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EXISTENCE AND DECAY ESTIMATES FOR TIME DEPENDENT
PARABOLIC EQUATION WITH APPLICATION TO
DUNCAN-MORTENSEN-ZAKAI EQUATION*

SHING-TUNG YAU! AND STEPHEN S.-T YAU?

Abstract. In this paper, we provide existence and estimates of the equation

93—Au+2n:fﬁ“-—‘/u
at " oa '

0. Introduction. In control theory or in many branches of applied mathematics,
we are interested in an evolution equation of the following type:

ou ", Ou
e :Au+;fi(—9?i—-1/u,
where f; and V are possibly time dependent functions.

Given an initial function at time zero, we would like to know existence of a posi-
tive solution of this equation. Furthermore if the initial function decay fast in spatial
direction, we would like to know the spatial decay property of the solution for later
time. In fact, in order for numerical calculation to be carried out effectively, we need
to know quantitively this decay property. In this paper, we provide precise estimates
of such an equation under reasonable assumptions on f and V. In applications f;
and V may not be smooth in time. We have therefore avoided any argument involv-
ing differentiation of f; and V' in time. A typical equation that can be treated are
those arised in nonlinear filtering problem where the robust Duncan-Mortensen-Zakai
equation has our form. We demonstrate existence and give decay estimate of this
equation.

D. Strook pointed out that his paper with Norris (Heat flows with uniformly ellip-
tic coeflicients, Proceedings LMS (3), Vol.62, #2, (1991), 373—-402) is closely related
to section 1 of this paper where they treated the case with bounded coefficients. We
were also informed that Fleming-Mitter, Sussmann, Baras-Blankenship-Hopkins have
obtained important estimates on the DMZ equation. However the latter two papers

are focused on one spatial dimension, while the former paper needs the boundedness
of f and Vf.

1. A priori estimations. To begin with, let us recall some well known formulas
and inequality which will be used repeatedly throughout this paper.
Divergence Theorem Let {2 be a bounded domain with C'-boundary 89 and let
v denote the unit outward normal to 8. For any vector field w in C°(Q2) N C*(Q),

/divwd:c=/ w- v ds,
Q a0
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where ds denotes that (n — 1)-dimensional area element in 9.
More generally for any scalar valued function a € C°(Q) N C*(9),

/adivwds:/ aw-vds—/w~Vad:1:.
Q 0 Q

Green’s First Identity Let 2 be a domain for which the divergence theorem holds
and let w and v be C*(Q2) N C%(Q) functions, Then

/vAwda:=—/Vv-de:c+/ v—aﬂds.
0 Q an OV

More generally for any C*(Q) N C?(f2) function a,

/aVv-dem:—/avAwdm—/vVa~de:c+/ av?— ds.
Q Q Q ov

The following inequality is true for any a,b € R and any € > 0,
1
ab < ea® + —b°.
4e
For arbitrary real numbers a;,as,- - ,an,, we have
(a1 + - +an)? <na+na2 + - +nal.
We are now ready to prove the first theroem in this section.

THEOREM 1.1. Let Q be a compact domain in R™ with C'-boundary 82 and let v
denote the unit outward normal to 0. Let fi(x,t), -, fo(z,t) and V(z,t) be smooth
functions in x-variable. Suppose that fi,--- , fn vanish on 0. Let u be a solution of
the equation

(1.1) —A +Zfzf—vu

with boundary condition —g—g =0 on O9.

W09 1 . o, 99 ,
(i) If§+§]Vg| —;f,'%;— div f—2V <0, for 0<t < T, then

(1.2) / edu? < / edu?.
Qx{T} Qx{0}

(i) If %% +|Vh+ fI? =2V +|VV[]2 <0, for 0<t < T, then

T
(1.3) / el|vul? 5/ eh|Vu|2+/ /ehu2
Qx{T} Qx{0} o Ja

(ii3) If + (e1 + IV,DI2 + szfz + Zf” <0 for 0 <t < T, where

=1 =1

2 —10e? - > 0, then

€1
1—361

a0 [ ewwrs [ e 0( [ emisPiou?
Qx{T} Qx{0} Qx[0,T

)
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+ / 19 £ 2| ul? + / I fllvulAf] + / |14 af?
Qx[0,T] Qx[0,T]

5 Qx[0,T]

+/ e?|V(Vu)|? +/ e?|vul’(} fi,i)2>.
Qx[0,T] Qx[0,T] i=1

)

Proof. (i) Equation (1.1) implies

2. du
(1.2) // eu ——A ;fia—m+Vu)=0.

Ihtegrating by parts, we have

T
. ax{r} 2 ax{o} 2 2 9t
// eduvg - Vu+// ed|vul?
u?
/ / eg Z fzgz / / eg? ; fi,i
+// eJu?V,
aJo

where g; denotes gj and f;; denotes 65 The boundary condition for (1.3)
/ / — + lu Z fivs)
BQ 2k
. Ou
vanishes because — W ,fi-++, fn vanish on 8. But

<1/ / u|vgl+ | / 9| uf2.

Put the above inequality in (1.3), we get

egqu vVu

w2

06 [ T
SR S WA S R AR
+//Te9|w|2—//0 9|7’ - // o Zflaxl

// e qu //Tew
S S AR RR LS R AL

=1
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Hence if

dg 1 9 - Oy = 5
(1.5) 5 ~ 319l —;flaxi—ZfM 2V < 0on Q x[0,77,

i=1

then we have

9,,2 94,2
(1.6) / e’ / efu”
ax{r} 2 ax{o} 2

(ii) By a similar argument, we obtain

/ el vul? —/ el |vul? =/ —a—(eh|Vul2)
Qx{T} Qx{0} ax[o,1] Ot
ROk o h
= e'—|vul® +2 e'vu - Vu
axfo,r] Ot Qx[0,T]

=/ ey vul? - 2/ eM(vu - Vh)us — 2/ eM(Au)uy
Qx[0,T] Qx[0,T] Qx[0,T]

because of the vanishing of the boundary condition uta—u on 90 x [0,T]. So we have

Ov
(1.7) / el vul? —/ eP|vul? =/ elhy|vul?
Qx{T} Qx{0} Qx[0,T]
- 2/ e (Vu - vh)[Au + Z fju; — Vul
Qx[0,T]

Jj=1

) / eh(au)bu+ S frus - Val.
Qx[0,T]

i=1

But
(1.8) 2/ ef(Au)Vu = —2/ eM(Vu - vh)Vu
2x[0,T] Qx[0,T]

—2/ eMuvu - vV + V|vul?]
Qx[0,T]

because of the vanishing of the boundary condition Vua—u on 90 x [0, 7.

v
Equations (1.8) and (1.9) imply
(1.9) / el vul* —/ el vul?
Qx{T} Qx{0}
= / el hy|vul? - 2/ eM(vu - VRh)[Au + Z fius)
Qx[0,T] Qx[0,T]

=1

- hAu)? -2 N 3 "y
2 /Q 0 /Q o OO )

=1
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—2/ etuvu - vV — 2/ e"V|vul?.
Qx[0,T] Qx[0,T)

By choosing coordinates, we can assume u; = 0 for 7 > 1. Then

(1.10) 2((Vh+ f) - Vu) Au+2(Vu - vR)(D | fiui)
=1
= 2(h1 + f1)U1 Au + 2’U,%f1h1
< B2 4 (Au)? + fRul 4+ (Auw)? 4+ 2udfihy
= (hl + f1)2U% -+ 2(Au)2
< |Vh+ f?vul? + 2(Au)*

Equations (1.10) and (1.11) imply

(1.11) / e vul? —-/ et vul?
Qx{T} Qx{0}

= / et hy|vul? — 2/ e"[(Vh + f) - Vu]Au
Qx[0,T) Qx[0,T)

—2/ et (vu - vh) ij'll/j - 2/ el (Au)?
Qx[0,T)

j=1 Qx [O,T]

—2/ e"uvu- vV - 2/ e"V|vul?
Qx[0,T] Qx[0,T]

< / ePhy|vul? + / (e"Vh + fFI?|Vul?® + 2¢"(Au)?)
Qx[0,T) Qx[0,T)

—2/ Vel|vul? — 2/ e (Au)? - 2/ efuvu - vV
Qx[0,T] Qx[0,T] Qx[0,T)

< / MUl (he + [Th + fI2 — 2V) + / e (u? + [Vul?|vV]?)
Qx[0,T)

Qx[0,T)
:/ eh|Vu|2(ht+|Vh+f|2—2V+|VV|2+/ ehu?.
Qx[0,T] Qx[0,T]
Since
(1.12) he + |Vh+ f2 =2V + |VV]? <0, on Q x [0, 7]

by assumption, we see that

T
(1.13) / e®|vul? 5/ ehIVu|2+/ /ehu2.
Qx{T} Qx{0} 0 JQ

(ili) Similary we can estimate the higher order derivatives of u in the following way

/ e’ (Au)? — / e (Au)?
Qx{T} Qx{0}

d
= —[e?(Au)?
/QX[O,T] dt[ (Bu)]
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=/ ef ps (Au)? + 2/ e’ (Au)Auy
Qx[0,T] Qx[0,T]

[ enwi-2[ esuvpv(bu+ Y fui-Vu
Qx[0,T] Qx[0,T]

=1

—2/ e’V (Au) - v(Au + Z fiui — Vu)
Qx[0,T]

i=1

because of the vanishing of the boundary condition Au%g- on 99 x [0,T]. Hence

eP 2 __ p 2
(1.14) /Q oy OV /Q R0

< / e pu(Au)? — 2 / e? (M)
Qx[0,T) Qx[0,T)

€

2 n
+-/ e’ (Au)?|vp|? + —/ e’ |V()  fiu)l?
2 Jax(o,T] € Jax[o,T] ;

+5/ e? (Au)?|vpl? + 3/ e?|v(Vu)[?
2 Jaxpo,1] € Jax(o,T]
n
—2/ e’V (Au 2-2/ e’v(Au)-v fiys
Qx[0,T] V(&) Qx[0,T] ) (,-=Zl )
+2/ e’V (Au) - V(Vu)
Qx[0,T]

= / e’ py(DAu)? — 2/ e’ AuVp - V(Au)
Qx[0,T] 2x[0,T]

2 n
e / e (D) pf? + 2 / e19( foue)P
Qx[0,T] € Qx[0,T] i=1

+g/ e”IV(Vu)|2—2/ |9 (Au)[?
€ Jax[o,T] Qx[0,T)

~2 /Qx[O,T] e’V(Au) - V(; fiug) + 2./9 e’V (Au) - V(Vu).

x{0,T]
But
(1.15) -2 / e’V (Au) - V(Y fiu)
QX[O,T] i=1
= —2/ e’ Au)guifir — 2/ e? (Au)g fiwir
Qx[0,T] 121( Ik Qx[0,T] MZ;
Ofi
(where f; = 3:;)

n n
= —2/ e’ » (Au)pu;fir + 2/ e? pi(Du)pus fi
Qx[0,T] kz Qx[0,T] Z

=1 i,k=1
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n n
+2/ Z (Au)gi fiug + 2/ e’ z (Au)kug fii
Qx[O,T] k=1 Qx[0,T) k=1

because of the vanishing of the boundary conditions ug(Au)rf-v, 1 < k < n, on
90 x [0,T]. Observe that

1.16 (Au)g; fiug = 2 / e’ f;(V(Au); - Vu
(1.16) x0T ; Jrifiur = Z o] fi(V(Au) )
=-2 / e’ fi(Au);Vp-Vu—2 / P(Au);V fi - Vu
Z Qx[0,T] Z Qxo, T] f

—22/ e’ fi(Au);

Qx[0,T]

because of the vanishing of the boundary conditions fi(Au)i?, 1 <7< mn,on
v

00 x [0,T]. Now the last terms in (1.17) is

- 2/ (ePAu)f-V(Au) = 2/ Au) div[e? (Au)f]
Qx[0,T} Qx[0,T)
(since (Au)?f-v =0 on 99 x [0,T))
= 2/ (Au)V(e?Au) - f + 2/ (Au)e? (Au)(divf)
Qx[0,T] Qx[0,T)

2 (Buwpervp-fe2 / (Aw)e’v (L) - f
Qx[0,T] ax[0,T]
+ 2/ (Au)e? (Au) (divf).
Qx[0,T]
The above equation implies

(117 —-2/Q o T](e"Au)f -V(Au)= (Au)ge”Vp-f-l-/ (Au)?e? (divy).

Qx[0,T] Qx[0,T)
Putting (1.18) into (1.17), we get
(1.18) 2/ ef - (Au)kifiuk
Qx[0,T] i%:jl
= -2 e’ fi(Au);Vp- Yu —2 / P(Au);V fi - Vu
Qx[o, T]; ' Z Qx|o, T] )

+/ (Au)%e?vp - f +/ (Au)?p? divf.
Qx[0,T] Qx[0,T]

In view of (1.19), (1.16) becomes

(1.19) —2/9 [OT]e"V(Au Zfl )
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QxOT] ik=1

n n
= 2/ ZAU kutfzk+2/ epzpz Au)pug f;
Qx[o k=1
PIC
i,k=

w) kU fi i —2/ o Z e’ pr(Au); fiug
Qx[o,

zlc~

—2/ Z e’ (Au) ,ukf,k+/ szfz (Au)?
Qx[0,T] 0,T

1,k=1

+ ef 5.1 (Du)?
/Qx [0,T) (Zf

i=1

/Q Ze”(Au k[zul(flk+sz —Ukasz+kaUsz

X[O’T]k 1
- s 2 . )
urc;fz z]"‘/ " ep;szz(AU) +/Qx[o,T] e”(; fm)(Au) )

We next look at

1.20 / e’|lv fiug
(1.20) o] IZ I?

i=1

= —L e”Zpk Zfzuz)k(z.f]u]

3—1

[ S s +zmzk k(z )

[OT]k 1 =1

(since Zfzu,) (Z fjuj) =0 on 09 x [0,T7])

j=1

= 8/9)([0 - eﬁWijule + Zg~/s‘z><[0T ~'3”|V/J|2(Z:fjuj)2
/Q Zep(z firui k(z fiu;) / Zep(z i k(z Fiu;)

XOT]kl i=1 7]]9—

n 1 n
=¢ e’V Y fiui? + —/ e’|Vp|2()  fiuj)?
/&’ZX[O,T] | Z 4] 4e Jaxio,m) Z 7

Jj=1

o O3 s zf,u, D Bo s <z frus)e

k=1 i=1 k1 el
_AX[O’T] e/’ ;;fz kUi,k (Zf]uj /Qx 0.1] ep(Zfz(Au)l)(Zf]u])

(since (Z fiuj) [Z(v fi)ui]-v =0 ondQ x[0,T]).

j=1 =2
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Let us estimate
n n

(1.21) —/QX[O . (D> fikua) nguj

k=1 i=1
n

N /QX[OT iju] Zsz v

=1
n

=/S2x[o,T] ep(]z:;f“]);:l Afi)u; + /Q Zu Ve fouJ v f;

x[0,T] ;7

( since (ijuj)uia—{j =0,1<i<mn, ondQ x[0,T))

=/ eP(ZuiAfi)(ij’U,j /Q 0.1) ep Uj Zpkfz ijuj)
. i X 1 j=1

i=

QX[O»T] k=1 i=1 j=1
n n n
S/ (D wisfi) (D fiug) / epzuz Zﬂkfz (> fiu)
Qx[0,T] i=1 j=1 [0.T] =1 j=1
n
+ ’lv + = / ’ ifi
s/QX[O’T]e [ iju]| s e ; ;uf

Put (1.22) into (1.21), we get

n
(1.22 / e’ 1V Y fiugl?
) Qx[0,T] I ; |

1 n
§2€/ e’|v ‘U‘2+—/ e?|Vpl? u;)?
axpo.] | zfy il 1e 7] Vol (zf] i)

Qx[0,T]

n

It (33 fupu)? +2 | O,T]e"(z pufu)(3 Fi)

Qx[0.T] g =1 =1
/ @R S+ [ e (3 frush
im1 j=1 ax[o.T] ;= = j=1

= oo @O0 S
=1 j=1
n 1 n
< 3€/QX e”|Vijuj|2 + Zé/x[o €p|Vp| z_.:: uJ)z
1 n
55/0)([0’1‘]6;)2 th kuz +2/ ( — pkfz kut)(ZfJuJ)

k=1 i=1 Qx[0,T)
+/Q><[0,T] e”(;(Afi)m)(; fiuj) —/ ep(z fi(Aw)) ;fa%

Qx[o

Qx[0,T]
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Hence,

(1.23) (1-3¢) ef|v f_j fiugl?

Qx[0,T]

<z/ o 17 (me) Yo oSS i)

2x[0,T] k=1 i=1

+2/Q><[0 ]e”(z P fikui (Zf;u;)+/ o e”(;uiAfi)(; fiug)

i,k=1

i=1 ]—1

Put (1.20) and (1.24) into (1.15), we get

2 2
(1.24) /Q R /Q R0

< / e’ py(Au)? — 2/ e’ AuVp-V(Au) + 6/ e’ (Au)?|vp|?
Qx[0,T] Qx[0,T] Qx[0,T)

2 —li p 2 - Y
2037 [ el 3 g

n

2
+E(1—3€) [)x[o - CPZ(Zfz kuz)

k=1 i=1
) i -
+g(1—35) .2/g;><[0:r' e”(ll;lpkfz ki) ;fjuj
+g(]_ — 35)_1/ ZUzAfl)(Z fJuJ)
€ Qx[O,T] i=1 ]—1
2 -1
—;(1=3) /QX[O,T] ;fz o )(Z )

+12-/ ep|V(Vu)|2—2/ €|V (Aw)?
Qx[0,T] Qx[0,T]

-2 Ze” (Au) k[zuz fie + fr,i) —Ukazpz"‘fk Zuzpz —uka“]

QXOT]k =1 =1

2
i -/QX[O,T] ¢ Z pfi(bu)” /Qx[o T] Z fua(w)

+2/ e?v(Au) - v(Vu).
Qx[0,T]

Observe the following estimates

(1.25) -2/ e’ Auvp - V(Au)
Qx[0,T)
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1
<25, / ]9 (D) [P+ / & (D) [V pf?
Qx[0,T] 26, Qx[0,T]

(1.26) / 9P fus / & |V oI £ vul?
Qx[0,T = Qx[0,T]

n

O e 3 foue)’< <[ 30> (Ao

k=1 i=1 ax[0,T]  p—y =1

/ |V 12| vuf?,
Qx[0,T]

Il

where |V f|2 = Z |V fi]?.

1089

(1.28) /QX[OT z pkfi,kui)(j; fiug) :/ epZ ;f Ug),ok;fz kUi

ik=1 Qx[0,T] =

IN

/Qx 0.7] Z fiu;)? Zﬂi + % e’ Z(z firuws)?

j=1 k=1 Qx[0,T] =1 =1

= o([ elsPlvPlel+ [ i)
Qx[0,T] Qx[0,T]

(O o (> Wb (ijuj <[ RN

i=1

n

where |Af] =, | Y (Afi)?

i=1

e 2 4 2
I LW [

0)

(1.31) /Q o Zfz (Au);) Zf]u] / o e” > 1 fiuy) fil(Au);

=1 =1 j=1

n e
S62/§2><[0,T]epz[ (Bu)i 452/ OT] z(zfﬂ‘]) fi

=1 =1 j=1

<5 / 19 (Au)? + | F 14| vul?
Qx[0,T] 492 Jaxjo,m)

(1.32) /Qx[O n e’ > (L) Zui(fi,k + fr,i)

k=1 =1

ds/gx[O’T]epZ[(Au) K? +E/QXOT]GPZZ“1 fir+ el

k=1 k=1 i=1

IA

= & eﬂ|v<Au>12+0(/ e | Tul?|v £12)
QX[ X[O’T]

(1.33) / e > (Du)i(—uk Y fipi + fr Y wips)
axo, T] =1 i=1

k=1
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n 1
P Al + - iPi 0
< fﬂx[o T]e Z-:-:l[( Wl 404 fQX[O,T] ;( Uk;fp +fk?__;1u 2
- / v (aw) + O e vuP| P19 el)
ax(0,T] ax[o,T]
(1.34) / o kzl(Au)kUk;fm
B P AN p . . i)
s % fszx[o,ﬂe Z:l(( u)k) * 16 465 [Qx[O,T]e Z‘:‘l(w;f 2
2 4 1 2 C )2
b eI /mee"wu\ (O

(135) 2 /Q X[OT]e”V(Au)~V(Vu)

§256/ e"\V(Au)\ + = ! [ e"\V(Vu)\2
ax[0,T] 206 Jax[o,T]

Put the estimates (1.26) — (1.36) into (1.25), we get

2 —
(1.36) [QX . e (Du) /Qx o e’ (Du)

< [ e”pt(Au)2+251 f e"\V(Au)\ + = ! e"(Au)\Vp\2
ax[0.T] ax[0,T) 2681 Jax(o.T]

1
+5/ ef (Du)*|V 24— e”Vpi2Vu2

! o( ] | fl2Ivull 9l
ax[0,T]

4

+E2‘(1_—:§5 ax[0,T) e”\vf\z\vUP * (1 — 3¢)
2 2 2 )

b [T e o olvul|fllad|

2 2 1
+/6[ erAu2+/f[ | 14| vul?
e(1—3¢) ? Jaxp.m) (v(Aul £(1 — 3¢) 402 Jax(o,T] 11

+2 / o9 (V) —2 / o9 (Au)
€ Jax[0,T] ax[0,T]

oo [ 9ol Ol o|vul197)
ax[0.T) ax[0,7)

s [ ep\v(Au>\2+0<[ o uP TP
ax[0,T) ax[0,T]

1 n
+28 / P17 (AW + 55 f e\ Vul? fii)?
® Jaxio.T) 9(0F+ 35, Joxiom oul Q£

=1

N 3 Il LY fu)(uP?

i=1
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+256/ e”lV(Au)I2+—1—/ e |v(Vu)?

Qx[0,T] 205 Jaxjo,1]

=/ e”(Au)Q[pt+(6+ — |Vp|2+2pzfz+2f“
Qx[0,T]

202 _ 5 1 2y + 254 + 265 + 255) |V (Au)?
e(1-3¢) Qx[0.7]

+0( [ emetitivat+ [ elosPiou
Qx[0,T) Qx[0,T]

+ (261 +

w [ enpivaiags [ el
Qx ] Qx[0,T)

)

+/ e”\V(Vu)|2+/ e”[Vulz(zfi,i)2).
Qx[0,T) 2x[0,T] i=1

0
Let61 =52=63=64=65=66=82 With2—10€2— _2‘3 > 0. Since 8—lt)+( £+
2 < <t<
2 )| Vol +;plfl+;f” <0, for 0 <t < T, by assumption, (1.36) implies (1.34).
O

In view of Theorem 1.1, we are interested in constructing functions g,h and p
which satisfy the conditions (i), (ii) and (iii) in Theorem 1.1. The following theorem
is very useful in this regard.

THEOREM 1.2. Letk : QX R = R® and FF : Q@ x R — R be a possibly time
dependent vector field and function respectively. Fix a point (xo,to) € Q x R. Let
(z,t) be an arbitrary point in Q x R with t > to. Let P = { differentiable path o =
(01,02) : [0,1] = 2 X R such that 0(0) (61(0),02(0)) = (z0,t0),0(1) = (z,t), 02(s)

is linear in s with o3'(s) > 0 and / o1(s) ds = o +a:} Define

Es(a)=%/ol |<fll2 /Zk (1(s), 02(3))

de(z,t) = ?gg E, (a)

1
Ly [P0 2

Let o be the curve that minimizes the functional E.(o). Then the following equa-
tions hold for almost all (z,t).

1 o1(1

(1.37) vde(z,t) = 5%?(11()15 5k(m,t)

- 1 do do -1
(1.38) ) ki(z,t)(de)i(a,t) = 5 lk(z, 1) + zk L) (=2 ey +¢)

i=1

- 1|2
(1.39) %dti(z,t) = —%(T#{'z% + F(z,t)
In particular d.(z,t) satisfies the following equation
|k(z, )

(1.40) %(z,t) + 19de(2, )7 + 3 ki(e,0)(de)i(a,t) = Fla,t) —

=1 4
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Proof. If 0 = (01,02) € P is the path that realizes the minimum of E.(¢), then it
has to satisfy the Euler-Lagrange equations which we shall derive explicity as follows.
Consider an one parameter family of path in P:

a:(—e)x[0,1] - QxR
a(0,s) =0o(s), V s€]0,1]
a(v,0) = (zg,t0), V vE€E (—¢,¢)
a(,1) = (z,t), V vé€E (—¢,¢)

Denote @(v)(s) = (a1(v)(s),@2(v)(s)) := a(v, s) = (ai(v, s), az(v,s)) and &; (v)* := i-
th component of a; (v).

1 | — 2 = i
Lo =i [ S}gff l / 0)(s), 2 0) () 221 )
1 _
| Plawe).awe) d“;i”’ (s)} B

|a°“(v s | 31}—83(1) s)

v=0 (330;2( v,S8 )+E)

v=0

+

/ [2@—1(1) S)guas(” s)

6(;"2( )+€

-

NN

L [ ST e ame Ses

1—1 ]1

O (1 (0)(5), 52 (0) ()

_—/ Zk a (v)(s az(v)(s))a,ugz(ms)

+[ [Z OF (a0, )50 S )

OF Oaz ] Oay
—=(v,s

dOél( )

(v, 8)] —7—=(s)

v=0

v=0

F2(0,9)|

v=0

v=0
1/1 [2@4(0 ,5)2a(0,5)  |2(0,5) 2220, s)]
4 922 (0, s)+s (%2(0,s) +¢)?

__/ [ 041(0 8) 052(0,3))%?:7{‘(078)
+9’“—<a1<o 5),00(0,5) 222 0, 5] 224102

_—/ Zk a1(0, s), a2 (0, S))g28 (0,s)

/ ;g— (21(0, s), a2(0, s))al(O s)
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3a2

o (@1(0,5),0(0,8) 220, 5)] S2(0,9)

1 2
+ /O F(al(O,s),ag(O,s))%(O,s)
1 (0 S) d 8a1
=§/ 6 s) + ads( Ov (O’S))

%20,
|221(0,5)> d ,Ba

1 1
_Z/ (3—%(0 s)+6)2 as v O

dad (0, 5) B (0, s)

s

——/ 2 (@ 0,5)),02(0,5)) 20, 5)

) ))’a2(0»s)) v

_1—'1

Oas 00l (0, s)

_%/ Zki(al(O,S),az((),s))%(aaia(:)), 3))

dad (0,5) Bas(0,s)

/ (a1 (0, 5),a2(0, 5)) 81)’ B

80&2

¥ /0 %?(alw,s),a2<o,s))9“~2<o,s>-5s—<0,s>

+/0 F(al(O,S),az(O,S))%(fM_z(O s))

__1/1_3_[_%(0_5)].%( ot 1 0s0:8) O
T2, Os %2 (0,s)+e] Ov 2%22(0,5) +¢ Ov
1 821 (0, 5) |2
+l/ E[BL_%] 922 0,5
4Jo Os(52(0,5) +e)2] Ov
1 1% 0,s)P 6042( 5) =
4(%2(o, 6)+5)2 9s =0
1 & Ok; oo
~2 ), ;;am](al(o ), a2(0,8)) 5= ( )5y

1>
dai (0,s) |~

—; Zk (10, 5), a0, ))————-

s=0

1 n i
| ¥ F @00 s))ag‘;l(o,@%j—?
1 n
= Zzak (50,0200, 2802 201

2(0,) 220, %% 0,5

1093
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3a2(0 5) 8l (0, s)
/ Z 7; (01(0, 5), a2(0, 5)) 1(%

3052

+/ 8—(041(0,8),012(0,8))88 (0 )——( S)
/ Z (al(o ), (0, ))—(—2—""335’;2(0@

-/ %Ij (a1 (0, ), (0, s))6a2

30(2

0,8)7~

s=1

,(05)

+F(a1(o,s),a2<o,s))33°‘2 ©0,9)

s=0

1 0t o’
—5/ 1_1“ (e 0,5),0000,) S 0,5 2.0,
/ (0, 5), a2 0, s))aal 0,925 0,4)
=1 ]—
/ al (0, s),as2(0, s))%‘?(O,s)%(O,s)
1 n
/ o (@1(0,5), 03(0,9)) 220, ))5“1< 0,5)
1o l 21(0,5) 100y
i), ‘[( 1) 30 0
——/1 3 —(01(0, 8), a2(0, s))acz1 (0,3)%(0,3)
5 [ LG eoam0050952 00

In order that o minimizes E, (o), o must make the above integrals vanish for every

n(s) = (660;1 (0,s), 38a2( )) which vanishes at s = 0 and s = 1. So we have derived
the following Euler-Lagrange equations
1d d—asl dai Ok; doy
S (Za 002D 220+ Z o0, o2 G206))
Ok; do? OF doa , |
(141) 2 o (1) T + 501902 ) =0
for 1 <i<n
1d[ |%(s)? Ok; doi
ZE[W]"Z (712N g ()
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(1.42) -3 P (o) oa(e) 2L () = .
i=1 !

Now suppose o is the path in P which minimizes E,(c). Notices that o depends
on (z,t). Then

od. 5

5 (50 = 5 Be(0)

L[ @R] 1o ss, S0
ZZ/‘) E[%} —5/0 E[;]‘i(al(s)ﬁz(ﬂ)g@)

WL 3 LR T
2 Jo @l-{-g 4 (8‘72 +g)2 0z0s

1 TS & Ok 601 dat doo (901
T2 ;Zaz,(‘”’ Jpe E"/ 6t( o) Bs

=1 j=1
1t 6301 1& dai day
_.2_/0 izzlki(o'l,0'2 / 0’1,0'2)-5'-58—
16F 60’2 30'2 560’2
), B0 B +/ F(“l’az)amas

i

/l”a—g’gdaal / | 9012 d602)

— %ﬂs +5ds ‘9" +€)2 ds" 0z
doi do] doi doz
‘/ "1"’2) s oz '/ F TR e

1—1] 1

801 s 8o
“/ Zk "1’”2d (Gt /Z (91,02 505,

60‘{ 1 . Os Ui
——-/283 s _6;+§Z@1+€75;

i=1 9s s=0
+1/1£[ |Qa_1_|2 ]602_1 |6%2 &ﬂs=1
4 Jo ( +€)? 4(%& +6)? 0z |,
_—/1i2":a_ 50{ 601 3 / )Bal do2
0 Js 5t (o1 ds Oz
n
ok 801 Ok; 92 bot
/ 2_:—8—- 01, 2 + = at (01702) 8 ]613
1 6ot =t [P OF 9o b0t
—§i=1 ki(oy,02) 5z |, 0+/0 2. 5z, ——(01,09)— 55 02
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1 BF 50'2 (50'2

+ 0 3t ETAr ds oz
6 OF Doy 6 s=1
/0 (01,02) (;2 + = ( 1,02) 822]70?'4'}7(01,02)7

s=0

. O'j i g
k;

(01(3)’02(3))—8?1(3) + 5;;(01(8),02(5))—58— 5

=1
+/01 {idi[—'d—ﬁﬁﬂ - %’j (01(6), 020 2 (s) -

(%2(s) +¢)

J i
Oo OF O02 (s)} 6_01_

because of (1.43) and (1.44). Observe that we do not move ¢ in calculating %(x, t).

Hence %C—;z = (0 and we obtain

8d 1L % gpi et i |
143) 2Ze(z,4) == . 1S hor o) (ono
(1.43) éz(x ) 2;%4-56:5 o0 Z (01,02)(01 2)5

N dol :
-1y g2 S, ——zk 71(1),03(1)) ‘“(1)

It follows that

a1(1)

1
92(1)+e 2

1
Vde(z,t) = %(m,t) =3
9s

k(z,t)

Similar calculation as above will show that

L o T
22 (@ (e) 4 oF 8 |,y 3(%a(3) £ 0 |y

d i 18=1
_"1. |2 dat s
T
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=1

i |s=1

- ;kxm(s),az(s))‘sgl

+ For(9),02(5)) 2|

s=0 s=0

7

=0for1<it<n
and we obtain (1.41). Equation (1.42) follows immediately from (1.39), (1.40) and
(1.41).

Notice that Vd. exists only almost everywhere as only for almost every (z,t) there
is a unique minimal curve ¢ joining (z,t) to (zo,%o). Hence (1.39), (1.40), (1.41) and
(1.42) hold almost everywhere. O

COROLLARY 1 1. In Theorem 1.2, let ki(z,t) = —fi(z,t) and F(z,t) =
3 Z afl |f(z,t)|? + V(z,t). Let g-(x,t) = 2d.(z,t). Then g(z,t) satisfies

od, dat
Observe that we do not move z in calculating 5 —(z,t). Hence

condztzon (i) in Theorem 1.1.

COROLLARY 1.2. In Theorem 1.2, let k;(z,t) = 2fi(z,t) and F(z,t) =2V (z,t) —
|VV (z,t)|2. Let he(z,t) = d.(z,t). Then he(z,t) satisfies condition (ii) in Theorem
1.1.

COROLLARY 1.3. In Theorem 1.2, let ki(z,t) = fi(z,t) and F(z,t) = L|f]* -
263 +1 <= Of;

2e? — Oz

n Theorem 1.1.

. Let pc(z,t) = dc(s,t). Then pc(z,t) satisfies condition (i)

2¢2
23 +1

REMARK. Notice the difference between €; in Theorem 1.1 and € in Theorem 1.2.

LEMMA 1.1. Let ¢ > 4 be a constant. Assume that

(1.44) |f(z,8)] < e(1+ |a])

(1.45) |V f(z,t)] =, Zlvm? < c(l+ 1))
(1.46) V()] < (1 +[a]?)

(1.47) |9V (z,1)] < e(1 + |z])

Then the following statements holds.
(a) ge(z,t) in Corollary 1.1 has lower bound in terms of

1 3c(n? +1)

c(57 + 3)
[2(t—to+e) T g2

472

(t—to)— ]x2 + lower order terms in z.

(b) he(z,t) in Corollary 1.2 has lower bound in terms of

( 1 (5 +3)  3(t—to)(n® +1)
4(t—t0 +€) 472 w2

)a:2+lower order terms in z.

2
(c) pe(z,t) in Corollary 1.3 has linear bound in terms of 25??— 1 [(4(t — 10 e
c 23+1, 3¢ 3¢ 3e(w?+1) c 23417 ,
t—t T Tt —to) (5
t—to) clfg+ =gz )~ T T gm e T RGT g )|

1
1
lower order terms in x.
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Proof.
@  |P@ol=13] %x) U )P + V(a0
S%Z SE |+ LSO + V()
; 1+|:c|)+ (1+|x|)2+c(1+|x[)
gc 1+|x|)

Recall that P consists of path ¢ = (o1,02) such that

T+ xo
2

1
o(0) = (z0,t0),0(1) = (z,t),02(s) = (t — to)s + to,/o o1(s)ds =

9e(z,t) = 2d.(z,t) = 2minEE(0)

=ggg{—/ol el /Zk(al 3)702(3))“—4'2/ Flor(s).ra(0) 52 }
:ffneig{%/oltlfi2+5 /Zfz (01(s), 02 (s +2/ F(oi(s 02(3))5&2}

. . d0'1
2 1ig { i [ 10 - [ e enonl 5
1
-2 [ e+ imE) S}

. 1 r ! doy
ng%{m/o |al(s)|2—/0 o1+ o1 (s)) |

—2(t—t0)/(; c2(1+|01(s)|)2}

s { (i~ 5) [ 0P - @6 -+ D [[arin]

R { (m -3) /0 616 = (20t ~ t0)e” +5)

1 1
~ U=t +9) [ @l - @e-0E + ) [ In6r ]
>§1e‘%{(2(t—to+e) / [01()I = (2(t ~ to)e” +2)
- [6(t - t0)02 + 50]/0 (1 + |0’1(8)|)2}

Recall that the Poincare inequality states that

1 1 1

1

/ lo1(s) —/ o1(s)ds|* < D/ |61]%, where D = —
0 0 0 4w
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Since
1 1
P <2(s) = [ P2 o,
0 0
we have
1 1 1 1
[ner <2 [1ne- [ a2 o
0 0 0 0
1 1
gzp/ |&1|2+2(/ 01)?
0 0
Hence
1 c
> —_— 2D
ge(z,t) > ?161%{[2(t—t0)+5) 5~ (6 - 0)c® + c /|a

_(Q(t_t0)02+2) (12(t — to)c? +30)(/ o1) }

0

1 1
Observe that / |o1]? > | / 01)? = |z — z0|? by Schwartz inequality. It follows that
0 0

1 c
>|—— = — (12(t — )2 + 3¢)D e
0e(0,0) 2 [~ £~ (12~ ) + 39Dl =20
— (20t = o) + 5) — (12(t — to)? + 3¢ )]$+m°|
[ 1 c 9 2 3|2
= | S _12(t—to)c®D — 3¢D — 3(t — to)c2 — >
G —tre 2 12(t — to)c 3c (t—to)c 4c]a:
+ lower order terms in z.
202 2
_ 1 _3c3(m +1)(t_t0)_c(57r +3)}x2
|2(t —to +¢) w2 472
+ lower order terms in z.
0 Flo,0) = 2V (z.0) - 19V (0]

<2/V(z, t)| + |VV(z,1)]
< 2c(1+|z]?) +e(1+]z])
< (S +29)(1 + Jz))?
=2¢%(1 + |z|)*

he(z,t) = de(z,t) = H}EinEs(U)
! g
=mp{3 ] 15;2(15 / Zk 0N+ [ Fn(o),ox() %2}

d0’1

> mip{ e [ P /Oc<1+|al<s)1>|g|
1

-—(t-—ifo)/0 2c2(1+|01(s)|)2}
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1
Zggg{(m / o1(s (2(t — to)c® + 2)/0 (1+|01(S)|)2}
= ggg{(m - 5) /0 lo1(s)* — (2t — to)c® + g)
1 1
—(4(t — to)c® + ¢) / lo(s)] = (2(t — to)e® + %) / lo1 (s)lz}
/ o1 (s)]> = (2(t — to)c® +2)

—(6(t — to)® + 3) /01 o (s)|2}

. 1 c t
2 min { [m —5° (12(t — to)c* D + 3¢D)] /O o1 (s)[?

> i
—frnelg{(ﬁl(t—to +8)

1
—(2(t — to)c® + g) — (12(¢t = to)c® + 3c)(/0 01)2}

. 1 c 9 Yo
Zf’nel%{[m—i—?)cD—m(t—to)c D]l/{; 0'1|

_(Q(t - to)c2 + g) — (12(t - t0)62 + 30)(/‘: 0‘1)2}

1 c(2m2 +3)  33(t—to) 9
- - |z — zo|
4t —tp +¢) 472 72

(2t — to)c® + g) —(12(¢ - to)® + 3¢) | ET 2
_( 1 _c(5m® +3)  3cE(t—to)(m +1)
=1

t—to+e) 42 2

):z:2 + lower order terms in z.

1 of;
(© 1P 01 = | e - 2L Zaﬂ

5z
f|2 251+1|Z f

28 +1
2e2

) (1 +a])?

1
4
1
Z 1+|| c(1+ |z|)

23 +1
2e?

C
SC(Z+

2
21 min {i 'Jl (S / Z ki(o1(s dal
0

- 26?-}- 1oeP

+/O1 F(O’l(S),Ug(S)%}
2 do,

262 1 v , 1 T
> ot g [0 08 - § [ e+ IS
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1 3
c  2ei+1 2
—(t—t LS Y|
(t=to) [ (G + )W+ ar(a))
22 1 c, [*
> —1 . - sz . 2 _ t—- t hd it L
= 2s§+1?27’>1{(4(t—t0 Ye) 4)/0 1 () — [t~ to)e(3 + 22
1
[ a+ioen?]
22 1 ey M e c 23+1, ¢
= —a _— — (t—=t — —_ —
2a§+15r€%{(4(t—to+a) 4)/ G1)f° = [ = to)e(g + =57 ) + 3]
2 1
_[(t—to)c(g El + )+e / la1(s)]
c 28 + 1.
—[[(t — to)c(z + 1 / |0’1(6‘)|2

_2)/ lo1(s)]? = [(t—to)c(§+2€1-:1)+g]}

2e7

>
- 2El+16€'P{ 4(t—t0+€

—[t—to)c(?’z+3(2sl+1) /|al(s)|2}
> 281+1ae (o t_t0+€ —§—§C2—D((t—to)(g+2el+1 / 61(5)?
_[(t—to)c(§+2€;€;1)+§]——[(t—to)( +2‘€1:r1 )+1 |/ o1(s
> iz { (g~ 5 -G+ 2 + 1) /01 o
le- e+ ELEY + 8- Fla-wi§ - ELEY 1)) [ oo
B 2€§€i1{[4(t_;+5) _E_ ?«t_t")(%F 25?;1) +1)]|z — zo|?
~[t = to)e(3 + 263;% )+ 5= Fe -+ 25?8; 1)+ 1] *;”012}
2 3
- 2&2;—?-1[4(t—;0+a) (t =to)e (106+2€§5;1)_%_§3;r%
_%jr:—l)(t - to)(g + 2€:1;; 1)]:1:2 + lower order term in z.

In view of Lemma 1.1, we have the following Lemma 1.2

LEMMA 1.2. Assume that (1.44) - (1.47) hold i.e. |f(z,t)| < e(1+|z]), Vf(z,t) <

c(1+|z)), [V(z,t)| < e(1+|z]?) and |VV (z,t)| < c(|1+|x|), where ¢ > 4 is a constant.
1 (1 +z?)

Let ¢ be a constant strictly less than mm(4 - 2) Let p(z,t) = e Then

the conditions (i), (i) and (iii) in Theorem 1. 1 are satisfied for t —to + € sufficiently

small i.e.,

(2) 6 —|Vp|“ Z fipi — Zf“' — 2V <0 fort — to + € sufficiently small.

i=1 =1
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., 0
(i) el + Vp-l—f 22V 4 |VV|? <0 fort —tg + € sufficiently small
8t

(m) + (a1 + )|Vp|2 +Z,01fz +zf, i <0 fort—to+e sufficiently small.
i=1 i=1
Proof.
9p _  cl+|zf) 9p 2w 9o = 42|z |?
ot (t—to+e)? Oz; t—to+e’ (t—to+e)?
' 8p 1 n n
® 5t §|VP|2 =Y fipi=) fii—2V
i=1 i=1
e+ z) 22|z)? 2¢]z|
1 1

Sl—torer T G—to+er T Tl g Fre el

+ 2¢(1 + |z|)?

(=¢+22%) 2 2cc 2 2 2
<—A(1 —(1 1 2
S (1) + T (L [al)? o+ mc(1 +[al)? + 26(1 + o)

—¢(1 - 2¢) 4ce 2

2 4c)(1
T (t—to+e)? t—t0+5+ ne+de)(1+ [af")
<0

for ¢ — to + € sufficiently small because 0 < ¢ < 1.

(ii) % +|Vp+ fIZ =2V +|vV)?

_0Op

=5 + |Vo|2 +2Vp- f+|f]? =2V + |VV]?
A+ =) 4|z |? 4cjz|

T (t-to+e)? (t—to+e)? t—tote

+ (1 + |z[?) + 2¢(1 + |z|?) + (1 + |z|)?

—¢(1—4e) N 4cc

<— (1 —_—

—(t—t0+e)2( 2l + —to+e€
—&(1 — 48) 8ce

|t —to+¢€)? t—to+e¢

<0

c(l+ |z|)

(1+|2z])® + 221 + |=])? + 2¢(1 + |=|*)

+4c* + 2c] (1+1z|%)

for t — tg + € sufficiently small because 0 < ¢ < i
0
(iii) alt)+(61+2 2 IVplz-i-szfH-me

1=1

< —¢(1 + |z|? )+( ot 1 1 4¢° fo? 2¢|z|
(t—to+¢)? 2e27 (t —to +¢€)? t—to +
+c(1+|z|)
—C(1-Ua+3)0) 4z
= (t —to +¢€)? t—to+e
<0

—c(1+ Jal)

+ QC] (1+|z%)

2

for t — tg + € sufficiently small because 0 < ¢ < ﬁé 0
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Consider the parabolic differential equation

du

@zAu-ka,-——V on R"
1=1

ot
u(z,0) = ¢(z)

where f grows at most linearly and V' grows at most quadratically satisfying (1.44) -
(1.47) respectively. Let for and Vo be the functions obatined by multiplying f and
V respectively by a cut off function ¢ which is equal to one in the ball of radius R > 1
and equal to zero outside a ball of radius 2R. We can choose ¢ such that

(1.48) o

(1.49) |vo( and |Ac(z)] <

) < ——
Ry 152

Consider the following equation

(1.50)

in the ball Byg of radius 2R with the Neumann condition, where (fagr); denotes the
i-th component of for. Let ¥sg = W(z)o(z). Then the second initial-boundary
problem

8qu aum

5 = Ouan+ Z(sz)z = —Thgugr  on Bag x (0,7]
(1.51) uyp(z,0) = wm(x) on Bag
E)
gij =0 on 8Bag % (0,T]

has an unique solution (c.f. [Fr] p.144 Theorem 2) for ¢ € [0, 00).

LEMMA 1.3. Assume that (1.44) - (1.47) hold, i.e., |f(z,t)] < c(1 + |z|),
|VF(z,t) <c(l+|z)), |V, t)l < c(1+1z]?) and |VV(z,t)| < c(1 + |z|) where ¢ > 4
€2

———) be a constant. Choose T' and € suitably small

e+ =)
t+e

15 a constant. Let ¢ < Imn(4 i3 + 3

so that conclusions (1), (1) and (%3) in Lemma 1.2 hold for p(z,t) =
all0<t<T. Then for0 <t <T

for

(Z)/ 6pU%RS/ e’u3p

Bar x{t} Bagr x{0} ;
(i) e?|Vuag|? 5/ e”(Vqu)2+/ / e?(®3) (ugp(z, s))?
Bor x{t} Bar x{0} 0 JBsgp
(iii) e’ (Augg)? < e’ (Ausg)?
B?Rx{t} BzRX{O}
"‘O(/ e?19p|*| f2r|*|Vuzr/? +/ e’|V f2r|*|Vusr|?
Bgnx[o,t] Bag X[O,t]

+ / | forl| Vusr?| A far] + / &) forl*|Tuarl?
BZRX 0,t BzﬂX[O,t]
n

s el [ e TusaP(3 (fam)si))
Bar x[0,t] Bogr x[0,t]

i=1
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Proof. It is easy to show that | fagl|,|V far|, |V Var| have linear growth while |Vag|
has quadratic growth, so we can apply Lemma 1.2 and Theorem 1.1 to get our esti-
mates (i), (ii) and (iii) above. O

THEOREM 1.3. Letugp be the solution of (1.53) where R > 1 woth inital condition
usr(z,0) = or(z). Assume that (1.44) — (1.47) hold i.e., |f(z,t)| < c(1 + |z|),
|VFi(z,t)] <c(l+|z)), |[V(z,t)| <c(l+|z?) and |VV (z,t)] < c(1+ |z|), where ¢ > 4
is a constant. Assume further that ]Af(:v t)] < ¢(1+ |z|). Let é and ¢ be positive

constant such that ¢ := ¢+ < mm( ———=). Choose T and € suitably small so

4’ 4¢3 3 + 2
that T + € < & and the conclusions (i), (u) and (i) in Lemma 1.3 hold for both

1+ JaP) . &L+ 1af)
t) = —————= d t) = ———=
p(z,t) rongs an plz,t) o
for any 0 <t <T. Then forany0 <t <T
(i) / ePulp, (i) e?|Vusg|?, (iii) e’| Augpl?
Bogr x{t BgRX{t Bng{t}

are bounded above independent of R and t.

Proof. By Lemma 1.3, we have

O [ ewps [ eutp=[ o)
Bogr x{t} Bar x{0} Bz2r
< [ e i)
R™

t
(ii) e’ |Vuap|? S/ e”|Vqu|2+/ / e"(m's)(um(:ﬂ,s))2
Bag x{t} Bopx{0} 0 JBagr

< /B ST+t / £ ((z))?

Bzr

< [ eeO(volul +1vul? +T [ o= u(@)?
Bor Bar

< 2/ e?@0|vg 2|y +2/ ep(z’°)|V¢|2+T/ "0 (y(x))?
Ba2r Bar

B2r

<8 [ @Oy 42 / e?@O|gy|> + T / (0 (y(z))?
Bar

Bz2r B2r

=(8+ T)/ e? @O |2 + 2/ e?(@.0)| gy
n Rn

(i) / e (Dusp)? < / ¢ (Dusp)’
B2Rx{t} B2RX{0}

+0 ( / |V o2\ far 2| Vus]? + / |V forl?|Vusrl®
B2r x[0,t] Bar x[0,t]

+ / | farl| Vuzrl?| A for] + / ¢\ for|*| Vuizn]?
BgRX[O,t] B

°R X[O,t]

+/ e”IV(VzR’qu)|2+/ ep|VU2R|2(Z(f2R)i,i)2>
Bag x[0,t] Bzrx[0,t]

=1
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We need to get upper estimate of the right hand side of the above inequality.

[ et = [ eeapp
BzﬁX{O} Bar

= / ef(@0) ((A¢)o +2ve - Vo + ¢Ao)2
Bar

- / e?@0) [(Ag)20% +4(V0 - T0)? + 92 (A0)? + 4(AP)o (Ve - Vo)
Bar
+2(AY)oyp Ao + 4(VE - Vo) Ao]
< / =0 AY20? + 4(VY - Vo)? + P (Ao)?)
Bar

+ / PO [|AYP0? + 4V - Vo)) + [|AYPe? + 92 (A0)?)
Bar
+[4(vy - Vo) + (¥ Ao)?]}
=3 / e!EO | AP0 + 4(VY - Vo) + 9% (Ao)?]
Bzr

<3 [ HeO (AP +4TYRITOP +$2(80)’]
Bar

<3| O |AYP? +48 / e’ =0y 2 412 / er(@:0)y?
B;_)R B

Bar 2R

<3 e”(“*o)[Aw|2+48/ e? @0 yy|? +12/ eP(#:0)q)?
R R™ R™

t 2
4cla| 2
e? Vp2f2R 2|V’U,2R 2= / / ep———|af| |VUQR|2
/;2RX[0,t] ' ‘ | | 0 B2RX{S} (S + 6)2

b8 o
< /0 (s+e)? /Bzax{s}e |=*(1 + |2])*[Vuzr[*])

Since s + € < 4, we have

|2*(1 + |21)*< 2]2]? + 2]2]*

s <5|:::|2 62|m|4
< es+e (1
<ev +s+5 (s+€)2+ )
5 81212 5(1+|212)

= estee ste — ¢ s+e

Hence

/ |V pl?| far|* | Vuzr|?
BzRX[O,t

t ~2 .2 ~ 2 N

8¢ c 411D s(1+|=l?)

S/ —5/ e ¥ e+ (|Vuagl?)
0 (S+E) Barx{s}

t g2 2 ~
___/ 8¢ / P9) | Yug g 2
0 (S + E) Bzax{s}

t o2
S/ Sc—c ep(w‘o)]VT/fZRP
o (8+€) /By
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= 862625(Tt+ ) /B 7@ (V) + o (V)2

16'c'2c2t/ ~
—_— eP@0) ([va|?y? + o?|vy|?)
< cive f, S0l 9]
168%c2T ~
< p(z,0) 4 2 v 2
< vy . O )
t n
/ ¢\ farl*|Vuspl* < / / (O |(vo) fi + oV fi] | Vusnl?
Bar x[0,t] 0 JBapx{s} i=1
t n
S// e”Z(lVaszf+02|Vfi|2)|Vqu|2
0 JBarx{s} i=1

t
S// (8’| fI? + 2€°|V £|)| Vuzr|?
0 (BzR—BR)X{S}

t
5// (106%° (1 + |2])?| Vugrl?
0 (BZR—BR)X{S}
t 212
S/ / 10c%ePe ™ 4 | Vuzpf?
0 (BgR—Bn)X{S}
t
:// 10c%e”|Vuapg|?
0 (BzR—BR)X{s}

t
51002// e?(@:0)|gepyp|?
0 JB2r

<10T [ eP@0 (4yp? + |vy)?)
Rn

t n
[ elhalibslven? = [ [ eplfahIZlA(ammvuml?
Bop x[0,t] 0 JBarx{s} i=1

n

t P Vo Y. (Vo Aol 190w 2
< Loyt 'JZ“‘”” +200)- (99) + £ Tual

=1

t
<[/ Vaerl
0 (BZR—BR)X{S} ;

(3

[|Afil20? + 4|V fi]2|Va|? + | fil*| Ao || Vuag|?
1

t
<vi[ [ eI\ lol|s S|+ 41wV 1| + |l )| Vuzal
0 (BzR—BR)X{S}
t
< \/5/ / efc(1+ |z|)(c + 16¢c + 4c)(1 + |z|)| Vuzr|?
0 (BzR—BR)X{S}

t
= \/3/ / 21c%e (1 + |z])?|Vuar|?
0 (BzR—BR)X{s}

5(1+]=1?)

t
521\/502// efe” ¥e |Vugpl|?
0 J(B2r—Br)x{s}
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t
< 21\/562/ / e?|Vuzr|®
0 JBarx{s}

t
521\/§c2// e?@0)| 71y p|?
0 JB2r

< 21V3ET / =0 (42 + | V)

n

t
[ ettt = [ [ et ol vusal
B2RX[0yt] 0 B:RX{S}
t
S// e?8ct (1 + |z|*)|Vusrl?
0 B2RX{S}
t s(1+12]%)
S// 8clere e |ugp|?
0 BzRX{S}
t
:8c4// e?|Vuzg|?
0 BzRX{S}

t
< 804/0 /B 0| Vap?
2R

8T [ O 4 (TP)
Rn

t
/ |9 (Vagusr) [ = / / |9 (o Vuzr)|
Bar x[0,t] 0 JBarx{s}
t
- / / e |(V0)Vusg + o(VV )uzg + oV (Vusg) |
0 anx{s}
t
<o [ e(voPVPluaaf +loI9V Pl + 1o IVEI9uanl)
0 BQRX{S}
t
< 3/ / e (4c*(1 + |z|*)?|u2rl® + A1+ |z))?|uar)?
0 (BQH'—BR)X{S}
+c2(1 + |z|*)?|Vuzgl?)
t
< 3/ / e’ (8c*(1 + |lz|*)||uar|? + 27 (1 + |z)?)|uar|?
0 (BQH—BR)X{S}
+202(1 + ‘ZI)‘4)|VU2R|2)

;
< 3/ / e? (10¢*(1 + |z|*)|uzrl|® +2¢° (1 + |z|*)|Vuzr|?)
0 (BzR—BR)X{S}

t 5(1+]=12)
< 3/ / efe” +*e (102 usr|® + 2¢%|Vusg|?)
0 anx{s}

t
= 3/ / e?(10c*|usr|® + 2¢%|Vuzg|?)
0 anx{s}

<3T eP(@:0) (1062|¢2R|2 + 202|V¢2R|2)

Bar

<3T / e?@0) (182 |y|? + 22| vy|?)

1107
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e’|Vugr|?( ) (f2r)is) S// ne’|Vusrl® » (for)?
/anx[O,t] ; 0 BQRX{S Z

2
t
< / / ne? |9 f12|Vusn|?
0 JBarx{s}
t
< / / ne? (1 + o)) Vuzrl?
0 JBarx{s}

¢
< / / onc2e? (1 + [22)| Va2
0 BQRX{S}
¢
5// 2nc’e’|Vugg|?
0 B2RX{S}
t
S// 2nc?eP(®0) | Ve g ?
0 JBar

< 2T / @) (49 + |vy|?)
R"

We see from Theorem 1.3 that for 0 < ¢ < T', we have estimates of / ePulp,
Bag X {t}

/ e?|Vugg|? and e”|Augg|* which are independent of R. Hence we
Bng{t} Bopx{t}

can take R — oo and obtain a global solution w up to time T'.

THEOREM 1.4. Assume that |f(z,t)] < c(1+]z|), |V f(z,t)| < c(1+]|z|), |Af(z,t)]|
< c(l+]|z|), |V(z,t)| < c(1+|z|?) and lVV(::: )| < c(1+]z|) where c > 4 is a constant.

Let 6 and € be positive constant such that ¢ Ti=C0+4< mm( 11 26 :‘ 2) Choose T

and € suitably small so that T +¢e < § and the conclusions (i), (i) and (iii) of Lemma
1.3 hold for both

&1+ [z[*)
t+¢

(1 + |z?)
t+e

ple,t) = and  p(z,t) =

for any 0 <t < T. Then for any initial data ¥(x) with / e’ (|2 +|vy|? +|Ay?) <
Rn

00, there exist a solution of the equation 8_u = Au + Z fi—aﬂ —Vu up to time T
ot = Ox;
and u(z,0) = ¢¥(z).

2. Gradient estimate of the solution. We shall first derive the following
maximal principle for the parabolic equation which we are interested in.

THEOREM 2.1. Let u > 0 be a positive solution of the equation.

(2.1) %%(a:,t) = Au(z,t) + gfi(z,t)%(w,t) —V(z,t)u(z,t)
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defined on a compact domain Q. Let o(z,t) = —loguq(z,t) and
(2.2)

U=+ Vel - Eﬂk——V—MWWﬂ“ﬂmﬂ—%—%%w

where
(2.3) 0<a(t) < 2 VB,
(2.4) [Vf(z,t)] <clt)
Assume that there exists ci(t) such that
(2.5) 1f(z,1)]> < c(t)*(1 + |2])* < e1(t)B(z, 1)
(26) |Vﬂ($,t)'§ cl(t)\/ ﬂ(xit)
Suppose ¥ < 0 on Q x [0,t9) and the following inequalities hold
3B B n
(2.7) —2'%- + 5 — F >0
' o|vV]
(28) o)+ QJ- ax - ValAf| - G575

1
—5(01 + ci’m)a >0

, 3c? 1 fig+ fii 3vne  alp
. = _AV - § ’ - >
(2.9)  2v/nc(t) + S AV 6ij=1( 5 )+ n 7 >0
) : fij + fii
where A is the absolute value of the greatest eigenvalue of (T) Then ¥ cannot

have an interior mazimum with ¥ =0 at t = t5.

Proof.

Jdp 1 dp  10u
_(9_t-_ ——dlogu, Bxi __ﬂaxi’
0% (‘9“) _10%
0r2 u? ‘0w u Oz?

Hence

1 1 1 1
2 _ 2 9 _
—‘lV(PI —;L—ZIVu] —EAU—EIVUI ——EA’U,
1
(2.10) 0 = ——up = Au + Z fiui = Vu)

u
i=1

n
=Np— Vo> + ) fipi +V
i=1

n

Ty = gy + 22(901)):90] Y Fideps = O Filei)e = Ve — e/ IVoP + 8

j=1 j=1 j=1
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=203 20 + B(Vel + B + o — 2vie,

2
Jj=1 2t
n n n
;= (pi)e + 229011'%‘ - ij,i%‘ - ij‘Pji -V

ZSOJQOM + B (|Vel® + 8) 2

j=1

n n n
Ui = (pi)e + 2 Z 0% +2 Z Pjiip; — Z fiiipj — 2 Z fiipji
Jj=1 Jj=1 j=1 j=1

n n n
- ij‘ﬁjii — Vi — %[2290?1 +2 Z%‘%‘ii + Bii] (| Vo) + ﬁ)_%
j=1

=1 =1

N
+7@D pis+ B (Ve + )

Jj=1

AT = (Dp)e+2 Y 0% +23 (Ap)jps — D (Df)ei =2 Y fiiwii

i,5=1 j=1 j—l i,j=1

=S fing - AV - Z%ﬁaZ%A%Jr SAB(9P +8)7%

jl 1,j=1 j=1

+O‘Z Z‘PJSOJZ (VQ0|2 +8)” 3/2

i=1 j=1
By computation, we have

(2.11) T — AT

(196l =) fupi =V t—:zzsoﬂ—zz%(lwﬁ Zf,gol V)i

l] 1
+2 Z Fiapgi + ij (vl - me - Z (Fi)e + O il
i,j=1
VY. 2
LAV -V, + Zj:l 0i(IVel® - Zi:l fioi =V); N aZi,,-=1 Vi

VIvel? + 8 VIvel2 +8
5B - Aﬂ) _aX (T e+ 5
,/WP (IVel? + B)3/2

:-22(% jcpj+z fi) t<p,+2f, )i+ Vi —2 Z 0%

».71

Vel + 8+

2t2

—ZZQOj(‘I/—QOt-I-OZ [Vel2 + 8 +'2—t+c +2Zf]z¢’]z
j=1 1,5=1

+ij(\I/—got+a [Vpl2 + 8 +—+C Z f]t+Af]] (2

j=1

2\/_Ct
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a Z;'l=1 0i(|vel? ~ E?=1 fipi = V); n a22j=1 (pzzj
VIvel* + 8 VIve? |+ B

28— A8 ey (i wivii + 5)
R

+AV -V, +

+ﬁ - 2\/—ﬁ0t
— 23 g zz% - -azmz iy +8;) (V) + 8)7
3,j=1 i=
+2 Z fiapji + Z fi¥;
i,j=1
f] 2‘;01901] +IBJ)(|VQD|2 + ﬁ)—— + Af])‘pj + AV
2 Jj=1 =1 Jj=1
+a Zj:l %(Zi:l 20i0i5 — Zi:l fijpi — Zi:l fipij =V;)  a ZZj:l ‘P%j
VIvel? + 8 \/|V<p|2+ﬂ
o n Biy2
A G Aﬂ) ayin (Cia e +5)° 5
\/|v<p|2 - (Ivel2 + B)3/2 V|Vl + 5+ 2t2 — 2VnC
= —22%‘1’ +Zf]‘1' -2 Z o3 +2 Z fmowz Af)e
1,7=1 iJ=1
LAV — aYi- 1fw‘P1‘PJ+aEJ 195V +a2” l‘Pu_i( P — LB)
VIvel? +8 \/|V<P|2+ﬂ VIvel? + 8
a Y, (S0, wupsi + 5)? ;
- (Vol2 + B)372 — o/ [VoF + 5 + 57 = e

_aXipib N § Vi fiB
VIVelP+8  IVel +8

n n n n n
= —QZQOJ"I’J' + ijq’j -2 Z (p?i +2 Z Fiipgi + Z(Afj)QDJ' +AV

‘)j:']‘ .7j 1 j=1
aZl] 1flJ(lDl(lDJ+aZ] l(lDJ +azz]—1<PzJ _ %(;Bt_A;B)
VIVel? + VIVePP+8 Vvl + 8
- (Yol + B —at/|Ve]2 + B+ 2t2 nee

Cadia @i 5 X5 fiB
VIVelP+8  VIvel? +8

Recall that ¥ < 0 for 0 <t < tg. If ¥ = 0 at some interior point when ¢t = %,
then at such a point, we have

(212) ‘I’t(mo,tg) Z O, V‘I’(.’Eg,to) = 0, A‘P(.’Eo,to) S 0
(2.13)  Ap(@o,to) = a(zo,to) V[V (o0, )2 + B(@o, o) + 5% + 2v/me(to)

(2.13) follows from (2.2) and (2.10).
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: B - : 1<
In view of the arithmetic-geometric inequality Za? > E(Z a;)?, we have at

=1 =1

the point (zo, to).

n

a 1 a -1 2
(2.14) (2 — W) i;l [QOij - 5(2 - W) (fi;j + fj,i)]

=%(2—————W%r_ﬁ)[a VP + B+ 5 +2v/ne— (2 \/I—V—W——lszQ

:%(Q—ﬁ)[a2(|V<pl2+ﬂ)+ﬁa |V¢|2+ﬁ+£

+(2\/ﬁc—(2—W Zf“ 20+/[VpP + B+ 3)
(z\/ﬁc—(z—W _1Zf“

On the other hand from (2.11) and the fact that ¥; — Ay > 0 at the point (zg, o),
we have

@

a 1 . ,
\/—ET—;——[;) ”Z=:1 Lo - 5(2 - \/_TV;—IETB) (fij + fii)]

Z Afi)p; + AV +

(2.15) (2-

@\t 1 f )2
4( \/Is'(p—lg_f__ﬂ) i’jz=1(f1).7 +f.7»l)

@ Zi,j:l fugpipi + a1 Vi §(B— AB)

Vel +5 [Vo|2 + 8
o0 E i (B 03051 + 5 e 2/n.
) (192 + B)3/2 —a/|Ve]2 + B 2t2 o

Y i, b N § 2ien fiby
\/IV90|2+ﬂ \/!ch|2+ﬂ

< A AV SR S e - o Fi 2

s J_Zl( fies + + - ( \/W) Zgz:l(f i+ i )

B a22j=1 fij0ip; +a2§’=1 ;i Vi ~ (8, — AP) ) 2
\/W \/ﬁ(p'z‘—+ﬂ atm

VIveR+8  VIvel* +8
since a > 0 by assumption. Equation (2.14) and (2.15) imply

n
2 - 2\/ﬁct -

216) L2- ——2 ) [a2(ve + )+ "2V TRE T B+ 2
(216) 7 T Ve + B ave t v 4¢2
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+(2\/1_’):C—(2— ~12f1z +(20!\/|V(p|2 B+ )(2\/_6

\/IVsOP +8

~(2~ =)' i

( \/IVsDI2+ﬂ) ;f’)]

n —-1

X; Afi)p; + AV + = ( W Z(fu "‘fz,

1,j=1

Yyl g=1 fijpipj +0‘Z?—1 ©;Vj a(fy — AP)
St = - — /|| +
VIVeP + B N T A
aS™ 0.8 aS . f.8:
7;2 —2\/ﬁCt— ZJ_I (p]ﬂ] + 21_1 f]ﬂ]

VIveP +8  2¢/]ve? + 8
Let z = 1/|Vp|? + 5. In view of (2.3), we have

2-

2

NIQ
N

Observe that

i=1

n a : 1 n
IVfl=\lZlszl2>\Jz 5Ly > nz
1 : i=1
Hence
20/ne— (2 - %)‘1 > fii 2 2v/ne— g\/ﬁlvfl
i=1

> 2v/nc — -g\/ﬁc= %—ﬁc

The left hand side of (2.16) can be estimated from below as follow

1

n

=(2- —)[az + = az + m + (2vne— (2- %)_1 ;fi,i)Q

+(2az + — )(2f e — ( )*1 Zf”

a, n?
)4t2
a2’ 3az 3 3\/50 na

— - © 2 - v ©= . kel
= Tom 2t+86+2\/ﬁa et = t+2t2 4422

2%[a2z2+——+n + (2az + — )£c]+ (2
2

(2.6) implies

2|Vel|AB] < 2¢1|V0]V/B < c(|V¢l” + B)

which is equivalent to

[vellvB| _ o
Vo2 +8 ~ 2
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In view of (2.5), (2.6) and the above inequality, the right hand side of (2.16) can
be estimated from above as follow.

n

So(ALi)es + AV + 72 = 27 S (g + o)

Jj=1 4,j=1

wa%% +O‘Z‘PJV)‘_ —AB) —auz

4,7=1 Jj=1

n
a (6
top - 2v/ne; — ;g:%ﬂj + Zijﬂj

n 1 ,
Ve[ (A f)?] fz+AV+ 2__)— Z(fw+f]z)2 Aa(:ﬂ
j=1 =
+§|Vsollvﬂ|+3]f“vm
S\/ﬁ[;(Afj)] z+ AV + = ]Z_l(f”+f“)2+/\a - 2'\/‘f|
alB — 0B, 1(t)
'T—a(t)z+2 —2v/nc/(
az |fIIVB
2 Vel +8
LS (p o4y a|vV|
SVAlAflz + AV + ¢ g::l(f,,z + fi.0)? + daz + N
5= (8= BB) — &/ ()2 + 555 — 2/ (B) + 2 2(if) o

Putting the upper estimate of R.H.S. of (2.16) and lower estimate of L.H.S. of (2.16)
together, we have

30222 3az na 3, 3v/nc

(217) on "ot a@s ' 8" 2\/‘ T
1 « a|vV|
<Vn|Afle+ AV + g ijzz:l(fi,j + fii)® + daz + 277

a 1+ 03/ 2
—— (B — AB) — a'(t)z +3TA - 2¢/nc’ (¢
2z 2
(2.17) can be rewritten in the following form

30£2 2 !
—_— t
5% + (' (t)z +

3azc ovV| +c1/
—Xaz —/n|Aflz oW/ 5 az)

o
A
VAW + 5 - AV~ 1 (g4 gy + B 208

’L]._
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3az  af no
— 4+ ——-—)<0
+( 2t + 2z 4t2z) -
The above inequality implies

3/2

(2.18) 32%2 +2(a () + 2% \/_ —\/ﬁmﬂ-a;/;' a +201 a)

3 1 o 2 3Jnc alp

2 ! —2—AV—— ij ii —_—— = =

+ (2vne' (1) + ge &éiud+ﬁj S N
1,3a8 af; na

oty w0

However (2.18) contradicts with (2.3), (2.7), (2.8) and (2.9). Therefore we conclude
that ¥ cannot have an interior maximum with ¢ =0 at ¢t = #,. O

LEMMA 2.1. Let ug > 0 be a positive solution of the equation (2.1) defined on a
compact domain Q = {z € R" : §(z) < 0} with the Neumann condition

Oug
E—O on 89

where v = V6 is an outward normal of 0Q. Let p(z,t) = —logua(z,t) and ¥(z,t)
be defined in (2.2). If g—f(wo,to) > 0 for zg € 09, then at (zo,tp)

av alt) " s
SASD Y .\ S 0:5 0505 9;
ov — ( 2 /‘V‘PP_"'ﬂ)MZ:l i PiP; — Z ‘Bz, - P
- a(t) Yoie, 0:Bi
+ bijfipi — — r———
i;]’ 27Vl + 8

(2.19)

Proof. Since

dp 0 1 0u _
= 6V(Iog;u)_ " 6V—O on o0,
Oy _
we have B = 0 on Q. On the other hand,
dp
E/- =0 on o0
", 98 dp _
Za_:l}la_ﬂjl 0 on N

=>Zt9”gol + 291(701] =0 on 90N forall 1<j57<mn.
Observe that

5(;(&):26_%6_ ;‘Pz = ;;01‘%9%

i=1

=-2 Z Z b3 0i0;
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Therefore, at (zo, %), zo € 00, we have

5 2
0< 5[0 + Vol = Y fios =V = al®)V/ IVl + B - % ~2v/m cft)]

=1
= 0
=-2 Z bijpip; — Z b: af]% Z 0ifipji — 5=
2,j=1 ,]—-1 3,j=1
a(t)[ 2 Z 0 pipj +Ze ﬂz]
i,j=1
2VIVelP + 8
a(t) ‘
20l - —/—= Oij0ipj — 9 s0+ b:; fipi
( 2 |V‘P|2+ﬂ)i,zjv:1 ’ ! ;1 "0z z]zl "
a(t) ) 0B
0%
ov 2|Vl +8

(2.19) follows immediately from the above inequality. O

LEMMA 2.2. Let ug > 0 be a positive solution of the equation (2.1) defined on
the closed ball B = {z € R™ : §(z) = |z| — R < 0} with the Neumann condition

%=O on OBr wherev =V0
ov

Suppose |f] < ()1 + |a]), |Vf] = 4li|vm? < e(t), 0 < a(t) < 5/Bl@?) and
i=1

VBl < e1(t)v/B(z,t). Let p(z,t) = —logugr(z,t) and U(z,t) be defined in (2.2). If
%% >0 at (zo,t0) with zo € OBR, then

Cl(t) at (.’l?o,to) .

(2.20) %K 162(1 Y R' 1)2 + aét)

Proof. Since 6 = |z| — R, we have

T; &; T;T;
0; = — , v=(61, - ,6,) and §;; = 2 — 2
] oo fn) and O = -
The last equality implies
- 2
O miei)
i1
Z 0ijpip; = -|V<P|2—T on 0Bg
’]—_
1,08
= 21Vl - 2| Z2] 9Bk

= %W(p] on OBpg
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Observe that

n n n

’;(;oig—ﬁ)wls\z Ze 6ff )2 |Vl

< ‘
\ j=1 i=1 i=1

DIV IVl = V] [Vl

=1
< ()| Vel

Il

n n

’ D 0iifieil< \ > Zeufj)2 Vel

i,J=1

i=1 j=1

M:

(3650 1 Vel
Jj=1

1 j=1

S\z

= Ze V£ Vel

n 2 n 2.2

5i‘ iy = (51" ilj %
e Sl e

i,j=1 1,j=1
cv/n—1
R

= |Vl Vel <

e | |Vy| on 0Bg

| -

« a
2\/IVeol +8 =3B =

«a 3
-2 1—— <=
( |V<p| )‘ 2

—aZG B;
< o IVHIIVﬂI
2\/|V<pl2 =2 /[VelP +

IV
VIVel? + 8

=2
2

Therefore (2.19) implies

& <~ 21Vl + e 1+ Y ) vl + ()
- [|V |- R(1+ Vit )IV |+%3(1+ v R_l)z]
%(1-1- “ R—1)2+5c1(t)
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=_%[|w1—§(1+ “"R—l)]2+§(1+ nR_l)ZJf%Cl(t)
s§(1+ ”R"1)2+“§t)c1(t)

THEOREM 2.2. Let up > 0 be a positive solution of the equation

ou =
?9?=A’U,+Z:fiui—vu

defined on the closed ball Bp = {z € R" : §(z) = |z| — R < 0}, wth the Neumann

condition

ou Oug
v

Let p(z,t) = —logugr(z,t) and

U(z,t) = ¢+ |Vol* - ng——V—at)\/IVwI2+ﬂ:ct ——2¢ﬁc

(2.21) =0 on OBr where v=V0

Suppose

(2.22) [f1? < e(®)* (1 + |2)® < ea(t)B(z, 1)

(223)  |Vfl= 412 VA2 < ()

(2.24) 0<at) < %\/ﬂ(z,t)
(2.25) IVB] < e1(t)vB(w,t)

(2.26) %+¥—%>0

(2.27) a'(t)+a(2i)’;ﬁ—,\_]§\/‘%| e+ e¥?) VR VA2 0

(2.28) c’(t)+—1—6-:-)’—\/—ﬁ—cz+%c T 12\/'i fu+f“)
_23___2_5_20

where X is the absolute value of the greatest eigenvalue of (f—%'—&—)

BV R vVrn—1\2  a(t)
Y 6(1+ 7 ) +Tcl(t) on OB for t>0

If ¥(z,0) <0, then\I’(:vt)<0f0rallt>O i.e.
o+ |Vl — Zf] -V <a(t IVg0|2+ﬂzt+—+2\/ﬁc ) for all t > 0.

(2.29)
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Proof. If the conclusion is not true, then there exists o such that ¥ < 0 for
0 <t <tygand ¥ = 0 at some point g when ¢ = t5. In view of the hypothesis
(2.22)-(2.28), we can apply Theorem 2.1 to conclude that zo € OBpg. It is clear that

E(mo, to) > 0. In view of Lemma 2.2, we have inequality (2.20) which contradicts

to our assumptions (2.29). O

THEOREM 2.3. Let ug > 0 be a positive solution of the equation

Ou -
5=Au+lZ_Ifiui—Vu

defined on the local ball Bg = {z € R : 8(z) = |z| — R < 0} with the Neumann
condition

(2.30) %gti =0 on OBR where v=V0

Let p(z,t) = —logugr(z,t) and
2 - Iy ) n
U(w,t) = oo+ |Vl = 3 fig— =V - aVIVel + B(z,1) - 5; = 2v/n e(t)
i=1 !

Let B(z,t) = ca2(t)|z|? + 4a(t) + & with co(t) > 0 and a(t) > 0. Suppose that there
exists c1(t) > 0 such that

(2.31) 1] < e(t)(1+ |zl)
n
(2.32) IVHl = | 2IVAE < eft), IVV] < (1 + Jal)
=1
(2.33) AV < ¢ |Af|<e
(2.34) 26 (t) < ex()ea(t)
(2.35) 2c%() < 1 (t) (402 (t) + %)
(2.36) dey(t) < c1(t)
(2.37) cy+ %cz >0
oy 6 o M
(2.38) 2(a”) + o+ s >0
3c 1
(2.39) a’(t)+a[m——/\—§(\/a+cl+ci’/2] — e >0
, 5 , 3 1 Jn
(2.40) c(t)+ 48\/770 + ('é; - m)C— TCQ >0
. . Jig + fii
where X is the absolute value of the greatest eigenvlaue of (—~—)

2

(2.41)

v R(l nR_1)2+#c1(t) on 0Bpg for t>0

31/>6
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If ¥(z,0) < 0, then ¥(z,t) <0 for all t > 0, i.e.,

(2.42) o+ |Vl - Z fJ— -V

‘V<P|2+,3 z,t) +—2~t+2\/7—lc(t) for all t>0.

Proof. We only need to prove that (2.31)—(2.40) imply (2.22)-(2.28).
Observe that

c(®)? (1 +lal)* < 2e(t)*(1 + |2[*)

n

< a(t)e(t)z? + (ﬂ +4a®(1))er(t) = e (t) = c1(t)B(z, 1)

by (2.34) and (2.35). Hence (2.22) follows. (2.23) is part of our assumption (2.32)

while (2.24) follows from our definition of 8(z,t) and the hypothesis c2(t) > 0.
(2.25) is equivalent to 2c3|z| < c1v/c2]z? + 4a® + 2, ie., 4c3|z|? < cf(calz]® +

4a® + ). Hence (2.36) implies (2.25)

Bt + %? - 4% = %(c;{xf +8aa — 2:2) 3c2{ 12 + 6—?— + i% - ﬁ;
( cy+ %02){112 +4a a+ (Za + @
Therefore (2.37) and (2.38) imply (2.26)
o (1) +a[2% —A- '2%%' ~ 5l + M) - valaf
>a (t) + a[2—:37c_7—l - c(lg-l\;_{_z{) - %(cl +cf/2)] —-vnece
>a (t) +a[2—% -A- 5(\/a+c1 +ei/)] - v e

Hence (2.39) implies (2.27).
Observe that

gl 3 e S
1

i,j=1 i,j=1

1 & 1, &
SE‘Z fﬁ; (wa’l'szz

1,j=1

S
<
Il

=|Vf? <

alp
2vnVB

’ 3 3 1 fl +fl
c(t)+—————16\/7_ic2+§c 2\/7_1 12\/_2 2 J)

3 1 1, 2nc 1

¢ () + ——=c + —c

16f 8t

C +(3

t)+48\/_

WA T WA WA
1 Vvn

N

C2
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(2.28) follows immediately from (2.40). O

THEOREM 2.4. Let u > 0 be a positive solution of the equation

ou

B —Au-’-z_f,u + Vu

i=1

on R*. Let p(z,t) = —logu(z,t) and
U(z,t) = oo+ |Vel* - if-a—“’ —V - a()VIVeE + B(z,1) — = — 2/ c(t)
’ = 38:1:]- ’ 2t

Let B(z,t) = co(t)|z|* + 40> (t) + 2+ with c2(t) > 0 and a(t) > 0. Suppose that there
exists c1(t) > 0 such that

(243) [f] < e(®) (1 + |2])

(2.44) Vfl=, ' DOIVAR <), |VV] < e(1+ =)
=1

(2.45) AV < ¢ |Af|<ec

(2.46) 2¢2(t) < c1(t)e2(t)

(2.47) 2¢2(t) < c1(t) (402(t) + %)

(248) des(t) < (1)

(2.49) co(t) + §c2 >0

(2.50) 2(a?) +(Za +Z1§>O

(2.51) a’(t)+a[5%—)\—%(\/a+01+c?/2)} —Vne>0
5 31 N

(2.52) ¢ (t) + —= 48\/_ ( m)c— 52 >0

where X is the absolute value of the greatest eigenvalue of (f”—;f“-) If ¥(z,0) <0,

then U(z,t) < 0 for all t > 0, i.e.
(2.53) Dp=p+ Vo> = fige =V
j=1 J

< a(t)V/|Ve|? + B(z,t) + % + 2v/nc(t) for all t >0 .

Proof. Choose a function Ag(z,t) which is convex in z direction with the following
properties.

(2.54) Ag(z,t) =0 for [z| < R/2
(2.55) [VVR| < c(1+[=]), [AVRI <c

Ve R vn — ) a(t)

(256) ?}/—.>€(1+ R +—1()OH6BRf0rt>O
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where Vg =V + Ag. Let fr = f - o where ¢ is a cut off function with the following
properties

(2.57) o(z) =1for |z| < }; and o(z) =0 for |z] > R
(2.58) IVir| < c|Afl<c

Let ur be the positive solution of the equation

0
gtR = AUR+z(fR) (ur)i — VRur
i=1

defined on the closed ball Bg = {z € R" : §(z) = |z| — R < 0} with the Neumann
condition aau—f = 0 on 0Bgr where v = V6. In view of Theorem 2.3, we know that

(2.42) holds for ug. Since u is the limit of ug as R goes to infinity, we conclude that
(2.53) holds. O
Remark : It is easy to choose ¢, ¢y, ce and « such that (2.43)-(2.52) are satisfied. For

2/3

1
instance, we can take ¢; = 2¢*%,c; = ¢*/? and a(t) = T4 where ¢ and T are

T —
positive constant and T is sufficiently small.

3. Harnack Inequality. In this section, we shall use the gradient estimate ob-
tained in Theorem 2.3 to deduce Harnack inequality.

PROPOSITION 3.1. Let ug > 0 be a positive solution of the equation
Ou ou
(3.1) 5 = Ou +Zfz :
Z

defined on the closed ball Bp = {z € R* : §(z) = |z| — R < 0} with the Neumann
condition

(3.2) %-‘l‘i:o on OBr where v=V0
v

Let o(z,t) = —logugr(z,t) and B(z,t) = ca(t)|z|? + 4a?(t) + n/(2t) with c2(t) > 0
and a(t) > 0. Suppose that

(33) o+ IV =Y [ 2L~V < alt)y Vo + B0 + & + 2/ )
i=1 J

Lett > to and P = {differentiable path o = (01,02) : [0,1] — Bgr xR such that o(0)
= (01(0)’02(0)) = ($0,t0),0’(1) = (iL',t),O'Q(S) > 0} Deﬁne

1
(3.4) d((zo,%0), (z,1)) ::aing){%/o <Ul’f>d$+4A d;’.?[[ |+\/_]

/d‘”(\f 7,8 +V+ Zf ds}

0

Then

(35 MRE®D (ti)”% exp ( - /tzﬁ c(T)dT) exp [— d((zo, to), (=, t))]

ur(zo,t0) ~ “to to
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Proof. We shall rewrite the inequality (3.1) in the following form

(3) gt |vo-Lp- 1L

Sa\/l'V_solﬁﬁ+%+2\/ﬁc(t)
Sa\/(lvw—f-|+|—f—|)2+ﬂ+%+2\/ﬁ c(t)

-V =0 +|Vpf —me,—

i=1

\/2|Vga =2+ Ifl +ﬁ+—+2\/ﬁc)

=a\/§\/IV<p |2+'f| +2+§+2\/ﬁc()

Sa\/i(l‘Vgo—EH- lj;' + 2) +%+2\/7_1 c(t)

Let 0 = (01,032) be a path in P. Then

(37) —p(z,1) + (o, to) = / 2 o(1(5), 72(s))ds

Hdoa Do
0 ds Ot

1 1 1
. f 1/ . / doy f
> - = _— — - =
/0 <01,V 2> 3/, <o, f>+ | ds (|V<p 2|

1
=—/ <d1,V(p>—
0

1123

2
—aV2|Vp — =| — aV?2 |fl2 g—%—V 20_ —2\/_0(02(3)))
1
2—%/0 <o, f> —/0 d°2( V2 |f|2 + 5 + -l% +V 4+ 20?(3) +2\/ﬁc(ag(s)))
do lo 1| f
o [ L2 [ivo- 41 - v+ ghime -4

1
=_%/0 <a‘1,f>—/O d”[x/— I7F 2+|fI +V 4 —— +2V/mc

4 205(s)
[ oy

4 ds
dﬂ _Zz 1 1N
+/0 7 [IVgo 2[ - (a\/§+ m)]

(02(5))]

1 2
Z_%/O <a‘1,f>—/0 daz[\/— [Ei 2 IJ;I +V+L+2\/ﬁc(02(s))]

209(s)
3 L avas By
0

dog
4 “ds e

L[ <ontoe [ 2 fen LTy
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1 (Ydo ¢ ! !
1 T G - [ o - [ avele)ient

ds

=_%/01<a'1,f>—/0 d02[\/_ i 4+¥+V]

—i/o ‘3’2( f+|"1|) —glog(to /wﬁc()

Since (3.7) is true for all ¢ € P, we have

(3.8) log u(z,t) — log u(zo,to)
1 doy E B I
> - = - — +V
_CSrlelg{ 2/0 <o, f> /O [\/_ 2+4+ ]

[ f+"’1') }—Qlog(g)—/ 2V c(r)dr

0

1 2
=—inf{%/0 <a'1,f>+/ da?[x/_ |f|2 +ﬂ+v]

GEP 0 4 4
1 (! doy lo1]12 n t
2 g S

+4/0 ds(a\/_+%} 2logt0 /2\/7_7c()

=—d((zo, %), (z,t)) — glog(%) —/ 2v/n c(r)dr

It follows that

u(z,t) > (i)_% exp ( — / 2v/n c('r)dT) exp [— d((x07t0)a ($7t))]

u(zo, to) to to

PROPOSITION 3.2. Let d((xo,to),(x,t)) be defined by (8.4) in Proposition 8.1.
Then

— a2 1
(3.9)  d((zo,to), (z,t)) < %Tool) + —\g—§|x - :col/o a((1 — s)to + st)ds
t—to

1
+ / o®((1 = 8)to + st)ds
2 Jo

1 1
+§/ <z — o, f(1 — 8)xo + sz, (1 — 8)to + st) > ds
0

+(t — to) /1 {\/Qa(l — 8)to + st)[i Z FA((1 = 8)zo + sz, (1 — 8)tp + st)
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Proof. Let (01,02) = ((1—8)@0 + sz, (1—s)to+st). Then 61 = z—=zo and % =
t — to. By the definition of d((zo, to), (z,t)), we have
1 1
d((zo, ), (z,1)) < 5/ <z — o, f((1 = 8)z0 + sz, (1 — 8)to + st) > ds
0
1
+ / (t — to) [\/ia((l — 8)to + st)
0
|F(1 = 8)zg + sz, (1 — s)to + st)|? + B((1 — 8)zo + sz, (1 — s)to + st)
4 2
- _ 2

+ F(1 = )zo + SZ’ (1= s)to + st)] + V((1 = 8)zo + sz, (1 — s)to + st)]ds

1 [t |z — zo]\2
+ Z/o (= to)((\/ia(l —8)to + St) + W) ds

— |2 D) 1 t—to [*
S|3’/’ Zo| +£|$—f‘30|/ a((1 - s)to + st)ds + 0 / o?((1— s)to + st)ds
4(t—t0) 2 0 0

1 1
-2-/ <z — 2o, f((1 = 8)zo + 57, (1 — 8)to + st) > ds
0

1 n
+(t—to)/ {iZfiz((l—s)xo+sx, (1 = 8)to + st)
0 i=1

+ V((1 - s)zo + sz, (1 — s)to + st)

+ \/ia((l — 8)to + st) [% 2"-: F2((1 = 8)zo + sz, (1 — 8)to + st)
i=1
+ %,3((1 — 8)zo + sz, (1 — 8)to + st)] %]ds

Similarly we can use Theorem 2.4 to deduce Harnack inequality on R™.

THEOREM 3.3. Let u > 0 be a positive solution of the equation

Ou =
—=A Ui —
5t u+i=EIfu Vu

on R*. Let p(z,t) = —logu(z,t) and

"9
U(z,t) = 1 +|Ve|® — ijgf -V —at)V Ve + Bz, 1) — % —2v/n c(t)
j:l J

Let B(z,t) = co(t)|z|2 + 402(t) + % with c2(t) > 0 and a(t) > 0. Suppose that there
exists ¢1(t) such that

(3.10) IF1 < e(1 + |al)

(3.11) IVfl= | D IVAE < e, [VV] < el + )
i=1 )
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(3.12) INGETAIN RS

(3.13) 2¢%(t) < c1(t)ea(t)

(3.14) 2¢*(t) < e1(t)(4a(t) + 2t)

(3.15) deo(t) < E2(t)

(3.16) () + E)’-(;2 >0

(3.17) 2(a2) + 6a + 475 >0

(3.18) o (t) + [7 - l(\/El—‘i‘cl + C?”)] ~Vne>0
3 1 n

(319) (t) + —F 48\/_ ( m)c - 562 >0

where X\ is the absolute value of the greatest eigenvalue of (fl’%f“)

Let t >ty and P = { differentiable path o = (01,02) : [0,1] = R* x R such that
7(0) = (01(0),02(0)) = (zo,t0),0(1) = (z,1),05(s) > 0}. Define

1 1
(3.20)  d((zo,0), (z,t)) := inf {%/ <61,f>ds+/ d—ai(\/ia ¥+§
0

cEP
+V 4+ = Zﬁ )ds + = / d—"%['“—'+ﬁa]2ds}
4 ds ‘%2-
If ¥(z,0) < 0, then

(3.21) _u@,t) > (%)_% exp ( - /t 2\/7_Lc(r)dr) exp [— d((zo, o), (:E,t))]

u(2o,t0) to

Proof. The proof is same as the proof of Proposition 3.1. O

4. L' and Pointwise Estimate. Let us first recall some general theory of
parabolic equations for the sake of convenience to the readers.

THEOREM 4.1. (c.f. P.48 of [Fr]) Consider the operator

- %u n ou
Lu := mzz:l aij(z,t) 820z, + ; i(z, t) + e(z, t)u -

on R* x [0,T]. Assume that L is parabolic in R* x [0,T], i.e. for every (z,t) €

R"™ x [0,T] and for every real vector { # 0,3 a;j(z,t)(i¢; > 0. Assume also that

the coefficients of L are continous functions in R™ x [0,T] with the following growth

conditions

(4'1) |aij(z,t)| < M, Ibz(wat)l < M(l + |$|),C(.’L‘,t) <M1+ |$|2)
fori,j,=1,--- ,n,(z,t) € R* x (0,T], M = positive constant .

Assume further that Lu < 0 in R® x (0,T] and that
(4.2) u(z,t) > —Bexp[flz|)] in R" x[0,T]
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for some positive constants B, 5. If u(z,0) > 0 in R*, then u(z,t) > 0 in R™ %[0, T].
THEOREM 4.2. (c.f. P. {4[Fr]) Consider the parabolic operator

n 2 n
J“u Oz Ou
Lu:= i]2=:1 Q;j (m,t)m + ; bi(z, t)a_wz + c(z, t)u — e

with continous coefficients in R™ x (0,T]. Let (4.1) be satisfied. then there exists at
most one solution to the Cauchy problem

Lu = f(z,t) in R™ x (0,7
(4.3) {u(a:,t) =p(z) n R"
satisfying
(4.4) |u(z, 1)| < Bexp[flz|’]

for some positive constant B, 3.

Let ug > 0 be a positive solution of the equation

Oou ", Ou

on the ball Bg = {z € R" : §(z) = |z| — R < 0} with the Neumann condition Q;TR =
0 on 0Bg where v = V#. Assume that (2.31)-(2.41) hold. Then for ¢ = —logur, we

have
n
0
o1Vl =" fi5 =V <o/ IV + B + 2 + 2V cft)
=1 7

on Bpr as long as it holds for ¢ = 0.

From now on, we shall study the behaviour of the solution of equation (4.5) in
R™. If the initial data is nonnegative, then in view of Theorem 4.1 the solution is
nonnegative. Hence we can assume that the solution of (4.5) is nonnegative.

THEOREM 4.3. Let u be a nonnegative solution of the equatoin
Ou "\ du
— = Qu+ i=— —Vu
ot lz___; fi oz;

on R™. Suppose that u(zx,0) has compact support*,

£, 8)] < e(t)(L +|2)), [V (@, t)] = | D IVil? < e)(1 + |a])
=1

[V (z,t)] < e(t)(1 + |z]*),

and

*1t is sufficient for u(z,0) to decay like Gaussian.
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Let a1(t),a2(t) and a3(t) satisfy the following ordinary differential equations

(4.6) (log al)' + 2nas + a% +4asc+c¢c=0
(4.7) ay + 402 +4azc+c =0
(4.8) a/3 + 2azc—V2nc=10

with initial conditions suitably chosen (e.g. a1(0) > 0,a2(0) > Za3(0) > 0) so that
a1 (t) > 0,aa(t) > %as(t) >0 for all 0 <t < T for some T > 0. Then, for 0 <t <T,

(4.9) a1 (t) /R u(@, ) exp(as (O)|z]2 — as(t)/TF o)
<a1(0) [ u(e,0) explaxO)ef? ~ as(0)y/ T+ [aP)

Proof. Let p be any smooth function and Bg = {z € R : |z| < R}. We have

o= Lot
— U = u + pu
dt BRP BRPt By t
—/ pu+/ pAu+/ pif.a_“_/ pVu
Br ‘ Br Br j—1 "oz Br
op ou
= pu+/ (Ap)u—/ u—d5+/ p=—ds
/BR ‘ Bnr oBr OV 9Br OV

n n
- p fii+ pifi u+/ upf-uds—/ pVu
/BR( ; ; ) 3BR BR

by Divergence Theorem and Green’s first identity. Now we can use simple cut off
argument to otbain the following

d n n
(410 G L= [ ot 203 fioi= 3 fuan = Vol
" ” i=1 i=1
Observe that

I Zfi,i + Vl < Z | fii| + V]
i=1 i=1

<Vn Z | fiil? + (1 +|z]?)

=1
<Vne(l+z]) + c(1+|z)?)
<V2n e(1+ |z2)F + (1 + |z[?)

< Jz||f] < el2](1 + |z)

n
’Zzifi
i=1

<e(l+|z))? < 2¢(1 +|z]?)
Set,

p = ar(t)exp [az(t)]a]” — as(t)V/1 + [a]?]
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Then

1129

pe = (ay + a1 (t)ay(8)|2]? — a1 (t)ag(t)v/1 + |]?) explaz(t)|2|? — as(t)v/1+ [z]?]

= ((loga1) + ayz|? — agy/1+[22)p

pi = (2mia2(t) — a3(t) \/—1_%—.1:1:—!5)/)
_ as(t) as(t)z;
= (2020 - \/13T tq +3|m12 3/2),0

+ (2zia2(t) — as(t) ﬁ)zp

2
[2a2(t) fitﬁ V1+ ]z (13—31(?1:;;3/2 + (202(2) - _,__f‘:ftl)xlz)zz?
[2 nas(t) as(t)|z* + (20(t) - as(t)
\/1 + la:|2 (1 + |z|?)3/2 J1+ 2P

It follows that

411) p+Dp=Y fipi= (D fii+V)p
=1

i=1

- el — o ((n = Dlz|* + n)as
_[(logal) + ay|z|* — agy/1+ |z|? + 2nas — @+ [oP)

as

2, 12 as =
o= el - (o= ) S s (U e+ V)

Recall that

2as(t) > as(t) > 8l gci<r

V1+|z|? -

Therefore (4.11) has the following upper estimates

(412) pr+Lp— Zfipi - (Zfi,i +V)p
i=1

i—1

’ ’ n— T 2 n)a
<[tog @)+ dylaf - ay/THTaP + 2nas — T l|ac||2’)+3/z) :

4azas3 a? 0 as
+(4a2 — + lof? + (2a — —2
P V1+[aP T |oP) ( V1+[z]?

+v2n c(1+ |IL’|2)% +c(1+ |x|2)]p
_ ’ ’ 2 ’ (n - 1)0,3
_[(logal) + ay|z|* — az\/1+ |z|2 + 2nas — (—IW

as 4azasz|z|? 2 a%

—_— 4 dal|r)? - =+l - —3
Alepyr T T AR T T Th e
+4azc + dagclz]? — 2azey/1 + |z|2 + V2n c(1 + |z)?)?

+c+ clw|2]p

)2¢(1 + |z|?)
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= [(logal)' + 2nay + a3 + dazc+c + (ay + 4a2 + dazc + o) |z|?

' 1 —1)(13
+(—a, — 2azc+ V2n c 1+:c2§—(n———
(s =20 + VIR (1 + o) - )
3 as _dasasfz]?  a] ]
A+ =PP2 ~ Jitp  1+laPl’

< [(logal)' + 2nay + a2 + dage + ¢ + (ay + 40} + 4asc + ¢)|z)?
+(—a’3 — 2azc + V2ne)(1 + |:v|2)%]p

<0

because of (4.6), (4.7) and (4.8) and the assumption as(t) > %ag(t) > 0 for all
0<t<T (4.10) and (4.12) imply

d

d <

dt /Rn pus0

(4.9) follows immediately from the above inequality. O

Theorem 4.3 above gives L'-estimate for u. Combining the Harnack inequality of
§3, we shall have the following pointwise estimate of w.

THEOREM 4.4. Let u be a nonnegative solution of the equation

Ou Z\  Ou
e =Au+ ;f’a_x,_

on R". Suppose that u(z,0) has compact support' and |f(z,t)| < c(t)(1 + |=|),

Vi@ t) = | D IVAP < @@+ ), [V(e,8)] < c@@ + [2?). Let ar(t), az(?)
i=1

and a3(t) satisfy the ordinary differential equations (4.6), (4.7) and (4.8) with ini-
1
tial conditions suitably chosen (e.g. a1(0) > 0,a2(0) > §a3(0) > 0) so that a1(t) >

0, aq(t) > %ag(t) > 0 for all 0 < t < 2T for some T > 0. Assume that the Harnack
inequality holds

u(zx, t)

t
u(:co, to) - Mo

-)7F [exD (- /tt 2vn c(r)dT)] exp [_ d((z0, to), (w’t))]

where

d((zo,to), (z,1)) = 1nf{;/01 <0:1,f>d3+/ do, 9% (\/2a |f| P +V

geP 2
Zfz )ds + - /‘Zf[laluxf] s}

11t is sufficient for u(z,0) to decay like Gaussian
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Here P = { differentiable path ¢ = (01,02) : [0,1] = R™ x R such that o(0) =
(51(0),02(0)) = (z0,t0),0(1) = (z,t),05(s) > 0} and o, are defined in Theorem
2.3. Then fort<T,

u(z,t) <2% ;11((202) (exp/t 2v/ne(r)dr)
[/ ute0)exp (w0)laf - a0V TFTeP)|

([ Towp (e, 0,0, 20)] exp esOlo - (20 TP}

Proof. By the L'-estimate for u and Harnack inequality, we have
@0 [ u(e,0)exp [ea(0)lof — as(0)y/ T+ TaP)
zeR™
2a1(2t) [ uly21)exp o220l — aa(2) T P
yER™
2
>a (2t) / R ) e (- / 2vme(r)dr) | exp [ ( - d((,1), (4,2))]
[exp (ax(@Dlyl* - a3 (2)v/T+TyP)]
1in
_(5) a1(2t)u(x,t)[exp(—/t 2\/7_10(7')d7')] /yER"
[exp (a2(26)lyI? = a(26)V/T+ ToP?)]

The conclusion follows immediately. O

[exp (- d(a,), (v,20)]

COROLLARY 4.1. Under the assumptions of Theorem 2.4, Theorem 4.4, u(zx,t)
decays like a Gaussian.

Proof. In view of Theorem 4.4, we need the following lower estimate of

/yeR" [QXP _d(((x’t)’ @, Zt)))] [eXp (a2(20)lyl* - as@ﬂm)]

1
2/ [exp{—% <y-—z,f((1-s)z+sy,(1-s)t+2st) >ds
yER™ 0

+t/01 {x/ia((l — s)t + 2st)

1

[}1 Zn: ff((l —8)z + sy, (1 — s)t + 2st) + %,B((l —8)z + sy, (1 —3s) + 2st)] 2

+ i i FF((1=s)z + sy, (1 — s)t +2st) + V((1 = s)z + sy, (1 — s)t + 2st) }ds

Ly 4th +—§|y—xl/o a((l—s)t+2st)ds+%/0 o?((1 = 8)t +2st)ds} |

exp (a2(2t)|y|2 —a3(2t)v/1+ |y]?)
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Observe that in view of the Remark after Theorem 2.4, we have

[|f((1 —s)z + sy, (1+ s)t)|? N B((1-s)z + sy, (1 +s)t)]%

1 2
< If((1 = s)z + sy, (1 —s)t)] + %\/ﬂ((l —s)z + sy, (1+ s)t)

- 2

4 n

c 1
—(1+(1—s)|x|+s|y|)+-ﬁ c4/3|(1—sx+sy| +(T t)2+_2_t

[ V]

2/3 n.l
(1+ @1 =9zl +slyl) + W((l - 8)lz| + slyl) + %((Tft)z +o)°

c 3 c 23 c 2 Nz
<(S+ )a- e Cp = V2
_(2+\/§)( el + (5 + =)ol + 5+ 7 + V=

Cc

[ V]

Hence

V2a((1 - s)t + 2st) [lf((l —5)T +4sy, (1+8)t) |2
B0 0n o= 2)s
2
V2 c 3 c 23 5 Jr
> - e [+ S0+ (G Sehsll+ § o o+ 2]

On the other hand, we also have the following estimates

+

V((1-s)z+sy,(1—s)t+2st) <c(l+|(1-s)z+syl?)
<c(1+2(1 - s)?|z)* + 25%|y)?)
%'f((l —s)z+sy,(1—s)t+ 2st)|2 L (1+](1-s)z+ syl)2

(1+](1 - 8)z + sy|?)

IN
wl"mm|° |

(14201 - s)?|z|* + 2s%|y|?)
<y-=z f(1-s)z+ sy,(l — 8)t + 2st) >
<ly—=||f((1 = s)z+ sy, (L+s)t)]
< (|l + [yhe(1 + (1 = s)|z| + sly])
=c((1 - 8)|z|* + |2||y| + |z| + s|y|® + |y])

Therefore

/ o L exp [ (@0, (0, 20)] fexp (a0l = aa(20) T+ ToP)

C
> [ew 5/ [(1 = )lal? + [<lly] + [] + slyl? + lyl]ds
yEeR"

1 . ) \/ﬁ
t/o {T 1+s \/—)( 3)|$l+31y|)+§+5,-:—t+ﬁ]
c2(

+5 1+42(1 - s)z)® +25% + |y|*) +c(1 +2(1 — 5)°|z|? +2$2|y12)}ds
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lz -y V2
T +_| _y|/ T - (1+3 / [T—(1+st]2}]
exp (a2(2t)|y]* — a3 (2t)v/1 + [y[?)

c t,, 1. 5 .
= expy | — = — z(c®* +2¢) + —=||z|° + lower order term in |z

exp (a2(2t)|y|2 —a3(2t)V/1 + |y]?)

. 3 . .
Observe that when t is sufficiently small, — — = (c?+2c¢) -—i— is very positive. Therefore

1
a4 2
u(z,t) decays like a Gaussian. 0

5. The Duncan-Mortensen-Zakai equation. In the nonlinear filtering, we
have the following signal observation model:

(5.1) dz(t) = f(z(t))dt + g(z(t))dv(t) , =(0) =
' Ndy(t) = h(z(t))dt + dw(t) , y(0)=0

in which z,v,y and w are vector valued processes and v and w have components which
are independent, standard Brownian processes.

Let p denote the conditional probability density of the state given the observation
{y(®) : 0 < s < t}. Then p can be obtained by normalizing ¢ which satisfies the
Duncan-Mortensen-Zakai equation.

m
do = Lo(o)dt + ZLi(a)dyi , 0(0,z) = 0o

i=1

1 L0 &ROfi 1
here Lo = =A — i —
where Lg 5 ; fi pe
by hi.
While (5.2) is a stochastic differential equation, Davis reduces it to a time vary-
ing partial differential equation by introducing a new unnormalized density u =
m

m

92, 32 E h? and L; is the multiplication operator
Z; ‘

=1 i=1

exp(%th (z)yi(t))o, which satisfies the following equation
i=1

n

(5.2) % = Lou+ »_wi(t)[Lo, Lilu+ % > vy (O1Lo, Lil, Ljlu

=1 3,j=1

We can rewrite this equation as

(5.3)
ou 1 n . Oh, 8 =
5,%: §AU mzl fz(z)'*'zyj a,: - Zzlflr’ th
i 1 SRS Oh; ah
__ZyzAh +lely1f]ax ”5212;;311 Jawkaxk
=1 j= =1=1 k=

By changing variables from z; to v/2 z; and by letting

u(z,t) = u (\/—)
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- T
fi(z) = fi(%)

hi(z) = hi(%u

we obtain

(5.4)

m

%zm—ﬁg ~VEi+23u o) 08 x/—Zf” ZE?

n _ah mmn 8h 6h
_Zylﬂh +\/_ZZyzf]3 Zzzylyz&v bz, )

=1 j=1 i=1 j=1 k=1

Hence (5.4) can be rewritten as

n
(5.5) o =Au+ Y fia -V
=1
where
(5.6) —V2f; +2Z ]
Jj=1

(5.7) V=v2y i+ Zh —ZyzAh +\/_ZZWJ@

i=1 i=1 j=1

THEOREM 5.1. Let g > 0 equation (5.5) on the closed ball B = {z € R" :
|z] < R} with the Neumann condition dur =0 on 0Bg. Let ¢(z,t) = —logagr(z,t)

ov
and

- " . 8p - -
B(z,t) = @ + |Vol? — Jgfgfi ~ V= a®)y/IVeP + Bla,t) - 22 - 2v/m &t

Let B(x,t) = ca(t)|z|® + 4a(t) + £ with c2(t) > 0 and &(t) > 0. Suppose that
there exists ¢1(t) > 0 such that

(5.8) 1] < e@®)(1 + )

(5.9) Vil = | D_IVAP <e),|VV| < el + )
=1

(5.10) AV < |Afl<e

(5.11) 28%(t) < &1 (t)ea ()

(5.12) 28°(t) < &1 (t) (4a°(t) + %)
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(5.13) 42,(t) < & (1)

(5.14) e + %éz >0
NI a2

(5.15) 2(@°) + - e + TR 0

(5.16) 6/(t)+a[2\/_ \/_+c1+c§/ )] -vne>o

3 vn
1 Et(=——=)e— Y5
(5.17) (t)+48\/_ +(8t 2\/ﬁ)c 5 e >0
N N f:l,,] + -f‘::i:":

where A is the absolute value of the greatest eigenvalue of (——2—)
. — _

(5.18) (‘;—‘Ij> %(1+ nR )2+a—§t—)él(t) on OBg fort >0 .

If ¥(z,0) <0, then ¥(z,t) <0 for allt >0, i.e.,
n 8 _
(5.19) Pt VoL = fig— -
j:l Q:]

< a(t)\/|V@|? + B(z,t) + % +2y/n &t) for allt >0

PROPOSITION 5.2. Assume

IF1 < (1 +le), [Vf] = «!Z IV£il? < ¢ [H(f)]

c

n n n a f n
>

n n a
= 2 < = ;
19 < el = | 330 (Garas )

j=1 Jj=1i=1 k=1

m
’ZWAh[ _l—i—and AAh)2<c
1 i=1

Let f; and V be defined as in (5.6) and (5.7). then

(i) 11 <vae(1+ ,lzyf) (1+|z)

_—

i) IVl < vEe(i+ | 30)

=1

(i) |V|g(i—f§—°+02)(1+ iy) (1+|z)

Jj=1

~ 14|z

1135
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(iv) |VV| < < 2"c+ "Tcz) 1+ 'Zy, (14 |z])
(v) |Af] < < +

(i) 1a7] < ( 2"c+c2 1+ zyf)

j=1
Proof.
@) 1fl = [V2f + 2V _y;h;]

i=1

< VAl + ﬁl_\;yxvm)(%u

5\/_c(1+m +fJZy]\IZIVhI f)

<V2e(1+z)) +V2 ¢ Zy]

V2e( 1 E)(lel
=\ Oh

(i) [Vf] = \ ZIVﬁP = JZI =~ V2V +2V3 yig
i=1 i=1 =1 '

m

= \ ;I - (Vfi)(\%) + [V(;yi%)](%)l

m

SEAPMZACT +Z|[ (;y"%)](%)l

n

s\/i\;jlwt |+WJZ|[ z"’:ngh

n m

0%h; 2 z
S\/ic-i-\/_N ZZ Zy’axkc?a: 7)

i=1k=1 j=1

m

<V ViS00 G ()

i=lk=1 j=1 j=1

sﬁc+f\ ZNZZZ () (2

j=li=1k=1
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<V2c+V2¢ iyf=\/§c(1+ zm:yf)

) 171 = VEY s+ 53 = Db+ VEY Y il 5 =3 (3 '

z=1 i=1j=1 k=1 i=1

—I\/-Zf“(\/—HZZ )—zzyz (ki) ()
Z e Bh z
P I - S (Cn )

i=1j=1 k=1 i=1

‘ (Ahi)z(:/?)

i=1

< IZIW’ Eh2 )+ Jiy\’
9, T Ohi\,
+Zlyi| Zlfjl (-\/'3 \]Z(ax])(v——)

) ZQ %”

5 =1
JZ O/ 2}:h2 = Zyzlﬁhl

1 J; Jﬂ] — )+%(§;y?)§lvm|2(ﬁ)

<

< c+—(1+lwl2)+5\2y?+c IR NI > v
=1

< [\/Tﬁc+c + ( Zyz iy?] (1+1z?)

< (2 e)(+ Zy, (1 + Jaf?)

(i) [VV|= V2 Vi + Zy, 7(ARs) + V2 EZyz f;(9

1
2

||M3

i=1 i=1j=1
\/EiVﬁ',i EV h2

_L" Ofiy( 2y 1 L p

=15 75 (5) + MR TR
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dh;
N_Zyz(vm f WZZ fjaw (f)

i=1j=1

2\[ ; kzly’az (f) [Zy’ %)]
< ZUIVEEIG) + 52l llvhl%)
\Ji \lgWAM (\/_
fJZ Sy
zf/ilf}[ﬂyz \szzj () ﬂszkZ;w
< %—\lzl L)+ \%Jiw <\%FJ > IVl (7

+$Jz \JZIVMI

L
V2

%

m
=1

i=1 j=1
=1 i=1lk=1 i=1 i=lk=1

e
o S Jzyzﬂ 2

?JZkZ 3fk£; (%) \/—Ih\/i—IIVhl(%)

1 GO 2/ T
+mJ;yi\I;W<Ahi)l (ﬁ)

1 m 9 m n ah
_}.E ;leZnZ lva” |+|f]”V |] (E)

i=1 j=1 T

n n

+%(§:yf)\,Z!Vh! JZZZ aigxk 2

i=1j=1k=1

T

\/_

)
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+_\JZy1\IiQni IV £il? Bh +1f? |V | ](%)

+2%(;y? )¢

C2 U
— (1 + =) ?
W ;y

1 o=, 2, T
+ﬁ\ Zyi\ EQ”Z[VJCH |6w 7)

S A " ah

1139

N/ c 5 1 2 - 2, @
= — N 4 —_ < 2nc2 i i
5 ct (1+|z|) + NG iély, + 7 igzly, nc iE=1|Vh | (\/5)

2
+L2\J; \‘ 02222 3$k3$ 2 %)"‘2”‘%(;%‘2)02

i=1j=1k=1

m
‘/Tﬁ -62—1+|:c| 4l;yﬁ*— ;y? 2nc?
Zy1\/2_ﬁc +— Zy,
\ =

<[Ler G+ (55 +2vae), D2 + 20l

i=1

5(% +— ) (1+ 'Zyl )7 (1 + |z])
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n m

< JZ; (AFP () +JZ [> i Agixﬁr

1 =1 j=1

n m m

2 J z
<or (S5 ]Zﬂaz ()

=C+\Z?J? 22 3%

j=1 i=1j=1

=c+ | Y 2 | SIV(ah) (=)
RN

Jj=1

< (1+ |§;y§)c

(vi) [AV] = |VZY Afii+ Zmﬁ Zy,AAh +v2 ZZyz f, a
=1

i=1j=1

~ = Oh; 2
‘ZA[(ZW&T) ]
}\/_ZAJ‘”+Zh Ay +Z|Vh 2 - Zy,AAh +fzzy,f, Ohi
+v2 ZZyz(Af] V-V

i=1j=1 i=1j=1
n m m

ah oh; =
23 (08 (g -2 v (|

k=1 i=1 k=1 i=1

= l—Z(Afi,i)(T) + 3ok F5)+ —ZIW(E)

__ZyzAAh+ ZZyz fis gh f)

1,—1 Jj=1

+ZZyz Vfi-V \/_)+ 2ZZyz(A i) gz ( \/_)

1—1_1— i=1j=1

E% Z% a$ E|Z 3xk \/i)l

k_l =1 k 1 =1

_—Zla‘”’ ;JZ JZ (AR f>+2Z|Vh|2 2

1

+%\j2y?\]zmAh (\/—)+2Z|yz\|2fj J; az, (\/—)

=1 =1
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1141

+§|yi|\l IV HIA( J %
i T ~ 6h,~ 2, T
23% JZ Af) %)\'Z( oz,) (5
1< i = Ohi\2, m2m Oh;\2, =
“‘52\‘ ;yf\J;(a—m) (E)J;yi\l;( 3wk) (E)
I " oy o Ohi 2,
+§I§(;yi)(;|vaxk‘ (\—/‘5)
n |~ 0Afi\2 1 z ?
S% ;( (%f) +5 (1+%)1+c|%l+?
L& 2 1 |117| 2 N, O 2, T
+Z izzlin'F -2-0(14‘7)41_-1 zJ;J=1(8 1) (\/§)
2 |~ Oh 2, T | 5 |~ 0hi\2, T
“JZZ”'JZZ‘V%J%%“% ZyiJZD%) 7
lm2 t N, Ohi\2, T = Ohi\2, =
1m © = 8’7,, 2, T
+§;y?;;|v%k| (%)

nymeh (7

+c\)2yz\J;;; 52, S (\/—

+§, iy%%(iy?)\lzwhl 7 \JZWM i \/‘)

2 nyzzz 82: &ck

i=1 k=1li=1j=1

\/_

hS 2 2 2 i=1yi ) i=1yi i=1yi




1142 S. T. YAU AND S. S. T. YAU

+_Q’Zyz Zyz
=1 =1 i—

c+c +:,';yf+2c ;ZJNLCZ(;!/?)
=(-\Z2—_+) +2c ,lZy,-i-c Zyl
s(—‘{ﬁc+c2)(1+ {Zygf

Remark 5.1 Under the assumptions of Proposition 5.2, we can take

&(t) = [4c+ @—%ﬁc—z] (1+ iy?)2

i=1

so that (5.8), (5.9), (5.10) are satisfied. O

In view of Proposition 3.1, we have the following Harnack inequality.

THEOREM 5.3. Let ar > 0 be a positive solution of the equation (5.5) on the

closed ball Bp = {z € R" : |z| < R} with the Neumann condition aau—yR =0 on 0Bg.

Let 3(z,t) = —logar(z,t) and B(z,t) = &(t)|z|> + 4a>(t) + 2% with &3(t) > 0 and
a(t) > 0. Suppose that (5.8)-(5.18) hold so that

e+ Vo[ — Z f, V < a(t)/IVeP + Bla,t) + o +2v/me(t)
j=1

for all't > 0. Lett > to and P = { differentiable path o = (01,02) : [0,1] —
Br x R such that a(0) = (01(0), 02(0)) = (z0, t0),0(1) = (z,t),05(s) > 0}. Define

(5.20)

IR

S B Ydoy (s [1F1?
d((zo, to), (z, 1)) _;2;?{5/0 <01,f>ds+/0 d—s(\/i —4—+
~ 1 i 72 1 lddz |01| 2
IS L i ) A B
+V+4i§=;:f,>ds+4/0 = [%Q +2a] ds}
Then

(5.21) up(z,t) > ﬂR(zo,to)(%)ﬁ% exp ( - /t 2\/ﬁé(r)dr) exp [— d((zo, to), (z,t))]

to

Similarly Theorem 3.3 gives us the following Harnack inequality.
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THEOREM 5.4. Let @ > 0 be a positive solution of the equation
n ~ ~
0 =Au+ Y i - Va
i=1
on R*. Let @(z,t) = —logii(z,t) and B(z,t) = Ca(t)|z|? + 4&°%(t) + —;—t with Ey(t) >
0 and a@(t) > 0. Suppose that
(5.22) Ifl < e+ )

(5.23) Vil = | Do IVAR <e®), V7] < a1 + |al)
i=1

(5.24) AV <elafl<e

(5.25) 282 (t) < &1 (t)E2(t)

(5.26) 28 (t) < & () (462 (¢) + %)

(5.27) 45(t) < E(t)

(5.28) Cy + §52 >0

(5.29) 2(a%) + 3-2 + 4% >0

(5.30) &I(t)+6z[2:j;ﬁ—5\—%(\/—+cl+c ] -vne>0
, 3

(5.31) c(t)+ 48‘:’/_‘*( %)5—4@>0

where X is the absolute value of the greatest eigenvalue of et

U(w,t) = o+ |Vl - Zﬂg‘% =V - a(t)y/ IVl +Be,t) - 5 — 2v/ma(t)
= Do = G(1)y/ IVl + Bz, t) - 5 — 2vAE(t)

Let t > to and P = { diferentiable path 0 = (01,02) : [0,1] = R® x R such that o(0)
= (01(0),02(0)) = (2o, t0), (1) = (z,t),0,(s) > 0}. Define

(5-32) d((zo, %0), (2,1)) = inf {3 /<al,f>ds+/ d;;(\@_ |f4| g

WW;ﬁ)d”z/ol © ['dazl+fa] ds}

(fzg;rfﬂ) I

If ¥(z,0) <0, then

(5.33) a(z,t) > (zo,to)(tto) 7 exp ( _ /1:lt 2\/ﬁé(r)dr> exp [— d((zo, to), (a:,t))]
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It is a very interesting question to find path o that maximize the right hand side
of (5.33). It is likely that such a path carries most information of how probability

density propagates in time.
In order to apply (5.33) for proving decay of the solution %, we need some integral

estimate of .

THEOREM 5.5. Let @ be a nonnegatie solution of the equation

9u 00 o~
—a—t—Au-i-;fza—m—Vu

on R, where f and V are given by (5.6) and (5.7). Suppose that

[l < )@ +2l), VS = | D IVAI? < c®)(1 + |z])
i=1
Bl < c(®)(1 +|2*), VAl =, Z [VRi|* < c(t)

Let €5 and T be small enough so that for 0 <t < T,

(5.34)

|zl flv2 _ _ 3n | 3N (0T 2)2
. < . .
(5:35) 4(t+e2)” 4(t+e2) + 64(t + €2)2 2(j;|w”| )
1on 72, Inmge  V2in o= 7 Ok
—§Z(Ahj)2 + 5271? - TZ > i‘;j‘)
j=1 i=1 =1 j=1

Then

| ettt < {ew [S/OT(iy?)2+ ”zﬁ/oTiy?]}

i=1

| ota0ya(z,0

2
z
where p(z,t) = (t +e2) " exp (%)

Proof. Let p be any smooth function on R®. We have

o= 5
— U = pu+ pu
dt BRp Br ’ Br ’

“. . 0u N
= pﬁ+/ pAﬁ-i—/ p fi——/ pVia
\/Bgt Br Bgr ; 6$i Bgr

dp ou
= a+ A a—/ ﬂ—ds+/ —ds
/B i Pt BR( p) o5, 9 aBRp £

- p fu + pifi ﬂ+/ apf - vds —/ A%
'/BR( ; ; ) 0Br Br
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by Divergence Theorem and Green’s first identity. Now we can use simple cut off
argument to obtain the following

(5.36)
dt/ /R (Pt‘l‘AP—ZfiPi—Zﬁ,iP—Vﬂ)ﬂ
* n i=1 i=1

p= (t+e2) "exp [_|—zl2_]

8(t + e2)
-n ’:17|2 Tip
= ————(t i € =
pi 4(t + 82)( +e2)Mmiexp [8(t + 82)} 4(t +€2)
2
p Zip
pii=

4(t + €9) + 16(t + €2)?

_ n |z
~p= [4(t +€2) * 16(t + 62)2]p

2 2 2
No= —n(t —n—1 |"E| _ |$| t —-n |IU|
pu+ Bp=—nlt+e2) eXP[s(t+52)] 8(t+82)( +e2) " exp [8(t+52)]
|z
+[4(t+52) 16(t+52)2]p
_[ -n |z n |z ]
Clt+ey  8(t+e2)?  A(t+er)  16(t+e2)?

[ 3n |z|? ]
4(t+e2)  16(t+e2)?

Observe that
- Zﬁpi <| Zfipil
i=1 i=
’Z\/—fzxz_2zzzlyz ’4t+62)

=1 j=1
V2 o i
Sire)” 171+ (t+52)[16(t+s t+52);(;w ]
_ [l=llflv2 |z[? o~ Oh;
- [4(t+52) +3 2t + £2)2 +2;(;y15ﬁi 2]1)
(S R+ V)=~ Fai + 7)o
i=1 i=1
- . Oh; L L
=—[;(—\/§fz+2;yja—3;)i+\/§; “+§;hf
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_ ok, i Oh
_Zy,Ah +\/—229sz3 ZZZ%%—“@;; r

i=1 j=1 i=1 j=1 k=1

=Py woh g Zh2+\/—22y,f,g$;

=1 j=1

U Bhﬁh]

Z Z Z Yl Oz, Oxp,

i=1 j=1 k=1

d _ —3n |=[? |z]| f1vV2
E/]Rnpus/]R p[4(t+52) T 16(t + 52) +4(t+€2)

Izl m m ~ 1 m y
e 2; D) - w5 )R
=1 j= =

NN ahah]

_‘/izzy’ffa +EZZ%%&B oz,

=1 j=1 i=1 j=1 k=1
- o, lallflv2
" Jgn 4(t+52) 32(t +e9)2  4(t+e2)
n m m _ 1 mo
+3Z(Zy1 ) —Zyjﬂhj—gzh?
=1 j=1 j=1 =1
"\ - Oh;
~VEY Y uhgt]o
i=1 j=1

By Schwartz inequality, we have

M:
~—~
NE
&
S
8] 5“
~%
IA
M:
|‘9
t‘?_.;,
M3
Q|
8 QD"'
o
1
™
@
Mz
<
N;.‘I
=

N

1 1 <
<306 +5 (X IVRP)
7j=1 j=1
= L 1<, -
S A< | S us k] < 530+ S (8
j=1 Jj=1 J=1 j=1
m n ahl m n _ 6hl
_\/izzy’ffa .S‘/§|ZZ(LB )uil
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Hence
8L e [ ol B VB
dt Jgn' T Jre L4t +e2)  32(t+e9)? 4(t+62)
3, < 2 3,
2
+§(Zyj) +2(Z|Vh| Zy] 2Z(Ah
j=1 Jj=1 ]=1 j=1
Igngs V2~ v z _
—§Zh§+72(zf3 Z%]U
i=1 i=1 j=1
_ —3n |z V20zllf] | 3 g~ 22
_/Rnp[4(t+€) 32(t+6g)3+4(t+82)+2(z;y3)
3 nnior 2 1+ V2 5 I s lngs
+5 (IR + —5 Ui +5 2 (Bhy) = 53R
j=1 j=1 Jj=1 =1
V2 o p Ohi 2]
w52 (L A5
i=1 j=1
Choose 2 and T small enough so that for 0 < ¢ < T, we have
|=||f1vV2 3n |z[? R - 22 1 AT 2
< - = Vh; - = Ah;
4(t+€2)_4(t+62)+64(t+82)2 2(;| i) 2;( i)
1 m o \/:9: m n -Bh, )
b= 2 (L ig)
i=1 i=1 j=1 7

Then we have

This implies

/R"x{t}pﬂg{exp[g/oT(z’j:y?)2+M/oTi 2]}/

; 2
j=1

Now we are ready to do the pointwise estimate.

THEOREM 5.6. Let @ be a nonnegative solution of the equation

ou .o -
- - 77 e _
T At + ;=1 fi £ Va

12

Suppose that the assumptions of Proposition 5.2 hold. Suppose further that (5.22)-

(5.31) hold. Let €2 and 2T be chosen small enough so that for 0 < t < 2T, (5.35)
holds. Then for x € Bps.
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~ 1 R —n _(% - |‘T|)2
(5:37) a(e,t)< -lomoy] [exp (m)]

N 2t
(2)7 [exp/t 2\/176(8)618] max exp [d(((t, t)a (Z) 2t))]

|z—2z|<R/2
{exp[ /%(i 1+f/2tzm:y] / (z, 0)a(z,0)

where p(z,t) = (t +€2) ™ exp (-s(lfTI;;) and wy, =volume of unit ball.

Proof. For x € Bry and z € Bgr. Theorem 5.4 implies
; 2t
a(z,2t) > ﬂ(a:,t)(g)"m[exp ( —/ %/ﬁé(s)ds)] exp [—d((:z:,t),(z,Zt))]
t

which is equivalent to

(5.38) a(z,t) < a(z,2t)2"* [ exp / K 2né(s)ds] exp [d((z,1), (2,2t))]
t

Multiplying both sides of (5.38) by p(z,2t) and integrating over a closed ball with
center z and radius R/2, we get

(639 et [ pla 200z < 22 exp [ " aie(s)ad

l=~z|<R/2

/ a(z,2t)p(z, 2t) exp [d((:z:, t), (z,2t))]dz
|z—z|<R/2

< 2n/2[;xp/2t 2\/ﬁé(s)ds] max d((z,t),(z,2t))/ ap
¢

|z—z|<R/2 R x {2t}

< 2"/2[exp/2t2\/ﬁé(s)d3] max d((z,t), (z,2t))

|z—z|<R/2

3 2t m 1 \/§ 2t m _
(enlz [ o+ 5= | jzzlyi]}/wp(x,mu(zo

=1

by Theorem 5.5. Let z =z + %zl. Then

_ 1 |2|?

(5.40) /IHISR/2 p(z,26)dz= /Iz—mlsR/2 By P [8(2t+€2)]dz
_/ & [|$l+ %le]
B |z1]|<1 (2t+€2)" 8(2t+52)

> Wn

n o pllel = &Y
mrey) = (sprrsy)

Combining (5.39) and (5.40), we get
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(5.41) Az, wn M)

[2_(2't+—s§]ne"p (8(2t ¥ o)

<t(z,t) / p(z,2t)dz
|z~z|<R/2

<2% [exp /t2t %/ﬁé(s)ds]{ max _exp [d((z,1), (z,2t))]}

|z—z|<R/2
{exp [g /Ozt(g;yfy + ’1—+2l/—§/02tj§y?]}/kn p(z,0)a@(z,0)
(5.37) follows immediately from (5.41). O
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