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Abstract

This paper is devoted to developing and analysing a highly accurate conservative method for
solving the quantum Zakharov system. The scheme is based on a linearly-implicit compact
finite difference discretization and conserve the mass as well as energy in discrete level.
Detailed numerical analysis is presented which shows the method is fourth-order accurate in
space and second-order accurate in time. Several numerical examples are reported to confirm
the conservation properties and high accuracy of the proposed scheme. Finally the compact
scheme is applied to study the convergence rate of the quantum Zakharov system to its
limiting model in the semi-classical limit.
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1 Introduction

The classical Zakharov system (ZS) was introduced by Zakharov [46] to describe the prop-
agation of Langmuir waves in plasma. It has also been widely applied to various physical
problems, such as the theory of molecular chains [9], hydrodynamics [10] and so on. Further-
more, many researchers have continuously improved the classical ZS and proposed various
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modified ZS which are more consistent with physical phenomena and experimental results.
We refer the readers to the book [25], and references therein.

Taking quantum effects into account, the quantum Zakharov system (QZS) has been
introduced by Garcia et al. [22] and Haas et al. [28] to describe the nonlinear interaction
between high-frequency quantum Langmuir waves and low-frequency quantum ionacoustic
waves,

iE, + AE — ¢ A’E = NE,
Ny — AN + 2A’N = A|E]?, xeR?Y, >0, (1.1)
E(x,0) = Eo(x), N(x,0) = No(x), N;(x,0)=Ni(x),

where the complex function E (x, t) is the slowly varying envelope of the rapidly oscillatory
electric field, the real function N (x, ¢) is the deviation of the ion density from its equilibrium
value. It is known that ¢ = Kz“;ie is the ratio of the ion plasma and electron thermal energies,
here & is Planck’s constant divided by 27, w; is the ion plasma frequency, T, is the electron
fluid temperature, and « p is the Boltzmann constant. Here the quantum effect is characterized
by a fourth-order perturbation with a quantum parameter ¢ > 0 non-negligible when either
the ion-plasma frequency is high or the temperature of electrons is low. For a more detailed
description of the physical background, we refer the readers to [27,36]. When the quantum
effect is absent, i.e., & = 0, the QZS collapses to the classical ZS [17,26].
Similar to the classical ZS, the QZS (1.1) satisfies the mass conservation law

/Rd |E(t)2dx = /Rd |E(0)|%dx, (1.2)

and the energy conservation law

1 2
/d (|VE|2+2 (qu|2 + N2)+82 |AE|2+% |VN|2+N|E|2> dx = constant, (1.3)
R

where Au = Nj;.

In recent years, the QZS (1.1) has been investigated extensively [7,18-20,26,28,30,34—
36,45]. For the well-posedness of QZS, we refer to [18,20,26] and references therein.
Specifically, the QZS is locally well-posed in L>(R?) x L?(R?) for 1 < d < 8 and globally
well-posed for dimension up to five [18], which is different from the classical ZS, where
the well-posedness for Ey € L2(R?) is known only for d = 1, 2, and the solution can blow
up in d = 2 [23]. This suggests that including some more physical effects in the equations
which results as a more complicated system may make the mathematical understanding much
easier. For the stability of the standing waves of QZS, we refer to [19]. For the hyperchaos
and temporal dynamics of the QZS, we refer to [34-36]. For the semi-classical limit of the
QZS, i.e., the QZS converges to the classical ZS as the quantum parameter ¢ goes to zero,
we refer to [7,17,26]. For the investigation of the QZS on periodic spatial domains, we refer
to a recent work [8].

For the numerical part, different numerical methods for the classical or generalized ZS
have been proposed and analyzed in the last decades (cf. [1-6,11-14,16,31,38]). However,
there are few results concerning the numerical methods for the QZS (1.1). Recently, Xiao
et. al. [43] proposed a conservative linearly-implicit difference scheme for the modified
Zakharov system with high-order space fractional quantum correction. The method con-
serves mass and energy, and converges at the second order in space and time. To improve the
accuracy in space, one choice is to apply the compact difference method, whose efficiency
has been widely verified in solving a large number of equations, e.g., Schrodinger equation
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[29,41,44], Klein—-Gordon equation [15,21], Klein—-Gordon—Schrédinger equation [39], clas-
sical Zakharov system [38], Klein—-Gordon—Zakharov equations [42], 2D Rayleigh—Stokes
problem [37], and Cahn—Hilliard equations [32,33]. The aim of this paper is to design a
high-accuracy conservative scheme, which is based on a linearly-implicit compact differ-
ence scheme, for solving the QZS (1.1). This scheme is highly accurate at the second order
in time and fourth order in space. It is efficient to solve since one only needs to solve two
independent linear systems at each time step. Moreover, the method conserves the mass and
energy which is of vital importance for stability and long-time dynamics.

The rest of the paper is organized as follows. In Sect. 2, we present a linearly-implicit
compact difference scheme for the QZS (1.1), with accuracy at O(h* + 72). In Sect. 3, the
conservative properties of the scheme are given. A priori bounds and convergence of the
scheme are proven in Sect. 4. In Sect. 5, numerical experiments are given to confirm the
accuracy of the scheme, to verify the convergence of the QZS in the semi-classical limit, and
to investigate the dynamics of the QZS. Finally, a brief conclusion is drawn in Sect. 6. For
the sake of simplicity, the symbol C denotes a generic positive constant independent of the
mesh size, time step and the quantum parameter &, which may represent different values in
distinct occurrences.

2 A Linearly-Implicit Compact Difference Scheme

Similar to most works for the simulation of the Zakharov system [1-5,31], we will consider
the QZS (1.1) in 1D and for numerical implementation we truncate (1.1) into a bounded
domain §2 = [a, b] with periodic boundary conditions:

iE; 4+ Eyy —e20'E — NE =0,

Ny — Nox +€202N — 92(|E|») =0, x € (a,b), t>0,

E(x,0) = Eg(x), N(x,0) = No(x), Ni(x,0)=Ni(x), x¢€la,b],
O E(a,1)y=08"E®, 1), 9*N(a,1)=0N®,1), k=0,1,2,3.

2.1)

We suppose the periodic Cauchy problem (2.1) possesses a unique solution which is
smooth enough and the initial data N satisfies the compatibility condition [24]

b M
/ Ni(x)dx =0, » Ni(a+kh)=0, for h>0 with Mh=b—a, MeN.
a k=1
(2.2)

To state the difference scheme, let h = b;,,“ and T = g be the spatial and temporal sizes

respectively, where M and J are two given integers. Define 2, = {x; |xx = a+kh, 0 <k <
M}, 2. ={t,|t, =nt, 0 <n < J}, 25, = £2;, x §2;. Denote the numerical solutions E,f
and N} as the approximation of the exact solution E (x, t) and N (x, t) at the point (x, t,,),
respectively. Denote Vj, 1= {v = (v, v2, ..., vM)T} C CM by the periodic grid function
space, i.e., v; = v;1y when involved. For any grid functions u, v € V), define the inner
product and norms as

M

M 1/p
— e — — P
(w, vy =h Y T, Iloo = max . Jvll, = (hk; |k ) (p=1,

k=1
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where vy represents the complex conjugate of vg. For simplicity of notation denote |ju] =
|lu]l2. As usual, we use the standard difference operators as

n n n n n n n
+on Vkpr T Y% S VTV g Uy —2up
Sx Uk = h ’ Sx vk = h ’ 8X vk = h2 ’
n n—1 n+1 n—1 n+1 n n—1
o U TV on_ Y% U 2o U T2yt
6 v = T ISV 2T WSS 2
For simplicity of notation, we denote
1 n+1 n n+l1 n—1
NS S S S S
k 2 ? k 2

As we know, the standard central difference operator 8)% approximates the second-order
derivative as

32v(xg, 1) = 8207 + O(h?).
Through a more detailed expansion, we obtain
h? h?
S3vi = (1 + Eﬁf) 020k, tn) + O(h*) = (1 - 585) 02v(xk. tn) + O(h*),

which implies

20 (g, 1) = A71820! + O (), (2.3)
where A = [ + %8)2( with 7 being the identity. Based on the periodic condition, the operator
A can also be written by a matrix:

mw 1r o --- 0 1
1 10 1 0 0
1
A=— .
12 )
0 o0 1 10 1
1 0 0 1 10

MxM

Now, we present the linearly-implicit compact finite difference scheme for the problem
(2.1) as follows:

1

1
n—s -3

_1 _1
iS5 Ef + AT'S2E, T — 2 AT2SEE, T =N, CE, 2, (2.4)
NI — ATVINT 4+ PATSINT = ATV B, 1<k<M, 1<n<J, (25)

where when involved, vy = vr4p for k < 0 and vy = vg_py for k > M in view of the
periodic boundary conditions. Noticing that the real matrix A is symmetric positive definite,
there exists a real symmetric positive definite matrix H, suchthat H = A~ ! Then (2.4)—(2.5)
can be rewritten as the vector form

i8] E" + HOXE"™1 — 2 H2*E"™1 — N""2E""1 =0, (2.6)
SIN" — H2N" + e H?8!N" — H8? |[E"|* =0, 1<n<J-1. 2.7)

To complete the scheme, we need to assign the value for N'. Suppose (2.7) is also valid for
n = 0 and the “ghost” vector N~! is given by

NP =N =2t (),
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where N, s an approximation of N (x;, —t) which satisfies
N(xk, T) = N (g, —7) = 229, N (xx, 0) + O (27,
then N'! can be calculated by
2 ~ ~ ~
S(N' =N = N°) — HE}(N' — o)) + 2 HPS}(N' — TN1) — HS2|E°] =0,
(2.8)

with

E® = (Eo(x1). ..., Eotxm)’ . N® = (No(x1), ..., No(xan)"

Ny = (Nix1), ..., Nia)” (2.9)

It is worth noticing that the QZS (2.1) is nonlinearly coupled, while the resulting discrete
scheme (2.6)—(2.9) is decoupled and solving the large-scale systems of nonlinear alge-
braic equations is successfully avoided, which makes the computational efficiency greatly
improved.

3 Conservative Properties

In this section, the conservation properties are obtained for the difference scheme (2.6)—(2.7),
which preserves the conservative properties (1.2)—(1.3) in discrete level. To do this, we need
some useful lemmas.

Lemma3.1 Foru,v € Vj, we have
(8)2(14, v) =- (éju, Sjv), (Siu, v> = <8§u, 631}).

Lemma 3.2 [41] The operators A and A~ (or equivalently the matrices A and H )are com-
mutative with 8 and 87, i.e., for any grid function u € Vy,

8T Au = Asfu, §;Au=AS;u; 87Hu=Hs u, §;Hu=HS;u.

Denote H = R R by the Cholesky decomposition of H. Then by applying Lemmas 3.1
and 3.2, we get

(H8Zu,v) = (82Hu,v) = — (8] Hu, 87v) = — (RTR8}u, 87v) = — (RsTu, R5Fv).  (3.1)
Lemma 3.3 [21] For any u € Vy, it holds that
Collull® < (Hu,u) = ||Rull® < Cilul®, Collul* < |Hul® < Cillul®,  (32)
where Co and C1 are two positive constants independent of h.

With the aid of the preceding lemmas, we can now prove the conservation properties of
the difference scheme (2.6)—(2.7).

Theorem 3.1 Suppose the initial function Ny satisfies (2.2), then the difference scheme (2.6)—
(2.7) conserves the discrete mass and energy, i.e.,

|£"| = 1£°]. (33)

e =2 |Rst B |+ |Ror " | 4+ S (IN P 4 [ ) + 262 a2

2
+ 5 (IRSEN™ P + [ REEN"|7) +{1E" 2, 2N+ = £, (3.4)
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where U" € V}, is defined by
HS2UP =8, N/, 1<k<M, 0<n</J, (3.5)

with boundary condition Uy, = 0.

Proof Computing the inner product of (2.6) with E n—3 yields

(i57 E", E"=3) 4 (H82E"~2, "~ 1) — 2 (H2§*E" % E"~ 1) = (N""1 E"~ 7, E""3),
(3.6)

Noticing that

(i, E", E"~7) = %(HE”HZ —NE"NR), (HOYE"E, B = —|RefEME|
(H2S}E"=2 E'=3) = |[HEIE" P, (N"TREMTEEMTE) = (N | ),

thus by taking the imaginary part of (3.6), we obtain
[e" | =1E~" =" =]E.

Next computing the inner product of (2.6) with E* — E"~!, and taking its real part, we
have

Re(HS2E""2, E" — ") — e?Re(H2§* E" 2, E" — E")
_ %<Nn b N R B
According to (3.1), it holds that
Re(Hs2E" ™3, E" — ") = —Re(Ro} E"~3, R8F(E" — E"™Y)
= 3 (IRSTE"1 — | RS E"1?).

Noticing H is symmetric and commutative with §2, this together with Lemma 3.1 yields that

Re(H2s}E" 3 B — B = %(HHS)%E” |? - 2" ).

Then, we can obtain

(L R A b R (L R LU
| (3.7
— _2<Nn—§, |En|2 _ |En—1 |2>
Taking the inner product of (2.7) with U =3 leads to
(8287, U3} = (HINT, U= 3) 4 &2 (H2SINT, U3 ) = (Ho2 | B[, un3).
(3.8)
In view of (2.7), (2.8) and the compatibility condition (2.2), we see that
M
Y s Nt =0, n=0, 3.9)
k=1
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this enables (3.5) to be well-defined for U" € V,. For the details, we refer to [24]. It follows
1 1
from (3.5) that H82U"~2 = §; N"*2 = §ON". Then, we can easily prove that

(2N", U"3) = %(H(SJZ(U” —H2U U = _2]7(H ReFU" P~ [RsTUM?),
. . 1

HEINT, U"~4) = (N7, Ha2um—3) = — ([N"+1]P — =1 P),

(H; )=( U2 ) = (I = v (.10

(H2*N™, U2 = (HS2N, H62U" 1) = %(”RS;N”” I* -~ | ReT N ),

(HS2|E" 2, U"=3) = (| E" 2, H52U"~2) = (sON™, | E"|?).
Substituting (3.10) into (3.8), we get

2 —1p2 . 1 2 192
|rRsFU"|” — |RsfU"| +5(||N”“|| - |wn 1II)
2
(IR n I = [R5 )

— —2¢(8N", |E"|). 3.11)

Summing (3.7) and (3.11), noticing that

<2Nn7%’ |E"|? — |En71|2> s (8?Nn7 |En|2> _ <|En|2’ 2Nn+%> _ <|En71|2’ 2Nn7%>'
(3.12)

hence (3.4) follows and the proof is completed. O

Remark 3.1 Actually the conservation properties can be established for more generalized
QZS with the form as follows:

iE; + Exy —°0}E = Nf(IEP)E =0,
Nip — Nox + 202N — 02(F(IE*) =0, x € (a,b), >0,

where f is a smooth, real function, F(s) = fos f(6)do. Correspondingly, the compact finite
difference scheme is given by

1 1 _1 a._L F(E"?) — F(EM12
F_gamrptg N (EZI%) (|f )
|EZI? — |E;?

SINI — AN 4+ 2 AT2SINT = ATIS2F(IEM?), 1<k<M, 1l<n<lJ,

i5 Ef + A7'82E,

and the conserved energy is of the form
1
& =2 |RsLE" [P+ Rt Un | 4 S(IN P 4 V7)) + 267 Ha2E"
£ + a2 + |2 2 +1
+ 5 (RS N2 4 RSN |7) + (FE" ). 2N"2),

4 Convergence
In this section, we first present an a priori bound result, and obtain the corresponding con-

vergence result of the scheme (2.6)—(2.9) for solving the QZS. We first give the following
Lemma.
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Lemma 4.1 [47] (Discrete Sobolev inequality) Suppose that v € V. There exists a constant

C» > 0 independent of v and h such that

Ivllos < Cov/IIvIly I8 1l + o]l

Now, we will present an a priori bound of the difference solution for the scheme (2.6)—

(2.9).

Theorem 4.1 Suppose the initial data Ny satisfies the compatibility condition (2.2). Then the

difference solution of (2.6)—(2.9) satisfies the following estimates

[E" |+ s E N+ [E" (o = € [N"| +elsg Nt = € arun ] + U]

<C.

4.1)

Proof Tt follows from (3.3) that || E"| < C. Using the discrete Cauchy—Schwarz inequality

and the Young’s inequality, we arrive at

2 1
([E7[F N 8| = 2 (V2 4+ N2 + 2071

According to Lemma 4.1, the Young’s inequality and Lemma 3.3, we have

A

IE* I3 < IE"IPIE" I3 < CIE" % < CUE™| (1E" | + 57 E" )

RS E™|I>

+CJIE°)>.

IA

Co
7||6:E"||2 +CIIE"|* <

This together with (3.4) and (4.2) gives

|Rst 7 P+ [Rot U 4 L (19 + [ )
+26% |HO2E" |
which directly yields
InN"[ =c. |RreFE"| <C. |RSTUM| = C. e|REINT| < C.
Hence by Lemma 3.3, we arrive at

ISFE" < C, el§{N"| =C, [85U"] <C.

Applying the discrete Sobolev inequality (cf. Lemma 4.1) to E" € Vj,, we get

IE" oo < Coy/IEM IV I E™ | + I8 En|| < C.

Recalling U}, = 0, using the discrete Cauchy—Schwarz inequality, we obtain

M—1
URl =) W = Ul ) + Uy
s=k
M—1
=h|y stull < -a)'?I5fU"I<C. 1<k<M,
s=k

which completes the proof.
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Next, we turn to prove the convergence of the difference solution of the linearly-implicit
compact difference scheme (2.6)—(2.9). The pointwise errors are defined by

ef = E(xx, ty) — Ef, ngy = N(xx, t,) — Ny

Consider the exact solution of the system (2.1) on the grid points, then the error equations
are obtained as

1

i67¢" + H8%"™ 1 — 22641 = " + &", (4.6)
82" — H8X)" + 2 H*8 " = H820" + 0", n>1, (4.7)
where w", w" represent the errors for the nonlinearity

1

- 1 1
T = 7 (N, ) + N ta-0)) (E ik 1) + E @, ta-1)) = N, E;?

1

1 _1 _1 _1
=5(N<xk,rn)+zv<xk,rn_1>>e,’j >4, TE, 7,

)

o} = |ECGa, ) — |EP [

and £, 0" € V}, are the truncation errors

2
1
= 7 (Vs fn) + N tn— 1)) (E (ks 1) + E (X, 1)) (4.8)

L 1 &2
g/:l = 181 E(xp, th) + EHS)%(E(xk» th) + E(xg, ty—1)) — 7H25;4C(E(xks tn) + E(Xk, th—1))

1
ol = 82N (g, 1) — EHS,%(N(xk, tat1) + Nk, ty—1))

2
&
+ EHza;t(N(xk, tat1) + N (g, ta—1)) — H82 |E(xg, 1) > . (4.9)

Applying Taylor’s expansion, one easily finds when the solutions are smooth enough, the
location truncation errors satisfy

g =0@+hY, §7E =0G+1Y,
828 = 02+ 1Y, of =0@*+hY, n>1.

Theorem 4.2 Suppose ¢ < 1 and the solutions E(x,t), N(x, t) are sufficiently smooth with
initial conditions satisfying the compatibility condition (2.2). Then the solution (E}, N}!) of
the scheme (2.6)—(2.9) converges to the solution (E (xi, t,), N (xk, t,)) of the QZS (2.1) with
order O(t% + h*):

le" |+ 185 e" | + el 83e” | < C(2> +h*), "l + ellsFn"Il < C(e* + 1Y), “.10)
where C is dependent of h, T and ¢.

Proof First of all, computing the inner product of (4.6) with ¢" + "1, and taking the
imaginary part yields

1 ~
- (||e” 12 = " ||2) =Im(@", " + ") + Im(g", " + "). @.11)
T

In view of Theorem 4.1, one easily gets

2| < € (1efl +1e "1+ Ing1 + 1 ~1)
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Applying the discrete Cauchy—Schwarz inequality, we easily obtain the following estimates
[im(i", " + ") < (1" 12 + 1"~ 2+ eI+ e R), @2)
Im(g", ¢" + " )| < C(x2 + h*)* + c(||e”||2 4 e ||2). (4.13)
Thus, substituting (4.12) and (4.13) into (4.11), we get
e 12 = e~ 12 = Cr (Hle" 12 + e 1P + " 1P + "~ 12) + Ce (22 + ).

(4.14)

Secondly, computing the inner product of (4.6) with §, ¢", and taking the real part, we
get

= %(nm;re"nz — RS ) ~ ;(”H(Sfe" |? - |Hste = |?)
= Re(@", 5 ¢") + Re(§", 5, ¢"). (4.15)
Based on (4.6), applying Lemma 3.3, we derive
[Relg”, 8;¢")| = |Re(s", iH82e" ™3 —ie W25t 4 — ii" — ig")
+ (g @)

<c(IRster |+ [Reper |+ | Roze"|* + | o |

‘<R8+‘§" R8+ n——>

2\(Hs2e", Hate )

2152 |P 4 e a2e ! |2+ e |2+ 1)
<@+ +C ([P + e+ o P+ | P
HRster |+ | Rofer! P+ e[ HoZe" |* + &2 [ HoZe ).
(4.16)

~1,n ~2.n

To estimate Re(w", 8, ¢"), we denote W} = w," + W} with

~1 n— 1

1 _1 1
W :§<N(xk,zn)+N(xk,rn71))eZ 2w =, 2Ek 2

Suppose N is smooth enough, then we have
"] = € (1ef1 + e '])
~ 1 _1 _1
st = 5 ‘(N(xk, ) +N Gt 8F e+ et (55N G 1) +85 N (e, ta1))
_1
< INllz~|87¢, 2| + I Nellzoe e, f |
< C (Iefr |+ e+ s ef| + [st el |)
|82, " = = ‘(N(Xk+1,tn)+N(xk+1 I 1))52ek +25;,’j 25+N(xk,tn)
T 2
1257 TSN s faet) 4 €17 (82N (x ) + 82N (e b)) |
< IVl 8272 4 20N |87 €2+ [Nl oo €7

= C (legi| + lepm] + 1o ehoa] + o el + [82ek | + o3er™"])
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Hence

~ _ ~ . _1 . _1  ~ .
|Re(w1’”,8, e”>| = ‘Re(wl’”, 1H8§e" 2 — 182H28;‘e" 2 —ju" —1“;‘”>

< |(Rsf @', Rsfe" 1)
+ @, wm)| (@ g
= C([Rsfe P + | Rerer "> + || + &2 Hole" |

~ _1
+ &2 ’(Hcﬁwl’”, HS)QCe" 2)

s O R b R A T e Tl
<cwt 27l + e+ P+ o)

I RsEe" P+ [Rafe P e te |+ o e ).

4.17)
On the other hand,
Re(ﬁz’", 8;e”> = %Re(n”*%E”*%,e” - e"il>
= %Re(n"_%E"_%, E(ot) = ECty) — %Re(n"'—%E"—%, E" — E"Y)
_ %Re(n”_%(E("tn) +2E(-,tn—l) —e”—%), EC.t) - E(~,tn_1)>
_ i n—1 n2 _ n—1 2)
(e -
1
= (" IEC P — 1ECo)P = 1B+ B
— Rl EC i) — EC i)
= %(n"—%, D" — ") - %Re(n”_%e”_%, EC.tn) = EC. 1),
which implies
Re(@ ", 57e") — {4 0" = ) = S0 (I + [ )
< (> + 1= P + e + e ||2>- (4.18)

Combining (4.15)—(4.18), we arrive at
|Rese"|* — | Rafe = |* + 2| Hote" | — 2| HoZe ! |* + ("2, " — ")
< Cont + 2+ Cr (e P+ e~ P+ o> + ")
+|[RsFe" | + |RoFe | + &2 | HEZ|* + 62| HO2e" ! ||2) : (4.19)

In view of the compatibility condition (2.2), the second equation in (2.1) and the periodic
boundary conditions, one can derive that (cf. [24])

M

Y (NG, tap1) = N, 1)) =0, n >0,
k=1
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which together with (3.9) yields Z,iwzl ,_r],'f“] = 0 for n > 0. Hence following (3.5), we
are able to define 6" € V;, for0 <n < J by

H820r =6, k=1,2,...,M; 6}, =0. (4.20)
Taking the inner product of (4.7) with "1 gives

(820", 6"~ 2) — (HS2y", 0"~ 2) + X (H28*0", 0"~3) = (H820", 0"~ 3) + (0", 0" 2).

.21
Applying Lemma 3.1, (3.1), one easily obtains
N R (L e T )
(s 04 = o ([ P = ), @22)
(st 0n4) = — ([ Rs o P~ [Ropn ! P).
It follows from Lemmas 3.1 and 3.2 that
(H&>®", 6" 7) = (@", H820" %) = (", 60n"). (4.23)

In view of the homogeneous boundary condition of 6", similar to (4.5), it can be seen that
0] < C||8; 6", this yields

o, 6"3)

=c (o> + e I) +clo" |
= (2 +n)? +c(|Rson|” + |Rsfor "), (4.24)
Thus, plugging (4.22), (4.23) and (4.24) into (4.21), we obtain

IRSTO™* — IRSTO" > + < (||n"“||2—||n””||2)

2
8 (||R8+ Vl+1||2 ||R5;:_77n_1||2)+(wn7278?nn)

)
< Cr(|rsfor P+ |Rofom! ) + Cr(e> + h). (4.25)
Based on Theorem 4.1, || E"|| o is bounded. Suppose
IE"loc <Cg, 0=<n<J,
where CF is independent of %, T and ¢. Denote
Mg = Cg + I EllLeoqo,11;L%(2))-
Noticing that

(Znn—%’ " — I'Dn—l) + <@n’ 2‘[3?7]"> (An 2nn+2> ( n—l’ 2nn—%>’
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combining 4M7 - (4.14)+2 - (4.19)+(4.25), we are led to

am, ([l ~ ||e”‘1||2)+1(|| ”“Ilz— [ ) +2 (| RsFe" | = [ Rozer= )
+|Rsfen|” — |Roer P+ (IIR(S+ P - Rt )
+262 (|| Hste"|* — | sl ‘H) +(@" 20" 2) - (@ 20" )
= e+ 4 Cr ([ + e P+ | P+ | P + | Ret e |+ Rt
+|R70" | + | Rafor! |+ e msden | + &2 HsZe ™! |). (4.26)
Denote

1
Fr=amplet 3 (I 1P+ o 1?) + 2 reter | + | Rafe" |

2
+ % (”R(S;an ”2 n HRCS;’I’!H ”2) i 282”1‘18)%6” 2 n=0.

Then (4.26) can be rewritten as
]:i‘l _ ]:n—l + <@l’l’ 2nn+%> _ <@}’L—17 2’71‘1—%) S CT(I’Z4 + T2)2 + CT(]:n + ]_—n—l).
Summing the above equation forn = 1,2,...,m < J — 1, we get
1 1 "
Fr— FO 4 (@", 2" T2) — (@0, 207) < C(2 + 2+ CT Yy
n=0
Noticing that

I

@ 2] < 2@ P 4 g+

1

F",
2

<M1 + 5 ("2 + 1R <
which implies
m
Fr<2F0+ O+ +CT Y F
n=0

by recalling that @° = 0. Noticing that ¢ = 5% = 0, it remains to estimate ' and 5;90.
Denote

o) =83N(xx,0) — %Hsﬁ(N(xk, )+ N(xg, —1)) + ‘Z—ZHZ(S;‘(N(xk, 1)
+N (xk, —1)) = H8Y | E (i, O,
which represents the truncation error at t = 0. It can be clearly seen that
’ak ‘ Ot + 1),

when the solutions are smooth enough. Denote s; = % — (Nkl — TN1(xp)),
thus by definition (2.8), we have

—5 — H(S)%S + 82H28§s =Y.
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Taking the inner product of this equation with s yields
2 2

s+ % (IRS} 511> + 2| H83s]|?) = r7(0‘), 5)
<Ho?1* + %usn2 <t + M + %nsuz,
which implies
Isll < CT2(x? + k%), |RSFs| < Co(z* + ™).
Noticing that N (xg, —7) = N(xx, ) — 2T Ny (xg) + O (73), this means
sc=mp+ 0, §fse=8Tn + 0P,
thus we get
'l < Ct(z* +h*), 1RSI 0|l < Cr(z* +h%).

Applying definition (4.20), the Young’s inequality and ||6°|| < C||6}6°]|, one easily finds

1 1 C
IRST0°1* = —(H536°,6°) = —;<n1, 0°) < Enmjoonz + ﬁnnlnz,

which immediately yields
Cc

IRSTO < —ln'll < € +hY).
Now we can conclude that 70 < C(r? + h*)%. Applying the Gronwall’s inequality, there
exists g > 0 such that

Fr<CE@*+hY, m>1,
when t < 19. According to the definition of F", it follows that
le" + [ RoFe" | + el Hote" | < C(x* +1%), || +e| R&E D" < C(2* + 1Y)

This together with Lemma 3.3 yields (4.10) and the proof is completed. O

Remark 4.1 1tis easy to verify that the compact finite difference scheme and the corresponding
convergence can be established for the QZS with homogeneous Dirichlet boundary condition

E(a,t) = E(b,t) = N(a,1) = N(b, 1) = 0,
02E(a,1) = 2E(b,1) = 8’N(a,1) = 3*N(b,1) = 0.

Remark 4.2 Noticing the proof of Theorem 4.2 relies strongly on the a prior bound || E" | oo <
C with C independent of €. For higher dimensions, e.g.,d = 2, applying the Discrete Sobolev
inequality [47]
IE"loo < CVIE™MI\/ IE™ I + I8ZE™ I,
one gets
IE"I3 < IE" 1SN E"I? < CIE"PAE"| + I63E" ) < e*| HSTE" |* + C /.

This together with the conservative energy implies an a prior bound ||E" | < C/¢. Thus
repeating the similar argument will lead to the same convergence with the constant depending
on &, which suggests that the convergence is not uniform for ¢ € (0, 1]. To overcome this
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problem and get a uniform convergence, another idea is to use the cut-off technique [1,5]
by truncating the nonlinearity to a global Lipschitz function with a compact support and the
e-independent bound of the difference solution can be derived by the triangle inequality

IE" oo < lle"lloo + I EllLoe(10,73: L0 (52))
and the inverse inequality [5,40]

] , Ik, d =2,
(le"Il + I8Fe™ ), Cath) = {hl/z, -3

lle"lloo <

C
~ Ca(h)

under the constraint that T < C+/C,(h). Finally the uniform e-independent error bound of
lle™ || + I8 e™ || + ||n" || can be established under the constraint condition T < C+/C,4(h) for
higher dimension problem.

5 Numerical Results

In this section, we report some numerical results to demonstrate the accuracy of the proposed
compact difference scheme (2.6)—(2.9) for solving the QZS (2.1). Furthermore, we apply the
method to numerically study the convergence of the QZS to ZS in the semiclassical limit.

5.1 Accuracy Test

Several examples are presented to verify the spatial and temporal accuracy of the scheme.
For 1D problem, we solve the QZS by the scheme (2.6)—(2.9) on a bounded interval 2 =
[—32, 32] with periodic boundary conditions. In order to quantify the numerical errors, we
introduce the following error functions:

e (1) = [l || + 187 e || + ellsZe™" I, n° (1) = IIn°" [l + el 8 ™" I,
where

en __ e e,n &n __ ArE(.. . &,n
e =Ef(xj ty) — EV 0" = NE(xj. tn) — NS
are the numerical errors with (E®(x;, t,), N°(x;, t,)) and (E;’", NJEJ") being the exact and
numerical solutions of the QZS with quantum parameter &, respectively. Furthermore, to
testify the conservation properties, we define the discrete mass and energy errors as

Erroryer) = [|E"|| = IE°||, Erroren =" — £°|.

Example 5.1 Taking ¢ = 0 in (2.1), this corresponds to the classical ZS

iE,+Exx =NE, 5.0)
Nit = Nex = 33 (1E). '
The Langmuir solitary solution of the classical ZS is given by (cf. e.g., [24])
E(x,1) = i\J2B2 (1 — v2) sech (B (x — xo — vr)) e (@20 2=(v?/4=B%)1) 52)

N(x,1) = —2B%sech?® (B (x — xo — v1)),
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el Tt 00 ow o ow
h=1/2° 1120 4.9718e—04 - 1.7612¢—03 -
1/40 1.2445¢—04 19982 4.4115e—04 1.9972
1/80 3.1128¢—05 1.9993 1.1044e—04 1.9981
1160 7.7872e—06 19990  2.7714e—05 1.9945
1/320 1.9521e—06 1.9961 7.0309e—06 1.9788
ez s sena e 00 ow  pu_ow
© =1/10,000 12 4.1929¢—03 - 1.1281e—02 -
1/4 2.4118e—04 4.1198 6.5459¢—04 4.1072
118 1.4814e—05 4.0250 3.9861¢—05 40375
116 9.2259¢—07 4.0052 2.4818e—06 4.0056
1/32 5.8620e—08 3.9762 1.6128e—07 3.9438
x10"° ) x 107"
2 1.5

0.5

0 2 4 6 8 10 0 2 4 6 8 10
t t

Fig. 1 Conservation of mass (left) and energy (right) of the compact finite difference scheme for the classical
ZS (5.1)

where B is a constant, x( represents the initial displacement, and v represents the propagation
velocity of the soliton. Set B = 1,v = %, xo = 0. The initial and boundary conditions Eq(x),
No(x) and Nj(x) are obtained from (5.2) by setting r = 0, i.e.,

Eo(x) = iv/1.5sech(x)e’™*,  Ny(x) = —2sech®(x), Nj(x) = —2sech?(x) tanh(x).
(5.3)

Tables 1 and 2 list the temporal and spatial errors of the compact finite difference method
(2.6)—(2.9) for the classical ZS at T = 1 under different choices of 7 and A. To testify the
spatial accuracy, we take a tiny time step T = 1/10,000 such that the temporal error is
negligible; for temporal error analysis, we set the mesh size 4 = 1/32 such that the spatial
error can be ignorable. It can be clearly observed that the scheme converges quartically and
quadratically in space and time, respectively, which agrees with the theoretical estimate in
Theorem 4.2. Figures 1 and 2 display the conservation and the numerical error with respect
to time, respectively, where the computation was performed with 2 = 1/8, t = 1/50 until
T = 10. We observe that the numerical scheme preserves the discrete mass and energy of
the ZS very well. Furthermore, Fig. 2 suggests that the scheme keeps stable well, too.
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%1073 x10°3

(
7°(t)

05 1

0 0
0 2 4 6 8 10 0 2 4 6 8 10
t t

Fig.2 Errors eo(t) (left) and no(t) (right) of the compact finite difference scheme for the classical ZS (5.1)

Table 3 Comparison of maximum norm error at 7 = 1 for (5.1), T = 1/1000

h 12 1/4 1/8 1/16
CFDM (2.6)~(2.9) €9 0o 3.6589e—03 2.0592e—04 1.2646e—05 8.5976e—07

1% lloo 1.0453e—02 6.5363e—04 4.4865¢—05 3.5011e—06
LIFDM in [43] €97 oo 4.6583e—02 1.0849e—02 2.6985e—03 6.7317e—04

1% oo 8.5400e—02 2.5568e—02 6.1770e—03 1.5321e—03

To verify the accuracy and efficiency, we compare the compact finite difference scheme
(2.6)—(2.9) (CFDM) with another conservative linearly-implicit finite difference method
(LIFDM) proposed by [43] in Table 3, where we employ the maximum norm error. It should
be pointed out that the LIFDM [43] converges at the second order in space while (2.6)—(2.9)
converges at the fourth order in space.

Example 5.2 Consider the QZS (2.1) with initial conditions (5.3) and different & > 0. Since
the exact solution is not known, we take the numerical solution obtained by the proposed
compact difference scheme with 4 = 1/2°, = 1/1600 as the reference solution.

The errors at T = 1 of the numerical solutions under various 4 and t are listed in Tables 4
and 5. It is observed that the CFDM (2.6)—(2.9) gives second- and fourth-order accuracies
in time and space, respectively, which confirms the error estimate in Theorem 4.2. The time
evolution, conservation properties, the errors ¢ () and n° (¢) of the solution for the QZS with
¢ = 0.01 are shown in Figs. 3, 4 and 5, respectively, where the computation was performed
with h = 1/8, © = 1/50. It can be observed that the difference scheme preserves the
conservation laws very well and the dynamics of the soliton for the QZS coincides with that
for the classical ZS (5.2) when ¢ is small. Comparison between the CFDM (2.6)—(2.9) and
the LIFDM [43] is listed in Table 6, which shows the superiority in spatial accuracy of the
CFDM.

Example 5.3 We test the accuracy of the scheme for two-dimensional problem. The initial
conditions are selected as

Eo(x,y) =sin(mx +my), Nolx,y)=0, Ni(x,y) =0, 5.4

We confine this problem on a periodical cell £2 = [—4, 4] x [—4, 4]. Since the exact
solution is not known, we take the numerical solution obtained by the compact difference
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Table 4 Temporal errors of the

scheme at T = 1 for QZS (2.1) £ ’ e Order n°() Order
with b = 13 and different e e=J 120 7.6010e-04 - 1.8798¢—03  —
1/40  2.4811e—04 1.6152  4.7066e—04  1.9978
1/80  7.3944e—05  1.7464  1.1750e—04  2.0020
1/160  1.9867e—05 1.8960  2.9158¢—05 2.0107
1320 4.9326e—06 2.0100  7.0689¢—06  2.0443
e = 2% 120 4.9894e—04 — 1.7676e—03 -
140 1.2511e—04  1.9957  4.4245¢—04  1.9982
1/80  3.1280e—05 19998  1.1045¢—04  2.0021
17160  7.7669e—06  2.0099  2.7408¢—05  2.0107
1/320  1.8831e—06  2.0442  6.6445¢—06  2.0444
e = 2% 120 49714e—04 — 1.7612¢—03 -
1/40  1.2438¢—04  1.9989  4.4084e—04  1.9983
1/80  3.1047¢e—05 2.0023  1.1005¢—04  2.0021
1/160  7.7040e—06  2.0108  2.7309¢—05  2.0107
1320 1.8677e—06  2.0444  6.6204e—06  2.0444
T e s o) hoE) Order (1) Order
with 7 = 1/1600 and different & e = 2% 12 51113e—03 121146—02 -
1/4  33262e—04 39417  6.6569e—04  4.1857
1/8  2.2289e—05 3.8995  4.0535¢—05  4.0376
1716  1.5114e—06  3.8824  2.5169e—06  4.0094
132 1.0576e—07  3.8370  1.5648¢—07  4.0076
e = zlﬁ 12 4.4290e—03 - 1.1345¢—02 -
1/4  2.6348e—04 4.0712  6.5521e—04  4.1139
1/8 1.6524e—05  3.9951  3.9892¢—05  4.0378
1/16  1.0346e—06 3.9974 2.4771e—06  4.0094
1/32 6.4518¢—08  4.0033  1.5404e—07  4.0073
e = 2L8 12 42529¢—03 - 1.1285¢—02 -
1/4  24683e—04 4.1069  6.5462e—04  4.1076
1/8  1.5244e—05 4.0172 3.9856e—05  4.0378
116 9.5014e—07  4.0040  2.4749¢—06  4.0094
1/32 59164e—08  4.0054  1.5390e—07  4.0073

scheme with i} = hy = 1/2°, 7 = 1/3200 as the reference solution. The errors at T = 0.5
of the numerical solutions under various & and 7 are listed on Tables 7 and 8. It can be clearly
seen that the CFDM (2.6)—(2.9) gives second- and fourth-order accuracies in time and space,
respectively, for 2D problem. Similarly, comparison between the CFDM (2.6)—(2.9) and the
LIFDM [43] is displayed in Table 9, which confirms the superior accuracy of the CFDM.
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0
05
-1
1.5
2
Fig.3 Time evolution of the solitary wave for the QZS (2.1) with ¢ = 0.01: |E| (left) and N (right)
x10"° 15X 107"
2 1 1
1 05}
i ||M||\Hnn m i
0 2 4 . 6 8 10 0 2 4 . 6 8 10

Fig. 4 Conservation of mass (left) and energy (right) of the compact finite difference scheme for QZS (2.1)
with e = 0.01

x1073 x1073

e(t)
7 (t)

© 05t 1 0.5

Fig. 5 Errors ¢°(r) (left) and n®(¢) (right) of the compact finite difference scheme for the QZS (2.1) with
e =10.01

5.2 Convergence of the QZS to the Classical ZS in the Semi-classical Limit (¢ — 0)

Here we apply the proposed CFDM (2.6)—(2.9) to study the convergence of the QZS (2.1) to
its limiting model, i.e., the classical ZS (5.1). In order to do so, we choose the same initial
conditions as (5.3), and define the error functions as

N @) = E°C.0) — EC,Dllg2, 0y @) = IN“C,1) = NG, Dl g1,
where (E¢, N¢) and (E, N) are the solution of the QZS (2.1) and the classical ZS (5.1),
respectively, and (E¢, N?) are obtained by the proposed scheme (2.6)—(2.9) with & = 1/16,
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Table 6 Comparison of maximum norm error at 7 = 1 for QZS (2.1) with ¢ = 1/64, v = 1/1600

h 12 1/4 1/8 1/16

CFDM (2.6)~(2.9) le®" oo 3.6639¢—03 2.0543¢—04 1.2528¢—05 7.9014e—07
175" oo 1.0515e—02 6.4443e—04 43821e—05 2.7082e—06

LIFDM in [43] le®" oo 4.6561e—02 1.0844¢—02 2.6952¢—03 6.7252e—04

175" oo 8.5063e—02 2.5505e—02 6.1594e—03 1.5276e—03

Table 7 Temporal errors of the scheme at T = 0.5 for 2D QZS (5.4) with h = 1/64

€ T €°(0.5) Order n%(0.5) Order
&= 2% 1/160 6.7516e—01 - 1.5365¢—02 -
1/320 1.6785e—01 2.0081 3.8138e—03 2.0104
1/640 4.0712e—02 2.0436 9.2463e—04 2.0443
171280 8.9071e—03 2.1924 2.0226e—04 2.1926
&= 2% 1/160 5.0774e—01 - 9.4749¢—03 -
1/320 1.2620e—01 2.0084 2.3533e—03 2.0094
1/640 3.0608e—02 2.0437 5.7060e—04 2.0441
1/1280 6.6962¢—03 2.1925 1.2483e—04 2.1926
&= 2% 1/160 4.9249¢—01 - 8.1508e—03 -
1/320 1.2240e—01 2.0085 2.0244e—03 2.0094
1/640 2.9686e—02 2.0438 4.9094e—04 2.0439
171280 6.4945¢—03 2.1925 1.0740e—04 2.1925

v = 1/400. Figure 6 displays the errors between the solutions of the QZS (2.1) and the
classical ZS (5.1), which indicates that the QZS converges to the ZS quadratically in terms
of e. This is consistent with the analytical result in [17]:

JESC.) = EC.O| e + [NC.t) = NGO oy <Ce*, k=2, 0<t<T,

where C is a positive constant which is independent of ¢ € (0, 1].

5.3 Collision Between Two Solitons
In this section, we apply the finite difference scheme to investigate the interaction between
two solitary waves traveling in the opposite directions.

Example 5.4 The initial data is chosen as (cf. [43])

2
Eo(x) =i Z,/Z (1 — v?) sech (x — xi) & —0)/2,
k=1
5 5 (5.5)

No(x) = =2 Z sech? (x —xx), Ni(x) = —42 vg sech? (x — xx) tanh (x — xz) ,
k=1 k=1

which represents two solitary waves located initially at the positions x = x; and x = xp,
respectively, moving to the right or left depending on the sign of the velocity vx. Computations
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Table 8 Spatial errors of the
scheme at T = 0.5 for 2D QZS

(5.4) with T = 1/3200

h €(0.5) Order n¢(0.5) Order
e= 2L4 1/4  8.4035e—01 - 3.2288¢—01 -

1/8  52705e—02  3.9950 1.9339¢—02  4.0614

1/16  32818e—03  4.0054  1.1920e—03  4.0201

1/32 1.9303e—04 4.0876 6.9942¢—05  4.0910
£ = 2% /4  6.6577e—01 - 2.0825e—01 -

1/8  4.1687e—02  3.9973  1.2402¢—02  4.0697

1/16  2.5956e—03  4.0054  7.6107e—04  4.0264

132 1.5267e—04  4.0876  4.4598¢—05  4.0930
6= 2'*3 /4 6.5012e—01 - 1.8005¢—01 -

1/8  4.0642e—02  3.9997  1.0623e—02  4.0831

1/16  2.5294e—03  4.0061  6.5044e—04  4.0297

1/32  1.4877e—04  4.0876  3.8093¢—05  4.0938

Table 9 Comparison of maximum norm error at 7 = 0.5 for 2D QZS (5.4) with ¢ = 1/64, t = 1/1600

h 1/4 1/8 1/16 1/32
CFDM (2.6)~(2.9) et oo 1.6344e—02 1.0073e—03 6.2363e—05 3.6638e—06
175" oo 3.3086e—02 1.8682¢—03 1.1402e—04 6.6750e—06
LIFDM in [43] e oo 4.9596e—01 1.2758e—01 3.2077e—02 8.0287¢—03
175" oo 2.1163e—01 5.6904e—02 1.4405e—02 3.6113e—03
60
7 50 T mmmmT
AT ’ 40 S i
™ 40 P 2] ’ s
= Ol = 30 &
& e . S 20 g
2 - --e=1/24 --e=1/24
---c=1/26 10 —eme =128
e =1/2% e =1/2%
0 0
0 1 2 4 5 0 2 3 4 5

Fig.6 Convergence between the QZS and classical ZS under initial data (5.3)

are done with h = 1/16 and t

= 1/500 on the interval 2 = [—400, 400] which is large
enough that the truncation error to the original whole space problem (1.1) can be negligible
due to the periodic boundary condition. We consider the following cases:

(i) x=—-x1=30,v; =—v =1/2;
(i) x2 = —x; =30,v; =3/4, v, = —1/2;
(i) x2 =—x; =5,v1 =3/4, v, =—1/2.

Figures 7 and 8 display the interaction of two solitary waves for the ZS (¢ = 0) and QZS
(e=1/ 2%) under cases (i)—(iii), respectively. It can be clearly seen that the interactions are
not elastic under all cases. For the dynamics of the ZS, when two initially well-separated
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Fig. 7 Inelastic collision between two solitons for the ZS (5.1) under cases (i)—(iii) (from left to right)
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Fig.8 Inelastic collision between two solitons for the QZS (2.1) withe = 1/ 24 under cases (i)—(iii) (from left
to right)

solitons move towards each other at the same velocity (cf. case (i) in Fig. 7), they collide
and split after collision as two amplitude-weakened solitons with velocities changed. At the
same time, a static pulse with strengthened amplitude and some small radiation are generated
during the collision. When the velocities are different (cf. case (ii) in Fig. 7), the static soliton
is replaced by a moving solitary wave. The dynamics is much more complicated when the
two solitons are not initially well separated (cf. case (iii) in Fig. 7). Unlike the former cases
where the soliton remains as a soliton with constant density and velocity after collision, here
there is a periodic perturbation on the position of some localized pulse. From Fig. 8, we find
that the collision between two solitons for the QZS differs from the ZS in two aspects: (1)
there are small outgoing waves emitting before collision; (2) the quantum effect makes the
chaos more obvious after collision.

6 Conclusion

We proposed a conservative linearly-implicit compact finite difference scheme to solve the
quantum Zakharov system (QZS). The method is decoupled and only two linear systems
are solved at each time step, which is very efficient in implementation. The convergence of
the scheme was established at O (t2 + h*), which was confirmed by the reported numerical
examples. By adopting our numerical method, we observed numerically that the QZS con-
verges to the classical Zakharov system (ZS) quadratically in the semi-classical limit. Finally
some examples are provided to show the distinction between the dynamics of the QZS and
the classical ZS.
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