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Abstract

Let V be a vertex operator algebra with a category C of (generalized) mod-
ules that has vertex tensor category structure, and thus braided tensor category
structure, and let A be a vertex operator (super)algebra extension of V. We em-
ploy tensor categories to study untwisted (also called local) A-modules in C, using
results of Huang-Kirillov-Lepowsky that show that A is a (super)algebra object
in C and that generalized A-modules in C correspond exactly to local modules for
the corresponding (super)algebra object. Both categories, of local modules for a
C-algebra and (under suitable conditions) of generalized A-modules, have natu-
ral braided monoidal category structure, given in the first case by Pareigis and
Kirillov-Ostrik and in the second case by Huang-Lepowsky-Zhang.

Our main result is that the Huang-Kirillov-Lepowsky isomorphism of categories
between local (super)algebra modules and extended vertex operator (super)algebra
modules is also an isomorphism of braided monoidal (super)categories. Using this
result, we show that induction from a suitable subcategory of V-modules to A-
modules is a vertex tensor functor. Two applications are given:

First, we derive Verlinde formulae for regular vertex operator superalgebras and
regular %Z—graded vertex operator algebras by realizing them as (super)algebra
objects in the vertex tensor categories of their even and Z-graded components,
respectively.

Second, we analyze parafermionic cosets C' = Com(Vy, V) where L is a posi-
tive definite even lattice and V is regular. If the vertex tensor category of either
V-modules or C-modules is understood, then our results classify all inequivalent
simple modules for the other algebra and determine their fusion rules and modular
character transformations. We illustrate both directions with several examples.
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CHAPTER 1

Introduction

Vertex operator algebras can be viewed as an attempt to mathematically for-
malize the symmetry algebra of a two-dimensional conformal quantum field theory.
In addition to physics, vertex operator algebras have by now intimate connections
to many areas of mathematics, including affine Lie algebras, modular tensor cat-
egories, geometry, and modular forms. In this paper, we use tensor categories to
deepen our understanding of the representation theory of vertex operator algebras,
and more generally, vertex operator superalgebras.

The tensor category approach to conformal quantum field theory began in the
late 1980s with Verlinde’s observation that fusion rules of rational conformal field
theory are connected to modular properties of characters [Ve]. This was soon
followed by the work of Moore and Seiberg [MS], who realized that the repre-
sentation theory of conformal field theory has certain features that Turaev [Tul]
was then able to formalize through introducing the concept of modular tensor cat-
egory. Two important questions were then when a category of vertex operator
algebra modules is a modular tensor category, and whether the modular S-matrix
defined by the transformation properties of torus one-point functions for the ver-
tex operator algebra agrees (up to normalization) with the categorical S-matrix of
a modular tensor category given by Hopf links. Both questions were resolved by
Huang [Hu6, Hu?7]: in particular, the module category of a so-called regular ver-
tex operator algebra is a modular tensor category, and the modular and categorical
S-matrices indeed agree up to normalization. Huang’s work depends not merely on
the braided tensor category structure of vertex operator algebra module categories,
but also on the deeper vertex tensor category structure formulated and developed
in [HL1, HL2, HL3, HL4, Hu2, HL5]. Recently, Huang, Lepowsky, and Zhang
have developed a vertex tensor category theory for more general vertex operator
algebras: the tensor categories constructed in [HLZ1]-[HLZ8] are no longer neces-
sarily semisimple or finite, but they are braided and have a twist. It is not known
generally under what conditions they are rigid.

Our setting is thus a vertex operator algebra V with a vertex tensor category
C of modules that is braided and has a twist. Let A O V be a V-module that itself
carries the structure of a vertex operator (super)algebra. The aim is then to use the
tensor category structure on C to understand its relation with the representation
theory of A (see [HO] for an early realization that tensor categories can be used
to study vertex operator algebra extensions). Our starting point is the work of
Pareigis [Pa] and Kirillov-Ostrik [KO] on commutative algebra objects inside ab-
stract modular tensor categories, in particular their construction of a braided tensor
category Rep” A of “local modules” (called “dyslectic modules” in [Pa]) for an al-
gebra A in C. A fundamental theorem of Huang, Kirillov, and Lepowsky [HKL]
states that vertex operator algebra extensions of V' in C are precisely commutative
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2 1. INTRODUCTION

algebras A in C with injective unit and trivial twist (the generalization to superalge-
bra extensions was obtained in [CKL]). It is also shown in [HKL] that the module
category for the extension algebra A agrees with Rep” A as categories (see [CKL]
for the superalgebra case). Our main theoretical contribution is to show that in fact
Rep” A agrees with the category of A-modules in C as braided tensor categories,
where the category of A-modules is given the braided tensor category structure of
[HLZ1)-[HLZ8]. This means that all abstract tensor-categorical constructions in
[KO] apply naturally in the vertex algebraic setting.

The main tensor-categorical tool from [KO] that we use in applications to spe-
cific vertex operator (super)algebra extensions is the induction functor. For any
object W in the category C of V-modules, the tensor product AKX W in C naturally
has the structure of a possibly non-local A-module. By restricting to the subcate-
gory C° consisting of objects W such that AKW is local, we get an induction tensor
functor from C° to Rep® A. Induced modules have been constructed previously in
the context of vertex operator algebra extensions V¢ C V where V is the fixed-
point subalgebra of a finite group G of automorphisms of V' [DLi, Ya2, CaM], but
so far, there has not been systematic use of induction for general vertex operator
(super)algebra extensions. In this work, we shall show that in a suitable sense,
induction is a vertex tensor functor, which allows one to relate tensor-categorical
data for V-modules to tensor-categorical data for A-modules.

In the following subsections, we discuss in more detail the vertex tensor category
theory needed for applying [KO] to vertex operator algebras, the types of vertex
operator superalgebra extensions we would like to consider, and the results we
obtain in this paper.

1.1. Vertex tensor categories

Module categories for vertex operator (super)algebras that are vertex tensor
categories have a rich complex analytic structure that can be specialized to braided
tensor category structure. However, the full analytic structure is crucial for our
investigation, as we explain here and later. For excellent background on vertex
tensor categories, see the survey article [HL6], and for more details, see [HL1].

We recall the main features in the definition of a vertex operator algebra. A
vertex operator algebra is a (typically infinite-dimensional) graded vector space V/
with two distinguished vectors: the vacuum 1 and the conformal vector w, and
equipped with a “multiplication” map, the vertex operator Y(-,z)- : V@V —
V((z)), where x is a formal variable and V((x)) is the space of Laurent series
with coefficients in V. The grading on V is typically given by the semisimple
action of the operator L(0) = Coeff,—2Y (w,z). One may specialize the variable
2 in Y(-,x)- to a non-zero complex number z thereby yielding an element of the
algebraic completion V of V' (V is the direct product, as opposed to direct sum,
of the graded homogeneous subspaces of V', or equivalently is the full dual of the
graded dual of V). The deepest axiom that Y (-, z)- satisfies is the so-called Jacobi
identity, which can be equivalently formulated (in the presence of the other axioms)
in terms of complex variables as follows: the three series

(1.1) (W', Y (v, 21)Y (va, 22)v3) |z1] > |22] > 0,
(12) <’U,,Y(Y(’Ul,21 — 22)1)2,22)1}3> |22| > |Zl — 22| > 0,
(1.3) (V'Y (v2, 22)Y (v1, 21)v3) |22] > |21] > 0,
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where v; € V and v' € V', where V' is the graded dual of V, converge absolutely
in the indicated domains to a common rational function in 27, z5. The equality of
the first and second functions above is a complex-analytic version of associativity
for Y, while the equality of the first and third corresponds to commutativity of
left multiplication operators. The vertex operator Y also satisfies a more direct
analogue of commutativity, called skew-symmetry:

(1.4) EEVY (vy, —)vy = Y (01, 2) vy

for v1,v9 € V. The domains of (1.1), (1.2), and (1.3) and the corresponding equal-
ities of rational functions are governed by certain sewing constraints for Riemann
spheres with positively and negatively oriented punctures, thereby making a vertex
operator algebra an algebra over the (partial) operad given by the moduli space of
such spheres [Hul]. In this sense, vertex operator algebras are a “complexification”
of the notion of commutative associative algebra.

Given modules W; for a vertex operator algebra V', an intertwining operator
Y : W1 Wy — Ws{z} (here braces denote arbitrary complex powers of x) is again
defined using a Jacobi identity [FHL]. For vertex operator algebras in logarithmic
conformal field theory, it becomes necessary to consider logarithmic intertwining
operators [Mill, Mil2], whose target space is W3[logz]{z}. One can choose a
branch of logarithm and specialize complex powers of z and integer powers of log x
in a logarithmic intertwining operator to corresponding powers of a specific complex
number z € C* and its logarithm to obtain P(z)-intertwining maps [HLZ3]. This,
however, is not a definition of intertwining maps, which are instead defined via a
Jacobi identity involving z. Intertwining operators and maps are central to the
definition of tensor product of vertex operator algebra modules.

The equalities of the analytic functions in (1.1), (1.2), and (1.3) when the ver-
tex operators Y in each series are replaced with general (and possibly different)
intertwining operators between appropriate modules is now very subtle. In this
generality, the series no longer converge to rational functions; in fact, they should
converge to multivalued analytic functions due to the presence of non-integral pow-
ers of z (and perhaps logarithms as well). The associativity relation for general
intertwining operators is called the operator product expansion in physics and is
not known to exist for general categories of modules for arbitrary vertex operator
algebras. Importantly, the operator product expansion is required in many scenar-
ios, the earliest instance being the proof of Frenkel, Lepowsky, and Meurman that
the moonshine module V! is a vertex operator algebra [FLM]. In vertex tensor
category theory, the existence of the operator product expansion is equivalent to the
existence of associativity isomorphisms between triple tensor products of modules
(see [Hu2, Theorem 14.11] and [HLZ6, Theorems 10.3 and 10.6]).

As with the vertex operator of a vertex operator algebra, the required com-
mutativity and associativity properties for multivalued analytic functions defined
by compositions of intertwining operators are governed by sewing constraints for
Riemann spheres with punctures. The notion of vertex tensor category is then de-
signed precisely to reflect these constraints. Given modules Wy and Ws for a vertex
operator algebra, one should have tensor products Wi Mp(,) W2 parametrized by
elements P(z) of the moduli space of Riemann spheres with punctures at oo, z # 0,
and 0, and with specified local coordinates at the punctures. The P(z)-tensor prod-
uct, if it exists, is a module Wy Mp(,) Wa equipped with a P(z)-intertwining map
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X Pz Wi@ Wy — W X p(z) Wa that satisfies the following universal property:
Given any test module W and P(z)-intertwining map I : Wy @ Wy — W, there
exists a unique morphism 7 : W1 Wp(.) Wo — W such that the following diagram
commutes:

Wi @ Wy ! w
l‘xP(Z/
n
Wi Rp(.) Wa

where 7 is the natural extension of 7 to algebraic completions. The vertex operator
algebra is a unit with respect to each P(z)-tensor product. Associativity of tensor
products follows from existence of operator product expansions for compositions of
P(z)-tensor product intertwining maps, and braiding comes from skew-symmetry
for intertwining operators. The module homomorphism €272 yields a twist on a
vertex tensor category. For a quick yet detailed review of these concepts, see Section
3.3. When the varying z € C* are carefully specialized to a single fixed complex
number (typically, z = 1) one obtains a braided monoidal category with a twist.
However, this procedure necessarily loses information, analogous to forgetting the
complex structure on a Riemann surface and remembering only the topological
structure. The specialization procedure is necessarily subtle: since pairs (z1, 22)
with z; = 2z do not belong to any of the domains in (1.1), (1.2), (1.3), the multi-
valued analytic functions arising from compositions of tensor product intertwining
maps typically have singularities at these points.

As mentioned above, the notion of vertex tensor category incorporating the
considerations above was first formulated by Huang and Lepowsky in [HL1]. In
[HL2, HL3, HL4, Hu2] they showed how to endow the module categories of
“rational” vertex operator algebras with such structure. Their results embrace
many well-known examples, for example vertex operator algebras based on affine
Lie algebras at positive integral levels [HL5], Virasoro minimal models [Hu3], lat-
tice vertex operator algebras, and the moonshine module V!. Using vertex tensor
category structure, Huang solved the two major important problems we have men-
tioned above: determination of the modularity of these categories and the Verlinde
conjecture.

Going beyond rationality, vertex tensor categories for vertex operator algebras
in logarithmic conformal field theory have been constructed in [HLZ1]-[HLZS],
subject to certain conditions, in particular existence of the logarithmic opera-
tor product expansion. In this case, the action of L(0) on modules need not
be semisimple, and correspondingly, intertwining operators may have logarithmic
terms. Huang has shown in [Hu8] that the full category of (grading-restricted,
generalized) modules for a Cy-cofinite vertex operator algebra satisfies the con-
ditions of [HLZ1]-[HLZ8] for the existence of vertex tensor category structure
(actually, the conditions on the vertex operator algebra needed in [Hu8] are some-
what more relaxed than Cs-cofiniteness, but this is sufficient). However, there are
many interesting vertex operator algebras for which it is unknown whether natural
representation categories can be given vertex tensor structure. Examples include
the C-cofinite module categories for singlet vertex operator algebras (see Section
6 of [CMR]) and module categories for affine Lie algebras at admissible levels.
(Since the first version of this paper was written, there has been progress on these
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two examples. For singlet algebras, rigid vertex tensor structure is now known on
the subcategory of so-called “atypical” modules [CMY1], though not yet on the
full Cy-cofinite module category. For affine Lie algebras at admissible levels, vertex
tensor structure is now known on the Ci-cofinite module category [CHY], and this
category is rigid at least for simply-laced types [Cr2]. There are also results for
some affine vertex tensor categories at non-admissible levels [CY]. However, it is
still an open problem to construct vertex tensor categories that include non-C1-
cofinite modules for affine Lie algebras, such as relaxed highest-weight modules and
their images under spectral flow.)

The concept of vertex tensor category applies equally well to vertex operator
superalgebras. Vertex tensor categories for superalgebras include minimal models
for the N = 1 superconformal algebra and unitary minimal models for the N = 2
superconformal algebra [HM1, HM2], as well as a non-semisimple example coming
from the affine vertex operator superalgebra of gl(1|1) [CMY2].

1.2. Motivation

The first motivation for our study of vertex operator algebra extensions con-
cerns the invariant theory of vertex operator algebras, in which two types of exten-
sions appear. First, if V' is a vertex operator algebra and G is a group of automor-
phisms of V, then we have an extension V& C V| where V& is the vertex operator
subalgebra of G-fixed points. Secondly, if B is a vertex operator subalgebra of V
(with generally different conformal vector), then the vertex operator subalgebra of
V that commutes with B, C = Com (B, V), is called the B-coset vertex operator
algebra of V', and V is an extension of B ® C.

In many applications, we understand V and B fairly well, but we would like
to understand the representation theory of either the orbifold V& or the coset C.
These are called the orbifold and coset problems, respectively. Conversely, the
inverse orbifold (respectively, inverse coset) problem occurs when we understand
V& (respectively, B ® C) reasonably well, but we would like to understand the
representation theory of V. The theory of our work exactly applies to the inverse
orbifold and coset problems because our starting assumption is an extension V' C A
where the smaller algebra V' already has a braided tensor category of modules.
Interestingly, we can also handle the coset problem efficiently, and we illustrate
this in Section 4.3 for parafermionic cosets, where the vertex operator subalgebra
B is a lattice vertex operator algebra. In this setting, when V is in particular an
affine vertex operator algebra at positive integral level, the coset problem has been
analyzed previously in [ADJR, ALY, DLY, DLWY, DR, DW1, DW2, DW3].
A better understanding of the orbifold problem requires the study of G-crossed
tensor categories [Tu2, Ga, Miil, Mii2, Kil, Ki2] in the context of vertex
operator algebras; we plan to contribute to this problem in the near future (since
the first version of this paper was written, one of us has completed an extensive
study of the orbifold problem in [McR], using the theory developed in this work).

The examples of inverse coset problems that we have in mind and which can
be understood better with the aid of our results are certain affine Lie superalge-
bra vertex operator superalgebras at integer and also non-integer admissible levels.
Very little is known about the representation theory of affine vertex operator su-
peralgebras, although there are character formulae for certain atypical modules in
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terms of mock Jacobi forms [KW3, KW4, KW5] and there is a fairly good un-
derstanding of V4 (gl(1|1)) [CRi2]. Let us announce here that various affine vertex
operator superalgebras are extensions of known vertex operator algebras. Unlike for
parafermionic cosets, these superalgebra extensions are not of simple current type.
Nonetheless, in examples like the affine vertex operator superalgebra of osp(1]2),
the representation category can be completely described in terms of the underlying
vertex operator subalgebra [CFK]. That work is a nice interplay between the use
of tensor categories (including our results) and Jacobi form computations. The key
steps are: first, a decomposition of characters that determines the decomposition
of Ly (0sp(1]2)) into Ly (sly) ® Vir-modules, where Vir is the simple Virasoro vertex
operator algebra of appropriate central charge. This determines the superalgebra
object in the modular tensor category of Li(slz) ® Vir-modules corresponding to
Ly (0sp(1]2)). The second step is to use the induction functor to find as many
simple local modules as possible, and the last step is to use the modular S-matrix
together with the Frobenius-Perron theorem of [DMNO)] to conclude that one has
found all inequivalent simple modules. The induction tensor functor then also de-
termines the fusion rules of both local and twisted Ly (osp(1|2))-modules. A few
additional subtleties arise because Ly (0sp(1]2)) is a vertex operator superalgebra,
to our knowledge, this is the first description of a series of Z-graded rational vertex
operator superalgebras. We are optimistic that some affine vertex operator super-
algebras of type sl(n|1) and D(2,1;a) can also be studied using our methods, and
this is under investigation. The latter vertex operator superalgebra plays a cru-
cial role in the quantum geometric Langlands correspondence of sly as well as in
four-dimensional supersymmetric quantum field theories [CGai].

The second motivation for our work here is the Verlinde formula [Ve], which is
central to vertex operator algebra theory since it relates analytic data in the form
of modular properties of torus one-point functions to categorical data in the form
of representations of the fusion ring. This formula has been proven for module cat-
egories of regular vertex operator algebras by Huang [Hu6] and it is important to
extend these results beyond rationality, for example to Cs-cofinite but non-rational
vertex operator algebras (see [CGan] for the state of the art) or even beyond fi-
nite tensor categories; see [AC, CrM, CRi3, CRil, CRi4] for examples. A
nice application of our main results are Verlinde formulae for regular vertex op-
erator superalgebras and %Z—graded regular vertex operator algebras; see Sections
1.5 and 4.2. Understanding the Verlinde formula amounts to relating the complex
analytic properties of intertwining operators and their correlation functions to cat-
egorical and topological field theory data. Correlation functions are solutions to
sewing constraints, and such solutions are uniquely specified by a simple special
symmetric Frobenius algebra in the representation category of the chiral algebra of
the conformal field theory. A related motivation or future goal is thus to connect
the vertex operator algebra approach to conformal field theory and its correla-
tion functions (see [HK1, HK2, HK3, Ko] for important developments) with
the topological field theory approach of Fuchs, Fjelstad, Runkel and Schweigert
([FRS1, FRS2, FFRS1, FFRS2]; see [FuS] for a review).

Conformal nets are another approach to conformal field theory using tensor
categories. There has been progress in relating this area to the vertex operator
algebra point of view [Kawah, CKLW, BLKR]. Each approach has its advantages
and vertex operator algebra theory together with tensor categories might succeed in
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proving important statements that are known from the conformal net standpoint.
A nice example is the fairly recent solution to the mirror extension problem for coset
vertex operator algebras [OS, Lin, CKM]. Another useful tool in the conformal
net approach is a-induction [LR, Xul, B6E1, B6E2, BEK, Os], a braided
functor from a modular tensor category C to the category of module endofunctors
of a certain module category over C. This functor is used to construct modular
invariants for conformal field theory and is in general important in understanding
the categorical part of bulk and boundary conformal field theory (see for example
[FRS3, Section 3]). We now have a good induction functor for vertex operator
algebras, and it is surely a valuable continuation of our work to connect vertex
operator algebras to a-induction.

Beyond vertex operator algebras and conformal nets, it is well known that
quantum groups are rich sources of braided tensor categories. Since the results
we prove in Chapter 2 below hold for (super)algebras in essentially any braided
tensor category, they also apply to quantum groups. For example, after the first
version of this paper appeared, and inspired by our work, the following problem was
solved. It was conjectured in [FGST1] that the representation categories of triplet
vertex operator algebras and of restricted quantum groups of sly at corresponding
roots of unity are braided tensor equivalent. However, it turns out that the latter
categories are not braidable [KS], so the next question is whether the quantum
group category can be modified to a braided tensor category. Indeed, in [CGR],
a quasi Hopf algebra was constructed that is isomorphic to the quantum group
as an algebra but has modified comultiplication and associator; its representation
category is braidable and now conjecturally equivalent to that of the triplet vertex
operator algebra. This quasi Hopf algebra was constructed through careful study
of the category of local modules for a certain algebra object in the category of
weight modules for the corresponding unrolled restricted quantum group of sls.
This procedure, using (super)algebras in braided tensor categories, has now become
a powerful method for constructing non-degenerate finite braided tensor categories
and supercategories [GLO, Ne, CRul.

1.3. Results on vertex operator (super)algebra extensions and their
modules

With the above motivation in mind we recall the known results on vertex op-
erator algebra extensions and present our main theorem. We always work in the
following setting;:

ASSUMPTION 1.1. V is a vertex operator algebra and C is a category of V-
modules with a natural vertex tensor category structure.

If V is regular, its representation category C is modular. There are however
interesting vertex operator algebras, such as the triplet algebras W(p) [TW1],
whose representations form braided tensor categories, but not all modules are com-
pletely reducible. The foundation of our work is the following key result of [HKL,
Theorems 3.2 and 3.4] (see also [CKL, Theorems 3.13 and 3.14] for the natural
superalgebra generalization):

THEOREM 1.2. A wertex operator algebra extension V. C A in C is equivalent
to a commutative associative algebra in the braided tensor category C with trivial
twist and injective unit. Moreover, the category of local C-algebra modules Rep® A is
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isomorphic to the category of modules in C for the extended vertex operator algebra

A.

This powerful result allows one to study vertex operator algebra extensions
using abstract tensor category theory. For example, Lin has used it to solve the
mirror extension problem in coset vertex operator algebras [Lin] (see also [CKM]).
In order to study representations of the extended vertex operator algebra, one needs
the monoidal structure on the category of local C-algebra modules Rep® A. Kirillov
and Ostrik have given Rep® A a braided tensor category structure [KO], but several
problems need resolution before this can be applied in the vertex operator algebra
context. First, we need to work in a more general setting than [KO]: we do not
assume C is rigid, semisimple, or strict (in fact, vertex tensor categories are highly
non-strict due to the subtlety of the associativity isomorphisms). Secondly, we
would like to consider superalgebra extensions of vertex operator algebras, and
therefore we need superalgebra analogues of all relevant constructions and results
in [KO].

To handle superalgebra extensions of V', we first introduce an auxiliary super-
category SC which amounts to the category C of V-modules but with V viewed
as a vertex operator superalgebra having zero odd component. In other words,
V-modules in SC have parity decompositions which may or may not be trivial. As
categories, C and SC are equivalent, but SC has additional supercategory structure,
that is, morphisms can be even or odd according as they preserve or reverse parity
decompositions. We define a superalgebra A in C to be a commutative associative
algebra with even structure morphisms in the braided tensor supercategory SC, and
we define the categories Rep A and Rep’ A of A-modules and local A-modules in
C to be those A-modules in SC having even structure morphisms. Assuming only
that C is abelian and that the tensor product on C is right exact, we then fix a
superalgebra A in C and prove:

e Rep’ A is an additive braided monoidal supercategory (Theorem 2.55,
corresponding to [KO, Theorem 1.10]).

e The induction functor from C (or SC) to the category Rep A of not neces-
sarily local A-modules is a tensor functor (Theorem 2.59, corresponding
to [KO, Theorem 1.6]).

More importantly, before applying the constructions and results of [KO] to
vertex operator (super)algebras, we need to make sure that the braided monoidal
(super)category structure on Rep” A is the correct structure in the vertex-algebraic
sense, that is, we need to make sure that it agrees with the vertex tensor category
constructions of [HLZ1]-[HLZS8]. We accomplish this in Chapter 3, culminating
in our main result, Theorem 3.65:

THEOREM 1.3. Suppose A is a (super)algebra extension of V in C such that V
is contained in the even part of A. Then the isomorphism of categories given in
[HKL, Theorem 3.4] between Rep® A and the category of vertez-algebraic A-modules
in C is an isomorphism of braided monoidal (super)categories.

This theorem is a considerable strengthening of [HKL, Theorem 3.4] and has
numerous useful consequences. Perhaps the first is that if A is a vertex operator (su-
per)algebra extension of C, then the category of A-modules in C actually has vertex
tensor category structure given by the constructions of [HLZ1]-[HLZ8] (with the
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corresponding braided monoidal (super)category structure as in [KO]). Secondly,
combining this theorem with Theorems 2.59 and 2.67, we prove in Theorem 3.68:

THEOREM 1.4. Induction is a vertex tensor functor on the (not necessarily
abelian) full subcategory of V-modules inducing to A-modules, with respect to the
vertex tensor category structures on these categories constructed in [HLZS].

This theorem means that induction respects all vertex tensor category struc-
ture, in particular P(z)-tensor products for each z € C*, unit, associativity, and
braiding isomorphisms. Thus induction can be applied in a vertex-algebraic setting:
some applications are given in Chapter 4. In particular, we find Verlinde formulae
for vertex operator superalgebras and %Z—graded vertex operator algebras, and we
study cosets of rational vertex operator algebras by lattice vertex operator algebras
in generality. The proof of Theorem 3.65 occupies much of this paper, and we now
briefly sketch the main steps:

(1) First, after discussing the notion of a commutative associative algebra A
in C and its representation category Rep A, as defined in [KO, Pa], we for-
mulate superalgebras in C as algebras (with even structure morphisms) in
the auxiliary supercategory SC (see for example [BrE] for the formulation
of supercategory and tensor supercategory that we use). The objects of
SC are essentially direct sums of two objects (even and odd) in C, and the
morphisms of SC correspondingly have superspace decompositions into
parity-preserving even morphisms and parity-reversing odd morphisms.
Sign factors necessary for the supercommutativity of A are built into the
braiding in SC.

(2) Next, we prove, under minimal assumptions on C (namely, C is abelian
with right exact tensor functor) that Rep A with its tensor product X 4 is
an additive monoidal (super)category; in the superalgebra setting, Rep A
might not be abelian since non-homogeneous morphisms might not have
kernels and cokernels. We provide details of this proof in Chapter 2.
Actually, the assumption that C is abelian is not strictly necessary: we
only need certain morphisms to have cokernels.

(3) To prove associativity of X4, we introduce categorical Rep A-intertwining
operators among a triple of objects in Rep A that intertwine the action
of A on each of these three objects. We then show that X4 satisfies a
universal property in terms of categorical intertwining operators in Section
2.4, in analogy with P(z)-tensor products in vertex tensor categories. We
further prove an associativity result for categorical intertwining operators
in Section 2.5, which easily leads to the associativity of X 4.

(4) Once the proof that Rep A is a monoidal (super)category is complete, we
prove that the subcategory Rep® A of local A-modules is braided.

(5) In Chapter 3, we begin to “complexify” these results when C is a mod-
ule category for a vertex operator algebra V with vertex tensor category
structure. From the definition of P(1)-tensor products, every categorical
Rep A-intertwining operator 1 : Wy KWy — W3, where the W; are objects
of Rep A, corresponds to an intertwining operator of V-modules, say YV,
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of type (WIW%,Q) such that 7(w1 Kp) wa) = Vy(wr, €8 )ws." In particu-
lar, the multiplication maps py : AXW — W for W in Rep A correspond
to intertwining operators denoted Yy .

(6) In Section 3.4 we show that 7 is a categorical Rep A-intertwining operator
if and only if V,, satisfies a certain complex analytic associativity condition
(analogue of the equality of (1.1) and (1.2)) and a skew-associativity con-
dition (analogue of the equality of (1.2) and (1.3)) with the module maps
Yyw,. This is one of the technical sections of the paper, where some careful
use of complex analysis is required (some results we collect in Section 3.7),
similar to [HKL] and [HLZ8].

(7) In Theorems 3.53 and 3.54 we show that for modules in Rep” A, the asso-
ciativity and skew-associativity of a Rep A-intertwining operator is equiv-
alent to the Jacobi identity for vertex-algebraic intertwining operators
among A-modules. Then the universal properties of K4 and the vertex-
algebraic tensor product Mp(;) for A-modules quickly imply that these
two tensor products are equivalent.

(8) Finally, in Section 3.5 we show that, with the identification of X4 with
Xp(1y, the braided monoidal (super)category structure on Rep” A (in par-
ticular, unit, associativity, and braiding isomorphisms) agrees with the
(vertex-algebraic) braided tensor category constructions for A-modules in
[HLZ8]. This completes the proof of Theorem 3.65. We in fact show that
Rep” A has a vertex tensor category structure. The category Rep A has
some (not all!) features of a vertex tensor category.

In Chapter 2 we also prove properties of the induction functor F : SC — Rep 4
that will be needed for applications. In Section 2.7, we prove that F is a tensor
functor and left adjoint to the restriction functor G : Rep A — SC. Then in
Section 2.8, we show that induction respects additional structures on SC, Rep A,
and Rep® 4, including duals and, under suitable conditions, twists. We also give
a necessary and sufficient condition for an object of SC to induce to Rep® A, and
show that on the full subcategory SC° of objects that induce to Rep® A, F is a
braided tensor functor. Section 2.8 culminates in the proof that, if C (or SC) is
a ribbon category and A has trivial twist, then F respects categorical S-matrices
(traces of monodromy isomorphisms) of objects that induce to Rep® A. We use this
result to deduce S-matrices for parafermions in Chapter 4. We show that induction
respects all vertex tensor category structure on SC° and Rep® A, that is, induction
is a vertex tensor functor, in Section 3.6.

1.4. Tensor categories of regular vertex operator superalgebras

It was shown in [Hu7] that if V is a (Z-graded) simple, CFT type, self-
contragredient, rational, Ca-cofinite vertex operator algebra, then the vertex tensor
category of V-modules is a modular tensor category. CFT type means that V has no
negative conformal weight spaces and V) = C1, and rational means that N-gradable
weak V-modules (also called admissible V-modules) are completely reducible. By
[ABD], in the presence of the other assumptions, rationality and Cs-cofiniteness

IThe perhaps strange notation @ — e'»(%) indicates the substitutions 2 — e’ '»(2) and (log z)"
(Ip(2))™ for h € C and n € N, where I, for p € Z denotes the pth branch of logarithm, that is,
2mip < Im lp(z) < 2mi(p + 1). The principal branch corresponding to p = 0 we simply denote by
log z.
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can be replaced by the assumption that V is regular in the sense of [DLIM2]. Thus
for simplicity we shall use the term regular to refer to any vertex operator algebra
satisfying the assumptions of [Hu7].

There are three natural ways to generalize the notion of vertex operator algebra,
and hence also of regular vertex operator algebra:

(1) V.= € V, is a Z-graded vertex operator superalgebra,

nez

2) V=@ V,isa %Z—graded vertex operator algebra, and
nG%Z

(3) V= @ V,isa 5Z-graded vertex operator superalgebra.
nG%Z

The axioms defining %Z—graded vertex operator algebras are the same as those
briefly discussed in Section 1.1, except that the eigenvalues of the semisimple ac-
tion of L(0) are allowed to be half integers. The notions of Z- and %Z—graded
vertex operator superalgebras are obtained by introducing a parity decomposition
and an appropriate sign factor in (1.3) (and also (1.4)). Concrete examples of all
three types of (super)algebra are discussed in Chapter 4: Z-graded vertex operator
superalgebras include affine vertex superalgebras, while superconformal algebras
are %Z—graded superalgebras. The Svy-vertex algebra and the Bershadsky-Polyakov
algebra [Be, Po] are perhaps the best-known %Z-graded vertex operator algebras.
All three generalizations of vertex operator algebra arise as WW-superalgebras, that
is, quantum Hamiltonian reductions of affine vertex superalgebras, which are im-
portant in connections to physics and geometry (see for example [GR, CL3)).

The boson-fermion statistics of particle physics says that a boson has integral
spin and a fermion has half-integral spin. We thus call the first two generalizations
above a vertex operator algebra, respectively a vertex operator superalgebra, of
incorrect or wrong statistics, while the third we call a vertex operator superalgebra
of correct statistics if its even part is V9 = P,.cz Vo and its odd part is Vi =
D,.c 1z Vn. If V falls into one of the three cases above, then Aut(V) contains
a copy of Z/2Z, generated by the parity involution Py = 140 & (—1y1) in the
superalgebra cases and generated by the twist 6y = €2 *£(0) in the %Z—graded cases
(these two automorphisms coincide for a vertex operator superalgebra of correct
statistics). Either way, we have a decomposition into +1-eigenspaces for the action
of Z/2Z on V:

V=V, aV_.

If the orbifold (Z-graded) vertex operator subalgebra V. is regular, then a small
generalization of [CaM, Theorem 4.2] (see [CKLR, Appendix A]) shows that V_ is
a self-dual simple current for the orbifold vertex operator algebra V, . In particular,
the fusion product of V_ with itself is

V_Ry, V.2V,

The statistics of V' is reflected in the categorical dimension of V_. One gets a vertex
operator (super)algebra of correct boson-fermion statistics if qdim(V_) = 1 and of
incorrect type if qdim(V_) = —1.

In each of the three cases the representation category of the vertex operator (su-
per)algebra V is the category of local modules of a corresponding (super)algebra
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object in the category C of Vi-modules [CKL]. This has a few nice direct con-
sequences. First, it tells us something about the monoidal category of local V-
modules: since the twist in a vertex tensor category is e?7(9) with L(0) the Vira-
soro zero-mode giving the conformal weight grading, the twist is not a V-module
homomorphism when V is a %Z-graded vertex operator (super)algebra. On the
other hand, e>™£(0) still defines a twist on the category of local V-modules in case
1. In any case, braiding induces nicely and so local modules in case 2 form a braided
tensor category, while for cases 1 and 3 one needs a superbraiding, a braiding with
parity. This superbraiding is defined using the braiding on objects in C, and it sat-
isfies the hexagon axioms and an appropriate “supernaturality” so that it defines
the structure of a braided monoidal supercategory on local V-modules. See Section
2.2 for more details on braided monoidal supercategories.

In superconformal field theory both Neveu-Schwarz and Ramond modules are
of interest. The first correspond to local objects in the category of superalgebra
modules and the second to certain non-local modules which we will call twisted
(in fact, they are twisted modules for the parity automorphism of V). We will see
in the discussion of Verlinde’s formula that it is indeed necessary to also consider
twisted superalgebra modules.

As mentioned above, we will give a few examples in Chapter 4, in particular a
fairly detailed discussion of rational N = 2 superconformal algebras in Subsection
4.4.2 and then short discussions of a Bershadsky-Polyakov algebra in Subsection
4.4.3 and a rational W-superalgebra associated to f?[(S\l) in Subsection 4.4.4. For
the detailed example of regular affine vertex operator superalgebras associated to
osp(1]2), see [CFK].

1.5. Verlinde formulae for regular %Z-graded vertex operator
superalgebras

One nice application of our general results is a Verlinde formula for the three
cases of (super)algebra extensions discussed in the previous subsection. The Ver-
linde formula, conjectured in [Ve] and proven in the regular vertex operator algebra
setting by Huang [Hu6], is a true highlight of vertex operator algebra theory: it
says that fusion rules are given by a concrete expression in terms of the entries of
the modular S-matrix of characters, thus, for example, providing an efficient way of
computing fusion rules. Since the representation category for each case of regular
vertex operator (super)algebra discussed above is the category of local modules for
a corresponding (super)algebra object in the modular tensor cateogry of V., we
can use induction to deduce interesting consequences for V-modules (as for exam-
ple Verlinde’s formula) from corresponding properties for V;-modules. We do so in
Section 4.2, and since this is quite technical, we here redescribe the results purely

in terms of modular and asymptotic properties of characters and supercharacters
of V.

1.5.1. Z-graded vertex operator superalgebras. Suppose V is a regu-
lar Z-graded vertex operator superalgebra. Then we view V as an order-2 simple
current extension of its even vertex operator subalgebra, which means the represen-
tation category of V' is the representation category of the superalgebra extension
V0 C V. Every simple V%-module induces to either a local or twisted module in
RepV. By [HKL, Theorem 3.4] and our Theorem 3.65, Rep® V is the braided
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monoidal supercategory of untwisted V-modules. The subcategories of local and
twisted modules we denote by Rep® V and Rep™V/, respectively. We call an ob-
ject in Rep V' homogeneous if it is either local or twisted. There are only finitely
many inequivalent simple objects in Rep V', and we denote by [Rep V] the set of
equivalence classes for the relation

X~Y if and only if X 2 Y as modules for Vo,

That is, we consider objects that only differ by parity to be equivalent. Let C[Rep V]
be the complex vector space with basis labeled by the elements of [Rep V] . Let
L(0) be the Virasoro zero-mode of V' and c the central charge; then the charac-
ter and supercharacter of objects are defined respectively as the graded trace and
supertrace:

cht[X](r,v) == trx (qL(O)*io(vD , ch [X](7,v) :=stryx (qL(O)fio(v)) .

Here ¢ = 2™ v € VU is even, and o(v) is the zero-mode of the corresponding
vertex operator. This is needed to ensure linear independence of characters of in-
equivalent modules. Characters of equivalent modules coincide and supercharacters
coincide up to a possible sign. The C-linear span of characters as well as superchar-
acters is thus isomorphic to the vector space C[Rep V] whose basis elements are
labeled by the elements of [Rep V]. We fix one representative of each equivalence
class and thus fix a choice of parity for each class. By abuse of notation, we denote
this set of representatives by [Rep V] as well and its untwisted and twisted subsets
by [Rep” V] and [Rep™ V], respectively. Then Mobius transformations on the linear
span of these characters and supercharacters define an action of SL(2,Z). If v € V
has conformal weight wt[v] with respect to Zhu’s modified vertex operator algebra
structure on VY [Zh], the modular S-transformation has the form

ch[X] (i,v)—rm[”] > SxychT[Y](r,v)

Y €[ReptV V]

ch[X] (—71_,1)):7"”[”] S Sxyeh[Y](r,0)

Y €[Rep? V]
if X is local and

1

eh* ] (—) — S Syt Y](r,0)
T Y €[Rept™V V]

(1.6)

1
ch™ [X] (—, U) = vt Z Sxy ch™[Y](7,v)
T Y €[Rep? V]

if X is twisted. The modular T-transformation acts diagonally on characters and
supercharacters of simple local modules and maps characters of twisted modules to
the corresponding supercharacters and vice versa. Especially, we see that the linear
span of local supercharacters already forms a vector-valued modular form for the
modular group.

Let Z be a simple module; we call an intertwining operator of type ( XZY) for
X,Y in [Rep V] even if Z has the same parity as its representative in [Rep V] and
it is called odd if it has reversed parity. Obviously this choice of parity depends
on our choice of representatives [Rep V]. We define the fusion rules as dimensions
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and superdimensions of spaces of intertwining operators. Verlinde’s formula for
Z-graded vertex operator superalgebras is then

Z Sx,zSy.z (S zw

Nt =4
XY tH(X)+t(Y),t(W) SV,Z

) Z€[Rep™V]
) W Sx.z-Syz (S Hzw
N™xy = Sx)mmam) D S
Ze[Rep® V] V.2
with

0 if X € [Rep’ V]

t:[RepV]— Z/2Z, X =< .
Rep V] = 2/ {1 if X € [Rep™V]

The fusion product is then

W W W W W
XKy Y = @ (NOX,YW ® NlX,YH(W)> ) Nix,y = NOX,Y +N'xy,

WeE[Rep V]
where II is the parity reversal functor.

Under certain conditions one can get information on the fusion rules from
asymptotic dimensions. Suppose there is a unique simple untwisted module 7,
with lowest conformal dimension among all untwisted simple modules, and suppose
there is also a unique simple twisted module Z_y of lowest conformal dimension
among all simple twisted modules. Assume that ch™[Z()] does not vanish and that
the lowest conformal weight spaces of Z(4 are purely even. For a simple V-module
X, we define the asymptotic (super)dimension by

(1.8) adim*[X] = lim Chi[XK_l/Z.'y) _ X
iy—ioco ch [V](—l/’ty) SV,Z@)
We find that for X,Y € [Rep V], the product of asymptotic dimensions respects
the fusion product in the sense that
(1.9) adim®[X]adim®[Y]= > N*Y, adim®[W].
WeE[Rep V]

Some recent works such as [DJX, DW3] have used the asymptotic dimensions
of certain ordinary rational vertex operator algebras to derive results on the rep-
resentation categories of these vertex operator algebras. Note that what we call
asymptotic dimension, these papers call quantum dimension; we prefer to avoid
this terminology as it might lead to confusion with categorical dimension of ob-
jects.

An example illustrating the statements of this subsection is given in Subsection
4.4.4. Such Verlinde formulae were also conjectured in a non-rational setting, for
the affine vertex operator superalgebra of gl(1]/1) [CRi2, CQS]; these conjectures
have recently been confirmed by the fusion rule computations in [CMY 2].

1.5.2. %Z-graded vertex operator algebras. Let ' be a regular %Z—graded
vertex operator algebra; examples include Bershadsky-Polyakov algebras at specific
levels [Be, Po, Ar2]. Then V is an extension of its Z-graded subalgebra V., that
is,

V=@ v.=viev., V.=V, and V.= H V..
neiz nez n€Z+y
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The vertex operator algebra automorphism +1 on Vi generates an action of Z/27Z
on V with V the corresponding orbifold vertex operator subalgebra. By [CaM]
(see also the appendix of [CKLR]), V_ is then a self-dual simple current of V.
The representation category of V is as before the category of local modules for V'
viewed as an algebra in the category of V-modules, and every simple V-module
induces to either a simple local V-module or a simple twisted V-module. Both are
naturally Z/2Z-graded,

X=X,®X_.

We denote by [Rep® V] and [Rep™ V] sets of representatives of inequivalent simple
local and twisted modules as explained in the last subsection. We define characters
as before as well:

ch*[X](,v) := trx, (qL(O)*ﬁo(v)> +trx_ (qL(O)*iO(UD . g= e

where o(v) is the zero-mode of the vertex operator for v € V4. It turns out that
the form of the modular S-transformation and Verlinde’s formula are essentially
decided by the categorical dimension of V_ as a V-module, which is —1 as in the
case of Z-graded vertex operator superalgebras. Thus these formulae are the same
as before, that is, the modular S-transformation has the form

] (1) =S sy e ¥ino)
(1 10) Y €[ReptV V]

ch™[X] (71_1)) =N Sxy ch T [Y](r,v)

Y e[Rep? V]

if X is local and

' x] (<o) =S Sy i Y](ro)
Ye

(1.11) Rept V]

1
ch™ [X] (—,v) = 7Vt Z Sxy ch™[Y](7,v)
T Y €[Rep? V]

if X is twisted. The modular T-transformation acts diagonally on characters and
supercharacters of simple twisted modules and maps characters of local modules to
the corresponding supercharacters and vice versa. We observe that the linear span
of twisted characters already forms a vector-valued modular form for the modular
group. Verlinde’s formula for %Z—graded vertex operator algebras is then

Z Sx,zSv.z (S YVzw

w
NT Xy = 0e(x)1t(v) 4 (W)

(1.12) petery] v
’ W Sx.z-Syz-(S™"zw
N™xy = Sxymmam) > 5
Z€[Rep® V] V.2
with

0 if X € [Rep’ V]

t:|RepV| — Z/27, X< .
[RepV] = Z/ {1 if X € [Rep™V]
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The fusion product is then

oW W aW W
XRyye @ (NxyWoN W), Ny =Ny + Ny,

We[Rep V]
where W is in the same class as W but has reversed Z/2Z-grading. The properties
(1.8) and (1.9) of asymptotic dimensions also hold, provided there are unique mod-
ules Z(4) of local and twisted type with minimal conformal weight, ch™[Z_)] # 0,
and with lowest conformal weight spaces purely even.

1.5.3. %Z-graded vertex operator superalgebras. The case of %Z—graded
vertex operator superalgebras V' is more subtle than the two previous cases due to
the possible existence of fixed points. As before, V' is an order-2 simple current
extension of its even vertex operator subalgebra, V = V% @ V!, and we choose
a set of representatives of equivalence classes of local modules [Rep’ V] as before.
However, for the twisted modules there are two possibilities. Let X be a simple
twisted module; as a V°-module,

X=x"gpx!
where X° and X1 are two simple VO-modules. Then either X° 2 XT or not. In the
first case we say X is a fixed point. Representatives of equivalence classes of simple
fixed-point modules are denoted by [RepﬁXV], while the set of representatives of
ordinary non-fixed-point twisted modules we call [Rep”™ ™ V], so that [Rep™ V]
is the disjoint union of these two sets of representatives of equivalence classes of

simple twisted objects. A simple local module is never a fixed point. We define
characters and supercharacters as before:

cht[X](r,v) == trx (qL(O)fio(UD ,  ch7 [ X](r,v) :=strx (qL(O)fio(v)) ,

where g = €2™7. Note that
ch™[X](r,v) =0  for X € [Rep™V].
The modular S-transformation has the form
1

ch™[X (—,v) = 7wt Sxy ch™[Y](,v

X (- L St
(1.13)

1
ch™ [X] (—,v) = 7wt Z Sxy ch™[Y](7,v)
T Y €[Rep*™ V]

if X is local and

ch*[X] (_1,v> =l S Sey b [Y](r,0)
Ye

T [Rep® V]
(1.14) ’

h=[X] (_1,v> S Sy [Y](n0)
Ye

T
[Repordtw V]

if X is twisted (and in addition ordinary in the case of the S-transformation for
ch™[X]). We set Sxy = 0 if both X and Y are twisted and in addition at least
one of the two is in [Rep™V]. The modular T-transformation acts diagonally
on characters and supercharacters of simple twisted modules and maps characters
of simple local modules to the corresponding supercharacters and vice versa. In
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this case, we see that the linear span of twisted ordinary supercharacters already
forms a vector-valued modular form for the modular group. For known results on
modularity of vertex operator superalgebras see [DZ]. This modularity observation
has a nice application in the context of Mathieu moonshine: it is needed in order to
identify self-dual regular vertex operator superalgebras together with their unique
twisted module with potential bulk superconformal field theories; see [CDRY].

Going back to Verlinde’s formula for %Z—graded vertex operator superalgebras,
we have:

Z Sx.z-Syz (S Hzw

N+W = nwo
XY WOHX)+t(Y),t(W) SV,Z

Z€[Rep® V
(1.15) ElRert Vi B
W Sx,z-Sv,z - (S™")zw
N Xy = 5t(X)+t(Y),t(W) Z S
Z€[Rept™ V] vz
with

if X 0
t:[RepV]—2Z/2Z, X — {(I) LY € [Rep” V]

if X € [Rep™V]’
{2 if W € [Rep™V]
nw =

1 else

Thus the Verlinde formula is slightly more complicated for the fusion rules of a
local with a twisted module. The fusion product is
W W W W
XRy Y= P (NOX’YW ® N1X,YH(W)) . ONEY, = N0y, £ NI,
wes

where II is the parity-reversing endofunctor.

We assume the existence of unique simple local and twisted modules Z(.) as
before, we assume that ch™[Z()] does not vanish, and that the lowest conformal
weight spaces of Z() are purely even. For a simple V-module X, the asymptotic
(super)dimension is defined as before by

hE[X](—1/i S
(1.16) adim®[X] = lim ° i[ It /Zy) _ X2
iy—ioo ch [V](—l/ly) SV,Z(;)

We find that for X, Y € [Rep V], the product of asymptotic superdimensions re-
spects the fusion product in the sense that

(1.17) adim™[X]adim™[Y]= Y N~Y, adim~[W].
We[Rep V]
There is also a formula for the product of asymptotic dimensions, but it requires

knowledge of fixed points. However, if X and Y are both local or both twisted,
then we also get

(1.18) adim[X]adim®[Y] = Y N*Yy adimT[W].
WeE[Rep V]
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1.6. Outline

Here we summarize the structure of this paper. In Chapter 2, we work in
an abstract tensor-categorical setting to study representations of (super)algebra
objects in braided tensor categories. We prove that, for a (super)algebra A in a
braided tensor category C, the category Rep A of A-modules with its tensor product
X4 forms an additive monoidal (super)category, under minimal assumptions on C.
To prove the associativity in Rep A, we introduce and study what we call categorical
Rep A-intertwining operators. Moreover, we prove that the category Rep’ A of
local A-modules is braided monoidal. We provide detailed proofs, often in terms of
graphical calculus. Though many results proved here are known, at least in more
restrictive settings (see for example [Pa, KO, EGNO]), readers new to the theory
of tensor categories may find our exposition helpful. In Section 2.7 we introduce the
induction functor F : C — Rep A and prove that it is a tensor functor. In Section
2.8, we collect several useful properties of the induction functor, culminating in
the relationship between S-matrices in C and Rep® A, provided both are ribbon
categories.

In Chapter 3, we begin with a quick yet fairly detailed exposition of vertex
tensor category constructions. Readers new to vertex operator algebras or vertex
tensor categories may find this introductory material useful. Then, we proceed to
prove our main theorem, deriving complex-analytic properties of categorical Rep A-
intertwining operators. In Sections 3.4 and 3.5, we use these complex-analytic prop-
erties to match the braided monoidal category structure on Rep” A from Chapter 2
with vertex tensor categorical structure on the category of A-modules in C. Some
analytic lemmas needed in these proofs as well as in Chapter 4 are collected in
Section 3.7.

In Chapter 4 we apply our results. We first give several examples of vertex
operator (super)algebra extensions. After recalling several results on simple cur-
rent extensions, we show how to use screening charges to construct extensions of
several copies of (non-rational but Cs-cofinite) triplet algebras W(p). The next
examples are extensions of products of rational Virasoro vertex operator algebras.
Interestingly, Corollary 4.13 gives type F extensions. Our next application is Ver-
linde formulae for regular vertex operator superalgebras as well as %Z—graded vertex
operator algebras (see Section 1.5 above for a summary of results). Finally, we take
V to be a rational vertex operator (super)algebra containing as vertex operator
subalgebra a lattice vertex operator algebra V7, of a positive-definite integral lattice
L. The coset C = Com (Vr, V) is often called the parafermion coset of V. Building
on [CKLR], we describe these cosets in generality: we classify simple inequivalent
C-modules in terms of those for V, we express the fusion rules for coset modules
in terms of those for V', and we express characters of C-modules and their modu-
lar transformations in terms of those for V-modules. These results are applied to
several examples, in which V is a rational affine vertex operator algebra, a rational
N = 2 superconformal algebra, and a rational Bershadsky-Polyakov algebra.



CHAPTER 2

Tensor Categories and Supercategories

This chapter largely follows [KO, Section 1], where a tensor category Rep A
of representations of a commutative associative algebra A in a braided tensor cat-
egory C was constructed, as well as an induction tensor functor from C to Rep A.
See also [Pa] for the first construction of the braided tensor subcategory Rep? A4 of
Rep A. However, we work in a more general setting than [KO] in two important
respects: first, we do not assume that C is rigid or semisimple, and second, we work
with superalgebras in C. We need these generalizations to study braided tensor
categories associated to potentially non-regular vertex operator algebras (whose
module categories are typically non-semisimple and are typically not known to be
rigid) and vertex operator superalgebras. Also, our approach to the associativity
isomorphisms in Rep A, making use of what we call “categorical Rep A-intertwining
operators,” is inspired by vertex operator algebra theory and is necessary for relat-
ing the tensor-categorical structure of Rep A to the vertex-tensor-categorical con-
structions of [HLZ1]-[HLZ8]|, which we accomplish in Chapter 3. For these rea-
sons, and for the reader’s convenience, we include proofs of the main results in this
section, although most are straightforward generalizations of results in [Pa, KOJ.
For brevity and clarity, many tensor-categorical calculations are summarized only,
using graphical calculus; for fuller details, the reader may consult the first arXiv
version of this paper: https://arxiv.org/abs/1705.05017v1.

2.1. Commutative associative algebras in braided tensor categories

Our motivation for this section is a vertex operator algebra extension V C
A where V has a vertex tensor category C of modules, so C is also an (abelian)
braided tensor category, and where A is an object of C. See [Hu8] for conditions
on V under which the full category of grading-restricted generalized V-modules is a
finite abelian category and has vertex tensor category structure; for example, these
conditions hold if V' is Cs-cofinite but not necessarily rational.

For background on (braided) tensor categories, see for example [EGNO, Kas,
BK]. As the term “tensor category” has several variant meanings in the litera-
ture, we first clarify our terminology. For us, a monoidal category is a category
C equipped with tensor product bifunctor X, unit object 1, natural left and right
unit isomorphisms [ and r, and a natural associativity isomorphism A, which satisfy
the triangle and pentagon axioms. A tensor category is a monoidal category with
additionally a compatible abelian category structure in the sense that the tensor
product of morphisms is bilinear. A monoidal or tensor category is braided if it has
a natural braiding isomorphism R satisfying the hexagon axioms.

We fix a braided tensor category (C,X, 1,1, 7, A, R). We also assume that mor-
phism sets in C are vector spaces over a field F such that composition and tensor

19
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product of morphisms are both F-bilinear, that is, C is an F-linear braided ten-
sor category. For braided tensor categories coming from vertex operator algebras,
F = C. The only additional assumption on C that we will need for now, which is
justified for braided tensor categories arising from vertex operator algebras thanks
to Proposition 4.26 in [HLZ3], is the following:

AssuMPTION 2.1. For any object W in C, the functors W K - and - WK W are
right exact.

DEFINITION 2.2. A commutative associative algebra in C is an object A of C
equipped with morphisms p: AK A — A and 14 : 1 — A satisfying the following
axioms:

(1) Associativity: po(ub1a)oAs a4 = po(laXu) as morphisms AK (AKX
A) — A.

(2) Commutativity: gwoRa 4 = p as morphisms AK A — A.

(3) Unit: o (ta®14)o0ly" =14 as morphisms A — A.

REMARK 2.3. The commutativity and unit axioms in the above definition to-
gether imply the right unit property g o (148 ea)oryt = 14.

REMARK 2.4. If C is a vertex tensor category of modules for a vertex oper-
ator algebra V', then a commutative associative algebra A in C with trivial twist
0,4 = > L) and with 14 injective is a vertex operator algebra extension of V, by
Theorem 3.2 and Remark 3.3 in [HKL]. (The assumption that 4 is injective is
implicit in the proof of [HKL, Theorem 3.2].)

Given a commutative associative algebra A in C, we have the following category
of “A-modules”:

DEFINITION 2.5. The category Rep A has objects (W, uw ) where W is an object
of C and pw : AXW — W satisfies:
(1) Associativity: pw o (u® 1w )oAa aw = pw o (1a K pw) as morphisms
AR (ARW) —» W.
(2) Unit: pw o (ba X1y )o l;[,l = 1w as morphisms W — W.
The morphisms between objects (W1, uw,) and (Wa, uw,) of Rep A are all C-
morphisms f : Wi — Wy such that fopuw, =pw, o (1aX f): ARW; — W,

REMARK 2.6. Note that (A, i) is an object of Rep A.

REMARK 2.7. Here, we preview the relation of Rep A-objects to vertex-algebraic
intertwining operators. When C is a braided tensor category of modules for a vertex
operator algebra V and V' C A is a vertex operator algebra extension, we will show
that an object of Rep A is a V-module W equipped with a V-intertwining operator
Yw of type ( AVIZV) such that Y (1,2) = 1y and as multivalued functions,

(w', Y (a1, 21)Yw (ag, z2)w) = (w0, Y (Y (a1, 21 — 22)as, 22)w)
for aj,a0 € A, w e W, w' € W', and 21, 29 € C* such that
|21| > |2’2‘ > ‘Zl - 2’2‘ > 0.

Here Y is the vertex operator for A. If W7 and W5 are two objects of Rep A, then
a morphism f : Wi — W5 in Rep A will be a V-module homomorphism which
satisfies

f(YW1 (avx)wl) = YWz (avx)f(wl)
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for a € A and wy; € Wi.

REMARK 2.8. In the setting of the previous remark, objects of Rep A are more
general than ordinary A-modules, because we do not require the V-intertwining
operator Yy (-, z)- for a module W in Rep A to involve only integral powers of the
formal variable z. For example, if V' is the fixed-point subalgebra of a group of
automorphisms G of A, then g-twisted A-modules for g € G are objects of Rep A.
By [HKL, Theorem 3.4], ordinary A-modules are objects of the subcategory Rep’ A
recalled in Section 2.6 below.

We will show that Rep A has a natural tensor category structure. In particular:

(1) There is a tensor product bifunctor K4 : Rep A X Rep A — Rep A.

(2) The object (A, u) is a unit for X4, equipped with natural left and right
unit isomorphisms I4 and r4 from AKX, - and - K4 A, respectively, to the
identity functor on Rep A.

(3) Rep A has a natural associativity isomorphism A4 : X0 (1repa X Xa) —
|ZA o (|X|A X 1RepA)~

(4) The unit and associativity isomorphisms in Rep A satisfy the pentagon and
triangle axioms. (This will complete the proof that Rep A is a monoidal
category.)

(5) Rep A is an abelian category for which the tensor product of morphisms
is bilinear.

We will show that Rep A is abelian in this section. After introducing superalgebras
in C in the next section, we will construct X4 and the unit isomorphisms. We will
defer the construction of the associativity isomorphisms and the proof that Rep A is
a monoidal category to Section 2.5 after introducing categorical Rep A-intertwining
operators.

THEOREM 2.9 (See also [KO, Lemma 1.4]). Rep A is an F-linear abelian cate-
gory.

PRrROOF. To show that Rep A is an abelian category, we need to show the fol-
lowing:

(1) Rep A has a zero object.

(2) Morphism sets in Rep A are F-vector spaces, with composition of mor-
phisms bilinear.

(3) Biproducts of finite sets of objects in Rep A exist. Recall that a biproduct
of a finite set of objects {W;} is an object @ W; equipped with morphisms
pi: @W; - W; and ¢; : W; — €@ W, such that p; o ¢; = 1y, for all i,
pioq; =0fori# j,and ) qiop; = lgw,. A biproduct of {W;} is both
a product and a coproduct of {W;}.

(4) Every morphism in Rep A has a kernel and a cokernel.

(5) Every monomorphism in Rep A is a kernel and every epimorphism is a
cokernel.

The zero object of Rep A is the zero object 0 of C equipped with g : AKO — 0
the unique morphism into 0. Then since composition of morphisms in C is F-bilinear,
Hompgep 4 (W1, Wa) is an F-vector subspace of Home (W5, W2) for any objects Wh,
Wy of Rep A. For a finite set of objects {(W;, uw,)} in Rep A with biproduct
(B Wi, {pi},{q:}) in C, the object @ W; has the left A-action

“ W, :Zqiouwio(lAgpi):A@@Wiﬁeawi.
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Using the unit and associativity properties for each pyw,, together with properties
of the p; and g, it is straightforward to show that ugyyw, also satisfies the unit and
associativity properties. Moreover, it is easy to see from the definition of ugyw;,
that each p; and ¢; is a morphism in Rep A. Thus (Wi, {p:},{q:}) is also a
biproduct of {(W;, uw,)} in Rep A.

Now suppose that f : W; — W5 is a morphism in Rep A; we need to show that
f has a kernel and a cokernel in Rep A. Since C is an abelian category, there is a
kernel k : K — Wy of f in C. We need to show that K has an A-module structure
such that k is a morphism in Rep A, and that (K, k) satisfy the universal property
of a kernel in Rep A. Consider the morphism

puw, o (1Xk): ARK — W,
Since f is a morphism in Rep A,
fouw, o(1XE)=puw,o (1K f)o(1XEk) =0,

so the universal property of the kernel (K, k) induces a unique C-morphism g :
AX K — K such that

(2.1) kopx = pw, o (1K k).

We prove that (K, uk) is an object of Rep A. For the unit property for ug, observe
that

171
K25 1R K A2 AR g2 g8
equals the composition

K 1Kk a8 am g BE w2,

by (2.1). By the naturality of the unit isomorphisms and the unit property for uyy, ,
this composition equals k. Since k is a kernel in C and thus a monomorphism, it
follows that pg o (ta K 1k) o ll}l = 1g. To prove the associativity of ug, we use
(2.1), the associativity of pw,, and naturality of the associativity isomorphisms:
kO/j,KO(lA&/J,K) = Uw; o(lAﬁk)o(lAﬁ,uK)

= pw, © (La W pw,) o (1a KW (14 K E))

= pw, o (W™ 1w,) o Anaw, o (1a X (14 KEk))

=pw, 0 (laBk)o (nB1x) oA ax

=kopgo(uRlg)oAsaxk.
Since k is a monomorphism, associativity for puy follows.

Now that (K, ux) is an object of Rep A, (2.1) says that k is a morphism in
Rep A. To show that (K, ux) and k form a kernel of f in Rep A, let (K’, ug+) be
an object of Rep A and let ¥’ : K’ — W; be a Rep A-morphism such that fok’ = 0.
As (K, k) is a kernel of f in C, there is a unique C-morphism g : K/ — K such that
kog =K. We just need to show that g is a morphism in Rep A. For this, we use
the fact that k and &’ are Rep A-morphisms to calculate:

kopuxo(la®yg)=pw, 0c(14Xk)o (14X yg)
=pw, 0 (M4 W) =k opgr =kogo k.

Since k is monic, it follows that ux o (14 X g) = g o pg-, as desired.
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To prove that f : Wi — W5 also has a cokernel in Rep A, take a cokernel (C, ¢)
of f in C; we need to show that C is an object of Rep A. Since we assume that
AX - is right exact, (AR C,14 K c) is a cokernel of 14 ¥ f in C. Then since f is a
morphism in Rep A,

COIUW2O(1A|ZJC):COJCO,UW1201

so that the universal property of the cokernel (AKX C,14 X ¢) implies there is a
unique C-morphism pug : AK C — C such that

(2.2) puoo(la®e) =copuw,.

The proof that (C,uc) is an object of Rep A4, that ¢ : Wo — C is a morphism
in Rep 4, and that C is a cokernel of f in Rep A is then similar to the proof for
kernels.

Next, we show that if f: W; — W5 is a monomorphism in Rep A, then f is a
kernel. First, we show that f is a monomorphism in C. Thus suppose fog = 0 where
g : W{ — Wi is any morphism in C; we need to show that ¢ = 0. By the universal
property of the kernel (K, k) of f, there is a unique C-morphism ¢’ : W{ — K such
that g = ko ¢’. But we have already shown that k is a morphism in Rep A4; thus
because f is a monomorphism in Rep A and f o k = 0 by definition of the kernel of
f, it follows that k£ = 0, and thus g = 0 as well.

Now that f is a monomorphism in C, it is the kernel of a C-morphism g : Wy —
Wj. As f is also a morphism in Rep A, it has a cokernel (C, ¢) in both C and Rep A.
We will show that (W7, f) is also a kernel of ¢. Now, since g o f = 0, the universal
property of the cokernel in C implies there is a unique C-morphism ¢’ : C — W}
such that g = g’ oc. Then if h : W — W5 is any morphism in Rep A such that
coh =0, we have

goh=g ocoh=0
as well, so by the universal property of the kernel (W7, f) of g, there is a unique
C-morphism A’ : W — Wi such that foh’ = h. To show that A’ is actually a
morphism in Rep A, we observe that

foh'opw = hopw = pw,o(1aRh) = pw,o(1aR f)o(1akh') = fouw, o(1aXA')
since f and h are morphisms in Rep A. Thus since f is a monomorphism, b’ o uy =
Hw, © (1A X h/)

Finally, we can show similarly that if f : W3 — W5 is an epimorphism in Rep A,
then it is the cokernel of its kernel in Rep A. [

2.2. Superalgebras in braided tensor categories

In this section we formulate the notion of supercommutative associative super-
algebra in our braided tensor category C. The idea is to realize a superalgebra as an
(ordinary) commutative associative algebra in a braided tensor supercategory asso-
ciated to C. Our motivation is to study vertex operator superalgebra extensions of
vertex operator algebras using tensor category theory. Note, for example, that any
vertex operator superalgebra V' with parity decomposition Voa® V! is an extension
of its even vertex operator subalgebra V. If V¥ has a vertex tensor category C of
modules that includes V', then V will be a superalgebra object in C in the sense
defined below.

First we clarify what we mean by supercategory: should objects or morphism
spaces have natural Z/2Z-gradings? We will follow the approach of [BrE| and give
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morphism spaces Z/2Z-gradings; also see [BrE] for supercategory analogues of no-
tions from tensor category theory. We denote the parity of a parity-homogeneous
morphism f in a supercategory by |f| € Z/2Z. Here, we highlight some differences
that appear in the supercategory setting; the general philosophy is that sign factors
should appear whenever the order of two morphisms with parity is reversed. First,
composition of morphisms in a supercategory should be even as a linear map be-
tween superspaces, and superfunctors between supercategories should induce even
linear maps on morphisms. If SC is a supercategory, then SC x SC is naturally a
supercategory with composition of morphisms given by

(1. f2) 0 (g1, 92) = (=)0 (10 g1, 2 0 go),

when f> and g; are parity-homogeneous morphisms in SC (this is called the super
interchange law in [BrE]). Moreover, SC x SC has a supersymmetry superfunctor
o given by o(Wy, Ws) = (Wa, Wy) for objects and o (f1, f2) = (—1)1llf2l( £y, f1) for
parity-homogeneous morphisms.

A monoidal supercategory SC is equipped with a tensor product superfunctor
X :SC x SC — SC. In particular, X induces an even linear map on morphisms:
|f1 X fa] = |f1] + | f2| for parity-homogeneous morphisms f; and f», and the super
interchange law holds:

(2.3) (1R f2) 0 (g1 B g2) = (—1)!21191(f1 0 g1) K (f2 0 g2)

for appropriately composable morphisms fi1, fa, g1, g2 with fo and ¢; parity-
homogeneous. The natural unit and associativity isomorphisms are even, and in a
braided monoidal supercategory, the natural braiding isomorphism R : X — XMoo
is also even. Naturality ofA/ R means that for parity-homogeneous morphisms f; :
Wy — Wi and f2 Wy — Ws in SC,

(2.4) Rig, i, © (1R f2) = (D)2 (f, 8 1) 0 Ryw, s,

A (braided) tensor supercategory is a (braided) monoidal supercategory with a
compatible abelian category structure, that is, the tensor product of morphisms is
bilinear.

We continue to fix an F-linear braided tensor category C in which tensoring is
right exact. Since we will be working with parity automorphisms on Z/2Z-graded
objects in this and following sections, we will now for convenience assume that the
characteristic of IF is not 2. As X is biadditive, tensor products in C distribute over
biproducts:

PROPOSITION 2.10. For any finite sets of objects {W;} and {X,} in C, there is
a unique isomorphism

F- (@ Wi) X (@Xj) - PR X,)
such that F o (qw, W qx;) = qw,mx, and pw,rx, o F' = pw, Rpx, for alli, j.

We now introduce a supercategory SC associated to C that essentially consists
of objects of C having a parity decomposition. Alternatively, one can view SC
as the Deligne product of C with the supercategory of finite-dimensional vector
superspaces:
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DEFINITION 2.11. Let SC be the category whose objects are ordered pairs
W = (W% W1) where W9 and W1 are objects of C and

Homge (Wi, Wa) = Home (W2 & W, W9 @ Wi).
For an object W in SC, the parity involution of W is

Py = 1yo & (—lywt) = quwo © Pwo — Gt © Pyyi-
We let II denote the parity reversing endofunctor on SC.

We say that a morphism f € Homge (Wi, W2) has parity |f| € Z/2Z if f o
Py, = (=1)/1Py, o f, and we say that f is even or odd according as |f| = 0 or
|f| = 1. Tt is clear that even and odd morphisms form subspaces of Homgsc (W1, W)
for any objects Wy, Wy in SC. In fact, Homge (W1, Ws) is a superspace with
parity decomposition given by the even and odd morphism subspaces, that is, every

morphism in SC is uniquely the sum of an even morphism and an odd morphism.
To see this, first note that for f € Homse (W1, Wa), we can write f = f0+ f! where

s 1+ Py 1+ Pw 1— Py, 1- Pw
0 __ 2 1 2 1
e R A T A Sl A
is even and
fi: 1+2]DW2 Ofol_;)WI +1_213W2 Of01+2]DW1
is odd. To understand this decomposition, note that for W in SC, 1+;W = qy0OPyy0

is projection of W onto Wﬁ, while % = qyy1 O pyyi is projection of W onto wt,
Thus f° consists of the components of f mapping W) onto W2 and Wi onto W3,
while f! consists of the components of f mapping W7 into W4 and W into WJ.
So every morphism in SC is the sum of even and odd components.

We also need the decomposition of f into even and odd components to be
unique. For this, we show that 0 is the only morphism that is both even and
odd. In fact, suppose f o Py, = Pw, o f = —f o Py,. Then 2(f o Py,) = 0, or
foPw, = fo(qwoopws — qw:opwi)=0. Thus foawoopwo = foqyiopyi.
By composing both sides of this relation with gy, ¢ = 0,1, on the right, we get
foqw: =0fori=0,1. But then

[ = fol(qwoopwo+ gy opy) =0.
Thus morphism spaces in SC are superspaces with parity decomposition given by
even and odd morphisms. Moreover, it is clear that if fi : Wy — W3 and fo : W; —

Wy are parity-homogeneous morphisms in SC, then |fi o fao| = |f1| + |f2|- Thus
composition is an even bilinear map, and so SC is a supercategory.

REMARK 2.12. Since our convention is that SC contains both even and odd
morphisms, morphisms do not generally preserve parity decompositions of objects.
For instance, W =2 TI(W) for any object W in SC since the identity on W9 @
W' =W!'a WO is an (odd) isomorphism from W to II(W). If one instead wants
to use the convention that morphisms preserve parity decompositions of objects,
one should use the underlying category SC whose objects are the objects of SC
and whose morphisms are the even morphisms of SC. In general we can expect
more isomorphism classes of objects in SC since a given object in C could have
multiple distinct parity decompositions. Note also that the odd morphisms in
Homge (W1, W) appear in SC as morphisms from W; to II(W3). Although we
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shall generally work with SC we shall frequently remark on how our results apply
to SC.

DEFINITION 2.13. There is a natural inclusion functor Z : C — SC such that
I(W) = (W,0) and Z(f) = f @ 0. We also have a natural forgetful functor J :
SC — C with 7 : (WO, W) = WOa W, J(f) = f (so J forgets the superspace
structure on morphisms). With these functors in mind, we shall sometimes abuse
notation and denote an object W = (I/V(j7 Wi) of SC simply by W = W0 @ Wl

The following proposition is easy to prove:

PRrROPOSITION 2.14. The supercategory SC is an F-linear abelian category:
(1) The zero object of SC is 0 = (0,0).
(2) The biproduct of a finite collection of objects {W;} in SC is given by
DW= (DW),DW}) with p; = pyo ® py1 and ¢; = qyo S gy -
(3) If (K, k) is a kernel in C of a morphism f: WO W — W9a WL in SC,
then (K,0) is a kernel of f in SC, with kernel morphism
Koo k5 wdiew!
(4) If (C,¢) is a cokernel in C of a morphism f: WO @ Wl — W9 @ W} in
SC, then (C,0) is a cokernel of f in SC, with cokernel morphism
wWelewl S oS oo

Note that the structure morphisms p; and ¢; for a biproduct in SC can be
taken to be even, but the same is not necessarily the case for kernel and cokernel
morphisms. However, we do have:

PropoOSITION 2.15. If f: W1 — W5 is a parity-homogeneous morphism in SC,
then its kernel and cokernel morphisms can be taken to be even. Moreover, every
parity-homogeneous monomorphism in SC is the kernel of an even morphism, and
every parity-homogeneous epimorphism in SC is the cokernel of an even morphism.

PROOF. Let (K, k) be a kernel of f in C and consider the C-morphism Py, ok :
K — Wj. Since f is parity-homogeneous, we have

fOPW1Ok:(_l)lflpwzofokzov

so the universal property of the kernel implies there is a unique morphism Py :
K — K such that
ko Py = Py, ok.

Then set K = (K9, K1) in SC where (K9, k9) is a kernel of =L in C and (K1, kD)
is a kernel of 1% in C; also define & : K — W, by
k=ko (K opgo+ k' opgr).
We will show that (K, k) is a kernel of f in SC and that k is even.
First let us show that k is even. We have

Pa, 0 = Py 0 k0 (K 0 pyeo + K 0 pyer) = ko Pic o (K 0 pea + k1 0 pies)

=ko (kﬁ OPko — k! opgi)=ko (kﬁ °pgo + k! o pg1) © (4o © Pgo — qxT © Pci)

:EOPI};
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in the third equality we have used the definition of kzﬁ, k! as kernel morphisms.
Thus k is even. ) )

To show that (K, k) is a kernel of f, it is enough to show that k%op o +kropyi :
K°@® K' - K is an isomorphism (in C). To construct the inverse, note that since

Ll o 1=Pic = 12D o 14885 — (), the universal properties of the kernels &, i = 0, 1,
imply that there are morphisms f: K — K* i = 0,1, such that
s 14P o4 1-P
Ko f0 = +2 £oad Hlofl= K

We show that qyo o f(_) +qgio fi is the inverse of k° opgo + k! opgi. In fact,

1+PK 1*PK
2 + 2

=1gk.

(Kopga+klopgr)o(ggoo fO+agiof’) = Ko f +klof! =
For the reverse composition, note that

koofookoz1+PKok0:<1K—1_PK>ok0:kO;

2 2

since k9 is a monomorphism, it follows that fﬁ okd =1 xo. Also,
1+ Pg
= — 0
2
so that 9o k! = 0. Similarly, f1ok? =0 and flok! = 1g1. Thus

Ko 0o k! K =0,

(qreo 0 fO4+qriofr)o(k®opro+ k' opri) = qro 0 Pro + Qi1 0 Pr1 = Lgogxt-

This completes the proof that (K ,E) is a kernel of f in SC with k even.

The proof that f has a cokernel (C,¢) in SC with ¢ even is entirely analogous.
Now suppose that f is a parity-homogeneous monomorphism in SC. The argument
in the proof of Theorem 2.9 shows that f is the kernel of its cokernel, which can be
taken to be even. Similarly, if f is a parity-homogeneous epimorphism in SC, then
f is the cokernel of its kernel, which can be taken to be even. O

REMARK 2.16. Propositions 2.14 and 2.15 combined imply that the underlying
category SC is abelian.

We now give SC the structure of a braided tensor supercategory. On objects,
the tensor product bifunctor & is given by Wy KWy = (W K W,)0, (W) R Wa)l),
where

(W BWy)' = € Wi ’Bwy?
i1 ig=i
for i = 0,1. The tensor product of morphisms f; : Wi — Wl, fa i Wo — Wg needs
to be a C-morphism:

KR P wWwirwe - P iR
i1,i0€7Z/27, i1,i0€Z/27
Since tensor products in C distribute over biproducts (Proposition 2.10), we can
identify f; X f, as a morphism (WO WHR(WIeWi) —» (WleW])R(WIaWl).
If fy is parity-homogeneous, we define this morphism to be (f; o P“,[J;f‘) X f5, where
X here is the tensor product of morphisms in C. That is,

Jillsc fa=Fo ((f1 OP%f‘) Xe fz) oF~!
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with F' as in Proposition 2.10. If f5 is not necessarily homogeneous, we define

AR fo=fRf+ fLRfL

Then it is clear that the tensor product of morphisms in SC is bilinear.
Note the factor of PII,IJ;fl in the definition of tensor product of morphisms in SC.
This is needed to prove the super interchange law (2.3) in the following proposition:

PRrROPOSITION 2.17. The tensor product K : SC x SC — SC is a superfunctor.

PROOF. We need to show that X induces an even linear map on morphisms
and that tensor products of morphisms satisfy the super interchange law (2.3).
To show that

X : HomSC(Wh Wl) ® Homgc(Wg, /V‘[}:Q) — Homsc(Wl X Wy, Wl X Wg)

is an even linear map between superspaces, we need to show that if f; : W; — Wl
and fy : Wo — W, are parity-homogeneous morphisms in SC, then |f; X fo| =
|f1| + | f2]. Using the definitions and Proposition 2.10,

Py i, © (fi Wsc f2)

= ( D N opwflmgz) oFo ((f1 o Py Re f2> o 1

il,iQEZ/QZ
= Z (_1>i1+i2qu1®W§2 o ((pwlil ofy OPI‘/{:?) e (p'w;‘g o fz)) oF~!
’il,iQEZ/QZ
— ' | f2]
=1Io ( > (=D (g o Pyin © f1 0 Py )
iW€Z/2L

=0 Z (—1)i2(q@-2 © Pria © f2)) oF!

12€Z/2L
—Fo ((Pwl o fi o PP Be (P, 0 f2)) o F!
= (=)o ((fr0 P Be f2) o (P, Be Pw) o F™°

= (-nHEF o ((fl o P!y e fz) o F~1o Py,mw,
= (- H2l(f Rse f2) o Pwysaws,,

as desired.

Now suppose f1 : Wo = W3, fo: W7 — Wy, g1 : Xo — X3, and ¢ : X1 — Xo
are morphisms in SC with g; and f; homogeneous. To verify the super interchange
law, we may assume that go is also homogeneous, and then

(fr Ksc g1) © (f2Bsc g2) = F o ((fr 0 P Be g1) o (f2 0 P B g2) 0 F
=Fo((fio Pl o f0 P Re (g1 0g2)) o F !
= (D)W Fo((fr0 fo0 PR Re (910 g2)) 0 71
= (=)ol £, 0 f5) Kse (g1 0 g2)
as desired. O
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REMARK 2.18. Proposition 2.17 shows that the tensor product of even mor-
phisms in SC is even, so that X defines a functor on SC as well.

Now we can define the rest of the braided tensor supercategory structure on
SC:

(1) The unit object in SC is 1 = (1,0), and for any object W in SC, the
left unit isomorphism is | = ly6 @ [};1 and the right unit isomorphism is
r="Two Dryi.

(2) For objects Wy, Wo, and W3 in SC, the associativity isomorphism is

AWI,WmWs:( S, AWfl,W;'"‘,WéS)EB( D AWP,W;'Q,W?)

i1+i2+13=0 i1+ig+izg=1
(3) For objects Wy and W3 in SC, the braiding isomorphism is
Rw, w, = ( @ (‘UilizRWpW;) ® ( @ (—1)i1i2RWf1,W2iz>
i14i2=0 i1+ip=1
REMARK 2.19. It is straightforward to verify, using Proposition 2.10 and its

notation, that, if we take 1 @ 0 in C to be 1 with ¢3 = p; = 17 and gy = pg = 0,
then

7 —1
éW = lwo@Wl oF
and
Iy = ryogwt © B

for any object W in SC. Moreover, for any objects Wy, Wy, W3 in SC,

_ S —1 —1
AWI,WQ,Wg =Fo(FX1lw,)o Awf@wll,wg@wg,wg@wg o(lw, MF ™) o F 7,

and
R, w, = FoQwywi © Rypogwi wiaw; © P,
where
Quwow, = D>, (-1)"® (@yyi © Pz ) B (Gyyin © Pyyin)-
i1,i2€L/27

Note that Qy, w, would be the identity if it were not for the (—1)%% factor.

THEOREM 2.20. The supercategory SC together with ¥, 1, 1, r, A, and R is
an F-linear braided tensor supercategory.

PROOF. It is straightforward to use the definitions, Remark 2.19, and the fact
that C is a tensor category to verify that the unit and associativity isomorphisms in
SC are natural and satisfy the triangle and pentagon axioms. However, the braiding
isomorphisms are complicated by the extra (—1)"% factor.

We need to show that the braiding isomorphisms are natural in the sense of
(2.4). In fact,

EVV},WQ o (f1Hsc f2)
= F o Qg, w, © Risgmi wogwi 0 F 1o Fo ((f1 o PN K fz) ot

(25)  =FoQ, o (2R (fioPEN) o Ruysamny wpews o F
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by the naturality of the braiding isomorphisms in C. Now, we can write

2
f2 = Z qWQJé o f](é,)Jz opwgév

J2t+is=|f2|

where f, (2)

s = pmjé ofo Qyyg2 is a morphism in C from VV]2 to W. 52. Similarly,

horfl =X agie f;iaopwn)o( > 0" g o)

Jitit=If1l kE€Z/27
= Z (— 1)]1|le f]( )Jl © Pyyin-
1
Jitii=lfil

Thus

Qi i, © (£ (10 A2
= Z (—1)iiztalfl.

i1,io€L/2L
Ji+i1=If1l; ja+is=|fz|

2 1
’ (QW;‘Q © Py © q%jg © f;é,)ﬁ Opwgz) X (quil © Py © qwji °© f;i?jl OPW5'1>

i1% i1] f 2
Z (_1)1112+J1|f2| (qW2‘2 o fi(Z,)jQ Opng) (qWH le jl pW2J1>

i1+i1=|f1l
ia+j2=|f2]
i g 1 2
= Z (_1)]1]2+12|f1| (QWZQ o 1'(2,)]'2 Oprz) (an le 1 pW271>
i1+i1=Irf1l
iz+j2=|fz]
— _1)\e2lful [ . (2) , . (1) ,
o +Zf \( o (qW52 ° fis i, Oprz) " (qwfl °fi Py ) °
i1+ip=1f1
in+ib=|fol
© Z (_1)j1j2 (qwzw Oprz) X (qwlﬂl Opwljl)
J1,J2€Z/27
y 9
= Z (—1)GEtfDIA] ((qwgz Ofi(z,)ié opwié) X f1> o Qw,.w,
iz+iy=| 2 ’

= (_1>\f1||f2| ((f2 OP‘L[J;;‘) gfl) o Qw,.w, -

Putting this into (2.5) and using the definitions quickly yields (2.4).
Now to check the hexagon diagram for R, take objects Wi, W, and W3 in
SC. For iy, 19,13 € Z/2Z, we have the following commuting diagram thanks to the
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hexagon axiom for R:

(=1 G2tizR

Wit R (Wy2 )X Wae) (W W32 =W

|4 |

(2:6) (Wit B Wiz) ’ Wi W3 ) (W3 R’ W)
i(l)imn&l Tl&(l)iUGR
W mwi) B W 2w (W R W)

and a similar diagram involving R ~!. These immediately yield the hexagon axioms
for R. O

REMARK 2.21. Note the essential role of the parity factor in the definition
of the tensor product of morphisms in SC for proving the naturality of R. The
naturality of R says that the tensor product of morphisms in SC supercommutes
up to conjugation by braiding isomorphisms.

REMARK 2.22. Since all the structure morphisms in SC are even, the braided
tensor supercategory structure on SC reduces to a braided tensor category struc-
ture on SC. In particular, the supercategory naturality of R reduces to ordinary
naturality when both morphisms f; and fs are even.

We will need tensoring in SC to be right exact, just as it is in C:

PROPOSITION 2.23. For any object W in SC, the functors WX - and -RW are
right exact.

PROOF. First consider - X W. Suppose W; f—1> Wo f—2> W3 — 0 is a right
exact sequence in SC, that is, (W3, f2) is a cokernel of f;. We need to verify
that (W3 Kse W, fo Kse 1w ) is a cokernel of f; Kse 1. Since f; Mse 1y =
Fo(fi®elyogyt)o F~! for i =1,2, using the notation of Proposition 2.10 (since
1y is even), it is enough to show that (W9 @ W) R (WO e W), f, K Lyogwi) is
a cokernel of f1 Me 1y04y1 in C. But this is immediate because the tensor functor
on C is right exact by assumption.

For W X - right exactness follows from the right exactness of - X W and the
naturality of the braiding isomorphisms (which reduces to ordinary naturality in
this case since 1y is even). O

REMARK 2.24. It is not hard to show that the tensor product functor in SC is
also right exact.

Now that we have a braided tensor supercategory associated to C with right
exact tensor functor, we can introduce the notion of supercommutative associative
superalgebra in C:

DEFINITION 2.25. A supercommutative associative superalgebra (or superalge-
bra for short) in C is a commutative associative algebra in SC whose structure
morphisms are even. Explicitly, a superalgebra in C is an object A = (AY, A') of
SC equipped with even morphisms p: AKA — A and 14 : 1 — A in SC satisfying
the following axioms:
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(1) Associativity: po(uM14)oAy 4 4 = po(1aXp) as morphisms AX (AKX
A) — A.

(2) Supercommutativity: poR, 4 = p as morphisms AN A — A.

(3) Unit: o (ta®14)o0l," =14 as morphisms A — A.

REMARK 2.26. The supercommutativity and unit axioms of the above defini-
tion (together with the naturality of R with respect to even morphisms) imply the
right unit property: po (14 Xea) og;ll =14.

REMARK 2.27. Since the structure morphisms of a superalgebra in C are even,
superalgebras in C are precisely commutative associative algebras in the braided
tensor category SC.

REMARK 2.28. If C is a braided tensor category of modules for a vertex operator
algebra V and A is a superalgebra in C, recall the twist C-automorphism 64 =
e?™L0) of A. Tt is shown in [CKL], slightly generalizing the results of [HKL, Hu9],
that superalgebras A in C which additionally satisfy:

4. 14 is injective;
5. Ais %Z—graded by conformal weights: 6% = 14; and
6. p has no monodromy: po (04 X04)=040p
are precisely vertex operator superalgebra extensions of V in C such that V C A°.

Since a superalgebra A in C is an algebra in SC with even structure morphisms,
we can define the category Rep A of “A-modules in C” to be the category of “A-
modules in SC” with even structure morphisms:

DEFINITION 2.29. Given a superalgebra A in C, Rep A is the category with
objects (W, uw ) where W is an object of SC, and puw : ARW — W is an even
morphism satisfying:

(1) Associativity: puw o (X 1lw)o Ay 4w = pw © (1a B pw ) as morphisms
AR (ARW) —» W.
(2) Unit: pw o (ta ® 1y ) ol = 1y as morphisms W — W.
The morphisms between objects (W1, uw,) and (Wa, pyw,) of Rep A consist of all
SC-morphisms f : W7 — Wy such that fopuw, =puw, o (14X f): AW, — W

REMARK 2.30. If A is a superalgebra in C, let Rep A denote the category of
A-modules where A is considered as an algebra in SC, as defined in the previous sec-
tion. Then Rep A contains exactly the same objects as Rep A, but Rep A contains
more morphisms since Rep A has only even morphisms.

REMARK 2.31. Since a superalgebra A in C is an algebra in the braided tensor
category SC, Theorem 2.9 shows that the category Rep A is abelian. However,
we cannot guarantee that the larger category Rep A is abelian since, although
Theorem 2.9 shows that kernels and cokernels of not necessarily parity-homogeneous
morphisms in Rep A are equipped with A-actions that satisfy associativity and the
unit property, we cannot guarantee that these A-actions are even.

However, we do have:

PROPOSITION 2.32. If A is a superalgebra in C, then Rep A is an F-linear ad-
ditive supercategory. Moreover, parity-homogeneous morphisms in Rep A have ker-
nels and cokernels, every parity-homogeneous monomorphism in Rep A is a kernel
in Rep A, and every parity-homogeneous epimorphism is a cokernel in Rep A.
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PrOOF. The F-vector space structure on morphisms in Rep A is inherited from
SC. To show that morphisms in Rep A have superspace structure, we need to
show that if f : Wi, — W5 is a morphism in Rep A, then its parity-homogeneous
components f° and f! are also Rep A-morphisms. Since f is a morphism in Rep A,
we have f o uw, = pw, o (14 X f). Then

FOo pw, + fropw, = pw, 0 (1a B fO) + pw, 0 (L4 X f1).
Since pw, and pyy, are both even, matching even and odd components of the above
equation shows that f¥ and f' are Rep A-morphisms. The evenness and bilinearity
of composition of morphisms in Rep A is then inherited from SC, so Rep A is an
F-linear supercategory.

The existence of a zero object in Rep A is clear, and the existence of biproducts
in Rep A is the same as in the proof of Theorem 2.9, except that we need to
additionally show that the A-action pgyw, on a biproduct €@ W; is even. Since
p@w, = >_qi° pw; o (1a X p;) is the composition of even morphisms, this is clear.
Thus Rep A is an F-linear additive supercategory.

Now we need to show that if f: W7 — W5 is a parity-homogeneous morphism
in Rep A, then f has a cokernel and kernel in Rep A. We know from Theorem 2.9
that f has a kernel (K, k) and a cokernel (C, ¢) in SC equipped with A-actions pux
and pe satisfying the associativity and unit properties. It will follow that (K, ux, k)
and (C, uc,c) are the kernel and cokernel of f in Rep A if ux and pe are even.
Since f is parity-homogeneous, Proposition 2.15 implies we may assume k and ¢ are
even. To show that pc is even, recall from Theorem 2.9 that pco(14Xec) = copuw,,
so that

Pcopco(lale) = Poocopw, =copuw, o Pagw,
= pc o (laWc) o Pagw, = po o Page o (1aXc).
Since c is an epimorphism and AX - in SC is right exact, 14 X ¢ is an epimorphism
and it follows that Po o uo = po © Page. Thus pe is even. Similarly, pg is even.
Finally, we need to verify that every parity-homogeneous monomorphism in
Rep A is a kernel and every parity-homogeneous epimorphism in Rep A is a cokernel.
In fact, the proof of Theorem 2.9 shows that a parity-homogeneous monomorphism

in Rep A is the kernel of its cokernel, and a parity-homogeneous epimorphism in
Rep A is the cokernel of its kernel. O

REMARK 2.33. In the following sections where we construct a tensor product
on Rep A, we shall only need the existence of cokernels of certain even morphisms
in Rep A.

2.3. Tensor products and unit isomorphisms in Rep A

Here we fix a superalgebra A in our F-linear braided tensor category C and
construct a tensor product X, : Rep A x Rep A — Rep A as well as left and right
unit isomorphisms. The construction of X4 is based on [KOJ; later, we shall show
that this tensor product is characterized by a universal property analogous to the
defining property of tensor products of vertex operator algebra modules. Although
we work in the generality of superalgebras, all results and constructions apply as
well to the category Rep A of modules for an ordinary commutative associative
algebra in C; the only difference is that for an ordinary algebra we do not have
to worry about evenness of certain morphisms or certain sign factors (as in the
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super interchange law). In particular, the following results and constructions apply
to algebras in SC since SC is a braided tensor category with right exact tensor
functor.

NOTATION 2.34. In this and the following sections, we will frequently give
summaries of lengthy proofs in braided tensor (super)categories using graphical
calculus. We shall denote the unit 1 (or 1) by dashed lines, the (super)algebra A
by thin strands, objects of C or SC by thick strands, and morphisms and multipli-
cations pe by coupons. We read diagrams from bottom to top: for instance, in the
composition f o g, the morphism g appears at the bottom.

DEFINITION 2.35. For objects (W1, uw,) and (Wa, pw,) of Rep A, we define
1M to be the composition

) AL wy wy ( pwy Mlw,

AR (W X Wy ARW,) XKWy

and we define 1(?) to be the composition

Wi X W,

) AA,Wl,Wz ( EA‘nglVVz

AR (W, B W, ARW,) KW, (W1 K A) KW,

1
A A, w, ) 1wy M,
%

W K (AR W, Wi X Wa.

REMARK 2.36. By the hexagon axiom for a braided tensor (super)category and
naturality of the braiding for even morphisms, ;2 is also given by the composition

) 1A‘Z|E;V27W1

A
AR (W KW, AR (W, R W) =220 (AR W) KW,
X R
(2.7) MBIy, ® W, N ) W

We shall frequently use this alternate formulation of ;(2).
LEMMA 2.37. Fori=1,2, we have
ﬂ(i) ° (IA X N(i)) = N(i) o (,LL X 1W1|XW2) o AA,A,W1|ZW2
as morphisms AX (AKX (W, K} W) — Wi X Ws.
PrOOF. We indicate the proof for ;) using graphical calculus; the proof for
pM is similar but simpler. In the first diagram, we have used Remark 2.36 to

rewrite (2, and in the last step we exchange the order of y and the braiding
without a sign factor because they are even:

Wy Wa Wy Wa Wi Wa Wi Wa

A A Wy W,
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Since cokernels exist in SC, we can define the tensor product of Wy and W5 in
Rep A to be
Wi Ka Wy = Coker(uM — p?)
with cokernel C-morphism
Wy, Wo ¢ Wl X W2 — W1 ‘EA WQ.

Both p™) and (? are compositions of even morphisms and are therefore even; thus
by Proposition 2.15 we may and do take nw, w, even. Our definition of Wy X4 Wy
is equivalent to that in [KO],

Wi Ky Wy = Wi R Wy /Tm(u) — ),

with nw, w, now the quotient morphism.
The left action of A on W7 K4 W5 is given by the following proposition:

ProrosITION 2.38. There is a unique SC-morphism
W R AWy - AKX (W1 XA WQ) — W1 &A WQ
such that for both i = 1,2, the following diagram commutes:

i

pu(®

AR (Wi B W) W, K Wy
(2.8) 1A®nwl,w2l/ \LT,WLWZ :
m
AR (W) Ky Wy) 2242y 5, W

Moreover, pw,x,w, 1 even and (W1 W4 Wa, pw,x,w,) 4 an object of Rep A.

PRrROOF. Since AK- is right exact, (AR (W1 K4 Ws), 14 Xnw, w,) is a cokernel
of the morphism
1aR(p® — @) AR (AR (W) K Wa)) — AR (W) K Ws).
Thus if we can show that
(2.9) mwyw, o 1 o (14 B (™ — p®)) =0

for i = 1,2, the universal property of the cokernel will imply that there are unique
morphisms

1 s s AR (W) Ba Wa) = Wy By Wo
such that the diagram

(i)
A&(W1&W2)M—>W1®W2

(2.10) 1A|X7IW1,W2\L i”WLWz
(4)

Wi, Wa

A&(Wl &A Wz)%'wl |EA W2

commutes for i = 1,2. But then since nw, w, o ") = nw, .w, o ¥, the uniqueness
will imply u%,%,)l’wg = LLE/I?,)I,W2, and we can call this common morphism gy, &, w,-
To show (2.9), we see from Lemma 2.37 that
pM o (148 () — @)
= N(l) o (1™ lw,mw,) © AA,A,W1®W2 - M(l) o(laX M(Q))

= (/i(l) - N(2)) o (B lw,mw,) 0 Ax 4w, mw, — (M(l) - /~L(2)) o(1aX M(z))~
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Similarly,
pP o (1R (uM —p®)) = (Y = p®) o (LR 1w, mw,) 0 Aa 4 wymw, — LaBu®).

Thus (2.9) holds for i = 1,2 because nw,.w, o (1) — u?) = 0. This proves the
existence and uniqueness of piy, = ,w,. The evenness of uw, = ,w, follows easily from
the evenness of (¥ and Nw,,w, and the surjectivity of the cokernel 14 X nw, w,.

Now we show that (W7 X4 Wa, uw,=,w,) is an object of Rep A. For associa-
tivity of pw,=,w,, we first calculate

Wl&AWQ W1|Z|AW2

A A W Wy A A Wy W A A W W

The first equality uses properties of associativity, the second follows from (2.8), the

third is due to Lemma 2.37, and the last is a repeated application of (2.10). Now

associativity of py, &, w, follows since nw, w, is surjective and AX- is right exact.
For the unit property of py,x,w,, we need to prove

(2.11) PR aw, © (ba B 1y, m,w,) Ol;VIIgAWZ = 1w, &, W, -

Using first naturality of the left unit isomorphism and the triangle axiom, then
(2.8), and finally the unit property of uw,, we get

Wi AW, Wi AW, Wi AW, Wik AW,
|MW1IEAW2| |NW1®AW2 |
& nwy , w.
| = - _
MWy, Wo
\\
W1 W2 W1 W2 W1 W2 Wl W2

This calculation indeed proves (2.11) since the cokernel morphism nw, w, is sur-
jective. [
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For X4 to define a functor Rep A x RepA — Rep A, we also need tensor
products of morphisms:

ProrosiTioN 2.39. If f1 : W1 — Wl and fo : Wy — Wg are morphisms in
Rep A, then there is a unique Rep A-morphism

FiRy fo: Wy Ry Wo — Wy Ky Wy

such that the following diagram commutes.
= —~ —~
Wy R Wy — W )W,

(2.12) Wy Wy J{ﬁwl,wz

X —~ —~
Wi M4 Wa 2202 Wm0, W

PROOF. For ¢ = 1,2, it is easy to show that
213) pDo (14 R (AR ) = (AR f)opD: AR (W, B W) — Wy KW,

Indeed, for ¢ = 1, this follows from the naturality of associativity, evenness of py,,
and the fact that f; is a morphism in Rep A, while for i = 2, we use the same
properties of uyw, and fo plus naturality of the braiding. Now, (2.13) implies that
the composition

i, 57, © (LB f2) o (M) — 1 @) - AR (W) B W) — Wy Ky Wh

is 0. Thus the universal property of the cokernel (W7 K4 Wa,nw, w,) induces a
unique SC-morphism

Fr B4 fo s Wi By Wo — Wy By o
making the diagram (2.12) commute. To show that fi; X4 f5 is a Rep A-morphism:

WK A Wa Wlmm v”taxAWz WK A Wo W1K A Wa W1K4 Wa
|f1®|Af2 | |f1|ZIAf2 |TIW1 W, | |"w1|,v~v2 | |“VT/1IXAV‘V2 | [rwmam |
) W - ++ L =
. i
|| | \ | |
A Wy We AW W AW Wy AW, W AW Wa AW Wa

We use (2.8) for the first and fourth equalities, (2.12) for the second and last, and
(2.13) for the third. Recalling that 14 X nyw, w, is surjective because AKX - is right
exact, f1 X4 fo is a Rep A-morphism. O

The characterization of f; K4 fo as the unique morphism making (2.12) com-
mute implies that X4 is a functor from Rep A x Rep A to Rep A. That is, the super
interchange law

(f1®a f2) 0 (g1 Ba g2) = (—1)21190(f1 0 g1) K4 (f2 0 g2)

holds for appropriately composable parity-homogeneous morphisms f1, f2, g1, and
g2 in Rep A, and 1w, M4 1w, = 1y, =, w, for objects W; and Wy of Rep A. The
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characterization (2.12) also implies that the tensor product of morphisms in Rep A
is bilinear, since the tensor product of morphisms in the tensor supercategory SC
is bilinear.

Now we construct the left and right unit isomorphisms in Rep A.

PROPOSITION 2.40. If (W, uw) is an object of Rep A, there is a unique iso-
morphism l{j‘V AR W — W in Rep A such that

and Z{}V s even.

PROOF. The existence and uniqueness of the C-morphism l{j‘v follows from the
universal property of the cokernel (AX 4 W, n4 w), provided pp opM = pyyop®.
In fact, this is immediate from

=]

=]
S
S

e O

w A w

The evenness of lﬁ, is clear from the the evenness of py and n4,w and the surjec-
tivity of na,w.
Now we need to show that l{j‘V is a morphism in Rep A, that is, that
Iy opag,w = pw o (1aRIG) : AR (AR, W) — W.
By (2.8), (2.14), and the associativity of uy,

(1) = lUw © (p, X 1A) OAA,A7W

= piw o (La B pw) = pw o (La B ljy) o (1a Wnaw)

Ly o pam,w o (La®naw) =1y onawop

as morphisms from AKX (AKX W) — W. Because 14 K14 w is an epimorphism, lVAV
is a Rep A-morphism.

To show that l{j‘v is an isomorphism in Rep A, we construct its inverse. It is
enough to show that l{;, has an inverse in SC, since an inverse in SC will automati-
cally commute with A-actions because l{j‘v does. We will show that the composition

—1

~ 1 .
A w2 kW A2 AR W Y AR, W
is the inverse to Il{},. It is clear from (2.14) and the unit property for pw that
l{j‘v o l{j‘v = 1w . On the other hand, let us use A to denote the composition
[ty .
AARW Y W 1@ AW ARy

Since na,woA = 7{,‘%, ol{j‘v ona,w, the surjectivity of na w will imply Tév ol{j‘v =lix,w
provided that na w o A = na w. We will show

(2.15) Lagw © (1a B1ly) = pM o (14 B (ta B 1w)),
(2.16) Mo (Ia®iy) =p® o (145 (14 K 1w))
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as morphisms from AX (LX W) - AKX W, and then
naw o (Lagw — A) = naw o (Lagw — A) o (14 Kly) o (1a B it)
=naw o (V) —u®P)o (148 (1a®1w)) o (14K I;') =0,

as desired. Equation (2.15) follows from the right unit property for A (Remark 2.3)
and the triangle axiom:

N

o ommmm— = o
< !

3

\
I
1
I
I
I
I

1

= - -

A w A w A

The proof of (2.16) is guided by the diagrams:

A w A w A w A w A W
b
Hw Hw Hrw
\
| N
|
= = = = ! = 1220
o 1
v \
L] AR e
]
I - . .
1 ’ ’ ’
1 1 1 1
A 1 W A 1w Alw A1 W

The detailed argument heavily uses properties of the unit isomorphisms, especially
those in Proposition XIII.1.2 and Lemma XI.2.2 of [Kas|. This completes the proof

that Tﬁ,ol{;‘v = ]-A|ZAW~ O

PROPOSITION 2.41. The isomorphisms l{j‘V for W in Rep A define a natural
isomorphism from AN 4 - to the identity functor on Rep A.

ProOOF. We need to show that for any morphism f : W; — W5 in Rep A, we
have

(2.17) Ly, o (la®a f) = folfy, : AK4 Wy — Wa.

Noting that n4,w, is surjective, this follows from the calculation

Wa Wa
A A
Iy, 5 Iy, 5
| [ wwa] 1]

|1A®Af|:|nA)W2|: — —

@

A Wy A Wy A Wy A Wy A Wy

Ws W Ws
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The first equality is due to (2.12), the second and last are due to (2.14), and the
third follows because f is a morphism in Rep A. (]

PROPOSITION 2.42. If (W, uw) is an object of Rep A, then there is a unique
Rep A-isomorphism r{j‘V WXy A— W such that

(2.18) Ty onwa = pw o Ry WHA = W,
and r{j‘v s even.

PROOF. The existence and uniqueness of the SC-morphism 74}, satisfying (2.18)
follows from the universal property of the cokernel (W X4 A, nw,4), provided that
L © EX}W op® = py o EX}W o u. This is proved in the following diagrams:

In the first figure, we have used Remark 2.36 to rewrite u(®. The second equality
uses commutativity of u, the third uses associativity of gy, and the last uses the
hexagon identity and naturality of the braiding applied to the even morphism gy .
This shows rl‘j‘V exists, and r{j‘V is even because nw,a, Lw, E;x,lw are even, and
because 7y, 4 is surjective.

Next, we need to show that rév is a morphism in Rep A, that is,
TQ/O/‘W&AA :/_j,WO(lA&Té/)Ag(W&AA) — W.

For this, we use the following diagrams together with the fact that 14 M7y, 4 is an
epimorphism:

i

A W A A W A A

hS
hS

A A

The first equality uses (2.8) with ¢ = 2, while the second and last use (2.18). The
third and fourth equalities use naturality of the braiding applied to u, the hexagon
axiom, and the associativity of puyy .
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Now we show that r{}, has an inverse in SC (which will also be an inverse in
Rep A). We define F{j‘v to be the composition
-1

=N v [ LA W v v I RN o A

To show that 77} is the inverse of ri,, note that by (2.18), ri}, o 74, equals the
composition

1wlzLA

r=1 E71
W2 WKL 2 wWRA Y ARW Y W

Using naturality of the braiding with respect to even morphisms, this in turn equals
1 R1
WS WK1 Y 1R W AE AR A
Now, Ki%/v oz;vl = é;vl (see for instance Proposition XIII.1.2 in [Kas]), so the above
composition equals 1y by the unit property of uy. Consequently 73, o 73, = Ly .
On the other hand, F{;‘V o r{j‘v onNw,A = Nw,4 © p, Where p is the composition

—1 1
Raw

WRA Y ARW Y o 29 w1 By g A

It is now enough to show that nw, 4 o (p — lyyxma) = 0, and for this it is enough to
show that

(p—1lwma)oR 4 wo(laRry) = (bW - )o(14R (1K) : AR(WEL) — WKA.

First, we prove pu® o (14 X (1w M 14)) = lyyga o Raw o (1a Kry,) using the
following diagrams:

w A w A w A w

I

A w

The second step uses 14 M1y, = 745y ©Aa 1 (see Lemma X1.2.2 in [Kas]) and
naturality of r. O

PROPOSITION 2.43. The Rep A-isomorphisms r% define a natural isomorphism
from -® 4 A to the identity functor on Rep A.
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PrOOF. We just need to verify that for any morphism f : W; — Wy in Rep A4,
we have
(2.19) i, o (f®ala) = forpy, : Wi K4 A— Wo.
Since M, 4 is an epimorphism, (2.19) follows from:

W2 W2

|f®A1A|—|77W2A|—
ﬁ+

The first equality uses (2.12), the second and last use (2.18), and the third is due
to naturality of braiding and evenness of 14. The fourth follows because f is a
morphism in Rep A. O

2.4. Categorical intertwining operators and a universal property of
tensor products in Rep A

The goal of this section is to characterize the tensor product in Rep A by a
universal property analogous to the defining property of tensor products of vertex
operator (super)algebra modules in terms of intertwining operators. For this, we
introduce “categorical Rep A-intertwining operators” that exhibit, in the abstract
tensor-categorical setting, the commutativity and associativity properties of vertex-
algebraic intertwining operators.

DEFINITION 2.44. For objects (W1, pw, ), (Wa, pw, ), and (W3, uw,) of Rep A,
a categorical Rep A-intertwining operator of type (W‘jv‘f%) is an SC-morphism 7 :
W1 K Wy — W3 such that the three compositions

A X
AR (W, B Wa) 22 4w wy) 8 Wy 22 g 5w, 2 W,
X1
AR (W B Wy) 229" (AR R, 2 (1, ) A) R W,
A;Vl,A,Wz

Xu
Wy B (AR Wy) 2212 gy @y, 2wy,

and

Hws

AR (W) B W) 250 A w, 2%,

are equal. Below, we shall often drop the qualifier “categorical” when it is clear.

REMARK 2.45. The first two compositions in Definition 2.44 are no u(*) and
no u@, respectively, so a Rep A-intertwining operator 1 of type (wr, Ws iv,) is defined

by the equalities

nou™ =nopu® = pw, o (14 Kn).
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In other words, a Rep A-intertwining operator intertwines the action of A on W3
with the left and right actions of A on W7 X Ws.

From the preceding remark and the definition of the action of A on Wi X 4 W5,
we have:

PROPOSITION 2.46. If W1 and Ws are objects of Rep A, the cokernel morphism
Nw,,w, - WiWy — W1 K4 W is a Rep A-intertwining operator of type (WI}E%I;V"’)

The pair (W7 M4 Wa, nw, w,) satisfies the following universal property:

PRrROPOSITION 2.47. For any Rep A-intertwining operator n of type (W‘f/ﬁv?)’
there is a unique Rep A-morphism

fn:W1|Z|AW2—>W3
such that f, o nw, w, = 1.

PRrROOF. Since 7o) = nou?, the universal property of the cokernel (W; X4
Wa, nw, ,w,) induces a unique SC-morphism f, : Wi M4 Wy — W3 such that f; o
nw,,w, = 1. To see that f, is a morphism in Rep A, the definitions imply

pws © (La & f) 0 (La Bnw, w,) = pw, o (1a Bn) = nop®
= f’l7 o 77W1,W2 o N(z) = fn o IU’W1|Z|AW2 o (lA ‘X 77W1,W2)7
where i = 1 or 2. Since 14 Xnw, w, is surjective, pw, o (14 X fp)) = fy 0 pw =W,
as required. O

As another example of Rep A-intertwining operators, we have:

PROPOSITION 2.48. If (W, uw) is an object of Rep A, then uw is a Rep A-
intertwining operator of type ( AW;V).

PROOF. The associativity of py implies

pw ot = pw o (MR 1w) 0 Ay 4w = pw o (1a B pw),

and we already showed at the beginning of the proof of Proposition 2.40 that
pw o M = py o ), O

Composing an intertwining operator with a morphism in Rep A yields a new
intertwining operator:

PRrROPOSITION 2.49. If 5 is a Rep A-intertwining operator of type (WYV§V2) and

fiWs— Wg is a morphism in Rep A, then f on is a Rep A-intertwining operator
of type (W‘:V‘i%)
PrOOF. We have
(fomyopu™ =(fon)opu® = fouw, o(laXn)
= gy, © (1aB ) o (La®n) = pgp, 0 (14X (fon))
since 7 is a Rep A-intertwining operator and f is a Rep A-morphism. g

From the bilinearity of composition and tensor products in SC, categorical
Rep A-intertwining operators of type (WYVSVZ) form a subspace of Homge (W7 K
Wao, W3). In fact, we can use the universal property of Rep A-tensor products to

show that they form a sub-superspace:
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ProroSITION 2.50. The even and odd components of a Rep A-intertwining
operator are Rep A-intertwining operators.

PRrROOF. Suppose 7 is a Rep A-intertwining operator of type (W‘;V‘EVQ) Then

n= f77 ONwWy,We = f7(7) O w1, W» +fn1 O Nwy,Wa-

Since nw, ,w, is even, fg onw,,w, and f% onw,,w, are the even and odd components,
respectively, of 7. Because Rep A is a supercategory by Proposition 2.32, the even
and odd components of f, are Rep A-morphisms, so the even and odd components
of 1 are Rep A-intertwining operators by Proposition 2.49. O

2.5. Associativity of categorical Rep A-intertwining operators and the
tensor product in Rep A

In this section we prove an associativity theorem for Rep A-intertwining opera-
tors that is motivated by the associativity of intertwining operators among modules
for a vertex operator algebra proved in [Hu2, HLZ6]. As in the vertex operator
algebra setting, associativity of Rep A-intertwining operators yields associativity
isomorphisms in Rep A. Using these associativity isomorphisms, we prove that
Rep A is a monoidal supercategory.

THEOREM 2.51. Suppose (W, pw,) for i =1,2,3,4 and (M;, pag,) for i =1,2
are objects of Rep A.

(1) If m, n2 are Rep A-intertwining operators of types (Wzv&l) and (W]:[vlm)’
respectively, then there is a unique Rep A-intertwining operator n of type

(ngw“v2 Ws) such that

(2.20)
m o (Tw, BWn2) =no (mw,w, 8 lw,) o Aw, w, w, + W1 K (Wa I W3) — Wy

(2) If n*, n* are Rep A-intertwining operators of types (M‘;Vé‘/g) and (lewévz),
respectively, then there is a unique Rep A-intertwining operator n of type

W,
(w, wam,w,) Such that

(2.21)
n'o (n® B lw,) =no (lw, Mnwyws,) 0 At o, : (Wi RW,) KWs — Wy

PROOF. We present the proof of the first assertion only, since the second is
similar. Since - X W3 is right exact, the sequence

(n =Ry
%

(AR (W, B W,)) K W, (W B W,) K Wy

nwy,wy Mlw,
SLELLLE L

(Wl X4 WQ)&WS‘, — 0

is exact, that is, (W1 X Wa)XWs, nw, w, X1ys,) is a cokernel of (1) — 1) R1y,.
Thus the universal property of the cokernel will imply the existence of a unique SC-
morphism
’r]:(Wl&AW2)IXW3_>W4
such that
mo (1w, Xn2) =no (77W1,W2 X 1W3) OAW1,W2,W3
provided that

mo (Lw, Bn2) o Ayt 1w, w, 0 (WP R 1w,) = m1o (L, Bnp) 0 A3t 1y, 4wy 0 (D Ry ).
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This is proved as indicated in the diagrams:

Wy

\
Wi

A Wy W3 A Wy Wy Ws

Wy Wy Wy
m

]
| 123.7 81 | |HW1 |

y@

A Wy Wy W3 A Wiy Wy W3 A Wy Wy Wi

The first step uses 720" = pps, 0(1,4%152), while the third uses nyo0p® = nrou®.
The second and last equalities use evenness of the braiding and pyy,, respectively,
to exchange their orders with 7.

Now we need to show that 7 is a Rep A-intertwining operator, that is, we need
to show

(2.22) pw, o (1aRn)=no pM =nopu®.

Since nw, w, is surjective and -X W3 and AKX - are right exact, 14 X (nw, .w, X 1lw,)
is a surjective morphism. Thus, to prove (2.22), it is enough to show

Hw, © (114 X 77) © (114 DX (77W1,W2 X 1W3)) =neo M(l) © (1A X (77W1,W2 X 1W3))
(223) =Tno M(Q) © (1A X (77W1,W2 X 1W3))

To prove the first equality in (2.23), we proceed as follows, starting with 7o u o
(1A X (nWth X 1W3)):

Wy

T2
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A Wy Wy W3 A Wy Wy W3

The first step uses the definition of pw,x,w, from (2.8), while the second and last
steps use (2.20). For the third step, we first use evenness of uy, to exchange the
order of uy, and 1, and then we use the fact that ne is an intertwining operator.

For the other equality in (2.23)7 we start with no M(Q) o(1a® (nw,,w, ®lw,)):

L 2 ]
ﬁ
Za
o]

\

A Wy Wy Wy A Wy Wy Wy A Wi Wy Ws

The first equality uses naturality of braiding applied to the even morphism 9w, w,,
and then the evenness of either nw, w, or pw, to exchange their order. The second
and the last equalities are due to (2.20). The third equality uses the hexagon axiom
and then 7y o p(? = war, © (14 X 1n2). In the fourth equality, we change the order
of the braiding and 7; using evenness of the braiding and then use n; o u(® =
w, © (1a Xnp). O

The associativity of Rep A-intertwining operators yields associativity isomor-
phisms in Rep A:

THEOREM 2.52. There is a unique natural isomorphism A4 : K4 o (IRep A X
Ma) = K40 (Wa X 1repa) such that for any objects (Wh, pw,), (Wa, uw,), and
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(W3, pw,) in Rep A, the diagram

AWI ,Wao, W3

Wy & (W K Ws)

(Wi ® Wa) K W
ilwl Xnw,, wy inwl,w2|glw3
(2.24) Wy K (Wy Ka W3) (W1 K4 Wa) KW

i’?wl,wngWS iﬁwlﬁsz,WS

A
AW, wo W

Wy Ky (Wo Ky Ws) (W1 Ka Wo) Ks W3

commutes. Moreover, A{j‘vl Wa. W, 1S even.

PROOF. Suppose (W;, uw,) for i = 1,2,3 are objects of Rep A. By the second
assertion of Theorem 2.51, there is a unique Rep A-intertwining operator 7 of type
(W1 R A W3) R4 W,
( V%/l ?/VQI%AV?@ 3) such that
no <1W1 X 77W27W3) = w1 KA Wa, W5 © (77W1,W2 X 1W3) OAW17W2,W3'

Then the universal property of the tensor product Wy K4 (Wy K4 W3) induces a
unique Rep A-morphism

Al o, - Wi B (Wo By W3) — (W B4 Wa) K4 Wa

such that 7 = Af}, w, w, © TwywaRaw,- Thus A}, . . is the unique Rep A-
morphism such that (2.24) commutes. Similarly, by the first assertion of Theorem
2.51, there is a unique Rep A-morphism

A s T (W1 Ba Wo) By Wy — Wy Ry (Wa Ry Wa)
such that the diagram

—1
AWI,W2,W3

(W, R Wa) ) W W) R (W, B W3)
l’flwl,m@&lwzg ilwlg’nw2,w3
(W) B4 W) B W5 Wy B (Ws Ka W)

i”]wl@sz,wg i”]wl,WQIZIAwg

TA
AW, wo W

(W1 R4 Wo) Kg W Wi Ra (Wy g W3)

commutes.
. AA Q] . A 3 A tq
To show that Ay, vy, w, Is inverse to Ajy, , w,, so that Ay, )y is an
isomorphism, note that

1W1®(W2®W3)

Wy K (W, B Ws) Wy K (W, X Ws)

iﬁwl,%&!‘wg,o(lwl Mnw,,ws) lnwl,wzwa30(1W1 Mnw,,ws)

Wy Ky (We Ky Ws) Wy Ry (Wo KRy W)

TA A
W1»W2>W30AW1»W2,W3

commutes. Since Ny, w,x,w, and ly, X nw, w, are both cokernels (by definition
and since W7 X is right exact), they are both epimorphisms, and we conclude that
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‘AIIj‘VI,Wg,Wg © ‘AéVl,W%Wg = lwiRa(wom,wy)- Similarly, Aéll,W27W3 © Aéll,W27W3 =
LW R aws)RaWs -

The evenness of A§V17W27W3 follows from the evenness of Ay, w, w,> Tw, w, X
lw,, and nw, =, w, w,, and the surjectivity and evenness of 1w, ™ nw, w, and
MWy, WalaWs -

Now we have to show that the Rep A-isomorphisms AIéVl,Wz,Ws define a natural
transformation, that is, we need to show that if f; : W; — Wi for i = 1,2,3 are
Rep A-morphisms, then the diagram

A
W1, Wa, W3

A
Wi Ky (W Ka W3) (W1 Kg Wo) K4 W

lflgA(fz‘XAfs) l(flef2)|zAf3

A
Wy, Wy, W3

Wl X4 (Wg X4 Wg) (Wl XA W2) Xa WS

commutes. First, note that the diagrams

Awy wa wy (f1 X f2)X f3
Tty

Wy K (Wy K W3) (W, R Wy) K W)

(W1 R Wa) B Wy

llwlgnwz,wa nwl,wgglwsl "VT/l,VszxlvT/gi
Wy R (Wo Ky W) (W B4 Wo) RWs ———— (W Ky Wa) B Wy
(f1¥a f2)X f3
anLWngWS "W1®AW21W3\L nﬁ}l&AW2vw3i
Wy R (Wo Ky W Wy R4 Wy) Ky W Wy Ky W) Ky W,
1A(2A3)Am§1A2)A3W3(1A2)A3
and
1X(f2K —~ ~ o~ AW, Wy~ o~ —~
Wy B (Wy B W) —2 B0 G 5 (W, W) =2 (7, R W) R W,
J{lwlgnw»m ilwlmm,wg vwl,%@lwgi
W1|E(W2 |EA Wg)—>W1®(W2|zAW3) (Wl &AWQ)IXW?,
F1X(f2a f3)
lnwh‘/‘bgAWs l”v‘vl,ﬁzzlﬁf,% nvwvlgAvwvg,szgsi

Wl &A (WQIXA Wg) Wl |X|A (/V‘[}:Q ﬁAW?))AA;) (Wl @AWQ) xAW:J,

W1, Wy, W3

_— >
F1Ra(f2a f3)

commute by the definition of A4, the definition of tensor products of morphisms
in Rep A, and the evenness of nw,,w, and ng;, 7, . Since the associativity isomor-
phisms in SC define a natural transformation, we therefore have

(/1 ®a f2) Ra f3) 0 Ay, wy wy © s, waRaws © (L, B nws,ws)

= A%hwz)m o (f1 Wa (f2 ®a f3)) o nwy wamawy © (Lwy, Bnw,,wy )

Since nw, wom,ws and ly, B nw, w, are both cokernels (by definition and since
W1 K - is right exact), they are both epimorphisms, and so we conclude

((fr B4 fo) B4 f3) 0 Ay, wows = A%Wm@ o (f1X¥a (f2Xa f3)),
as desired. O
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We have now shown that Rep A is an F-linear additive supercategory, and we
have constructed bilinear tensor products, natural even unit isomorphisms, and
now even natural associativity isomorphisms in Rep A. To show that Rep A is a
monoidal supercategory, we still need to check the pentagon and triangle axioms.
‘We now prove these properties and conclude the following theorem:

THEOREM 2.53. The category Rep A with tensor product bifunctor X4, unit ob-
ject (A, ), left unit isomorphisms 1, right unit isomorphisms r, and associativity
isomorphisms A, is an F-linear additive monoidal supercategory.

PRrROOF. To prove the pentagon axiom, we need to show that for any objects
Wy, Wy, W3, and Wy of Rep A, the compositions

) Loy WA ARy wy

Wi g (We Wy (W3 B4 Wy Wi g (Wo B4 W3) Ka W)

A
AW17W2®AW37W4 (
%

Wi K (Wa Ky W3)) K Wy

A
AWI,WQ.W3‘Z|A1W4

(2.25) ((W1 X WQ) X4 W3) X4 Wy

and

AA
W1, Wa, W3l 4 Wy

Wiy (Wo Ky (W3 Ky Wy)) (W1 Wy Wo) Ry (W3 Ky Wy)

'AeVlgAW2vW37W4 ((

(2.26) Wi Mg Wo) g W3) Ka Wy

are equal. Using the naturality of the associativity isomorphisms in SC and the
definition of the associativity isomorphisms in Rep A, we can prove that the diagram

Wy R (W R (Ws B Wy)) (W1 R W) B W) KW,

l l

Wi (Wo Wy (Ws Wy Wa)) —— (W1 Ky Wa) Ky W3) Ky Wy

commutes, where the lower horizontal arrow is either (2.25) or (2.26), the top
horizontal arrow is the corresponding composition of associativity isomorphisms in
SC, and the left and right vertical arrows are

(227)  nwy weRA(WaBaws) © (Twy B 0w, wam,aw,) © (T, B (Tw, X, wy))

and

NWIRAW2) KA W3, Wa © (nWﬂXAWz,Ws X 1W4) © ((77W1,W2 X 1W3) X 1W4)7

respectively. Since the pentagon axiom holds in SC, it follows that

A A A
(AW1,W2,W3 ‘ZA ]‘W4) ° AW1,W2|Z|AW3,W4 © (1W1 gA AWQ,W(;,W4) © 7]
_ qA A

- ‘AW1|XAW27W3,W4 © ‘AW1,W2,W3|X’AW4 o,

where 7 is the composition (2.27). Since 7 is a composition of cokernel morphisms
(since W1 X - and W5 X - are right exact), 7 is an epimorphism, and we conclude
that (2.25) and (2.26) are the same.
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To prove the triangle axiom, we need to show that the composition

1W1 XA (l€V2)71

Wl &A W2 —>W1 |Z|A (A|Z|A Wg)

A iy, Kal

M(ngAA)gAWQ“’l—%)pvlgsz
equals 1y, x,w,. By the definitions of the unit and associativity isomorphisms in
Rep A, the definition of tensor products of morphisms in Rep A, and the evenness
of all morphisms involved, the diagram

W1 X W2 ALt Wl gA W2

1w, B((taB1w, ol )

wy BI(( iy ilwlg(lévz 1 1W1&A(l\f‘vz)71
W1 &(A&WQ) 1W1 A W1 &(A &A WQ)WWl IXA (A IXA WQ)

\LAWLAwVVz Aﬁ/l,A,Wz

XA)KX Wi Ka A) KW W XKa AKX

(W1 K A) KW, T (W1 Xy A) 2 A (W1 Xa A) Ky Wy

lRA}ngl"V? i"‘[}vlglwz 7'€V1®A1W2
(ARW) R, —— Wy X W s Wy K4 W

commutes. Since M, w, is an epimorphism, it is enough to show that the top
and right composition equals 7w, w,. By commutativity of the diagram, it is then
enough to show that the left and bottom composition equals ny, w,. For this, we
use:

Wik 4 Wy W1 A W W1 A Wo W1 Wo

| Wy, Wa | | Wy, Wa | | Wy, Wa |

W1 W2 W1 Wz Wl W2 Wl W2

The first step uses nw, ,w, © p) = W, ,Wa © 1) and the third is the unit property
of pw,. O

2.6. The braided tensor category Rep® A

We have shown that Rep A is a monoidal category, but it is not braided. How-
ever, it was shown in [Pa] that Rep A has a braided tensor subcategory Rep® A
consisting of “local modules.” In this section, we define Rep® A and construct its
braiding isomorphisms.

For any objects Wy, Wy of SC, we define the monodromy isomorphism to be

MWth = EW2,W1 OEWth : W1 X W2 — W1 X WQ.

These isomorphisms thus define a natural isomorphism M from X to itself.
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DEFINITION 2.54. The category Rep’ A is the full subcategory of Rep A con-
sisting of objects (W, uw ) which satisfy

MWOMA’WZMW:AXW%W

THEOREM 2.55. The category Rep® A is an F-linear additive braided monoidal
supercategory with tensor product X, unit object (A, i), left unit isomorphisms 14,
right unit isomorphisms r®, associativity isomorphisms A%, and ( even) braiding
isomorphisms R4 characterized by the commutativity of

R
W, KW, Y W, )W
(228) UWl,WQi \an2=wl
RA
Wi By Wo — "2 o W, K, Wy

for objects Wy and Wy of Rep® A.

PROOF. To show that Rep® A is F-linear additive, note first that the zero object
of Rep A is in Rep® A since g o M A,0 and po are both the unique morphism
ARO0 — 0. Second, since Rep” 4 is a full subcategory of the F-linear supercategory
Rep A, morphism sets have F-superspace structure for which composition (and
tensor product) of morphisms is bilinear. Third, if {W;} is a finite set of objects in
Rep? A, then the Rep A-biproduct (@ W;, {pi}, {¢;}) is also in Rep” A because

bew, o Magw, = ZQi opw, o (1aXp;) o Magw,
= giopw,oMaw, 0 (1aRp) = giopw, o(la®p;) = ngw,.

To show that Rep’ A is braided monoidal, note first that (A, ) is an object
of Rep® A by the commutativity of z. Then we need to show that X, is closed
on Rep® A and that (2.28) defines an even Rep? A-isomorphism which satisfies the
hexagon axiom and is natural in the sense of (2.4).

First we show that if (Wi, uw,) and (Wa, uw,) are objects of Rep” A, then so
is (W1 W4 Wa, pw,x,w,). Consider the commutative diagram

MA,W1®W2 M(l)oru(2>

A&(W1®WQ)—>W1|X|W2

lnwly"%
Hw R 4 Wo

A&(Wl |ZA W2)4>W1 @A W2

AR (W X Ws)
1A®77W1,W2i llAg”WLWz

Ma w R, w,

AR (W Ky Wa)

Since 1.4 Xnw, w, is an epimorphism and since gy, ,w, ©(1a®nw, w,) = nw, w,©
13, to show that

MW R, W, © MA,W1®AW2 = U K, Wy
it is enough to show that

Nwy,wo © /“L(l) © MA,W1®W2 = Nw,,w, © N’(z)



52 2. TENSOR CATEGORIES AND SUPERCATEGORIES
The proof is guided by the diagrams:

Wi A Wy Wi AWy Wi AWy W14 Wy

| Nwy, Wy | nwy,wo

k Hwy KWy

N N

A Wi Wy A Wy Wa

The first and last equalities use the hexagon axiom together with the assumption
that W; and W5 are objects of Rep0 A, while the second uses nw,,w, © ,u(l) =
W, W, © 1?). This proves that (W X4 Wa, pw,®..w,) is an object of Rep 4, so
X 4 is a bifunctor on RepO A.

To get braiding isomorphisms in Rep® A, the universal property of the cokernel
(W14 Wa, nw, w,) induces a unique SC-morphism Révl,wg Wi Ky We — WK 4
W1 such that (2.28) commutes, provided

Two, Wy © EWl,W2 © M(Q) = Nw,, W, © BWl,WQ o /1'(1)

We use the following diagrams to establish this:

W1 KA Wo W1 KA Wo W14 Wo W1KA W W1 A Ws
| | |
Nwy, Wy | NMwy , Wy | | Nwy, Wy | | Nwsy, Wy |
122%0 Hwy

122%0

\ \ \ \

A Wi Wy A Wy Wa A Wy Wa A Wi Wa A Wi Wy

These steps use naturality of braiding applied to the even morphisms pw, and pw,,
the hexagon axiom twice, the relation nyw, w, o u™") = nw, w, o p?, and finally
the assumption that W is an object of Rep’ A. This shows Révl,wg exists, and
R‘;‘VI,WQ is even because Ry, w,, nw,,w, are even and because nw, w, is even and
surjective.

To show that R{,lvhwg is an isomorphism in SC, we will use the universal prop-
erty of the cokernel (WX 4 W1, nw, w, ) to show that there is a unique SC-morphism
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(Rwl,wz) LWy Wy Wy — Wy K4 Wy such that

R
Wo RW, —— ™2~ Wy KW,
(2.29) —_— i \anl v,
(R Wl WQ) !

W2 &A W1—>W1 |ZA W2

commutes. The commutativity of (2.28) and (2.29) together with the surjectivity
of nw, .w, and nw, w, will then imply that R, v, and (Ri}, y,)”" are indeed
inverses of each other. To show that (Rij‘vl,wz)_l exists, it suffices to show

(2) =

- 77W1 Wa OB;[/117W2 o l’(‘(l)

(2.30) MW, W, © Raps s, © 1

We use the following sequence of diagrams to prove this, first using (2.7) to rewrite
(2).
=)

W1 A Wo W1 Wo

D

Hwy
A Wy Wi A Wy Wiy A Wy Wi
W1|ZIAW2 WlIXsz WleW2
1wy w, | @ [ ws |
A W2 Wy Wa Wi Wa

The second equality uses the assumption that W; is in Rep’ A along with the
hexagon axiom, the third uses nw, w, © p = MW, W, © 1@, and finally we apply
naturality of braiding to the even morphism pyy,.

Now to show that R{j‘vl W, 1s an isomorphism in Rep A, and thus also in Rep? 4,

it remains to show that R{j‘VhWQ is a morphism in Rep A, that is,

(231) /‘I‘W2|Z|AW1 ° (1A & RAW1,W2) = Révl,Wg © IU’W1|Z|AW2'
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This is a consequence of the surjectivity of 14 Xnw, w, and the following diagrams:

WQ&Awl W2®AW1 W2|XAW1
|NW2®AW1 | |#W2®AW1 | |7IW2,W1 |
A
RW11W2 _ NMwy, Wy _ ww,
Wy, Wo \ N
A Wi Wy A Wi Wy A Wi Wy
WolX 4 W1 WaR AWy WalKaWh
| R‘é‘Vlez | RéVlvwz
N - |"]W1,W2 | . |HW1XIAW2 |
Bwy Hwy Wy, wa
A Wi W A Wi Wy A Wi W,

The first and fourth equalities use the definition of ’R{j‘vl w, from (2.28). The second
and last equalities use (2.8) with ¢ = 2 and ¢ = 1, respectively, and the third uses
naturality of braiding applied to the even morphism gy, .

Now we show that the braiding isomorphism R is natural, that is,

RA w0 (184 o) = ()MIBI(H Ry 1) o R, w,

for parity-homogeneous morphisms f1 : W7 — Wl and fo : Wy — Wg in Rep® A.
This follows from the commutative diagrams

X i Iy r Evaxfz Irr Irr
W RW, — 2 W R, —— WL, R,

Tle,Wzl l%’vl,wz lnwz,wl
RA

Y R g
W1®AW2%W1&AW2&>W2®AW1

and

E s 2|Z|1 = et
Wy RW, — " w, kW, — 2 WL R W,

MWy, Wo NMwy, Wy \Lnﬁ/zywl
RA

1, X 5 >
Wy Ky Wy — ™y &, Wy — 224 3, ), W

together with the surjectivity of nw, w, and the naturality (2.4) of the braiding
isomorphisms in SC.
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Finally, we prove the hexagon axiom for R4, that is, we show that

A
'AW1 ,Wo, W3

Wi Wy (Wy Ky W3) (W1 Xy Wa) Ky W

|

RA

A
ilwlgAsz,W3 WK 4 Wa, W3

(2.32) Wi Wa (W3 Ka Wa) W3 By (W1 Ky Wa)

l‘AéVl,WB,WQ l‘Aafg,,Wl,WQ

(Wi Rg Wy) Ry Wo — (W3 B4 W) B4 Wy
W11W3|XA1W2

commutes, as does the same diagram with R4 replaced by (R4)~!'. The commu-
tativity of (2.32) follows from the commutative diagrams

1w, Mnw,, w,y

Wy K (W, B Ws)

Twy IXEW2 W3

Wy K (W3 K W)

Lwy Mnws, wy

AWl W3, Wo

(W1 R W) KW,

nwy ,wy X1y,

Ewl,w3|2|1W2

(Ws R W) KW,

nwy,wy Xlw,
and

1w, Knw, wy

Wi ) (W K W)

AWI ,Wo, W3

nwy ,wo X1y,

(W1 R W) )& W
EW1&W2,W3

W3 ) (W K Wa)

Lws Mnw,  w,

AWg,Wl,WQ

(Ws R W) KW,

nwy,wy Xlw,

Nwy,Wol p W3
P

W W (Wa Ky W)

A
Lw, MRy, W3 l

Wi R (W3 By Wa) —

(W1 Ky W3) K Wo
\LR‘;‘VLWBIEWQ

(W3 K4 W1) KW,

Wy R (W Ky W)

(W1 K4 Wa) KW
iRWﬂZAW‘zvV‘@

W & (W1 By Wa) +

(W3 X4 W) X W,

W1, W3l 4 Wo

- 9
NMwiR A W3, Wy

NMw3l 4 Wy, Wy

Nwy,Wol 4 W3

NMwiR 4 Wo, W3
_—

W3, WK 4 Wo

NMwzR 4 Wy, Wo

Wy K (Wa Kg W)
1W1®AR§V27W3
Wi Mg (W3 g W)
A W, ws
(W1 W4 W3) K4 Wo

A
RWI,W3®A1W2

(W3 g W1) Ky Wy

Wy Ky (Wo Ky W3),
ATy g ws
(W1 Ky Wa) Ka W
Rivy8 4w, ws

W3 Wa (W1 a4 Wa)

A
AWs s W, Wo

(W3 B4 W) Ry Wy

the surjectivity of nw, w,=,w, © (Iw, X nw, w,), and the hexagon axiom in SC.

The commutativity of (2.32) with R4 replaced by (R4)~! follows similarly.

O

We cannot say that Rep” A is a braided tensor supercategory because Rep’ A

may not be abelian. However:

PROPOSITION 2.56. Every parity-homogeneous morphism in Rep® A has a ker-
nel and cokernel. Moreover, every parity-homogeneous monomorphism in Rep’ A
is a kernel, and every parity-homogeneous epimorphism is a cokernel.
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PrOOF. We showed in Proposition 2.32 that every parity-homogeneous mor-
phism f : W, — W, in Rep” A has a kernel (K, ux, k) and cokernel (C, uc,¢) in
Rep A. So we just need to show that K and C are objects of Rep’ A. By the
definition of pg, we have

kopgoMarg=pw, o(lalEk)oMyxk
=pw, oMaw, 0 (LaREk)=pw, o(la®k)=Fkopug;

since k is a monomorphism, K is an object of Rep” A. We get pc o Mauc = pc
similarly, so C'is an object of Rep® A as well.

To show that every parity-homogeneous monomorphism in Rep® A4 is a kernel
and every parity-homogeneous epimorphism in Rep® A is a cokernel, the same ar-
guments as in the proof of Theorem 2.9, with C replaced by Rep A and with Rep A
replaced by Rep” A4, show that a monomorphism in Rep” A4 is also monic in Rep A
and an epimorphism in Rep® A is also epic in Rep A. Then similar to Theorem 2.9,
any monomorphism in Rep® A is the kernel of its cokernel (which is an object of
Rep? A), and any epimorphism in Rep” A is the cokernel of its kernel (which is an
object of Rep” A). O

REMARK 2.57. The preceding theorem and proposition show that the subcat-
egory Rep” A of Rep” A which has the same objects but only even morphisms is
an F-linear braided tensor category. In general, if A is a commutative associative
algebra in a tensor category C, Rep® A is a braided tensor category.

2.7. Induction and restriction functors

The bulk of this section contains a construction (following [KO], but general-
ized to the superalgebra setting) of an induction functor F : SC — Rep A. Since
induction is critical for the applications later in this paper, we give a full proof (in
diagram form) that it is a tensor functor. We also briefly discuss the corresponding
right adjoint restriction functor from Rep A to SC.

Suppose W is an object of SC; we define F(W) = AK W and

AA,A,W

pray P AR (ARW) 224 (AR A) R W L2 A=y,
PROPOSITION 2.58. The pair (F(W), urw)) is an object of Rep A and
F W (FW),prowy); fror1aRf
defines a functor from SC to Rep A.

PROOF. First, ury) is even because A4 4 y and pX 1y, are even. The proof
that prw) is associative is shown in the following diagrams; note that the pentagon
axiom and naturality of associativity isomorphisms are needed in the detailed proof:

F(W)

w A w F(W)

;

A A AW A A AW A A FW)
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The unit property of pzyy) follows from properties of the associativity and unit
isomorphisms in SC along with the unit property of u:

F(W) A W AW

HFwW) H

| -

I

N

F(W) AW A W

To show that F defines a functor from SC to Rep A, we need to show that if
f: Wi — Ws is a morphism in SC, then

.F(f) = 1A®f:A|X’W1 —>A|Z|W2
is a morphism in Rep A. This follows from

f(Wz) A Wa A Wy F(Wa)

0]

A F(Wy) A A W A A W A F(W1)

It is clear that with this definition of F(f), F satisfies the axioms of a functor. O

For applications later in this paper, it is crucial that the induction functor F
be compatible with the tensor structures on its source and target categories. The
following theorem is essentially Theorem 1.6 in [KO], but we provide a detailed
proof since we work in the generality of superalgebras and make no assumptions on
SC besides right exactness of the tensor functor.

THEOREM 2.59 (KO, Theorem 1.6]). The induction functor F is a tensor
functor.

ProoOF. To show that F is a tensor functor, we need to show the following;:

(1) There is an even isomorphism ¢ : F(1) — A.

(2) There is an even natural isomorphism f: FoX — K4 o (F X F).

(3) The natural isomorphism f and the isomorphism ¢ are compatible with
the unit isomorphisms in SC and Rep A in the sense that the diagrams

(2.33)
FarWw) N FOR F) FWELD) " R R, F)
f(lw)i i‘/’&Al]—"(W) ]'-(Tw)i \Ll}'(W)gA‘P
AR wy) ! (rF )~
FW) ——— AKX,y F(W) F(W) FW)XK4 A

commute for any object W in SC.
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(4) The natural isomorphism f is compatible with the associativity isomor-
phisms in SC and Rep A in the sense that the diagram

(2.34)
}-(AWLWz,Ws)
FWi K (W2 K W3)) F((W1 K W,) K W3)
le,W2®W3i lfwlﬁvv%wg
F(W1) Ky F(Wy X Ws3) F(W1 R W,) Ky F(Ws)

1]—'(W1)|XAfW2,W3i J/fwl,w2®A1f(W3)

A
AF (W), F(Wa), F(Ws)

F(W1) Ka (F(W2) Ka F(W3)) (F(Wh) Ky F(Wa)) Ka F(W3)

commutes for all objects Wy, W5, and W3 in SC.

Since F(1) = AKX 1, we can take the isomorphism ¢ : F(1) — A to be r4,
provided this is a morphism in Rep A. In fact, 4 o iz (1) is the composition

Asaa

X r
AR(ARL) 2% (AR A) KL 2% AL 25 A,
By the naturality of the right unit, this composition equals

Asan

AR(ARL) 224 (AR A)RL 224 AR AL A

Then since r g4 0 Ag 41 = 1a X1y, this composition equals po (14 X1ry), as
required.
Next, for objects W7 and W5 in SC, we need a natural isomorphism

le,Wz : .F(Wl X Wg) — .F(Wl) X4 .F(WQ)
We can define fy, w, by the composition

-1
AA,WI,WQ AXWy ‘zlwz

1

1A|ZW1 ‘X(LAxlwz)

(AR W) R (1R W)

(AR W) K (AR W)

TTARW,, AW,

(2.35) (AR W) Ky (AR W,).

We need to verify that fiyy, 1w, so defined is a morphism in Rep A, that is,
HARW, )R 4 (ARWS) © (14 B fw, w) = fwy,w © aR(W, &WS) -

This can be proved as follows:

(ARW:)R 4 (ARWS) (ARWL)R 4 (ARWS) (ARW:)R 4 (ARWS)

| H(ARW )X 4 (ARW,) | NARW, , ARW,

NARW, , AKWo

N
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The detailed argument frequently uses properties of associativity isomorphisms,
and in the first equality, we have used (! to define H(ARW, )R 4 (ARWS) -
Now we prove that the Rep A-morphisms fy, w, determine a natural transfor-

mation from F o X to X4 o (F x F), that is, we show that if f; : W; — Wl and
fo : Wy — W5 are morphisms in SC, then

(F(f1) Wa F(f2)) o fwi,we = fig, 3, © F([1 B f2).
This follows using these diagrams:

W1|XAW2 W1®AW2 WIIXAWZ

| |
[FEORAF(F) | | Tamiwy amw, |

In the second equality, we have used naturality of the left unit isomorphism and
the evenness of 14 and ly, to exchange their order with F(f1) & F(f2).

Next, we show that each fu, w, is an isomorphism by constructing an inverse.
We define gy, w, to be the composition

(AR W) K (AR W,) 222 (AR (W, K A)) KW,

(LaRR L, 8L,

(AR (AR W) K W,

uX1

25500 (AR A)R (W, B Wa) — 2720 AR (W, B W),

where the arrows marked assoc. refer to any composition of associativity isomor-
phisms between the source and target of the arrows. If we can show that

(2.36)
Gwiws © 1Y =G, w, 0 p@ L AR (AR W) R (AR W) — AR (Wr B Wh),

then the universal property of the cokernel ((AX W7) K4 (AKX Ws), narw, Axw,)
implies that there is a unique morphism

g (AR W) B (AR Wy) — AR (W K Wp).

such that gw, w, © Nagw, ARW, = gw,,w,. To show (2.36), we use the following
diagrams, starting with gw, w, o 1) on the left and ending with JWy,Wa © M on
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the right:

A Wi Wa

A Wi Wa
“w
“w
A A Wi A W A A Wi A W
Next, we show that gy, w, is the inverse of fy, w,. To show gw, w,© fu,,w, =
Lar(w,&W,):

A Wy Wa

A Wy Wa A Wi Wy A Wi W2
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Now we consider fw, w, © gw,,w,; note that
Jwiwe © 9wy W © NaRW,  ARW, = AW, ARW, © 1,
where I is the endomorphism of (AKX W) K (AKX W) given by the composition
(AR W) R (AR Wy) 222 (AR (W, K A)) K W,

(LARR Yy Biw,

(AR (AR W) B Wy 222 (AR A) K (W, K W)

X1 A
P AR (W B W) — 2 (AR W) R W,

Lagw, B((aBlw,)olyl)

(AR W) K (AR W)).

Thus by the surjectivity of nagw, amw,, it is enough to prove that nsgw, agw, ol =
NARW; , ARW,, OF

NARW,, ARW, © (I — 1iamw,)m(arws)) = 0.
For this, it is in turn enough to prove
(2.37) ToJ=pWo(1sR (1agw, B (14 B lw,))),
(2.38) J=pP o (14 B (Lagw, K (1a B1w,))),
where J: AR (AR W)X (1R W,)) = (AR W;) K (AKX Ws) is the isomorphism
T AR((AR W) R (1R Wa)) Z225Wa8% 4 1 (AR W,) R (LR W)

-1

R X1 4
ST (AR W) R A)RW, T (AR W) R (AR W,).

For (2.37) we proceed as follows:

A Wi A Wy A Wy, A W, A W, A W,
' X
~ 1
= 1 =
1
( 1
,- 1
’ 1 1
\\ ; N . .
I 1 1
A A Wy 1 W, A A Wy 1 W, A A Wiy 1 W,

On the other hand, u® o (14 X (1 4z, X (14 K 1y,))) can be handled with the
diagrams:

AWy A W A Wi A Wa AW A Wy

S

1_

W

A AWy 1 W, A AWy

N

I —m el
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This completes the proof that fw, w, o 9w, w, = 1(axw, )" (ARW,), and thus that
the Rep A-morphisms fy, w, define an (even) natural isomorphism f : F o X —
|XA o (f X f)
Now we show that f and ¢ are compatible with the unit isomorphisms. To
prove (2.33), we establish that for any object W of SC,
(Hsw) © (9 ®a lamw) o faw = Flly) : AR (AR W) — AR W,
(rimw) © (Lagw Ra @) o fwa = Flry) : AR (WKL) - ARW.

The first follows from:

AXW AXW A w A W A w A w A w
A A | |
T (77 [ R I R | N
\
|¢®A 1AIZIW| NA,ARW . 4
= fr— = ! = = =
\ 1 AY AY AY ’
1 1 1 \ \ 1
1 e I e 1 1 1 1
(Y [ 1 1 1 1
1 = 1 = 1 1 1 1
Al w Al w Alw Alw Alw Alw

The second follows from:

AXW AXW AXW A W A W AW AW
| | |
A A A
TARW | TARW | TARW | H a
I I I :
| Lagw™Xa ¢ | NARW, A | | NARW, A | . \
\
1
= = = = \ = \ =
\ / \ \
AY ~
1 1 / \ \ \
L] 1 L] 1 [ ] [ ] \ A} A}
v vl ' ' \ 1 1
= = 1 1 ’ 1 1 1
AW 1 AW 1 Aw 1 AW 1 AW 1 AW 1 AW 1

Finally, to prove that f is compatible with the associativity isomorphisms in
SC and Rep A, we have to prove the commutativity of (2.34) for objects Wy, Wa,
and W3 in SC. To simplify notation, we use ¢y for the composition

[t .
WS 1R W B AR,
where W is an object of SC. Then the lower left composition of morphisms in (2.34)
is given by

Anw, woRkws
—>

AR (W, 8 (W, & W)

Larw, ‘Zlbwz Rws
—_>

(ARW:) B (W, M W3)

(AR W) K (AK (W, KX Ws))

1AIXIW1 IXAA,WQ,W;;,

(AR W) X (AR W) X W3)

Lagw, M1 agw, News)

(AR W) K (AR W,) K (AR W3))

AA‘EW1,A®W2,A®W3

(ARW)) R (AR W) K (A K Ws)
— (AR W) Ky (AR W,)) Ky (AR Ws),
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where the last arrow is the natural composition of cokernel morphisms. Now, since
-1 _ =1
Ax w, ws O£W2|ZIW3 = Ly, X lw,, we have
AA,WZ,WS © [’W2®W3 = [’WQ X 1W3

This together with the naturality of the associativity isomorphisms applied to ¢y,
and vy, yields

AR(W, ) (Wy K W3)) 2222 (AR W) K W) K W3

(1 amw, Mew, )New,

(AR W) K (AR W,)) K (AR Ws)
= (AR W) K4 (AR W) Ky (AR W3).
By the pentagon axiom, we can take the composition of associativity isomorphisms
represented by the first arrow to be
(AA,Wl,WQ X 1w,) o AA,W1®W2,W3 o(lakX AW1,W2,W3)'
Then we get

1A|Z|AW1,W2,

AR(W; B (Wy R W3)) iy AR (W) B W) K Ws)

AA,WllXIWQ,Wg (
_—>

AR (W, RWs)) K Wy

LaR(w; Bwy) Miws
%

(AR (W K Ws)) K (AR Ws)

AA,Wl‘W2|X1A®W3

(AR W) R W,) K (AR Ws)

L amw, Kew, )KL sz,

(ARW)) R (AR Wa)) K (AR Ws)
= (AR W) K4 (AR W,)) Ka (AR Ws),

and this is the upper right composition in (2.34), completing the proof of the
theorem. m

In addition to the induction functor, there is a restriction functor from Rep A

to SC:
DEFINITION 2.60. The restriction functor G : Rep A — SC is given by
G:W,uw) = W5 fe f.

The following adjointness of F and G is well known (see for instance [EGNO,
Lemma 7.8.12)):

LEMMA 2.61. For any object X of SC and any object W of Rep A, there is a
natural isomorphism between Hompgep 4(F(X), W) and Homse (X, G(W)).

For future reference, we record here the maps used in the proof:
® : Hompep a(F(X), W) — Homgse (X, G(W))
fr— fo(aBlx)oly!
U : Homge (X, G(W)) — Hompgep 4 (F(X), W)
g— pwo (1aRg).

It is easy to verify that U(g) is indeed a morphism in Rep A4, that ® and ¥ are
mutual inverses, and that they are natural isomorphisms.
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2.8. More properties of Rep A and the induction functor

In this section we study the relation between the induction functor (and restric-
tion functor) constructed in the previous section and additional structures that can
be imposed on SC, such as rigidity and ribbon structure, which we recall below.
Many of the results here are contained in [KO] and [EGINO], but in some cases a
little additional care is needed in the superalgebra generality.

Our first goal is to show that tensoring in Rep A preserves right exact sequences
of parity-homogeneous morphisms; for this we need the following lemma:

LEMMA 2.62 ([KO, Theorem 1.6(1)]). The restriction functor G is injective on
morphisms and preserves exact sequences of parity-homogeneous morphisms.

PROOF. The first assertion is obvious. For the second, let W; f—1> Wy f—2>
W3 — 0 be right exact in Rep A (that is, (W3, f2) is a Rep A-cokernel of f1) with f;
and fo parity-homogeneous. We need to show that (W3, f2) is also an SC-cokernel
of f1. Proposition 2.32 and its proof show that f; has a Rep A-cokernel (C ¢) which
is also a cokernel of f; in SC. Thus there is a Rep A-isomorphism 7 : W3 — C such
that 1o fo = ¢; using this isomorphism, it is clear that (W3, f2) is a cokernel of f;
in SC.

One can show similarly that if 0 — Wy EEN Wy ELN W3 is a left exact sequence

of parity-homogeneous morphisms in Rep A, then (W7, f1) is also a kernel of fs in
SC. O

Now we can prove that tensoring in Rep A preserves right exact sequences of
homogeneous morphisms:

PROPOSITION 2.63. For any object W in Rep A and right exact sequence Wy ELN
Wy f—2> W3 — 0 in Rep A with f1 parity-homogeneous, the sequences

WK, Wy, BN w2 A s w0

and

Wy R, W DB o 2R = W 0

are also right exact.

PRrROOF. For the first sequence, we need to show that (W X4 W3, 1y M4 f2)
is a cokernel of 1y M4 fi;. By Lemma 2.62, (W3, f2) is a cokernel of f; in SC,
so because W X - is right exact in SC, the top row of the following commutative
diagram is right exact:

1w X 1w X
wWREW, — wrw, Y wRwW, —— -0
lnw,wl lﬁw,wz Nw,wsg
1WgAf1 1W®Af2

WHgW) ————W Ry Wy ——— WKy Wy ——0

Now, if g : WK, Wy — Wis a morphism in Rep A such that g o (1 K4 f1) =0,
then g onw,w, o (1w K f1) = 0 as well. Thus the universal property of the cokernel
(W X W5, 1y K f3) implies that there is a unique SC-morphism 7 : W X W3 — W
such that

no (lw X f2) = g onw,ws,-
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To complete the proof that WX 4 - is right exact, we need to show that 7 is a Rep A-
intertwining operator, since then the universal property of the Rep A-tensor product
will induce a unique Rep A-morphism g : W X4 W3 — W such that g o nw,w, = n,
from which we get

go(lwXa fa) =y

using the surjectivity of nw w,.

To see that 7 is a Rep A-intertwining operator, we use the fact that fo is a
Rep A-morphism, (2.13), the definition of 7, and the fact that gonw,w, is a Rep A-
intertwining operator (recall Proposition 2.49):

nopu®o (14 R (1w K f2)) =no (lw B fo) o ' = g onww, o p®
= g o (LaX (gonww,)) = kg o (1aXn) o (1a X (1w X f2))

for i = 1,2. Since 14 K (1y X f,) is surjective, no u( = pgiz o (LaXn) fori=1,2,
as required.

The proof that (W3 X4 W, foaX4 1) is a cokernel of f1 X4 1y is the same. See
also [EGNO, Exercise 7.8.23], but note that they work in a rigid category, which
we do not assume here. O

REMARK 2.64. The preceding lemma and proposition show that G is an exact
functor from Rep A to SC, and that for any object in W in Rep A, W X4 - and
-X4 W are right exact functors on Rep A. An easy consequence of Lemmas 2.61
and 2.62 is that if W is a projective object in SC, then F (W) is projective in Rep A.
All these results hold when SC is replaced by C and A is an ordinary algebra in C.

We now study the interplay between induction, the braided monoidal supercat-
egory Rep” A of local A-modules, and additional structures on SC. First, we show
when an object of SC to induces to an object in Rep” A:

PROPOSITION 2.65. For an object W of SC, F(W) is an object of Rep® A if
and only if Maw = lagw.

PROOF. First suppose F(W) = AR W is an object of Rep® A, that is, pazw ©
M4 axw = pagw- Then the following calculation shows that M4 w = 1 gw:
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Conversely, if M4 w = Lagw, then pagw o Ma agw = pagw follows from:

w A w A w

A AW A AW A AW
|

DEFINITION 2.66. Let SC° denote the full subcategory of objects in SC that
induce to Rep” A.

In the next theorem, we show that induction F : SC° — Rep® A is a braided
tensor functor. Recall the natural isomorphism f: FoX — K4 o (F x F) and its
inverse g from the proof of Theorem 2.59.

THEOREM 2.67. The category SC° is an F-linear additive braided monoidal
supercategory, with structures induced from SC, and F : SC° — Rep® A is a braided
tensor functor.

PRrOOF. Since SC° is a full subcategory of SC, morphisms in SC° form F-
superspaces, and the zero object of SC is in SCY. For biproducts, let {W;} be a
finite set of objects in SC°. Then Proposition 2.65, distributivity of tensor prod-
ucts over direct sums, and naturality of monodromy shows that @ W; induces to
Rep” A. Thus SC° is an F-linear additive supercategory. To show that SC° is
braided monoidal, it is enough to show that it is closed under X. By Theorem
2.55, F(Wy) K4 F(Ws) is an object Rep’ A for Wi, W in SC°, and moreover
F(W1 K Wy) =2 F(W;) K4 F(Ws) since F is a tensor functor. Hence Wy X Wy is
an object of SC°.

To show that F is a braided tensor functor on SC°, we need to show that for
objects Wy, Wy in SC°,

(2.39) F(Ruw, w,) = 9w, wy © RE () F(wy) © Wy ws-
By definition, gw, w, © R;‘;(Wl) Fwa) © fwiw, is the composition

AA.WI,Wz ARW, &LWQ

AR (W, B Wo) (ARW,) R W, (AR W) K (AR W)

R4
NARW,, AWy ) ARW,, ARW, (
_— _

(AR W) Ky (AR W, ARW,) K4 (AR W)
M AR (W, B W),

where 1w, = (14 K 1y,) l171112~ Then using the definition of fo&wl ARw, and
borrowing notation from the proof of Theorem 2.59,

A
9w, wy © RA®W1,A®W2 O NARW, , AW, = gW,, Wy O TJARW,, ARW; © RA&WI,AIXWZ
= gwo, w1 © Rarw, arw, -



2.8. MORE PROPERTIES OF REP A AND THE INDUCTION FUNCTOR 67

So we get the composition

) Axwy wy ( ARw, Mew,

1
AR (W K W, AR W) K W, (AR W) K (AR W»)

EAXlwl,A|ZIW2

(AR W) R (AR W) 222 (AR (W, K A)) KW,

(LaRR L, MLy,

(AR (AR W,)) B W, 222 (AR A) K (W, K W)

X1
(2.40) L2 B AR (W B WY).

Now we proceed as guided by the following diagrams:

A Wa Wy A Wa Wy A Wy Wy A A Wy Wy
/t 1 I -
A W, Wa A Wy Wo A Wiy Wo A Wi Wy A W, Wa
The last diagram simply represents 14 M Ry, w, = F(Rw, w,)- O

COROLLARY 2.68. If Wy and Wy are objects of SC°, then
fW1,W2 O‘F(MW1-,W2) = Mé(Wl),J:(Wl) °© fW17W2'

REMARK 2.69. The category SC° may not be abelian: since X on SC is not
necessarily left exact, SC° might not be closed under kernels.

Next, we look at the relation between induction and duals in SC; first we recall
the notion of duals in monoidal (super)categories:

DEFINITION 2.70. ([EGNO, Definition 2.10.1]) A left dual (W*,ew,iw) of
an object W in a monoidal (super)category is an object W* equipped with (even)
morphisms ey : W*KW — 1 and iy : 1 — WKW ™ satisfying the rigidity axioms:

—1

l i
W1 R W Y g R W) R W

(2.41) 1
At . .
ZWWIWL W R (W R W) W W1 Y W
is 1y and
-1 .
.12) W I )1 W e g ()W)
' Ay« " e . .
DWW e g W) R SV g e v gy
is 1W*

A right dual (*W, ey, iy,) of W where now ef, : WK *W — 1 and if, : 1 —
*W KW can be defined using analogous rigidity axioms.
A monoidal (super)category is rigid if every object has a left and a right dual.
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REMARK 2.71. Left and right duals are unique up to unique isomorphism, if
they exist (see for instance [EGINO, Proposition 2.10.5]).

If the braided tensor category C is rigid, then so is the associated supercategory

SC:

LEMMA 2.72. Let W = (WO, W1 be an object of SC. If both W° and W1
possess left, respectively right, duals in C, then the same holds for W in SC. In
particular, if C is rigid then so is SC.

PRrROOF. It is easy to check that if W = WO & W1 is an object of SC, then W*
can be taken to be (W9)* @ (Wh)* with
ew : (W) BW) @ (W BWh) & (W) BW & (W) BW) » 180
given by ew = (eyo © payoy-gwo + ey o Payiy-rwi) ® 0 and
iw 180 - (WOR W) e (WHRWH)) e (WO W) e (WHR(W°))
given by iw = (qwog(wo)- Olywo +qwigmwi)- oiy1)®0. Right duals can be arranged

analogously. O

DEFINITION 2.73 (See [EGINO, Equation 2.47]). If f : W; — W5 is a morphism
and Wi, Wy possess left duals, the left dual morphism f* is defined to be the
composition

(2.43)

T Loy s Ry
* 2 * 2 1 * *
wr Yo mr 2 wr R (W R
(L z BBy 0
%

AWQ*,WLWl*

(W3 ®W:) KWWY

ew, M1y, * éWl* *
Wy RW) W) —— 1K W; — W
The right dual morphism * f is defined analogously.

REMARK 2.74. Left duality preserves the parity of morphisms because all struc-
ture morphisms including iy, and ey, are even. If all objects have left duals, the
duality functor W — W*  f — f* is contravariant in the sense that

(2.44) (frofo)" = (=D)L o fy

for parity-homogeneous morphisms f; and fo. Similar assertions hold for right
duals.

We will need the following important properties of (left) dual morphisms:

PROPOSITION 2.75. Suppose W1, Wy are objects in a monoidal (super)category
with left duals and f : W1 — Wy is a morphism. Then the diagrams

1y s ®f

1—— " S W,RW; W3 X W, 2 Wi )W,
liWI ilwggf* and lfﬂzlwl le“@
f@lwl* ew,
Wy, KW Wo R W7 WiRW, — o1

commute.
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PrOOF. The proof of (1w, ® f*) oiw, = (f W 1w;y) o iw, is as follows:

Wa wr

Wo Wy Wo WY

I

I

I
1

The first and third equalities follow from properties of unit and associativity iso-
morphisms. In the second equality, we use evenness of iy, to avoid a sign factor
when we exchange its order with iy, and f. The last equality follows from the
rigidity of Wa.

The proof of ey, o (f* K 1w,) = ew, o (1w; X f) is similar and uses the rigidity
of W1. O

REMARK 2.76. One can show that the left dual morphism f* is characterized
by the commutativity of either diagram in the preceding proposition. This property
allows a relatively easy proof of (2.44).

Now we show that the induction functor F : SC — Rep A preserves duals;
recall the natural isomorphism f, its inverse g, and the isomorphism ¢ : F(1) — A
from the proof of Theorem 2.59:

ProPOSITION 2.77 ([EGNO, Exercise 2.10.6], [KO, Lemma 1.16]). If W is
an object of SC with left dual (W*, ew ,iw), then (F(W™*),ew,iw) is a left dual of
F(W) in Rep A, where

ew = o Flew)ogw-w
and

iw = fwawe o Fliw)op™ .

An analogous result holds for right duals.
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PRrROOF. The following diagram whose left side is obtained by applying F to
(2.41) commutes because F is a tensor functor:

PXalrw)

FL)RAF(W) AX 7 F(W)

FARW)

FliwXlw) L-F(iW)IZ’Alf(W) TwBalrw)

fwrw*,w fw,wRalzrw)

F(WRWHRW) — > F(WRW* )R, F(W) (FOWV)RAF(W*)R A F(W)

f(A;vl,w*,w) (AR wy, mwy,7w)) "
fw,w*rw 1row)Ma fw w
FWRW*RW)) ——————>= F(W)RAF(W*BW) ——————> F(W)R A (F(W*K 4 F(W))
F(lwXew) Ll}-(w)g,q}-(ew) 1]—'(W)gA’e'W
1rw)yXae
F(WKL) FW)R4F(1 FW)RAA

k %

Since the left side equals F(lw) = 14 M 1y = 1agw = 1r(w), the same holds for
the right side. The second duality axiom (2.42) follows from a similar commutative
diagram.

The analogous assertion for right duals follows similarly. [

We also show that the induced dual of an induced object in Rep® A is an object
in Rep? A:

LEMMA 2.78. Let W be an object of SC such that F(W) is an object of Rep® A.
If (W*, ew,iw) is a left dual of W in SC, then F(W*) is an object of Rep® A; a
similar result holds for right duals.

Proor. By Proposition 2.65, we need to prove M 4 w+ = 1 smw+. Proposition
2.65 implies that Ma w = lagw, which is equivalent to R4y = E;V%A. Using
[EGNO, Lemma 8.9.1], which holds in any braided monoidal supercategory, we
have (with A denoting suitable compositions of associativity isomorphisms):

Ry a = lagw- o (ew X 1A®W*) o Ao
o (Iw- MRyt g Klw+)o Ao (Iyma Riw) orylma
E;}W* = Lgmw+ © (ew X Lamw=) o A
o(lw+ MRy w Hlw:)o Ao (ly-maMiw)ory ma
The
O

Since R4 w = E;V%m we get Ryy. 4 = E;}W* and thus M4 w+ = Lagw-.
proof for right duals is similar.

Now we examine the relations between Rep® A, the induction functor, and a
twist on SC (we recall the notion of a twist in the following definition). If SC is a
braided tensor category of modules for a vertex operator (super)algebra, then SC
has a twist given by Oy = €2 (0) for any module W in SC.
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DEFINITION 2.79 (see [EGNO, Definition 8.10.1]). A twist, or balancing trans-
formation, is an even natural automorphism 6 of the identity functor on SC which
satisfies 61 = 15 and the balancing equation

Ow,mw, = Mw,, w, o (Ow, X 0w,)
for all objects Wy, Ws.

A twist 0 is a ribbon structure if SC is rigid and 0 satisfies (6w )* = Oy~ for all
objects W.

REMARK 2.80. In a ribbon category, left and right duals can be taken to be
the same, so from now on, we shall omit references to right duals.

In the case of a vertex operator (super)algebra extension V' C A, we have
Ly(0) = La(0)]y, so that the braided monoidal (super)category Rep” A has a
natural twist, provided each 6y for W in Rep® A is a morphism in Rep® A. This is
shown in the following lemma under a mild condition on A:

LEMMA 2.81 (see also [KO, Theorem 1.17(1)]). Suppose SC has a twist 0 such
that 4 = 14. Then an object (W, uw) of Rep A is an object of Rep® A if and only
if Ow € Endrep a4 W. Moreover, 0 satisfies

0W1®AW2 = Mé[/th © (9W1 Dz 9W2)
for objects Wi, Wy in Rep® A. In particular, 8 is a twist on Rep® A.

PROOF. By definition, (W, py) is an object of Rep® A if and only if pyy Ry A0°
Raw = uw. We have

Huw OEW,A OEAW = pw © Bamw © (921 X 9171/1) = 0w opuwo (14X 91;/1)’
where we have used the naturality of # and 4 = 14 in the second equality. Hence,

W = Uw OEW,A OBA,W if and only 1fNW o} (lA &(‘)W) = 0W O Uw -
Now the second assertion follows using the diagrams:

Ow, X6 M
Wy KW, —2 "2 W )W, MASMCII 77 7 7
lﬁwl,wz inwl,WQ lnwl,wz
Ow. K40 M
Wy Ky Wy — 22 0 Ry Wy ——22 L W, )y W
Ow, Bwy
W1 X W2 —_—> Wl X W2
inwl,WQ lnwl-,Wz
0

w4 Wy
WilKa Wy ————= W1 K4 W,

where the first square commutes by the definition of tensor product of morphisms

in Rep A, since Oy, and Oy, are morphisms in Rep? A; the second square commutes

by (2.28); and the last square commutes by the naturality of 6. Since the top rows

of the two diagrams are equal, and since 7w, w, is an epimorphism, the bottom

rows are also equal. O

COROLLARY 2.82. Suppose SC has a twist 0 such that 04 = 14. If W is an
object of SC such that F(W) is an object of Rep’ A, then F(fw) = Orw) as
morphisms in Rep® A.
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PROOF. By the previous lemma, F (0w ) and 6 z(y) are morphisms in Rep A.
Then by Proposition 2.65,

Oraw) = Oarw = Maw o (04X 0w) =14 KOy = F(0w)

as required. O

In ribbon categories, there is a natural notion of trace of an endomorphism:

DEFINITION 2.83. The trace of a morphism f : W — W in a ribbon (su-
per)category with ribbon structure € is the morphism Tr(f) € End(1) given by the
composition

‘ 0 (. Ry
1w, gy gy e DB g e WM g g gy S

The trace of a morphism in a ribbon (super)category satisfies the following

expected super-symmetry:

ProproOSITION 2.84. If f: Wy — W1 and g : W1 — Ws are parity-homogeneous
morphisms in a ribbon (super)category, then

Tr(f o g) = (=) Tr(g 0 f).
PrOOF. We use the following diagrams in the proof:

1
I
I

[N

1
I
I

[
[

— (_1)\f||9|
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The first equality uses naturality of € and the braiding, while the second and last
use Proposition 2.75. The third equality uses the super interchange law (2.3). O

COROLLARY 2.85. If f : Wy — W7 s a parity-homogenous endomorphism in
a ribbon (super)category and g : Wo — W7 is a parity-homogeneous isomorphism,
then
Tr(g ' o fog) = (_1)\9\(\9\+|f|) Tr(f).

Recall from Lemma 2.81 that if SC has a twist 6 such that 64 = 14, then 6
also defines a twist on Rep® A. Moreover, if SC is rigid and 6 is a ribbon structure
on SC, Proposition 2.77 and Lemma 2.78 imply that the subcategory of induced
objects in Rep” A is rigid as well. In fact the subcategory of induced modules in
Rep® A is ribbon:

PRrROPOSITION 2.86. If SC is a ribbon category with twist 6 such that 04 = 14,
then the induced objects in Rep’ A form a ribbon category.

PROOF. We just need to show that if (W) is an induced object in Rep® A,
with dual (F(W*), EWEW) as in Proposition 2.77, then 9;_.(W) = 0rw-). To prove
this, one first uses the definition of dual morphisms and a diagram similar to the
one in the proof of Proposition 2.77 (more precisely, the corresponding commutative
diagram for F(W*)), to show that 0%y = F(63). Then because SC is a ribbon
category and using Corollary 2.82,

F(bw) = F(Ow-) = O0rw+
as required. O
Now we can relate traces in SC to traces in the ribbon category of induced
objects in Rep” A:

LEMMA 2.87. Suppose SC is a ribbon category with twist 0 such that 04 = 14.
If W is an object of SC such that F(W) is an object of Rep® A and if f € End(W),
then

Te(F(f) = ¢ o F(Te(f)) oo™,
recalling the isomorphism ¢ : F(1) — A of Theorem 2.59.

PrOOF. Consider the diagram

F(1) ¢ A
F(iw) iFw)
Fw e
F(WRW*) W F(W) R, F(W¥)
F((Owof)Rly =) Orw)oF(fNRalrw
Fw e
F(WRW*) mw F(W) Ry FW*)
F(Ry w=) REw), 7 (W)
fw=,w
FW*RW) F(W*) Ky F(W)

Flew) ew

F(1) 4 A
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The top and bottom squares commute by the definitions of ZF(W) and exwy (recall
Proposition 2.77). The second square commutes because f is a natural isomorphism
and because

F(w o f) = F(Ow)o F(f) =b0rw) o F(f)
(recall Corollary 2.82). Also the third square commutes by Theorem 2.67. Now the
proposition follows because the left column of the diagram is F(Tr(f)) while the
right column is Tr(F(f)). O

The results presented so far in this section build up to the final result which
shows how induction relates categorical S-matrices in SC and Rep® A, provided SC
and the subcategory of induced objects in Rep® A are both ribbon categories:

DEFINITION 2.88. For objects W7 and W5 of a ribbon category, the S ®-matriz
is S‘%],WQ = TI‘(MWMWQ).

THEOREM 2.89. Suppose SC is a ribbon category with twist @ such that04 = 14.
Then for objects W1 and Wy of SC such that F(Wy) and F(Ws) are objects in
Rep A4,

SEwn),Fwa) = ¢ o F (S w,) 09"
PRrROOF. We calculate
@ o 'F(STG/ID/L,Wz) © 90_1 =@o f(Tr(MWth)) © 90_1 = Tr(]:(MWhWQ))

A @
= TMzwy) . 7wa) = SFon).7owa)
using Lemma 2.87, Corollary 2.68, and Corollary 2.85. (I



CHAPTER 3

Vertex Tensor Categories

The goal of this chapter is to interpret the abstract categorical constructions
of the previous chapter in the vertex operator algebra context. As shown in
[HKL, CKL], a vertex operator (super)algebra extension V' C A amounts to a
(super)algebra in a braided tensor category of V-modules. In this context, the
category Rep” A of local A-modules recalled in the previous chapter agrees (as
categories) with the category of modules for the vertex operator algebra A (see
[HKL]). Our main result in this chapter is that in fact these two categories agree
as braided monoidal categories, where the category of vertex-algebraic A-modules
has the braided monoidal category structure of [HLZ8]. As a consequence, all the
tensor-categorical constructions and results of Chapter 2, especially the induction
functor, apply naturally to the vertex-algebraic setting. We start this chapter with
a discussion of the basic definitions and constructions of vertex tensor category the-
ory before moving on to the main results. In particular, we include a discussion of
the natural superalgebra generalization of the vertex tensor category constructions
in [HLZ8] and show how these agree with the braided monoidal supercategory
structure on Rep” A when A is a vertex operator superalgebra extension of a vertex
operator algebra V.

3.1. Modules and intertwining operators

We are interested in extensions V' C A where V' is an ordinary Z-graded vertex
operator algebra and A is one of the following four possibilities:

(1) A Z-graded vertex operator algebra,

(2) A Z-graded vertex operator superalgebra,
(3) A 3Z-graded vertex operator algebra, or
(4) A }Z-graded vertex operator superalgebra.

For the notion of (Z-graded) vertex operator algebra (V,Y,1,w) and corresponding
notation, see for instance [FLM, FHL, LL]. The definition of 1Z-graded vertex
operator algebra is exactly the same, except that half-integral conformal weights
are allowed; quantum Hamiltonian reduction [KRW, KW 1] is a prominent source
of %Z—graded vertex operator algebras, including the Bershadsky-Polyakov algebra
discussed in Subsection 4.4.3 below.

For the notion of vertex operator superalgebra, see for instance [DLe, Xu2,
Li2]. Since slightly variant definitions of vertex operator superalgebra exist in the
literature, let us clarify what we mean by this term. For us, a vertex operator
superalgebra V has a parity decomposition V@ V! as well as typically a second
Z/2Z-grading coming from the conformal weight %Z—grading: V =V, & V_ where

Vi=@PV. and V. =PV,
nez nez ’

75
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In this chapter, we will not assume that these two Z/2Z-gradings are the same;
in fact, one could be trivial and the other not, yielding the possibilities of Z-
graded vertex operator superalgebra and %Z—graded vertex operator algebra. In
any case, the vacuum and conformal vector of V' are assumed even in both senses
(1,w € V9N V,) and the vertex operator Y is even with respect to both Z/2Z-
gradings. This means that the involutions Py = 1y @ (—1y1) (the parity involu-
tion) and Oy = 1y, ®(—1y_ ) = e?™LO) (the twist) are vertex operator superalgebra
automorphisms. For a parity-homogeneous element v of a vertex operator superal-
gebra V, we use |v| € Z/2Z to denote the parity of v.

Since all four possibilities for an extended algebra that we shall consider are
special cases of %Z—graded vertex operator superalgebra (where both, one, or none
of V! and V_ are zero), in this and the next two sections, we will fix a %Z—graded
vertex operator superalgebra V. Later, in Section 3.4 where we begin specifically
studying extensions, we will take V' to be a Z-graded vertex operator algebra and
Atobea %Z—graded superalgebra. The modules for a vertex operator superalgebra
that we will consider fall in the following class (see for instance [HLZ1] for the
vertex operator algebra case):

DEFINITION 3.1. A grading-restricted generalized V -module is a C-graded su-

perspace
W= P W=PWu
i€T)27 hec

(graded by parity and conformal weights) equipped with a vertex operator
Y : VW — Wz z 1

vRw— Y (v, x)w = Z vpwa "t

nez
such that the following axioms hold:

(1) Grading compatibility: For i = 0,1, W' = @, ¢ W["h], where W[lh] =
WA Wy

(2) The grading restriction conditions: For any h € C, Wy is finite dimen-
sional and W, ) = 0 for n € Z sufficiently negative.

(3) Evenness of the vertex operator: For any v € Vi and w € WY, i,j € Z/27Z,
Y (v, 2)w € Wi [[z, 27 1]].

(4) Lower truncation: For any v € V and w € W, v,w = 0 for n sufficiently
positive, that is, Y (v, z)w € W((x)).

(5) The vacuum property: Y (1,z) = 1y .

(6) The Jacobi identity: For any parity-homogeneous u,v € V,

1T -z
x015< ! 2)Yw(U,.’L‘1)Yw(’U,$2)

Zo

—T2 + 1
Zo

— (—1)lllg sty ( ) Yiv (v, 22) Yoy (u, 1)

= x2_15 (xl — zo) Yw (Y (u, zg)v, x2).
Z2
(7) The Virasoro algebra properties:

[L(m),L(n)] = (m —n)L(m +n) + m-—m
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where Yy (w,2) = Y 5 L(n)z™" % and ¢ is the central charge of V.
Moreover, for any h € C, Wy is the generalized eigenspace of L(0) with
generalized eigenvalue h.

(8) The L(—1)-derivative property: For any v € V,

Yw (L(—-1)v,z) = %Yw(v, x).

If (W1, Yw,) and (Wa, Yy, ) are grading-restricted generalized V-modules, then
a parity-homogeneous homomorphism f : W7 — W5 is a parity-homogeneous linear
map which satisfies

FYw, (v, 2)w1) = (=), (v, 2) f(wr)

for wy € Wi and parity-homogeneous v € V. A homomorphism f : W7 — Wy is
any sum of an even and an odd homomorphism.

REMARK 3.2. We do not require homomorphisms between grading-restricted
generalized modules to be even. In fact, homomorphisms between V-modules Wy
and Wy form a superspace. Note that some references (for example [Li2]) do not
include the sign factor in the definition of V-module homomorphism, even when
odd homomorphisms are allowed. However, the sign factor is natural in light of
the general superalgebra principle that a sign factor should occur whenever the
order of two entities with parity is reversed. Moreover, this sign factor is necessary
for the notion of superalgebra module homomorphism to agree with the notion of
Rep A-morphism from Chapter 2 in the context of a superalgebra extension V' C A.
(Recall the parity factor in the definition of tensor product of morphisms in SC from
Section 2.2.)

REMARK 3.3. If (W,Yy ) is a grading-restricted generalized V-module, then
(II(W), Yrewy) is as well, where II(W) = W with reversed parity decomposition:
I(W)* = Wit for i = 0,1, and with Yy = Y. Because Yy is even, the parity
involution Py = 1lyys @ (—1yy1) on W is an odd V-module isomorphism between
W and TI(W).

NOTATION 3.4. From now on, we will typically use module to mean a grading-
restricted generalized module. Also, for a parity-homogeneous element w in a V-
module, we will denote the parity of w by |w|.

If (W,Yw) is a V-module, then the contragredient module is the graded dual

W' =P wi
heC
with parity decomposition (W')* = @,cc(W},)* fori = 0, 1. Since V' is 17Z-graded,
there are two natural choices for the vertex operator Yy :

(3.1) (Ymi,,(v,x)w’,w>w = (—1)‘””“J <w',YW(erL(l)(ei”x_Q)L(O)v,x_l)w)w,

for w € W and parity-homogeneous v € V, w’ € W', where (-, )y is the natural
bilinear pairing between W and its graded dual. The proof that Y, give V-module
structures on W’ is an easy superalgebra generalization of the proof for the vertex
operator algebra case in [FHL]. Since Y (v,2) = Yy, (0y (v),z) for v € V, the
twist Oy = e2™Lw’(0) is an isomorphism between (W', Y;,) and (W', Yy,,) (due to
the general fact that for any V-module W, 0w (Y (v, z)w) = Y (Ov (v), 2)0w (w)

’
\
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for v € V, w € W; see for instance [HLZ2, Equation 3.86]). Note that Oy, =
e?™Lw(0) ig well defined: because w is even with integer conformal weight, Ly (0)
is independent of the vertex operator structure on W”’.

REMARK 3.5. There are further V-module structures on W’ appearing in the
literature. For example, the definition in [Xu2] replaces the (—1)!"I*"l factor in
(3.1) with (—=1)l?ll“l. These structures are isomorphic to the ones in (3.1) via
the parity automorphism Py = 1o @ (—1yy1). More structures occur in

[Li2, Ya3] where the (—1)I*I*I factor in (3.1) is replaced by eX™ivl/2 These
structures are equivalent to (3.1) via certain square roots of the parity involution
on W/Z 1(W’)6 D (:I:ZI(W/)I)

REMARK 3.6. The Jacobi identity in the definition of grading-restricted gener-
alized V-module can be replaced with the following commutativity and associativity
axiom: for any w € W, w’ € W’ and parity-homogeneous u,v € V, the series

(W', Yw (u, 21)Yw (v, 22)w)w
for [21] > |z2| >0,
(=DM Yiy (v, 22) Yiw (u, 21)w)w
for |za| > |z1| > 0, and
(W', Yw (Y (u, 21 — 22)v, 22)w)w

for |z > |21 — 22| > 0 converge absolutely to a common rational function on their
respective domains.

We now recall the definition of (logarithmic) intertwining operator (from, for
instance, [HLZ2] in the vertex operator algebra setting):

DEFINITION 3.7. Suppose Wi, W5 and W3 are modules for a vertex operator

superalgebra V. A parity-homogeneous intertwining operator of type (WI:V{;%) is a

parity-homogeneous linear map
V: Wy @ Wy — Willog z]{x},

w1 @ wy = Y(wi, x)we) = Z Z(wl)%kwg 7" (logz)* € Wslog x]{z}
neC keN
satisfying the following conditions:
(1) Lower truncation: For any w; € Wi, we € Wa and n € C,
(3.2) (wl)%rm;k“@ =0 for m € N sufficiently large, independently of k.

(2) The Jacobi identity:

(—1)Ylelgs1s (zlxo”m) Yw, (v, 1)V (w1, x2)

_ (_1)\v|\w1|$616 (xg——xoxl> Y(w1, 22)Yw, (v, 1)
(3.3) = x;lé (m;x(}) Y(Yw, (v, x0)w1, x2)

for parity-homogeneous v € V and w; € Wj.
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(3) The L(—1)-derivative property: for any wy, € Wh,
d
(3.4) V(L(-1wy,x) = ﬁy(wl,z).

W3

An intertwining operator of type (W1 Wa

twining operator.

) is any sum of an even and an odd inter-

REMARK 3.8. We use V‘I,/VVB w, to denote the superspace of intertwining oper-

ators of type (WWW ) the dimension and superdimension of VW w, are the corre-
sponding fusion rules:

0 1
NS w, = dim (W2, ) dim (V2 )
By slight generalizations (for the possibility of non-even intertwining operators)
of [HL3, Proposition 7.1}, [Xu2, Theorem 4.1], [Li2, Proposition 3.3.2], [HLZ2,

Proposition 3.44], we have for any V-modules W7, Wa, and W5 and r € Z an even
isomorphism €2, VW W, — Vvvlgjwl given by

Qr(y)(wg,x)wl = (71)\701”71)2\695[1(*1)3}(101’ 6(2r+1)mx)w2

for Y € VVVKfWZ and parity-homogeneous wy; € Wy, wy € Wy, The inverse of €, is
Q_,—_1. When Y = Yy is a module vertex operator, €.,.(Yy ) is independent of r
since Yy (-, z)- involves only integral powers of z. In this case, we drop the subscript
r on § and use the notation Q(Yy ). By generalizations of [HL3, Proposition 7.3],
[Xu2, Theorem 4.4], [Li2, Proposition 3.3.4], [HLZ2, Proposmon 3.46], we also

have for any r € Z an even linear isomorphism A, V W w, VW W, given by

<Ar(y)(w17 .7;‘)’11)3, w2>W2

= (—1)(|y|+|w1|)|“’§|(wg,y(e“(l)(6(2’”*1)”%‘2)”0)1111,x‘l)wg)%

for wy € Wy and parity-homogeneous ) € V‘YVVf W, w1 € Wi, and wy € Wj. The
inverse of A, is A_,_1. A consequence of these isomorphisms is that the fusion
rules Nimé,wj for any permutation (i, 7, k) of (1,2,3) are equal.

Let us now fix a full subcategory C of V-modules. In order to apply the vertex
tensor category theory of [HLZ1]-[HLZ8] to C, we will need to impose a number of
conditions on C. The following conditions come from Assumption 10.1 in [HLZ6],
and more assumptions will be clarified later:

AssuMPTION 3.9. All modules in C are R-graded by conformal weights, and
for any module W' = &, .p W, in C, there is some K € Z, such that (L(0) —
n)K - W, =0 for all n € R.

REMARK 3.10. The assumption that modules in C are R-graded by conformal
weights can be modified somewhat; see for instance [Hu10].

REMARK 3.11. The assumption that the possible Jordan block sizes of L(0)
acting on conformal weight spaces are uniformly bounded for each V-module W in
C implies that for any intertwining operator ) of type (WYVSVZ) in C, there is some
K € N depending on W7, Ws, and W3 such that

V(wy,x ZZ wy) nkng - 1(10ga:)]C

n€eR k=0
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for any wy € W7 and wy € Wy, That is, finitely many powers of logx appear in
the expansion of Y (w1, x)wsy independently of wy and ws. (See Proposition 3.20 in
[HLZ2].)

3.2. Multivalued functions, intertwining maps, and compositions of
intertwining operators

In this section, we recall the notion of P(z)-intertwining map among V-modules
for z € C* and discuss assumptions and properties of our category C of V-modules
related to convergence of multivalued functions defined using compositions of in-
tertwining operators.

We first fix some notation that we will use throughout this chapter for branches
of logarithm. For any z € C*, we use the notation

log z = log |z| + i arg z,

where 0 < argz < 27, to denote the principal branch of logarithm on C* with a
cut along the positive real axis. More generally, we use the notation

l,(2) = log z + 2mip

for any p € Z, so that logz = lg(z). For branches of logarithm with a cut along
the negative real axis, we use the notation I,y /5(2) for p € Z to denote the branch
with

(2p — )i <TIml,_q9(2) < (2p + 1)

For a formal series f(x) € W(logz|{x}, where W is some superspace, we use the
notation

FE# D) = F@)lynmen 10 g amiy o

for any p € %Z to denote the (not necessarily convergent in any sense) series ob-
tained by substituting = with z using the branch [, (z) of logarithm. We use similar
notation for substituting formal variables with complex numbers in multivariable
formal series.

We will need to consider multivalued functions of several complex variables
in what follows, so we discuss some terminology and properties of multivalued
functions here. Recall that a multivalued function f defined on a connected set
UCC" né€Zs,is analytic if for any (z1,...,2,) € U, any value of f(z1,...,2,) is
the value at (21, ..., 2z,) of a single-valued analytic branch of f defined on a simply-
connected open neighborhood of (21, ..., 2,). If f is a multivalued analytic function
on a connected open set U C C™ and (7 C U is a connected open subset, we say
that f is a restriction of f to U if the values of f(zl, cyzp) for (z1,...,2,) € U are
a subset of the values of f(z1,...,2,), and if any two values of fat any two points
in U can be obtained from each other by analytic continuation along a continuous
path in U.

We say that two multivalued functions fi and f> on an open set U C C" are
equal if for any simply-connected open set U CU and any single-valued branch f1
of f1 on U there is a single-valued branch f2 of fo on U which equals f1

PRrROPOSITION 3.12. Suppose f1 and fa are multivalued analytic functions de-
fined on connected open sets Uy, Us C C™, respectively. Then fi1 and fo have equal
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restrictions to an open connected subseﬁ U C Uy NUs if for some particular non-
empty simply-connected open set U' C U and some particular single-valued branch
f1 of f1 on U’, there is a single-valued branch f of fo on U' which equals fi.

PRrROOF. Fix (21,...,2)) € U’, and consider the restrictions f1 of f1 and fs of

) “n
fa to U whose values at any point (z1,...,2n) € U are obtained by analytic con-
tinuation of f] and f}, respectively, along continuous paths in U from (Zh,...,20)
to (21,...,2n). To see that fl and fg are equal, suppose U” is any non-empty
simply-connected open subset of U and f1’ is any single-valued branch of fionU".
Now, f1' is completely determined by its values in a simply-connected neighbor-

hood of some fixed (27, ...,z)/) € U”, and these values can be obtained by analytic

rn
continuation of the branch f{ along some continous path in U from (#],...,z)) to
(zY,...,2). Then we can analytically continue f} along the same path to obtain
a single-valued branch f§ of fo on U” which is equal to f{'. Since U’ and fi are

arbitrary, this proves that f; = fs. ([

For a formal series f(z) € Cllogz]{z} which converges absolutely on some
open set in C when the formal variable x is replaced by a complex number z using
any branch of logarithm, we use the notation f(z) to denote the corresponding
multivalued function. We use similar notation for multivariable formal series.

The multivalued analytic functions that we will consider arise from composing
intertwining operators, or more precisely intertwining maps, among V-modules in
our category C. We now give the superalgebra generalization of the notion of P(z)-
intertwining map among V-modules for z € C* from [HL2, HLZ3]. Here, the
notation “P(z)” stands for a Riemann sphere with a negatively oriented puncture
at oo with local coordinate w — 1/w, and positively oriented punctures at z and 0
with local coordinates w — w — z and w — w, respectively. First, if

W=D Wn

heC

is a C-graded superspace (such as a V-module), then the algebraic completion of
W is the superspace

W= 11 Win.
heC

where Wi = Wiior i =0,1. For any h € C, we use mp, to denote the canonical
even projection W — Wp,). It is easy to see that W = (W')*.

DEFINITION 3.13. Suppose W7, Wy, and W3 are modules in C and z € C*. A
parity-homogeneous P(z)-intertwining map of type (W‘;Vﬁw) is a parity-homogeneous
linear map

I: W1 & W2 — Wg
satisfying the following conditions:

(1) Lower truncation: For any wy € Wy, wy € Wa and n € C,

(3.5) Tp—m (I (w1 @ we)) =0 for m € N sufficiently large.
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(2) The Jacobi identity:

(1)l 15 (xlx; Z) Y, (v, 1)1 (w1 ® wa)

_ zZ—T
— (—1)|U‘|w1|$0 16 (xol> I(w(l) & YWQ(U’xl)w2)

(36) = =710 () 15, (o) o)

for wo € Wy and parity-homogeneous v € V., wy € Wj.

A P(z)-intertwining map of type (WIIV;VZ) is any sum of an even and an odd P(z)-

intertwining map.

REMARK 3.14. We use M[P(z)]%i‘%, or simply M%fWQ if z is clear, to denote

the superspace of P(z)-intertwining maps of type (WYV;VQ)

The definitions suggest that a P(z)-intertwining map is essentially an intertwin-
ing operator with the formal variable x specialized to the complex number z. In
fact, generalizing Proposition 4.8 in [HLZ3] to the superalgebra setting, we have:

ProprosSITION 3.15. For p € Z, there is an even linear isomorphism V‘YVVfWZ —

W- .
MyPw, given by
Y= Iyp,
where
Iy p(w1 @ ws) = Y(wi, e )w,
for wy € Wy and we € Wy. The inverse is given by

I ijp

where

eln(2)\ ~HO oo (2)
= I
Vip(wi, x)ws ( - ) ( . )

for wy € Wy and wy € Wy,

L(0)

elo(2)\ H(O
w1®< . > w2>

REMARK 3.16. We could construct an isomorphism as in Proposition 3.15 for
pEL+ % as well, but we will not need this.

We now impose the assumption that products and iterates of intertwining maps
among modules in C satisfy the convergence condition of Proposition 7.3 and Defi-
nition 7.4 in [HLZ5]:

ASSUMPTION 3.17. Suppose Wy, Wy, W3, Wy, and M; are modules in C, I; is
a P(z)-intertwining map of type (WI;VQI), and Iy is a P(zy)-intertwining map of
type (WJQMX}W) Then if |z1| > |z2| > 0, the series

(Wi, i (w1 @ L(ws @ ws))) = Y (wh, 1 (wy @ my (T2(wa @ w3))))
neR
converges absolutely for any wy € Wy, wy € Wa, ws € W3, and w) € W;. Moreover,
suppose My is another module in C, I* is a P(z2)-intertwining map of type ( M‘;V{ivg),
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and I? is a P(zg)-intertwining map of type (le\/[‘fvz) Then if |29] > |20| > 0, the
series

(Wi, I'(I* (w1 ® wa) @ ws)) = > (wh, T (mn (I (w1 @ w3)) ® w3))
n€eR

converges absolutely for any wy € Wy, wy € Wa, w3 € W3, and wjy € W.

The isomorphism in Proposition 3.15 implies that products and iterates of
intertwining operators, with formal variables specialized to complex numbers in
the appropriate domain using any branch of logarithm, converge absolutely. In
fact, a product of intertwining operators of the form

(wy, V1 (wr, 21) Vo (wa, 22)ws)

defines a multivalued analytic function on the domain |z1| > |z2| > 0, and an iterate
of intertwining operators of the form

(wy, V' (Y (wr, 20) w2, 22)ws)

defines a multivalued analytic function on the domain |z3| > |2z9] > 0 (see Propo-
sition 7.14 in [HLZ5]). If we set z9 = z1 — 29, the product and iterate restrict to
multivalued analytic functions on the intersection |z1| > |z2| > |21 — 22| > 0.

We conclude this section with two propositions we shall use later to conclude
that multivalued functions given by products and iterates of intertwining opera-
tors are equal. First we introduce two useful non-empty simply-connected open
sets S1,5, C C? that were used to study branches of products and iterates of
intertwining operators in [Ch]:

Sy = {(21,22) € C*|Rez; > Rezy > Re(z; — 22) > 0,
Imz; > Imze > Im(z1 — 29) > 0},
Sy = {(21,22) € C*|Rezy > Rez; > Re(zg — 21) > 0,
Imzy > Imz; > Im(ze — 21) > 0}.
Then we have:

ProroOSITION 3.18. Suppose Wy, Wy, W3, Wy, My, and My are modules in

C and Y1, Vo, Y, and Y? are intertwining operators of types (WYVE‘V[I), (W]:[Iivs),

( sz{ﬁva), and (W]:/Iﬁvz), respectively, with Yo parity-homogeneous. If
(=)l Yy (wr, €57 Vs (wa, €198 ™2 )ws)
= G, 21 (2 (0, 507 Y, €872

for any wy € W, ws € Wi, wy € Wy, and parity-homogeneous wy € Wy, and for
some 11,73 € R satisfying r1 > ro > 11 —re > 0, then

(71)|y2||w1|<w27y1(w1’elogzl)yQ(w%elogZ2)w3>
— <w§17y1(y2(w1, elOg(Zl—Z‘z))w27 elOgZQ)w3>

for any we € Wy, ws € Ws, wy € Wy, and parity-homogeneous wy € W1, and
for any (z1,22) € S1. Moreover, the multivalued analytic functions defined by the
product of Y1 and Yo on the domain |z1| > |22] > 0 and by the iterate of Y*
and Y? on the domain |z2| > |21 — 22| > 0 have equal restrictions to the region
‘21| > |222| > |21 — 2’2| > 0.
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PROOF. The second assertion of the proposition follows immediately from the
first and Proposition 3.12. By Proposition 7.14 in [HLZ5],

P(zh 22) = (_1)\)72Hw1|<w£17 Az (wlv elil/Q(m))yQ(wQa elil/Z(ZQ))w3>

is analytic and single-valued on the simply-connected open set defined by |z1| >
|22| > 0 and arg z1, arg z5 # 7, and

(21, 22) = (wh, VH(V?(wy, 121722 Yy elo1/2(2))qp5)

is analytic and single-valued on the simply-connected open set defined by |z5| >
|21 — 22| > 0 and arg zs, arg(z; — 22) # 7. Moreover, the partial derivatives of these
functions are given by the L(—1)-derivative property for intertwining operators.

Since I_y/3(r) = logr for r a positive real number, we have by assumption
P(ry,r9) = I(r1,r2) for some r1,ry € R satisfying 1y > ro > r; —rg > 0. Also, our
assumption, the L(—1)-derivative property, and the evenness of L(—1) imply that
all partial derivatives of P and I agree at (r1,72). This means that the power series
expansions of P and I around (r1,72) are the same, so there is a simply-connected
open neighborhood of (r1,72) on which P and I are equal. Then it follows that
P(z1,29) = I(z1, 22) whenever (21, 22) is in the connected component of (r1,rs2) in
the open set defined by

|z1] > |22] > |71 — 22| > 0 and arg 21, arg zo, arg(z1 — 22) # 7.

Since (r1,72) is in the boundary of S; and S; is connected, S; is contained in the
connected component of (r1,r2). Thus P(z1,29) = I(21, 22) for (21, 22) € Sy. Since
also 1_1/9(21) = log 21, I_1/2(22) = log 2z, and I_1/2(21 — 22) = log(z1 — 22) for
(21, 22) € S1, the proposition follows. (Il

REMARK 3.19. In the setting of Proposition 3.18 and its proof, note that any
pair (r},75) € R? such that 7; > r5 > r{ —r, > 0 also lies in the connected
component of (r1,r2) in the region defined by

|z1] > |2z2| > |21 — 22| > 0 and argzj, arg zo, arg(z; — 22) # .

Moreover, [_; /2(7“) = logr for r a positive real number. Thus the conclusion of
Proposition 3.18 holds with (21,22) € Sp replaced by (r{,75) € R? satisfying 7} >
! / /

Ty >1] — 15 > 0.

The second proposition has a similar proof to the first:

ProprosITION 3.20. Suppose Wy, Wao, W3, Wy, My, and My are modules in
C and Y1, Vo, Y, and Y? are intertwining operators of types ( M ), ( Wa ),

Wy Ws/ 2 \W, My
(MZVéV;;)’ and (WZI%,Z), respectively. If
(_1)|w1||w2| <w£17 y2(w2a elog Tz)yl(wla elog Tl)w3>
=l Y (9w, €207 €572

for any ws € W3, w) € Wy, for any parity-homogeneous wy € Wy, wy € Wa, and
for some 1,72 € R satisfying ro > r1 > ro —1r1 > 0, then

(=) lwrllwzl ) Py (wy, €18 22) Yy (w1, €1°8 1 Yawg)
= <w517 yl (y2(w17 el_1/2(21722))w2’ elog 22)w3>

for any wy € Wi, wly € Wy, for any parity-homogeneous wy € Wy, wy € Wa,
and for any (z1,22) € Sa. Moreover, the multivalued analytic functions defined by
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the product of Yo and Yy on the domain |zz| > |z1| > 0 and by the iterate of Y*
and Y% on the domain |z2| > |21 — 22| > 0 have equal restrictions to the region
‘2’2| > |Zl|, |Zl — 22‘ > 0.

3.3. An exposition of vertex tensor category constructions

We now discuss tensor structure on the category C of V-modules, giving the
natural generalization of [HLZ8] to the superalgebra setting. The constructions
actually give more than braided monoidal supercategory structure: they yield wver-
tex tensor category structure, in the terminology of [HL1], and we shall need this
extra structure for our main results. The vertex tensor category structure reflects
the complex analytic properties of intertwining operators and their compositions,
while the braided monoidal (super)category structure corresponds to topological
structure. For further exposition of relevant constructions and results, see [HL6].
Most of the definitions and results here are contained (for the vertex operator al-
gebra setting) in [HLZ1]-[HLZS8], as well as in the earlier papers [HL2]-[HL4],
[Hu2, Hu7], but we include proofs for some propositions when [HLZ8] does not
contain a detailed proof, or when the superalgebra generality differs from the alge-
bra case.

3.3.1. P(z)-tensor products. We recall the definition of P(z)-tensor product
of V-modules for z € C* from [HLZ3]:

DEeFINITION 3.21. Suppose W; and Wy are modules in C and z € C*. A

P(z)-tensor product of Wi and Wy in C is a module W; Mp(.y Wy in C together
with an even P(z)-intertwining map Mp.) of type (Wﬁf ;;)2%‘) which satisfies the
following universal property: for any module W3 in C and P(z)-intertwining map
I of type (WYV{}%), there is a unique homomorphism 7y : W1 Xp(.) Wa — W3 such

that 77 o Xp(,) = I, where 77 denotes the natural extension of n; to Wi Mp(,) Wa.

REMARK 3.22. To obtain braided monoidal supercategory structure on C, one
must choose a particular tensor product. It is conventional to choose Kp(qy, and to
simplify notation, we use X to denote Mp(;). We remark that specialization of ver-
tex tensor structure to braided tensor structure is not automatic due to convergence
issues discussed further below.

REMARK 3.23. A construction (subject to certain conditions) of Wi Mp(.) W
as the contragredient of a certain V-module contained in (W; ® W3)* may be found
in [HLZ4]. Because P(z)-tensor products are defined by a universal property, any
other construction is naturally isomorphic to this one.

NoTATION 3.24. We use the following notation for the tensor product inter-
twini %4 ft Willp () W2).
wining map Xp.) of type ( Wi )

Npzy (w1 @ wz) = wy Mp(.y wa

for wy € Wi, wa € Wa. We also use the simplified notation Xpq) (w1 ® we) =
w1 X wsy.

For any z € C*, we want the P(z)-tensor product to be a functor from C x C to
(L so we also need tensor products of morphisms. If f; : W7 — W7 and fo : Wy —
W, are morphisms in C, then Mp(.) o (f1 ® f2), where Kp.) is the tensor product
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: . = — : o WhBp o) Wa
intertwining map for W; and W, is a P(z)-intertwining map of type ( W Wo )
Here f; ® fo is the tensor product of linear maps in the tensor supercategory of
superspaces, defined by

(f1 @ fa) (w1 @ wa) = (1) (1 (1) @ fo(ws))
when f5 is parity-homogeneous, for wy € W5 and parity-homogeneous w; € Wj.
Then we define . .
J1®p) fo: Wilpe) Wo = Wi Kp(,y) Wa
to be the unique morphism induced by the universal property of Wi Xp(.) W and
Mpz) o (fi ® f2). In particular,

(3.7) AP folwr Bpey wa) = (—1)PI (1 (wr) Bpsy fo(ws))

if fo is parity-homogeneous, for any we € Wy and parity-homogeneous wy, € Wi.
With this definition, the P(z)-tensor product of V-module homomorphisms satisfies
the super interchange law

(fl IXP(Z) fz) © (91 |X|P(z) 92) = (71)|f2Hg1\(f1 © 91) &P(z) (fz o 92)

when f5 and g7 are parity-homogeneous, because the tensor product of linear maps
between superspaces satisfies this property.

3.3.2. Parallel transport isomorphisms. To define braiding and associa-
tivity isomorphisms in C, we shall need the parallel transport isomorphisms con-
structed in [HL1, Hu7, HLZ8]. Suppose W; and W5 are modules in C, z1, 2z € C*
and v is a continuous path in C* from z; to zo. The parallel transport isomor-
phism (below, we will show that it is indeed an isomorphism, and moreover, a
natural isomorphism)

TAY = T’y;Wl,Wg : W1 &p(zl) W2 — W1 @p(z2) Wg
is the unique morphism induced by the universal property of Wi Mp(, ) W2 and
the P(z1)-intertwining map ygp(22)70(~, e!*1)). of type (WIEZ(;;; Wz), where [(z1) is
the branch of logarithm determined by logzs and the path 7. Notice that T, is
uniquely determined by the condition

(3‘8) Tv(wl IXP(ZH w2) = ygp(zz>,o(w17 el(ZI))w2

for all wy € Wy, wy € Wh.
Suppose 71 is a path in C* from z; to 22 and 7, is a path in C* from z3 to z3.
Let 72 - 1 denote the path from z; to z3 obtained by following 1 and then .

PROPOSITION 3.25. For modules W1 and Wo inC, T,,.,, =Ty, 0T, .

Proor. By (3.8) and the L(0)-conjugation property of intertwining operators
[HLZ2, Proposition 3.36(b)],

Ty, 0 Ty (w1 Bp(ey) wa) = Ty Vi, 0(wr, €5V )ws)

— e(l(zl)—log ZQ)L(O)TW( (e—(l(zl)—log ZQ)L(O)u}17 elog 22)6—(l(zl)—10g ZQ)L(O)/LU2)

Viip (.y),0

— o1z —log ) LOIT, (= (o) 108 22)L0) ) [, ) ¢~ () loB z2)(0)y,)

_ (l(z1)~log ) L(0 (e Uz —log 22)L0) ¥ (22)) o= (1(e1)—og 22) L(0)

)y'xmmvo

)+ (z2)log 22

= VR, 0(wi,e ws
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for any wy € Wi and we € Wy, where [(21) is the branch of logarithm determined
by log ze and 71, and I’(z2) is the branch of logarithm determined by log z3 and
v2. To complete the proof, we just need to show that I(z1) + I'(22) — log 29 is the
branch of logarithm at z; determined by log z3 and 5 - 1. In fact, the branch of
logarithm determined by log z3 and -, - 1 has value

'(z2) = log 23 + 2mip
at zg for some p € Z. Then this branch of logarithm has value
I(z1) + 2mip = 1(21) + 1" (22) — log 2o
at zp, as desired. [l
COROLLARY 3.26. The parallel transport T, is an isomorphism.

Proor. The parallel transport T, depends only on the homotopy class of v in
C* because the branch of logarithm I(2;) depends only on the homotopy class of
7. Therefore the preceding proposition shows that the inverse of T’, is the parallel
transport T, where 7' is the path from 2, to z; obtained by reversing . Thus T,
is in fact an isomorphism. ([l

ProOPOSITION 3.27. The parallel transport isomorphisms determine an even
natural isomorphism from Mp(.,) to Mp(.,). In particular, for any morphisms

f1: Wy —= Wy and fo: Wo — Wa in C,
T, 5, w7, © (J1 Bpey) f2) = (/1 Wpey) f2) 0 Tyswy,we-

PROOF. The evenness of T, follows from (3.8) and the evenness of Kp(,,) and
V= P(eg) 0" Now observe that if fo is parity-homogeneous,

T’Y; Wi, Wa ° (fl IEP(Zl) fQ)(wl &P(zl) 7~U2)
= (71)‘]“2”71)1‘ygp(22)70(f1(w1)7el(ZI))fQ(wQ)’

for any we € Wa and parity-homogeneous wy € Wy, where I(z1) is the branch of
logarithm determined by log zo and 7. On the other hand, since L(0) is even,

(J1 ®p(zy) f2) 0 Ty, wo (w1 Bpayy we) = f1 Wp(zyy fo (ygp(zZ),o(UJh 61(2‘))11)2)

— (l(z1)—log z2)L(0),

. fl &P(zz) f2 (ygp(q)’o(e—(l(zl)—log zQ)L(O)w17 elog zz)e—(l(zl)—log zz)L(O)wz)
_ e(l(zl)—logzz)L(O)m (e—(l(zl)—log 22)L(0) ) ®p () o—(U(z1)—log zz)L(O)w2>
— (_1)|f2\|w1\e(l(21)*10gZQ)L(O).

: (6_(l(zl)_l°gz2)L(0)f1(w1) Bp(s,) e (7108 zz)L(O)fz(wz))

= (=11 yg, ) o(fi(wn), e C) fo(ws)

for any we € Wy and parity-homogeneous wy; € Wi. Thus the two compositions
are the same. O

We will frequently use parallel transport isomorphisms corresponding to paths
~ from z; to zo in C* with a cut along the positive real axis. That is, such paths
will neither cross the positive real axis nor approach it from the lower half plane.
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This will ensure that [(z1) = logz;. Since the corresponding parallel transport
isomorphism depends only the endpoints z; and 29, we will denote it by 7%, _,.,.
That is, T%, 2, : W1 Mp(;,) Wo = W1 Kp(,,) W2 is the isomorphism characterized
by

(39) Tzl~>22 (wl IZ'P(zl) w2) = y&P(ZZ),O(w:lV elog ZI)U}Q

for wy € Wy, we € Wh.

3.3.3. Unit isomorphisms. We now discuss unit isomorphisms in C. The
unit object in C is V. For any module W in C and z € C*, we have a unique homo-
morphism Ip(,y : V Rp) W — W induced by the universal property of V Xp() W
and the P(z)-intertwining map Y (-, z)- (we do not need to specify a branch of
logarithm because Yy involves only integral powers of the formal variable x). In
the braided monoidal supercategory structure on C, the left unit isomorphism is
lw = lp(1). For the right unit isomorphism, we have for any z € C* a unique homo-
morphism rp(,) : WKpy V — W induced by the universal property of W Xp() V'
and the P(z)-intertwining map Q(Yw )(+, 2)-. Then the right unit isomorphism in
the braided monoidal supercategory C is rw = rp(1). The unit isomorphisms for
W in C are characterized by the conditions

Iw(vR®w) = Yy (v, Dw
and
mw(wRo) = (=D)PIlEED Y (o, — 1w
for parity-homogeneous v € V and w € W.

3.3.4. Braiding isomorphisms. Next we recall the braiding isomorphisms
in C. Let W7 and W5 be modules in C and let z € C*. First, we define

R;(z);wl,wfz = R;(z) Wi ep) W — Wy Mp) Wi

to be the unique morphism induced by the universal property of Wi Kp(.) Wa
and the P(z)-intertwining map Qo(Vw,__,0)(", el°82). of type (WQ%V‘Z(W; Wl). Thus
’R;(Z) is determined by the property

R;(Z) (w1 &p(z) w2) — (71)\701\\w2\62L(*1)y‘Z|P(72)70(w2’ elog z+m’)w1
(310) = (71)‘701"w2‘GZL(71)y|Z|P(7z)70(w2, el1/2(*z))w1
for parity-homogeneous w; € Wy and we € Ws. We also define

R};(z);Wl,Wz = R};(z) Wy @p(z) Wy — Wh &p(,z) Wy

to be the unique morphism induced by the universal property of W1 Mp(.) W2 and

‘22) Wl) . Then

Wz‘gp(
Wy W:

the P(z)-intertwining map Q,l(ygp(fz),o)(-,elogzy of type (
R;(Z) is determined by the condition

,R’I_D(z)(wl IZP(Z) w2) — (_1)‘wl"w2\ezL(—1)ylgP(_z)’0(w2’ elogz—ﬂ'i)wl
(3.11) = (_1)‘wl"w2‘€ZL(71)y&p<fz>,0(w2,61*1/2(7'2))101
for parity-homogeneous wi; € Wy and wy € Ws.

PROPOSITION 3.28. For any z € C*, R;(z);WMWZ and R
verses of each other.

P(—z); Wa, W1 are in-
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PrOOF. For any z € C* and parity-homogeneous wy; € Wy, we € Wy, we have

Rp(_z© R}t(z) (w1 Bp(z) w2)
— (—1)'”1””2'773;(_2) (ezu—l)ygp(iz)yo(w%ezl/z(—z>)w1)
— (—1)lwnllwal g=E(=1) gl /2(=2) ~log(=2) L(0),
R (ef<zl/2<fz>flog<fz>>L<o>w2 ®p(—2) ef(zl/z<fz>flog<fz>>L<o>w1>
— ?L(=1) ol j2(=2) —log(=2)) L(0) =2 L(~1),
(3.12) Vigap, o€ /2 TBENLO y elo1/2(2))g=(ya(=2) —log(=)LO)y,

using the evenness of L(0). Now, elh/2(=2)=1og(=2)L(0) — 2mipL(0) for 4 = 0 or
1. Then Remark 3.40 in [HLZ2] implies that e(l1/2(=2)=108(=2))L(0) ig 5 V_module
homomorphism and thus commutes with e~*/(=1). Hence the right side of (3.12)
reduces to

o /2(=2)~log(=2))L(0 (e~ (hya(=2)log (=)L) clsja(2)).

)yxp(z),o
- e~ (ly2(=2)=log(=2))L(0) ),
— yﬁp( ) O(wla el,l/z(z)+l1/2(—z)—log(—z))w2
= V&, 0(w1, €% wy = wy Mp(,) wo
because
1_1/2(2) + 11 2(—2) —log(—2) = (log(—2) — i) + (log z + mi) — log(—z) = log z.
This shows Ry, 0 RE () = lwy®p,wss and RE 0 Rp ) = lw,m, . w, simi-
larly. ([
Following [HLZ8], we can now define the braiding isomorphism in C to be
7?,{/1/1,1/[/2 =T 10 ,R’—Ii;(l) WL KWy — Wo KW,

The braiding isomorphism satisfies

R, ,w, (w1 Kws) = *1)|w1”w2|€L(71)T—1—>1 (y&a(,l),o(wza611/2(71))1111)
_1)|w1||w2|€L(_1)T,14)1(’LU2 Mp(_1) wy)
el By, DYy

wy ||wa| L(—1 j
)il By (g, ey

(3.13) =
for parity-homogeneous w; € Wi and wy € Wy. The braiding isomorphism Ry, w,

is also naturally related to RJ};(Z) for any z € C*:

PROPOSITION 3.29. For any z € C*, Ry, w, =T—.10 R;(z) oTi_,,. More-
over, R‘jvlh‘% =T, 10 R;(_Z) oTy__,.

PROOF. The second assertion follows immediately from the first by Proposition
3.28 and the fact that T,, ., = T} for any z1,z9 € C*. To prove the first

Z1—22
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assertion, we observe that

T .10 R;( ) © Tz (w1 Rwe) =T, 510 R;(z) (yxp(z)70(w1, el 1)w2)

—logzL(O)T .10 Rt logzL(O)

T )( logzL(O)w2)

w1 &p(z) €
( )|w1||w2| —log =z L(0) zL( 1),
T (yIle( 0 ( logzL(O)w27ell/g(—z))elogzL(O)w1>

(—1)lwnllwal g —log = L(0) g=L(=1) 112~ 2)~log(~)) L(0),

T, (6(108:Z—l1/2(—Z)+108(—Z))L(0)w2 ®P(—z) elog Z_ll/Z(_Z)+10g(_z))L(O)wl)
( )|w1||“’2| L(— 1) —l_1/2(2)L(0 yﬁp(l)o( I 1/2(Z)L(0)w2,elog(—z))el—l/z(z)L(O)wl
= (- )|w1||w2| L(- y&,)m,o(wmelog( z)— 1—1/2(2))10

= (-1 )lwlleeL(_l)y&pm,O(w% em)wl

for any parity-homogeneous w; € Wy, wy € Ws. To obtain the fifth equality, we
have used the commutation relation z=2(0¢zL(=1) = g2 'L(=1) ;=L(0) (see Remark
3.38 in [HLZ2]) and the equality

log z — Iy /2(—2) +log(—2) = log z — (log z 4 i) + (I_1/2(2) + i) = l_12(2).
Then by (3.13), T_, 1 0 RIJS(Z) o Ty, agrees with Rw, w,, as desired. O

Since the naturality of braiding isomorphisms in a supercategory involves a sign
factor, we include a proof here to illustrate the essential role of the sign factor in
(3.7):

PROPOSITION 3.30. For parity-homogeneous homomorphisms fi : Wi — Wl
and f2 : W2 — W2 mn C,

RWI;WQ o (fl X f2) — (_1)\f1Hf2\(f2 X fl) ° RW1,W2-
ProOF. Using (3.7), (3.13), and the evenness of L(0), L(—1), we have:
Rip i, © (N1 8 fo) (wn Bwg) = (~1) VI IR, T (£ (1) B fo(w2))
= (- )Ifz||w1|+ [f1l+lwa (1 f2 [ +lw2]) o L(— 1)3)&3(1) o(fo(ws), e i)f1(w1)
( | f2] 4w l|we [+ f1]|w2] L( 1) 7rzL(O) (efﬂ'zL O)f2(w2) Izeiﬂ'iL(O)fl(wl))

i
= (- 1)| IIlef2 X fi ((_1)|w1||w2|eL(—1)y|Z|P(1>’0(w2,eﬂ'i)’LU1)
1)

= (-1 £ 1 f1) o Ry w, (w1 K wy)

for parity-homogeneous w; € Wy and wy € Whs. O

We now show how to characterize the monodromy isomorphisms in C. Notice
that (3.13) implies that Ry, w, o Mp1) = Qo(ygm,o)(-,elogl)-; by Proposition
3.15, this means that

Rw,,w, (yﬁp(l),o(whx)uh) = Qo(y&};(l),o)(whﬂﬁ)wz
(314) = (_1)|w1||w2|693L(*1)y|zlp(l),0(,w27 eﬂix)wl
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for parity-homogeneous wy € Wy, wy € Wo. Now it is easy to see from (3.14) that
the monodromy isomorphisms in C are given by

(3.15) M, w, (Vp gy .0(w1, z)ws) = ygp(l),o(w1,€2”a:)w2

for wy € Wy and we € Wy, Comparing this with (3.8), we see immediately that
the monodromy isomorphisms in C are indeed given by the monodromy of certain
paths in C*:

ProrosiTiON 3.31. For any p € Z, ./\/ll";vhw2 = Tye.w,,w, where P is a con-
tinuous path from 1 to 1 in C* that wraps around the origin p times clockwise.

3.3.5. Associativity isomorphisms. Now we recall the associativity isomor-
phisms in C from [HLZ8]. Suppose Wi, Wa, and W5 are objects of C. Then for
21, 29 € C* which satisfy |z1| > |2z2| > 0, the convergence condition for intertwining
maps implies that there is an element

w1 Mp(z,) (w2 Mp(o,) ws) € Wi Rp(,,y (Wa Kp(.,) Ws)
for any wy; € Wi, wo € Wa, and ws € W3 defined by its action on (W1 Kp.,)
(W2 Rp(.,) W3))'":

<wlvw1 IXP(zl) (w2 xP(zg) UJ3)> = Z<wlvw1 |ZP(zl) 7Tn(U)2 gP(zg) w3)>
neR

for any w’ € (W1 Mp(.,) (W2 Mp(.,) W3))'. Similarly, for 2, 22 € C* which satisfy
|z2| > |z0| > 0, there is an element

(w1 R p(z) w2) Mp(zy) ws € (W1 Rpy) Wa) Kp(.,) Wa)
which is defined by

(W', (w1 Wp(zy) w2) Wp(.y) ws) = Z<w/,7rn(w1 X p(zg) W) Kp(z,) w3)
neR

for any w’ € (W1 Xp(.,) W2)®p(.,) W3)'. Then under suitable conditions, [HLZ6,
Theorem 10.3] shows that for 21, 29 € C* which satisfy
|z1] > |z2| > |21 — 22] > 0,
there is a natural isomorphism
As o Wi Rpay (W Wp(a,) Wa) = (W1 Wp(., —.y) Wa) Bp(.,) W
characterized by the condition
(3.16) Az iz (w1 Bp(ayy (w2 Bp(ay) w3)) = (w1 Rp(s, —zy) w2) Kp(.,) ws

for any wy € Wi, wy € Ws, wg € W3. This isomorphism is even because the tensor
product intertwining maps Xp(.y for z € C* are even.

To obtain the natural associativity isomorphism Ay, w, w, in the braided
monoidal supercategory C, choose r1,72 € R which satisfy ry > ro > r1 — 19 >0
and set

AW1,W2,W3 = T’I‘z%l o (T’l‘lf’!“z*)l IXP(T‘Q) 1W3) o ATl,’I‘Q o <1W1 &P(rl) Tl*)’l’z) o Tl*)’l‘l'
Note that Aw, w, w, is even because A, ., and the parallel transport isomorphisms
are even. It is also independent of the choice of rq,rs:

PROPOSITION 3.32. The associativity isomorphism Aw, w, w, is independent
of the choice of r1,r9 € R satisfying r1 > ro > 11 —1r9 > 0.
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PROOF. We need to show that for any |, 5 € R satisfying v} > rh > r] — 71} >

0,
Awy wows = Ty 510 (T —y 51 Bpyy Twy) © Apr p 0 (Twy Rpry Tisry) 0 Thpr s
or equivalently,
AT177’2O(1W1 ‘zp(h) Tlﬂ?“z) 0T © T1_41>T’1 © (1W1 IgP(ri) Tl_%lré)
= (T, L1 Vo) Iwy) 0 T 1 0 Ty 1 0 (T g1 Bprg) L) © Ars 1t

By Proposition 3.25, the fact that 7! = T,,, for z1,2z0 € C*, and the

Z1—Z22
naturality of the parallel transport isomorphisms,

(1W1 gP(rl)Tlarg)oTlﬁrl OTf_l,Ti O(1W1 gP(r’l)Tf_l,Té) = (1W1 gP(rl)Tréﬁm)oTriam
and
(Trillfqb*)l IEP(rg) 1W3) © r;1~>1 © Tré—)l o (Trifréﬁl IZ'P(ré) 1W3)
= Tré—)rz © (T’I‘éf’(’é*}Tlf’l‘g |Z|P(ré) 1W3)
Thus we are reduced to proving
Arl,rz o (1W1 IZ'P(rl) Tré~>7’2) OTriﬁrl = Tréﬁrz o (T’l"if’l"é*}Tlf’l‘g IZIP(TQ) 1W3) © A’l“i,’r’é‘
By Corollary 7.17 in [HLZ5], it is enough to show that

Arlﬂ“z o (1W1 IZ'P(rl) T’I”é*)’l‘z) o Tri%rl (wl IXP('I’i) (wQ IEP(ré) 1U3))

= Tr’2~>r2 o (Tr’l —rh—ri—rs |ZP(r;_,) 1W3) o Ari,ré (wl xP(r’l) (w2 IZ'P(ré) wB))
for all wy € Wy, we € Wa, and w3 € W3. In fact, by (3.7), (3.9), and (3.16),

A’I‘1,T2 o (1W1 |X|P(r1) Tré—ﬂ“z) © Tr{—wl (U}l |X|P(7‘i) (w2 gP(Té) ’LU3))
(317) = ('Arlﬂ”z © ygp(rl),o)(wh 610g Ti )y‘gp(m),O(w% 6log T;)w?ﬁa

while

Ty sy © (Trg vy sy —r, Bp(ry) 1) © Ay g (w1 Bp(ry) (w2 Bp(ry) w3))
(318) = ng(r2)7O (ng(rl—rg)aO(u”’ elog(hfré))w% elO%,T’Z)w?).

Now, (3.16) shows that (3.17) equals (3.18) for all wy € Wy, wy € Wa, and wg € W3
when (r],75) = (r1,72). Then Remark 3.19 shows that (3.17) and (3.18) are equal
for general (r],75). O

REMARK 3.33. By the same argument as in the above proof, using Proposition
3.18,

AW1,W2,W3 =dz—510 (Tzl—zQ—>l |Z|P(z2) 1W3) o Azl,Z2 o (1W1 IXP(zl) Tl—)zQ) o T1—>zl
for (21, 22) € S1.

The equality in Remark 3.33 need not hold for arbitrary z1, zo € C* such that
|z1] > |z2] > |21 — 22| > 0. To see what happens in general, note that A, ., is
characterized by the equality

<w/a (Az1,z2 ° y&P(Zl>,o)(w1, elog = )yIZIP(ZQ),O(w% elog zz)w3>
= <wl,ygp(zz)’o(ygp(ﬂ_22),0<w1,elog(21—22))w27elogzz)w3>

for w' € ((W1 |ZP(21—22) WQ) &P(ZQ) W3)/, wy; € Wy, wy € W, and wsz € Ws.
This implies an equality of single-valued branches of the multivalued functions
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given by the product and iterate of intertwining operators in a simply-connected
neighborhood of (21, z3). We can analytically continue these single-valued branches
along the following path I which is contained in the region |21| > |z5] > |2]—25] > 0:
first hold 29 fixed while rotating z; along the circle of radius |z;| until it is collinear
with 0 and 29 (that is, rotate z; to %22); then rotate %22 and 29 together
clockwise to (|z1],|22]). As we analytically continue along the first stage of T,
the branch of logarithm for z; and z; — z2 may change from log to, say, | and l~,
respectively. All branches of logarithm remain unchanged during the second stage

of I'. Thus
<w/’(Azlvz2 °© ng(zl)aO)(wlv el(lz”))ng(zz)ao(wz’ elog |Z2‘)w3>
— <’LU/, y&p(z2),0(y®p(zl_22),0(w17 el(|21‘_‘22‘))w2’ elog |Z2|)w3>

for w' € ((W1 |ZP(21—22) WQ) &P(Zz) W3)/, wy € Wi, wy € W, and wsy € Ws.
Similar to the proof of Proposition 3.32, this equality is equivalent to the equality
of isomorphisms:

Azl,zg o T’y o (]-W1 xP(zl) T‘|22\—>22) o T‘\zl|—>zl
= (TW IzP(m) lw,)o <T|21|*\Z2\H2’1*Z2 IXP(Zz) lw,) o T|22|ﬁ22 © A‘Zl|’|22|’
where v is a path from 2z to itself such that I(z1) is the branch of logarithm

determined by log z; and ~, and 7 is a path from z; — 25 to itself such that l~(z1 —29)
is the branch of logarithm determined by log(z; — 23) and 5. Combining this with

the relation between A|.,| |.,| and Aw, w, w, in Proposition 3.32, we get

(3.19)
(T ®p(zy) wy) 0 Az 2y 0 Ty

= (Tlﬁzlfzz xF’(Zg) 1W3) o Tl*)Zz o AW1,W2,W3 o 21%1 o (1W1 lZlP(zl) TZQA)I)

for any modules Wy, Wa, W3 in C and (z1,22) € (C*)? such that |21] > |22] >
|z1 — 22| > 0. The paths v and 5 depend only on (z1, 22) and not on Wy, Wa, Wi.

3.3.6. Existence of vertex tensor category structure. In the tensor-
categorical constructions on C above, the vertex tensor category structure consists
in the tensor products, unit, and braiding isomorphisms defined for each z € C*;
the associativity isomorphisms A,, ., defined for |z1| > |z2| > |21 — 22| > 0; and
the parallel transport isomorphisms. We have seen how braided monoidal super-
category structure, using X = Kp(q) as the tensor functor, can be obtained from
the vertex tensor category structure using parallel transports. However, the exis-
tence of vertex tensor category structure on C is in general a hard question because
several analytic and algebraic assumptions on C are imposed in [HLZ1]-[HLZS].
Here we review these assumptions and discuss some results showing when these
assumptions hold.

So far, we have assumed that C is a full subcategory of V-modules, all modules
in C are R-graded by conformal weights, and the Jordan block sizes of L(0) acting on
the conformal weight spaces W), n € R, are uniformly bounded for each module in
C (recall Assumption 3.9). We have also assumed convergence for compositions of
intertwining maps (recall Assumption 3.17). Based on Assumption 10.1 in [HLZ6]
and Assumption 12.1 in [HLZS8]|, we impose:
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ASsUMPTION 3.34. The vertex operator superalgebra V' is an object of C, and
C is closed under images, contragredients, finite direct sums, P(z)-tensor products
for at least one (equivalently, all) z € C*.

In discussing the associativity isomorphisms in C, we showed how the conver-
gence condition for intertwining maps implies the existence of triple tensor product
elements of the forms wy Mp(,) (w2 Mp(.,) w3) and (wy Wp(., _.,) wa2) Kp(.,) ws.
However, this is not enough for the existence of associativity isomorphisms relat-
ing these triple tensor product elements. For this, sufficient conditions are given
in [HLZ7, Theorem 11.4]. First, we say that a V-module W is lower bounded if
Wi, = 0 for n € R sufficiently negative.

AssuMPTION 3.35. Every finitely-generated lower bounded V-module is an
object of C, and the convergence and extension property for either products or
iterates of intertwining operators in C holds. See [HLZ7] for the technical statement
of the convergence and extension property. Esentially, for a product of intertwining
operators of the form

(3.20) (wy, V1 (w1, 21) Vo (wa, 22)ws),

the convergence and extension property holds if (3.20) converges absolutely to a
multivalued analytic function on |z1]| > |22| > 0 and can be analytically continued
to a multivalued analytic function on |z2| > |21 — 22| > 0 with at worst logarithmic
singularities at z; = 29 and z; = 0. The convergence and extension property for
iterates is similar.

REMARK 3.36. The condition that every finitely-generated lower bounded V-
module is an object of C is not strictly necessary. In fact, only certain specific
finitely-generated lower bounded V-modules appearing in the proof of [HLZ?7,
Theorem 11.4] must be in C (see [HulO]). Since the first version of this paper
was written, there has been progress in verifying this weaker condition in the case
that C is the category of Cj-cofinite V-modules; see especially Theorems 3.3.4 and
3.3.51in [CY].

Finally, to guarantee that the associativity isomorphisms in C satisfy the pen-
tagon axiom, we need to require that products of three intertwining operators in C
converge to suitable multivalued functions (see Assumption 12.2 in [HLZ8)):

ASSUMPTION 3.37. For objects Wy, Wa, W3, Wy, Wy, My, and Ms of C, inter-
twining operators V;, )o, and Y3 of types (WYV&I), (WyMJ, and (Wg/fl"/’v4), respec-
tively, and z1, 22, 23 € C* satisfying |z1| > |22] > |z3] > 0, the double sum

z (wy, V1 (w1, 21) T (Vo (w2, 22) 7, (Vs(ws, 23)wa)))

m,neR

converges absolutely for any wy € Wy, wg € Wa, wy € W3, wy € Wy, and wi € WY
and is a restriction to |z1| > |z2| > |23] > 0 of a multivalued analytic function on the
region given by z; # 0, z; # z; for i = 1,2, 3 and j # i. Moreover, near any possible
singular point of the form z; = 0,00 or z; = z; for i = 1,2,3, j # 4, this multivalued
function can be expanded as a series having the same form as the expansion around
a singular point of a solution to a differential equation with regular singular points.

REMARK 3.38. In practice, one shows that Assumptions 3.35 and 3.37 hold by
showing that products and iterates of intertwining operators are in fact solutions
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to differential equations with regular singular points (see for instance [Hu3, HL5,
Hu5)).

If all assumptions listed so far hold, then C is a C-linear monoidal supercategory
(see [HLZ8, Theorem 12.15]). In practice, one would like simple conditions on V'
that guarantee all these assumptions hold. The strongest result of this type so far
is due to Huang [Hu8] (and also see [Hu8] for relevant notation):

THEOREM 3.39 ([Hu8, Theorem 4.13]). Let V' be a vertex operator algebra
satisfying:
(1) V is C{-cofinite,
(2) Ewery irreducible V-module is R-graded and Ci-cofinite,
(8) There exists a positive integer N that bounds the differences in the lowest
conformal weights of any two irreducible modules and such that the Nth
Zhu algebra An (V) is finite dimensional.

Then the category C of grading-restricted generalized V -modules is a vertex tensor
category.

An important consequence of this theorem is the following:

COROLLARY 3.40 ([Hu8, Proposition 4.1, Theorem 4.13]). If V is Cy-cofinite
and has positive energy (V, =0 for n < 0 and Vo = C1), then the category C of
grading-restricted generalized V -modules is a vertex tensor category.

REMARK 3.41. As mentioned in Remark 3.36, there has been recent progress
beyond Theorem 3.39 in verifying the assumptions of this subsection for the cate-
gory C}, of Ci-cofinite modules for a vertex operator algebra V. Especially, results
in [CY] show that C{, is a vertex tensor category if it is closed under contragredi-
ents. Moreover, a noteworthy consequence of our results in the following sections
is that if V' is known to have a vertex tensor category C of modules and A D V
is a (super)algebra extension of V in C, then the category of A-modules in C is
also a vertex tensor category. That is, it is not necessary to directly verify the
assumptions in this subsection for the category of A-modules in C. This idea was
recently applied to singlet vertex operator algebras in [CMY1].

3.4. Complex analytic formulation of categorical Rep A-intertwining
operators

In this section, we begin studying (super)algebra extensions of vertex operator
algebras. Here, we fix an ordinary Z-graded vertex operator algebra V', and we
assume that V has a full abelian subcategory C of modules that has vertex tensor
category structure, and thus braided tensor category structure, as described in the
previous section. Note that in the braided and vertex tensor category structure on
C, all sign factors in the definitions of the previous section may be ignored.

Since our goal is to study superalgebra extensions of V' in C, we recall Theorem
3.2 and Remark 3.3 in [HKL], and their generalization to superalgebra extensions
in Theorem 3.13 of [CKL]:

THEOREM 3.42. Vertex operator superalgebra extensions A of V in C such that
V C A® are precisely superalgebras (A, ji,14) in the braided tensor category C which
satisfy:
(1) va is injective;
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2miL 4 (0) .
miLa(0) . gnd

(2) Ais LZ-graded by conformal weights: 0% = 14 where 04 = e
(3) p has no monodromy: o (04X 04) =040 p.

We now fix a vertex operator superalgebra extension A in C such that V C AY,
and we recall the braided tensor supercategory SC and C-linear monoidal supercat-
egory Rep A from Chapter 2. Since objects of C are vector spaces, as a category we
can identify SC simply with C, except that morphism spaces in SC are equipped with
superspace structure (coming from parity decompositions of objects in C). With
this identification, tensor products of objects, unit isomorphisms, and associativ-
ity isomorphisms in SC agree with those in C, but tensor products of morphisms
and braiding isomorphisms in SC come with sign factors. Note also that SC has
the vertex tensor category structure of the previous section, with all sign factors
included. In fact, SC is the vertex tensor category of V-modules in C where V is
considered as a vertex operator superalgebra with zero odd component.

Our goal is to identify categorical Rep A-intertwining operators with certain
vertex-algebraic intertwining operators among modules in C. For this purpose, let
(W1, pw, ), (Wa, uw,), and (W3, uw,) be objects of Rep A. Tt is easy to see from
Definition 2.44 that a Rep A-intertwining operator of type (WI:V;’%) is a C-morphism
n: Wy X Wy — W3 such that the following pairs of compositions are equal:

(3.21) AR (W B Wy) 229" A ) )W, 0y g, 2w,
AR (W, B W) 2227 Axw, 2%, w,.

and

522 Wy AR, 22 gy g, S g, T
(W1®A)®W2M (AR Wy) 2% g =y, I 1w,

The tensor products of morphisms and braiding isomorphism here are in the su-
percategory SC, while the associativity isomorphisms in SC may be identified with
associativity isomorphisms in C. We would like to show that (3.21) and (3.22)
are equivalent to complex analytic associativity and skew-associativity conditions,
respectively, for an intertwining operator associated to 77

Now if n is a Rep A-intertwining operator of type ( ) then I, =noXis a

P(1)-intertwining map among a triple of V-modules of type (WWW ) and we define
the V-intertwining operator V), = V1, 05 note that

(w1 B ws) = Yy (wr, elogl)wg.

For z € C*, let
N, =noT, 1 : Wi Kpy Wo — Ws.

It is clear that n = n;. Moreover,
(w1 Bpzy wa) = noTolsy (wi Bp(sy wa)
=N(V&p,.0(w, €'°8*)w)
—7 (elog zL(O)y&P(l)’O(e— log 2L(0),,, elogl)e— log zL(O)wQ)
— elog zL(O)ﬁ (eflog 2L(0) ) [/ ¢ 08 zL(O)w2)

— elog zL(O)yn(e— log zL(O)wh elog 1)6_ log zL(O)w
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= Yy (wr, %8 %)y

for any z € C*, wy; € Wy, and wy € Wy. This calculation shows that 7, is the
unique morphism induced by the universal property of W; Mp(.) Wa and the P(z)-
intertwining map Y, (-, e'°¢#)-.

REMARK 3.43. For the special case where n = pw is a Rep A-intertwining
operator of type ( Avgv)’ we set Yy = V... Then the preceding calculation shows
that

wz(a Np(z) w) = Yw(a, elogz)w
for ze C*,a€ A, and w € W.
Our main theorem in this section is the following characterization of Rep A
intertwining operators in terms of complex variables. In the proof, we will need

technical Proposition 3.69 presented in Section 3.7. The name skew-associativity
for the second property of Y, in the theorem comes from [Ro].

THEOREM 3.44. A parity-homogeneous C-morphism n : W1 X Wy — W3 is a
Rep A-intertwining operator if and only if the following two properties hold:

(1) (Associativity) For a € A homogeneous, w1 € Wi, we € Wa, wh € W3,
and (z1,22) € S1,

(—1)'"”“|<w§7YW3(a,elogzl)y,,(wl,elogZZ)w2>
(3.23) = (wh, Y (Y, (a, 81722 oy | elo8 =2 )Y
In particular, the multivalued analytic functions
(=Dl s, Yiv, (a, 20) Y (wr, 22)ws)
on the region |z1| > |z2| > 0 and
(wh, Yy (Y, (a, 21 — z2) w1, 22)ws)
on the region |za| > |21 — 22| > 0 have equal restrictions to their common
domain.
(2) (Skew-associativity) For a € A and wy € Wy homogeneous, wy € Wa,
wh € Wi, and (21, 22) € Sa,
(71)|a|\w1\ <w/3’ yﬁ (wh ele ZQ)YWQ (av elog s )’LU2>
(3.24) = (wh, Yy (Y, (a, e'=1/221722) Yo, €108 22)qp),
In particular, the multivalued functions
(=)l e, Yy (wr, 22) Yirs (a, 21 w)
on the region |z3| > |2z1| > 0 and
<w:l37 yn(le (av 1= ZQ)wlv 22)w2>

on the region |zo| > |21 — 22| > 0 have equal restrictions to their common
domain.

PROOF. By Proposition 3.12 and the observation that the regions |z1| > |z2| >
|z1 — 22| > 0 and |z2| > |z1|, |21 — 22| > 0 are connected, it is enough to prove that
7 is a Rep A-intertwining operator if and only if (3.23) and (3.24) hold. In fact, we
will prove that (3.21) is equivalent to (3.23) and that (3.22) is equivalent to (3.24).
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First we consider the associativity. Fix r1,79 € R such that ry > ro > 11 —r9 >
0, and consider the following diagram:

(3.25)
Try—510(1a®p ) Trg—1)
A ‘ZP(Tl) (W1 IXP(T’Q) Wa) AR (W K Wa)
1A|XP(T1)777'2i \LIAXW
TTIHI
AWp(,) Wa AR W,
HwgiT1 l#w3

W3

The square commutes by definition of 7,., and the naturality of the parallel transport
isomorphisms, and the triangle commutes by definition of pw,,r,. We also consider
the diagram:

(3.26)
Try—»10(1alp () Try—1)
ARpe,y (W Bp,) W) AR (W B Ws)
ATLT?\L Aaw, Wy
Ty 10(Toy vy o1 Bpiry Luws )
(A X p(ry—r) Wi) Mp(ry) We L e (AR W)W W,
Py —ro Bp(ry) 1wy pw, My,
T s
W1 ®p(r,) Wa 2 Wi K Wy
N K
W3

In this diagram, the top square commutes by definition of A4 w, w, (or Ay w, w,)
and the fact that T LZQ =T, for z1,29 € C*. The middle square commutes
by definition of pw,.r,—r, and naturality of parallel transports, and the bottom
triangle commutes by definition of 7,,.

Now, (3.21) translates to the equality of morphisms in the right columns of the
two commuting diagrams above. Hence, (3.21) is equivalent to the equality of the
left columns. The equality of left columns is the equality of morphisms determined

by the following mappings:
a gp(ﬁ) (wl @p(r” w2) — (71)|7l||0«|a ‘ZP(rl) y’r](wl,elogrz)w2
— (_1)|n||a|yW3(a7elogrl)yn<wl,elogr2)w2
and

alp(ry) (W1 B p(ry) w2) = (aBp(r, ) w1) Kp(,) w2

— Yw, (a, elog(“_“)wl) X p(ry) wo = Vy(Yw, (a, <3log(“_7"2))11)17 elog”)wg

for all wy € Wy, wy € Wh, and parity-homogeneous a € A. (Everything is ab-
solutely convergent for the r and ro we have chosen.) We therefore deduce that
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(3.21) implies
(3.27)
(_1)|77||G|YVV3 (a7 elog Tl)yn (wh elos Tz)w2 _ yﬂ(YW1 (a7 elog(n—m))w17 clog rz)w2

as elements of W5 for all @ € A,w; € Wi, ws € Wi. Then by Proposition 3.18,
(3.23) holds for all (21, 22) € Si.

Conversely, (3.23) for (z1,22) € S7 implies (3.27) because (r1,72) lies on the
boundary of S;. Then (3.27) implies the equality of left columns of (3.25) and
(3.26), thereby implying the equality of the right columns, that is, (3.21). This
completes the proof that (3.21) is equivalent to (3.23).

Now we consider the skew-associativity. Fix r1,72 € R such that ro > r; >
2(rg —r1) > 0 (recall Proposition 3.32) and consider the diagram:

(3.28)

Try519(Try—ry 518 p ey 1wy)

(W1 Rp(ry—r1) A) By Wo (W, K A) R W,
AT'21’"'1J/ ‘Aall,A,W2
Tro—19(1wy ®p(ro)yTry—1)
Wi Bp(ry) (AR Wa) — 2 W ) (AR W)
1W1®P(T2WW2;T1\L 1w, Mpw,
Tr —
Wi Rp(ry) Wa 27 W, X W,
n
Mro
Ws

This diagram commutes for the same reasons as does (3.26). Moreover, the com-
position of morphisms in the left column is the morphism uniquely determined
by

(wl IXP(TQ—Tl) CL) xP(rl) wo yn(w17 elOgTZ)YW2 (a7 elogrl)w2
for wy € Wy, a € A, and wy € Wy. We also consider the diagram:
(3.29)

Try—10(Try—r1—»18p (e L)

(W Xp(rs—r) A) Mpr, ) Wa (W1 X A)K W,
i(R;(,,Q,,.I)IXP(r2)1W2)OTT'1~M'2 R;}nglwz
Try—10(Tr) —ro—518p(ry)lwy)
(AR p(ry—ry) W1) Bp(py) Wo — L P T L (ARWL) B W,
iuwl;rlrzgp(Tz)lWQ pwy Mlw,
Tr2—>
W1 Rp(ry) Wa ! Wy X W
n
s
W3

The top square commutes by Proposition 3.29, the naturality of the parallel trans-
port isomorphisms, and Proposition 3.25. The middle square commutes by natural-
ity of parallel transports and the definition of pw, ;r, —r,, and the triangle commutes
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by definition of 7,.,. Using Proposition 3.69 below, the composition of the left arrows
is the morphism determined by:

(w1 ®p(ry—ry) @) Rp(,) w2
~ (_1>|a||w1| (ygp(rl_q‘z)’o(a,61—1/2(7"1—7"2))11)1) IXP(W) w2

= (—1)lallwil <€(l—1/2*10g)(T1*7‘2)L(0).

. (67(1,1/2710@(“77«2)L(o) 7(l,1/2710g)(r177“2)L(0)w1))

aMpr—ry) € Xp(ry) w2

o (—1)lallen] (6(1—1/2—10g)(T1—T2)L(0).

Y, (e—(l—1/2—10g)(T1—Tz)L(O)a’ elog(ﬁ—Tz))6—(1—1/2—1082)(T1—T2)L(0)w1) X p(ry) W2

_ (_1)|a||w1|YW1 (a, 6171/2(?”1—7"2))11}1 @P(Tz) wo
o (1), (Y, (0,20 a5

for all we € W5 and parity-homogeneous wy; € Wy, a € A.

Now, the equality of the morphisms in (3.22) translates to the equality of the
right arrows in the two diagrams above, which implies the equality of the left arrows.
Thus (3.22) implies

(_1)\(l\|“)1\yn(w1’ elos )Yy, (a, elogm)w2
(3.30) — yﬂ(YW1 (a’ 61—1/2(7"1*7”2))11)1’ clog Tz)w2

as elements of W3. Then Proposition 3.20 implies that (3.24) holds for all (21, 20) €
Sa.

Conversely, if (3.24) holds for all (z1,22) € Sz, then (3.30) follows because
(r1,72) is in the boundary of Se. This means that the compositions of morphisms
in the left columns of (3.28) and (3.29) are equal, so that the right columns are
equal as well. Thus the equality of the morphisms in (3.22) follows. O

REMARK 3.45. For a parity-homogeneous Rep A-intertwining operator n of
type (WEV&/Q)’ we can combine the associativity and skew-associativity properties of
the corresponding intertwining operator ), to obtain the following commutativity
property: For any wy € Wa, w € W), and parity-homogeneous a € A, wy € Wy,

the multivalued analytic functions

(_1)‘77“@' <wé7 YW3 (a, Zl)yn(wh 22)w2>

on the region |z1| > |z2| > 0 and

(=Dl (wh, ¥, (w1, 22) Y, (@, 21 )ws)
on the region |z3| > |21]| > 0 are analytic extensions of each other. Specifically, the
branch
(= 1)/l (g, 3 (o, €872 Vi, (0, €5 Ywy)
of (—1)lelwrl(ws Y, (w1, 22)Yiw, (a, z1)wz) on Sy is determined by the branch
(71) allel <wl/37 Yw, (a’ elos )yfl(wlﬁ elos =2 )w2>

of (=1)lel(wl Yy, (a, 21) Yy (w1, 22)ws) on Sy and a certain path ~ contained in
the region |z2| > |21 — 22| > 0. We can choose the path 7 as follows. Choose
r1,72 € R such that r1 > ro > 71 —ro > 0 (so that (r1,72) is on the border of S7),



3.5. VERTEX TENSOR CATEGORY STRUCTURE ON REP’ A 101

and let v be the path from (r1,72) to (r1,2r; —r2) obtained by holding r fixed and
moving 7y to 2r; — ro clockwise along the semicircle in the upper half plane whose
center is m and radius r1 —ro. Notice that (r1,2r; —r2) is on the border of Sy, and
that along this path, log(r; — 72) changes continuously to I_y2(r1 — (2r1 — 72)).

3.5. Vertex tensor category structure on Rep’ A

In this section we interpret the monoidal supercategory structure on Rep A
and the braided monoidal supercategory structure on Rep’ A using vertex-algebraic
intertwining operators. This will allow us to show that the braided monoidal su-
percategory structure on Rep® A constructed in [KO] and reviewed in Chapter 2
agrees with the vertex-algebraic braided monoidal supercategory structure on the
category of grading-restricted generalized A-modules in C constructed in [HLZS8|
and reviewed in Section 3.3.

3.5.1. Objects in Rep A and Rep’ A. First we describe objects and mor-
phisms in Rep A in terms of intertwining operators:

PROPOSITION 3.46. An object of Rep A amounts to a V-module W equipped
with an even V -intertwining operator Yy of type (AM‘//V) that satisfies the following
properties:

(1) (Associativity) For aj,as € A, w € W, w' € W', and (21, 22) € Sh,
(W', Yoy (a1, €°8 %) Yiy (az, €8 %2 )w) = (w', Vi (Y (a1, €'°8F1752))qy 19822 )qp),
In particular, the multivalued analytic functions
(W', Yw (a1, z1)Yw (a2, 22)w)

on the region |z1| > |z2] > 0 and

(W', Yw (Y (a1, 21 — 22)ag, 22)w)
on the region |z3| > |21 — 22| > 0 have equal restrictions to their common
domain.

(2) (Unit) Yw(1,2) = lw, or equivalently, Y |vow is the vertex operator of
V acting on W.

Parity-homogeneous morphisms in Rep A amount to parity-homogeneous V -module
homomorphisms f : W1 — Wy such that

f(YW1 (a‘vm)wl) = (_l)lf”aIYWQ (avir)f(wl)
for wy € Wy and parity-homogeneous a € A.

PROOF. Given an object (W, uw ) of Rep A as defined in Definition 2.29, we re-

call from Remark 3.43 the V-intertwining operator Yy of type ( AVI;V) characterized
by

(3.31) v (a X w) = Yy (a, e Hw
for a € A and w € W. Conversely, given a V-intertwining operator Yy of type
( AM;V), the universal property of AX W implies there is a unique V-homomorphism

pw : ARW — W such that (3.31) holds. By (3.31), the intertwining operator Yy
is even if and only if uw is even. So we need to show that the associativity and
unit properties for Yy in the proposition are equivalent to the associativity and
unit properties of py in Definition 2.29.
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For the associativity, Theorem 3.44 and its proof imply that the associativity
for Yy in the statement of the proposition is equivalent to the equality

pw o (La®puw) = pw o (& 1lw)o Ay 4w,

which is the associativity property for py in Definition 2.29.
For the unit property, consider the diagram

l_lz tallpy1 iz
W P(z) V |ZP(Z) W AA P iw A &P(z) W KW W
1 l/Tzﬁl \LTzal o
lW /«A|X1W
VW ARW

for z € C*. The square commutes by naturality of the parallel transport isomor-
phisms, and the right triangle commutes by the definition of py ., from the previous
section. Recall also from Remark 3.43 that

W= (a Mp(z) w) = Y (a, elogz)w

for a € A and w € W. To see that the left triangle in the diagram commutes, we
calculate, recalling the definition of /p(.) and temporarily using Yy to denote the
vertex operator of V acting on W:

Tp( 0 Tims (0B w) = Tpis) (V. 0(v, €2 )

=Tre) (e—logz L(O)yIZ’P(z)’O(elogz L0}y, elogz)elogz L(O)w>
_ p—logz L(O)@ (elogz L(0),, Kpe) olog = L(O)w)

— o108z L)Y (o5 2 LO0) L)elog=L(0),,

= Y (v, Dw = by (v R w)

for any v € V and w € W, so indeed Iy = IpizyoT1-z.
Now, the unit property for uy holds if and only if the bottom (or equivalently,
the top) row of the diagram equals the identity on W. The top row is given by the

mapping
f’w(v, 2)w = v Mpy w = vMpy w = Yy (v, o8 ),
since ¢4 is simply the inclusion of V' into A. This is the identity if and only if
Yiv (v, 2) = Yy (v, €°5%)w
for any v € V and w € W, or equivalently by Proposition 3.15,
Yiv (v, 2)w = Yiy (v, 2)w

for v € V and w € W. Thus the unit property for pw holds if and only if
Yiv = Yw|vew. In particular, taking v = 1 yields Y (1,2) = 1y for an object of
Rep A. But in fact Yy (1,2) = 1w is also equivalent to the unit property for uy
because the composition in the top row in the diagram is also given by

wi—= 1Xpey w Y (1, €°8*)w,

which equals the identity on W if and only if Vi (1,2) = 1.
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Now we show that a parity-homogeneous V-module homomorphism f : W7 —
W3 between two modules in Rep A is a parity-homogeneous Rep A-morphism in the
sense of Definition 2.29 if and only if

FYw, (@, 2)wr) = (=171, (@, 2) f (wn)
for any w; € Wi and parity-homogeneous a € A. The diagrams

ANpy Wi fme Wi ! Wy
Tzﬂll iu‘Wl
AX W,
and
1aRpe) f
AMp) W1 S ARp) Wa - Wa
TZ*}I\L Tzﬁli :U’WQ
1AXf

ARXRW, ——2 > AR W,

commute for any z € C* by the naturality of the parallel transport isomorphisms
and the definitions of pw,,, and pw,,,. Thus using (3.7),
fonw, =pw, o (1a® f)
if and only if
?(le (av elogz)wl) = (_1)|f||a|YW2 (aa elogz)f(wl)
for wy € Wy and parity-homogeneous a € A, or equivalently by Proposition 3.15,
if and only if
F(Yw, (a, 2)wr) = (=113, (a, ) f (wr)

for wy; € Wi and parity-homogeneous a € A. (]

REMARK 3.47. Suppose we are given a V-module W with a V-intertwining
operator of type ( AVZV) that satisfies associativity and unit property as in Proposi-
tion 3.46. Then, since (W, uw ) is an object of Rep A, uw is a Rep A-intertwining
operator and Proposition 3.44 shows that Yy also satisfies skew-associativity: For
any w € W, w’ € W', parity-homogeneous aj,as € A, and (21, 22) € So,

(—=1)latllezl () Vi (ag, €98 #2) Yoy (ay, €198 %1 w)
= (wh, Yy (Y (a1, e-1/21722)) gy €10822)p),
In particular, the multivalued analytic functions
(—=1)laallezl i’ Vi (ag, 20) Yiv (a1, 21 )w)
on the region |z3| > |z1] > 0 and
(W', Yw (Yw (a1, 21 — 22)az, 22)w)
on the region |z2| > |21 — 22| > 0 have equal restrictions to their common domain.

The vertex-algebraic characterization of the category Rep’ A was given in
[HKL, Theorem 3.4] and in [CKL, Theorem 3.14] for the superalgebra setting:

PROPOSITION 3.48. An object (W,Yw) of Rep A is an object of Rep® A if and
only if (W,Yw) is a grading-restricted generalized A-module in the category C.
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Since this proposition is in [HKL, CKL] we only briefly discuss its proof. From
(3.15), a Rep A-module (W, Yyy) is in Rep? A4 if and only if

27

Yw(a,z)w = Y (a, e x)w

for a € A and w € W. This condition will hold if and only if Yy involves only
integral powers of the formal variable x, so that W is in Rep” A if and only if
Yw (a,z)w € W[z, z7]] fora € Aand w € W, as is the case with grading-restricted
generalized A-modules. The grading restriction conditions, vacuum property, and
Virasoro algebra properties for a grading-restricted generalized A-module follow
because W is a grading-restricted generalized V-module and from the unit property
of an object in Rep A. Lower truncation and the L(—1)-derivative property follow
because Yy is a V-intertwining operator. Finally, the Jacobi identity for Yy is
equivalent to the associativity of Yy and the skew-symmetry of the vertex operator
Y on A, as in the proof of [HKL, Theorem 3.2].

3.5.2. Intertwining operators and tensor products in RepA and Rep’A.
Now we relate the tensor product K4 on Rep A and Rep® A to intertwining opera-
tors. Suppose Wy, Ws, and W3 are three modules in Rep A.

DEFINITION 3.49. An A-intertwining operator of type (WYVﬁVz) is any sum of
even and odd V-intertwining operators which satisfy the associativity and skew-
associativity conditions of Theorem 3.44

Equivalently by Theorem 3.44, a V-intertwining operator ) of type (W‘f/{j’vz)
is an A-intertwining operator if and only if the unique V-module homomorphism
ny : W1 KWy — Ws induced by Y(, elog D). and the universal property of Wi X W,
is a categorical Rep A-intertwining operator.

For a pair of modules W; and W5 in Rep A, we denote by Vw, w, the A-
intertwining operator Yy, . induced by the Rep A-intertwining operator nw, w, :
Wi R Wy — W1 Xs Ws. Then Wy X 4 Wy satisfies the following universal property:

ProPOSITION 3.50. For any module W3 in Rep A and A-intertwining operator
Y of type (WZV‘?VQ), there is a unique Rep A-morphism f : W1 Xy Wy — W3 such
that f o Yw, ,w, =Y.

PROOF. If ) is an A-intertwining operator of type (W?/gw), let ny : Wi KW, —
W3 be the unique Rep A-intertwining operator such that 7y o = Y(-, €8 1).. Then
by Proposition 2.47, there is a unique Rep A-morphism f : Wy K4 Wy — W3 such
that f onw, w, = ny. Thus for w; € W; and we € Wy,

V(wy, €8 Ywy =My (wi Bws) = fonw, w, (w1 Bws) = F(Vw, w, (wr, €8 Hws).

By Proposition 3.15, it follows that Y(w1, z)we = f(Yw, w, (w1, x)ws), as desired.
O

REMARK 3.51. For any z € C* and modules Wy, W5 in Rep A, we can de-
fine W3 &ﬁ(z) W, to be the object W1 K4 Wy of Rep A equipped with the P(z)-
intertwining map &é(z) = Yw, w, (-, e°8%).. Then the same kind of argument as
in the preceding proposition shows that this module and P(z)-intertwining map
satisfy a universal property for an appropriate notion of P(z)-intertwining map in
Rep A. We will use this P(z)-tensor product in Rep A to obtain some elements
of vertex tensor category structure on Rep A below, although Rep A will not have
parallel transport or braiding isomorphisms.
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It is clear from the characterization (2.12) of tensor products of morphisms in
Rep A, and the characterization (3 7) of tensor products of morphisms in C, that

for any morphisms f; : W7 — W1 and fo : Wy — W2 in Rep 4, with fy parity-
homogeneous, we have

Fr®a foVwyws (w1, €8 Ywz) = (1)1 Y o (fi(wn), €81 fa(ws)

for wy € W3 and parity-homogeneous wy € Wi. Equivalently,

(f1 ®a f2) Yw,ws (wr, 2)ws) = (D)2 Y o (1 (wh), 2) fo(ws)
for we € W5 and parity-homogeneous wy, € W7.

REMARK 3.52. For any z € C*, if we use the notation f; K4 fo = fi X P(Z f
when we view f; K4 fo as a morphism between P(z)-tensor products, we have

fi fz(w1 @p( yw2) = (= )|f2||w1|f1(w1)®p fa(w2)
for wy € W5 and parity—homogeneous w1 € Wh.

Now we consider the tensor product on Rep’ A. Since Rep® A is the category
of grading-restricted generalized A-modules in C, we have two tensor products on
Rep” A: the tensor product X4 on Rep A and the vertex-algebraic tensor product
of A-modules from [HLZ3]. Thus to apply all results regarding X 4 to the vertex-
algebraic category of A-modules, it is critical to show these tensor products are the
same. To do so, we must show that the notion of A-intertwining operator defined
above among objects of Rep” A agrees with the notion of (logarithmic) intertwining
operator among grading-restricted generalized modules for A as a vertex operator
superalgebra. To prove this, we need the following theorem:

THEOREM 3.53. Given a vertex operator superalgebra A and grading-restricted
generalized A-modules Wy, Wy, and W3, consider a parity-homogeneous map

YV W @ Wy — Willogz]{z}

wy @ we — Y(wi,x) ZZ wy) kwga: - 1(10gx)]C
neCkeZ

that satisfies the following properties:

(1) Lower truncation: For anywi € Wi, wy € Wa andn € C, (wl)%_m;k,wg =
0 for sufficiently large m € N independently of k.
(2) The L(—1)-derivative formula: For wy € Wy,

[L(_1)7y(w17x)] = %y(whx) = y(L(—l)wl,x)

(8) The L(0)-bracket formula: For wy € Wy,

L(0), Yawn, )] = 2 Y(awn, ) + V(LO)un, ).

(4) Given wh € Wi, wy € Wa, and parity-homogeneous a € A, wy € Wy,
the following series define multivalued analytic functions on the indicated
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domains that have equal restrictions to their respective intersections:

(3.32) (=)l Yiy, (@, 20)V (w1, 22)wa) — |21] > |z2] > 0
(3.33) (wy, Y(Yw, (a, 21 — z2)w1, 22)ws) |z2] > |21 — 22| >0
(3.34) (=Dl (wly, Y(wi, 20) Vi, (a, z0)wz) 22| > |z1] > 0.,

Moreover, the principal branches (that is, zo = €'°%8%2) of the first and
second multivalued functions yield single-valued functions that are equal
on the simply-connected domain S1, and the principal branches of the
second and third multivalued functions yield single-valued functions that
are equal on the simply connected domain Ss.

(5) There exists a multivalued analytic function f defined on

{(21,22) € C?| 21, 29,21 — 22 # 0}

that restricts to the three multivalued functions above on their respective
domains.

Then Y is a logarithmic intertwining operator of type (W‘;ngz) in the sense of Def-

inition 3.7. In particular, Y satisfies the Jacobi identity.

PROOF. Fix 2, € C* such that Rezo,Imzy > 0. Then f.,(21) = f(z1,€8%2)
yields a possibly multivalued analytic function of z; defined on {z; € C* |21 # 22}.
However, f.,(z1) has single-valued restrictions to each of {z1 € C*||z1| > |22|},
{z1 € C*||z2| > |71 — 22| > 0} and {z1 € C*||z2| > |z1]}, and these restrictions
are equal on certain simply-connected subsets of the intersections of these domains.
Thus these restrictions define a single-valued analytic function on the union of these
domains. This implies that f,, has a single-valued restriction f,, to C* \ {22} as
follows:

Fix z] such that, say, (21, z2) € Sa, so that 2] is in the domain of both the iterate
(3.33) and the product (3.34). Then define fZZ by restricting the values of f,, at
z1 € C*\ {22} to be only those obtainable by analytic continuation along paths in
C*\ {22} from 2] to z1, starting with the value (w}, Y(Yiy, (a, 2] — z2)w1, €18 #2 )w,)
(or equivalently, (—1)l¢llwil(wh, Y(wy, %8 22)Yiy, (a, 2} )ws)) of f.,(2}).

To show that J?ZQ is actually single-valued, we need to show that for any z; €
C* \ {22} and any two paths 7 and 2 in C* \ {22} from 2] to z;, the values
of f.,(z1) determined by 77 and 7, are the same; equivalently, we need to show
that the value of f,,(z}) is unchanged after analytic continuation along the path
7 obtained by following 7; and then following the reversal of 5. In fact, 7 is
homotopic to some path consisting of a sequence of loops around z, and 0 that stay
in the domains of (3.33) and (3.34), respectively. Since the union of these domains
is contained in the domain of a single-valued branch of f,,, and since the value
of f.,(z]) that we start with is the value of this single-valued branch, the value of
f2(21) is unchanged after analytic continuation along 7. Thus 77 and 72 determine
the same value of f,, at 21, and f;2 is a single-valued analytic restriction of f,,.

Now, (3.32) along with the lower truncation property for Yy, shows that the
restriction ]?22 has at worst a pole at z; = oo. Similarly, (3.33) shows that ﬁQ
has at worst a pole at z; = z and (3.34) shows that sz has at worst a pole
at z; = 0. A complex-analytic function with only singularities at 0, 22, 00 that
are at worst poles has to be a rational function. Now standard arguments using
properties of formal delta-functions (see for instance Proposition 8.10.7 in [FLM],
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Propositions 3.4.1 and 4.5.1 in [FHL], or Propositions 3.4.1 and 4.4.2 in [LL])
show that I(w; ® wa) = Y(w1,e°8*2)w, satisfies the Jacobi identity and is a
P(z9)-intertwining map.

Now we apply the L(0)-conjugation formula

y(w17 I)U}Q = ’yil’(O)J)(yL(O)Ujl7 xy)yL(O)UJQ,

glos =

which follows from the L(0)-bracket formula, in the case y = “——. This shows that
Y(wr, z)wa = Yro(wi, x)ws, for wy € Wi and wy € Wa. Hence Y is an intertwining

operator of type (WYVI%VQ) i

This result allows us to obtain the following fundamental theorem:

THEOREM 3.54. Suppose Wi, Wa, and Ws are three modules in Rep® A. Then
Y is an A-intertwining of type (WI;VI%Vz) in the sense of Definition 3.49 if and only
if Y is an intertwining operator among A-modules in the sense of Definition 3.7.

PRrROOF. An intertwining operator in the sense of Definition 3.7 is an inter-
twining operator in the sense of Definition 3.49 by standard commutativity and
associativity results for intertwining operators (see for instance Propositions 4.2.4
and 4.3.4 in [LL] for the case that Y is a module vertex operator; the proof for
general Y is the same).

Conversely, suppose ) satisfies the associativity and skew-associativity condi-
tions of Theorem 3.53. Since ) is an intertwining operator among V-modules, it
satisfies conditions (1), (2) and (3) from Theorem 3.53. It satisfies condition (4) due
to Theorem 3.44. Condition (5) follows from Lemma 4.1 in [Hu4] and our assump-
tions on the category C (in particular the associativity of intertwining operators
among V-modules in C; see for instance Corollary 9.30 in [HLZ6]). Therefore, by
the conclusion of Theorem 3.53, ) is an intertwining operator among A-modules
in the sense of Definition 3.7. O

As a consequence of this result, we see that X, in Rep® A agrees with the
vertex-algebraic notion of tensor product of modules:

COROLLARY 3.55. Suppose Wy and Wa are two modules in Rep® A. Then for
any z € C*, (W1 X4 Wa, Vi, ws, (-, €198 %)) is a P(2)-tensor product of Wi and Ws.

PROOF. Suppose Wj is another module in Rep® A and I is a P(z)-intertwining
map of type (WYV;[Q) Then by Proposition 3.50 and Theorem 3.54 there is a unique
A-module homomorphism f : W3 K4 Wy — W3 such that f o Vw, w, = Vro. In
particular, this means

Fw,w, (w1, €98 )ws) = Vro(wr, €98 *)wy = I(w; @ wo)
for wy € Wy, we € Wy, showing that (W; K4 WQ,yWI,W2(~,elog2)~) satisfies the

universal property of a P(z)-tensor product as given in Definition 3.21. (]

REMARK 3.56. In particular, the preceding corollary shows that
(W1 B4 Wa, B4 = Yw, ws (-, €8 1))
is a P(1)-tensor product of W7 and Wj in the category of A-modules in C. In
the remainder of this section, we will show that the rest of the braided monoidal

supercategory structure on Rep’ A agrees with the braided monoidal supercategory
structure on a category of A-modules constructed in [HLZS].
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3.5.3. Parallel transport isomorphisms in Rep® A. We have shown in
Corollary 3.55 that P(z)-tensor products in Rep® A exist for any z € C*. Since the
existence of natural parallel transport isomorphisms associated to continuous curves
in C* only depends on the existence of P(z)-tensor products and properties of
intertwining operators, we have natural parallel transport isomorphisms in Rep® A.

Suppose Wi and W, are two modules in Rep® A, and ~ is a continous path in
C* from 27 to zo. Then by (3.8), the parallel transport isomorphism

T Wy KA Wo — Wy K Wa
is determined by the condition
T (wy B, wa) = Yy, w, (wr, €' )wy

for wy € W1, wy € Wa, where I(21) is the branch of logarithm determined by log zo
and the path v. Now, if I(z1) = logz1 + 27ip for some p € Z, Proposition 3.15
implies that also

(3.35) T4V, w, (w1, 2)w2) = Vi w, (wr, €7 Px)w,

for wy € Wy, wy € W

Similar to parallel transport isomorphisms among V-modules in C, we use the
notation TZ‘? ., When v is a path in C* with a branch cut along the positive real
axis. But note that since I(z1) = log z1 for such a path, these isomorphisms are the

identity given our realization of P(z)-tensor products in Corollary 3.55.

REMARK 3.57. If W; and Ws are modules in Rep A but are not in Rep® 4,
we cannot obtain parallel transport isomorphisms unless v has trivial monodromy.
This is because vertex operators for modules in Rep A may have non-trivial mon-
odromy (non-integral powers of the formal variable x), so that we cannot guarantee
Yw, wa (- e2™P ). is an A-intertwining operator for p # 0 when W; and W5 are not
objects of Rep” A.

3.5.4. Unit isomorphisms in Rep A and Rep® A. Here we describe the
unit isomorphisms in Rep A in terms of A-intertwining operators. For the left unit
isomorphisms, the definitions show that the diagram

na,w T

W—s AKX, W

commutes, from which we obtain
iy (YVaw (a,)w) = Yy (a, z)w
for a € A and w € W since aw o ® = Vaw (-, €8 ).

REMARK 3.58. For z € C*, if we use the notation lﬁ(z) for l{j‘v when we view

I3 as a map on a P(z)-tensor product, we have

lé(z)(a lglé(z) w) = Yw(a, elogz)w

fora € Aand weW.
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For the right unit isomorphisms in Rep A, we use Proposition 3.29, the defini-
tion of pw,—1, and the definition of r{j‘v to obtain the commutative diagram

ARp_y W
RP/? \LT K\
—1—1
Rilw pw
WX A AXW w
nw,A T{?V
WKy A

Then we use w4 o X = Yy a(-,e°81) and (3.11) to calculate
b Vw,a(w, € 1)a) = pw, 1 0 Ry (w K a)
= Hwi—1 ((_1)‘7””@'6“_1)37&,3(,1),o(aa e_m)w)
1)|w||a\m <6L(71)€727m‘L(0)ng(71)70(627riL(0)a’ em‘)esz(o)w>

= (7
_ (_1)|w||a\eL(—l)e—Qﬂ-iL(O)m (627riL(O)a Kp(_1) eeriL(O)w)
= (—1)lvllalL(=1) g=2miLO) y;  (27iL(0) g omi)2miL(0)y,
= (=1)leleleE Dy (a, 6™ w
= Q1 (Yw)(w, e Ha
for parity-homogeneous w € W, a € A. Thus by Proposition 3.15, we have
i (Vwoa(w, z)a) = Q1 (Yw)(w, x)a = (=1)lwlalem L=y (a, e ™ z)w
for parity-homogeneous w € W, a € A.

REMARK 3.59. For z € C*, if we use the notation ré(z) to denote 77}, when we

view r{}, as a map from the P(z)-tensor product, we have

%(w Xé(z) a) = (_1)|w|\a\ezL(—1)YW(a,elogz—m')w
= (~1) Il Dy (g, 12
for parity-homogeneous w € W, a € A.

REMARK 3.60. If W is a module in Rep® A4, the unit isomorphisms l{ﬁ‘v and r“ﬁ‘v
have the same description. However, since in this case Yy has only integral powers
of the formal variable x, we can simplify the notation as follows:

Ly (Vaw (@, 2)w) = Yiv (a, 2)w
l‘;‘(z)(a &ﬁ(z) w) = Yw(a, z)w
forae A, we W, ze C*, and
r{j‘v()iw,A(w,x)a) = (—1)|w|‘a‘e‘”L(*1)YW(a, —z)w

7qé(z)(w gé(z) a) = (71)|w”a‘62L(71)YW(a’ —z)w

for parity-homogeneous a € A, w € W, and z € C*. This is in agreement with the
construction of unit isomorphisms in [HLZS].
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3.5.5. Braiding isomorphisms in Rep® A. Here we discuss the braiding
isomorphisms in Rep® 4 in terms of intertwining operators. For modules W; and
Wy in Rep” A, it is easy to see from (2.28), (3.14), and the definition of Yy, w,
that

RII;XVLWQ (yWth (wlv :L’)U)Q) = QO(yW2,W1)(w17 LL')U/Q

= (=1)lerllezler LDy o (wy, e™x)w,
and

(Ré/l,Wg)il(meWl (va z)wl) = Q—l(yW17W2)(w25 17)101

= (_]_)\w1\|w2\ewL(—1)yW1’W2 (wl’ €_m1')’u)2

for parity-homogeneous wy; € Wi, wy € Wsy. Moreover, using Remark 3.15, the
monodromy isomorphisms in Rep® A are characterized by

2me

MIéVl,Wg(yWth(wlvx)wQ) = yWthz(wl?e Z‘)wg

for w; € W7 and wy € Ws.

REMARK 3.61. By (3.35), the parallel transport isomorphism Tf on W1 X4 Wy
is (M{f‘vhl% )P where p € Z corresponds to the monodromy of the closed curve + in

Cx.

When we view W7 K4 Wy as the P(z)-tensor product in the category of A-
modules, using &é‘(z) = Yw,.w, (, €°8%)-, we can use the notation Rlé;(j);wl,wz =

Rg’(i_) for RII;‘VLW2 and Rﬁ’(;)mﬁ Wa = R?’,(;) for <R€V2’W1)_1. With this notation

we have
R}g;(j)(wl R wo) = (—1)lllw2leZ LDy 4w (wy, 185wy
= (71)‘“’1Hw?‘eZL(’l)yW%Wl (wg, e'/2") ),
and
Rz (w1 By wy) = (—1)102le= DYy, 4 (wy, €85y
= (—1)lwrllwel 2LD (w1720 )y,

for parity-homogeneous wy € Wy, wy € Wy, Also, the results of Propositions 3.28
and 3.29 hold with morphisms in C replaced by the corresponding morphisms in
Rep® A (recall that the parallel transport isomorphisms appearing in these proposi-
tions are trivial in Rep” A due to our particular realization of P(z)-tensor products
in Rep” A). Moreover, Ry, w, =T 10 R’;a‘) since T4, _,, is trivial.

These results show that the braiding isomorphisms in Rep® A agree with the
vertex-algebraic braiding isomorphisms between A-modules constructed in [HLZ8]
and reviewed in Section 3.3.

3.5.6. Associativity isomorphisms in Rep A and Rep® A. Finally, we de-
scribe the associativity isomorphisms in Rep A (and also Rep” A) in terms of inter-
twining operators. First, we have:
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PRrROPOSITION 3.62. Choose 11,19 € Ry such that r1 > 19 > 11 —1r9 > 0. Then
or modules W1, Wy, an 3 in Rep A, the associativity isomorphism g
dules W1, Wa, and W5 in Rep A, th jativity i hism Afy, wa.ws
is characterized by the equality
A%1,W27W3 (yWth@AWs (w1, elosm )yW2,W3 (w2, el TQ)w?’)
(336) = yW1®AW2,W3 (ywl,W2 (’LU1, elog(rl—rg))w% elog Tz)w3

for all wy € W1, we € Wy, and ws € W3.

ol A . A
PrOOF. The definitions of Ay, w, w, and Ay, w, w, imply that Af, w. w.
is characterized by the commutativity of the diagram

Wi Bp(r,)y (Wa Bp(,) Ws) s (W1 Bp(ry—ry) Wa) Wp(ry) Ws
lTrlﬁlo(lwlgP(n)Trzﬁl) iTTzﬂlo(TTlTzélgP(w)lW?,)
Wy B (W, B Ws) Ay v W (W1 R W) B W
anI‘WQgAW;gO(lWl‘XnWQYW?,) inwlgsz,WSO(nwl,%'Z‘l%)
A
Wi, Wy, W3

Wi g (WaXa W3) (W1 g Wa) g W3
Now, the composition of the top and right arrows in this diagram is given by
w1 Mp(ryy (W2 Wpr,) wz) = (w1 Mp(r, —py) w2) Rp(,) w3
= (Mpgry.0(wis €8 72 ws) Bp,,) ws
s ylxp(l),o(ygp(l),o(wl, clog (”*T?))wQ, elog’l"g)wS
= Vip 0V, w, (wi, €08 (r=r2)yy, eloerz)y,
= Vs we, ws (Vwywy (wr, €198 7772 Yy el0872 )0,
for wy € Wy, we € Wo, and w3z € W3. Similarly, the composition of the left and
bottom arrows in the diagram is given by
w1 Mp () (w2 Mp(,) ws)
— A‘VL‘VMWQ,WB (Y, womaws (w1, €5 ™) Vi, wry (wa, €8 ™) w;3)
for wy € Wy, we € Ws, and wz € W3. Thus A"?V17W27W3 is indeed characterized by
(3.36). O
As an immediate consequence of Proposition 3.18, we then have:
COROLLARY 3.63. For (z1,22) € S1, the associativily isomorphism ./él‘;‘l,lﬂ,[/z",[,:5
satisfies

AAW1,W2,W3 (yWth‘gAW?, (wh elog = )yW%Ws (w27 elog Z2)w3)

= Vv, 0w s (Vs (w1, €981 722) gy 108 22

for wy € Wi, wo € W, and ws € Ws. In particular, for wi € Wy, we € Who,

wg € W3, and w’' € (W1 Ka Wo) R4 W3)', the multivalued functions
<w/7v4’§1V1’W2,W3 (Vw waaws (W1, 21) Yy, wy (w2, 22)ws))

on |z1| > |z2| > 0 and

(W', Y8, W, ws (Vs (w1, 21 — 22) w2, 22)ws)
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on |z2| > |21 —22| > 0 have equal restrictions to the region |z1| > |22| > |21 — 22| > 0.

To obtain full vertex tensor category structure, we need, as in C, isomorphisms

"41241,22 W |Zé(zl) (W2 &é(@) W3) — (Wl gé(zl—@) WQ) &g(ZQ) Ws

for any |z1| > |2z2| > |21 — 22| > 0 which satisfy

(3.37) A2, <w1 KB 2y (w2 B, w3)) = (w1 ®p (., _.,) w2) K., ws

for wy € Wy, we € W, and ws € W3. The preceding corollary shows that when
(21,22) € S1, we can take A2 = A{l, . w,, but this will not work in general.

Instead, assuming Wi, Wa, and W3 are modules in Rep” A, we can take
(3.38) AL L, = (TR Twy) 0 Ay wyws © (T3 ™

where v and 7 are paths from z; to itself and z; — 25 to itself, respectively, as in
(3.19). Then reversing the steps used to derive (3.19) shows that (3.37) holds. Thus
we can conclude the following theorem:

THEOREM 3.64. For modules Wy, Wa, and W3 in Rep’ A and 21,25 € C*
satisfying |z1| > |z2| > |21 — 22| > 0, there are natural isomorphisms

AL : W IX;;(ZO (W2 xIIL}’(Zz) W?’) = (Wl &}é(zl,zz) Wz) lg}é(zz) Ws

21,22

such that
A A A A A
Alzéll,zz (UJ1 |X|P(21) (w2 |Z|P(22) ’LU3)) = (’IU1 ‘ZP(zl—zz) w2) IZP(ZZ) w3
for wy € Wy, wy € Wy, and ws € W3. Moreover, for (z1,22) € S1,
AII?VLWQ,W:; = T;z*)l © (T217224)1 IX?(ZQ) 1WS) © "4?1,22 © (1W1 IXé(zl) TlAHZQ) © TIAA)Zl;

the same relation holds with (z1,22) € Sy replaced by (r1,72) € R? such that r; >
ro >1r1 —1r9 > 0.

By Theorem 3.64, the associativity isomorphisms A4 in Rep® A agree with
the associativity isomorphisms obtained in [HLZ8] from vertex tensor category
structure on the category of A-modules. Combining this fact with all the other
results and discussion in this section, we have the following fundamental theorem
on Rep® A and its braided monoidal category structure:

THEOREM 3.65. Suppose A is a vertex operator superalgebra extension of a
vertex operator algebra V such that V. C A°, and suppose C is a category of grading-
restricted generalized V -modules that contains A and satisfies conditions necessary
so that C has the vertex tensor category structure (and thus braided tensor category
structure) given in [HLZ1]-[HLZS8]. Then:

(1) Rep® A is the category of grading-restricted generalized A-modules in C
((HKL], [CKL]).

(2) Rep” A has vertex tensor category structure (and thus braided monoidal
supercategory structure) as given in [HLZ1]-[HLZS].

(8) The Huang-Lepowsky-Zhang braided monoidal supercategory structure on
Rep’ A given in [HLZ8] and Section 3.3 is isomorphic to the Kirillov-
Ostrik braided monoidal supercategory structure on Rep® A given in [KO]
and Chapter 2.
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REMARK 3.66. As mentioned above, the isomorphism between Rep’ A and the
category of grading-restricted generalized A-modules in C was obtained in Theorem
3.4 of [HKL], and in Theorem 3.14 of [CKL] for the superalgebra generality. In
Theorem 3.65, we have considerably strengthened these results by showing that the
isomorphism is actually an isomorphism of braided monoidal supercategories.

REMARK 3.67. An entirely analogous theorem to Theorem 3.65 shows that the
braided tensor category structure on the subcategory Rep” A of Rep® A consisting
only of even morphisms is equivalent to the braided tensor category structure in-
duced from vertex tensor category structure on the category of A-modules in C with
only even morphisms. The proof of such a theorem is exactly the same as the proof
of Theorem 3.65 (except that all sign factors involving parity of morphisms may be
deleted) since all structure morphisms discussed in the previous sections are even.

3.6. Induction as a vertex tensor functor

In Theorems 2.59 and 2.67, we showed that induction is a tensor functor on
SC and a braided tensor functor on the subcategory SC° of objects that induce to
Rep” A. It is easy to see that SC° is a vertex tensor category, since it inherits parallel
transport, unit, associativity, and braiding isomorphisms from SC; moreover, SC° is
closed under the P(1)-tensor product (and thus all P(z)-tensor products) because
induction is a tensor functor. In this section, we show that induction F : SC° —
Rep” A is compatible with all the vertex tensor category structures on SC° and
Rep? A. That is, induction is a vertez tensor functor in the following sense:

(1) There is an even isomorphism ¢ : F(V) — A.

(2) Forevery z € C*, there is an even natural isomorphism fp(.) : Foldp(,y —
&‘1‘3(2) o (F x F).

(3) The natural isomorphisms fp(.) are compatible with parallel transport
isomorphisms in SC° and Rep® 4 in the sense that the diagram

]:(T'YE i )
F(Wi Rp(.,) Wa) T F(Wh Rp(y) Wa)

fp(zl)?WlaWZ\L

F(Wh) R,y F(Wa)

21

ifP(n);WLWz

F(Wh) R4, F(Wa)

T3 F (W), F(Wa)
commutes for any modules Wy, Wy in S8¢C° and any continuous path -~
from z; to zo in C*.

(4) The natural isomorphisms fp(.y and the isomorphism ¢ are compatible

with the unit isomorphisms in SC° and Rep® A in the sense that the
diagrams

fPyviw

F(VRp) W) F(V) Ry F(W)

A
\Lé@gpmlf(vv)

f(lp(z);w)l
(B yrwy)

F(W) AR F(W)
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and
fpy;w,v

F(W Rpy V) ———= F(W)RZ , F(V)

f(rmz);w)l ilf(m&?(z)“’

(Tg(zxf(vv))fl

F(W) F(W)Rp,) A

commute for any object W in SC°, z € C*.
(5) The natural isomorphisms fp(.) are compatible with the associativity iso-
morphisms in SC° and Rep” A4 in the sense that the diagram
(3.39)
F(Az 25)

F(W1 Kp(zy) (W2 Bp(z,) Ws)) F((W1 Bp(zy—zp) Wa) Wp(ay) Ws)

fP(21)=W1vW2|X’p(22)W3

fP(zz);W1®P(21_22)W2,W3

F(Wh) B3 . F(Ws Rp(z,) W) F(W1 Bp(ay gy Wa) B F(W3)

21

A
Lrw)®p ) FPizg)swy,ws

A
fP(Z1—22):W1vW2gP(zz)lf(Wa)

]:(Wl) &2(21) (]:(W2) &‘If_‘,(zz) ]:(W?)))A? (]:(Wl) x?(21722) ]:(W2)) &}g(@) }-(WS)
21,22
commutes for all modules Wy, Wa, Wy in SC° and 21, 25 € C* such that
|21| > |Z2| > ‘Zl — ZQI > 0.
(6) The natural isomorphisms fp(.) are compatible with the braidings in sc’
and Rep” A in the sense that the diagram

F(RE (42
FWiBpgz) Wo) ——————— F(W2 Bp(.) Wh)
(3'40) lfp(iz);wl,w2 lfp(;z);wz,wl
RAE
P(£2)

F(Wh) B3y F(Wa)

F(W2) B .y F(Wh)

commutes for all modules Wy, W in SCY and z € C*.

THEOREM 3.68. The induction functor F : SC° — Rep’ A is a vertex tensor
functor with respect to the vertex tensor category structure on SC° inherited from
C and the vertex tensor category structure on Rep® A given in Theorem 3.65.

ProoOF. Throughout this proof, W and W; for i = 1,2, 3 will denote objects of
SC°. We will derive the required properties using ¢ = 74 : F(V) — A and

Freywaws = Tiks, o fwy wy © F(Tassn) : F(Wh Rpoy Wa) = F(Wh) B3y F(Wa)

for z € C* and modules W1, Ws in SC°, using properties of parallel transports and
the fact that F is a braided monoidal functor. First note that for each z € C*,
fp(») is an even natural isomorphism since it is a composition of even natural
isomorphisms.
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To show that the fp(.) are compatible with parallel transports, suppose 7y
is a continuous path from z; to zo in C* and let 7 denote the path from 1 to
itself obtained by first following a path from 1 to z; in C* with a cut along the
positive real axis, then following + from z; to zo, and then following a path from

zg to 1 in C* with a cut along the positive real axis. Thus Tﬁ(A) = 2(;4_)>1 °
TnsA) o Tl(i)ZI. By Proposition 3.31 and Remark 3.61, T5.w, w, = My, y, and

Tfﬁf(wl),}‘(WQ) = (Mé(wl)’}-(‘%))p, where p € Z gives the monodromy of 7. Using
these facts together with Corollary 2.68, we calculate

fP(Zz);Wl,Wz o ‘F(T'Y§W11W2) = TlA—>z2 © le,W2 o F(Tzy—1)0 -F(T'y)
=T{,., o fwywe 0 F(Ty) o F(Tsy 1)
=Tk, o fwiw, 0 F(Miy, ) 0 F(Toyn)
= ngzz °© (Mé(wl),f(WQ))p o fwywy 0 F(To 1)
=T, o T2 o fw,.wy © F(Tey 1)

A
= T’y © T1A—>z1 © le,Wz © ]:(Tzl—>1 = T’;4;.7:(W1),]:(W2) o fP(Zl)ZWIgW2’

as desired.

We prove that fp(.) and ¢ are compatible with the left unit isomorphisms. Ev-
ery morphism in the following diagram is invertible. The outer rectangle commutes
since F is a monoidal functor, the top by definition of fp(.), the left by properties
of unit morphisms in SC, the bottom by properties of unit morphisms in Rep A,
and the right by naturality of parallel transports. Hence, the square in the middle
commutes.

fv.w

FVRW) : F(V)R4 F(W)

w £TlA/

F(VBpey W) — F(V)R ) F(W)

frP)viw
.F(Lw) }-(IP(z);W)l/ \L@!Xﬁ(z)l}—m,) éplgAl}—(W)

F (W) ARE ) F(W)

(B yrewy)
lrwy=F(1lw) m

F(W) ARy F(W)

(lé(W))71

The proof of the right unit property is exactly similar.
To prove that (3.39) commutes, first recall from (3.19) and (3.38) that in both
SCY and Rep® 4 (suppressing module subscripts from isomorphisms),

(TSR, 1) 0 AL, 0 T

21,22 8l

A A A A A A A
= (T, B Do TV, 0 AN o T, o 1wy T, )),
where vy and 7 are certain paths from z; to itself and z; —z9 to itelf, respectively, that
depend only on (21, 22). (Recall that with our realization of P(z)-tensor products
in Rep® A, parallel transports for paths where the branch of logarithm does not
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change are the identity.) Thus
T, o (MR 1) 0 AW, = AW oM 0 1) T,

zo—1 21,22 P(Zl) 22—)1

where + is a path from z; to 1 obtained by first following the reversal of + and
then following a path from z; to 1 in C* with a cut along the positive real axis,
and where 7' is a path from z; — 25 to 1 obtained by first following the reversal of ¥
and then following a path from z; — 25 to 1 in C* with a cut along the positive real
axis. Using this relation, together with the definition of the fp(., the naturality of
the fp(.), the compatibility of the fp(,) with parallel transports, and the naturality
of parallel transports, we obtain the following two commutative diagrams. Here,
to save space, we use the notation ~ for F(-), we use zg = 21 — 22, and we suppress
module subscripts on most isomorphisms:

—_~— —_~—

W1 Mp(.,) (W2 Np(zy) W) ——= W1 Wp(.,) (W B W3) —= W K (W, X W3)

1xp(z1)T22ﬁ1 T '

fr(zy) fp(z1) fwi woRws

W B (1) (W2 Bp(zy) W3> > W, ¥ Bay) (W2 B W3) = Wi Ry (Wo X Wa)

p(z )ngal ~!

1®}4»(zl)fp(zz> 1|Z|P(21)fW1‘W2 1X¥a fwy, wy

WBE ) (Wa R, Wa) e W B3, (Wo B4 W) = W1 By (W B4 W)

P(z1)
P(zl) zg—1 ~/!
A A
'Azl z9 AW]:Wvaii

(W & p(z ) W) K (Zz) W3 T (W1 Ky Wo) K ( 2) W3T9 (Wh B4 Wa) Ry Wy

~/ P(z2) Zo—1

and

—_~— —_~— —_~—

W1 &P(zl) <W2 &p(z2) Wg) — W1 &p(zl) (W2 X W3) - W1 (W2 X Wg)

1|zp(z1)T22~>1 T '

Azpzg AW11W2-,W3

(Wl &p(z()) Wy ) &p(Q) W3 - (W1 X WQ) ®P(22) W3 - (Wl X Wy ) X W3

T |Z|p(22)1 Top—1

fP(zg) fP(z9) fwiBwy, Wy
(W1 &P(zo) Wa) X p(22) WS — (Wl X W,) X p(z WS v (Wl X Wa) K Ws
N’ P(22) 224»1

A A
TPz ®pag)1 fwy weBp ()1 fwq wy®al

(Wl &2(20) Wg) lZP(Q) W3 H ng |X|A Wg) & P(z2) W3 9 (W1 |EA Wg) gA W3

N’ P(zz) z2—>1

The right columns of these two diagrams are equal because F is a tensor functor,
so the left columns are also equal, proving that the fp(.) are compatible with the
associativity isomorphisms in SC° and Rep® A.
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For proving that (3.40) commutes, we use the following diagram:

(3.41)

F(Rw,,wy) or F(Ryy w,)
F(W1XWs3) F(WKW7)

w ]'-(Tli,;z
]:(R}i’(iz))

F(Willp (1) W) ————> F(Wallp(5.)W1)

Fwy,wy ifp(iz»wl‘m lfP@z);Wz,Wl fwo.wy
F(W1)Bp 4y F(Wa) AL F(W2)Rp (o) F(W1)

R
A
A
Tl—):}:z

F(W1)RAF(Wa) - - — F(Wa)RaF(W1)
Riv, . wy o7 (Riv, wy)

where every arrow is invertible, the outer square commutes by Theorem 2.67, the
top and bottom squares commute by Proposition 3.29, and the left and right squares
commute by definition of fp.). O

3.7. Some analytic lemmas

Here we state and prove a proposition that was used in the proof of Theorem
3.44. Also, for use in the next chapter, we generalize to Rep A some results on ideals
and submodules which are well known for ordinary A-modules, that is, objects of
Rep” A (see for instance [LL]).

For now, the setting is the same as in Section 3.3; in particular, C is a vertex
tensor category of modules for a vertex operator superalgebra. The following result
is similar to [HLZ8, Proposition 12.13]:

PROPOSITION 3.69. Let W1, W5, and W3 be modules in C and suppose 11,712 €
R satisfy ro > 11 > 2(ro —11) > 0. Then

<R];(T'2—T1) IXP(""Q) 1W3) © TT14>T2 ((wl |Z|P(Tzfr1) w2) |Z|P(r1) wS)

= (_1)|w1|\w2| (ylZIp(rl,TQ),O(w%elfl/z(rlim))wl) gp(rz) w3

for all ws € W3 and parity-homogeneous wy € Wi, we € Ws.

REMARK 3.70. In the statement of Proposition 3.69, we could replace (71, 72)
with (21, 22) coming from a larger set (such as an appropriate connected set related
to S2). But here we choose to restrict 71,7y € R for simplicity and with an eye
towards applying Proposition 3.20.
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PROOF. By definition (see (3.9) and (3.11)) we have

<wl, (R;(rzfm) IXP(M) L) © Ty oy (w1 IXP(M*“) ws) lzp(rl) ws))

= Z <’LU/, (RI_:'(TQ—m) &P(TQ) 1W3) © T7'1—>T'2 (7'('”(’[1)1 ‘ZP(Tzf’l"l) w2) ‘ZP(rl) ’LU3)>
neR
_ (,1)|w1||w2|.

L VL(—1 I - 1
'Z<w/7y®p(r2)70 (Wn(e(rz r1)L( )ygp(rl_r2>70(w2’e 1/2(r1 rz))wl),eogm)w3>

neR
1)l llwal Z Z (ra — 7"1

neR 520
/ j l_ — 1
. <w 7ng(T2)7O (L(—l)ﬂﬂ'n_j(ygp(rliw)’o(wg’ el-1/2(m m))wl)’ e ogrl) w3>

for w' € (W1 Wp(p,—ry) Wa) Bp(r,) W3)'. Now we would like to use the L(—1)-
derivative property and the Taylor theorem, but we cannot do this directly because
we would need to rearrange the iterated sum over n and j by replacing m,_; with
Tn, but we cannot assume the double sum over n and j converges absolutely. To
deal with this problem, we consider the open set U C C consisting of € € C such
that

r1—2(re —ry) > lg|, lre—r1+¢| >re—ry, and |ra +¢| > 1.

From the assumptions on r; and 72, U is non-empty and € = 0 is on the boundary
of U. For notational convenience, we also set ygpw)ﬂ =Y, ng(TFTQ),O =)?
and 4 — ro = 1g.

Now from Proposition 12.7, part 4 in [HLZ8], the double sum

Z <’LU y (7T'm( (YW2‘XP(ro)W1)(7T'fL(y2(w2’ el71/2(T0))w1)7 —To+ 5)1)’ elong)w3>
m,neR

— Z <w’, Pl (Wm(e(froJrs)L(fl)ﬂn(y?(wQ’ 61—1/2(T0))w1))7 elogm )w3>

m,neR
for w' € (W1 Bp(r, —r,) Wa) Bp(,,) W3)' is absolutely convergent when
| — 7o +e|>|ro] >0andry > |ro| +|—ro+¢| > 0.

In particular, the double sum is absolutely convergent when ¢ € U, so from now on
we assume € € U. Since the double sum converges absolutely, we can write it as an
iterated sum as follows:

3 <w/,yl(Wm(e(_erE)L(_l)wn(yQ(wg,el*1/2(r°))w1)),elog’"l)w3>

m,neR

= 303 (W Y (T (V2w €220 ), €15 g )

meRneR
_ —To + 5 J 7l j 2 1_1/2(r0) log 1
Z Z W', Y HL(=1) T (V= (we, e/ )wy ), e Jws
meR j>0
(*7‘0 + E)j

= Z Z e <w/7 yl(ﬂm(L(fl)jyz(w% 6171/2(%))1‘)1)3 e'o8 Tl)w3>

|
meR >0 J:
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_ Z <w/,yl(ﬂ_m(e(—ro+€)L(—1)y2(w27elfl/Q(TO))wILeIOgrl)w3> .

meR

On the other hand, because of the absolute convergence of the double sum,
we can reindex the third sum above and use the L(—1)-derivative property for
intertwining operators to obtain

3 3w Y L1 (0% 50 ) €5 )

meR 72>0
- —l—a d\’
-y y bkl (d) (w0, DM (7 (P w3, €120 ), @y )
meR j >0 v r—elog T
= Z <w/7y1(7_rm(y2(w27el71/2(ro))w1)7x ) —|—5)w3> Ctosry
meR r=e

Since 11 — rg + & = 19 + €, we need to determine the correct branch of log(rs + €)
to use when we substitute z = €'°8"1. Now,

(1ogac + log (1 + T))

logr1 + log (1 + W) ,
1

log(z — 1o + €)|y—glos

z=elosT1

’I‘OJrE

where log (1 + ) represents the standard power series for log(1+z) evaluated

at x = . Smce le] < 11 —2|rg| for e € U, we have | —ro +¢| < |ry|, as is
necessary for the power series to converge. Moreover, 1+ (—rg+¢)/r1 = (re+¢)/m
is contained in the disk of radius 1 centered at 1. Since the power series log(1 + x)
converges to the branch of logarithm which equals 0 at 1 and is holomorphic on the
disk of radius 1 centered at 1, we see that we must have

log (1 + TijLE) =1_1/2 <T2 +5) =1_1/2(r2 +¢) —logry,
1 1

—ro+e
1

where the second equality holds because r; is a positive real number. Thus we
conclude that log(z — 70 + €)|,—closry = l_1/2(r2 +¢) fore € U.
To summarize, we have now shown that

(3.42) Z <w/,yl(Wm(e(_TO+E)L(_1)y2(w2,el*I/Q(m))wl),elogm)w3>
meR
(3.43) = Z <wl,yl(ﬂ_m(\)ﬁ(w%el_1/2(ro))w1),el_l/z(r2+€))w3>
meR

for all e € U. Our goal is to show that they are also equal for € = 0, in which case
(3.42) is

(_1)\11;1\\71)2\ <’LU/, (R;(T.z_rl) ‘XP(TQ) 1W3) o Tr1—>r2((w1 IXP(rgfrl) w2) IXP(T‘l) ’lU3)>
and (3.43) is
<w/’ ny(r2)70 (y‘le(rl—rQ)vO(w2’ el,1/2(r17r2)),wl7 el,1/2(rz)> w3>

_ / l_ rL—7 logr
= <w s VR p ()0 (yxp(rl_@,o(wz,@ 1/2(ri=r2) )y, eloe 2) w3>
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- <wl’ (ylzp(r1—r2)70<w2ael71/2(rl_r2))wl> IXP(T2) ’LU3> '

It is enough to show that both series converge to analytic functions of € in a neigh-
borhood of 0, since their equality on U will then show they are equal everywhere
on their common domain, including € = 0.

First, (3.43) converges absolutely to an analytic function in a neighborhood of
e = 0 since the iterate of intertwining operators converges to an analytic function
of € in the region given by the conditions

|ra + €| > |ro| and arg(re +¢) #
([HLZ5, Proposition 7.14]). This region includes ¢ = 0 because 7o > |ro|. To
analyze (3.42), first note that I_;5(ro) = log(—ro) — i, so that
e(TTot L= Y2 (4 el-172(0) Yy = (—1)lwrllwal e L=1Q ) (V2 (wy, 18770 )y,

Now we need the following lemma:

LEMMA 3.71. Suppose Y is an intertwining operator of type (WYVWQ) where W is
a V-module. For allm € R and for r a positive real number, there is a neighborhood
U of 0 in C such that for e € (7,
o (e TD Y (wy, €% wg) =D ifwm(y(wl, el=12r N (1) wy)
7>0
for all wy € Wy and we € Ws.

PRroOF. It is enough to show that

J )
(', MDY g, 8 ) = 30 5, Vw2 L 1))
>0
for any w’ € W’ and ¢ in some neighborhood of 0. We first observe that
1(5) _ <w/’eeL(fl)y(wlyelogr)wﬁ _ <eEL(1)w’,y(w1,elogr)w2>

is a polynomial in €, and so converges for all £ € C. On the other hand,

J .
plz.2) = 3 S V(w12 L(~1)ws)
>0’
= <wlv y(wh elil/Z(Z))Q(sz)(w% 5)1>
converges absolutely to a single-valued analytic function of z and ¢ in the region
given by the conditions
|z| > |e] >0 and argz # 7

(recall [HLZ5, Proposition 7.14]; we do not need to specify a branch of loge or
impose a condition on arge since Q(Yw,)(-, z)- has only integral powers of ). But
in fact, p(z,€) remains analytic in € at € = 0 because

S, Yl e ) (1))
7w 1 2

Jj=0
for z fixed is a power series in € with positive radius of convergence at least |z|.
Also, p(z,0) is analytic when |z| > 0 and arg z # w. Now, since r is a positive real
number, there is a neighborhood U of 0 such that |r + ¢| > |e| and arg(r 4+ ¢) #
for ¢ € U. Then P(e) = p(r + ¢, ¢) is analytic in € on U.
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Now, I(¢) and P(e) are both analytic functions on U. To show that they are
equal on U , it is sufficient to show that all derivatives of I and P agree at ¢ = 0,
because this will show that they have the same power series expansion at 0 and
thus are equal in a neighborhood of 0. In fact, for K > 0,

()

K
(3.44) => (f) (w', V(L(=1)kwy, 8"V L(—1)K = *wy),
k=0

— (w’,eEL(_l)L(—l)Ky(wl,elog’")wg) .
e=

e=0

where for the second equality we use the L(—1)-commutator formula
L(-1)Y(w1, x)wy = Y(L(—1)wy, z)ws + Y(w1,x)L(—1)ws

(see for instance [HLZ2, Equation 3.28]). On the other hand, using Equation 7.37
in the statement of [HLZ5, Proposition 7.14],

(2)" 7= £ (2) gt

k=0 z=r-4¢e
K k
K d _ _
=2 (k) (dx) (w', Y(wr,z)e "D L(=1) K Fuwy)
k=0 gl —1/2(rTe)

I
M=

(5:) (), D(L(=1) el 2720F9) LD L (1)K gy,

=

0
which agrees with (3.44) at ¢ = 0 because logr = [_1/2(r). This completes the
proof of the lemma. O

Continuing with the proof of the proposition, we can use the lemma to see that
for a neighborhood of ¢ = 0, we have the equality as series over m € R:

3 <w/7yl(Wm(e(—roJra)L(—l)y?(wz’ el=1/2(0) )y, ), elogr1)w3>
meR

— (_1)\w1Hw2\ Z <w/,yl(ﬂ,m(esL(fl)Q_l(y2)(,w1’elog(fro))wQ),elogrl)w3>

meR
— (sl 373 fj‘
meR j>0 J:
: <w/7yl(ﬂm(ﬂ—l(yQ)(wl,el’”z(*”’“))L(—l)jwz), elog“)w3>
= (—1)lwallwel Z Z <w/,yl(ﬁm(Q_1(y2)(w1,61*1/2(_T°+5))'

meR neR
T (Q(Yiv, ) (w2, €)1)), €187 Jws).

By Proposition 12.7, part 3, of [HLZ8] and its proof, the last of the above series,
considered as a double sum over m,n € R, converges absolutely, when

r1>|—ro+e|>lel >0,

to an analytic function of ¢ defined in some open neighborhood surrounding 0
which might not include 0 itself. However, we show that this double series remains
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analytic at 0. Note that
> <w"y1(ﬂm(971(3’2)(w17el’1/2(z"))7fn(9(ywz)(w275)1)%6l°g“)w3>

m,nER

= 3 3 (W, Y (@1 () (wn, €2 (¢H D)), 5T )

neRmeR

J

(345) = Z E—' <wl7 yl (971(372)(101, 6171/2(20))L(_1)jw27 elog7'1)w2>

iz0 7
defines an analytic function in zg and € when z( is contained in a sufficiently small
open neighborhood of —ry and when ¢ is contained in a sufficiently small open
neighborhood (possibly not including 0 itself) surrounding 0. But for each such
20, (3.45) is a power series in € with positive radius of convergence, so the analytic
function it defines is still analytic at ¢ = 0. Then replacing zg with —rg + € for e
sufficiently small, we see that

S (0 Y Qe () w2 (Vi (w2, €)1)), €57 Y )

m,neR

is an analytic function of € at 0, and this means that (3.42) converges absolutely to
an analytic function of € in an open set containing 0.

Finally, since (3.42) and (3.43) converge absolutely to analytic functions on
some common open set containing 0, since this common open set has a non-empty
intersection with U (since 0 is contained in the boundary of U), and since the two
analytic functions agree on U, we can conclude that (3.42) and (3.43) are equal
when € = 0. This completes the proof of the proposition. ([

Now we take as our setting an extension V' C A where A is a vertex operator
superalgebra containing V' in its even part. It is not necessary to assume A is an
object in a vertex tensor category of V-modules since modules in Rep A can be
defined as in Proposition 3.46; we just need the relevant compositions of vertex
operators to converge in their respective domains.

We recall the notion of left (respectively, right and two-sided) ideal in A (see
for instance [LL, Definition 3.9.7 and Remark 3.9.8] in the vertex operator al-
gebra setting): a (not necessarily parity-graded) subspace I C A such that for
all a € A, b € I, Y(a,x)b € I((x)) (respectively, Y (b,x)a € I((x)) and both
Y(b,z)a,Y (a,z)b € I((z))). Equivalently, for all z € C*, Y(a,2)b € I (respec-
tively, Y (b, 2)a € I and both Y (b,2)a,Y (a,2z)b € I). For an object (W,Yy ) in
Rep A and a subset T'C W, define (see [LL, Equation 4.5.33])

Ama(T)={a € A|Yw(a,z)t =0for all t € T'}.

LEMMA 3.72. A parity-graded one-sided ideal I of a vertex operator superalgebra
A is two-sided.

PROOF. The result follows by observing that given parity-homogeneous ele-
ments a € A, b € I, we have

Y (a,z)b = (=)l LDy (h, —z)a

using skew-symmetry, and moreover L(—1) preserves one-sided ideals (see [LL,
Remark 3.9.8]). O

Now we have the following analogue of [LL, Theorem 4.5.11]:
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LEMMA 3.73. The annihilator Anna(T) is a left ideal of A. If T contains
the (non-zero) parity-homogeneous components of its elements, then Annx(T) is
parity-graded and hence a two-sided ideal.

PRrROOF. The annihilator Ann4(T") is clearly a subspace of A. Now we need to
show that for any a € A, b € Anns(T), n € Z,and t € T,

Yw (anb,x)t = 0.

This is equivalent to
(W', Yw (anb, z)t) =0

for any w’ € W', which, using the theory of unique expansion sets (see [HLZ5,
Definition 7.5 and Proposition 7.8]) and our assumptions on the conformal weights
of W, is equivalent to

(W', Y (anb, e'°8*2)t) = 0
for all zo in some non-empty open subset of C*. To show this, fix zo € C* such
that Re z2, Im 25 > 0. Then applying the associativity property of Proposition 3.46
to Yy and using b € Anny (T'), we get

Z(w’,YW(anb, elogzz)t>za”71 = (W', Y (Y (a, 20)b, €8 *2)t)
nez

= (W', Yy (a, e°8F0T22) )y, (b, elo822)t) = 0,

for any zg € C* such that (zg + 22,22) € S1. Such 2y form a non-empty open set,
so the (single-valued) meromorphic function Y, ., (w', Yiv (anb, €98 22)t) 2 s
identically zero on its entire domain (all zp such that 0 < |z9| < |22|). In particular,
all coefficients of its Laurent series expansion are zero. Thus

(W', Y (anb, e'°8*2)t) = 0

for all n € Z and all zo € C* such that Re 29, Im 29 > 0. Since such z5 form a non-
empty open set, it follows that (w’, Yy (anb, z)t) = 0, as desired. Thus Ann (7)) is
a left ideal. o

For the second statement, if b € Ann 4 (7)) has parity decomposition b = b +b*,
then for each non-zero parity-homogeneous ¢ € T, the coefficients of YW(bG7 x)t and
Yy (b}, )t are homogeneous of different parities. Thus because their sum is zero,
they are individually zero and #°,b! € Ann A(T). Now, Anny(T) is two-sided by
Lemma 3.72. (]

Now we prove for objects in Rep A the analogue of [LL, Proposition 4.5.6]. For
a module (W, Yy ) in Rep A and a subset T' C W, recall that the A-submodule (T")
generated by T is the smallest subspace of W containing T and closed under the
vertex operator Yyy. The submodule (T') is graded by conformal weights since it is
closed under L(0), but it may not be parity-graded.

LEMMA 3.74. The submodule (T) is spanned by the vectors anit for a € A,
neR, keN, andt €T. The parity-graded submodule generated by T is spanned
by the parity-homogeneous components of an.it fora € A,n e R, ke N, andt € T.

PROOF. Set W to be the span of the vectors an;it fora € A, n € R, k € N,
and t € T. To show that W = (T'), it is sufficient to show that W is closed under

Yy . We claim that W is graded by conformal weights. Indeed, it follows from the
straightforward generalization of [LL, Proposition 4.5.7] to logarithmic intertwining
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operators among V-modules, as in the proof of [LL, Proposition 4.5.6], that Wisa
V-submodule of W. In particular, W is L(0)-stable and thus graded by conformal
weights (see [HLZ1, Remark 2.13]).
Now set
Wt = {w e W |{w, @) =0 for all W € W}.

Since W is graded by conformal weights, so is W-L. Then it follows that W =
(Wl)L since this relation holds when restricted to each finite-dimensional weight
space. In other words, @ € W if and only if (w',wy = 0 for all v’ € W+, Thus
W= (T) if and only if for all a; € A,

(w’, Yw (a1, $1)(az)n;kt> =0

forallw € Wt,ap e A,neR, keN, teT. Using [HLZ5, Proposition 7.8], this
is equivalent to

(!, Yir (ar, €5 ) (az)nct) = 0
for all z; in some non-empty open subset of C*. We take z; such that Re z1,Im z; >
0. Then by the associativity property of Proposition 3.46,

S 3 (W, Yip (a1, €95 (az) )05 (log 2)"
neER keN

= (w', Yy (a1, €8 Yiy (ag, €18 *2)t)
= <’U)/, YW (Y(ala elog(Z17Z2))a27 elog 22)t>

= Z(w’,YW(ﬂ'n(Y(al,elog(zl_z?))ag),elOgZQ)t> =0
neR
for all z5 such that (z1, z2) € Sy. Since such 2z form a non-empty open set, [HLZ5,
Proposition 7.8] implies that each coefficient of e(="~1)19822(log 2,)* in the first
series above equals 0, as desired.

Now the subspace spanned by the parity-homogeneous components of ay,t for
a€ A, neR, keN and t € T is certainly parity-graded and contained in any
parity-graded submodule of W containing 7. Then the above argument with T
replaced by the parity-homogeneous components of elements of 1" shows that this
subspace is a submodule. Thus the second conclusion of the lemma follows. (I



CHAPTER 4

Applications

In this chapter, we apply our results on tensor categories for vertex operator
superalgebra extensions, especially the induction functor, to several explicit exam-
ples.

4.1. Examples of vertex operator superalgebra extensions

In general, it is difficult to prove that one indeed has a vertex operator super-
algebra extension. Therefore, we start with some strategies.

4.1.1. Simple current extensions. Certain types of simple current exten-
sions were studied in [CKL]. Here we summarize a few important results. Let
C be a ribbon vertex tensor category of generalized modules for a simple vertex
operator algebra V. Let J be a simple current, that is, J is simple and there exists
a simple object J~1 such that J=' X J = V. Let c¢;; be the scalar such that
RJs =cjslyxs and let 6; be the scalar by which the twist 6 acts on J.

THEOREM 4.1. [CKL, Corollary 2.8] The following relation (spin statistics)
holds:

CjJ = 9J qdim(J).

THEOREM 4.2. [CKL, Theorem 3.9] Let J be a self-dual simple current (JX.J =
V') with 85 = £1. This leads to the following four cases, with A=V & J.

(1) When 05 =1 and qdim(J) = 1, A has a natural structure of a Z-graded
vertex operator algebra.

(2) When 6; =1 and qdim(J) = —1, A has a natural structure of a Z-graded
vertex operator superalgebra with even part V and odd part J.

(3) When0; = —1 and qdim(J) = 1, A has a natural structure of a 1Z-graded
vertex operator superalgebra, with even part V. and odd part J.

(4) When 6; = —1 and qdim(J) = —1, A has a natural structure of a 17-
graded vertex operator algebra.

In many cases, qdim(J) is easily deduced from modular S-matrices. Natu-
rally, we refer to the cases with qdim(J) = 1 as producing “correct statistics” and
qdim(J) = —1 as “wrong statistics.” In the next section, we will derive Verlinde for-
mulae corresponding to these cases. A natural generalization of the above theorem
when J is not necessarily self-dual was also given in [CKL], using [Cal].

There is also a criterion based on conformal weights that determines when
objects in C induce to objects of Rep® A. Let G be the group generated by a simple

current J and let
A= .
geG

125
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Assume that A is a vertex operator superalgebra, which is the case if the twist
satisfies

050 € £1 and 050 = 9Jg+2

for all g [CKL, Theorem 3.12]. Let ho denote conformal dimensions, that is, lowest
conformal weights.

THEOREM 4.3. [CKL, Theorems 3.18 and 3.20] Let P be an indecomposable
generalized V -module in C.

(1) If P is a subquotient of a tensor product of several simple modules, then
F(P) is in Rep® A if and only if hygp — hy — hp € Z.

(2) Suppose J has finite order and P satisfies both dim(Hom(P, P)) < oo and
dim(Hom(J X P, J K P)) < co. Assume also that L(0) has Jordan blocks
of bounded size on both P and JX P. Then F(P) is an object of Rep® A
if and only if hyxp —hy — hp € Z.

If C is locally finite, the finiteness assumptions in part (2) are satisfied auto-
matically. Among other things, this criterion led to a new proof of rationality of
parafermions for affine Lie algebras at positive integral levels in [CKLR]. We shall
use this and similar criteria below.

We now present two propositions that we shall frequently use below. The first
is stated for extensions that are not necessarily of simple current type:

PROPOSITION 4.4. Let A be a vertex operator (super)algebra extension of V
with VC AY and both A, V simple, and suppose A = D,cr Ai as a V-module with
each A; a simple V-module. If W is a simple V-module such that each non-zero
A; Ry W is a simple V-module and each non-zero A; My W 22 A; Wy W unless
i =7, then F(W) is a simple object of Rep A.

PRroor. Since A;Xy W 2 A; Xy W unless ¢ = j, the A; are non-isomorphic V-
modules. Since V C AY, the parity-homogeneous components of A are V-modules,
and so because the A; are distinct and simple, the Density Theorem implies that
A® and A! are direct sums of certain A;. That is, each A; has definite parity.

We have F(W) = @, ; Ay W. We will identify the component isomorphic to
W in F(W) with W and let W; = A; Xy W. Since W is a simple V-module, it must
have definite parity as an object of SC; thus the parity-homogeneous components of
F(W) are ARy W and A' Ky W. If X is a non-zero A-submodule of F(W), then
because the A; Ky W are simple and mutually inequivalent, the Density Theorem
implies there is some j € I such that W; = A; Ky W C X. Let (IW;) be the
A-submodule of F(W) generated by W;.

Now, we prove that (W;) = F(W), so that F(W) = (W;) C X, that is,
X = F(W). We use the observation that for any non-zero and parity-homogeneous
aceA, weW,

(angw|n € R, k € N) = (w),
where angle braces denote the generated submodule and a,,.;w is the coefficient of
7" Ilogz)* in Yiy(a,z)w. Indeed, it is clear that (a,,w|n € R, k € N) C (w).
Then a is in the Z/2Z-graded annihilator ideal (see Lemma 3.73) of the image of w in
the Z/2Z-graded quotient module (w)/ (an,w|n € R, k € N). Since a # 0 and A is
simple, this means A annihilates the image of w in the quotient. Since the image of
w also generates the quotient, the quotient is zero and (a,.rw |n € R, k € N) = (w),
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justifying the observation. Now take a non-zero a € A; and non-zero w € W; both
of these vectors are parity-homogeneous. Then the observation implies

(W;) 2 (angw|n € R, k € N) = (w) = F(W)
as desired; here we are identifying w € W with 1 Xy w € V Ky W. 0

PROPOSITION 4.5. Let C be a semisimple vertex tensor category of modules for
a simple vertex operator algebra Ag, and let A be a simple (super)algebra in C such
that A = @gec Ag for G a finite abelian group and Ay Ay =2 Ay, for g,h € G.
Assume fized-point freeness: for every simple module W in C, AgXW = W implies
g=1. Then:
(1) If W is simple in SC, then F(W) is simple in Rep A.
(2) Every simple object in Rep A is isomorphic to an induced object.
(8) If W is simple in SC, then F (W) is isomorphic to F(Ay WK W) in Rep A
for any g € G.
(4) Suppose C is a ribbon category and 04 = 14. If Wy, Wy are two simple
objects of SC such that F(W1), F(W,) are objects of Rep® A, then for
every g,h in G,

S;'J(Aggwl),f(Ah&WQ) = S;'J(Wl),]:(Wg)'

PRrooF. Since A;A_, = Ay, each A, is a simple current, and hence A, KW
is simple for any simple object W of C (see [CKLR]). Now the first assertion is
immediate from Proposition 4.4.

Now let X be a simple object in Rep A. By the semisimplicity of C (and thus
also of SC) we have X =sc €P,.; Xi, where the X; are simple objects in SC. For
any such X;, we have the (non-zero, even) C-inclusion X; < G(X) where G is the
restriction functor, so by Lemma 2.61, there is a non-zero, even Rep A-morphism
f:F(X;) = X. Since Ay X - is fixed-point free, Proposition 4.4 shows that F(X;)
is simple. Then by Schur’s Lemma, f : F(X;) — X is an isomorphism.

This argument also implies that F(X;) =& F(X,) =2 X whenever X;, X; are
two summands appearing in the direct sum decomposition of G(X). Now, if W is
simple in C, then A; X W and W = Ay ® W are summands in G(F(W)). Hence,
the previous argument shows that F(W) = F(4, K W) for any g € G.

From Proposition 2.86, induced objects in Rep® A form a ribbon category since
04 = 14. Then the conclusion about the S®-matrix is easy by properties of traces
and monodromies: if f; : X7 — X7 and f5 : X5 — X5 are any even isomorphisms
in a ribbon supercategory, then

5% % = Mz, %)
= Te((f1 B f2) o M, x, 0 (fT ' B f5 1)) = (M, x,) = 5%, x,
using Corollary 2.85. |

REMARK 4.6. In Propositions 4.4 and 4.5, there is some ambiguity about what
is a simple object in Rep A: should it have no proper non-zero A-submodules, or
should it have no proper non-zero Z/2Z-graded A-submodules? We will discuss
this issue in more detail in Section 4.2, but for now we note that it does not affect
the results here. In the proof of Proposition 4.4, no Z/2Z-grading assumption was
needed for the submodule X, because the conclusion that (WW;) C X for some j
followed from properties of modules for the vertex operator algebra V. Thus under



128 4. APPLICATIONS

the assumptions of Proposition 4.4, simple V-modules induce to modules in Rep A
which are simple in both possible senses. The distinction between the two possible
meanings of simplicity in Rep A also does not affect Proposition 4.5 because the
evenness of the morphism f : F(X;) — X in the proof of part 2 implies that its
kernel and image are Z/2Z-graded; hence Schur’s Lemma applies regardless of what
is meant by the simplicity of X.

ExXAMPLE 4.7. Some of the best-known rational and Cs-cofinite vertex algebras
are those associated to even lattices L, denoted Vi [FLM, Do]. The inequivalent
simple modules M), are parameterized by A € L'/L with L’ the lattice dual to L.
Moreover, the fusion rules are given by addition in L’'/L, that is,

My &M, = My,

Especially, every simple object is a simple current. Their dimensions qdim (M) =1
follow immediately from the modular transformations of characters. Let L C N C
L'. If N is an even lattice, then the M) for A € N/L are Z-graded, so

A:@M,\

AeN/L

is a vertex algebra extension of V. If NV is an integral lattice, then A is a vertex
superalgebra.

More interesting vertex operator (super)algebras can be obtained from known
ones via standard constructions such as kernel of screenings, cohomologies, and
cosets. We illustrate this next in a few examples involving well-known vertex oper-
ator algebras such as lattice and Virasoro vertex operator algebras, and affine vertex
operator algebras associated to sl;. We start with extensions of tensor products of
triplet algebras as subalgebras of lattice vertex superalgebras.

4.1.2. Extensions associated to WW(p)-algebras via kernels of screening
charges. The general idea of this subsection is as follows: Let V be a vertex
operator algebra, W a V-module, and ) a screening operator, that is, the zero-
mode of an intertwiner from V to W, such that its kernel is a vertex operator
subalgebra U C V. Then one uses extensions of V' to construct extensions of the
subalgebra U. In our example here, V will be a lattice vertex operator algebra,
and we will construct some new vertex operator algebras as extensions of tensor
products of W(p)-algebras. The W(p)-algebras are non-rational vertex operator
algebras, but they are Cs-cofinite, simple, and self-contragredient. They are by far
the best understood class of vertex operator algebras of this type: see for example
[Kau, FGST2, AM2, AM3, AM4, TW1]. We use [CRW] as reference.

Define ay = /2p and a_ = —/2/p. Consider the vertex operator algebra
V. japz associated to the lattice V/2pZ. The vertex subalgebra of V. /2pz given by

X1+(p) = W(p) = Ker </ Q- Vmpr — V\/%ZJra)

is the triplet algera W(p), where )_ is the vertex operator corresponding to the
dual lattice element e“~, and [ stands for its zero mode. The subalgebra W(p) has
a different conformal vector than V,_ z, given by

1 p—1
ia(fl)Q - T a(—2)
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with (a,a) = 1. The kernel

X1 (p) = Ker (/ Q- Vympzip = V¢m+p+a>

is a simple W(p)-module denoted by X (p). From [CKL, Equation 4.5], the di-
mension of this module is
qdim(Xy (p)) = —(=1)".
Let
Wi=W(p1) ®@--- @ W(pn)
for a choice of n triplet algebras W(p1), ..., W(p»). Define two lattices

L= \2pZ&\2p2Z® - ® \/2pn 1Z®\/2pnZ  and

N o= /]91Z69 IPQZ@ /anz@ /&Z

so that N/L = (Z/2Z)". Let L C R C N be another lattice, so that R/L can be
identified with a binary code Cr C(Z/2Z)". We require R to be an integral lattice
so that one has the lattice vertex operator algebra Vy if R is even and the lattice
vertex operator superalgebra otherwise. Let

n
Wkg = ﬂ Ker (/Q(_Z) Ve — VR+a(_i})

=1

where Q') is the screening charge of W(p;) and o' is the dual lattice vector with

all entries equal to zero except the i-th one being —+/2/p;. Then Wg is a vertex
algebra as it is the joint kernel of screenings of a vertex operator algebra. Defining

m:72/2Z — {£} by 7(0) = + and 7(1) = —, we have
Wi @ Mla), M(x) = X7 (p) ® - © X7 (p)
zeCRr

as a module for W. Note the conformal dimension
_ 3p; — 2
AXT (pi) = ——

4
We have several interesting cases:

(1) If p; =0 mod 4 for alli =1,...,n, then N is an even lattice and hence
so is R. It follows that Vg is a vertex operator algebra and hence so is
Wg. Since A(X7 (pi)) = % = 1 mod Z, even code words correspond
to Z-graded modules and odd code words to (Z+ %)—graded modules. This
means that if Cg is an even code, then Wg is a Z-graded vertex operator
algebra, and otherwise Wg is a %Z—graded vertex operator algebra.

(2) If p, =2 mod 4 for all i = 1,...,n, then N is an odd lattice. It follows
that R is an even lattice if Cr is an even code and an odd lattice other-
wise. Hence Vg is a vertex operator algebra if Cg is even and a vertex
operator superalgebra otherwise. Since A(X; (p;)) = % =0 mod Z,
all modules are Z-graded. This means that if Cr is an even code, then Wg
is a Z-graded vertex operator algebra, and otherwise Wg is a Z-graded
vertex operator superalgebra.
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(3) If p, =1 mod4 for all i = 1,...,n and Cg is a doubly even code,
then R is an even lattice. Hence V3 is a vertex operator algebra. Since
AXT () = % = 1 mod Z, Wg is Z-graded, that is, Wg is a Z-
graded vertex operator algebra.

4.1.3. Extensions associated to Virasoro algebras via screenings and
cosets. Now we will construct extensions of tensor products of Virasoro algebras.
We present two methods, using screening charges and cosets. While the first method
is more general (and similar to the previous subsection), the second has the advan-
tage that it allows one to prove that the extension algebra is a simple vertex operator
algebra. The general idea is as follows:

Let V be a vertex operator algebra and U C V a vertex operator subalgebra
with a different conformal vector. Then the subalgebra

C=Com(U,V)={ceV |[Y(c,z1),Y(u,z2)] =0 for all u € U}

is called the commutant or coset subalgebra of V. Often, U is an affine vertex
subalgebra of V', and it turns out that many important vertex operator algebras
appear as cosets of affine vertex subalgebras inside larger structures. Probably the
best-known family is V = V¥~1(g) ® Li(g) and U = V*(g) for g a simply-laced
Lie algebra and V*(g) the universal affine vertex operator algebra of g at level k
and L(g) its simple quotient. In this case the coset is the principal W-algebra
of g at a certain level ¢(k) depending on k [ACL2]. This means that the coset
of U =VFk(g) in V = V¥ 2(g) ® L1(g) ® L1(g) is automatically an extension of
the tensor product of the principal W-algebras of g at levels ¢(k — 1) and ¢(k).
The principal W-algebra of sly at level k is the Virasoro algebra at central charge
13 — 6(k 4+ 2) — 6(k +2)~'. It turns out that more general coset theorems can be
very effectively used to construct many families of extensions of tensor products of
W-algebras; see [ACF, Theorem 9.1].

We turn to the example of the Virasoro algebra. As reference on screening
charges and the subtleties on choosing contours we refer to [TK1, TK2, TW2];
we also use [IK, dFMS]. Denote by Vir(u,v) the simple rational Virasoro vertex
operator algebra of central charge

)2
S Clatll
uv
Then let oy = /2v/u and a— = —/2u/v so that aya_ = —2. Further set
ap = ay +a_. We set
17 n 1-s
Qrs = —— 0y 5 O

Modules of Vir(u,v) are then constructible as cohomology of an s-fold contour,
a screening charge @[5, acting on Fock modules of a rank one Heisenberg vertex
operator algebra. The result is

Wrs ifA=a,,forl1<r<u—-landl<s<v-1

0 otherwise

(41)  HOW(F)) = {

The W, s are simple, every simple Vir(u,v)-module is isomorphic to at least one of
them, and further W, ; = W,,_, ,_s. The conformal dimension of W, s is
1 (rv —us)? — (u —v)?

hr,s = 5057“,5(047’,3 - O[o) =

4uv
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with ag = a4 + a—. The Virasoro vertex operator algebra itself is Wi ;. We next
want to extend

V = Vir(ui,v1) ® - - - @ Vir(uy, v,)
for some choice of n Virasoro vertex operator algebras. Let

(4) v\ n_1=7r @, 1=5 @
oy =42 o and ay’y 5 ay’ + 5 O -

Let

(n

I — O‘Siz e agiz DD O‘2,1_1)Z P agfl)Z
and N an even sublattice. Let Q) = Qﬁ}) The cohomology H? (Vi) of

Q:Q(1)+...+Q(n)

associated to the n screening charges Q) ..., Q™ corresponding to the choice of
n Virasoro vertex operator algebras is then a module for V. Since Vy a vertex
operator algebra, the same is true for H%(Vy) provided the latter is Z-graded by
L(0). If we replace N by an integral lattice we might end up with a vertex operator
superalgebra. This grading question is described by the inner product with a vector

p:a(()l)+--~+oz(()”), aéi) :a$)+a(j)7

namely:

THEOREM 4.8. If N is an even lattice extending the rank n Heisenberg vertex
operator algebra, then HP(Vy) is a vertex operator algebra if and only if (p, \) € 27
for all X in N. Let L O N be another lattice such that L/N = 7./27 and with glue
vector 7, that is L = N U (N + ). Then we have the following cases:

(1) HR(Vy) is a Z-graded vertex operator algebra if v and (p,~y) are even.
(2) HQ(Vy) is a 3Z-graded vertex operator algebra if 42 is even and (p,7y) is

odd.

(3) HY(Vy) is a 3Z-graded vertex operator superalgebra if 42 is odd and (p, )
1S even.

(4) HR (VL) is a Z-graded vertex operator superalgebra if ¥* and (p,v) are
odd.

The following illustrates the theorem:

COROLLARY 4.9. Let u,v,w be positive integers such that both v and w are
coprime to u. Then

u—1
Avio,w = @ Wz‘(,llw) ® Wi(,lllyw)
i=1

for v+ w = 2du has a vertex operator superalgebra structure extending Vir(u,v) ®
Vir(u,w) if d is odd and a vertex operator algebra structure extending Vir(u,v) ®
Vir(u, w) if d is even.

ProoF. We have that ail) = /2v/u and af) = /2w/u. Define

1
A= 5 (ozg_l),af)) € R?
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and the rank one lattice L = AZ. Then from (4.1) it is clear that

WY oWt i1 <i<u—1

H(Fu_ip) =
( @ )A) {O otherwise

and hence
u—1
HO(V) =P Wi ewli,

i=1

It remains to verify conformal dimensions. We have

A2 lv+w d
AR =5 =1w "3

so that V7, is a vertex operator algebra if d is even and a vertex operator superalgebra
if d is odd. Moreover the conformal dimension of H?(F_;),) is

(wi—u)?—(v—u)? (wi—u)?—(w—u)?

A (HQ (}—(1_1»)) - 4uv 4uw

(i = 1) (v +w) :1_i+d(i2—1)

i tu 2

so that we have
A(F)\) =A (HQ(]:(lfi))\)) mod Z,

that is, H?(Vy) is also a vertex operator superalgebra if d is odd and a vertex
operator algebra if d is even. O

It is not clear from the construction whether the vertex operator (super)algebra
structure on Ay, ., is simple. When d = 1, another construction shows that Ay w
can be given a simple vertex operator (super)algebra structure:

THEOREM 4.10. Let

k= —2= -3, v4+w=2u and v < u.

Then
Au;v,w ~ () = Com (Lk+2(5[2),]:(4) ® Lk(5[2)>

as Vir(u,w) ® Vir(u,v)-modules. In particular, Cy is a simple vertex operator
algebra extension of a rational vertexr operator algebra.

PROOF. Let wy,w; be the fundamental weights of sly, so that Ly (sl2) = L(kwo).
Recall that the vertex operator superalgebra F(4) of four free fermions is isomorphic
to

F(4) = (Ly(sls) @ Ly(sl2)) ® (L(w1) ® L(wy)) .
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Using Remark 10.3 of [IK] it is a computation to verify that
F(4) ® L(kwy) = (L(wo) ® L(wg) ® L(kwp)) & (L(w1) ® L(wy) & L(kwy))

1%

u—1
( @ Lwo) @ L((k+2—m)wy+ (m—1Dw;) ® Wmu,’lv))GB

m=1
m odd

) < ue_a Lw)®L((k+2—m)wy+ (m—1w) ® Wr(éf’lv)>

m=2
m even
u—1 w-—1
o~ D L(k+3—mwo+ (m — w) @ W) o wi”

Ayov i = Com (Ly12(sla), F(4) ® Li(sly)) =: Ck

as Vir(u, w) ® Vir(u, v)-modules. Cosets of this type are simple [ACKL, Corollary
2.2] since Ly42(sl2) is rational. Simplicity also follows without using rationality
from [Lil, Ca] since all three vertex operator superalgebras involved have positive
energy and unique vacuum, since the weight-1 space of each is in the kernel of the
Virasoro mode L(1), and since the unique non-degenerate supersymmetric invari-
ant bilinear form on F(4) ® L(kwp) restricts to a non-degenerate supersymmetric
invariant bilinear form on L y2(slz) ® Cj. See the following remark for a discussion
of this issue. ]

REMARK 4.11. In many cases, simplicity of a vertex operator algebra is equiv-
alent to existence of a non-degenerate symmetric invariant bilinear form. A precise
statement is:

Let V = @,,c; Vi be a vertex operator algebra such that V,, = 0 for n < 0
(positive energy) and Vp = C1 (unique vacuum) and L(1)V; = 0. Then there is
a unique (up to scale) symmetric invariant bilinear form By on V [Lil, Theorem
3.1]. Let I C V be an ideal; then I NVy = {0} and thus by [Lil, Equation 3.1],

By(u,v) =0 foralluel, veV.

In other words, this bilinear form is non-degenerate if and only if V' is simple.

Let V now be a vertex operator superalgebra which is an order-two simple
current extension of its even vertex operator subalgebra V0. That is, the odd part
V1 of Vis a self-dual simple current. Assume that V0 satisfies the same conditions
as V above, so that V? is simple if and only if the unique invariant symmetric
bilinear form on V9 is non-degenerate. This induces a supersymmetric invariant
bilinear form on V = V% ® V! by [Ca, Lemma 3.2.5] and the same argument as
above carries over so that this induced bilinear form is non-degenerate if and only
if V' is simple.

The well-known fusion rules of the Virasoro minimal models allow us to induce
Wl(i’v) ® Wl(fz’w). Call A the superalgebra object corresponding to either Cj or

UU,W -

COROLLARY 4.12. f(Wl(j;’v) ® Wl(jz’w)) is in Rep® A if and only if s +t € 27.
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PrROOF. We know from Lemma 2.65 that a module W induces to a Rep® A-
object if and only if the monodromy M4 w = 1axw. Now, using Virasoro fusion
rules,

W e W) B Wi e wiy™) = Wi ' witt) e (Wi B wi)
= Wz‘(,?v) ® Wz‘(,qthv)'

Using balancing and conformal dimensions, M4 w = 1axw if and only if h%’v) +

hg,ul’w) + hg”i;”) + thg’”) — hg:i’v) - hgjlt’w) € Z, for all ¢. This in turn happens if and

only if (i — 1)(s +t)/2 € Z for all 1. O

There are also extensions of Eg and Eg type:
COROLLARY 4.13. Let u =11, v =10, and w = 12, that is, k + 2 = 10; then
Cr & FOW{T" @ wi5™)

is a vertex operator superalgebra extension of Cy.
Let u =29, v =28, and w = 30, that is, k + 2 = 28; then

O o FWL” @ W) e Fws” @ W) @ Fw @ wits)
is a vertex operator superalgebra extension of Cy.

PRrROOF. The well-known type Eg, respectively Es, extensions of Ly (slz) and
Log (sl3) are given by [KO, Example 5.3]:

Ly (sl2) @ L (4wo + 6w1) ,
respectively
Log (5[2) @® L (18w0 + 100.}1) @ L (100.)0 + 18&)1) e L (280.}1) .

The corresponding statement for the even vertex operator subalgebra of C} then
follows by mirror extension for rational vertex operator algebras [Lin, CKM].
The odd part of C) is a simple current of order two for the even vertex operator
subalgebra of Cj. It induces to a simple current of the extension of the even vertex
operator subalgebra of Cj, and the corresponding simple current exensions are the
claimed vertex operator superalgebra extensions of Cj. (]

Another extension of L(sly) is the following. Let k = —2 + % for a positive
integer p. This is not an admissible level for sly and in that instance Lg(sly) has a
simple vertex operator algebra extension [Cr1]

Y, = @(Qm + 1)L ((k — 2m)wo + 2mwy) .
m=0

In fact the group SU(2) acts via automorphisms and

o0
Y, = @ Pomw, @ L ((k—2m)wy + 2mwy) .
m=0
as SU(2)® L (slz)-module [ACGY]. It would be interesting to identify and under-
stand the Virasoro vertex operator algebra extension Com(Vi41(slz2), L1(sl2) ® V).
A natural expectation is that this coset is closely related to the triplet algebra

W(p+1).
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REMARK 4.14. Another interesting observation is that Lii2(sls) C Li(sle) ®
F(3) so that F(1) € Cy. Let Dy, = Com (F(1),C%). Then [CL2, Example 7.8]
suggests that the even vertex operator subalgebra of Dy is strongly generated by
three fields of conformal dimension 2, 4, and 6. There are two known families of
vertex algebras of this type, namely the principal W-algebra of type B3 and the
Zso-orbifold of the N = 1 super Virasoro algebra and indeed this coset coincides
with the simple Zs-orbifold of the NV = 1 super Virasoro algebra at corresponding
central charge [CFL, Remark 5.3].

4.2. Verlinde formulae

One of the high points of the theory of regular vertex operator algebras is the
Verlinde formula, conjectured by Verlinde [Ve] and proven by Huang [Hu6], for
the fusion rules of the vertex operator algebra in terms of the modular S-matrix.
We start by recalling this formula:

Let V be a regular vertex operator algebra, X a V-module, and [Rep V] the
set of equivalence classes of simple V-modules. The modular S-matrix is defined
by the modular S-transformation of torus one-point functions. For this let L(0) be
the Virasoro zero-mode of V' and ¢ the central charge; then the character of X is
defined to be the graded trace

ch[X](1,v) := trx (qL(O)—iO(UD 7 g = 2™

for v € V and o(v) the zero-mode of the corresponding vertex operator. Including
zero-modes o(v) ensures that characters of inequivalent simple V-modules are lin-
early independent. Thus the C-linear span of characters is isomorphic to the vector
space C[Rep V] whose basis elements are labeled by the elements of [Rep V]. We fix
one representative of each equivalence class. Abusing notation slightly, we denote
this set of representatives by [Rep V] as well. Then Mdobius transformations on the
linear span of characters define an action of SL(2,Z). If v € V has conformal weight
wt[v] with respect to Zhu’s modified vertex operator algebra structure on V' [Zh],
the modular S-transformation has the form

1
(4.2) ch[X] (T,v> — pwt[r] Z Sx.y ch[Y](r,v).
Ye€[Rep V]

Recall that the fusion rules are defined as the dimensions of spaces of intertwining
operators. Verlinde’s formula for Z-graded vertex operator algebras is then

Sx,zSv,z - (S Hzw
(4.3) Ny =

S 3
Z€[Rep V] viz

and the fusion product satisfies

XKy Y @ NYy - W.
WeRep V]

In this section, we will get Verlinde formulae for regular vertex operator super-
algebras of correct and wrong boson-fermion statistics, as well as for regular vertex
operator algebras with wrong statistics. The main idea is to use the induction
functor to show and then exploit the correspondence between simple modules for
V and for A=V @ J, where A is a simple current extension of order 2.
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4.2.1. Preliminaries. We begin by discussing the notions of simplicity of
objects in Rep A and Rep A. Recall from Proposition 2.14 that SC is abelian and
from Remark 2.31 that Rep A is not necessarily abelian (although its underlying
category Rep A is abelian). For this reason, some care is needed in dealing with
the notion of simple object in Rep A. It is useful to define simplicity in Rep A and
Rep 4 in terms of submodules:

DEFINITION 4.15. An A-submodule of an object (X, px) in Rep A is an object
W of SC together with an injection i : W — X such that Im(uxo(14 Kh)) C Im(h).
We say that two A-submodules (W, h) and (W, h) are equivalent if there is an SC-
isomorphism k: W — W such that h ok = h.

REMARK 4.16. For a vertex operator superalgebra extension V C A with V'
contained in the even part of A, an equivalence class of A-submodules of an object
(X, pux) in Rep A amounts to a not-necessarily-Z/2Z-graded subspace of X that is
closed under the vertex operator Yx for A acting on X.

DEFINITION 4.17. Supppose A is a vertex operator superalgebra extension of V'
such that V C A°. An object (X, ux) is simple as an object of Rep A, respectively
as an object of Rep A, if 0 and X are the only A-submodules, respectively the only
7./2Z-graded A-submodules, of X up to equivalence.

Recall that sometimes an object in a category is defined to be simple if all
its endomorphisms are scalar multiples of the identity. This notion of simplicity is
equivalent to Definition 4.17 if Rep A is semisimple, that is, if every object of Rep A
is a direct sum of finitely many simple objects in the sense of Definition 4.17:

PROPOSITION 4.18. Suppose A is a vertex operator superalgebra extension of
V such that V.C A°. If (X, ux) is simple as an object of Rep A, respectively as an
object of Rep A, then Endrep 4(X) = Clx, respectively Endrep a(X) = Clx. The
converse holds if Rep A is semisimple. -

PROOF. Suppose (X, px) is simple as an object of Rep A and f € Endgep 4(X).
Since f preserves the finite-dimensional weight spaces of X, f has an eigenvalue
A. Since f is even, the corresponding eigenspace X is a non-zero Z/2Z-graded
A-submodule of X. Since X is a simple object of Rep A, X = X and f = A\lx.

Now suppose (X, ux) is simple as an object of Rep A and f € Endgep 4(X)
with parity decomposition f = f%+ f!. Both f* and f' are Rep A-endomorphisms
of X; we need to show that f is a scalar multiple of 1x and f! = 0. Now, f%is a
scalar multiple of 1x by the argument of the previous paragraph. As for f L suppose
A is an eigenvalue of f!, which exists because f! preserves the finite-dimensional
weight spaces of X due to the evenness of L(0), and let X be the corresponding
eigenspace. We claim that

W:{w+iPX(w)|w€XA}
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is an A-submodule of X, where Px is the parity involution of X. Indeed, for a € A
with parity decomp051t10n a=a"+a! and w € X, we have

Yx (a,z)(w + iPx (w))
= (YX(aG,x)w +1iYx (ai,x)PX(w)) + (iYX(aG,x)PX (w) + YX(aI,:E)w)

- (Yx(aﬁ, 2)w + iV (al, x)PX(w)) +iPyx (Yx(aa, o)w — iPx (Yx (dl, x)w))

_ (YX(aG, 2w + iYx (a, x)PX(w)) +iPy (Yx(aﬁ, 2)w + iYx (al, a:)PX(w)) :

and the coefficients of powers of x and logz in Yy (a°,z)w + iYx (al, z) Px (w) lie
in X because

7t (Yx (0, + i¥x (!, 2) Py (w)) = Vi (a®, 2) [ (w) = iVx (a',2)(f" 0 Px)(w)
—YX( ,x)f ( )—HYX(G Clﬂ)(PXOf )(w)
A(Yx(aﬁ x)w+zYX(a , ) Px (w ))

Because X is simple as an object of Rep A4, either W =0 or W = X. If W = 0,
then w = —iPx(w) for all w € X, so that X, = Px(X,). If on the other hand
W = X, then for any non-zero w € X}, there is some non-zero w’ € X such that
w = w' 4+ iPx(w'); thus Px(w') = —i(w — w’) and X N Px(X)) # 0. Either way,
X N Px(Xy) # 0; but it is easy to see that Px (X)) is the eigenspace of f1 with
eigenvalue —\. Thus we must have A = 0. In particular, Ker f 1 is non-zero; Ker f 1
is also an A-submodule because f g parity-homogeneous. Thus since X is simple,
Ker f! = X and f! = 0, as desired.

For the converse, assume Rep A is semisimple. If (X, ux) is an object of Rep A
such that Endgrep, 4 = Clx, suppose that W is a Z/2Z-graded A-submodule of X.
Then because Rep A is semisimple (with simple objects defined as in Definition

4.17), there is a Z/2Z-graded A-submodule W of X such that X = W & W. Then
the projection gy o py with respect to this direct sum decomposition is a Rep A-
endomorphism of X, which must be a scalar multiple of 1x. This can only happen
if W=0or W =X, so X is simple as an object of Rep A.

Now suppose Endrep 4 = Clx, and suppose W C X is an A-submodule. It
is easy to see that Px (W) is also an A-submodule. Now, the A-submodules W +
Px (W) and W N Px (W) are Px-stable, which means that they are Z/2Z-graded.
Since by assumption Endrepa = Clx = Endgepa(X), the previous paragraph
shows that X is simple in Rep A. Thus X + Px (W) and WNPx (W) are both either
Oor X. If W+ Px (W) =0, then W = 0. If on the other hand W N Px (W) = X,
then W = X. The other possibility is W + Px (W) = X and W N Px(W) =0. In
this case, X = W@ Px (W) as an object of Rep A with neither W nor Px (W) equal
to 0. But this is a contradiction since then projection onto either W or Px (W) is
a non-scalar Rep A-endomorphism of X. Thus either W =0 or W = X, and X is
simple as an object of Rep A. O

It is clear that simplicity in Rep A is a stronger condition than simplicity in
Rep A. The next two propositions, which are independent of the statistics of A,
characterize the discrepancy between these two conditions; they can be proved
similarly to [Wal, Yal], but we reproduce the proofs for completeness.
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PROPOSITION 4.19. Suppose A is a vertex operator superalgebra extension of
V such that V. C A%, and suppose X = X% @ X! is a simple object of Rep A.
Then either X is simple as an object of Rep A or there exist an Aé—isomorphism
0: X" 5 X1 and A-submodules Wy C X such that

X=W_.eW_ as Aﬁ-modules, and hence as V -modules,
(44)  We = {20+ p@)]2" € X°},

X0~ x' Wo=W_ as AP -modules, and hence as V-modules.

PrOOF. We may assume X is not simple as an object of Rep A so that there
is a non-zero, proper A-submodule W, C X. As in the proof of the preceding
proposition, W_ = Px (W) is an A-submodule, and W, + W_ and W, N W_
are Z/2Z-graded A-submodules. Since X is simple as an object of Rep A, we have
Wi+ W_ =X and W, NW_ =0, so that X = W, & W_ as V-modules.

Now any 9 e X0 Can be written uniquely as a0 = wy + w_ for some wy €
0 0 _
1

W. Since Px(2°) = 20, the unlqueness implies that w_ = Px(w) and so x
wy + Px(wy) = 2w+ Slmllarly, any 21 € X! can be written uniquely as
wy—Px(wy) = 2w} 1. Therefore, there is a unique linear isomorphism ¢ : X 0% X
satisfying

=i

(4.5) 20 + p(2°) e Wy

given by p(wl) = wl; that is, ¢ maps 20 = wy + Px(wy) to 2! = wy — Px(wy).
It is now clear that (4.4) is satisfied. We just need to prove that ¢ is a morphism
of A%-modules. Since 20 + p(z%) € W,

Yx(a®,2)(2” + p(a")) = Yx(a®, 2)a® + Yx (a°, 2)p(a") € Wy [log 2]{z},
0

Yx(a®,2)2° € X%logz]{z}, Yx(a®,z)p(a) € X' [logz]{x}.

for any a® € AY. These parity considerations together with (4.5) now show that

(4.6) p(Yx (a®,2)a%) = Y (a°, 2)p(a®).

Now the last assertion of (4.4) is clear. O

PRoOPOSITION 4.20. Suppose A is a vertex operator superalgebra extension of
V such that V.C A®. Then A is simple as an object of Rep A if and only if it is
simple as an object of Rep A.

PrOOF. We only need to prove the “if” direction as the “only if” direction
is clear. Assume towards a contradiction that A is simple in Rep A but not in
Rep A. Let ¢ : A? — AT be the A%-isomorphism of Proposition 4.19. Then for
any a’,b’ € A%, a' € A!, the first equation below is (4.6) and the second follows
similarly:

(4.7) (Y (@, 2)") = Y (a®, 2)p(10),
(48) (Y (' 2)p(t) = Y(a',2)b".
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Now we get

P(Y (p(a%), 2)p (1)) = Y (p(a®), 2)b° = " VY (10, —2)ip(a”)
= exL(fl)cp(Y(b(), —:c)a()) = @(ezL(fl)Y(b(), —x)aﬁ)
= (Y (a®, 2)°),

which implies
Y ((a®), 2)p(b°) = Y (a°, )b°

since ¢ is an isomorphism. However, parity considerations show
Y(p(a®), 2)p(t°) = =" VY (p(1°), —2)p(a”)
= P DY (B0, —2)a® = —V (a®, 2)b°,

implying that Y(aa, :1c)b6 is identically 0, contradicting the properties of the vacuum.
O

In light of the previous proposition, we omit specifying the category when we
say that a vertex operator superalgebra extension is simple.

REMARK 4.21. For Propositions 4.18, 4.19, and 4.20, we do not need to assume
that A is an object of a vertex tensor category of V-modules, since the categories
Rep A and Rep A can be defined using Proposition 3.46. We just need to assume
the convergence of the relevant compositions of V-intertwining operators.

PROPOSITION 4.22. Suppose A =V &J is a simple vertex operator superalgebra
and A is an object in a vertex tensor category C of V-modules. Then V is simple
and J is a simple current for V.= A%, Moreover, if X = X° ® X' is simple in
Rep A then X is simple as a V-module and X' = JX XV,

PROOF. The conclusions that V is simple and J is a simple current follow from
variants of [DM2] and [Miy, CaM]. The simplicity of V and J is also a special
case of the last conclusion of the proposition. For the simple current property of .J,
see also [CKLR, Theorem 3.1 and Appendix A].

Now, if WO is a proper V-submodule of Xﬁ, then

Wﬁ@Span{jn;kw\j e Al :J,nER,kEN,wEWG}

is a proper Z/2Z-graded A-submodule of X by Lemma 3.74. Since X is simple in
Rep A, this means W% = 0 and X0 is a simple V-module. Similarly, X' is a simple
V-module. ) )

Next, to show that X' = JX XY, we may assume that X is non-zero. We claim
that

Span{jn;kxﬁ ljeJneR ke N, 20 € XG}

is non-zero. Indeed, if not, then J C Ann,(X°), and this ideal (recall Lemma 3.73)
is then A since A is simple. In particular, 1 € AnnA(Xﬁ) implies X% = 0. Then
since jn;kmi e X0 forjeJ, neR, keN, and zl e Xi7 the same argument shows
Anny (Xi) = A and X! = 0. This contradicts X # 0, proving the claim. Now the
V-intertwining operator Yx| ;¢ xo induces a non-zero homomorphism .JX X 0 X1,
Since J is a simple current and XG, X1 are simple, we have JX X0~ xt by Schur’s
Lemma. (]
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COROLLARY 4.23. Suppose A=V @ J is a simple vertex operator superalgebra
and A is an object in a vertex tensor category C of V-modules. If X = X @ X! is
simple in Rep A, then X = F(X°) in Rep A.

PROOF. The preceding proposition and its proof show that
pxlamxe = px o (laRgye) : F(X0) = (VR X?) & (JRX®) = X = X° & X!

is a V-module isomorphism. But it is easy to see from the associativity of ux that
x| agxo is a morphism in Rep A. Thus it is an isomorphism in Rep A. (]

In the other direction, we can exploit the Z /27 grading to conclude that simple
objects induce to simple objects, provided Rep A is semisimple:

COROLLARY 4.24. Suppose A =V & J is a simple vertex operator superalgebra
such that A is an object in a vertex tensor category C of V-modules and Rep A is

semisimple. Then simple modules X° in SC induce to simple modules in Rep A.

PROOF. Since Rep A is semisimple, it is enough to show that if W = W@ W!
is a non-zero Rep A-simple A-submodule, then W = F(X%) = X°® (JXX). Since
X0 is simple and .J is a simple current by Proposition 4.22, J X X U is simple as
well. Thus it is enough to show that W° and W' are both non-zero. Since W is
simple in Rep A, Proposition 4.22 implies WY = 0 if and only if W' = JRW° =0
as well. Therefore since W' is non-zero, the conclusion follows. O

We shall show below that if A has wrong statistics, that is, if A is Z-graded,
then every simple object of Rep A is also simple in Rep A. Thus to derive Verlinde
formulae in these cases, we can enumerate simple objects using either definition of
simplicity. For vertex operator superalgebras of correct statistics, however, we shall
need to work with simple objects in Rep A.

NOTATION 4.25. Henceforth, in this section on Verlinde formulae, C will be a
modular tensor category of modules for a regular vertex operator algebra V. In
particular, we have the modular S-matrix SX arising from characters of irreducible
V-modules and the categorical S-matrix S arising from traces of monodromies for
irreducible V-modules. The two S-matrices are equal up to a non-zero constant
depending solely on C. Therefore, the lemmas in this section will be deduced for
S® but will hold, with suitable modifications, for SX as well. Thus for this section,
we drop the superscripts and use just S.

Unlike in previous sections where we used W; to denote modules for various
vertex operator algebras, here for simplicity of notation we shall use capital letters
U, W, X, ... to denote modules.

We shall fix a simple (super)algebra A in C that is an extension of V' by a simple
current J of order 2. We shall assume that M ; = 1y. We denote qdim(J) = d;
note that d = +£1. We denote the set of isomorphism classes of simple objects in
C by S. For a simple object X € S, we define ex via Mx ; = exlxxy. Since
JXJ =V, ex = +1 for any simple object X € S [CKL]. Since M ; = 1y, it is
clear that exgy = ex [CKL].

We note a general lemma which we shall use below.
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LEMMA 4.26. Let C be a modular tensor category with unit object 1 and let
J be a simple current with qdim(J) = d. For a simple object X, define ex by
Mx ;s =exlxmy. Then for any simple objects W, X and i,j,t € N,

(4.9) (Sil)wxﬁ,x = (EXd)it(Sil)W,X«
In particular, if J has order 2 and M j ;=11 then d,ew,ex = £1 and
(4.10) (S wrs xms = A (el e ) (ST wx.

Proor. First we have the identity

S1,051,x
S11
Note from [BK] that in ribbon categories, (WX .J)* 2 J*K X*, where * denotes the
dual. Also, (S’l)X7W = aSx w~, where « is a global non-zero constant depending

only on C; this follows from formulas (3.2.d) and (3.2.h) in [Tul]. Therefore, for
simple objects W, X € S,

Six =Tr(Myx) =exS1, mx = €x =exdS1,x.

(S Mwrsx = (S xwrse = aSx,(writy = aSx j-imw-

Sx.-1\' Sx.\ ¢
« . SX,W* = S . SX,W* = Oé(exd) SX,W*
X,1

= (exd) (S Hxw = (exd) (S Hw,x.

The other case is

Swr.t, x Swx (Srx\'
Swrt,x = 51,x g — =51,x 3 ’ (S : ) = Sw,x (exd)t .
1,X 1,X 1,X

O

4.2.2. Superalgebras with wrong statistics. Here we assume that A =
V @ J is a simple, regular vertex operator superalgebra such that J X J = V|
04 =14, qdim(J) =d = —1and M ; = 1y. Examples include affine Lie superal-
gebra vertex operator superalgebras, viewed as superalgebras in the representation
categories of their even subalgebras, provided the even subalgebra is regular. Since
A is a superalgebra, every object in Rep A by definition has a Z/2Z-grading. In the
following lemma, we collect basic facts regarding simple objects in Rep A, most of
which are specializations of previous results:

LEMMA 4.27. We have the following:

(1) For every simple object X € S, JR X #* X.

(2) For every simple object X = X% X1 in Rep A, X% and X' are simple
in C, and moreover, X = F(X0), that is, X' = JX X0,

(3) If X is simple in Rep A then X is simple in Rep A.

(4) Given a simple object X0es, ]-'(XG) 18 simple in Rep A.

(5) Given a simple object X = X9 X1 in Rep A, X is an object in Rep® A
if and only if exo = 1.

(6) Given a simple object X = X0@® X1 in Rep A, we have

ST x0 = —€xo qdim(X°).
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(7) Given simple objects X = X0 XI W=wWaW! inRepA and i,j €
7./27, we have

(Sil)xi,Wa' = (—1)i+j€§(a€§;[/6 (Sil)xﬁ,wﬁ-

PRrROOF. For (1), the categorical dimension of the simple V-module X is non-
zero since C is modular. Now, qdim(J K X) = qdim(J) qdim(X) = — qdim(X).
(2) is Proposition 4.22 and Corollary 4.23 specialized to this situation. Proposition
4.19, (1), and (2) imply (3). Proposition 4.4 and (1) (or alternatively Corollary
4.24 and (3)) imply (4). Proposition 2.65 and (2) imply (5). (6) is clear from the
definition of S® and qdim(J) = —1. Finally, (7) is Lemma 4.26 applied to this
case. (]

NOTATION 4.28. Given X = X° @ X! in Rep A, we let chi[X] = ch[XG] +
ch[X!]. We refer to ch™ as the supercharacter. If X is simple, we say that X is
untwisted if e yo = 1 and twisted if exo = —1. By Lemma 4.27(5), untwisted objects
are precisely the simple A-modules in C; twisted modules, on the other hand, are
twisted with respect to the parity automorphism of A.

We also let ~ be the equivalence relation on & given by X ~ X X J. The
equivalence classes S/ ~ correspond to simple objects in Rep A, with a fixed choice
of representative in each class determining the parity. We fix such a choice now.
The corresponding set of representatives can be identified with [Rep A] in the In-
troduction. These representatives will be denoted by a superscript 0, such as X 6,
and correspondingly, we will let S = SY US?, where the union is disjoint thanks to
(1) above.

As in the Introduction, we let [Rep” A], [Rep™ V] C [Rep A] be the representa-
tives of simple untwisted and twisted objects, respectively.

DEFINITION 4.29. Let A =V @ J be a vertex operator superalgebra such that
the representation category of its even part V is a modular tensor category, and let
X be a simple A-module. We define

h* [ X] (i h*[X](-1/i
adimi[X] = lim SN i[ ](Zy) — ljm ST i[ I /zy))
iy—0+ ch™[A](iy)  iy—ico ch™[A](—1/iy)
whenever the limit exists. These asymptotic dimensions were analyzed and used
extensively in [DW3, DJX]. In those papers, asymptotic dimensions were denoted
qdim, but we avoid this notation since for us qdim is the categorical dimension,
that is, the trace of the identity morphism.

The calculation for the modular S-transformation of (super)characters is as fol-
lows. Let X = X°@® X! be a simple object in Rep A and let v € V be homogeneous
of weight wt[v] with respect to Zhu’s modified vertex operator algebra structure on

1% [Zh]:
ch* [(X](=1/7,v) = il Z (SXG,W + Sxi,W) ch[W](r,v)
weS
— 7wt Z (1 =+ dew)Sxo 1 ch[W](r,v)
wesS
=T N (1 deyyo) (S wo ch[WO)(7,v) + Syo i ch[W(7,v))
Woeso
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= 7Vt Z Sxo o1 & deyyo) (ch[WP](7,v) 4 dexo ch[W](7, v))
Woeso

— TWt['U] Z SXG,WO . (1 + dﬁwf)) : (Chdfxﬁ []:(WO)](T7 U))
Woeso

=7 3 S o - (1F o) - (ch™x0 [F(WO)](r,0))
wWoeso

— Wil Z 2. SX67W6 - (ch™x? [‘F(W())](T’U))'

woes?
€0 =F1

Note that F(W?) exhaust the representatives of simple objects in Rep A, up to par-
ity. Taking into account various cases, we can summarize how the (super)characters
close under modular transformations for a simple object X in Rep A.

X=X¢Xx! ch™[X] ch™[X]
X is untwisted | > ch™ [twisted] | > ch™ [untwisted]
X is twisted | 3 ch™[twisted] | 3 ch™ [untwisted]

We can summarize the information in the following way. We let
SO ={x0, X3, oW wd, ..}

where the X’s induce to untwisted modules and the W’s induce to twisted modules.
Then, we have the following same pattern in the S*'-matrices:

Xp Xt o-owpow
Xf a —a - b —b
Xt |-a a - b —b
S= | i :
Wil b b
Wil —b —b
(4.11) ' i} .
X? Xj wy wi
X7 e —e f —f
X1 | —e e f —f
PR : . .
Wyl f 9 9
Wi | —f —f 9 9

and hence, if we change the basis, denoting XijE = X? + X} and similarly for the
W’s, we get the following two matrices respectively, which have a pattern similar
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to each other:

XXy e Wy
X0 o - 0 2
X7 0 2 -~ 0 0
G : : : . 7
Wil o o0 2c 0
W, 20 0 0 0
4.12
2 X7 Xy o W oW
Xl o o - 0 2f
X7 0 2 -~ 0 0
CREE : : S :
wrti o 0 -+ 2¢ 0
Wy |l2f 0 -~ 0 0

In particular, we have the following observation:

Given simple modules U = U @ U and Z = Z2° @ Z' in
Rep A, there exists a unique coefficient in the S*! matrices cor-
responding to U and Z* that can be non-zero. We denote
this coefﬁcient (§i1)Uz For example, in the matrices above,

Sx,wy = Xtwr = 2SXO WO

The T-transformation is easy. Note that by balancing, for any simple X° € S,
(after identifying 6 with the scalar by which it acts), we have: Oxox; = €xo0xo.
Hence for a simple Rep A-object X = X? @ X1,

ch*[X](r + 1) = ch[X°]( + 1) £ ch[X"](T + 1)
= 0o ch[X ](T) + exabfyoch[X ]( )
= 0o ch™x0 [ X](7).

Now we turn to fusion rules. Let U = UGGBUi W = VVG@I/VI,X:XOGBXI

be simple objects in Rep A. We let Ni)U{W N[)](O wo N[)fo wo- First,
NX Z Syo.z - Swo z - (S_l)z,xﬁ
Uo,wo —
Zes Sv.z
- Z <1+ GUUGW()) SU6726 Swﬁ7zﬁ (Sil)zﬁjxé
2080 €x0 SV726
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if exo = eyoeyo. Noting that exs = ex1 (since My = 1y), we see that if
€Exo = EU() Ewﬁ:

S5 76 - St 75 - ((S™Y) 6 vo £ (571 6 v1
Ni)U(,W ZQ' Ud,z wo,z (( )z0 x0 £ ( )Z,X)

Z0eS8o

= 3 2 (Ltdey) D2 S

A

Z A Syo zo - Syo_zo - (S_I)ZO,XG
z%es° Sv.z70
6Z‘j::Fl

P P o-1
Z Svz-Swz- (S Yzx
Z simple SA,Z
EZ@:I1

From this, we get the following fusion (super)coefficients, recalling that for a simple
object Z = Z°@Z' in Rep A, we let Z* be the elements Z°+Z" in the Grothendieck
ring. With U, W, X € [Rep 4] and

1 if X €[Rep™ 4]

t:Rep Al — Z/27, X —
[Rep A] / {o if X e [Rep® 4],

we have:

gU,Z : §W,Z : (§71)Z,X
N+U W = Ot (U)+t(W),1(X) Z Z

tw SV A
Z Rep' A ’
(1 E) ©

_ §U,Z : §W,Z : (g_l)z,x
NUw—5t U)4+4(W),£(X) Z 3 .
Ze[Rep? A] V.z

We understand the numbers N+ as follows. Let U = U@ U, W =W W,
and X = X9 @ X! be simple modules in Rep A, and let II denote the parity
reversal functor, that is, II(X) = X! @ X°. Note that F(X') = II(X). Since
F(U R, ]-‘(Wﬁ) o f(Uﬁ X W), we have that

FU)Ra FW) = P N o F

Xes
- @NOWOJ: @NOWOJ: D).
X0es80 Xlest

Correspondingly, intertwining operators in C of type (UO WO) lift to even inter-

UUXWO) lift to odd intertwining operators.

Therefore, N "‘)U(W is the dimension of the space of A-intertwining operators of

twining operators, and those of type (

type (U);,% and N —ffw is the corresponding superdimension.

Now we analyze the properties of asymptotic dimensions. Suppose there exists
a unique untwisted simple module Z(;) with lowest conformal dimension among
untwisted simple modules, and there also exists a unique simple twisted module
Z—y of lowest conformal dimension among twisted simple modules. We assume
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that ch™ [Z(4)] does not vanish and that the lowest conformal weight spaces of Z ()
are purely even. For a simple A-module X, we have:

ch* [X](—1/iy) _ §X»Z(¢) _ SXO*Z? )

4.14 adim®[X] = lim ek =
(41 = o SF A i) ~ Fane, S
, )
Now, for simple modules X and Y in Rep A, we have that:
Sx0,20_ Syo z0
adim*[X] adim®[Y] = 3 =) 5 =)
ViZly, PViZgy,
~ Suwo 40 - S
_ Z NV wo.Z%, wi  CWhLZk,
- X0 yo S X0,yo0 S o
Woeso Vo2, V2@
€W6:EX66Y6
T Swo ZO
Y (e V)
- _ F) ? szﬁ
woes® )
éwﬁzéxaéyﬁ
Sw,z
(4.15) = Y N R Y NEY adim® (WL
woes? Sa L woeso
€110 =€ 0 €40 €0 =€x0€yD

This shows that asymptotic dimensions respect the tensor product on Rep A.

4.2.3. Algebras with wrong statistics. Now let A = V & J be a vertex
operator algebra such that 6; = —1;, qdim(J) = —1, and M;; = ly. In this
case, objects of Rep A do not have an inherent Z/2Z-grading. However, (1)—(3)
of Proposition 4.5 apply in this setting (since qdim(J) = —1 implies fixed-point
freeness) to yield the following lemma:

LEMMA 4.30. Every simple object X in Rep A is an induced object; in particu-
lar, X = X0 X1 where X0 is simple in C and X' =JXXO. Conversely, simple
objects in C induce to simple objects in Rep A.

From Lemma 4.26, the properties of Hopf links are the same as in the wrong
statistics superalgebra case. Thus every statement in the wrong statistics super-
algebra case goes through here as well after fixing an arbitrary choice of Z/2Z-
decomposition for every simple object of Rep A, except for the T-transformation.
We list relevant results in the Introduction, Subsection 1.5.2, and we now only
indicate the difference in the modular T-transformation.

In this case, for a simple module X in C, after identifying 6 with the scalar by
which it acts, we have 0 yoy; = —€ y00ya. Hence, for a simple module X = X%® X!
in Rep A,

chF[X] (7 +1) = ch[X°)(7 + 1) £ ch[X)(7 + 1)
—QXO Ch[ ](T)$€X09X0 Ch[X ]( )
=9X6 chFexo [X](T)

The analysis of asymptotic dimensions carried out in (4.15) also goes through
if we assume that ch™[Z(_)] does not vanish and that the lowest conformal weight
spaces of Z(4) are purely even.
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4.2.4. Superalgebras with correct statistics. Recall that “correct statis-
tics” means that for A =V @ J, qdim(J) = 1 and 6y = £1;. This means that for a
simple module X° in C, we do not necessarily have X° 2 JX X°. This complicates
things somewhat, especially when A is a vertex operator algebra.

From Corollary 4.24, simple modules of C induce to simple modules of Rep A,
and from Corollary 4.23, simple modules of Rep A are induced from simple modules
in C. In the discussion below, it will be important to consider those modules of
Rep A that are simple in Rep A.

NOTATION 4.31. Consider the set of representatives of isomorphism classes of
simple objects in Rep A up to parity. Each such simple module can be written
uniquely as X = X0 E@Xi where the X* are in S with X'~ JR X9 Let SO be
those X% such that X 2 X'. Let S' be the set of simple V-modules obtained by
tensoring J to the objects in 8% and let S/ = S\(S° U SY), that is, those simple
modules that are fixed under the action of J.

In this case, we have the following S-matrix relations:

LEMMA 4.32. Let W and X be simple V-modules in S and let X = J'K X
forieN.

(1) Fori,j €N, (S:t)w(i,),x(j) = 63(6%/(5:‘:)1/[/7)(.
(2) If X € ST, then ex = —1.
(3) If X € 8T and if ewr = —1, then (ST)w.x = 0.

PROOF. Ttem (1) is Lemma 4.26 applied to this setting. Item (2) follows from
the balancing equation: 0;xx = My x o (6; K 0x). For item (3), it follows from
item (1) that

(S)Ywx = (SH)wxws = ew(SH)wx = —(SH)w.x,

so that (S*)w.x = 0. O

Now let X = X0@ X1, with X’ € S, be a simple module in Rep A. We proceed
as for wrong statistics superalgebras, but now using Lemma 4.32, to obtain:

(ch*[X])(~1/7) = Yo 2 Syowoch O [FWO)](r)
WOoes0 e g=%1

+ > (1F 1) Syo o ch[W)(7)
woess

= > 2+ S0 o chx0 [F(WO)](7)
WOoes0,e, 5=+1

£ AF 1) Sxoe g AFWO(r).
woesf

We can summarize the information as before. Let X ?j Xg, ... be simple V-modules
in 8° that induce to untwisted modules, let WP, WY ... be simple V-modules in
SO that induce to twisted modules, and let Wlf, ng, ... be V-modules in S. By
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Lemma 4.32, the S-matrix for C has the following pattern:

x0 xt ooowd owlooow/

X? a a - b b o e

X1I a a -+ —-b —=b --- —e

(4.16) S— Wo| b —b -+ ¢ — -+ 0
wil b b -~ — ¢ -~ 0

Wlf e —e - 0 0 --- 0

The S~ !'-matrix follows the exact same pattern. If we change the basis, denoting
XE = X0+ X! and similarly W = W02 + W}, VVif+ = Wif + Wif, we obtain the
following non-symmetric matrix, with a similar pattern for its inverse. This matrix,
as before, describes the transformation laws for characters and supercharacters of
simple modules in Rep A.

X X7 oo owiowyo W

Xf“ 2a 0o --- 0 0o .- 0

X, 0 0 -+ 2b 0o .- e

(4.17) S= wt |l o 2 - 0 0 - 0
Wl_ 0 0 0 2c 0

W1f+ 0 2¢ -+ 0 0o .- 0

Again, as before, we have:
Given simple modules U = U o UNT and Z = 20 @ ZT, there
exists a unique coefficient in the S*! matrices corresponding
to U* “and Z* that can be non-zero. We denote this coeffi-
cient (S*!)y z. For example, in the matrices above, Sw, x, :=
SW;,X; = 2SW§,X§' However, S is non-symmetric when one
subscript corresponds to a fixed-point object.
From the g—matrix, we can summarize the (super)character S-transformation prop-
erties as:
X=X'qXx! ch ™ [X] ch™[X]
X is untwisted | 3 ch' [untwisted] | 3 ch™ [twisted]
X is twisted, X 2¢ X1 | 3" ch™ [untwisted] | 3 ch™ [twisted]
X is twisted, X0 2 X1 | 3 ch™ [untwisted] 0
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As in the wrong statistics case, we calculate the even and odd fusion coefficients.
For simple modules U = U @ U, W =W W!, X = X @ X!,

NXO Z . SU(),ZGSW()’ZB(S_l)Za’X()
Sv7zﬁ

T Z SUO’ZGSW()’ZG(Sil)ZG,XG
Zﬁesf SV,ZG
€40 =€,0=€,0=1
Therefore,
, S5 s Sil o
Niif(,W = Z 2-(1+e€y0) ue,z° WOVZO( )ZO,XO
A SV,ZG
€x0=€y0 €y 0
(4.18) + Z (1F1)- SUBZGSW@,ZG(S&)Z@,XB
A Sy, z0
Ex0=€yo=Cy0=1
Setting
0 if X 04
t:[RepA] = Z/2Z, X v 0 i e[Rept ]
1 if X e [Rep WA]
and
e 32 if W € [Rep™ 4]
R else ’

we thus have

Z §U,Z : gw,z : (571)27X

X
NG w = nx - Syuy4ew),ex)

SAZ
Rep? A >
(4.19) Zelfer” A

_X §U,Z : §W7Z : (§_I)Z7X
N7ow =y D 5
AZ

Z€[Rept™ A]

Again, we remind the reader that S is not symmetric for all values of the subscripts.

Now we analyze the asymptotic dimensions. Suppose there exist Z(1) as in the
wrong statistics case. We assume that ch™[Z(_,] does not vanish; in particular, Z_)
is not a fixed-point-type twisted module and the lowest conformal weight spaces of
Z(+) are purely even. Then we have:

§X Z SXG,Z(j
adim®[X] = 2Zw _

— S
Sa,z, v.z0,
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Therefore,
S Syo g Sy o
X0, 70 VA w,Z9
. . I e (L
adim adim = = 5 v —=—————
d + Xad + Y S (£) 5 (£) NE/ v 3 (£)
V7Z(0i) V,Z?i) wes V,Z?i)
EW=€,0€y0
_ Syo 40 Syt g0
B NV wo.z0, A WLz,
- § : X0,y0 S _ X0 yo S _
0,0 V,zZ0 v, 20
w es () (+)
GWGZE GEYG
S f 70
LY N o)
X0,Y0 S _
0
wies? ViZ(y)
SX()EY():—].
wo wi SWGZ&) w! SWf’Z?ﬂ
= Nyoyo £ Nyoyo ) o + Nyoyo—g——
> : o) 78, 2 YOS
woes? () wiesf ()
€110 =€ 0 €40 €xo€y0="1
[ S f 70
_ NiW SW,Z(i) + wa ) w ’Z(i)
- E : XY X E 0y0 —
int si A,Z YT Sy 40
W non-fixed-point simple s 4 (L) ersf 4 (4)
€0 =€x0€y0 eX()eY@:—l
S 0
w . f Wtz +
— E NiX7Y adlmi [W] =+ g N)I?% Yﬁsif).
w non—ﬁz(eii—p?intfimple wlesf V’Z?i)
€110 =€ 0 €40 €xo€y0="1
Hence, for adim™ we have:
R L 7 -
(4.20) adim™ [X]adim™ [Y] = g N~y y adim™ [W],
Wsimple

€30 =€x0 €30

so asymptotic superdimension respects the tensor product on Rep A. The relation
adim™ [X]adim*[Y] = adim™[X K4 Y] also holds if X and Y are both untwisted
or both twisted.

REMARK 4.33. Several observations about fixed-point simple modules are in or-
der; let T be such a module. First, by definition, (and also from (4.18)), N*;Y =0,

N’IVETY =0, N*)VKT = 0. For such a T, one can alternately define N*;Y = N};g v
which also makes (4.19) uniform. Since ch™ [T] = 0, the negative asymptotic dimen-

sion adim™ [T] = 0. It is now clear that (4.20) completely disregards such modules
T.

Since this scenario is a little tricky with an asymmetric g—matrix, we present a
quick example:

ExAMPLE 4.34. Let A be the vertex operator superalgebra of one free fermion.
Up to isomorphisms, it has one simple untwisted module, say U = A, and one
twisted module, say T. The twisted module is a fixed point. We have the following
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characters:
cht[U] = ¢~/ watjzy _ 0(0)?
h (U] =¢q n];[o(1+q ) G
ch™ — g 1/24 _ o ntl/2y 77(7—/2)
h™[U] =¢q nl;[o(l q ) e

chtIT) = 241/12 ny _
ht[T] = 2¢ n];[l(Hq) 277(7)

ch™[T] =0.
We also have the following fusion rules as modules for the even part of A:
NIIJ]:UJ' = 5i+j,ka NEZ,TJ' =1, Ngij,Ti =1
The S-matrix can be calculated using the transformation properties of 7:
e
~ ut| 1 0 0 ~

S = =S %
U-| o 0 1/V2
TH] 0 V2 0,
Now we are ready to calculate the fusion rules.
N+ZU _ Z §U,Z§ULZ(§_1)Z,U _ §U,U§U,U§U,U —1,
’ ez=1 SA7Z SA,U
v Sv.2502(S Vzu B Su.rSurSru (1/V)AN2)V2)
N pv= Z = = = = =1,
1 Sa,z Su,r (1/v?2)
- - ~ -~
N Z 2_SU,ZST,~Z(S )Z,T:2_M:2(l/\/§)(\/§):2’
7 en=1 Sa,z Su,u
Sy 287 7(871 SurST.7S
N_ET _ Z U,z T,NZ( )z T _ SUTSTTOSTT _ 0,
— Sa,z Su,r
N+gT _ Z §T,Z§T,~Z(§_1)Z,U _ §T,U§T,U§U,U —9
’ en=1 Saz Su,u
v $r28r s Vpo  Sralrrdr
NY = Z T,Z9T,Z )ZU: TIOTTOTU

ez=—1 SA,Z SU,T

4.3. Cosets by lattice vertex operator algebras: General results

If V is a vertex operator algebra and U a vertex operator subalgebra of V' (with
a different conformal vector), then the commutant C = Com (U, V) is called the
coset vertex operator subalgebra of U in V. If U = Com (C, V), then U and C are
said to be a mutually commuting or Howe pair in V. The aim of this section is to
show that much of the representation theories of the two vertex operator algebras
V and C are related, and thus one can reconstruct structure in one of them from
that in the other.
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4.3.1. Coset modules. Surely the simplest cosets are those by lattice or
Heisenberg vertex operator subalgebras. Recently, some results regarding such
cosets in the general non-rational setting have been given [CKLR], but for this
section, we concentrate on the rational picture and rederive several results well-
established in the literature in a new and more general way using the machinery
developed thus far. Most notably, we exhibit a natural use of the induction func-
tor and the characterization of Rep” A. We begin by recalling several results from
[CKLR] and elsewhere. Recall that a vertex operator algebra is of CFT type if it
has no negatively-graded weight spaces and if V, = C1.

THEOREM 4.35. [CKLR, Corollary 4.13] Let V' be a simple, self-contragredient,
rational, and Cy-cofinite vertex operator algebra of CFT type. If L is an even pos-
itive definite lattice such that the lattice verter operator algebra Vi, is a vertexr sub-
algebra of V' and Vi, is mazximal with this property, then the coset C = Com(Vy, V)
is simple, rational, and Cs-cofinite.

We note an easy lemma which we shall frequently use:
LEMMA 4.36. Let A, B and A® B be reqular vertex operator algebras. Then
(A1 ® B1) Magp (A2 ® By) = (A X4 Az) ® (B Xp By)
for A-modules Ay, As and B-modules By, Bs.

REMARK 4.37. If the vertex operator algebras involved are not regular, then
the conclusion of the lemma still holds when the left side is already known to be a
module that cleanly factors as a tensor product of two modules. This is the case,
for instance, when A is a lattice or Heisenberg vertex operator algebra and if we
are working with a semisimple category of modules.

Let V = My, My, ..., M, denote the inequivalent simple V-modules, and let L’
be the dual lattice of L. Then there is a lattice N, L C N C L' such that

V= P VoM,
v+LEN/L

as a Vi ® C-module, with C' = My ¢. The finite group N/L acts by automorphisms
on V; hence each V, 11, ® My, is a simple V;, ® C-module [DM1, DLM1] and also
a simple current for V;, ® C [CaM].

REMARK 4.38. The simple currents V, ;. ® My, are fixed-point free since
this holds for the simple modules for a lattice vertex operator algebra. Hence,
Proposition 4.5 implies that two simple V-modules are isomorphic if and only if
they are isomorphic as V;, ® C-modules.

By [CKLR], all My, are simple currents for C' = My with fusion rules
MO,ul &C JM'(]‘,,2 = M()$V1+V2 for V1,V € N/L
Moreover, they are pairwise inequivalent, which is a consequence of the maximality
of L or Vi,. A similar V}, ® C-decomposition holds [CKLR, Theorem 3.8] for each
simple V-module M;:
Mi= P Varo My,
A+LEL'/L
with
Mo, We M; y = M; i for ve NJL A€ L'/L.
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Simplicity of M; implies that if M; »,, M; , # 0 then Ay — Ao € N/L. Therefore,
for each M;, we fix a choice of A\; € L'/L such that Ay = 0 and

(421) M; = @ V)\i+y+L X Mi)\i"r”'
v+LEN/L

The M; » are simple C-modules by [CKLR, Theorem 3.8], but for any fixed i,
they need not be pairwise non-isomorphic. In any case, the decomposition (4.21)
implies that each M; can be obtained as the induction of a simple V;, ® C-module,
for example Vi, 41 ® M; x,. We shall investigate additional properties of the M; ,
below.

If X is a simple C-module then by [CKLR, Theorem 4.3, Lemma 4.9] and the
proof of [CKLR, Theorem 4.12], there exists a A+ L € L'/L such that

(4.22) FVairiz®X) a0 D Varwivir ® (Mo, Bo X)
v+LEN/L

is an untwisted V-module if and only if v/ + L € N’/L, where L C N’ C L' is the

lattice dual to N. This result follows directly from the characterization of Rep® V

in [HKL, CKL]. As a corollary, setting v/ = 0, we can always tensor a given

simple C-module X with a V;-module such that the result induces to an untwisted

V-module. This V-module is simple by Proposition 4.4, so

FVapL ® X) = M;

for some ¢ € {0,...,n}. It would make sense to identify X with M; x, but this
identification is not unique and needs to be clarified. Consider the special case
X =C = Myyp; then for v+ L € N'/L,

(4.23) MY = FV,pr ®C)
satisfy the following for vy,v5 € N'/L:
M"* Ry M”* = F(Vyy 41 © C) Ry F(Viy i @ C)
= F (V4L @ C) By o0 (Vi ® 0))
(4.24) = F(Viytuorr ® C) =& MV T2,

PROPOSITION 4.39. For v+ L € N'/L, the M" are pairwise non-isomorphic
untwisted V-modules for V', and they are simple currents for V.

PRrOOF. Since the My, are pairwise inequivalent for v € N/L, the MY are
pairwise non-isomorphic since their decompositions as V;, ® C-modules are non-
isomorphic. From (4.24), it is clear that M~" Ky M* = M° = V| so they are
invertible objects, that is, simple currents [CKLR]. Since all vertex operator alge-
bras under consideration are rational, tensor products and hence monodromy factor
over the tensor product of vertex operator algebras. This immediately implies that
the monodromy of V,, . ® C with V,,; 1, ® My, is trivial for any po € N and v € N,
which in turn implies that F(V,, ® C) is a module in Rep’ V. O

We have the following isomorphisms among the M; x,4.:

THEOREM 4.40. For \+ L,u+L e L'/L and 0 <1i,j <n, M; x = M, if and
only if u— X € N’ and M*—* Xy, M; = M;. In particular, M; x = M; \ if and only
ifi=j.
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ProoF. The “if” direction follows from the induction functor and the “only
if” direction follows from the observation (4.22) and Proposition 4.39. g

Recall that for each M;, we have fixed a choice of \; + L € L'/L. We define an
equivalence relation on the set {(i,\; + v)|0<i<n,v+ L € N/L}:

(6, 9) ~ (J,9) < Miy = Mg,
and we let S be the set of equivalence classes under ~.

COROLLARY 4.41. The number of inequivalent simple C-modules is
(n+1)|N/L|
|N'/L|

PROOF. There are n 4+ 1 inequivalent simple V-modules, all obtained by in-
ducing V;, ® C-modules. For each simple C-module there exist |N'/L| inequivalent
simple V7-modules such that their tensor product induces to a (simple) V-module.
Moreover, by by Proposition 4.5, each simple V-module can be obtained by inducing
any one of |[N/L| inequivalent simple V;, ® C-modules . O

S| =

4.3.2. Fusion. The coset decomposition gives a relation between fusion rules.
We define fusion coefficients for both V- and C-modules as usual:

n
M; Ry M; = @N(V)ijk,
k=0
and for (4,1,), (4,v;) € S,

~ (kvi)
M; ., Ke M'vl’j = @ N(C)(LVS(LVJ')Mk’Vk
(k,uk)ES

where the latter sum is over 9, the set of inequivalent C-modules, that is, we use the
identification of the last theorem. Since intertwining operators preserve Heisenberg
weights, we have

N(V)fj#0:>Vk—Vi—Vj+L€N/L.

THEOREM 4.42. Fusion rules are related as follows:

n
M; ., Ro My, = @ N(V)fj My 4, (with pairwise inequivalent summands),
k=0

~ kit _
M; Ry M; = P N(C’)EL/\UJ(FJ.’;;”)M n Ry M.
p+LEN’'/L
(kXi+Xj+p)ES

PROOF. First we prove N (C)Ef:l;(r]“ ;z) = N(V)}; using the following natural
maps between spaces of intertwining operators:
(4.25)

My 400 o V. Q My ,,.
yc ( kit > = yVL®C < witp;+L ko pi+p >
M, M; VMHrL ® Mi:Hi VM1+L ® MJ}M

e Vg5
— HomVL®C ((VNH-L ® Mi7Mi) |X|VL®C (Vﬂj+L ® M}Hj)v VM¢+M1+L ® Mkvﬂi"l‘ﬂj)
f
< Homy (F((Vuirr ® Miy,) Bviec (Vig+1 © Mjy,)),

]:(VM+MJ'+L ® Mk:mﬂij))
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L®

(‘7:<VM+L ® Mi,m) Xy ]:(VlijJrL ® MJ IJ«J) ]:(VMHrHjJrL ® Mk,MiJer))

1w

Hom
o Mk
Homy (M; My M;, =
v (M By M, Mi) = v (Mi Mj)
The first map is a bijection by [ADL, Theorem 2.10]. Since all spaces of in-
tertwining operators here are finite dimensional (we are working in a Ca-cofinite
setting), it suffices to give an injection in the reverse direction. By analyzing Heisen-
berg weights, any non-zero intertwining operator in )y ( MMJ’Q) when restricted to
@ M
(ViirL @ My ;) @ (Vi 4L ® My, ;) must have coefficients in Vi, 4,40 @ My 4y, -
Since M; and M are simple V-modules, [DLe, Proposition 11.9] implies that the
My,

.. Vst +L®Mi o 40 . C e
restriction Yy (Mi Mj) — yVL‘X’C(V}LﬁL@J\/}i,M Vuj+LZ®Ajj,u7») is an injection. Now,

My, . ~ , . ..
Yo (MI » M’; . ) = 0 unless My, = My i1y, for some k' using the composition

of the first three injections in (4.25) (with p; + p; replaced by gy in C-modules
but not in Vz-modules), the observation (4.22), and Theorem 4.40. Moreover, the
modules My, 1, for 0 < k < n are distinct by Theorem 4.40. This gives the first
conclusion of the theorem.

For the second statement,

M; Ry M = F(Va4r @ My x,) By F(Vy 40 ® Mj ;)
=2 F((Varr @ Miz,) Ry, me (Va2 @ Mj»,))

~ Vit @My,

= @ N<VL ® C>Vi:—+LL®1\/Z,Ai,VAJ-+L®MJ',AJ- ]:(VAJFL ® Mk”/)
A+LEL'/L, (k,v)ES

~ V, k,v

- D N(VL)VijfLVmLN(C)Ei,xi)> Gt Ve @ M)

AMLeL’/L, (k,v)eS

k,v
D NOE) GanF Vaer o1 © Miy).
(k,v)eS

1

The module on the left side is in Rep” V, but from (4.22), F(Vair+0 ® My,) is
not in Rep’ V unless v — \; — Aj € N'. Thus

~ kv
M; Ry M; 2= (D) NC)GY) gy F (Vaer, +0© M)
(k,v)es
=~ P NONT A F(WVaia 40 ® Miox i 41)

p+LeEN'/L,
(K Xi+Aj+p)ES

= @ N(C)u,xi) (ij.;»)M M™" Ry My

u+LEN'/L,
(ksAi+Xj+p)es

as desired a
For Heisenberg cosets of affine Lie algebra vertex operator algebras at positive

integral levels, these results have appeared previously in [DLWY, DR, DW3,
ADJR].
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4.3.3. Modular transformations and characters. A V-module M; has a
grading by the lattice L’ as well as a conformal weight grading:

M, = @ M, .

nech;+7
AeL’

The character of M; can be refined to a component of a vector-valued Jacobi form
by
ch[M;] (u,7) =g~ 2 Y dim (M) ¢"2"

neh;+7Z
el

with ¢ = €™ as usual and z* := 2™ for u in the complexification of L/
and (-,-) the bilinear form of L’. Modularity in this setting is due to [KM] while
the modularity of ordinary traces as for example those of C-modules is the famous
result of Zhu [Zh)].

We thus define the modular S- and T-matrices as follows:
ch[M;](u, 7 + 1) = T ch[M;] (u, 7)

and
u 1 ﬂ,ﬁ n X,V
ch[M;] pul e =e T Z:O‘Si,j ch[M;](u,7),
=
as well as
ch[M;,](7 + 1) = T ch[M;,,,](7)
and

1
ch[M; ;] (_> = Z Sé:i),(j,yj)Ch[M(j,w)](T)~

-
(4.vi)€S
THEOREM 4.43. The modular S- and T-matrices are related as follows:

k(L
ranl2( ))

XV _ (i) T6C and SOV — 2milviw) IN/L|  x.c
% »J

i,V ms(i,ui),(j,uj)'

PROOF. The T-matrix relation follows from the definitions, the fact that in-
duction preserves twists and hence conformal dimensions mod Z, and the fact that
central charges satisfy cy = cy, g = rank(L) + cc.

For the S-matrix statement, Theorem 2.89 shows that for modules F(B), F(C)
in Rep® V,

SEm).F) = F(SB )

where the left side is the Hopf link in Rep® V' and the right side is the Hopf link
in C, the category of Vi ® C-modules. The modular and categorical S-matrices
are proportional [Hu7, Theorem 4.5], with proportionality constant the dimension
D(C) of the category, that is,

1
X:* @
=55

[KO, Theorem 4.5] shows that Rep® V is a modular tensor category and that
D(Rep’ V) = D(C)/ qdime (V).
Note that [HKL, Theorem 3.4] and our main result, Theorem 3.65, show that

Rep” V is precisely the modular vertex tensor category of untwisted modules for
the regular vertex operator algebra V.



4.3. COSETS BY LATTICE VERTEX OPERATOR ALGEBRAS: GENERAL RESULTS 157

Next, the dimensions of all simple currents appearing in a vertex operator
algebra extension of correct statistics are 1. Indeed, fix such a simple current,
say J. Then, §; = 1; and moreover, skew-symmetry considerations coupled with
(3.14) show that Ry = 1;x;. Now, the spin statistics theorem ([CKL], [EGNO,
Exercise 8.10.15]) shows that qdim(.J) = 1. We therefore have qdim. (V) = |N/L|,
since qdim is additive over direct sums.

Finally, we have:

W1 e adime(V) g
*d D(Rep’ V) % (I
_IN/L| co _ IN/L| (o
T D(C) " T D(C) TV M Ve @M )

= X,V — X,V x,C
= |N/L|- SVyi+L®M('i,ui)7Vuj+L®M(j.uj) = |N/L|- SVVi‘fL7VV]'+L ' S(i>l’i)v(jal’j)

32”i<Vi’Vj>

— —_— . x.C
= |N/L| IL'/L] S(iyl’z‘),(jvl’j)'
Note that SXVE can be calculated as follows. First, S&V% = e2milvirv;)

Vii+r, V4L VitV 4L

S’X;VL

by calculating monodromies. By [Hu7, Theorem 4.5], this differs from S} oV r
vitLs Ve,

only by a proportionality constant which we can then calculate using well-known
modularity properties of lattice theta functions. O

Finally let us compute the relation of the associated characters.

THEOREM 4.44. Characters are related as follows:

9/\L v+L u7 T)
ch[M;](u,7) = > {T)jmfkmch[Mi,My](T)
v+LEN/L N

and

IR (G2 e
Ch[Mz,Vi](T) - |L’/L| 0y13+L(07 T)

S el n(M)(y, 7)
y+LeL'/L

PROOF. The first statement is just the character version of the module decom-
position. For the second, we use

Orir(u+7,7)= 62m<7’)‘>9>\+L(u, T)

together with the orthogonality relations for irreducible characters of L'/L,
> O = L
y+LEL' /L
for p+ L, A+ L € L' /L, so that we get the projection
1

SutrratrOrrr(u,7) = /]I Z e 2T ONG, L (uty, 7).,
v+LEL'/L
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Then we calculate using the first statement of the theorem:

1 —2mi(v;
Tin 2 ¢ chMiu g, m)
y+LeL'/L

1 —omiwi ) Ovitvr (U + 7, 7)
- |L//L| Z Z ¢ ' ! n(T)rank(L) Ch[Mi,VH‘V](T)
~y+L€EL'/Lv+LEN/L
9”1: L(U7T) Gyi L(U,T)
- Z 5w+u+L,w+LW ch[M;p,40](T) = mCh[MLVJ(T)'
v+LEN/L

Setting u = 0 yields the second conclusion of the theorem. (I

4.3.4. Solving the coset problem. The above results give a precise way to
understand C' if V' is sufficiently well understood:

(1) Start with a simple, rational, Ca-cofinite vertex operator algebra V' that
contains a lattice vertex operator algebra Vi, where L is positive definite
and even. Prove that V7 is maximal or find the maximal extension of V7,
contained in V.

(2) Decompose V as a Vi, @ C-module:

V= @ VH+L ®M0’#.
pu+LEN/L

This can be done on the level of characters since Jacobi theta functions
of lattices are linearly independent. This determines N and hence N'.

(3) We have shown that there are certain simple current V-modules M* for
u € N'/L which form an abelian intertwining algebra of type N’/L. These
determine the set S of inequivalent simple C-modules: all we need to know
are the fusion rules of the M* with any of the M;.

(4) Get characters, fusion rules, and S- and T-matrices using the above the-
orems.

The only subtlety arising here is that fixed points of the M* make enumeration
of the inequivalent simple C-modules more technical. When V is a simple affine
vertex operator algebra, N’/L is given by spectral flow (automorphisms coming
from affine Weyl translations) which gives explicit character relations, so this is
actually verifiable on the level of characters.

4.3.5. Solving the inverse coset problem. Now assume that C is suffi-
ciently well understood. Can we reconstruct V? This question actually fits very
well in a program one of us has developed together with A. Linshaw [CL1, CL2].
In [CLZ2], we found minimal strong generating sets of families of coset vertex oper-
ator algebras C}, inside larger structures Ag. If the strong generator type coincides
with the one of a known W-algebra, then one might ask if they are isomorphic. In
practice, there will be special values of the deformation parameter k for which Ay, is
believed to be interesting, for example admissible levels of W-algebras [KW2, Arl].
In this case a strategy might be to find the coset, and use its properties to deduce
properties of V:

(1) Suppose we have a vertex operator algebra V and we believe (or might
even know) that V;, and C form a commuting pair inside V. Then use
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[CKLR] to find a lattice N O L such that

@ Vit ®@Cy
u+LeEN/L

is a vertex operator algebra. Here the C), must be simple current C-
modules that give rise to an abelian intertwining algebra of type N/L.
There are usually very few choices for that which means there are few
possibilities for N.
(2) Prove that
V= @ Vier @ Cy.
pu+LEN/L

The strategy is to prove that the operator product algebra of a given
type is unique and hence both sides are homomorphic images of the same
vertex operator algebra and hence are isomorphic if both of them are
simple. This strategy is feasible in many cases and has been succesfully
applied in the setting of minimal W-algebras, [ACL1, ACKL]. It would
be nice to extend this further, as for example settling [CKL, Conjecture
4.3].

(3) Use our results, that is, induction, to determine all V-modules and com-
pute their fusion rules and modular properties as above. Recall from
Remark 4.38 that simple V-modules are isomorphic if and only if they are
isomorphic as Vi ® C-modules.

This inverse coset construction has now been efficiently applied to understand the
representation theory of the simple affine vertex operator superalgebra Ly, (0sp(1(2))
at positive integer level k as an extension of Ly(sly) ® Vir(k + 2,2k + 3) [CFK].
Further examples of understanding more subtle affine vertex operator superalgebras
via the inverse coset construction are under investigation.

4.4. Coset theories: Examples

In this section we use the theory and results of previous sections to study the
representations of some regular vertex operator (super)algebras arising as lattice
cosets. The examples presented here illustrate how induction can be used to solve
both coset and inverse coset problems.

4.4.1. Type A parafermion algebras. Parafermion algebras are cosets of
Heisenberg (equivalently, lattice) vertex subalgebras of affine vertex operator alge-
bras. They first appeared in [LW, DLe] and have received attention in number the-
ory due to their connection with integer partitions [LW]. As they have been treated
in many fairly recent works [ALY, DLY, DLWY, DR, DW1, DW2, DW3], we
will not derive new results here. However, these algebras nicely illustrate the effi-
ciency of the theory of vertex operator algebra extensions. We focus on parafermion
algebras of type A.

Fix n > 1 and consider the simple affine vertex operator algebra Ly (sl,41)
of type A,, at positive integer level k. The Cartan subalgebra of sl,;1, embed-
ded into the conformal weight-1 subspace of L (sl,y1), generates a Heisenberg
vertex subalgebra with different conformal vector. The maximal lattice vertex sub-
algebra of Ly (sl,41) extending this Heisenberg algebra is Vi for L = vkA,, and
the parafermion algebra is then defined to be the coset C' = Com(Vy, Ly (sl,41))-
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The lattice determining the decomposition of Lg(sl,+1) as a Vi ® C-module is

_ 1
NfﬁAn.

The inequivalent simple L (sl,,11)-modules are the simple highest-weight SA[nH—
modules L(A) of highest weight A = Aowo + -+ + A\pwy,, where the w; are the
fundamental weights of .;\[n+1 and Ag + --- + A, = k; we denote the set of such
weights by P;f. Recall from (4.23) that Ly (sl,41) has simple currents parametrized
by cosets in

N'/L = VEA! JVEA, = A JA, = Z](n+1)Z.

Thus these must be all n 4+ 1 of the simple current Lg(sl,,11)-modules classified in
[Ful: they are the modules L(kw;), 0 < i < n, with fusion rules

i+ ifi+j<k

L(kw;) K L(kw;) = L(kw—), I+ = -
(kw;) (kw;) (wz+J) L {@'4-3—]@‘ else

and action on simple modules given by
L(kw;) M L(A) = L(s;(A))

where the s; cyclically permute the fundamental weights, that is, s;(w;) = Wig5-
This is the same as addition of weight modulo kA,,.

Now given A = A\gwg + *+ - + Apwp € P,j, let A = ﬁ()\lwl + o+ Awy) € L.
Recalling (4.21), simple modules of the parafermion coset are labeled M5 - for

A € P, T+ L e L'/L, with the condition that A — ' € N/L = ﬁAn/\/EAn.
Further, by Theorem 4.40,
MK,F = M*',F'
if and only if there exists 0 < j < n such that
(4.26) N =5;(A), T =T+ Vkw;.

Fusion rules for L(sl,1)-modules can in principal be computed using Ver-
linde’s formula, but the combinatorics is involved. For A; and As explicit formulae
are known (see for instance [dFMS, BSVW]). For A1, P = {((k—i)wo+iw)|0 <
i < k}, and abbreviating (k — ¢)wo + iwy by 7(k, 1), we have

Feta (T O B L (k1) = > Lty (n(J,1)).
|i—j|< t <min(i+j,2k—i—j)
i+5+t=0mod 2

Therefore, from Theorem 4.42, we precisely recover the fusion rules of [DW3]: for
V; +L,Vj +L e N/L,

MG w8 MoGgy =i+,

= D MGy T+ m o) v vy
|i—j|< ¢ <min(i+j,2k—i—j)
i+j+t=0mod 2

Note that when i + j + ¢ is even, 7(k,t) — w(k,i) — w(k,j) € N, so every summand
is well-defined. Also, from (4.26), it is clear that the summands are mutually
inequivalent.
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Type A; parafermion characters can be read off from Theorem 4.44, and mod-
ular character transformations from Theorem 4.43. The T-matrix is easy:

TX’C

M, way+v

R R e e s )

For the S-matrix, for brevity, set

Wy =M—{r—

7w(k,a), ™ (k:,a)-i—ua’ Wb =M

w(k,b), w(k,b)+vp’

where v, + L,vp, + L € N/L. Then,

S, = \/>\/; ( k+)(§+l))
- exp (—27Ti <7r(k:, a) + vg, w(k,b) + z/b>) .

REMARK 4.45. It is reasonable to conjecture that the category of admissible-
level Lg(sly)-modules as stated in [CRi3, AMI1] has the structure of a vertex
tensor category. If this is true, then one can also study the parafermion cosets
of admissible-level affine vertex operator algebras in a manner very similar to the
rational case. This is interesting since these parafermion cosets allow for large
extensions that are conjecturally Co-cofinite but not rational [ACR].

4.4.2. Rational N = 2 superconformal algebras L. In this subsection,
we discuss a family of vertex operator superalgebras of correct statistics: the ra-
tional V = 2 superconformal algebras. They are important in superstring theory,
where the chiral algebra of the underlying conformal field theory must be the N = 2
superconformal algebra or an extension. Thus they appeared in the physics litera-
ture already in the 1980s; see for example [DPZ]. In the mathematics literature,
modules were classified in [Ad1] and fusion rules in [Ad2, Wa2]; we rederive these
results here. Interesting results are also possible beyond rationality [Sa].

Fix a positive integer level k; the N = 2 superconformal algebra Ly is rational
at such levels with central charge ¢ = 3k/(k + 2). Although £}, is normally defined
as a vertex operator superalgebra structure on the simple level-k vacuum module
for the N = 2 superconformal Lie superalgebra (see for example [Ad1, Section 1]),
we shall here use a lattice coset realization of L) due to [CL2]. To begin, we need
to introduce some lattices, using notation as in [CKLR, CL2]:

La=7Za, Lg=78, L,=Zvy, L,=7u
with
2 2 k
« :2k7 B :47 0[6207 ’Y:O[_FE/Ba ,LL:O[—,B
so that

=2(k+2), ~*=k(k+2), yu=0,
9 k 2 9

=i T et T T r et
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1 1
Let ace + b8 in L!, & Ly, which implies that a € %Z, be ZZ. We have

ka—20  2(a+D)
Er2 M TR 2

Now we can present the coset realization of £, from [CL2]:

(4.27) ao + b3 =

1
/ /!
’)/ELH@iL,Y

Ly = Com <VLM’ Li(slh) ® VLAB) ,
2
and the even vertex operator subalgebra of Ly is
£6 = Com (VLu’ Lk(ﬁ[g) ® VLB) .

Our strategy is to first understand £2—modules and then induce to Ly.

Recall from the preceding parafermion example that Vi is a vertex subalge-
bra of Lj(slz), and the Vz,_-modules appearing in the decomposition of Ly (slz) are
exactly Voo, forn=0,1,...,k — 1. It follows from (4.27) that V,;, is a sub-
module of Ly (sly)®Vy, if and only if v+L € N/L, with N = 2L],. Further, we have
N = %Lu so L, has index two in N'. Denote by wo,w; the fundamental weights of
sly so that the simple L (slz)-modules are precisely the integrable highest-weight
modules L(A) with highest weight (kK — Mwo + Awy for A € {0,1,...,k}. Using
(4.27) it follows that for b € Z, V1, is a submodule of L(\) ® Vig,p, if and only

A—b

ifv— S N so that we get

(4.28) L) ® Vig,p, = D Viir, ® M(A,b,v)
u—ﬁu-&-LMeN/Lu

as Vp, @ Eg—modules and further, all M (A,b,v) are simple Eg—modules and every

simple £)-module is isomorphic to exactly two of these since [N’/L,|=2 (see The-

orem 4.40 and Corollary 4.41). It remains to identify those that are isomorphic.

The order-2 simple current of Ly (sly) ® Vi, , that identifies isomorphic Eg—modules
is

l 0 Y
M2H = f(V%/Jr‘rL“ ® ‘Cg) = @ V%//H“VJ"L“ ® M(0,0,v) = L(\) ® V%BJrL/a
v+L,eN/L,

for some A € {0,1,...,k} and b € {0,1,2,3}. Since L(\) ® Vi, is a direct sum
of the Vi, ® V1 ,-modules V(ﬁJr%)oH_La ® V§5+Lﬁ for 0 < n < k —1 and since

1,1 1
5i = 5 — 5[3, we have

1 X n 1 b

From this it follows that A = k and b = 2, that is,
1 ~
M2+ = L(k) ®V%B+LB'
Then from Theorem 4.40 we get
M\ bv) = MV, V)
if and only if

1
(4.29) N=k-\ V/EV+§,U (mod L), b =b+2 (mod 4).
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Fusion rules and modular character transformations of these modules now follow
from Theorems 4.42; 4.43, and 4.44. Namely,

M\ b,v) B MY, 0) = @) (N*2)) MO b+ 1 v+ v
0<\'<k
= @ M\ b+ v+,

[A=X] < A < min(A+)X 2k—A—)")
AN 4N"=0 mod 2

In this decomposition, the summands are pairwise inequivalent. Now we calculate
the characters and modular data. Let 0 < A\, N < k, b,b' € Z/AZ and v,v' € L), /L.
Using Theorem 4.43 we have:

(AA+2) 1 k
. B AA+2) 07 v
(4.30) TM(A,b,u) = exp (2m (4(k—|—2) + 3 2<V, v) 8(k+2))) )

X
SM(A,b,u),M(/\',b/,u')
|L3./ Lyl
= = . _ y AN XL (sl2) . vaLg
= IN/L) exp (—2mi({v, V') S\w SVbB/4+L57Vb’B/4+L3

!/ /
=i P (—2mi{v, V")) - sin <W> . %exp <7ribb)

2
(4.31) = %H - sin (W) - exp <2m' (b4b/ — (v, 1/)))

From Theorem 4.44 and (4.28), we have the following characters (with the Jacobi
variable u denoting the Heisenberg weights corresponding to V7, ):

Ch[L()\) & VgngLﬂ](uv T)

0 xob (u T)
. sy prv LN A—b
= E ch [M (/\,b,2(k+2)u—|—u (1),

v+L,eN/L, n(7)
ch [M (A, b, )] (7)

77(7_) Z —2mi(v,7y)
= e 7 eh[L(A) @ Vg, (7, 7).
2(k +2) - OviL, (0,7) +Loell /L, B

We can now study modules for the vertex operator superalgebra £ via induc-
tion by viewing Ly, as a superalgebra in the representation category of £Y. In partic-
ular, induction yields a classification of untwisted and twisted simple Lx-modules,
as well as fusion rules. We also get S-transformations for (super)characters of
simple Li-modules as in Subsection 4.2.4.

From the fusion coefficients, S- and T-matrices, or otherwise, it is clear that
J = M(0,2,0) is a simple current for £) = M(0,0,0) such that ; = —1; and
qdim(.J) = 1. Therefore, £, = M (0,0,0)6M (0,2,0) is a 3 Z-graded vertex operator
superalgebra with even part graded by Z and odd part graded by % + Z, that is,
Ly, is a vertex operator superalgebra of correct statistics. Further, the fusion of the
simple current M (0,2,0) is

M(0,2,0) Kp M(Ab,v) = M(A,b+2,v)
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so that the induced modules are
F (MM bv))=MNbv)® MA\b+2,v).

From (4.29) we conclude that M (A, b,v) = M (A, b+ 2,v) is impossible since 0 #
% p(mod L,,). This implies that there are no twisted modules of fixed-point type, so
by Proposition 4.5, each induced module is simple, and moreover every simple £y-
module is induced from a simple ﬁz—module. It is easy to decide whether induced
modules are twisted or untwisted using the twist, that is, conformal dimension.
From the T-matrix (4.30), the conformal dimension hyp, of M(A,b,v) is

AA+2) b (vv)
Papy = ——%+— — .
k12 8 2

From this and the balancing equation, F (M (A, b,v)) is untwisted if b is even and
twisted if b is odd. )

Analyzing the fusion for £ = M (0,0, 0)-modules, we have the following fusion
for Li-modules:

N+ .F(M()\// bl/ //))
F(M(N\b,w)), F(M(N b ,v))
B (N5[2)”A\;\, if b4+ —0"=0,2mod 4, v+ —v" €L,
N (N“?)’;/\’,\ if b+ —b' =0,2mod4, v+v/ —v" —p/2€L,.’

_FMON Y W)
N=F (b)), FOMO b))

(Ns[?)ﬁ”A if b+ —b"=0mod 4, v+v/ —v" €L,
_ (N* ))\X if b4+ —0"=2mod4, v+v —v"' —p/2€L,,
—(N 5[2)/“\, if b4+ —0"=2mod4, v+ —v" €L, )

S(NFEN bl b =0mod 4, v+ — v —pj2€ L,

Note how the conditions on b, b’, and b” for obtaining non-zero fusion rules implies
that the tensor product of two twisted or two untwisted modules is untwisted and
the tensor product of one twisted and one untwisted module is twisted.

Now we summarize the S-transformations for (super)characters of simple Lj-
modules. The simple modules for £9 = M(0,0,0) are indexed by a set S of triples
(A b,v), where 0 < A<k, 0<b<3andv+1L, € L:L/LH. Let us fix a choice
of representatives of S, say SY, under the equivalence X ~ J X X. Further choose
SOloc amongst SO_ for which b is even, that is, these induce to untwisted modules,
and let SO = 8V \ §%°¢. Then we have the following: for (\,b,v) € SOloc,

ch*[F(M(A b,v))] (i)

= D 2 Shommarvan - DTIFEMON V)
()\/’le//)esf),loc

e 7010 8.0 (7 )

= > 2SN TN ))(),
(A/7b/7yl)686,tw
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and for (A, b,v) € SOv,

1
et [F(M(A, b, ) (—)
-
= Y 2 SN T IFMIAY,Y))()
()\/,b',l//)esﬁvlc’c

b~ [F(M(Ab,v))] ( i) _

2: S?\(/[(A,b,l/%M()\/,b',l/) ~ch™ []:(M()‘/v v, V/))](T)a
(b 1) €8Tt

where the S-matrix for Eg is given by (4.31). Fusion rules for £;-modules may also
be computed using the S-matrix for the above (super)character transformations
and the Verlinde formula of Subsection 4.2.4.

4.4.3. Bershadsky-Polyakov algebra. Finally, we discuss two examples of
vertex operator (super)algebras with wrong statistics. One source of such alge-
bras is quantum Hamiltonian reduction associated to certain nilpotent elements
of a simple Lie (super)algebra. Such W-algebras and their cosets have recently
appeared prominently as invariants of interfaces of 4-dimensional A/ = 4 super-
symmetric gauge theories [GR], and these algebras enjoy a triality [CL3] vastly
generalizing Feigin-Frenkel duality [F'F] and the coset realization of principal W-
algebras [ACL2] for type A. The first new members are the subregular W-algebras
of sl,, which have fields of conformal weight %, and the principal W-superalgebras
of sl,,1, which have odd fields of conformal weight "T'H Hence these have wrong
statistics if n is odd. Moreover, the natural generalization of Feigin-Frenkel duality,
conjectured by Feigin and Semikhatov [FeS], relates the subregular W-algebra of
sl at level k to the principal W-superalgebra of sl,,|; at level £, where the levels are
assumed to be non-critical and related by (k+n)({+n—1) =1 [CGN]. We discuss
now a simple example of such a dual pair in the instance n = 3. This subregular
W-algebra of sls was first discussed by Bershadsky and Polyakov [Be, Po] and is
thus named after them.

The Bershadsky-Polyakov algebra at level & = —1/2, which corresponds to
the parameter £ = 1 in [ACL1], is an example of a vertex operator algebra with
wrong statistics, and it is rational [Ar2]. We obtain its representation theory
using an inverse coset construction. Specifically, the Bershadsky-Polyakov algebra
is constructed here as a simple current extension of a tensor product of commuting
lattice and Virasoro vertex operator algebras.

Consider the Virasoro minimal model vertex operator algebra Vir(3,5) of cen-
tral charge ¢ = —3/5. This algebra is simple, rational, Cs-cofinite, and of CFT
type. It has four irreducible modules up to isomorphism, Wy  for 1 < s < 4, with
Vir(3,5) = Wy1. The conformal dimension of Wi ¢ is hy s = ((5 — 3s)? — 4)/60,
and tensor products are given by:

min(n+s—1,9—n—s)

Wi R Wy, = P Wi

l=|n—s|+1
l+n+sodd
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In other words, the fusion rules are:

N(Vir(3,5)) % 110

)1 if [t—t|+1<t/<min{t+t —1,9—t—t'}, t+t' +1t" odd,
o0 otherwise.

In particular, Wi 4 is a simple current of order 2 and conformal dimension 3/4; it
has quantum dimension —1 as can be seen from the S-matrix coefficients (4.34)
below.

Let L = SZ be an even positive definite lattice such that (8,8) = 6. We
consider the vertex operator algebra V = V;, ® Vir(3,5). It has a simple current
extension A = V @& J with J = V%BJrL ® Wi 4. Using quantum dimensions, it
can be quickly checked that this extension is a vertex operator algebra with wrong
statistics [CKL]. The algebra A is precisely the Bershadsky-Polyakov algebra at
¢ =1 [Kawas, ACL1].

Now let V% g+1 @ Wi s be a simple module for V', and let us denote its confor-
mal weight by h; 1. Since fusion factors over tensor products of vertex operator
algebras in the rational setting, we have:

]:(Vgﬂ—&—L ® WI,S)

(V%,B—i-L ® W175> ) (V%ﬁ+L & W17578) )

i?+6i+9 (10—3s)?—4 i?  (5-3s)%—4
hi —s — 5 hz s — 745
LS 2 60 LTt 60
= hit315-s —hi1s +2 = ! ; * 17

Therefore,

Untwisted if i—s=1 (mod 2),
4.32 F(Vi QWis) =
(4.82) (Visrr ® W) {Twisted if i—s=0 (mod 2).

Up to isomorphism, there are 24 simple V-modules X, ; = V% g @ Wi s for
0<i<5and 1 <s <4. These modules fall into 12 classes under the equivalence
relation X ~ J X X for X simple, and of these equivalence classes, 6 induce to
untwisted and 6 induce to twisted modules. Moreover, every simple (un)twisted A-
module can be realized as one of these. Let S” denote the pairs (i, s) corresponding
to a choice of equivalence class representatives of V-modules, and let SOloc re-
spectively S%*, denote the set of pairs (i,s) € SY such that F(X; ;) is untwisted,
respectively twisted. Thus every untwisted, respectively twisted, simple A-module
is isomorphic to exactly one of the induced modules F(X; ;) for (i,s) € S%lc,
respectively (i,s) € S®*™W. The fusion of simple A-modules is given by

min(r+s—1,9—r—s)
F(Xir)Ra F(Xj,) = F(X;, Ry X;,) = &y F(Xija)-

I=|r—s|+1
l+r+sodd

Note how fusion respects the twisting (4.32). Noting also that

F(Xitjs) =2 F(Xitj+35-5);
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the fusion rules are:

N (Vir(3, 5))%}3?)7(113) ifk—i—j=0 (mod6)

(4.33) NZXeo) = { N(Vir(3,5))

F(Xi ) F(Xj0) — (17),(1,5) ifk—i—j=3 (mod 6)

0 otherwise.

Now we discuss S-transformations of characters of (twisted) A-modules. First
we recall the modular S-matrix for Vir(3,5) from [dFMS, Equation 10.134]:

2 T 3T
X — _1\1+sp+ro .
SW(T,S) Wiy = 2 15( 1) sin (3 rp) sin (5 so) ,

where W11 = W(y 1) but for other s, Wi ¢ = W3 5_5). Therefore we obtain, for
2<s,0 <4,

S?fVL1 Wia — —2\/Esin <5?:T) sin (357T> = \/zsin <357r> 7
S?/CVL1 Wy, = 2 %(—1)" sin (1(;7r> sin (357T(5 — a)) — (—1)U+1\/§sin (5’)7;(7) 7
SI)/(VLS Wio — —2\/Esin <2(?):T> sin (3;(5 —5)(5 — U))

= (1)S+U\/§sin <37r550> )

Note that in fact

s |2 . (3mso
(434) S‘)/(VLS Wie (_1)S+ \/;Slﬂ( 5 )

for all 1 < s,0 < 4. As in Subsection 4.3.3, the modular S-matrix for V, is given
by:

1 ab
X 1 .ab
SV%B+LaV%B+L 6 exXp (2777/ 6 ) .
Using these S-matrices, (super)characters of A-modules have the following modular
S-transformations: for (i,s) € S%1°¢,

1 .
ot [F(X;) () oS SV (R ))

’ (j,r)€S0:tw Lo+r it
_ : v ,Vir(3,5 _
ch [»F(Xz,s)} <_7') = Z 2. S%;%BZDVJ;[HL 'S?/(Vl’s’g/vll .ch []_-(‘X_jm)](T)7
(j,r)eS80:loc i
and for (i,s) € SOV,
1 ,Vir(3,5
ch ™ [F(X; )] <_T> = Z 2. S‘)ﬁ;‘;L+L’V1g+L .SéVl,s,g/Vlj R FCI)
(j,r) €S0 tw 6 i
_ : Vi ,Vir(3,5
ch™ [F(X; )] <_T) = Z 2. SgﬂiL»%B-&-L : S%(Vl,s,E/Vll .Ch+[]:(Xj,T)](7—).
(j,r)€S0:loc

The fusion rules for A-modules can also be derived using these S-matrices for A
together with the Verlinde formula of Section 4.2.
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4.4.4. Superalgebra with wrong statistics. We can easily modify the in-
verse coset construction of the previous example to study the representation theory
of a vertex operator superalgebra with wrong statistics. This algebra is in fact the
simple principal W-superalgebra of sl3; at level £ = —1/3, by a special case of the
main theorems of both [CGN, CL3].

We again work with Vir(3,5), but now we tensor it with V;, where L = 4Z
with (y,v) = 10. Let V = Vi, ® Vir(3,5). As before, V is a simple, rational,
C5-cofinite, vertex operator algebra of CFT type; V' has an order-2 simple current
J=Viyyp ® Wig with qdim(J) = —1 and 6, =1;. We set A=V @ J, and by
[CKL], A is a superalgebra of wrong statistics. By Proposition 4.5, every simple
module in Rep A is an induced module, and conversely, every simple V-module
induces to a simple Rep A-module. Let X; ; = V%7+L ® W1,s, and let us denote its

conformal weight by h;; ;. Then
-F(Xi,s) = Xi,s 2 Xi+5,5—57

?+10i+25  (10-35)% —4 2 (5-3s)2 4
hits1s-s = RS PR i) M
e 20 60 =50 T 6o
i—s+1
= h7;+5,1,5—5 - hi7175 + 7 = T + 7.
Therefore,

F(Xi) = {Unt.wisted %f z:— s f 1 (mod 2) .
Twisted if i—s=0 (mod 2)
Similar to the previous example, there are 40 simple V-modules up to isomorphism
indexed by the pairs (7, ) with 0 <14 <9, 1 < j < 4, which fall into 20 classes under
the identification X ~ J X X. Of these equivalence classes, 10 induce to untwisted
modules and 10 to twisted modules. As before, we denote sets of representatives of
these classes by S, §%1°¢. and S%*W. Up to (possibly odd) isomorphism, each un-
twisted, respectively twisted, simple A-module is induced from exactly one module
X, s for (i,s) € 8¥1°¢, respectively (i, s) € SOV,
Similar to (4.33), we have the following (super)fusion rules:

F(Xk,t) Xkt Xs54k,5—1t
(Ni)]-‘(st),]:(Xw) =N ik,s,Xj,'r‘ = NX:::;;M
_ N(Vir(3,5))§t?),(1’r) if k=i+j (mod 10)
+N(Vir(3,5)(;% (), ifk=i+j+5 (mod 10)

The S-transformations of (super)characters of F(X; ) for (i,s) € S® have exactly
the same form as for the Bershadsky-Polyakov algebra; the only difference is that
we use the S-matrix for V,z rather than Vsz. Fusion rules for A-modules may also
be computed using the resulting S-matrix for A.

For further examples of regular vertex operator superalgebras with wrong sta-
tistics, see the analysis of the affine vertex operator superalgebra Ly, (0sp(1]2)) and
its parafermion coset, at positive integer level k, in [CFK].
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