection
between the “discrete divergence-free” condition and the PCP property of numerical
schemes.

The above mathematical properties were footstone of studying PCP numerical
schemes for RMHDs. Based on the resulting theoretical results, several 1D and
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2D PCP schemes were studied for the first time. In the 1D case, a first-order
accurate LxF-type scheme was first proved to be PCP under the CFL condition.
Then, the high-order accurate 1D PCP schemes were proposed via a PCP limiter,
which was designed by using the first equivalent form of G. In the 2D case, the
“discrete divergence-free” condition and PCP property were analyzed for a first-
order accurate LxF-type scheme, and followed by two sufficient conditions for high-
order accurate PCP schemes. Several numerical experiments were conducted to
demonstrate the theoretical analyses and the performance of numerical schemes as
well as the importance of discrete divergence-free condition in achieving genuinely
PCP scheme in 2D. The studies on the PCP schemes may be easily extended to the
3D case by Theorem P.6, the non-uniform or unstructured meshes by Theorem 2.7
and the general EOS case by the similar discussions in Ref.
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