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On the Proof of the Positive Mass Conjecture
in General Relativity

Richard Schoen and Shing-Tung Yau

Abstract. Let M be a space-time whose local mass density is non-negative
everywhere. Then we prove that the total mass of M as viewed from spatial
infinity (the ADM mass) must be positive unless M is the flat Minkowski
space-time. (So far we are making the reasonable assumption of the existence of
a maximal spacelike hypersurface. We will treat this topic separately.) We can
generalize our result to admit wormholes in the initial-data set. In fact, we
show that the total mass associated with each asymptotic regime is non-
negative with equality only if the space-time is flat.

0. Introduction

This is the second part of our paper on scalar curvature of a three-dimensional
manifold and its relation to general relativity. The problem in general relativity
that we address is the following: An isolated gravitating system having non-
negative local mass density must have non-negative total mass, measured
gravitationally at spatial infinity.

Mathematically, the positive mass conjecture can be described as follows: Let
N be a three dimensional Riemannian manifold with metric tensor g;;. Then an

initial set consists of N and a symmetric tensor field h; so that p>|> JoJ |'/?

where p and J are defined by

u= %(R— Y hh,,+ (ghz)z) :

a,b
Ji= V;{hab_ (Z hz) QQT
where R is the scalar curvature of our metric.

If N is a spacelike hypersurface in a space time so that g,; is the induced metric
and h;; is the second fundamental form, then the above condition says that the
apparent energy-momentum of the matter be timelike.
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An initial-data set will be said to be asymptotically flat if for some compact C,
N\C consists of a finite number of components N,..., N, such that each N; is
diffeomorphic to the complement of a compact set in R*. Under such diffeo-
morphism, the metric tensor will be required to be written in the following form

ds?= (1 + M)4 (Z (dxi)z) + Zpijdxidxj

2r) \5
where
1
=0
1
Vp, i 0 (73)
and

1

1
The components of h;; will also be required to be of order O (r_2>

The number M (Arnowitt, Deser and Misner [1], Geroch [9]) is called the
mass of the end N,. This definition is motivated by the observation that the spatial
Schwarzschild metric can be written asymptotically in the previous form so that
the number M is precisely the Schwarzschild mass. From now on, we shall call N,
an “end” of N and we denote the total mass of N; by M,.

In this formulation, the (generalized) positive mass conjecture (Arnowitt et al.
[1], Brill and Deser [3], Geroch [2]) states that for an asymptotically flat initial
data set, each end has non-negative total mass. If one of the ends has zero total
mass, then the initial data set is flat in the sense that the curvature tensor vanishes
and the second fundamental form h;; is trivial.

In this paper, we will settle the major case of the conjecture assuming » h%=0.

The most general case will be discussed in a forthcoming paper.

There have been several contributions on this problem prior to our work. (We
learned most of these from the excellent survey articles of Geroch [2] and
Choquet-Bruhat, Fisher and Marsden [4].) In 1959, Brill settled the problem in

case ) h?=0and the data respect an axial symmetry. In 1968, Brill and Deser [3]

showed the conjecture is true up to second order perturbations from flat data. This
last result was greatly improved by Choquet-Bruhat and Marsden [5] to the effect
that the conjecture is true if the data is close enough to the flat data in a certain
smooth norm. In the Stanford conference in differential geometry, Geroch divided
the conjecture into several special cases. One case had a direct appeal to the
geometers. This case says that if a metric has non-negative scalar curvature in R>
and if the metric is euclidean outside a compact set, then the metric is flat. In her
thesis in 1977, Leite was able to settle this case under the assumption that the
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manifold can be isometrically embedded into R*. In 1976, Jang [6] was also able
to settle the conjecture if the metric g;; is flat. Finally the conjecture was also
known if the data is sperically symmetric (Leibovitz and Israel [7], Misner [8],
Jang [6]). However, none of these methods had been carried out to cover the case
that we deal with. (It should also be mentioned that Deser had a proof for the
supergravity setting and Geroch had an argument to settle the conjecture
assuming some statement that remains to be proved.)

The basic idea of our proof is quite simple. It is basically geometric in nature
which enables us to deal with the case where the manifold is not diffeomorphic to
R3. While there are more details to be carried out in this paper, the basic ideas are
already in our previous paper.

For simplicity, let us assume the manifold is diffeomorphic to R>. Then
assuming the mass is negative we construct a complete surface embedded in R?
whose area is minimal among all compactly supported deformations of the
surface. By using the second variation formula, we prove that the surface is
topologically the plane. As in the previous paper, we plan to use the Gauss-Bonnet
theorem to arrive at a contradiction. However, as the surface is non-compact,
there are technical troubles involved which we are able to overcome. These
arguments provide a proof that the total mass is non-negative. If the total mass is
zero, then we have a way to reduce it to the previous case unless the Ricci tensor is
identically zero. Since M is three-dimensional, Ricci flat implies flat and the
reduction finishes the proof of the theorem.

1. Statement of Results

The theorems in this paper deal with asymptotically flat metrics on 3-manifolds.
Let N be an oriented three-dimensional manifold (with or without boundary)
which has the property that there exists a compact subset K of N so that N\K
consists of a finite number of components N,,N,,...,N, with each N, being
diffeomorphic to R* minus a ball. We call the N, ends of N. We suppose that Nisa
manifold of smoothness class C®. Let ds® be a C® positive definite metric on N.
We say that ds? is asymptotically flat if each boundary component of N has
positive mean curvature with respect to the outward unit normal, and on each N,
there is a coordinate system x!, x?, x* in which ds® has the expansion
3
ds>= ) g,dx'dx’ with the g;; satisfying the following inequalities for some k;, k,,
i,j=1
ky posijtive constants.

M\ k,
o= {1+ 5] duhu s

k
ijlél—zg,a
+r

1.1
g k. (1.1)
ij =1+r4

|Oh [0ch

3 i/2

where 7= ( Y (xi)z) and @ is the Fuclidean gradient. The number M =M, is the
i=1

total mass of N,. We note that (1.1) implies that the Christoffel symbols
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F;kzO(l/rz) and the curvature tensor is O(1/r) as r-»co. Let R be the scalar
curvature function for ds?. We now state our first theorem.

Theorem 1. Let ds? be an asymptotically flat metric on an oriented 3-manifold N. If
RZ=0 on N, then the total mass of each end is nonnegative.

Our next result concerns the case when total mass on one end is zero. In this
case we wish to show that N is flat. In order to prove this we need to add the
following assumption to (L.1)

|000h, ;| +10080h; | +100000h, | < %"fﬁ (1.2)

for a positive constant k,.

Theorem 2. Let N be an oriented 3-manifold having an asymptotically flat metric
ds®. Suppose for some end N, (1.2) is satisfied and the total mass of N, is zero. If
R=0 on N, then ds? is flat. In fact, N is isometric to R with the standard metric.

2. Proof of Theorem 1

Throughout this section we work on a fixed end N,, and suppose that x*, x*, x* are
asymptotically flat coordinates on N,. Suppose these coordinates describe N, on

‘ ]R3\BGO{O), where B, (0)={|x|<g,} and r=|x| denotes the Euclidean length of
x=(x", x% x?). We denote the total mass of N, by M, omitting reference to k. We
will suppose that M <0 and R0 in contradiction to Theorem 1. The proof then
involves three steps, the first allowing us to assume R >0 outside a compact subset
of 'IR3\BGO(O), the second is to use the assumption M <0 to prove the existence of a
complete area minimizing surface, and third to use second variation arguments to
show that this is impossible if R=0.

Step 1. 1f ds* is asymptotically flat on N with R 20, and with the total mass of N,
negative, then there is an asymptotically flat metric d3* conformally equivalent to
ds* having R=0 on N, R >0 outside a compact subset of N,, and having negative
total mass for N,.

Proof. Let R*\B, (0) represent N, as described above. Let 4 be the Laplace
operator on functions, so that for a function ¢ on R*\B_ (0)

1 & @ i 0
Adp=—: : ij 7
? Vg i,zl ox* (V;g 8x3>

where as usual, g=det(g,) and (4)=(g;)”'. We calculate the asymptotic
expansion of 4% on R*\B_ (0) using (1.1). We see that

1 & 6 M\ 8 (1
17= % aall13) 5 ls)) roem)

= (1+ M) % +0(1/r) (2.1)
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It follows that there is a number ¢ >0, 50 that

1
4 p <0 for rzo.
M 5 . . .
Choose ty=— S0 and let {(¢) be a C” function which satisfies
0

t for t<t,

t: 2-2
) %3 for t>2t,, 22

{nz0, ("(H=0 for te(0,0).
Define a C5 function ¢:N—R by

3¢
(p=1+70 on N\N,,

(p(X)zl-FC(—%) on R*B, (0)=N,.

From (2.1) and (2.2} we see that

Ap<0 on N, and Adp<0 for r>2¢. (2.3)
We now define a new metric

d3? = p*ds? .

The metric d3? is asymptotically flat since on all ends other than N, it is a constant
multiple of ds?, and on N, we have

>~ M4 M4 1/.2

= (1 + —A{)45ij+0(1/r2) .
4y

Thus the new mass of N, is M = % <0. The well-known formula for the scalar

curvature R is
R=¢ 5[-84¢p+Rep] .

Thus (2.3) implies that R=0 on N and R>0 for r>2¢ on N,. This concludes the
proof of Step 1.

We replace our original metric ds? by d3* but maintain the notation ds?, so that
we are assuming R =0 on N, R>0 outside a compact subset of N, and M <0.

Step 2. There exists a complete area minimizing (relative to ds®) surface S properly
imbedded in N so that Sn(N\N,) is compact, and SN, lies between two parallel
Buclidean 2-planes in the 3-space defined by x*, x%, x>.
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Proof. Let 6>20,, and let C, be the circle of Euclidean radius o centered at 0 in
the x'x2-plane. Let S, be the smooth imbedded oriented surface of least ds*-area
among all competing surfaces regardless of topological type having boundary
curve C,. A discussion of this known existence result is given in the Appendix to
this paper. We wish to extract a sequence ¢;,—~co so that §, converges to the
required surface S.

We first show that there is a compact subset K,EN so that we have

S,NAN\NJEK, forevery o>20,. (2.4

That is, we show that the §, cannot run to infinity in an end other than N,. To see
this, let N, be another end, with asymptotically flat coordinate system y?, y?, y*

associating N, with R*\B_ (0) where B, (0)={y:|y|<1,}. In this coordinate
3

system, the metric ds® has the form ds?>= Y gj.dy'dy’ with gj; satisfying (1.1). We
Lj=1 21,12
. . 0
calculate the covariant hessian of the function [y|%, that is DijfyF: 6yg§/f
é

— Do —(I¥). By (1.1) we see

o 5 () By (LD

Dyly?=26,;+0(1/yl) as |yl—oo

where 9,; is the Kronecker delta. In particular, we see that there exists 7, >, so
that the function |y|* is a convex function for |y| = ,. Since 8S,=C, which lies in
N, we may apply the maximum principle to conclude that

S,AN,CB_(0).

Since N,. was any end of N other than N,, we have established (2.4).
We now analyze the behavior of S, N,. In fact, we bound the height of S,nN,
in the x> direction. For any A>0, we let

E,={xeR3®:|x3|<h} .
We show that there exists a number h>o, so that
NS, CE, forall o>20,. (2.5

To accomplish this, we again use a maximum principle, this time for the function
x* restricted on S,NN,. We must first compute the asymptotic behavior of the
covariant hessian of x* on N, If D is the Riemannian connection for ds?, define I',
by

0 3 0
Ds —=%T -—,
aii (3)63 {;1 Y 5xl
Then I7j; has the following expression in terms of ds?
0g, 8g; &g,
I & gim { OYim jm _ TYij ) 2.6
y=29 (EJ‘x’ * oxt  ox™ 26)
The hessian of any function ¢ is given by

0
Dp= oo —Do %((‘9) .

dxt
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By direct calculation using (1.1} and (2.6) we have

Mx/ Mx! M
Dy’ =—Ijj=—=0u+—3 65—~

x3
53, +0(1/r) . @7

Let h be the maximum for x* on S,nN,, and suppose this maximum occurs at the
point x,e8,. If 1<0,, we have established (2.5). So suppose h>g,. The tangent

. g 0
space to S, at x, is then spanned by W(xo), ’53?()60)' Let v, v, be tangent vector

fields to S, defined in a neighborhood of x, and satisfying v,(x,)= ;T
X
i=1,2. Let (q,)); <; ;< be the restriction of ds? to § in terms of the base field vy, v,.

Let V be the induced connection on S,, and note

(x,) for

x> =V, 0,(x*) =vp,x>~ D, v,(x%)
3
+{D,0;, vy¥(x")
where v is the unit normal field of S,. Evaluating at the point x, we have
Vx> =D;;x> +hv(x*)

where h;;={D, v;,v>(x,) is the second fundamental form. Contracting with respect
to {g;;) we have

2 2 2
Y ¢ixt= Y "D+ Y qhv(x) .
i,j=1 i,j=1 i,j=1
2 »
Since S, is minimal we have ) q"h;;=0, so applying (2.7) we see
Li=1
2 2Mh
Z q” Vijx3 =

i,j=1

3 +0(1/r%) .

2
Since M <0, we see that ki sufficiently large implies that ) ¢F,x*>0 at x,
i,j=1
contradicting the fact that x> attains a maximum there. A similar argument gives a
lower bound on x%[g__y,, and we have established (2.5)

Now, let 9> 20, and define the set
A, =(N\NJULx: x| Z 00, (x1)? + (<) 0%} -
For any o>, (2.4) and (2.5) imply
S,MA,C(K,VE)NA, (2.8)

which is a compact subset of N. We now quote a local interior regularity estimate
for area minimizing surfaces which is discussed in the Appendix.

(2.1) Regularity Estimate. Let U,(x) denote the geodesic ball of radius » about
xeN. There exists a number r,>0 so that for any point x,eS, with
U, (xo)nC,=0, it is true that S,M U, (xo) can be written as the graph of a C?
function f, over the tangent plane to S, in a normal coordinate system on U, (xo)-
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Moreover, there is a constant ¢, depending only on (N, ds?) which bounds all
derivatives of f, up to order three in U, (x,). (Note that both r, and ¢, are
independent of ¢.)

It then follows from (2.8) and the Regularity Estimate that we can choose a
sequence @ o0 so that S, NA, converges in C? topology. Since this can be
done for any ¢ > 20, we can take a sequence g;— oo and by extracting a diagonal
sequence we find a sequence ¢,— oo so that S, —S, an imbedded C?-surface,
uniformly in C? norm on compact subsets of 'N. The surface S is properly
imbedded by (2.8), and is clearly area minimizing on any compact subset of N.
From (2.4) we have SN(N\N,)CK, and hence SN{N\N ) is compact. From (2.5) we
have SNN,CE, which is the region between two parallel 2-plane in R>. This
completes the proof of Step 2.

The final step in the proof of Theorem 1 is to use the condition on the scalar
curvature to derive a contradiction.

Step 3. The surface S constructed in Step 2 cannot exist,
Proof. For any 620, let S, be the set
Sty =[SNVANYIU[SNB,(0)] -
The S, form an exhaustion of §, and we can see
Area(S,) < Cy0? 2.9)

for a constant C, independent of 6=¢,. To prove (2.9), we note that if § has
transverse intersection with dB_(0) then this intersection is a union of oriented C?
Jordan curves on 0B,(0) which bound §,,. It follows that these curves bound a
domain Q£ 0B, (0). Thus we have 0S,,,= 0, so we can apply the area minimizing
property of § to conclude that

Area (S ) < Area (Q) < Area (0B ,(0)) .

Since (1.1) implies that ds* is uniformly equivalent to the Euclidean metric on
"R*\B, 4(0), (2.9) follows for those o > g, for which SnB,(0) is transverse. Since this
is true except for ¢ in a set of measure zero, (2.9) follows for any 620, by
approximation.
We can use (2.9) to bound the integrals of certain functions on §. For a>0 we
have

1 1 < (d 1
£1+r“_ J 1+ra+f <§§[ W)d[

oo

d
< Area(S,)+ j Area(S (z))> dt .

1+t" <d
If a>2, we can integrate by parts and apply (2.9) to get

I

© a—1
6200+ajl (1+Ia)2

<4} at1l
<Cz‘70+czaf (1+Ia)2

1
e Area (S,)dt
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It follows that we have

f m <o whenever a>2. (2.10)

Applying similar reasoning, we have for g, <0, <g,,
1
| = =2C,loga,/o, . (2.11)
S¢e2)\8¢o )

We now introduce the second variation inequality for S. This inequality
expresses the fact that up to second order § has smallest area in a one-parameter
compactly supported deformation of S. Let e, e,, ¢, be orthonormal {with respect
to ds?) vector fields defined locally on N. We use the notation

K,;= sectional curvature of the section {e; ¢;} .
The Ricci tensor can then be written
Ric(e,)= i K
j=1
where we let K;;=0. The scalar curvature R is then given by
R=K,,+K,;;+K,;.

Let v be the unit normal vector field of S, and choose a frame e, e,, e; =v adapted
to S. Let 4 denote the second fundamental form of S, i.e. the matrix in terms of
e, e, 1s

hu=<De,~v’ej> .
12

It is well-known that A is a symmetric quadratic tensor on S. We let || A4]]* denote

the length of A with respect to ds?, ie

1Af*= Z hi;

i,j=1

The condition that S is a minimal surface is

Trace(A)=h,,+h,,=0. (2.12)
The second variation inequality (see [10]) for § is

gf[df+(RiC(V)+ [41%f1=0
for any C? function f with compact support on S. After integration by parts we see

g(RiC(VH 1415 f? = i i (2.13)

for any C? function f with compact support on S. By approximation we see easily
that (2.13) holds for any Lipschitz function f with compact support on S. The
Gauss curvature equation expresses the Gauss curvature K of S as

K=K +h hy =0, (2.14)
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Applying (2.12) and the symmetry of A gives
‘%UAHZ:Klz_K :

Putting this into (2.13) gives
{(Ric(v)+ K, = K+3 417/ < [ IVf]* .
5 5

That is, we have

g(R—KﬂL%IIAHZ)fzéglIVf\lz- (2.15)

We now choose a suitable cutoff function for f in our inequalities. For >0,
define a function ¢ by

1 on S
2
_ ]og%
fogo on  S,3\S,

0 outside S

Let g be a Lipschitz function on § satisfying |g| <1 and g=1 outside a compact
subset of S. Setting f=¢g in (2.13) and applying the Schwarz inequality gives

i(RiC(VH \|A|]2)(ngz§2§g2|l V(PH2+2,S[<PEH vgl*

2 e
< +2[@?I7gl? .
(logo)* s(az)j\s((,, r? i
Because of (1.1), there is a constant C, with |Vr|?=<C;. Thus our inequality
implies by rearranging and using the definition of ¢ and ¢
2C 1

2,2 3 2 N 2
S{,)”A“ g §Ws{52£smﬁ+2£”w“ +£|R10(V)Ig :

Applying (2.11) we have
[ 14]17g> £2C,C, (loga) ™ +2 | Vgll* + [ IRic(M)lg” .
5 s

S(e)

Letting 60— o0 we conclude
JIAlPg* 2§ 7g)* + [ IRic(v)ig* (2.16)

N b N
for any Lipschitz g with |g|<1, g=1 outside a compact subset of S. By (L.1), we
have Ric(v)=0(1/r?), so choosing g=1 on S and applying (2.10) and a=3 we
conclude from (2.16) that { || 4]* <co. (The formula (2.16) with g1 will be used

3

later.)
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Formula (2.14) implies that |K|<|K,,|+[[4]% By (1.1) we have K,,=0(1/r") so
(2.10) implies {|K,,|<oco. Thus we have
N

fIK|<w . (2.17)

We now use the function f=g¢ in inequality {2.15) and let s—oc as above to
conclude

{(R=K+1]4]1)<0.
s

Since R=0, and R >0 outside a compact subset of S, we conclude

[K>0. (2.18)
S

Remark 2.1. The Cohn-Vossen inequality says that [ K < 2my(S), where x(S) is the
N

Euler characteristic of S. Combining this with {2.18) we see immediately that S is
homeomorphic to IR,

In light of (2.18), the proof of Step 3 will be finished if we can show {K<0.
g

Since this is a very important part of our proof of Theorem 1, we give two proofs of
this inequality. The first proof is conceptually very clear, and has the advantage of
being more general than the second. The first proof, however, uses a deep theorem
of R. Finn [11] and A. Huber [12] concerning the Gauss-Bonnet theorem on open
Riemann surfaces, while the second uses no outside results and is special to our
situation.

Claim [K<0.
S

First Proof. We first note that inequality (2.17) and Remark 2.1 imply, by a result
of A. Huber [13], that S is conformally equivalent to the complex plane. Thus
there is a conformal diffeomorphism F:C—S. Let D, denote the disk of radius ¢ in
C, and let C, be the circle of radius o. For i=1,2,... let L;= length (F(C))), and let
A,= Area(F(D,)). The simply connected case of the theorem of R. Finn [11] and A.
Huber [12] says that

2

L
£K=2rc— lllrg 24 (2.19)

Thus to show | K <0, it suffices to show
5

2

Iim L =1. (2.20)

i—w 7[i

Since § is properly imbedded in N with SN(N\N,) compact, we see that F(C,) lies
outside any compact subset of N, for i sufficiently large. Thus for large i, we let L;
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be the Euclidean length of F(C,). Inequality (1.1) implies
< +o(1)L? as i—oo. (2.21)

For the immersed disk Z; of least Euclidean area with boundary curve F(C,), we
have the well-known inequality whose proof can be found in [14]

2

Az)s L

where A( - ) is Euclidean area. Let Z~‘ be an oriented surface of least Euclidean area
among all surfaces of boundary F(C,) regardless of topological type (see
Appendix). Since A(Z)<A( ;), we have

2

iS)ss (2.22)
4

Because F(C)) lies outside any compact set for i sufficiently large, we can find a
sequence g;—~ o0 with Z nB, (O)CZ \F(C)). Since from Step 2 we know that F(C;)

{xe]R3 Ix*| <h}, it follows that Z,CE, by the convex hull property of
m1n1mal surfaces. Since X, does not retract onto its boundary circle, there is a point
xoez n{(0,0,x%):x*¢cR}. A well-known inequality (see [15]) implies
A(Z.~B (x,))=mr2. Thus we clearly have

AZnB, (0)z(1 +o(1)ra? . (2.23)

We wish to compare the ds*-area of Z with the Euclidean area, but we cannot do
it directly since ¥,nB, ,(0) may be nonempty, and ds® is not defined on this part of
Z We get around thls problem by modifying Z near 0. Let 6efoy, 0,+ 1] be such
that 0B.{0) and Z have transverse (or empty) intersection. We can then find a
domain £, on éB, (0) so that

0Q,=2,n0B,(0) .

We then define a new surface 2, by
= (£)\B;(0) v, .

Now (2.23) implies }i(ft.)e o0, so we let ;11:/1@,.), and conclude
A, S(1+o(1)AZ)

which combines with (2.22) to give

2

A, Z( (1+o(1) L (2.24)

By the area minimizing property of %, we also have A(£)<A, so A,—~c0. By
choosing o, smaller if necessary, we take

AENB, ()= /4, (2.242)

and A(finBﬁ(O))—» 0. This can be done because of (2.23) and (1.1). If the o, remain
bounded, say o, < for all i, then by comparison as in the proof of (2.9) we would
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have
A(Z,nB (0) <4no?

which would imply that A(fimBai(O)) is a bounded sequence. Thus we must have
g,— o0. It then follows by asymptotic flatness

AZ)\B, (O)=(1+o(L)4; .
Combining this with (2.24a) we have
AZ)<(1+o(1)A;, as i—»co . (2.25)

Using the area minimizing property of § and inequalities (2.21), {2.24), and (2.25)
we have

2
A SAB)S(+o()A, <01 +o(1) 1

I?
§(1+0(]))Z;’T— as i—o .

N - . .
We thus conclude lim m =1 establishing (2.20). This completes the first proof

[ andlc ]

of our claim.

Second Proof. We now give a proof of the claim in which we directly apply the
Gauss-Bonnet theorem with boundary, and estimate the boundary terms. For any
xelR3, let x' =(x*, x2,0), and let ¥ =|x'| =((x*)? +(x?)*)*'2. Consider the cylinder

P,={xeR*:r<a}.

For any ¢ >0, for which 0P NS is transverse, we have by Remark 2.1, at least one
circle in this intersection which is not homologous to zero in R*\P, . Choose one
of these circles, and let D, be the connected component of this circle in
SA(N\NUP,]. We claim that for o sufficiently large, D, is a disk. To see this,
recall from the first proof that S is conformally equivalent to C, so we have a
conformal diffeomorphism F:C—S. Now F~}(D,) is a bounded, connected region
in €. By transversality, the function ' changes sign across each boundary
component of F~ (D). If F~Y(D,) is not simply connected, then there is a bounded
domain ¢ contained in C\F~Y(D,). Thus on 0F(0) we have r' =0, and inside F(O)
at some points we have r'>¢. Thus ' takes a maximum at some point of F(¢). We
claim that (+')? is a subharmonic function on § for ¥ sufficiently large, which will
give a contradiction. We calculate

2
i i i
Axt= ’Zlejejx V,ex .

=

Now ex'= (e, 507 ) +0(1/) o

Axi= ZZ: KVejeJ, aai> +hjj<V, a—i;> - <l7€JeJ, 8a'>} +0(1/r%)

i=1

=0(1/r%)
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2
since Y h;;=0. Thus we have
i=1

2 a 2
Ary=2 Y ei,a—-> +0(1/r) .

J
Q=1 X

Ox*’ 0x?

intersect in at least a line, so the norm of their projection is asymptotically
2

2
bounded below, i.e. <ei, £> =1—0(1/r). So we have

i,j=1

Since both {e,,e,} and {é- i} span 2-dimensional subspace of R?, they must

AFY¥z2—0()r) as r—w.

Thus for r sufficiently large, in particular for # sufficiently large we have A(r')*> >0.
Thus it follows that D is a disk for ¢ large.

We may choose the D, to be increasing, so that D, DD when 6 >o. Since S is
connected, the D, form an exhaustion of S, and we apply the Gauss-Bonnet
theorem on D, so that

[ K=2n— [k

Dy Do
where k is the geodesic curvature of 0D, relative to the inner normal. Thus, our
proof will be complete if we can find a sequence ¢,— 00 so that

f kz2rn—o(l) as i—wo. (2.26)
oD,

In a neighborhood of 8D, we choose a frame ¢,, e,, e; where ¢, the positively

oriented unit tangent vector of D, e, is the inner normal to D, and e, =v is the
unit normal of S in R3 relative to ds*. The geodesic curvature k is given by

k={D, e, e, .

Since ' =¢ on 4D, we have {e,, Dr'> =0 on 0D,. Differentiating this with respect
to e, gives

{D,,e,Dr'y+<e,D, Dr'y=0.

Now (1.1) implies that D¢’ = % +0(1/0) and

e 1/, 0N & 2
D, Dr'= Pl <e1, 6x3> 33 +0(1/6%),
so we have
x/ a 2\ 2
<Delel,;> +1/0~—1/a<e1,ﬁ > =0(1/6)| D, e, ||+ O(1/5?) .

Since D, e, =ke,—h, v, this gives

’ N1 8 \2 ‘
k<ee,i;—> + 1/a—hu<v,3;—> - ;<e1,5;> =0(1/0)|D, e, || + O(1/c?) .
2.27)
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Suppose 6e[a,25). We now apply the divergence theorem for the vector field

73 on the volume enclosed by D,;\D;, 0P,;, 0P; and the plane annulus
Q. ={x:x>=—h,6<r <25} where h is a bound on |x*| for xe SNN, (see Step 2).

By (1.1), div% =0(1/5?%), so we have

I (vss) ~A(@)=0(D)

D2z\Ds

where we have used the fact that <%, n> =(0(1/c) where n is the unit normal of

OP,; and 0P;. Applying the area minimizing property of S on D,;\D; as compared
with the union of ©; and the part of 6P,;U0P; between S and £2;, we have

A(D,5\D3) < A(92;) +0(5) . (2.28)

Combined with the above inequality this gives

¢
1— <v,——~> <0(s).
Dzr;f\Dr? ox®
The coarea formula (see [16, p. 258]) gives

255 j 1—-{v g dsdt = j 71— < 0
g DZS“&P[( < ’5;>) ) —Dzsn(Pza\Pa) H ! N( V3ﬁ>)

where ds is arclength on D,;ndP,. Since
Do n(P5\P5)ED5\D;5

we can combine these inequalities

z& . ):6&(1 — <v, %>) dsdt =0(o) . (2.29)

Again using the coarea formula we have
25
_j L(D,;NoP)dt = | v .

DosnilPa5\Ps)

Combined with (2.28} this gives
25
| L(D,53n8P)dt=0(5?) . (2.30)

We must now bound the second fundamental form of S on 6D, To do this, we
apply inequality (2.16) with the following choice of g

0 for xeSA[(N\NJUP 7]

’

F
fo
g(x)= g]/g for xeSN(P;\Pz)

log |/o

1 for x¢SA[(N\N)UP,] .
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This implies

72
aPs—2 Pl [ IRiew).
S\N\N) UPs] (log ]/E)Z snpapys ) S\IN\N)UPyE]
This implies by (1.1)
2C 1
I APPs——= | =+ [ o).
D150 (P23\Pa) (log ]/E’~ snesipym ()7 suwiNorys)

Similar reasoning as that used in deriving (2.10) and (2.11) using #' in place of r and
the fact that x* is bounded on SAN, implies
1
2 =0(log |/7)
SA(Pz\Pyz) ()
. o/)=0(1/'%) .
S\(N\N)UPYE]

It therefore follows that
§ A4l =0(1) .

Daz0(P25\P3)

The coarea formula gives

[ 1A= | j4pvr .

¢ DasndP, Dosn(Pa5\P35)

This then implies

Y[ ‘s‘l

§ l4lPdi=o(1). (2.31)

Dgo—-(‘\

Now (2.29), (2.30), and (2.31) imply that there exists ce[7,25] satisfying

f (1'<V"a%>>§om’ L(D,;n8P,)=0(0) ,

Dy5m0Ps

[ 14l?=0(1/s) as o—o0.
D35niPs

Applying the Schwarz inequality and the condition on boundary length we have
(., 3p, A1) SLD2500P,)-010) =o(1) .

Dy5n0Ps

Since 9D, is one component of D,;NJP,, we have shown

09
{1 zo0
L(3D,)=0(c) (2.32)
[ l14]=0(1).

9Bo
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We use (2.32) to estimate the terms in (2.27). Note that (2.27) and (2.32) imply

k<ez,§>l 0(1)+0(1/o) | |D, e, + Ly <e1,%> . (2.33)

8Ds aDo‘

8D

To bound the last term, we note that by (1.1) we have

0 2 a 2 ;] 2
<el,w> +<€2,5-);,’-> :1—<V,*0*;C—3> +0(1/O’)

which implies by (2.32) that

alf) <e1, > <ez, > =0(1). (2.34)

In fact we show that

. D 0
We now give a pointwise lower bound on Kez, 53 >
X

sup(l + <x' 2>) =o(l) . (2.35)
Ds

We first note that by (1.1)

’ 2 / 2 ‘ d\?
RN

2

v——=— +0(1/0)

ox3

= 2(1 - <v%>) +0(1/o) .

Then applying (2.32) gives

x' 2
m{ 1—<;,e2> =0(1). (2.36)

7

. . . , X .
Now since e, is the inner normal to D_, and Dr'= — +0(1/0) is the outer normal,
ag

i

we have <x—, ez> <06(1/g), so
g

e = )
21 -0(1/0) (1 + <);,, ez>) +0(1/0) .

Combining with (2.36) then gives

[ 1+ <x— e2> =0(1). (2.37)

8Dg
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Since 0D, is not homologous to zero in R*\P, , its projection onto the x!x2-plane

must be the circle of radius ¢ centered at zero. We therefore have
L(OD )Yz 2rno— O(1) .
Now (2.37) and (2.38) together imply that there is a point x,edD, with

1+ <£” e2> {xo)=0(1/5) .
o

’

Differentiating 14- <x_ e2> along oD gives

e (ool = e () ()

—h12<£, v> +0(1/0)?
o

1 0 2 0 2 )
§'2; G + L + 14l +0(1/c%)

Applying (2.32) and (2.34) we see

ooz

oDy
We now write for any xedD_,

1+ <§, ee> (x)=1+ <xr ez> (xo)+ xfoel {l + <i €2>}

Thus combining this with (2.39) and (2.40) we have established (2.35).
Now (2.33), (2.34) and (2.35) together imply

[ I=0(1)+0(1/s) | ID,,e,] -

Do (2223

=o0(1).

Since D, e, =ke,—h, v we have
1D, e | =Ikl+ Al .
so integrating and applying (2.32) we have
J D el < T Ikl+o(1).
D D
Combining this with (2.41) gives
[ 1D.e, =0(1)
D

[ kl=o0(1).

0D

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)
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We may now rewrite (2.27) using (2.32), (2.34), and (2.42)

[ kz | k(1+<£ ez>>+1/oL(6Da)—o(1).

Ds  ODg g’
Applying {2.35), (2.38), and (2.42) then gives
{ kz2n—o(1).
oDy

Since this holds for ¢ arbitrarily large (in any interval [, 26, & sufficiently large),
we can choose a sequence o,— oo for which (2.26) holds. This completes the second
proof of our claim.

This finishes the proof of Theorem 1.

3. Proof of Theorem 2

In this section we prove Theorem 2 which says that if for some end N, (1.2) holds,
the total mass of M, is zero, and R=0, then ds? is flat. We first note that by
throwing away the other ends outside a convex ball, we may assume that N has
only one end, so that N\N, is compact.

We will need the following Sobolev inequality for functions with compact
support on N.

Lemma 3.1. There is a constant ¢, >0 depending on N and the constants k,, k,, k,
of (1.1) so that for any function { with compact support on N, we have the inequality

(fés)m’ <c, JIDC)*.
N N

Note that we do not require {=0 on ON.

Proof. We prove the inequality by contradiction. If it were not true, we could find
a sequence of functions f; with compact support and with

[ f8=1, [IDfI*<1/i. (3.1)
N N

Since N, is identified with IR*\B, (0) and ds* is uniformly equivalent to the
Euclidean metric, we have the inequality which follows from the Euclidean
inequality (see proof in [17, p. 80-81]).

(g.(fi)G)“é(COHSU [ IDAI? .

Nk
Thus by (3.1) we have [ f°—0, so we have f,—0in L°-norm on N,. If we choose a

N
precompact coordinate neighborhood WECN, for any C* function g defined on @
we have the following inequality which comes directly from the Euclidean
inequality of the same form

Inf (i(g—ﬁ)‘s)”sé(const); IDgl? .
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Applying this inequality and (3.1) to the functions f;|,, we find a sequence f; so that
j (fi—B)°—0.
[

Since | f®=1, the sequence f; is a bounded sequence, and by extracting a
N

subsequence we may assume f,—f. Thus we have f,—f in L°-norm on 0. Since
fi—0in L°norm on N,, we must have f=0 on each coordinate neighborhood 0,
so we have f;—0 in L°-porm on N in contradiction to (3.1). This proves Lemma
3.1

We will have need to study equations of the form

Av—fo=h on N 3.2)
where f, h are functions which satisfy
Sk, (147970, W=k (1+79)71,
0fISkg(1+7°)71,  [0h| Skg(1+7%)71
on N,. Let f, f_ be the positive and negative parts of f, so that f=f_ — f_ and
fl=f.+f-

Lemma 3.2. Suppose (1.1) holds and N, has zero total mass. There is a number ¢, >0
depending only on N and k,, k,, k; of (1.1) so that if

(Zj\; (f~)3/2>2/3 §80 ,

then (3.2) has a unique solution v defined on N satisfying v=0(1/r} as r-c0 and

ov
— =0 on &N, where n is the outward unit normal vector to ON. Moreover, the

On
solution v has the properties

(3.3)

A
v= - +o, Jo|Zk(i+rH)7t,

00| Sk, o(1+73) 1, |00 <k, (147!

1

on N,, where A= — y | fv+h, and the constants kg, ko, k,, depend only onk,, k,,
TN

k.

Proof. Throughout the proof we use ¢, ¢,,c;... to denote constants depending

only on k,, k,, k.

To prove the existence of v we solve the problem for o> g,
dv,—fv,=h on N7=(N\NJU(B,(0)NN,)
v,=0 on 0B0)

0
&=0 on ON .
on

(34
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If v, satisfies (3.4), we can multiply by v, and integrate by parts to obtain an
integral bound on v, as follows

J IDoi>=— | fo;— [ ho,
Ne Ne

No

< [ (3 [ il

g (§cff/2)2/3 (NL US)I/S+ (ﬁj‘clh’G/ﬁ)S/ti (J’ vg)l/G .

NG‘
We note that if h=0, we can apply Lemma (3.1) to obtain

J IDv* Zegey § Do, )% .
Ne Ne

Thus if we choose g, < 1/c,, we see that 4v— fv has trivial kernel for problem (3.4),

and hence standard linear elliptic theory (see [18, p. 262]) implies the existence of a

unique smooth solution v, of (3.4). By (3.3) we have { | |h[%°)*®<c,, a constant
No

independent of 0. Applying this, Lemma 3.1, and the hypotheses we have

( § v§)1f3§80c1 (S v§>”3+clc2 (j vﬁ)“é.

No Ne No

. 1 . , )
Choosing ¢,= 3 and using the inequality |ab| < $a® + 3b% we have
1

611/3 1 611/3 1 611/3 3 2
(Jopess( Lo (] )P rite)
N Ne No
which gives
Jv2<c,
NO'

where ¢; = (5(c,c,)*)*. Standard linear elliptic estimates (see [17, p. 161] for the
interior estimate and [17, p. 242] for the estimate on ON) now imply that
{v,:0>0,} is equicontinuous in C? topology on compact subsets of N. Thus we
may choose a sequence g;,—o0 so that v, —»v uniformly in C*-norm on compact
subsets of N. Thus v is a solution of (3.2) defined on N satisfying

@=0 on ON, and
on

3.5
f06§c3, suplo|sc, . )
N N

(The supremum estimate follows from the I° estimate and standard linear theory
[17, p. 161].)
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To analyze the asymptotic behavior of », we derive a potential theoretic
expression for v. For x,ye N, let

/2
2= Z g:%) (' = x) (3! = x7)
i,j=1
By direct calculation we have
4,[0, ]! = —4no () + v, ()

where J.(v) is a point mass at x, and by (1.1) y(y) satisfies
lpScslx—y72x173 for yeB(x). (3.6)

Again by (1.1) we see that for y¢B,(x) we have

1 1 1
NS (TR = T M= T A O R =T (37)
Also we have
e Hx—yZeM=Zeqlx—yl, g ' =10,00)Zcq 8)

lim |x|[e ()] '=

x—>oo

Multiplying (3.2) by [g,(y)]~ %, integrating by parts twice on the set D;(x)
={yeN,:0.(y)=7} where oe{0/2, 0) and ¢/2>> |x|, and applying (3.6)

dno(x) = | w0 Veydy— | (fo+n»le 1™ ' V) dy

Datx) D)
1 v 0

+= ——dA(y)— o(v) == [e (1]~ dA() (3.9)
a (gx(yfwa} on {@ij):a—} ) on ol

- f o 70 (y)[ex(y)] 1dA(yH- f v(’/) L.y 1AW

where }/édy is the volume element of ds? and dA is surface area with respect to
ds®. Applying Stokes’ theorem we see from (3.2)

i 2 haam

{ox()=5) O
dv v
= + dv= + (fv+h
B0 (0) on DJ(x) ﬁBc};(m dn Df(x) oth).
From (3.3) and (3.5} we have
{ fv—!—hl <cg.
psx)
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Therefore,
o o
{oxy =51 O]~

0B

From (3.8), Area {9,(y)=06}=c,,5%,

| v [Qx(y)]

{ex(»= 6}

By (3.5) and the coarea formula we may choose 6e(0/2, 0) so that

[ v°=es07!
{ex(¥) =5}

Thus we have

I o o0

{ex(y) =5}

i +Cio50yy -

o On

S0

il

{ex(¥) =0}

Z(C 0.2)5[6 ( J‘

so we may apply (3.8)

06> 1/6
{dx(y) =5}

§614O.—1/3< j‘ v6>1/6 .

S¢160

{ex(¥) =G}

—~1/2

We now let c—o0 and apply (3.10) and (3.11) in (3.9) to get

4mv(x)= 5 . ) [/ 9(3) dy

- ,é (fo+m»W e Ve dy

= | a [0, 'd4(y)

2By (0)

+ § v
8B4,(0)

v [Qx(y)]

dA(y).

From (3.5), (3.6), and (3.7) we have

Bi{x)

éclslx"3+c19( j

1

T Px—yP

M) Vé(‘y))dy}

§617{ il ldy+ |

[ M o()dy

Ni\B1(x)

1

1

R3\By{x) ((

L+ [y x—yP

6/5 \5/6
) dy) .

T AT =P

67

(3.10)

(3.11)

(3.12)

(3.13)
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The following inequalities are easily checked
dy 5/6
<R3\1£1(x) (1+M)12f5|x_y‘18/5)
dy )5/6
<
_( (xj).\si(x) (1”{‘154)12/5!)6—}’!18/5

dy 5/6
+( § 1 1375 18/5)
B0 (LD x—yl

7

d 5/6
" ) )

IR3\(B|x|(0)uB;x‘(x)) (1+f}73)12/5§x yree

Scpolx] ™2 +1x|” 5/2+lx| Mysclx 2.

Similarly
dy 5/6
< -2
(nﬁ\z{l(x) (1+§y})18/5}x—y112/5) Scy,lxl
dy
T y[i®s =Ca2 -

RA\B,(x) |X— Y
Thus it follows from (3.13) that

() Valy) dy} Scyslx72 . (3.14)
It follows from (3.3), (3.5), and (3.8) that
§ o+ o171 /a0 dyf <cy4lxl

Bx (x)
2

x| [o.0)] ' Scps for yEBL()

We may thus apply (3.8), (3.3) and the dominated convergence theorem to the
fanctions (fv+h) (y)ix| Lo, ()1~ [/ 9(») ANy () WhETE 7,4 denotes

the characteristic function of 4 to conclude that

lim || zé (fo+h) ) L1 /gy dy

= Ié (fo+h () V9 dy . (3.15)
Then by (3.12), (3.14), (3.8}, and (3.15) we have

A= lim drixio()= Nj (fo+h) () |/ gdy
_ o k (3.16
8B4, (0) on 10
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SO we may write
v=""+w

r

where
4me(x) = Nf W) /g0 dy — f(fv+h) e~ =IxI~ 11/ gdy

—§ Dok aAm [ el fo 007 MA0).

9Bag(0) 2By (0)
(3.17)
We see directly that
00) " = S
which combined with (3.17), (3.3}, and (3.8) shows that
o) <c,,(1+r%)~1 for xeN, . (3.18)

To estimate the derivatives of w we record the following Schauder estimate
whose proof can be found in [17, p. 1617. Let L be an elliptic operator on the unit
ball of R?* of the form

3 2

Lu= Y ay&) -0t

X pRrg + Z b (E) e Y Ou®)

where E=(£1, &2, £3) is the Cartesian coordinate in the ball. For any function ¢(¢)
defined on an open set Q and real number A with 0<A<1, define the following
norms

lplo,o=suple(d)l
£ef?

e @)
[9lo,;,0= sup TE=r

§.ge2

ol 1,4,0= SUp [0e(O)l+ faff)}e,z,ﬂ
Cef?

1913, 5,0 =sup 0p(E)] + sup |00¢|(E)] + 1009, 4.0 -
Eefd Eel2

Let B, ={&:|¢<r}, Suppose there is a positive number A so that

3
> la;ilo. 1,5, '21 bilo, 2.8, Ficlo 15, =4,
ij=1 i=

(3.19)

A7 YE L }E a (O VeRM\{0},  VCeB, .

i,j=1
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It then follows that for any C** function u on B, we have
[l 5.5,, SC(Lulo ; 5, +1ulo 5,) (3.20)

where C depends only on 4, A.
We now fix a point xe N, and assume that o =3|x,|>0,. We then let

1
=—(y—x)
g

where y is our asymptotic coordinate on N,. If we let u(&) = w(y), a;,(&) = g (y), b (&)
=ag”(y)[};(y), and C(f)— —o?f(y) we have

LuD= L a9 575 e+ T 5 + ol

=a*(da(y)— fo(y)) .

Now Aw—f(u=Af[yi "1 th—AAly|! by (3.2) and the definition of w. From (1.1)
we sec that

AV S syl ™, 1041 D S cpelyl™C

These together with (3.3) imply
|Lulo ; p, Scyo0 >t

It is clear from (1.1) that (3.19) is satisfied for our operator Lu with a constant A
independent of ¢. Thus (3.20) gives

Uy 5 81, SCa1(07 3 Hulg 5) .
By (3.18) this gives for any A, 0<A<1
4l3,2,8,,, S€320 7
In terms of w, this implies
lPox(xo)l Sesalxol 2, 1000(x,) Ses,lxel ™%

This establishes the required growth properties of w. The expression for 4 follows
by integrating (3.2) over (N\N)U(N,nB,(0)) using the boundary condition

_g% —0 on &N, and letting ¢ oo.

To prove uniqueness, suppose 7 is another solution of (3.2) satisfying = 0(1/r)

bii
and 52 =0 on JN. Then u=v—7 satisfies

0
Au—fu=0, u=0(1r), 6-2:0 on ON . (3.21)
We show u=0. Let 6>0 be any number, and let E;={xe N:u(x)=4}. Because u
tends to zero at infinity, we see that E; is compact. We multiply (3.21) by u and
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integrate over E;
[udu= | fu*.
Es Eg

Integrating by parts and applying (3.21) we have
[ 1Dul*=— [ |Du|— | fu?
Es

Egs oEs
< S(f_)uz_é(j f3/2)2f3 j’ u6>1[3
._Ea - Es (E&
<e, (y u6>1’3 ‘
Es
Applying Lemma 3.1 with {=u—0 on E;,{=0 on N\E; we have
(f (u—~5)6>”3§c1 | [Duj* .
Es Es
Combining these inequalities and recalling the choice of g,
(J (u_5)6)1/3§c180 <§ u6>1/3§%(§' u6)1/3 .
Es Es Es
Since u=0(1/r), we see that [u®<oo, so we may let 6—0 and deduce a
N
contradiction unless 4 <0. Since — u also satisfies (3.21) we must have u =0, so that

#=0 on N. This concludes the proof of Lemma 3.2.
The next lemma deals with conformal change of metric on N.

Lemma 3.3. Suppose ds* is an asymptotically flat metric on N satisfying (1.2). Let
R be the scalar curvature function of ds*, and suppose R satisfies

[R5
N

where &, is defined in Lemma 3.2. Then there is a unique positive function ¢ with
0 _

% =0 on ON so that the metric ds* = @*ds* is asymptotically flat, scalar flat, and

has total mass

]VIz-—-LfR(p.

27 %
Proof. In order for the metric ¢*ds® to be scalar flat, the function ¢ must satisfy
Ap—31Rp=0. (3.22)
The function v=¢ —1 then satisfies
Av—3tRo=4%R. (3.23)

In order for ¢*ds” to be asymptotically flat, v must satisfy the asymptotic
conditions of Lemma 3.2. Now Lemma 3.2 applies directly to give a v satisfying

0
(3.23) with %«E =0 on ON. Thus ¢ =v+ 1 satisfies (3.22) with 5‘5 =0 on ON. In order
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to prove that ¢ is everywhere positive on N, we let E={xe N :p(x) <0}. Since ¢ is
asymptotic to one, we sce that E is compact, and if E is nonempty, we multiply

.0 .
{(3.22) by ¢ and integrate by parts on E using 5(:]2 =0 on N to obtain

[IDp(?=—% [Re?

E E

(sz_/z)z/s (j (Ps)ua )
E E
Applying Lemma 3.1 to this inequality we have

o "< oy

C 1
which is a contradiction since g, < T We conclude that ¢ 20 on N. That ¢ >0
1

on N now follows from the Hopf maximum principle. The usual proof works
L. 0

directly on the interior of N, and the boundary condition % =0 allows an easy

modification to show ¢ >0 on N (see [17, p. 617).

To show that ON has positive mean curvature relative to ds? = p*ds* we note
that if H is the mean curvature function relative to ds® and H the mean curvature
relative to ds?, a direct calculation gives

_ 4 5p\ 1
H=—<H+ ﬁ):—iﬂ,

@? ¢ ) ¢

so H>0. This finishes the proof that ds? is an asymptotically flat metric on N. The
formula for M follows from Lemma 3.2.

A special case of Lemma 3.3 is the following corollary which was proved by
O’Murchadka and York [19] in case N is diffeomorphic to R3,

Corollary 3.1. If M =0, R=0, and R is not identically zero, then there is a metric
conformally equivalent to ds® which is asymptotically flat, scalar flat, and so that N,
has negative total mass.

Theorem 1 and Corollary 3.1 imply that an asymptotically flat metric
satisfying the hypotheses M =0, R =0 must have R=0 on N. We assume now that
ds® is such a metric and that (1.2) is also satisfied. We define a one-parameter
family of metrics ds? on N by

3
dst= ) (g;;+1S;)dx'dx!
=

where §;; is the Ricci tensor of ds®. These metrics are defined in a neighborhood of
t=0 by (1.1) and (1.2), and dsj =ds”. For ¢ sufficiently small, ds? is asymptotically
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flat by (1.2) and because ON has positive mean curvature relative to ds?, so by
continuity dN also has positive mean curvature relative to ds? for r small. Let R, be
the scalar curvature function of ds?, so that we have R,=R=0. A known formula
{see [20]) gives

d
T dt
where Ric:(Sij) is the Ricci tensor, and

aa RIC:SU HRiCHz:gikgleiJSkg B

filjt»

Ry="-_R|,_,=— AR+ 85 Ric— | Ric|? (3.24)

Since R=0, we have A4R=0, and a direct application of the second Bianchi
identity shows

d6Ric=24R=0.
Thus (3.24) becomes

R, = —|Ric|*. (3.25)
Since R, =0, it follows from (1.2) that for ¢ sufficiently small we have

R s
where ¢, can be taken independent of ¢ for small t. Applying Lemma 3.3, we find a
function ¢, so that the metric @!ds? is asymptotically flat and scalar flat. The mass
M(t) of this metric is

1
M(t)= — o Ij;R,@t 1/g.dx (3.26)

where }/g, is the volume factor for ds?.

. aM . . .
We will prove that ' exists at t =0, and can be computed by differentiating

(3.26) under the integral sign. For small &, let ¢® be defined by

h

Let A, be the Laplacian for the metric ds?, and let A be the differential operator
defined by

APy = —(4,v~ Ayv) .

el

1 . i .
Let R® = Z(R,‘—RO). The function @™ satisfies the equation

459" — §Ry@W = —4P¢, + R, . (3.27)

By (1.1) and (1.2), we see that this equation satisfies the hypotheses of Lemma 3.2.
Since @® is O(1/r), that lemma implies

™ <y (147" on N, (3.28)
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where y, i1s independent of k. Standard linear theory applied to (3.27) shows that
o™ has a local C** bound depending on C! bounds on R, and —4%g, + LRPgp,.
Since these bounds are independent of h, we can find a sequence {h;} tending to
zero so that ¢, converges in C*# norm for any f<a uniformly on compact
subsets of N to a C** function ¢}, which satisfies

Ag0,— §Ro0, = — 4,00+ § R0,
where

, d 4

A():El_tﬂtlr:m and Rozd—thttﬁoi

By (3.28) we have ¢j, = 0(1/r) so the uniqueness part of Lemma 3.2 implies that the
limit ¢y is independent of the sequence {h;} we have chosen. Thus it follows that

%q)t exists at t=0 and is equal to ¢ From (1.1) and (1.2) we have constants y,, 7,

independent of h so that
IRPI<y,(1+7°79) 7 g =y,(1+r 77 on N, (3.29)

where g"‘)z%(gh—gc). We now apply (3.28), (3.29), and the dominated con-

vergence theorem to conclude that M’'(0) = 0 M(t)|, -, exists and

7 1 7 1 ?
M'0)=— o ]j\;Ro((Pz I/QT) dx— e ;}Ro(f’o [/ godx .
Since R, =0 and ¢,=1, we may apply (3.25) to conclude
1
M'(0)=—— | | Ric]|*. 3
O)=35, [IRic| (330)

If Ric is not identically zero, (3.30) implies that M'(0)>0 and hence by choosing a
suitable ;<0 we. would have M(t,)<0. The metric (pf’odsfo would then be
asymptotically flat, scalar flat, and N, would have negative total mass in
contradiction to Theorem 1. Hence we conclude that Ric=0, and because we are
working in dimension three, ds? is flat. This completes the proof of Theorem 2.

Appendix

In this appendix we give a brief discussion of the Regularity Estimate (2.1), and the
existence of smooth solutions of the two-dimensional problem of least area for
surfaces (regardless of topological type) having a given boundary curve in a
Riemannian 3-manifold with boundary of positive mean curvature. These results
are well-known so we mainly give references and briefly indicate a few of the
simpler arguments involved. The (interior) Regularity Estimate (2.1) and the
existence theorem are part of the powerful approach to minimal surfaces which
has developed through the use of geometric measure theory. A thorough account



Positive Mass Conjecture 75

of this field is given by Federer [16] where Chapter 5 discusses the applications to
variational problems of area type. We refer the reader to the introduction to that
chapter for an account of the people involved in the developments of this theory.
The Regularity Estimate (2.1) can be extracted as a very special case of the
material in Section 5.3 and Theorem 5.4.15 of [16]. A more differential geometric
approach to this estimate can be found in [21].

The existence of an area minimizing current S, (surface with singularities)
having boundary curve C, follows from 5.1.6 of [16]. The above mentioned
regularity theory implies that S_ has no singularities in the interior of NnS,. We
will show that the positive mean curvature of 6N implies that S, lies entirely in the
interior of N, and hence S, /C, is completely regular. To see this, consider a
boundary component B of N. For ¢ >0 sufficiently small, the open set ¢, ={xeN:
dist(x, By<r} for 0<it<e retracts smoothly onto B, and the parallel surfaces
B,={xeN:dist(x, B)=t} for 0=t <¢ are smooth surfaces diffeomorphic to B=B,,.
Let v be the outward unit normal vector field to B, and for 0 <t<¢g, extend vas a
vector field on @, by parallel translation along geodesics normal to B. Thus on B,, v
is a unit normal vector field. The fact that B has positive mean curvature with
respect to v says that div(v)>0 on B where div{( ) is divergence of a vector field
taken on N. By continuity we then have

diviv)>0 on ¢,

for some te(0,&). The theory of Chapter 5 of [16] also gives us an open set V. N
so that

5,=0,

in the sense of geometric measure theory. Let 5 be the outward (to V) pointing unit
normal vector field of S, (which exists almost everywhere with respect to
Hausdor{f 2-dimensional measure), and apply the divergence theorem, Theorem
4.5.6 of [16] to the open set @,~V,. If this set is not empty we have

{ vyd#*~ | 1dA#4*>0

Sorl:; BinVg

where #? is Hausdorff 2-dimensional measure on N. This implies Area(B,nV,)
< Area (S,n0)) contradicting the area minimizing property of §_. This shows that
S, lies strictly away from 0N as claimed.
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