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Abstract

We construct a family Kuranishi structure in the Fukaya-Ono format on the moduli space
Mo (W/B, L|e) of open stable J-holomorphic maps to the fibers of an almost-complex de-
generation family W/ B that arises from a symplectic cut. The degenerate fiber of the family
Kuranishi structure defines a Kuranishi structure on the moduli space of open stable maps
to a singular symplectic space of the gluing form Y7 Up Y5 from a symplectic cut, with a
Lagrangian submanifold L contained in the smooth locus. The same discussion and construc-
tion apply also to relative open Gromov-Witten theory for a relative pair (Z, L; D), where
D is a codimension-2 symplectic submanifold of Z, disjoint from the Lagrangian submani-
fold L. We derive then the degeneration-gluing relations of these Kuranishi structures. The
good flat behavior of the family Kuranishi structure on M, (W/B, L|e) motivates both a
degeneration axiom and a gluing axiom for open Gromov-Witten invariants of a symplectic
manifold X with a decorated Lagrangian submanifold L®. When a symplectic cut at the
boundary of a tubular neighborhood of L exists, the construction of open Gromov-Witten
invariants of (X, L®) can then be put in two steps: (1) use the degeneration axiom and the
gluing axiom to fix the ambiguity in the choice of fundamental chain class; (2) intersection
theory on the specific kind of singular Kuranishi space with the induced decoration on the
moduli space of relative maps to the relative pairs from the degenerate target. Step (1)
is analytical and is dealt with in this work. In the appendix we comment on the equiva-
lence of Li-Ruan/Li’s degeneration formula and Ionel-Parker’s degeneration formula in closed
Gromov-Witten theory.
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Professor Raoul Bott and mirror symmetry - a reminiscence of a curious mind, by C.-H.L..

In the fall 2000, after the semester-long lectures of Prof. Cumrun Vafa on string theory and stringy duality for
both mathematicians and physicists in the spring that year, Prof. Raoul Bott got intrigued in mirror symmetry
and had a conversation with Prof. Yau, the second author. It ended in a surprise e-mail from Prof. Yau to me
one day with an assignment: to teach Prof. Bott what mirror symmetry is about. To “teach” a then-78-year-old
legendary mathematician?! Unable to turn it away, I thus took the task as a new hand, expecting that my
“student” would get bored very soon and I could resume the full focus on real projects. Amazingly, the outlining
lecture for Prof. Bott was extended to weekly meetings for two intensive months in that semester.

Now, stringy duality, including mirror symmetry, is a very broad and technical subject. Its true/best expla-
nation as yet remains largely physical, rather than mathematical. Its foundation lies on quantum field theory
(QFT) and the rigidity of supersymmetric QFT’s, together with numerous other mathematical and physical no-
tions, objects, structures, and moduli problems that are incorporated into superstring theory along its continual
fast-paced developments. With such an origin from physics, statements from stringy duality are unavoidably
mysterious, shocking, and awe-inspiring to mathematicians. Anyone who ventures to lecture on such a subject
before a mathematics master like Prof. Bott should expect to face many legitimate-yet-hard-to-give-a-round-off-
answer questions, making him/her “hanging on the blackboard” forever. Although I focused only on the much
limited topic on toric mirror symmetry, such embarrassing moments still happened no matter how complete-in-
a-small-range I thought I had prepared. Yet, this is indeed how Prof. Bott in turn started to “teach” me what
mirror symmetry is about! He rejected assumptions without sound reasons. He liked to see things derived from
low/dirty scratches rather than from some high end. He constantly asked, “WHY?. With that energetic mind,
he even attempted to provide his own pictures or explanations after listening to what I had presented. While
each great mind has his/her own way of functioning, which can only inspire and is almost always unlearnable, it
remains quite an experience to see how a great mind functions as he digests raw materials, thinks, polishes, and
comments on them. His questions become a guide toward a deeper understanding.

Prof. Bott impressed me that he is not inclined to read a lot of literatures. This is very different from those
from Yau’s school. Once I brought for the lecture a pile of related papers marked with red under-lines and margin
notes, he stared at them and asked me: “How much time have you left for thinking?’ Actually, one reason string
theory is demanding is that no matter how many notions/techniques one has finally brought to his/her mastery
and employs them for fruitful results, there are always things that remain to be learned/understood when one
attempts to reach a fuller/more-comprehensive picture. As so many intelligent people are devoted diligently and
intensively to it, the growth and diversity and broadness of stringy literatures, including both mathematics and
physics, can be terrifying. That particular question of his reminds me of the necessary balance between reading
and independent thinking - a lesson I should keep in mind for good. He once said in a lecture at U.C. Berkeley:
“Doing mathematics should be like paddling a canoe downstream - natural and effortless.” Most of us who study
his works will never be able to reach such a Zen-like level of doing mathematics; yet perhaps this is part of what
he meant to teach us through the insight, beauty, and elegance of his works. Among his far-reaching influences
in mathematics, the orbifold/stack version of his joint work with Prof. Michael Atiyah that gives the Atiyah-Bott
Localization Formula has been used again and again in the exact computations of Gromov-Witten invariants,
a topic within mirror symmetry as well. The formula can be interpreted as a special mathematical version of
Feynman’s path-integral. Its format of localization can be generalized to other equivariant (co)homology theories,
including equivariant K-theory, that can be used for gauge instanton counting for d = 4, N = 2 super Yang-
Mills theory. Such theory (i.e. Seiberg-Witten theory) can be linked, too, to Gromov-Witten theory and mirror
symmetry picture, e.g. with the mirror geometry encoded in the complex geometry of a family of Seiberg-Witten
curves embeddable in a family of Calabi-Yau manifolds!

The news of Prof. Bott’s passing away came in December 2005 while this work was being written with full
vigor. These unforgettable hours with him on mirror symmetry are like a gift from him in his later years —
completely unexpected, yet marking my mind deep. We thus dedicate this work to the memory of Prof. Bott, an
inspiring and forever curious/learning mind.



DEGENERATION OF KURANISHI STRUCTURE AND AXIOMS FOR OPEN GW-INVARIANTS

0. Introduction and outline.

The moduli space of prestable labelled-bordered Riemann surfaces is an Artin stack locally
modelled on a quotient of manifolds-with-corners. This leads to the singular real codimension-1
boundary in the Kuranishi structure K for the moduii space M o (X, L | ) of open stable maps to
a symplectic manifold X with boundary confined in a Lagrangian submanifold L. Such boundary
gives rise to an ambiguity in choosing the virtual fundamental chain on the Kuranishi structure
K for defining open Gromov-Witten invariants of (X, L). To fix the ambiguity, an extra data (i.e.
a “decoration”) « on L has to be added to the problem and the induced effect of the decoration
on L to the whole M, (X,L|e) and K has to be understood. Examples of such decoration
a are a group action on L, a bundle map on the restriction T, X|z, or a diffeomorphism on a
neighborhood of L in X that leaves L invariant. However, unless this decoration is extendable to
the whole X, there is no obvious way to go from “«a on L” to “an associated extra structure on
M (X,L|e) and K” to help fix the choice of the virtual fundamental chain [M 4 (X, L) | ]V
on K. The main goal of this work is to propose and explain a degeneration axiom and a gluing
axiom under a symplectic cut for open Gromov-Witten invariants of a symplectic manifold with
a decorated Lagrangian submanifold (X, L%) to take care of the above technical issue for an
important class of (X, L) that occurs in the compact version of conifold transitions of Calabi-
Yau 3-folds in open/closed string duality in string theory ([Val]).
Technically, we construct a Kuranishi structure for moduli spaces in

(1) a family open Gromov-Witten theory for a symplectic/almost-complex degeneration asso-
ciated to a symplectic cut, and

(2) a relative open Gromov-Witten theory for a symplectic/almost-complex manifold X with
a Lagrangian /totally-real submanifold L relative to a codimension-2 symplectic/almost-
complex submanifold D that is disjoint from L.

Notions, constructions, and techniques developed by our predecessors in the various formats/
settings/categories are uniformized/merged into the present study. Such structure extends [F-O]
and [Liu(C)] to a degeneration-family open Gromov-Witten theory and a relative open Gromov-
Witten theory. In the case that L is empty, the study re-writes both the symplecto-analytic
[L-R], [I-P1], [I-P2] and the algebro-geometric [Lil], [Li2] in the symplecto-analytic Fukaya-Ono
format. For the technical step of constructing the transition data in the Kuranishi structure,
we bring in also [Siel]. How these Kuranishi structures are relevant to the construction of open
Gromov-Witten invariants can be summarized by:

family Kuranishi structure on moduli space of stable maps to
fibers of a degeneration (W, B x L)/B from a symplectic cut

4

‘ degeneration and gluing of Kuranishi structures ‘

4

‘ axioms for open Gromov-Witten invariants under a symplectic cut ‘

4

‘ virtual fundamental chain from specialization and decoration ‘

Compared with closed Gromov-Witten theory, it may look at first surprising that in order
to understand absolute open Gromov-Witten theory one has to understand both degeneration
and relative open Gromov- Witten theory as well. It could be true that this is not the only



way. However, from the viewpoint of algebraic geometry, the route we take in this project,
of which the current work is a part, is an elaborate adoption of the deformation-specialization
technique already long in use in enumerative (algebraic) geometry; (see, e.g. [Fu: Sec. 10.4] for
an introduction). Furthermore, the conjectural open/closed string duality on Calabi-Yau three-
folds that differ by an extremal transition ([Go-V], [O-V1], [O-V2], [Val]) almost selects/specifies
for us this route uniquely among other possible candidate constructions. Particularly for the
motivation and the constant strong drive behind, we owe the credits of this work to enumerative
algebraic geometers and string theorists — especially, our teachers Joe Harris and Cumrun Vafa
and their respective school. The current work is a step toward a mathematical understanding
of the compact version of the open/closed string duality for Calabi-Yau 3-folds in [Go-V], [O-
V2|, and [Val] at the level of moduli spaces/stacks of stable maps, cf. the diagram in [L-Y2:
Introduction]. (See also [D-F] for related discussions.)

Convention. Standard notations, terminology, operations, facts in (1) symplectic geometry; (2)
algebraic geometry; (3) Sobolev theory; (4) topology can be found respectively in (1) [MD-S2],
[G-S], [Wool; (2) [Hart], [G-H]; (3) [MD-S3: Appendix. B], [Au: Chap. 2 - Chap. 3]; (4) [Sp].

- All dimension, codimension, rank, index, ..., etc. are with respect to R unless otherwise
noted.

- | o| stands for the cardinality of e when e is a finite set or a finite group, for the absolute
value or norm of e when e is a real or complex number or a vector, for the sum of the
entries when e is a vector of integers referring to some combinatorial quantity (like number
of marked points or contact order).

- The complex projective space of complex dimension n is denoted by P".

- In denoting a stable map f : ¥ — (X, L) to a symplectic space X with a Lagrangian
submanifold L, it is assumed that f(0X) C L. Similarly, for a relative map f : ¥ —
(Z,L; D). When L is empty, so is 0X.

- Properties of a map from a nodal (bordered) curve ¥ to another is imposed on its nor-
malization 3; e.g. a C°° map f from ¥ to Y := Y] Up Y3 is a continuous map f: ¥ — Y
such that its lift to ENO is a C* map to either Y7 or Y5, where Xy runs over all irreducible
components of X.

- Almost-complex (resp. complex) structures on different target (resp. domains) spaces are
usually denoted by the same J (resp. j) unless the distinction is crucial to the discussion.

- The term “orbifolds” and “sub-orbifolds’ are not restricted only to smooth ones.

- Omitted superscripts or subscripts are often denoted by *, ® or ., ,.

- Commonly used notations for different objects that have no chances of confusion:

— C and R: as the complex plane and the real line in differential geometry vs. as ground
fields in algebraic geometry;

— curve class B vs. isomorphism («, 5);

— isomorphism « of curves or graphs vs. decoration o on a Lagrangian/almost-complex
submanifold;

— universal curve C over different bases vs. category C;
— genus g vs. map g;
— index set I vs. gluing map I, that identifies subsets.



Outline.

1. Symplectic cut and the direct system of expanded degenerations in the almost-
complex category.

1.1 Symplectic cut and the associated expanded degenerations.

1.2 Symplectic/almost-complex relative pairs and their expansions.

2. Prestable labelled-bordered Riemann surfaces.
3. The moduli space M g 1), (n,m)(W/B, L |[B],7, 1) of stable maps.
3.1 Maslov index of a map to a singular space or a relative pair.
3.2 Monodromy effect and the choice of curve class data in Hs.
3.3 The moduli space Mg 1, (n,m)(W/B, L |[8],7, i) of stable maps to fibers of (W, L)/B.
4. The moduli space W;&f}h)7(n)ﬁ)((/ﬂ7, L)/B|[f],7, 1) of stable W'P-maps.
4.1 The moduli space Wé{}f’h)7(n)ﬁ)(W[k], L[k] | [B], 7, ) of stable WP-maps to (W k], L[k]),
its relative tangent and relative obstruction bundles.
4.2 The moduli space W(lé?h),(n,m)((ﬁ/\’ L)/B|[f],7, 1) of stable WP-maps to fibers of (W, L)/B,
the relative W 1P-tangent-obstruction fibration complex.
5. Construction of a Kuranishi structure for Mg ) (n.m) (W/B, L| 8], 7, p).
5.1 Family Kuranishi structure modelled in the category Cypscew/C-
5.2 Local transversality and locally regular almost-complex structures.

5.3 Construction of family Kuranishi neighborhoods.

5.4 Construction of a family Kuranishi structure.

6. The moduli space ﬂ(g)h)7(n+l(g)ﬁ)(Z, L;D| 8,7, 1;38) of relative stable maps and
its Kuranishi structure.
6.1 The moduli space M(gﬁh)7(n+l(§‘)7m)(z, L;D|p,7,1; 5) of relative stable maps.
6.2 A Kuranishi structure for ﬂ(97h))(n+l(§)ﬁ)(Z, L;D| 5,4, uw;38).
7. Degeneration and gluing of Kuranishi structures and axioms of open Gromov-Witten invariants
under a symplectic cut.
7.1 The degeneration-gluing relations of Kuranishi structures.

7.2 A degeneration axiom and a gluing axiom for open Gromov-Witten invariants under
a symplectic cut.

Appendix. The equivalence of Li-Ruan/Li’s degeneration formula and Tonel-Parker’s
degeneration formula.



1 Symplectic cut and the direct system of expanded degenera-
tions in the almost-complex category.

A direct system of expanded degenerations of almost-complex spaces that merges the symplectic
construction (via multi- symplectic cut) in [I-P2: Sec. 2 and Sec. 12] and [L-R: Sec. 3] with the
algebro-geometric construction (via blow-ups and blow-downs) in [Li: Sec. 1] without using the
full language of stacks is given in this section. The fibers, up to a relative isomorphism, of the
families in the system will occur as the targets of open stable maps in the problem. The same
construction gives also a direct system of expanded relative pairs (cf. [[-P1: Remark 7.7], [L-R:
Sec. 4]; [Gr-V: Sec. 2|, [Lil: Sec. 4.1]) needed for relative open Gromov-Witten theory.

1.1 Symplectic cut and the associated expanded degenerations.
1.1.1 Expanded degenerations from a symplectic cut.

Symplectic cut and a compatible almost-complex degeneration.

Symplectic cut was introduced in [Le] and used in [I-P1], [I-P2], and [L-R]. We review it here to
fix notations. Given a free Hamiltonian S! action on a connected open set U of a symplectic
manifold X that separates X. Fix a Hamiltonian function h : U — (—1,1) of the S'-action
and let X —h~1(0) = X, 1 X_. Then the manifold with boundary X, := X, Uh~(0) (resp.
X_ := X_Uh71(0)) gives rise to a symplectic manifold Y; (resp. Y3) by taking the quotient of the
Sl-action on the boundary, and the boundary h~!(0) descends to a codimension-2 symplectic
submanifold D in Y7 (resp. Y2). Let Y be the singular symplectic space from gluing Y; and
Y5 canonically along D. Then, there is a natural map £ : X — Y that is modelled on a
symplectic reduction (and hence an S'-bundle) over the singular locus D :=¥; N Y5 on Y and
is a symplectomorphism from X — ¢ 'D to Y — D.

Definition 1.1.1.1 [symplectic cut]. With an abuse of language and a different naming than
the original work [Le] of Lerman, we will call both the map £ : X — Y = Y; Up Y3 and the
singular symplectic space Y a symplectic cut of X.

Given a symplectic cut £ : X — Y = Y7 Up Y5, one can identify a small neighborhood of D
in Y7 (resp. Y2) with a neighborhood of the zero-section of a complex line bundle L. (resp. the
dual complex line bundle L*) over D and construct a complex 1-parameter family 7 : W — B
of symplectic spaces Wy := 7~'(\), A € B, with a compatible almost-complex structure Jw,
such that Wy is symplecto-isomorphic to Y, with the restriction of Jyy, to a neighborhood of
D almost-complex-isomorphic to the gluing of a neighborhood of the zero-section in L and a
neighborhood of the zero-section in IL.* along D, and W), A # 0, is symplecto-isomorphic to X.
Here B is a small neighborhood of 0 in C and the total space of . and L* are equipped with
an U(1)-invariant almost-complex structure that combines an almost-complex structure Jp on
D and the complex structure on fiber C via a U(1)-connection on L and L*. See [I-P2: Sec. 2]
(and also [Go] and [MC-W]) for an explicit construction. The total space W is equipped with a
symplectic structure wyy and a compatible almost-complex structure Jy that gives (ww,, Jw, )
when restricted to W). We will denote the family = : W — B also by W/B as in algebraic
geometry and call W/B a compatible almost-complex degeneration associated to the symplectic
cut £: X =Y.

Fix and denote a local fiber complex coordinate of L (resp. L*) by w (resp. w') and treat
both L and L* as a U(1)-bundle. Let 0 < ¢ < 1 be sufficiently small. Then, possibly after



shrinking, we may assume that
B = {\eC: |)\<e%/2}.
The following defines a subset of I & IL*
Lol = {(-,ww) : Ju[<e, [0 <e, lww| <e%/2}.

It admits a fibration (L @ L*)<. — B defined by (-, w,w’) — ww’. With this fibration and an
adjustment in the construction of W, there is a decomposition

W = (BxUp)U(L&LY)< U (B x Us)

over B, where B is taken to be {\ € C : |\| < £2/2}, U; = Yi—(e-neighborhood of the zero-
section in L), Uy = Y5—(e-neighborhood of the zero-section in L*), and the gluing is along the
related boundary circle-bundle over B x D in a way that respects the fibration of and the U(1)-
action on these boundaries over B x D. This decomposition allows us to construct an expanded
almost-complex degeneration associated to W/B, which we explain in the next two themes.

Local expanded degenerations in the almost-complex category.

The expanded degeneration around D in the almost-complex category can be described by a
finite collection of almost-complex manifolds together with a collection of gluing isomorphisms
between open dense almost-complex submanifolds therein as follows.

Let I be a complex line bundle on the almost-complex manifold with the C*-structure
reduced to a U(1)-structure, and let o be a U(1)-connection on L. This induces a unique U (1)-
structure on the complex dual line bundle L* to L. on D with a U(1)-connection a*. Denote the
almost-complex structure on D be Jp; then the pairs (Jp,a) and (Jp,a*), together with the
fiberwise complex structures, determines almost-complex structures Ji,, Jp+ on the total space
(still denoted by the same notation) of L and L* respectively. Jy, and Jp+ together induce an
almost-complex structure Jy g+ on (the total space of) L & L*.

Denote the zero-section of L or L* by 0 and the projection map L& L* — L (resp. L&L* —
L*) by pr (resp. pr’). Fix a system of local trivializations and U(1)-valued transition functions
for L. They induce a system of local trivializations and U (1)-valued transition functions on L*,
and then a system of local trivializations and transition functions on L & L*. With respect to
this, the map 7 : L@ L* — C given by (z;w,w') — ww' is well-defined and compatible with
JrgL+, where (z,w) (resp. (z,w')) are local coordinates for L (resp. L*) in the specified local
trivialization. Let M, C L @ L* be the preimage 7~1(\) of A € C. For A € C — {0}, M, is
isomorphic to L — 0 (~ L* — 0) as an almost-complex submanifold. For A = 0, My = L v L*,
the union of I and L* with the zero-sections glued by the canonical isomorphism with D. Thus,
the family 7 : L & L* — C is a smoothing of My over D in the almost-complex category.

Notation 1.1.1.2 [My, X\ # 0, from gluing]. Associated to the U(1)-structure on L and L* is
a well-defined norm function |- | on fibers of L and L*. Let Lvs = {|w| > 0} C L, LY =
{lw'| > ¢} C L*, and, similarly, for L<s, L5, s,, Lis L5, 55>+ etc.. These bundles over
D are equipped with the U(1)-connection (still denoted by a and «*) from the restriction of
that on L and L* respectively. The local fiberwise maps (z,w’) — (z,w) = (z,\/w'), glue to a
bundle isomorphism

ox  Lings.g — Lyays,a (z,w") = (z,w) = (x, \/w')



for 0 < |A| < 6% such that @y o= —a*. Thus, ¢, is an isomorphism in the category of almost-
complex manifolds as well. In terms of this, My, A # 0, is the almost-complex manifold obtained
from gluing L |y /5 and ]L’;w/é, with [A] < 62, by . The maps

9)\ : L>0 — M)\ and 93\ : *>0 — M)\
('7w) — ('7w7%) (’7w/) — ('7%710/)

are almost-complex isomorphisms. We will denote the restriction of 6 (resp. 6, 0y U6}) to the
subsets L5, 45,1, -, €tc. of Lig (resp. L’[%,l’%] o of L0, Lis, 6] U]L,’[%i’%} of Lo ULLy) by 0y, (5,,55)

(vesp. 0% 51 5110 Ons o102 Y 05157 61))-

For k € Zso, let B[k] = CFl with coordinates (g, ..., A\x), and pr; : B[k] — C be
the i-th coordinate projection map. Let (L ¢ L*); = pri(L& L"), i = 0, ..., k, be the
pulled-back of # : L & L* — C to BIk] via pr;. The local coordinates of (L & L*); will
be denoted by (Ao, -..y Aiy ..., Ag; @, wi, wh) with A = wyw!. Let (L & L*)Y := (L & L*); —
priL*, which is {w; # 0} in local coordinates, and (L & L*)° := (L @ L*); — priL, which is
{w] # 0} in local coordinates. We will use coordinates (Ao, ..., A, ..., Ag; @, w;, Ai/w;) and
(A0, -5 Ady oo oy Ay @, A /wl, w)) respectively for these two open dense almost-complex sub-
manifolds of (L & L*);. In terms of these, the following map

Pi—1,i
(LelL*)$e, — (Lo L")
(Ao, ...,Aifl, /\i7 ...,Ak;$,i\;—:ll,w;71) — (Ao, ceey Aifl, /\i7 Cey /\k;x’w{;,l’)\iwgfl)
is an isomorphism in the almost-complex category for ¢ =1, ..., k. The system

<{(L &Lt {‘Pi—l,i}?:l)

of almost-complex manifolds and gluing data determines an almost-complex manifold (L&L*)[k]
that fibers over B[k].

Definition 1.1.1.3 [expanded degeneration of (L®L*)/C]. We will call the family of almost-
complex spaces as constructed above, 7[k] : (L&L*)[k] — B[k] (in short hand: (L&L*)[k]/Blk]),
the k-th expanded degeneration of the degeneration n : L & L* — C.

We will use the above gluing construction of (L & L*)[k]/B[k] as the foundation for the rest
of the discussion on expanded degenerations.

The natural maps from pull-backs can be re-scaled to give maps plk]; : (L ®L*); - L@ L*
defined by

()\0, ey >\i—17 )\Z‘, )‘i+17 ey )\k;$, w;, ’wi)
— (Ao Aes e, (Mo - s wis (N - Ag) wh)

(2
with w;w, = \;, for i =0, ..., k. These maps glue to a map p[k] : (L & L*)[k] — L & L* over
plk] : B[k] — C in the almost-complex category.

All the gluing isomorphisms ¢;_1 4, @ = 1, ..., k, are maps over B[k]. Thus, the fibers of
wlk] : (L & L*)[k] — B[k] can be described by the corresponding gluing over a fixed values of
X = (Mo, - -+, k), as follows. First, note that the vy, A € C*, defined in Notation 1.1.1.2 gives
as well an isomorphism ¢y : LY, — Lo in the almost-complex category. The gluing of . and
L* by ¢y gives a ruled (i.e. P!-fibered) manifold A over D with a well-defined almost-complex

structure that contains . and L* as open almost-complex submanifolds. Different choices of A



give rise to isomorphic almost-complex manifolds over D with a such isomorphism provided by
the identity map on L (and hence on A). We will take A as from the gluing ¢;. Denote the
zero-section 0 of L (resp. L*) by Dy (resp. Do) in A. Let (LVL*); :==L; VL, i=0,..., K,

be identical copies of . vV L* and (L V L*)jq be the gluing of (L vV L*);, i = 0, ..., ¥, by
i1 LY — L, (z,w)_y) — (z,w;) = (x,1/w]_;). Then, as an almost-complex space,

(LVL)g) = LUo0=py,0 A1UDyg=Dsee " YDy, y=Dy oo Dk’ Uy, (=0 L",

where (Aj;D;0,Di00) = (A;Dg,Do). There is a natural map (L V L")y — L VL that
restricts to the identity map on L and L*, and collapses all A; to D. The natural G,, := C*-
action on L extends to a G,,-action on A as a group of automorphisms of A over D in the
almost-complex category. For ¢ € G,,, the induced action coincides with the composition
Vs 01t on A — Dy U Dy. It leaves Dy U Dy, fixed. The relative automorphism group
Aut ((L vV L) /L vV L¥) in the almost-complex category is the product Hf;l Aut(A;/D) =
(C)¥. Now let T = {ig, ..., i} be a subset of {0, ..., k} and H; be the locally closed
submanifold of B[k], whose points have coordinates A\; = 0 exactly when i € I. BIk] is the
disjoint union of Hy, where I runs over all the subsets of {0, ..., k}. Let X = (Ao, ..., A\y) € Hy.
Then, w[k]~*(X) is the almost-complex space from the system

(MY {01115t )

where My, = {wyw; = N} C Li @ L7 and ¢, |, v My_, —Li-1 — M)y, — L] is given
by (Ni—1/wi—1,w;_y) — (wi, \i/w;) = (1/w)_;, A\w}_;). This system can be reduced to the

following system
{M }k’—l—l { ~ ﬁ}k’-l—l
Aijlj=—12 19 1,3 X0j=0 ) >

where My, ~=Lo—{0} and M)‘WH = L; —{0} by convention, and Pi1jx

MAij —IL,Z-J_ is the composition Pij—1,i; 0 O Wi,y 41,0, 1420 Pij_1,ij_1+1 with ¢;_, o and @p k41

My L

i1 151

%

being identity maps by convention.
In summary,

Lemma 1.1.1.4 [natural map and its fibers|. Let p[k| : B[k] — C be the product map
defined by (Mo, ..., A\g) — Ao -+ X\g. Then there is a natural map plk] : (L @ L*)[k] — (L & L)
in the almost-complex category that covers plk]. The fiber of wlk] at X € H;y is isomorphic
to Mxy..x,, if I = 0, and to (L V L")y, if I = {io, ..., i} is non-empty. In particular,
plk] is an isomorphism when restricted to the fiber over a point in the complement of complex
codimension-2 coordinate subspaces.

Expanded almost-complex degenerations associated to W/B.

Given a fibered almost-complex space W/B from a symplectic cut as constructed above, recall
the decomposition over B

W = (BxU)U(L®L)<.U(B xTy).

Let
Uilk] = pr5((BxUy)/B) ~ BIk| x Ui,
Talk] == pri((BxT5)/B) = BT,

and define the e-truncation (L & L*)[k]<. of (L & L*)[k] as follows.



- First consider the preliminary truncation of (L & L")y and (L & L*); defined respectively
by
Uy == {lwo] <e} c(LdL*)y and U; := {|Jw)] <e} C (LBL").
- Then the pair of gluing maps

-1
(901'—171' © -+ 001, Pii+1 00 -0 Sﬁk_l,k%

from (U, U}) to U, (LSL*);, i =1, ...,k —1, and Uj, respectively induces a truncation
thereon defined by
Uy = { (Ao, A5z, wo, wp) € (LOL)o « |wo| <€, Jwpl| < 5557 1
U = { (o, Az, wi, wi) € (LOLY); « |wi| < m, |wi| < m}a
i=1,..., k-1,
Ue = { Aoy oo Mgz, we, wy) € (LOLT )+ |we| < oSy lwnl <€}

- The gluing map ¢;—1; sends U;—; N (L & L*)$° to Uy N (L & L*)?. Thus the collection
{goi_l,i}le of gluing maps glue the collection {L{i}f:(] of almost-complex manifolds to an
almost- complex manifold over B[k], which will be denoted (L & L*)[k]<. and called the
e-truncation of (L & L*)[k].

Then the gluing W = (B x U;) U (L& L*)<. U (B x Us) induces via pr} and pr} a canonical

gluing of
Uik U (L @ L*)[k]<. UTa[k] = WIk]

over B[k|, that goes with a map w[k] : W[k] — B[k|. Here we shrink and re-define B[k| to be
Blk] == {(No, ..., M) [Ni| <€2/2,i=0,...,k}.

The fiber of U [k], (L®L*)[k]<., and Us[k] over the same point in B[k] glue to an almost-complex
space.

Definition 1.1.1.5 [expanded degeneration of W/B]. The family n[k] : W[k] — B[k], in

short Wk]/Bl[k], of almost-complex spaces is called an expanded almost-complex degeneration
of W/B.

Let I C {1,...,n} be non-empty. Then it follows from the construction that, for X e
Blk] N Hy, the fiber almost-complex space W [k]5 := w[k] ! (}) is almost-complex-isomorphic to

Yy == Y1Up=p, o A1UDyg=D2 o *** UDy,_, =Dy, .. D UD,, (=D Y2
with k' = |I|. By construction, there is an almost-complex morphism
pkl : WIK|/B[k] — W/B,

cf. Lemma 1.1.1.4.

Neck-trunk decompositions of W{k|/B[k] and re-forgings.



We introduce here neck-trunk decompositions of W[k]/B[k] and re-forging morphisms for the
discussion of rigidification in Sec. 4.2 and the gluing construction of a Kuranishi neighborhood
in Sec. 5.3.

Recall 0 < € < 1 and consider the decomposition over B :

LoOL)<ye = LOL )1/ YL OL )< UL S L) 1/e;2,

where

(L@L*)[&l/e};l = {( ' 7w7w/) e ‘w‘ < 1/57 ‘ww/‘ < 62/2}7

LOL) e = {(ww') e <] <1/e, lww'| <e2/2},
all three components fiber over B via (-, w,w") — ww’, and the gluing is along their horizonal
boundary over B. Let

Neck [k); = the image of prf((L & L*)<.) in WIk], i=0,...,k,
Trunk[kli;1 = the image of prj (L ® L*)jc1/q,1) in WIk], @ = 1,... k,
Trunk[kli;2 = the image of pri((L ® L") 1/,2) in W[k], i = 0,..., k—1.

Then all these spaces fiber over B[k]. Furthermore, since 0 < ¢ < 1 and |\ < &2 for all

—

A= (Ao, ..., \k) € B[k], one has
Trunklkli—1,2 = Trunkkl;i =: Trunk|k]; and
WIk]/B[k] =
(Ui[k] U Neck[k]o U Trunk[k]; U Neck[k]; U --- U Trunk[k], U Neck[k]r U Ualk])/B[k],
where the gluings are along the horizontal boundary of each component over B[k| and are all
induced by the gluing maps ¢;_1;’s. We shall call this a (e-)neck-trunk decomposition, Neck [k];
a (e-)neck region, and Trunk[k]; a (e-)trunk region of Wk]/B[k]. When in need of expressing ¢
explicitly, we will denote a neck (resp. trunk) by Neck.[k]; (resp. Trunk.[k];).
Denote the fiber of Neck[k];, Trunk(k];, ¢ =0, ..., k, j =1,...,k, over A € B[k] by
Neckl[k], 5, Trunk [k;]] 5 respectively. Then W k] is divided to a gluing-along-boundary:
WIk]5 =
U, U Neck[k]y 5 U Trunklk]y x U Neck[k]y x U -+ U Trunk k], » U Neck[k]x » U Us.

Recall Notation 1.1.1.2 and that W[k]z = Y} and denote D; = A; N Ajy1, i =0, ..., k. Let

Xe Blk] and 0 <ip < --- <ip < k be the associated indices so that \;; = 0. Then there are
canonical almost-complex morphisms built-in to the construction:

Neck[k]; 5 = Neck[k], 5, Trunk[k]; 5 = Trunk[k]; 5, i,7€{io, ., iw};
* ’ . L . -
pr (0)\i§[m75] UoAi,[\/W,s]) : Neck[k]ho N |)\7L|(DZ) — Trunk[k]i7>\,
prf(@;w el /el U 6‘3\1 7 [|)\i‘/575]) : Neck[k]i)a — N|)\i‘/5(Di) — Trunk[k]i7x, 7 ¢ {io, ceey ik/} ;
PriOx; (e1/e] = pr}f_lt?&jil;[syl/s] : Trunk[k]jﬁ = Trunk[kz]jyx, jé {io, .., ip}.
Here N.(D;) is the (open) tubular neighborhood of D; in Yj = W k|5 of the specified radious

from the norm on L and L*. The collection of these morphisms glue/descend to two almost-
complex morphisms

)

>l

Vi — U Npyye(Di) — WK

)

>

9



both of which shall be called a re-forging morphism from W k|5 to W[k]s. Note that I} glues

along the paired boundary of the connected components of ¥ —U ?:0 N \/W(D’) while I5 _ glues

along the paired boundary of the connected components of Y} — U?:o Njy,j/e(D;) but along a
collar of non-paired boundary associated to i ¢ {ig, ..., ix}.

Remark 1.1.1.6 [trunk region]. The discussion implies that Trunk[k]; ~ B[k] x Trunk k] g
canonically for j =1, ..., k.

Remark 1.1.1.7 [gluing map]. With Notation 1.1.1.2,
Iy opri (o Linge.q — Lipe,s ) = Tdneek.pu), 5
where both I and L* are regarded as canonically embedded in L. @ LL*.

Remark 1.1.1.8 [neck-trunk decomposition of W[k];]. Let 0 < ig < --- < iz < k be the
associated indices to a X € B[k] so that \; ;= 0. Then,

(T7 U Neck(kly 5 U Trunk[k], x U Neck[k], 5 U - U Trunk[k,, 5)

U Neckl[k] U (Trunklk];, 5 U Neck[kl,, 4y 5 U - U Trunk[k],, 5)

io+1, X

>1

0,

U Neck[k] U - U (Tmmk[k;]ik_ﬁl,X U Neck[k],, 4 x U U Trunkl], |

>1

i1,
U Necklk],, 5 U (Trunk[k]iwm U Neck[k], ,, 5 U~ U Trunk[k], 5 U Neck[k], 5 U U_Q)

it

defines a neck-trunk decomposition of W k] =~ Y.

1.1.2 The pseudo-G,,[k]-action on W[k|/B[k| in almost-complex category.

Let Gu[k] := C* x --- x C* (k times) with coordinates (o4, ..., 0%). It pseudo-acts' on Blk]
by
()\0, ey Ady e )\k) — (0'00'1_1)\0, ey O'io'i__|_11)\ia ey Uko-l;—i{l)‘k) s
where 09 = oj+1 = 1 by convention. It admits a lifting to a pseudo-action on W[k]/BIk] as
follows.
Consider first the lifting of this pseudo-action to (L ® L*);, i =0, ..., k, over B[k| by

!
(N0y - vy iy ooy AT, Wi, W)

-1 -1 -1y . -1
> (0007 A0y -5 00 Ay« ey OROL L AR5 T, O3W5, O W) ) -

This is well-defined since (aiwi)(aijrllw;) = aiaijrll)\i. This pseudo-action leaves both (L @ L*)?
and (L & L*)* invariant, and it follows from the explicit expression in Sec. 1.1.1 that the gluing
map p;—1; : (L& L*)®, — (L L*)? is Gy,[k]-equivariant, for i = 1, ..., k. Consequently, the
pseudo-G,, [k]-actions on (LBL*);, i =0, ..., k, glue to a pseudo-G,, [k]-action on (L&L*)[k] that
lifts the pseudo-Gy, [k]-action on B[k]. This pseudo-action embeds G,, [k] into Aut ((L&L*)[k]) in
the almost complex category; the isotropy group of )€ BJ[k] under this pseudo-action coincides
with Aut (x[k] =1 (X)/L v L*).

'For non-algebraic-geometers: here G,, means the multiplicative group of the ground field (e.g., C* in C in
our case) and is a standard notation from algebraic geometry. Also, given a group G with the identity e, a
pseudo-group action of G on a space M is a map from a neighborhood of e x M in G x M to M that satisfies all
the group-action axioms whenever items in the axioms are defined.
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By construction, the pseudo-G,,[k]-action on (L @ L*)[k]/B[k] descends to the trivial action
on (L @ L*)/C under (p[k], plk]). It follows that G,,[k] leaves (L & L*)[k|<. invariant and its
restriction to the horizontal boundary ;g (L & L*)[k]<c = B[k] x (0U; 19Us) of (L& L*)[k]<.
over B[k| acts purely on the Blk|-factor. This together with the gluing form Wk|/B[k] =
(Uy[k] U (L @& L*)[k]<- U Uslk])/Blk] of Wk]/B[k] implies that the pseudo-G,,[k]-action on
(LeL*)[k]<. extends to a pseudo-G,, [k]-action on W [k]/B[k] such that its restriction on U; [k] =
Blk] x Uy and Uslk] = B[k] x Uy acts only on the B[k]-factor.

The following lemma follows immediately from the gluing construction of Wk]/B[k| in
Sec. 1.1.1.

Lemma 1.1.2.1 [T*-action on W{[k]/B[k]]. The restriction of the pseudo-G,,[k]-action on
W [k]/Blk] to its maximal compact subgroup TF := U(1)* gives an honest T*-action on W [k]/B[k].
This T*-action leaves the neck-trunk decomposition of W[k|/Blk| invariant; the two re-forging
morphisms I and I X are equivariant with respect to the stabilizer of the fiber W k] 5 under the

T*-action on W[k].

1.1.3 The topological quotient space W/E associated to W/B.

We now construct a topological space /W/E with charts that accommodates all the fibers
{WikreB U {Yjj}rezo, that occur in an expanded degeneration of W/B. For notation, given
fibered spaces W’ over B’ and W” over B”, a map ¢ : W//B' — W"”/B” means a map
¢ : W' — W’ that is descendable to a map ¢ : B’ — B” on the base. Similarly, for a

pseudo-map® W'/B' — W' /B".

Recall the base B[k] with coordinates (\g, ..., A\x) from the product C¥*!. To make the
2
discussion more specific/concrete, for a subset I = {ig, ..., ix } of {0, ..., k} let B[k]; /* be

the affine coordinate subspace of B[k], whose points have coordinates \; = ¢2/4 for i ¢ I and
2
denote x[k]~(B[k)5 /*) by Wk

spaces via the composition

B[k]f s1- Then one has a pseudo-embedding of almost-complex

ewir : WIKY/BIK) = Wk /BT < WIK/BK,

[

2Here a pseudo-map f : Ay — Az means a map f from a subset of A; to As. Similarly, a pseudo-embedding
f : A1 = A means a pseudo-map f : A1 — As that is an embedding on where f is defined. For non-
algebraic-geometers: the reason for introducing such notion here is as follows. In the full construction of a
moduli stack via the Isom-functor, for two families of geometric objects in question (e.g. all the almost-complex
isomorphism classes of fibers that occur in expanded degenerations of W/B) w1 : W1/B1 and 72 : Wo — Ba,
one constucts/defines a universal ”overlapping” family 7= : W — Isom (71, 72). Encoded into the construction
of the family 7 are natural morphisms p: : Isom (71, 7m2) — Bi and p2 : Isom (71, m2) — B2, and tautological
isomorphisms pi Wi ~ W ~ p3W> over Isom (71, 72). In Grothendieck’s picture, illuminated by Mumford, each
of 1 and w2 gives a local chart of the “moduli space” behind, and the data from the Isom-construction gives
the Grothendieck’s generalized notion of “gluing” local charts B; and B2 of the “moduli space”. As we mean to
avoid the distraction of such formality, in our case it happens that one may relate B1 and B> instead by directly
choosing (non-canonically and non-uniquely) a section to pi, which is only defined on Imp; C Bi, and then
post-compose it with p2. This gives then a substitute “transition” map ¢ : Impiy — Ba. Furthermore, as long as
the “quotient topology on the moduli space” is concerned, all that matters is that the domain Imp; of ( contains
an open neighborhood of the point in B; over which the central fiber in question sits; the precise tracking of
Imp is irrelevant. Thus we directly re-denote ¢ as a pseudo-map ¢ : B1 — Bs. Via the canonical isomorphism
piWi ~ W ~ p5Ws, accompanying the construction of ¢ is also the ‘pseudo-map ¢ : Wi/B1 — W2/Bs that covers
@. See [L-MB] for details on stacks and [L-L-Y: Sec. 1] for a literature guide. Similar use of “pseudo-" applies to
terms: pseudo-embedding, pseudo-isomorphisms, ..., etc., and their compositions.
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where W[k']/B[k'] — W[k]B[k]EQ /4 /B[kr]f/ % is the almost-complex pseudo-isomorphism that
I

lifts the pseudo-isomorphism B[k'] — B[k]§2/4 defined by (X, ..., A) — (Ao, ..., Ap) with
Ai = ( LRk Nj, fori=i; € I, and = €2/4, for i ¢ I. The defining domain of ¢/ x.; contains an

open nelghborhood of the central fiber ~ Y}y of W([K']/B[K']. @p p.1 is equivariant with respect
0 Gum[K] = Gylk] with

/ / / / / / / / / /
(O-l’...’o-k,) — (0—0’...’O-O’O-l’...’o-l’...,O-k,’...’O-k,,o-k,_i_l’...’O'kl_‘rl),

io i1—io Gt =i 1 k—ig

where o = o}, +1 = 1 by convention and the multiplicity of each repeated entry is indicated.
Let W)/ By be the quotient space of Wk|/B[k] by G,[k] with the quotient topology. Then
(W — Wy)/(B — {0}) embeds in W) /B, canonically for all k € Z>q and ¢ ;r induces an
embedding

P giny - Won/Bay = Wy /B
over W/B, for all k' < k, that restricts to the identity map on (W — Wy)/(B — {0}).

Let B = BU Z~o with the topology generated by the open subsets of B and the subsets of
B of the form U U {1, ..., k}, where U is an open neighborhood of 0 € B and k € Z~(. Define

the set A
W/B = (erzzo W(k)/B(k))/Na

where p € W,y and p’ € Wy with k > &' are defined to be equivalent (in notation, p ~ p’)
if p is the image of p’ under some g .1y (this defines W) and p € B[k] and p' € B[K] are
equivalent if p is the image of p’ under some O(k! k) (this reproduces E) As indicated, the

fibrations W) /By, k € Z>o, induce a fibration of W over B. By construction, there are
natural embeddings (of sets)

Pk) * W(k)/B(k) — W/B\, k € ZZO'

Equip W with the topology that specifies a subset Q of W to be open if and only if U= Uaﬁa
such that for each a there exists k, € Z>o so that Uy = ¢(,,)(Ua) for some open subset U, of

Wik,)- We will call this topology the quotient topology on W. Note that this topology involves
all p(x/ ;1) so that the information of how one Y} or WA degenerates to another Y[ with k& > K

is all kept. By construction, both the natural map W — B and the defining maps
elk] - Wkl/B[k| — W/B

from the composition W k]/B[k] — Wy /Bg) — W/E are continuous. (W/[k|/B[k|,¢[k]) is
named a standard local chart on W/E and the collection {(Wk]|/B[k],¢lk]) : k € Z>o} the

standard atlas for /W/E
Finally, note that the collection of maps {p[k] : W[k]/B[k] — W/B}yez., descends to a
(continuous) tautological map -

p: W/B — W/B.

Remark 1.1.8.1 [quotient topology versus stack]. To identify consistently isomorphic fibers (as
almost-complex spaces) in the collection {Wk]/B[k]}rcz., and make the final family universal,
one has to employ Grothendieck’s generalized notion in algebraic geometry of “gluing” via the
Isom-functor construction, of a “space” as a collection of local charts together with a gluing

12



data in the generalized sense, and of a “global structure” as a descent datum. Following this,
the collection {W[k]/B[k]}rez., would be glued to an Artin stack B, together with a universal
expanded degeneration W over B. The set of geometric points of B would be B U Z~q with
the corresponding set of isomorphism class of fibers of W/B being {Wi}xep U {Y[xj}rez-,- (CF.
[Lil: Sec. 1]; see [L-L-Y: Sec. 1] for a brief tour on stacks). Since it is the stable maps, i.e.
triples (X, W[k]y, f : ¥ — W]k]s), that we want to study in this work, it turns out that what
we finally need most essentially is a structure that descri/lles Athe “nearness” between a W) or
Y[x) and another Wy or Y};. For this reason, the space W /B with the quotient topology and
the standard atlas as constructed above that accommodates all {Wy}xep U{Y[y)}rez., suffices.

1.2 Symplectic/almost-complex relative pairs and their expansions.

A symplectic (resp. almost-complex) relative pair (Z; D) is a symplectic (resp. almost-complex)
manifold Z together with a real codimension-2 symplectic (resp. almost-complex) submanifold
D. Given a symplectic relative pair (Z; D) with a Hamiltonian U (1)-action on a (open) tubular
neighborhood N (D) of D in Z that fixes D, define Z[1] to be the total space of a compatible
almost-complex degeneration of a symplectic cut on Z associated to the given local U(1)-action
around D. By construction, Z[1] fibers over A[l] := B ={\A € C : |\ < £?/2},0 < e < 1,
with the singular fiber Z[1]o = Z Up—p, ., A1. Since the pinched locus of the symplectic cut is
disjoint from D and it separates D with Z — N.(D), D[1] := A[l] x D embeds canonically in
Z[1] over A[l] with D[1]p := {0} x D identical to Dy in A;.

The construction in Sec. 1.1.1 applied to the almost-complex degeneration Z[1]/A[1] then
gives rise to an almost-complex expanded relative pair (Z[k|; D[k])/A[k] with Alk] = Bk — 1]
and D[k] = A[k] x D, for k € Zg. Its fiber, e.g., at 0 € A[k] is the almost-complex relative pair

(Z[k"]? D[k])ﬁ = (Z UD:Dl,oo Aq UD1,0:D2,0<> T UDkﬂ,o:Dk,oo Ay, ; Dk,O)
=t (Z; D) -
There is also the almost-complex morphism
plk] : (Z[k]; DIk])/A[k] — (Z;D)/pt

from the_ construction.
Let U = Z — N.(D), where N.(D) is the open e-neighborhood of D in Z with respect to the
norm on L. Then (Z[k]; D[k])/A[k] admits a neck-trunk decomposition:

ZIk|/A[K] =

(U[k] U Necklklo U Trunk[k]s U Necklk]1 U --- U Trunk[k]r U N:(D)[k])/A[k],

where Uk], Neck[kl;, i = 0, ..., k=1, Trunk[k];, j = 1, ..., k, here are similar to their
counterpart: Ui[k—1], Neck[k—1];, and Trunk[k—1];, in Sec. 1.1.1 and N.(D)[k] = Ak]x N:(D),
which contains D[k]. This induces a neck-trunk decomposition to the fiber (Z[k]; D[K])y of

(Z[k]; D[k]) at X € A[k], cf. Remark 1.1.1.8. There are re-forging morphisms from Zklg = Zp
to Z[k]; constructed in the same way as earlier:

Iy + Zw-Uig N i) — ZIK]5,
Ii. ¢ Zy—UM NoyeD) — Z[K;, X e ARl
The group G, [k] now pseudo-acts on A[k] by

-1 -1 -1
(/\0, ey >\i7 ey /\k—l) — (0'00'1 /\0, ey O'Z'O'H_l)\i, cevy Op—10y )\k_l),
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where 0y = 1 by convention. Similar to Sec. 1.1.2, it lifts to a pseudo-G,,[k]-action on Zk]
that leaves D[k] invariant in such a way that the pseudo-action on DI[k| = A[k] x D acts
only on the A[k]-factor. As a parallel to Lemma 1.1.2.1, the restriction of the pseudo-G,,[k]-
action on (Z[k]; D[k])/A[k] to its maximal compact subgroup T* gives an honest T*-action
on (Z[k]; D[k])/A[k]. This T*-action leaves the neck-trunk decomposition of (Z[k]; D[k])/A[k]
invariant and the two re-forging morphisms I; and [ 5o are equivariant with respect to the
stabilizer of Z[k]; under the T*-action on Z[k].

To connect the various expanded relative pairs, each I' = {ig, ..., i1} C {0, ..., k—1}
is associated to a pseudo-embedding of almost-complex spaces

O pr  (ZIK]; DIK])/AIK] — (Z[k]; DIK])/AlK],

which covers the pseudo-embedding A[k'] — A[k], defined by (A, ..., X_1) = (Ao, oo s Ak—1)
with \; = (;%)k_k/)\;», for i =i; € I', and = €2/4, for i ¢ I'. and is equivariant with respect to
the group homomorphism G, [k'] < G,,[k] defined by

/ / / / / / / /
(0-17 ---’ O-k/) H (1’ ... ’1,0'1’ ...,O‘l, e 7O-k,_17 ...’O'k,_l,o'k,’ ---,O’kl).
—_——— — ——

10 i1—10 1=l _o k—igr_q

Let (Zx); D))/Aw) be the quotient space of (Z[k]; D[k])/A[k] by G,[k] with the quotient
topology. Then (Z; D) embeds in (Z; D(x))/Ax) canonically for all k& € Zso and goz,’k;p
induces an embedding

i+ Zayi Do) [Awny = (Zwy: D) [Ay »

for all k¥’ < k, that restricts to the identity map on (Z; D).

Let A = Z>( with the topology generated by the defining open subsets {i € Z>g : 0 < i <
n}, n € Zxo. Then, the construction in Sec. 1.1.3 applied to {(Z[k]; D[k])/Alk]}rez,, where

(Z[0]; D[0])/A[0] = (Z; D) by convention, gives rise to a topological relative pair (2 ; ﬁ) over A
with the quotient topology, the natural embeddings

ew  (Zayi D) /Aw — (Z;D)/A, k € Lso,
the standard local charts
¢lk] : (Zk]; DIK)/AIK] — (Z;D)/A, k € Zx,
and a (continuous) tautological map
P: (Z;D)/A — (ZD).

The topological relative pair (2 ; 13) / A equipped with the standard local charts substitutes the
stack of expanded relative pairs obtained by gluing (Z[k]; D[k])/A[k]’s via the Isom-functor
construction.

Readers are referred also to [I-P1: Sec. 3 and Sec. 6], [L-R: Sec. 3], and [Lil: Sec. 4] for
related discussions.
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2 Prestable labelled-bordered Riemann surfaces.

In this section we review/rephrase/modify definitions/facts of labelled-bordered Riemann sur-
faces with marked points to introduce and fix terminologies and notations that we will use. This
is a classical topic with long history. Readers are referred to [Siel: Sec. 2], [F-O: Sec. 9 and
pp- 988 - 991], and [Liu(C): Sec. 2 - Sec. 4] for related discussions and guide to literatures. See
also [Ab], [A-G], [D-M], [H-M], [I-S2], [Kn], [Ma], [Se], [Sil], and [Wol].

Prestable labelled-bordered Riemann surfaces with marked points.

Definition 2.1 [prestable labelled-bordered Riemann surface|. A prestable labelled-
bordered Riemann surface of (combinatorial) type ((g,h),(n,m)) (with labelled boundary and
marked points)3, where m = (my, ..., my), consists of the following data:

- a compact connected nodal bordered Riemann surface X2, whose points are locally modelled
at 0 or (0,0) in the following holomorphic models:

(i) interior point:
(i1) {z € C : |z| < 1} for a smooth interior point,
(i2) {(z1,22) € C? : |z1]| < 1, |22| < 1, 2129 = 0} for an interior node;
(b) boundary point:
(bl) {z€C : |z| < 1,Im(2) > 0} for a smooth boundary point,
(b2) {(2’1,22) eC? . ’21‘ <1, ‘2’2’ <1, 2129 = 0}/(21,22) ~ (E,z)
for a boundary node of type F,
(b3) {(21,22) €C? : 21| < 1, |22| < 1, 2129 = 0}/ (21, 20) ~ (1, %2)
for a boundary node of type H;

the number of interior (resp. boundary) node will be denoted n; . (resp. np.y.)-

- labelled boundary and h: a boundary component of ¥ is either the image of an embedding
of S in X or a boundary node of type E; ¥ has h-many boundary components and they
are labelled from 1 to h; the labelled boundary of ¥ will be denoted by 9% (or simply
0% when the labelling is understood); note that different boundary components of ¥ may
intersect at a boundary node of type H.

- genus ¢g: each boundary component of ¥ can be capped by a 2-disc; let ¥ be the nodal
Riemann surface without boundary obtained by capping all the boundary components of
> by discs, then 3 has arithmetic genus g.

- free marked points: an n-tuple P = (p1, -+, pn) of smooth interior points or double
boundary points*, on ¥; the support of the latter free points is required to be smooth
boundary points. The notation n = n’ +n” means that there are n’-many interior marked
points and n”-many free marked points supported in 93, when the distinction is needed.

3The definition here is based on [Liu(C): Definition 3.9]. We phrase it to make it manifest that an interior
marked point on a nodal bordered Riemann surface is allowed to move and land on the boundary to become a
double boundary point. This freedom is required to obtain a compact moduli space of stable bordered Riemann
surfaces with marked points. We avoid the term marked bordered Riemann surface to reserve its more traditional
meaning in the Teichmiiller theory of Riemann surfaces.

4For non-algebraic-geometers: in the affine R-scheme model a smooth interior point (resp. smooth boundary
point) on ¥ is modelled on a complex closed point, (z* — (¢ + &)z + ¢€), ¢ € C — R, (resp. real closed point (x — a),
a € R) in SpecR[z]. A complex closed point in SpecR[z] can be deformed to a double real point, described by
an ideal (z — a)? for some a € R, in R[z]. While a real double point as above can be deformed to a complex
closed point, a closed real point can only be deformed to another closed real point. In other words, an interior
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- boundary marked points: an m;-tuple of smooth boundary points p; = (pi1, - - , Dim,;) on
the boundary component of X labelled by i for ¢ = 1, ..., h; we require that the set of
boundary marked points is disjoint from the support of free marked points that land on
the boundary.

By definition, the set of nodes and the set of marked points on X are disjoint from each
other. Any point in the union of the two is called a special point on X.

A regqular or smooth point on X is either a smooth interior point or a smooth boundary
point on X. The set of regular points on ¥ with the induces topology and holomorphic/complex
structure is denoted by ¥, and called the regular or smooth locus of 3.

From the local model of points on ¥, one can define the normalization Y of ¥ as in algebraic
geometry. Topological, ¥ is obtained by first removing all the (interior as well as boundary) nodes
on ¥ and then filling all the resulting (interior as well as boundary) punctures by distinct points.
Y is a possibly disconnected bordered Riemann surface (with neither interior nor boundary
nodes). Let v : Y — ¥ be the normalization of ¥ and ¥ = Hiii be the disjoint union of
connected components; then each V(i,) in ¥ is called an irreducible component of X.

Let ¥ be the nodal bordered Riemann surface with the same topology as ¥ but with the
complex-conjugated holomorphic structure from that of ¥. Then ¥¢ = ¥ Uyy_g5 Y has a
canonically induced nodal Riemann surface structure without boundary. It is called the Schot-
tky/complex double of 3. By construction, there is an involution T that acts on ¢ by complex
conjugation. ) )

An isomorphism h : (3,0%,p,p1, -+ , br) — (X',0%', 9,9}, - -, p,) from a labelled-border-
ed Riemann surface to another of the same type is a bi-holomorphic map h : (X,9%) — (¥/,0%)
that preserves the label of the boundary components and sends p; to p}, gi; to qgj. An au-
tomorphism of (2,05, 5, p1, -+, Pp) is an isomorphism from (3,05, 5, p1, -, Pp) to itself.
(X,0%,p,p1, -+, Pr) is called stable if its group Aut (X, 0%, p,p1, - -+ , Pr) of automorphisms is
finite. )

We will denote the data (X, 0%, p, p1, - -+ , Dr) also by (3, 0%) or X in short. The isomorphism
class of labelled-bordered Riemann surfaces isomorphic to ¥ will be denoted [X]. When there
is no chance of confusion, we will call ¥ also a curve and denote it by C, as a 1-dimensional
scheme over SpecC or SpecR in algebraic geometry with labelled irreducible components of R-
locus and marked points. The moduli space of isomorphism classes of stable (resp. prestable)

labelled-bordered Riemann surfaces of type ((g,h), (n,m)) will be denoted M(g,h),(n,rﬁ) (resp.

Mg.h),(n,i))-

Theorem 2.2 [M(g,h),(n,ﬁi)]' The moduli space M(g,h),(n,m) of stable labelled-bordered Riemann
surfaces with marked points of type ((g,h), (n,m)), with its topology defined via the dilatation
of quasi-conformal maps and their composition with circle/arc-with-ends-in-boundary pinching
maps or via the local Fenchel-Nielsen coordinates associated to pants-decompositions, is a com-
pact, Hausdorff, orientable orbifold-with-corners.

See [Liu(C): Theorem 4.9, Theorem 4.14] and the quoted references there.
The universal deformation C/Def (%) of ¥, canonically acted upon by Aut(X), provides a
local orbifold-chart s : Def(X) — Mg py, (mm) around [X] in Mg p) (n.m)- Topologically this

marked point in ¥ can be deformed to a double boundary point on 9% and vice versa. Together, we name them
free marked points on . Thus, a free marked point, whether in the interior or on boundary, always have real
2-dimensional family of deformations. In particular, fixing a complex point always contributes two real constraints
whether that point is in the interior or on the boundary. In contrast, a boundary marked point on ¥ can move
around only in the boundary 9% and contributes only one real condition.
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is a quotient of a neighborhood of the origin in the manifold-with-corners

Baty, (Qsc (i +7) + Xy Sy o) Osc)

o
~ C3g—3+h+n’ « B x RP—mntmit-+mp o (Rzo)"b”

by Aut(X), where +7 is the fixed-point locus of the induced action of 7 on «, H = the closed
upper half-plane {z € C : Im(z) > 0}, and n = n’ +n". As an orbifold, M, s (nm) goes
with a universal family, denotes also by C /ﬂ(g,h),(n,ﬁi)- We will call this C the universal curve

of type ((g,h), (n,m)). ﬂ(g,h),(nﬁ) is naturally stratified by a finite collection of locally closed

sub-orbifolds-with-corners. The stratification is governed by the topological type (i.e. equivalence

up to homeomorphisms of the underlying topology of punctured bordered Riemann surfaces)

and the degeneration patterns of a labelled-bordered Riemann surface with marked points. See,
g., [Liu(C): Figures 1, 2, 3, 9, 10, 11] for illustrations of such stratifications.

Local chart on Mv(g,h),(n,ﬁi)'

There are 11 types of unstable (irreducible) components that can happen for a prestable labelled-
bordered Riemann surface: (1) closed component: (g = 0) P! with 0, 1, or 2 special points;
(g = 1) torus without special points or nodal torus with one node and without marked points;
(2) bordered component : (all with g = 0) 2-disc D? with 0 or 1 free marked point; or D? with
1 or 2 boundary marked points; annulus without special point or nodal annulus with one node
and without marked points. These components contribute positive-dimensional subgroups to
Aut(X). The following discussion is an immediate generalization of [F-O: pp. 989 - 990] and
[Siel: Sec. 2.2] to the case of labelled-bordered Riemann surfaces. The moduli space M(g h),(n,m)
of isomorphism classes of prestable labelled-bordered Riemann surfaces of type ((g, k), (n,m))
can be associated to an Artin stack. The discussion below gives a substitute quotient topology
structure.

A semi-universal deformation C/Def(X) of X, together with a specification of an approzimate
pseudo-Aut(X)-action on C/Def(X), defines a local chart

Yy ¢+ Def(S) — Mg nim)

of [X] € M(g,h),(n,m)' Such a pair of data can be constructed as follows:

(1) the defining family C/Def(X) of the chart: Let ¥’ = (X, (p’.).), where (p’). is a minimal
tuple of rigidifying additional marked points on 3 that are disjoint from all the existing
special points of ¥.. Take C/Def(X) to be the universal deformation C’'/Def(¥’) of ¥’ with
the sections s’ associated to p’’s removed.

(2) the approximate pseudo-Aut(X)-action: Let e be the identity element of Aut(X) and
recall that the central fiber C{, of C'/Def (') is ¥’. Consider the product family (Aut(X) x
C")/(Aut (X) x Def(X')). First, extend the section s. over {e} x Def(X') to over Aut(X) x
{0} by setting s’ (0,0) = o - p’. Then, further extend them to a collection of sections s’
over a neighborhood (still denoted by Aut(3) x Def ('), though in general it may not be
a product) of Aut(X) x {0} C Aut(X) x Def(¥X) whose image in a fiber are disjoint from
each other and from the special points and the image of the existing sections associated
Y on that fiber. This can always be done but is non-canonical /non-unique. Denote the
resulting family by ((Aut(X) x C)/(Aut(X)Def (X)), (s").) and the restriction of s’ to
over {o} x Def(X) by s’ ,
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- From the universal property of the family C’/Def(3’) the unique isomorphism from the
central fiber (X, (o-p').) of the family (({c} xC)/({c} x Def (X)), (s.,s).) to the central
fiber X' of C’'/Def(¥') extends to a unique isomorphism

0, ({o} x C)/({o} x Def(X)) — C'/Def(X),

assuming that the neighborhood of Aut(X) x {0} in Aut(X) x Def(X) we chose is small
enough.

- Let
Fy : ({0} x ©)/({o} x Def(S), (5. ,).) — C/Def(),

be the forgetful isomorphism that forgets the tuple (s’ ;). of rigidifying section. The
morphism

Py ¢ (Aut(X) x C)/(Aut(X) x Def(¥)) — C/Def (%)
(0,7) — o-x = (F,o® ~to F Y (x)

e

defines then an approzimate® pseudo-Aut (%)-action on C/Def(2).

(3) The coordinate map s : The family C/Def(¥) specifies a map ;5 : Def(¥) — M(g,h)7(n7m)

by sending b € Def(X) to the isomorphism class [C}] € ./K/lv(g7h)7(n7m) of the fiber Cj of C
over b.

Topologically, 1[5 is a quotient of a neighborhood of the origin of the manifold-with-corners

. T
Eaty,, (QZC(Zyzl(pi + i) + Z?:1 311 Dk + Diigidifying) Om)

~ C39—3+h+n+de E"” w RA—nontmit - +mptdy o (Rxp)™n

by the induced Aut(X)-action, where Diigiditying is @ minimal 7-invariant rigidifying divisor on
Y.¢ whose support is disjoint from the existing special points on Y, n == n’+n", and d.. (resp.
dp) is the complex (resp. real) dimension of the product of the automorphism group of the closed
(resp. bordered) unstable components of ¥. The stacky (real) dimension of these charts, i.e.
dim Def(X) — dim Aut(X), remains 6g — 6 + 3h + 2n + mi+,-- - + my,.

Definition 2.3 [standard local chart of M(g,h),(n,fﬁ)]' We will call the tuple (Def (%), ®sy, ¥r5y),

in short Def(%), a standard local chart of [¥] € Mg py (n,m) and the C that accompanies Def(¥)
in the construction and is equipped with the approximate pseudo-Aut(X)-action the universal
curve over the chart Def(X).

Resemblance of the approximate pseudo-action with a pseudo-action.

®(y; defines a relation ~ on Def(X) generated by by ~ by if there exists a o € Aut(X) such that
bs = o - by. As the major step of the construction is a morphism to the universal deformation
space of ¥ with added rigidifying marked points, it remains true that two fibers Cj, and Cj, of
C/Def(X) are isomorphic if and only if b; ~ be; and, in this case, an isomorphism Cj, ~ C, can
be given by the composition oy - ... o for some o1, ..., ox € Aut(X). Furthermore, as long

SHere, the term “approzimate’ is referring to the fact that the composition law Oi5(01, Py (02, 7)) =
®(5)(0102, ) may not hold but, for Def(X) small enough, ®x)(01, P5)(02,x)) is always in a small neighbor-
hood of ®(xj(0102, ).
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as Def(X) in the construction is small enough, the map o : C/Def(X) — C/Def(X) is bijective
on the domain it is defined. These two properties make the approximate pseudo-Aut (X)-action
on C/Def(X) equally good as a genuine one.

Definition 2.4 [Aut(X)-orbit]. An equivalence class of ~ in Def(X) is called an Aut(X)-orbit
on Def(X). Similarly for the approximate pseudo-Aut(X)-action on C.

Def(3) admits a stratification by locally closed subsets such that points in the same stratum
have the corresponding fibers in C of the same topological type. It follows that the approximate
pseudo- Aut (X)-action leaves each stratum invariant and points of Def(X) in the same fiber have
their Aut(X)-orbits of the same dimension. When not of the finitely many exceptional types,
a general point b € Def(X) has the Aut(X)-orbit Aut(X) - b of the same dimension as Aut(3),
while 0 € Def(X), which corresponds to the fiber ¥, is always a fixed point of Aut(X).

Remark 2.5 [abelian Aut(X)]. When Aut(X) is abelian, a similar construction as in Sec. 1.1.2
shows that Aut(X) does pseudo-acts on C/Def(X) in this case.

Lemma 2.6 [pseudo-I'-Aut.(X)°-action]. Let I' be a finite subgroup of Aut(3), Aut.(X)° be
a small enough neighborhood of the identity element e of Aut(X), and

I Aute(X) = Uger 0+ Auto(X)°. Then, possibly after shrinking Def(X), the defining I'Aut(X)°-
action on the center fiber X of C/Def(X) extends to a pseudo-action on C/Def(X) by isomor-
phisms. This pseudo-T'- Aut.(X)°-action extends to an approximate pseudo-Aut(X)-action on
C/Def(X) by isomorphisms.

Proof. Fix a rigidifying devisor ) p’ on ¥ away from the nodes and let ¥ = (Ug, N;)U(U;V;) be
a neck-trunk decomposition of 3 (cf. the thick-thin decomposition of ¥ when ¥ is of hyperbolic
type), where N; is a neck on ¥ in a small neighborhood of node ¢; with ¢; running over the set
of nodes of ¥, and V; be a connected component of ¥ — U, IV;, such that I'- Aut.(X)°(U;0N;)
remains in a tubular neighborhood of U;0N; in ¥ and the I Aut(X)°-orbits of all marked points,
including the added regidifying ones p’ , are away from this tubular neighborhood. As I' sends
nodes to nodes, this can be realized as long as Aut.(X)° is small enough. Extend this neck-trunk
decomposition of X to a neck-trunk decomposition

C/Def(X) = (Ug, Neck(q)) U (U; Trunk;)

of C/Def(X), where {¢;}; is the set of nodes of ¥; Neck(q;) is a neck region in C associated
to ¢;; and {Trunk;/Def(X)}; is the set of connected components of C/Def(X) — Neck(q;),
equipped with a fixed product decomposition Trunk; = Def(X) x V;. This can be realized
as long as Def(X) is small enough. Denote the section of C/Def(X) associated to p’ by s’.. The
specification of a neck-trunk decomposition of C/Def(X) specifies simultaneously how each fiber
of C/Def(X) is obtained from a cut-and-paste of X, (cf. the re-forging morphisms in Sec. 1.1.1).
This then induces a pseudo-I'- Aut.(X)°-action

o ¢ (T Auto(8)°) x (C/Def(S)) — C/Def(S)

on C/Def(X) as the cut-and-paste region remain near the neck region of ¥ under the smallness
assumption of Aut.(X)°. This proves the first statement of the lemma.

To extend this to an approximate pseudo-Aut (X)-action on C/Def(X), consider the product
family (Aut(X) x C)/(Aut (X) x Def(X)). Recall s’ the sections of C/Def(X) that correspond to
the added rigidifying points p’. on X. Their image lies in the trunk region of C/Def(X). Extend
these sections first to over T'- Aut.(X)° x Def(X) by setting s” , = o - s, over {g} x Def(%),

g
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where ({o} x C)/({o} x Def(X)) is canonically identified with C/Def(X). These sections again
have their image in the trunk region of ({o} x C)/({o} x Def(X)). Extend these sections next to
over Aut(X) x {0} as well by the Aut(X)-action on ¥. Finally extend the resulting sections to
over Aut(X) x Def(X). This then defines an approximate pseudo-Aut(X)-action on C/Def(X)
by isomorphisms that extends the pseudo-T'- Aut.(X)°-action constructed. This concludes the
proof.

O

The same argument gives also:

Lemma 2.7 [finite group|. Any finite group action on ¥ by automorphisms extends to an
action on C/Def(X) by isomorphisms. This action extends to a pseudo- I'- Aut.(X)°-action on
C/Def(X) and then to an approximate pseudo-Aut(X) on C/Def(X), both by isomorphisms.

The quotient topology on ./K/lv(g7h)7(n7m) and the stabilization morphism.

The quotient topology on .//\-/lv(g’h)’(n’ﬁ‘l) is defined by setting a subset U C ./K/lv(g7h)7(n7m) to be open if

U = UaU, such that there exist a collection of standard local charts (Vy, @y, 14) of M(g,h),(n,rﬁ)
such that U, C 14 (V,) and that ¥ '(U,) is open in V,. This is similar to the construction in
Sec. 1.1.3 and Sec. 1.2 for the quotient topology on B and A.

For ((g,h),(n,m)) with 2(29 + h +n) + my + --- + my, > 5, stabilization of prestable
labelled-bordered Riemann surfaces by contracting the unstable components gives rise to a flat
local complete intersection morphism® st : C/Def(X) — Csi/Def(Zst), together with a group
homomorphism Aut(X) — Aut(3s) that makes st equivariant, for each [¥] € ./K/lv(g7h)7(n7m).
The collection of these pairs of morphisms on local charts-with-structure-group descend to the
stabilization morphism st : ./K/lv(gvh)v(mm) — M(g,h),(n,ﬁi)' We say that st is a local complete
intersection morphism in the stacky sense. 1t is continuous with respect to the quotient topology
on Mg n),(n,m)- The inclusion M(g,h),(n,m) — Mg n,(n,m) 1S & section to st with open-dense image.

Remark 2.8 [local factorization of st]. Assume that 2(2g +h+n)+mi + -+ +my > 5. Let
Y = X5UXY, where the subcurve X" consists of all the unstable irreducible components of ¥ and
3% is the union of the remaining irreducible components. Then a connected component of >“
may intersect X° at either 1 or 2 nodes of X; it is called a tree in the formal case and a chain in
the latter case, in which it can only be either a chain of P! of the form IP)%I) U---u P%k) with 0 of
IP)%Z.) glued to oo of IP)%H_I), or a chain of discs D? = {2z € C : |z| < 1} of the form D(zl) u--- UD(zk)
with —/—1 of D(QZ.) glued to v/—1 of D(2Z. +1) These are reflected to the stabilization map: locally
st can be factorized to a composition of a projection map of a product space, for no collapsing or
collapsing a tree of unstable components; a map of the form 7[k] : Blk] — B in Lemma 1.1.1.4,
for collapsing a chain of unstable P! components; and a map of the form

(Rx0)**" — Ry, (to, ... tg) —> to -~ ty,

for collapsing a chain of unstable discs. Cf. [Siel: end of Sec. 2.2].

6See [Fu] for a general definition of local complete intersection morphism. Such a morphism has a well-defined
Gysin map, and hence push-pull, on cycles.
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3 The moduli space M, (i) (W/B, L|[5],7, 1) of stable maps.

In the previous two sections, we discuss respectively the targets and the domains of the maps
we want to study. However, as a lesson from the various standard moduli problems in algebraic
geometry, which can almost always be traced back to the complicated problem of Hilbert-
Schgines, to render a reasonable moduli space of maps from bordered Riemann surfaces to fibers
of W/ B , we need to fix some combinatorial quantities of such maps that are constant for a
continuous/flat family. The closed Gromov-Witten theory indicates a partial set of such data:
the combinatorial type of domain curves, the image curve class 8 € Ho(X, L;Z), and boundary
loop class 4 from Hy(L;Z). The study of [Liu(C)] implies that for open Gromov-Witten theory
the boundary effect is reflected also in the Maslov index p € Z, which is not fixed by 3 in general.
This quantity thus has to be generalized to our case and be included in the combinatorial data.
This is done in Sec. 3.1 and the generalized Maslov index does enter the operator index in
Sec. 5.3.1. However, this addition of data is not enough. While it turns out that the datum
7 from Hy(L;Z) is not influenced, the datum € Hy(X, L;Z) is not the correct choice of the
image curve class datum in our case since in general it is not well-defined to all fibers in the
family Wk]/B[k], which contains X as a fiber, due to the monodromy effect. It thus has to
be enlarged to and replace by the minimal common monodromy-invariant curve-class subset
[B] C Ha(X, L;Z), generated by  under the monodromy of Wk|/Bl[k]|, for all k € Z>o. This is
done in Sec. 3.2. Once these combinatorial data are identified, one can then define the related
moduli space M(g,h),(nﬁ)(W/B, L|[B],7, ) of maps accordingly. This is done in Sec. 3.3.

3.1 Maslov index of a map to a singular space or a relative pair.

A generalization of the notion of Maslov index to a map from a bordered Riemann surface to a
relative pair or a singular space from a symplectic cut is given in this subsection. This quantity
is needed to select a reasonable (union of) component(s) of the moduli space of stable maps in
question.

Given a C* map [ : (£,0%) — (X, L) from a prestable bordered Riemann surface ¥ to a
smooth symplectic manifold X. Endow X with a compatible almost-complex structure J that
renders T, X a complex vector bundle with T, L — (T, X)|r as a totally real subbundle. Then
E = f*(det(T.X)) is a complex line bundle on ¥ whose restriction to 93 contains a real line
subbundle Er(L) associated to f*(T.L). The Maslov index of f in this case (cf. [K-L: Definition
3.7.2]) is defined by:

Definition 3.1.1 [Maslov index - smooth target]. The Maslov index u(f) of the C* map
f above is twice the index of a general extension of Er(L) C F|gy to a real-line subbundle with

isolated singularities in F, still denoted by Er(L), over the whole ¥. For convenience, we set
wu(f) =2deg (f*det(T, X)) if either L or 0% is empty.

Note that this definition is more in the almost-complex category than in the symplectic category.
However, u(f) thus defined is independent of the choice of w-compatible J on X and the general
extension Eg on X. To turn the real line field language to the more convenient real vector
field language, one considers the complex line bundle E®2 and rephrases u(f) as the index of a
general global section s of F®? that extends the section sy, in E®2|gs5 determined by f*(T,L).

In the complex Kéhler category, the key object in the above description of p(f), namely the
(complex) determinant line bundle K := det Qx = (det 7,.X)™!, can be defined for a singular Y’
from a symplectic cut. Once having this, the Maslov index of a C*° map f : ¥ — (Y, L), with L
disjoint from the singular locus Yj;,, of Y, can be defined in exactly the same way as above: the
index of a global section s in f*(K ®(=2)) that extends a global section sz, in (f*(K ®2))|sx
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determined by f*(T,L). Taking det of a coherent sheaf in algebraic geometry brings in a twisting
effect from a divisor whose support is contained in the non-locally-free locus of the coherent sheaf
(cf. [Kn-M]). For Qy in Kéhler category, such locus coincides with the singular locus of Y. One
can compute such effect explicitly and compare them with the contribution to u(f) from each
individual smooth irreducible component of Y. The result can be stated in both the symplectic
and the almost-complex category. This gives rise to the following definitions.

Definition 3.1.2 [Maslov index - relative pair and symplectic gluing]. The Maslov
index of a C*° map from a bordered Riemann surface ¥ to a symplectic pair or a symplectic
space from a symplectic cut is defined as follows:

(1) Let (Z, L; D) be a smooth symplectic pair (Z; D) with a Lagrangian submanifold L disjoint
from D and f : (¥,0%) — (Z, L) be a C* map. Then, define the Maslov index of f relative
to D to be

W) = u(f) = 2£Z]-D,
where p(f) is the usual Maslov index of f as defined in Definition 3.1.1. (If L is empty,

then set u(f) = deg f*(Kg)(_m) = —2 f[X]- Kz. Note that both L and D in the definition
can be disconnected.)

(2) Let (Y,L) = (Y1,L1) Up,~pD, (Y2, La) be the singular symplectic space from gluing of two
Lagrangian-decorated relative pairs (Y1, L1; D1) and (Y3, Lo; Do) and f = fi U fo : 3 =
Y1 UXe — (Y7, L1) Up (Ya, L) be a C° map to (Y, L). Then, define the Maslov indez of
f to be

p(f) = pf) + ™ (f2) = (u(f1) — 2f1:[51] - D1) + (u(f2) — 2f24[S2] - Da).

(3) For a C*° map f to a symplectic space from gluing a finite collection of Lagrangian-
decorated symplectic pairs, apply Item (1) and Item (2) above inductively to define the
Maslov index u(f) or p(f).

The same definitions hold in the almost-complex category with L replaced by a totally real
submanifold and D replaced by a real-codimension-2 almost-complex submanifold.

Example 3.1.3 [relative Maslov index]. (Cf. Sec. 1.2.) Given (Z, L; D), let (Z}, Lig; D)
be the central fiber of its k-th expanded relative pairs. For an open relative stable map f : ¥ —
(Zi)> Ligg; Dpg) with the corresponding decomposition f = fol fiU - -+ U fx, where fo: Yo — Y
and f; :3; — A;, i =1, ..., k, the Maslov index of f as a relative map is then

k
Nrel(f) = (u(fo) —2fo«[X0] - Do) — 2 Z fi«[2i] - (Ka, + Dio+ Dioo),
i=1

where 1(fp) is defined as in Definition 3.1.1 for smooth target.

We list as lemmas the basic invariance properties of the Maslov index of C°° maps, as
defined above, that are part of the foundations of later discussions. The proof of these lemmas
are straightforward and hence omitted.

Lemma 3.1.4 [invariance under homotopy and deformation]. (1) Let Z be a smooth
manifold of even dimension, L be a smooth submanifold of Z of the middle dimension, and D
be a smooth codimension-2 submanifold of Z disjoint from L. Let f; : ¥ — (Z,wy), t € [0,1],
be a homotopy class of C° maps from a prestable bordered Riemann surface ¥ to (Z; D) with
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f:(0%) C L and w; is a 1-parameter family of symplectic structures (say, of class C?) on Z
keeping L a Lagrangian submanifold and D a symplectic submanifold. Then p™'(fo) = p™'(f1) .
(2) Let Y = Y1 UpYs be a space from gluing smooth even-dimensional ( manifold, codimension-2
submanifold )-pairs and L be a smooth submanifold of Y of the middle dimension disjoint from
D. Let fi : ¥ — (Y,wy), t € [0,1], be a homotopy class of C*° maps from a prestable bordered
Riemann surface X2 to' Y with fi(0X) C L and wy is a 1-parameter family of symplectic structures
(say, of class C?) on'Y keeping L a Lagrangian submanifold and D a symplectic submanifold.

Then p(fo) = p(f1)-

Lemma 3.1.5 [invariance under domain degeneration]|. Let (X, L) be either a smooth
symplectic manifold or a singular symplectic space from symplectic cut, with a Lagrangian sub-
manifold L disjoint from Xing. Let p: 3 — X be a pinching map that arise from a degeneration
of ¥ that pinches a finite disjoint union of simple loops on ¥. Given a C* map f: 3 — (X, L)
and a family of deformations of f to a g : ¥ — (X,L), Then u(f) = u(g). Similarly for C*
maps into (Z,L; D).

Lemma 3.1.6 [invariance under symplectic cut on target]. Let £ : (X,L) — Y =
(Y1, L1) Up (Yo, Lo) be a symplectic cut with Ly and Lo disjoint form D. (1) Let f : ¥ — (X, L)
be a C*® map that intersects £ 1(D) at a finite union of S'-orbits and g : ¥ — Y be the
C° map descended from f, where X is obtained from X by pinching each conmnected component
of f~Y¢"YD)) to a nodal point. Then u(g) = u(f). (2) Conversely, let g : ¥ — X be a
pre-deformable C*° map (cf. Definition 3.3.1) and f : X — X be a lifting of g, where ¥ is a
deformation of ¥ that smoothes exactly the nodes g~ *(D) in X. Then u(f) = u(g).

We remark that, if one associates the symplectic cut £ to a symplectic deformation family as
constructed in [Go], [MC-W], and [I-P2], then Lemma 3.1.6 is a corollary of [I-P2: Lemma 2.2].
The same statements of these lemmas, with L replaced by a totally real submanifold and D
replaced by a real-codimension-2 almost-complex submanifold, in the almost-complex category
hold as well.

Remark 3.1.7 [homotopy vs. homology]. As in the absolute case in [Liu(C)], the Maslov index of
an open relative stable map f : ¥ — (Z, L; D) or the singular (Y, L) influences the deformation
properties of f. Though a homotopy invariant, it is not determined by the image class f,[X] of
fin Ho(Z,L;Z) or Ho(Y, L; Z), cf. [K-L: Remark 4.2.2].

3.2 Monodromy effect and the choice of curve class data in H,.

Recall the symplectic cut £ : X — Y = Y7 Up Y5 and the associated almost-complex degen-
eration W/B. Let L be an Lagrangian submanifold disjoint from the cutting locus ¢~1(D)
then it gives rise to (W, B x L)/B, where L is totally real in each fiber of W/B; and the
construction in Sec. 1.1 extends immediately to give expanded degenerations (W[ |, L[k])/B[k]
with the equivariant pseudo-G,,[k]-action, the topological space (W B x L)/B, the standard
local charts p[k| : (WIk|, Lk])/B[k] — (W L)/B of (W L)/B with the product-induced map
plk] : (WI[k], L[k])/Blk] — (W, L)/B. Note that L = B x L. We remark that L[k] ~ B[k] x L
is a coisotropic submanifold in W k| and is fiberwise Lagrangian/totally-real over B[k]. We can
assume that L[k] is contained in the trunk region Uy [k] U Us[k] of W k]/B[k]. p[k] sends the dis-
criminant locus {\g - -+ Ay = 0} C B[k] of W[k|/B]k]| to the discriminant locus {0} C B of W/B
and the complement Blklieg := B[k] — {Xo --- Ay = 0} to the complement B, := B — {0}.
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Note that 71 (B[k|reg) ~ Z3(k+1) s generated by the canonically-oriented meridian S of the
(k + 1)-many coordinate hyperplanes of B[k]. Fix topological trivializations

WIKIR, o (2/a, - e27a) = R0+ (€2/4, -+, €2/4)) x X
along the diagonal ray of B[k]’s. This fixes an isomorphism
Hg(W[k],,L[k],;Z) ~ HQ(X,L;Z), for « € R>q - (62/4, e, 62/4) .

Via these identifications, m1(B[k]reg) acts on Ha(X, L;Z) by monodromy. Furthermore, since L
is contained in the truck region of X, one has:

Lemma 3.2.1 [trivial monodromy on H(L;Z)]. As a fiber of (W|k], L[k])/B[k], the mon-
odromy m1(B|klyeg)-action on Hy(L;Z) is well-defined and is trivial; and the connecting homo-
morphism 0 : Ho(X, L;Z) — Hy(L; Z) is equivariant with respect to the mi(Bklreg)-action.

Lemma/Definition 3.2.2 [(W L)/B-monodromy orbit]. For each f3 € HQ(X L;Z), all the

monodromy-orbits w1 (Blklreg) - B, k € Z>o, coincide. We will name it the (W L)/ B-monodromy
orbit of 5 and denote it by [3].

Proof. Observe that the following diagram commutes

m(x,5,2) 2 (X, L2)
ol ~ 1 plkl(@)
Hy(x.1;z) 5 my(x,L;2)

for all a € m1(B[k]reg); i-e. P[K]« is equivariant with respect to the monodromy actions. As p[k].
is the identity map under our identification and p[k]. : 71 (B[k]reg) — 71 (Breg) is surjective, the
lemma follows immediately.

(]

Since the difference of two elements in a same [f] lies in the kernel of the map
& @ Ho(X,L;Z) — Ho(Y,L;7),

each [] determines a class, denoted by &,[3], in Ho(Y, L;Z). For simplicity of notation, we will
denote &[] also by [5].

Compamson 3.2.3 [Li-Ruan and Ionel-Parker]. Though in different format, it should be noted
that (W L)/ B-monodromy orbits in Ha(X, L; Z) coincides with £ (0)-cosets, where

& @ Ho(X,L;Z) — Ho(Y,L;Z) for the moment. Thus, the curve class considered here is of
the same kind as [L-R: Sec. 5] when L is empty. Furthermore, £,1(0) is generated precisely by
the “rim tori” of [I-P1: Sec. 5] since the monodromy of all W[k|/B[k] are generated exactly
by uniform simultaneous Dehn twists over D. As remarked in ibidem it is with respect to such
a collection in Hy(X;Z) that one expects to have a degeneration-formula/gluing-theorem of
Gromov-Witten invariants. Thus the combinatorial dzit\a we use to restrict the moduli problem
of maps from bordered Riemann surfaces to fibers of (W, E) / B is the same, when L is empty, as
those in [L-R], [I-P1], and [I-P2]. See Appendix for a further comparison of [L-R] versus [I-P1],
[I-P2].

Comparison 3.2.4 [refinement of [Lil] and [Li2]]. In the algebro-geometric setting ([Lil], [Li2])
without L, one assumes the existence of a relative ample line bundle H on W/B and considers
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a fixed H-degree curve class, which in general corresponds to a collection of curve classes in
Hy(X;Z) (or A1(X)). Note that, since Hl|w,, b € B, form a flat family of line bundles with
base B, the first Chern class of H|x, and hence the fixed H-degree class, must be monodromy
invariant. As the moduli space of maps to fibers of /W/é associated to different monodromy
orbits must be disjoint from each other, Jun Li’s degeneration formula in [Lil] and [Li2] indeed
always splits into a disjoint /independent collection” of degeneration formulas, one for each mon-
odromy orbit in the fixed H-degree curve class. Since the discussion in this subsection produces
the same monodromy on Hy(X;Z) (or A1(X)) as the one associated to the Artin stack 20/B
of expanded degenerations associated to W/ B, constructed in [Lil], the /W/ B-monodromy-orbit
refinement of [Li2] is the finest refinement of Jun Li’s formula (and is indeed implicitly already
in [Li2], had a discussion of monodromy at the level of the stack 20/ been made. Further, it
has to be so for [Lil], [Li2] to be consistent with [L-R], [I-P1], [I-P2]. So this is also a consistency
check statement. See Comparison 3.2.3 above and Appendix). The examples studied in [L-Y1]
are [L-Y2] are both special cases of such refinement: there the 20/B-monodromy on Hy(X;Z)
(or A1(X)) is trivial and hence the degeneration formula of Jun Li refines to one associated to
each fixed curve class in Ho(X;Z) (or A1(X)).

3.3 The moduli space M) (n.m)(W/B,L|[5],7, 1) of stable maps to fibers of
(W,L)/B.

We now define the moduli space Mg p) (nm)(W/B, L|[8],7,11)/B of stable maps to fibers of

(W, L)/B and highlight its basic properties.

Moduli space of stable maps to fibers of (W,ZAL)/E : its topology.

Definition 3.3.1 [stable map to fibers of (W[k], Lk])/B[k]]. Let [8] be the (W,Z)/E—
monodromy orbit of 8 € Ho(X,L;Z), ¥ = (71, ... ,7n) € Hi(L; Z)®" such that 08 = v, + - +
Yh, and p € Z. A map f : (X,0%)/pt — (WIk], L[k])/Blk] from a bordered Riemann surface 3
to a fiber® of (W k], L[k])/B[k] is called prestable of (combinatorial) type ((g,h), (n,m) |[B8],7, 1)
if the following conditions are satisfied:

- X is a prestable labelled-bordered Riemann surface of type ((g,h), (n,m));

- f is continuous and f :=vo fis J-holomorphic: J o df = dfoj, where v : 3 — 3 is the
normalization of X;

- PlEL(f[2,0%)) € [8]; BlEL(f0%)) = 73 w(f) = m
- the automorphism group Aut "'8'4(f) of f as a map to (the rigid) W k] is finite.

An isomorphism between two prestable maps fi : Xi/pt — WIk]/Blk], fa : ¥2/pt —
W [k]/Blk] of the same type is a pair (a, 3)?, where o : ¥1 — Y5 is an isomorphism of prestable

"The moduli stacks involved for different monodromy orbits are disjoint from each other. They are substacks,
consisting of disjoint collections of connected components, of the moduli stack constructed in [Lil] and are equipped
with the tangent-obstruction complex and the virtual fundamental class from the restriction of those constructed
in [Li2] to related connected components. See [L-Y1] for an explicit example and discussion.

8When the fiber in question is almost-complex isomorphic to a Wy with X # 0, the existing definitions from
Gromov-Witten theory for smooth targets apply. Thus, all our focus here is on maps with singular targets. Such
focus of discussions to singular targets prevails the whole manuscript.

9The use of notation (c, 3) here is so compelling. There should be no confusion of this 8 with the curve class
B. Similarly, for the occasional use of a map g, versus the genus g.

25



labelled-bordered Riemann surfaces with marked points and 5 € G,,[k] acts on W[k|/B[k] as in
Sec. 1.1.2 such that f; o 8 = fo 0o a. The isomorphism class associated to a prestable map f will
be denoted by [f]. The group of automorphisms Aut(f) of a prestable f : ¥/pt — Wk|/BIk]
consists then of elements (a, ) € Aut(X) x Gy,[k] such that o f = foa.

A prestable map f : X/pt — (W/[k], L[k])/B[k], with image in fiber (W[k]y, L[k];), is called
non-degenerate if no irreducible components of ¥ are mapped into the singular locus W k| 5. sing
of W[k]s. For f non-degenerate, A := f~(W k] X sing) COSists of interior nodes on X. A node
g € A is called a distinguished node on X under f.

Assume that the target fiber Wk] 5 = Y for some k. Decompose a non-degenerate
prestable f by

F=Ulofi i B =ULSe — Yy = U4,

with f) = fE(i) 1 X — A Recall D;:= A; N A1 Let A; = f~1(D;) and called it the i-th
subset of distinguished nodes. Associated to g. € A; are unique q. 1 on X;) and ¢. 2 on X 1).
From the normal form of J-holomorphic map at a point ([Ye: Theorem 3.1] and [I-P1: Lemma
3.4]), fi—l(Di) is a divisor of the form ZqijeAz— 8ij,1¢ij1 on Y(;) and fz‘jrll(Di) is a divisor of the
form ZQijEAi Sij,2 ¢ij2 on X(;41). A prestable f is called pre-deformable if it is non-degenerate
and s;j1 = sij2 (=: s45) forall ¢;; € Ay, i =0, ..., k. We call s;; the contact order of f at g;;
along D;. Both the non-degeneracy condition and the pre-deformability condition are preserved
under isomorphisms between prestable maps.

Finally, a prestable f : 3/pt — (Wk].L[k])/B[k] is called stable if f is pre-deformable
and its group Aut(f) of automorphisms is finite. The moduli space of isomorphism classes
of stable maps to fibers of (Wk|, L[k])/B[k] of type ((g,h),(n,m)|[B],7,n) is denoted by

MEOSES (W (K], LIK])/BIK] | 8.7 ).

We have assumed that the almost-complex structure on W k] is C°°; thus, all maps parame-

terized by M (r; 02;25%)((1/[/[/4;], Lik])/B[k]| [B],7,p) are C* as well when restricted/lifted to the
connected components of the normalization of the domains.

For [f : ¥/pt — WIk|/BIk]] € M&OE)réilfﬁ)((W[k],L[k])/B[k] |18],7, 1), fix a Hermitian

metric!® on C/Def(X) and on Wk]. Define the energy'! of f : ¥/pt — W[k]/B[k] to be
1
B() = 5 [ 1P du,
b

where |df|? is the norm-squared of df with respect to the metric on W k] and on ¥, and du
is the area-form on ¥ with respect to the metric on 3. Then one can define a topology on

M(r;ozsrzii(iﬁ)((W[k], L[k])/Bk]| [B],7, p) similar to [Pa: Sec. 2.1] and [Ye: Definition 0.2]; see also

[Gr2], [P-W], [R-T1], [Siel]; [Liu(C)]; [I-P1], [L-R]. A point ['] in MM (W K], L[k])/ BIK]
| 18,7, 1) is said to in the (e1,e2)-neighborhood Uy, ., ([f]) of [f] if they have representatives

f:X/pt— WIk]/B[k] and f':¥'/pt — W|k]/BIk] so that

(1) there exists a surjective collapsing/pinching map c : 3’ — 3 that is a diffeomorphism from
the complement of a collection of simple loops and simple arc with ends on 9%’ on ¥/ to
the complement of the set of nodes on Y’ and collapses/pinches each simple loop (resp.
arc) in the collection to an interior (resp. boundary) node of ¥ such that

A Hermitian metric on an almost-complex space is a (Riemannian) metric so that the almost-complex struc-
ture is an isometry. Different choices of such auxiliary metrics on domains and targets define the same topology.
Here for W[k] which is equipped with a compatible pair (J,w) the metric is chosen to be the one associated to
the pair (J,w).

"Note that E(f) is conformally invariant with respect to the metric on ¥. For J w-tame and f J-holomorphic,
E(f) coincides with the symplectic area, and is determined by [8] C H2(X, L; Z).
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- (nearness of domain) Y is isomorphic to a fiber of C/Def(X) with
l7 — cejllcee < €2 on ¥ — U, and ¢(p)) in the eo-
neighborhood of p., where p., p/ are marked points
on X, Y/ that are paired by their label;

- (nearness of target and map) | f — f oc o= < g9 on ¥ — U,,, as maps to Wk];
(2) (nearness of energy)'? |E(f) — E(f")] < ea.

Here, U, is the e1-neighborhood of the set of nodes of ¥ that is small enough so that it contains
no marked points. The system {Ue, ¢, ([f]) }f:c1, e, Of subsets generates the C*-topology'® on
non-rigid .
M(g7h)7(i7m)((W[k]7L[k])/B[k] | (8], 7, 1)
The pseudo-embedding ¢y .; = (W[K'], L|k])/B[K'] — (W][k]|,L[k])/Blk], ¥ < k, I C
{0, ..., k}, from Sec. 1.1.3 induces a pseudo-embedding

ks MOOSTEL (WK, LK) /BIK] | 81,7, 1)
= MORTEL (WIK), LIK)/BIK | [8],7. 1) -

~

Define the set of isomorphism classes of stable maps to fibers of (W, L)/ B:
Mg,y W/ B, L1 81,7, 1) = (oML (WKL, LIK])/BIK]|[8,7.10)) /

where the equivalence relation ~ is generated by [f] ~ ¢pr k. 1([f']) for [f] € M ngo;; réilfn)(

(Wk], L[k])/Bk] | [8],7, 1) and [f'] € the defining domain of ¢y j.r on Méoz)rzil%)((W[k’],
LIK'))/BIK']|18],7, 1) By construction, there are embeddings of sets

k) M(I;?Zl;éii%)((w[k]7L[k])/B[k] 18], 7, 1) = Mg ny,nmy(W/B,L|[8],7,1), k€Zsp.

A subset U of M(g7h)7(n7m)(W/B,L| (8,7, 1) is said to be open if U = U,U, such that U, is
contained in the image of some ¢y and cp(_kl)(Ua) is open in M&(’Z;réii%)((W[k‘], LIk])/BIk]| 8],
Y, 1). This defines the C*-topology on the moduli space'* M(g7h)7(n7m)(W/B,L| 8], 7, 1) of

stable maps to fibers of /W/E By construction, M(g7h)7(n7m)(W/B, L|[B],7, ). fibers naturally
over B; in notation My ) (n.m)(W/B, L|[8],7, 1)/ B.

Definition 3.3.2 [tautological cover]. By construction,

{ METES (WKL, LIK))/BIK) | 18], 7, 1) }

2This condition is redundant here as E(f) = E(f’) currently. We reserve it here to stress its importance to
Compactness Theorem.

3Let M be the moduli space of pre-deformable stable maps to fibers of ((WIk], L[k])/B[k]) &
with the C*-topology from [Ye: Definition 0.2]. Then G,[k] acts on M, and our moduli space
M (W] LK) /BIk]| ---) is contained in M /G, [k] with the quotient topology. The induced subset-
topology on M ™™ 8 4((W k], L[k])/B[k]| - --) coincides with its C*-topology.

“We could have wused the notation M(h,h)y(n’ﬁl)((w,i)/g) [[8],7,1) for the moduli space
Mg.n),(nm)(W/B,L|[8],7,1). Our choice of the latter reflects the intention to keep in mind that maps
to singular fibers are meant to be limited to those that are approachable from maps to smooth fibers, (reflected,
e.g. by the pre-deformability condition). As we will show that this is indeed so at the level of Kuranishi/virtual
neighborhoods on the moduli space.

k€Z20
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is an open cover of ./\/l(g ). () y(W/B, L|[B],7,p). We will call it the tautological cover of
M g1, (niy W/ B, L | [B],7, -

Indeed, there exists kg depending (W/B, L) and ((g, h), (n,m)|[8],7, 1) such that

M (W kol Likol)/Blkol | [8], 7, 1) D M &0 (Wiko + 1], Liko + 1])/Blko + 1] | [8], 7, 1)

(g,h),(n,m)
> MEOTE (Wlko + 2], Llko +2])/Blko + 2] [8],7,) D -+ .

Thus, the tautological cover of M(g,h),(n,m) (W/B, L|[5],7, i) is finite in effect, cf. Theorem 3.3.8.
The universal maps on the universal curve over each ./\/l(ng Ozsrziliﬁ) (Wk], Lk])/B[k] | [5],7, 1) are
glued to give the universal map (between spaces with charts)

~

F : C/Mgp mamy(W/B,L|[8.7,1) — (W,L)/B.

Remark 3.53.3 [on Definition 3.3.1]. For the meaning/reason of the various conditions in Def-
inition 3.3.1: [Liu (C): Lemma 6.13], which is generalized to Lemma 5.3.1.1 in Sec. 5.3.1, ex-
plains the role of Maslov index p on infinitesimal deformations of an open stable map; [L-R:
Lemma 3.11 (3)], [I-P1: Lemma 3.3], and [Lil: Proposition 2.2] give the reason to the important
pre-deformability condition, as we want to single out maps that contribute to the degenera-
tion formula; [I-P1: Sec. 6, Step 3| explains why morphisms of maps in question are defined
so that the singular targets become non-rigid on the ruled-manifold-components from expan-
sion, as it has to so that the choice of complex-scaling renormalizations in “stretching/pulling
out” a degenerate component that falls into Wk]y sing becomes irrelevant. Furthermore, we
will see in Sec. 5.3.5 that it is the combination of all three that renders the moduli space
M(g7h)7(n7m)(W/B, L|[B),7,p)/B “virtually flat” over B. Only so can one hope for a degenera-
tion formula.

We now highlight three basic properties of Mgy (n.7)(W/B, L | [8],7, 1)/ B in parallel to [L-
R: Sec.3.3] and [I-P1: Theorem 7.4] (and to the existing literature quoted earlier on non-family
case as well).

Hausdorffness.

Let M(r;g}ig (i) ((W(k], Lk])/B[k] | [B],7, ) be the moduli space of isomorphism classes of stable

maps to fibers of rigid (W{k|, L[k])/Blk] of type ((g,h),(n,m)|[B],7, ). This is defined the
same as in Definition 3.3.1 except that a morphism between f1 : X;/pt — WIk]/BIk] and
fa : 3o/pt — Wk]/B[k| is taken to be an isomorphism « : 3; — 39 such that f1 = f2 0«
and the stability condition for f to the rigid W[k]/B[k] is that Aut'9(f) is finite. Then
[Siel: proof of Proposition 3.8] (see also [F-O: Lemma 10.4]) can be applied to show that

M e (n m)((W[k‘], L[k])/Blk]|[B],7, p) is Hausdorff. This space is indeed a singular subspace

(g:h), o
of a manifold and hence is metrizable. The moduli space M (r; Ogirzil(:ﬁ) ((W1k], LIk]))/BIk] | [8],7, 1)
is the quotient space of ./\/l(rgig}is1 (n m)((W[ |, LIk]))/Blk] | [8],7, 1) by the G,,[k]-action. Due to
|

the stability condition, all the G, [k]-orbits on M, rlgld h).(n, m)((W[k], L[k])/BIk]| [B],7, i) have the

same (real) dimension 2k. This implies that ./\/lmol{1 neid (wik], LK) /BIK] | [8],7, 1) is also

(9:h),(n,m)
Hausdorff, for k € Z>.
Given now [f], [f'] € M g.p),(nm) (W/B, L8], 7, ) assume, without loss of generality, that
the image fiber of f (resp. f’) is Y} or Wy, A # 0 (resp. Y} or Wy/) with k& > &’. Then [f],
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) € MEOEA (W [k, LK) /BIK)|[8),7, 1) As MESSTE (W k], L{k))/BIk| [8], 7, 1) eme

beds in ./\/l(g n),(nm)(W/B, L|[8],7, )/ B, this implies, by the way we define the C"*°-topology on
Mg 1), (nm)(W/B, L|[8),7,1)/B, that there are disjoint open subsets in My ) (.7 (W/B, L | []
v, 1)/ B that separate [f] and [f']. Tt follows that:

Proposition 3.3.4 [Hausdorffness]. M, ) (n.m)(W/B, L|[5],7, 1)/ B with the C*®-topology
1s Hausdorff.

This proposition can be regarded as a corollary of the stability condition on maps, in much
the same reason as in geometric-invariant-theory quotients in algebraic geometry.

Finite stratification.

We first generalize a simplified version of the constructions/operations of [B-M: Sec. 1] to incor-
porate both the boundary of bordered Riemann surfaces and the consideration in [I-P1: Sec. 7].
This defines a category ® of graphs'® whose objects label the topological types of stable maps
to fibers of (W,L)/B.

Definition 3.3.5 [weighted layered (As — A;)-graph]. Let Ay — A; be a pair of abelian
groups with a morphism. A weighted layered (A — Ay)-graph T consists of the following data:

(1) (graph with hands, bridges, legs, and fingers) — a graph T, whose set of vertices, edges,
legs, hands, bridges, and fingers are denoted by V(7), E(7), L(7), H(7), B(7), and F(7)
respectively; among them the sets H(7), F(7), L(7) are ordered, with L(7) also bi-colored
by (blue, red);

- the gluing of hands to vertices (resp. edges to vertices, bridges to hands, legs to vertices,
fingers to hands) defines the attaching map H(t) — V(1) (vesp. E(t) — Sym*(V (7)),
B(r) — Sym?(H(7)), L(t) — V(7), F(t) — H(7), where Sym?(-) is the symmetric
product of -); the attaching map F(7) — H(7), together with the ordering on the sets
H(71) and F(1), groups elements of F(7) into a tuple of tuples;

(2) (layer structure) a map layer : V(r) — {0,---,k+ 1}, for a k € Z>p, such that
Im (layer) is either {0}, {k + 1}, or the whole {0, --- , k+ 1} and that, if vy, vo € V(1)
is connected by an edge e € E(7), then either layer(vi) = layer(vs), in which case we call
e an ordinary edge, or |layer (v1) — layer (v2)| = 1, in which case we call e a distinguished
edge; the set of ordinary (resp. distinguished) edges is denoted by E°(7) (resp. ET(7)); by
definition, E(7) = E°(1) I ET(1);

- we require that a hand can be attached only to a vertex in layer ~1({0, k + 1}) and a red
leg can be attached only to a vertex to which there is a hand attached;

15Tn this simplified presentation, we directly identify a (plain) graph with its geometric realization, i.e. a
simplicial 1-complex consisting of a finite collection of points (i.e. vertices); a finite collection of (un-oriented) line
segments (i.e. edges), with both ends attached to vertices; a finite collection of (un-oriented) line segments (i.e.
legs, hands or roots) with only one end attached to vertices; a finite collection of (un-oriented) line segments (i.e.
bridges) with both ends attached to free ends of hands, and a finite collection of (un-oriented) line segments (i.e.
fingers) with only one end attached to free end of hands. We will denote a graph by 7 (not to be confused with
the involution 7 in Definition 2.1). The full formal language in [B-M: Sec. 1] can be recovered whenever needed.
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(3) (weight functions)

g : V(r) — Z>p;

b:V(r) = Ag, v: H(T) — A1 such that the morphism Ay — A
takes > cy (o) 0(v) t0 3 e pir) ¥(R) 3

ord : EY(T) — Z>1;

(4) an assignment 7 +— pu(7) € Z, called the index of 7.

An isomorphism « : 71 — T between two weighted layered (As — Aj)-graphs is an isotopy
class of isomorphisms 7 — 79 as a simplicial complex that induces isomorphisms of sets, ordered
sets, or bi-colored ordered sets whichever applicable: V(1) = V (), H(r1) = H(7), E(11) =
E(m), B(t1) = B(m), L(11) = L(r2), F(11) = F(72) and that preserves the layer layer(-),
weights g(-), b(-), v(+), ord(-), and the index u(-).

Denote by (A2 — A1) (or simply & when Ay — A; is understood) the category whose ob-
jects are weighted layered (As — Aj)-graphs and whose morphisms are given by isomorphisms.

Define the core 70 of a weighted layered (A — Aj)-graph to be the (weighted layered) sub-
graph of 7 by removing the hands, bridges, legs, and fingers from 7. For a connected weighted
layered (A — Aj)-graph 7, define the genus of 7 to be

veV (r)

and the b-weight b(T) of T to be

br) = > bv).
)

veV (r

For general 7, define its genus and b-weight by summing genus and b-weight over its connected
components. Let 71, 75 be connected weighted layered (As — Aj)-graphs of the same index. A
contraction from 7 to 79 is a homotopy class of surjective simplicial pseudo-maps ¢ : 71 — 7
such that

- the defining domain of ¢ contains 7 — B(7y);

- let layer : V(1) — {0, ..., k1 + 1} and layer : V(2) — {0, ..., k2 + 1} be the layer
structure of 7, and 7y respectively; then ki > ko and there exists a non-decreasing map
I:{0,...,k+1} = {0, ..., ko+1} such that Iolayer(v) = layer(c(v)) for all v € V(11);

- ¢ is a deformation retract on its defining domain; the induced maps from H (1) to H(72),
L(m) to L(m), and F(71) to F(72) are bijective;

- let v € V(73), then ¢~!(v) is connected and g(v) = g(c™'(v)), b(v) = b(c™1(v));
- if e € Ef(71) is not mapped to a vertex of 7 then c(e) € Ef(m3) and ord (e) = ord (c(e)).

A (red-to-blue) color change rb : 71 — 75 is a change of the color of some red legs to blue,
leaving everything else the same. Both contractions and color-changes preserve g and b-weight
of weighted layered (A — Aj)-graphs.

Associated to a point [f : $/pt — (W,L)/B] € Mg p),(nm)(W/B, L|[B],7, 1), with target
isomorphic to (Y}, L), is a weighted layered graph 7y via the following correspondence
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f:3—= (Y, L)

(Ha(Y, L; Z) % Hy(L;Z))-graph 7

irreducible component ¥, of X
labelled boundary component (0%,)n of X,
(including boundary node qp, of type E)
ordinary interior node g connecting ¥, , ¥,
distinguished node g connecting X, , Yo,
boundary node q of type H connecting (0%X),
and (90%)n,
free marked point p on %,
interior marked point
boundary free marked point
boundary marked point p € (0X)n

3y such that f(3,) C A;

vertez v € V(1)
hand h € H(T) attached to v

ordinary edge eq with ends attached to (vi,v2)
distinguished edge eq with ends attached to (v1,v2)
bridge by attached to the free ends of (hi, h2)

leg I, attached to vertex v
blue leg
red leg
finger fp attached to the free end of hand h

layer (v) =i, v € V(1)

9(3v) g(v), v € V(r)
f[E0] b(v),veV(r
FA(O0)n] if 05, £ 0

v(h), h € H(T)
Maslov index u(f) u(r
distinguished node q of contact order s

S

rd(eq) = s, eq € ET(T)

where it is understood that, when X, = X,,, v1 = vo. It is clear that 7 is defined to the
isomorphism class [f] of f. We call 7(5) the dual (weighted layered) graph of f or [f]. Two stable
maps f1: X1/pt = Wk1]|/Blki], fo : ¥a/pt — Wks|/Blkz] are said to be of the same topological
type if 7(4,) is isomorphic to 7y, in the category ®. Degenerations of stable maps to fibers of

(/W,E) /E are reflected contravariantly by compositions of contractions and color-changes of
their dual graphs.

The following fundamental lemma on J-holomorphic maps to fibers of (W k], L[k])/Bl[k] is
a consequence of [Ye: Lemma 4.1, Lemma 4.3, Lemma 4.5] and [I-P2: the explicit construction
in Sec. 2], (see also [Gr2]; [MD-S1: Lemma 4.5.2], [F-O: Lemma 8.1], [Pa: Proposition 3.1.3],
[P-W]; and [I-P1: Lemma 1.5], [L-R: Lemma 3.8 and Lemma 3.9]):

Lemma 3.3.6 [energy lower bound]. One can fiz Hermitian metrics on Wk], k € Z>o, so
that there exists a 09 > 0 that depends only on (X, J,w) such that, for all k € Z>o,

- any non-constant J-holomorphic map f : 3/pt — (WIk|, L[k])/B[k] has E(f) > do;

- for any sequence f; : X/pt — (WIk|, LIk])/B[k] of J-holomorphic maps on ¥ and any
blow-up point'® 2 € ¥,
lim limsup E(f|g,(.)) > do-
=0 oo

The following lemma is parallel to [L-R: Lemma 3.15]. It follows from Lemma 3.3.6.

Lemma 3.3.7 [finite stratification]. The classification of stable maps by their topological
types gives rise to a finite stratification of Mg p (n.m)(W/B, L|[B],7, 1)/ B, with each stratum
S; labelled by a weighted layered (Hy(Y, L;Z), Hy(L;Z))-graph T € &.

Compactness.

16This is a point on ¥ to which a positive energy of f; condenses/accumulates in the limit. This is where a
bubbling occurs. See, e.g. [MD-S1: Lemma 4.5.5], [P-W], [Ye: Sec. 4], and [L-R: Sec. 3.2].
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The following fundamental compactness result of Gromov-Witten theory in the current con-
tents is closely related to [L-R: Theorem 3.16, Corollary 3.17, Theorem 3.20, Theorem 3.21],
and [I-P1: Theorem 7.4]. It follows from Lemma 3.3.6, Lemma 3.3.7, the compactness tech-
nique/results in [Ye]|, the compactness techniques/results in [L-R: Sec. 3.2], and the compact-
ness technique/results in [I-P1, particularly Sec. 6, Step 3] and [I-P2], as the effect around the
boundary of domains that is mapped to L is taken care of in [Ye], the effect for degeneration of
domains due around the degeneration of the neck regions of targets is taken care of in [I-P1],
and these two regions are disjoint from each other in our situation. See also [Gr2], [F-O], [I-S1],
[Pal], [P-W], and [R-T1] for the non-family case.

Theorem 3.3.8 [compactness/B]. The moduli space Mg py .7y (W/B, L|[8],7,1)/B of

stable maps to fibers of (W,Z)/E of the specified type, with the C*°-topology, is compact over a
compact subset of B.

Remark 3.3.9 [finiteness of curve classes in [§]]. It should be noted that, while [3] corresponds
to an element in Hy(Y, L : Z) under the map &, : Ho(X, L;Z) — Hy(Y, L; Z) from the symplectic
cut £ : X — Y, the (W, Bx L)/B-monodromy orbit [3] could be an infinite subset in Ho(X, L; Z).
However, only finitely many ﬂ(g,h),(n,ﬁi) (X,L|B,7,u), B € [B], can be non-empty since all the
related stable maps to X of the specified type have the same energy and one has the compactness
result of [Ye] in this case.

Before leaving this section, we should mention that the moduli problem of stable maps to
fibers of (/W, L)/B has non-trivial obstructions. The space M),y W/B, L|[8],7,1)/B is
very singular in general. The construction of a family Kuranishi structure on M(g,h),(n,rﬁ)(W/ B,
L|[5],7,1)/B, to be done in Sec. 5.3 and Sec. 5.4, is meant to accommodate such singularities
due to obstructions.

3 A 1ap T n =~ 1 1,
4 The moduli space W, (W, L)/B|[5],7,n) of stable W /-
maps.
In this section we introduce the moduli space W(lg’p h).(n m)((/W, L)/B|[B],7, 1) of WhP-maps to

fibers of (W, Z) / B. This space fibers over B and is locally embeddable into a Banach orbifold-
with-corners; it contains ﬂ(g,h),(nﬁ)(W/ B,L|[8],7,u) as a finite dimensional, compact-over-
B, singular sub-orbifold-with-corners. Members of the system of Kuranishi neighborhoods
for Mg n) (nm) (W/B, L|[8],7,1)/B, to be constructed in Sec. 5.3, are embedded in the lo-

cal singular-orbifold-charts of W(lf h).(n m)((W,Z) /B|[B],7,1)/B as finite dimensional, locally
closed, algebraic-type subsets that are flat over B. The related Banach relative tangent-space

. 1 . . .
fibration T’ WLP (T L)/B | o)/ (FluxB) and the related Banach relative obstruction-space fibration

~ 1’ - o~ oy - _ ey .
TSV}”’((T/I\/,E)/B o)/(FlaxB) OP W(gf)h)7(n7m)((W, L)/B|[B],7, 1) over Mg ) (nm) X B and their flat-

tening stratification are also given.

The foundation (Sec. 4.1) of the construction of these moduli spaces and fibrations are in
[Siel: Sec. 4 - Sec. 6]; see also [Ru] and [L-R]. These spaces will be used to study the gluability
and the gluing of family Kuranishi neighborhoods in Sec. 5.4.

We assume throughout the work that 2 < p < oo to ensure the continuity of WP~ and
WhP-maps (to be defined below) on a bordered Riemann surface.
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4.1 The moduli space W(lfh)’(n,m)(W[k], LIK]|[B],7, ) of stable W'*-maps to

(W[k], L[k]), its relative tangent and relative obstruction bundles.

For a labelled-bordered Riemann surface 3 with marked points with a Kéhler metric so that all
the boundary components are geodesics, let U, be the e-neighborhood of the set of nodes on X
with respect to the metric. Consider a measure p on X defined as follows.

- on X — U, i coincides with the area-form associated to the metric;

- around the e/2-neighborhood of a node with local polar coordinates (r,0), u = drdf, where
r is the distance function to the node and 6 parameterizes the angular direction; 6 runs
over [0, 27] for an interior node or a boundary node of type E and over the disjoint union
of two finite closed intervals for a boundary node of type H;

- on U: —U, /g, p is realized as a non-degenerate 2-form that interpolates smoothly the above
two 2-forms.

Define the LP- (resp. W¥*P)-norm for a function f on ¥ to be the LP- (resp. W*P-)norm of f
with respect to u:

1/p

1/p
1l = ( / \f\”u) S D

|pl<k

The completion of C°°(¥) with respect to the norm || - ||z, and || - ||y« is denoted by L(%)
and W*P(X) respectively. For 2 < p < oo,

C®(X) c WhP(n) c Wwhr(x) c C'(%).

The notion of bounded L- or W*P-norm depends only on the complex structure on X, not the
Kéhler metric, €, or the smooth interpolation on Us — U, /5. In particular, though such measure
p on ¥ is not invariant under Aut(X) in general, the notion of functions of bounded LP- or
W'P-norm on ¥ is invariant Aut(X). The notion generalizes to maps to manifolds or sections
of a bundle. The choice of such Sobolev sections makes the local trivialization over a base S of
the space of Sobolev sections for vector bundles of a family Cg/S of prestable labelled-bordered
Riemann surfaces with marked points over S that occurs in our problem possible; see [Siel:
Sec. 4] for the technical details, which can be generalized to our case.

The symplectic cut £ : X — Y extends to a strong deformation retract » : W/B — Y/{0}
such that the restriction 7y : W) — Y is also a symplectic cut. The post-composition of r with
p[k] : W[k]/B[k] — W/B defines a map r[k| : W[k]/B[k] — Y/pt.

Definition 4.1.1 [stable W'P-map to (W[k], L[k])]. A W'P-map h: (X,0%) — (W[k], L[k])
is said to be of (combinatorial) type ((g,h), (n,m)|[B],7, ) if ¥ is a labelled-bordered Riemann
surface of type ((g,h),(n,m)), r[klsh([Z]) = &([B]), r[k]«(h«[0X]) = 7, and the relative
homotopy class of r[k] o h contains a map of Maslov index p. h is called stable if the restriction
of h to each unstable component of ¥ is non-constant.

An isomorphism from hy : X1 — Wk] to hy : X9 — W][k] is an isomorphism « : X1 — X9
such that hy = hy o @. The isomorphism class of h is denoted by [h]. The moduli space
of isomorphisms classes of stable WP-maps to (W{k], L[k]) of type ((g,h), (n,m)|[B],7,u) is
denoted by W (WK], LIK] | [8],7, 1).

Note that the stability condition implies that Aut(h) is finite for a stable W'P-map h.
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As 2 < p < o0, a WhP-map is continuous and one can define the C°-topology on W( o), (n, )(
Wk], Lk]| [B],7, 1) by defining the (e1, e2)-neighborhood Uy, ¢, ([h]) of [h] to consist of all [h’ :

(X, 0%) — (WIk], L[k])] € W(fh)( )(W[k:],L[kt] | [5],7, i) such that there exists a surjective

collapsing/pinching map ¢ : ¥ — % that is a diffeomorphism from the complement of a collection
of simple loops and simple arc with ends on 0%’ on ¥’ to the complement of the set of nodes
on Y, and collapses/pinches each simple loop (resp. arc) in the collection to an interior (resp.
boundary) node of ¥ so that

- (nearness of domain) Y is isomorphic to a fiber of C/Def(X) with
l7 — cejllcee < €2 on ¥ — U, and ¢(p)) in the eo-
neighborhood of p., where p., p/ are marked points
on X, Y/ that are paired by their label;

- (nearness of map) [h—h oc o < 2 on Tpeg.

Here, U, is the e1-neighborhood of the set of nodes of ¥ that is small enough so that it contains
no marked points. This topology is equivalent to the L*-topology, [Siel: Proposition 5.3].

A Banach space-with-corners is the direct product of a Banach space and a polyhedral cone
at the origin in a finite-dimensional (real) vector space. A Banach orbifold-with-corners is an
orbifold locally modelled on a finite quotient of a neighborhood of the origin of a Banach space-
with-corners. The same techniques for the proof of [Siel: Proposition 3.8 and Theorem 5.1] can
be applied to prove the following theorem:

Theorem 4.1.2 [W h)(n )(W[k‘] L[K]|[B],7, 1)]- The C°-topology on the moduli space

W(léph) (n m)(W[k] Llk ] |[8],7, 1) is Hausdorff. There ezists a refinement of the C°-topology on
W(lfh) (n ﬁ)(W[k:] L[E]| [B], 7, 1) so that it becomes a (Hausdorff) Banach orbifold-with-corners.

We shall call the refined topology in the above theorem the W1P-topology on W(g n),(n, )(

Wk, Lk]| [B],7, 1). With this topology, a local orbifold-chart of [h] is modelled on the quotient
of the Banach space-with-corners from a rigidifying slice V[’f;} to the approximate pseudo-Aut (X)-

action on Def (X)x WP (X, 9%; h*TLW k], (h|)*T.L[k]) by Aut(h). Here WIP(X, 0%; h* T W k],
(h|ox)*T.L[k]) is the Banach space of W1P-sections s of the vector bundle h*T,W[k] on ¥ with
slgx taking values in (h|gx)*TiL[k]. We call (V[ Ly o= Aut([h])), a Banach orbifold-with-

corners chart of [h] in W(lfh) (n ﬁ)(W[k‘], L[] | 5], 74, p). (We will call [h] the center of the chart

for convenience.)
The system of the equivariant relative tangent bundle of the local Banach orbifold-with-
corners charts over the deformatlon - space of the domain curve in the center glue to a Banach orbi-

bundle T'% VoL (WKL | o)/ © W(gph) (n, )(W[k‘],L[k‘] | [8],7, 1), whose fiber at [h : (X,0%) —

(W[k],L[k])] is given by the Banach Aut(h)-space Wl’p(E,(‘)E;h*T*W[k], (hlox)* T (L[K])). We
call this orbi-bundle the relative tangent bundle of W(g h).(n, m)(W[k], LK) 8], 7, 1) over Mg gy (n.m)-

: 2
The same construction in [Siel: Sec. 6.1] gives a Banach orbi-bundle TVV}*Z’ (WIKLL[K] | o)/ e

on W(gph) (n, m)(W[k],L[k] |18],7, 1), whose fiber at [h : (£,0%) — (W][k], L[k])] is given by the
Banach Aut (h)-space LP(2; A% S 1h* T, W [k]) of LP-sections of A%'X@ ;h* T, W [k]. We call this

M)(W[k],L[k] | 181, 7 11) over Mgy (nm)-

The nonlinear Cauchy-Riemann operator h — 0h := 3(dh +.J o dho j) defines a section (in
the sense of orbi-bundle)

orbi-bundle the relative obstruction bundle of W(l h)(

Y f1 2
SaJ W

(o), (nmy WIEL LK [B), 7, 1) — T2

Wa'P (Wk],L[K] | o)/ M
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. . 2
of the relative obstruction bundle 7' WL (W ]LL{K]| o)/ Fla”

A connection V on T, W k] induces an partial connection on the orbi-bundle

2 . . .
TW}”’ (WIKLLEK] | o)/ 0o using the parallel transport on T, W k] associated to V. Denote this V-

induced partial connection on T 5‘} also by V; then its associated horizontal

P (Wk],L[K]| o)/ M
distribution HY at a point ([h],n) over [h] projects isomorphically to the relative tangent space

- 17 . —
T&V}”’(W[k},L[k]\.)//\?.,[h} of W(g%’h)’(n7ﬁ)(W[k],L[k] | [B],7, 1) over Mg p) (nm) at [h]. One thus

has a well-defined vertical projection © to the tangent space ([ ) T5V}’p (WIKLL{K]| *)/ ¥ . 1]

Together with the vector

for

a tangent vector at ([h],n) that projects into T&V}"’(W[k},L[k] /e

space translations on fibers of T2 ; the composition 7" o d s, defines an orbi-

Wa (WIk],L[K]| )/ M
bundle homomorphism
Do 7 T;V — Tﬁ“v.l,p

o P (WIK],LIK] | +)/ M (WkL,L[K] | o)/ M *

We shall call D9y the V-induced linearization of the nonlinear Cauchy-Riemann operator 0.
The expression for DJ; can be computed explicitly. See, e.g., [MD-S1: Eq. (3.2), Remark 3.3.1],
[Liu(C): Proposition 6.12], and [Siel: Sec. 6.3]. Note that, by definition, the J-holomorphy
locus in W(lfh)’(n’m)(W[k],L[k] |[B],7, 1) is sent by s5  to the image of the zero-section of

2 . . . . A _ . . .
T VoL (WkLLLK] | o)/ A the linearization D0y for h J-holomorphic is thus independent of V.

Finally, we remark that, as L[k] is a coisotropic submanifold that contains properly a sym-
plectic submanifold (e.g. Re(B[k]) x L) in W[k], the restriction of the orbi-bundle homomor-
phism DO; to each fiber is not Fredholm. Instead, DJ;, when restricted to fibers, has a finite-
dimensional cokernel but an infinite-dimensional kernel in general.

4.2 The moduli space W(lﬁh)(n’m)((w, L)/B|[B],7, n) of stable W'P-maps to fibers

of (ﬁ/\, L)/B, the relative W!?-tangent-obstruction fibration complex.

Definition 4.2.1 [stable W'P-map to (W([k],L[k])/B[k]]. A W'P-map h : (3,0%)/pt —
(W k], L[k])/B[k] from a bordered Riemann surface ¥ to a fiber of (W{k|, L[k])/BIk] is called
prestable of (combinatorial) type ((g,h), (n,m)|[B],7, ) if h is a stable W'P-map from (X, %)
to (WIk],L[k]) of type ((g,h),(n,m)|[5],7,p) such that the image of h lies in a fiber of
(W k], L[k])/B[k]. An isomorphism between two prestable W1P-maps h; : £y /pt — W[k]/BIk],
ho : X9 /pt — Wk]/B[k] of the same type is a pair (a, ) where o : ¥; — X is an isomorphism
of prestable labelled-bordered Riemann surfaces with marked points and 8 € G,,[k] acts on
Wk]/B[k| as in Sec. 1.1.3 such that f; o 8 = fs o . The isomorphism class associated to a
prestable WP-map h will be denoted by [h]. The group of automorphisms Aut(h) of a prestable
h: ¥ /pt — Wk]/B[k| consists of elements («, 5) € Aut(X) x G,,[k] such that Soh =hoa.

A prestable WP-map h : ¥/pt — (W[k].L[k])/BIk] is called stable if Aut(h) is finite. The
moduli space of isomorphism classes of stable W!P-maps to fibers of (W[k], L[k])/B[k] of type

(9. 1), (n,17) | [8], 7., 1) is denoted by Wi, - (WIk], LIK))/B[k] | [5).7. ).

Once having the notion of stable W'P-maps to the fibers of (W[k], L[k])/B[k], one can
apply the same procedure/routine of gluings as in Sec. 3.3 to define/obtain the moduli space

Vv\/(lf h).(n m)((Wv L)/B|[B],7, 1) of (isomorphism classes of) stable W1P-maps to the fibers of

(W,L)/B.
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The W'P- topology and the singular orbifold-with-corners structure on
17
Wr (W, D)/B (8.7, 0)-

Let W(;D h).(n, )(W[k‘],L[k‘] | (8,7, u)VIKI/BIK] he the singular (constructible) sub-orbifold-with-

corners of the Banach orbifold-with-corners W(g ) (. )(W[k;],L[k;] | [8],7, 1) whose system of
local singular orbifold-with-corners charts consists of

There exists a Banach orbifold-with-corners local chart (V”,T'y#) of
L, -
Wit oty WKL, LIK] | [8).7, 1) such tha
- V' is the subset of V" parameterizing all those W1P-maps to
(V' . Tv) (W k], L[k]) parameterized by V" whose image lies completely
in a fiber of (W[k], L[k])/B[k] and which are stable in the sense
of Definition 4.2.1;

. F‘// - PV// .

Note that V' is a locally closed subset of the corresponding V”. The gluing of the system of
local charts {(V',I'y/)}e for W(g h).(n, m)(W[k‘],L[k‘] |16], 7, )W E/BIF follows from the restric-

tion of the gluing of the subsystem {(V" ,T'y)}e of charts for W( P B, m)(W[k‘], LIk | [B],7, p)-

The natural map from W( m)(W[k‘] LIK] | [8],7, u)"WFI/BIF to B[k] defines the notation

h),(n
W(léph) (n, )(W[k:],L[ 11181,7, w)WIK/BIKl /B[k]. A singular orbifold-with-corners structure on

W(lg h).(n, )((W L) / B | [8],7, 1) can be obtained by gluing a system of singular charts from fur-
ther orbifolding appropriate subsets of the singular local charts of W( W), )(W[k‘], L[] | [5],9,
w)WIKI/BIEL | € 7, as follows.

Let p € W(lép h).(n, m)((W L)/B|[B],7, i) be represented by h : (,0%)/pt — (Y, L) /{0} C
(W{k], L[k])/B[k]. (The case the target is a smooth W), A # 0, is immediate and will be omit-
ted.) For our final purpose of studying Mg s, (n,m)(W/B, L |[B],7, it), we will assume that the
image of h has non-empty intersection with each irreducible component of Y[;). The following

discussion can be adapted to the situation when this is not the case as well. As an element in

W(lfh) (n m)(W[k;], LIK] | [8],7, w)WE/BIE et (V! T'y/) be in the form of a singular local chart-

with-corners (V/, Aut (h)*8!) centered at h. The equivariant pseudo-G,y, [k]-action on W [k]/B[k]
induces an equivariant pseudo-G,,[k]-action on W(gp h).(n, m)(W[k],L[k] |18, 7, )V K/ Bk BE]
via post-composition with maps. Locally this is a (pseudo) G,,[k]-action on the singular lo-
cal chart-with-corners V' that commutes with the I'yv-action on V. A T'y-invariant slice V},
through A in V' to rigidify this G,,[k]-action can be constructed as follows.

Let C'/V’ be the universal bordered Riemann surface with marked points over V' and F’ :
C'/V" — Wk]/B[k] be the universal map. Both are built-in from the construction of Siebert.
Let Us C X be an Aut(h)"#9-invariant sub-surface of ¥ by removing an appropriate small
neighborhood of all the nodes of ¥. Then, for V/ small enough, the Aut(h)"8-equivariant
embedding Us, < X extends to an Aut (h)"89-equivariant embedding V' x Us, < C’ over V.
This implies that there exist global sections s;, i =1, ..., k, of C’ — V' such that

- a¥si, a € Aut(h)"89] takes values in the image of V'’ x Us;
- the image of F' o a*s;, a € Aut(h)"8 lies in a neighborhood U;[k] of h o s;(0) in
Trunk [k]; ~ Blk] x (A; — Ne(D;i—1 U D;)) of W[k], cf. Remark 1.1.1.6;
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- the finite set {wg,i oFoa*s(0):i=1,..., k o€ Aut(h) rigid} lies in C — R<q, where
ma,i : Ui[k] = C — {0} is the projection map to the fiber of L from a local trivialization of
L, as an embedded submanifold in A;, i =1, ..., k, cf. Sec. 1.1.1.

Define the average function Average for a finite subset S in C — R<g by

Average (S) = e 181 Zwes (log(Jw))+v/=Targ(w))

)

where arg(w) € (—m, ). Let
5; = Average <7T2,i oFoa*s; : a€ Aut(h) rigid) .

For V' small enough, this is a well-defined Aut (h) 8 invariant function on V' fori =1, ..., k,
with values in C — R<q. The k-tuple

R:=(5,...,5) : V — (C={0})*

defines thus an Aut (h)""8'd-invariant G, [k]-equivariant map, where G,,[k] acts on (C —{0})*
(wl, e wk) — (lel, ey akwk), (0'1, ce O'k) S Gm[k] = (Cx)k Let V, = R_l(R(O)) Then
Vi, € V' is a rigidifying slice through h to the G,,[k]-action on V' and is invariant under the
I'y-action.

By construction, the residual discrete subgroup I'y;, of Aut(X) x G,,[k] that pseudo-acts on
Vj, is an extension of Aut(h)™8d by a discrete subgroup of G,,[k] whose elements fix [h] when
they descend to pseudo-act on the quotient space Vj,/Aut (h)™84. In other words, (o, 8) € Ty,
if and only if 3o h = ho«a. By shrinking V}, if necessary, one can render the pseudo I'y, -
action to an honest group action. This shows that indeed I'y, = Aut(h). Stability of h says
that FVh is finite. Thus, (V4,I'y,) defines a singular orbifold local chart-with-corners at p =

[h] € W( o h).(n, m)((W,Z) /§ |[B8],7,1). Re-write h above as h, to manifest its representing p

and denote the map Vj,, — W(fh)( )((W L)/B|[B],7, 1) that identifies Vi, /Aut (h,) with

a neighborhood of p in W(g h)(n, m)((W L)/B | 181,79, 1) by 1,, then a system of singular local
charts-with-corners on W(g h).(n, )((W L)/B|[B],7, 1) is given by {(Vh,, Aut (hy), )}, We

will identify each Vj,,/Aut(h,) directly as a subset in W(g h)(n, m)((/W, L)/B|[B],7, ).

We next construct the transition data for the local charts. Given a pair (p,q) with p €
W(gh)( )((W L)/B|[B],7, 1) and q € Vi,/Tv,,, C W(gh)( )((W L)/B|[8],7, 1), there is a
r th—lnvarlant neighborhood V, of hy in Vj, such that 1q( qp) C Vi, /Th,. The Set of embed-
dings {hq} < V}, is parameterized by a I'j, -orbit in V}, . Fixing a such embedding determines
an embedding hgp : Vgp — Vj,, up to a pre-composition with the I'y, -action on Vg, The map hgy
determines then an embedding ¢y, : I‘th —-T Vi, - The orbifold cocycle condition (cf. Definition
5.1.2 (2)) for a triple (p,q,r) with (p,q) as above and r € V,/I'y,, follows immediately. Thus,
the system {(Vyp, hgp, dgp)} (p,q) 8ives a required orbifold transition data.

The o systems {(Vs,, A (), )}y and (Vi hap 6)g) together give . singulan

orbifold-with-corners structure on W(g h).(n, )((W L)/B|[B],7, ). The induces topology on

W(lf h).(n )((W, L)/B|[B],7, 1) from these charts will be called the WP-topology on WP

i (g (mom)
( ,L)/B|[B],7, 1). Theorem 4.1.2 together with the detail above implies:

Proposition 4.2.2 [Hausdorffness]. gh)( )((W L)/B|[B],7, 1) with the WP-topology
1s Hausdorff.
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Note that there is a natural morphism (as topological spaces with a system of local charts
and gluing data) from W(g h).(n, m)((W, L)/B[B],7, 1) to Mg n),(nm)
keeping only the domain and the target in a stable-map data. It is with respect to this morphism
that we denote W( ’ph) (n, )((W L)/B 81,7, 1)/ (Mg ), (n,m) X B).

x B that forgets the map,

The relative WlP-tangent-obstruction fibration complex on
Mg.p) (i) W/ B, L|[B],7, )

The total space of the Banach orbi-bundle 7'% VoL (WKL )/t O0 W(g h)(n, m)(W[kr], L[E]| B8], 7, 1)

is itself a Banach orbifold-with-corners. The system of local trivializations of T'% VoL (W (k] L{k] | )/ e

over the system!” {(V” ,T")}, of local charts on W(g h).(n, )(W[k‘],L[k‘] | [6],7,,u) provides the
Banach orbifold-with-corners charts for 7' VL (W] LIK]| <)/ Mo with the system of gluing data. Af-
ter a refinement if necessary, we may assume that all V" are small enough, so that the collection

Vll ) FV”) }.

WeP (WH], [k]\ /M.

o~

Let {(V,T'v)}. be a (fine enough) system of local charts on W( h).(n, m)((W, L)/B|[8],7, 1)
as constructed in the previous theme, with each V' admitting

il -
{(TV” =Ty WP (WIK],LIK] | o)/ Mae

gives the Banach-orbifold-with-corners local charts for T

VcVv cv’,

where, recall that, (V/,I'y/) is a local chart on W(léph)( ﬂ)(W[k;],L[k] |16, 7, ) WIE/ B and
(V".T'yn) is a local chart on W(g ), )(W[k‘],L[k‘] |18],7, 1), for some k € Z>(¢ depending on
V. Consider the fiberwise-closed smgular (constructible) subset T3 of T‘l/,, defined by

Tl . ([h:(2,0%) — W[k]|/BIK]|,€) € T v
vV o : 5 S WLp(E,@E; h*TW[k}/B[kb (h|82)*T*L) )

where WP(X, 9%; P* Ty Bk (hlos)* T L) is the closed Banach subspace of

WP (S, 0%; T W k], (hlog)*Ti L[k]) that consists of W 'P-sections of (h* T W [k], (h|ox )*TsL[k])
that are projected to 0 under w[kl], : TuW[k] — T.B[k]. Then the I'y-action on V' canonically
lifts to an action on T‘}. The gluing data of the system {T‘},,}. extends to the lifting the gluing
data on the system {(V,Ty)}. to on {(T{t,T'v)}.. This gives rise to a singular orbifold-with-

corners T WP (@ 5y Ble) /L. The system of maps {(T{- — V)}. descends to a morphism of
orbifolds
1 P W T\/B =
T 1P((W L)/B\ )/MV. — W(g h), (nm)((WaL)/B ‘ [5]777“)7

whose fiber at p, represented by h : ¥ — Y}y, is given by the Banach Aut(p)-space
Whr(3,0%; h*T.Y}, (hlos)* T L) (:= is the closed Banach subspace of
WP (S, 0%; T W k], (hlog)*Ti L[k]) that consists of W 'P-sections of (h* T, W [k], (h|ox )*TsL[k])
that are projected to 0 under «[kl, : TL.W[k] — T\ B[k]).
The same restrict-and-descend construction applied to the collection of orbi-bundles:
{ Lo awi, i oy 7te. O ooty WKL, LIKT 181, 7, 10 }keZ>o

"The notation { - - - }e to indicate a system of objects of the form - - - will be used in many places of the work.
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gives rise to the singular orbifold-with-corners 72 with a built-in orbifold mor-

WeP (W,L)/B | )M
phism

2 P W T\/R =
T 1p((WL)/B\ )/M. — W(gh) (nm)((WvL)/B|[5]777M)7

whose fiber at p, represented by h : (3,0%) — (Y[, L), is given by the Banach Aut(p)-space
LP(S,05;A%'S @5 h* T, V).

Let B = (B—{0})IZ>¢ be the stratification of B by the homeomorphism type of the fibers
of W /B (with the stratum B — {0} labelled by —1). It induces a stratification {Sk}rez._, on

W(lép h).(n ﬁt)(W[k:], L[k]| 8], 7, 1) by taking the preimage under the forgetful morphism

~

Wb oo WL LM (8,7, 1) — B

472 _
WP (WIKLLIK [ )/ Ma T WP (Wk]LLIK] | o)/ M

are orbi-bundles on S;. We say that {S;};cz. , gives a common flattening stratification for both

TL d T2 _
WP (W]LLIE] o)/ Ma 0 WP (WKL LK | o) /M

The system of sections

_ . A 17p =~ 2
{SaJ . W(g,h),(n,ﬁ'l)(W[k]?L[k]|[5]777u) — TW}'p(W[k],L[kHO)/]\/lV.}

of each stratum in B. The restriction of T to over S;

as for a coherent sheaf in algebraic geometry'®

k‘EZZo

restricts and descends to a section (as a morphism of orbifolds)

85 W(lg;ph)( )((W L)/BH ] Y ) — T21P((W L)/B\ )/M.
2 i i
of T= WL (7 1)/B | o)/ Fha” In contrast, as the connection V on Wk| that defines the orbi-bundle
homomorphlsm -
D3y : TL — T3,

We'P (WIk],L[K] | o)/ Me WaP (W [K],LIK] | )/ Ma *

is not G, [k]-invariant, the system of these linearizations does not restrict and descend to a

linearization of J; from TL WL (T 1)/B | o)/ e to TSV}”’((VAV,Z)/B o)/ s However, as the restriction

of the linearization DOy over the J-holomorphy locus

Mgy tnaiy(W/B, LIB,7, 1) € Wb oo (W, L)/B[8],7, p)

is independent of V, one does have a morphism as an orbifold map between fibered orbifolds:

Tl

2
WEP(W,L)/B|e)/Me | Ma(W/B,L]|e) 4 Ty WEP(W,L)/B|e)/Me | Me(W/B,L|e) "

We will call this the relative WP-tangent-obstruction fibration complex on M(g’h)’(n,ﬁ'b)(W/B, L|
18], 7, 1)

This concludes our discussion for these auxiliary oo-dimensional Banach-type orbifolds. To
give an orientation for next, we remark that to go from these spaces to a finite-dimensional
object that serves as local charts for M(gvh)7(n7m)(W/B,L| [8],7, 1) in a generalized sense and
is flat over B, there are three transversality issues one has to deal with:

1811 the algebro-geometric setting, the parallel to the various T¢ and T2 here will be constructed as a coherent
sheaf on a Deligne-Mumford moduli stack from the deformation-obstruction theory of the moduli problem in
question. See, e.g. [L-T1: Sec. 1] and [Li2: Sec. 1.2, Sec. 1.3]. In the analytic category that involves Banach
orbifolds, it is simpler to construct directly the associated total space, which are themselves (singular) orbifolds,
of the would-be sheaves rather than to construct these sheaves.
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- transversality of the operator d;, or equivalently the section 55,
- transversality of matching conditions at distinguished nodes;
- transversality /S of the pre-deformability condition at distinguished nodes.

The construction of a Kuranishi structure on Mg 4) (n.m) (W/B, L |[8],7, 1)/ B is guided by the
attempt to achieve all three transversality conditions simultaneously and in a way that is flat over
B. This can be realized by a modification of 7 and the take of a system of finite-dimensional
orbifold-structure-group-invariant subsets in the local charts of these auxiliary orbifolds.

5 Construction of a family Kuranishi structure on
Mg,y (W/B, L|[B],7, u) over B.

In this rather long section, we construct a family Kuranishi structure over B for the moduli space
Mg 1), (nm)(W/B, L|[B],7, 1)/ B of stable maps to fibers of (W, L)/B. This answers incidentally
the simplest case, namely the degeneration from a symplectic cut, of the question posed in [F-O:
p. 962] on the family version of Kuranishi structure for a degeneration. The detail merges [F-O],
[Liu(C)] with [I-P2], [L-R], [Lil]; and the result gives an almost-complex/analytic/symplectic
parallel to the algebraic [Lil] and [Li2] when curves are closed.

5.1 Family Kuranishi structure modelled in the category Cspscew/C.

We extend the notion of Kuranishi structure in [F-O: Sec. 5] (and also [F-O-O-O: Appendix
2] and [Liu(C): Sec. 6.1]) and define a Kuranishi structure modelled in a specific category of
topology /geometry that appears in our problem; see also [Sat: Sec. 1] and [Th: Chapter 13] for
related discussions on orbifolds.

Kuranishi structure modelled in a category of topology/geometry.

Let C be a category of topology/geometry — e.g. smooth manifolds with corners, complex spaces
of specified type of singularities, or fibrations over a fixed topological space — in which the notion
of morphisms, embeddings, isomorphisms, bundles, and groups actions make sense. Then, the
notion of orbifolds, orbi-bundles (see also [Th]), Kuranishi neighborhoods, equivalence of Ku-
ranishi neighborhoods, and Kuranishi structures in [F-O] can be generalized by replacing the
model topology/geometry in a local chart from domains in R™ to objects in C, with diffeomor-
phisms (resp. embeddings; bundle isomorphisms, bundle embeddings) that appear in the data of
gluing replaced by isomorphisms between (resp. embeddings of, isomorphisms of bundles over,
embeddings of bundles over) objects in C.

Definition 5.1.1 [Kuranishi neighborhood-in-C]. Let M be a Hausdorff topological space
and C be a category of topology/geometry. A Kuranishi neighborhood-in-C of p € M is a 5-tuple
(Ve I'v,, By, 5 8p,p) (collectively denoted also by V,, for simplicity of notation) such that

(1) [neighborhood model ] Vp is an object in C, T'y, is a finite group that acts on V,
(as isomorphisms in C) effectively; T'y, is called the structure
group of the Kuranishi neighborhood;

(2) [obstruction bundle] Ey,

-, is a 'y, -equivariant vector bundle over V);
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(3) [ Kuranishi map| sp: Vp — By, is a 'y, -equivariant continuous section of Ey, ;

(4) [local coordinate map] 1ty : s, 1(0) — M is a continuous map which induces a home-

omorphlsm from s, L)/ I'y, to a neighborhood of p in M.

Two Kuranishi neighborhoods-in-C (Vi,, vy, v, 581, V1p)s (Vops T,y B, 5 82,9, Y2,p)
of p € M are said to be equivalent, in notation
Vi Dvas Bvay 5810 V1p) ~ (Vo Tva s Eva 3 82,9, 2p), 1

(1) dimViy, — rank By, , = dim Vs, — rank By, , =: d;

(2) their exists another Kuranishi neighborhood-in-C (V,,T'v;,, Ev;, ; sp, %) of p such that

- dimVy, — rank Ey, = d,

- there exists a group homomorphism h; : I'y; , — T'y, and an h;-equivariant vector-

bundle embedding bi)di : ( \/i’p|‘/ib’p)/‘/fp — By, [V, of the restriction of Ey, , to a
neighborhood V7’ of ¢ p( ) in V; , so that b; o Sip = SpO¢; on Vi%p and ¥ , = Y0 ¢;
on s (O)rﬂ/b z'—12

,p?

(When this happens, we say that (V,,, T'v,, Ev, ; sp, ¥p) dominates (Vip, Uy, Ev, 5 Sip, Yip)
or (Vip,I'vi,, Ev,, ; Sip, Vi p) is subordinate to (Vy, T'v;,, B, 5 8p,1p) via (hi, ¢4, (bz), i=1,2)

The following definition of Kuranishi structure is modified from [F-O-O-O: A.2.1.5- A.2.1.11],
[Liu(C): Definition 6.3], and [Th: Sec. 13.2]. It is based on the original definition of orbifolds
([Sat] and [Th]) and the notion of a “good coordinate system” ([F-O: Definition 6.1]) extracted
from a Kuranishi structure that is originally defined in a functorially-more-natural and closer-to-
stack way in [F-O: Definition 5.3] (if [F-O: Definition 5.2] is replaced by the equivalence relation
~ in Definition 5.1.1 above).

Definition 5.1.2 [Kuranishi structure-in-C|. Let M be a Hausdorff topological space and
C be a category of topology/geometry. A Kuranishi structure-in-C I on M consists of the
following data/assignment:

(1) a system

NO = {(Vp, vy, By, 8p, Up) bpemt

of Kuranishi neighborhoods-in-C, one for each p € M ;

(2) a system

of 4-tuple transition data (V;]p,hqp,(bqp,ngp), one each pair (p,q) with p € M and ¢ €

¢p(3;;1

- (transition function): Vg is an open neighborhood of 47 1(¢) in Vg, hep : Ty, — 'y,

(0)), such that

is an injective group homomorphism, ngbqp/ bgp : (Ev,|v,,)/Vap — Ev,/Vp is an hgy-
equivariant vector-bundle embedding such that (V,,I'v,, Ev, ; sp,1,) dominates the
restriction of (Vg,I'v,, Ev, ; 8¢, %) to Vpg via (hgp, dgps Ppq);

- (orbifold cocycle condition): if r € ¥q(s;1(0) N V), then there exists a y € va such

that ¢gp © ¢rqg = 7 brp o0 a neighborhood Vi, of 1771 (r) in Vi, ¢yp © drg = Y Grp OVer
Vigps and hgp 0 hyg(g) = v - hyp(g) -7~ for each g € Ty,

41



If furthermore C allows a well-defined notion of dimensions to its objects and we require that
dimVy, — rank Ey, be a constant d independent of p in the above data, then we say that the
Kuranishi structure-in-C X on M has virtual dimension d.

Two Kuranishi structures-in-C

0 1 A
Ky = <‘ﬁ§ ) = {(VLP?FVI,IHEVI,I) 331,pa¢1,p)}p€M ) ‘ﬁg ) = {(Vl,qp§ hl,qp’¢1,qpa¢1,qp)}p,q) )

0 1 A
Ky = (‘ﬁg) = {(V2,p7FVz,p,EV2,p 332,pa¢2,p)}peM ) ‘ﬁé) = {(V2,qp§ h27qpa¢2,qp7¢2,qp)}p,q>

on M are said to be equivalent, in notation KC; ~ Ko, if there exist another Kuranishi structure-
in-C on M

K = <‘ﬁ(0) = {(VED’FVP,EVP §3pa¢p)}p€M s m(l) = {(V;]pS hqpa ¢qpa éqp)}p,q)

and a system of triples of (group, space, bundle)-embedding

. R Ve 7.
{(hm, : FVi,p — Pvp s ¢Z,p : Vi,p — Vp s ¢z,p : EVi,p‘Vibp — Evp) }peM s

where Vi%p is a neighborhood of ¢ pl (p) in Vi, and ¢;, covers ¢; ,, such that

- (morphism between Kuranishi neighborhoods)
(V;)) Fva EVp 5 Sps wp) dominates (V;:,pv FVi,pv EVi,p 5 Sips Tzz)i,p) via (hi,pv ¢i,p7 ¢i,p) ;

- (compatibility with gluing) }}i,p © ]}i,qp = }}qp © hj,q s Pip © Pigp = Pgp © Pig ON Vigp,
Pip © Pigp = Pgp © Pig OVEr Vigp

i=1,2.

Remark 5.1.3 [orbifold cocycle condition]. Though we are not generally looking at a space locally
modelled on some R"™ modulo faithful finite group actions as in the definition of an orbifold,
the fact that all the maps hy, on Kuranishi neighborhoods are regarded as being defined up
to composition with elements in the structure finite group I'y, and the morphism hy, of the
structure groups are defined up to a conjugation in I'y, remain to hold in the definition of
Kuranishi structure-in-C. The expression of the compatibility of gluings via the transitions
functions {(¢gp, dgp)}p,q in terms of the orbifold cocycle condition, rather than the ordinary
cocycle condition, reflects particularly this fact. It is in such form that the setting re-phrases
the gluing in a Deligne-Mumford stack.

We should remark that a Hausdorff topological space with a Kuranishi structure is a topo-
logical analogue to a Deligne-Mumford moduli stack with a perfect tangent-obstruction complex
([B-F] and [L-T1]) and a coarse moduli space.

Example/Definition 5.1.4 [Kuranishi structure with corners]. Let C be the category
of smooth manifolds with corners, locally modelled on open sets in some R™ x (R>)"2, or
more generally, R™ x (cone in R"?), (n; and ny are allowed to vary). This gives the notion of
Kuranishi structures with corners in [F-O-O-0O: Sec. A.2] and [Liu(C): Sec. 6.1].

Example/Definition 5.1.5 [family Kuranishi structure|. Let M be a Hausdorff topological
space fibered over a base Hausdorff topological space B, in notation 7 : M — B or M/B, and
C be a category of topological spaces all of whose objects and morphisms are over B (as in the
category of schemes over a base scheme in algebraic geometry). A (family) Kuranishi structure-
in-C on M/B is a Kuranishi structure-in-C IC on M, for which all the data in Definition 5.1.1
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and Definition 5.1.2 are over B. By construction, there is a natural morphism 7 : X — B,
which restricts to the defining map V,, — B on each Kuranishi neighborhood V,,. The fiber
Ky := #71(b) of K over b € B gives a Kuranishi structure-in-Cy on the fiber M, := 7=1(b), where
Cp is the category whose objects and morphisms are from taking the restriction of objects and
morphisms in C to over b. We will denote such K on M by /B on M/B when the family
notion is emphasized. If, furthermore, there exists an open dense subset By of B and a category
C’ of topology/geometry such that each K, is a Kuranishi structure-in-C’ on M, for b € By,
then we say that /B has general fibers in C' and M/B has general fibers with a Kuranishi
structure-in-C’.

Morphisms and fibered product.

In any category of geometry, once the geometric objects are defined, the notion of morphisms
and fibered products between them have to be defined accordingly /compatibly as well since these
two are the foundation of many other notions and constructions. We will postpone them until
Sec. 7.1, where we will define these two notions in a way that works for the specific type of
topological spaces-with-a-Kuranishi-structure from the current moduli problem. We won’t need
them until then.

The category Cspscew-

We now describe the category Cspscew Over the complex line C in which our Kuranishi structure
will model. An object in Cspscew is a specific kind of stratified piecewise-smooth-with-corners
topological space with complex C'W-complex singularities and is fibered over C with smooth-
with-corner fibers except at 0, constructed as follows.

First, we introduce a complex stratified space Z(y, .. s, over the complex line C. Let 5; =

(Sil, ey Si,li) S Nli, ﬁl = (Mil, ...,,u“i) € Cli, for 7 = 0, ey k‘, and X = (/\0, ey )\k) c

Blk] := CF+1. As an affine variety, E(50, ..., 5,) 1s defined as the subvariety in C ot +I)+(k+1) .

—.

E(§07---7§k) = {(/jo,,/jk7A) : ,uijsij = )\Z’, ZZO,,k,le,,Il}

It has complex dimension dimc(Zg,, ... 5,)) = k + 1. The projection

- -

(C(Io—i-'“-i-fk)-i-(k-l-l) — .y k1 7 (ﬁOa o s )\) — X,
induces a finite flat morphism from =, 5, onto CFL of degree Hf:o H]I’:l sij, and is étale
over the complement {X AN #0,4i=0,..., k} of coordinate subspaces in B[k]. After the
post-composition with the flat morphism plk] : B[k] — C, X Aot Ak (cf. Sec. 1.1.1), one
has a flat morphism p : Z(5, . ) — C that is smooth over C — {0}.
From the system of defining equations, =, . s, is the product Hf:o Zg,, where

Er, = {(@ ) - pw® =N, g=1,..., L; }.

Eg is the fibered product of the morphisms f; : C — C, z — 2%, j = 1,..., I;. Its (CO-
)Jtopology is thus the gluing V,,,C of n; copies of C’s at the origin, where n; is the number of
orbits in the group (Z/si1Z) @ --- @ (Z/s; 1,Z) under the action generated by the translation
(e1, ...,er)— (e1+1, ..., e, +1). It follows that

- the (C%)topology of E(s5 is the product H?:o (Vy,C), which is a gluing of ng - - ng

PRRRY) gk)
copies of CF! along proper coordinate subspaces, and
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- p~Ht), t # 0, is a disjoint union of ng - -- ny copies of (C*)* with each (C*)* étale over
p[k]~'(t) C BIk].

Denote by H the coordinate subspace of B[k] whose points have coordinates \; = 0 for i € I.
It follows from the topology of Ez, . s, that p~1(0) = p[k] ™' (Hyoy) U --- U plk]~*(Hy) has
ng - n’f(n%—i_’”—i_n_lk
in p[k] ' (H (iy)- Each of these irreducible components has (C9-)topology isomorphic to C*. Let
[p[k] ' (Hy)lo be the formal sum of the subvarieties of 2z, 5,) that appear as irreducible
components of p~1(0). It follows from the defining equation, \; = 0, of p[k‘]_l(H{,-}) in Zg, .5
that

) irreducible components, with ng - -+ n;_1 ni4+1 - - - ny of them contained

k
i@, t#0, = [pH0)] = Z(sil ~sin) PR TH(Hy)lo

in the Chow group A(Z(s,, ... 5,))-
The composition of the projection map with p

[1]

n n —_ p
(50, 55) X R™ X (R>0)"™ — Ez,..5) — C

gives a flat'® fibration of E(5o,.,5) X R™ X (R>0)" over C. Let Cgpscew be the category
of Hausdorff topological spaces fibered over C that are locally modelled on an open set in
E(50,...,5,) X R™ X (R>p)™ as stratified piecewise-smooth-with-corner spaces, with the gluing
maps isomorphisms over C. Here, k, (5y, ..., 8k), n1, ng are all allowed to vary.

We can now state the main theorem of the current work, which gives the foundation of the
degeneration axiom and the gluing axiom of open Gromov-Witten invariants. Its proof takes
Sec. 5.3 - Sec. 5.4.

Theorem 5.1.6 [family Kuranishi structure on M, ;) (2 (W/B, L|[8],7,1)]. There is

a family Kuranishi structure K on Mg py (n.m)(W/B, L|[8],7, 1) over B that is modelled in
Cspscew/C, (recall that B C C). K/B s fiberwise of the same virtual dimension

vdim B M (W/B,L|+)/B == p+ (N —=3)(2—29—h)+2n+ (my + - +mp),

where 2N is the dimension of X (as a fiber of W/B). The family Kuranishi neighborhood-in-
Cspscew (Vo Tv,, Ev,isp,0p) at p = [f + (X,0%) = (Y, Liwy)] has V,/B 20 jsomorphic to a
neighborhood of the origin in the total space of the flat fibration

(B0, 50) X R™ x (R20)™ )/ C,
where

- 5 is the contact order of f along D; at the ordered set of distinguished nodes in f~1(D;),
i=0,...,k, (and recall that dimZ, . &) =2k +2);

-n1 = vdim M (W/B,L|+)/B + dimE, — (2k + n2) ; and

- ng = the total number of boundary nodes and free marked points that land on 0X.

Y For non-algebraic-geometers: the flatness of the fibration p : Z(4,,...,5,) — C is in the sense of morphisms of
schemes over the ground field C. The fiber subscheme p~'(0) over 0 € C is non-reduced; each of the irreducible
components of p~'(0) carries a multiplicity in the sense of [Ful.

2Here we use V,/B to indicate that there is built-in map V, — B. The map is not necessarily surjective.
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The homeomorphism-type {Y[k’} Yo<w <k of the targets of maps gives a I'y, -invariant stratification
{Sk Yo<w<k on the fiber Vo of V,/ B over 0 € B; each connected component of Sy is a manifold
of codimension 2k’ in V. This stratification coincides with the induced stratification on Vg
from the stratification®' of E (5o, ..y 55) -

5.2 Local transversality and locally regular almost-complex structures.

There are three types of local transversality issues in our moduli problem that have to be
understood before one can choose a good obstruction space to work on: (for a fized J)

(T1) local surjectivity of Dfa],
(T2) local transversality of evaluation maps, and

(T3) local transversality of the contact order condition along D and local
transversality of the pre-deformability conditions at a distinguished
node with a specified contact order.

Global such issues have been discussed in related symplectic Gromov-Witten theories, e.g. [MD-
S1; MD-S3], [R-T1; R-T2], and [I-P1; I-P2] (particularly for Item (3)). In dealing with transver-
sality issues, it is a standard procedure by now that one first show the sought-for transversality
properties on the related universality moduli space UM of extended tuples (J, f : ¥ — X) (or
(J,v, f: ¥ — X) where v is an additional perturbation in [I-P1], [R-T1], [R-T2]) that contains
a choice of an almost-complex structure J and a J-holomorphic map f of a fixed class. One
shows that /M is a smooth Banach manifold and then apply the Sard-Smale Theorem to the
fibration of UM over the Banach manifold 7 of allowed almost-complex structures to obtain
the sought-for transversality property for the fiber moduli space MJ over a regular value J € J
of the fibration UM — J. A good feature for such a setting is that the moduli space MJ for
J regular is a smooth orbifold of the correct dimension as expected from deformation theory.
However, it can happen that no regular J’s are integrable.

In our current moduli problem, approached along [F-O], the effect of allowing J to vary to
obtain a sought-for transversality property is absorbed into a choice of a large enough subspace F
in LP(Z;AM' Y @, f*T,. X) so that its preimage (D0,;)"H(E) in WIP(Z,0%; f*Ti. X, (flos)*T:L)
can fit into the related transversality statement. This is because the infinitesimal deformations
of J give rise to elements in LP(X;A%'Y ®@; f*T.X) as well, after the pre-composition with
df o j; and, similarly, for the additional v in [I-P1], [R-T1], [R-T2]. The larger-than-expected
dimension and the possibly-worse singularities of M’ for a fixed J that is not regular now
have to be compensated in the construction of Kuranishi structure. However, in doing so, we
may retain a good J to work on, The latter can be important for other parts in the theory, cf.
Example 5.2.3.

With these highlights in mind, we now give the precise respective statement of Conditions
(T1), (T2), and (T3) in the setting of Kuranishi structures. The domain unit disc or half
unit-disc in the following discussion is considered fized.

(1) Local surjectivity of D fé 7. This condition says that:
(T1)  The map

D0y« WHP(S,0%; f*T.X, (flog)*TeL) — LP(Z;AM'S @5 f*T.X)

5) — C**!. The coordinate-subspace stratification of C**! induces a stratification

21Recall the map E(s,,

ey

Ol Z(50, ..., §%)+
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is surjective for any non-constant J-holomorphic maps on the unit disc f : D? :=
{z € C:|z| £1} = X or on a half unit disc f : (D%, 3yD2) := ({z € C: |2| <
1,IH1 (Z) > 0}7 [_17 1]) — (Xv L)

Any almost-complex structure J that is C' close to a complex structure has this property,
cf. Example 5.2.3.

(2) Local transversality of evaluation maps. This condition says that:

(T2) Given a J-holomorphic map on the marked disc f : (D?0) — X (resp.
on the marked half unit disc f : (D%, 99D%;0) — (X, L)), there exists a (finite
dimensional) subspace E C LP(3; A% @ f*T.X) such that the differential of the
evaluation map ev associated to the marked point

Dyev : (Dfé])_l(E) — Tf(O)X
(resp. Dyev : (D) H(E) — Ty(0) L) is surjective.

This is the local Kuranishi statement for [MD-S1: Lemma 6.1.2]. Note that, in the above
expression, Dyev is defined on the whole W?(3,0%; f*T,. X, (f|ox) T L) by (Dsev)(§) = £(0),
where ¥ = (D?,0) or (D%,0).

(3) Local transversality of the contact order and the pre-deformability condition. To describe
these conditions in the Kuranishi setting, we have to introduce the objects from [I-P1] (with a
notation change: V' there = D here):

- JP . the space of pairs (J',v') where J' is an admissible almost complex structure
on the relative pair (X;D) and v/ is an element in Hom (m3T,D? wiX) (of
the lifted bundles on X x D?) that is anti-J'-linear: v o j = —J o v, (the set
of all such v will be denoted by Hom” (73T, D? miT. X));

- UM : the universal moduli space of (J’,v')-holomorphic maps (i.e. (f',¢') : D? -
X x D? such that 9, f" = v/') for some (J', /).
Let (J,0) € JP and f : D> — (X, D) be a J-holomorphic disc in X with f~1(D) = s-(0). (we
set ¢ = Id p2 for such f by convention.) Then, [I-P1: Lemma 3.4] implies that there is a divisor
map div from a neighborhood of [f] € UM to the space Div*(D?) C C* of degree s divisors

on the unit disc D?, defined by f' — f’_l(D). Let End”’(T,X) be the space of anti-J-linear
endomorphisms of T, X. Then, there is a map

Ti0 TP = End’(T.X) ® Hom’ (r3T.D* miT,X) — LP(D*A™'D?®; f*T.X)

(6], ov) — 10Ty odf oj — bv ,
where (0.J,dv) denotes an infinitesimal deformation of (J,0). Denote the image of the above
map by H. Then Djdiv is defined on the subspace (D0;) "1 (H) of WHP(D?, f*T, X). Recall
the holomorphic coordinate z on D? and fix a complex normal coordinate to D around f(0) in
D C X that is compatible with J| ). For £ in the subspace Vg := (Dydiv)~*(0) of (Dy8;) " (H),

let €™ be its normal component with respect to the normal coordinate to D. Then there is a
linear s(0)-jet-at-0 map

jets® vy — C
¢ — d*0gn0)/dz*0 .

With these preparations, the local transversality of contact order condition says that:
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(T3.1)  Given a J-holomorphic map f : D? — (X; D) such that f~1(D) is a divisor
5-(0) on D2, there exists a (finite dimensional) subspace £ C H C LP(D?* A*'D?®;
f*T. X)) such that

- Dydiv: (Dydy) " (E) = Ty.(0)Div $(D?) ~ ToC? is surjective;
- jetg(o) on the subspace (Dydiv)~1(0) of (Df0;)~(E) is also surjective.

This is the local Kuranishi statement for the combination of the related part of [I-P1: proof
of Lemma 4.2] and [I-P1: Lemma 3.4].

For the local transversality of the pre-deformability condition, consider first the fixed unit
disc D? with the marked point 0 and restrict the above discussion to maps with 0 sent to D in X.
Denote the related universal moduli space by UM°(X; D) and let f: (D?,0) — (X, D) be a J-
holomorphic map with f~!(D) = s-(0). Then there are the evaluation map evq : UM°(X; D) —
D associated to the marked point 0 and the divisor map divy from a neighborhood of [f] €
UMP(X; D) to the space Divs~1(D?) ¢ C*!, defined by f’ — f'~'(D)— (0). Their differential,
Dyevg and Dydivg, are both defined on the subspace (D0;) "1 (H) of WhP(D?, f*T,. X), where
H is from the previous discussion. Again, for the complex coordinate z on D? and a fixed

normal coordinate to D in X, has the s(0)-jet-at-0 map jet(s](o) from the subspace (D divy)~1(0)
of (D§d;)"YH) to C.
Next consider a pre-deformable J-holomorphic map

f=fiUfs : 2:=D3UyDs — Y =Y, UpYs,
of contact order s along D at the distinguished node 0. Define
W (S fTLY)
= {(&,6) e WH(D; fiT. Y1) @ WH(D3; f3T.Y2) + &(0) = £(0) }
and
DP(SAMS @) fTY) = D(DEAM D20, fiT.Y) & (DAY DE @) f5T,Y2).
Gluing of evaluation maps and their differential defines
Dyevg : W'P(S; f*T.Y) — Tp)D.

Let H; C LP(D2; A®'D? @ ; f#T.Y;) be the subspace that encodes the infinitesimal deformation
of (J,v) as in the previous discussion and set H := H1 ® Ho C LP(X; A% Y @ f*T.Y). Then,
gluing of the divisor map divy;, i = 1, 2, and their differential gives Dydivy : (D;0;) "' (H) —
T(s—1)-(0)Div s=H(D?) ®T{(s—1).(0)Div s=1(D2). Again, recall the complex coordinates z; and zz on
Df and D3 and fixed normal coordinates on (Y1, D) and (Y2, D). that is compatible with J| ().
Then, for £ = (&,&) in the subspace VP4 := (Dydiv)~1(0) of (D) H(H), let " = (£7,£3)
be its normal component with respect to the normal coordinate to ID. Then there is a linear
5(0)-jet-at-0 map

jetg® oovrd c?

¢ (¢Og)/a", a0 (0)/a5?) .

In terms of these, the local transversality of the pre-deformability condition says that:

47



(T3.2) Given a pre-deformable J-holomorphic map f = fi U fo : 3 = D% Uo
D2 — Y = Yi Up Ys of contact order s along D at the distinguished node 0, let
H := Hi ® Ho be the subspace of LP(3;AMY ®@; f*1.Y) := LP(D?; A% D? @,
fiT.Y1)® LP(D3; A% D3 ® f3T.Y>) from the previous discussion on which Ddivg :=
Ddivy 1 Ddivg 2 is defined. Then, there exists a (finite dimensional) subspace £ C ‘H
such that

- Dydivg : (Dy07)"Y(E) = T(5_1).(0)Div >~ (D?) & T(5_1).(0)Div 5~ (D?) is surjec-
tive;

- denote the subspace (Dydivg)~1(0) of (D;0;)"1(E) by (Dy0;)~1(E)P4, then
Dyevg @jetg(o) : (Df0y) H(E)Pd — TroyD @ C? is surjective.

This is the local Kuranishi statement for the combination of [I-P2: Lemma 3.5] and [I-P1:
Lemma 4.2].

Note that, in both (T3.1) and (T3.2), though the map jetf)(o) depends on the choice of a
local coordinate around 0 in the domain and a local normal coordinate to D around f(0) in the
target, the surjectivity condition stated is independent of the choices. of such coordinates.

Definition 5.2.1 [(strongly) locally regular almost-complex structure|. An almost-
complex structure J on (X, L) with L a maximal totally real submanifold (resp. on (X, L; D)
with D a codimpg-2 almost-complex submanifold) is called locally regular if the transversality
conditions (7'1), (T2) (resp. in addition, (7'3)) hold for sufficiently small holomorphic discs and
half-discs in X. Such J is called strongly locally regular if, in addition, E in Condition (T2) and
Condition (7'3), can be chosen to be supported in a compact set away from the marked point
and the distinguished node respectively.

Remark 5.2.2. Condition (T1) is said to be true for all smooth J in [F-O: (12.7.3)] and [Liu(C):
proof of Lemma 6.18]. The proof of [MD-S1: Lemma 6.1.2] can be adapted to show that
Condition (T2) always holds and F can be chosen to be supported in a compact set away from
the marked point. The proof of [I-P1: Lemma 4.2] can be adapted to show that Condition
(T3.1) also always holds. Since the domain D? is unstable, the perturbation v in [[-P1: proof
of Lemma 4.2] can be set to be 0. The argument in the proof of [I-P1: Lemma 4.2] implies then
that the F in Condition (T3.1) can be chosen to be 0. Similarly for the case of Y = Y; Up Y>
and Condition (T3.2).

Example 5.2.3 [complex structure]. Let (X, L; D) be a complex manifold (X,J) with a
maximal totally real submanifold L and a smooth divisor D. Then the local study of [Siel], [Sik],
[Ve] implies that Condition (T1) is satisfied and a right inverse Q of D, is given as an singular
integral operator. Conditions (T2) and (T3) can be directly checked by constructing a family of
local holomorphic discs or half-discs whose associated deformation vectors map surjectively to
Tr)X, Tro)L, and T Div $(D?) respectively, e.g. using the local pseudo-automorphism group
action on X around f(0). One can also choose E in Conditions (T2) and (T3) to be 0 as long
as the holomorphic disc or half-disc is small enough. This shows directly that the complex X is
strongly locally regular. Similarly for a complex manifold-divisor relative pair (Y; D) and the
singular complex space Y = Y7 Up Ys.

Assumption. From now on, we assume that the fized smooth (C*°) almost-complex structure
on targets of types X, W(k|/Blk], (Y[k]; D[k]), k € Z>¢, are all strongly locally reqular.
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5.3 Construction of family Kuranishi neighborhoods.

The foundation of the construction is the following two facts, applied in a continuous way to
Banach-space fibers of a family over a finite dimensional base.

Proposition 5.3.0.1 [Newton-Picard iteration]. ([MD-S3: Proposition A.3.4].) Let X and
Y be Banach spaces, U C X be an open set, and f: U — Y be a continuous differentiable map.
Let xo € U be such that D := df(zg) : X — Y 1is surjective and has a bounded linear right
inverse @ : Y — X. Choose positive constants § and ¢ such that ||Q|| < ¢, Bs(zo; X) C U, and

1
lo—woll <8 = ldf@) - Dl <5

Suppose that ©1 € X satisfies

9
4c’

(o9

If(z)ll <

T —T < —.
oy = woll <

Then there exists a unique x € X such that
f(ﬂi‘) :07 rT—T1 € Iva ||33'—£L'0H éé
Moreover, ||x — z1]| < 2¢||f(z1)].

Theorem 5.3.0.2 [implicit function theorem]|. ([MD-S3: Theorem A.3.3].) Let X and Y
be Banach spaces, U C X be an open set, and | be a positive integer. If f : U — Y is of class

C' and y is a reqular value of f (i.e. df (x) surjective with a right inverse for every x € f~'(y)).
then M := f~1(y) C X is a C' Banach manifold and T,M = Ker df (x) for every x € M.

With notations therein, Proposition 5.3.0.1 and Theorem 5.3.0.2 together imply that, for
xg € M, there is a homeomorphism from a neighborhood of 0 € T, M to a neighborhood of
xg € M. We now resume our study and notations.

The construction of a Kuranishi neighborhood involves the construction of a (continuous)
family of objects and maps that fit into Proposition 5.3.0.1 and Theorem 5.3.0.2. Relevant tech-
niques and results in (closed) [MD-S1: Sec. 3.3, Appendix A], [MD-S3: Sec. 3.5, Chapter 10], [F-
O: Sec. 12 - Sec. 14]; (closed relative and closed degeneration) [I-P1: Sec.3, Sec. 4, Sec. 6, Sec. 7],
[I-P2: Sec. 5 - Sec. 9], [L-R: Sec. 4]; and (open) [Liu(C): Sec. 6.4] for various related symplectic
Gromov-Witten theories will be adapted and used to construct a family Kuranishi neighborhood-
in-Cypscew V) at each p = [f : (X,0%) — (Y[k], L)] € Mg n),mm)(W/B,L|[3],7, 1) for an open
Gromov-Witten theory of the degeneration family W/B. The following diagram/flow-chart
outlines the construction:

o step (1)

‘choice of a saturated obstruction space E, at p

o step (2)
U o linearized (J, E,)-stability condition

Ker(np,0D;0)PY in WLP(S,0%; f*T.Yj, (flos)* TiLiy)

I« upper semi-continuity of index(Dds) w.r.t. Bk

the product space Def(X) x B[k] x Ker(ng, o D;d;)PY is large enough
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U « system of algebraic equations for
target-deformation-driven deformations of %

algebraic subset 17p of Def(X) x B[k] x Ker(ng, o D;dy)P9,
which projects to a constructible subset 7, (I7p) in Def(X) x B[k]

o step (3)

« piecewise-continuous section 7me(V,) — V, with image closure ©,

U o gluing construction around three types - ordinary interior,
boundary, and distinguished interior - of nodes on %

« exponential-map construction

piecewise-continuous—w.(IN/p)—family, which extends to a continuous-f/p-family, of pre-
deformable approximate-J-stable C* maps h,pprox, . from X. to fibers of W[k|/B[k]

o step (4)

¢ I/, induces a trivialized obstruction bundle E;/p over YN/,)
with fiber B, C LP(Z.;A%'Y, @; At T (Wk].))
« construction of a 7r.(‘~/p)-fa,mily of uniformly bounded
U right inverse Q. to mwg, o D;L_a]
o Proposition 5.3.0.1 + Theorem 5.3.0.2:
Newton’s iteration method to deform approximate solutions
to exact solutions to the (J, E)-holomorphy equation

V,-family of (exact) (J, E)-stable maps f. from X. to fibers of W(k]/BIk]

o step (5) [rigidification]

| the J-holomorphy of the Aut(X) x G, [k]-action

a maximal subset V, in YN/p through p, transverse to the Aut(X) x G,,[k]-orbit of p

(This converts ‘maps to fibers of Wk]/B[k]’ to ‘maps to fibers of /W/E )

o Kursnishi map s, :V, — Ey, from the 0-operator

o stability of p, T'v, = Aut(p)
e 5;1(0) — U, : orbifold quotient map to a neighborhood of p

V,/B: a Kuranishi neighborhood-in-Cypsccw 0f p on My p) (nmy(W/B, L|[B],7, 1) /B

Step (4) is the analytical core in the construction. The algebraic system in Step (2), the distin-
guished nodes in Step (3), and the conversion in Step (5) from ‘maps to fibers of W[k]/B[k]’ back
to ‘maps to fibers of W /B™’ are the main substeps for which the singularity of the degenerate

fiber Wy = Y1 Up Y> plays a role.

Throughout this subsection, we let p = (%, o%; Dy Py -+ s
central fiber (Yv[k], L[k]) of W[k’]/B[k‘], and p(l) = (E(i), (82)(2), ﬁ(
associated submap to the irreducible component A; of Y, for i =

(i)s -+ Dhi); J(i)) be the

Pr; f) be a stable map to the
DE _)1,
0, ..., k+1. (By construction,
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(82)(2')7 Pj,i) can be non-empty only for i = 0 and k£ + 1.) We denote the labelled-bordered
Riemann surface with marked points (2, d; f, 1, ..., ph) also simply by ¥. The corresponding
point of p in Mg p) (nm) (W/B, L|[8],7, 1) will also be denoted by p. Let A; = f~1(D;) and
A=1I; k "o \i be the set of distinguished nodes on ¥ under f. Let s = (50, - - -, 5) be the tuple
of contact orders of f at A. Both Aut(p) and Aut(f) mean the same. Denote by Aut (p)domain
(resp. Aut(p)t?'&®) the subgroup of Aut(X) (resp. G,,[k]) that consists of a (resp. 3) such that
there is an (a, ) in Aut(f). These groups are all finite. With a re-adjustment, we assume
that the auxiliary Kihler metric on C/Def(X) is Aut (p)d°™a"invariant and the symplectic and,
hence, the metric structure on W k] are Aut(p)*® & invariant.

5.3.1 Choice of obstruction space E, of M, ) .z (W/B,L|[5],7, 1) at p.
The index of the linearized operator Df5 ;7 of 0; at f.

The fiber of the W1 P-tangent-obstruction fibration complex

1
Tlp

2
(W,L)/B|e)/Ms | Me(W/B,L]0) =5 WEP(W,L)/B|e)/Mes | Me(W/B,L|s)

at p has a C'-, C*®-, and W'P-parallel as follows: (by convention, 0% ;) =0 = Lk]() for
i=1,...,k)

CY(2,0%; f* Ty, (flos) Tu L)
= { €l € ol O30y, 050y £y Ty, (Flomy ) Telp )
: g(j)‘AJ = S(j—l—l)’/\j S (f’AJ)*T*D] 7j = 07 AR k} )

CU S A @) fTLYy) = &) C' (S, A6 @1 fH Tl ),
and -
Dy0y © C®(%,0%; f* T}y, (flos) Tilp) — C®(S;AME @, T Yy),
Dydy : WHP(E,0%; f* TV, (flos) Telyy) — LP(S5A%'S @y fTYj).-

For V the Levi-Civita connection of the metric on Y induced by (w, J), the linearization Doy
of 0; is given by

(D)) = 5 (VEodf + ToVEodfoj + VeTodfoj) .

on the irreducible components of ¥ for which f is not constant, cf. [Liu(C): Proposition 6.12];
see also [MD-S1: Eq. (3.2) and Remark 3.3.1]. For an irreducible component of ¥ on which f
is a constant map. the related bundles, (f*T%Yy, (flos) T L) and AY ®; f*T.Y}y, on that
component are of the respective forms, Oy, @c C™ and A%'Y @ C™, and have the canonical
holomorphic structure from the complex structure on 3. Df5 7 for such component is the
restriction to that component of the operator 0 : C®(X, Ox ®@c C™) — C®(X,A"Y @¢c C™)
associated to the canonical holomorphic structure. The following lemma should be compared to
[I-P2: Lemma 7.2] and [L-R: Theorem 5.1].

Lemma 5.3.1.1 [index of D;d, for rigid target]. Let f : (X,0%) — (Yii)> L)) be a stable
map to the specified expanded target space as above. Then the restriction

Dfdy : C=(8,0%; f* TV, (flox) TuLpy) — CX(S;AY' S @, f*T.Yj)
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s a Fredholm operator of index

ind(Df0y) = u(f) + dimY -(1—g) — 2 Zl + 4 Zdegsl,

where § is the arithmetic genus of Y.

Proof. Let f = Uk“ foy + X = UZ 0 E(z) = Y = UkHA be the decomposition of f into
submaps. Then, it follows from the Riemann-Roch Theorem (e.g. [F-O: Lemma 12.2], [Liu(C):
Lemma 6.13], and [MD-S3: Appendix C]) that each of

Dy, 01+ C=(S00y, 0%); [T Aw (fiylos) TL) — CF(S(); A% Sy @5 [ TA),
fori =0, k+ 1, and
a . 0o e 00 . AO,1 * )
fori=1, ..., k, is a Fredholm operator of index
ind(Dy,, d1) = w(fu@) + dimY x;/2, fori=0,k+1,

and
z'nd(Df(i)éJ) = —2Kp,-Bi+dimYy;/2, fori=1,..., k.

This implies, in particular, that Df5 7 is Fredholm.
The matching condition along T'D; at each distinguished node of ¥ imply that

C*>(3,0%; f*TYy, (f!az)*TL[k])
= Dimok41 CF (S0, 02003 J T (Fo) o) TL) €D @Iy OF (S s [y TAY)
has codimension

k
> UE) (dimY +2).
=0

Denote the quotient vector space of this inclusion by V', then one has the following short exact
sequence of 2-term complexes:

0 — Co — e Y, — V. — 0
Dfa] \l/ 69in(i)gJ *L \l/
0 — o — o) Cl, — 0 — 0,
where

OO = C®(E,0%; f* TV, (flax) TLy),
Ct = C®(ZAME Ry fTY)),

2 Cm(z(iﬁf(*,')TAi)a fori=1, ..., k,
Cly = C®(SuA%'S4 @ f5TA).
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The Snake Lemma, together with the additivity property of (relative) Maslov index under joining
of submaps (Definition 3.1.2) and of the Euler characteristic of Riemann surfaces under gluing
along boundaries from removing small discs around distinguished nodes, implies then

k k
ind(Dfdy) = p(f) + dimY - (1—g) — 2 U($;) + 4 deg5;.
i 0

=0 i=

O

Remark 5.3.1.2 [class independence]. ([MD-S1: Remark. 3.2.3].) Lemma 5.3.1.1 holds also for
Ds0y « WHP(2,058; f*TuYpy, (flos) TuLpy) — WIHP(S,AM S @y f* T Y)

Dy0y « WHP(2,058; f*TuYpy, (flos) TuLpy) — WIS, A S @y f* T Y)

and
Dydy : C'(%,0%; [*T.Yw, (flog) Telpy) — C'7HES, A S @) F*TYy) .

We have taken J to be of class C°° on each irreducible component of Y};. Thus, elliptic regularity
implies that Ker(D;0;) always lies in C*(3,0%; [ T Yy, (flos)*TeLyy)), independent of the
choice of the space on which Dfé 7 is defined.

Existence of a saturated obstruction space E, at p.

For a small enough neighborhood Uy+ = (HgeaUy) I (L, Up,) 11 (I, Uy, ) of the set At :=
AUupu U]hzlqj of the distinguished nodes and the marked points on X, recall from Sec. 5.2
(with 0 there replaced by g here) the associated subspace H, in LP(3;A%Y ®; [ LY )lu,,
q € A, such that Dydiv, is defined on (Df8;)~(H,) with values in Ts(q)—1)-(q) DIV s@O-YU,,) @
Ts(q)-1)-(q) D1V s(@)=1(U, ), where s(q) is the contact order of f along the singular locus of 1
at q.

Definition 5.3.1.3 [admissible subspace]. A subspace V in WP(3,0%; f*T3 Yy, (flox) T Lyy)
is called admissible if there exists such an Up+ so that V|y, C (Dy0)~(H,) for all g € A.

As all the maps Dydivg, jetz(q), Dyevy, Dyevy,, and Dyevy,; depend only on a jet at
the specified point in AT, they extend canonically to maps on an admissible subspace of
WP (s, 0%; f “TiYg, (flos) T L)) by pre-composition with the restriction-to-Uy+ map.

Definition 5.3.1.4 [saturated/pre-deformable subspace]. A subspace V in WHP(% 9%;
[T Y, (flox)*TuLyy) is said to be saturated if

(1) V is admissible;
(2) the map
(®q€ADfdivq)@(@pinevPi)@(®QiijeUQij) P Vo=
(Byen (Tistw 1PV D™ (U1) @ Tisiq)- 1.0 Piv @7 (Uy2)) )
D (&n Trp) Y1) D (@qiij(qu)

is surjective;
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(3) let VP4 be the subspace (®qeaDydivg)~1(0) in V, then the linear map
EBqEA (Df eVq D jetg(q)) : Vpd — @qEA (Tf(q)D D C2)
is surjective, where we have identified D;, ¢ =0, ..., k, canonically with D.

In the above statement, VP4 is called the pre-deformable subspace of V.
A subspace E of LP(3; A% S® ;1 f*T,Y}y) is said to be saturated if (Ds0;)"H(E) C WP(X, 0%,
F*TYy, (flos) T L) is saturated.

Definition/Lemma 5.3.1.5 [saturated obstruction space]. Denote by Im (D;9,) the image
of Df&], (Dfa])(Wl’p(Z, 82; f*T*Y*[M, (f‘ag)*T*L[k])), in Lp(E; AO’IE (2, f*T*Y[k]) Then there
exists a subspace E, of LP(Z; A" ®, [*T.Y}y) such that

(1) Im(Dy0;) + E, = LP(Z; A% S @ f*T.Yy),
2) E, is finite-dimensional, complex linear, and Aut(p)-invariant,
P

(3) E, consists of smooth sections supported in a compact subset of ¥ disjoint from the set of
all (three types of) nodes on %,

(4) (Do)~ (E,) is a saturated subspace of W'P(5,05; f*T.Yy, (flos) TiL))-
E, is called a saturated obstruction space of M(g’h)’(n’m)(W/B, L|[Bl,7,1) at p.

Proof. Since J is strongly locally regular and the vector spaces above is constructed from a
gluing of the ordinary case for smooth target spaces, the existence of E’ with Properties (1),
(2), and (3) follows the same argument as in [F-O: 12.7] and [Liu(C): Lemma 6.18]. It remains
now to enlarge E;, to incorporate Property (4).

As J is locally strongly regular, there exist finite-dimensional subspaces Vi, (resp. Vu,. s

Vu,,,) in (Dyy,, 0 95) 7 (M) (resp. C=(Up, (flu,)* TYjy)), C™(Uy,; 00U (fluy,, ) TYiwy,
(f|30quj)*T*L)) such that, for all ¢, p;, ¢;j; € AT, (a) the restriction of Ddivg (resp. Dyev,,,

Dyevg,,) thereon is surjective; (b) the restriction of Dyev, @ jetZ(q) on the local pre-deformable

subspace Vqud is surjective, and (c) Dfluq (Vu,) (resp. DfIUpZ. (VUpi)v Df\quj (Vquj )) is supported
in the complement of a small neighborhood of ¢ (resp. p;, gi;). One can extend Vy,, Vu,. s Vquj
to subspaces Vg, Vp,, Vg, in C(3,08; f*T.Y,

(flos)*TiLyy) so that the summation V' := (3° cp Vo) + (22, Voi) + (22, Vai;) in C%(X, 0%
[ T Y, (flos)*TeLyy) is a direct sum. Then the image (Dyd;)(V) is a finite-dimensional sat-
urated subspace of LP(X; A%y ®; [*T.Y})) that satisfies Condition (3). Let E, be the span

of £, + D;9;(V) and its image under the complex rotation and the Aut(p)-action. Then E,

satisfies Properties (1), (2), (3), (4).
(]

Let E, be a such obstruction space at p. Property (4) of E, implies that (D;d,)~!(E,)Pd
has (real) codimension 42?20 (deg; — 1(5;)) in (Dydy)~1(E,). It follows thus from Lemma
5.3.1.1 that:

Corollary 5.3.1.6 [pre-deformable subspace of (D;d;)"(E,)].
dim (Dsd;) "N (E,)PY = u(f) + dimY - (1—§) + 2 3.8 1(5) + dimE,

= u(f) + dimY -(1—g) + 2|A| + dimE,
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Definition 5.3.1.7 [pre-deformable index|. We define the pre-deformable index of Dfa] to
be
ind?Y(Dpdy) == p(f) + dimY - (1 —§) + 2]A].

Remark 5.3.1.8 | fized vs. non-fized (domain, target)]. While there is no local obstruction to
extending stable map f from a fixed nodal curve X to a fixed transverse nodal target Y,
there remain obstructions when extending such maps to a partial smoothing of Y}, enforcing a
deformation of the domain as well. In algebro-geometric/holomorphic setting, such obstructions
are encoded in the cohomology HO(%, f*€ xtl(Qy[k],Oy[k])). The existence of such obstructions

is reflected in the dropping of indP4(D.d;) when f is deformed to a nearby stable map to Yir—1
that smoothes D;, cf. Definition 5.3.1.7,

Definition 5.3.1.9 [(J, E,)-stable map]. Given E, in Definition/Lemma 5.3.1.5, a map h :
(3,08) — (Y, L) is called (J, E,)-stable if it satisfies the perturbed J-holomorphy equations

dsh € E,, is pre-deformable at the distinguished nodes, and has a finite Aut(h).

For later use, we introduce the quotient map
mg, + P(SAY S @) Y — LP(SAY S fTYy)/E,

and denote (Dy0;) " (E,)P? also as Ker (mg,0 Dyd,;)Pd. With respect to the holomorphic coordi-

nates around A in ¥ and normal coordinates to UfZODZ- around f(A) in Y[y that defines jetZ(q),

q € A, one thus has the linear map
jety : Ker(mp,o Dp0s)Pd — C2IAl

; — (et ((€lo,)) )

qeEA ’

For ¢ € A, suppose that with respect to the fixed local coordinates f|y, is given by

Feqi) = (F@+0(24l) » agizg® +0 (|l @) ), i=1,2.

Define the shift-product map sp, : C* — C, (*1, *2) + (ag1+ *1)(ag2+ *2). Then, the image of
a small enough neighborhood of 0 in Ker(mg,o ngJ)pd under the composition sp, o jet} lies in
a simply-connected neighborhood of a4 1042 in C—{0}. For f(q) € D;, sp, ojetfl(q) is a (nonlin-
ear) map from Ker (wg,o0 D;d;)P¢ to ((T;Z(i))®s(q) @ TrAi) @ ((T;Z(Hl))@s(q) @ T Ais1).
Define the nonlinear map

sppojety : Ker(mg,oDpdy)P! — CIAl

¢ — (sp,0ets® ((€lw,)"))

qgeEN ’

Property (4) of E, in Definition/Lemma 5.3.1.5 implies that the map sp, ojet} is a bundle map

over a small enough neighborhood of sp, o jet$(0) in (C — {0})/Al with fiber of (real) dimension
pw(f) + dimY - (1—g) + dimE,.
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5.3.2 The algebraic subset XN/p in Def(X) x Blk] x Ker(mpg, o Dyd;)Pd.

A family Kuranishi neighborhood V,, of p = [f] € My n),(nm)(W/B,L|[B],7, 1) over B is to
be obtained from an enlarged deformation theory of the underlying moduli problem. Corollary
5.3.1.6 implies that indP4D,0; is piecewise-constant and upper semi-continuous with respect
to the stratification of B[k] when h runs over .J-stable maps of the given combinatorial type
from deformed ¥ to fibers of Wk]/B[k]. This hints that the product space Def(X) x Bk] x
Ker(mg, o Dfé J)pd is large enough to accommodate all the new maps to appear in a candidate

Kuranishi neighborhood V,, of p. We describe in this subsubsection an algebraic subset TN/p in
Def(2) x Blk] x Ker(mp, o Ds0;)P4, characterized by the deformation theory of maps at the
distinguished nodes, that will finally give V.

As observed in [I-P2] (see also [Lil] and [Gr-V] in algebro-geometric category), when Y[ is
partially smoothed to some Y}, with D; being smoothed, all the nodes in ¥; in ¥ have to be
simultaneously smoothed in order for there to exist a J-holomorphic map f’ from the new ¥’
to Y}, that is close to f. Thus, V, should only come from a subset of a locus V), in Def(¥) x
Blk] x Ker(mg, o D;d;)P! that is characterized by such target-space-driven deformations of the
domain. With the higher-order terms omitted, the germ of a target-space-driven deformation of
¥ at a distinguished node is modelled on the family of maps from C?/C to C?/C given by

c? — C?

(21, 22) (wi,w2) = (a1 21°, az 22°)
{ 1 a1, as € C—{0},
C — C

W= 2122 A = wws = ajag p® ,

where the local target (resp. domain) deformations are parameterized by A (resp. p). Such

constraints from deformation theory at distinguished nodes select a subset V), in Def(X) x
Blk] x Ker(mp, o D;d;)P4 described as follows.
Fix a factorization
Def(X) = Def(S;A) x HEmeoA)

p,domain

where H UMY 4o e space of local smoothing of distinguished nodes in A and Def(%; A)

p,domain
pEmeothA) oy neighborhood of 0 € C!,

consists of deformations of ¥ that keep A as nodes.

p,domain
with coordinates (Ag, - -+, Ag) with 0 corresponding to no smoothing of nodes in A. Let H, ,()l,?fl’;;) C
C ™ be a neighborhood of sp, o jet$ (0) in (C — {0})IA], with coordinates @ = (@, - - -, @), over

which the map spy o jet} : Ker(mpg, o Dr0s)Pd — Cis a bundle map (of fiber dimension
pu(f) + dimY - (1 —g) + dimE,).

[Choice]. From now on in the construction, we will assume that the local chart

around ¢ € A is chosen so that a4 = ag2 in the normal form expression of f,
around ¢, cf. Sec. 5.2. Fix a section from H,()l,(ifl;f;) to Ker(mg, o Drd;)PY so that the
condition ag,1 = ag.2 is preserved for all ¢ € A. The value in Ker(ng, o Dfé J)pd of

this section for @ € H, g?ﬁ’;}) will be denoted 5.

This gives a trivialization

Ker(np, o Dpdy)R' = (spy o jetR) ™ (Hioway) = HySwd) x H\%, -

(By convention we fix coordinates on H,,(,Oﬁ]/;)p so that the afore-mentioned section has image

H ,9?351;) x{0}in H, ,g{?ﬁ;ﬁ,) x H p(,or}[l\a)p .) Combining the two, one has a decomposition of the relevant
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open neighborhood of the origin of Def(X) x B[k] x Ker(rg, o Dy0,)P?:
Def(X) x Blk] x Ker(ng, o Dy )R

~ Def(S;A) x (H(Smo"th’“ x B[k] x H(IOC’A)) x HON

p,domain p, map p, map

C Def(X;A) x <C|A‘ x CRHL C‘A|> x HOA)

p,map *
The product C!A x C¥*1 x CIAl has coordinates (fo, -+, fik; X:do, dy ) with
i = (pits =5 pigay) s A= Ao, o5 Ak), and @ = (a1, -+, a5 |a,|)

that correspond to the deformations of domain, target, and maps respectively around A.
Compare this with the basic deformation model above, one concludes that in terms of these

coordinates, the subset TN/p of Def(¥) x Blk] x Ker(rg, o Dfa])Rd is described by a system of

algebraic equations on the (Hés(ﬁ(;g;?nm x Blk] x H,()l,?flﬁ)))—factor:

~ . Looe . pii® = Xifagj,
V — 7 R ’)\7(177(17 ) )
P {( Ho H 0 F ) i=0,...,k; 7 =1,...,|A]

=: Def(3;A) x V, x H,g?;f}gp.

As each a;; takes values in a simply-connected domain in C — {0},

V, = Def(S;A) x Zg x HISA 5 HOA ' = Def(3;A) x 2 x Ker(mp, o D)}

p, map p, map

in the category of piecewise-smooth stratified spaces, where =g is defined in Sec. 5.1.

The projection map from Def(X) x B[k] x Ker (g, Dsd,;)P to Bk] restricts to a morphism
TRk ‘N/p — BIk] of constant fiber dimension u(f) 4+ dimY - (1 — g) + dim Def(X) + dim E,,.
The restriction of Vp over each stratum of B[k] can be made a trivial bundle under 7). On
the other hand, the projection map from Def(2) x B[k] x Ker(rg, o D;0;)P? to Def(X) x Blk]
restricts to a morphism 7 ps(s)x i : TN/p — Def(X) x B[k] whose image is only a constructible

subset in a neighborhood of 0 € Def(%) x B[k] and whose fiber dimensions is given by the upper
semi-continuous function indP4(Dedy) + dim E,,.

Definition/Convention 5.3.2.1 [linear/nonlinear coordinates on Ker(mg, o Dy0;)Pd].
Coordinates of Ker(m Eponé 7)P4 as a subset of a vector space will be called linear coordinates on

Ker (mg,0 D0 7)P4. Those from the isomorphism with H “f;ﬁﬁ} x H, ,,(?I;{Qp will be called nonlinear

coordinates. Unless otherwise mentioned, we adopt by convention the nonlinear coordinates for
Ker(mg,o Dr0;)Pd (particularly when written as coordinates from the factorization) except the

origin 0 € Ker (rg,o Dyd;)Pd.

Finally, Aut(p) acts on Def(X) x B[k] x Ker(mg, o D;0;)P9. Shrinking if necessary, we take
V, to be Aut(p)-invariant in the above construction.
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5.3.3 A XN/p -family of approximate-.J-stable C*° maps to fibers of Wk]/Blk].

We construct in this subsubsection an Aut (p)-invariant XN/p—family of approximate-J-holomorphic
C* maps happrox, . from deformed ¥ to fibers of Wk]/B[k] by gluing maps around nodes of
Y. Such construction is given in [MD-S1: Appendix A] and in [F-O], [Liu(C)], [Liu(G)], [R-T1],
[R-T2], [Sal], and [I-P2], [L-R] for various extensions.

To separate the effect from various types of deformations involved, the factorization Def(X) =

Def(3;A) x HSEX;S;?AA) is refined to

Def(z) ( = Hp,domain )
_ (H(deform,Z) H(smooth,o.i.n) % H(smooth,b.n.)) % H(smooth,A)

p,domain p,domain p,domain p,domain

def b
where H( cform, %)

p.domain  CONSISts of deformations of the complex structure on 3 (as a bordered Riemann

consists of local

deformations of ¥ that smooth some ordinary interior nodes of X, and H;Sg(l)?g;i’lb'n') consists
of local deformations of ¥ that smooth some boundary nodes of 3. For X of genus g, h holes,
Noin ordinary interior nodes, |A| distinguished interior nodes, ng, boundary nodes, n ordinary

marked points, and || boundary marked points, H, qomain is parameterized by a neighborhood

surface with marked points) without changing the topology of ¥, H (smooth,o.in)

p,domain

of 0 in the 4-factor product space (with coordinates (¢, , t i)
(C39=3+h=noin—|Al+n'+de o " x RATmon HFdL ) o Croin x Rsg™n x C = n/ 40

with respect to the above decomposition. Let C/Def(X) be the universal curve over Def(X),
with the fiber labelled-bordered Riemann surface-with-marked-points over (¢,Z,#, i) € Def(X)
denoted by E(C,ﬁ?, ) With a fixed local model chart at each node of X, cf. Definiton 2.1, a fixed

—

£ > 0 small, and the assumption that ||(, 7, fi)|| < €, following the same construction as in the
case of Wk|/B[k], there is a e-neck-trunk decomposition®? of C/Def (%) and gluing maps?3:

Logpp 2= Ygnode N (@) — oz

Loir e © 2~ Ugnode Nitgre(@) — Zoza
where t, is the entry of (t, 1, [i) associated to the node ¢, and N(..)(q) is the (- --)-neighborhood
of ¢ in the local model of node q. We also have a fixed family of diffeomorphisms E(C 5

L) =
2(07557 i) The combination of the two defines the gluing maps

Legpp 0 2= Ygnode N (@) — e oy
Lcgpgie @ 52— Ygnode Niggl /(@) —> Xezo -

These maps satisfy the Aut

~

p)-conjugation property that

—1 —
ao I(<7t7t,7ﬁ) o - Ia

(<7t7t/7ﬁ) ’
L -1 _ L
aolerpmea™ = Ly (cippe

for a € Aut(p)d°™*™ acting on C/Def(X). The e-neck region of the fiber i of C/Def (%)

will be denoted by Neck_ (CLP ) It is a disjoint union of annuli/strips, of the form

{(21, 22) €C? : z2 =tq, |21 <e, || <e}

22(f. the thick-thin decompsoition in terms of hyperbolic geometry.
*3Cf. the maps I : Yju — Ui—o N S (Pa) = Wlklg and Ig_: Yiy — Ui—o N /=(Di) — Wk]5 defined in
Sec. 1.1.1 by cut-and-glue.
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(resp.
{(z1,22) : mizo =1y, |21] <e, |2 <e}/(21,22) ~ (22,71),

{(z1,22) + m22 =tq, 2| <€, |22 <e}/(21,22) ~ (71, 72) )

in 2(( £ i) associated to smoothed interior (resp. type-E boundary, type-H boundary) nodes g
of X.
To homogenize the notation, we write interchangeably H target := B[k] for the deformations

of the target Y, and H, map = Ker(ﬂEp o Df&])xd as the deformation space of f with the

fixed domain ¥ and rigid target Y[,ﬂ. The coordinates for Hy target X H, map Will be denoted by

X, a, &) with respect to its decomposition as Blk] x H, (l(ifl’aA) X H, (O}Q&z , (cf. Definition /Convention
p, map p, map

5.3.2.1). Recall then

Vp - Hp = p,domain X Hp,target X I_Ip7 map
T Def(X) x Blk] i i T Def(T) x Blk]
Tpef(s)x B[k (V) - Def(¥) x B[k]

We will use the product coordinates (¢, t. t ) I, X, a,§) of H, for the algebraic subset TN/p, with X
being the redundant coordinates expressible in terms of (fi,a), (cf. Sec. 5.3.2).
The intersections

@p,O = (Hp,domain X Hp,targot X {SpA Ojeti(O)} X {0}) N ‘7[)7
loc,A at
@p = ( Hp,domain X Hp,targot X Hg,?gap) X {0} ) N Vp

~ Def(S;A) xV,

in H, are both connected constructible subsets of H,. ©,q is a deformation retract of ©,

and, hence, 7pef(s)x B[k (©p0) is a deformation retract of mpes(syx (V). The restriction of
TDef()x B[k 10 ©p0 is one-to-one. Its inverse defines a (continuous) section

So : 7TDef(z)xB[k](@p,O) — Vp|7rpcf(z)x3[k](9p,0)

with image ©,. The restriction of mp.s(z)xpK On O, is one-to-one only on an open dense
subset (i.e. the subset described by A\; # 0,7 =0, ..., k). It follows that Sy extends uniquely to
a piecewise-continuous section

S Tpesyx B (Vo) — Vo,

whose image has closure ©, in Vp. Both Sp and S are Aut(p)-equivariant. As ‘~/p is a bundle

over ©, with fiber H, ,()?}ﬁgp, this says in particular that, while it is not possible to make all

the ingredients in the relative construction (of Vp—family of maps) continuous with respect to

Tpef(s)x Bk (V) in Def(X) x B[k], we have to ensure their extendibility and continuity over ©,.

We now proceed to construct a piecewise-continuous-m pes (s« gjx] (V,)-family of approximate-.J-
holomorphic maps that extends to a continuous-0 ,-family of approximate-./J-holomorphic maps.
Fix a rotation-invariant smooth cutoff function 8; : C — [0, 1] such that

sy = 4 D2 s <o
TN 0 <1, M L=

([MD-S1: Lemma A.1.1]). Then the local model of our approximate-J-stable maps around a
smoothed node is given as follows for a fixed ¢ > 0 small and [¢],|t/], |u], |\ < e. (Cf. [MD-S:
Sec. A.2], [F-O: (12.13)], [Liu(C): Sec. 6.4.1], and [L-R: Sec. 4.1].)
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(smooth,0.i.n)
(CL) Hp,domain

q of X is given by

: The local model of the deformation/smoothing of an ordinary interior node
B. :={(z1,2) € C?||z1], || <} — C

(21, 22) — 2122

Let A; be the fiber over t € C and f,|4, = f1 U f2; then, for ¢ # 0, define hy : Ay — Y by

3/4
ht(z,é) = expy(g (ﬁl (ﬁ) Xy (f1(2)) + Ay <|t|z >exp]7(1q> <f2 <£>>> '

(b) Hsgjfr)g;?r’lb'n') : The local model of the deformation/smoothing of the two types of boundary

node ¢ of ¥ is given respectively by

(type E) B./~g = {(21,22) € C?||21|, 22| < €}/(21,22) ~ (Z2,Z1) — Rxg
(type H) B./~u = {(21,22) € C?||21], |22| <e}/(21,22) ~ (Z1,72) — Rxg
(21722) —> 2129

For g of type E, let A}, be the fiber over ¢ € R>y and folay = f; then, for t'" > 0, define
hy - A;; — Yv[k] by

/

he (2, t;) = eXPy(q) <51 (It’lil/‘l> eXPJ?(lq)(f(Z))> :

For ¢ of type H, let A}, be the fiber over ¢’ € R>o and folay = f1U fa; then, for t' > 0, define
hy - A;; — Y[k] by

, 113/4 /
htf(z,t;) = oxpy(g (51 (,y%l/zl) exp;y (f1(2)) + By <’t’z )exp}(lfﬂ <f2 <tz>>> '

(c) Vp c gemeothA) gy pitarget X H, S?ﬁ’;}) : Let ¢ € A be a distinguished node of contact order

p,domain
s. Recall the fixed local coordinates around f(q). Denote by (f2, fN)U (fP, f&¥) the restriction
of f around ¢ with the expression in terms of the coordinates on D and the normal coordinate
to D around f(g). Recall also the local model in Sec. 5.3.2 (cf. [I-P2])

B. — C?

(21, 22) (w1, wz) = (a1 21°, ag 22°)
¥ { a1, as € C—{0},
C — C

W= 2122 A= wwe = arag p’® = ap®

that links the deformation/smoothing (here parameterized by p) of the node g, the deformation
(here parameterized by ) of Y[;; along the D; that contains f(g), and the product (here param-
eterized by a) of the lowest-order pre-deformable deformations of the normal-to-D component

of the germ of f on the two branches of 3 at ¢.
Let (i, A, a) be the relevant coordinates in the coordinates of HSE;?;J;?I’IA) X Hp target X H (lﬁﬁ’é}))

with A = ap®. Define h, » ) = (hgma)v hé\;)\a)) as follows:
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- For A = 0: recall the &, in Ker(mg, o Dy0;)P4 associated to a and define

h(o,o,a)(') = eXDPy(. (§a( ) -

- For A # 0: express hq 1= hg,) above as hq1 Uhg2 = (ha 1> hflvl) (h£2, hfxz) and define

BE s = expi (B (i) exorli (RE1()) + B (L2 ) expply) (B2 ()))
5
Bi () L) + Br (ML) vazs  for (]2 <2 <e,
hal)\’a) (27 %) — <|/>‘|1/4) o1 < )

51<|u|1/4) va (8) + B (\m /4> hYy(&) for |u|t/? < |u/z[ <,

where /a is chosen so that /a7y fits the normal-form expression of f at q.

This describes what happens on a smoothed neighborhood of ¢ with all irrelevant indices of the
coordinates of H{()Sg(l)ﬁ;?n/&) X Hp target X H, Sf;ﬁ’a@ suppressed. The substitutions u — 5, s — s;5,

A=A, a—a,fori=0,....k j=1,..., |A;| to the above expression recover the complete
V p-family of maps from A 77 to the fiber W[k|; of W[k]|/BI[k] .

By construction, these maps are defined on disjoint subsets of 2(0 77 7) and coincide with f
on their intersection with a compact subset K. of ¥ by removing a small &_ -neighborhood of all
the nodes, with _ slightly less than . As W[k:] are obtained from gluing truncated Y} around

- specified D;’s (cf. Sec. 1.1.1), they can be combined with and extended by f|x. to a map from

H(smooth,o.i.n) H(smooth b.n.) Vp‘

Y0,z to WIk]5. In this way, one obtains a (continuous-)H ;i . domain

family of maps

happroxy(07a£77ﬁ7xvayo) :

For ¢ € H(deform,E)

p,domain one defines h . .

approx, (C,61,i,Na,0) 2((7Et S
h oo vLm = h P
approx, (¢,t,t,fi,\,d,0) approx, (0,t,t’,fi,\,a@,0)

(In all the discussion, though the Mlabel is determined uniquely by (i, @), we keep it in the
notation to remind us of the change of the target.) To summarize:

Lemma 5.3.3.1 [pre-deformable O -family]. % (PP Axa0) (¢, 51,0, Xa) e ©,, de-

fines a (continuous-)O ,-family of C* maps of the same contact order and pre-deformability
behavior as f at un-smoothed distinguished nodes of X.

To keep the relative-to-(domain, target)-construction picture manifest, one should think
of this ©,-family of maps as an extension/completion-at-[f] of the corresponding (piecewise-

continuous-) T pes(s)x B[k (V )-family of maps via the open-dense embedding S : 7 pes(s)x Blk] (V ) —

©,. The ©,)-family of maps can be extended further to a (continuous- )V -family of maps by
defining first

happrox,(O,@,G’ 0,0,a@ l;)( ’ ) = epr( -) g([i,l_)')( ’ ) :
This is a H) map-family of C°° maps from X to Y} for which pre-deformability at each dis-
tinguished node remains hold with the same order. Repeating then the above construction
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that deforms the map at the three types of nodes with f replaced by h = b For

approx, (0, 0,0/,0,0,a,b
(¢, 6,0, )\, ) € O, this gives h F a) 2 constructed above.

approx, (¢, t,t i, X 0

Lemma 5.3.3.2 [Vp-family of pre-deformable approximate-.J-holomorphic maps]. As-

sume that ||C|l, 12, 1€, I&ll, ll@ — a;ll, bl are all sufficiently small (say, bounded above
uniformly by an € < 1), then

1

amortc? it s, S € (I I 10170+ 3 gl + 160 )
where C is a constant that depends only on ¢, f, Vf, J, VJ, the norm of the differential
of spy o jet%, and the norm of the differential of the exponential map and its inverse along f.
Thus, Papprox,(.) gives a (continuous) Aut(p)-invariant Vp—famz'ly of pre-deformable approximate-
J-holomorphic maps.

Proof. The approximate J-holomorphy property follows from [MD-S1: Lemma A.4.3], [F-O:
Lemma 12.14, Lemma 12.15], [Liu(C): Lemma 6.22], and [L-R: Lemma 4.6]. Here we have
assumed that ||C|[, ], 1€, 1IE]l, i@ — ayl, ||| are all sufficiently small so that the combination
of all the estimates in ibidem is bounded above by the right-hand side of the inequality above.
The Aut(p)do™@ ™ invariance of the domain decomposition involved, the Aut (p)t**8°-invariance
of the metric on Wk|, and the cutoff function chosen imply that the gluing construction is
Aut (p)-invariant. This implies that the TN/p—family of maps as constructed is Aut(p)-invariant.

O
Notation 5.3.3.3. We will assume that |||, €], |IZ]l, |IE]l, [|@ — @], ||b]| are all sufficiently
small so that b, tﬁtﬁﬂj,df)(') = XDy e an () §(cid i fap) (-) for a unique
S i mXah
e whr (2(<7a97ﬁ>’32<<7ﬁ97ﬂ>;h;ppmx,s@,aa,ﬁ,x)T*(W[k]i)vmapproxﬁ(@ﬁt‘iﬁﬁ)|5E<<,afam)*T*L) :

This expression renders the TN/p—family of maps a continuous extension of the ©,-family of
A)

maps by the exponential-map construction along the H, ,()?}nap -factor directions; this helps making
the later relative construction over 7 pes(s)x ir) (V) manifest.

5.3.4 The ‘N/p -family of (exact) (J, E.)-stable maps f. to fibers of W[k]/B[k].

In this subsubsection, we extend the Aut (p)-invariant obstruction space E, at p step by step to

trivialized Aut(p)-equivariant auxiliary obstruction bundles B ~ .. over
S(Tpef(s)x Bk (Vo))

S(TFDef(g)XB[M(Vp)), Ee, over ©,, and E‘~/p over Vp. We then deform the Aut(p)-invariant
TN/p—family of approximate-.J-stable C°>° maps in Sec. 5.3.3 to a (continuous) Aut(p)-invariant
V,-family of (J, E,)-stable maps. The major step is a construction of a 7 pef(s)x B[k (V))-family
of right inverses (of mgauwxo Dy, . )

L. L .AO0,1 L * -
Quirpx + L (E«,t,tznw/‘ 2570 D Mapprox 5.8, ﬂ,x)T*W[k]A)/ESa&’fapm)

1, . . .k L . *
WP im0 OB i) Mapprox. s .5 LW KIS Papprox s 7,255 v ) T*L)
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to deform the XN/p—family of approximate-.J-stable C'*° maps

paxan - Cenra cirm) — (WIklx L)

apprOX,(C,Et k) k)
recursively to a vp—family of (J, E,)-stable maps

Teivasan ©
Such construction is provided by [MD-S1: Sec. 3.3 and A.4] and its extensions to various sit-
uations in [F-O], [Liu(C)], and [L-R]. The discussion below follows these four works with mild
necessary modifications to fit our overall presentation and notations. ~

Throughout the discussion, we assume that ||C||, [|]|, [|€']l, [|EZ]l, ||@ — a@y|l, ||b], and, hence,

Vp are all sufficiently small so that statements in the construction hold.

W, °over 8 (TDef(s)x B (Vo))

ux

The Aut(p)-equivariant auxiliary bundle E?

S(7pef ()% BIK]

Introduce first the following operations. Let P, o be the parallel transport from point e to
point e’ along the minimal geodesic on a W[k]; for e e € W[k]; of distance < the injec-
tive radius of W[k]; and P,,, be its J-linear part. For n € LP (S 7o m;AO’IZ(C 7o) ©J

h* T.(Wlk]s)), define

/ D L . A0 . * o -
P(C,Ew?’,ﬁ,x,ﬁ,g)n €L (Z(Cvtytlvﬁ)’ A 2(07t7t/7ﬁ) g approx, (¢,6,8 i, \,a@,b) T (W[kb\))
by
/ _ pl L
(P(Cf:ﬁ’ﬁ’j\"d’g)n) ($) B Phapprox,S(C,f,f’,ﬁ,X) (Z‘) ’happrox,(c,ﬂf”,ﬁ,x,a,ﬂ) (Z‘) n(x) ! T € E(C’t’t “u) ’

This is the J-linear parallel transport along the geodesic determined by §( CEP XD () in No-
tation 5.3.3.3. Recall also the gluing maps for domain curves and targets spaces: (with & > 0
small and fixed, and ||(£,#,\)|| < €)

Ieimm 0 2~ Yamoae N (@) — Bz
Liipe @ B~ Ygnode Nigglre(d)  — Do
I; : Y[k}—Uf:on(Di) — WIkl;,
[_.7&‘ : }/[k} - Uf:o N|>\Z\/€(Dz) — W[k]X
and conjugation properties:
o lgirm o = laginn
aoligrpmeC® = laitme
ﬁolj\'oﬁ_l = IﬁX?
BolgoB™ = I,

for a € Aut(p)d°™an acting on C/Def(X) and 8 € Aut(p)t*'e°t action on W [k]/Blk].
Since E, is supported in a compact subset in the complement of all three types of nodes of X,

. . . . p IR 071 I * .
it can be canonically realized as a subspace in L (E(O,t7t/, i) A E(O’t7t,7 7) ®J happrOX7 SOEP )\)T w(
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Wk]s)) via the composition I5 oI(0 P00 P(’0 573520 O E,. Define E;FSTEF,*,X) to be this sub-

space in LP(X g 77 :AY E(o ro.m QIR T.(W|k]5)). To extend the above along the
def X
; ;0?;:;12) factor, note that F ;FOJ, P.i%) is canonically a subspace of LP (Z‘,(C £7.71) Q(%E(Cﬁﬂ i) ®7

prmx (D, ~X)T*(W[k]i)) via the composition Ao’lE(O g QLT (057.7) = Q(lcz(c,ﬂf',ﬁ) of

the canonical inclusion and the fixed isomorphism from the fixed 2(0 i = 2(( £ i) The

aux
restriction to F S(OE7 7.5 of the following projection map

approx,S (0,571, )\)

0,1 | .

approx,S(¢, 5L i,
D -~ .+ AO1 o
— L (E(C t.t i) A 2( it i) & happrox,S(C,Et ,ﬁ,X)

induced by the projection map Q(ICZ(C e AO’IZ(C 7 ) 18 injective for ||¢]| sufficiently small.

i)t
aux : aux i p -
Define E S(CED A to be the image of ES(O,TF,i/\) inL (Z(C £ i) :AY 2(( rp _‘)®Jhappr0x S(CED )
T.(W(k]5)) under this projection. This gives a trivialized vector bundle £Z"* ~ .. over
S(Tpersyx Bx] (V)

S(WDef(g))XB[k}(vp)). One can further define

aux o / . aux
Ecinazap = {P@ i pxan € Pscrn }
to extend E 2" to a trivialized vector bundle E2"™* over Vp, with specified isomor-
S(Tpef(syx 8K (Vo)) Vo
hisms of fibers to E,. In particular, £ - extends to Fg := E2™ over ©,.
P p S(mperzyx BK] (Vp)) r Vo ’9” P

The various group-invariance and conjugation properties of the objects and maps used in the
construction implies that these trivialized bundles are Aut(p)-equivariant.

Definition 5.3.4.1 [auxiliary obstruction bundle]. We will call the Aut(p)-equivariant

trivialized bundle E ;El;‘ @) (resp. Eaux E aux) as constructed above the auxiliary ob-
Def(2)x B[k (Vp

struction bundle over S(T('Def(E)XB[M(Vp)) (resp. ©,, Vp) induced by E, at p.

T Def(S)x B[,ﬂ(vp)-family of right inverse Q, of Tgaux 0 D,0; from approximate one.

Let Ker(mp,o D;dy)* be the L?-orthogonal complement of Ker(mg,0 D;d;) in WhP(5, 0%;
[ T Y, (flos)*TuL). This space is Aut(p)-invariant, as the metric on X and W k| are respec-
tively Aut(p)d°main_ and Aut (p)**8°-invariant. Then

g, 0 Df0y : Ker(mg,o Dioy)t — IP(Z;A'Y @, f*T*Y[k])/Ep
is an isomorphism and its inverse
Qp : LM(SAY'S @, f* 1Y)/, — Ker(np,o Ddy)*

is a bounded operator. This defines (), as a right inverse of

g, 0 Dpdy « WHP(S,0%; f* Yy, (flos) TeLyy) — LP(Z5A%'E @y f*LYw)/E,
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We now proceed to construct first a suitable 7 per ()« pir] (V,)-family of approximate right inverse

/
Cscrmin o
MBS % © Phopronsicizan 7
1, . . . Lk . L *
WP i1 02 2,0 Mapprox. s .5y LW RIS (Rappron s(¢. 27,2510 77 ) T+ L)
P .- _-AO1 . * -
— Do mi A Ecin g O Mo sicinan FWIHD) [ B2,
by passing to @, at p.
The combination of I (0.7 ) and Iy on domains and targets induces a map
* P L. A0l - * -
I(O,ﬂﬂ,ﬁ,X) L (E(Ovtvt W) A E(Ovtvtlvﬁ) & happrox,S(O,t_:f’,ﬁ,X)T*(W[k:b\))
— LP(SAY 1Y @y [ TYy)
by first using I; to turn an
p L. .AO01 . * . R
ne kL (E(Ovtvt',ﬁ)’A Z(O,tvtlyﬁ) ©Jg approx,S(O,Eﬂ,ﬁ,)\)T*(W[k])\))
to an element
I % .A01 . -1 L)
n= IXU € Lp(z(ole?',ﬁ)’A E(Oﬂfi i) . (IX Ohapprox,S(O,E;ﬁ,ﬁ,)\)) T*}/[k})

and then using parallel transport P( Yy for

_ on
Ij\' 1Ohapprox,s(o,f,y,ﬁ,/_\'))(I(Oyaflyll) (:B)) 7f(.CB)

-1 /

el )(E(o,{,{',ﬁ)) C 3 to move 7’ to an element

oM € LS AMS @) fTY)).

D o 0,1 o * -
L (E(<7t7tl7ﬁ)’ A 2 C7t7t,7/j) ®J appr0X7S(C7£:p7/j7X)T*(W[k])\))
Pt
P L. - AOL - * -
L (E(O,t,t’,ﬁ)’ A E(O,t,t’,ﬁ) & approx,S(O,f:ﬁ,ﬁ,X)T*(W[k])\))
Lozz.a%

gives the map

D LP(S ¢ 7 ) Ao’lz(gagﬂ) ®g h* T.(Wk]3))

— LP(S A% S @y T Y)

Fix a C'* rotation-invariant cutoff function fs5 : C — R as in [MD-S1: Lemma A.1.1] with
the following properties: (mixed with the presentation of [F-O])

1 if 2] < 6 (<1)

Bs(z) = L 0 if [z >1—-0 and IVBs5(2)* <
forsome 0 <o<k1—4¢

and recall that & > 0 is small and fixed, and ||(£,7, i, X)|| < e. Define the map.
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Glue g oz =5y WHP(S,05; f*T.Y g, (flow) TL) —

L7k . L *
20 Maprox s(e. 2.5 L W) (happrox s(¢.10.,2.5%) |02 . ) Lo L)

by gluing locally defined bundle-valued fields to a continuous field as follows. Let
£ c WhP(%,0%; [T Y, (flox)*TxL) and recall the gluing construction of the maps happrox, «
in Sec. 5.3.3.

(o) For zin X 77

—1
(Glue gz a5y ()@ = (Ig, 0P ) v sy ) g (@)

(¢, 5%, ) approx, S (¢, &7, i@, X)

(a) For z in the annulus Ay from a smoothed ordinary interior node g, let x = (z, %) € C?

in the local model in Sec. 5.3.3, where ¢ is an entry of ¢ involved and ¢ = &; U & on the
two irreducible components the neighborhood of ¢ = (0,0) in {(z1,22) : 2122 = 0,]21] <
£, |Z2| < 6} C 3, with 51 = 51(21) and & = 52(22). Define

(Glue s 77,15 ($)()
) &1(2)

S -1
* f1 (I(cﬁpﬁ) (:6)) s I; (happrox,s((,F,f’,ﬁ,X) (I))

() (1

13
oo @) T Pappron s(c.e.0 2.5 (@) ) &(L)
- (IX* CEH@) I Papprox. s(c 7.7 2.5) (#)) ) 5(‘1)>

for [t|'/?2 <|z|<e,

t
(5,0 P 6015 Gppromscr sy (o) ) €2(5)

+ (1= Aali) <(IX* © P @15 gy o) ) 1)

¢ EH,T)

_ (IX* o Pf(‘Z)7I;l(happrox,S(g,t‘,",ﬂ,i)(w)) ) 5(‘1))

for [t|V/2 < |t/z|<e.

(b) For x in the annulus A}, ' > 0, from smoothing a type E boundary node ¢, let x = (z, %)

in the local model in Sec. 5.3.3, where ¢’ is an entry of ¢ involved, and define

() ) £(2)

. —1 —1
* j(I(c,t‘,E’,g)(z)) A5 (Papprox, s, 5, i, %)

|t'|1/2

) &(q)

- (1—@;( )) (15,0 Prig) 1

—1
5 (Rapprox,s(c,r,,a,5) (@)

for [t'|V/2 < |z| <e.
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For z in the band A}, t' > 0, from smoothing a type H boundary node g, let x = (z, %)

in the local model in Sec. 5.3.3, where ¢ is an entry of ¢ involved, & = & U & on the

two irreducible components the neighborhood of ¢ = (0,0) in {(z1,22) : 2122 = 0,]21] <

g, |z2| <e}/(z1,22) ~ (Z1,Z2) C X, with & = &1(21) and & = &2(22), and define

(Glue g 7.5 (©) ()

T
(L5 0 Pt @)1 (hapron.sieror sy @) ) §1Z)

* (.58

+ (1= 80E) ((x 0 Py 1 ) ()
A X D52 s @) I (Rapprox se a5 (@) /5242

— (IX* o Pf(q)7151(happrox,sm,{,rf’,ﬁ,i)(z)) ) §(Q))

for |t'|'/? <|z| <e,

(Ix, 0P o nn e ) (5

- —1
U zo.m @) I3 (Papprox, s (.7,

+ (1 - ﬂé(W)) <( IX* ° Pfl([(z,lap,,;)(z))’I,{l(happrox,s(cyﬁf’,ﬁ,i)(m)) ) 51(2)

- (Iz,° Pf(q),Ifl(happmx,s(g’g’{/’ﬂ’;)(w)) ) 5@)

A

for |t'|'/2 <|t/z] <e.

(c) For z in the annulus A, from a smoothed distinguished interior node q, let x = (z,£)
in the local model in Sec. 5.3.3, where p is an entry of ji involved. Suppose that f(q) €
)

D; C Y, sing; then denote the restriction of IX,a to A; (resp. Aj11) by I)if(aq)’l (resp. I)if(:m

Define

@y ) 61(2)

7 (z)) s (Ii‘cf:),l)71(happrox,S((,f‘,t",ﬁ,X)
_po(lul? ) _ 1 (@1
+ (1 ﬁé( z ) 2 ( IX,E * © Pf(q) ’ (Iij(sq)’l)71(happrox,s((,t‘,ﬂ’,ﬁ,x
e * © f2(1(},1{’g/,ﬂ) (2)), (I/{’(:)’2)71(happrox,S(C,f‘,E",Fa,X)(z)) )
2
_% (IS{,(:) Opj? ) €(q) )

-1
* (@), U3 )7 (Papprox,s(e.i..5) ()

for |p|'/? <|z| <er,

fa);2 £
( IX,s ° sz(film/,,z)(w)) LI Bpprox sc, 7.0 5 () ) &(2)

* (¢,
_ z _ 1 f(Q))2
+ (1 ﬂ6(|#|1/2) 3 ( IX,E § o Pf(q) ) (Ig(:m)’l(happrox,S(g,{,fl,g,X)(1)) ) £(q)
f(a),1
" ( IX’E * ° fl(l(},lt‘,w?’,ﬁ)(m)) ’ (I;(:)’l)71(happrox,5(<,€,€’,g,X)(z)) ) 51 (Z)

_1 f(a),1
3 ( IX,E o Pj(q) 1 (I/{’(:)’l)7l(happrox,s(g,i‘,i",ﬁ,i)(z)) ) g(q) )

*

for [p|'/? < |u/z[ <er.

Then the composition
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S(¢, T
. P o . AO,1 = *
t L (E(thyt’qﬂ)’A 2((,1&,1&’,[[) ®.7 happrox,S((,Ff i,

(

T
WA (S g O (o i LWk (happrox,s(¢,5.,2,5) 102 . ) TrL) 5

. h/* .
approx,S(¢.57ii.X)

where we regard @, as a linear map on LP(X; A @ T, Y[i)) that is 0 on E,, has the following
property:

Lemma 5.3.4.2 [approximate right inverse]. S (2P s an approximate right inverse
_ " 7/"‘7
of Tgaux o Dy, . .0y in the sense that
S(¢,5E,E,N) approx,S(¢,t,t,[i,X)
| (resss o Do) © Qscimnn® — |, < 3l
S(¢,EH,E,X) approx,S(¢,5,# i1, X) S(¢, Lt ji,\) J7

for I, IEL 1211, A2l small enough.

Proof. See [MD-S1: Lemma A.4.2], [F-O: Lemma 13.11], [Liu(C): Proposition 6.30], [L-R: proof
of Lemma 4.8].
(]

Recall the universal approximate-J-holomorphic map happrox : C/0, — Wk]/B[k] associ-
ated to the family happmX (CETiXa0) , (€, 6.t 0, X, a, 6) € ©,. The following definition is inspired
by the built-in family-treatment in the study of moduli problems in algebraic geometry and the
fact that a WW*P Sobolev space is the completion of the related C'> space with the W*P? norm:

Definition 5.3.4.3 [continuous-7ps(s)x B[k](ffp)-family of operators]. A collection of linear
operators

S(¢EF,7,X)

. L .AO0,1 L * o
Oscivmxn @ o m A Eipm @7 happrox,s«,aa,p,mT*(W[k]k))/ E&E
! TWIK]R): happrox,s(c i sy l02c rra) T L)

. happrox S(¢ bt ﬁ,X)(

over FDef(E)XB[k}(‘N/p) are said to form a continuous—ﬂDef(Z)XB[k](Vp)—famz'ly of operators if the
collection can be enlarged to a collection of linear operators

O(Cﬁ?ﬂﬁﬁﬁ) Ly (E(C 0, f0)’ A E(C .7 ,ji) @7 happrox (¢.BF i, N, G)T*(W[k]x))/ E(aéutxt 1 i ,,0) -
1, L L Lk .
WEP(E ¢ i,y O% (¢ 2 oy’ happrox,(c,aff,ﬁ,i,ad (LW Ik]5), (Papprox, ¢ (N )|‘92<< A TL),

over O, such that, for all n € C*°(C; AC/@ ® hipprox Tw i)/ Bk /C (ESYY) with n]c

(¢.5#,i1,X,a,0

N

0 L 0,1 . aux i
€ CFCi,m A Vi @7 o (c.op a.5.a.0 L WKl ))/E@H ixag) herecxistsal €
CO(C happroxTW[k |/ Blk] ) such that g’C 7axae O( LF NG, (n’C(C FELE N 6))'

Proposition 5.3.4.4 [continuous- ﬂDef(E)XB[,ﬂ(V) -family of right inverse]. For |[C||, ||Z]],

5
[N, ||Z]| small enough, there exist a constant ¢ and right inverses QS(QEFJJ\) of WE;?’W@X)
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Dhappm SED, W)a] such that their operator norm is uniformly bounded by c and that they form

a ContinuOUS-T pef(s: )xB[k]( »)-family of linear operators in the sense of Definition 5.5.4.3.

Proof. Lemma 5.3.4.2 implies that ( mgaux oD . 05)o ~_ _ - isinvertible.
OOf ¢ a5.3 p ( Eg(g AN happrox,S(C,t,?,ﬁ,A) J ) S(¢ 6 ,7,N)

A right inverse of 7paux )5 7 is thus given by

oDy, I
S(¢ET,T,X) approx,S(¢,t,t7, i, A

1
/ a /
- = N e} x O N O —- -
Qs(cia i) QS(C,t,t’,ﬁ,A) <( B o %) Dhapprox,smm,ﬁ,x)a]) QS(C,t,t’,ﬁ,x\)> '

(cf. [MD-S1: Sec. 3.3], [F-O: (13.2)], [Liu(C): Corollary 6.31], and [L-R: (4.31)]).

To see that they form a continuous-7 p¢(s)x Bk (Vp)-family, recall from Notation 5.3.3.3 that
happrox, (¢, 1 X () = X pron, (e, () S F X, cﬂ( ) for a unique

S ikal)

1, . ol . Lk N . . *

e WP (E(Cyt,t/ﬁ), 32(@15,15/@), happrox,S(C,ﬁP,ﬁ,X)T* (W[kh), (happrox,S(C,t,t/,ﬁ,A)|62(c,{,{/,g)) T*L) .
Using the parallel transport along the geodesic determined by 5@ PP Xat?)(x)v one can ex-
RPN Glue S(CET AN to the collections of operators

1P (CET NG Glue( P axap over Vp, and, hence, in particular over ©,. The collections of
operators

tend the collections of operators IP ¢ (

Il
Q
e
)
4
|
o
)
>
o
~
o
3

_ —1
.. 075)o0 @ .. ...
(¢, 5% ,f,X,a,0) approx, (¢, &,#,i,X,a,0) J) (¢, Lt i, \,a,0)

Q
o~
!
R
=
>l
oy
o
I
Q
T+
pl
il
il
o
[e)
—
—~
3
=
o
=}
3
4
1
o
=

extend the collections Q’ The explicit expressions of IP, and Glue,

sz sin s
imply that these operators over ©, together satisfy the continuous-family behavior required in
Definition 5.3.4.3.

(]

Newton-Picard iteration: deforming h,pprox. to a (J, E,)-holomorphic map f,.

Once one realized that the continuity of the relative construction has to be made over ©,, not

directly over 7 pes(s)x B[k](V ) C Def(X) x B[k], and has constructed the ingredients accordingly,
the rest of the discussion is similar to those in [MD-S1: proof of Theorem 3.3.4], [F-O: pp. 987-
988] (directly on the maps), and [Liu(C): proof of Proposition 6.32]; see also [I-P2: Sec. 9] and
[L-R: proof of Proposition 4.10]. We give a sketch below to conclude the discussion.

Beginning with the XN/p—family of maps h 5 =~ . define a sequence of TN/p—family of

maps as follows:

- Set
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- Suppose that hn,(c,ﬂﬁ,ﬁ,xﬁ,ﬂ) = expy, & - - is defined, let

approx,S(¢,6E,i,N) TL,(C,t,t/ 7!7:7)‘767b)

St (CEP AR S = Sn(EP e — Dscipak © TESCeman Poo (0, hn,(c,ﬁﬁ,ﬁ,i,aﬁ)) ’
where
. p L. - AO01 . * o
Pos LSzt A S i ©0 hn,(g,ﬂﬁ,ﬁ,X,a,E)T*(W[k]A))
D Lo A0l - * -
e L (E(C,t7t/,ﬁ)’ A E(C7t7 /uﬁ:) ®J happrOX7S(C7{7{7ﬁ7X)T*(W[k])\))
is the map induced by the parallel transport along the geodesics determined by £ (LT N D)’
and define
hﬂ-l—L(C@ﬂﬁ,Xﬂvg) - oXp happrox,S(C,f,F’,ﬁ,/_\') £n+17(<7a£77ﬁ75‘.7675) ’
The series -
: Zl BN v © T © O i 5ap)
n—=

converges to an

and the sequence of maps hn’( CEPEXED)’

respect to the W1P-topology (as the W'P-norm dominates the C%-norm for p > 0) to

n = 1,..., 00, converge both uniformly and with

This gives rise to a continuous—f/p—family of maps.
Define the trivialized obstruction bundle E‘~/p over V, by setting its fiber

0D " .
ivaxan © Cermmi A Xermm 1 Fpp gz T-WIKR))

at (¢ N X, d,b) to be the parallel transport of F ;&f‘{p A5 along the geodesics determined

by Ecrppiap) T QsininNein pxan: Let

In other words, the collection of maps f( 5 - form a continuous—vp—family of (J,E,)-
holomorphic maps.

Proposition 5.3.4.5 [Aut(p)-equivariant pre-deformable family|. The bundle Ef/ is
P

Aut (p)-equivariant over Vp and the collection of maps f(C P form a Aut(p)-equivariant

JANE.5)
continuous-V,-family of pre-deformable (J, E,)-holomorphic maps.
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Proof. The Aut(p)-equivariance of the family f( CEP ANER) follows from the Aut(p)-invariance of

aux
approx.(CE 7 i N, 0)? the bundle £ Sty nia (7)) and the family of operators

The Aut(p)-equivariance of E~p follows then from the Aut(p)-equivariant

the family of maps h

Qapprox,(c,tiﬁ,ﬁ,x,a,ﬁ)'

of the family of maps f(C 7P It remains to prove the pre-deformability of f( PP

XD
Note first that, by construction, elements of E( ¢

X,a,b)"
£ Nap) e supported in a compact subset
in the complement of the union of e-neighborhood of nodes and the annuli or bands on E(C 77,7)
from smoothing related nodes of . This implies in particular that f (CED XD is J- holomorphlc

in the e-neighborhood of nodes and hence it makes sense to talk about pre-deformability of
f( i axap &b distinguished nodes. Furthermore, as the universal map F : C/V, — WIk]/BIk]

associated to the family of maps f (L ;) is continuous with the central f pre-deformable,

X,
there can be no mass falling into theulocus) (Wk]/B[E])sing of singularities of the fibers of
Wk]/B[k]. In other words, F' is a family of flat maps in the sense of [I-P2: Definition 3.1]
as long as (¢ T, X,EL’ —ay, I;) is sufficiently small, a condition that is already incorporated
implicitly into the definition of T7p. As the fibers of F' over an open-dense subset of TN/p are maps
from smooth domains(-with-boundary) to smooth fibers of Wk|/B[k], it follows from [I-P2:
Lemma 3.3] that this above flatness property implies that the fibers f(c’m’ﬂj@g) of F' over TN/p
must be all pre-deformable for (¢,t,7, fi, )\, —dy, b) € ‘7,,). This concludes the proof.

O

5.3.5 Egidiﬁcation: a Kuranishi neighborhood-in-C,..., Vp/ B of p on
M(g,h),(n,m)(W/Bv L | [5]7 Ys :u) /B

How the V, ,-family of (J, E,)-holomorphic maps f(C £ ENGD) gives rise to a Kuranishi neighbor-

hood V,/B of p on Mg ) (n.m)(W/B, L|[],7, 1) /B is explained in this subsubsection.

A stratified subset V,/B of ‘~/p/B from the rigidification of Aut(X) x G, [k].

(‘N/p, Ef,p) and the associated XN/p—family of (J, E,)-holomorphic maps from deformed ¥ to fibers of

W k|/B[k] are only Aut(p)-equivariant. However, the equivariant approximate product pseudo-
action of Aut (%) x G,,[k] on (C/Def (% )) [ |/ Bk] remains to induce an equivalence relation
on Vp, defined by setting (C1,t1,t1,u1,/\1,al,bl) (Cz,ﬁ,%,ﬁz,Xz,ﬁg,gg) if there exists a pair
(o, B) € Aut(X) x Gy, [k] such that ﬁof(CLtl, P Kb oa"l = f(@,m, 2, iz, Yo iia )" Denote the
~-equivalence class of p by O,; then one has:

Lemma 5.3.5.1 [O, maximal]. O, is a mazimal equivalence class at p in the sense that a
small enough neighborhood of p in O, is homeomorphic to a neighborhood of the identity element
in Aut(3) x G, k]

Proof. This is a consequence of transversality at p. The fiber Vy of TN/p /(Def (%) x B[k]) over (0,0)
is embedded in the Banach manifold WP(X, Yii) of WhP-maps from X to (the rigid) Y- The
latter is (approximate-pseudo-)acted upon by Aut(X) x Gm[k]. Under this embedding, By, :=

E‘7p|‘~/0 is embedded in the L -obstruction bundle T3, WLP(S,Yia) of WHP(3,Yy), whose fiber at
p is precisely LP(3; A%y @, [*T.Y}). The operator d deﬁnes a section sg, of T
whose linearization at p gives precisely the map

Tiyio ey
Ds0y « WHP(2,058; f*TuYpy, (flos) TuLpy) — WIS, A S @y f* T Y)
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where WHP(2, 0%; f*T, Yiup; (flos)*TiLy) is now regarded as the ﬁber of the tangent bundle
Tvlvlp(2 Vi) of WlP(%, Yi) at p. Extend By, to a subbundle Ey of T} Wlp(z Y[ ) over a neigh-
borhood U of p in WhP(%, Yy) and let mg, be the quotient map g, : T¢ — T¢/Ey over
U. Then the saturatedness of E,, Lemma 5.3.1.1, Corollary 5.3.1.6, and the Implicit Function
Theorem (Theorem 5.3.0.2) together imply that the pre-deformability condition on (J, Ey)-
holomorphic WP-maps is a transverse condition on (g, o 35‘])_1(0) at p and that the space of
pre-deformable (J, EU)—holomorEhic W1P_maps near p coincides with a neighborhood of p in ‘70.
The equivalence relation ~ on V), is the restriction of the equivalence relation on Whp(x, Y[,ﬂ)
defined by the (Aut(X) x G,,[k])-orbits on WhP(%, Yii)). All these together imply that the in-
tersection ((Aut () X Gp[k]) - p) N Vp in Wl’p(E,Ym) coincides with O, C Vo around p. This
concludes the lemma.
O

With respect to the embedding ‘N/p C Def (%) x B[k] x Ker(mg, o D;d;)P4 in Sec. 5.3.2, TO,
lies in the subspace {0} x {0} x (Ker(D;0;) N Ker (wg, o D;d;)P?). We will denote the quotient
space Ker(mg, o Ds0;)P4/TO, by H;lgrﬁged.

By a combination of the same center-of-mass construction in [Siel: Sec. 5.3] that rigidifies
the approximate pseudo-Aut(X)-action and the same construction in Sec. 4.2 that rigidifies the
Gm[k]-action, there exists a Aut(p)-equivariant rigidifying map

= / /
R, : V, — RO s COVHE

where a (resp. b) is the total number of unstable disc-components (resp. sphere-components) of
Y and o’ (resp. V') is the total number of unstable disc-components (resp. sphere-components)
of ¥ that has only one special point. Let

V, = a small enough Aut(p)-invariant open neighborhood of p in R;I(RP(O)) ,

then Aut(p) acts on V, effectively. The composition of the standard fibrations T~/p/ B[k] and
B[k]/B induces a standard fibration V,/B. The stratified space = induces a stratification on

V, via the projection map ‘N/p — Zs. The latter stratification restricts to a stratification on V,.

Lemma 5.3.5.2 [piecewise-transverse slice at p]. As a fibered stratified space, V,/B is
isomorphic to (Def(3; A) x g X H;tiﬁgfﬁ)/B.

Proof. Embed TN/ in a singular un- rigidiﬁed chart XN/p/ﬁ in Siebert’s construction (cf. [Siel: Sec. 5.2,
Sec. 5.3]) for p regarded as a point in W(g ), )(W[k:], LK) | [B], 7, )W/ B then Aut(X) x

G [k] now does approximate-pseudo-act on Vp & The rigidifying map R, V — RoHa 5 COHYFE
extends canonically to R’ V’ RO x COHY'+F since the average-weight functions in [Siel:
Sec. 5.3] and Sec. 4.2 that constltutes R, are well-defined for Wwhe- maps from deformed X to
fibers of W[k]/B[k]. In particular, after shrinking V if necessary, V,, = V nR,” (R (0)). Recall

the stratification of Vp/ Blk] and V,,'ti /Blk] induced from the coordinate-subspace stratification
of B[k]. Tt follows from the three facts: (1) R,, R] are continuous, and are continuously

differentiable when restricted to each stratum, (2) the pseudo-action on ‘Z,’ﬁ of a small enough
neighborhood of the identity element of Aut(3)x Gy,[k] is free, and (3) V,, contains a whole orbit
O, (cf. Lemma 5.3.5.1), that, for V), small enough, V, can be interpreted as a stratified space
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through 0 (i.e. p) in ‘N/p that, in each strata, is transverse to the span of the (a+a’+2b+2b" +2k)-
many gradient-flow directions from the component weight functions that constitute R,. The
lemma then follows.

O
V,/B as a Kuranishi neighborhood of p € M, ) (n.7)(W/B, L|[6],7, 1)/ B.
To recapitulate, we have constructed
- Cy,/V,: an Aut(p)-equivariant family Cy,/V, of labelled-bordered Riemann
surfaces with marked points over V;
a map over V, — Blk] that satlsﬁes Bo f(g‘t“’ ixag) ° oa"l= Fapycir i iab
Here Cy,, /V), is the pull-back of the family C/Def(¥) to V, via V, — Def( ) from the construc-

tion, 9CVP is the labelled boundary of Cy, relative to V,, and Fy, o = f(C P b
Through the construction, V), is equipped with the following data:

= Aut(p) that acts on V),
- By, , the I'y -equivariant bundle on (V,,I'y,) from the restriction of Ef/p to V,,
sp: V, — E, from the operator dy, and

’ T/)P : 8;1(0) — M(gh),( 7m)(W/B,L|[ﬁ],’7,,u
deformable J-holomorphic map f(C PPN
)s(n

), the map over B that sends each pre-
(Q £ g N ab) € s5,1(0) C V,, to its iso-

morphism class [f(C P ﬁiaﬂ)] in Mg n( (W/B L| [ ] 7,,u)/B.

Proposition 5.3.5.3 [V, Kuranishi neighborhood]. The 5-tuple (Vos Ty, By, 5 8p,%p) forms
a Kuranishi neighborhood-in-Cspseew 0f p € M(g’h)’(n’m)(W/B, L|[B8],7,un)/B.

Proof. That V,/B is an object in the category Cspscew follows from Lemma 5.3.5.2. Injectivity of
the ¢,-induced map s, 1(0)/T'v, = Mg n) (nm)(W/B, L |[8],7, i) follows from rigidification. To
show that the image of 1, contains a neighborhood of p in M(g h),(n,i) (W/B, L|[8],7,n)/B, let

s, be the section of E~ associated to the operator 0. By construction, s;1(0) is the rigidification

p
of 5, 1(0) by R, Wlth respect to the approximate pseudo-(Aut(X) x G,,[k])-action on 571(0),
and there is a (continuous) map 1, : §_1( ) = Mg n),(nm)(W/B, L|[8],7, 1) over B that sends
each f- 77 2527 (G BT X, a,b) € 5,10) ‘~/p, to its isomorphism class [f(c,ﬂﬁ,ﬁ,i,d‘,l?]
M g.1),(n,m)( /B L|[B],9, ). We will show that the image of 1), contains a neighborhood of
p in M(gﬁ)’(mm (W/B, L| [ 1,9, 1)/ B. This then implies the same for 1[),)

Recall the standard piecewise-continuous section S : Tper(s)x BM(V) — V of the fibration

Toef(syx Bl © Vo — Def(E) x Blk]. For a fixed (¢, £, /15 X) € Tpepizyxn (Vp) C Def(E) x Bk,
let

in

whe <(E(< i) 82(< iy ﬁ))’ (W[k‘]»L))
be the Banach manifold of W!P-maps from (E.zr.p) 05 rp p) to (the rigid) (Wk]3, L). Then

the same transversality argument as in the proof of Lemma 5.3.5.1 implies that \N/p contains all
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pre-deformable (.J, E,)-holomorphic W!P-maps from (E(C

are close to fS((,Ef’,ﬁ,X)

Let (¢, £, 7, i; X) now vary in T Def(S)x B[K| (V ) C Def(X)x B[k]. Note that the fiber-dimension

of T~/p OVET T pef(S)x BW(V) is upper semi-continuous and that there is a well-defined flattening

0%z to (WIk]3, L) that

stratification on WDef(E)XB[k}(V) so that the restriction of the fibration V/WDef(E)XB[,ﬂ(V)
to each stratum is a bundle whose fibers do not shrink or get pinched when moving toward
the boundary of the stratum. Together with the conclusion of the previous paragraph, these
imply that V,, contains all pre-deformable (J, E, )-holomorphic W1P-maps that are close to some

fs(“t,ﬁ)\ (¢, 68, 0N € (WDef(E)XB[k}(YN/p)). In particular, TN/p contains all (J-holomorphic,
pre-deformable) stable maps near f. This concludes the proof.
O

Remark 5.3.5.4 [E,-dependence of V,|. Different choices of E, in Definition/Lemma 5.3.1.5 give
rise to different but equivalent family Kuranishi neighborhoods of p in the sense of Definition
5.1.1. E.g. taking Eq ,+ E5 , creates a third family Kuranishi neighborhood of p that dominates
both Vi , and V3, as in [Liu(C): Remark 6.34].

5.4 Construction of a family Kuranishi structure.

We now proceed to construct a family Kuranishi structure on Mg 4) (n.m)(W/B, L |[8],7, 1)/ B
by relating Kuranishi neighborhoods on Mg ) (n.m) (W/B, L|[8],7, 1)/ B with sub-fibrations

of the LP-obstruction-space fibration T2 The construction connects Fukaya-

WeP(W,L)/B|e)/ Mo’
Ono’s construction in [F-O: Sec. 15] with Siebert’s construction in [Siel: Sec. 5 - Sec. 6].
The following remark should be kept in mind as it is everywhere behind the discussion.

Remark 5.4.1 [isomorphism class vs. representative]. A point p in the moduli space M(g,h),(n,ﬁi)(
W/B,L|[B],7,1)/B represents an isomorphism class of maps while a family Kuranishi neigh-
borhood (V,,,T'v,, Ev,; 8,,%,) of p, as constructed in Sec. 5.3, parameterizes a collection of maps

JNED)? , (¢ t 7 N7)‘ a, b)

3;1(0), as in Sec. 5.3.5, whose corresponding set of isomorphism classes covers a neighbor-
hood, namely U, := ¢p(8;1(0)), of p in Mgy (nmy(W/B,L|[B],7,1)/B via t,. In partic-
ular, every p € V, goes with a unique representative h, : 3,/pt — W/k,|/Blk,]. The set
of isomorphisms from a representative f; to another representative fs of p (which may come
from two different Kuranishi neighborhoods V), and V), that cover p) is parameterized by
Aut(fy) up to a right multiplication and by Aut(fs) up to a left multiplication. By definition,
Aut (f1) ~ Aut( fg) Aut( ) = I'p. The same distinction holds between points on the moduli

space W(lﬁm( )((W L)/B|[B],7, 1) and points on its (singular) orbifold local charts.

that contains a sub-collection, namely 3;1(0), of representatives f e

Kuranishi neighborhoods in terms of T2 WP (T 1)/B | )/ "

Note that the same construction in Sec. 5.3 works also with WP replaced by W' and LP
replaced by LP. Let p € Mgy, (nm)(W/B, L|[B],7, 1) be represented by f : X — (Yju, L),

Then, in terms of the fibration T2 WAP(T7.2)/B | o)/ Fhs’
hood (V,,T'v,, Ev,; 5p,%,) of p in Sec 5.3 can be deformed and rephrased as follows:

the construction of a Kuranishi neighbor-
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(1) Choose a saturated obstruction space E, C C®(Z;A%1E @, f*T, Yii)) at p. Regard p as a

point in W(gph) (n, )((W L)/B|[B],7, 1) that is represented also by f gives an embedding

B, > LP(S;A915 @) fFT,Y).

- Extend E, at p to a trivialized Aut(p)-equivariant trivial bundle E‘yﬂ over a sufficiently

small orbifold local chart V, of p in W(g h)(n, m)((/W, E)/E | [8], 7, i) such that, for all p € V,
with its corresponding representative h, is J-holomorphic, the fiber EV |p is a saturated
obstruction space C C™(X,; AMY, @5 R T, W [k, ) By construction there is a map
) 2
By, — TWE’P((W,E)/@.)/M.
as an orbifold sub-fibration; we shall think of (EVP, Aut(p)) equally as a sub-orbifold of
T2 .
WeP((W,L)/B|e)/Mas

(2) Recall the global section

55, Wik (W, D)/BI 8.7, 1) — Tus

(g:h),(n, (W.L)/B|e)/ M.

2 . . . . . .
of Tw.l,p (W.D)/B |y R. 25 8 morphism of orbifolds. Denote its image sub-orbifold in

2 —
TVV.lp((W,E)/B\ )/ M by Im(Sa]). Let
2 2 lp PR .
™ TW}P((/W,E)/B\ )/M. — W(g,h),(mm)((WaL)/B ‘ [5],’}’,#)

be the fibration orbifold-map. Then, on the orbifold local chart Vp,

Vy = w2 (Im(sg,) N Ey, )

is Aut (p)-invariant. Furthermore, V,, defines a Kuranishi neighborhood-in-Cspscew of p €
M(g,h),(n,m)(W/B,L|[B],?,,u) with By, = Ey; |V,,, I'y, = Aut(p) now acting on Ey,/V,
equivariantly, s, = s |v,, and 9, : 8;1( ) = Mgn) (nmy(W/B,L|[B],7, 1) by sending
p€5,1(0) to [hy).

- On Vp it follows by construction that O shy € Ey,|, if and only if p € V,. Thus, V,
parameterizes all the (.J, E)-holomorphic W1P-maps near p. Indeed it parameterizes also
all the (J, E)-holomorphic W!P-maps near p.

Deformations of the bundle EV in T2 as orbifold sub-fibrations without

Wa? (W,L)/B|e)/ M
violating the C*®-class and the saturatedness condition on the locus (s5)71(0) give rise to Ku-
ranishi neighborhoods-in-Cspseew of p, all of the same actual dimension and the same virtual
dimension.?*

24This  deformation freedom is crucial in the construction of a Kuranishi structure on

M g.ny,nmy(W/B,L|[8],%,1)/B. In Sec. 5.3, Ey is constructed via parallel transport from the trivial-

ized trivial bundle on So(7Tpef(si)x g (©p.0)). Such parallel transport construction depends on the metric

on the fibers of Wlk,]/B[k,]. The curvature of the metric makes the bundle Ey, , constructed from nearby
P

P € Mg.ny nm (W/B,L|[B],7,p) distinct on Im(¢,) N Im(¢,). The corresponding V, and V, for such

Ey, and EVp/ cannot be glued at the level of the universal map on the universal curve. Furthermore, while

the almost-complex structure on fibers of W/E is well-defined, the metric is not. So a deformation to the
construction in Sec. 5.3 that preserves the C'°°-class and the saturatedness condition is indispensable.
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Definition 5.4.2 [saturated obstruction local bundle]. The Aut(p)-equivariant bun-

dle E‘yp on Vp in the above rephrasing, with the prescribed properties and the orbifold sub-
. . 2
fibration map Ey = — TW}”’((W,Z)/EM/]\Z.’

W(zph) (n ﬁ)((/W, L)/B|[B],7,1). The local orbifold chart V, is called the support of Ey, . The

tuple

is called a saturated obstruction local bundle on

VP(EVP) = (VP7FVp7EVp;Sp71/}p)7

(alsclienoted by V, in shorthand), in the rephrasing is called the Kuranishi neighborhood of
pE M(g,h),(n,m)(W/By L|[B],7,n) determined by E‘yp.

Kuranishi structures associated to a fine system of local bundles.

Definition 5.4.3 [direct-sum/fine system of local bundles]. A collection {E‘yp_}iej, pi €

M g.1),nmy(W/B, L|[B],7, i), of saturated obstruction local bundles is said to form a direct-sum

system for Mg ) (nm)(W/B, L |[B],7, i) if the following two conditions are satisfied:

(1) {Im(4p,)}ier is a locally finite (open) cover of Mg p) (n.m)(W/B, L|[8],7,1)/B that is
finite over a compact subset of B, (here 1,, is from the Kuranishi neighborhood data
associated to EVP);

(2) the span of {Ey, }ier in each vector-space fiber of a fibration local chart of

T2

WA (W .5)/B | )/ is a direct sum of the related fibers of Ey, ’s.

{Evpi}iel is said to be fine if, in addition,

(3) there exists an open cover {Ugi Yier of Mg (n.my(W/B, L|[f],7, 1) such that Ugi is an
open neighborhood of p; with the closure U gi a compact subset of Im (1, ).

Lemma 5.4.4 [existence of fine system]. A fine system of saturated obstruction local bundles
for Mig,p,nm)(W/ B, L| [B), 7, ) exists.

Proof. Let Eg be a saturated obstruction local bundle at p € M(g7h)7(n7m)(W/B,L | 15],7, 1)

and U g be an open neighborhood of p with the closure Fg a compact subset of Im (w’p). Since

Mg ),y (W/B, L|[B],7,1t)/B is compact over a compact subset of B, one can choose a
subcover {U,, }icr of {U,}, that is locally finite and is finite over a compact subset of B. We

may assume that each E{/ , and hence E{/ , is constructed as in Sec. 5.3 so that elements in the
p Pi

fiber of E(/ are sections of sheaves supported away from the nodes of bordered Riemann surfaces.
P
As this is a locally finite system of trivial bundles, the direct-sum condition can be achieved by

deforming E{/ inductively to another equivariant E‘yp. that satisfies also the C*°-class and the
i i

saturatedness conditions, and with the same support, as sub-fibrations in 72 , N —~ .
W (W,L)/B | )/ Ma

This makes the 1, from Ey; = coincides with the ¥y, from EY, . Thus the cover {Im (¢,)}ier of

JR— * P

M g.1),nm) (W/B, L|[B],7, jt) from the new system {E‘yp. }ier coincides with {Im (¢, ) }ier and,

hence, Condition (2) and Condition (3) in Definition 5.4.3 are also satisfied.
O
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Recall the canonical orbifold-embedding

M(g,h),(n,rﬁ)(W/B7L‘ [5]7’_}77/1) — W(fh) (n, )((W L)/B ’ [ ] )
Let € := {E‘yp_ }ier be a fine system of saturated obstruction local bundles for Mg ) (.7) (W/B,
L|[5],4 ) Let F(E) be the fiberwise linear span of the union of the image set of
E, — T 1P (T7.2)/B | &)/l with the induced subset topology. The orbifold structure on
T2 2 p(( )/él o/, iAnduces an orbifold structure on F (&) that fibers over
(g h),(n ((W L)/B|[B],7, 1t). This realizes F(&) as an orbifold sub-fibration of
T2 1p((A L)/ )/M. that is mapped to a neighborhood of ﬂ(gﬁ)’(n’m)(W/B,L][ﬁ],’?,,u) in
Wir (V. L)/B[8,7. ) under
2 2 ,p w T)/B By
The map -
Wit o o (W.D)/BI 817, n) — Zso,  p — dim(F(E)])
defines the flattening stratification of F(E) on W(g’ph) (n, m)((W, L)/B|[B],7, ) by its preimage

subsets. Over each stratum, F (&), (W/B,L|s) 18 a1 orbi-bundle. For any I’ C I, the same con-
struction applied to £y = {EV }ier gives an orbifold sub-fibration F(£p/) in T2 ol ”((W £3/B | o)/ M
The flattening stratification of F(&r) is defined similarly. By construction, (5 17) is an orbifold
sub-fibration of F(E). o

Recall the locally finite cover {Ugi}ig of Mg n),(n,m)(W/B, L|[B],7,p)/B. This induces a

stratification S := {Sp}pcr of Mg p (nm)(W/B,L|[B],7, 1) /B by setting
Sy = (Nier U—gi) — (Vier-r U_Zl.).

Define also the subset S7, = (Nicr Im (¥),) — (Uier—r U—gi), I' c 1. For p e Sp, let Vp be an
orbifold local chart of p in Vv\)(lfh) (n m)((W, L)/B|[B],7, 1) such that

- the image of V,, in W(lg’ph) (n m)((W, L)/B|[B],7, 1) is covered by the union of the image of
Vi€l
- the J-holomorphy locus of Vp is mapped to S’,.

Denote the image of V,, in W(g h).(n, m)((/W, E)/E | 5], 79, 1) by E. Then, F(&y/) is an orbi-bundle
when restricted to E. Let Ey, be the associated orbi-bundle local chart of F(& I’)|Vp? then, by

construction, Ey, is a saturated obstruction local bundle on W(lf h)(n ﬁ)((W7 L)/B|[8],7,p) in
the sense of Definition 5.4.2.
In this way, one recovers a family {EV } pEMo(W/B,L| o) of saturated obstruction local bundles

from the orbifold sub-fibration F(&) of T 2 WA (D)8 | o)/ " Define

(0) o ) — :
mKuranishi(E) T { VP(EVP) o (Vp’ Pp’ Em 5p> wp) }peﬂ.(W/B,L le)
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fr_om Definition 5.4.2. This gives the set of family Kuranishi neighborhoods-in-Cgpscew on
Mg ),y (W/B, L|[B],7, 1)/ B. The orbifold fibration transition data of T%}

or of F(&), induces a collection of 4-tuples

o P(W,L)/B|e)/Ms’

m(é)uranishi(g) =
{(Vm hp’p7 (bp’pa (ng’p) P peE ﬂ(g,h),(n,ﬁ@)(I/V/Ba L ’ [/8]7’77 ,u) /B7 P/ € wp (3;1(0))}

that gives the set of transition functions between elements in ‘ﬁ&glranishi(é’) in the sense of
Definition 5.1.2. We shall call the pair

K(E) = (m“”

Kuranishi

(1)
(8) ’ mKuranishi(E) >
a Kuranishi structure associated to the fine system £ of saturated obstruction local bundles. We
remark that the gluing thus constructed is at the level of the universal map on the universal
curve and that different choices of {U, ZZ. }ier give equivalent Kuranishi structures.
To summarize:

Proposition 5.4.5 [Kuranis_hi structure from fine system|. A fine system of saturated
obstruction local bundles for My p) (nm)y(W/B, L|[8],7,1)/B determine a unique equivalence

class of Kuranishi structures-in-Cspscew 0N M(g’h)’(n’m)(W/B, L|[B8],7,un)/B.

6 The moduli space M(g7h),(n+l(§*)7m)(z,L;D‘/8/,"_);, p'; 3) of relative
stable maps and its Kuranishi structure.

We apply and extend the construction in Sec. 1 - Sec. 3 to a relative pair (Z, L; D) and its
expansions to define the moduli space M(g,h),(n-‘,—l(?),ﬁi) (Z,L; D | f',7, 1; 8) of relative stable maps
of type ((g,h), (n +1(5),m)| 8,7, 1'; 5), from labelled-bordered Riemann surfaces with marked
points to the fibers of the expanded relative pairs (2, Z; ZA))/E associated to (Z, L; D); (Sec. 6.1).
The same technique in Sec. 4 and Sec. 5 is used to construct a Kuranishi structure thereupon;
(Sec. 6.2). See also [I-P1], [L-R] for the symplecto-analytic setting in different formats and [Lil:

Sec. 4], [Li2: Sec. 2|, [Gr-V] for the algebro-geometric setting.

6.1 The moduli space M, 4) mi15).7)(Z: L; D| 3,7, i/; §) of relative stable maps.

Let (Z,L; D) be a symplectic pair (Z;D), with a compatible almost-complex structure, to-
gether with a Lagrangian/almost-complex submanifold L that is disjoint from D. Recall the
space (2 : IA)) / A of expanded relative pairs associated to (Z; D) with the quotient topology, its
standard local charts ¢[k] : (Z[k]; D[k])/A[k] — (Z;D)/A with k € Z>¢, and the equivariant
pseudo-G,, [k]-action on (Z[k]; D[k])/A[k] from Sec. 1.2. Let L[k] be the submanifold p[k]~*(L)
of Z[k] from the map p[k| : (Z[k]; D|k])/Alk] — (Z;D)/pt. Over Alk|, L[k] = Alk] x L.
Sec. 1.2 can be made to incorporate L[k]. This gives the space (Z, L; D)/A. The central fiber of
(Z[k], L[k]; D[k])/A[k] is almost-complex isomorphic to the pair-with-a-totally-real-submanifold
(Z1)> Lixg; Dy )-

Recall the definition of the relative Maslov index u™!(h) of a smooth map h : (3,0%) —
(Zkys Ligg; Diy) from Sec. 3.1. Note also that the monodromies of (Z[k], L[k]; D[k])/A[k], k €
Z>0, on a smooth fiber, which is almost-complex isomorphic to (Z, L; D), are relatively isotopic
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to the identity map with respect to (L;D); thus, the monodromy (Z[k], L[k]; D)/A-action on
Hy(L;Z), Hy(Z,L;Z), and Ho(Z, L U D;Z) are all trivial.

Moduli space of relative stable maps to fibers of (Z,E; ﬁ)/ﬁ

Definition 6.1.1 [relative stable map to fibers of (Z[k], L|k]; D[k])/A[k]]. Let p' €
Ho(Z,L;Z), ¥ = (y1, ... yyn) € Hi(L;Z)®" such that 08 = v + --- v, i/ € Z, and § =
(51, .-, 81) € (Z>0)'. %5 A relative map f : (X,0%)/pt — (Z[k], L[k]; D[k])/A[k] from a bor-
dered Riemann surface X to a fiber of (Z[k], L[k]; D[k])/A[k] is called prestable of (combinatorial)
type ((g, 1), (n +1(5),m) | 8,7, p'; §) if

- f is prestable of type ((g,h),(n + 1(5),m)| 8,7, 1/ + 2deg(5)) as a map to a fiber of
(Z[k], L[k])/A[K], cf. Definition 3.3.1 (with [8] = {8'}); the last I(S) free marked points on
> shall be called the distinguished marked points;

- (f is non-degenerate with respect to D[k};) f~'(D[k]) = s1pn+1+ -+ + 81 Pppu(s), where
/

Pntls -+ > Pnyi(s) are the distinguished marked points on X; (in particular, el f) = w
and all distinguished marked points are smooth interior points on ¥).

An isomorphism between two relative prestable maps fi : ¥1/pt — (Z[k], Lk]; D[k])/A[k],
fa : Xo/pt — (Z[k], L[k]; D[k])/A[k] of the same type is a pair (a, ), where a : 31 — X9 is an
isomorphism of prestable labelled-bordered Riemann surfaces with marked points and 8 € G, [k]
such that f; o f = f2 0o a. The isomorphism class of f is denoted by [f]. The notion of non-
degenerate (resp. pre-deformable ) relative prestable maps, distinguished nodes q, and the contact
order at q are defined exactly the same as in Definition 3.3.1.

A relative prestable map f : X/pt — (Z[k|.L[k]; D[k])/A[k] is called stable if f is pre-
deformable and its group Aut(f) of automorphisms is finite. The moduli space of isomorphism
classes of stable maps to fibers of (Z[k], L[k]; D[k])/A[k] of type ((g,h), (n+1(8),m)| 5,7, u'; 5)
is denoted by M&?Z;Eilil@’m)((Z[k],L[k;];D[k‘])/A[k] | 8,7, 1;8); it is equipped with the C'*°-
topology, defined similarly as in Sec. 3.3.

The pseudo-embedding ¢y, .7 : (Z[K'], L[k]; Dk])/AK'] — (Z[K], L[k]; D[k])/A[k], k' < k
and I C {0, ..., k— 1}, from Sec. 1.2 induces a pseudo-embedding
oo+ ML (210, LI DI AR | 5,7, 45)

o MEemrEd (Z]K], LIk DIK)/ATK]| 8,7, 13 9).

Define the set of isomorphism classes of relative stable maps to fibers of (2 , Z; f)) / A-
Mgy (nt1(5)) (2 Ly D | ', 7,15 5)
0o non-rigid .
= ( 20 M (g by () (ZIK], LIK); DIK]) /A[K) | 7,5, 15 5’))/N,

where the equivalence relation ~ is generated by [f] ~ ¢, 1./ ([f']) for

[f] € Mo, o (ZIK], LIK); DIK)) /ATK] | B',, 1's §) and [f'] € the defining domain of @y s
on ./\/l(ngozsréiiil(gj ) (Z[K'), LIK'); DIK'))JA[K']| 8,9, i'; §). By construction, there are embeddings
of sets

Py + METTE o (ZIR), LK) DIR)JATK] | 8,7, 43 8)

Vi / !
= Mgn),(nri®m)(Z, L; D | 8,9, 155), k€ Zxo.
ZFor §, we define its length 1(3) :=1, degree deg(5) :=s1+ --- + s, and multiplicity m(3) :==s1 --- 5.
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A subset U of My p) (nsi(3),7)(Z, L; D | B',7, 1'; 5) is said to be open if U = UyUq such that U,
is contained in the image of some <p’<k) and gozk)_l(Ua) is open in

M(I;O;Ll;réiiil(gj m)((Z[k], LIk]; DIk])JA[K]) | 8,7, 15 §). This defines the C*°-topology on the moduli

space Mg p) (n+1(5),m)(Z, Ls D | B', 4, 1'; 5) of relative stable maps to fibers of (2,2; ﬁ)/ﬁ

Definition 6.1.2 [tautological cover]. By construction,

(M58 o (2181, LIRS DI /AT 8, 7.53) }

k‘EZZo

—

is an open cover of M(g7h)7(n+l(§)7m;g) (Z,L;D|B',7,1;8). We will call it the tautological cover
of Mg.n)(m+1().m) (%, L D | 5,7, 15 8).

Indeed, there exists kg depending (Z, L; D) and ((g,h), (n + 1(8),m)|8',7, i'; §) such that

Mpemnsd - (Zlkol, Llkols Dlkol)/Alko] | 8,7, 1, 3)

D METTEL oy (Zlko + 1], Llko + 1]; Dlko + 1])/Alko + 1] 8,7, 1, 5)
D ML o ) (Zlko +2], Llko + 20; Dlko + 2)) /Alko + 2] | 8,7, 4/,8) D --- .

—

Thus, the tautological cover of ﬂ(g,h),(nﬂ@ﬁ)(Z, L; D |, 7, ; ) is finite in effect, cf. Theorem

6.1.3. The universal maps on the universal curve over each M (r; OZSréiiil #)7) ((Z[k], LIk]; D[k])/A[K] |

B4, 1 8) are glued to give the universal map (between spaces with charts)

F 2 C/Myp mii@m)(Z, L:D| 8, 4,1';5) — (Z,L;D)/A.

Hausdorffness, finite stratification, and compactness.

Recall the notion of weighted layered (As — Aj)-graphs from Definition 3.3.5, the category
&(Ag — Aj) of graphs, and how a stable map f to fibers of (W[k — 1], L[k — 1])/B[k — 1] (now
= (Z[k], L[k])/A[k]) corresponds a such graph 74. To encode the contact-order data 5 of relative
maps with D[k], we add to the objects 7 in &(Ay — A;) the following data:

- an ordered set R(7) of l-many roots r;, i = 1, ... , [, that are attached to vertices of the
largest layer-value;

- an additional weight function ord’ : R(1) — Z>o, ri = Si;
- replace p(7) in Definition 3.3.5 by p/(7), called the relative index of 7.26

Denote a such graph still by 7 with the same name: weighted layered (A; — Aj)-graph. An
isomorphism « : T, — To between two such graphs is defined the same as in Definition 3.3.5
with the index replaced by relative index and the additional requirement that o induces an
isomorphism R(7;) = R(72) as ordered weighted sets. The corresponding new category of
graphs enlarges the previous one and will be denoted still by &(A; — Ap) (or simply & when
(A2 — A;p) is understood).

The notion of genus, b-weight, contraction, and (red-to-blue) color change of weighted layered
(A2 — Aj)-graphs extend to the new &(As — Ap). The correspondence of a point [f : ¥/pt —

2Let §= (ord’(r1), ---, ord’(r;)). Then, we will call the quantity ' + 2 deg () the (absolute) indez of T and
denote it by u(7). When I = 0, p/(7) = p(7).
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(Z L D)/A] € M(g h),(n+1(3 ),m)(Z L;D| B, 7, p; §), with target isomorphic to (Z[k], L[k}; D[k]), to
an element 777 € (A2 — Aj) is the same as in Sec. 3.3 with the following addition /modification:

F:2 = (Zuwp, L D) (H2(Z,L;Z) 2 Hy(L; Z))-graph T
i-th distinguished marked point pr; root m; € R(7) attached to v € V(7) with layer(v) =k
contact order s; of f with Dy at pnis ord’(r;), ri € R(T)
relative Maslov index 11" (f) relative index u' .

Two relative stable maps f; : ¥;/pt — (Z[ki], L[k:]; D[k;])/Alk:], i = 1, 2, are said to be of the
same topological type if T(; is isomorphic to 7z, in the category &. Degenerations of relative
stable maps to fibers of (2 , Z; ZA)) / A are reflected contravariantly by compositions of contractions
and color-changes of their dual graphs.

Same reasons that give Proposition 3.3.4, Lemma 3.3.7, and Theorem 3.3.8 now imply:

Theorem 6.1.3 [Hausdorffness and compactness]. The classification of relative stable maps
by their topological types gives rise to a finite stratification ofﬂ(g,h),(nﬂ@ﬁ)(Z, L;D| 38,7, u;3),
with each stratum S; labelled by a weighted layered (Ho(Y, L;Z), H(L;Z))-graph T € &. The
moduli space ./\/l(g h),(nt1(3)m) (Z; Ly D | B, 7, 11; 5) of relative stable maps to fibers of (2, E; 13)/121\
of combinatorial type ((g,h),(n + 1(8),m)| 5,7, 1';§), with the C*®-topology, is Hausdorff and
compact.

Cf. [L-R: Sec. 3.3], [I-P1: Theorem 7.4]; [Lil: Theorem 4.10].

6.2 A Kuranishi structure for M, ) i), (Z, L; D | B, 7, 11'; 5).

Introduce first the following category of topological spaces, which is closely related to Cgpscew:

Definition 6.2.1 [category Cg,..cy]- We define Cgo.c,, to be the category that has the same
objects as Cspscew but with the fibrations over the complex line C removed. A morphism in
Cs’psccw is a continuous map as stratified spaces.

The Same construction in Sec. 4 - Sec. 5 gives a Kuranishi structure on M(% h),(n+-1(3),m) (£, L
D |54, 1;8) that is modelled in the category C. There are only two major modifications

in the discussion:

spsccw *

(the non-rigidity of target): while treating (Z|[k], L[k|; D[k])/A[k] as the
(k—1)-th expanded degeneration of the degeneration (Z[1], L[1]; D[1])/A[1],
it is Gy,[k] — rather than G,,[k — 1] — that acts equivariantly on
(Z|k], L[k]; D]k])/A]k] and that corresponds to choices of the renormal-
ization in removing degeneracy /falling-into-D;

(T4) (additional transversality): local transversality of the contact-order-
s; condition along Dy at the distinguished marked point p;4;, for i =
1, ..., cf. Conditions (T1) - (T3) in Sec. 5.2.

Let (X, O B, D1, -y Phs f) be a relative stable map to the central fiber (Z, Ljx; D)
of (Z[k], L[k]; D[k])/A[k] that represents p € Mg n) (nti(s),m)(Z; L; D | B, 7, 11; 5). Recall that
Z[k} =7 UD=D1 o Aq UDl,ozDz,oo UDkfl,OZDk:,oo A and D; == A; N Ay in Z[k} for ¢ =
1,...,k—1. Here we set Ag = Z by convention. Let A; = f~1(D;) and A = Hf;ol A; be
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the set of distinguished nodes on ¥ under f. Let s = (8, --- , 8k_1; Sk), with §x = §, be the
tuple of contact orders of f at AU {ppy1, -, an(g)}. Recall the discussion and notations
in Sec. 5.2. The notion of a saturated subspace in WP(3,0%; f*T.Zy, (f|os)*TvLy) from
Definition 5.3.1.4 now has to be revised to incorporate Condition (T4) as well:

Definition 6.2.2 [saturated /relative pre-deformable subspace]. A subspace V in W1P(3,
O%; f*TuZy, (flox)*Ti L)) is said to be saturated if

(1) V is admissible;
(2) the map

. n+1(s 1(S .
(©qeaDydivg) D (EBi:l(#) Dy e”m) D (@qij Dy evqij) D (EBZQ Dfdwpn+i> :Vo—
(Bsen (Teto-1t@ DV @7 (Uy1) & T 1) Div "™ (Us2) ) )

(s s si—
D (€. Ty Vi) (@qiij(qu) D) Tior 1) (n DIV " (Up, )
is surjective;
(3) let V"Pd be the subspace ((Bqea Dy divg) & (Bgea Dy divg))~1(0) in V, then the linear map
) (s Y
(@QEA (Df €Vq @]etq(q))) @ (@z(:q (Df €Vppis @jetp;+i)) :
VRt — (@4en (T D & €) @ (819 Ty, D & 0))

is surjective, where we have identified D;, ¢ =0, ..., k — 1, canonically with D.

In the above statement, VP4 is called the relative pre-deformable subspace of V.
A subspace E of LP(S; A%'Y ©; f*T.Y}y) is said to be saturated if (DfaJ)_l(E) c Whe(x,
O%; f*Tu Y, (flox)* T L) is saturated.

The notion of a saturated obstruction space E, in LP(Z; A1y ®y [*TuZy) for p = [f] €
m(gﬁ)’(nﬂ(@’m)(& L; D |p,7,1; 8) from Definition/Lemma 5.3.1.5 is converted accordingly:

Definition/Lemma 6.2.3 [saturated obstruction space]. Denote by Im (D) the image
of Dfa], (Dfa])(Wl’p(g, 82; f*T*Z[M, (f‘ag)*T*L[k])), in Lp(g; AO,lg &g f*T*Z[M) Then there
exists a subspace E, of LP(X;A"'Y ®, [*TZy,) such that

(1) Im (Dfa]) +E,= LP(Z‘,; LY Qg f*T*Z[k]),
(2) E, is finite-dimensional, complex linear, and Aut(p)-invariant,

(3) E, consists of smooth sections supported in a compact subset of ¥ disjoint from the union

of the set of all (three types of) nodes and the set {pn11, -+, Py} of all distinguished
marked points on X,

(4) (Df0y)~YE,) is a saturated subspace of WhP(3,0%; T TuZpyy, (flos) TuLy))-
E, is called a saturated obstruction space of ﬂ(g,h),(nﬂ(;),m)(Z,L; D |87, ;38 at p.
The index of

Ds0y : WYP(S,05; f*ToZpy, (flos) TuLpy) — LP(S, A S @y T Zp)
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is given by
ind(Dpdy) = p(f) + dimZ-(1-§) — 2 S0 1(5) + 4 315 deg5,
W)+ dimZ - (1-§) = 2 55 UE) + 4 Y05 deg&; + 2deg 3,
where ¢ is the arithmetic genus of X¢.

Definition 6.2.4 [relative pre-deformable index]. We define the relative pre-deformable
index of Dyd; to be

ind™PYDs8y) = p"Nf) + dimZ - (1—§) + 2|A|.

Note that
dim (Df0;) " Y(E,)™Pd = pr(f) + dimZ - (1 —§) + 2|A| + dimE,.
The same routine of Sec. 5.3 - Sec. 5.4 now proves that:

Theorem 6.2.5 [Kuranishi structure on M,(Z, L; D | +)]. The moduli space Mg ) (n+1(3),m) (
Z,L;D| 3,7, 1;8) of relative stable maps to fibers of (2,2; ZA))/X admits a Kuranishi structure

K’ modelled in Cigeers- K' has the expected dimension

vdimM(Z,L;D|e) == p' + (N —=3)(2—29—h)+2(n+1(3)+ (m1+ - +my),
where 2N is the dimension of Z. The Kuranishi neighborhood-in-Cgysccry (Vo, v, Ev,,;85,%,) at
p=1[f:(%,08) = (Z), Lix); D)) has V), isomorphic to a neighborhood of the origin of
E (50,0 55_1) X R™ x (R>0)"?
where

- §; is the contact order of f along D; at the ordered set of distinguished nodes in f~1(D;),
i=0,...,k—1, (and recall that dim=, . 5 )= 2k);

-1 = vdimM.(Z,L;D|+)+ dimE, — (2k + n2) ; and

- ng = the total number of boundary nodes and free marked points that land on 0X.

The homeomorphism-type {Z[k’} Yo<w'<k of the targets of maps gives a Ty, -invariant stratification
{Sk'Yo<w <k on V,; each connected component of Sy is a manifold of codimension 2k" in V,.
This stratification coincides with the induced stratification on V, from the stratification®” of

=
=
=(

50,y Sk—1) "

ceey

2"Which, recall that, is induced by the map E (s,
subspaces.

Fq) C* and the stratification of C* by the coordinate
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7 Degeneration and gluing of Kuranishi structures and axioms
of open Gromov-Witten invariants under a symplectic cut.

In this last section of the current work, we derive a degeneration-gluing relation of the Ku-
ranishi structure of the moduli space of stable maps to (X, L) with the Kuranishi structure
of the moduli spaces of relative stable maps to (Y1, L1; D), (Ya, Lg; D) that occur in a sym-
plectic cut € : (X,L) — (Y,L) = (Y1,L1) Up (Y2, L2). This degeneration-gluing relation is
insensitive to the real codimension-1 boundary of the Kuranishi structures involved when L
is non-empty. Taking this formula as the foundation, together with (a) its reduction to the
degeneration/gluing formula of virtual fundamental classes and Gromov-Witten invariants in
closed Gromov-Witten theory when L is empty and (b) the deformation-invariance requirement
of Gromov-Witten invariants, we propose a degeneration axiom and a gluing axiom under a
symplectic cut for open Gromov-Witten invariants of a symplectic/almost-complex manifold
with a decorated Lagrangian/totally-real submanifold.

7.1 The degeneration-gluing relations of Kuranishi structures.

Central fiber, layer-structure stratification, and descendent Kuranishi structure.

Definition 7.1.1 [category Cspscew,0 and its descendants CS(;QCCWQ]. We define Cgpscew,0 to
be the category of weighted stratified spaces Qo that occur in the central fiber of objects Q/C in
Cspscew- Here the weight to an irreducible component of Q) is given by the multiplicity of that

component in terms of the associated flat affine fibrations =g/ Spec C[t] of schemes, cf. footnote
19. Define also the depth-i descendant CS(;) of Cepscew,0 to be the category of stratified spaces

sccw,0 )
locally modelled on the central fiber of the fibration (Z(g,, .. 5) x R™ x (R>0)"2)/C! for some
n1, ne. Note that Cs([?s)ccw o = Cspscew,0-

spscew]+ We define the depth-i descendants Cspé?cw
to be the category of stratified spaces locally modelled on the central fiber of the fibration

Definition 7.1.2 [descendants cspéc)cw of C!
Ofcspsccw
(B, .., 5_1) X R™ x (R>0)"2)/C" for some ny, na. Note that C;IggSZW =C/

sSpsccw *

Definition 7.1.3 [standard Kuranishi structure|. We will call a Kuranishi structure IC on
a moduli space M of stable maps standard if K is constructed via the routine in Sec. 4 - Sec. 5.

In particular, a standard Kuranishi structure-in-Copscew K/B on Mgy (n.m)(W/B, L | [8],7
u)/B is flat over B in the sense that each A € B has a neighborhood Uy over which K is
equivalent to a standard Kuranishi structure K /B with the Kuranishi neighborhoods and ob-
struction bundles from K /B flat over Uy. Indeed, a standard K/B constructed through Sec. 4
- Sec. 5 is already flat over a neighborhood of 0 € B. This motivates/implies the following
definiton /theorem, which is a corollary of Proposition 3.3.4, Theorem 3.3.8, and Theorem 5.1.6:

Definition/Theorem 7.1.4 [stable maps to (Y,L)]. Recall the symplectic cut £ : X — Y
and let 8 = & ([8]) € Ha(Y, L; Z). Define the moduli space Mg py (n.m)(Ys L | 5,7, 1) of stable
maps of type ((g,h),(n,n)|B,7,u) from labelled-bordered Riemann surfaces to (Y, L) to be
the central fiber of ﬂ( wy(W/B, L|[8],7, 1)/ B over 0 € B, with the induced C*°-topology.

g,h),(n,
Then M(g7h)7(nm (Y,L|B,7,n) is Hausdorff and compact. The correspondence

_— B 9
Mg.n), () (Yo L B, 1) — S(Ha(Y, L Z) — H1(L; Z)), [f] — 75

—~
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gives a finite stratification ofﬂ(g,h),(nﬁ)(Y, L| 3,7, 1) by the topological type of maps. The cen-
tral fiber KCo of a standard Kuranishi structure-in-Cspscew K/ B on Mg ) mm)(W/B, L|[8],7, 1)
/B gives a Kuranishi structure-in-Cspscew,0 0n Mg p) mm)(Ys L | 8,7, ). We will call a Ku-
ranishi structure on Mg 4, (n,m) (Y, L | 8,7, ) thus obtained a standard Kuranishi structure on
Mg ), () (Y5 L | 8,7, 11). The virtual dimension of Ky is the same as the virtual dimension of

M(g,h),(n,fﬁ) (X7 L | [5]7 /77 M)

Forart e ® :=&(H(Y,L;Z) LA H,(L;Z)), denote the layer map V(1) — Z>q by layer.
Then the composition

[f] ¥— 71y — max{0, [Im(layers, )| —2}

gives a correspondence o
M(g,h),(n,fﬁ) (Y7 L | ﬁ) /77 :u) - ZZO :

Definition 7.1.5 [layer-structure stratification]. The (finite) collection of the pre-image of
the elements of Z>( under the above correspondence gives, by definition, the layer-structure strat-

ification of M(g,h),(nﬁ)(Y, L|jB,7,u). The stratum MEZ)h) (n m)(Yv L|j,7, 1) associated to i €
Z>q is called the stratum of depth i. A standard Kuranishi structure Ky on M(% h),(n,m) (Y5 L | B,

7, i) restricts to a Kuranishi st1"ucture—in—C’S(f))SCCW70 IC(()i) on ME?h) (n m)(Y’ L|B,7,u) as follows:

- Let IC/B be a standard Kuranishi structure-in-Cspgcew 0N H(g,h),(n,ﬁ)(W/B7 L|[B),7,u)/B
that gives the Kuranishi structure-in-Cspscew,0 Ko, p € ME;{ h)7(n7m)(Y, L|B,9,u),
(Vo, Ev,,T'v,58v,,%v,)/B be a Kuranishi neighborhood of p from K with p treated as a
point in M g ), (n,m)(W/B, L |[B],7, 1)/ B. Then, by definition, the Kuranishi neighborhood-
in-Cypscew,0 0f p from Ky is given by

(Vp,07 FVp,o = FVpa Epro = EVP |Vp,0; SVp,o = sz|Vp,07¢Vp,0 = Q)Z)Vp |Vp,0) ;

where V), o is the central fiber of V,/B, which is invariant under I'y,, and T’ v, is I'y, that
acts on V,, o.

- By construction V), also fibers over Bli]. Let VP(B be the central fiber of V,/B[i]; then Vp(fo)
is I'y, -invariant and the restriction

(4) - - . - . - .
(Voo Ty =Tv,» Bpoy = By, |05 50 = svlya by =vvlyo ).

define a Kuranishi neighborhood-in-C ® oofpe ME? h).(n ﬁ)(Y, L|B,7,p). The system

spsccw
of transition data in IC restricts to a system of transition data for such system of Kuranishi

neighborhoods-in-C (@) for M (Y,L|B3,7,u). This defines ICéi).

SpSCCW’O (g,h),(n,rﬁ)

We shall call such IC(()i) a standard Kuranishi structure on ME?h) )(Y, L|j,7,u). Note that

7(”7"/;3’
in the above description, Vp(l) has codimension 2i in V,q; thus vdz’mlC(()Z) = vdimKy — 2i.

We say that the stratum ME? h),(n m)(Yv L|B,7, ) has virtual codimension 2i (everywhere) in
M(g7h)7(n7m) (Y,L|B,7,u) Note also that ICéO) = Ko.
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Similarly, the composition
[f] ¥— 115 — [Im(layer )|
gives a correspondence
Mgy, nt13),7)(Z, Li D | 8,7, 15 5) — Zxo.

This defines a layer-structure stratification

() ' o
{ M(th)7(n+l(§'),m) (Z7 L7 D ‘ /8/7 e ,u/; g) }

iEZzO

of Mg n)(n+i(3),7)(Z, L; D | 8,7, p'; 5). Given a standard Kuranishi structure-in-CJ, .., K’ for
M(g7h)7(n+l(§)7m) (Z,L; D | 8,74, 1'; §), the same take-central-fiber-then-restrict construction in Def-
inition 7.1.5 gives a standard Kurqm’shz’ StT’uCtUT’C—in‘Cs/faéz:)cw K@ on ME?,h)’(n +l(§»),m)(Z, L;D|p,
’?_,//; §). The depth-i stratum ME;)’h)’(nH(;)’m)(Z, L; D | 8,7, 1'; 8) has virtual codimension 2i in
M g.n),(n+1(5),m) (Z, Ly D | B',7, 115 5).

Lemma 7.1.6 [unique equivalence class]. Any two standard Kuranishi structures on M are
equivalent, where M is any of the following moduli spaces:

M(g,h),(n,fﬁ)(VV/B7 L ’ [/8]7:};7 /’L)/B ) M(g,h),(n,fﬁ) (W)\u L ’ [/8]7:};7 :u) ) AEB - {0}7
Mg, (Yo L1 8,7, 1), Mg oy V- L1 8.7, 1)
Mgy, i@y Z: LD A7, 158) . MU s (Z LD 87,4159
Proof. For M = My ) (n.my(W/B, L|[],7, 1)/ B, let K; be the Kuranishi structure associated
to a fine system of saturated obstruction local bundles &; i = 1, 2; cf. Sec. 5.4. Then there exists
another fine system &3 of saturated obstruction local bundles so that both F(&1) and F (&) are
orbifold sub-fibrations of F(&3). The lemma for M = Mg ) (n.m)(W/B, L|[8],7, 1)/ B follows
then from the construction in Sec. 5.4. Similarly for all other choices of M in the list.

(]

Topological spaces with a Kuranishi structure: morphisms and fibered products.?®

We digress here to define two fundamental notions that we did not truly need until now: mor-
phisms and fibered products of topological spaces with a Kuranishi structure. These two notions
are fundamental in any category of spaces/geometries.

Definition 7.1.7 [Kuranishi structure: morphism]. Let X; be a topological space with a
Kuranishi structure KC; o modelled in a category C, i = 1, 2. A morphisms from (X1, ) to
(X2,K2,0) is a continuous map ¢ : X3 — Xa together with a tuple of systems of morphisms
goﬁ = (pv, er,ep) : Ki = Ky, where K1 ~ K; and Ky ~ Ky, consisting of a system

of continuous maps ¢y, : Vy; — Vi(z,), group homomorphisms ¢r. : I'y, — Fvw(m, and or -

equivariant bundle maps ¢p. : By, — Ey,  that covers ¢y, such that??

(=1)

280ur definitions here are tailored to what we have explicitly, what we are allowed to do in these cases, and
what we are aiming for. There is still room for further polishments/generalizations of these notions/definitions.

29The necessity of passing to equivalent Kuranishi structures to define morphisms is enforced on us when one
considers the simplest case: the notion of embeddings of a topological space-with-Kuranishi-structure to another.
This also makes the definition ring more compatibly with its parallel in algebraic geometry. There one has
the notion of two-term locally-free resolutions of a perfect tangent-obstruction complex on the moduli stack in
question. Morphisms between such complexes are at the level of derived categories of coherent sheaves on the
moduli stacks. In particular, they have to pass to quasi-isomorphisms of chain complexes, rather than directly on
the two chain complexes one wants to compare.
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(1) [compatibility on each Kuranishi neighborhood]:
PE ©8p =Sy oy, onVy,  poihy =1, 00y on s;l(O)CVp for p € Xy;
(2) [gluability: compatibility with transition data] :

v (Vap) € Vio)otw) » ¥r. © hqu = hf(q)so(p) ewr.,
PV O Dgp = Pu(q)p(p) © PV. s PE. O Pgp = Pp(q)(p) © PE. -

For convenience, we will denote a morphism as (¢, %) : (X1,K1,0) — (X2,Ka,0) with it under-
stood that ¢! is defined subject to passing to an equivalent Kuranishi structure.

Definition/Example 7.1.8 [embedding]. A morphism (i, ¢%) : (X1,K1) — (Xa, K2) is called
an embedding if both ¢ and ¢* are embeddings.

Definition/Example 7.1.9 [covering map]. A morphism (g, ") : (X1,K1) — (X2,Ks) is
called a covering map if ¢ is a covering map and ¢! is an isomorphism?®’. In this case,
vdimIC1 = vdim Ks.

Definition/Example 7.1.10 [virtual bundle map|. Given a topological space S, we shall
regard it also as a topological space with the trivial Kuranishi structure K™ V8l that consists
of exactly one Kuranishi neighborhood (S, {e},05 := S x {0};0,Ids). A morphism (¢, ") :
(X,K) = 8 = (S, KtVial) s called a wvirtual bundle map if ¢ : X — S is continuous and
of K — K"Vial g 5 bundle map®'. Note that, in this case, the I'y,-action on V), leaves each
fiber of V,, — S invariant.

Definition 7.1.11 [Kuranishi structure: fibered product]. Let S be a topological space
with the trivial Kuranishi structure K"Vl Given two virtual bundle maps

f f
(xX1,/0) BB g R x, k)

define the fibered product (X1 xg Xo,K1 xg K3) of (X1,K1) and (X2,K) over S to be the
topological space
X1 x5 Xy = (p1 X p2) ' (Ag) C X1 x X3,

where 1 X 9 : X1 X X9 — S xS and Ag C S x S is the diagonal, equipped with the following
Kuranishi structure:

(1) [the induced Kuranishi neighborhood at (p1,p2) € X1 xg Xo]:

- define V{;,, ,) = Vpy X5 Vp, and let V;, a Vi X5 Vi, L Vp, be the projection maps;

- the diagonal action of I'y, x T'y, on Vj,, x V), leaves V
define Fv(plm) =TIy, xTI'y,, now acting on V,, ,,);

p1p2) = Vpr X8 Vp, invariant,

let By, = mEy, ®mEy, on Vi, ), then the induced I'y, -action on

Ev(mypz) is equivariant;

et sy, py) = (71 Spy » T5Spy), then 8(

p1p2) 18 @ FV(pl,pz

-invariant section of Ey; ;
) (p1,p2)

30By this we mean that all maps in ¢* are isomorphisms. Note that ¢ alone sees only the local properties of
the topology. That maps in goﬁ are all isomorphisms implies only that ¢ : X1 — X3 is a local isomorphism.

31By this we mean that each pv : V, = S, p € X, in goﬁ is a bundle map (i.e. locally trivial fibration) over a
non-empty open subset of S.
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et iy py) = (U, X U, = 5, 1(0) X 5,1(0) = X7 X X2 )|V, x5V, then i, ) is a

map from 3(_1;11,;:;2)(0) to X1 Xg Xo.

The 5-tuple (V(,, p,) Vi ) Vi ) 5 So1.2) - Y(p, po)) defined above is called the in-

duced Kuranishi neighborhood of (p1,p2) € X1 Xg Xa from Ky and Kg. Define NO to be
the system of Kuranishi neighborhoods of X; x g Xs thus constructed.

(2) [transition data]:

- the diagonal product construction defines a canonical Kuranishi structure Ky x Ko
on X7 X Xog; the Kuranishi neighborhoods for X; xg X9, as constructed above, are
embedded in the Kuranishi neighborhoods in Ky x Ks; the canonical transition data
in K1 x Ko restricts to a system 9V of transition data for M.

Define K; xg Ko = (MO, NW)). When S = {pt}, we call (X; x Xy, K1 x K3) the direct product,
or simply the product, of (X1,/K1) and (Xa, K2).

By construction, there are a tautological virtual bundle map

(01 x5 92, @} x5 @) + (X1 x5 Xz, K1 xsKa) — S,
an embedding morphism (X3 x g X2, K1 xgK2) — (X7 X X3, K1 X K3), and projection morphisms

(m1,7%) (m2,7)

(X1,K1) =7 (X1 x5 X2,K1 xgKg) — (X3,Ka).

Note that vdim (K1 xg Ka) = vdim K1 + vdim Ky — dim S when S is a manifold and both Ky
and Ky are modelled on the category of CW-complexes.

The degeneration-gluing relations of Kuranishi structures.

We are now ready to give the degeneration-gluing relations of Kuranishi structures of the several
moduli spaces that occur in the study.
The following bookkeeping graphs are adapted from [Lil: Sec. 4.2]:

Definition 7.1.12 [admissible weighted graph]. Given a relative pair (Z,L; D) with a
symplectic/totally-real submanifold, an admissible weighted graph T for (Z,L;D) is a graph
without edges together with the following data:

(1) an ordered collection of hands, fingers*?, and legs; an ordered collection of weighted roots;
a relative index function and two weight functions on the vertex set p' : V(I') — Z,
g: V(') = Z>p, and b : V(I') — Ha(Z, L;Z); a weight function on the ordered set of
hands v : H(I') — Hy(L;Z) such that 0b(v) = )", hy., where v € V(I') and the sum is
over the ordered subset of hands that are attached to v;

(2) T is relatively connected in the sense that either |[V(I')| = 1 or each vertex in V(I') has at
least one root attached to it.

32The order of fingers is lexicographic: first by the order of the hands they are attached to and then by the
order within each group that are attached to the same hand.
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Definition 7.1.13 [admissible quadruple]. Given a gluing (Y, L) = (Y1, L) Up (Y2, La) of
relative pairs from a symplectic cut, let 'y and I's be a pair of admissible weighted graphs for
(Y1, L1; D) and (Y3, Lo; D) respectively. Suppose that I'y and T'y have identical number [ of
roots, hi-many and he-many hands, ni-many and ns-many legs respectively. Let h = hy + ha,
n =mn1+ n2, Ihana C {1, ..., h} be a set of hy elements, and I,,, C {1, ..., n} be a set of n;
elements. Then (I'1, s, Ihand , fieg ) is called an admissible quadruple if the following conditions
hold:

(1) the weights on the roots of I'; and I'y coincide: ry; =rg;, i =1,...,1;

(2) after connecting the i-th root of I'; and the i-th root of I'y for all ¢, the resulting new
graph with A hands, (accompanying fingers), n legs and no roots is connected.

Re-ordering of roots defines an equivalence relation ~ on the set (2 of admissible quadruples.
Define Q := Q/ ~. Given an admissible quadruple n = (I'1,I'2, Ihand , [ieg ), denote by Per.,.(n)
the set of permutations of the roots in I'; that leaves 1 unchanged.

Note that Iy.nq determines the order of the hands on the graph from gluing paired roots by
the unique bijection {1, -+, hy} IT {1, --- , ha} — {1, -+, h} such that it preserves the orders
of both {1, --- , hy} and {1, --- , he} and that the image of {1, ---, hy} is Ihang. The order of
fingers on the glued graph is then determined lexicographically. Similarly, Ij; determines the
order of legs on the glued graph.

Given an admissible quadruple n = (I'1,I'2, Ihand » Jieg ) as above with (Y, L) = (Y1,L1) Up
(Y3, Lo) = the degenerate fiber Wy of W/B, one has

- the genus function
gm) = 1+1= [V UT2)[ + > cvryovry) 9v) € Z>o,

- the curve-class function

b(n) =k <EU€V(I‘1) bFl (U)> + L2 <Z’UEV(F2) bF2 (U)> € H2(Y7La Z)7

where ¢; : (Y;,L;) — (Y, L), i =1, 2, are the inclusion maps,

- the total index pu(n) = 3 ey ) 1 (V) + Xpevay 1/ (V) -

Let m(n) := (ma, - - -, my) be the tuple of numbers of fingers attached to hands € H(I'1)UH (T'9)
and (n) be the tuple of values of v1 U~e : H(I'1) U H(I'y) — H;(L;Z), both with respect to the
order on H(T'1) U H(I'2) specified by Ihang - Define the type of n to be

Inl == ((g(n), h1 + ha), (n1 + ng, m(n)) |b(n), ¥(n), p(n)).

For each n = (I'1,I'2, Ihand , lieg ), With l-many roots, such that [n| = ((g, h), (n,m) | 3,7, 1),
there are five moduli spaces of stable map associated to it:

M(Y1, Ly; D|Ty), M(Ya, La; D |Tg), M(Y1,L1; D|T1) X pt M(Ya, Ly; D|Ty),
sub-orbifolds M((Y1, L1; D) 11 (Ya, Ly; D) 1) and M(Y,L|n) of Mg n) tnm)(YsL1|B,7, 1) -
We explain each of these spaces and their standard Kuranishi structures below.
Let T be an admissible weighted graph for (Z, L; D)., The restriction of the data encoded by

I to each vertex v € |I'| specifies a unique type data ((gv, hw), (0, 1700) | B, Yo ty3 80). Define
the moduli space by the direct product:

M(ZPL’D‘F) = H ﬂ(gmhv)v(nmmv)(z’L;D’&’Vv’ug;gv)'
ve|T|
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A standard Kuranishi structure IC’( Z.1:0|T) O1 M(Z,L; D|T) is by definition the direct product

of a standard Kuranishi structure on each moduli-space component M(gmhv)7(nv77ﬁv) (Z,L; D | B,
Yos My; 8y). Let I be the number of roots of T'. Then the saturatedness of the obstruction-
space local bundles for each My, n.), (n,,m0) (2> L; D | Bos Voo b §,) implies that there is a virtual
bundle map o .

(qa qﬁ) : (M(Z7 L; D | F) ’ EZJ,;D\I‘)) — (Dlv ICterlal) :

Apply the above to I'y and I'y from the admissible quadruple with I-many roots, one ob-
tains the fibered-product moduli space M (Y1, L1; D |T'y) X pi M(Ya, Lo; D | T'g) with a standard
KurIszishi structure defined to be the fibered product IC/(YI,Ll;DU“l) X pi KEYQ,LQ;DQ )"

et

@, : M(Y1,L1; D |T1) X pi M(Ya, Lo; D |Ta) — Mg p) (Y, L] 8,7, 1)

be the gluing orbifold map, whose corresponding map at the underlying topological space is
given by

(f1:310 = Yy Laen)s D) > f2 0 B2 = (Yo ko], Lo, ko] Diia)) )
|—>f:f1Uf2:E—>(Yv[k],L[k]), k=Fk + ko,

where ¥ is the gluing 31 U X5 of ¥; and X9 along their paired distinguished marked points;
Yk, ko) 15 the gluing of (Y ), L r]; Dpey)) and (Yo fry)s Lo fko); Dika)) bY Digy) = D 2 Digy).-
Denote the image by

with the induced sub-orbifold structure and the C*°-topology from M(g,h),(n,m) (Y,L|B,7,1);

then @, is an orbifold covering map of pure degree |Per,(n)| to M((Y1, L1; D) 11 (Ya, La; D) | n).
A standard Kuranishi structure on M((Y1, L1; D) II (Ya, Le; D) | ) can be constructed as fol-
lows. Since @, is a covering map, a Kuranishi neighborhood (V,,Tv,,Ev,;s,,1,) of p €
M((Y1, L1; D)II(Y, Ly; D) | n) can be taken to be a Kuranishi neighborhood of a p’ € ®;*(p); i.e.

. : . : (0)
via the fibered-product construction. In this way one obtains a system ‘J‘(((YL LysD)I(Ya, La:D) | )

of Kuranishi neighborhoods on M((Y1, L1; D)1 (Ya, La; D) | 7). Assume that all these neighbor-
hoods are small, then the system {L(k17k2)}k1+k2:k of almost-complex pseudo-embeddings

L(lﬁ,kg) .

(((Va[ka], La[ka); Dk1]) x Alk2]) Uik, ) AfkalmAk:] x DIks) (AlR1] X (Ya[ka], Llko]; D[2])) ) /(Alk1] x Alks])
(0)

- ((Y1,L1;D)1(Y2,L2;D) | n
on Mg n),(nm) (Y, L| 8,7, ). Here, D[k1] x A[ko] and A[k;] x Dlkz] are glued via their canonical
isomorphisms with D x Alk;] x A[ks] = D x A[k], and the pseudo-embedding A[k] = A[k] x
Alks] — BIk] is given by (A, ') = (X, 0, X). The transition data from K then restricts?® to an

" (0)
transition data on m((Yl,Ll;D)H(Yz,Lg;D)M)

induces a natural embedding of 91 ) into a standard Kuranishi structure K

. By construction, one has an embedding morphism

(M((Yr, Ly; D) IL(Ya, Lg; D) [0)  Kvi La:Dyi(va,LasD) ) )
— (Mgm), () (Y. L] 8,7, 1), K).

33Note that in general one has to pass to an equivalence to make a system of Kuranishi neighborhoods gluable.

However, here the system ‘J’IE?;,I L1;D)TI(Ya,L2:D) | n) is descended from a covering morphism of a Kuranishi structure.

We only need to know whether the transition data also descends in our case. The latter is implied by the existence
. (0) . . . .

of a natural embedding of m((yl,Ll;D)H(YQ,Lg;D) |y into KC, (i.e. an embedding at the level of universal maps on

universal curves).
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With respect to K((vy,1,;0)11(Ya,Lo;D) | n)» the covering map @, lifts to a covering morphism
((I)W @%) : ( ﬂ(yl, Ll; D ’ Pl) X pt M(YQ,LQ; D ‘ Fg) s ICEYLLl;D\Fl) X pt ]C/(YQ,LQ;D\FQ) )

— (M((Y1,L1; D) (Ya, La; D) |0) , K(tvi,L0:0)11(Ya,Lo:D) |1) ) -
One can check that, with these standard Kuranishi structures,
vdim ( M(Y1,L1; D |T1) x ot M(Y2, Lo; D|T3) )
= vdimM(Y1,L1; D|T1) + vdimM (Y1, Ly; D |Ty) — 21(N —1)
= vdim Mg p) (nm) (Y L | 8,7, 1) »
where, recall that, dimY = 2N. This implies that
vdim M((Y1, L1; D) I (Ya, Ly; D) |n) = vdim Mg py (n.) (Y L | 8,7, 1) -

Finally, let

M(Y, L|n)

be the same suborbifold M((Y1, L1; D) I (Ya, Ly; D) | n) of Mg . (n.m) (Y5 L | 8,7, i) but with a
Kuranishi structure constructed as follows. Consider the defining embedding morphism

(m(g,h),(n,fﬁ) (Y7 L ‘ ﬁ? :};7 M) ’ ICO) — (ﬂ(g,h),(n,ﬁ)(W/Ba L ’ [/8]7:};7 ,U,) ) ]C) :

Let K = MO N, For p € M(Y,L|7n) from gluing f; : ¥; — (Y1, (k1)> L1, (k) Dpieyy) and
f2 1 Yo = (Yo ko]s Lo, [ke]; Diko]), one has that V), € NO) fibers over B[k],where k = k; + ko.
Let V,,, C V, be the preimage of the hyperplane {X=00, -, M) : Ay, = 0} C B[k] under
this fibration with the multiplicity of the irreducible components of fibers encoded. Then V, ,
is I'y -invariant. Define I'y, = I'y,, now action on V,,; Ev,. = Ev v, ; spn = Splv,,; and
Yo = Yplv,.,,- Then the system ‘517(70) of 5-tuples (V,,,I'v, ., Ev, 5 8pm> Ypy) thus constructed
defines a system of Kuranishi neighborhood on M(Y, L |n). The system N of transition data
in K restricts to give a system ‘317(71) of transition data for %(70). The pair ;) := (‘517(70),‘317(71)) thus
defines a Kuranishi structure on M(Y, L | ). Kuranishi structures on M(Y, L |n) thus obtained
will be called standard Kuranishi structures on M(Y, L |n). By construction, one also has:

vdim M(Y,L|n) = vdim Mg p) nm) (Y, L| B, 7, 1) .

The following theorem that relates these moduli spaces and their standard Kuranishi struc-
tures should be compared to [Li2: Corollary 3.13. Lemma 3.14, Theorem 3.15]. It is in effect a
re-phrasing of [Li2] in terms of the Fukaya-Ono setting and at the level of Kuranishi structures,
rather than of virtual fundamental classes or chains:

Theorem 7.1.14 [degeneration-gluing: Kuranishi structure]. Regard X as a fiber W),
of W/B over \g € B — {0}. Recall the symplectic cut & : (X,L) — (Y,L) = (Y1,L1) Up
(Ya, La) Given a type ((g,h),(n,ni)[[B],7,u) of stable maps to (X,L), let B = &([B]) €
Hy(Y,L;Z) and Q((g,h),(nﬁ)lﬁﬁ?,u) be the equivalence of admissible quadruples n such that |n| =

((g,h), (n,m)| 8,7, ). Then, the following statements hold, up to an equivalence of Kuranishi
structures:

(1) A standard Kuranishi structure Ky, on Mg p) nm) (X, L|[6], 7, 1) and a standard Kuran-

ishi structure-in-Cspscew,0 Ko on M(g,h),(n,rﬁ)(yy L| 3,7, 1) are related as fibers of a standard
Kuranishi structure-in-Cspseew IC/B, flat over B.
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(2) There is a decomposition of moduli space

ﬂ(g,h),(n,rﬁ) (Y7 L ’é? ;}I"? /’[/) = UUEQ((g,h),(n,m) ‘Ev’?yH)M(Yj L ’ 77) °

The two sub-orbifolds M((Y1, L1; D) 11 (Ya, Ly; D) |n) and_
MY, L|n) of Mg ny,mm) (Y, L|B,7, 1) are identical in Mg py (nm) (Y, L | 8,7, 1)

(3) The restriction Ko, of the Kuranishi structure Ko on Mg py () (Y, L|B8,7, 1) to the
component M(Y, L |n) is equivalent to the Kuranishi structure K, on
M((Y1,Ly; D) I (Ya, Lo; D) | ), except that Ko, carries a multiplicity m(n). Let § =
(s1, -+ ,8;) be the weights of the ordered roots in n; then m(n) = m(8) := s1 --- s;. In

notation Ko, = m(n) IC,.

(4) Let n = (Fl,Fg,Ihand,Ilcg) with I-many roots. Then, the Kuranishi structure IC, on

M((Y1, L1; D) 11 (Ya, Lo; D) | ) is locally equivalent to the Kuranishi structure K} X pi Ky
on M(Y1,L1;D|I'1) x pu M(Ya, Lo; D |T'y) under the |Per,(n)|-fold covering map ®,.

We use the following “formula” to summarize/encapsulate (1), (2), (3), and (4):

KAl e 1ol = Unea iy, mm g Konl = Unetm mi5.0 ™0 Kol

_ m(n) P / /
X .
UWEng,h),(n,m) 185.m) |Perr(n)] ~ 1* [KC1 % pt K3

Proof. We give only a sketch here and omit the tedious details. Statement (1) is by the definition
of Ky. Statement (2) follows by considering the topological types of maps. The multiplicity m(n)
in Statement (3) arise from the scheme structure of the centra fiber of =3 — C. Statement (4)
requires a comparison of the fibered product of Kuranishi structures and that from a restriction.
Here, as well as whenever we need to justify the equivalence of two standardly constructed
Kuranishi structures on a same moduli space in question, is where Siebert’s work [Siel| plays
roles again and again. Associated to a Kuranishi structure K is a fine system Ex of saturated
obstructed local bundles as sub-fibrations in the related LP-obstruction space fibration 7. 5“\;1,1) ()
as in Sec. 5.4; and vice versa. To construct the equivalence of two given two Kuranishi structures
K1 and Ky, one constructs an appropriate fine system £ of local bundles that contains both Ex,

as sub-fibrations.
O

We emphasize that, at the level of Kuranishi structures, the above degeneration-gluing re-
lations under a symplectic cut hold for both closed Gromov-Witten theory and open Gromov-
Witten theory and by the same reason.

Example: Li-Ruan/Li degeneration formula of closed Gromov-Witten invariants.

When L is empty, the domain of maps are closed nodal Riemann surfaces and we resume the
moduli space

ﬂg,n(VV)\y [/8]) = ﬂ(g,O),(n,O)(VV)\ ’ [/8]) = HB"E[B} MQ,N(W)\HB”)

in closed Gromov-Witten theory. The notion of admissible quadruples in Definition 7.1.13 is
reduced to the notion of admissible triples n = (I't,T'a, I = g ) (cf. [Lil: Definition 4.11]) and
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its type is now a triple of the form (g, 7n; ). Denote by Q(g,n, ) the set of equivalence classes of

n;
admissible triples n such that |n| = (g,n; 8). Then, Theorem 7.1.14 reduces to

mgﬂl(Y? é) = U?]EQ(QJLE)M(Y ’ 77) *
and, in the encapsulated form,

[’C)\] < [ICO] = Uneﬁ(g,n;é) [IC07n] = Uneﬁ(g,n;é) m(n) [ICT]]

= _m(p) / /
UWEQ(g,n;g) | Per,(n)] Py (K7 x pr K5] .

A virtual fundamental class [M,,,(Wy, [8])]""* of the expected dimension and supported in

s-1(0) on each Kuranishi neighborhood V., p € M 0.0y (W, [B]) can be constructed®* via
P I3 (9,0),(n,0)

Kuranishi structures ICy. Similarly, for

[Mon(W/B,[8])/BI"™,  [Mona(Y,B1™, MY )™, [MY; D[],
[M(Ya; D|T9)]"",  [M(Y1; D|T1) x ot M(Yo; D|T2)]"rt, [M((Yy; D) 1T (Yo; D) [ )]"""

that are constructed from Kuranishi structures
K/B, Ko, Koy, ’1, ’2, IC'lxDzIC’Q, Ky

respectively. Since equivalent Kuranishi structures give identical virtual fundamental class, the
above degeneration-gluing formula of Kuranishi structures can be reduced?® to the degenera-
tion/gluing formulas of Li-Ruan [L-R] and Li [Li2]%:

34This step is not trivial. Tt includes a re-doing of [L-T3] and [Sie2] in the Fukaya-Ono family setting. Readers
who are not familiar with ibidem may think of a Kuranishi neighborhood (V,T', Ev;s,) directly as a “virtual
cycle” of the expected dimension in the (usually singular) orbifold local chart 371(0) C V of the moduli space,
weighted by 1/|T'|. Equivalent Kuranishi neighborhoods give equivalent local virtual cycles. Transition data of a
Kuranishi structure gives the patching data of these local cycles and defines a virtual fundamental cycle on the
(usual singular) moduli orbifold space. Equivalent Kuranishi structures define the same virtual fundamental class
on the moduli orbifold space.

3%In the Fukaya-Ono setting, the degeneration formulas of any form in Gromov-Witten theory should be re-
garded as the consequence of the more fundamental degeneration-gluing relations of Kuranishi structures and an
assignment to each moduli space with a Kuranishi structure a virtual fundamental class or chain that is functorial,
particularly with respect to restrictions to sub-moduli spaces, fibered product, and covering maps. Recall the
layer-structure decompositions of the moduli spaces of stable or relative stable maps and the virtual co-dimension
of each stratum. These notions extends to the fiber-products that occur in the problem. The functorial property
of a virtual fundamental class [M]"" implies that [M]""" is determined by its restriction to the depth-0 (i.e.
virtual codimension-0) stratum in the moduli space. As the depth-0 strata that occur in right-hand side of the
decomposition My (Y, B) = Unedignip
union when restricted to depth-0 strata of the moduli spaces in the identity. This disjoint union is then turned
into a summation of virtual fundamental classes on these strata when the degeneration-gluing relations of Kuran-
ishi structures are applied. As recovering the whole moduli space by adding in strata of positive depth will extend
the virtual fundamental class by only lower-dimensional classes in the strata of positive depth, the summation is
not influenced. This gives thus the degeneration/gluing formula at the level of virtual fundamental classes. It is
with this aspect that we state, as an example, the result of [L-R] and [Li2] as a corollary.

36Note that the degeneration formulas of Li-Ruan and Li are equivalent. Here we use the expression in [Li2];
see [L-R] for the expression in terms of integrals over virtual neighborhoods [Ru] with Thom forms. See also the
Appendix of the current work for a discussion on the equivalence of the degeneration formulas of Li-Ruan [L-R],
Li [Li2], and the formally different Ionel-Parker [I-P2].

M(Y |n) are disjoint from each other, the union becomes a disjoint
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Corollary 7.1.15 [degeneration-gluing: virtual fundamental class]. [M,, (X, [3])]""
and [Mgyn(Y, B)]""" can be realized as the fibers of the flat class [Mgn(Wy, [8])]” t/B over B.

MV, B0 = ey, MO (0]
= ety ™) V(Y1 D) I (Y3; D) 7))
- Z77=(1“1,l“z,l)efz(g,n@ |PZL7"(:72,7)\ (I)n* [M(YUD ‘ I'1) X p H(Y%D ‘ FZ)]UM

= =TT e i) % @ A ([M(Y1; D T1)]" x [M(Ya; D[ T2)]""),

where, for n with l-many roots, A, : D! < D' x D! is the diagonal map and

A, ¢ A,(M(Y1;D|Ty) x M(Yy; D |T3)) — A, (M(Y1;D|T1) x i M(Ya; D|T))

is the Gysin homomorphism under

M(Y1;D|Ty) x i M(Yo; D|Ty) — M(Yy;D|T1) x M(Ya; D|T5)
I I
D! A Dlx D'

The Gromov-Witten invariants of X associated to (g,n;[3]) are defined by>"

UE ey 0 HIXO) X H (M) — Q

(r, <) e () Uy (6) M (X5, 18D
where ev : My, (X, [8]) — X™ is the evaluation map associated to the ordered set of n marked
points, Ty n) : Mgn(X,[8]) = Mg, is the domain-curve stabilization map®®, and [-]p means
the degree-0 component of -

Given an admissible weighted graph I' with n legs and [ roots, let Mr be the moduli space of
stables curves with |V (I")|-many connected components in one-one correspondence with V' (I'), n
ordinary marked points corresponding to legs and [ distinguished marked points.corresponding
to roots accordingly. The relative Gromov-Witten invariants of the pair (Z, D) associated to an
admissible weighted graph I'" with n legs and [ roots are defined by

\IJ%ZD) : H*(z)xn % H*(MF) N H*(Dl)
(k,5) — s« (ey*(,«;)uﬂiﬁ(g) [H(Z;D]P)]Wt> 7

where ev : My, (X,[8]) — X" is the evaluation map associated to the ordered set of ordinary
n marked points, 7 : M(Z; D |T') — Mr is the domain-curve stabilization map, and
q: M(Z;D|T') — D' is the evaluation map associated to the ordered set of [ distinct marked
points.

For an admissible triple n = (I'1, 'y, I) with (n1,n2)-many legs and l-many roots, gluing at
the paired distinguished marked points defines an orbifold map G, : Mp, x Mp, — Mg n, where
g = g(n) and n = ny + ny. For ¢ € H*(M, ,;Q), we assume that the Kiinneth decomposition

37 All cohomologies in the definition of Gromov-Witten and relative Gromov-Witten invariants are over Q.
38For X smooth, T(g,n) is a local complete intersection morphism when extended to a map on Kuranishi
neighborhoods.
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G;‘Z(c) = Zje N, n,1,j® 6o exists. Then the degeneration-gluing formula of Gromov-Witten
invariants with respect to X/B is given by: ([Li2])

Corollary 7.1.16 [degeneration-gluing: invariant]. Letx € H)(R*m.Qu )%, ¢ € H*(Mg,),
and j; Y, > Y =Wy, i=1, 2. Then

W lgmsta) (5N 6)

Y1,D) [ -« Y2,D) / x
- Z’ZEQ(Q,n;E) % ZjEN?? [\Iléll )(‘71/{(0)’%71’]‘) ¢ \II%; )(]2#{(0),9772,]‘)]0 ’
where k() is the restriction of k to the fiber Wy of W/B, e is the intersection product on

H,.(DY), [-]o is the degree-0 component of -

7.2 A degeneration axiom and a gluing axiom for open Gromov-Witten in-
variants under a symplectic cut.

When L is non-empty, the (real) codimension-1 boundary on the moduli space ./K/lv(gvh)v(nvm) of
prestable labelled-bordered Riemann surfaces gives rise to the codimension-1 boundary 0K x r,

on the Kuranishi structure Ky r) on the moduli space M(g,h),(n,ﬁi) (X,L|p,7, 1) of stable maps

o (X,L). As a Gromov-Witten theory/invariant so far constructed is based on the intersection
theory with the functorially constructed virtual fundamental class/chain on the moduli space, the
birth-"n-death of chain components along the codimension-1 boundary 9K x 1) of K(x 1) makes
such construction not well-defined unless one has a way to fix the ambiguity. Furthermore, it has
been noticed ([K-L]) that to define meaningful open Gromov-Witten invariants and to match
with the physicists’ computation of open string instantons (e.g. [A-K-V]), a decoration « has to
be imposed to the Lagrangian submanifold L, to which boundaries of Riemann surfaces/open
string world-sheets are mapped. Basic examples of decorations are a group action on L, a
framing on T, L, and an involution on T, X |y that leave T, L fixed, if any of these structures on
L exists. Denote a Lagrangian submanifold L with a decoration o by L%. Thus:

PROBLEM:  To define open Gromov-Witten invariants for (X, L®).

Note that in general o on L does not extend to a decoration on X.

With the above problem in mind, the degeneration and gluing of Kuranishi structures studied
in this work and the deformation-invariance requirement of open Gromov-Witten invariants
propel us to impose the following two axioms on open Gromov-Witten invariants.

The Gromov-Witten invariants of (X, L) associated to ((g, h), (n,m) | 3,7, 1) are meant to
be the evaluation of a map

X,L> * n * m *(AA
Ui oty | 5.5 H X)X HA (LI o B (Mg ) () — Q,

where || = mq + - -+ +my, that satisfies a set of properties®®, e.g. the list in [Ko-M]. The same
holds with X replaced by the singular Y. Define also

(X,L%) (X
Yigm o) 8500 = 2 Cilamlnm 5750
B €[]

39Besides the interest in its own right, open Gromov-Witten theory gives a mathematical formulation for the
problem of open string world-sheet instantons and their enumeration in superstring theory; it is closely related also
to conformal field theory with boundary and D-branes. Some of the properties Wq(---) has to satisfy come from
these subjects in superstring theory. The following incomplete/intentionally-limited additional stringy literatures
only mean to give unfamiliar readers a glimpse of these diverse yet linked topics: [B-C-O-V: Sec’s 4, 5.5, 8.2,
[H-I-V], [K-K-L-MG], and reviews [Dou], [Ga], [S-F-W], and [T-Z].
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Similarly, given an admissible weighted graph I' with n legs, m fingers, and [ roots, the relative
Gromov- Witten invariants of the relative pair (Z, L%; D) associated to I" are meant to be the
evaluation of a map

WA g (2)* ) HA (L) x HY(My) — H.(D'),

where M is the moduli space of (not necessarily connected) labelled-bordered Riemann surfaces
with marked points of combinatorial type specified by I'. For an admissible quadruple n =
(I'1, T2, Ihand , lieg ) With (hq, he)-many hands, (n1,n2)-many legs, [-many roots, and type || =
((g,h), (n,m)| 5,7, n) gluing at the paired distinguished marked points defines an orbifold map
Gy Mp, x Mp, — M(g,h),(n,rﬁ)' For ¢ € H*(M(g7h)7(n7m);(@), we assume that the Kiinneth
decomposition G7(<) =3 e, n,1,/5 Sn2,5 exists.

Axiom OGW-degeneration. Let W/B be a degeneration of X associated to a symplectic cut
E: X =Y =YiUpYs = Wy and L® be a decorated Lagrangian submanifold of X disjoint
from the cutting locus. The submanifold in W) associated to L is denoted also by L. Let
k€ HY(Rm.Qu)®", v e H*(L)M and ¢ € H*(M,,,). Then

(W L®) s
Y gy o) | 1817, (B 036) = gy 0y | 3. (R(0), 0:6)

where B = &.([B]) and k(A) is the restriction of k to Wy.

Axiom OGW-gluing. Gromov-Witten invariants of (Y,L*) = (Y1,L{) Up (Y2, L§) can be
expressed in terms of relative Gromov- Witten invariants of (Y;, LY; D), i = 1, 2, by the identity:

(Y,L%)
\I/((gyh).,(n,m) | B,9:4) (K, v,5)
_ i m(n) (Y1,LY5D) (- - ) (Y2,L5;D) /. - .
- Zneﬂ((g’h)’(n’m)‘éﬁ"‘) |Per.(n) ZjeN" [\Ilrl (U1K, J1v Sp15) @ VY, (]2&7]21179772,])}0 5

where e is the intersection product on Hy(D'), and [-]o is the degree-0 component of - .

Remark 7.2.1 [selection of fundamental chains adapted to o — specialization]. Concerning the
ambiguity mentioned in the beginning of this subsection on the choices of virtual fundamental
chains, below is how these two axioms are applied to this issue. For simplicity of presentation,
we assume that & : (X, L*) — (Y, L) = (Y1, L*) Up (Y2,0). Suppose that

[ assumption] the decoration « is full enough to select in a standard way a class of

virtual fundamental chains [M(Y1, L% D |T'1)]""* in M(Y1, L%; D |T'1) associated to
a standard Kuranishi structure ICl(Yl,La;D|F1) for all T'y in an 1 € Q4 n),(n,m) | B.7)

—

then it induces a class of virtual fundamental chains on M g p) (n.m) (Wi, L | [8],7, 1) as follows:

- the push-forward of the fibered product of [M(Y1, L%; D |T1)]"t with [M(Ya; D |T')]v"
over D! weighted by m(n)/|Per,(n)| gives rise to a class of virtual fundamental subchains
MY, L [ )" in Mg p) () (Y L | 8,7, 1);

- their summation over n € Q((g’h)’(n’m) | 8,m,u) &ives a class of virtual fundamental chains
[m(g,h),(n,rﬁ) (Y7 L~ | ﬁ) /77 M)]virt in M(g,h),(n,m) (Y7 L~ | ﬁ) /77 :u);

- deform the chains [m(g,h),(nﬁ)(Y, L*| B, 7, w)]"" to over X # 0 by a 2-dimension-higher
chain ¢ in Mg p) (n,m)(W/B, L* | [8],7, 1) such that both ¢ and its restriction to
OM (g 1), (nm)(W/B, L* | [B],,11)/ B are flat over B; this then defines a class of virtual
fundamental chains [M g p) (nm) (W/B, L* | [B], 7, )] "™ in Mg ), n.m) Wi, L*| [8], 7, 1)
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In this prescription, dM g p) (n.m)(W/B, L* | [],7,11)/B consists of stable maps to the fibers

of (W,E) /E of the given type such that the domain ¥ has either boundary nodes or free
marked points landing on 0%. The requirement of the flatness of the deformation of chains
also on the restriction to M g p) (nm)(W/B, L*|[8],7, 1)/ B suppresses the birth-n-death of
chains from the codimension-1 boundary Kuranishi structure of the Kuranishi structure on

Mgy, () (X LY [B],7, 1)/ B. Here, we identify X as some fiber W), of W/B with Ag # 0.
This process is similar to the specialization technique in algebraic geometry.

Definition 7.2.2 [L-isolatable]. We call (X, L%) L-isolatable if there exists a symplectic cut
X — (Yo; I; D;) Uy, p, i(Z;, Lis Di)

where L;’s are the finitely many connected components of L, such that Z; is the symplectic
manifold determined by L; with the property that Z; — D; is symplecto-isomorphic to a tubular
neighborhood of the 0-section of T*L;. Here, T*L is equipped with the canonical symplectic
structure.

Under Axiom OGW-degeneration and Axiom OGW-gluing, the problem of the construction
of open Gromov-Witten invariants of L-isolatable (X, L) is reduced to

Step (2): the construction of relative open Gromov-Witten invariants of (Z, L%; D)
determined by L¢.

Such class of (X, L%)’s includes those that have occurred in the open/closed string duality.

Appendix. The equivalence of Li-Ruan/Li’s degeneration formula and
Ionel-Parker’s degeneration formula.

The details of [L-R] and [Lil], [Li2], together with Comparison 3.2.4 in Sec. 3.2, imply that the
degeneration formula of the (closed) Gromov-Witten invariants derived by A.-M. Li and Y. Ruan
in [L-R] and J. Li in [Lil], [Li2] are the same. The Degeneration Axiom and the Gluing Axiom
of open Gromov-Witten invariants we propose in Sec. 7.2 are of the Li-Ruan/Li form. This
form are formally different?? from that derived by E.-N. Ionel and T.H. Parker in [I-P1], [I-P2].
Indeed, we can also adopt the discussion of [I-P2: Sec. 12] to give degeneration-gluing axioms
of open Gromov-Witten invariants in the Ionel-Parker form, though algebro-geometrically (cf.
[Fu: Chap. 10]) it is the Li-Ruan/Li form that we would choose, as it comes from a flat family
construction. This leads to the following question:

Q. Do Li-Ruan/Li and Ionel-Parker give different/independent sets of gluing/degeneration
axioms for open Gromov-Witten invariants for a symplectic cut?

In this appendix, as a not-completely-irrelevant issue to our project, we explain the following
conjecture, whose justification will answer the above question negatively*!:

108ee [L-R: p. 159], [I-P1: p. 48], and [Lil: Sec. 0] for a light comparison by these authors themselves.

“Tndeed, from the algebro-geometric point of view, any degeneration/gluing formula for intersection-theoretic
type invariants that are constant under flat deformations must be re-derivable from a flat family construction
and any gluing/degeneration formula of Gromov-Witten invariants different from the one derived by a flat family
construction (i.e. the Li-Ruan/Li formula in the case of symplectic cut) must be convertible to the latter unless
they are indeed dealing with different invariants or different kinds of degenerations.
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Conjecture A.1 [Li-Ruan/Li = Ionel-Parker|. Li-Ruan/Li’s degeneration formula and
Ionel-Parker’s degeneration formula for closed Gromov- Witten invariants are equivalent/convert-
ible to each other. Furthermore, the conversion is induced by

un-rigidifying Y ’s
Li-Ruan / Li formula : ’ Ionel-Parker formula .

rigidifying Yy ’s

Ezxplanation. Though, in format,

- [L-R] uses symplectic stretching similar to that in Floer homology theory and the notion
of virtual neighborhoods construction in [Rul,

- [I-P2] uses the moduli space of (J,v)-holomorphic maps from the beginning and are thus
dealing with a different moduli space from both [I-R] and [Li2],

- [Li2] uses the construction of virtual fundamental class from a perfect obstruction theory
associated to the moduli problem of maps to fibers of a degeneration and is in the pure
algebro-geometric setting in terms of Artin stacks and Deligne-Mumford stacks,

these differences should be only superficial as long as the explicit form of the degeneration/gluing
formula is concerned. The latter depends more on how objects in the moduli problem degenerate,
i.e. on how maps in question break and how the target degenerates accordingly to keep the
maps remain what we want. For this, what happens in the three are the same, subject to the
superficial difference of symplectic stretching in [L-R] versus the expansion of targets by a ruled
manifold /variety in [I-P] and [Li2].

The true cause of the difference of the formula of [L-R] and [Li2] versus [I-P2] is at [I-P2:
Sec. 12]. There, maps about to degenerate are pre-grouped by how many expansions it is going
to take to remove degeneracy of maps in the limit. This gives rise to a covering of the moduli
space of maps in question ([I-P2: Lemma 12.2]) and it is shown that the inclusion-exclusion
principle way of counting does no harm (Identity (12.4) in [I-P2: Lemma 12.2]). It is this
inclusion-exclusion identity of moduli spaces that leads to the form of the degeneration/gluing
formula of [I-P2]. Thus, to relate [I-P2] to [L-R] and [Li2], we should ask:

Q. Is there an inclusion-exclusion identity in the setting of [L-R] and [Li2] as well?

To investigate this, recall the layer-structure stratification {ME;),h),(n,r?L) (Y,L|B,7, N)}ieZZO

of M(Q,h),(nﬁ)(y, L|j,7,u) from Sec. 7.1. Stable maps in the depth-i stratum ME?h) () (Y,L|
B,7, i) is characterized by that their targets are all Y};. The virtual codimension of ME;) n).(n m)(

Y,L|B,7,p) is 2i. This is precisely dimG,,[i]. Indeed the occurrence of this virtual codi-
mension comes exactly from the rigidification of the G,i]-action on Wi]/B[i] when we con-

struct a standard Kuranishi neighborhood of an f € M) (nm) (Y, L|B,7,p) that lies in
ME?,h),(n,m) (Y,L[B,7,u). The situation is indeed analogous to what happens in [MD-S1: Re-
mark A.5.3].

In particular, if we take the depth-i descendant Kuranishi structure IC(()i) on MEQ B, (ni) (Y,L|
B,7, i) from the Kuranishi structure Ko on Mg ) (nm) (Y, L|S3,7, 1) and consider the corre-

sponding Kuranishi structure Izéi) before rigidification, i.e. Kuranishi structure for maps to the

rigid Y[;, then we expect to have an open pseudo-embedding
0RO K,
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defined around s~1(0) on each Kuranishi neighborhood from Izéi). (Recall a Kuranishi neighbor-
hood data (V, Ty, Ev;s,1).) We expect also that a resemble to [I-P2: Identity (12.4) in Lemma
12.1]

Ko = iOkM) — i@y + i@y — ...

holds around s~1(0) on each Kuranishi neighborhood from Ky. This should then reproduce the
degeneration/gluing formula in the form of [[-P2].

Since all the difference in [L-R], [Li2] versus [I-P2] that are related to the expression of the
degeneration/gluing formula is whether or not and when and where to apply rigidification of
targets of maps, we thus make the conjecture.

|
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