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Abstract

Suppose that n is a Schramm—Loewner evolution (SLE, ) in a smoothly bounded sim-
ply connected domain D C C and that ¢ is a conformal map from D to a connected
component of D \ 1([0,t]) for some t > 0. The multifractal spectrum of n is the func-
tion (—1,1) — [0, 00) which, for each s € (—1,1), gives the Hausdorff dimension of
the set of points x € OD such that |¢' (1 — €)x)| = e 5+°D) a5 € — 0. We rigorously
compute the almost sure multifractal spectrum of SLE, confirming a prediction due to
Duplantier. As corollaries, we confirm a conjecture made by Beliaev and Smirnov for
the almost sure bulk integral means spectrum of SLE, we obtain the optimal Holder
exponent for a conformal map which uniformizes the complement of an SLE curve,
and we obtain a new derivation of the almost sure Hausdorff dimension of the SLE
curve for k < 4. Our results also hold for the SLE, (p) processes with general vectors
of weight p. B
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1. Introduction
The Schramm-Loewner evolution (SLE, ) is a one-parameter family of random fractal
curves in a simply connected domain in C, indexed by x > 0. SLE was introduced by
Schramm [51] and has since become a central object of study in both probability
theory and statistical physics (see, e.g., [23], [63] for an introduction to SLE). Its
importance is that it describes the scaling limit of the interfaces which arise in a
number of discrete models in statistical physics (see, e.g., [30], [35], [52], [53], [59]).
Roughly speaking, the multifractal spectrum of a domain D C C refers to one of
the two functions

s+ dimg ©°(D) or s > dimy ©°(D),

where dimy denotes the Hausdorff dimension and o’ (D) is the set of points x € dD
with the property that the modulus of the derivative |¢’((1 —€)x)]| of a conformal map
¢ from the unit disk D into D grows like €™ as € — 0 and ®%(D) = ¢(@S(D)).
There are several more or less equivalent definitions of this concept (see Section 1.1
for the precise definition we use in this article).

The multifractal spectrum of D is a means of quantifying the behavior of |¢’| near
aD, even though ¢ need not be differentiable on dD. It is closely related to various
other quantities associated with dD, for example, the Hausdorff dimension, Holder
regularity, and packing dimension of dD; the integral means spectrum of D; and the
harmonic measure spectrum of the complement of a hull (see [34] for some results in
this direction). Such complex analytic quantities are often difficult if not impossible to
compute explicitly for specific deterministic domains. However, for random domains
(like the complement of an SLE curve) explicit calculations can sometimes be more
tractable.

There has been substantial interest in the multifractal properties of SLE, (i.e.,
that of the domain obtained by excising the curve) in both mathematics and physics
in recent years. For example, it is shown by Beffara [2] that the almost sure Hausdorff
dimension of the SLE, curve is 1 + /8 for k € (0, 8) and 2 for ¥ > 8. The optimal
Holder exponent for the SLE, curve (with the capacity parameterization) is derived
in [60], building on the work of Rohde and Schramm [50] and Lind [31].

There have also been a number of works which study various versions of the
multifractal spectrum of SLE. The first such works from Duplantier [8], [9] give
nonrigorous predictions of the multifractal exponents for Brownian motion and self-
avoiding random walks, which correspond to SLE, for k = 6 and x = 8/3, respec-
tively. Duplantier [10] extends this to a nonrigorous prediction of the multifractal
spectrum of the SLE, curve for general values of x > 0. Observing that the predicted
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multifractal spectrum for SLE, in [10] is invariant under the replacement « — 16/«
is what originally led Duplantier to conjecture SLE duality (see [10], [11]), which
states that the outer boundary of an SLE, curve for k¥ > 4 is described by a type
of SLE;¢/, curve. Various forms of SLE duality have since been rigorously proven
in [6], [37], [64], [66], and [41].

In [13] and [14], Duplantier and Binder study (nonrigorously) a notion of spec-
trum involving the argument, rather than just the modulus, of the derivative of the
SLE maps. In [11], these predictions are expanded to higher multifractal spectra, for
example, the dimension of the set of points on the curve where the behavior of the
derivative on both sides of the curve is prescribed (see also [12] for additional discus-
sion of these and other multifractal-type spectra).

The first mathematical work on the multifractal spectrum of SLE is due to Beliaev
and Smirnov [4], who compute the average integral means spectrum for a whole-plane
SLE curve. Expanding on the results of [4], Duplantier, Nguyen, Nguyen, and Zins-
meister [17] (see also [32], [33]) use exact solutions of differential equations for the
moments of the derivatives of the whole-plane SLE maps to study the integral means
spectrum of certain SLE and generalized SLE processes. Duplantier, Hieu Ho, Binh
Le, and Zinsmeister [15] extend these calculations to the case of mixed moments for
the modulus of an SLE, Loewner map and the modulus of its derivative and study
a generalized integral means spectrum. Viklund and Lawler [61] rigorously compute
the multifractal spectrum at the tip of the SLE curve; this is the first work in which an
almost sure result for the multifractal spectrum for SLE is obtained. Alberts, Binder,
and Viklund [ 1] compute the almost sure dimension of the set of points where an SLE,
curve (k > 4) intersects the boundary at a given “angle.” Binder and Duplantier [5]
have informed the authors in private communication of a forthcoming work in which
they prove formulas for the average mixed integral means spectra (i.e., S-spectrum
with complex exponent) both in the bulk and at the tip, for chordal SLE. The corre-
sponding formulas agree after Legendre transform with the predictions from [13] and
[14] concerning the mixed multifractal spectra for harmonic measure and rotation
(equivalently, modulus and argument).

In this article, we will give the first rigorous derivation of the almost sure bulk
multifractal spectrum of chordal SLE, (i.e., that of the complementary domain). We
will also obtain the almost sure bulk integral means spectrum of SLE; the spectrum
that we find confirms [4, Conjecture 1]. Our approach differs from those used else-
where in the literature to prove results of this type in that we make use of various
couplings of SLE processes with the Gaussian free field (GFF). In the proof of the
upper bound we use a coupling of the reverse SLE Loewner flow with a free-boundary
GFF (sometimes called the “quantum zipper”; see [16], [40], [58]). Our proof of the
lower bound will make extensive use of the coupling of SLE with a GFF with Dirich-
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let boundary conditions (sometimes called the “imaginary geometry” coupling; see
[7], [371-[39], [41], [56]). This latter coupling has also been used to aid in proving
lower bounds for the Hausdorff dimensions of sets associated with SLE in [46]. Our
approach at a high level is similar in spirit to the one used in [46], but the technical
details are rather different.

1.1. Multifractal spectrum definition
We will now introduce the sets whose Hausdorff dimension we will compute, in the
setting of general domains in the complex plane. Our definitions are similar to those
in [61, Section 2], but we deal with the boundary of a domain rather than the tip of a
given curve.

Let D C C be a simply connected domain, and let ¢ : D — D be a conformal
map. For s € R, define

0°(D) := {x € dD: lim log|4"((1 = ©)x)| = s}
€0 —loge

(1.1)

and
®°(D) := ¢(O°(D)). (1.2)

Also define

~. 1 (1 -
O%=(D):= {x € 0D : lim sup og|¢'((1 —€)x)| < s},
=0 —loge

©%=(D) 1= ¢(6%=(D)),

~. 1 "((1 -
O%=(D):= {x € 0D : lim sup 0gl¢ (1 = )x)| > s},
€0 —loge

O%Z(D) = ¢(©5=(D)).

The multifractal spectrum of D can be defined as one of the two functions s —
dimg ®*(D) or s > dimy o’ (D). It is easy to check that these definitions do not
depend on the choice of conformal map ¢. We note that, although the sets ®°(D) and
©%(D) are defined for all 5 € R, these sets are empty for s ¢ [—1, 1] (see Lemma 2.11
below).

1.2. Main results
Our main result is the following theorem.
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THEOREM 1.1
Let k < 4. Let n be a chordal SLE, from —i to i in D. Let D, be the connected
component of D\ ([0, 00)) containing 1 on its boundary. Let

(4 + K)2s?

8k(1+s)’

8k(1+s) — (44 «)3s?
£(s) = o

8k (1 —52)

Ak — 2722+ k) (8 + k)

(44 k)2

A+ 2V2k2+ 1) (8 + k)

S+ (4+x)2

E(s):=1 (1.3)

(1.4)

(1.5)

(1.6)

For s € (—1,1), almost surely
dimg ©%(D,) = dimy O%Z(D,) = £(s). 0<s<sy,
dimg ©*(D,) = dimy O%=(D,) = £(s), s_ <s <0,

dimge ©°(Dy) = dimg O%Z(D,) = £(s).

dimg ©°(Dy) = dimgp O%=(D,) =£(s), s—<s<

i S N I

Moreover, we almost surely have o° (Dy) =0O%(Dy) =9 foreach s ¢ [s—,s4].
Remark 1.2

See Figure 1, left, for a graph of g(s) and & (s). The significance of s_ and s is that
E(s) >0 for s € [s_, s+], and the significance of s = «/4 is that it is the value which
maximizes £. Note s_ € (—1,0) and s+ € (0, 1] for any « > 0 and s = 1 if and only
if kK = 4. We refer the reader to Remark 8.7 below for more detail regarding the case
in whichk =4 and s = 1.

The SLE, (p) processes are an important variant of SLE in which one keeps track
of extra marked_points—so-called force points. The force points can be either on the
domain boundary or in its interior and are, respectively, referred to as “boundary” and
“interior” force points. These processes were first introduced by Lawler, Schramm,
and Werner [29, Section 8.3], and just like ordinary SLE,, the SLE, (p) processes nat-
urally arise in many different contexts. Since SLE, (p) for different vectors of weights
p has the same behavior when it is not interacting with its force points, one expects
an analogue of Theorem 1.1 to be true for such processes provided that we exclude
points near the boundary of the domain and stop the path before interacting with an
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Figure 1. Left: A graph of the Hausdorff dimensions E(s) of O (Dyp) and £(s) of ©%(Dy) from
Theorem 1.1 as s ranges from —1 to 1 for k = 2. The value of s which maximizes gis 0, and the
value of s which maximizes £ is /4 = 1/2. Note that £ (k/4) = 1 + k/8, which is the almost
sure Hausdorft dimension of SLE, (see [2]). Right: A graph of the bulk integral means spectrum
IMSp,, (a) of Dy from Corollary 1.9 as a ranges from —7 to 7 for k = 3.1

interior force point. Furthermore, by SLE duality, one expects an analogue of The-
orem 1.1 for ¥ > 4. Such results do indeed hold true, as described in the following
corollary.

COROLLARY 1.3

Let D C C be a smoothly bounded domain. Let k > 0, and let p be a vector of real
weights. Let 11 be a chordal SLE, (p) process in D, with any choice of initial and target
points and force points located anywhere in D, run up until the first time it either hits
an interior force point or hits the continuation threshold (see [37, Section 2.1]). Fix
s € (—1,1). Almost surely, the following is true. Let V be a connected component
of D\ n or a connected component of D \ n([0,t]) for any t > 0 before n hits an
interior force point or the continuation threshold, and let ¢ : D — V be a conformal

map. Then

dimge (6° (V) \ ¢~ (3D)) = dimye (8= (V) \ ¢~ (3D)) =E(s), 0 <s <54,

dimye (6° (V) \ ¢~ (3D)) = dimye (8=(V) \ ¢~ (3D)) =E(s), s- <5 <0,
dimye (©°(V) \ D) = dimye (0% (V) \ 0D) =£(s). 5 =s s,
dimye (©°(V) \ 9D) = dimye (9(V) \ 9D) = (s). s-=s=7.

IColor versions of the figures are included in the screen-enhanced version of this article, which is available
online at https://doi.org/10.1215/00127094-2017-0049.


https://doi.org/10.1215/00127094-2017-0049

ALMOST SURE MULTIFRACTAL SPECTRUM OF SLE 1105

That is, the conclusion of Theorem 1.1 holds almost surely away from the domain
boundary at all times simultaneously for an SLE, (p) with a general k > 0 and vector
of weights p up until the process either hits an interior force point or the continuation
threshold.

Proof

This follows from Theorem 1.1 combined with Proposition 2.15 below. Note that the
functions &£(s) and & (s) are unaffected if we replace x by 16/«, as one would expect
from SLE duality (see [6], [37], [41], [64], [66]). 0

Remark 1.4

We believe that the techniques developed in this article could also be employed to
describe the multifractal behavior of the SLE, (p) processes even near their intersec-
tion points with the domain boundary and near their tip, though we will not carry this
out here.

Roughly speaking, the harmonic measure spectrum of a hull A C H gives, for
each @ € (1/2, oc), the Hausdorft dimension of the set O (A) of points x € 94 for
which the harmonic measure from co of B.(x) in H\ A decays like €¢* as ¢ — 0 (or
in the preimage @ﬁm (A) of ®F (A) under a conformal map D — H\ A4). Viklund and
Lawler [61, Section 2.3] give a rigorous treatment of the harmonic measure spectrum
at the tip of a curve. A nearly identical construction works for the harmonic measure
spectrum of a whole hull in H. Similar constructions also work for hulls in D or C. In
particular, one has (see [61, Lemma 2.3])

@S(A)=®$(H\A) Vse(—1,1). (1.7)
Remark 1.5
In light of the relationship between SLE¢ and Brownian motion (see [25]), we see

that Corollary 1.3 with ¥ = 6 yields the harmonic measure spectrum for the Brownian
frontier computed in [22], [25]-[27], and [28].

Remark 1.6
Duplantier [10] (see, in particular, [10, (6)]) predicts that the harmonic measure spec-
trum for the bulk of the SLE, curve is given by

fla)=a+ 25216(1—1(2a—1+%)), (1.8)

where
oo (6—k)(6—16/K)
- 4
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is the central charge. The exponent (1.4) is related to the exponent (1.8) by

i)

This is what we would expect in light of (1.7).

The dimension & (s) attains a unique maximum value of 1 +x/8 on [—1, 1] at s =
k /4. This maximum value coincides with the Hausdorff dimension of the SLE, curve
(see [2]), which suggests that, near a “typical point” of 7, the modulus of the derivative
of a conformal map from D,, to D grows like dist(z, n) 7 . Hence, Theorem 1.1 gives
an alternative proof of the following.

COROLLARY 1.7
Let k < 4. The Hausdorff dimension of an SLE, curve n is almost surely equal to

1+ «/8.

We remark that we believe that the methods that we use to establish the lower
bound in Theorem 1.1 could be employed to give an independent derivation of the
lower bound of the dimension of SLE, for all x > 0; however, we will not carry this
out here.

1.3. Optimal Holder exponent for map uniformizing an SLE

Another consequence of Theorem 1.1 is that it allows us to determine the optimal
bulk Holder exponent for the conformal map which uniformizes the complement of
an SLE, curve. (Note that this result concerns a different problem than [60], which
gives the optimal Holder exponent for the SLE, curve itself with the capacity param-
eterization.)

COROLLARY 1.8

Suppose that we have the same setup as in Theorem 1.1, and let ¢: D — D, be a
conformal map taking —i and i, respectively, to the start and end points of n. On
any subset of D lying at positive distance from {—i,i}, the function ¢ is a-Holder
continuous for every a < (1 — sy) and is not a-Holder continuous for every a >
(1—s4).

Proof

Suppose that s > s . By Theorem 1.1, o ‘Z(D,) = @ almost surely. In fact, the proof
of Theorem 1.1 gives a slightly stronger statement, namely, for each § > 0, it is almost
surely the case that |¢'(z)| < e™* for each sufficiently small € > 0 and each z € (1 —
€)dD lying at distance at least § from {—i,i}. (The relation (5.2) from Proposition 5.1
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shows this with ¢ replaced by the inverse of the centered forward Loewner map for
n stopped at time ¢ > 0, and this is easily transferred to ¢.) Consequently, if x € dD
lies at distance at least § from {—i,i}, then |¢'(z)| < (1 —|z|)™* for each z in the line
segment [(1 — €)x, x]. Integrating this relation gives |¢(x) — ¢((1 — €)x)| < €' 7.
Similarly, if z, w € (1 —€)dD each lie at distance at least § from {—i,i}, then |¢$(z) —
¢(w)| <X |z — wle™*. Combining these relations with € = |x — y| and applying the
triangle inequality shows that |¢(x) — ¢(y)| < |x — y|'™* whenever x, y € D lie at
distance at least § from {—i,i}. This proves the upper bound.

Now suppose that s < s4. Theorem 1.1 implies that o (Dy) # @ almost surely.
Fix x € @S(D,,), and for € > 0, let y. = (1 — €)x. Then we know that |¢'(y¢)| >
e—s+0<() Standard distortion estimates for conformal maps then imply that |¢/(z)| >
estoe() for all z € Be/2(ye), which in turn implies that ¢ is not (1 — s)-Holder
continuous. This proves the lower bound. O

As explained above in the context of Theorem 1.1, the statement of Corollary 1.8
also applies for SLE, curves with k¥ > 4 away from intersections with the domain
boundary (by SLE duality) and for SLE,(p) curves for all x > 0 also away from
intersections with the domain boundary (by absolute continuity).

1.4. Integral means spectrum
The integral means spectrum of a simply connected domain D C D is the function
IMSp : R — R defined by

log |6/ (2)| dz
IMSp(a) :=limsup faBlff (0)

) (1.9)
=0 —loge

where ¢ : D — D is a conformal map. (There is a three-parameter family of such
conformal maps, but IMSp (a) does not depend on the specific choice of ¢.) The
integral means spectrum is of substantial interest in complex analysis, primarily in
the form of the universal integral means spectrum, which is defined by

IMSY (a) := supIMSp (a),
D

where the supremum is over all simply connected domains D C C. It has been con-
jectured by Kraetzer [21] that IMSY (a) = ¢2/4 for |t| <2 and IMSY (a) = |t| — 1
for |¢| > 2. This conjecture has several important consequences in complex analysis
(see, e.g., [3], [19], [48], [49] for more details). The integral means spectrum is often
very difficult to compute in practice for deterministic domains. However, domains
bounded by random fractals (e.g., the complement of an SLE, curve) are sometimes
more tractable. For example, Beliaev and Smirnov [4] give an explicit calculation of
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the average integral means spectrum of the complement of a whole plane SLE, curve
(which is defined as in (1.9) but with |¢’(z)|¢ replaced by E(|¢’(z)]%)).

In this article we shall be interested in a slight refinement of the definition of
the integral means spectrum for the complement of a curve which negates possible
pathologies arising from unusual behavior at its end points or when it intersects itself
or the boundary of the domain. Namely, let D C C be a bounded simply connected
domain with smooth boundary, and let 7 : [0, T] — D be a non-self-crossing curve.
(We allow T = 00.) Let V be a connected component of D \ 7. Let xy be the first
(equivalently last) point of 0V hit by 7, and let ¢ : D — V' be a conformal map.

For ¢ > 0, let

15(¢) := ¢~ (3V \ (B¢ (n(T)) U B¢ (xv) U B¢ (3D))). (1.10)

Let A§(¢) be the set of z € dB;_(0) with z/|z| € I%(¢). The bulk integral means
spectrum of V is the function IMSy : R — R defined by

10ngg(¢) |¢/(Z)|a dz

IMS%(a) := suplim sup (1.11)
£>0 €0 —loge
One can check that the definition (1.11) does not depend on the choice of ¢.
We extract the following from the proof of Theorem 1.1.
COROLLARY 1.9 s
Fora e Rwitha < %, let
4
su(a) = —1+ s (1.12)

Also let s— and s+ be as in (1.5) and (1.6), and let a_ (resp., ay) be the value of a
for which s«(a) = s— (resp., sx(a) = s+ ). Set

—1+s_a a<a_,
Eivs(@) i= 3 —q + (4+K)(4+K—\4/K(4+K)2—80K) acla,ayl, (1.13)
—1+s4a a>ay.

Suppose that we are in the setting of Corollary 1.3. Almost surely, the following is
true. Let a € R, and let V' be a complementary connected component of either D \ n
or of D\ 1 for any t > 0 (before n hits an interior force point or the continuation
threshold if it is an SLE (p) process). Then

IMS3(a) = s (a). (1.14)
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See Figure 1, right, for a graph of &pvs(a). The result of Corollary 1.9 is in agree-
ment with the (rigorously proven) formula” for the average bulk integral means spec-
trum of whole-plane SLE in [4, Theorem 1] for a € [a—,a4] and with [4, Conjec-
ture 1] for the almost sure bulk integral means spectrum for all values of a € R.

Remark 1.10

As conjectured in [4], the almost sure bulk integral means spectrum of Corollary 1.9
differs from the average integral means spectrum computed in [4] for values of a ¢
[a—,a+]. We explain why this is the case. First, as noted in [4], we expect the aver-
age and almost sure bulk integral means spectra to differ because the function which
gives the average bulk integral means spectrum does not satisfy Makarov’s [34] char-
acterization of possible integral means spectra. At a more heuristic level, the aver-
age integral means spectrum for a ¢ [a—,a4] is distorted by the occurrence of the
small (but still positive) probability event that a conformal map ¢ : D — V satisfies
|¢'(z)] = (1 — |z|)™* for some z close to dD and some s ¢ [s—,s+]. However, this
event almost surely does not occur in the limit (see Theorem 1.1), so it does not affect
the almost sure bulk integral means spectrum.

1.5. Outline

There is a systematic approach to computing Hausdorff dimensions of random fractal
sets of the sort we consider here. One first gets a sharp estimate for the probability
that a single point is contained in the set (the “one-point estimate”) and uses this to
get an upper bound on the Hausdorff dimension. One then defines a subset of the set
of interest (the “perfect points”) and obtains an estimate for the probability that any
two given points are perfect (the “two-point estimate”). This enables one to define a
Frostman measure on the set of perfect points and thereby obtain a lower bound on the
Hausdorff dimension of the set of interest (see [47, Section 4] for more on Frostman
measures and their connection to Hausdorff dimension). We will follow this outline
here (see, e.g., [44]-[46], [61] for more examples of this technique).

We will now give a moderately detailed outline of the remainder of this article.
The reader should note that this section does not constitute a precise description of
all of the proofs in our article, but rather is only a heuristic guide. For the sake of
brevity, many technical details have been omitted, especially in regards to proof of
the two-point estimate.

In Section 2, we will give some background on the objects which appear in our
proofs, including SLE, the GFF, and the various couplings between them. We will
also establish some notation, introduce the main regularity conditions we will use in

2The formula appearing in [4, Theorem 1] for the bulk integral means spectrum is actually equal to 5 plus the
formula (1.13); the 5 in their formula is a misprint.
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our estimates, and prove some elementary lemmas which we will need later in this
article.

Next we will prove our one-point estimate. This is done in two stages. In Sec-
tion 3, we will establish pointwise derivative estimates for the inverse centered
Loewner maps ( f,~!) for an SLE,.. Roughly, our estimates will take the form

P(| (ft_l)’(z)| ~ €*, regularity conditions) €*®),

Vs €(—1,1),Vz e Hwith Imz =€, (1.15)

2.2
with a(s) = 7(;‘:('&5)

ative martingales for the reverse Loewner flow (g;), analogous to the martingales

. The proof of these estimates is based on a family of nonneg-

for the forward SLE, flow in [55, Section 5]. The reverse Loewner flow is of inter-
est because we have g; 4 f,_1 for each fixed ¢ (see, e.g., [50, Lemma 3.1]). For
a given z € H with Imz = ¢, one can find a martingale M/ with the property that
Mg ~ € 20) where E(z) denotes the event in the probability in (1.15) with g;
in place of f,~1. We then arrive at

P(E(2)) ~ e*9P%(E(2)).

where PZ denotes the measure obtained by reweighting the law of the original SLE,
process by M (which will be the law of a reverse chordal SLE, (o) for an appropriate
p). Hence, we just need to show that PZ(E(z)) is uniformly positive, independent of
€. This is done in two steps. First, to obtain P2 (|]g;(z)| ~ ¢ ™°) > l ase — 0, weuse a
coupling of g; with a GFF together with a coordinate change argument similar in spirit
to the proof of [40, Theorem 8.1]. To obtain that the auxiliary regularity conditions
hold with uniformly positive probability under PZ, we use a combination of stochastic
calculus, forward/reverse (in the sense of Loewner flows) SLE symmetry, and GFF
coupling arguments.

In Section 4 we use the estimate of Section 3 to establish pointwise derivative
estimates for the “time infinity” conformal map ¥, associated with an SLE, process
n from —i to i in the unit disk D, defined as follows. Let D, be the right connected
component of D \ 7, as in Theorem 1.1. Let ¥, : D, — D be the unique conformal
map fixing —i, i, and 1. Our estimates for W, take the form

P(dist(z, n) ~ el=s, |\II;7 (Z)| ~ €’, regularity conditions) ~ 2408
Vse(=1,1),¥zeD, (1.16)

where y(s) = a(s) — 25 + 1 and a(s) is as above. The idea of the proof of (1.16)
is as follows. First we observe using the Koebe quarter theorem that, for each € > 0
and each ¢ > 0, the set of points A _(¢) in D for which the analogue of the event
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of (1.15) with D in place of H occurs is (approximately) the image under f; of the
set A () of points in D for which the event of (1.16) holds with ¥, replaced by f;
and 7 replaced by 7n([0,¢]). Hence, the estimate (1.15) together with an elementary
change of variables yields E(Area A¢ (1)) ~ ). We are then left to (a) transfer this
area estimate from finite time to infinite time and (b) argue that the probability of
the event (1.16) does not depend too strongly on z. Both tasks will be accomplished
by means of various conditioning arguments which rely crucially on the regularity
conditions involved in the estimate (1.15).

In Section 5, we will use the estimates (1.15) and (1.16) to prove upper bounds
for the Hausdorff dimensions of the sets ©%* (Dy) and ©%*(Dy,), where * stands for
> or < as well as an upper bound for the bulk integral means spectrum of D, as
claimed in Corollary 1.9.

Before proving our two-point estimate, we need a modification of the estimate
(1.16), which we prove in Section 6. Namely, let 77 denote the time reversal of 7, which
has the law of a chordal SLE, from i to —i (see [65]). Let 7 (resp., 7jg) be the first
time 7 (resp., 77) hits the ball of radius e ~# centered at the origin. Let n% = ([0, 78]),
let 774 = 7([0,7p]), and let ¢ be the conformal map from D\ (n* U7"#) to D which
fixes —i, i, and 1. Then we will use the one-point estimate (1.16) to show

P(|¢p(2)| ~ ¢~P4, regularity conditions) ~ e A7 @
Vg € (=1/2,00). (1.17)

Here g =5/(1 —s) and y*(q) = y(s)/(1 —5) = (¢ + 1)y(g), with y as in (1.16).

In Section 7 we prove our two-point estimate. This section contains the most
technical, but also the most novel, arguments in the article (see Section 7.1 for a more
detailed outline of this section than the one given here). The estimate (1.17) allows
us to break the event that |\I!;] (0)| &~ e~ down into several stages and estimate each
individually. Indeed, if we apply a conformal map from D \ (n™ U 7°#) to D which
fixes 0, then the rest of the curve will be mapped to another curve whose law is the
same as that of 1 (modulo perturbations of its end points, which can be dealt with in
various ways). In this manner we can construct two approximately independent events
Eo,1 and Eo > whose intersection is contained in the event {|\¥},(0)| ~ e"2B4) By
iterating this procedure we construct a sequence of approximately independent events
Eq,; such that | W] (0)| ~ e™"P4 on E,(0) := Mj=1 Eo,j and P(E; ;) ~ e BY @3
We can similarly construct events £, ; and E,(z) for any z € D by first mapping z
to 0.

For the lower bound on dimg ©° (D), the perfect points will be, roughly speak-
ing, the set of z € D for which E,(z) occurs for every n € N. In order to obtain a

3 Actually, we will need to increase B by a little bit at each stage for technical reasons, but the basic idea of the
argument is the same if we consider a fixed but large 8.
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Figure 2. If |z — w| ~ e Bk then after applying a conformal map which takes the complement
of the parts of 1 and 7 involved in the event Eé‘ (z) to D and takes z to 0, the images of z and w
will be at constant-order distance from each other. Note, however, that in this setting the
derivatives of the stage (k + 1)-map near z and w are not approximately independent, since they
each depend on the whole curve in the picture on the right.

lower bound on the Hausdorff dimension of the set of perfect points, we need to esti-
mate the probability that E,(z) and E,(w) both occur for z, w € D, depending on
|z — w]. To this end, suppose that |z — w| ~ e“#¥. We condition on the event Ej(z),
corresponding to what happens before we get near z and w. After we map out the part
of the curve which is grown before the kth stage, z and w will be at constant-order
distance from each other (see Figure 2).

We would like to say that the behaviors of the curve near z and near w are
approximately conditionally independent given Ej(z). However, the derivatives of
the maps we are interested in depend on the whole curve. Hence, we need to localize
our events. This is accomplished using a different coupling with a GFF, namely, the
forward SLE/GFF coupling, or “imaginary geometry” coupling studied in [7], [37]-
[39], [56], [58], and [41].

At each stage in the construction of the events E,(z), we can add auxiliary
curves, which are all flow lines (in the sense of [37]; see Section 2.5) of the same
GFF. These auxiliary curves will form pockets surrounding z with the property that
the parts of 7 inside different pockets are independent once we condition on the pock-
ets, and the derivative of W; at a point inside a pocket can be estimated by the deriva-
tive of a map which depends only on the behavior of 7 inside this pocket. We then
define the event E ; so that it depends only on the behavior of the curve inside the
Jjth pocket (see Figure 3 for an illustration). The independence of the parts of 7 inside
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Figure 3. A modified version of Figure 2 where we add auxiliary curves at each stage to form a
pocket. Here we define the events at each stage in terms of only the part of the curve inside the
previous pocket. This gives us the needed local independence of the events E; ; and Ey, ;.

different pockets will eventually enable us to establish the two-point estimate needed
for the proof of the lower bounds in Theorem 1.1.

We expect that arguments similar to those in Section 7 may also be useful for
proving other estimates for sets related to SLE (see Section 7.6 for further discussion
of this point).

In Section 8, we use our two-point estimate to prove lower bounds for the Haus-
dorff dimensions of the sets ©° (Dy) and ©°(D,), as well as for the bulk integral
means spectrum of D,,.

Appendix A contains the proof of an estimate which is needed in Section 3.
Appendices B and C contain some technical lemmas which are needed in Sections 6
and 7.

2. Preliminaries

In this section we will establish some notation, give some background on the objects
involved in the article, and prove some elementary lemmas. We recommend that the
reader familiarize themselves with Sections 2.1 and 2.2 before reading the remainder
of the article, as the notation and results of these subsections will be used frequently
in the sequel. Sections 2.3, 2.4, and 2.5 contain background on results on SLE, GFFs,
and the couplings between them. Readers who are already familiar with these topics
may wish to skim these subsections to acquaint themselves with the notation, and
refer back to them as needed. Sections 2.6 and 2.7 contain some elementary lemmas
about the sets whose Hausdorff dimensions we will compute. The results of these
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sections are not used extensively in the sequel, but are needed in Sections 5 and 8.
Finally, in Section 2.8, we recall some lemmas from [46] which we use frequently
throughout the article.

2.1. Basic notation
Given two variables a and b, we say b = 0,(1) if b — 0 as a — 0 (or as a — o0,
depending on the context), and we say b = O,(1) if b is bounded above by an a-
independent constant for sufficiently small (or sufficiently large, depending on the
context) values of a. We usually allow 0,(1) and O,4(1) terms to depend on cer-
tain parameters other than a, but not on others. We will describe this dependence as
needed.

We say that a < b (resp., a > b) if there is a constant ¢ which does not depend
on the main parameters of interest such that a < cb (resp., a > c¢b). We say a < b
if a < b and a > b. As in the case of 0,(1) and O, (1) above, we usually allow the
implicit constants in X, >, and < to depend on certain parameters, but not on others,
and we describe this dependence as needed.

For a point z € C and r > 0, we write B,(z) for the ball of radius r centered at
z. More generally, for a set A C C, we write B,(A) = J,c4 Br(2).

For a curve 7 : [0, T] — C, we will often use the abbreviation

" =n([0.1]). 2.1)

Furthermore, when there is no risk of ambiguity we will simply write 1 for the entire
image of 7.

For a domain D and z € D, we write hm”(-; D) for the harmonic measure from
z in D. That is, for A C 9D, hm?(A; D) is the probability that a Brownian motion
started from z exits D in 4.

If D’ = D \ 7 for some non-self-crossing curve 7 in D and z is a point on 7
which is visited only once, we will write z~ (resp., z+) for the prime end of D’
corresponding to the left (resp., right) side of z. When we use this notation, our curve
n will have an obvious orientation and “left” and “right” are as viewed by someone
walking along 7 in the forward direction. We will also use the following notation.

Notation 2.1

Given a Jordan domain D and x,y € 0D, we write [x, y]sp for the closed counter-
clockwise arc from x to y in dD. We similarly define the open arc (x, y)yp and the
half-open arcs (x, y]gp and [x, ¥)sp.
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2.2. Reverse continuity conditions

2.2.1. In the upper half-plane

Here we introduce a regularity condition which will arise frequently in the remain-
der of the article. This regularity event will depend on a certain increasing function
(thought of as a modulus of continuity). To lighten notation when referring to such
functions, we introduce the following definition.

Definition 2.2
We denote by M the set of increasing functions w : (0,00) — (0,00) with
limg_,q 11(8) = 0.

Definition 2.3

Let f be a (random) map from a subdomain D of H into H. For u € M, let G(f, u)
be the event that the following occurs. For any § > 0 and any x,y € RN dD with
x|, [y] <87 " and [x —y| = §, we have | f(x)|.| /()] < (&)~ and | f(x) = f(»)] =
n(8).

The statement that (£, ) holds is the same as the statement that ! has a
certain p-dependent modulus of continuity on f(R U oco), with R U oo given the
one-point compactification topology. We note that

G(fin)NG(g.u2) =  G(go fiuzouy). (2.2)

We are interested in the condition G( f, ) (and the analogous conditions in the
next subsection) for two reasons. The first is that these conditions imply bounds on
the distance from certain subsets of dD to certain subsets of R (or dD in the setting
of the next subsection) and on the diameter of such subsets (see Lemmas 2.4 and 2.8
below). Such bounds are needed for several purposes in our proofs. One reason is
that some of our derivative estimates do not hold if the curve gets too close to the
boundary—intuitively, if the curve comes close to hitting the boundary and forming a
“bubble,” then the derivative of its associated Loewner map at points inside the bubble
will be very small. This manifests itself in the fact that the martingale (3.6) blows up.
Another use of such estimates is in checking the hypotheses of the harmonic measure
estimates from Appendix B.

The second reason for our interest in G( f, ) is as follows. We will often want
to study conformal maps which are normalized by specifying the images of certain
marked boundary points. When composing various maps, our marked points might be
mapped to somewhere other than where we want them to go. So, we will frequently
need to apply a conformal automorphism (of D or H) at the end of our arguments
to move the marked points to their desired positions. The condition G(-, ) ensures
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that the images of the marked points are not too close together, and so allows us to
control the derivative of this conformal automorphism. Both of the above uses of our
regularity events appear in numerous places throughout the article.

LEMMA 2.4

Let n be a simple curve started from 0 in H parameterized by capacity which does
not hit R, and recall that n* := n([0,t]). Let f; : H\ n* — H be the centered Loewner
maps for n; that is, f; is the time t Loewner map for n, minus a real number chosen
so that it maps 0 to 0. Fix T € (0, 00), and suppose that, for some 1 € M,

Jr(=8)—=fr(0)<—p@®  and  p@) < fr@—fr(07), vé>0. (23)
Then there are a i’ € M and a d > 0 depending only on |1 and T such that
diamn? <d  and  Imz=>p'(§), V8>0,Vzen! with|Rez|>65. (2.4)

Conversely, if (2.4) holds for some d > 0 and some y' € M, we can find u € M
depending only on d and ' such that G(fr, i) holds.

Note that it is clear that G( fr, i) implies (2.3), so Lemma 2.4 implies in par-
ticular that (2.4) holds for some d and u' depending only on u whenever G( fr, i)
occurs.

Proof of Lemma 2.4
Let hm7 = hm® (- H \ nT) denote the harmonic measure from oo in H \ 57, so for
aset I C d(H\ n7) (viewed as a collection of prime ends),

o0y ._ 1; iy
hm7 [ := yli)n;oyP (B;€l)

for B a Brownian motion and 7 its exit time from H \ n” . It follows from the confor-
mal invariance of Brownian motion that, for any 7 € d(H \ n7),

hmP (1) = % length f7 (1), (2.5)

where by length we mean the Lebesgue measure.

Now, assume (2.3) holds. For any r > 0 and x € R, the harmonic measure from
oo in H of the line segment [x, x + ir] from x to x + ir is a constant depending only
on r. For § > 0, we can find r = r(§) > 0 such that this constant is less than 7w (8). If
nT contains a point x + iy with x > § and y < r, then hm$°([0, §]) < hm®([x,x +
ir]) < wu(8). This contradicts our hypothesis on (2.3) and the relation (2.5). A similar
statement holds if we instead consider x < —§. Hence, each point of nT with real part
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at least § in absolute value has imaginary part at least r. This proves the second part
of (2.4) with p/(8) =r.

For the first part of (2.4), fix § > 0. Denote by Ss the set of points in z € H with
|Re z| > §. By the second part of (2.4),

1 .
T .
hm7 (" N Ss) < ) ylggo yE? (Im Brl(BtenTﬂS,;))- (2.6)
By [23, Proposition 3.38],
T =hcapn? = lim yE”(Im B,), (2.7)
y—>00

$0 (2.6) is at most T/’ (8). On the other hand, (2.7) and the Beurling estimate imply
that sup, ¢, 7 Imz is bounded above by a constant Cy depending only on 7'. The har-
monic measure from oo in H of [—4§, §] x [0, Co] is at most a constant C; depending
only on § and T'. Therefore,

hm$P (") < T/ () + Ci.

By [23, (3.13)], this implies that diam 57 is bounded above by a constant depending
onlyon pand 7.

Conversely, suppose that (2.4) holds. For § > 0, let Us be the set of points in
z € H with |z| < d and either |Rez| <§/2 or Imz > 1/(§/2). Then nT C Us. The
harmonic measure from oo of each subinterval of [§/2,87!] U [-§~1, —§/2] in H\
Us of length §/2 is at least some constant j19(8) depending only on & and u'(5/2).
By (2.5), this implies that the length of the image of such an interval under fr is
at least wo(8). On the other hand, [23, Proposition 3.46] implies that we can find
w1(8) > 0 depending only on § and d such that | f7(x)| < j1(8)~! for each x €
[~8~1,871]. This proves that §( fr, j1) holds with u = (7o) V 1. O

2.2.2. In the disk
The following is the analogue of Definition 2.3 for the unit disk D.

Definition 2.5
Let D C D be a subdomain, and let / C dD N dD. Let f : D — D be a conformal
map. Let y € M (Definition 2.2). We say that &7 ( f, i) occurs if the following is true.
For each § > 0 and each x,y € I with |x — y| > 8, we have | f(x) — f(y)| = u(d).
We abbreviate

§(f.11) = $aprap (/. ).

We also define the following event, which is closely related to G( f, u) and is a
variant of the condition (2.3).
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Definition 2.6

Let A C D be a closed set, and let I C dD \ A. (Oftentimes we will take I to be a
closed arc with end points in A or a finite union of such arcs.) We say that §; (4, i)
occurs if the following is true. For each § > 0, A lies at distance at least @ (6) from
I\ Bs(I N A). We write

(A, 1) = Gapa(A. ).

Remark 2.7

We will frequently find ourselves in the following situation. Suppose that we are given
a deterministic arc / C 9D, a random closed subset A C D with 7 C 9D\ 4 almost
surely, and a deterministic € > 0. In this case we can find (using monotonicity) a
deterministic u € M for which P(§7(A4, ) > 1 — €, where P is typically the law of
SLE.

The conditions of Definitions 2.5 and 2.6 will serve as the main “global regular-
ity” conditions in our estimates starting from Section 4. The relationship between the
conditions §(-) and §’(-) is contained in the following lemma.

LEMMA 2.8

Let A C D be a closed set, and let I = [x, y|ap be an arc contained in 9D\ A. Let

m € (x,¥)sp, and suppose that |x —m| and |y — m| are each at least A > 0. Let D

be the connected component of D\ A containing I on its boundary. Let ® : D — D

be the unique conformal map taking x to —i, y to i, and m to 1.

(1) For each i € M, there exists ' € M depending only on i and A such that if
G1(®, ) occurs, then §;(A, 1W') occurs.

2) Conversely, suppose that 1' C I (possibly I' = 1) and ﬁ;,(A, W) occurs for
some |4 € M. There is a u' € M depending only on u and A such that
G/ (O, 1) occurs. In fact, the following superficially stronger statement is
true. For each § > 0, ® is Lipschitz continuous on 1"\ (Bg(x) U Bg(y)) and
&~ is Lipschitz continuous on ®(1' \ (Bs(x) U Bs(y))) with Lipschitz con-
stants depending only on (), 8, and A.

Proof

The basic idea of the proof is similar to that of Lemma 2.4, but we consider the
harmonic measure from  rather than the harmonic measure from oo. Let D be the
radial reflection of D across I , viewed as a subset of the Riemann sphere. Extend
®toD by Schwarz reflection. Then ® maps D into C \ [{,—i]sp and maps [ to

[_i’ i]aD-
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For § > 0, let x5 and ys be the unique points of / lying at distance § from x and y,
respectively. Also let Dg = D \ [ys. y]ap, and let 75 := ®(ys). Then J is determined
by the condition that the harmonic measure of [ys,i]sp from m in ﬁg equals the
harmonic measure of the side of [yg,i]sp closer to 0 from 1 in (C U 00) \ [Vs. —i]sp.

If §;(®, n) occurs, then y5 lies at distance at least j4(8) from i, which means
that the harmonic measure of [ys, y]sp from 1 in ﬁ,g is at least some constant € > 0
depending only on w«(§). By symmetry, the same holds for [x, x5]sp-

By the Beurling estimate, we can find {y > 0 depending only on ¢ such that
dist(m, A) > {o. We can also find a {; > 0 such that if z € [xg, ys]gp lies at distance
at least {o from m, then the probability that a Brownian motion started from m hits
B¢, (z) before hitting [i, —i]sp is at most €. If dist(z, A) < {; for such a z, then a
Brownian motion started from 1 must hit B¢, (z) before hitting either [ys, y]ap or
[x, xs]op- Hence, we must have dist(z, A) > {1 A &g for each z € [xg, ys]op- This
proves assertion (1) with u/(8) = &1 A Co.

Conversely, suppose that I’ C I and §;,(A, i) occurs for some 11 € M. For§ > 0
let x(’g be either x; (as defined just above) or the end point of I’ closest to x, whichever
is farthest from x. Define y§ similarly. A Brownian motion started from any point of
[x§. yslap has a positive probability depending only on §, 1(8), and A to stay within
distance 44(8) of I until it hits [yg, y]sp (resp., [x,xg]sp). By the Beurling estimate
there is a 14’(8) > 0 depending only on 1(5), 8, and A such that ®([xg, y5]ap) lies at
distance at least u'(§) from [i, —i]yp. Thus, §1/(P, i) occurs.

It remains to establish the Lipschitz continuity statement. For this, we observe
that, for any z € [xj, yg]sp, the Koebe quarter theorem implies

dist(®(z), [i, —i]sp)
4dist(z, A) A S

4dist(®(2), [i, —i]sp)
dist(z, A) A S

<|®'(2)] <

Hence,

’

8
2O o) = ——.

8 w@é)nd
So, |@'| is bounded above and below by positive constants on [xj, ys]sp depending
only on (§), 8, and A, which establishes the desired Lipschitz continuity. O
2.3. SLE

Let t — W; be a continuous function on [0, 00). The chordal Loewner equation is the
ordinary differential equation (ODE)

0:g:1(2) = go(z) =z. (2.8)

2
g(2) — W’
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A solution to (2.8) is a family of conformal maps {g; : ¢ > 0} from subdomains of H
to H satisfying the hydrodynamic normalization lim; .0 (g;(z) — z) = 0. The com-
plements (K;) of the domains of (g;) in H are an increasing family of closed subsets
of H called the hulls of the process. The centered Loewner maps corresponding to
(g¢) are defined by

Jri=g —W.

A chordal Schramm—Loewner evolution with parameter x > 0 (SLE,) is the ran-
dom evolution obtained by solving (2.8) where the driving process W is /k times
a Brownian motion. It can be shown (see [50]) that this Loewner evolution is gener-
ated by a curve which we typically denote by 5. Chordal SLE, on other domains is
defined by conformal mapping. We refer the reader to [23] or [63] for a more detailed
introduction to SLE.

More generally, suppose that we are given a vector of real weights p = (p!,

..,p") and a collection of points z!,...,z" € H. Chordal SLE,(p) is the random
evolution obtained by solving (2.8) with the driving function W pa?t of the solution
to the system of stochastic differential equations (SDEs)

n i
P - 2
dW; = J/kdB; + Re —— dt, AV} = ——— dt,
t \/— t l=Zl I/Vt—th t th—VVt
; ) (2.9)
Wo =y, Vo =1z2".

The points z' are called the force points. It is shown in [37] that if the force points
are located in dH, then the SLE, (p) curve is almost surely defined and continuous up
until the first time it reaches the so-called continuation threshold, that is, the first time
that the sum of the weights of the force points it has either hit or disconnected from its
target point is at most —2. By local absolute continuity, the same is true if the curve
almost surely does not hit any of its interior force points. The continuity of SLE, (p)
for p < —2 is proved in [42] and [43] (see [29], [37], [55] for more on SLE, (p)).
We will also need to consider the reverse Loewner equation. This is the ODE

0:81(z2) = — go(z) =z, (2.10)

AR/
whose solution is a family of conformal maps from H to subdomains of H. Reverse
SLE is obtained by taking W; to be /k times a Brownian motion. For each time 7,
the time ¢ centered Loewner map of a reverse SLE, has the same law as the inverse
of the time ¢ centered Loewner map of a forward SLE, (see [50, Lemma 3.1]).

A reverse SLE, (p) with force points z!, ..., z" is obtained by solving (2.10) with
the driving function w part of the solution to the system of SDEs
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I
|
iy

n i
[0 .
dW; = J/kdB; + Re ——— dt, dv} _
=k dB; ; W — v t View,

Wo =1y, Voizzi.

For a general p we do not have as simple a relation between forward and reverse
SLE,(p) as we do for ordinary SLE,.. However, there are various forward and reverse
symm&ries, some of which are discussed in [16] and [58].

Throughout most of the rest of this article we will fix k € (0, 4], and we will not
always make dependence on « explicit.

2.4. GFFs
For some of our results, we will make use of couplings of SLE, with GFFs. In this
section we give some basic background about the latter objects.

Let D be a domain in C with harmonically nontrivial boundary (i.e., a Brownian
motion started in D almost surely exits D in finite time). We denote by H(D) the
Hilbert space completion of the subspace of C°( D) consisting of those smooth,
real-valued functions f such that

/ |Vf(z)|2dz<oo, / f(z)dz =0,
D D

with respect to the Dirichlet inner product
1
(o= [ V@) VeErdz, @11)
21 D

A free-boundary Gaussian free field (GFF) on D is a random distribution (in the sense
of Schwartz) on D given by the formal sum

h=>"X;fj. (2.12)
j=1

where { f;} is an orthonormal basis for H(D) and (X ) is a sequence of independent
and identically distributed (i.i.d.) standard Gaussian random variables. It is not defined
as a pointwise function, but for each g € H(D), the formal inner product

(h.g)v="> (f8v
j=1

converges almost surely. Moreover, (/, g) is almost surely defined for each fixed g €
L?(D) by the formula

(h.g) = (h,.—A""g)v, (2.13)
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where A~! denotes the inverse Laplacian with Neumann boundary conditions. More
generally, this formula makes sense if g is any distribution whose inverse Laplacian
isin H(D).

Similarly, one can define a zero-boundary GFF on D by replacing H(D) with
Hy(D), defined as the Hilbert space completion of the space of smooth compactly
supported functions on D in the inner product (2.11). A zero-boundary GFF is defined
without the need to make a choice of additive constant. A GFF with a given choice
of boundary data on dD is defined to be a zero-boundary GFF plus the harmonic
extension of the given boundary data to D.

If V,V+ c H(D) are complementary orthogonal subspaces, then the formula
(2.12) implies that 4 decomposes as the sum of its projections onto V and V. In par-
ticular, we can take V' to be the closure Ho(D) of C°(D) in the inner product (2.11)
and take V' to be the set Harmp of functions in H (D) which are harmonic in D.
This allows us to decompose a free-boundary GFF as the sum of a zero-boundary
GFF and a random harmonic function §h on D, the latter defined modulo an additive
constant. We call these distributions the zero-boundary part and harmonic part of h,
respectively. We refer to [57] and the introductory sections of [54] and [40] for more
details on GFFs.

2.4.1. Reverse SLE/GFF coupling

The following relation between free-boundary GFFs and reverse SLE, (p) is estab-
lished in [58, Section 4.2]. Let (g;) be the centered Loewner maps of a reverse
SLE,(p) with force points z!,...,z" as in Section 2.3. Let & be a free-boundary
GFF on H, independent of (g;). For ¢ > 0 let

2 RS :
he = hoge+ —=loglge ()] + 7= D L p'Glgr(). 1),

i=1

where
G(x,y):=—log|x — y| —log|x — y|

is the Green’s function on H with Neumann boundary conditions. Let

2
Q==+ (2.14)

Let t be a stopping time for n which is almost surely less than the first time ¢ that
f:(z") = 0 for some i. Then [58, Theorem 4.5] implies that h, + Qlog|g.| 4 ho,
modulo an additive constant. See Figure 4 for an illustration.

There is also an analogue of the above coupling for a zero-boundary GFF paired
with a forward SLE, (p), which we discuss in Section 2.5.
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Figure 4. An illustration of the reverse SLE/GFF coupling in the case of a single force point of
weight p/(2+/k). This is the case we will use in Section 3.

2.4.2. Estimates for the harmonic part
In the course of proving our one-point estimate we will need some basic analytic
lemmas about the harmonic part of a free-boundary GFF, which we will prove here.

LEMMA 2.9

Let b be the harmonic part of a free-boundary GFF on D, normalized so that §(0) =
0. Then for any z,w € D, h(z) and h(w) are jointly Gaussian with means zero and
covariance

E(h(z)h(w)) = —2log |1 — zw|.

Proof
Forn > 1, let

Pn(z) =(2/m)?Rez",  Yu(z) = (2/n)"?Imz". (2.15)

Then {¢,, V¥, : n > 1} is an orthonormal basis for the set of harmonic functions on D
in the Dirichlet inner product. So, by the definition of the free-boundary GFF, we can
write

> Xugn+ D Yutn. (2.16)
n=1 n=1

where the X,,’s and Y,’s are i.i.d. N(0,1). From this expression, it follows that
(h(2), h(w)) is centered Gaussian for each z, w € D, and one easily computes

E(h(@)bw)) =Y ¢u(2)pn(w) + D Yn(2)¥u(w)

n=1 n=1

_ ZZ (Rez")(Rew™) + (Imz")(Imw")

n
n=1
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o0 —\n =\
= Z Gw)" + wz)" = —log(l — zw) — log(1 — wz)
n=1 n
= —2log|l — zw]. O

We also need the following estimate for circle averages of the GFF.

LEMMA 2.10

Let h be a free-boundary GFF on H with additive constant chosen so that its harmonic
part vanishes at a for some a € H. Let A C H be a deterministic hull lying at positive
distance from a, and let g : H — H \ A be the map which takes some marked point
of a to 0 and looks like a translation at co. Let H=ho g, and let (’Ee) be the circle
average process for ’l\[( see [18, Section 3.1] for more on the circle average process).
Fixx eRand & > 1/2. Forany § > € > 0,

P(|he(x +i8)| > (loge™)¥) = 0c(e?) ¥p >0, (2.17)

at a rate depending only on x, a, diam A, &, and 8, but uniform for x in compact
subsets of R, a in compact subsets of H, and § in compact subsets of [€, 00).

Proof

Write h = h® + b, for h° a zero-boundary GFF and b an independent harmonic func-
tion. Let b4 be the projection of A% onto the set of functions which are harmonic on
H\ 4, and let 1% = h°| 4 — b 4 be the zero-boundary part of 4°| 4. Then we can write

Rlava =h% +ba + blma, (2.18)

with the three summands independent. The function g increases imaginary parts, so it
follows from Lemma 2.9 and a coordinate change to D that h(g(x + i§)) is centered
Gaussian with variance at most 2log §~! + O.(1).

By the Koebe distortion theorem, |g’(x + i§)| is at least a constant depending
only on y times §|g’(x +iy)| for any y > §. By [23, Proposition 3.46] and the Koebe
quarter theorem, for large enough y (depending only on diam A), |g’(x + iy)]| is
bounded above by a constant depending only on diam A. By another application of
the Koebe quarter theorem, we therefore have

dist(g(x +i8), A) = 8> (2.19)

It follows from [37, Lemma 6.4] that h 4(g(x + i6)) is centered Gaussian with vari-
ance at most 21og8~! + O (1).

By conformal invariance, hffl o g has the law of a zero-boundary GFF on H.
By (2.19) and [ 18, Proposition 3.1], the circle average (hg1 0 g)e(x +18) is Gaussian
with mean 0 and variance at most 2loge™! + O¢(1). By (2.18),
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he(x +i8) = (h% 0 @)e(x +i8) + ha(g(x +i8)) + h(g(x +i8))

is Gaussian with mean 0 and variance at most 6loge ™! + O¢(1). We obtain (2.17)
from the Gaussian tail bound. O

2.5. Imaginary geometry

The proof of the lower bounds in our main theorems will make heavy use of the so-
called forward coupling of SLE, or SLE, (p) with the GFF with Dirichlet boundary
conditions. In this coupling, SLE, (p) for « € (0, 4) can be interpreted as the flow line
of the formal vector field /X , where h is a GFF and

x= 2 Ve (2.20)

JK 2

For « > 4, SLE,(p) can be interpreted as a “tree” or “light cone” of SLE;¢/, flow
lines (see [37]). The case k = 4 is somewhat degenerate (though simpler to analyze)
since y — 0 as k — 4. SLE4(p) has the interpretation of being a level line (rather
than a flow line or light cone) of the GFF (see [62] for a detailed study of this case).

The coupling of SLE4 with the GFF was actually the first coupling in this family
to be discovered (see [54]; see also [53], which gives the convergence of the con-
tours of the discrete GFF to SLE4). The existence of the forward coupling in the
general setting is established in [7], [54], [56], and [37] (see [37, Theorem 1.1] for
a precise statement). The theory of how different flow lines and light cones of the
same GFF interact is developed in [37]-[39], and [41]; these works are also where the
term “imaginary geometry” is coined. At this point in time, there are several places
which contain short “crash courses” on imaginary geometry which are sufficient to
understand its usage in this work. We refer the reader to one of [38, Section 2.2], [41,
Section 2.3], or [46, Section 2.2]; [37, Section 1] and [41, Section 4] contain many
of the main theorem statements in addition to more detailed overviews of the related
literature.

2.6. Properties of the multifractal spectrum sets

In this subsection we will prove some elementary deterministic properties of the sets
of Section 1.1, as well as a lemma which is relevant to the integral means spectrum
(see, e.g., [061, Section 2] for some similar estimates in the setting of the tip multifrac-
tal spectrum). Our first lemma tells us that the sets of Section 1.1 are only nonempty
in the case in which s € [—1, 1].

LEMMA 2.11
Let D C C be a simply connected domain, and let ¢ : D — D be a conformal map.
For each x € dD, there is a constant C > 1 depending only on ¢ and ¢ (x) but uniform
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for ¢(x) in compact subsets of D such that, for each sufficiently small € > 0,
Cle< |¢/((1 — e)x)| <Ce L.

Proof
By the Cauchy estimate,

p'(1—ex)[<et sup  [p(2)],
z€Be((1—€)x)
which gives the upper bound. For the lower bound, we apply the Koebe distortion
theorem. (]

Next we prove some lemmas which give that the multifractal spectrum sets are
invariant under reasonable modifications of the definitions.

LEMMA 2.12

Let D C C be a simply connected domain, let ¢ : D — D be a conformal map, and fix
x € 0D. Let y : [0, 1] = D be a simple smooth curve such that y(0) = x, y((0,1]) C
D, and y’(0) is not tangent to 0D at x. Then

log|¢"((1—€)x)| _ log|¢'(y ()|

lim sup lim sup (2.21)
€—0 —loge €—>0 —loge
If one of the limsups is in fact a true limit, then the other is as well.
Proof
This is a straightforward application of the Koebe distortion theorem. O

We next show that the multifractal spectrum depends locally on the domain.

LEMMA 2.13

Let D and D' be two simply connected domains in C, bounded by curves, which
share a common boundary arc I. Let z be a prime end lying in the interior of 1. Then
for each s € R, we have z € ©%(D) if and only if z € ®%(D’). The same holds with
O%Z() or ©5=(-) in place of ©5(-).

Proof

By comparing D and D’ to the connected component of D N D’ with I on its bound-
ary, it suffices to consider the case where D’ C D.Let ¢ :D — D and ¢ : D — D’
be the corresponding conformal maps. We can factor ¢ = ¥ o £, where £ = ¢! 0 ¢.
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Then

(1=~ (2) =¥ (E((1— )" (2))E (1 —e)p~ ' (2)). (2.22)

By Schwarz reflection, £ extends to be analytic in a neighborhood of ¢~!(z), so
I€'((1 — €)¢~1(2))| is bounded above and below by positive constants for small .
Let y(€) = £((1 —€)¢p~1(2)). Note that y is a simple curve in D with y(0) = v~ 1(z)
and y'(0) = —£'(¢~1(2))¢ ! (z). Since £ maps a neighborhood of ¢p~1(z) in D into
oD, it follows that £'(¢~!(z)) is a real multiple of sgs:ll((zz))) = z:ll ((ZZ)) . Hence, y’(0)
is a real multiple of ¥~ 1(z). In particular, y is not tangent to D at ¥~ (z), so the

stated result follows from Lemma 2.12. O
We also record the analogue of Lemma 2.13 for the integral means spectrum.

LEMMA 2.14

Let D and D' be two bounded Jordan domains in C, and suppose that there exists
a connected boundary arc I shared by D and D'. Let ¢: D — D and : D — D’
be conformal maps. Let J' be a closed subset of the interior of I, and let J be a
closed subset of the interior of J'. For € > 0, let A¢ be the set of z € 0B1—¢(0) with
z/|z| € ¢71(J), and let A be the set of z € IB1—(0) with z/|z| € y~1(J). Then

lim sup log fAs I dz <limsup e IA/G verd:
€—0 —loge T >0 —loge .

(2.23)

Proof

Let & be the conformal map from a subdomain of D to a subdomain of D’ N D which
equals ! o ¢ wherever the latter is defined. By Schwarz reflection, £ extends to a
conformal map from a neighborhood of ¢~!(J’) to a neighborhood of ¥ ~1(J’). In
particular, |€’| < 1 on a neighborhood of ¢~1(J’), with implicit constants indepen-
dent of €. By a change of variables, for sufficiently small € > 0,

/A€|¢ (2)|" dz =< /Aé|w ()| " dz < /E(Aé)wf (w)|dw. (2.24)

Let pe be the radial projection from D onto dB;_(0). By the above application of
Schwarz reflection (and the fact that J is contained in the interior of J'), for suf-
ficiently small € > 0, we have that p. restricts to a diffeomorphism from &£(A¢) to
a subset 276 of A.. Furthermore, since |£'| < 1 on a neighborhood of ¥~1(J’), we
have |p.| < 1 on £ (A¢) for sufficiently small €, and by the Koebe distortion theorem,
[V (pe(w))] < |¥'(w)| for w € £(A¢) and sufficiently small €. Therefore, a second



1128 GWYNNE, MILLER, and SUN

change of variables yields

/ |y (w)| dw x/~ W’(z)|dz§/ |v/(2)|dz. (2.25)
§(4e) Ac Ae
We obtain (2.23) by combining (2.24) and (2.25). O

2.7. Zero-one laws

In this section we will prove that the multifractal spectrum and integral means spec-
trum of an SLE,(p) curve are almost surely deterministic and do not depend on p
or on which compTementary component of the curve we consider. These statements
will be used to conclude the proofs of our main results in Section 8 once we show
that the desired lower bounds on the quantities we are interested in hold with positive
probability for one specific type of SLE.

PROPOSITION 2.15

Let D C C be a smoothly bounded domain. Let k > 0, and let p be a vector of real
weights. Let 11 be a chordal SLE, (p) process in D, with any choice of initial and target
points and force points located anywhere in D, run up until the first time it either hits
an interior force point or hits the continuation threshold after which it is no longer
defined (see [37, Section 2.1]). Fix s € (—1,1). Almost surely, the following is true.
Let V be a connected component of D \ n or a connected component of D \ 1(]0,1])
foranyt >0, and let ¢ : D — V be a conformal map. The Hausdorff dimension of
each of the multifractal spectrum sets

@°(V)\ aD, O%=(V)\ dD, O%Z(V)\ aD,
O (V)\¢ (D),  O"=(V)\¢'(dD), and  OZ(V)\ ¢ '(3D)

from Section 1.1 is almost surely equal to a deterministic constant which depends only
on k and s. Furthermore, the almost sure Hausdorff dimensions of the corresponding
sets for k and 16/k are equal.

Proof

We will prove the proposition for the sets ®°(V') and o’ (V); the statements for the
sets with the < or > are proven similarly. By changing coordinates from D to H, it
suffices to prove the proposition with ®@%(V') and ®°* (V) replaced by

~ 1 / ]
(V) = {x €R: lim log|y’(x +ie)l = s} and
€—>

0 —loge
(2.26)

OF(V) =y (O(V))
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for ¥ : H— V a conformal map. This will be more convenient since we will be
working with chordal SLE,.

First consider the case where D = H, k < 4, and 7 is an ordinary SLE, process.
In this case, the statement of the proposition for a complementary connected compo-
nent V of H\ 7 follows from the statement for V' = H\ 5’ by Lemma 2.13 and the
countable stability of the Hausdorff dimension, so it suffices to prove the statement
with V' =H\ 5’ for a general choice of ¢ > 0. This will be deduced from the domain
Markov property.

By scale invariance the law of each Of(H \ n*) is independent of ¢. Since the
derivative of the conformal map f;/, is bounded above and below by positive (ran-
dom) constants in a neighborhood of each point of 7' \ 7/2, we infer that O H\
N\ 1'% = OHE\ fi2(n' \ n'?)).

Since conformal maps preserve the Hausdorff dimension of sets in the interior
of their domains and by Lemma 2.13, we thus have that the Hausdorff dimension of
each ®3(D \ ') is equal to the maximum of dimg % (H \ n/?) and dimy ©§,(H \
Sej2(nt \ 1n'/2)). These latter two sets are i.i.d. (by the Markov property of SLE),
and their Hausdorff dimensions agree in law with that of ®§(H \ n’) (by the scale
invariance property noted above). A random variable can be equal to the maximum
of two independent random variables with the same law as itself only if it is almost
surely constant.

To prove the analogous statement for o3 s (H\ n"), we observe that dim g o5 n(HN\
n') is the maximum of dimg f,~ (() H\n ) N 7*/2) and dimg VARG (H \ 7 ) \

n'/2). By the smoothness of the map f;/20 f,~! on f,/z(H\n’/z) and of £, onn’\
n'/2, respectively, these dimensions equal dim g f (@s (H\ 7'/2)) and dimg ( f; o
7 12 L@ H\ fi2(1" \ 1'/2))), respectively. By the Markov property these latter
two quantities are i.i.d., and we conclude as above.

The case when x <4 and p and D are arbitrary follows from the above case,
Lemma 2.13, and the local absolute continuity of the laws of SLE,(p) and SLE,
away from the boundary. The case for x > 4 follows from the statement for 16 Jk <4
together with Lemma 2.13 and SLE duality (see, e.g., [6], [37], [41], [64], [66]). O

For the proof of Corollary 1.9, we will also need the analogue of Proposition 2.15
for the integral means spectrum.

PROPOSITION 2.16

Suppose that we are in the setting of Proposition 2.15. Fix a € R. Almost surely, the
following is true. Let V be a complementary connected component of either D \ n or
of D\ 1! for any t > 0. Then IMS?}’“‘ (a) is equal to a deterministic constant which
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depends only on k and a. This deterministic constant is the same if we replace k with
16/x.

Proof
This is proven similarly to Proposition 2.15 but with Lemma 2.14 used in place of
Lemma 2.13. U

2.8. SLE stays close to a fixed curve with positive probability

Miller and Wu [46] prove several estimates which give that SLE, curves have a pos-
itive chance of staying in a small “tube” around a deterministic curve until getting
close to its end point. These estimates will be used frequently throughout the article,
so we restate these estimates here.

Suppose that p = (BL;BR) = (plL,...,pé;pée,...,pf) is a vector of [ + r
weights with pt, p® > —2, and let 1 be a chordal SLE, (p%; pR) from 0 to oo in
H with force point located at points le <-o<xb=0" and 0% = xB <. <xR
The following is [46, Lemma 2.3].

LEMMA 2.17

Lete >0, and let y : [0, T] — H be a deterministic simple curve started from 0 which
stays in H after time 0. Let A¢ be the e-neighborhood of y. Then with positive prob-
ability, n hits B<(y(T)) before exiting Ae.

We will also need the analogue of Lemma 2.17 for curves which hit the boundary,
which is [46, Lemma 2.5].

LEMMA 2.18

Suppose that k € {1,...,r — 1} with ﬁ,lf = Zf’:l pf € (k/2—4,k/2—2), so that
n can hit [x,f,x,irl]. Let y be a simple curve from 0 to a point in [x,f,x,ﬁrl] which
stays in H except at its end points. Let € > 0, and let A¢ be the e-neighborhood of
y. There exists p = p(€,p,k,y) > 0 such that the following is true. Suppose that
|x,§Jrl - x,§| > ¢ and |x,f;| <€ L. Let A be the e-neighborhood of y. Then with
probability at least p, n hits [x,?,x,f_i_l] before exiting Ae.

Remark 2.19

Lemma 2.18 can also be used to control the behavior of an SLE,(p) curve in a
bounded domain for all time, as follows. First we observe that the statement of Lemma
2.18 is also valid if the interval [x,f,x,fﬂ] is replaced by a single point which is
almost surely hit by 1, with the same proof as in [46]. Suppose now for concreteness
that we have changed coordinates to D in such a way that the start and end points of
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n are —i and i, respectively, and the vector of weights p is such that i almost surely
does not hit the continuation threshold in finite time (ana so is defined for all time). If
we let f : D — H be a conformal map taking —i to 0 and i to 1, then by Theorem 3
of [55], the law of f(n) is a certain SLE, (p’) from 0 to co in H, with force points
located at 1 and the images of the force poir?ts for 1 run until the almost surely finite
time at which it hits 1. By applying Lemma 2.18 to f(n), we infer that, for an appro-
priate choice of p, 1 has positive probability to stay in the e-neighborhood of a curve
from —i to i in D for all time.

3. One-point estimates for the inverse maps

In this section we will prove derivative estimates for the inverse centered Loewner
maps of a chordal SLE, process, which we state just below. Let k € (0,4]. Let n
be a chordal SLE, process from 0 to oo in H. Let (f;) be its centered Loewner
maps. Forze HwithImz =¢,u > 0,5 € (=1,1],¢>0,and r > 0, let ES*(z;t) =
ES¥(z;t,c,r) be the event that

cTlemstu < |(ft_1)’(z)| <ce ST and Im f;71(z) > 1. 3.1

THEOREM 3.1
Let ze HwithImz =€ € (0,1) and R™! <|Rez| < R for some R > 1. Define the
event ES¥(z;t) = E*"(z;t,c,r) as above, and define the exponents

(4 +w)%s?

_ (4460252 +s)
~ 8k(l+s)’ N

8ic(1+5)2 32

a(s) ao(s)
Also let G(fy, L) be the event of Definition 2.3. For each t,c,r > 0, each L € M,

each s € (—1,1], and each R > 1,
P(ES¥(z;1) N G(fy, b)) < €¥S)m00lu, (3.3)

Furthermore, for each r > 0, there exists t« = t«(r) > 0 such that, for each t > t, we
can find u = u(t,r) € M such that, for each c,u > 0, there exists €9 = €o(t,r,c,u) >
0 such that, for € € (0, €o),

P(ES¥(z;1) N G(fy, ) > ¥, (3.4)

In both (3.3) and (3.4), the implicit constants in < and > depend on the other param-
eters but not on €, and they are uniform for z € H with R™' < |Rez| < R.

Remark 3.2
The reason for the condition Im f,"!(z) > r in the definition of the event E**(z;1)
is because we are interested in the bulk of the curve, not the behavior near the starting
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point, so we want to eliminate contributions to P(c~1e ™5t < |(f;71)/(2)| < ce™7¥)
coming from the event that f,~1(z) is near 0. The purpose of the condition G( f;, j1)
is as explained in Section 2.2.1.

Remark 3.3

Estimates similar to Theorem 3.1 can be deduced in a somewhat more efficient man-
ner from the results in [50, Section 3] and those of [4]. In particular, [50, Lemma 3.3]
implies the upper bound (3.3) for a restricted range of parameter values, and an esti-
mate similar to (3.4) can be deduced from [50, Corollary 3.5]. Additionally, a version
of Theorem 3.1 for whole-plane SLE can be obtained using the moment estimates
of [4]. These estimates lead to almost sure upper bounds for the integral means spec-
trum of SLE and for the dimension of the set ©° (Dy) C oD (at least for certain param-
eter values) via arguments similar to those given in Sections 5.1 and 5.3. However,
these results do not include the additional regularity conditions on the event in the
lower bound of Theorem 3.1, so they do not lead to proofs of the lower bounds in
Theorem 1.1 and Corollary 1.9. Most of the work in the proof of Theorem 3.1 comes
from obtaining a lower bound with these regularity conditions.

The proof of Theorem 3.1 proceeds by way of a martingale reweighting argu-
ment. The upper bound (3.3), explained in Section 3.1, is straightforward, but the
lower bound is more involved. For this, one has to show that the event E%*(z;¢) N
G( f;, ) holds with uniformly positive probability under the law when we reweight
by our martingale. It is shown in Section 3.8 that the main derivative condition in (3.1)
holds with high probability under this weighted law using a coupling with the GFF
and a coordinate change trick reminiscent of arguments in [40, Section 8]. (We expect
that this can also be proven via a longer argument which does not involve the GFF,
but we do not carry out such an argument here.) To check that the auxiliary condi-
tions hold with uniformly positive reweighted probability, we use a rather involved
stochastic calculus argument which is mostly given in Appendix A.

3.1. Reverse SLE martingales and upper bound
Let (g;) be the centered Loewner maps of a reverse SLE, flow, so

2
dgt(Z)=—%dt—th, go(2) =z, 3.5)

for W; = /kB; and (B;) a standard linear Brownian motion. Our interest in (g;)
stems from the fact that if (f;) is as in Theorem 3.1, then g, 4 f;~1 for each  (see,

e.g., [50, Lemma 3.1]).
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Let K; = H\ g;(H) be the hulls corresponding to (g;). Since f,~! 4 g; for each
t, it is only a minor abuse of notation to replace ft_1 with g; in the definition of the
events of Theorem 3.1, and we do so in the remainder of this section.

3.1.1. Reverse SLE martingales
We state here a result originally due to Lawler [24, Proposition 2.1], but in a form
which is more convenient for our purposes.

LEMMA 3.4
Let k > 0. Let (g¢) be as above, p € R, z € H, and

(8+2k—p)p

2 .
M7 =lg@)| % (Img(2) 5 |g()]"". (3.6)

Then M7 is a martingale. Let PZ be the law of (g;) weighted by M?. The law of (g;)
under PZ is that of the centered Loewner maps of a reverse SLE,(p) with a force
point at z. That is, under the reweighted law,

dW, = —Re —— dt + \/k dB? 3.7)
g:(2)

for B} a PZ-Brownian motion.

Remark 3.5
The martingale (3.6) is the reverse SLE analogue of the local martingale of [55, Sec-
tion 5] in the case of a single force point.

3.1.2. Proof of the upper bound

In this subsection we will prove (3.3) of Theorem 3.1. We will actually prove some-
thing a little stronger which is needed to get an upper bound for the dimensions of the
sets ©%=(D,) and ®%=(D,) from Section I.1.

PROPOSITION 3.6

Let a(s) be as in (3.2), and let (g;) be the centered Loewner maps of a reverse SLE,
as above. Fix ¢,d > 0. For s € [0,1], atime t > 0, and z € HwithImz = € € (0, 1),
let

E*®(z;t) = E¥®(z;t,¢.d)

_ {{|g;(z>| =g @] =d ") ifs €[o.1],
llgi@ =ce™ g =d™} ifs€(=1.0).
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For any bounded stopping time t for (g;),
P(ES®(z;1)) < €*®, (3.8)

For any R > 1, the implicit constant in (3.8) is uniform for z € H with R™! <
|[Rez| < R.

The estimate (3.3) is immediate from Proposition 3.6 in the case in which s €
[0, 1]. To extract (3.3) from Proposition 3.6 in the case in which s € (—1,0), we
observe that Lemma 2.4 implies that diam K; is bounded by a constant depending
only on 7 and p on the event G(g; !, 11) (see the discussion following Definition 2.3).
For R™! < |Rez| < R, [23, (3.14)] then implies that |g,(z)| is bounded by a con-
stant depending only on 7, i1, and R on E**(z;1) N G(g; !, ). Thus, ES*(z;1) N
G(g; ', u) C EST%°°(z;t,¢,d) for a suitable choice of d.

Proof of Proposition 3.6
This is a standard martingale reweighting argument. Throughout, we fix R > 1 and
require all implicit constants to be uniform for z € H with Rl< |Rez| < R. Let

4+«)s

, 3.9
1+s (39)

p=p(s):=
and denote by PZ the law of (g;) reweighted by the martingale of Lemma 3.4 with
this choice of p. By the Loewner equation, Im g;(z) is bounded above by a constant
depending only on the essential supremum of 7. Therefore,
. —s(8+2«k—p)p
M; IES:OO(Z;T) > € 8k IES:OO(Z;T)' (3.10)

(We can replace the > with an < if we assume that Im g;(z) is bounded below and
|g:(2)| is bounded above.) Furthermore, if R~! <|Rez| < R, then

2
M§ <€ 8. 3.11)
Thus, the optional stopping theorem implies
—5(8+2k—p)p ) )
s UR(ET () < BT g ) < TIPSz 1).
Therefore,

s(8+2k—p)p _p?

P(E*®(z;r)) <€ 8 sPL(ET®(z:7)). (3.12)

The value of the exponent on the right is maximized by taking p = p(s), as in (3.9).
Choosing this value of p yields the upper bound (3.8). O
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3.2. Reduction of the lower bound to a result for a stopping time
Now we turn our attention to the lower bound (3.4) in Theorem 3.1. We continue to
assume that we have replaced f,~! with g; in the definition of the events of Theo-
rem 3.1, as in Section 3.1.

Let T be the first time ¢ that Im g;(z) > r, and fix a time 7 > 0. Put

=17 =T} AT, (3.13)
so that, up to an event of probability zero,
{r <7} ={Img.(z) = r} = {Imgz(z) = r}.

We claim that, to prove that (3.4) holds with 7 in place of ¢, and hence to finish the
proof of Theorem 3.1, it is enough to prove the following statement.

PROPOSITION 3.7

Let p = p(s) be as in (3.9). Let PZ be the law of a reverse SLE,(p) process (g:) with
hulls (K;), with an interior force point located at z € HwithImz = €. Let T = 1} be
as in (3.13). Define the events E*"(z;1) as in (3.1), but with (g;) in place of () and
the time t hull K, for (g;) in place of n*. For each R > 1 there exists ry > 0 such
that, for each r > ry, we can find L € M and t« > 0 such that for each u > 0 there
exists g > 0 such that, for each z € HwithImz = € < egand R~! <|Rez| < R and
each t > t,

PI(E(z;0)NG(g; ' w) = 1. (3.14)

Here the implicit constant is independent of € and uniform for z with R™! < |Rez| <
R (but may depend on r, R, u, t, u, and s).

We will prove Proposition 3.7 in subsequent sections. In the remainder of this
section we deduce Theorem 3.1 from Proposition 3.7. To lighten notation, in what
follows we write 7 = 7.

First we note that the probability of the event of Theorem 3.1 is decreasing in r, so
it suffices to prove (3.4) for r > r,, with r as in Proposition 3.7. Observe that |g.(2)]
is almost surely bounded above by a positive constant on the event E%*(z;7) N
9(g7 !, ) (see Section 3.1). By combining this with the definition of E**(z;7) we
see that

—(s+u)(8+2k—p)p

8 LgsuonGert -

M gsin g (et < €
By (3.11) and our choice (3.9) of p,

e@Oraoupz (ESU(2:0) N G(g7 ! w) < P(ESM(z;t) N G(gr ' w).  (3.15)
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Assuming that Proposition 3.7 holds, we see that (3.15) implies (3.4) with 7 in
place of ¢. To get the desired bound at the deterministic time #, for r > © let g,
be the conformal map defined on H which satisfies g.; o g = g;. By the strong
Markov property, the conditional law given {g; : ¢t < t} of the family of conformal
maps {g¢ y+r : U > 0} is the same as the law of the {g, : v > 0}. Forw € C, u’ € M,
and C > I, let F = F 7 (w: C, ') be the event that the following is true.

(1) C'<|g,(w)|<C foreacht € [r,7].

(2) G(gt_’?l , ;i) occurs.

If C is chosen sufficiently large and u’ € M is chosen sufficiently small, depending
on ¢ but uniform for w in compact subsets of H, then P(F) is at least a positive
constant depending uniformly on w in compact subsets of H. Furthermore, since we
have a bound on diam K, on the event E**(z;7) N G(g; ', ) (see Lemma 2.4), it
follows from the Markov property that

P(FNES(z;0)NG(g; ', ) = P(ES™(z;1) N G (g7t ).
On the other hand, the definition of F' implies that
FNE™z1)NG(g, ' ) CE¥™(z:1.¢/, r)NG(g; ' o ')

for some ¢’ > 0 depending on the other parameters. (Here we use that Im g, (z) is
increasing in ¢ for the condition involving r.) By making ¢ sufficiently small, we can
make ¢’ as small as we like. We conclude that (3.4) with 7 in place of ¢ implies (3.4)
with 7 in place of ¢.

Thus, to prove Theorem 3.1 it remains to prove Proposition 3.7. The proof is
separated into two major steps. First, we prove that the derivative condition in the
definition of E5%(z) holds at time t with PZ-probability tending to 1 as € = Imz —
0. This is done in Section 3.3 via a coupling with a GFF. Then we prove that PZ ({t <
7} N G(g !, 1)) is uniformly positive for sufficiently small u and sufficiently large 7.
This is done in Appendix A via a stochastic calculus argument.

3.3. Derivative estimate via reverse SLE/GFF coupling

Assume we are in the setting of Proposition 3.7. In this subsection we will prove
that | g2 (z)| ~ € ~* with high probability under PZ. Throughout this subsection, we fix
R>1,¢>0,r>0,u€M,7>0,and z € Hwith Imz = ¢ and require all implicit
constants to be independent of € and uniform for R~ < |Rez| < R and all 0¢(1)
errors to be uniform for R~ < |Rez| < R. These quantities are, however, allowed to
dependon R, ¢, r, i, 1, s, and u.
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PROPOSITION 3.8
In the setting of Proposition 3.7,

P({lgr(@)| ¢ lc e ce M} NGg ' ) N{T <T}) = 0e(1).  (3.16)

We prove Proposition 3.8 using a coupling with a GFFE. (We expect that one could
also do this without using the GFF—perhaps via a longer argument.)

Let & be a free-boundary GFF on H, independent of (g;), normalized so that its
harmonic part h vanishes at iy for some y > 0 (which we will specify below in such
a way that it depends on 7, but not on ¢€). Let Py, be the law of 4. For ¢ > 0 let

2
hi=hog + ﬁlogigt(-n + ﬁc(gmz),gz(-)), (3.17)

where
G(x,y):=—log|x — y| —log|x — y|

is the Green’s function on H with Neumann boundary conditions.
Let 7 be as in (3.13). By [58, Theorem 2.5], h; + Q log|g’| 4 ho, modulo an

additive constant, where Q = % + 4 isasin (2.14). Let b, be this additive constant,
SO

he + Qlog|gh| —be £ ho. (3.18)

The idea of the proof of (3.7) is to estimate the terms other than log |g| in (3.18) and
thereby obtain an estimate for |g.| (see the proof of [40, Theorem 8.1] for another
argument using a similar idea).

Let

ho = hy + Qlog|gL| — be (3.19)

so that, by (3.18), ’i?o 4 ho. Rearranging the definition of ’}70 gives

0 10g|g',(w)} = ho —he + by
|w|
|gz(w)]

~ 2
=h—hogt+ﬁlog

p lgz(w) — g<(2)]
+ 2\/E(lo
+ by, (3.20)

+ log lg<(w) _§1(2)|)
|lw— z| |lw—Z|

where 71 is a field with the same law as h and we use w instead of - as a dummy
variable. Since all of the non-GFF terms in (3.20) are harmonic away from z, the
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equation still holds for w # z if we replace 7 and ho g, with the circle average
processes he and (h o g;), for these two fields. We will use (3.20) to estimate b, and
then to estimate |g7(z)|.

LEMMA 3.9
Let £ > 1/2. If y is chosen sufficiently large (independently of € and uniform for
R™! <|Rez| < R), then

(P @ Pp)({1bc] > (loge )5} NG g7 . ) N{z <T)) =0e(D).  (3.21)

Proof
If we replace the GFF terms with circle averages in (3.20) and evaluate at w =iy, we
get

2
1 =, hog,
Qlog|gL(iy)| = he(iy) — (hog)e(iy) + — f Igr(zy)l
P g2 (iy) — g:(2)] g2 (iy) — g:(2)|
+ 2ﬁ<log iz e T )
+ be. (3.22)

By Lemma 2.4, diam K; < 1 on G(g;', ). By [23, Proposition 3.46], Im g, (iy) <
|g(iy)] < 1 on G(g;!, 11). By the Koebe quarter theorem we also have |g%(iy)| < 1
on G(g; ', ) provided that y is chosen sufficiently large, depending only on w, 7,
and R. Hence each of the terms in (3.22) except for b, and the two circle averages is
= 1 on G(g;', u) N{r <7} (implicit constants also depending on y) if y is chosen
sufficiently large, depending only on p, #, and R. By Lemma 2.10, for £ > 1/2,

(P2 @ Pp) (|he(iy) — (h 0 g2)e(iy)| > (loge)f) = o (1).

Note that we took A = @ in that lemma to estimate z;(i y) and we took A = K, and
used that K, is independent of % to estimate (% o g;)¢(iy). By rearranging (3.22) we
conclude. O

Proof of Proposition 3.8
Since the circle average process is continuous (see [ 18, Proposition 3.1]), we can take
the limit as w — z in (3.20) to get

0 log|g,(2)] = he(2) = (h o ge)e(2) + 5_10g|gt(z)| —L[loge

2 12|
+ —log +— I T + b,. 3.23
i ol t e oelime )] 629
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Since we have a uniform upper bound on diam K, on the event G(g; 1 ) and
Im g, (z) = r on the event {t < ¢}, the absolute value of the sum of the fifth and sixth
terms on the right-hand side of (3.23) is < 1 on G(g; ', u) N {z <7}.

By Lemma 2.10 (applied as in the proof of Lemma 3.9), for any & > 1/2,

(P2 @ Pp)([he(2) — (h o g)e(2)| = (loge™)E) = 0c(1).

By Lemma 3.9, the probability that the last term in (3.23) is at least (log€) 1/2 and
G(g7 ', ) N{r <7} occurs is of order o¢(1). Hence, except on an event of PZ @ Pj,-
probability of order 0¢(1), on the event G(g; 1, ) N {t <7} it holds that

Qlog|g.(z)| = loge ! + oc(loge™).

lo )|+ —=
5 f gler()| + 5 \/_
Rearranging, we get that, except on an event of PZ ® P,-probability of order o¢(1),
on the event G(g; !, n) N {r <1},

P

mloge_1 + oc(loge™ ). (3.24)

log|gL(2)| =

With p as in (3.9),

_pr
kK+4—p

so integrating out Py, yields (3.16). ([

3.4. Proof of Proposition 3.7

In light of Proposition 3.8, to prove Proposition 3.7 and hence Theorem 3.1, it remains
to prove that PZ(G(g; !, 1) N {r <17}) is uniformly positive. In particular, we will
prove the following.

PROPOSITION 3.10

Let (g;) be as in (3.5), and let (K;) be the associated hulls. Let z € H. For r > Imz
let T7 be the first time t that Img,(z) =r. Let p € (—00,k/2 + 2), and let PZ be
the law of (g;) weighted by M*?, as in Lemma 3.4. For any given R > 1, there exists
r« > 0 such that, for each r > ry, we can find i € M, t« >0, €9 > 0, and p > 0 such
that, for z e Hwith |Rez| < R and Imz < €,

PI({T7 <t} N G(gri. W) = p- (3.25)

The proof of Proposition 3.10 is given in Appendix A. In the remainder of this
section, we use Proposition 3.10 to conclude the proof of Proposition 3.7 and hence
(recall Section 3.2) the proof of Theorem 3.1.
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Proof of Proposition 3.7

Fix R > 1 and ¢ > 0. Let r« > 0 be as in Proposition 3.10 for this choice of R.
Given r > ry, let pu € M, 7 >0, €9 > 0, and p > 0 be as in Proposition 3.10, so
that (3.25) holds. Given 7 > t,, let T be as in (3.13). By Proposition 3.8, we can find
66 € (0, €] (depending on ¢, R, t, r, i, s, and u) such that, whenever z € H with
R7!' <|Rez|<RandImz =€ € (0,¢p],

Pi({[e:@)| ¢l e ™ ce ™™ NGgr ) N{z <1}) < p/2.

If 77 <t« <7, then v <7 and Img.(z) > r. By (3.25), it follows that, for such a
choice of z,

PI(E*™(zi1)NG(g; ' ) = p/2. O

3.5. Estimates for chordal SLE in the disk

In the rest of this article, we will work mostly in the unit disk D rather than in the
upper half-plane H. In this brief subsection we make some trivial remarks about how
Theorem 3.1 generalizes to this setting.

Suppose that 7 is a chordal SLE, from —i to i in D. Let ¢ : D — H be the
conformal map taking —i to 0 and i to co and having positive real derivative at 0.
Suppose that 7 is parameterized in such a way that ¥ (1) is parameterized by half-
plane capacity. For each time ¢ > 0, let

fi:D\n' =D
be defined so that ¥ o f; o~ ! is the time ¢ centered forward Loewner map for ¥ (7).

For s € (—1,1),u >0,z €D with 1 —|z| =€, and t,¢,d > 0, let Ep"(z;1) =
Ep"(z:t,c,d) be the event that

st < |(ft—1)’(z)| < s and ft_l(Z) € B4(0).

Then in this context Theorem 3.1 reads as follows.

COROLLARY 3.11 (Theorem 3.1 for the disk)

Suppose that we are in the setting described just above. Let § > 0, and let z € D with
|z —il,|z+i|>68 and 1 — |z| = €. Define the events §(-) as in Definition 2.5. For
eacht,c,d,§ >0, each s € (—1,1], and each L € M,

P(Ep"(z:0) N6 (f;, p)) < @700, (3.26)

Furthermore, there exists t« > 0 such that, for each t > t, we can find p € M and
d € (0,1) such that, for each ¢ > 0 and each u > 0, there exists €y > 0 such that, for
€ € (0, €0,

P(EN“(z:) NG (fr. ) = @O Feon, (3.27)
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In both (3.26) and (3.27), the implicit constants in < and > depend on the other
parameters but not on €, and they are uniform for z € D with |z —i|, |z +i| = 6.

Proof
This is immediate from Theorem 3.1 and a coordinate change. Note that we use
Lemma 2.4 to obtain a d € (0, 1), depending on u, such that (3.27) holds. O

4. One-point estimates for the forward maps

4.1. Statement of the estimates

In this section we transfer the estimates of Theorem 3.1 to estimates for certain
“infinite-time” forward Loewner maps, which we will define shortly. We work in
the setting of D, rather than H, as this setting will be more convenient for our two-
point estimates. We emphasize that, in contrast to Section 3, all of the Loewner maps
considered in this section go in the forward, rather than the reverse, direction.

We start by defining the events whose probabilities we will estimate. Let x,y €
dD be distinct, and let m be the midpoint of the counterclockwise arc connecting x
and y in dD. Suppose that we are given a simple curve 1 in D connecting x and
y. Let D, be the connected component of D \ 7 containing m on its boundary. Let
WV, : Dy — D be the unique conformal map taking x to —i, y to i, and m to 1. For
seR,u>0,€e>0,c>1,and z €D, let &2*(n, z; ¢) be the event that
(D z € Dy;

(2)  ctel™5 < dist(z,0Dy) < ce!™57¥; and
3) cletr< |7 (2)] < ces™.

For technical reasons it will also be convenient to consider the counterclockwise
arc of dD from y to x. We denote by m™ the midpoint of this arc. Let D} be the
connected component of D \ 7 containing m™ on its boundary, and let W, : D)7 — D
be the unique conformal map taking x to i, taking y to —i, and taking m™~ to —1 (see
Figure 5 for an illustration).

THEOREM 4.1

Suppose that k € (0,4] and n is a chordal SLE, from x to y in dD. Also, let s €
(=1,1). Define the domains Dy and D, and the event &5"(n,z;c) as above. With
a(s) and ag(s) as in (3.2), define

o (4 +n)%s?
y(s).-a(s)—ZS—f—l—m—lv-l-l, (41)
24 +k)%s(2+ ) .

Yo(s) :=2ao(s) +2 = Sk(1 1 9)2
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Figure 5. An illustration of the domains and maps used in Theorem 4.1.

Also define the events § (-, i) as in Definition 2.5. For each d € (0,1), u € M, ¢ > 0,
and z € B4 (0),

P(E5"(n,2:¢) NG (W, ) NG (F;), ) < €700, 4.2)

Furthermore, for each d € (0,1) there exists 1 € M such that for each ¢ > 0 and
u > 0 we can find €y > 0 such that, for each € € (0, €g] and each z € B4 (0),

P(E5"(.2:¢) NG (W, 1) NG(T;, ) > ¥ D70l (4.3)

In (4.2) and (4.3) the implicit constants are independent of € and uniform for z €
B;(0) and for |x — y| bounded below by a positive constant.

The proof of Theorem 4.1 proceeds as follows. First we use Theorem 3.1 and a
change of variables to prove estimates for the area of the sets where certain finite-
time analogues of the sets of Theorem 4.1 occur. This is done in Section 4.2. This
subsection also contains a result which allows us to extend the estimate for determin-
istic times to estimates for certain stopping times, which will be needed in the sequel.
Then, in Section 4.3, we prove several lemmas comparing finite-time and infinite-time
maps and use these lemmas to obtain estimates for the area of the set of points where
the events of Theorem 4.1 occur. Finally, we complete the proof of Theorem 4.1 in
Section 4.4 by proving a lemma which gives that the probabilities of the events of
Theorem 4.1 do not depend too strongly on z, so that pointwise estimates can be
deduced from area estimates. In Section 4.5 we deduce an analogue of Theorem 4.1
for the curve stopped at a finite time.

4.2. Area estimates and stopping estimates for finite-time maps
In this section we will prove estimates for the expected area of the set of points where
finite-time analogues of the events of Theorem 4.1 occur. We will also prove a result
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which allows us to compare probabilities for events at stopping times whose differ-
ence is bounded. Suppose that we are in the setting of Theorem 4.1.

Definition 4.2

Let 1 be a chordal SLE, from —i to i in D. Define its forward centered Loewner maps
(f;) asin Section 3.5. For t,€,u,8,c¢ >0,s € (—1,1),and z € D, let EZ*(n, 2,8, ¢)
be the event that the following hold.

(]) c—les-‘ru < |f;/(Z)| < ceSH,

(2) et < dist(z, ') < celTSTH,

3) | fi(z) —i]| and | f;(z) + i| are both at least §.

Let A" (n;t,8,¢) be the set of z € D for which EZ" (1, z; 1,8, ¢) occurs.

LEMMA 4.3

Suppose that we are in the setting of Theorem 4.1 with x = —i and y =i. Fix § >
0. Define the sets AZ™(n;t,8,¢) as in Definition 4.2 and the events §(f;, 1) as in
Definition 2.5. For any choice of parameters t,c, L and any d € (0, 1),

E[Area(AS" (n;1,8,¢) N Ba(0))1g(s, ] < €7 7v0 4.4)

with the implicit constants independent of € and uniform for z € B;(0). Moreover,
there exists t, > 0 such that, for each t > ty, there exist jp € M and d € (0, 1) such
that, for each ¢ > 0 and each u > 0, there exists €9 > 0 such that, for € € (0, €¢],

E[Area(A5" (n;,8,¢) N By (0))1g(s, 0] = €/ O Fro@h (4.5)

with the implicit constants independent of € and uniform for z € B;(0).

Proof
This will follow by integrating the estimate of Corollary 3.11 and performing a change
of variables. Let AS" = A%¥"(n;1,8,c,d) be the set of z € D such that
(1) et <1—|z[ <ce!'™;
(2) |z —i|and |z + i| are each at least §;
3) the event Els);" (z;t,c,d) of Section 3.5 occurs.
By (3.26) in Corollary 3.11, if the first two conditions in the definition of A%
hold for some z € D, then

P(E}"(z;t,c,d) NG (fy, 1)) < 270l
By integrating this over all such z, we get

E[Area( A$")1g s, ] < X F17 @@+, (4.6)
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Similarly, suppose that ¢, d, i, and €y are chosen so that (3.27) in Corollary 3.11
holds. Then for € € (0, €],

E[Area( AS")1g (s, ] = @I @0@+Dx, (4.7)

By the change-of-variables formula,
Area(AY" (n;1,8,¢) N B4(0)) = / _ |(f;1)’(z);2 dz. (4.8)
S (AE" (n;1,8,6)NB4(0))
The Koebe quarter theorem implies

ASM2(;1,8,¢" d) C fi(AS*(:1,8,¢) N By (0)) C AS* (n;1.8.¢”".d)

for appropriate ¢’,¢” > 0, depending only on c. Thus, (4.6) implies (4.4). Simi-
larly, (4.7) implies (4.5). O

In the remainder of this subsection we record a straightforward estimate which
allows us to transfer estimates between stopping times and deterministic times.

LEMMA 4.4

Let 1 be a chordal SLE,. from —i to i in D with centered Loewner maps ( f;). Let 7,7’
be stopping times for 1, and suppose that there is a deterministic time T > 0 such
that almost surely t <t <T. Forany ¢ >0, u € M, and § > 0, we can find ¢’ > 0,
8’ >0, and w' € M such that, for each u > 0, there is an €y = €o(u, ¢, jt,8) > 0 such
that, for each z € D and each € € (0, €p],

P(EZ"(n.z:t.8,¢c) NG (fr. ) 2 P(ES (. 2:7".8'. ) NG(fr. 1)), (49

with the implicit constant uniform for z in compact subsets of D and independent of €.

Proof

Let H be the event that the SLE, curve f;(n\ n®) stays in the tube {z € D : —§/100 <
Rez <4§/100} until time 7. By Lemma 2.17 and the strong Markov property, P(H |
n*) > 1, with deterministic implicit constant depending only on §. On the other hand,
if € is sufficiently small relative to § (so that f;(z) is within distance §/100 of dD on
EZ"(n,z:1,8,¢) N E(fr. 1), say), then f;(z) lies at distance at least §/2 from this
tube on the event E2¥(n,z;1,8,¢) & (f¢, ). Since T/ — 1 < T, it follows easily that

EX"(n,z;1,8,¢0) NG (fr,p) NH CES*(n,z:7",8,¢) N G(frr, i)
for appropriate ¢’, §’, and u’ as in the statement of the lemma. Thus,
P(ES"(n,z:7.8 .Y NG(for. ) | EZ* (. 2:1.8.0) NG (fr. ) = 1,

so (4.9) holds. O
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4.3. Comparison lemmas

In this section we prove several lemmas comparing probabilities of sets associated
with the finite-time Loewner maps to probabilities of sets associated with the infinite-
time Loewner maps of Theorem 4.1, and we use these results to estimate the area
of the set where the event of Theorem 4.1 occurs. The next lemma is needed for the
proof of the lower bound in Theorem 4. 1.

LEMMA 4.5

Suppose that we are in the setting of Theorem 4.1 with x = —i and y =i. Fix d €
(0,1). Foreach § >0, u € M, and ¢ > 0, there exist f’ € M and ¢’ > 0 such that, for
each u > 0, there exists g = €o(c, ¢’ ,u,8, o, 1',d) > 0 such that, for z € B;(0) and
€ € (0, €0,

P(EX"(n.z:c) NG (Wy, 1) NE (Y, 1))
= P(ES*(n.z:1.8,¢) N{Re fi(2) = 0} NG (S, ). (4.10)

with implicit constants independent of € and uniform for z € B4(0).

Proof

The idea of the proof is that if we condition on the event on the right side of (4.10),
then with uniformly positive conditional probability the curve 7|[;,o0) Will behave
nicely and hence the event on the left-hand side in (4.10) will also occur. (This is
similar to the idea of the proof of Lemma 4.4, but slightly more involved since we
have to go all the way to time c0.)

To explain this formally, let f; : D\ n* — D be the centered forward Loewner
maps for n as in Section 4.2. For ¢ > 0, let n; = f;(1|[r,00))- Also let D; be the
connected component of D \ 7, containing 1 on its boundary, and let D, be the other
connected component of D\ n;. Let ¥, : D; — D (resp., ¥ : D; — D) be the unique
conformal maps fixing —i,i, 1 (resp., —i, i, —1). Let b; (resp., b,”) be the image of the
right (resp., left) side of —i under f;. Finally, let ¥, (resp., ¥, ) be the conformal
automorphism of D fixing i, taking W, (b;) to —i, and taking W,( f;(1)) to 1 (resp.,
fixing i, taking W, (b;) to —i, and taking W, ( f;(—1)) to —1). Then for each ¢,

W, =vy;oW; 0 f, v, =y, oV o f. 4.11)

Moreover, (¥;,¥;) and f; are independent and ¥, 4 W, ¥ 4 W, (see Figure 6
for an illustration of some of these maps).

For C > 1, it/ € M, and w € D, let F(w) = F(w;t,C, ') be the event that
we Dy, C™! < W) (w)| < C, dist(w, ;) = dist(w, ID), and §(¥;, u') NG (Y, , 1)
occurs. By Lemma 2.17, for each § > 0, we can find C > 1 and u’ € M such that,
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Figure 6. An illustration of the maps used in the proof of Lemma 4.5 for the right side of D. The

marked boundary points are the images of —i,7, and 1 under the various maps. The last map ¥,

takes these points back to their original positions so that by composing all three maps we recover
the original map W¥y.

for each w € D lying at distance at least § from £i with Rew > 0, we have that
P(F(w)) > 1, with the implicit constant independent of ¢ and uniform for w satisfy-
ing the conditions above.

If we let

F*(z) 1= EZ"(n.2:1,8,¢) N {Re f1(2) = 0} NG (fr. ) N F(£i(2)),
then by the independence of f; and 7, and our choice of parameters for F(-),
P(F*(z)) < P(EZ"(n,z;1,8,¢) N {Re fi(z) = 0} N G(fi. ). (4.12)

By the “§” condition in the definition of F(f;(z)), we have that || and |(y,”)’| are
bounded above and below by positive e-independent constants on the event F*(z).
Hence it follows from (4.11) that F*(z) C €™ (n,z:¢') N §(Wy, ") N E(V, , 1t")
for some ¢’ > 0 and some u” € M which do not depend on € and are uniform for
z € B;(0). By combining this with (4.12) we get (4.10) (with " in place of ©’). O

Our next lemma is needed for the proof of the upper bound in Theorem 4.1. The
proof in this case is much more involved than the proof of Lemma 4.5. Intuitively, the
reason for this is that it is easy to construct a full SLE curve which contains a given
segment of an SLE curve run up to finite time (just grow the rest of the curve), but
it is harder to construct an SLE run up to a finite time which has nice behavior and
contains a conformal image of a given full SLE curve. (One has to use reversibility
and define appropriate regularity conditions for an SLE and its time reversal in order
to successfully “splice in” the given full SLE curve.)
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LEMMA 4.6

Suppose that we are in the setting of Theorem 4.1 with x = —i and y =i. Fixd €
(0,1). There is a 8 > 0 such that, for each ;1 € M and ¢ > 0, there exist ' € M and
¢’ > 0 such that, for each u > 0, there exist €y > 0 and a bounded stopping time T for
n such that, for each z € By (0) and each € € (0, €],

P(E°(n,z:¢) NG (Wy, 1) NG (V. 1))
<P(EZ"(z;7.8.¢)NE(fe. 1)) (4.13)

with the implicit constants independent of € and uniform for z € B;(0).

Proof
Suppose that &% (1, z;¢) NG (Wy, w) NG (Y, , 1) occurs. We will prove the lemma

by growing some more of the curve out from —i and i to get a new curve 'ﬁi n with
the property that EZ"(7,z;1,8,¢’) N §(fy, ') occurs for an appropriate bounded
stopping time 7 and the derivatives of the conformal maps associated with 77* and
with 7 at z are comparable.
To this end, let o be a chordal SLE, from —i to i in D, independent of 1. Let 7,
be its time reversal. Then 7, has the law of a chordal SLE, from i to —i (see [65]).
Fix parameters 8¢, C, 8,¢,r,a > 0 and po € M, and suppose that { < 1 —d. Let P
be the event that the following is true. _
(1)  Let T be the first time 7, gets within distance e of z. Then T < 0o, and 7}
is disjoint from (D \ H) U By /,(1).
(2) Foreacht>0,let ¢, :D\ (5 U ﬁg; ) be the unique conformal map fixing
z and taking 7,(7) to i. Let T be the first time ¢ that ¢, (0(t)) = —i and
In0(t) —z| <2¢™#.Then T < 00, and n¥ is disjoint from (D N H) U By /»(1).
(3)  Henceforth, put ¢ = ¢7. We have C~! < [(¢p71)'(w)| < C for each w €
B(1+d)/2(0).
(4)  Wehave ¢~ (Bs,(=i) U Bs, (i) U B1—(0)) C B(1-a)2(2). B
(5)  Let o be the last exit time of 77, from B¢ (i) before time 7. Then 77§ C Ba¢ (i).
(6) Let

K :=nd UTo([0.T]) U Ba—ay2(2). (4.14)

The harmonic measure from i of each side of K N B(1_4)/2(i) and each side
of K N B(1—q)/2(—i) in the Schwarz reflection of D \ K across [—1, 1]sp is at
least a.
@) 9’ (K, j1p) occurs (Definition 2.6).
See Figure 7 for an illustration of the event P. In what follows, all implicit con-
stants are required to depend only on u, d, and the parameters for P.
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Figure 7. An illustration of the event P and the curve 7] used in the proof of Lemma 4.6. The
marked boundary points on the right-hand side of the figure other than the end points of 7 are the
image of —i, 7, and 1, which are the marked boundary points on the left-hand side of the figure.

First we will argue that, for any choice of the parameters d, ¢, and r, we can
choose the other parameters for P in such a way that P(P) > 1. It follows from
Lemma 2.17 and reversibility of SLE that conditions (1), (2), and (5) hold with posi-
tive probability depending only on S, ¢, and d. By the Koebe growth theorem, if g is
chosen sufficiently large (depending on r and d) and §q is chosen sufficiently small
(depending only on d), then condition (4) also holds simultaneously with positive
probability depending only on 8, ¢, d, 8¢, and r. By choosing C sufficiently large
and a and p sufficiently small (see Lemma 2.7), depending only on d and the other
parameters for P, we can arrange that the remaining conditions in the definition of P
hold with probability arbitrarily close to 1. Thus P(P) > 1. _

Let 77 = 7o on the event that P does not occur. On P, let 7= ¢~ (n) Unl U 7,
parameterized in such a way that its image under the conformal map from D to H
taking —i to 0, i to oo, and O to i is parameterized by capacity. By the Markov
property and reversibility of SLE, 77 has the same law as 7. Let (ﬁ) be the centered
Loewner maps for 7. Let

€=8(n.zic) N G(Wy. ) N F(¥, , 0) N P.

Let 7 be the hitting time of B¢ (i) by 7. Then 7 is a bounded stopping time for 7.
Furthermore, if we choose ¢ sufficiently small relative to d (independently of ¢), then
on the event & we have 7\ 7° = 7jJ, with & as in condition (5) in the definition
of P.
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We claim that if the parameters for P are chosen appropriately (independently of
€ and z € B4(0)), then for sufficiently small € > 0,

€ C E¥(7,2:7,8,5) N §( fo. TD) 4.15)

for some 1 € M depending only on d and some ¢ > 0, depending only on d, u, c,
and the parameters for P. Given the claim (4.15), our desired result (4.13) follows by
taking probabilities and noting that P is independent of 7.

By condition 4 in the definition of P, on the event € we have 7t C K, as
in (4.14), provided that  is chosen sufficiently small, depending only on w and &y. By
condition 7 in the definition of P and Lemma 2.8, we can find it € M depending only
on i, d, and the parameters for P such that €cC g( ]7;, 11). By condition (6) in the
definition of P, we can find § > 0 depending only on a such that f;(z) lies at distance
at least § from =i on &. That is, condition (3) in the definition of E5™ (7.2;1,8.,7)
holds on &.

By condition (3) in the definition of P, we have dist(z,7) =< dist(z,n) on P. It
therefore follows that condition (1) in the definition of EZ**(7,z;7,8,7) holds on 3
for some ¢ < 1.

It remains to show that condition (1) in the definition of E? M (7,2;7,8,¢) holds
on & provided that ¢ < 1 is chosen sufficiently large. It is enough to show |]7;’(2)| =
|W7,(2)| on €. We will do this in two stages. Let W be as in Section 4.1 with 77 in
place of 7. liirst we will show that [W; (z)| =< [W#(z)], and then we will show that
W52 <172

For the first stage, let g be the conformal automorphism of D taking ¥, (¢ (—i 1))
to —i, Wy(¢(i7)) toi,and W, (4(1)) to 1. Then

Vr=goW,o0¢. (4.16)

By condition (7) in the definition of P, together with the definition of g, lg'| <1
uniformly on D on g, so by condition (3) in the definition of P, we have |‘~IJ%(Z)| =
W/ (z)| on €.

For the second stage, let W5+ be the conformal map from D \ 77* to D taking
—iT to —i and fixing i and 1. Then Wy~ differs from ]7; by a conformal auto-
morphism of D taking f;(—iJr) to —i and ]7;(1) to 1. Since ﬁ(ﬁ,ﬁ) holds on
€,

W2 (2)| = | fL(2))- (4.17)

Let I be the arc of dD of length ¢ centered at 1. By condition (7) in the defi-
nition of P (see Remark B.2), the lengths of W5(/) and W5 (/) are > 1 on €. By
conditions (1), (4), and (5) in the definition of P and a study of the harmonic measure
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from 1 in the Schwarz reflection of Dy, the distances from W5(z) to W5(/) and from
W5z (z) to W7 (1) are > 1 on & provided that ¢ is chosen sufficiently small relative
to d. By Lemma B.1, it holds on & that

hm?(I; Dy)
dist(z,7)

hm*(7; D\ 7")

! ~
|qjﬁ(z)| - dist(z,77)

and |Wie (2)| < (4.18)
By the conformal invariance of the harmonic measure, hm?(7; D7) is the same as
the probability that a Brownian motion started from W5+ (z) exits D in W5+ (1) before
hitting W5+ (7([r, 00))). By conditions (5) and (6) in the definition of P, if ¢ is chosen
sufficiently small, independently of €, then on €, the distance from W5z (1([r, 00))) to
Wz (z) U W5 (1) is at least a deterministic e-independent constant; and the diameter
of W5+ (7([r, 00))) is smaller than 1/100 times this constant. (Here we again use the
harmonic measure from 1.) Therefore, the probability that a Brownian motion started
from W+ () exits D in W5+ (1) before hitting W5+ (7([z, 00))) is proportional to the
probability that a Brownian motion started from W5 (z) exits D in W5< (1). That is,
hm?(7; D) < hm?(/;D\7*) on €. By combining this with (4.17) and (4.18), we
conclude. O

Now we can transfer our area estimates for the finite-time sets to area estimates
for the infinite-time sets.

LEMMA 4.7

Suppose that we are in the setting of Theorem 4.1 with x = —i and y = i. Let
At (n,c) be the set of z € D for which & (n,z;¢) occurs. For each d € (0,1),
each p € M, and each ¢ > 0,

E(Area(AS" (:¢) N B4 (0) 1w, wngw; w) < €& 7706, (4.19)

Furthermore, there exists d € (0, 1) such that, for each ¢ > 0, there exist 4 € M and
€0 > 0 such that, for each € € (0, €¢],

E(Area(AS*(1:¢) N Bg(0)1g(w, gy ) = €O H700%, (4.20)
In both (4.19) and (4.20) the implicit constants depend on the other parameters but
not on €.
Proof

The relation (4.19) follows by integrating the estimate from Lemma 4.6 over B, (0),
applying Lemma 4.4 to replace the stopping time t with a deterministic time, and
then applying (4.4) from Lemma 4.3. The relation (4.20) similarly follows from
Lemma 4.5. O
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4.4. Proof of Theorem 4.1

To deduce Theorem 4.1 from the area estimate of Lemma 4.7, we need to argue that
the probabilities of the events of Theorem 4.1 do not depend too strongly on z. This
is accomplished in the next lemma.

LEMMA 4.8

Suppose that we are in the setting of Theorem 4.1 with x = —i, y =1i. Fixd € (0,1).
For any i € M and ¢ > 0, we can find (' € M and ¢’ > 0 such that, for each z,w €
By (0) and € € (0, 1),

P(E5" (N wic) NG (Wy, 1) NG (Y, . 1))
< P(Sg;” (n,z;¢ YN &Py, 1) N 5(v,, u/)) 4.21)

with implicit constants independent of € and uniform in B;(0).

Proof

The basic idea of the proof is as follows. First we apply a conformal map taking z to
w and fixing —i . The image of 1 under such a map will be an SLE, with a new target
point b. To compare such a curve to our original curve, we grow a carefully chosen
segment of the new curve backward from b in such a way that, when we map back
to D, we get a chordal SLE, from —i to i. We now commence with the details.

For z,w € B;(0), let ¢ = ¢, 4, : D — D be the unique conformal map fixing —i
and taking z to w. Let b := ¢ (i) and 1° = ¢ (1). The law of 7® is that of a chordal
SLE, process from —i to b in D.

The map ¢ depends continuously on z and w in the topology of uniform conver-
gence on compact subsets of D. It follows that for any i € M we can find a determin-
istic constant ¢’ > 0 depending only on ¢, i, and d (linearly on ¢) and a deterministic
u' € M depending only on u and d such that, for z, w € By (0),

EX (" wie) NG (Yo, ) NG (Y, 1)
CEMn.zid)NG(Wy, u) NGV, 1) (4.22)

Let ﬁb be the time reversal of 7?. Then ﬁb is a chordal SLE, from b to —i in D
(see [65]). We give ﬁb the usual chordal parameterization, so that it is the conformal
image of a chordal SLE,. parameterized by capacity from 0 to oo in H. For each ¢ > 0,
letg, :D\ 72([0,¢]) — D be the unique conformal map fixing —i and w. Let 7 be the
first time ¢ that g, (7 (1) =1i.

Fix /Lb € M, and let Fb be the event that 7 is less than or equal to the first time #
that ﬁb hits B+ (0), where

. | .
d*:=1- 2 Z,wg};fd(o) dist(¢z,w (B4 (0)), D),
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Figure 8. An illustration of the maps used in the proof of Lemma 4.8 on the event Eb.

and the event (g, w?) occurs. By Lemma 2.17, if u? is chosen sufficiently small,
then P(Fb) is a positive constant depending only on pr and B;(0).

By the Markov property, conditional on Fb, the law of Et(ﬁb |[r,00)) is that of a
chordal SLE,, process from i to —i in D. Therefore, its time reversal 7 := El; (Ml[o.207)s
where % is the time corresponding to 7 under the time reversal, has the law of a

chordal SLE, from —i to i in D. In particular, ﬁi n.

Define the open sets D, », Dy and the maps W, », W5 as in Section 4.1 with n? .7,
respectively, in place of 7, except that in the definition of 7® we use the points ¢ (—1)
and ¢ (1) instead of the midpoints m~ and m. Also let ¢ and ¥~ be the conformal
automorphisms of D such that

W =yoWsog, and W, =y oW;og,.

See Figure 8 for an illustration of some of these maps.

Since E” C 9(Z,. 1P), on the event E'n EXM M wic)NE(Ws, ) N (V5. 1),
it holds that |'| and |(¥~)’| are bounded above and below by deterministic positive
constants depending only on ;? and j. Furthermore, € (v, it2) N (¥ ~, j42) holds for
some U, € M depending on u?, u. The Koebe distortion theorem and the definition

of Eb imply that |g (w)]| is bounded above and below by positive constants depending

—=b . .
only on d on the event £ . Hence, for some ¢y > 0, independent of € and uniform for
z,w € B;(0),

ENES @ wie) NG (Vs ) NE (W5, )
C 8€S;"(nb,w;co) NG Wy, u20op o ub)
NGV, uao o ub). (4.23)
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—=b. . . .o
By the Markov property and the fact that P( £) is uniformly positive,

P(E” N 5" (Rwic) NG (W 1) N S (W5 )

= P(E2" (1, wic) NG (Y, pw) NG (W5, 1)) (4.24)

Since ﬁi 1, (4.21) now follows from (4.22) (applied with 5 o yt o 2 in place of y,
co in place of ¢, and a possibly larger choice of ¢’ and w'), (4.23), and (4.24). U

Proof of Theorem 4.1
By applying a coordinate change it is enough to consider the case in which x = —i
and y =i. By Lemma 4.8, for any z € B;(0), we have, in the notation of that lemma,

P(EX*(n.z:¢) NG (¥y, ) N §(¥,, w)

< E(Area(AF (n.2:¢") N B4(0))1gw, u)ng ;1))
P(E5"(n,z:¢) NG (W 1) NG (Y, 1))

> E(Area(AF" (n.2:¢) N B (0)1gw,.ng Wy 1))

where A2 (-) is the set where 7" (-) occurs, as in Lemma 4.7. We conclude by
combining this with Lemma 4.7 (and slightly decreasing u and shrinking € as in the
proof of Lemma 4.7 to get a small enough constant in the event used in the lower
bound). U

4.5. Finite-time estimates

In this subsection we use Theorem 4.1 and the comparison lemmas of Section 4.3 to
prove estimates for the finite-time Loewner maps. The result of this subsection is not
needed for the proof of our main result and is stated only for the sake of completeness.

THEOREM 4.9

Let k € (0,4]. Let (f;) be the centered Loewner maps of a chordal SLE, process 1
from —i to i inD. Fix d € (0,1). Define the events EX"(z;t,8,¢) as in Definition 4.2
and the sets G(f;, L) as in Definition 2.5. For any p € M, t,8,¢ >0, € > 0, and
z€ By (0),

P(ES™(n,2:1,8,¢) N 9(fi, ) N {Re f;(z) > 0}) < /©) 720, (4.25)

Moreover, there exist t,, >0, § > 0, and p € M such that, for each ¢ > 0 and each
u > 0, there exists €y > 0 such that, for € € (0,€¢] and z € B;(0),

P(ES"(.2:1.6.0) NG (fi. o)) = 7O T21000, (4.26)
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In (4.25) and (4.26) the implicit constants are independent of € and uniform for z €
B4(0). The estimate (4.25) holds with t replaced by a bounded stopping time. The
estimate (4.26) holds with t replaced by a bounded stopping time which is almost
surely greater than or equal to tx.

Proof

The statement for deterministic times follows by combining Theorem 4.1 with
Lemmas 4.4, 4.6, and 4.5. The statement for stopping times follows from this and
Lemma 4.4. O

5. Upper bounds for multifractal and integral means spectra

In this section we will use the upper bounds in Theorems 3.1 and 4.1 to prove the
Hausdorff dimension upper bounds in Theorem 1.1 as well the upper bound in Corol-
lary 1.9.

5.1. Upper bound for the Hausdorff dimension of the subset of the circle

In this subsection we use Theorem 3.1 to obtain upper bounds on the Hausdorff
dimension of the sets ©° (D \ K;) of Section 1.1 for the hulls (K;) of a chordal SLE,
from —i to i in D. In light of Lemma 2.15, Proposition 5.1 implies the upper bounds
for dim g @S;Z(Dn) and dimg @S;E(Dn) in Theorem 1.1.

PROPOSITION 5.1

Let n be a chordal SLE,. process from —i to i in D with forward centered Loewner
maps (fy) (defined as in Section 3.5) and hulls (K;). Let £(s), s—, and sy be as
in (1.3). For each t > 0 and s € [—1, 1], almost surely

dimg @ =(D\ K;) <E(s), 0<s<sy,
_ ~ (5.1)
dimgp ©F=(D\ K;) <£(s), s-<s<0.

Almost surely, for each s ¢ [s—, s4+] we have o’ (D\ K;) = 0. In fact, for each § > 0
and each s > s, it is almost surely the case that, for small enough € > 0,

| (1 —e)x)| <€,
Vx € 0D with |x —i|,|x +i|>6and 1 — |ft_1(x)| >4, (5.2)

and a similar statement holds for s < s_.

Remark 5.2
If a(s) is as in (3.2) in the statement of Theorem 3.1, then £(s) = 1 — a(s).
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Proof of Proposition 5.1
For 6 > 0ands € (—1,1), let

OF*(D\ Ky) = 0*(D\ K;)N{xedD:|x—i

x4il=8,1—|f71(x)] =8},

)

where * stands for > in the case in which s > 0 or < in the case in which s < 0.
The reason for this definition is that it will allow us to apply the estimates of Propo-
sition 3.6 after a change of coordinates from D to H. By the countable stability of the
Hausdorff dimension, to prove (5.1), it is enough to show that almost surely

JHE(O*(D\ K1) =0 V8>0,¥8>E(s).

Henceforth, fix §, B, and s as above. Also let s € [0,5) (if s > 0) or s’ € (s,0) (if
s < 0) be chosen in such a way that £(s’) < 8. Forn e Nand k € {1,...,2"}, let
k—1 k
BF .= {w ep: TETD < TR s )< 2—"“}. (5.3)
on—1 on—

Let EX be the event that there is a w € B¥ with 1 —| f,~'(w)| > §/2 and

{I(f,‘l)/(w)l > ifs >0, 5

(7Y (w)] <2 ifs <0.

Each B,’;C can be covered by at most an (1, k)-independent constant number of balls of

radius less than 271, and each point of B,’lc lies at distance at least 27" from dD. So,
the Koebe distortion and growth theorems imply that, for sufficiently large n, on the
event EX if z is the center of one of these balls, then |( ;™) (z)| is at least (if s > 0) or
at most (if s < 0) an (n, k)-independent constant times 2% and 1 — |, 1(2)| = 8/4.

For n € N, let X, be the set of those k € {1,...,2"} such that exp(imk /2" 1)
lies at distance at least §/2 from —i and i. By Proposition 3.6 and a change of coor-

dinates to H, whenever k € X,,,
P(EK) <27 n(1=E6), (5.5)

where the implicit constant is independent of » and uniform for k € X,,.
ForneNand k € {1,...,2"}, let

Ik .= {xeSD'w<argX< rk }
n - Toon—1 — —on—1]"

For m € N, let d,, be the collection of those intervals I,If for pairs (n,k) such that
n>m,keXK,, and E,]f occurs. We claim that, for each m € N, J,,, is a cover of
@g;*(D \ K;). Indeed, if x € @g;*(D \ K;), then for any m € N we can find n > m
and w € D with 1 — |w| <277, argw = argx, |[(f, 1) (w)] > (1 — lw])™" (resp.,
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(Y (w)| < (1 —|w])™ if s <0), and 1 — | £,~"(w)| = /2. The point w lies in
B,’f for some pair (n,k) with I, x € d,,. Since argw = argx, we have x € I, ; for
this choice of (n,k).

Now, observe that (5.5) implies

E( 3 (diaml)ﬂ) = i 3 2 Pp(ER) < i 2 nB=E)  (56)

1€d,, n=mkekX,

This tends to 0 as m — oo since § > g(s’ ) (by our choice of parameters above). Since
dm 1s a covering of @g;*(D \ K;) by intervals of diameter tending to zero as m — oo,
this proves J(’ﬂ(@;;*(D \ K;)) =0.

If s e [—1,1]\ [s—,s4], then ?(s) < 0, so the right-hand side of (5.6) for 8 =0
decays exponentially fast in m. Thus, the expected number of sets in 4, tends to zero
exponentially fast, and it follows from the Borel-Cantelli lemma that almost surely
dm = 0 for sufficiently large m. Hence, almost surely @g;*(D \ K;) = @ for each
§ > 0. In fact, it is clear from the definition of ,, and the definition of the event EX
from (5.4) that (5.2) also holds. O

5.2. Upper bound for the Hausdorff dimension of the subset of the curve

In this subsection we will use Theorem 4.1 to give an upper bound for the Hausdorff
dimension of the sets ®*=(D) and ®%=(D) of Section 1.1 with D = D, as in The-
orem 1.1. We will work with a slight variant of the sets of Section 1.1. For a domain
D C C, aconformalmap ¢ :D— D,s € R,and u > 0, let

(1 — Vb1
e**(D):= {x € 9D : s —u <limsup log (1 — )¢~ ()|
e—>0 —loge

<s+ u} (5.7)

LEMMA 5.3
Let n be a chordal SLE, from —i to i in D, and let Dy, §(s), s—, and sy be as in
Theorem 1.1. Then almost surely

dimg O%*(Dy) < E(s) + 0u(1), (5.8)

whenever s € [s_,sy] and s < 1, and almost surely " (D) = @ for sufficiently
small u otherwise. The 0,/(1) in (5.8) tends to 0 as u — 0 and can be taken to be
uniform for s in compact subsets of (—1, 1).

Remark 5.4
If a(s) is as in (3.2), y(s) is as in (4.1), and & (s) is as in (1.4), then

y(s)  1—al(s)
l—s 1—s °

§(s)=2- (5.9)
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To prove Lemma 5.3 we first need the following lemma.

LEMMA 5.5

Let D C C be a simply connected domain, and let ¢ : D — D be a conformal map.
Suppose that x € O5*(D) for some s € (—1,1) and u € (0,1 — |s|). There is a
sequence of points (wy) in D converging to x such that

—s—u . log|(@7) (wp)l _ . log [(¢™")" (wy)|
—— <liminf - <limsu -
l—s+u = ksoo —logdist(wg,dD) ~ ;o —logdist(wg,dD)
< TStu (5.10)
l—s—u
and
1 — 1—s—
limsup — 8wk =Xl 1=s-u (5.11)
koo —logdist(wy,dD) l—s+u
Proof

Let x € ®%¥(D), and for € > 0, put ze = ¢((1 — €)¢~(x)). By the definition from
(5.7) of ©@*(D), |¢'((1 —€)p " (x))| < esT%72M "and for any k € N, we can find
€x > 0 with ¢, — 0 as k — oo such that

_ _ —1 k —u—1/k
(@7 ze)| = |6/ (1 —e)p ™ )" e[ o g7 (5a2)
By the Koebe quarter theorem,
dist(zey . OD) = e |(71) (ze) | € [ef TTHTVE el VR, (5.13)

Hence, (5.10) holds with wy = z, . By [61, Proposition 2.7], v(x;€) < !=s74=0¢(),
where v(x;e€) is the length of the image of the curve ¢ — z; for t € [0, €]. Conse-
quently, |z¢ — x| < €' =57%79¢() Combining this with (5.13) yields (5.11). O

We note that in verifying (5.11) we used that the definition of (5.7) of ®%*(D)
involves a limsup instead of a liminf. This is the reason why the sets ®*=(D) and
©%=(D) from (1.2) are defined with a limsup rather than a liminf.

Proof of Lemma 5.3
The statement for s ¢ [s_, s4+] follows from the analogous statement in Proposition
5.1, so we henceforth assume s € [s_, s4].

By the countable stability of the Hausdorff dimension, to prove (5.8), it is enough
to show that almost surely ## (@5 (Dy) N Bg(0)) = 0 for each B > &(s) + ou(1)
and each d € (0, 1). Moreover, it is enough to prove the result restricted to the event
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§(Wy, ) NG (Y, , w) (in the notation of Theorem 4.1) for an arbitrary choice of
we M.
Fix u € (0,1 —|s]), and let

l1—s—u

r>—
1—s4u

Note that we can take r = 1 — 0, (1). For n € N let D" = 27097472 be the dyadic
lattice of mesh size 27"(1=)=* For z € D", let B} (z), B!(z), B}(z), and BZ(z) be
the disks centered at z of radii 2~ "(1=)—4 2—n(1=5)=2 7>—n(1=s)+2 4pq p—n(1—s)r+1
respectively.

Define W, as in Section 4.1. For z € D let E”(z) be the event that the following
occurs.
(1) nN BY(z)#®and nN B} (z) = 0.
(2)  Thereisaw € Bl (z) with 277(+21) < [W, (w)] < 2 ns—2u)

On E"(z2),

dist(z, 0Dy) =< 2—n(1=s) and o (s+2u) < ’\y;} (z)’ < 2—n(s—2u)7

with constants uniform in B4(0). (The inequality for |} | follows from the Koebe
distortion theorem.) So, by Proposition 4.1,

P(E™(z) NG (Wy, ) NG (W, ) < 27" 0E=2r00m) (5.14)

with constants uniform in By (0).

Let U" be the set of disks B%(z) for z € D" such that z € B;(0) and E"(z)
occurs. Note that the cardinality of the set of disks which can belong to U" is at most
a universal constant times 22”(1=%)_ We claim that

o“my)nBs0c ) |J Bie

n=N B%(z)eU”

for each N e N.

Indeed, suppose that x € ©%*(D,) N B;(0). By Lemma 5.5, we can find a
sequence ng — oo and a sequence of points wi € D, converging to x such that,
for each k, 27" (1792 < dist(wy, dD,) < 27"c 1= |wy — x| < 27 (=97 and
2—nk(s+2u) < |\IJ;7 (wk)| < 2—nk(s—2u).

Each wy belongs to Bg k(z) for some z € D™ . Our hypothesis on the distance
from wyg to dD, implies that condition (1) in the definition of E"*(z) holds for this
z. Clearly, condition (2) also holds for this z. Thus, for such a z, E"(z) holds and
X € B} (z). (Here we use the condition on |wg — x|.) This proves our claim.
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Thus, for any m € N, (J,5,, U" is a cover of ®%*(dDy) N B4(0). Each set in
this cover has diameter < 2~ anq by (5.14),

o0
E(lg(\pn,u)ng(w,m > (diamU)ﬂ)

n=myUeun

o0
<Y Y 2PUSIP(EN () NG (W 1) NG (Y, 1)
n=m zeD,,NB,(0)

o0
< Z 92n(1=5)p—np(1=5)r o=n(y(s)=2yo(s)u) (5.15)

n=m
This tends to 0 as m — oo provided that
2(1 =) = (y(s) + 2yo(s)u)
B>
(1 —s)r

where the 0, (1) can be taken to be uniform for s in compact subsets of (—1, 1). Since
W is arbitrary we conclude that J# (©% (0Dy) N B;(0)) = 0 for any such B. O

=§(s) + ou(1),

From Lemma 5.3, we can deduce the upper bounds on dimg ©*=(D,) and
dimg (©%=(Dy)) in Theorem 1.1.

PROPOSITION 5.6
Suppose that we are in the setting of Theorem 1.1. Then almost surely

dimg ©%=(D,) < &(s), % <s=<sq,
dimge O%5(Dy) <E(), -5
Proof
For s <«/4 and any n € N,
mi
®s;5(Dn) C U @j/";l/"(Dn), (5.16)

Jj=mo

where my is the greatest integer such that mo/n < s_ and m is the least integer
such that m, /n > s. The dimension function s’ > £(s’) is increasing on [s—, k/4]. In
the case in which s <«/4 and s < 1 (this latter condition is only relevant when k =
4), our desired upper bound for dimg ®*=(D,) therefore follows from Lemma 5.3
and (5.16) upon sending n — oo. In the case in which « = 4 and s = 1, the upper
bound instead follows from the fact that dimg n < 3/2 = £(1) (see [2]). A similar
argument gives the upper bound for dimy ®%=(D,) when s > k /4. O
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5.3. Upper bound for the integral means spectrum

In this subsection we will prove the upper bound for the bulk integral means spectrum
of the SLE curve in Corollary 1.9. In light of Lemma 2.16, it will be enough to prove
an upper bound for the bulk integral means spectrum of D \ n’ for given ¢ > 0 in the
case of an ordinary SLE, from —i to i in D for x <4.

PROPOSITION 5.7
Let k € (0,4], and let &nqs(a) be defined as in Corollary 1.9. Let n be a chordal
SLE, from —i to i in D. For each t > 0 and each a € R, almost surely IMS'lj)ulk (a) <

\n?
Evs (a).

Proof
Let (f;) be the centered Loewner maps for 7, as defined in Section 3.5. The basic
idea of the proof is to split up dB1—¢(0) into the sets where (f,~!)/(z) a2 € for spec-
ified s, bound the expected Lebesgue measure of each such set using Proposition 3.6,
and then for each a look at which value of s makes the greatest contribution to the
integral defining the integral means spectrum.

For § > 0, let U; (§) be the setof z € D\’ with 1—| f;71(z)| > S and |z —i|, |z +
i| > 8. Also define the sets AE ( ft_l) as in Section 1.4 (immediately following (1.10)).
For any given ¢ > 0 there almost surely exists (random) é > 0 such that Ag (fHc
0B1-¢(0) N Uy (8) for sufficiently small €. Therefore, it is enough to show that, for
each § > 0 and each B > &pys(a), almost surely

log fop, . ynw @) (1) ()1 dz -

lim sup

(5.17)
€—0 —loge

Fix § > 0 and B > &pys(a) as above. Also fix ¢ > 0, and let s— and s be as in the
statement of Theorem 1.1. Forn € N and k € {0,...,n}, let
_ S+ — 85—

Up = Y and Sg =80+ kuy.

Forn eN,e>0,and k €{0,...,n}, let
A (k) = {z € 3B1_c(0) N U, (8) : 5k Tn < |(f;,71) (2)] < €k,

Also let AZ(—) (resp., AZ(+)) be the set of z € dB;_¢(0) N U;(§) such that
(7Y (2)] < e 5=Fn (resp., |(f;71)/(2)] > € 5+7¥n). Let £7 (k) be the Lebesgue
measure of A”(k), and let £ (£) be the Lebesgue measure of A” (£).

In what follows, we require implicit constants to be independent of €, but not of n
or k, and we denote by 0, (1) a term which tends to 0 as n — oo and does not depend
on k or €.
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By construction, we have dB1_¢(0) N U;(§) = A% (—) U A%(+) U Uz A% (k),
whence

/ ‘(f,_l)/(z)’a dz < Zé—asz-i-mz(l)gg(k) + G_as*fg(—)
dB1—¢(0)NU; (8) k=0
+ eI ().

By (5.2) of Lemma 5.1, for each n € N there almost surely exists a random € > 0
such that, for € € (0, €], the sets A? (—) and A? (+4) are empty. Hence, for € € (0, €],

(Y (@) dz < max e @sktonMygn (), (5.18)
t €
3B 1_c(0)NU; (8) ke{0,...,n}

By Proposition 3.6 and a change of coordinates to D, for k € {0, ...,n},
E(Zg(k)) < EOl(s,’é)-i—on(l)7

where a(s) =1 —E(s) is the exponent from Theorem 3.1. By Chebyshev’s inequality,

P(e~%k 02 (k) > e ) < exGi)masith+on(D) (5.19)
We have
inf (a(sy) —asp) = —Ems(a). (5.20)
s€[s—,541]

Note that the range (a—,a+) in Corollary 1.9 is precisely the set of a € R for which
the minimizer in (5.20) is not equal to s— or s . It follows that, for sufficiently large
n € N depending only on S,
P( max € %kl (k) > e ) < PEms@ron(),
kefo,...,n} € -
Since B > &ms(a), if n € N is chosen sufficiently large (depending only on 8 and a),
then the Borel-Cantelli lemma together with (5.18) implies that almost surely

/ Y @) dz <2778
B

1—2—J (0) mUl‘ (8)

for sufficiently large j € N. By the Koebe distortion theorem, it follows that almost
surely

10g f35, v, | ()] dz -

lim sup
0 —loge

This proves (5.17) and hence the statement of the proposition. O
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6. Event at the hitting time

In this section we introduce an event which will serve as the basic building block for
the “perfect points” which we will use to prove our lower bounds on the Hausdorff
dimensions of ®*(D,) and o’ (Dy) in Section 7 and prove upper and lower bounds
for the probability of this event. Roughly speaking, this amounts to transferring the
derivative estimates of Theorem 4.1 from the setting where we grow the entire curve
n to the setting where we only grow n and its time reversal until they hit a small ball
centered at the origin.

6.1. Definitions and statement of estimates
Letd € (0,1), and let x, y € 0D with |x — y| > d. Suppose that 5 : [0,00] > D is a
random simple curve in D from x to y. We recall the notation

n' =n([0.7]).  n=n([0,00])
from Section 2.1. Let 77 be the time reversal of . We also introduce the abbreviation
Bg:=B,-5(0), VB>O0. (6.1)

Let $>0,9 €(—=1/2,00),a €(0,1/4), u,c >0, and u € M. The parameter
corresponds to loge™! (so we will eventually be sending B — 00); the parameter g
corresponds to s/(1 — s) for s the parameter of Theorem 1.1; and a, ¢, and pu are
auxiliary parameters used in regularity events.

Let E = Eg;u (n;a,c, jv) be the event that the following holds.

(D Let tg (resp., Tg) be the first time that 1 (resp., 77) hits dBg. Then 75,78 < c0.

(2) Let ¢g : D\ (n*# U 778) — D be the unique conformal transformation
which takes x* to —i, y~ to i, and the midpoint m of [x, y]sp to 1. Then
clemBlatu) < |¢19 (0)] < ce Bla—1), i

(3)  The harmonic measure from 0 in D \ (5™ U 77°#) of each of the two sides of
n™8 and each of the two sides of 7°# is at least a.

4)  §'(n™ U7, ) occurs (Definition 2.6).

The goal of this section is to estimate the probability of the event E.

PROPOSITION 6.1
Suppose that x,y € oD with |x — y| > d. Let 1 be a chordal SLE, from x to y in D,
and define E = Eg;" (n;a,c, ) as above. Let y(s) be the exponent from (4.1), and let

q )= 8k + 8kq + (4 —Kk)%q?

+gq 8(k + 2kq) ©.2)

V*(q):=(q+1)y(1

There exist a function y§ : (—1/2,00) — (0,00) (with y;(q) depending only on q)
and a ux = ux(q) > 0 such that the following is true for each q € (—1/2,00) and



ALMOST SURE MULTIFRACTAL SPECTRUM OF SLE 1163

u € (0,ux]. For any choice of parameters B, |1, a,c as above,
P(E) < e BT (@—v5 (@u) (6.3)

Moreover; there exists | = /L(ZZV) € M such that, for each a € (0,1/4), ¢ > 0, and
u € (0,u4], there exists B« = Bx(u,a,c) > 0 such that, for B > B,

P(E) > e PO @+yg (@), (6.4)

The implicit constants in (6.3) and (6.4) are independent of 8 and uniform for x,y €
oD with |x — y| > d, but may depend on the other parameters.

We will prove the estimates (6.3) and (6.4) in the next two subsections. The upper
bound (6.3) is a straightforward consequence of the upper bound in Theorem 4.1 and
the Markov property, but the lower bound will take more work. For the proof, we
write

Fp :=0(l[0,241 M[0.741)- (6.5)
6.2. Upper bound

Here we will prove the upper bound (6.3) in Proposition 6.1, which is a straightfor-
ward consequence of Theorem 4.1.

Proof of Proposition 6.1, upper bound

This will follow by growing the middle part of 7 connecting % and 7°#, noting that

it behaves in a regular manner with positive probability, and then applying the upper

bound of Theorem 4.1. More precisely, let 7) be the image under ¢g of the part of 7

lying between 7(zg) and 7(Tg). Let X = ¢g(n(tp)) and ¥y = ¢g(7(Tp)), so that the

conditional law of 7 given the o-algebra 3 of (6.5) is that of an SLE, from X to )

in D. Note that |¥ — 7] is typically small when B is large. For C > 1, let E = E(C)

be the event that the following occurs.

(1) 7 does not exit ¢g(By).

(2)  Let Dz be the domain lying to the right of 7, as in Section 4.1. Then ¢g(0) €
Dj and C™1(1 — |5 (0)]) = dist(5(0). 9D3) = C(1 — g (0))).

3) Let @5 : D5z — D be the conformal map fixing —i, i, and 1. Then cl<
@ (dp(0))] < C.

It follows from condition (3) in the definition of E and Lemma 2.17 that we can find

a C > 0 depending only on a such that, for sufficiently large 8, P(E |E) > 1. Thus,

P(E) <P(ENE). (6.6)

So, it will suffice to prove an upper bound for P(E N E).
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Lets € (—1,1) and € > 0 be chosen so that

S _yg d—eh (6.7)

Let Dy, Wy, ¥, ', and &5 (n,0;c) be as in Section 4.1. It follows from Lemma 2.8
and condition (4) in the definition of E that

E CS(¢p. 1) (6.8)

for some p’ € M depending only on p. By combining this with condition (1) in the
definition £ we see that ENE C §(V,, u") NG (Y, , u') for some (possibly smaller)
p' € M depending only on j. We furthermore have W, = W5 o ¢g. Hence,

ENE CEMn,0:c) NG (Wy. 1) N G(W, 1)

for a suitable choice of i’ and c. Thus, (6.3) follows from (6.6) and the upper bound
in Theorem 4.1. Note that we can take the dependence on u to be linear (with slope
depending on ¢), since the exponent in the upper bound in Theorem 4.1 depends
smoothly on s € (—1, 1) and u > 0 sufficiently small. O

6.3. Lower bound

The proof of the lower bound in Proposition 6.1 will take substantially more work
than the proof of the upper bound. The basic idea is to stop 7 and 7 at times #y and 7
for which the following is true. On the event 82;" (+) of Theorem 4.1, the conformal

map from D \ (»® U 77°) to D which takes x* to —i, y~ to i, and m to 1 has the
same derivative behavior at 0 as the conformal map ¥, : D, — D with the same
normalization; the points 7(¢9) and 77(7) are at distance slightly less than e ~# from
0; and the conditional law of the remainder of the curve given 5 U ﬁ?‘) is that of a
chordal SLE,.. We also need to require that 7(¢y) and 77(7o) are sufficiently far apart
in a conformal sense, so that they do not immediately link up after times ¢y and 7. We
then condition on 5 U ﬁfo and use standard arguments to get that the curves reach
B without any pathological behavior. The main difficulty in the proof is constructing
the times #y and 7.

We start by inductively defining a means of growing 1 and 7 in an alternating
fashion to get an increasing family of hulls K; C D. Assume n (resp., 7) is param-
eterized in such a way that its image under the conformal map D — H taking —i
to 0, i to oo, and 0 to i (resp., the reciprocal of this conformal map) is parameter-
ized by half-plane capacity. Let o, be the first time ¢ that hm®(n*;D \ /) = 1/2.
This time is almost surely finite, since a Brownian motion started from 0 has prob-
ability at least 1/2 to hit 5 before dD. For ¢ < o1, let K; = n’. Let & be the first 7
that either hm®(n"; D \ (5°! U ﬁ?)) =1/2 or 7j(t) = n(o1). For t € [01,01 + 1] let
K, =n°1ug—o,
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Inductively, suppose that n > 2 and 0,,—1, 6,—1, and K; for t < o,_1 + G,
have been defined. If K4, |, 17,_, =1, weleto, = 0,—1 and 0, = G,_;. Otherwise,
let 0, be the least ¢ > 0,1 such that either hm®(n*; D\ (? UT°"—1)) = 1/2 or n(t) =
7(0n_1). Let K; = ' =0n—1 Uﬁaﬂ_l fort € [0,—1 +0n—1,0n +0pn—1]. Let o, be the
first time 7 > G, such that either hm® (7" ; D \ (3% U 7)) = 1/2 or 7(7) = n(on).
Let K; =" U~ fort € [0, +Gn_1,0n + Onl.

For each ¢ > 0, let T; (resp., T;) be the time such that n(7}) (resp., 7(T;)) is the
tip of the part of 1 (resp., 77) included in K;. Observe that the Markov property and
reversibility of SLE imply that, for each ¢, the conditional law of n \ K; given K; is
that of a chordal SLE, from 7(T;) to7(T;) in D\ K.

It is not immediately obvious from the construction that the curves 1 and 77 grown
according to the above procedure will almost surely link up in finite time. To show
that this is indeed the case, we first need the following end point continuity property.

LEMMA 6.2
Let 000 = limy, 00 0y and G oo = limy o0 0. (The limits necessarily exist by mono-
tonicity.) Let Koo = n°° U 7. Then almost surely

lim hm®(7":D\ Ko, +5,) = lim hm®(37:D\ Ko, +7,_,)
n—>oo n—>oo

=hm®(7°%; D\ Koo)

and
lim hm®(7°"; D\ Ko, +5,) = lim hm®(7°"-;D\ Ky, 45, ,)
n—-oo n—>oo
=hm®(7°°°; D\ Koo).
Proof

We almost surely have 0 ¢ 7, so it is almost surely the case that, for each € > 0, we can
find a random § > 0 such that, for any z € 7, the probability that a Brownian motion
started from O hits Bg(z) before leaving D is at most €. By the almost sure continuity
of 1, we can almost surely find a (random) N € N such that, forn > N, ([0, 000]) C
Bs(n(0s0)) and 7([04,00]) C Bs(1(00)). Hence, with probability at least 1 — €,
a Brownian motion started from 0 exits D\ Ky, 45, at the same place it exits D \ K.
This proves the limits involving Ky, 7, . The limits involving Ky, +5,_, are proven
similarly. ([

We now check that the curves almost surely meet in finite time and that the meet-
ing point divides the curve into two segments whose harmonic measures from O are
approximately the same.



1166 GWYNNE, MILLER, and SUN

LEMMA 6.3

We almost surely have Koo = 1. Let Zoo = 11(000) = (0 00) be the meeting point. On
the event that 0 lies to the right of 1 and dist(0, n) < e™#, it holds almost surely that
hm® (7% Dy) and hm®(77; Dy) are each at least 1/2 —0g(1), where the 0g (1) is
a deterministic quantity which tends to 0 as f — 0.

Proof
First we argue that Ko, = 1. Suppose not. Almost surely, either hm®(77°°: D \ Koo)
or hm®(77°°; D\ Koo) is less than 1/2. Suppose that hm®(7°>°; D\ Koo) < 1/2. The
other case is treated similarly. By Lemma 6.2 we almost surely have hm®(n%; D \
Ko, +5,_,) < 1/2 for sufficiently large n. By the definition of o, this can be the case
only if n(o,) = 7(o,-1), which implies Ko, = 1.

It is immediate from Lemma 6.2 and the definition of the times o, and &, that
hm®(5°>; D) and hm®(7°>°; D,;) are each at most 1/2. Furthermore, the Beurling
estimate implies hm®(9D; Dy) =o0p(1). Hence,

hm®(n°>; D,) = 1 —hm®(7°°°; D;;) — hm®(dD; D) > 1/2 —04(1),

and a similar statement holds for n7°°. O

The following lemma is what allows us to compare conformal maps defined on
the domains D \ K; to those defined on the domains D,,. (The derivative behavior of
conformal maps on the latter domain can be controlled using Theorem 4.1.)

LEMMA 6.4

Fort >0, let ®; be the conformal map from the connected component of D\ K; with

1 on its boundary (this component is all of D \ K, if the curves have not linked up

before time t) to D taking x™ to —i, y~ to i, and m to 1, and let 5, be the conformal

map from this same connected component to D which fixes 0 and takes m to 1. Also

let Wy, : Dy — D be as in Section 4.1. For y € M, there are a C > 1 and a B+« >0

depending only on . such that if B > B, then on the event §(¥,, n) N {dist(0, ) <

e Prnfoe Dy}, there almost surely exists a time T > 0 such that the following holds.

(1) dist(0, K;) < C dist(0, n).

@ T, 0)] <|2,0)] = C|¥; )]

3) . (n(Ty)) and ©(n(T-)) lie in the left semicircle [i, —i]ap.

4  hm°(n\ Kq; Dy) > 1/4 4 0g(1), with the 0g (1) deterministic and depending
only on B.

Proof
Throughout, we assume we are working on the event (W, 1) N {dist(0,7) <e™#}N
{0 € Dy}, and we require all implicit constants to be deterministic and depend only
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on . Let iIZ, : Dy — D be the conformal map which fixes 0 and takes 1 to 1. If z
is as in Lemma 6.3, then by the conformal invariance of the harmonic measure,

Wy (z00) + 1] = 0p(1), (6.9)

at a deterministic rate.

Let t be the first time ¢ that 5,7 (n(Ty)) and En(ﬁ(T,)) are both in [i, —i]yp.
By Lemma 6.3 such a ¢ necessarily exists provided that 8 is at least some universal
constant. Let A; = [En(ﬁ( TL)), E,, (n(T7))]sp be the arc of the left side of dD sepa-
rating these two points. By continuity, one of the two end points of Ay is—i ori,so
by (6.9), hmO(Z;; D) > 1/4 — 0g(1). Furthermore, the harmonic measure from 0 in
D of each of the two arcs connecting Ay and 1 is at least 1/4 —o0p(1).

Let A, = G; L(Ay) = n\ K:. By the conformal invariance of the harmonic mea-
sure, hm® (77 ; Dy), hrno(ﬁTI ; Dy), and hm®(A,; D)) are each at least 1/4 —o0g(1).
By Lemma B.3 (applied with I = [—i,i]sp and ¢ = @) we have dist(0, K;) =
dist(0,7) and [®7(0)| =< |¥7,(0)[. Since lAIJ/n(n(TI)) and W, (7(T)) lie in [i,—i]ap
and removing A, can only increase the harmonic measure from 0 of parts of dD,,
outside of A, we find that ®,(1(T;)) and ®,(7(T+)) must lie in [i, —i ]sp. Thus, the
conditions of the lemma hold for this choice of 7. O

The following lemma is the main input in the proof of the lower bound in Propo-
sition 6.1: it provides times to,7o > 0 for which |n(to) — 7(%o)| is of order e~#, the
derivative of a conformal map D \ (n" U ﬁfo) — D with the same normalization as
¢ is of order e~B4 the points 7(ty) and 7(7o) are well separated in the harmonic
measure sense, and the conditional law of the “middle” segment of 5 given ' U ﬁ?"
is that of an SLE,.. Once we have these times, we just need to grow a little bit more
of n and 7 after times 7y and 7, respectively, to get the estimate of Proposition 6.1.

LEMMA 6.5

Let v>0,¢>0, and j19 € M. For 8 > 0 and two times t,t > 0, let Eg(t,ﬂ =

Eg (t,%;v,8, Lo) be the event that the following occurs.

(1)  32¢7P <dist(0,n' UT) < e PO~V

2) Let ¢, 7 : D\ (n U ﬁ?) — D be the conformal map which takes x™ to —i, y~
toi,and mto 1. Then e P@+v) < |¢;’?(0)| < e Bla—v),

(3) Lety,;:D\(n"U 7') — D be the conformal map which fixes 0 and takes 1
10 1. Then |, (1(0)) — v ()] = .

@) §'( UT, o) occurs.

There are a deterministic { > 0 and |9 € M, independent of v and B, such that, for

each v > 0, there exists Bx = P« (v,g) > 0 such that, for each > B, there exist
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random times to and ty such that
P(EY(t0.70)) = e PO @H5 @), (6.10)

where y*(q) and y§ (q) are as in Proposition 6.1 and the implicit constant is indepen-
dent of B. Furthermore, we can choose ty and 1o in such a way that the conditional
law given n'® U 7'® of the part of n between 1(ty) and 7j(1o) on the event Eg (to,%0)

is that of a chordal SLE,. from 1(t) to 7(fo) in D\ (n° U ﬁfo).

Proof

We will deduce the lemma from Theorem 4.1 and Lemma 6.4. Fix v’ € (0,v/4), to
be chosen later in a manner depending only on v and ¢, and let s := ¢/(q + 1). If
B > 0 is chosen sufficiently small, in a manner depending only on v’ and ¢, then we
can find € = €(s,v’, 8) > 0 such that

(175 = o=BU—0y () g (15t 5 39,78,

Let ¢ > 0, and let 85“"(77, 0; c) be the event of Section 4.1 (with v’ in place of u). Let
Uy : Dy —Dand W,;": D — D be as in that section. Let u’ € M, and let

€:= 65 (1,0:¢) NG (Wy, 1) NG(T, ., 1)

By Theorem 4.1, if the parameter u’ is chosen appropriately (in a manner depending
only on g), then we can find S, > 0 as in the statement of the lemma such that, for
each 8 > B,

P(6) = e—ﬂ(y*(q)+y6‘(q)v/)’

for an appropriate choice of y;'(¢) as in Proposition 6.1. Lemma 2.8 implies that we
can find g € M depending only on ' such that

Gy 1) NG Wy ) C () 80 VT po)- (6.11)

t,i>0

Let 79 be the first time 7 that the first two conditions in the definition of
Eg (T¢,T-) are satisfied and that @, (n(Ty)) and 5,(5(7,)) (as defined just above
Lemma 6.2) both lie in [i, —i]gp. By Lemma 6.4 and the definition of &, if ¢ is cho-
sen sufficiently large, then 7y < co almost surely on &. Moreover, decreasing 7 only
increases hm®(n \ K¢; D), so on & almost surely

hm®(n\ K¢y: D) = 1/4—05(1). (6.12)

Letn' = 5@ (n\ K,), with the parameterization it inherits from 7. By the strong
Markov property, the conditional law of 1" given Ky, is that of a chordal SLE, from
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x' = Ero (7(Ty,)) to y' = 5t0(ﬁ(710)) in D. (Here we used that we made t¢ the
smallest time for which our desired conditions are satisfied.)

By definition, the event Eg (to. o) almost holds with tg = Ty, and 79 = TTO, but
Em (n(T%,)) and 5r0 (n( T,O)) may be too close together. To this end, we will choose
slightly larger times at which the images of the tips of n and 7 are separated. Note
that (6.12) implies diamn’ > ¢, on & for some universal constant & € (0,1/4). Let
7’ be the time reversal of 7', with the parameterization it inherits from 7.

Let T’ (resp., T/) be the first time that ' (resp., 77') enters By_¢,/4(0). Let 7" be
the first time ¢ > Ty, that arg /() > argx’ + {o/8. Let T be the first time 7 > T
that arg 7' (7) < arg y’' — /8. Since diam 1’ > o almost surely on &, either |x’ —y’| >
£o/8 or one of T, T’, T", or T" is finite on this event. (If not, then 7’ is contained
in the wedge {z e D:argy’ — {o/8 < argz <argx’ + {o/8,|z| > 1 — {o/8} and this
wedge has diameter less than {y.) Hence, the intersection with & of at least one of
the events {|x’ — y'| > Lo/8}, {T’ < oo}, {T” < T'}, or {T_ < T} has probability at
least %p(g) > e BT @+y5 (@)

It is therefore enough to show that the conclusion of the lemma is true in each
of the four possible cases (provided that § is sufficiently large). We will do this by
choosing tg to be one of T,, T’, or T” and 7, to be one of Tro, T/, or T . By the
strong Markov property, the last statement of the lemma holds for any such choice.
Clearly, condition (1) in the definition of Eg (t0.%0) holds almost surely on &€ for any
such choice of #y and 7o and any v” € (0,v). By (6.11), condition (4) holds for any
such choice. By Lemmas 6.4(1) and 6.4(2), on &,

|q>{r() (O)l - an dlSt(O7 K‘L’()) —
|97, (0)] dist(0, )

with deterministic, B-independent proportionality constants. By combining this with
Lemma B.1 and condition (4) (see Remark B.2), we infer that on &

(7 D\ Ke)) _ | 6.13)
hmo(Z:D\n) .

for I a subarc of [—i,i]yp which is slightly smaller than [—i,i]sp. For any choice of
to and 7o as above, we have K, C ()™ U (7). Since 4v’ < v, (6.13) and a second
application of Lemma B.1 yield condition (2) for large enough S.

Finally, we will verify that condition (3) holds in each of the four cases (for an
appropriate choice of ¢ > 0 depending only on {p). Here we note that |x" — y’| is
proportional to the harmonic measure from O of the boundary arc of D \ ((n")"® U
(77)%0) separating 7/ (t) from 7' (7o).

(1)  IEP(x' —y/| > &0/8.8) = e PO @Hr5@V) then we can just set o = Tr,,

?() = TTO’ and é' = 50/8
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Figure 9. An illustration of the argument of Lemma 6.5 in the case {7’ < oo} showing the hull
Kz, the curve 7’ and its preimage under @, and the extra part of the curve which we grow
after growing K.

2) I P(T <o0,8) = e PUT@HG@Y) | then we set 1o = T” and To = Ty
A Brownian motion has probability at least a constant { > 0 depending only
on o to exit Bj_¢,/16(0) within distance {o/4 of 1 and then make a counter-
clockwise loop around the origin before leaving D \ By_¢,/5(0). In this case
it necessarily exits D \ (1’ )T/ on the left side of (1’ )T/ (see Figure 9 for an
illustration in this case).

(3) IPT" <T,8)>e PO @Hv5@v) then we set 1o = T/ A T” and Ty =
TTO. A Brownian motion has probability at least a constant { > 0 depending
only on ¢ to exit D before hitting any point outside of D \ B;_¢,/5(0) whose
argument is not between arg x” and arg x” + /8. If this is the case and T’ <
T”, then a Brownian motion necessarily exits D \ (') on the left side of

(n')'o.

(4)  The case for {TN < T/} is treated in the same manner as the case for {T” <
.

Thus, we have exhausted all possible cases, and we conclude that condition (3) holds.

O

Proof of Proposition 6.1, lower bound

Suppose that ¢ > 0, uo € M, and random times #g, 79 are chosen so that the conclusion
of Lemma 6.5 holds. Let v > 0, and let 84« > 0 be chosen as in Lemma 6.5. Let
B > B, and let Eg = Eg (to.%0.v,¢, o) be as in Lemma 6.5. We need to transfer
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the estimate of Lemma 6.5 from the setting when we stop at times # and 7 to the
setting when we stop at times 7g and Tg. The idea of the proof is to consider the
hitting times of 1 and 7 of logarithmically many balls centered at O whose radii differ
by an exponential factor and argue that, at each scale, there is a positive probability
that the curves continue to behave nicely. We then apply the strong Markov property
and multiply over all of the scales.

To this end, let E: —logdist(0, no U ﬁfo). Note that, on E9,

B(1—v) < B <p—log32.

Also fix r € (log 16,1og 32). We will consider the hitting times of the balls Bz, for
k eN.

We start with the case k = 1, which is slightly different. Let 7y be the image
under the map ¥, 7, : D\ (" U7’°) — D which fixes 0 (defined as in Lemma 6.5) of
the part of 7 between 7(t9) and 7j(7o), and let x; and y; be its end points. Let 7] (resp.,
T} ) be the first time 7 (resp., 7;) hits ¥, 7, (Bgy,), sothat ¥ 70 (n(74,)) =M (1)
and similarly for 7. Let G be the event that the following holds.

M ) = M7= (1/32)e7

@ 0y U C iz (B1),

3) nil un ’h is disjoint from the ¢/2-neighborhood of the segment connecting 0
and the midpoint of the shorter arc between x; and y;.

By the Koebe quarter theorem,

Brtiog16 C Vg 1o (By,) C Broiogie.

Hence, by Lemma 2.17, condition (3) in the definition of £ 0 and the last statement
of Lemma 6.5, P(G4 |E2) is at least a B-independent positive constant.

Now we consider the case k > 2. For k = 1,2,3,..., let ¥ be the map from D\
(nt5+kr UTB+kr) to D with ¥/ (0) = 0 and 1//k 0) > O For k > 2, let ;. be the image
under l/fk 1 of the part of n which lies between U(T,3+(k 1)r) and r}(rﬂ+(k 1)r)
Then the law of n; given f’ﬁ+(k Dr (defined as in (6.5)) is that of a chordal SLE,
from xj := Wk l(n(tﬁJr(k 1)r)) to yg 1= wk 1(n(1ﬂ+(k 1)r)) Let 7, be the time
reversal of ng.

Let~r,’c and T, be the hitting times of Jk_l (i)’g +kr) by ni and 7, respectively,
so that Yy (n(tEJrkr)) =k (7;) and similarly for 7. Fix § > 0, and for k > 1 let G
be the event that n% (resp., 7°%) is contained in the §-neighborhood of the segment

[xk. 0] (resp., [yk.OD. _
By the Koebe quarter theorem, whenever ¥x_; is defined we have

Briiogre C Yi—1(Bgg,) C Broiogis.
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By the conformal invariance of the harmonic measure, on Gy_; for k > 2, |x; — yx| is
at least a universal constant provided that § is taken sufficiently small. It now follows
from Lemma 2.17 that, for each k > 2,
k—1
P(Gk ) ESn ) G,-) > p (6.14)
j=1
for some p > 0 which depends only on §.
Let k. be the least integer k such that kr + EZ B. Note that k. < Bv/r. Let

G*:= (") G-

k=1

We will now argue that Eg N G* C E and then complete the proof by establishing an
appropriate lower bound for P(Eg N G*) provided that v < u is chosen appropriately.

It is clear that, on the event Eg N G*, conditions (1), (3), and (4) in the definition
of E hold provided that we take § sufficiently small, depending on a. It remains to deal
with condition (2). For k > 1, let 7j; be the curve obtained by connecting 77(1§Jr kr)
and 7( ?;‘7 +kr) via the arc of Bz, which does not disconnect 0 from [x, y«]sp.
Let W5, be the conformal map from the connected component of D \ 7 containing
[x«, y«]ap on its boundary to D, which takes x. to —i, y« to i, and the midpoint of
[X«, y«]sp to 1. By Lemma B.3,

CTH w5, )] < [¢p O] = €|¥, (0)

’

VB e [B+ (k—)r,B +kr],Vk =2, (6.15)

on G* for some deterministic C > 1 depending only on a, r, and u. A similar state-
ment holds for k = 1 provided that we replace C with a constant C; > 0 which is
allowed to depend on ¢ but not on f.

. S . , ,

The estimate (6.15) implies, in particular, that |¢ﬁ~+ =1 (0)| and |¢E+kr(0)|
differ by a factor of at most C?2. Iterating (6.15) at most Bv/r times shows that, on
G*

C1—1C—2ﬁv/re—ﬂ(q+v) < |¢19 (0)| < C1C2ﬁv/re—ﬂ(q—v)'

If we choose v such that v < u/3 and c/r < (NG (@)u/3 and choose B sufficiently
large that Cleﬁ”g(q)“/3 > ¢, then condition (2) in the definition of E holds on Eg N
G*. By possibly further shrinking v, we can arrange that p¥/" < e¥6 @%/2 where
p is the parameter from (6.14). From Lemma 6.5, our estimates for the conditional
probabilities of the Gy ’s, and our choice of parameters above,

P(E) > P(G, |Eo)pﬂv/r—le—ﬁ(y*(q)+1/5‘(q)v) > e BT (@+v@u) 0
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7. Two-point estimate

7.1. Outline of the two-point estimate

The goal of this section is to prove our two-point estimate, which will lead to a lower

bound for the Hausdorff dimensions of the sets ®*(Dy) and o’ (Dy) in Theorem 1.1.

In particular, we will define events E,(z) for z € D and n € N, we will show that if

E,(z) occurs for every n € N (i.e., z is a perfect point), then z € ©°(Dy), and we

will show that the correlation of £, (z) and E, (w) is small when |z — w]| is large, in a

quantitative sense (Proposition 7.17). The proof of this latter correlation estimate uses

the theory of imaginary geometry to get long-range independence for certain events.
Throughout this section, we will consider the following setup. Let y = 2/./k —

J/Kk/2, and let A = m/./k be the imaginary geometry parameters from (2.20). Let

h be a zero-boundary GFF on D plus a harmonic function chosen in such a way

that if v : H— D is the conformal map taking 0 to —i, co to i, and i to O, then

hoy — yargy' is a GFF on H with boundary data —A on (—o00, 0] and A on [0, 00).

By [37, Theorem 1.1] the 0-angle flow line 7 of £ started from —i is a chordal SLE,

from —i to i in D.* Let 77 be the time reversal of 7. Also fix a multifractal spectrum

parameter s € (—1,1),and let g :=s/(1 —s) € (—1/2,00).
We will shortly give an outline of the content of the rest of this section, but before
we do so we make some general comments about notation.

. We continue to use the notation 8g = B,—4(0) from (6.1). We also recall the
notation n* = ([0, t]), and we will always denote the time reversal of a curve
by an overbar.

. All curves in this section are assumed to have some arbitrary parameterization.
The times we consider will only be used to specify certain segments of the
curve, and these segments will not depend on the choice of parameterization.

. The notation in the remainder of this section is quite heavy, but it is easier to
navigate if the reader keeps in mind several conventions. Objects denoted with
a superscript f are associated with the full curve 7, as opposed to the curve 7, ;
at scale j. Conformal maps denoted by the symbol 1 with some decoration
map the complement of some part of 7 (or a conformal image thereof) to D and
are required to fix the origin. Conformal maps denoted by ¢ or ® with some
decoration map the complement of some segment of 7 (or a conformal image
thereof) to D and are specified by the images of three points on the boundary.
Conformal maps denoted by 7w with some decoration map a “pocket” formed

“In the case in which k = 4, we replace flow lines of & with a given angle by level lines of % at a given level
(see [53], [54], [62]). Everything that follows works identically with this replacement. In fact, since (in contrast
to the situation for flow lines) the time reversal of a level line is also a level line (see [62, Theorem 1.1.5]), some
of the proofs are easier for k = 4.
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Figure 10. Illustration of the definition of the event E. Middle: The full curve n, with the
segments of the curve involved in the definitions of the events L, E ,and E as well as the
auxiliary flow lines ni involved in the definition of F' are shown. For clarity, the disks B%, Ba,
and Bg here are shown larger than they actually are in practice. Top left: The image of the
middle picture under the map ¢ : D\ (n° U7%) — D. The derivative of this map at the origin is
of order e A4 on E. Bottom left: The image of the middle picture under the map 7 : D — D
with 7r(0) = 0 and 7/ (0) > 0. In the setting of Section 7.3, if = n;, ;, then the curve in this
picture is 7, j1 1. Right: The map v takes D \ (n* U 7%) to D and fixes 0. The event F includes
several conditions which say that the flow lines w(ni) behave nicely.

by two auxiliary flow lines to D. Conformal maps denoted by f or g with
some decoration are automorphisms of D.

. Much of the notation in this section is illustrated in Figures 10, 11, and 12 and
summarized in Section 7.7.

We start in Section 7.2 by defining an event E depending on parameters 8 > 0
and u € (0, 1) (which will eventually be sent to 0 and oo, respectively) and a field
h on D with Dirichlet boundary data and its 0-angle flow line 5 started from x €
dD to y € dD. (Eventually, we will apply this definition inductively with 1 replaced
by the conformal image of a certain segment of our original SLE, curve n.) The
definition of E also involves several constant-order auxiliary parameters which we
list in Definition 7.1. Roughly speaking, E is the event that the following hold.

(D If we run n (resp., its time reversal) until the first time ¢ that it gets within
distance e~# of the origin and then apply a conformal map ¢ : D\ (n* U7") —
D normalized so that ¢ (x+) = —i, ¢(y~) =i, and ¢ (midpoint of [x, y]sp) =
1, then |¢’(0)] is of order e =A@+,

(2) Let = and n* be flow lines of 4 started from 5(t), with angles chosen so
that they almost surely intersect each other. Then ™ and n* form a “pocket”
surrounding the origin with diameter of order e P anda roughly round shape.
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Yej1 = (b))

*F

“ Xej+1 = Tz (bz,j)

Figure 11. Top left: Illustration of two stages of the inductive construction in Section 7.3. (The
picture shows a small neighborhood of the point z € D.) Segments of 1 associated with the
events L, ; (resp., Ez,j_l and Ez,j; the last parts of £, ;1 and E ;) are shown. As in

Figure 10, balls and curve segments are not shown to scale. Top right: The picture we obtain
after applying the map ng’ I Dg, -1 D. This is the same as the setting of the middle panel
in Figure 10 with ) = 7_;. Note that here x;’j #xz ; and y;",j # yz,; since 1z ; hits dD.
Bottom left: The setting we obtain after applying the map v/, ;, which corresponds to the right
panel in Figure 10. Bottom right: The setting we obtain after applying the map 7 ;. The curve
Nz,j+1 is the image under 77 ; of the segment of 7, ; contained in D ;.
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Figure 12. An illustration of some of the maps associated with the events £, 1 and E; >, with
the images of —i, i, 1, and z; the curve segments associated with each of these events are shown.
The map ¢; > is the composition of the last three maps in the figure. The map <I>fz,2 is the
composition of all four maps.

The first of these two conditions will ensure that the behavior of the derivative of
a conformal map from one side of n to D has the right derivative behavior, and the
second condition will allow us to get the long-range independence needed for our
two-point estimate. We will also prove an estimate (Lemma 7.7) for the probability
of E.

The actual definition of E will involve several regularity conditions which are
needed to rule out various types of pathological behavior. We will break the definition
up into four steps, which each serve a particular purpose in the proof of our two-
point estimate. Let us now give a more detailed outline of each of these four steps
and its purpose (see Figure 10 for an illustration of the definition and the objects
involved).

The first step is to get away from the boundary, so that our curve will look like
an ordinary SLE, (even if it was originally an SLE, (p)). We grow the curves 1 and
7 up to times o and o, respectively, which are apprO;imately equal to the first time
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these curves hit a certain ball centered at 0 with small (but S-independent) size. Our
first event L is a list of regularity conditions for 7° and 7°. The purpose of most
of these conditions is to ensure that we can apply Lemma C.4 to get that the seg-
ment of 1 from (o) to (o) is close in law to an SLE, curve, even if 7 is itself an
SLE,(p%; p®) curve for pL, pR € (=2,0). The probability of L will be of constant
order, independent of 8 (Lemma 7.2). We note that the objects in the definition of L
are used infrequently outside the proof of Lemma 7.3.

The second step takes care of the derivative behavior; in particular, we let E be
the event described in item (1) above, with the same regularity conditions appear-
ing on the event of Proposition 6.1. The event E is the only event in the definition
of E whose conditional probability given the previous events is not of constant (8-
independent) order (see Lemma 7.7 and Proposition 6.1).

Since the behavior of the derivative of a conformal map from the complement of
n to D can a priori depend on the whole curve 7, we next introduce auxiliary flow
lines ™ to localize our events. These are flow lines of / started from the point (),
with angles chosen so that they almost surely bounce off each other, but do not cross.
We define an event F which is the intersection of E and the event that these auxiliary
flow lines make a pocket surrounding 0 (which we call D) before hitting 7° and
satisfy certain regularity conditions.

The key property which these pockets D satisfy, and which is the source of the
long-range independence needed for our two-point estimate in Section 7.5, is that,
conditional on a pocket, the restrictions of /4 to the inside and outside of the pocket
are conditionally independent (see Lemma 7.4). Since & determines 7 in a local man-
ner, this will lead to independence between certain segments of 7. The regularity
conditions in the definition of F' govern the size and shape of the pocket D and will
be important in Section 7.4 when we compare derivatives of various conformal maps;
they also ensure that the points where 7 enters and exits the pocket are separated in
the sense of the harmonic measure from 0. Finally, we define E to be the intersection
of F and the event that 1 and 77 do not have any pathological behavior between the
time they hit B and the time when they enter the pocket D.

In Section 7.3, we define events E, ; for z € D and j € N associated with our
original field/curve pair (,n) as follows. Fix sequences ; — oo (at a logarithmic
rate) and u ; — O (at a very slow rate), which are chosen in Lemma 7.10. In the case in
which j = 1, we apply a conformal automorphism f; ; : D — D sending z to 0, and
let £, 1 be the event E of Section 7.2 defined with 8 = 1, u = uy,and f; 107z, in
place of 1. Inductively, for j > 2 we let D, ;_; be the pocket formed by the auxiliary
flow lines used in the definition of E, ;_1, let m; ;1 : D j—1 — D be a conformal
map which fixes 0, and let E, ; be the event E of Section 7.2 with 7 replaced by the
image under 7, ;_; of the segment of (a conformal image of) n which is contained in
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D; j—y and with B = B; and u = u ;. We then set
n
E,(z):= ﬂ E; ;.
j=1

See Figure 11 for an illustration of the definitions of E; ; and E,(z).

In Section 7.4, we use a purely complex analytic argument to prove Lemma 7.13,
which says that the derivatives of certain conformal maps and the diameters of certain
sets are of the correct order on E,(z). This will be used in Section 8 to show that
the perfect points (roughly speaking, those for which E,(z) occurs for every n € N)
all belong to the multifractal spectrum set ®°(D,,). The proofs in this subsection are
perhaps the most technical ones in this section; the reader who wishes to see only
the main ideas of the proof of our two-point estimate may wish to read Lemma 7.13,
which is the only result from this subsection used in the rest of the proof, and skip the
rest of Section 7.4.

In Section 7.5, we prove our two-point estimate Proposition 7.17 using the aux-
iliary flow lines in the definitions of our events and various conditioning arguments
based on results from [37]. The main idea of the proof is that (roughly speaking)
the behavior of the field /., and hence also the curve 7, inside the pockets D;n and
Df;),n formed by the auxiliary flow lines is independent provided that these pockets
are disjoint, which allows us to get long-range independence for our events.

Section 7.6 contains a discussion about what adaptations one would make to our
argument when proving two-point estimates for other sets associated with SLE. For
the convenience of the reader, we have included an index of the notation used in this
section in Section 7.7.

7.2. Event for an SLE, (p%; pR) curve coupled with a GFF

Fix d > 0, and suppose that x, y € dD with |x — y| > d. Also let oL, pR e (=2,0],
and let 4 be a GFF on D with Dirichlet boundary data chosen in such a way that its
0-angle flow line 7 from x to y is an SLE,(p~; p®) from x to y, with force points
located immediately to the left and right of x. Also fix u € (0,1) and 8 > 0. (We will
eventually send u — 0 and 8 — c0.)

All objects in this subsection are allowed to depend on p~, p®, and «, and we do
not make this dependence explicit. We will, however, be careful about dependence on
x and y, which is why we introduce the parameter d.

In this subsection, we will define an event E associated with the curve 5, the field
h, the parameters B and u, and several constant-order auxiliary parameters. We will
also record an estimate for P(E). In the next subsection we will define the events E ;
and the associated objects by replacing & with the conformal image of the restriction
of & to a subdomain and replacing 1 with the corresponding conformal image of a
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segment of 1 (see Figure 10 for an illustration of most of the objects defined in this
subsection).

Definition 7.1 (Auxiliary parameters)
The auxiliary parameters are the objects A > A > 1,6p,r, pr € (0,1),a € (0,1/4),
and u, ur, ur € M, all chosen in a manner which does not depend on § or u.

The auxiliary parameters will be used in the definition of our events below and
will be chosen in the following manner. In Lemma 7.7, we show that, for a given
choice of r, a, and 5’: a certain estimate holds provided that 87, pr, i, i, and wp
are chosen sufficiently small, A and A are chosen sufficiently large, and B is large
enough (depending on all of the auxiliary parameters). In Section 7.4, we make our
choice of r. The parameter a is allowed to remain arbitrary.

We now proceed with the definition of the event E, as outlined in Section 7.1.
Let 7 be the time reversal of n. We first grow initial segments of 1 and 7 in such a
way that the “middle part” of 7, between these two segments, looks like an ordinary
SLE,.

Let o (resp., 0) be the first time 7 (resp., 77) hits B (or co if no such time exists).
Let [x*, y*]sp be the largest subarc of [x, y]sp which is not disconnected from the
origin by n° U7°. Note that x* = x and y* = y if 5 does not hit 9D except at its end
points (e.g., if 1 is an ordinary SLE,).

Let L be the event that the following occurs.

(1) 0,0 < oo and 7 (resp., 7° ) is contained in the e =22 -neighborhood of the seg-
ment [x, 0] (resp., [y, 0]). Furthermore, 7 (resp., 77) does not exit Bx between
the first time it enters B4/, and time o (resp., 0).

(2)  The harmonic measure from 0 in D \ (1° U7°) of each of the two sides of 7°
and each of the two sides of 77 is at least a.

(3) Let L :D\ (n° U7°) — D be the conformal map with ¥ (0) = 0 and
WLY(©0) > 0. Then ()" maps Bi_u(5,)(0) U Bs, (W2 (n(@)) U
Bs, (" (71(7))) into Bg.

4) ﬁ[x*,y*](l//]“, 1) occurs (Definition 2.5).

(5)  The conditional probability given n° U 7° that the part of 1 lying between
n(o) and 77() never exits By is at least pr.

See the middle panel of Figure 10 for an illustration. The main reason for most of the

conditions in the definition of L is so that the conditions of Lemma C.4 are satisfied,

which will be used in Lemma 7.3 just below. The objects involved in the definition of

L (0,7, YL, etc.) are used infrequently in the rest of this section.
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LEMMA 7.2

For each d € 0,1), A >0, and W€ M, it holds for sufficiently small §1, € (O 1)
L € M, and py, € (0,1) and sufficiently large A > A>1, depending only on d, A
and |, that for each a € (0,1/4) we have P(L) > 1, with implicit constant dependmg
on E oL, pR k, and the auxiliary parameters but uniform over all choices of end
points x,y with |x — y| > d.

Proof

This follows from Lemma 2.17. Note that we can apply the Koebe growth theorem
to (Y1) 1 tofinda sy =87 (A, i) > 0 so that the statement of the lemma holds, no
matter how large we make A. O

We next define the “part” of the definition of E which gives us control of the
derivatives of certain conformal maps. This is the only event in this subsection which
does not occur with constant-order (i.e., f-independent) conditional probability given
the earlier events.

Recalling the auxiliary parameters from Definition 7.1, let E be the intersection
of L and the event Eg;" (n;a, 1, u) considered in Section 6, that is, E is the event that
the following is true.

(D) The event L defined above occurs. Moreover, let T (resp., T) be the first time
n (resp., ) hits Bg (or co if no such time exists). Then 7,7 < oo.

(2)  The conformal map ¢ : D\ (n® UR°) = D with ¢p(x+) = —i, ¢p(y~) =i, and
¢ (midpoint of [x, y]sp) = 1 satisfies e B@T%) < |¢/(0)| < e Pla—¥),

(3)  The harmonic measure from 0 in D \ (5° U7") of each of the two sides of 5®
and each of the two sides of 77° is at least a.

(4)  With ¥ as in condition 3 in the definition of L, the event &'(¥ L (n* UT°), i)
occurs (Definition 2.6).

The event E is illustrated in the middle panel of Figure 10. We now record our esti-

mate for P( E).

LEMMA 7.3

There exists uyx = ux(q) € (0, 1) such that, for each u € (0,u.] and each de 0,1),
it holds for sufficiently small 81, € (0,1), i, iz, € M, and py, € (0,1) and sufficiently
large A > A, depending only on fav', and all a € (0,1/4) that the following is true.
There exists B+« > 0 (depending on u, 67, and the auxiliary parameters) such that, for

B = B,
BV DT @W < p(E) < o PO @75 @w), (7.1)

where y*(q) and y§ (q) are the exponents from Proposition 6.1 and the implicit con-
stants depend on u, d, and the auxiliary parameters.



ALMOST SURE MULTIFRACTAL SPECTRUM OF SLE 1181

Due to the Markov property and reversibility of SLE,, Lemma 7.3 is almost
immediate from Lemma 7.2 and Proposition 6.1 if p& = p® = 0. In order to treat the
case of general pL, pR € (—=2,0], we will use an absolute continuity argument based
on the result of Appendix C, since Proposition 6.1 is only proven for pX = pR = 0.

Proof of Lemma 7.3

Let L : D\ (n° U5°) — D be the conformal map from condition (3) in the definition
of the event L. Define the curve 79 := L (n\ (n° UT%)). Also let H* :={n\ (n° U
7°) C Bz}, as in Appendix C. By condition 3 in the definition of L and condition 4
in the definition of E, we infer that E C H*.

By conditions (1) and (5) in the definition of L, this event is contained in the event
S of Lemma C.4. By Lemma C 4, if A (and hence also A) is chosen sufficiently large,
then the regular conditional law of the curve 79 given 7° U7° and the event H* on the
event L is strictly mutually absolutely continuous (SMAC; see Definition C.1) with
respect to the law of a chordal SLE, from ¥ (n(c)) to ¥~ (7()) in D conditioned
to stay in WL(Bz), with implicit constants depending only on d, , pE, pR, k, and the
auxiliary parameters. By condition (5) in the definition of L, the same is true of the
regular conditional law of 79 given n° Un° on the event L restricted to the event H*.
By condition (5) in the definition of L, §(ne, u) C H*.

By condition (2) in the definition of L, |L(n(c)) — L (7(7))| is bounded
below by a positive a-dependent constant on L. By this, Proposition 6.1, and the
absolute continuity considerations in the preceding paragraph, we find that (in the
notation of Proposition 6.1), for an appropriate choice of u, € (0,1) and a small
enough choice of p € M, it holds on L that, for each u € (0,u4] and ¢ > 0, there
exists ,B~* = ﬁ* (u,a,c) > 0 such that, for ,B~Z E*, the conditional probability of the
event of Proposition 6.1 on L almost surely satisfies

e—E(y*(q)er{,*(q)u) < P(E%;u(ﬁo;a,&/i) |n° U ﬁﬁ) < e—g(y*(q)—ya“(q)u)' (7.2)

Note that if u is chosen sufficiently small, then EZ"(no:a,c, ) C H* by condi-
tion (3) in the definition of L. By the Koebe quarter theorem, we can find C > 0
depending only on A such that on L,

£B+C C ¢L(£ﬁ) C c@ﬁ_c. (7.3)

It is clear from Lemma 2.17, the above absolute continuity statement, and the Markov
property of ordinary SLE, that, for an appropriate choice of ¢ = ¢(A) € (0, 1), the
conditional probability of E given n° U 7° and the event Eg;_uc(no;a, ¢, ) and the
conditional probability of ngc (no;a,c™', i) given n° U7° and the event E are
each almost surely bounded below by positive deterministic constants depending only
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on d and the auxiliary parameters. Combining this with (7.2) and Lemma 7.2 yields
the statement of the lemma with 8, = B« + C. O

We next define auxiliary flow lines 7 started from 7(t) which form a “pocket”
surrounding 0 with size of order e # with uniformly positive probability. The reason
for introducing these flow lines is as follows. Roughly speaking, the part of 7 inside
D is conditionally independent of the part of 1 which is outside D given the flow lines
n* (see Lemma 7.4 below). When applied at various scales, this fact will eventually
allow us to get the needed long-range independence for our two-point estimate.

Fix 6 > 0, to be chosen momentarily, in a manner depending only on x. On
E, let n~ and n* be the flow lines of / started from 7(z) with angles 6 and —0,
respectively. Note that the flow line with a negative sign has positive angle and vice
versa. This is because a flow line with a negative angle almost surely stays to the right
of 1, and a flow line with a positive angle almost surely stays to the left of 1 (see [37,
Theorem 1.5]).

By examining the boundary data of the field & along n and applying [37, The-
orems 1.1 and 2.4], we find that the conditional law of 7~ (resp., nT) given 1 on
the event {t < oo} is that of a certain SLE, (p) process from 7¢(t) to i in the right
(resp., left) connected component of D \ 7y, with force points immediately to the left
and right of its starting point and at the end points x and y. The weights of the force
points immediately to the left and right of the starting point are given by

0 6
o0 = _TX and  pl= TX —2, (7.4)

with p° the force point on the side corresponding to 1 (see [37, Section 2.2] for a
discussion and rigorous construction of SLE, (p?; p!) with force points immediately
to the left and right of the starting point).

By [37, Theorem 1.5(iii)], n* almost surely intersect (but do not cross) each
other provided that 6 < 7k /(4 — k). By [37, Remark 5.3], & almost surely do not hit
n® provided that —0y /A > k/2 — 2. Hence, we can choose 6 > 0 sufficiently small,
depending only on « in such a way that 7T almost surely intersect each other and
almost surely do not hit n°. We henceforth assume that 8 has been chosen in this
manner.

If there is a connected component of D \ (n~ U n7) lying between n~ and n™*
which contains 0, we take D to be this connected component, and we set D = @
otherwise. We also let 7 : D — D be the conformal map with 7 (0) = 0 and 7/ (0) > 0.

The next piece in the definition of our event E is a list of regularity conditions
for the flow lines n* which ensures that the pocket D they form has a roughly round
shape. Let ¢ be the first time that n* hits ™ after the first time it exits the disk of
radius e A1 centered at 5(t). Let ¢~ be the time such that n~(r7) = n*(¢). Let
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b=n"(t")=nt(t), and let b be the last intersection point of ¥ before hitting b,
so that if D # @, then b and b are the first and last points of D hit by n%. Also let
T be the first exit times of n& from the annulus Bg_a \ Bgia. Let F be the event
that the following occurs.
(1)  Eoccurs,tt <7+, =<7, D#0,and b ¢ 7".
(2)  Lety :D\ (n° UT°) be the conformal map with ¥ (0) = 0 and ¥’(0) > 0. Let
xF =y (n(v)) and y¥ = ¢ (7(7)). Then |y (b) — xF'| and |y (b) — y* | are
each at most r.
(3)  Each point of v (resp., ¥((n7)" )) lies within distance r of
[xF, yFlap (resp., [yF . xFap).
@ '@ (M) U@ ), 1uF) occurs (Definition 2.6).
See the right panel in Figure 10 for an illustration of the event F.
The main reason for our interest in the domain D is contained in the following
lemma, which will be a key tool in our two-point estimate.

LEMMA 7.4

Recall the pocket D formed by the auxiliary flow lines r]jE and its two marked bound-
ary points b and b. On the event {D # @}, if we condition on D and hlp\p, then the
joint conditional law of h| p and the segment of n contained in D is that of a GFF with
Dirichlet boundary data determined by (D, bg) and its zero-angle flow line from b
tob. In particular, the conditional law of this segment of 1) given D and h|p\ p is that
of a chordal SLE,(p'; p') in D from b to b, with p" as in (7.4).

Proof
By [37, Theorem 1.1] and since 7 is a stopping time for 7, the set

A=n"Un upt

is a local set for % in the sense of [54, Section 3.3], that is, the conditional law of
hlp\4 given A and h|,4 is that of an independent zero-boundary GFF in each con-
nected component of D \ A plus a harmonic function determined by (%|p\ 4, A). This
harmonic function is described explicitly in [37, Theorem 1.1]: in particular, the con-
ditional law of h|p given (A,%|p\4) on the event {D # @} is that of a GFF on D
with boundary data A — 6y — y - winding on [b,b]sp and —A + 8y — x - winding on
[b,b]ap, where A and y are as in Section 2.5 and the term “winding” has the meaning
of [37, Figure 1.9].

The domain D is one of the connected components of D \ A and the field /|p\ p
is determined by A, h| 4, and the restrictions of 4 to the other connected components
of D\ A. Since A is a local set for 4 and is almost surely determined by % (by [37,
Theorem 1.2]), we infer that A is almost surely determined by D and /|p\ 4. Hence,
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we get the same conditional law for /|p if we instead condition on D and h|p\p.
The statement about the conditional law of the segment of 1 contained in D follows
easily from our description of the conditional law of %|p and [37, Theorems 1.1
and 2.4]. O

To complete the definition of our event E, we need one last regularity condition
to rule out pathological behavior of the segments of 1 and 7 before they hit D. Let
T* (resp., T") be the time at which 7 (resp., 7) hits b (resp., b). Note that these times
are almost surely finite if F occurs, since n~ and n* almost surely lie to the left and
right of n, respectively. Let E be the event that the following occurs.

(D F occurs.

(2)  With ¢ as in condition (2) in the definition of F, ¥ (no([z,t*])) (resp.,
¥ (7,([.T*])) is contained in the disk of radius 2r centered at x (resp.,
y¥; with notation as in condition (2) in the definition of F).

Remark 7.5
By [37, Theorem 1.5] i cannot cross n*. By combining this with condition (3) in the
definition of L, condition (4) in the definition of E , and condition (2) in the definition
of E, it follows that the segment of 1 between 1(o) and 77(&) is contained in 8% on
the event E.

We now estimate the conditional probability of E given the second intermediate
event E defined above.

LEMMA 7.6

For each r € (0,1/2), it holds for sufficiently small urp € M and sufficiently large
A > 1, depending only on r, a, and dN that P(E | E) > 1, with the implicit constant
depending only on d and the auxiliary parameters.

Proof

Let nf" be the image under ¥ of the part of 7 between 7(z) and 7j(7). Note that the
distance between the end points x¥ and y¥ of n¥ is uniformly positive on E by
condition (3) in the definition of E.

Let 7 e (0,72), and let U be the 7-neighborhood of the line segment from x ¥ to
yF. Also let /. € M, and let S be the event that n¥ C U, §'(n', u'z) occurs, and
the time reversal of " does not enter B7(y¥) after leaving Bo#(y¥).

The absolute continuity considerations in the proof of Lemma 7.3 (still applied
at times o and &) show that the conditional law of n¥ given n* U 75" on the event E,
restricted to the event S, is SMAC (see Definition C.1) with respect to the law of a



ALMOST SURE MULTIFRACTAL SPECTRUM OF SLE 1185

chordal SLE, from x to y¥ in D, with implicit constants depending only on d, , oL,
pR, i, and the auxiliary parameters. By Lemma 2.17, we infer that P(S | E ) > 1.

The conditional law of ¥ (n) given 7 on the event E N S is that of an SLE,(p)
process in the right connected component of D \ " from x¥ to v (i 7); it has force
points with weights (7.4) on either side of its starting point and it has two other
boundary force points lying at uniformly positive distance from its starting point and
end point. (This distance is uniformly positive by condition (3) in the definition of
E .) Similar statements hold with — in place of + and “left” in place of “right.” By
Lemma 2.18 and the Beurling estimate (to make sure that ¥ (8g4) covers most of
D) we infer that P(E | ENS ) > 1 provided that p F is chosen sufficiently small and
A > 1 is chosen sufficiently large, in a manner depending only on r.° Since 7 < r, if
F N E NS occurs, then so does E. We conclude by observing that

P(E|E)>P(ENS|E)=P(E|ENS)P(S |E). O

By combining Lemmas 7.3 and 7.6, we infer the following one-point estimate for
the event E.

LEMMA 7.7

Letd e (0,1) and a,r € (0,1/4). There exists ux = u«(q) € (0, 1) such that the fol-
lowing is true for each u € (0,u«]. If we choose 61, pr, U, L, and pr sufficiently
small and A > A sufficiently large in a manner depending only on 67, a, and r, then
we can find B«(u) > 0 (depending on u, 67, and the auxiliary parameters) such that,

Jor B = Bs(u),
e PO @Hr5 (@) < p(E) < AU @=r5(@w)

with the implicit constants depending only on u, d, and the auxiliary parameters.

The last lemma in this subsection will be used to circumvent the fact that the
laws of our objects will not be exactly the same at every scale. To explain this, we
observe that Lemma 7.4 gives the objects defined in this subsection a certain self-
similarity property: if £ occurs and we replace (%, ) with the pushforward under the
map 7 : D — D of (hlp.n\ (" U ﬁ?*), then we end up in the same situation we
started with but with (p!, p') in place of (oL, p®) and a possibly different choice of

3To get that the flow lines ni intersect one another where we want them to with uniformly positive probability,
we can further condition on a second pair of flow lines 7+ with the same angles as n¥E, started at a point near
where we want the intersection to occur. We then apply Lemma 2.18 to the conditional law of n* given ke
and 7, and we observe that r]i merge with ﬁi upon intersecting (see [37, Theorem 1.5]) and that 'ﬁi almost
surely intersect one another at points arbitrarily close to their starting points. See [46] for several examples of
similar arguments.



1186 GWYNNE, MILLER, and SUN

start and end points for the curve. If we start with p = p® = p!, then we can remove
the lack of stationarity coming from the change of p-values. The asymmetry coming
from the change of start and end points is nontrivial and is dealt with in the following
lemma. We note that, by rotational invariance, we only care about arg(y/x), not the
particular values of x and y.

LEMMA 7.8

Let rg >0, and let H = H(a,ryg) be the event that the following is true.

(1) With t as in condition (1) in the definition of E, we have © < oo and the
harmonic measure from 0 in D\ n° of each side of n* is at least a.

(2)  Let v : D\ n* — D be the conformal map with yH (0) = 0 and v (n(v)) =
—i. Then each point of Y (D) lies at distance at least r g from 0D\ By (—i).

Recalling the map 7 : D — D which fixes 0, let x' := 7 (b) and y' := 7 (b), so that x'
and y’ are the start and end points of the image under 7 of the segment of 1 contained
in D. Suppose also that we are given two choices of start/end point pairs (x1, y1) and
(x2,y2) for n with |x1 — y1|, |x2 — y2| > d, and for i € {1,2}, denote the objects
defined above with (x;, y;) in place of (x,y) with a subscript i. The conditional law
of arg(y|/x}) given Hy and the conditional law of arg(y5/x5) given Hy are SMAC
(see Definition C.1), with the implicit constant depending only on 67, a, and rg (not
on B, u, or the particular choice of (x1, y1) and (x2,y2)).

With H the event of Lemma 7.8, it follows from condition (3) in the definition
of E, condition (4) in the definition of F, and the Schwarz lemma applied to the
map ¥ o (7)™ : D\ v (%) — D that, for any choice of the auxiliary parameters
a€(0,1/4) and uf € M, thereis an rg = rg(a, ur) for which £ C H.

Proof of Lemma 7.8

We observe that arg(y’/x’) is equal to 27 times the harmonic measure from 0 of
9D N n™. Hence, we need to prove an absolute continuity statement for this harmonic
measure.

The conditional law of the curve ¥ (57) (resp., ¥ (nT)) given 77 is that of a
certain chordal SLE, (p) (resp., SLE,(p)) from —i to ¥ (i) in D with force points
of weight p! (as in (7.4)) and 6 X/ A located on either side of —i and additional force
points located at ¥ (x~) and ¥ (xT). By condition (1) in the definition of H, on
H each of these additional force points lies at distance at least 2a from —i.

Let U be the set of points in D which lie at distance at least 7 from 0D\ B, (—i),
and let tY>* be the exit time of n* from U. By [46, Lemma 2.8] (applied once to 1~
and once to the conditional law of n* given ™), we infer that, in the notation of the
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lemma, (1) the joint conditional law of ((nl_)tlU'_, (nf)’lU'Jr) given 7' on the event
that condition (2) in the definition of H; holds and (2) the joint conditional law of
((n;)’zu'_, (n;)’g'Jr) given 75> on the event that condition (2) in the definition of
H>, holds are SMAC, with implicit constants depending only on d, , a, and rg. This
immediately implies the statement of the lemma. O

7.3. Events for the perfect points

Recall the setting described at the beginning of Section 7.1: & is a GFF on D with
Dirichlet boundary data chosen so that its 0-angle flow line n from —i to i is an
ordinary SLE,. Fix auxiliary parameters r,a (to be chosen later), and assume that
the other auxiliary parameters from Definition 7.1 are chosen in such a way that the
conclusion of Lemma 7.7 holds for this choice of r and a.

Fix d € (0,1); we will work on B;(0) to avoid pathologies coming from the
boundary. Also fix sequences of positive numbers ; — oo and u; — 0 to be chosen
in Lemma 7.10 just below; we note that, in particular, 8; will grow like log ;.

In this subsection we will define the main events and objects we consider in the
rest of this section using the construction of Section 7.2 and induction over scales of
size e 7B/ (see Figure 11 for an illustration of the objects defined in this subsection
and Section 7.7 for an index of these objects).

7.3.1. Inductive definitions of events
Here we will use the events of Section 7.2 with 7 replaced by a conformal image of
an appropriate segment of 7 to define the following objects for z € B;(0) and j € N:

. events: L, ;, E; j, F; j,and E; ;;

. points: Xz,;, yz,j, X; ;> V7 j» x;:l, yf:l, b j,and bz ;;
. conformal maps: WZLJ, @z,j, ¥z, and 75 j;

. random times: 0z j, 0z, Tz,j» Tj.z» Ty 1> and T, ;3

. curves: 1z,; and n;'fj;

. fields: A, ;;

. domains: D ;.

First, we consider the case in which j = 1. For z € B;(0), let f; ; be the conformal
automorphism of D satisfying f; 1(z) =0 and f; 1(—i) = —i. Let ;1 := fz,1(n),
and let x; 1 := —i = f;1(—i) and y; 1 := fz,1(i) be its start and and end points.
Also define the field /i, :=hto f | — yarg((f;})), where y =2//kk — ik /2 is
the imaginary geometry parameter.

Define the event E; ; and the associated objects as in Section 7.2 with 8 = B,
U =uj, 1z, in place of 7, and &, ; in place of &, and denote these objects with a
subscript z, 1. We recall, in particular, that D ; is the domain formed by the auxiliary
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flow lines ’7?,1’ with marked points bz’l,zz’l € 9Dz ,andwelet .1 : D, 1 — Dbe
the conformal map with 77;,1(0) = 0 and 7, ; (0) > 0.

Now suppose that j > 2 and that our objects have been defined for all positive
integers [ < j —1.1f D, j_; = @, we take all of the objects defined below to be equal
to a graveyard point. Otherwise, let 7, ; be the image under 7, j_; of the segment of
Nz,j—1 contained in 52,]-_1 (equivalently, the segment of 1, ;_; from 1, j_1(tz,j—1)
to (75, j—1))- Thenx, j =, j—1(b; j—1) and y, ; = w5 j—1(bz,;j—1) are the initial
and terminal points of 7 ;. Define the field

I . —1 —1 /
hzji=hzj1om; ;1 — yarg(m; ;)"

Lemma 7.4 implies that /1, ; is a GFF with Dirichlet boundary data, 7 _; is its 0-angle
flow line from —i to y ;, and 7., ; is an SLE,(p'; p!) with force points located on
either side of —i.

Define the event £ ; and the associated objects as in Section 7.2 with 8 = 8},
u =uj, 1nz; in place of 7, and h, ; in place of h, and denote these objects by a
subscript z, j .

Remark 7.9

There exists d € (0, 1), depending only on d, such that if z € B;(0), then each con-
formal automorphism D — D taking z to 0 takes —i and i to a point of dD at distance
at least d from each other, so |xz,1 — yz,1| > d. By conditions (2) and (3) in the def-
inition of E, »,j and condition (3) in the definition of F; ;, after possibly shrinking d
(in a manner depending only on r and a) we can arrange that also |x; ; — y; ;| > d
for j > 2.

7.3.2. Objects associated with the full curve n

Let
n
En(2):= (") Ez.;. (7.5)
j=1
Also define the o-algebra
Foni= 0(172,‘,-|[0J;j],ﬁz,j|[o,f;j], Nz,7l00.02 ;15 77;:]-|[0,,2+j] 1j <n) (7.6)

so that E,(z) € ¥z 5.

We will also need to define a few additional objects associated with the full
curve 71, which are denoted with a superscript f. (Recall the notational convention
described at the beginning of Section 7.1.) For z, j € N, define the conformal map

ﬂg’j = ﬂz,jo"‘oﬂz,lofz,l- (7.7)
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Also set 70 := fz1. Then n! i Df ; =D, for Df ; a domain in D containing z
and Jt;j (z) =0.Forz € B;(0) and j €N, let rg,j and t;j (resp., ?i*j and ?1;’3.) be
the times for 7 (resp., 17) such that

”;,j_1(77(77;j)) =1z, (tz,7) and
. (7.8)
(Yz,j0 7T§7j_1)(77(7:z:j)) = nz,j(fz*,j)

(resp., the analogous relation holds for 77 and 77, ;).
Let ntzj; be the flow lines of / with angles F6 started from 7(z;,;). Then ntzj;

trace 8D£’ It and if we let tif be the time at which ntzj; finishes tracing aDi’ It then
+ ¢F £ £+ 0T
()% = b (). 1.9)

7.3.3. Choosing B and u j

We now choose the sequences f; — oo and u; — 0 which are used in place of 8 and
u, respectively, in the definitions of the events in Section 7.2. Lemma 7.7 (applied with
d as in Remark 7.9) tells us that, for each u € (0, 1), there exists B« (1) = B« (u, 67) >
0 such that if we are in the setting of Section 7.2 with 8 > B« (u), either p& = pR = p!
or pl = pR =0, and |x — y| > d, then

Cu—le—ﬂ(y*(q)+y5*(q)u) <P(E) < Cye PV @-v5@uw) (7.10)

where, for u > 0, C, is a constant which is allowed to depend on u, d, , and the
auxiliary parameters but not on § or the particular choice of x and y. We now choose
Bj — oo and u; — 0 in such a way that (7.10) remains true with §; in place of
and u; in place of u.

LEMMA 7.10

For each choice of d (which we recall from Remark 7.9 depends on d) and each

choice of the auxiliary parameters, there exists Bo > 0 such that, with ; =log j +

Bo, one can choose (u ;) jen such that the following is true.

(D) uj decreasesto 0 as j — oo.

(2)  Foreach j €N, we have B > Bs«(u ;) so that (7.10) holds with B in place of
B and u j in place of u.

3) Foreach j €N, C,; < ePiuive @,

4) Bjuj—>ooas j— oo.

Remark 7.11
The reason we allow B and u to vary here is that we eventually want to get a lower
bound for the Hausdorff dimension of the sets ®°(D;) and ©°(Dy). If we fixed u,
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we would instead get the Hausdorff dimension of the sets where the limits in the
definitions of ®*(D,) and o’ (Dy) are between s —u and s 4 u. In order to allow
u to vary, we also need to allow B to vary, for otherwise the constants C,, in (7.10)
would be larger than e? when u is very small. The idea in Lemma 7.10 below is to let
uj — 0 and B; — oo slowly enough that our estimates are not much different than
they would be with fixed 8 and u.

Proof of Lemma 7.10

Fix ug € (0, 1). Choose B¢ much larger than A V y5(q)~ ! log Cy, and large enough
that (7.10) holds with B¢ in place of B and u in place of u. Set 8; =1logj + Bo
for this choice of By. We now inductively choose (u;);en. Start with a sequence
(u])1en C (0,uo) which decreases to 0. Let j; be the least positive integer j such
that f; = Bx(uy), Cyr < ePi"i76@ and Biut > 1. Such a j exists since B, —
oo as j — o0. Set uj =ug for j € {1,..., ji}. Inductively, suppose that / > 1 and
Jis...,ji—1 and u; for j < j;_; have been defined. Let j; be the least integer j >
Ji—1 + 1 such that B; > ul*, Cu;f < ePiuive@  and ﬂjuf > Letu; = u?‘_l for
j€{ji—1+1,...,ji}. Itis clear that conditions (2), (3), and (4) hold for this choice
of (u;). O

We henceforth assume that the sequences (f8;) and (u ;) are chosen as in Lemma
7.10. We also define

m m
Bn:i=)Y_ B; and  Wy:=) Bju;. VYmeN. (7.11)
j=1 i=1
Due to our choice of the 8;’s and u ;’s, we obtain the following estimate for the

probabilities of the events E, (z).

LEMMA 7.12
With E,(z) as in (7.5), it holds for each n € N that

PV @275 @in < P(E,(2)) < o BV (@+275 (@)iin (7.12)

with the implicit constants independent of n and uniform for z € B;(0). The same
is true if we replace (B, uj)jen by (Bj+m.Uj+m)jen for any m € N (both in the
definition of E,(z) and in (7.12)), with the implicit constants unchanged.

Proof
By Lemma 7.4, (7.10), and Remark 7.9, for each j € N,

Cu—le—ﬂj *@+v§(@uy) < P(Ez,j | Ej_ (Z)) < Cu,— e Bi *@-vs (Quj)

J
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The estimate (7.12) follows by multiplying this over all j € {1,...,n} and applying
condition 3 in Lemma 7.10. O

7.4. Analytic properties

In this subsection we study some analytic properties of the events of Section 7.3. The
results of this subsection are needed to analyze the correlation structure of our events
in the next subsection and to show that the perfect points are in fact contained in the
sets whose Hausdorff dimension we want to compute in Section 8. The main result of
this subsection is the following proposition.

LEMMA 7.13

Assume we are in the setting of Section 7.3, and recall in particular the event E,(z)
for n € N and z € B;(0) from (7.5). On E,(z) let CDg’n be the conformal map from
D\ (n’g; u ﬁ?%s*") to D which takes —i ™ to —i, i~ to i, and 1 to 1. We can choose
the parameter 1 sufficiently small, in a manner depending only on a, and Bo (and
hence every B;) sufficiently large, in a manner which does not depend on (u ;) and
is uniform for z € B;(0), in such a way that the following holds almost surely on
En(2), with all implicit constants deterministic, independent of n, and uniform for
z € By (0)

(D We have

e_Bnq—Zﬁn < ‘((D;n)/(z)‘ < e_Fn‘I-i-Zﬁﬂ'

2) There is a constant A« > 0, independent of n and uniform for z € B;(0), such

that
o Bn—Axn < dist(z, nr;’; Uﬁfgf;) < o BntAxn
3) We have
|7)(r§’;) — z’ = \ﬁ(?g’:;) — z| = dist(z, 77’;-2 U ﬁ?fi*").
4) We have

e Pn=hen < dist(z,0D! ) < diam D, < e Pntren,

Lemma 7.13 is the only statement from this subsection which will be needed
in later sections, and the proof is a rather technical complex analysis argument. The
reader may wish to skip the rest of this subsection to see the more probabilistic aspects
of the proofs of our main results.

It may seem at first glance that Lemma 7.13 should be a simple consequence of
the definitions in Section 7.3 and the chain rule. This is not the case, however, as
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at each stage in our construction we restrict to the domain D j, so ®f , (which is

defined on all of D\ (77’55; u ﬁ?;-’;’)) cannot be expressed as a composition of maps
defined in Section 7.3. To prove the lemma, we will express CDE,n as a composition of
maps corresponding to scales j = 1,...,n (see, in particular, (7.14)) and then argue
that these maps are in some sense comparable to the maps appearing in Section 7.3.

To prove Lemma 7.13 we will need to compare the derivatives of several different
maps. To this end, we will define the following objects:

. conformal maps: W£ o az i» (?)\Z,j, Jz,j.and gz ;;
. random times: 7° and ‘L’Z s

. points: X7, ; and y; yz,],

. curves: 1z, ;.

For the definitions, we recall the notational conventions discussed at the beginning of
Section 7.1. We assume we are working on the event £ (z) for all of these definitions.

For j € N, let l/ff be the conformal map from D \ (n 2 ug 0 J) to D which
fixes 0 and whose derlvatlve at 0 has the same argument as (CIDZ’_I.) (2). (The latter
map is defined in Lemma 7.13.)

For j = 1, the conformal automorphism f; ; taking z to O has already been
defined in Section 7.2. For j > 2, we let f;, ] : D — D be the conformal automor-
phism which takes Qg,j_l(z) to 0 with fz’,j J 1(2)) > 0. Observe that Wz 1=
fzjo @251-_1. (Here we take CDE,O to be the identity map and Wz,o = fz,1 in the case
in which j =1.)

For j > 1, let7j;,; be the image under w 2,j—1 Of the part of 7 between n(rz e »)
and 7( ?2”*]._1). Note that 77;,; is a conformal image of the same part of the curve 7 as

—~ . f.% _Fh*
Nz,j, but the conformal map used to get 7j;,; is defined on D \ (n"=-7 U 7"=./) rather
than the pocket Dg, ;-LetT); and A?: ; be the times for 7z, ; and its time reversal 72, j
such that

~ ~ — =~ ~*
§,‘,- (U(T;j)) =1z,j(Tz,j ") and §,j (77(723)) = nz,j(fz,j)~

Let X7 ; and Y7, ; be the start and end points for 77, ;. Let ¢Z j D\ (77'22 7 U

NTZ ’) — D which takes x+ to —i, y, ; to i, and the midpoint of [Xz,;,Vz,;]sp to
1 Let gZ g :D — D be the conformal automorphism taking (¢, ; o fz,;)(b) to b for
b=—it,i", 1. Let

¢z] _g“oqszjof“ D\(nZ’UnZ 7y > D, (7.13)

and observe that (with <I>f as in Lemma 7.13)

O =6 00zt (7.14)
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See Figure 12 for an illustration of these maps in the case in which j = 2 (which has
all of the features of the general case).
The following straightforward lemma tells us that, on E,(2), the derivatives at 0

7f *
of the conformal maps from D! , to D and from D\ (n?n” un 772 ') to D which take z
to 0 are comparable. (Equivalently, by the Koebe quarter theorem, the distance from
e

z to BDf is comparable to the distance from z to 772 a U n;

LEMMA 7.14

If Bo is chosen sufficiently large, independently of everything else, then on the event
En (Z)’

|(20) @] = (WL,

(7.15)

with the implicit constants independent of n and uniform for z € B;(0).

Proof

Assume we are working on the event E,(z). Let 7, ,—; be the conformal map from
Yl n(DZ n_1) to D with 7 ,_;(0) = 0 and 7 nz n—1(0) > 0. (In the case in which n =
1, we take 7. Tz n—1 to be the identity.) Let 7w 7y , be the conformal map from (ﬁz n—1©
vl (DL ,) to D with 77, (0) = 0 and arg( ) (0) chosen in such a way that

mr =T 0o n1 oYL, (7.16)

By the Beurling estimate and [23, Exercise 2.7] the diameters of the connected com-
ponents of D\ w;n (D;n_l) each tend uniformly to 0 as 8, — oo (and hence also as
Bo — 00). Therefore, if B¢ is chosen sufficiently large, then |(77; ,—1)'(0)| < 1.

Let ¢, ,: D\ (7722,, u ﬁ?,,") — D be as in condition (2) in the definition of
Fz . The set (7T; 4—1 © wz’n)(aDz’n) is the image of ¥, ,(dD; ,) under a confor-
mal map which fixes 0 and maps the complement of the set ¥z » (12,1 ([tz,n, 7} ,])) U
Wz,n(ﬁz,n([?z,n,?;,n])) to D. By condition (2) in the definition of E ,, the distance
from 0 to (7z,n—1 0¥} ,)(dD} ) is proportional to the distance from 0 to ¥ (3D ).
By condition (1) in the definition of F;,, this distance is < 1. Consequently,
(77 )/ (0)] < 1, s0 (7.15) follows from (7.16). O

LEMMA 7.15

Let ¢ € (0,a/100). If the auxiliary parameter 1 is at most some constant depending
only on a and ¢ and if By is chosen sufficiently large (in a manner which does not
depend on (u;) and is uniform for z € B4(0)), then for any n € N and any subarc

I of [Xzn+1.Vz.n+1l9p lying at distance at least é‘from Xzn+1 and Yz n41, the map
¢Z n+1 is Lipschitz on I and ¢Z n+1 18 Lipschitz on ¢Z n+1(1) on the event E,(z)
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v, () )

Figure 13. An illustration of the maps used in the proof of Lemma 7.15. In order to control the
distance from 77, » 41 to an arc on the right boundary of the disk, we compare 7, ,, +-1 to the
curve n:,n 1 and then to the curve r;£ »» which is the image under v 5 of the part of 1, »
between 7z, (tz,n) and 7 ,,(Tz,n). The distance from the last curve to an appropriate arc of the
right boundary is bounded below by condition (4) in the definition of F; 5.

with Lipschitz constants independent of (8;) and (u;) and uniform for z € B4(0)
andn e N.

Proof
See Figure 13 for an illustration of the argument. Throughout, we work on the event
E,(2).

Let A:=vy!, ((nl;j,;)’;f"), where we recall that 7724,; is the stage-n right auxiliary
flow line for i. Then A disconnects 7, ,+1 from [ in dD. We claim that if 7 is chosen
sufficiently small, then there is a constant § > 0, depending only on ¢, d, and the
auxiliary parameters from Definition 7.1, such that, for large enough Sy,

En(z) C {dist(4,1) > §}. (7.17)

Given the claim, the statement of the lemma follows from Lemma 2.8 and the fact that
Nz.n+1 lies to the left of A due to the monotonicity of flow lines (see [37, Theorem
1.5D).

Let ¥, be a conformal map from the connected component of D'\ (nfh" U ﬁ;f,'{'
containing 1 on its boundary to D which fixes 0. This map is defined only up to a
rotation, which we will specify shortly. Let 1}, ,, be the image under ¥, of the
part of 1, , between 1. ,(z},) and 77, , (T} ). We can choose the normalization for
V7 , in such a way that

Ny n+1 = Tzn—1(zn+1),

with 77; ,—1 as in the proof of Lemma 7.14.
By condition (3) in the definition of E, , and condition (2) in the definition of
E;n, theset D\ W;,n (Dg,n—l) lies at distance at least a positive constant depending
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only on a from X7 , and y; , on E, (z). Since the diameters of the connected compo-
nents of D\ ¥} , (D;n_l) and 0D each tend to 0 uniformly as 8, — oo (by the argu-
ment of Lemma 7.14), the map ﬁz_ ,1,_1 is nearly constant near X, , and v, , if Bo (and
hence also f8,) is sufficiently large. By the Schwarz lemma, ?t\z_ »_, increases distances
to dD. Hence, the distance from A to [ is at least an n-independent constant times
the distance from A to I if Bn is chosen sufficiently large, where A= Tzn—1(A).
Hence, it is enough to prove (7.17) with Ain place of A.

Let I’ O I be a slightly larger arc. By condition (3) in the definition of Ez,n,
condition (2) in the definition of E; ,, and a harmonic measure estimate, the distance
from A to I is > the distance from Yzn ((nin)’;") to I’ if r is chosen sufficiently
small, depending only on @ and ¢, where ¥, is as in the definition of F; ,. We
conclude by applying condition (4) in the definition of F; ,. ([

We can now get an estimate for the derivatives of our ¢-type conformal maps
(which, recall, are specified by the images of three boundary points). Iterating this
estimate will eventually lead to Lemma 7.13.

LEMMA 7.16
If the auxiliary parameter r in the definition of E  is at most some universal con-
stant, then on E,(z),

e—ﬂn(‘I+un) < }¢/(W)| < e_ﬁ”(q_u”)’ (718)

where the pair (¢, w) is any one of (¢z,0), (az,n,O), or (az,n, CI>£,n_1(Z)). The
implicit constants are independent of n and uniform for z € B;(0).

Proof

By condition (2) in the definition of Ez,n, the statement of the lemma is true for
(¢, w) = (¢z,n,0). We will now transfer the estimate (7.18) from ¢ , to az,n to az,n.
This latter map is our primary interest, mostly because of (7.14). Throughout, we
assume that £, (z) occurs and require all implicit constants to be independent of n
and uniform for z € B4 (0).

Let ¢, be the conformal map from the connected component of D \ (n;f;," U

ﬁg’,”) containing 0 to D which takes (x;*,n)Jr to —i, (y;,)” to i, and the midpoint of
[x7 1> Y2 alop to 1. Intuitively, @7, is a slight perturbation of ¢, (which is defined
in the same manner but with 7, , and 7, , in place of , and T} ,). It is easily seen
from condition (2) in the definition of E , that (7.18) for (¢, ,,0) implies (7.18) for
(¢2,.0). B

To transfer from ¢7, to ¢, ., we apply Lemma B.1 to find that, for any arc
I C[x},,y; ,lap with length =< 1,
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|8, (0)] = dist(0, 7" uaii,") "hm® ([X 0. znlap: D\ (' UNL5")
and (7.19)
(2, (0)] = dist(0, nz5" UTz5") " hm® (I; D\ (25" UTz5)).

By Lemma 7.14 (applied with n — 1 in place of n) and the Koebe quarter theorem,

dist(0, 75" U = dist(0, (n 5" U 7o) (7.20)

with the implicit constant independent of # and uniform for z € B;(0). Moreover,

it is easily seen from condition 3 in the definition of F; ,—; that the harmonic mea-

sure terms in (7.19) are likewise proportional. (Here we recall that [x7 ,, v ,lop =
Z n— 1(77 N DZ n—1)-) Thus, we obtain (7.18) for ¢z’n from (7.18) for ¢Z,n.

To transfer the estimate to $Z7,,, recall (7.13) and write

|6, 0 (B 1 ()| = |8 (B2.0(0)][0L, O] | £ (D1 (D).

(7.21)

where we take de (o to be the identity map in the case n = 0. By condition (3) in the
definition of E,_;, we can find ¢ > 0 depending only on a such that f; ,([—i,i]sp)
lies at distance at least ¢ from X7 , and y; , on E,_;(z). By Lemma7.15,0n E,_;(2),
it holds that 52,,1 distorts the distances between points in f; ,([—i,i]p) by at most a
constant factor. (Here we use that z € B;(0) in the case in which n = 1.) The maps
8z,n and fzjnl are two conformal automorphisms of D, and each takes three points in
[—i,i]9p (Which lie at uniformly positive distance from i) to —i, i, and 1. Since the
distances among the marked points for these two conformal maps differ by a constant
factor, it follows easily that

|82 wD)| = [(f7) (w2)]

for any points w; and w, in the left half of D. By combining this with (7.21) and the
estimate (7.18) for ¢ ,, we conclude. Ol

Proof of Lemma 7.13
Throughout, we require all implicit constants to be independent of n and uniform for
z € B4(0). Assume E,(z) occurs and that r and B¢ have been chosen so that the
conclusion of Lemma 7.16 holds. Assertion (1) is immediate from Lemma 7.16 and
the relation (7.14). Note that we can absorb the implicit constants in (7.18) into an
additional factor of e*" due to Lemma 7.10(4).

To prove assertion (2), we induct on n. The case n = 1 is immediate from the
definitions of the events. Now suppose that n > 2 and assertion (2) has been proven
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with n replaced by n — 1. Since (wz 4—1) " maps D\ (nz ,," U nrz "YtoD\ (nfz "y

rZs") and fixes 0, the Koebe quarter theorem implies that

dist(z, 75 U7 = [((WF,,_) ") O)] dist0, 75 UTEEn). (7.22)

By a second application of the Koebe quarter theorem,
(WL e ™) )] = dist(z, =t U7=ne). (7.23)
By the inductive hypothesis,
e Bn—1=Ae (=) < iy (2, nt;;—l U ﬁ?;*n—l) < e Bnm1tha=D) (7.24)

By (7.20) and the definition of E ,,

dist(0, r;;n" U nzn ") < e Bn (7.25)

on E,(z). provided that A, is chosen sufficiently large, independently of n and z €
B4(0), we can now complete the induction by combining (7.22), (7.23), (7.24), and
(7.25).

By condition (3) in the definition of E. z.» and condition (2) in the definition of
E; », if we choose r sufficiently small relative to a, then the harmonic measure from
z of each of the two sides of 7]’;:;' (resp., each of the two sides of ﬁfgﬁ’) inD\ (n’;j7 u
ﬁ?ti*") is at least some constant which does not depend on n or the particular choice
of z € B;(0). By the Beurling estimate this implies assertion (3).

For assertion (4), we use assertion (2) (with n — 1 in place of n) and the Koebe
quarter theorem to see that there exist radii o’ > p >0 such that p > e Bn—hn
pl < e Puthen (yf )TN (Bp,+a) D Bp(2), and (¥, )7 (Bp,—a) C By(2).
By combining this with condition (1) in the definition of F; , we see that assertion (4)
holds (after possibly increasing A.). O

7.5. Probabilistic properties

Continue to assume we are in the setting of Section 7.3. In this subsection we will
prove estimates for the correlations of the events E,(z) of (7.5). These estimates will
eventually lead to our two-point estimate, which we now state.

PROPOSITION 7.17

Let z,w € B4(0). Let Ay be the constant from Lemma 7.13, and for n € N, define
the events E,(z) and E,(w) as in (7.5). Choose k € N such that e Brr1=Axk+1) <
|z —w| < e Bk=2<k We can choose the auxiliary parameters in a manner depending
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only on d such that the following is true. If B is chosen sufficiently large (depending
on the auxiliary parameters), then for any n € Nwith 8, —A«n > B + A (k +2),

) P(En(2))P(En(w))
P(Ex(w))

with the implicit constants independent of n and k, the oy (1) independent of n, and
both uniform for z,w € B4(0).

P(E,(2) N Eq(w)) < eProx

(7.26)

Remark 7.18 B
In the setting of Proposition 7.17, e Ak = |z — w|!+21z—wi(D) 50 by Lemma 7.12 we
can rewrite the estimate (7.26) as

P(En(2) N Ep(w)) < |z —w| ™ @+o1—0iOPp(E, (2))P(E, (). (7.27)

This is the form of the estimate we will use when we prove lower bounds for the Haus-
dorff dimensions of our sets. We emphasize that there is no e Pnon) error in (7.27);
this is important for the proofs in Section 8.

Throughout this subsection, we fix the auxiliary parameters from Definition 7.1
in such a way that the conclusions of Lemmas 7.7 and 7.13 hold. The starting point of
the proof of Proposition 7.17 is the following absolute continuity statement. Note that,
to get strict mutual absolute continuity, we need to skip one scale (i.e., we condition
on what happens up to stage n — 2 and look at the objects at or after stage n) in order
to rerandomize the locations of the end points of the curve.

LEMMA 7.19

Suppose that we are in the setting of Section 7.3, and for z € B4(0) and j € N,

let H; ; be the event of Lemma 7.8 with n = 1, ;j and rg chosen sufficiently small

that E; j C H; ;. If Bo is chosen sufficiently large, independently of z € B4(0), then

for n >2 and z € B;(0), the following two laws are almost surely SMAC (Defini-

tion C.1) modulo rotations of D, with deterministic implicit constants uniform in n,

(,Bj, uj)jzl, and z € By (0)

(1) the conditional joint law of n; , and {(an, n;,j)}jz,, given the event H; 1
and the o-algebra ¥, 5> of (7.6) on the event E,_»(z);

2) the conditional joint law of 1z, and {(r};',z, Nz2)}j=1 given Hzy with the
sequence (Bj,u;);en replaced by (Bn+j—2,Un+j—2) jeN-

Proof

The o-algebra ¥, , for n € N is generated by flow lines of & which lie outside of
Dg’n, so since /1 determines its flow lines in a local manner (this follows from [37,
Theorem 1.2] and the fact that flow lines are local sets in the sense of [54]), we
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infer that ¥, , C o(D% ,.h|p\p). By Lemma 7.4 and induction, we infer that, for
n > 1 and any r,y € dD, the conditional joint law of 71, , and {(UZ,'WZ,')}jzn
given ¥, ,—1 on the event that the start and end points x, , and y,, for n,, are
equal to ¢ and 1), respectively, coincides with the conditional joint law of 7, » and
{(nzz, Nz2)}j=1 given {xz» =1, yz,2 = n} with the sequence (B;,u;);en replaced
by (Bn+j—2,Un+j—2) jen.

Since we require only strict mutual absolute continuity modulo rotations of D,
in order to prove the statement of the lemma, it therefore suffices to show that the
conditional law of arg(y, ,/xz») given H; ,—; and ¥, ,—» on the event E,_»(z) is
SMAC with respect to the conditional law of (x; 2,y 2) given H; ;. (This is why we
condition only on ¥ ,_,—if we conditioned on ¥ ,—;, then the end points x; ,—;
and y; ,—1 would be determined.) This, in turn, follows from Lemma 7.8. O

In light of Lemma 7.19, it will be convenient to consider events defined with the
sequence (B;,u;); e~ replaced by a shifted version. In particular, we define E(z)
for n,m € N in the same manner as the event E,(z) of (7.5) but with (B;,u;)jen
replaced by (Bm+j—1, Um+j—1) jen. We similarly define the event H Z"”j as in Lemma
7.19 but with (B;,u;) jen replaced by (Bm+j—1,Um+j—1)jeN.

For ny,n, e Nwithny + 1 <n,, we also write

na
Enymy(2):i= [ Ez;. (7.28)
j=n1+1

We define E} , (2) in the same manner but with (8;,u ) jen replaced by (Bm+ -1,

Um+j—1)jeN- As a consequence of Lemma 7.19, we get the following approximate
multiplicative property for the probabilities of the events £, (z).

LEMMA 7.20
ForzeDandk,n,meNwithk <n -2,
P(EP(z)) = eOPrrmP(E (2))P(EMHF(2)) (7.29)
with the rate of the O(Bym) depending only on the auxiliary parameters.
We emphasize that the O(Bgy,,) error in Lemma 7.20 does not depend on n;

rather, it will eventually correspond to an error of order |z — w|° lz—wl(M) jn (7.27).
This error comes from the need to skip one scale in Lemma 7.19.

Proof of Lemma 7.20
We have

P(E)(2)) =P(EF(2))P(EN(2) | EF'(2)). (7.30)
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By Lemma 7.19 and since the definitions of our events are invariant under rotations
of D, with H", as above,

P(E)(2) | E}'(2)) = P(E},(2) | Efy(z) N HIY,)

=P(EV L ()| HIFE) (7.31)

and

P(E,(2) | EF(2)) = P(Elrcn-‘rl,n(z) | El(z)N Hz”,lk+1)

<P(EJHCL @ | EPH N @) n HPSFE. (7.32)

Using Lemma 7.7 and some straightforward algebra with conditional probabilities, we
see that the right-hand side of (7.31) (resp., (7.32)) is bounded below (resp., above)
by eOPi+mP(E™HK(2)). Plugging this into (7.30) yields (7.29). O

The next lemma is the key input in the proof of Proposition 7.17. It reduces the
problem of estimating P(E, (z) N E,(w)) to the estimates of the preceding lemmas
and is the place where we use the local independence provided by the auxiliary flow
lines.

LEMMA 7.21

Let z,w € B4(0), and let A« be the constant from Lemma 7.13. Choose k € N such
that %e‘BkH_l*(k“) <|lz—w| < %e‘ﬁk—l*k. For any n € N with B, — Axn >
Big1 + Ax(k 4 1),

P(E, () N Eq(w) | Ex(2) N Ex(w)) < PoxOP(EF_, (2))P(EF_ (w)) (7.33)

with the implicit constants independent of n and k, the oy (1) independent of n, and
both uniform for z,w € By (0).

Proof
Throughout, we require implicit constants and oy (1) terms to satisfy the conditions of
the statement of the lemma. Let &’ be the least integer such that B, — Ak’ > B 1+
Ax(k + 1). Note that k <k’ <n.Let P,y be the event that the pocket D;k, formed
by the auxiliary flow lines is nonempty and satisfies diam(D;k,) < e Br+isk gng
the end points x; z and y, ;s for 1, s differ by at least J, where d is the constant
from Remark 7.9.

By the definition 7.5 of E,(z), Lemma 7.13(4), and our choice of d (see Remark
7.9),

En(z) C Py N Ep 4(2) and E,(w) C Py g N Exr p(2),



ALMOST SURE MULTIFRACTAL SPECTRUM OF SLE 1201
where Eys ,(z) is as in (7.28). Therefore,

P(E,(2) N Ex(w) | Ex(2) N Ex(w))
<P(Exn(2) N Eprn(w) | Ex(2) N Ex(w) N Pz N Py 7). (7.34)

So, we need only estimate the right-hand side of (7.34).

Let J be the o-algebra generated by D ,,, D} ., and th\(D;k/UD;,k/)' By
our choices of k and k', on the event P, 3 N Py, x/, the domains Df 2k and D! wk
are disjoint. Hence, P; ;s and Py, ;s belong to #. (The boundary data of h| oDt
determines the locations of x; 4 and y, x/ and similarly with w in place of z.) By
Lemma 7.13(4) (applied with k in place of n) and our choices of k and k’, on the
event Ex(z) N Ex(w) N Pz g N Py g,

f f
Dz,k’ U Dw,k/ C Be—Bk/+)m*k’ (Z) U Be—ﬁk/-i-)n*k’ (w)
- Be—ﬁk+1—x*<k+1>(2) U Be—Ek+1—A*(k+1>(w)

C Befgkf)‘*k(z) ﬂ Be*Bk*A*k(w) C Dg,k ﬂ lel},k

Since flow lines are determined locally by the field, the event Ej (z) is determined by
D;k and h|D\D2,k’ and similarly with w in place of z. Therefore, E;(z) N Ex(w) N
P NPy e

By [37, Theorem 1.2], the objects involved in the definition of Ey/ ,(z) are almost
surely determined by 4| D, , and similarly with w in place of z. Hence, the preceding
paragraph together with Lemma 7.4 imply that the events Eys ,(z) and Ey/ ,(w) are
conditionally independent given # on the event Ex (z) N Ex(w) N P; g N Py, 4/, that
is, on this event,

P(Ep n(2) N Eg n(w) | #) =P(Epr n(2) | H)P(Egrn(w) | H). (7.35)

By Lemma 7.4, the conditional law of the objects involved in the definitions of E ;
for j > k' 41 given J is the same as the conditional law of these objects given 5 x/
on the event Ex(z) N Ex(w) N Py gr N Py gr. Since Ex/(2) C Hy 41 N Ex/41,0(2),
Lemma 7.19 implies that (in the notation defined just above (7.28))

P(Ex n(2) | H)LE,()nEL )P 100 Py
<P(EF, ) | HE T e ok winp, onpy o (7.36)

and similarly with z and w interchanged. Using Lemma 7.7 and straightforward alge-
bra with conditional probabilities, we get

P(EX YL (2) | HEPY) <O BOP(EXS (),
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so by Lemma 7.20 (applied with k in place of m and k’ — k + 1 in place of k),
P(EX_ ()
P(Ef 4 11(2)

By Lemma 7.12 (applied with (B, u ;) in place of (8,,u;)) and by our choices
of k and k/,

P(Ef,/rf—lk/(z) | sz,'1+1) < 0Ok’ (Brr)

P(Ef,_;.1(2)) = e Prok),

Therefore,

P(EX YL (o) | HEPY) < eProvWP(EE_ (2)). (1.37)

We also have the analogue of (7.37) with w in place of z. By (7.34), (7.35), (7.36),
and (7.37), we obtain (7.33). O

Proof of Proposition 7.17
We have

P(En(2) N Ex(w)) = P(En(2) N Ex(w) | Ex(2) N Ex (w))
x P(Ex(z) N Ex(w)) (by definition)
< ProkOP(EE_ (2))P(EF_ (w)
x P(Ek(z)) (by Lemma 7.21).
By Lemma 7.20 (applied with m = 0 and n — k in place of n),

ox (DB P(E,(w))

P Ek_ (w)) =e and
(En-i ) P(Ex(w))
P(EX , (2))P(Ex(2)) = e WPLP(E, (2)).
By combining the above relations we get (7.26). 0

7.6. Remarks on adaptations to other settings

We expect that the arguments in this section can be adapted to prove two-point esti-
mates for other sets associated with SLE or conformal loop ensembles which can be
coupled with a GFF using imaginary geometry. Here we make some remarks about
which aspects of the definitions of our events and our proofs are also useful in other
settings and which are specific to the multifractal spectrum (and hence are unnec-
essary when working with other sets). See also [46] and [36] for other examples of
Hausdorff dimension calculations using imaginary geometry.
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The regularity events &( f'; ) and §'(A4; ) of Section 2.2.1 seem to be useful in
general when dealing with SLE, since they allow us to avoid the pathological behav-
ior of the curve near the boundary and control how much points on the boundary are
moved by conformal maps. Other regularity conditions could be used for this pur-
pose, but this might lead to more complicated definitions of events for the two-point
estimate.

The most basic simplification one can make when computing the dimension of
sets other than the multifractal spectrum sets (e.g., the dimension of the SLE, curve)
is that it is not always necessary to grow the curve from both the forward and reverse
directions simultaneously. We need to do this in the setting of the present article, since
we would get only the derivative behavior near the tip of the curve, not the derivative
behavior in the bulk, if we only grew the curve in the forward direction. This makes
some definitions easier, since one does not have to worry about the fact that the time
reversal of a flow line is not a flow line.

The main purpose of the first event L from Section 7.2 is to allow us to apply
Lemma C.4 in order to transfer the estimate for the event E in the case ol =pR=0
to the case of general p~, pR € (=2, 0] in the proof of Lemma 7.3. (We need the esti-
mate to hold for pZ, pR #£ 0, since the segment of 7 inside the pocket formed by the
auxiliary flow lines is an SLE, (p%; p®) for nonzero pZ, pR.) If one is growing 7 in
only the forward direction, rather than in the forward and reverse directions simulta-
neously, one can simplify the definition of L and apply [46, Lemma 2.8] in place of
Lemma C.4.

The event E from Section 7.2 is of course specific to the multifractal spectrum.
For other dimension calculations, E would be replaced by an entirely different event.

In other settings, one would still need to introduce the auxiliary flow lines n* and
define some variant of the regularity event F for these flow lines as in Section 7.2.
The specific regularity conditions in the definition of F' can be modified somewhat
depending on the situation, but one always needs to make sure that n& form a pocket
containing the point of interest (0, in our case) and that the images of the points where
n enters and exits this pocket under a conformal map fixing the point of interest lie
at a uniformly positive distance from one another. The proof of Lemma 7.4 and the
iterative construction of Section 7.3 would also remain largely unchanged in other
settings.

When using auxiliary pockets to define curves iteratively, one needs some way
to deal with the fact that the laws of the curves n; , are not exactly stationary in #.
In our setting, the end points of 7, are different for each n, and we get around this
issue by skipping one scale to rerandomize the end points (Lemma 7.8).

Most of the conditions in Lemma 7.13 are specific to the multifractal spectrum
and are used to show that the perfect points are contained in the multifractal spectrum
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sets. For the proof of the two-point estimate one really only needs to show that the
size of pockets D ; is of the right order (i.e., Lemma 7.13(4)). In other settings one
would need to establish different analytic properties to show that the perfect points
are contained in the sets of interest; establishing such properties would replace most
of Section 7.4.

The argument of Section 7.5 should remain largely unchanged for other two-point
estimate proofs using imaginary geometry. In particular, one still has to establish the
strict mutual absolute continuity of the objects used to define the events at each scale
(Lemma 7.19), use this to prove the approximate multiplicativity of the probabilities
of the events E,(z) (Lemma 7.20), and then use the independence of what happens
inside disjoint pockets formed by auxiliary flow lines to conclude.

7.7. Index of notation

In this section we list most of the notation used in Section 7. Note that the subscript
z, j is dropped in Section 7.2. We also recall the notational conventions discussed at
the beginning of Section 7.1:

. §ﬂ for B > 0: Euclidean ball B,—5(0);

. d: lower bound for the distance between the end points of the curve;

. hi-,; intermediate GFF, equal to & o (s} ; )™' — yarg((z} ;_)7")';

. 1z, jth curve in construction, equal to 7, ;_1(nz,j—1 N Dz, ;1) for j > 2,
is an SLE, (p%; p°) for j > 2;

. Xz,; and \’Z ,j - start and end points for n; ;;

. X7 ; and v .. end points of largest arc of [x; ;,y j]sp not hit by 772 j or
U

. 0,; and 0 ;: hitting times of B by 712 jand 7, ;;

. L, ;: regularity event for njz’j and 7 77 2

. 7]z, curve close in law to ordinary SLE,, equal to ¥, ; (1, ; \(nz j’ U r)UZ )

. E. 2,;: event with derivative conditions for 7 ; atits hitting time of Bg;

. 7,,; and T, ;: times when 7, ; and 77, J« hit Bg;

. ¢z, conformal map D \ (nz 7 U nz /)y — D with ¢2,j(x; ;) = —i and
¢z, (¥ 2, ] =1

. r)f ;+ auxiliary flow lines started from 7, (t2,7);

. DZY_V,-: pocket formed by n;t’ j containing 0;

. 7., j:map D, j — D fixing 0;

. ri : time when n;t finishes tracing 0D ;;

. 7i : exit time of 77" ; from i)’f; A\ Bgta;

. F, ,j - regularity event for nE 7.

. b, ; and b, ;: intersection points of n;tj on dD; ;;
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. Y, ;: conformal map D \ (nz J’ U r;zzj’) — D fixing 0;

. \f] and y! . end points of ¥, ; (nz,; \ (nzz’]f ;ij ));

. T, and T t” : times when 72,7 and 7, ; hit D ;;

. E ;: event containing L, ;, Ez’j, F;,;, and conditions for 1z,; ([tz,;, 7; ;1)

ﬁz,j ([?Z,j’?:,j]);
® E,(z): ﬂ?;l Ez,j;

. T Z, , : 0-algebra generated by objects used to define E,(z);
. : flow line of & corresponding to n* L
. Dr : subdomain of D containing z bounded by ’72 L
. o mapr —>Dtak1ngzt00
. T rii?'ﬂ >, times for 7 corresponding to t; ;, T} ;, Tz, Ty ;3
¢ ﬁm andﬁm:z;(;lﬂj and Zf;rl:lﬂjjf’l]’
. ®L - conformal map D\ (3= U7"=/) — D fixing +i and 1;
. A.: constant appearing in Lemma 7.13;
. f,% —f,*
. ! ;: conformal map D'\ (%7 U=/ ) — D fixing 0;
. /=, j+ conformal automorphism of D taking \Ilg -1 ()t j=2)orz (if j =
1) to 0;
f,* —f,*
o Tereunveequalto gl 0\ (7 UTE);
d 5 ;- conformal map D \ (r;Z J U 772 /) — D taking the end points of 7, jto
+i;
. gz,;: conformal automorphism of D defined so that g, ; o, j o f;, ; fixes —i,
i,and 1;

. d) , conformalmapD\(nZ]’UnZ )—>Dg1venbygzjo¢zjofz],
. Ep ., (2): ﬂj 241 ETys with ET', defined with (Bj4m—1,uj4+m—1) in
place of (B;,u;).

8. Lower bounds for multifractal and integral means spectra

8.1. Setup
Let n be a chordal SLE, from —i to i in D. Let D, be the right connected compo-
nent of D \ 7, as in Theorem 1.1, and define the multifractal spectrum sets ©° (Dy)
and ©°(Dy) as in Section 1.1. The goal of this section is to obtain lower bounds on
dimye ©° (Dy) and dimg ©°(D,) and thereby complete the proof of Theorem 1.1.
We accomplish this using the estimates of Section 7.

Throughout this section we fix d € (0, 1) and work in B4 (0). We use the notation
defined in Section 7.3, with ¢ = s/(1 —s) € (—1/2, 00) (see Section 7.7 for an index
of this notation), and we assume that the auxiliary parameters have been chosen in
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such a way that the conclusions of Lemmas 7.12 and 7.13 and Proposition 7.17 are
all satisfied. We also continue to use the notation 8g = B,—4(0) from (6.1).

In the next two sections we will use the events E,(z) of (7.5) to define various
notions of “perfect points” which are contained in the sets we are interested in and
which will allow us to obtain lower bounds on their Hausdorff dimensions. In the
remainder of this section, we will prove the following technical lemma, which is
needed to prove that the perfect points are contained in our sets of interest. For the
statement of the lemma, we recall the pocket Df , formed by the auxiliary flow lines

ntzj,i from Section 7.3.

LEMMA 8.1

Let Wy, : D;; — D be the conformal map fixing —i, i, and 1. Suppose that z € P N

Dy. Forn <k —1 let I,, be the image under Wy, of the segment of n contained in

DY . Then the following holds.

(1)  We have e Pn@+D=34n < length I, , < e Pn@+D+3un,

2) If n <k —?2, then the distance from 01; 541 to 31 , is at least a constant
times the length of I, ,.

(3)  Ifx € l;, then there exists 6, > 0 such that |(\IJ;1)’((1 —8p)x)| = 8,1_s+0"(1)
and 8, = e Pn@titon (1)),

The implicit constants are independent of n, and both the 0, (1) and the implicit con-

stants are deterministic and independent of k, x, and z € B4(0).

Proof

Fix n, k, and z as in the statement of the lemma. Throughout the proof we assume
Ej (z) occurs and require all constants (either referred to as such or implicit in =,
etc.) to be deterministic and independent of n, k, and z € B4 (0) (see Figure 14 for an
illustration of the argument).

The map 7}, : DI, — D defined in Section 7.3.2 takes z to 0 and n N Df , to
the curve 1n; ,+1, whose end points are x; ,4+1 and y; ,+1. Note that condition (3) in
the definition of Ez,n together with condition (3) in the definition of F; , implies a
lower bound on |X; ,+1 — Yz.n+1]|, depending only on the parameter a.

Recall that [x7 , 1, V7 ,+1]ap is the largest arc of 9D to the right of 7, »+1 which
does not contain a point of 7; 41 in its interior. By conditions (1) and (3) in the
definition of L; ,4; and condition (4) in the definition of E, zn+1, there is a unique
arc A° of 835/2 which lies to the right of 1, ,+1 and which disconnects 1, ,+1 N Bx
from [x} 41, 5,4 1lap in D\ 77,541 (see Remark 7.5). Let w® be the point of 4°
closest to the midpoint of [x7 |, ¥, ]ap, and let D be the connected component
of D\ 7z n+1 containing [x}, |, ¥, lap on its boundary.
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Iz,n-H

n

Figure 14. An illustration of the proof of Lemma 8.1. The arcs I , and I, 5 +1 and their images
under the various maps are shown. The regularity conditions in our events imply that the
harmonic measure from w in the middle picture of each of ﬁ?ff-*n and n’g’f:’ is uniformly positive.
This is the key step in the proof of our regularity conditions for the arc I ;.

From the definitions of L, ,4+; and Ez,n+1, we find that the harmonic mea-
sure from w® in D of any subarc of [X7 415 Y7 n+1)op lying at distance at least
e~22 from the end points is proportional to the length of that subarc. Furthermore,

0 =2
hm®" (nz n+1; D®) < 1. Define ¥, , : D\ (% U7**") — D as in condition (2) in
the definition of F; . By condition (3) in the definition of E ,, the arc of dD which
is the image of the right side of 777" (resp., the left side of 7;5") under v, , has
length =< 1. By the conformal invariance of Brownian motion and condition (3) in
the definition of F; ,, the harmonic measure from (¥, , o T, ,ll)(wo) in the right con-
nected component of D\ ¥z , (12,5 \ (r];f;," u ﬁ;f,;”)) of each of these two subarcs is
= 1.

Let w = (y'r;n)_1 (w?). It follows from the above considerations and the confor-
mal invariance of Brownian motion that (with notation as in Section 2.1)

hm® (n%7; Dy) =< hm¥ (7%7; Dy) < hm” (pN DL : D)) =< 1. (8.1)

z,n’

By Lemma B.3 and condition (1) in the definition of L, ,, we thus have
|\IJ;7 w)| < [(®L ) (w)| and dist(w, n) < dist(w, r]r;; U ﬁ?;jz) (8.2)

with ®f  the map from Lemma 7.13.
1

By the Koebe growth theorem applied to (]l’;n)_l, we have |w —z| < 155 X

dist(z, 77’;; u ﬁ?f;") provided that 8, is chosen sufficiently large. By the Koebe dis-
tortion theorem, |(®% )" (w)| = [(®%,)(2)], so by (8.2) and Lemma 7.13(1),

e P2 < (@) (w)] < e Pratn, (83)
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Moreover, by Lemmas 7.13(2) and 7.10(4), dist(z, 7]’%’ U 5?2'31) is bounded between
constants times e #n7%n and e ~#ntn 50 by (8.2) also

e_F"_ﬁ” <dist(w, n) < e_E" Tun (8.4)

Letw = ¥, (w). By (8.3), (8.4), and the Koebe quarter theorem, e PBnla+1)=3un <
1 — |W| < e Pnl@+D+3% By (8.1) and the conformal invariance of the harmonic
measure,

dist(w, I ,,) < length(I7 ) <1 —|w]. (8.3)

This proves assertion (1).

To prove assertion (2), we observe that the harmonic measure from w?, as defined
above, of each of ngyz,;'fll and ﬁg;’fll is < 1, where 0; 41 and G, 541 are the times
in the definition of L, ,. It therefore follows from the conformal invariance of the
harmonic measure that the distance from the end points of I, , to the end points of
I, n+1is > 1 —|W|. We conclude by means of (8.5).

To complete the proof of assertion (3), suppose that we are given x € I, ,. By
(8.5) the angle between the tangent line to 9D at x and the segment [x, W] is bounded
away from 0 and 7. Hence, we can find 8, =< 1 — || = e Pn@+1+0n()) apnd p €
(0,1), bounded away from 0 and 1, such that W € B,s, ((1 — §,)x). By the Koebe
distortion theorem we have [(W, ')’ (1 — 8,)x)| = |(¥;")'(i0)|. By combining this
with (8.3) we conclude that assertion (3) holds. O

8.2. Lower bound for the Hausdorff dimension of the subset of the curve
In this subsection we will prove a lower bound on the Hausdorff dimension of the
multifractal spectrum sets ®*(D,) C 1.

PROPOSITION 8.2
Let s_, sy be as in Theorem 1.1. For each s € (s—, s+), almost surely

dimg O°(Dy) > &(s),
where £(s) is as in (1.4).
For the proof, we assume we are in the setting of Section 8.1. We first define a
closed subset & of ®°(D,), the so-called perfect points, whose Hausdorff dimension
can be bounded below using the estimates of Section 7. Let A, be the constant from

Lemma 7.13. For n € N, let n’ be the greatest integer such that Bn — Asn > Bn’-i—l +
Ae(n' +2). Let

€n = e P10 +2), (8.6)
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Note that Lemma 7.10 implies e=Pn = e,1+0"’(1). Our reason for choosing this value
of €, is that the pockets Df , and DY, , are disjoint on E,(z) N E,(w) provided that
|z —w| > €, (see Lemma 7.13).

Choose a collection €, of < €,2 points in B;(0), no two of which lie within
distance €, of each other. Let €, be the set of z € €, for which E,(z) occurs, and
define the perfect points by

=N U U B«. (8.7)

n>1k>n zG‘C’I/C

LEMMA 8.3
With P as in (8.7), we have P C ©%(Dy) for s = q/(q + 1). In fact, if w € P, then
fore >0,

|, (1= )Wy (w))| = e o<W, (8.8)

with the rate of the 0. (1) deterministic and uniform for w € P.

Proof

Fix w € &. Since 7 is closed, it is clear that w € 5. It remains to prove (8.8). By the
definition of &, if we are given n € N, then we can find k >n + 1 and z € ‘(?,’c such
that |z — w| < e 2An+1. By Lemma 7.13, w € D!, so W, (w) € I, as defined in
Lemma 8.1. Let 8, be as in that lemma with x = W, (w).

By the Koebe distortion theorem, for € € [8,+1, 6],
1= Bn =8n41) /80 _ [(&, ) (1 — €)Wy (w))]
(1 + Gn = 8n+1)/8n)* ~ [(¥; 1) (1 = 8n) Wy (w))]
- 1+ (64 —8n+1)/6n
- (1 - (Sn - 5n+1)/5n)3 .

Since 8, = e~ Bn@+1+0n (1)) (Lemma 8.1(3)),

(8.9)

1— (8n _ 8n+1)/8n — e_ﬂlz+l(q+1+0n(1)) — eﬁnon(l),

which is proportional to €%¢(!) by Lemma 7.10. We furthermore have 8, = ! T2¢(1),
Hence, (8.9) and Lemma 8.1(3) imply |(\IJ;1)/((1 — W, (w))| = e5FocM a5 re-
quired. O

Proof of Proposition 8.2
For a Borel measure v on a metric space X and « > 0, write

La(v )_/ / dv(z)dv(w) (8.10)

Cz—wl
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for the w-energy of v. By standard results for the Hausdorff dimension (see [47, Theo-
rem 4.27]), a metric space which admits a positive finite measure with finite «z-energy
has Hausdorff dimension at least . In view of Lemma 8.3, we are led to construct
such a measure v on & for each o < £(s). We do this using the usual argument (see,
e.g., [2], [20], [46]) and the estimates of Section 7.5.

Define the events E,(z) as in Section 7.3 and the sets of points €, and €, as in
the definition of & (right above (8.7)). Let €, be as in (8.6).

For each n € N, define a measure v, on D by

1E, )
dvp(x) = Z  P(E, (Z ))l(xeBen(z» dx.

Then E(v, (D)) =< 1. Moreover,

P(E,(z) N Ey (w))
Z P(En(Z))P(En(w)) ; P(E ()

E(Vn (D)Z) = s
Z,WEE,,
ZF#W
By Lemma 7.12 and Proposition 7.17 (see Remark 7.18), this is bounded by an n-
independent constant times

et Z |z — w| Y @Fo—w® 4 e Z en—y*(q)+0n(1)’
Z,WEEC,, z€€,
zF#w
with the 0|;_4(1) tending to 0 as |z — w| — 0, at a rate which is independent of the
particular locations of z and w and of n. For s € (s—, s+) we have y*(¢) = y(s)/(1 —
s) < 2. Therefore, for sufficiently large n, E(v,(D)?) is bounded above by a finite,
n-independent constant. By the Vitalli convergence theorem, we can almost surely
find a subsequence of the measures v, which converges weakly to a measure v whose
total mass is bounded above by some deterministic constant and whose expected mass
is positive.
On the other hand, we have

P(E(2) N En(w)) I
———dxd
%ﬂ P(E, (2))P(E,(w)) ffBgn(z)XBm(w) ey

P(E,(z) N Ex(w)) 1
= dxd
2. BE, O B @PESG) //B oy, y =17

Z,WEE,,

z#wW

1
+ [/ ——dxd
2 D) P(E ) Wy =

ze€y,

E(Ia(Un)) =
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4 4 o
<y P(E,(2) NE,(w)) €, - Z &
. & PE,)P(E:) [z — vl P(E,(2)
weln
< Z Iz — w|—y*(q)—a+0|z_w\(1)€: + Eﬁ_a_y*(Q)‘i‘On(l)'
Z,WEE,,
zF#w

We have y*(¢q) + o < 2 for s € (s—,s4+) and @ < £(s), so the above expression is < 1.
We conclude that, with positive probability, there exists a weak subsequential limit
v of the measures (v,) supported on J and satisfying v($#) > 0 and I, (v) < oo.
Hence, [47, Theorem 4.27] and Lemma 8.3 imply that, with positive probability, we
have dimg ©°(Dy) > &(s). Proposition 2.15 implies that this in fact almost surely
holds. O

8.3. Lower bound for the Hausdorff dimension of the subset of the circle

In this subsection we prove the following lower bound for the set Hausdorff dimension
of the set @°(D,) = ¥, (©*(D,)) C D.

PROPOSITION 8.4
Let s_,s4 be as in Theorem 1.1. For each s € (s—, s4.), almost surely

dimge ©°(Dy) = £(s).
where g(s) isasin (1.3).
For the proof of Proposition 8.4, we will need a different set of perfect points.

Define €, and the sets €, €}, as in the definition (8.7) of #. For z € €], let I; 1
be as in the statement of Lemma 8.1. Let v, ,, be the midpoint of I, ,_;, and let / z’n

be the arc of length eIt centered at Vzn. By Lemma 8.1, length(/],) =
length(Z ,—1)" T2 Our perfect points in this case are defined by

=NU U e 8.11)

n>1k>n ze‘é’k

Our first task is to check that # C ©° (Dy).

LEMMA 8.5
Define P as in (8.11). If the aulezary parameter A (Definition 7.1) and the value ﬁo
are chosen sufficiently large, then P C o’ (Dy) fors =q/(q + 1). In fact, if x € P
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then for € > 0,
-1 - 1
0,1 (1 =) = e,

with the implicit constants and the o (1) deterministic and uniform in x.

Proof

If x e 5;, then for any n € N we can find k > n and z € ‘C,’c such that x lies within
distance length(/ Z’,n)2 of I .. If k is chosen sufficiently large, depending on , then
by Lemmas 8.1(1) and 8.1(2) we have x € I, ,. We then conclude as in the proof of

Lemma 8.3. O

In the proof of Proposition 8.4, we will break up the sum which gives the second
moment of our measures into three terms, depending on the distance between the
points under consideration. The following lemma is needed to bound the number of
pairs of points at mesoscopic distance.

LEMMA 8.6

For each n € N there is an integer m,, < n such that the following is true. We have

Bu = Bm, = Bnon(), and if z,w € €, with |z — w| > e Pmn+1, then dist(I} ,,

I ) > |z—w|2HHeiz—wiD yith the 0\,_,,((1) and implicit constants deterministic,
w,n \ | P

independent of n, and independent of the particular choices of z and w in C;,.

Proof
We argue as in the proof of Lemma 7.21. Choose k € N such that e Ak+174+*+1) <
|z —w| < e Px=A+k Let k' be the least integer such that B — Auk” > Briq + Ax(k +
1). By our choice (8.6) of €, we have K’ <n—1.By Lemma 7.13, D!, , N D! ,, =0

and hence 1, g N Iy g» = @. If length(7} ) <length(/; x/+1), then by Lemmas 8.1(1)
and 8.1(2), the midpoints of /7, and I, ,, satisfy

diSt(Uz,n, vw’n) > e—ﬂk/+1(q+l)—3uk/+1 > |Z _ w|q+l+0|2_w|(1).

On the other hand, by Lemma 8.1(1) we have length(/; ,) < length(/; x/+1) pro-
vided that Bk/-i-l(q + 1) 4+ 3uprq1 < (B, — Asnt + B,0,(1))(g + 1) or, equivalently,
provided that

k41 + Ast + B,04(1)

___/ -
ﬁn IBk-H— q+1

It follows from Lemma 7.10 that we can choose m, < n such that f, — Em” =
Bnon(1) and length(1] ) <length(/; x4 1) whenever k' < m,,. O
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Proof of Proposition 8.4
We argue as in the proof of Proposition 8.2. In particular, for any given o < E(s),
we will construct a positive finite measure v on P (as defined in (8.11)) with finite
a-energy (as defined in (8.10)).

Define €, as in (8.6). We require all implicit constants and 0|;_,,|(1) terms to be
independent of n and uniform for z, w € €,. For n € N, define a measure D,, on oD
by

dip(x) =€ 0y P(g”((z)))l(xe, dx.
ZE€EE;,

Then we have E(v,, (D)) < 1.
As in the proof of Proposition 8.2,

~ 2 4 P(En (Z) NEy, (w)) 4 —y*(g)+on(1)
BEOD) =€ 2, bz, o,y T 2L

Z,WeE€y,,

zF#w

Let m,, be as in Lemma 8.6, and let K, be the set of pairs (z, w) € €, x €, with

|z —w|<e” Bonn and z # w. By Lemma 8.6 we have #K, <€, on(1)

By Lemma 7.12, Proposition 7.17, and Lemma 8.6,

D, - P(E,(2) N Ey(w))
E(la() =7 ) // —— dxdy
(z,w)e‘(?n x‘@n P(En (Z))P(En (w)) ’ |_x J— lel
= Z |Z — w|—y*(‘1)+0|z—w|(1)|vz,n — Vyon |—0l€5(q+1)+2_2q

(z,w)¢Kn,z#w
+ Z |z _w|7V*(q)+0|z—w|(1)65127a)(q+1)+2*2¢I+0n(1)
(z,w)eK,
+ Z @)@+ +2-2¢—y*(9)+on (1)
n
ZEEC,

<t Z |z —w| 7V @@+ D+oiz—u (D)

+ €r(l2—ot)(q+1)—241—1/”<(q)+on(1)
+ er(lZ—a)(q+1)—Zq—y*(q)+0n(1).
Note that for the middle term we used |z — w| > ¢, and #K, < 6;2_0”(1). If s €

(s—,s4) and g = s/(1 —s), we have y*(q) + a(¢ + 1) <2 and 2 —a)(1 +¢q) —
2g —y*(q) > 0 for « < £(s). It follows that we can almost surely find a subsequence
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of the measures (V) which converges weakly to a finite positive limiting measure

supported on & with finite a-energy. We then conclude using [47, Theorem 4.27],
Lemma 8.5, and Proposition 2.15. O

8.4. Proof of Theorem 1.1
This follows by combining Propositions 5.1, 5.6, 8.2, and 8.4. O

Remark 8.7

In the case in which xk = 4, we have s = 1, so the sets ®!(D;) and @I(D,,) for
k = 4 can be nonempty. We do not explicitly mention these sets in Theorem 1.1,
because our results do not apply in full in this case. However, we do prove some-
thing about these sets. In particular, we prove in Proposition 5.1 that almost surely
dimy ©! (Dy) =0. Since dimg () = 3/2 for k = 4, we get a trivial upper bound of
3/2 for dimg ®!(D,) in the case in which k = 4. We do not prove a lower bound for
dimg ®!(D,) in this article, and we are not sure if the upper bound of 3/2 is optimal.

8.5. Lower bound for the integral means spectrum
In this subsection we prove our lower bound for the bulk integral means spectrum of
the SLE curve and thereby complete the proof of Corollary 1.9.

Proof of Corollary 1.9

Throughout, we consider a fixed realization and allow implicit constants to be random
(but independent of the parameters of interest). Fix s € [s—, 5] (as defined in (1.5)
and (1.6)) to be chosen later, and let P be the set of perfect points defined in (8.11).
Also fix @ < E(s). By the proof of Proposition 8.4, the probability of the event

~

E = {dimgp P > a}

is positive. Moreover, it is clear from the definition that > C W;- L(n N B4(0)). The
idea of the proof is that, on E, we have a lower bound for the size of the set of x € dD

N

where |\I!;7((1 — €)x)| grows like € ~*, which gives us a lower bound for the integral
of |W; |* over dB1—¢(0). We then optimize over s to get a lower bound for the integral
means spectrum.

Forn € Nlet€, :=27". Let d, be the collection of arcs [e27i(k—Den o2miken],
for k € {1,...,2"}, and let 4, be the set of those arcs I € d, which intersect P.
Then d), is a cover of P consisting of sets of diameter at most O, (€,). Hence, on E
we have (#J),)€2 > 1 (with possibly random, but n-independent implicit constant) so
#4), =€, .

For I € d) choose x;y € I N 3;, and let z; = (1 —€,)xy. By Lemma 8.5,
(¥, ) Dl =& ston) " with the 0, (1) and the implicit constant independent of
the choice of I and x;.
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Let J; be the intersection of (1 —€,) with the arc of 0B;_¢, (0) centered at z;
of length ™ where (ry) is a sequence of positive numbers with r, — 0 slower
than the 0, (1) above. Then the arcs J; are disjoint for sufficiently large n, and by the
Koebe digortion theorem, we have |(\I/,71)/(w)| > ?,ero”(l) for each w € J;. Each
point of & is mapped into B;_z/,(0) by \Ifn_l. Hence, for sufficiently large n and suf-

ficiently small ¢ (random), we have J; C Aén (\IJ,;I) for each I € d/,, with Aé (\IJ,;l)

n

defined just below (1.10) with ¢ = \IJ; 1 Hence, on E, it holds for ¢ € R that
f ey ) tdw= Yo / (0, (w)[* dw = &erartiront,
Az, (¥ ) Ied), 1
Therefore, for any a € R, on E it holds that
log [ 46 (g1, | (1) ()] dw
lim sup o

n—00 log?,jl

>a+as—1.

Thus, IMS%’:‘(a) >« + as — 1 with positive probability.
By Proposition 2.16, this lower bound in fact holds almost surely. Since o < g(s)
is arbitrary, it follows that almost surely

IMS}3¥(a) > E(s) +as — 1. (8.12)

In the notation of Corollary 1.9, this quantity is maximized over all s € [s—, s+] by
taking s = s« (a) ifa € [a—,a4]; s =s— ifa <a_; and s = 54 if a > a4. Choosing
this value of s in (8.12) gives us that the lower bound in (1.14) holds almost surely
for each fixed a € R in the case in whichk <4, p=0,and V = D,,.

By Proposition 2.16, this lower bound in fact holds almost surely for each choice
of k > 0, vector of weights p, # > 0, and complementary connected component V
of 1([0,¢]). By combining this with Proposition 5.7, we get that (1.14) holds almost
surely for each fixed a € R for each choice of ¥ > 0, vector of weights p, t > 0,
and complementary connected component V' of 7([0,¢]). By Holder’s ineq_uality, it
follows that the bulk integral means spectrum is a convex (hence, continuous) function
of a (see [34, Theorem 5.2] for a related, but much stronger, statement for the ordinary
integral means spectrum). It follows that in fact (1.14) holds almost surely for all
a € R simultaneously. O

Appendices
A. Proof of Proposition 3.10

In this Appendix we will prove Proposition 3.10, which is one of the ingredients in
the proof of Theorem 3.1. The proof will be completed in two stages. First, we will



1216 GWYNNE, MILLER, and SUN
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Figure 15. An illustration of the proof of Proposition 3.10. First, we run the reverse Loewner
flow with a force point at z until the first time Sp that z is mapped to a point on the imaginary
axis. We show in Section A.1 that, for each ¢ > 0, it holds with uniformly positive probability

(independent of the particular choice of z) that S < ¢, Y5, =Imgg,(z) < 5¢ 1/2 ‘and
Ks, C B;(0) for some d > 0 independent of the particular choice of z. Once we condition on
the reverse Loewner flow up until time So, the law of the maps gg, -+, Which satisfy
&S0,0+S0 © &Sy = &u+S, for v >0 is that of a reverse SLE, (o) Loewner flow with force point
at Zg, = g5,(z). In Section A.2, we show that the first time that the force point for such a
Loewner flow reaches the line {Imw = r} (i.e., T/ — So) is bounded independently of Zg, with
high probability. Furthermore, the conformal map gg, 77 is likely to “push” By (0) N H (and
hence also Kg,,) away from the real axis, and the hull of this map is unlikely to be too large.
These latter conditions together with Lemma 2.4 imply that G(g;r; , ) occurs with uniformly
positive probability for an appropriate choice of L.

show that we can move the force point to the imaginary axis without any pathological
behavior (Lemma A.1). Then, we will use a forward/reverse SLE symmetry argument
to rule out pathological behavior after the force point has reached the imaginary axis
(see Figure 15 for an illustration).

We adopt the following notation. Fix z € H with |[Rez| < R and Imz = €. Let
Zi=gi(z2)=X; +iY;. (A.1)

By (3.7), we have that under PZ,
2Y;

Xe 4y JikdB?, dy, = =L 4z,

X = (=275 Z.P

(A2)
Xo=Rez, Yo=c¢

for B a PZ-Brownian motion. Also let

So :=inf{t > 0: X, = 0. (A.3)
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A.l. Pushing the force point to the imaginary axis
In this subsection we will prove the following lemma, which deals with the setup on
the left side in Figure 15.

LEMMA A.1

Suppose that we are in the setting of Proposition 3.10. Let Z; = X; + iY; be as
in (A.1), and let So be as in (A.3). For each ¢ € (0, 1), there exist d > 0 and py > 0,
independent of € and of Xo € [—R, R], such that the P -probability of the event

Eo = Eo(z,d):={So <, Ys, <5¢"2, K5, C B4(0)} (A4)

is at least py.

Proof
By symmetry we can assume without loss of generality that Rez = Xy > 0. We will
treat the conditions in the definition of E in order. Let

M + 1)’ (A.5)

v>1A<
K

and let X be V/k times a Bessel process driven by — B/, started from X, of dimension
v. From the form of the SDE (A.2), one sees that almost surely

X;>X,, Vit<S5,. (A.6)

Our choice (3.9) for p implies that (A.5) holds for some Bessel dimension v € (0, 2),
in which case X hits 0 before time ¢ with uniformly positive probability (see [23,
Proposition 1.21]). Hence, we can find po > 0 independent of € and uniform for
Xo € [-R, R] such that

P2 (So <) = 2po. (A7)

By (A.2), Y is increasing and 9, Y;> < 4. Hence, ¥; < 4¢'/2 4 ¢, so on the event
{So < ¢} we have Yg, < 5¢1/2.

It remains for us to deal with the condition {Ks, C B;(0)}. Let X be the Bessel
process of dimension v started from X, driven by —B?, as above. Since X and B?
are almost surely bounded up to time ¢ and their laws do not depend on e, it follows
from (A.6) and (A.7) that we can find Cy > 0, independent of ¢ and uniform for
Xo € [ R, R], such that the probability of the event

E§ = {So < Ys, < 5(1/2,sup|ﬁBf| < Co,sup|X;| < Co}

1<t 1<t

is at least pg.
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By (A.2), for t < .S it holds that
| 2Ift Ko dv = Xol + |X| + |VEB,| (A8)
o— ———dv <|Xp Kk B:|. .
o XZ112 t t

In the case in which p # 2, it follows from (A.8) that, on the event E,

¢ R +2C
/;dvgcl s (A.9)
0o XZ+7Y? lo—2|

In the case in which p = 2, it follows from (A.2) that X is a constant times a Brownian
motion, so in this case we can (using (A.7)) find a possibly larger constant Cj, still
independent of €, such that (A.9) holds with probability at least 1 — po/2. In this case
we add this latter condition to the event Ej (and replace po with po/2).

Now consider some b € R with |b| > 1. Let § > 0, and let 13, be the first time ¢
that |g; (b)| < 8. By (3.7) and the reverse Loewner equation,

) D ¢
b)=— dv + /7vdv— kB? +b.
8:() /0 gu(b) Ple X2 572 VB,

So, it follows from (A.9) that on E

inf_[g(b)| 2 1b] = Ca.

t<SoAT,

where
C, =2¢87" + [p|C1 + Co.

Hence, if we take |b| > 2C5, then we have inf;<g)z, |g:(b)| > C», which implies
75 > S (provided that we choose § < Cy).

In particular, if b > 1 is chosen sufficiently large (independent of € and Xy €
[-R, R]), then gs,(—b) and gs, () lie in R. Therefore, the map gb?Ol takes 0K into
[—b, b]. This implies that the harmonic measure from oo of K; in H\ K7 is at most
2mh, soby [23, (3.14)], it follows that diam K s, is bounded by a constant independent
of € and Xy € [-R, R] on Ej. Since PZ(E{) > po, the lemma follows. O

A.2. Pushing the force point starting from the imaginary axis

In light of the strong Markov property and Lemma A.l, we now need to consider
the behavior of the process (A.2) if we start (Xo, Yo) from (0, y) for y € [¢,5¢1/?]
and ¢ as in Lemma A.1. For this, we first need to review some calculations from [16,
Section 3]. Throughout this subsection, we assume Xo = 0 and Yo = y € [e, 5¢1/2].
Let

1
0, =argZ; and t, = 3 log y. (A.10)
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For t > t, define o (t) by

a(t)
= ——dv+ty, (A.11)
/0 1Zy[2 g
sodo(t) = |Zy |*dt and o (t,) = 0. Denote processes under the time change 1 =
o (t) by a star, so 6;° = 05(¢), and so on. By some elementary calculations using Itd’s
formula (see the proof of [16, Proposition 3.8]), we have d logY* =2dt and
. = K py . b1

do; = Viesin67d B+ (2+ 5- 5) sin(267) dt. 67, = 7. (A.12)

for B\t a Brownian motion. Since Y{‘; =Yy =y, it follows that Y* = e2t. Further-

more, as explained in the proof of [16, Proposition 3.8], there is a unique stationary
distribution for the SDE (A.12) which takes the form

_8—=2p

Csin? (0)do, B (A.13)

where C is a normalizing constant. B
> . . = 24,10
Let 6] be a stationary solution to (A.12), and set Z{ = £ et

. * b
sin 6

so that Im Z =

et and arg ZF = 5;* Let W* be determined by Z;* in the same manner that W/* is
determined by Z, and define

t
() :=/ \Z*2 dv.
0

Denote processes under the time change t =5 ~!(¢) by removing the star. Then we
have that (6;, Z;, W;) are related in the same manner as (6;, Z;, W;). Moreover,

T(t) =inf{t eR:ImZ; = >4},

Following [16, Section 3], we define a reverse SLE,(p) process with a force point
infinitesimally above 0 to be the Loewner evolution driven by w.

We will eventually compare reverse SLE, (p) with a force point starting from
(0, y) and reverse SLE,(p) with a force point infinitesimally above 0 by using the
convergence of a given solution of (A.12) to the stationary distribution. Before we
do so, we prove an estimate which is needed to show that the hulls of the reverse
SLE, (p) with a force point starting from (0, y) do not get too big during the interval
of times before a given solution mixes with the stationary solution.

LEMMA A.2
Let ty, be as in (A.10). For any p € (0,1) and v > 0, there is a b > 0 depending on v,
p, and ¢ but not € or the particular choice of y € [e,5¢Y/2] such that

Pi(K{ 1, C By(0) =1 p.
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Here K{ = K (v, for (K;) the hulls of the reverse Loewner evolution driven by
(Wh).

Proof
First note that 6 almost surely never hits 0 or . To see this, one observes that
0 is a time change of a constant multiple of the process of [23, Section 1.11] with
a=(4+4x—p)/k>1/2,so the claim follows from [23, Lemma 1.27].

Therefore, there exists § > 0 depending only on v such that if §;" is started at time
t, with initial condition Qt*y = /2, then with probability at least 1 — p/2 we have
0 € (8,2m — §) foreach t € [t,, t, + v]. Let G be the event that this occurs.

We can find a constant ¢ > 0 depending only on § such that, on the event G, we
have X/ Y* <c for t € [t,,t, + v]. It then follows from (A.2) that on this event

1
(‘)ZYtZW, VIG[O,U(ty—l—v)],

t

for a possibly larger c. This implies
Y2>c 't +y? (A.14)
for a possibly larger constant c. In particular,
(e* —1)y? = Yaz(tyﬂ) —y2> c_lo(ty + v),
so for some possibly larger constant ¢ we have
o(ty +v) <cy’ (A.15)

Let B be the Brownian motion of (3.7). We can find a C > 0 depending only
on ¢ such that, with probability at least 1 — p/2, we have |/k Bf| < Cy for each
t €[0,cy?]. Let G’ be the event that this occurs and that G occurs, so that PZ(G’) >
1 — p.By (A.15) and since Y; > y foreacht > 0, on G’,

o (ty+v) 1 ey
‘/ Re—dt‘f/ ———dt <1
0 Z; 0 Xt + Yt

By (3.7) and (A.15) it holds on G’ that

sup Wi <1,
tef0,0(ty+v)]

with the implicit constant depending only on C. By [23, Lemma 4.13] we then have
diam Kg(ty+v) <1 Ul
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Our next lemma controls the behavior of the Loewner transition maps ’g’; , corre-
sponding to a stationary solution to (A.12) after it has been run for a certain amount
of time. This estimate will eventually imply an estimate for the analogous transition
maps for the Loewner evolution driven by (W;) by convergence solutions of SDEs to
their stationary distribution.

LEMMA A.3

Let (g;) be the reverse Loewner maps of a reverse SLE,(p) process with a force
point infinitesimally above 0, with hulls ( I?t) We adopt the notation given just above
Lemma A.2, so in particular a star denotes processes under the time change t — G ().
Forte Rand t> 1, let 'gfft be the map defined on H which satisfies g; = 'g”ft g
and let K- = K* \gt o K*) be the corresponding hull. For a,d > 0 and u € M,

let Fyy = Ft t(a d, ) be the event that 5 (t) < a, andfor each § > 0, the harmonic
measure from oo of each of [—8,0] and of [0,8] in H\ (Kt,t U gt,t(Bd (0) NH)) is at
least j1(8). For each ty € R, d > 0, and p € (0, 1), we can find t« = t«(to.d, p) > to
such that, whenever t <ty and t > tx, there exist a = a(d, p,t.ty) > 0 and p =
w(d, p,t,to) € M such that

Pl(Fgo=1-p

The reason for looking at the harmonic measure in H \ (K 4 Uer t(Bd (0) NH))

instead of just H\ K7 K* . 1s that, for an appropriate choice of d, the set B;4(0) N H
contains the segment of the curve n grown before the force point gets to the imaginary
axis (see Lemma A.1).

Proof of Lemma A.3
By [16, Proposition 3.10], for each t > 0, the conditional law of E{" given Zf is that
of a forward chordal SLE, (p — 8) hull with an interior force point at Z ¢ stopped at the
first time it hits its force point. By [55, Theorem 3] this law is the same as that of the
hull of a radial SLE, (k 42— p) from O to Z ¢ with a force point at oo, run until the first
time it hits ZZ‘ Since k + 2 — p > /2 — 2 (by our choice of p), [41, Theorem 1.12]
implies that such a process is transient (i.e., almost surely tends to its target point), and
[41, Lemma 2.4] implies that it almost surely does not intersect itself or hit R U {oo}.
In particular, I?f is almost surely a simple curve which does not intersect R except at
its starting point and has finite half-plane capacity. By stationarity the same is almost
surely true of K7 K* . for each teRand t>t.

By the umqueness of the stationary solution to (A.12), for each v € R we have

~, d 7, . ~, . .. . ~
0% , = 0*. Since 0* determines the driving function W* and hence also the Loewner
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chain (%) and since Y;* = ¢!, we have
(2T, () teRY £ (FF:teR), VveR. (A.16)

Now fix tg €R, d >0, and p € (0,1). By (A.16), the law of the diameter of IA(}*
is stochastically nondecreasing as t increases. By [23, Proposition 3.46], it follows
that we can find a deterministic D = D(%,d, p) > 0 such that

PZ((B4(0) NH)\ KX CZ*(Bp(0)NH)) = 1—p/4, Vi<h. (A.17)

Almost surely, the curve E{ does not intersect R except at its starting point, so there
exist some deterministic § > 0 and A > 0 (depending only on t and p) such that, with
probability at least 1 — p/4, we have Im'g;(w) > A for each w € Bs(0). By (A.16),
we can find t, = t«(to, D, p,A,8) > to such that, for t > t,, it holds with probability
atleast 1 — p/4 that Im’gy (w) > 1 for each w € Bp(0) N H.

Suppose that t < ty and t > t,. If Img7 (x) <1 for some x € B;(0) N H, then
since K7 has empty interior, there must be some x’ € (B4(0) N H) \ I? * for which
Imgt (x’) < 1.If the event in (A.17) holds, then x’ = =g g2 (w) for some w € Bp(0) N
H, so by the definition of g g_ we have Img; (w) < 1. By our choice of t., we find
that

P;(Img7 (w)>1,Yw e Bg(0) NH) > 1—p/2.

Since K7 K* . C K¢ ¢ and K almost surely does not intersect R except at 0 and almost
surely has finite half-plane capacity, for each such t > t, we can find ¢ and u as in
the statement of the lemma such that PZ(F;) > 1 — p for each t < to. O

The following lemma and Lemma A.1 are the main inputs in the proof of Propo-
sition 3.10.

LEMMA A.4

Suppose that we are in the setting of this section (so that, in particular, Xg = 0 and
Yo=y). Let T, := inf{t >0:Y;, =r} = 0(%10gr). Also let d > 0 and p € (0,1).
There is an r« > 0 (depending on ¢, d, and p) such that, for r > r, there exist
A>0and p € M, independent of € and the particular choice of y € [e,5¢/?], such
that the following is true. Let E1 = E{(r,d, A, L) be the event that T, < A and,
for each § > 0, the harmonic measure from oo of each of [—38,0] and of [0,48] in
H\ (K7, U g7, (B4(0) "H)) is at least u(8). Then PL(E1) > 1—p

Remark A.5
The purpose of the harmonic measure condition in the definition of E is as follows.
When we compose with ggs, on the event E¢ of Lemma A.1, the part of the hull
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grown before time Sy is “pushed” into g7 (B4(0)). The harmonic measure condition
in the definition of E; together with Lemma 2.4 will then imply the occurrence of
G(g%1 , ) on the event £y N Eq (see also Figure 15).

Proof of Lemma A.4

Define the processes X, Y\*, Z{, o(t), and 6 as above. Let ('g;) be the reverse
Loewner maps of a reverse SLE, (p) process with a force point immediately above 0.
We adopt the notation given just above Lemma A.3, so that for t > 0, Z, is the image
of the force point under gy and 51* = arg Z ¢ is the corresponding stationary solution
to (A.12).

By the convergence of the law of the solution of (A.12) to its stationary distribu-
tion, there exists v > 0, independent of € and the particular choice of y € [e,5¢'/2],
such that the following is true. The total variation distance between the law of Gt*y Tu
started from /2 at time t,, and the stationary distribution (A.13) is at most p/4. Let
t, =t, + v. We can couple 6* with 6* in such a way that, with probability at least
1 — p/3, these two processes agree at time t,, and (by the Markov property) at every
time thereafter. Let Fj be the event that 6 = 6 for each t > ,,.

Define the maps E'%“y, ¢ and the hulls IA(;:‘y, ¢ for t > {y as in Lemma A.3. Define

g¢ ,and K*  for t > t, analogously but with g and K7 in place of g} and K. We
Vs Vs
have that (6}, **) determines W;* and hence also (g{). A similar statement holds for

the corresponding processes under the stationary distribution. Therefore, on F;, we
have

g =0 KL =KL, vizi, (A.18)

Lt Do

By Lemma A.2 we can find a b > 0 depending only on v such that the probability
of the event

F>:={K} C By(0)}

is at least 1 — p/3. By combining this with [23, Proposition 3.46], we find that there
exists a deterministic constant d’ = d’(d, b) > 0 such that on the event F, we have

Kf Ugr (Ba(0) NH) C Bar(0) NH. (A.19)

Let fp = 5¢'/2 + v, so that t, <to. Let t, be chosen so that the conclusion of
Lemma A.3 holds with this choice of to, d’ in place of d, and p/3 in place of p. Let
t>ty,andleta =a(d’, p,t.t) > 0 and o = po(d’, p,t,tg) € M be chosen so that
with F3 = F;y’t(a,d’,uo) the event of Lemma A.3 we have PZ(F3) > 1— p/3 for
each choice of t, < to. Note that a and j1o do not depend on € or the particular choice
of y € [€,5¢1/2]. Then we have

Pi(FlﬂFgﬂF3)Zl—p.
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If we set r« = e?% and r = 2!, then r ranges over [r«,00) as t ranges over
[0, 00). We will now conclude the proof by showing that F; N F, N F3 C E; for an
appropriate choice of parameters. On the event F; N F, N F3, we have

~

T, = hcap K = hcap K:Iy + hcap K-:‘y.

The first term is at most a by the definition of F3 together with (A.18). The second
term is at most a finite constant depending only on . Hence, for r > r, we can find
A > 0 as in the statement of the lemma such that on F; N F, N F3 we have Tr < A.
Furthermore, on F; N F, N F3,

K7 Ugs (Bd O)n H)
= K; Ug{(Ba(0)NH)
= K—fy U g{y t(K-,:“y u gfy (B4(0) NH)) (by the definition of 81,0

=K (U, (K Ugr (Ba(0)NH)) (by (A.13))

ty,

CRIUZ, (B NH)  (by (A.19) and the definition of K7, ,).

It now follows from the definition of F3 (see Lemma A.3) that, for each r > r,, we
can find pu € M satisfying the conditions of the lemma such that, with this choice of
u and A as above, the event £ holds on F; N F> N F3. O

A.3. Conclusion of the proof
Now we can combine the results of the previous two sections to complete the proof
of Proposition 3.10.

Proof of Proposition 3.10

Let¢>0,d >0,and po > 0be asin Lemma A.1, and let Eg = Ey(¢, d) be the event
of that lemma, so that PZ(E¢) > po. Let Sy be as in (A.3), and for t > Sy, let g5, .+
be the map defined on H which satisfies g; = gs,.: © £s,-

Conditional on {g; : t < Sp}, the law of {gs,,v+5, : v > 0} is the same as that
of {gy : v > 0} started from Zy = (0, Y's,,) instead of from Z, = z. Note that Y, €
[€,5¢1/2] on Ey. Define the time 7, and the events E; = E;(r, A,d, j1) as in Lemma
A4 but with gg,,.+s, in place of g.. Let r«, w, and A satisfy the conclusion of
Lemma A.4 for d as above and p = 1/2. Then if r > r,, we have PZ(E{|Eg) > 1/2,
whence PZ(Eg N E1) > po/2.

Since Sp < ¢ on Ey by definition and by the definition of E; we have 77 =
So + Tr < ¢+ A on Eg N E;. Furthermore, by the definition of E;, on the event
E¢ N E, the harmonic measure from oo of each of [-§, 0] and [0, 4] in H\ K77 is at
least 1 (8). By Lemma 2.4 we can find i’ € M and ¢, > 0 as in the proposition such
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that
EoNE, C{T? <t«}N G(g_},p/).

This proves the statement of the proposition. O

B. Comparisons of derivatives using harmonic measure

In this section we will prove some technical lemmas which allow us to compare con-
formal maps defined on different domains. We recall the notation hm? (7 ; D) for the
harmonic measure of / C dD from z in D. We start with a simple geometric descrip-
tion of the derivative of a certain conformal map defined on a subdomain of D.

LEMMA B.1

Let U C D be a simply connected subdomain. Let x,y € 0D such that [x, y]ogp C oU.
Let m € (x,y)sp, and let V¥ : U — D be the conformal map taking x to —i, y to i,
andmto 1. Let z € U, let I be a subarc of [x, y]sp, and suppose that, for some § > 0,
the distance from V(z) to V(1) and the length of W(I) are each at least §. Then

hm?(1;U) < dist(z, 0U)|¥'(2)|

with the implicit constants depending only §.

Proof

By the conformal invariance of the harmonic measure, hm?(/;U) =
hm¥® (W(1); U). By our hypotheses on W(I), hm¥Y® (U(1);U) < dist(¥(z), D),
with the implicit constant depending only on §. By the Koebe quarter theorem,
dist(¥(z), dD) =< dist(z, dU )| ¥’ (z)| with a universal implicit constant. O

Remark B.2

We note some circumstances under which the hypotheses of Lemma B.1 are satisfied.
Let U denote the Schwarz reflection of U across [x, y]sp- Suppose that I C (x, y)sp
with m € I and the distance from dU \ dD to [ is at least a constant ¢ > 0. If z lies
at distance at least a constant {’ > 0 from dD and is sufficiently close to dU, then by
considering the harmonic measure from m in U (see the proof of Lemma 2.8), we
get that the hypotheses of Lemma B.1 are satisfied with § depending only on ¢, ¢/,
and the length of I. In particular, if the event G|, y1., (W, i) of Section 2.2.2 occurs,
then Lemma 2.8 implies that, under the same hypotheses on z, the hypotheses of
Lemma B.1 are satisfied with § depending only on w, ¢’, and the length of 1.

We now deduce a consequence of Lemma B.1 which allows us to compare the
derivatives of conformal maps associated with an entire curve and with part of a curve.
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In particular, we consider a curve 7 connecting two points of dD and compare the
derivative behavior of a conformal map from the right side of D \ 7 to D and the
derivative behavior of a conformal map from the complement of a segment of 7 and
its time reversal to D.

LEMMA B.3

Fix § > 0. Let x,y € dD and m € (x,y)yp with |x —m|,|y — m| > 6. Also let n :
[0,00] = D be a simple curve which does not intersect (x, y)ap, and let Dy be the
connected component of D\ n containing [x, y]ap on its boundary. Let W, : Dy — D
be the conformal map taking x to —i, y to i, and m to 1.

Fix ty > t; > 0, set DY =D\ (1([0.11]) U n([t2,00))), and let ® : DY — D be
the conformal map taking x"' to —i, y~ to i, and m to 1. Suppose that the following
holds for some arc I C [x, y]ap and some point z € D.

() hm*(n([0,#1]); Dy) and hm? (n([t2, o0]): D) are each at least §.

(2) The length of Wy, (1) and the distance from Y, (z) to Wy, (I) are each at least
8.

3) The length of ®(I) and the distance from ®(z) to ®(I) are each at least .

Then |®'(z)| < |V}, (2)| and dist(z, 0D,) =< dist(z, E)Dg) with implicit constants de-

pending only on § and z but uniform for z in compact subsets of D.

Proof
See Figure 16 for an illustration of the proof. By Lemma B.1,
hmZ (I; DO)

hm?(1; Dy)
dist(z, 0Dy)

with the implicit constants depending only on §. We clearly have hm?([/; Dg) >
hm?(7; Dy). By the Beurling estimate, if r is chosen sufficiently large, in a manner
depending only on 8, then hm*(n N By gisy(z,y) (2): Dy) = 1 —8/2. So, our hypothe-
sis (1) implies that dist(z, dD,) = dist(z, 8D,°,). Therefore, it is enough to prove

hm®(I: DY) <hm*(I: D,) (B.1)

with the implicit constant depending only on 4.

Let En : D, — D be the conformal map taking z to 0 and m to 1. By the con-
formal invariance of the harmonic measure and our hypothesis (1), the distance from
each of ¥ (n(tl)) and W 7(n(f2)) to (17 n(I) is at least 2r§. Hence, we can choose
a crosscut A in D which disconnects 0 from ¥ »(I) such that each point of A lies
at distance at least § from \11,7 (1) and from [\If,7 (n(t2)), \11,7 (n(t;))]sp- The harmonic
measure of \I',7 (1) from each p01nt of A 'in D is bounded above by a constant depend-
ing only on § times the length of \11,7 (1), which in turn is proportional to hm? (1 ; Dy).
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Y

Figure 16. An illustration of the proof of Lemma B.3. In the left figure, the domain Dy, is the
part of D lying to the right of the curve 5 (including the dashed part 5([¢1,#2])), and the domain
D;l) is the complement of the two solid black segments of 7. The probability that a Brownian
motion started from z exits Dg in the arc / is bounded by the supremum of the harmonic
measure of / in Dg from any point of the crosscut A. This, in turn, is bounded by a constant
times the supremum of the harmonic measure of I in D; from any point of A, which is bounded
by the harmonic measure of / from z in Dy by our choice of A

Furthermore, the harmonic measure of the arc [E,, (n(t2)), En (n(t;))]op from each
point of A in D is bounded above by a constant @ < 1 depending only on §.
Let A = lIJ;](A). Then

hm" (1; Dy) <hm?(7; Dy), hm" (n([tl,tz]); D,,) <a, YweA, (B.2)

with the implicit constant depending only on 4.
A Brownian motion started from z must hit A before exiting Dg in /. Therefore,
hm*(7; D)) < sup hm" (I; D}). (B.3)
weA
For w € A, we can decompose the event that a Brownian motion B started at w exits
Dg in [ as the union of the event that B hits I before n([t1,;]) and the event that B
hits n([t1,2,]) and then /. By (B.2) the former event has probability at most a constant
C (depending only on §) times hm?(/; D). By the Markov property the latter event
has probability at most
sup hm” (([r1.22]): Dy)  sup  hm"(I:D)).
weA ven([r1,62])
Since A disconnects 71([t1,2,]) from [ in D,‘; we have sup, ¢,
sup,,c 4 hm® (1: DY). By combining this with (B.2) we get

t1,t2]) hm" (7 Dg) =

sup hm" (I: D) < C hm*(I; D) + a sup hm" (I; D). (B.4)

weA weA
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Since a < 1, we can rearrange the estimate (B.4) to get

sup hm" (1: DY) <hm*(I: D),

weA

which together with (B.3) yields (B.1). O

C. Strict mutual absolute continuity for SLE

Definition C.1
We say that a measure u is strictly mutually absolutely continuous (SMAC) with
respect to a measure v if u and v are mutually absolutely continuous with Radon—
Nikodym derivative almost everywhere bounded above and below by finite and posi-
tive constants.

In this appendix we will prove a lemma which gives that the conditional law of
the “middle part” of an SLE, (p%; p®) curve given the initial and terminal segments,
on a certain regularity event, is SMAC with respect to the law of the middle part of
an ordinary SLE, curve (see Lemma C.4 below for an exact statement). This result
is needed in the proof of our two-point estimate (see, in particular, Lemma 7.3). We
will deduce our desired result from [46, Lemma 2.8] (which gives a similar strict
mutual absolute continuity statement for SLE, (p) curves in domains which agree
in a neighborhood of the starting point) together_ with the coupling results of [37],
described in Section 2.5.

Before we can prove this result, we need to define the regularity event for the
initial and terminal segments of the path which we will work on. Let x, y € dD be
distinct. Let 1 be a random curve from x to y in D, with time reversal 7). In what
follows, we write Bg = B,—4(0), and let T (resp., Tg) be the first time 5 (resp., 1)
hits Bg, as in Section 6.

Fix A>A’> A > 0. Suppose that we are given times 0,0 > 0. Let n* be the
part of n between n(o) and 7(). Let H* = H*(n*; Z) be the event that n* C Bx.
Let S = S(1;0,5, A, A) be the event that the following occur.

(D) TA <o <ooandTp <0 <oo. (Here, 7p =18 and Tp =Tg with f = A))

2) n° (resp., ﬁg) is contained in the =24
(resp., [y, 0]). 3

(3)  The conditional probability of H* given n° U 7° is positive.

Also let S* = S*(n;0,0, A, A, Z) be the event that the following occur.

€)) S(n;U,E,A,Z) occurs.

(2) n([rar, o)) (resp., N([Ta’,T])) is contained in Bx.

-neighborhood of the segment [x, 0]
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Remark C.2
If the event L and the times ¢ and ¢ are defined as in Section 7.2, then we have

LCS*(n:0.5.A,A/2,A).

This is the primary reason for our interest in the event S*(-).

Remark C.3

In the case in which 7 is an SLE, (p%; p®) (which is what we consider in the section)
one can show that condition (3) in the definition of § is in fact implied by the other
conditions in the definition of S'. To establish this, the idea is to realize 1 as a flow line
of a GFF and then condition on two counterflow lines (run up to a certain stopping
time) with the property that the interface between them is almost surely equal to 7°
(see [38, Section 5.4] for a similar argument). We do not need this fact here though,
so for the sake of brevity we include condition (3) as a condition.

The main result of this section is the following.

LEMMA C.4

Let L, pR € (=2,0], § > 0, and x,y € dD with |x — y| > 8. Let n be a chordal
SLE, (pL; p®) process from x to y in D with force points located at x~ and x*. Let
7 be its time reversal. Let o be a stopping time for 1, and let @ be a stopping time
for the filtration generated by 1° and 7. Let S* = S*(1;0,5. A, A, A) as above.
Also let n* and H* = H*(n*; A) be as above. Let D be the connected component of
D\ (° UT°) containing 0. If A (and hence also A’ and A) is chosen sufficiently large,
in a manner depending only on 8, p*, and p®, then almost surely on S* the regular
conditional law of n* given n° UT° and the event H* is SMAC with respect to the
law of a chordal SLE,. from n(c) to 7(0) in D conditioned on H*, with deterministic
constants depending only on p~, p®, k, A, N/, A, and 8.

The idea of the proof of Lemma C.4 is to consider a GFF on D whose flow line
no is an ordinary SLE, and then grow auxiliary flow lines with the same start and end
points in such a way that the conditional law of 1o given these auxiliary flow lines
is that of an SLE, (pL; pR) for the given values of pZ and p®. By [46, Lemma 2.8],
the conditional laws of these auxiliary flow lines given n¢ do not depend strongly
on a small segment in the middle of ny. We then apply Bayes’s rule to invert the
conditioning (see Figure 17 for an illustration of the argument).

For the proof of Lemma C.4, we will assume that neither p~ nor p® is equal to
0. The case in which one of the force points is equal to 0 is treated similarly but with
only a single auxiliary flow line.
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Figure 17. An illustration of the setup for the proof of Lemma C.4. The curve ng in the left

picture has the law of an ordinary chordal SLE, from x to y in D. The curve 5 in the right
picture (obtained by mapping the “pocket” Do formed by auxiliary flow lines to D) has the law
of a chordal SLE, (pL; ,oR) from x to y. The amount by which v distorts distances is
exaggerated for clarity—typically, ¥ is close to the identity on the event F'.

Choose Ag > Zo > 0 satisfying ZO <A<A < Ao < A, with A, A/, and A as
in the statement of Lemma C.4. Let 1 be an ordinary chordal SLE, from x to y in
D. Let 7, be the time reversal of 79. Let o (resp., 0¢) be the first time g (resp., 7y)
hits B%. Let g be the part of 19 between 1(o) and 77(0). Also let

So := S(10: 00,50, Ao, Ao), H§ =H*(ﬂ3§z0)- (C.D

We can couple 19 with a GFF & on D with appropriately chosen boundary data in
such a way that 7o is the 0-angle flow line® (in the sense of Section 2.5) of & started
from x. Let 6% > 0 and % < 0 be chosen so that

QLX GRX

__2= L’ _——22 R_ C2

1 P 1 P (C.2)

Let _ and 74 be the flow lines of / started from x with angles 8% and %, respec-
tively. Since p’, pR € (=2,0), the flow lines n_ and 54 are well defined. Let Dg
be the connected component of D \ (- U n4) containing the origin. Let b and b,
respectively, be the first and last points on dDg hit by ng. By the results of [37, Sec-
tion 7], the conditional law of the part of 1y which lies in Dy given n— U n4 is that

%In the case in which k = 4, we replace flow lines by level lines, as defined in [54] and [53]. Everything works
the same with this replacement.
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of a chordal SLE, (p’; p®) from b to b in D with force points located on either side
of b. We also fix a small parameter o € (0, 1), and we let 7_ and 7, respectively, be
the first times 77— and 74 exit B1_4(0).

Throughout the remainder of this section, we require all implicit constants, includ-
ing those in SMAC, to depend only on A, A, A, Ay, Zo, a, pL, pR k, and §. (In
particular, implicit constants are not allowed to depend on the realization of whatever
we are conditioning on or on the choice of stopping times 0,0.)

LEMMA C.5

Let wq be a realization of ngo U7 for which So occurs. Ifzo (and hence also Ay)
is chosen sufficiently large and o > 0 is chosen sufficiently small, in a manner which
is uniform over values of the end points x and y such that |x — y| is bounded below,
then the following is true for almost every such wqy. Almost surely, the conditional
law of % given {ng° UT’0 = wo), H{, and (n'=, n:f) is SMAC with respect to the

conditional law of 0}y given only {ng° Un°° = wo} and H{.

Proof

Let Py, denote the regular conditional probability given {ng‘) U7°° = wy} and the

event Hj. Let Aj be an event with positive Py, -probability which is determined by

ne and 7g° U7°° and is contained in Hg. Let ALY be the intersection of H with an
90 and (n'=, r)f:’) and contained in Sy which

event which is determined by 7g° U 7°
also satisfies Py, (Ag ) > 0. By Bayes’s rule,

Puy (A5 | A5)Puy (45)

Py (4 4f) = P48 LA
wo 10

(C3)

Hence, we are led to study the conditional law of (n'=, ntj) given {ngo Un°° = wp)
and 7, for varying realizations of 7§ for which H{ occurs.
By the results of [37, Section 7.1], the conditional law of 14 given 7 is that of
a chordal SLE, (,011;; pﬁ) process from x to y in the right connected component of
D\ ng for certain ,oILV, p§ > —2 depending on p and p&. A similar statement holds
for n_. Furthermore, n4+ and n— are conditionally independent given 7n¢. By [46,
Lemma 2.8] and the analogue of condition (2) in the definition of S, if ZO is chosen
sufficiently large and o > 0 is chosen sufficiently small, then the conditional laws
of the pair (n'-, ntf) given {1g® U7’° = wo} and 1} for varying realizations of n;
for which H{ occurs are all SMAC. By averaging over all such realizations, we get
P, (AL | A%) < Py (AL). By (C.3) we therefore have Py, (A% | AF) < Py, (A).
O



1232 GWYNNE, MILLER, and SUN

Proof of Lemma C.4

Let Dy, b, and b be defined as in the discussion just above Lemma C.5. Let ¥ :
Do — D be the conformal map which takes b to x and b to y, chosen so that |y (0)]
is minimal among all such maps, and let

n:=1v¥(no N Do), =Y (ng)-

Also let 77 be the time reversal of 7. We define the objects in the statement of the
lemma with this choice of 7. By the discussion just above Lemma C.5, the conditional
law of 7 given 1_ and 14 is that of a chordal SLE, (p%; p®) process from x to y in D.
Fix € > 0, to be chosen later, and let ' = F(¢) be the event that the following
occur.
(1) n— and n4 trace all of D¢ before times 7_ and 4. (Equivalently, since 7+
cannot cross themselves or each other, 7_ =7_+ = 00.)
(2) | (z) — z| <€ for each z € Dy.
By Lemma 2.17, for each € > 0 almost surely P(F | n9) > 0.
By choosing ¢ > 0 sufficiently small (depending only on A, A/, A, Ao, and Zo),
we can arrange that the following are true on F.
(1) BaCy(Ba,) C¥(Ba)CY(B5,) C B5.
2) The image under ¥ of the e ~220-neighborhood of the segment [x, 0] (resp.,
[, 0]) contains the e~22-neighborhood of the segment [x, 0] (resp., [y, 0]).
On the event F, let ¢’ and &’ be the stopping times for 1 and 77 corresponding
to 09 and To, so ¥(10(00)) = n(0”), ¥ (7o(T0)) =7(0"), and 7* is the part of n
between 7(o’) and 77(5’). Also let n* be the part of  between o and @, as in the
statement of the lemma.
By conditions (1) and (2) above together with condition (2) in the definition
of S*,

FNS*NH*CFNSyNH. (C.4)

(Note that the first inclusion is the only place where we use condition (2) in the defi-
nition of S*.) Furthermore, by the first inclusion in condition (1) and condition (1) in
the definition of S, on F N S almost surely

o' <ta<o0o and 0 <Tp<0. (C.5)

Now let (wg, wF) be a realization of (75" U ﬁgo, r]f;“ U n=) for which F N Sy
occurs. We observe the following.

(1) By the strong Markov property and reversibility of ordinary SLE,, the condi-

tional law of n§ given {ng° U7o° = wo} and H{ is that of a chordal SLE,

02), conditioned on H.

from 79 (09) t0 7j5(To) in D\ (1g° U7
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2) It therefore follows from Lemma C.5 that the conditional law of g given
{(ng° U ﬁgo, r;tJ:r U n'=) = (wo,wr)} and H{ is almost surely SMAC with
respect to the law of a chordal SLE, from 19(09) to 75 (7o) in D\ (7g° U7°).
conditioned on H.

3) By [46, Lemma 2.8], this latter law is SMAC with respect to the law of a
chordal SLE, from 7¢(09) to 7,(0p) in the connected component of Dg \

(g0 U ﬁgo) containing 0, conditioned on H.

(4)  Therefore, the conditional law of 77* given {(7;° Uﬁgo, r)tj' Un'=) = (wo, wF)}
and Hg is SMAC with respect to the law of a chordal SLE, from n(o”) to
7(@”) in the component of D \ n° U ﬁa/) containing 0, conditioned on H.

(5) By (C.4), (C.5), and the Markov property and reversibility of ordinary SLE,,
assertion (4) implies the conditional law of n* given {77[: Un= =wr}; a
realization of 7” U 7° for which S* occurs; and that H* is almost surely
SMAC with respect to the law of a chordal SLE, from n(c’) to 7j(3”) in the
component of D \ (% U ﬁg,) containing 0, conditioned on H *.

Since the law of 7 given almost every w is that of a chordal SLE, (p%; pR) from

x to y in D and there is a positive probability event of choices for wg, assertion (5)

implies the statement of the lemma. O
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